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Interpretability of linear regression models of glassy dynamics
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Data-driven models can accurately describe and predict the dynamical properties of glass-forming liquids from
structural data. Accurate predictions, however, do not guarantee an understanding of the underlying physical
phenomena and the key factors that control them. In this paper, we illustrate the merits and limitations of linear
regression models of glassy dynamics built on high-dimensional structural descriptors. By analyzing data for a
two-dimensional glass model, we show that several descriptors commonly used in glass-transition studies display
multicollinearity, which hinders the interpretability of linear models. Ridge regression suppresses some of the
shortcomings of multicollinearity, but its solutions are not concise enough to be physically interpretable. Only
by using dimensional reduction techniques we do eventually obtain linear models that strike a balance between
prediction accuracy and interpretability. Our analysis points to a key role of local packing and composition

fluctuations in the glass model under study.
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L. INTRODUCTION

As the temperature of glass-forming liquids decreases,
the relaxation timescale increases dramatically, while struc-
tural changes remain relatively modest [1-3]. Moreover, the
dynamics exhibits pronounced spatial fluctuations, charac-
terized by regions of high and low mobility, referred to as
dynamic heterogeneities [4—6]. Despite the vivid patterns of
dynamic heterogeneities, however, static snapshots of the sys-
tem appear homogeneous and lack distinct features, at least
to the naked eye. This has been confirmed through direct
observations in computer simulations and colloidal glass ex-
periments [7,8]. To identify subtle but significant structural
changes linked to dynamics, various structural order parame-
ters based on physical intuition have been investigated [9—18].
Similar efforts have been made to identify the structural
origins of plastic events in amorphous solids under loading
[19-22].
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Recent advances in machine learning have demonstrated
that glassy dynamics, including dynamic heterogeneities, can
be accurately described and predicted from local structural
information [23,24]. A range of machine-learning techniques
has been applied to this problem, including support-vector
machines [23,25], multilayer perceptrons [26], and graph neu-
ral networks [27-30]. This research has primarily progressed
in two directions. The first involves increasing the com-
plexity of machine learning architectures, employing deep
neural networks with a large number of parameters and
taking advantage of cutting-edge methods [27,28,30]. The
second direction focuses on integrating domain knowledge
from physics in data-driven models [26,31]. These physics-
informed approaches enable high predictive accuracy while
maintaining relatively simple model architectures.

However, achieving accurate predictions alone does not
guarantee an understanding of the underlying mechanisms
driving the phenomenon under investigation [32,33]. From the
perspective of fundamental physics research, it is crucial that
data-driven models provide physically interpretable results,
which must be robust and expressed in a succinct form. A
growing body of glass transition studies explores the issue of
interpretability in deep-learning models or nonlinear models,
using a range of approaches [34—45]. While these works offer
useful clues, the underlying deep networks remain highly
complex and only partially transparent. Consequently, there
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is still a clear need for explicitly interpretable models whose
solutions admit a direct physical reading.

Remarkably, recent studies have demonstrated that sim-
ple linear models, when combined with domain knowledge
of glassy dynamics, such as coarse-graining techniques, can
describe dynamic heterogeneities with remarkable accuracy
[31,46]. In some cases, their accuracy is comparable to that of
more complex deep-learning models. This outcome is particu-
larly desirable, because it is often believed that simpler models
not only provide accurate predictions at a minimal compu-
tational cost, but can also offer greater interpretability [47].
We caution, however, that employing a linear model per se is
not sufficient to extract meaningful physical information: In
high-dimensional settings, linear models are often plagued by
numerical instabilities, because of so-called multicollinearity
[48], that can obscure interpretation. Moreover, their solu-
tion may still be too high dimensional to convey a physical
meaning. The aim of this study is to address these issues in
linear models for glassy dynamics and introduce remedies that
restore interpretability.

To tackle the issue of interpretability in a rigorous manner,
we will quantitatively study the consequences of multi-
collinearity in linear regression models of glassy dynamics,
using a two-dimensional glass-forming liquid model. First,
we will demonstrate how multicollinearity leads to instability
in weight estimation within linear regression, thereby hinder-
ing the interpretation of feature importance. These problems
affect several structural descriptors used in recent glass tran-
sition studies. Next, we will explore strategies to mitigate
the effects of multicollinearity and to identify a set of low-
dimensional linear models that achieve good performance
accuracy with a minimum of structural information. We will
critically evaluate and discuss the advantages and limitations
of each approach, providing a comprehensive assessment of
linear models of the structure-dynamics relationship in a
glass-forming liquid model.

The paper is organized as follows. Section II defines the
problem under investigation. Section III describes the phys-
ical model and our structure-dynamics dataset. Sections IV
and V introduce simple linear regression models of glassy
dynamics and demonstrate the effects of multicollinearity on
the instability of the estimated weights. Section VI examines
feature selection and extraction approaches that cope with
multicollinearity while also reducing the dimensionality of the
problem. Sections VII and VIII offer a critical outlook on our
results and summarize the key findings of the work.

II. PROBLEM STATEMENT

In data-driven modeling of glassy dynamics, the problem
is typically formulated as follows [24]. Several variables,
called features, are computed in order to characterize the
local structural environment around each particle. These struc-
tural features are collected into a descriptor that provides a
high-dimensional representation of the local structure. Linear
regression models estimate the dynamical observable Y (in
this study, the dynamic propensity [49]) as a linear combina-
tion of M input structural features, XV, X® ... XM ysing
the following expression:

where @, @, ..., ®™) are the weights determined by
minimizing a specific loss function.

How can we extract physical insights from the linear model
in Eq. (1)? When Y and XY (f = 1,2, ..., M) are properly
normalized, for example, to have zero mean and unit variance,
the sign and magnitude of the weights ") provide informa-
tion about the influence of the corresponding input feature
X on the dynamical output Y (and its prediction Y). In other
words, @'/ serves as a measure of feature importance. Thus,
linear regression models provide a strong case for physical
interpretability, in which the connection between X and Y via
the weights is direct and mechanistic.

In practice, however, the estimation of @) can be unstable

if XD, X®, .. XM are strongly correlated with one an-
other. As an extreme case, if X, X® ... X®) are indeed
linearly dependent, the weights D, @ o™ are not

uniquely determined. In real datasets, situations close to linear
dependency frequently arise. Then, small perturbations in the
dataset, such as numerical errors or limited statistics, can
cause large variations in the weights. This pathological yet
common phenomenon is known as multicollinearity [48].
Typically, multicollinearity is not a major concern in
machine-learning studies, where the primary objective is to
optimize predictive accuracy. It becomes problematic, how-
ever, when regression models are interpreted in terms of
feature importance. In particular, if the estimation of the
regression weights is unstable, any physical interpretation
becomes unreliable. Two distinct mechanisms can under-
mine the stability of the estimated weights because of
multicollinearity. The first one corresponds to large dataset-
to-dataset fluctuations: The values of the weights may vary
significantly depending on the particular subsample of data
used for training, even when all datasets are generated under
identical physical conditions. In the large-sample regime, this
variance is suppressed, leading to robust and reproducible
weight estimates. A second, qualitatively different patholog-
ical behavior persists even in the large-sample limit. In this
case, the weights exhibit oscillatory behavior across features.
This instability originates also from multicollinearity. Note
that this effect is not associated with statistical uncertainty but
with the geometry of the feature space itself, and therefore
cannot be mitigated by increasing the dataset size. Robustness
of the estimated weights against both sources of instability is
a basic requirement for interpretability of data-driven models.
The very notion of interpretability is context dependent
[50] and remains the subject of active debate; see Ref. [51]
for a recent review in the physics context. Recent works have
emphasized the role of sparsity [52], whereby the relevant
features of a data-driven model stand out clearly from the
bulk, e.g., in terms of their weights or mutual distances in fea-
ture space. In our view, physically interpretable models must
additionally provide a concise and robust description of the re-
lationships between the variables of interest. This perspective
is consistent with the physicists’ expectation that successful
models strongly compress the information contained in the
problem [53]. Phenomenological models in liquid-state theory
and statistical physics, for instance, are often built from a
small number of independent variables, such as in hydro-
dynamic descriptions or two-state models. Accordingly, to
be physically interpretable, data-driven models must identify
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robust relationships involving a limited set of relevant vari-
ables, each carrying a clear physical meaning.

To close this section, a comment on terminology is in order.
To evaluate the quality of a data-driven model, one computes
the estimate Y for a set of input data that were not used to train
the model. In the following, we will do that by splitting the
original data set into a training and test set, as is customary.
The estimate Y is then considered as prediction for the test
set; standard goodness-of-fit metrics can be used to evaluate
their quality. From a conventional physicist’s viewpoint, this
is a weak form of prediction: In the problem we will be
dealing with, the data points will be sampled at precisely the
same physical conditions both in the train and test set and no
attempt will be made to extrapolate to different conditions.
We will nonetheless stick to the word “prediction” throughout
this work, for consistency with previous work [24] and with
the widespread usage in the machine learning context. Should
the readers feel uncomfortable with it, they can mentally re-
place “prediction” with “description” in the following. Only
in Sec. VII, we will assess the cross-state predictions of the
models, by extrapolating the dynamic propensity to different
temperatures and time scales.

III. SIMULATION MODEL AND DATASET

A. Simulation model

We use a three-component glass-forming liquid model
composed of small (S), medium (M), and large (L) particles
in two spatial dimensions with periodic boundary conditions
[54]. The model is a variant of a well-studied binary mixture
model [55,56,56,57], to which we add particles of species M
with an intermediate character between S and L [58]. The
interaction between two particles is described by the Lennard-
Jones potential

w2~ (2] o

where o, B = S, M, L. The potential is modified to ensure that
it is twice continuously differentiable at the cutoff, following
Ref. [56].

The parameters 0,4 and €,4 are

oL = 2sin (%) ~1.18, o5 =2sin (%) ~0.62,

oLL + OLs
ors=1, o= —
oLs t+ Oss oLL + Oss
oMs = > ,  OMM = —
1 1
fL=7, €s=7, €s= I,
€Ll + €Ls €Ls 1 €ss
€M = - €Ms = —
€LL + €ss
GMM = T.

The total number of particles is N = Ns + Ny + N, = 4000,
where Ng = 1760, Ny = 800, and N, = 1440 are the num-
bers of small, medium, and large particles, respectively. We
use the NVT canonical ensemble, with a number density

p = N/L* = 1.024, where L is the linear length of the square
simulation cell.

We perform Monte Carlo (MC) simulations using transla-
tional displacements [59]. The MC move consists in picking
a particle at random and displacing it by a vector drawn
randomly within a square box of linear size §.x = 0.12. The
move is accepted on the basis of the Metropolis acceptance
rule, which ensures the detailed balance condition. Although
MC simulations do not possess a physical timescale, time ¢
can be measured in units of MC sweeps, each comprising
N attempts to perform the MC move. In the regime of slow
glassy dynamics of interest in this work, the Monte Carlo
dynamics behaves similarly to other types of physical dynam-
ics, e.g., Newtonian and Brownian dynamics [60]. Therefore,
we analyze the MC dynamics by following particle trajecto-
ries and calculating time-dependent observables as usual. The
glassy dynamics of the model has been studied in Ref. [54]
by computing the self intermediate scattering function. In this
study, we mainly focus on 7 = 0.30, which is the lowest
temperature at which we can equilibrate the system within our
computational timescale.

B. Dynamic propensity

To investigate the heterogeneity of glassy dynamics in real
space and assess its connection with the static structure, we
use the isoconfigurational ensemble [11,49]. A set of n = 10
statistically uncorrelated configurations are obtained at equi-
librium conditions at temperature 7 = 0.30. From each of
these equilibrium configurations, we generate an ensemble of
trajectories using MC dynamics at 7 = 0.30 using 60 dif-
ferent initial random seeds. We then compute the dynamic
propensity

pi(t) = (|ArR@)]).... 3)

where (--- )i, denotes an average over all the trajectories
originating from the same initial configuration, and the cage-
relative displacement ArcR(7) is given by

1
CR
ArFH () = Art) - j;v Ar;(1),

where Ar;(t) = r;(t) — r;(0) is the displacement vector of the
ith particle at position r;. Here, n; is the number of neigh-
boring particles, and the set of neighbors (V) is defined as
the particles located within a circular cutoff radius of 1.40,4.
The choice of cage-relative displacements is necessary to filter
out the effect of the so-called Mermin-Wagner fluctuations
in two-dimensional systems [61]. In this paper, we focus on
the dynamic propensity computed at the structural relaxation
timescale p;(t,), where t, is defined as the time at which
the self intermediate scattering function becomes 1/e [54]. 7,
at T =0.30 is 7, ~ 4 x 10°. We also considered a shorter
time scale, t = 5 x 10*, which corresponds to B relaxation
timescale. The main findings of this work remained qualita-
tively unchanged.

C. Behler-Parrinello descriptor

To characterize the local structure around each particle,
we use the Behler-Parrinello (BP) descriptor [62], which has
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been widely used to study structure-property relationships, in-
cluding the description of glassy dynamics in two dimensions
[23,63]. The descriptor comprises two subsets of features
that characterize radial and angular correlations, respectively.
Following Refs. [23,63], we further distinguish features ac-
cording to the species of the neighboring particles.

For each particle i, the radial feature G} is defined by

/
(ri—)? /82
Gi = ) & T Sy, 4)
JEN

where r;; = |r; —r;| is the distance between particles i and
J, and p and § are parameters. The sum is carried out over
the subset \V,, of particles of species a. Y_" indicates that the
particle i is removed from the sum. The cutoff function f,.(r) is
defined by f.(r) = %[cos(nr/RL.) + 1] forr < R. and f.(r) =
0 forr > R, [64]. R, is a cutoff radius and we set R, = 5.00s.
We vary u between 0.301 s and 5.001 g in increments of 0.1oy g
with 6 = 0.1ors. Thus, for each species «, the radial features
G (k) are parametrized by an integer k that selects values of
the parameter u = py = 0.301s +k x 0.1ors and 0 < k <
47. Thus, for each particle, we have 144(= 3 x 48) different
radial features.
The angular descriptor W;" F is defined by

/
peb — gl Z e*(rfj+ri2,(+r]2.k)/52
jea, kep
(j#k)
X (14 A cos 6;)° fe(rip fo(ra) fe(rip), (5)

where 6;; is the angle at the corner i of the triangle defined
by particles i, j, and k, and &, A, and ¢ are parameters that
are varied systematically. For each pair of species, («, 8),
we employ the same set of 22 parameters (£, A, {) given in
Ref. [23] in unit of o1g. The features W*# (k) are parametrized
by an integer k£ and the parameters (§ = &, A = A, { = &)
with 0 < k < 21 are shown in Table 1. Thus, we have 132(=
6 x 22) angular features.

The full BP descriptor comprises a total of M = 276(=
144 4 132) features for each particle. Contrary to previous
work [23,63], we coarse-grain each feature over a length scale
£ = 1.5 using the procedure described in Sec. III D. Coarse-
graining improves the prediction accuracy of the descriptor,
without changing qualitatively the conclusions of this work.
These variables constitute a feature vector, given by

We will sort the different kinds of features as follows:

X, = (61, G G WP, P, st w, w1

D. Physically motivated descriptors

To assess the generality of our findings, we also con-
sider two additional structural descriptors that have been
recently used to study structure-dynamics relationships in
glass-forming liquids [26,54]. Both of them are physically
motivated: they are based on single-particle structural vari-
ables that characterize the environment around a particle in a
physically intuitive way. All these single-particle variables are

TABLE I. Parameters of the angular features W% (k) of the BP
descriptor.

§ ¢ A
web(0) 14.633 1 -1
web (1) 14.633 1 1
Wb (2) 14.638 2 -1
Wb (3) 14.638 2 1
web(4) 2.554 1 -1
Wb (5) 2.554 1 1
Wb (6) 2.554 2 -1
Wb (7) 2.554 2 1
web(8) 1.648 1 1
Wb (9) 1.648 2 1
W (10) 1.204 1 1
Wb (11) 1.204 2 1
Wb (12) 1.204 4 1
Wb (13) 1.204 16 1
Wb (14) 0.933 1 1
Wb (15) 0.933 2 1
Wb (16) 0.933 4 1
Wb (17) 0.933 16 1
Wb (18) 0.695 1 1
W (19) 0.695 2 1
Wb (20) 0.695 4 1
web(21) 0.695 16 1

coarse-grained [31] over multiple length scales, as described
at the end of this section, to compose the full descriptor.
The local potential energy u; for particle i is defined by

;= % > Vs, (i), ®)
JF#
where vg,p,(r;;) is the pair-wise Lennard-Jones potential, with
a cutoff at 2.504,, -

The coordination number z; for particle i is defined as the
number of neighboring particles within r;; < 1.504,4,, which
corresponds well to the first minimum of each partial radial
distribution function geg (7).

The bond-orientational order parameter in two dimensions
W ; is defined by

1 Zi
Ve, = — e —166,,-’ 9
0 = - ; v )

where 6;; is the angle between r;; =r; —r; and the x axis.
The nearest neighbors are again defined as those within r;; <
1.504,8,. Ws,; quantifies hexagonal order, taking the value 1 for
perfect hexagonal packings and smaller values for disordered
packings [65,66].

The steric bond order parameter ®; [67] is a measure of
how well packed is the local environment around particle
i. For each pair (jk) of neighboring particles, the angle 6
between r;; and rj is compared to the reference angle 6?;.2“,
calculated using the cosine formula. The steric order parame-
ter is given by

1
O = — Z |05 — 051 (10)
4G
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where (jk) denotes the summation over all pairs of neighbors.
Smaller values of ©®; indicate sterically favored configura-
tions, while larger values reflect disordered packings.

The local number density is given by

pit) =) e, (1
JEN;

where N; includes particle i, £ is a coarse-graining length and
all the other M particles are included in the sum.
The local volume fraction is defined by

1 2
7.(0) = —— E wp,) et 12
®:(£) 0 2 (0up,) e (12)

Finally, we also consider the perimeter m; of the Voronoi
cell surrounding particle i, as obtained from a radical Voronoi
tessellation [68], using the nominal interaction parameters o,y
as particle radii.

With these structural features at hand, we can proceed to
define two physically motivated descriptors. First, we define
the SLO descriptor from the paper by Sharma, Liu, and Ozawa
[54]. The SLO descriptor comprises p;, @;, U;, Zi, V¢,i, and ©;.
Each structural feature, x; = u;, z;, W i, ©;, is coarse-grained
using the procedure

1
T =—— > xe /", (13)
p;(£) jeN:

yielding #;(£), Z:(£), We;(£), and ©;(£). The coarse-graining
length scale £ is varied from 0.501g to 5.001s. Each kind of
physically motivated feature X (k) is parametrized by an inte-
ger k, yielding features with £ = €(k) = 0.501s + k x 0.501s
and 0 < k£ < 9. The same lengths are used for the calculation
of p;(£) and @;(€). This yields a total of M = 60 features.

We also use the JBB descriptor introduced in the paper by
Jung, Biroli, and Berthier [26]. This descriptor is based on p;,
u;, and 7r;. In this work, we ignore the variance of the potential
energy, which was included in Ref. [26]. The JBB descriptor
incorporates particle-species information more explicitly, as
shown below. A first set of coarse-grained features is obtained
using the same procedure as for the SLO descriptor, consid-
ering the whole set of neighbors, irrespective of their species,
with 10 different coarse-graining length scales £. In addition,
the JBB descriptor includes coarse-grained features obtained
by a procedure similar to Eq. (13) but taking species into
account,

1
) =—— > xje (14)
O
where
Py =Y e, (15)
JENE

and the sums are restricted to neighbors of species «. Thus,
in addition to the species-independent coarse-graining defined
by Eq. (13), we consider coarse-graining based on Eq. (14)
using the three species of particles (@ = S, M, and L). This
yields a total of M = 120 features (3 descriptors x 4 types X
10 length scales).

E. Dataset

The dataset we use in this work comprises both dynamic
and structural information. The propensity is computed using
all the n available configurations. The structural descriptors
are instead computed on the inherent structures [69] of the
initial configurations used for the propensity calculations. The
dataset is then composed of one of the structural descriptors
defined in Secs. III C and I D and the dynamic propensity.

As commonly done in machine learning studies, the dataset
is feature scaled. In particular, we normalize the propensity
data,

_Pi— E[p]
VVar[p] ’

where E[-] and Var[-] denote the mean value and the variance,
respectively. This normalization ensures that ¥; has zero mean
and a standard deviation of one.

To incorporate the dynamic data for Ns particles, possibly
taken from several different configurations, we will use a
vector notation,

(16)

Y=[V.Y ... V], (17)

where the superscript 7 is the transpose operation.

Each structural feature of a given descriptor is also normal-
ized to have zero mean and unit variance. After normalization,
the features form a vector X; for particle i,

X, =[x, x®, ..., x™]". (18)

This vector serves as the structural input for the regression
models.

To manage the whole dataset, it is convenient to introduce
the following (Ns x M) matrix:

X0 x® X
O @ ()
X2 X2 X2
X=| " ' e (19)
I (M)
Xy Xy b o

which is sometimes called the design matrix.
Using Eq. (18), X can be written as

X=X, X, o, Xng ] (20)

Thus, X; (i =1, 2, ..., Ng) are the row vectors of X. In this
paper, we also use the column vectors X (f = 1,2, ..., M)
of X,

X =[XD, X® .. X 1)

The row and column vectors can be distinguished by the
subscript and superscript.

In supervised learning studies, it is customary to train the
model on one portion of the dataset and then test its perfor-
mance on a different portion by computing some measure of
correlation or statistical error. While this aspect is less crucial
for linear models than for complex deep neural networks, we
follow the standard procedure of splitting the full dataset into
training and test sets. This is done by selecting a random
subset of particles Sy,in as training set, from the full dataset.
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FIG. 1. Pearson coefficient R[X "), Y] between the dynamic propensity Y and each structural feature X' of the BP descriptor for f =

1,....M.

The fraction of selected particles in the training set is Xgqin.
The test set is defined by selecting a random subset of particles
Siest from the particles not included in Syin. The fraction of
selected particles in the test set is, in general, Xiest < Xtrain-

For the supervised learning methods studied in Sec. 1V,
we found that the goodness-of-fit metrics converge when the
number of datapoints per feature is above &30, which for
our dataset corresponds to about Xeain = Xiest = 0.2. In the
following, we consider Xy, = Xest = 0.5. We use from 10
to 100 independent realizations of these sets to perform av-
erages and assess the statistical accuracy of our results. As an
exception, the analysis of the principal component regression
in Sec. VI B involves the whole dataset.

F. Pearson correlation coefficients

To illustrate some of key features of our datasets, we start
with a simple analysis of correlations. To quantify the linear
dependence between two variables, A and B, computed for a
subset S of particles, we use the Pearson coefficient,

_ 1 @ —E[ADB;: — E[B])
RAB= 5 ;’ Var[A] Var[B]

computed for a set S comprising Ng particles. By construc-
tion, R[A, B] takes values in the range —1 < R[A, B] < 1.
We first compute the Pearson coefficients R[X"), Y] be-
tween the dynamic propensity Y and each structural feature
X of the BP descriptor. Because of the weak dependence
of the dynamic propensity on the species of the particles,
see the Appendix B, we include all the particles, irrespective
of their species, in the analysis of correlations. The Pearson
coefficients are conveniently assembled in vector form

(22)

RIX,Y]=[RIXV, Y1, RIX?, Y1, ..., RIX™, v]]".
(23)

Note that, because of the finite number of isoconfigurational
trajectories, there is an upper bound on the Pearson coefficient
between the propensity Y and any structural feature [27].
We used the method described in Ref. [27] to compute the
maximum Pearson coefficient R,,,x that can be achieved with
the current statistics. We found Ry,x ~ 0.98, which is fully
satisfactory for our purposes.

In Fig. 1, we show results for R[X, Y] obtained using the
BP descriptor. The ordering of the features follows the logic

described in Sec. III C. We first separate the features into a
radial and an angular sector. Then, within each of these two
sectors, the features are grouped into blocks according to the
species or species pair for which the feature is computed. We
see that the correlations are generally modest (|R| < 0.5) and
spread over the whole set of structural features. In particular,
both radial and angular features can have similar correlations
or anticorrelations with the dynamic propensity. The presence
of minima and maxima in each block of the radial features G*
can be connected to the peaks of the partial radial distribution
functions, although we could not identify a straightforward
interpretation. The angular sector displays systematic effects
because of the chemical composition of the particle envi-
ronment. Namely, features involving SS and LL pairs of
neighbors are more strongly correlated or anticorrelated to the
propensity. By contrast, R shows no clear trend within each of
the blocks of the angular sector.

The results for the two physically motivated descriptors
introduced in Sec. IIID display qualitatively similar trends,
see the Appendix A. Among all the individual structural
features entering our datasets, the steric order parameter
0,0, coarse-grained at £ = 2.0, exhibits the strongest cor-
relation (R ~ 0.65) with the dynamic propensity, making it
the best-performing single feature within this simple correla-
tion analysis. While the local volume fraction @;(£) and the
coordination number Z;(£) are negatively correlated with the
dynamic propensity, as expected, the local number density
p;(£) is positively correlated to it. This counterintuitive result
is likely a nontrivial effect of composition fluctuations in
our ternary glass model. A common feature of all the above
descriptors is the presence of significant cross-correlations
between groups of structural features. To quantify this effect,
we introduce a correlation matrix C, whose elements are given
by

Crp=RIXD, XU, (24)

In Fig. 2, we show the correlation matrix for the BP descriptor.
It has a distinct block structure, displaying strong positive or
negative correlations within subsets of features. Correlations
within specieswise blocks are particularly pronounced for
the angular features, see the bottom right region of Fig. 2.
Moreover, there are nontrivial cross-correlations also between
radial and angular features. A similar block structure is also
apparent in the physically motivated descriptors, see the Ap-
pendix A. In those cases, however, block correlations are
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FIG. 2. Correlation matrix C for the BP descriptor. The matrix el-
ements are given by the Pearson correlation coefficient R[X 0, X /"],

due to coarse-graining a given structural feature over a range
of similar distances £. As we will demonstrate in Sec. IV,
the redundancy of these structural descriptors has a signifi-
cant negative impact on the linear modeling of the dynamic
propensity.

IV. LEAST SQUARE REGRESSION

In this section, we introduce the simplest linear regression
model to describe the dynamic propensity Y using a structural
descriptor X. The model yields a prediction of the dynamic
propensity of the ith particle based on the feature vector X;,

M
%i=wX =) ax (25)
=1

where W = [0, @@, ..., ™7 are the weights.
With the vector and matrix notations in Egs. (17) and (19),
Eq. (25) is rewritten as

Y = Xw. (26)

We consider linear models obtained by minimizing a loss
function of the form

L(W) = LVSE(W) + L8 (w), 27)

where

1 R 1 N
LMSE (4 — Vi —Y)=—|Y-Y|?® (28
(W) 2Ns§ =g I* @8

is the mean square error (MSE) and L£™# is a regularization
term. In this section, we will show results for two standard
linear models [70], namely ordinary least squares regression
(Sec. IV A) and Ridge regression (Sec. IV B), and discuss
their limitations.

A. Ordinary least squares regression
1. Definition

In ordinary least squares (OLS) regression, the weight vec-
tor W is determined by minimizing the MSE, i.e., £ = LMSE
Setting Vg LMSE(W) = 0 and remembering that all the fea-
tures are normalized, the solution for the OLS regression (see
the Appendix C for the derivation) is

WoLs = C™'R[X, Y], (29)
where C is the correlation matrix,

1
Cc=—X'X (30)
Ns

and
1 7
RX,Y]=—X'Y 3D
Ns

is the vector of the Pearson coefficients.

Clearly, if all features were orthogonal to each other, C =1
(I is the identity matrix) and ﬁ)gL)s would equal the Pearson
coefficient R[X/), Y] between the dynamic propensity and
feature f. Then, the importance of a feature in linear re-
gression (namely, the weight ﬁ)gﬁs) would directly match its
correlation with the propensity, as in the simple analysis of
Sec. IITF. Because of the presence of correlations between
features, however, C~! possesses nonzero off-diagonal ele-
ments, and hence 121(’25 is given by a linear combination of

RIXWV Y], ..., RIX™ Y].

2. Oscillatory behavior of the weights

Figure 3(a) shows the weights wors obtained for the BP
descriptor. By comparing these results with Fig. 1, we imme-
diately notice that the OLS solution gives a strong weight to
the angular features. Moreover, ﬁ)gL)s oscillates significantly,
especially in the angular sector of the descriptor: the sign often
changes considerably between successive features within a
block. This consistent oscillatory behavior [71] hampers the
extraction of any meaningful physical insight into the relation-
ship between the dynamical output Y and the static features.
In fact, a positive (negative) weight indicates that an increase
in this feature enhances (reduces) the dynamic propensity. It
would be hard to accept that very similar features, aligned
along the x axis in Fig. 3, can have large opposite effects on
the dynamical variable Y.

We anticipate from Eq. (29) that the oscillations of ng)s
are related to the singularity of the matrix C. Indeed, the
invertibility of the correlation matrix C and the linear de-
pendence of features are tightly connected. As an extreme
case, one can show that the columns of the matrix X =
(XD, ..., X*)] are linearly independent if and only if the
correlation matrix C is invertible. Conversely, when some
features are linearly dependent, C is not invertible, and
hence zi)(OfL)S is not uniquely determined. The results shown
in Fig. 3(a) are representative of the instability due to strong
correlations among features, a phenomenon known as multi-
collinearity in statistical analysis [48]. We will quantify it in
detail in Sec. V.
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FIG. 3. Weights obtained from OLS and Ridge regression of the dynamic propensity using the BP descriptor: (a) Wors and (b) Wiigge for
a = 107!, The error bar corresponds to the standard deviation estimated over independent random training sets.

Interestingly, however, the Pearson coefficient between the
ground truth Y and the prediction ¥ of OLS regression is very
good, R[Y, )7] ~ (.87, on either the train or the test datasets.
These results represent a paradigmatic machine learning case
in which the prediction accuracy is very good, but the inter-
pretability is poor. We confirmed that the other descriptors,
namely the SLO and JBB descriptors, also demonstrate this
pathological behavior.

B. Ridge regression
1. Definition

We now turn our attention to the so-called Ridge regression
method [70], a simple variant of least squares regression com-
monly used to alleviate the shortcomings of OLS. The loss
function for Ridge regression LRI (W),

M
LRIz (&) — £MSE (g % Z(w(f))z’ (32)
f:1

includes a regularization term that penalizes solutions with
large weights. The parameter « controls the magnitude of the
regularization. Setting Vg £R92¢(W) = 0 yields the estimated
weights (see the Appendix C for the derivation)

Wridee = (C +aD)7'R[X, Y]. (33)

Of course, when a — 0, Wgigge reduces to Wors. On the other
hand, when & 2 Anax, Where Apn.x is the largest eigenvalue
of C, we have Wgigee ~ o 'R[X, Y], because the «l term
dominates. In this regime, Wg;gge cannot account for nontrivial
correlations in C and vanishes when o — oo. Therefore, o
should be chosen smaller than an order of A ..

2. Sensitivity to the regularization parameter

To show the impact of the regularization, we show in
Fig. 3(b) Wrigge obtained for o« = 0.1. Two main effects are
observed: the amplitude of the weights is more balanced be-
tween the radial and angular sectors compared to the OLS
case, and the large oscillations between successive features are
suppressed. While the main shortcoming of OLS regression
seems to be solved, we notice that several features contribute
with a finite weight, i.e., the solution is not sparse enough to be
clearly interpretable. Note that by increasing « further toward
Amax & 100, we find that Wgigee ~ o 'R[X, Y], as anticipated
above.

How sensitive are the results to the regularization param-
eter? Analysis of the traces of the weights as a function of
a provides a simple and intuitive way to assess the stability
of the solutions in Ridge regression [72]. The idea is that as
« increases from zero to small but finite values the weights
will first change substantially, but there may be a range of
o where Wgigee they do not depend on o anymore. This, of
course, should occur before reaching the trivial regime where
WRidee ~ ¢ 'R[X, Y].

To illustrate the results of this analysis, we show in Fig. 4
the Ridge traces corresponding to the features GS(k) and
WSS(k) in the top and bottom panels, respectively. In each
panel and for each value of «, the weights are scaled by the
largest absolute value among the weights of the correspond-
ing subset of features. This normalization adsorbs the huge
change of scale evident from Fig. 3 and provides a vivid
image of the sensitivity of the Ridge solutions. We find that
the weights are extremely sensitive to «, especially in the
angular sector of the descriptor: the traces change chaotically
over a broad range of o spanning several orders of magnitude.
Only for o 2 0.1 the results seem to stabilize, in the sense
that the order in the amplitude of the weights change less
dramatically. Note that the chaotic behavior of the traces is not

035602-8



INTERPRETABILITY OF LINEAR REGRESSION MODELS ...

PHYSICAL REVIEW MATERIALS 10, 035602 (2026)

FIG. 4. Normalized weights as a function of the Ridge regular-
ization parameter a corresponding to (a) the radial features G5 (k)
for 0 < k < 47 and (b) the angular features W55 (k) for 0 < k < 21.
The width of the shaded areas corresponds to the standard deviation
estimated over independent random training sets. The color code
indicates the feature index k.

due to limited statistics, since the estimated error bars visible
in the figure are relatively small.

3. Prediction accuracy

Crucially, very different solutions of the regression prob-
lem, corresponding to different «, yield predictions for the
dynamic propensity with nearly identical accuracy. To eval-
uate the prediction accuracy of the Ridge regression models,
we use two standard metrics of performance as a function of
«. In addition to the Pearson coefficient, we also compute the
coefficient of determination R,, which focuses on the normal-
ized total squared deviations. If A is the variable to predict,
Ry[A, A is given by

Yies(Ai — A
Y ies (Ai — E[A]?

When the prediction is perfect, Rz[A,A] = 1. Conversely,
when the prediction always outputs the mean value,
R>[A, A] = 0, which serves as a baseline.

Figure 5 displays the performance metrics for the BP de-
scriptor. We show results obtained on both the test set or
the train set, to verify the lack of overfitting. Both metrics
indicate very good performance accuracy and display a flat
maximum stretching over several orders of magnitudes in «.
The performance starts to degrade appreciably only when
a > 0.1, as can be seen from the similar drops of R and
R,. We found quantitatively similar results for the physically
motivated descriptors introduced in Sec. IIID (not shown).
The comparison between the chaotic traces of Fig. 4 and the

RyAAl=1-— (34)

091 @ O08f== (b)
0.8 0.61
% o
0.7 0.41
— test
06l " training 0.2

10-7105107310~" 10! 10710510310~ " 10!
o (04

FIG. 5. Prediction performance metrics for Ridge regression of
the dynamic propensity using the BP descriptor. (a) Pearson coeffi-
cient R[Y, Y] as a function of & and (b) coefficient of determination
R,[Y, Y] as a function of «. Full and dashed lines correspond to
results obtained using the test set and the train set, respectively.

features performance metrics of Fig. 5 is striking. Since very
different solutions (see Fig. 4) yield nearly identical prediction
accuracies (see Fig. 5), it is clear that prediction alone cannot
be taken as a criterion to choose «. This delicate aspect was
overlooked in previous studies [31,46,63], where the regular-
ization parameter o was chosen to maximize the correlation.
These issues are a manifestation of multicollinearity in the
dataset and leave us with the question how to define an optimal
model.

V. MULTICOLLINEARITY AND ITS RESOLUTION

In this section, we introduce a simple metric that quantifies
multicollinearity in the context of linear regression, namely
the condition number. We first illustrate its qualitative behav-
ior with a schematic two-features model (Sec. V A) and then
use it to revisit the linear regression models for the dynamic
propensity, including Ridge regression (Sec. V B). The output
of this analysis provides us with a range of optimal weights
for Ridge regression, solving the issue of multicollinearity in
a statistical sense [48].

A. Condition number
1. Definition

We start by quantifying the degree of multicollinearity
using the condition number & (C) of the correlation matrix C.
A brief introduction to the condition number and its meaning
is provided in the Appendix D. In a nutshell, « (C) provides
an upper bound for the relative error in the solution of a
linear problem when small statistical perturbations are present
in the data. When «(C) is small, C is well conditioned and
the solution is stable. When «(C) is large, the matrix C is
ill-conditioned and the error in the solution may become sig-
nificant.

Since C is a positive semi-definite matrix, x(C) can be
defined as

€(©) = 2o (35)

)‘-min
where Am.x and Apip are the largest and smallest eigenvalues
of C, respectively. The instability of the matrix C is then
identified by the divergence of its condition number. The
largest eigenvalue is bounded as Ay < M, because Tr(C) =

035602-9



SHARMA, LIU, OZAWA, AND COSLOVICH

PHYSICAL REVIEW MATERIALS 10, 035602 (2026)

Zyzl A = M, where A are the eigenvalues. Therefore,
the divergent behavior of «(C) arises from the vanishing of
the smallest eigenvalue, Ay, — O.

2. Two-features model

To understand the qualitative behavior of the condition
number, we consider a simple toy model composed of only
two features, X = [X, X®]. The correlation matrix C is

given by
1 r
C= [r 1], (36)

where r = R[XD, X @] is the Pearson coefficient between the
two features. When r = 0, the two features are orthogonal,
and C reduces to the identity matrix. Whenr — 1 (r — —1),
the two features are perfectly correlated (anticorrelated), and
hence X" and X® are linearly dependent.

Since we are interested in situations near the instability, we
restrict ourselves to 0 < r < 1. In this setting, the eigenvalues
of C are given by Apnax = 1 + 7 and Ay, = 1 — r. Therefore,
the condition number is

1+r

k(C) = T

(37

When r — 1, Amin — 0 and hence the condition number di-
verges. Simultaneously, C becomes non-invertible since the
determinant vanishes. Thus, « (C) effectively signals the pres-
ence of multicollinearity.

3. Origin of the oscillatory behavior of weights

We now seek to explain the oscillatory behavior of the
weights observed in Fig. 3. This behavior arises from the
ill-conditioning of the correlation matrix, because of the van-
ishing of its smallest eigenvalue Ay;y-

The key observation is that two strongly correlated fea-
tures tend to acquire weights of opposite signs with large
magnitude, even though such features are expected to be
physically similar. This hampers the physical interpretation of
the weights, which should reflect the importance of features
contributing to the dynamics. The essence of this problem can
be reduced to a two-feature model. Suppose that R[X,Y] =
[RD, RD1T where RV and R® are some values with —1 <

R(‘()l,)R(z) (zg) l.TUsing Eq. (29), the estimated weights Wor g =
(4 Dors]

Werss Worsl™ are given by
1
A (1) 2)
W =——(R"Y —rRrR?), 38
OLS )\max min ( ) ( )
1
~(2) (1) )
Wy o = —— (rR* — R¥). 39
OLS Amax min( ) ( )

When r >~ 1, the magnitude of both weights becomes very

larﬁge due to Amipn — 0, and the signs become opposite,
oD~ _ﬁ)(Z)
oLs — ~ Wors:

B. Least squares regression revisited

We now turn our attention to the structural dataset given by
the BP descriptor and quantify its degree of multicollinearity.
A direct calculation of the condition number yields «(C) =~
1.4 x 10'%. As a rule of thumb [48], condition numbers

10°1

1074
S |

. 10
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10-7 10~ 103 10~ 10" 103
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FIG. 6. Condition number « (C + «I) as a function of the Ridge
regularization parameter «. The vertical arrow marks the largest
eigenvalue of C. The horizontal arrow is drawn at a condition number
equal to 1000. The dashed line indicates an inverse power law.

smaller than 100 are not problematic, while values greater
than 1000 indicate problems with multicollinearity. We found
similar orders of magnitude for the structural datasets based
on the physically motivated descriptors, i.e., 4.5 x 107 and
1.2 x 10" for the JBB and SLO descriptors, respectively.
Also the original BP descriptor used in Refs. [23,63], in
which features were not coarse-grained, yields a condition
number of order 10'7. We conclude that several structural
datasets recently used in several recent glassy materials stud-
ies [23,26,54,63] are severely affected by multicollinearity,
much more than typical datasets analyzed in statistics text-
books [48].

‘We can now build on the multicollinearity analysis to iden-
tify a range of optimal solutions within Ridge regression. To
see how the regularization term in Eq. (32) mitigates the effect
of multicollinearity, we compute the condition number in the
Ridge setting. We get

A
K(C+al =22 e (40)

min T &

which avoids the divergence of «(C+ «l) when multi-
collinearity is severe (Amin — 0). In Fig. 6, we show «(C +
al) as a function of «. In the range Ayin < o < Anax, the con-
dition numbers decreases like Ay~ '. To reduce the effects
of multicollinearity to an acceptable degree, one should lower
the condition numbers down to at least 10° or less [48]. This
occurs around o = 0.1. The regularization becomes meaning-
less for & 2 Amax, since it entirely suppresses correlations in
C. The crossover of k towards 1 occurs when « becomes
of the order of An.x & 100, as confirmed by Fig. 6. Since
values of « in the range 0.1 < o < 100 are acceptable but the
performance accuracy decreases systematically in this range,
see Fig. 5, we tentatively choose @ = 0.1 as an optimal value.
Finally, one can also see how the oscillatory behavior originat-
ing from multicollinearity is suppressed in Ridge regression.
This point can already be grasped by comparing Figs. 3(a) and
3(b), but is best understood in the principal component basis,
see the Appendix E 3.
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Before closing this section, we note that, in addition to the
condition number, we also computed the variance inflation
factor (VIF) [48], another popular metric for evaluating the
degree of multicollinearity. The VIF acts as a scaling fac-
tor for the variance of the estimated weights arising from
dataset-to-dataset fluctuations, and it can diverge under severe
multicollinearity even when the sample size is sufficiently
large. We find that the VIF provides results consistent with
the condition number, when applying the usual rules of thumb
[48]. However, this quantity does not offer additional insight
for our dataset, because the sample size is quite large (and thus
the estimated error bars in Fig. 3 are small). For this reason,
we do not report these results in this paper and leave their
investigation to future work, particularly in situations with
limited sample sizes.

VI. TOWARDS INTERPRETABLE LINEAR
REGRESSION MODELS

The analysis presented in Sec. V shows that Ridge re-
gression is an effective method to cope with the effects of
multicollinearity in structure-dynamics datasets. One could
then identify the most relevant features as those with the
largest absolute weights, see Sec. VII. However, Ridge re-
gression does not offer a principled way to perform feature
selection: by definition, the model retains all the features.
To achieve a simple physical picture, we must substantially
reduce the dimensionality of the problem at hand. In this sec-
tion, we consider a generalization of Ridge regression, called
elastic net [73], that provides means to select the most relevant
features, while reducing multicollinearity (Sec. VI A). As an
alternative approach, we use principal component regression,
which builds upon a simple linear transformation of original
features (Sec. VIB).

A. Elastic net and Lasso regression
1. Definition

The elastic net model is an extension of Ridge regression
to perform feature selection [73]. In this method, the regular-
ization term in Eq. (27) reads

M M
b
V) = 2D+ 2N oy
L7E(W) = afz_l ]+ 5 fE_l(w ) (41)

where a and b are two regularization parameters. In addition
to the L2 norm term already included in Ridge regression,
Eq. (41) now includes an L1 norm regularization term. Like
in Lasso regression [70], the L1 term shrinks some of the
weights to zero within numerical accuracy to perform fea-
ture selection. Following the elastic net implementation of
SCIKIT-LEARN [74], we define « =a+ b and 8 = a/(a + b),
where now 0 < 8 < 1. o quantifies the overall strength of
regularization, incorporating both L1 and L2 terms, while g
controls the relative contribution of L1 regularization. 8 = 0
and B = 1 correspond to pure Ridge and Lasso regression,
respectively. For any pair (¢, 8), the method finds an optimal
number of features, P, that minimizes the loss function.
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FIG. 7. Elastic net regression of the dynamic propensity using
the BP descriptor. Pearson coefficient R[Y, Y] for the Lasso regres-
sion models (large circles) as a function of the number of selected
features P. The values of « corresponding to the models with P < 10
are indicated in the figure. The small circles indicate results for
values («, ) with 8 < 1. (Inset) Number of selected features P as a
function of B for selected values of «.

2. Model selection

To get a feeling for the role of 8, we show in the inset of
Fig. 7 the dependence of the number of selected features P on
B, for a few fixed values of «. We average the results over five
independent realizations of the train and test sets. As expected,
the number of selected features decreases as the strength of the
L1 regularization increases, reaching its minimum for g = 1.
A similar effect is observed with increasing «. Note that a too
large value of o may lead to the trivial solution P = 0. For
our dataset, we found that Lasso regression (8 = 1) requires
o < 0.53 to yield a finite P.

In general, the prediction performance of the model will
vary with & and . The main panel of Fig. 7 shows the Pearson
coefficient R[Y, Y] between the solutions of several elastic net
models and the dynamic propensity, as a function of P. The
data for 8 = 1 are indicated as large black symbols. We also
include the results of a more extensive sampling of (o, 8)
pairs, shown as small dots. The envelope of R vs P defines
a set of optimal models, in the sense that they provide the
best performance accuracy for a given size P of the feature
space. It is clear from the figure that these models coincide
with those identified by Lasso regression. The typical values
of the Pearson coefficients for the low-dimensional optimal
models range from 0.53 for P = 1, to 0.61 for P = 5, to 0.74
for P = 10. These values can be compared with the maximum
value of 0.88 achieved when retaining the full descriptor, see
also Sec. VII.

In Table II, we report the features selected by low-
dimensional optimal models (P < 10) within Lasso regres-
sion. Note that these are the most probable selected features,
estimated using 10 independent realizations of the train and
test sets. We include the corresponding average Pearson coef-
ficients with the dynamic propensity, both for the regression
models and for the individual features. The low-dimensional
models of Lasso regression successfully pinpoint the features
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TABLEII. Low-dimensional optimal models obtained using Lasso regression with the BP descriptor. The bullets indicate the most probable
features selected by the models for selected values of «. The numbers in italic below each feature are the Pearson coefficients between that
feature and the dynamic propensity. The estimated statistical uncertainty on the Pearson coefficients is +0.01.

wSS(20)  wSS(19) GS(11)  G5(5) GS(4) wSM(18) GM(11) Gt(12) GM(1) GM(9) G5(8) GE(18)
o P R 0.53 0.53 0.53 0.51 0.47 0.39 0.35 0.31 0.28 -0.20  -0.28 -0.42
0.1 10 0.74 ° ° . ° ° . .
0.2 8 0.69 . . ° ° °
025 7 0.64 . ° . ° °
0.3 5 0.61 . ° ° ° °
0.4 4 0.60 ° ° . °
045 3 059 ° ° °
0.5 2 057 ) °
053 1 053 .
that are most correlated to the dynamic propensity, found in ei- Specifically, we have
ther angular or radial sectors of the BP descriptor. While these M
models .achieve a reas.onable correlation with the .dynamic X, = Z X/(.f)u(f), (43)
propensity, they are still somewhat redundant. For instance, !
the features selected by the P = 2 model, i.e., ¥55(20) and =t
G5(11), are appreciably correlated wi - X = @, (44)

, ppreciably correlated with one another (R = i i

0.62). Even worse, the models with P = 3, 4, 5, and 7 contain
two nearly identical angular features, ¥S5(19) and ¥55(20),
having mutual correlation R = 0.99. This can be explained by
the fact that for these models 8 = 1, hence there is no suppres-
sion of multicollinearity. It may be possible to address this
issue by using a minimum-redundancy-maximum-relevance
selection scheme [75], which includes iteratively features that
are highly correlated with the target, while penalizing those
strongly correlated with the ones already taken. We leave an
assessment of this approach to a future investigation.

B. Principal component regression
1. Definition

In this section, we use principal component analysis (PCA)
as an alternative approach to reducing the dimensionality of
the problem. This method allows one to find a new set of
relevant features, defined in an orthogonal basis formed by the
eigenvectors of the correlation matrix C. The corresponding
modes are called principal components and can be used to
perform linear regression. When only a subset of relevant
principal components is selected, this regression model is
called principal component regression (PCR).

Let us briefly remind the key ingredients of PCA. Since
C is a symmetric matrix, it can be diagonalized using the or-
thogonal matrix U = [u", u®, ... u™], where u"") are the
eigenvectors of C, and ) are the corresponding eigenvalues.
This gives the equation

C =UAU7, (42)

where A is a diagonal matrix with eigenvalues A AGD,
sorted as A1) > ... > 1D > 0,

We now obtain new features X' through a linear trans-
formation, X" = XU. The original feature X; in Eq. (18) is
expanded using the orthogonal basis a® u?, . u™ and
the coefficients X ’Ef ) represent the new features on this basis.

From Eq. (44), we see that the mean value of X /ff ) is zero.
The covariance matrix for X’ is given by

1 1T ~p7 T
—XTX' =UTCU = A, (45)
S

hence the variance of X" is A0, We show A in Fig. 8(a).
The first two PCs have very large eigenvalues, while the re-
maining components form a tail that is difficult to appreciate
on a linear scale.
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o< PC3 PC3 —.
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FIG. 8. Principal component analysis for the BP descriptor.
(a) Eigenvalue A" of each PC; (b) Pearson coefficient R[X", Y]
between the dynamic propensity and each PC; (c¢) absolute value of
the Pearson coefficient |[R[X", Y| between the dynamic propensity
and each PC as a function of the eigenvalue A" of the PC; (d) same
as (c) but showing the eigenvalues in log scale. In (c) and (d), the top
five PCs are marked by arrows.
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FIG. 9. Pearson coefficients R between the first five PCs and the
physically motivated features. The latter are coarse-grained over a
length ¢ = 1.5.

Let us now normalize the features
1(f)
- X"
X0 =i (46)
2D
so that the new feature )?i(f ) has zero mean and unit variance,
and determine how R[X, Y] is transformed in the PC basis.
Then, by applying U, we obtain

1 5
UTR[X, Y] = N—X’TY = XR[X,Y], 47)
S

where X (not to be confused with summation) is a diagonal

matrix whose elements are VA, VA®, ..., V/AM) mean-
ing that 2 = A. We show R[X, Y] in Fig. 8(b). Only the first
few PCs have non-negligible correlations with the dynamic
propensity, say |R| > 0.3. This is best appreciated from panels
(c) and (d) of Fig. 8, where we show the absolute value of
R[X, Y] as a function of A(). Surprisingly, PCI has a negli-
gible correlation with the dynamic propensity, while it is PC2
that has the largest correlation. Thus, selecting the PCs on the
basis of their eigenvalue alone, in an unsupervised fashion,
can lead to suboptimal performance accuracy in a regression
model. The Pearson coefficients of the remaining PCs from
f =3to f =5 decrease with increasing f, and the remaining
PCs form a background of uncorrelated features.

2. Interpretation of the principal components

In principle, inspection of the eigenvector u'”) should re-
veal the nature of the structural fluctuations occurring along
each mode: Elements of u) that are large in absolute value
indicate the features that contribute the most to the fluctua-
tions along a given principal component. Unfortunately, the
interpretation of the eigenvectors is not always straightfor-
ward, since they are a linear combination of all the original
features: indeed, for the BP descriptor, we found that no subset
of features stands out in the PCs. Thus, one must look for
statistical correlations with simpler physical variables.

In Fig. 9, we report the Pearson coefficients between the
projections on the first few PCs and the physically motivated
features defined in Sec. IIID. Fluctuations along PCI1 are
moderately correlated to concomitant fluctuations of the local
potential energy u and the bond orientational order parameter
Wy. This structural mode gathers the bulk of the variance of
the normalized dataset, but it is uncorrelated to the dynamic
propensity. The interpretation of the second PC is sharp:
structural fluctuations along PC2 are strongly correlated to

the local number density p (JR| = 0.93). Note that, as antici-
pated in Sec. IITF, in our model the fluctuations of the local
packing fraction @ are strongly anticorrelated with those of
. The remaining PCs do not seem to have clear connections
with physically motivated features. Interestingly, none of the
structural modes identified by PCA captures the structural
fluctuations associated to ®, which is most strongly correlated
with the dynamic propensity. Note, however, a regression of
© against the full BP descriptor yields quite accurate results:
the representation of this feature is simply spread over several
features of the descriptor.

3. Linear regression in the PCA basis

We now frame the solutions of linear regression models,
Eqg. (26), in the context of PCA. Note that, strictly speaking,
the analysis below applies only when correlations are com-
puted on the training set, as is the case here, but it provides an
informative interpretation for test data predictions as well.

Let us first focus on the OLS regression case. As shown
in the Appendix E, the dynamic propensity predicted by OLS
regression is

M
Z X(f) X(f) (48)

The coefficient in front of each feature X), which reflects its
importance in the prediction, is simply the Pearson correlation
coefficient shown in Fig. 8(b). This is, of course, because
all the PC eigenvectors are orthogonal to each other. The
Pearson coefficient between the ground truth propensity and
the predicted one is then easily found,

M
D (RIXD, Y2 (49)

This expression provides a clear geometric interpretation of
how each R[X", Y] contributes to the performance R[Y, Y]
in training set.

4. Dimensional reduction and comparison with elastic net

_ To~ perforrr~1 dimensional reduction, one selects only
XD XA XP) with P « M, yielding

X(f) Y] X (50)

IIM‘U

This operation corresponds to neglecting features associ-
ated with smaller eigenvalues AP+D .. A 1In Fig. 10,
we analyze the performance of PCR by showing R[Y,Y] =

\/ Z?:l (R[X "), Y])? as a function of the number of compo-

nents P. Inspired by Eq. (49), we also include results obtained
by sorting the features according to the absolute value of
R[XY,Y]. This corresponds to a supervised feature extrac-
tion scheme. On the side of the figure, we include as ticks
the Pearson correlation coefficients achieved with a given
number of features, P. The visual impression is that the first
few PCs contribute to the bulk of the correlation, reaching
R = 0.7 with P = 5. The rest of the PCs constitutes a dense,
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FIG. 10. Pearson coefficient R between the ground truth dynamic
propensity and the PCR predictions using the first P PCs sorted
according to their eigenvalue (squares) or their Pearson coefficient
with the dynamic propensity (circles). The results of the optimal
elastic net regression models are also included (triangles). Note the
change of scale on the x axis after P = 5 components. The tics on the
right side of the figure indicate the values of the Pearson coefficient
reached for a given value of number of PCs included in the regression
model.

poorly interpretable background of orthogonal variables that
are essentially uncorrelated with the propensity; see Fig. 8(b).
Linear regression methods can nonetheless harvest this back-
ground to reconstruct the dynamic propensity field precisely.

It is interesting to compare these results to those obtained
by the optimal elastic net models, which are included as
dashed lines in Fig. 10. We see that the elastic net models
converge to the maximum correlation, as a function of se-
lected features, approximately like in supervised PCR. For
small numbers of features, the two regression models provide
about the same performance accuracy, although the precise
details depend on the descriptor. One advantage of PCR is that
the feature extraction scheme is straightforward and efficient,
thanks to the orthogonality of the PCA basis. By contrast,
although the features selected by elastic net are not orthogonal
to each other, they are more easily interpretable than the PC
eigenvectors. The latter, in fact, mix all the features of the
original descriptor and do not always lend themselves to a
straightforward interpretation. We will further discuss this
issue in Sec. VIIL

VII. DISCUSSION

Given the range of linear models that reproduce the dy-
namic propensity with comparable performance accuracy, a
few questions arise naturally: Is it possible to identify an
“optimal” model that strikes a balance between prediction
accuracy and physical interpretation? Does the choice of the
descriptor play an important role? In this section, we will
provide elements to try to address these questions.

Real space structure of the models’ prediction. A first
piece of information comes from direct visual comparison
of the ground truth dynamic propensities and the predic-
tions of the linear regression models. Here, we consider two
low-dimensional PCR models, namely the ones with P =2

TABLE III. Pearson coefficient between the dynamic propensity
and selected linear regression models for all the investigated descrip-
tors. The performance of the JBB descriptor without regularization
(o = 0) is very low, due to severe overfitting.

Ridge PCR
Features o =0 aoa=01 P=5 P=2
BP descriptor 276 0.87 0.85 0.69 0.55
JBB descriptor 120 0.35 0.87 0.80 0.53
SLO descriptor 60 0.86 0.85 0.84 0.81

and P =5 within supervised PCR, as well as with the full
P = M model (corresponding to the OLS regression model)
obtained with the BP descriptor. In this section, we revert our
initial feature normalization (see Sec. III E): we scale and shift
the predicted propensities ¥; so that their mean and variance
match those of the actual unscaled dynamic propensity. Thus,
we will consider ¥ vs p; in the original LJ units.

Figure 11 shows the distributions of Y vs pi, the scat-
ter plots of ¥; vs p; and the corresponding snapshots for a
representative configuration in our dataset. We see that the
full descriptor (P = M or OLS regression model) provides an
excellent description of the dynamic propensity field, which
is accurately reconstructed in most of its details, except for
a slight discrepancy in the shape of the distribution; see
Fig. 11(3i). Thus, R values of the order of 0.9 correspond to a
very satisfactory description of the dynamic propensity. The
model obtained with the P =5 most correlated PCs gives
R = 0.7 and reproduces most of the patterns of the dynamic
propensity field, despite some additional noise. The corre-
spondence is good when considering coarse-grained fields
(see the mid panels), indicating that such models are able
to grasp the relevant dynamic fluctuations on large length
scales [76]. The model with the P = 2 most correlated PCs,
instead, only captures some of the fast and slow regions of the
propensity, but the overall large-scale structure of the propen-
sity field is not accurately reproduced. Qualitatively, these
results suggest that correlation coefficients of 0.55, 0.7, 0.9
correspond to modest, satisfactory, and excellent estimation
of the dynamic propensity, respectively.

Dependence on the descriptor. How sensitive are the results
to the choice of the descriptor? From Table III, we see that the
prediction performance of the optimal Ridge regression model
is rather insensitive to it. Note that this similarity is partly due
to using the inherent structure configurations: when the calcu-
lations are performed on the instantaneous configurations, the
prediction performance improves slightly with increasing the
dimensionality of the descriptor (not shown).

Even when using inherent structures, however, a clear dif-
ference can be seen at the level of low-dimensional models:
The low-dimensional models obtained from PCR using the
SLO descriptor perform better than those obtained using the
BP and JBB descriptors. This might be explained by the
inclusion from the outset of some physically relevant fea-
tures like the ® parameter. With the SLO descriptor, in fact,
even a two-features model achieves a high Pearson coeffi-
cient (R~ 0.81) and very little is gained by including the
full set of features (R ~ 0.86). By contrast, high-dimensional
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FIG. 11. Dynamic propensity of a representative configuration. (a) Ground truth and estimates from (b) the OLS regression model, (c) the
PCR model with P = 5 components, and (d) the PCR model with P = 2 components. Dark and light particles correspond to fast and slow
particles, respectively. The mid panels, from (e)—(h) show the same as in the top panels coarse-grained over a length ¢ = 1.5. Particles are
colored in black and white according to whether the corresponding coarse-grained variable is above or below the average, respectively. (i)
Probability density function of the ground truth and estimated dynamic propensities for various models, using all the available configurations.
The remaining panels in the bottom row display scatter plots of the dynamic propensity against its estimated value for (j) the OLS regression
model, (k) the PCR model with P = 5 components, and (1) the PCR model with P = 2 components. In all the panels, ¥ is shifted and scaled

to match the mean and variance of the dynamic propensity p.

descriptors accurately reconstruct the observable of interest,
exploiting by brute force a broad spectrum of features, but
they may fail to provide a simple parsimonious model. This
could also partly depend on the details of the descriptor: the
atomic cluster expansion, for instance, successfully predicts
plasticity in amorphous solids even upon strong dimensional
reduction [77].

Interpretation of the structural modes. The above findings
call for an inspection of the dominant modes in PCR using a
physically motivated descriptor. In Fig. 12, we show the PCR
results for the SLO descriptor. Again, the PCs that are most
correlated with the dynamic propensity are not necessarily the
ones with the largest eigenvalues. We found that the modes
with the largest correlations are PC2 and PC5, whose Pearson
coefficients with the dynamic propensity sum up geometri-
cally to 0.81.

In Fig. 13, we show the eigenvectors corresponding to
PC1, PC2, and PC5. Let us first focus on the PC that is most
relevant for the dynamics. PC2 account for fluctuations of ©
that are anticorrelated to the local packing @ (and correlated
to p, as expected). This makes sense, as small values of [¢)
should capture sterically favored environments with high local
packing. Note that the coarse-graining length associated with
the larger contribution on this PC is around ¢ & 2.5, which
roughly corresponds to the second coordination shell. We

thus identify PC2 with a structural mode associated with the
fluctuations of local packing on an intermediate length scale.
Interestingly, PCA reveals that some of the fluctuations of
@ are positively correlated to @. This unexpected behavior is
described by PC1, which captures the largest fraction of the
variance of the normalized structural dataset. Our supervised
PCR scheme effectively removes this source of fluctuations,
which is irrelevant for the dynamics (R = 0.18). Note that the

1.0
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0.6
<
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PCR sorted by R —e—
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Elastic net -+-
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FIG. 12. Same as Fig. 10 but for the SLO descriptor.
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FIG. 13. Eigenvectors u", u®, and u® obtained using the SLO
descriptor.

fluctuations described by PC2 are more strongly correlated to
the dynamic propensity than the bare ® parameter.

Turning our attention to PC5, we see that the largest contri-
bution to this mode comes from the sixfold orientational order
parameter W¢ averaged over a short range distance (£ ~ 1.0).
We point out, however, that the relevant bond-orientational
order of our ternary model need not be sixfold. Indeed, pre-
vious analysis of the low-energy states of the binary version
of the model indicated the presence of quasi-crystalline order
with fivefold and 10-fold symmetries. We leave a more sys-
tematic analysis of the preferred bond-orientational order of
our ternary model for a future study.

To sum up on this point, PCR of the SLO descriptor
yields a simple two-feature structural model. The two relevant
variables account for steric effects on an intermediate length
scale and for some of the fluctuations of bond-orientational or-
der. Superficially, these results suggest a connection with the
phenomenological two-state model developed by Tanaka in
the 1990s [78], which included local density and bond-order
fluctuations as structural order parameters. We emphasize,
however, that our ternary model does not display strong six-
fold orientational order and Wy itself is poorly correlated to
the dynamic propensity. It is only when the fluctuations of
Wy are coupled to those of the other features as described by
u®® that some correlation emerges. We found that the other
descriptors consistently identify a structural mode related to
local packing (e.g., PC2 in the BP descriptor, PC1 in the JBB
descriptor) that is moderately correlated to the dynamics, but
none that is specifically connected to bond-orientational order.

Feature selection. One practical approach to feature selec-
tion is to look for gaps in the weight distribution of the linear
models: Features whose absolute weights stand out from the

S
0.001
PC5
—02511°
«_PC3
«_PC2
0 200 0 200
S S

FIG. 14. Sequence of sorted weights w as a function of sorted
feature index f in (a) Ridge regression with ¢ = 0.1 and (b) PCR.
Note that in PCR the weights coincide with the Pearson coefficients
R[X, Y], see Eq. (48).

bulk are then identified as the most relevant ones. In Fig. 14,
we illustrate these ideas for Ridge regression with o = 0.1
and PCR using the BP descriptor. In each panel, we show the
sequence of sorted weights w as a function of sorted feature
index f. By visual inspection, we see that no more than four
or five features show weights that stand out from the rest
in such an ordered sequence. A preliminary analysis of the
weight distributions support this idea. In Ridge regression, the
relevant features pinpoint structural modes involving radial
features localized around the first peaks of the partial radial
distribution functions. In PCR, the principal components from
PC2 to PC5 stand out, as was also clear from Fig. 8. Inter-
estingly, we found that the two features with largest absolute
weights in Ridge regression, i.e., G°(8) and G%(10), have
similar projections on the physically motivated variables as
PC1 and PC2, respectively. These weights’ sequences provide
good examples of sparse representations that support physical
interpretation.

Optimality criteria. Are there quantitative criteria to decide
whether to accept a low-dimensional model, which is easier
to interpret, at the expense of performance? We considered
several optimality criteria, developed in the context of sta-
tistical learning, that attempt to define an optimum model
by balancing the performance and the model complexity. In
particular, we employed two well-known scores: the Akaike
information criterion [79] and the Bayesian information cri-
terion [80]. Both criteria address overfitting by combining
the maximized log-likelihood, which quantifies data fidelity,
with a complexity penalty term that grows with the number
of parameters. We found, however, that these criteria do not
provide any practical guidance in our setting, since we operate
in a high-data regime where overfitting is negligible.

Our current standpoint on this issue is that at present there
is no robust quantitative criterion to select an optimal model
that strikes a balance between prediction and model size.
Selecting a small number of physical variables, say up to
five, is in line with a well-established approach to develop
phenomenological models in statistical physics [53]. We thus
suggest that a parsimonious data-driven description of glassy
dynamics should involve no more than a handful of relevant
features.

Dependence on spatial dimensions. Characterizing the lo-
cal structure of glassy systems may appear an easier task in 2D
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FIG. 15. Cross-state generalization of the propensity of motion
p(t = t,; T) from Ridge regression at a reference temperature 7,.
The solid line indicates the in-state prediction (interpolation), while
the thin lines with symbols indicate the cross-state predictions (ex-
trapolation), from 7, = 0.30 (circles) and 7, = 0.40 (squares).

than in 3D. Provided the input structural descriptor is com-
plete enough, however, linear regression and deep learning
models of glassy dynamics eventually achieve similar perfor-
mances in both spatial dimensions [24]. While 3D systems
may pose a more serious challenge for dimensional reduction,
the same kind of physically motivated features we used in
this study as explanatory variables can be readily applied
to 3D systems. Therefore, at least from the methodological
viewpoint, there is no qualitative difference between studying
2D and 3D systems.

Cross-state generalization. Throughout this work we fo-
cused on the performance of linear regression at the same
temperature at which the model was trained. As anticipated
in Sec. II, from a physicist’s viewpoint, data interpolation
does not qualify as a genuine form of prediction. To assess
the actual predictive power of Ridge regression, we show in
Fig. 15 the results for the cross-state generalization of the
propensity of motion at ¢ = 7,: the model’s weights are fitted
at a reference temperature 7, using ¢ = 0.1 and then used to
extrapolate the propensity of motion at a different temperature
T. The extrapolation from 7, = 0.30 to higher temperatures
provides good predictions up to around the onset tempera-
ture 7' =~ 0.5, where the Pearson coefficients start to decrease
significantly even for in-state predictions. Interestingly, the
model trained at 7, = 0.40 provides consistent predictions
over a broad range of temperatures, covering around three
decades in structural relaxation times [54]. These findings
resemble those of obtained in Ref. [24] using linear regression
and deep-learning models. Note, however, that all these ML
models can only predict the propensity of motion at a time
t = 1, i.e., the absolute timescale must be determined inde-
pendently. Thus, current ML models are not fully predictive
yet.

VIII. CONCLUSIONS

Recent work has shown that data-driven models, based
on either deep neural networks or linear regression, can
accurately describe and predict the dynamic propensity of
glass-forming liquids on the structural relaxation time scale
[24]. In our opinion, the current level of prediction accuracy
of these models is high enough to motivate a shift of focus

toward interpretation [33]. In fact, a common criticism to
these machine learning studies is that they still provide lit-
tle physical insight into the underlying mechanisms behind
glassy dynamics. Identifying interpretable models that pro-
vide a robust and succinct relationship between physically
relevant variables is crucial to address this issue.

The main goal of this paper was to assess and improve the
interpretability of linear regression models of glassy dynamics
using a simple model of two-dimensional glass. We showed
that, contrary to previous expectations [24], even linear re-
gression models can be hard to interpret. A major issue can
be traced back to the presence of strong linear dependen-
cies between structural features, known as multicollinearity,
which hinders the interpretability of linear models. We found
that several structural descriptors used in recent studies are
severely affected by multicollinearity. Ridge regression can
be used to suppress some of the detrimental effects of multi-
collinearity, but the resulting models are not succinct enough
to be interpretable.

To identify low-dimensional linear models of glassy
dynamics, we used two simple dimensional reduction tech-
niques. First, we considered elastic net regression, which
yields a set of low-dimensional models that strike a good
balance between accuracy and physical interpretability. Sec-
ond, we performed principal component regression using a
supervised selection scheme of the principal components.
This approach yields an accurate enough description of the
dynamic propensity with a handful of collective structural
features. Overall, our work establishes that linear regres-
sion models, once properly fine-tuned, can be useful tools
to identify the relevant structural modes associated to dy-
namic heterogeneities in glass-forming liquids. It would be
interesting to extend our analysis to more sophisticated high-
dimensional descriptors and to other glassy systems beyond
the simple two-dimensional model liquid considered here, in-
cluding molecular and polymeric liquids as well as amorphous
solids subject to external loading.
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APPENDIX A: SELECTED RESULTS FOR THE SLO
AND JBB DESCRIPTORS

In this Appendix, we present additional results for the
physically motivated descriptors introduced in Sec. III D. Fig-
ures 16 and 17 display the Pearson coefficients R[X"), Y]
between the dynamic propensity and each structural feature
X of the SLO and JBB descriptors, respectively.

The SLO descriptor emphasizes the substantial role of
packing efficiency in determining dynamic fluctuations. This
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FIG. 16. Pearson coefficient R[X"), Y] between the dynamic
propensity Y and each structural feature X of the SLO descriptor
forf=1,...,M.

can be appreciated by the large positive correlations between
® and the dynamic propensity, as well as by the negative
correlations with @. Note, however, that the coarse-graining
length ¢ that gives the largest correlation is not the same
for ® and @. The bond-orientational order parameter Eﬁ,
by contrast, is poorly correlated with the dynamics, see the
discussion in Sec. VI B.

It is instead more difficult to extract straightforward phys-
ical information from the analysis of the JBB descriptor, due
to its complex dependence on the chemical composition. It
is nonetheless interesting to note that the perimeter 7 of the
Voronoi cells, which is included in the JBB descriptor but not
in the SLO one, has an overall negative correlation with the
dynamic propensity. This again points to a coupling between
steric effects, i.e., larger local free volume, and mobility.

In Figs. 18 and 19, we show the correlation matrices C
of the SLO and JBB descriptors, respectively. As for the
BP descriptor, the correlation matrices display a pronounced
block structure: there are strong correlations within subblocks
of features, this time owing to similar coarse-graining lengths,
as well as nontrivial correlations between different features. In
particular, the SLO descriptor reveals a negative correlation
between local number density p and local packing fraction @.
This counterintuitive result is likely a result of compositional
fluctuations in this mixture; see Sec. III F.
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FIG. 17. Pearson coefficient R[X"), Y] between the dynamic
propensity Y and each structural feature X) of the JBB descriptor
for f=1,..., M.
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FIG. 18. Correlation matrix C for the SLO descriptor.

APPENDIX B: SPECIES-RESOLVED ANALYSIS

In multicomponent mixtures, the particle mobility is
in general species-dependent. Therefore, most studies of
structure-dynamics relationship analyze separately each
species, or even just focus on the majority species. In the body
of the text, we chose to analyze all the particles irrespective
of their species. As we will show in this appendix, the key
findings of our work do not depend on whether the analysis is
performed species-wise or for the full system.

In Fig. 20, we show the probability density functions for
the dynamic propensity for particles of species S, M, and L.
The distribution functions depend of course on the species,
although the dependence is not dramatic. We found that the
average values and corresponding standard deviations of the
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FIG. 19. Correlation matrix C for the JBB descriptor.
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FIG. 20. Probability density function of the dynamic propensity
for particles of species S (blue), M (red), and L (orange).

distributions are 0.75 £ 0.47, 0.58 +£0.37, and 0.43 £ 0.25
for species S, M, and L, respectively. For comparison, the
corresponding result for the dynamic propensity of all the
particles is 0.60 £ 0.41. Since we could not find detailed re-
sults regarding species-dependent propensities in the literature
[41], we cannot determine whether the above differences are
smaller than those for other 3D glass-forming liquids.

One might expect that analyzing structure-dynamics corre-
lations for the entire system will yield a different performance
compared to a specieswise analysis. As shown in Fig. 21,
this is indeed the case, but the effect is very small. In par-
ticular, for the optimal regularization parameter « = 0.1, we
obtained Pearson coefficients between the BP descriptor and
the propensity of 0.86, 0.85, 0.84 for species S, M, and L,
respectively. These values can be compared with R = 0.85
obtained for the full system, see Table III. Somewhat larger
discrepancies are observed at very small «, or in the absence
of regularization, for the minority species (M). Overall, how-
ever, the performance of Ridge regression displays the same
qualitative trends when performed specieswise or for the full
system. We also confirm the presence of oscillations in the
weights for @ = 0 in the specieswise analysis.

We now turn our attention to the PCA of the BP descriptor.
Overall, the trend of PCA is qualitatively similar when per-
formed specieswise or for the full system. The observation
that PC1 is poorly correlated to the dynamic propensity is
confirmed for all species. We found that PC2 is again the
most correlated for species S and M, as for the full system.
For species L, it is PC3 to be most correlated. These results

(2) 0.91 (b) 0.81

0.8

= 0.7

— Species S
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1071075107310~ 10" 1071075107310~ 10"
o o

FIG. 21. Specieswise (full lines) and total (dashed lines) pre-
diction performance metrics for Ridge regression of the dynamic
propensity using the BP descriptor. (a) Pearson coefficient R[Y, ¥']
as a function of @ and (b) coefficient of determination R,[Y, Y]asa
function of «.
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FIG. 22. Pearson coefficients R between the first five PCs and
physically motivated features coarse-grained over a length £ = 1.5.
The analysis is performed specieswise for (a) species S, (b) species
M, and (c) species L.

suggest that it may be difficult to extract robust information
from PCA beyond the very first few PCs (in A order).
Interestingly, we found that also the physical interpretation
of the first two PCs is essentially the same across species.
In Fig. 22, we show at the Pearson coefficients between the
first 5 PCs of the BP descriptor and the physically motivated
features. The latter features are coarse-grained over £ = 1.5
and the analysis is performed specieswise in each panel. The
key structure of the correlation matrix for the species-resolved
analysis is similar to the one of full system. In fact, PC1
and PC2 are projected similarly on the physically resolved
features. Note, however, that for species L it is PC3 having
the largest correlation with the dynamics and not PC2. It is
difficult to grasp a clear interpretation of components of order
higher than two in terms of physically motivated features.
Finally, we assess the species dependence of the perfor-
mance of PCR. Figure 23 shows the Pearson coefficient R
in PCR as function of the number P of included collective
features. The latter are sorted according to their individual
Pearson coefficients. The growth of the Pearson coefficient
as a function of P is qualitatively similar for all the species
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FIG. 23. Specieswise (full lines) and total (dashed lines) Pearson
coefficient R between the ground truth dynamic propensity and the
PCR predictions using the first P PCs sorted according to their
eigenvalue (squares). Note the change of scale on the x axis after
P =5 components.

and closely tracks the one for the total system. We conclude
that although the details about the PCs with small eigenvalues
and small correlation will depend in general of the selected
species, the general trends discussed in the main text are
robust.

APPENDIX C: ORDINARY LEAST SQUARES
REGRESSION AND RIDGE REGRESSION

We derive the estimation of the weights w by the ordinary
least squares regression (OLS) and Ridge regression for the
dataset, (X, Y), defined in Eqs. (17) and (19).

We first consider a linear model,

Y = Xw, (C1)
where Y = (¥, ¥,
and Ww=[0D, d?, ..
parameters. ‘

The loss function £R92¢(W) in Eq. (32) can be rewritten as

...,?NS]T represents the predictions
L w™NT denotes the weight

) 1

£R1dge(w) — N (WTXTXW _ Z(XTY)TW + YTY)
S

o

2

T

+ =W w. (C2)

The derivative of £Ri9¢(W) with respect to W is
) 1 1
Ve LRde (W) = [ —X"X + ol |Ww — —XTY, (C3)
Ns Ns

where I is the M x M identity matrix.

Since ¥; (elements of Y) and Xi(f ) (elements of X) are nor-
malized to have zero mean and unit variance, we can express
the terms in Eq. (C3) using the correlation matrix C defined in
Eq. (24) and the Pearson coefficients R,

1 T
—X'X =C, (C4)
Ns
1
—X'Y = [R[X", Y], ..., RIX™ ¥ I"
Ns
= R[X,Y]. (C5)

Setting Vy £Ri92¢ (W) = 0, the solution for Ridge regression
is obtained as

Wridee = (C +aD)7'R[X, Y. (C6)

APPENDIX D: CONDITION NUMBER OF A MATRIX

We briefly review the condition number of a matrix,
without going into the details of a mathematically rigorous
treatment. It is defined using the norm of a matrix, and we
also review its meaning as a measure of a matrix’s instability.
One can see detailed discussions in, e.g., Refs. [82,83].

1. Matrix norm

A matrix norm is a generalization of the absolute value
| - | for scalars and the vector norm || - || for vectors, ap-
plied to matrices. The matrix norm is also denoted as || -
||. Here, we summarize only the important properties rel-
evant for our purposes. For a scalar o, a vector x, and
matrices A and B, the following properties hold: (i) ||Al| >
0, (i) [leAll = la|[IA[l, (i) [[A+ B[l < [IAll + [IB]], (iv)
AX[| < [AI[1Ix]], (v) [IABI] < [IA[1IBI], and (vi) [[T]| = 1,
where I is the identity matrix.

There are various ways to define the matrix norm that
satisfy these properties. One convenient approach is to use
the maximum singular value, sp,x, of a matrix. The norm
[|A]| = Smax 1S referred to as the spectral norm.

For a positive semi-definite symmetric matrix, the singular
values are equal to the eigenvalues. Thus, we have ||A|| =
Amax, Where An.x is the largest eigenvalue. Moreover, if A
is invertible, then ||A7!|| = X;i'n, where A, is the smallest
eigenvalue.

2. Definition of condition number
In general, the condition number « (A) is defined as

K(A) = ||Al[1IA7"]]. (D1

In this paper, we consider the spectral norm, and assume
that A is a positive semi-definite symmetric matrix. Thus, we
obtain

A‘IIliiX
. (D2)

min

K(A) =

3. Instability of matrix

The condition number «(A) corresponds to a degree of
instability of a matrix A. This concept can be best understood
through perturbation analysis of a linear system.

Suppose we wish to solve the linear system

Ax = b, (D3)

where A is a square matrix, and x and b are vectors. When A
is invertible, the solution is given by

x=A"'b. (D4)

In practice, measuring A and b involves errors §A and §b
due to, for example, lack of statistics, numerical errors, etc.
We now ask how the error in x, denoted as Jx, is induced by
errors in A and/or b.
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(1) When b has error b, the linear equation becomes

A(x + 6x) = b + 6b, (D5)
which, using Eq. (D3), leads to Aéx = &b, so that
5x = A~'5b. (D6)
Thus, the relative error ||§x||/||x|| is bounded as follows:
18x]| _ [IA="sb|| _ ||A~"[]||3b]|
= < . D7)
11| [1x[] x|
Additionally, since ||b|| = ||Ax|| < ||A]| ||x]||, we obtain the
bound,
L _ Al 8)
Y
Thus, Eq. (D7) becomes
8 Al 1IA7]]]16b
[16x]| < A TIAT[] [|8b]] (DY)
x| [[bl|

Using the definition of the condition number «(A) in
Eq. (D1), we conclude that
[18x[|
1x[|

TIobI < k(A).
[1bl|

s

(D10)

The ratio between the relative error ||5x]||/||x|| and
[16b]|/]1b|| quantifies how tiny perturbations or fluctuations
in b influence the error in X, which can be interpreted as a
form of susceptibility. Equation (D10) shows that this ratio is
bounded by the condition number « (A). When « (A) is small,
the linear system in Eq. (D3) is stable. However, when k (A)
is large, it becomes unstable.

(2) When A has error §A, one can similarly derive the
inequality for the relative error ||6x]||/||x + 6x|| when A has
an error §A,

[18x[]

[Ix-+6x]]

HSA]
[AIl

(3) When both b and A have errors, b and §A, one can
also derive the inequality when both b and A have errors, b
and SA,

<k (A). (D11)

5 < K (A)

AT | T8I ™ T~ JJA~T3AIl

(D12)

We assumed ||[A7!1SA]] < 1.

In summary, the condition number provides an upper
bound for the relative error in the linear system. When the
condition number « (A) is small, tiny perturbations A and/or
8b lead to only small relative errors in X, and the linear system
is stable. When the condition number is large, however, even
tiny perturbations may induce huge errors, making the linear
system unstable, even if A is invertible.

APPENDIX E: RIDGE REGRESSION IN THE PCA BASIS

1. Expression of the Pearson coefficient

Let us consider the Ridge regression solution, Eq. (33), in
the PCA setting. Using Eq. (47) and (C +al)™! = U(A +

al)7'UT, we get
Y = XWgigee = X(C + ) 'R[X, Y]
=X'(A+aD) 'ERIX, Y]

Mo X% ~
:ZR[XW,Y](N)Jr )x<f>. (El)
J o

f=1

Using the PCA basis, we obtain the Pearson coefficient
between the ground truth ¥; and the prediction Y;,

. 1 . 1 N
RlY,Y] = ———— Y, = —AYTY

Ng+/ Var[Y] ; Ng+/ Var[Y]

1 AT
= ——==W R[X, Y] (E2)
v Var[Y]
and

5 I or¢ AT

Var[Y]= —Y'Y = W' Cw, (E3)

Ns

where we used Eqs. (26), (30), and (31).

By plugging in the Ridge regression weights, Wgjgge, from
Eq. (33), we get
R[X,Y]"(C+aD)"'R[X, Y]

~ JRIX,YI'(C+al) 'C(C +al) 'RIX, V]
(E4)

R[Y,Y]

Using the PCA basis, namely Eqgs. (42) and (47), we finally
arrive at Eq. (ES) in the main text.

2. Role of the regularization parameter

Looking at the final expression in Eq. (E1), we see that, or
a given o > 0, when L") > a, the factor involving the eigen-
values becomes L) /(AY) 4+ ) ~ 1. On the other hand, when
A < a, A/ 4+ ) ~ 0, hence such features are sup-
pressed in the sum. Therefore, through the factor A() /(AY) +
a), « acts as a soft threshold, determining whether we include
a feature or not.

It is then easy to find the Pearson coefficient

Zy:l (R[X (f)’ Y] )2 ( }\()f\()f..i,)_a )
S RED, Y12 ()

We observe that the same threshold factor appears again in
the expression, offering a clear interpretation of the role of
Ridge regularization: in the PCA basis, the regularization term
softly suppresses modes associated with eigenvalues smaller
than «. Thus, smaller eigenvalues, potentially associated to
multicollinearity, are systematically and softly suppressed as
« increases.

It turns out, however, that the Ridge regularization does not
provide a practical benefit within the PCR scheme. We found,
in fact, that the order of the features is unaltered for small P,
both when sorting against A and against R. Hence, o does not
affect feature selection discussed in Sec. VI B. Moreover, the
maximum correlation achieved when all the M features are
included decreases with increasing «.

RIY, Y] =

(E5)
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3. Suppression of the oscillatory behavior of the weights

By considering the Ridge regression problem in the PCA
basis, we can now provide a simple theoretical argument to il-
lustrate how regularization suppresses the oscillatory behavior
of the weights.

We start from Eq. (33) and use the eigenvalue decomposi-
tion of (C + «I)~!, which allows us to €XPress Wridge as a sum
of projections of the Pearson coefficient vector R[X, Y] onto
each eigenmode,

M
Wrigge = P\ + o) 'uPu D RIX, Y] (E6)
f=1
As discussed in Sec. V A, the oscillatory behavior can be
highlighted in the two-feature model, namely,

T
. uDu®
WRidge = +

Amax + &

T
a@u®

Amin + &

i|R[X, Y], ET

where R[X, Y] = [RD, R®]" and Wrigge = [ jger Diipge]” -
This is further rewritten as

0 RO L R® R _ R

Lo = + R E8
Ridge 2(Amax + o) 2(Amin + @) (E8)
R 4+ R R — R
T S . ®)
& 2(Amax + o) 2(Amin + o)

When o — 0, Wrigee — WoLs, and one observes the oscilla-
tory behavior, ﬁ)(olgs o~ —ﬁ)gﬁs, with large magnitude, arising
from the mode associated with Ay, — 0. For sufficiently
large o, the contribution from such mode is suppressed,

thereby mitigating the oscillatory behavior.
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