
Contents lists available at ScienceDirect

Physica D

journal homepage: www.elsevier.com/locate/physd

Irrational behaviour-induced suppression, enhancement and oscillations of 
voluntary vaccination: A stochastic model with delays

Lorenzo Cabriel a, Chris T. Bauch b, Fabio Anselmi a, Piero Manfredi c, 
Alberto d’Onofrio a,1,∗

aDepartment of Mathematics, Informatics and Geosciences, University of Trieste, Via Economo 12/3, Trieste, Italy
bDepartment of Applied Mathematics, University of Waterloo, 200 University Avenue West, Waterloo, ON, N2L 3G1, Canada
cDepartment of Economics and Management, University of Pisa, Via Ridolfi 10, Pisa, 5612, Italy

a r t i c l e  i n f o

Editor: Dr K Sznajd-Weron
Keywords:
Irrationality
Vaccine hesitancy
Evolutionary games
Stochasticity
Distributed delays
Quasi-cycles
Noise-induced transitions

 a b s t r a c t

We investigate how human irrationality and memory shapes voluntary vaccine uptake in the absence of disease. 
Building on a deterministic imitation game framework, after providing its analytical solution, we show that 
finite-population stochasticity alone produces either vaccine-free or full-coverage states, but with fixation times 
so long that the mean-field ODE model remains valid for large population sizes. To capture rapid irrational swings 
in public sentiment, we model them using white noise, deriving an SDE whose stationary density undergoes 
noise-induced transitions as noise intensity crosses critical thresholds. Larger noise can switch the population 
to either disease-free or full-coverage regimes, and very strong noise yields stochastic bistability reminiscent 
of phase transitions. Numerical simulations reveal very slow transients and rich behaviors when delays and 
noise interact. In particular, noise-induced quasi-cycles can onset. Generalizing to fat-tailed Cauchy noise, we 
find that heavy-tailed fluctuations increase the probability of fixation at zero or full coverage. Fluctuations in 
the imitation rate parameter produce large amplitude cycle distortions, occasionally destroying cyclic patterns. 
Finally, we show that a public health campaign term with ‘intensity’ exceeding a noise-dependent threshold 
eliminates the vaccine-free attractor and stabilizes full coverage.

1.  Introduction

Over the past two decades, the limitations inherent in classical Math-
ematical Epidemiology (ME) [1,2]–a branch of Mathematical Biology 
exerting significant influence on current public health policies–have be-
come increasingly apparent. Classical ME, which abstracts contagion 
akin to a chemical reaction, models individuals as molecules. This fun-
damental assumption implies that human behavior is taken as a physi-
cal constant and therefore unaffected by epidemic dynamics (and con-
versely). Long before the COVID-19 pandemic, it became apparent that 
this assumption was unable to describe various contemporary scenarios, 
such as non-mandatory vaccination programs [3–8].

The initial groundbreaking effort to incorporate human behavior 
into ME can be traced back to [9]. Later, a whole new scientific disci-
pline emerged, termed Behavioral Epidemiology of Infectious Diseases 
(BEID) [3,4], which addressed the growing need to include human be-
havior in ME models by integrating ideas from a range of medical and 
social sciences.
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Human behaviour is currently becoming a critical factor in the public 
health programs of modern industrialized countries [3,4], as well docu-
mented by the COVID-19 experience [10]. This role is amplified by two 
interplaying and synergizing global phenomena, namely the ’post-trust 
society’ [11] and the ’post-truth age’ [12,13].

To model agents’ vaccination behaviour, most BEID models uti-
lized either a phenomenological approach or Evolutionary Game The-
ory (EGT). Bauch [14] first used EGT to model the dynamic interplay 
between infection spread and vaccination propensity, by adding imi-
tation dynamics for vaccination behavior to an SIR model. Since then, 
this model has been extended in many directions. For example, cur-
rent authors have analysed the perceived risk of vaccine side effects as 
a function of information based on both present and past incidence of 
vaccine-related adverse events [15]; vaccination awareness campaigns 
by Public Health Systems [15]; the effects of imitation on the emergence 
of vaccine scares [16]; the impact of social norms [17] and bounded ra-
tionality in vaccination decisions [18]; the role of spatial information in 
vaccine choices [19].

https://doi.org/10.1016/j.physd.2026.135143
Received 18 May 2025; Received in revised form 19 November 2025; Accepted 6 February 2026

Physica D 489 (2026) 135143 

Available online 18 February 2026 
0167-2789/© 2026 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license ( http://creativecommons.org/licenses/by- 
nc-nd/4.0/ ). 

https://www.elsevier.com/locate/physd
https://www.elsevier.com/locate/physd

$99\%$


$80\%$


$87.7\%$


$\alpha _1$


$x(t)$


\begin {equation*}b=1-x .\end {equation*}


\begin {align}x^{\prime }&=C\big (M_i\big ) x b -\alpha \big (M_v\big ) b x+\gamma (t) b,\label {basic}\\ a^{\prime }&=-C(M_i\big ) x b + \alpha \big (M_v\big ) b x - \gamma (t) b,\nonumber \end {align}


$M_i(t)$


$M_v$


$C(.)$


$\alpha (.)$


$\gamma (t) a$


$\alpha \big (M_v\big )$


$\alpha \big (M_v\big ) a x$


\begin {equation*}x^{\prime } = x(1-x) \left ( C\big (M_i\big ) - \alpha \big (M_v\big )\right )\end {equation*}


$I=0 \Rightarrow M_i =0$


\begin {equation*}C(M_i)=c_0 > 0\end {equation*}


$c_0$


$x$


$a$


\begin {equation*}\alpha (M_v) = \alpha _0 + \alpha _1 M_v.\end {equation*}


\begin {equation}\label {eqPdetermMv} x^{\prime }=x(1-x)(\delta - \alpha _1 M_v),\end {equation}


$\delta =c_0-\alpha _0$


$1/\alpha _1$


$\alpha _1=1$


$M_v$


$x$


$M_v$


\begin {equation}\label {Mv} M_v(t)=\int _0^{+\infty } W_v(\tau )x(t-\tau )d\tau \end {equation}


$W_v$


\begin {equation*}\int _0^{+\infty } W_v(\tau )d\tau =1.\end {equation*}


$W_v$


$x=0,x=1$


\begin {equation*}(x_e,M_e)\end {equation*}


\begin {equation*}M_e=x_e=Min\left (\frac {\delta }{\alpha _1},1\right )\end {equation*}


\begin {equation*}x_e <1 .\end {equation*}


\begin {equation*}W_v(s)=\delta (s).\end {equation*}


\begin {equation}\label {eqPdeterm} x^{\prime }=x(1-x)(\delta - \alpha _1 x)\end {equation}


$x_e$


$\alpha _1=1$


\begin {equation}\label {logi} y^{\prime }=y(\delta - y)\end {equation}


$y(t),\delta \ge 0$


$x(t)$


$\delta $


$0 \le x(t), \delta \le 1$


$0$


$\delta $


$0$


$1$


$\delta $


\begin {equation*}x(0)= y(0) = a \in [0,1]\end {equation*}


$0<a<<1$


$x(t)\approx $


$y(t) \approx $


$a e^{\delta t}$


$a=1$


$t>0$


$x(t)=a=1$


$y(t)$


$\delta $


\begin {equation*}\frac {\frac {dx}{dt}}{x(1-x)(\delta -x)} = 1\end {equation*}


\begin {equation}\label {ANAL} t = F(x,a,\delta )= \frac {1}{\delta } \Big (Log\Big (\frac {x (1-x)^{\frac {\delta }{1-\delta }} }{|\delta -x|^{\frac {1}{(1-\delta )}}}\Big ) - Log\Big (\frac {a (1-a)^{\frac {\delta }{1-\delta }} }{|\delta -a|^{\frac {1}{(1-\delta )}}}\Big ) \Big )\end {equation}


\begin {equation}\label {ANAL} t = L(y,a,\delta ) = \frac {1}{\delta }\left [ \log \!\left (\frac {y}{\lvert \delta - y\rvert }\right ) - \log \!\left (\frac {a}{\lvert \delta - a\rvert }\right ) \right ]\end {equation}


$x(t)$


$y(t)$


$\delta =1/2$


$x(0)=y(0)=a$


\begin {equation*}Prob\left (n(t+dt)=n(t)+1 \right )=G(n) dt\end {equation*}


\begin {equation*}Prob\left (n(t+dt)=n(t)-1 \right )=J(n) dt\end {equation*}


\begin {equation*}G(n) := c_0 n \frac {N-n}{N} = N x(1-x) c_0 =: G(x)\end {equation*}


\begin {equation*}J(n) := n \frac {N-n}{N}\left (\alpha _0 +\alpha _1 \frac {n}{N}\right ) = N x(1-x) \left (\alpha _0 + x\right ) =: J(x)\end {equation*}


$N$


$n(t)$


$t$


$n=0$


$n=N$


$\big \langle T_{fix} \big \rangle $


$n=0$


$\big \langle T_{fix} \big \rangle $


$n=0$


\begin {equation}\label {tauCD} \big \langle T_{fix} \big \rangle =\frac {e^{-N \phi (x_e)}}{\sqrt {N}} \frac {1}{\rho (0)-1} \sqrt {\frac {2 \pi \rho (0)}{\lambda (x_e)\mu ^{\prime }(x_e)-\lambda ^{\prime }(x_e)\mu (x_e)} }\end {equation}


\begin {equation*}\lambda (x)= x(1-x) c_0\end {equation*}


\begin {equation*}\mu (x)= x(1-x) (\alpha _0 + x)\end {equation*}


\begin {equation*}\rho (x)=\frac {G(x)}{J(x)}\end {equation*}


\begin {equation*}\phi (x) = - \int _0^x \rho (z)dz = (x+\alpha _0) \Big ( Log(x+\alpha _0) -1 - Log(c)\Big )\end {equation*}


\begin {equation}\label {AVGtauCD0} \big \langle T_{fix} \big \rangle =\frac {e^{c_0 N}}{\sqrt {N}} \sqrt {2\pi \alpha _0} \frac {1}{x_e^2 (1-x_e)}\end {equation}


$x_e=\delta =c_0-\alpha _0$


$c_0 =x_e + \alpha _0$


\begin {equation}\label {AVGtauCD} \big \langle T_{fix} \big \rangle (\alpha _0,\delta ,N)=K(N,\delta )\Psi (\alpha _0 N)\end {equation}


\begin {equation*}\Psi (z) = \sqrt {z}e^z\end {equation*}


\begin {equation*}K(N,\delta ) = \frac {e^{\delta N} }{N} \frac {1}{\delta ^2 (1-\delta )}.\end {equation*}


$\delta $


$K(N,\delta )$


$z=\sqrt {\alpha _0 P}$


$\delta $


$x_e=\delta =0.5$


$N=100$


$\alpha _0=0.001$


$\big \langle T_{fix} \big \rangle (0.001,100) \approx 1.445 \; 10^{20}$


$\alpha _0=1$


$\big \langle T_{fix} \big \rangle (1,100) \approx 1.114 \; 10^{65}$


$\delta =0.1$


$\alpha =0.001$


$P=100$


$\big \langle T_{fix} \big \rangle (\alpha _0,\delta ,N) \approx 8553$


$\alpha _0$


$0.1$


$\big \langle T_{fix} \big \rangle (\alpha _0,\delta ,N) \approx 1.704 \; 10^9$


$0$


$1$


$x=1$


\begin {equation}\label {CLEx} \frac {dx}{dt}=x(1-x)(\delta -\alpha x)+\sqrt {\frac {x(1-x)(\theta _0+\alpha _0+\alpha x)}{N}}\xi (t),\end {equation}


$x(t)=n(t)/N$


$\alpha =1$


$\delta $


$\delta =0.5$


$\theta _0=m\alpha _0$


$\delta =(m-1)\alpha _0$


$\alpha _0=\delta /(m-1)$


$\alpha _0=\delta m/(m-1)$


$m=2$


$m=5$


$N$


$N=2\cdot 10^6$


$N=6\cdot 10^7$


$m$


$m=2$


$m=5$


$m$


$T_a(x)$


$t=0$


$x$


$a=(a_L,a_R)$


\begin {equation}\label {hittingtime} x(1-x)(\delta -\alpha x)\partial _xT_a+2\frac {x(1-x)(\theta _0+\alpha _0+\alpha x)}{N}\partial _x^2T_a=-1\end {equation}


\begin {equation*}T_a(a_L)=T_a(a_R)=0\end {equation*}


$t=0$


$a$


$a = (0.0001,0.9999)$


$0.0001$


$0.9999$


$N=2\cdot 10^6$


$N=6\cdot 10^7$


$m=2$


$m=5$


$m=2$


$N$


$m=5$


$N$


\begin {equation*}W_v(s)= a e^{-a s}\end {equation*}


\begin {align}x^{\prime }&=x(1-x)(\delta - M_v) \label {expX}\\ M_v^{\prime }&= a(x-M_v) \label {expMv}\end {align}


$(x,M_v) \in [0,1]^2$


$EQ=(x_e,x_e)$


$EQ$


$0<a<4 K$


$a \ge 4~K$


$1/x(1-x)$


$EQ$


$x_e$


$x_e$


$\tau =1/a$


$a_1>0, a_2>0$


\begin {equation*}W_v =\frac {a_1 a_2}{a_2-a_1}(e^{-a_1 \tau }-e^{-a_2 \tau }),\end {equation*}


$\tau _m$


\begin {equation*}\tau _m = \frac {1}{a_1}+\frac {1}{a_2}\end {equation*}


\begin {align}x^{\prime }&=x(1-x)(\delta -M_v) \label {afkX}\\ M_1^{\prime }&= a_1(x-M_1) \label {afkM1}\\ M_v^{\prime }&= a_2(M_1-M_v) \label {afkMv}\end {align}


\begin {equation*}EQ =(x_e,x_e,x_e),\end {equation*}


$0<\tau _m <1/K$


$a_1+a_2=K$


$\tau _m>1/K$


$\alpha _1$


$\alpha _0$


$c_0$


\begin {equation*}c_0 + \nu _c(t)\end {equation*}


\begin {equation*}\alpha _0 + \nu _{\alpha }(t)\end {equation*}


$D \xi (t)$


$c_0-\alpha _0$


\begin {align}x^{\prime }&=x(1-x)( x_e - M_v + D \xi (t)) \\ M_v(t)&=\int _0^{+\infty } W_v(\tau )x(t-\tau )d\tau \end {align}


$c_0$


$\alpha _0$


$\xi (t)$


$\tau _p$


\begin {equation*}\tau << 1\end {equation*}


$\xi (t)$


\begin {align}dx&=x(1-x)( x_e - M_v )dt + D x(1-x) dB \label {hybridX} \\ M_v(t)&=\int _0^{+\infty } W_v(\tau )x(t-\tau )d\tau \label {hybridMV}\end {align}


$B$


$W_v(\tau )=\delta (\tau )$


$M_v(t)=x(t)$


\begin {equation}\label {SDEfull} dx = x(1-x) (x_e - x)dt + D x(1-x) dB\end {equation}


$f(x)$


$f(x)= x(1-x) (x_e - x)$


$\sigma (x)=D x(1-x)$


$x(t)=x^*$


\begin {equation*}f(x^*)=\sigma (x^*)=0.\end {equation*}


$x_e^{(0)}=0$


$x_e^{(1)}=1$


$x_e$


\begin {equation*}E(dx) = x(1-x) (x_e - x)dt.\end {equation*}


$x_e$


$x$


$(x_e,D)$


$x_e^{(0)}=0$


$x_e^{(1)}=1$


$\rho (x,t)$


$x(t)$


\begin {equation}\label {FPE} \partial _t \rho = - \partial _x \Big ( x(1-x) (x_e - x)\rho \Big ) + \frac {D^2}{2} \partial _{xx} \Big ( x^2(1-x)^2 \rho \Big )\end {equation}


$\rho (x,t)\ge 0$


\begin {equation}\label {inteq1} \int _{0,1}\rho (x,t)dx =1,\end {equation}


\begin {equation*}\rho _{ss}(x)= C Exp\left ( - 2 Log(\sigma (x)) + \int _0^x{2 f(u)}{\sigma ^2(u)}du \right )\end {equation*}


\begin {equation}\label {rhoSS} \rho _{ss}(x)= C x^{2\left (\frac {x_e}{D^2}-1\right )} (1-x)^{2\left (\frac {1-x_e}{D^2}-1\right )}\end {equation}


$x_e^{(0)}$


$\rho _{ss}(x)$


\begin {equation*}\rho _{ss}(x) \approx C x^{2\left (\frac {x_e}{D^2}-1\right )}\end {equation*}


$D^2 \le x_e$


$x=0$


$\rho _{ss}(x)$


$x_e<D^2 < 2 x_e$


$x=0$


$\rho _{ss}(x)$


$x=0$


$D^2 \ge 2 x_e$


$\rho _{ss}(x)$


$\rho _{ss}(x)$


$x=1$


$\rho _{ss}(x)$


\begin {equation*}\rho _{ss}(x) \approx C (1-x)^{2\left (\frac {1-x_e}{D^2}-1\right )}\end {equation*}


$D^2 \le 1-x_e$


$x=1$


$\rho _{ss}(x)$


$(1-x_e)<D^2 < 2 (1-x_e)$


$\rho _{ss}(x)$


$x=1$


$D^2 \ge 2 (1-x_e)$


$\rho _{ss}(x)$


$\rho _{ss}(x)$


$\rho _{ss}(x)$


\begin {equation*}D^2 < 2 \min (x_e, 1-x_e)\end {equation*}


\begin {equation}\label {derrhoSS} \rho _{ss}^{\prime }(x)= \rho _{ss}(x) 2 \left ( \left (\frac {x_e}{D^2}-1\right )\frac {1}{x} - \left (\frac {1-x_e}{D^2}-1\right )\frac {1}{1-x} \right )\end {equation}


\begin {equation*}D^2< \min ( x_e, (1-x_e))\end {equation*}


\begin {equation*}x_* = \frac {x_e - D^2}{1 - 2 D^2} ;\end {equation*}


\begin {equation*}\max ( x_e, (1-x_e)) < D^2 < \min \left ( 2 x_e , 2 (1-x_e) \right )\end {equation*}


$x=x_*$


$x=0$


$x=1$


\begin {equation*}x_e < D^2 < \min (2 x_e, 1-x_e)\end {equation*}


$\rho _{ss}(x)$


$x=0$


\begin {equation*}(1-x_e) < D^2 < \min (2 (1-x_e), x_e)\end {equation*}


$\rho _{ss}(x)$


$x=1$


$(x_e,D^2)$


$(x_e,D^2)$


$D^2 < 2 Min(x_e, 1-x_e)$


$x=0$


$x=1$


$x= 1/(1+e^{-z})$


\begin {equation}\label {transf} z= F(x)= \ln \left (\frac {x}{1-x}\right ),\end {equation}


$x=0$


$z\rightarrow -\infty $


$x=1$


$z\rightarrow +\infty $


\begin {equation*}dz = \left (F^{\prime }(x) f(x) +\frac {\sigma ^2(x)}{2}F^{\prime \prime }(x)\right )dt + \sigma (x) F^{\prime }(x)dB\end {equation*}


\begin {equation}\label {Zequation} dz = \left ( \left ( x_e - \frac {D^2}{2} \right )+ \left (D^2-1 \right ) \frac {1}{1+e^{-z}} \right )dt + D dB\end {equation}


\begin {equation}\label {Zsolution} z(t) = z(0) + \left ( x_e - \frac {D^2}{2} \right )t+ \left (D^2-1 \right ) \int _{0}^{t}\frac {1}{1+e^{-z(s)}}ds + D B(t) .\end {equation}


\begin {equation*}0 < \int _{0}^{t}\frac {1}{1+e^{-z(s)}}ds < t.\end {equation*}


$D^2>1$


\begin {equation*}z(0) + \left ( x_e - \frac {D^2}{2} \right )t +D B(t)< z< \left ( \frac {D^2}{2} - (1- x_e) \right )t +D B(t)\end {equation*}


$D^2<1$


\begin {equation*}\left ( \frac {D^2}{2} - (1- x_e) \right )t +D B(t) <z< z(0) + \left ( x_e - \frac {D^2}{2} \right )t +D B(t)\end {equation*}


$D^2 =1$


\begin {equation}\label {ZsolutionD1} z(t) = z(0) + \left ( x_e - \frac {1}{2} \right )t+ D B(t) .\end {equation}


$x_e$


$x_e \neq 1/2$


$D^2$


\begin {equation*}x_e<\frac {1}{2} \textrm { AND } 2 x_e < D^2 < 2 (1-x_e)\end {equation*}


$z(t) \rightarrow -\infty $


\begin {equation*}x(t) \rightarrow 0^+ \textrm { a.s. }\end {equation*}


$50\%$


$D^2$


\begin {equation*}x_e>\frac {1}{2} \textrm { AND } 2 (1-x_e) < D^2 < 2 x_e ,\end {equation*}


$z(t) \rightarrow +\infty $


\begin {equation*}x(t) \rightarrow 1^- \textrm { a.s. }\end {equation*}


$0.5$


$D$


\begin {equation*}D^2 > Max\left ( 2 x_e , 2 (1-x_e) \right ),\end {equation*}


$x=0$


\begin {equation*}V(X)= \int _0^x ds Exp\left ( - \int _x \frac {2 f(u)}{\sigma ^2(u)} \right )\end {equation*}


$V(X)$


$x=0$


\begin {equation*}V(x)= C \int _0^x ds \left ( \frac {1}{s^{2 x_e/D^2}} \frac {1}{(1-s)^{2 (1-x_e)/D^2}} \right ).\end {equation*}


$D^2>2 x_e$


$x=0$


$x=1$


$x=1-y$


$y=0$


\begin {equation*}dy = y(1-y)(1-x_e -y) - D y(1-y)dB,\end {equation*}


\begin {equation*}V(y)= Q \int _0^y du \left ( \frac {1}{u^{2 (1-x_e)/D^2}} \frac {1}{(1-u)^{2 x_e/D^2}} \right ).\end {equation*}


$y=0$


$x=1$


$D^2>2 (1-x_e) .$


\begin {equation*}D^2 > Max\left ( 2 x_e , 2 (1-x_e) \right )\end {equation*}


$x(0)$


$D$


$\rho _{SS}$


$(x_e,D)$


$(x_e,D^2)$


$x_e \in [0,1]$


$D^2 \in (0,2)$


$x_e$


$(1-x_e)$


$2x_e$


$2(1-x_e)$


$\tau $


$\tau <1$


$\tau $


$\tau $


$\tau \leq 1$


$\tau >1$


$\tau =10$


$\tau =10$


$x_e \in (0,1)$


$D^2 \in (0,2)$


$x_e$


$(1-x_e)$


$2x_e$


$2(1-x_e)$


$D$


$x_e$


$\tau $


$(D,x_e)$


$\tau =2$


$\tau =10$


$D\in [0,2]$


$x_e \in (0,1)$


$(D,x_e)$


$\tau =2$


$\tau = 10$


$\tau =2$


$x_e$


$D=0$


$\tau =10$


$\tau $


$D$


$D$


$x_e=0.5$


$M_v(0)=0$


$x_0$


$(0,1)$


$\tau $


$\tau =2$


$\tau =10$


$(D,\tau )$


$x_e=0.3$


$x_e=0.5$


$D\in [0,2]$


$\tau \in [2,18]$


$(D,\tau )$


$x_e=0.3$


$x_e=0.5$


$x_e=0.3$


$\tau $


$D>0$


$\tau $


$D^2$


$D$


$\tau $


$\tau $


$\tau $


$x_e=0.5$


$\tau $


$x_e>0.5$


$x_e=1/2$


$x_e$


$x$


$t$


$(x,M_v)$


$\tau =2$


$D=0.5$


$\tau $


$D$


$\tau =18$


$D=0.5$


$\tau $


$D$


$x_e=0.5$


$(x,M_v)=(0.7,0.0)$


$\tau =2$


$\tau =2$


$D=0.5$


$x$


$t$


$(x,M_v)$


$x_e=0.5$


$x(0)=0.7$


$M_v(0)=0.0$


$x(t)$


$x_e$


$(x,M_v)$


$x$


$M_v$


$x(t)$


$M_v(t)$


$\tau =18$


$(t,x)$


$(x,M_v)$


$x_e=0.5$


$\tau =18$


$D=0.5$


$x_0=0.7$


$M_v(0)=0.0$


$t\in [2000,2250]$


$\tau = 18$


$x(t)$


$x(t)$


$(x,M)$


$A=1$


$T=58$


$x$


$\tau $


$x(t)$


$x(t)$


$\tau $


$M_v$


$D$


$\tau $


$\tau \in [10,15]$


$x(t)$


$0.01 Hz$


$x(t)$


$\tau $


$\tau =18$


$x_e=0.5$


$\tau =18$


$D=0.5$


$0.01$


$\tau _m>K$


$x_e$


$(x_e,D^2)$


$\tau _m\leq 1$


$\tau _1=\tau _2=10$


$x_e \in (0,1)$


$D^2 \in (0,2)$


$x_e$


$(1-x_e)$


$2x_e$


$2(1-x_e)$


$\tau _1=\tau _2=10.0$


$\tau _m=20.0$


$0$


$1$


$x$


$M_v$


$D$


$(x,M_v)$


$x_e=0.6$


$\tau _1=14.0$


$\tau _2=8.0$


$x$


$M_1=M_v=0$


$\delta (x-\widehat {x}(t))\delta (M_v-\widehat {M}_v(t))$


$\delta (x-\widehat {x}(t))\delta (M_v-\widehat {M}_v(t))$


$x_e=0.6$


$\tau _1=14.0$


$\tau _2=8.0$


$t=2000$


$t=2010$


$t=2020$


$t=2030$


$t=2040$


$t=2050$


$(\widehat {x}(t),\widehat {M}_v(t))$


$(x,M_v)$


$D$


$(\widehat {x}(t),\widehat {M}_v(t))$


$(x,M_v)$


$D=0.1$


$x_e=0.6$


$\tau _1=14.0$


$\tau _2=8.0$


$t=2030$


$t=2040$


$t=2060$


$x=0$


$x=1$


$x$


$x$


$D$


$D=0.3$


$x_e=0.6$


$\tau _1=14.0$


$\tau _2=8.0$


$D=0.3$


$t=2020$


$x$


$(\tau _1,\tau _2)=(24,10)$


$D=0.1$


$(x,M_v)$


$D=0.1$


$x_e=0.6$


$\tau _1=24.0$


$\tau _2=10.0$


$t=2000$


$t=2030$


$t=2050$


$D=0.3$


$(1,1)$


$(\tau _1,\tau _2)=(3.5,2.0)$


$x_e=0.6$


$\tau _1=3.5$


$\tau _2=2.0$


$D=0.0$


$D=0.1$


$D=0.3$


$D=0.1$


$D$


$N_{sim}=10000$


$(x,t)$


$x$


$(\tau _1,\tau _2)=(14.0,8.0)$


$D=0.0$


$(x,t)$


$x_e=0.6$


$\tau _1=14.0$


$\tau _2=8.0$


$D=0.0$


$D=0.05$


$D=0.05$


$D=0$


$\delta \big (x-\widehat {x}(t)\big )$


$\widehat {x}(t)$


$x$


$x(0)$


$D=0.05$


$x=1$


$x=0$


$D=0.1$


$(x,t)$


$x_e=0.6$


$\tau _1=14.0$


$\tau _2=8.0$


$D=0.1$


$D=0.5$


$\{0,1\}$


$x_e$


$x_e=0.6>0.5$


$D$


$D=0.5$


$\tau _1=24.0$


$\tau _2=10.0$


$D=0.0$


$D=0.05$


$(x,t)$


$x_e=0.6$


$\tau _1=24.0$


$\tau _2=10.0$


$D=0.05$


$D=0.1$


$D$


$\tau $


$D=0.1$


$\tau $


$(\tau _1,\tau _2)=(3.5,2.0)$


$D=0.0$


$x$


$\delta (x-x_e)$


$D=0.05$


$x_e$


$(x,t)$


$x_e=0.6$


$\tau _1=3.5$


$\tau _2=2.0$


$D=0.05$


$D=0.5$


$D$


$D^*$


$D<D^*$


$x_e$


$D>D^*$


$D=0.5$


$x=1$


\begin {equation}\label {eqPstochColored} x^{\prime }=x(1-x)\Big ( x_e - x + y(t) \Big )\end {equation}


$y(t)$


\begin {equation}\label {familuUNB} dy = -\frac {1}{\tau } f(y) dt + \sqrt { \frac {2}{\tau } }dB\end {equation}


$f(y)$


$y\in (-\infty ,\infty )$


$y f(y)>0$


$f(-y)=-f(y)$


$\quad $


$\rho _s(y)$


$f(y)$


\begin {equation}\label {familuUNB_f} f(y) = \frac {\frac {d}{y}\rho _s(y) }{\rho _s(y)}\end {equation}


\begin {equation}\rho _s(y)=\frac {1}{\pi B}\frac {1}{1+\left (\frac {y}{B}\right )^2} \label {Xeqn24-34}\end {equation}


\begin {equation}\label {ChauchyF} f(y) = \frac {2 y}{B^2+y^2}\end {equation}


$|y|<< B$


$T=100$


$D$


$x$


$B$


$\theta =21.31$


$B=0.1$


$x_e=0.5$


$\tau _1=\tau _2=0.1$


$\theta =21.31$


$x_0=1$


$0.5$


$\alpha _1$


$\alpha _1$


\begin {equation*}\alpha _1(t)\ge 0, \; \langle \alpha _1(t) \rangle = 1\end {equation*}


\begin {equation}\label {alpha1ogn} \dot x = x(1-x) \left ( x_e + D\xi (t) - \alpha _1(t) M_v ) \right ),\end {equation}


$\alpha _1(t)$


$alpha_1^{\min } \le \alpha _1(t) \le \alpha _1^{\max }$


$\alpha _1$


$s_{\alpha _1}$


\begin {equation}\label {alpha1} \alpha _1(t) = e^{\mu + \sigma Y(t) }\end {equation}


\begin {equation*}\mu =log\Big (\frac {1}{\sqrt { 1 + s_{\alpha _1}^2 } }\Big )\end {equation*}


\begin {equation*}\sigma = log\Big ( 1 + s_{\alpha _1}^2 \Big )\end {equation*}


$Y$


\begin {equation*}\dot Y = -\frac {1}{\theta }Y + \sqrt {\frac {2}{\theta }} \xi _Y(t)\end {equation*}


$\theta $


$\delta $


$\alpha _1$


\begin {equation}\label {corre} \xi (t) = \sqrt {1-K^2} \xi _x(t) + K \xi _y(t)\end {equation}


$\xi _x(t)$


$\xi _y(t)$


$\xi (t)$


$\delta $


$K \in [0,1]$


$K=0$


$K=1$


$\xi (t)=\xi _y(t)$


$\alpha _1(t)$


$\alpha _1$


$(x_e,\tau _1,\tau _2)=(0.6,14.0,8.0)$


$D$


$s_a$


$\alpha _1=\{0.1,0.5\}$


$m=1.0$


$\theta =5.0$


$K=0.5$


$s_a=0.1$


$(\tau _1,\tau _2)=(14.0,8.0)$


$\alpha _1$


$t=2000$


$D=0.0$


$s_a=0.1$


$x_e=0.6$


$\tau _1=14.0$


$\tau _2=8.0$


$t=2000$


$\alpha _1$


$s_a$


$\alpha _1$


$[1000,2250]$


$D$


$D=0.2$


$\alpha _1$


$t=2000$


$x_e=0.6$


$\tau _1=14.0$


$\tau _2=8.0$


$(D,s_a)=(0.2,0.1)$


$(D,s_a)=(0.0,0.5)$


$(1,1)$


$D=0.3$


$(1,1)$


$(1,M_v)$


$(0,M_v)$


$s_a$


$D$


$s_a=0.5$


$x$


$x=1$


$D=0.0$


$M_v$


$D$


$D=0.1$


$D=0.2$


$(1,1)$


$K$


$\gamma (t)$


\begin {equation}\label {SDEgamma0} dx = x(1-x) (x_e - x)dt + D x(1-x) dB +\gamma (t)(1-x(t))dt\end {equation}


$\gamma (t)= \bar {\gamma }$


\begin {equation*}\gamma (t) = \bar {\gamma } + \eta _1 \gamma _1(t) + \eta _2 \nu (t) >0\end {equation*}


$\gamma _1(t)$


$\nu (t)$


$\eta _1,\eta _2 \in \{ 0,1\}$


$\eta _1, \eta _2 \neq 0$


$D=0$


\begin {equation*}dx|_{x=0} = \gamma (t)dt >0 .\end {equation*}


$x=1$


\begin {equation}\label {LASconditionGammaTimeMain} \bar {\gamma }> \gamma ^*= 1-x_e-\frac {D^2}{2}\end {equation}


$x=1$


$D\in (0,1]$


$x=1$


$D>1$


$100\%$


$D$


$D$


\begin {equation*}dS = \mu (1-x) dt - \mu S dt - SI (\beta dt + \sigma dB_1) .\end {equation*}


\begin {equation*}C= - SI (\beta dt + \sigma dB_1)\end {equation*}


$(t,t+dt)$


$dt>0$


\begin {equation*}dB = G_t \sqrt {dt}, \quad G_t \sim N(0,1)\end {equation*}


$C$


$X_1$


$X_2$


\begin {align}dX_1 &= X_1 X_2 \Big ( u_1(X_1,X_2)dt + \nu _1(X_1,X_2) dB_1 \Big ) \\ dX_1 &= X_1 X_2 \Big ( u_2(X_1,X_2)dt + \nu _2(X_1,X_2) dB_2 \Big )\end {align}


$(B_1(t),B_2(t))$


$N = X_1 + X_2$


$N$


$(S,I,R)$


$N$


$a$


$S(x)=\partial _xT_a(x)$


\begin {equation}\partial _xS(x)+\frac {N(\delta -\alpha x)}{2(\lambda +\alpha x)}S(x)=-\frac {N}{2x(1-x)(\lambda +\alpha x)} \label {Xeqn31-C.1}\end {equation}


$\lambda :=\theta _0+\alpha _0$


$\mu (x)=\exp (\int f(x))$


$f(x)$


$S(x)$


\begin {equation}\int \frac {N(\delta -\alpha x)}{2(\lambda +\alpha x)}dx=\frac {N(\delta +\lambda )}{2}\ln (\lambda +\alpha x)-\frac {Nx}{2} \quad \Rightarrow \quad \mu (x):=(\lambda +\alpha x)^{\frac {N(\delta +\lambda )}{2}}e^{-\frac {Nx}{2}} \label {Xeqn32-C.2}\end {equation}


\begin {equation}\mu (x)S(x)=-\int \frac {N(\lambda +\alpha x)^{\frac {N(\delta +\lambda )}{2}-1}e^{-\frac {Nx}{2}}}{2x(1-x)}dx+C_1 \label {Xeqn33-C.3}\end {equation}


$S(x)$


$T_a(x)$


$a$


$\tau $


$x$


$M_v$


$\tau =10$


$x_e=0.1$


$x_e=0.9$


$z=0.52$


$z$


$x_e$


$x_0$


$M_v$


$x_0$


$M_v$


$x_e=0.1$


$\tau =10$


$M_v(0)=0.8$


$x_0=0.2$


$x_0=0.9$


$x_0$


$M_v$


$M_v$


$x$


$M_v(0)$


$M_v(0)$


$M_v(0)=0.2$


$M_v(0)=0.4$


$M_v(0)=0.7$


$M_v(0)=0.9$


$x_e=0.1$


$\tau =10$


$x_0=0.2$


$M_v(0)$


$x_e$


$M_v(0)$


$M_v$


$x_e$


$z(10,0.5) \approx 0.31< 0.52$


$M_v(0)$


$x_0$


$M_v(0)$


$x_e=0.6$


$\tau =10$


$x_0=0.5$


$M_v(0)=0.1$


$M_v(0)=0.4$


$M_v(0)=0.7$


$M_v(0)=0.9$


$(x_e, \tau , x(0), M_v(0))$


$(maxdist-initdist)_+$


$x_0$


$(\tau , x_e)$


$M_v(0)$


$(maxdist-initdist)_+$


$M_v(0)=0.1$


$M_v(0)=0.3$


$M_v(0)=0.5$


$x_0\equiv x_e$


$\tau $


$x_e=0.9$


$M_v(0)$


$M_v(0)\equiv x_0$


$\tau _1$


$\tau _2$


$\tau _m=\tau _1+\tau _2$


$\tau _m=22$


$x_e= 0.1$


$\tau _1=20$


$\tau _2=2$


$\tau _1=2$


$\tau _2=20$


$\tau _m>1/K$


$x(t)$


$\tau _1,\tau _2$


$x_e$


$a_1+a_2<K$


\begin {equation*}\tau _1+\tau _2 < K\tau _1\tau _2\end {equation*}


$K$


$\tau _1$


$\tau _2$


$(x_e,\tau _1)$


$K=x_e(1-x_e)$


$0<x_e<1$


\begin {equation}\label {tau1_cond} \tau _1=-\frac {\tau _2}{\tau _2x_e^2-\tau _2x_e+1}\end {equation}


$\tau _1,\tau _2>0$


\begin {equation*}\tau _2>\frac {1}{(1-x_e)x_e}\qquad \Rightarrow \qquad \tau _2>\min \left (\frac {1}{(1-x_e)x_e}\right )=4\quad \text { having } x_e\in (0,1)\end {equation*}


$\tau _2>4$


$x_e$


$x_e$


\begin {equation*}\frac {1}{2}\left (1-\sqrt {\frac {\tau _2-4}{\tau _2}}\right )<x_e<\frac {1}{2}\left (1+\sqrt {\frac {\tau _2-4}{\tau _2}}\right )\end {equation*}


$\tau _1$


$\tau _1$


$(x_e,\tau _2)$


$(\tau _1,\tau _2)$


$(x_e,\tau _1)$


$(x_e,\tau _2)$


$(\tau _1,\tau _2)$


$(t,x)$


$x_e=0.4$


$x_0=0.65$


$M_v(0)=0.15$


$M_1(0)=0.35$


$\tau _1 \in [2,18]$


$\tau _2 \in [2,18]$


$(t,x)$


$\tau _2=12$


$x_0=0.65$


$M_v(0)=0.15$


$M_1(0)=0.35$


$x$


$x_e$


$\tau _2$


$(x_e,\tau _1)$


$(\tau _1,\tau _2)$


$(x,M_v)$


$x_e=0.6$


$x_0=0.65$


$M_v(0)=0.15$


$M_1(0)=0.35$


$\tau _1 \in [2,18]$


$\tau _2 \in [2,18]$


$(\tau _1,\tau _2)$


$(x,M_v)$


$x$


$M_v$


$(0,1)$


$\tau $


$x$


$M_v$


$x$


$B$


$T=100$


$B \in \{0.01, 1, 10\}$


$\theta $


$B$


$(\theta ,B)=(1,1)$


$y=0$


$y=1/e$


$(\theta ,B)=(1,1)$


$\theta $


$g(t)=e^{-t/\tau _E}$


$\tau _E \approx 8.61\pm 0.02$


$\theta $


$B$


$\theta =0.1,1,10$


$B=1$


$B=0.1,1,10$


$\theta =1$


$y=0$


$y=1/e$


$\theta $


$B$


$\theta =0.1,1,10$


$B=1$


$B=0.1,1,10$


$\theta =1$


$\theta $


$\tau _E$


$\theta $


$\tau _E$


$\theta $


$\tau _E$


$\theta $


\begin {equation*}\tau _E \approx (8.498\pm 0.002) \; \theta ^{0.407\pm O(-5)}\end {equation*}


$\tau _E$


$B$


$\tau _E$


$B$


$\tau _E$


$B$


$\tau _E$


$B$


\begin {equation}\tau _E\simeq (48\pm 6.22\cdot 10^{-3})-(47\pm 6.06\cdot 10^{-3})\exp \left (-(0.15\pm 4.48\cdot 10^{-5})B\right ) \label {Xeqn35-F.1}\end {equation}


$\alpha _1(t)$


$\alpha _1(t)$


\begin {equation}\label {ZequationBN} dz = \left ( \left ( x_e - \frac {D^2}{2} \right )+ \left (D^2-\alpha _1(t) \right ) \frac {1}{1+e^{-z}} \right )dt + D dB\end {equation}


\begin {equation}\label {ZsolutionBN} z(t) = z(0) + \left ( x_e - \frac {D^2}{2} \right )t+ \int _{0}^{t}\frac {\left (D^2-\alpha _1(t) \right )}{1+e^{-z}}dt + D B(t) .\end {equation}


$q_1=0$


\begin {equation*}D^2 > \alpha _1^{max}\end {equation*}


$D^2>\alpha _1(t)$


\begin {equation*}\frac {D^2-\alpha _1(t)}{1+e^{-z}}> \frac {D^2-\alpha _1^{max}}{1+e^{-z}} >0\end {equation*}


\begin {equation*}z(t)>q(t)=z(0) + \big (x_e - \frac {D^2}{2}\big )t\end {equation*}


\begin {equation*}x_e - \frac {D^2}{2}>0 \quad \textrm {AND} \quad D^2 > \alpha _1^{max}\end {equation*}


\begin {equation*}\alpha _1^{max} < D^2 < 2 x_e\end {equation*}


\begin {equation*}q(t) \rightarrow +\infty \Rightarrow z(t) \rightarrow +\infty \Rightarrow x(t) \rightarrow 1\end {equation*}


\begin {equation*}\frac {D^2-\alpha _1(t)}{1+e^{-z}}< \frac {D^2-\alpha _1^{min}}{1+e^{-z}} < D^2-\alpha _1^{min}\end {equation*}


\begin {equation*}z(t)< r(t)= z(0) + \big (x_e - \frac {D^2}{2}\big )t + (D^2-\alpha _1^{min})t = z(0) + \big (x_e + \frac {D^2}{2} -\alpha _1^{min}\big )t\end {equation*}


\begin {equation*}x_e + \frac {D^2}{2} -\alpha _1^{min} \quad \textrm {AND} \quad D^2 > \alpha _1^{max}\end {equation*}


\begin {equation*}\alpha _1^{max} < D^2 < 2(\alpha _1^{min} -x_e)\end {equation*}


\begin {equation*}r(t) \rightarrow -\infty \Rightarrow z(t) \rightarrow -\infty \Rightarrow x(t) \rightarrow 0\end {equation*}


\begin {equation*}D^2 < \alpha _1^{min}\end {equation*}


$D^2<\alpha _1(t)$


\begin {equation*}\frac {D^2-\alpha _1(t)}{1+e^{-z}}< 0\end {equation*}


\begin {equation*}z(t) < f(t)= z_0 + \big (x_e - \frac {D^2}{2}\big )t\end {equation*}


\begin {equation*}2 x_e < D^2 < \alpha _1^{min}\end {equation*}


\begin {equation*}f(t) \rightarrow -\infty \Rightarrow z(t) \rightarrow -\infty \Rightarrow x(t) \rightarrow 0\end {equation*}


\begin {equation*}\alpha _1^{min} < D^2 < \alpha _1^{max}\end {equation*}


\begin {equation*}\frac {D^2-\alpha _1(t)}{1+e^{-z}}< \frac {D^2-\alpha _1^{min}}{1+e^{-z}} < D^2-\alpha _1^{min}\end {equation*}


\begin {equation*}z(t) < h(t) = z_0 + \big (x_e - \frac {D^2}{2}\big )t +(D^2-\alpha _1^{min} )t = z_0 + \big (x_e + \frac {D^2}{2}-\alpha _1^{min}\big )t\end {equation*}


\begin {equation*}x_e + \frac {D^2}{2}-\alpha _1^{min}<0 \quad \textrm {AND} \quad \alpha _1^{min}< D^2 < \alpha _1^{max}\end {equation*}


\begin {equation*}\alpha _1^{min} < D^2 < Min\big ( \alpha _1^{max}, 2 (\alpha _1^{min}-x_e) \big )\end {equation*}


\begin {equation*}h(t) -\infty \Rightarrow z(t) \rightarrow -\infty \Rightarrow x(t) \rightarrow 0\end {equation*}


\begin {equation*}\frac {D^2-\alpha _1(t)}{1+e^{-z}}> \frac {D^2-\alpha _1^{max}}{1+e^{-z}} > D^2-\alpha _1^{max}\end {equation*}


\begin {equation*}z(t)>c(t)=z_0 + \big (x_e - \frac {D^2}{2}\big )t +(D^2-\alpha _1^{max} )t = z_0 + \big (x_e + \frac {D^2}{2}-\alpha _1^{max}\big )t\end {equation*}


\begin {equation*}x_e + \frac {D^2}{2}-\alpha _1^{max}>0 \quad \textrm {AND} \quad \alpha _1^{min}< D^2 < \alpha _1^{max}\end {equation*}


\begin {equation*}Max\big ( \alpha _1^{min}, 2 (\alpha _1^{max}-x_e) \big ) < D^2 < \alpha _1^{max}\end {equation*}


\begin {equation*}c(t) \rightarrow +\infty \Rightarrow z(t) \rightarrow +\infty \Rightarrow x(t) \rightarrow 1\end {equation*}


$\gamma $


\begin {equation}\label {SDEgamma0bis} dx = x(1-x) (x_e - x)dt + D x(1-x) dB +\gamma (t)(1-x(t))dt\end {equation}


\begin {equation}\label {phs} \gamma (t) = \bar {\gamma } + \eta _1 \gamma _1(t) + \eta _2 \nu (t) >0\end {equation}


$\gamma _1(t)$


\begin {equation*}\langle \gamma _1(t) \rangle =0 ,\end {equation*}


$\nu (t)$


$\eta _1,\eta _2 \{0,1\}$


$\eta _1 \eta _2 \neq 0$


$\eta _1=\eta _2 = 0$


$\gamma (t)= \bar {\gamma ]}$


$\eta _1= 1$


$\eta _2 = 0$


$\gamma (t)>0$


$\bar {\gamma ]}$


\begin {equation*}\bar {\gamma } =\frac {1}{T}\int _0^T \gamma (t)dt;\end {equation*}


$\eta _1= 1$


$\eta _2 = 0$


$\gamma (t)$


\begin {equation*}\gamma (t)= \bar {\gamma } + \nu (t),\end {equation*}


$\nu (t)$


\begin {equation*}\langle \nu (t) \rangle =0\end {equation*}


$\gamma (t)>0$


$\nu (t)$


\begin {equation*}K(t) = \bar {\gamma } +\frac {1}{t} \int _0^t \nu (s)ds\end {equation*}


$\nu (t)$


$\nu (t)$


\begin {equation*}\lim _{t\rightarrow +\infty } K(t) = \bar {\gamma } + \langle \nu (t) \rangle = \bar {\gamma }\end {equation*}


$x_e=1$


$x=1$


$y=1-x$


\begin {equation*}dy = (1-x_e -\gamma (t))y dt + D y dB\end {equation*}


\begin {equation*}y(t) = y(0) Exp\left (\left (1-x_e -\frac {D^2}{2}\right ) t + D B(t) - \int _0^t\gamma (u)du\right )\end {equation*}


\begin {equation}\label {LASconditionGammaTime} \bar {\gamma }> \gamma ^*= 1-x_e-\frac {D^2}{2}\end {equation}


$x=1$


\begin {equation*}dz = \left ( \left ( x_e - \frac {D^2}{2} +\gamma (t)\right )+ \gamma (t)e^{-z}+\left (D^2-1 \right ) \frac {1}{1+e^{-z}} \right )dt + D dB\end {equation*}


\begin {equation*}z(t) = z(0) + \int _0^t\gamma (u)du + \left ( x_e - \frac {D^2}{2} \right )t+ \int _{0}^{t}(\gamma (u)e^{-z(u)}+ \frac {\left (D^2-1 \right )}{1+e^{-z(u)}}du + D B(t) .\end {equation*}


$x=1$


$D$


$D=1$


\begin {equation*}z(t) = z(0) + \int _0^t\gamma (u)du + \left ( x_e - \frac {1}{2} \right )t+ \int _{0}^{t}\gamma (u)e^{-z(u)}du + D B(t) >\end {equation*}


\begin {equation*}z(0) + \int _0^t\gamma (u)du + \left ( x_e - \frac {1}{2} \right )t + D B(t)\end {equation*}


$x=1$


\begin {equation}\label {gammaD1} \bar {\gamma }> \frac {1}{2} - x_e\end {equation}


$D=1$


$x_e \in (0,1/2]$


$x_e \in (1/2,1)$


$x=1$


$0<D<1$


\begin {equation*}\int _{0}^{t}(\gamma (u)e^{-z(u)}+ \frac {\left (D^2-1 \right )}{1+e^{-z(u)}}du > \left (D^2-1 \right ) t\end {equation*}


\begin {equation*}z(t) > z(0) + \int _0^t\gamma (u)du + \left ( x_e + \frac {D^2}{2} -1 \right )t + D B(t)\end {equation*}


$x=1$


$D>1$


\begin {equation*}\psi (w,t)=\gamma (t) w + \frac {\left (D^2-1 \right )}{1+w}\end {equation*}


\begin {equation}\label {D2alpha} \gamma (t)\ge D^2-1,\end {equation}


$\psi _{\min }=\psi (t,0)=D^2-1$


\begin {equation*}z(t) > z(0) + \int _0^t\gamma (u)du + \left ( x_e -1+ \frac {D^2}{2} \right )t + D B(t) ,\end {equation*}


$z\rightarrow +\infty $


$x=1$


$\gamma $


\begin {equation*}\gamma > Max\left (D^2 -1 , 1-x_e - \frac {D^2}{2} \right )\end {equation*}


\begin {equation*}D^2 -1 < 1-x_e - \frac {D^2}{2}\end {equation*}


\begin {equation*}1< D^2 < \frac {3}{2}\left (2-x_e\right )\end {equation*}


$x=1$


$D^2-1>0$


\begin {equation*}z(t) > z(0) + \int _0^t\gamma (u)du + \left ( x_e -\frac {1}{2} \right )t + D B(t) ,\end {equation*}


$x_e>1/2$


$x=1$


\begin {equation*}\gamma (t) < D^2- 1\end {equation*}


\begin {equation*}\psi _{min}(t) = q(t):= -\gamma (t) + 2\sqrt {(D^2- 1)\gamma (t)}\end {equation*}


\begin {equation*}z(t) > z(0) + \left ( x_e - \frac {D^2}{2} \right )t+ 2\sqrt {D^2-1}\int _{0}^{t}\sqrt {\gamma (u)}du + D B(t) .\end {equation*}


\begin {equation}\label {strange} \left \langle \sqrt {\gamma (t)} \right \rangle >\frac {D^2-2 x_e}{4\sqrt {D^2-1}}\end {equation}


\begin {equation*}\gamma _{min} < D^2-1 < \gamma _{Max}\end {equation*}


\begin {equation*}\psi _{min}(t)= \omega (t)=min(D^2-1,q(t))\end {equation*}


\begin {equation*}z(t) > z(0) + \left ( x_e - \frac {D^2}{2} \right )t+ \int _{0}^{t} \omega (u)du + D B(t) .\end {equation*}


$x=1$


\begin {equation*}\left \langle \omega (t) \right \rangle > x_e - \frac {D^2}{2}.\end {equation*}


$\gamma $


$x=1$


$\gamma $


$y=1-x$


\begin {equation}\label {SDEy} dy = \left ( y(1-y)(1-x_e -y) + \gamma y \right )dt + D y(1-y)dB\end {equation}


$q_1=0$


$V(y)$


\begin {equation*}L(V(.))= y(1-y)(1-x_e-y) -\gamma y)V^{\prime }(y)+\frac {D^2}{2}y^2 (1-y)^2\thinspace V^{\prime \prime }(t)=-k(y)\end {equation*}


\begin {equation*}V^{\prime }(y) = Z(y) e^{(2/D^2)(\gamma -(1-x-e))}\end {equation*}


\begin {equation*}k(y) = y^{2+ (2/D^2)(\gamma -(1-x_e))}k_3(y)\end {equation*}


\begin {equation*}\left ( (\gamma +x_e) y -(2\gamma + x_e) \right ) Z + \frac {D}{2}(1-y)^2 Z^{\prime } =-k_3(y)\end {equation*}


$k_3(y)>0$


$y\in [0,1]$


\begin {equation*}k_3(y) = -(\gamma + x_e) y +(2\gamma + x_e) >0\end {equation*}


$Z(y) = Const$


\begin {equation*}V(y) = \frac {Z_0}{1+(2/D^2)(\gamma -(1-x_e))}y^{1+(2/D^2)(\gamma -(1-x_e))}.\end {equation*}


$q_1>0$


$\gamma $


$x=1$


$\gamma $


$\gamma < \gamma ^*$


$x=1$


$\gamma $


$x$


\begin {equation*}\rho _{ss}(x)= A Exp(-\frac {2 \gamma }{x D^2}) x^{2(-1+(1/D^2)( x_e +\gamma ))} (1-x)^{(2/D^2)(1-x_e-\gamma )-2}\end {equation*}


\begin {equation*}f(x) \ge \sigma ^{\prime }(x)\sigma (x)\end {equation*}


\begin {equation*}\pi (x) =(2 D^2-1)x^2 + ( x_e - D^2)x +\gamma \ge 0\end {equation*}


$\pi (x)$


$\pi (0)=\gamma >0$


\begin {equation*}\pi (1) = \frac {D^2}{2}-\gamma ^*\end {equation*}


$\pi (1)<0$


$\gamma ^*>D^2/2$


$x_1(\gamma )$


$\rho (x)$


$x_1(\gamma )$


$\pi (1)>0$


$2 D^2-1<0$


$\pi (x)>0$


$\rho (x)$


$2 D^2-1>0$


$\pi (1)>0$


\begin {equation*}x_{min}(\gamma ) = \frac {D^2- x_e}{2( 2 D^2 -1)}\end {equation*}


$x_{\min }(\gamma )>1$


$\pi (x)>0$


$x \in (0,1)$


$1/2 < D^2 < (1/3)(2-x_e)$


$x_e<1/2$


$x_{\min }(\gamma ) \in (0,1)$


\begin {equation*}\pi (x_{min})= \frac {D^2- x_e}{4(2 D^2-1)}+\gamma ,\end {equation*}


$\pi (x_{\min }) \ge 0$


$x_1(\gamma )$


$x_2(\gamma )>x_1$


$\pi (x)=0$


$x_1$


$x=x_2$


$x \in (x_2,1)$


$\gamma $


$t=\psi (x;x_0,\gamma )$


\begin {equation}\label {D0GAMMAconst} x^{\prime }=x(1-x)\Big ( x_e - x \Big ) +\gamma (1-x)\end {equation}


\begin {equation}\label {D0GAMMAconst2} x^{\prime }=(1-x)\Big ( x_e x - x^2 +\gamma \Big )\end {equation}


\begin {equation}\label {D0GAMMAconst3} x^{\prime }=(1-x)(x_2-x)(y_2+x)\end {equation}


\begin {equation*}x_2(\gamma ,x_e) = \frac {\sqrt {x_e^2+4 \gamma }+x_e}{2} > 0,\end {equation*}


\begin {equation}\label {eqalg} x^2 - x_e x -\gamma =0\end {equation}


\begin {equation*}y_2(\gamma ,x_e) = \frac {\sqrt {x_e^2+4 \gamma }-x_e}{2} > 0\end {equation*}


$-y_2$


\begin {equation}\label {D0GAMMAconst3bis} \frac {\frac {dx}{dt}}{1-x)(x_2-x)(y_2+x)}=1\end {equation}


\begin {equation*}Log\Big (\frac {(1-x)^P (x +y_2)^Q}{|x_2-x|^R}\Big )= Log\Big (\frac {(1-x_0)^P (x_0 +y_2)^Q}{|x_2-x_0|^R}\Big ) +t\end {equation*}


\begin {equation}\label {D0GAMMAconst3bisx} \frac {(1-x)^P (x +y_2)^Q}{|x_2-x|^R}=\frac {(1-x_0)^P (x_0 +y_2)^Q}{|x_2-x_0|^R} e^t,\end {equation}


\begin {align*}&P(\gamma ,x_e) = \frac {1}{(1+y_2)(1-x_2)}, \; Q(\gamma ,x_e) = \frac {1}{(1+y_2)(x_2+y_2)},\\& R(\gamma ,x_e) = \frac {1}{(1-x_2)(x_2+y_2)} .\end {align*}


$x$


\begin {equation}\label {GAMMAeqPstochColored} x^{\prime }=x(1-x)\Big ( (x_e - x) + y(t) \Big ) +\gamma (t) (1-x).\end {equation}


$x \in (0,1]$


\begin {equation}\label {GAMMAeqPstochColored} \frac {x^{\prime }}{x(1-x)} = x_e + y(t) - x + \frac {\gamma (t) }{x} > x_e + y(t) - x + \gamma (t)\end {equation}


$\gamma (t)$


$y(t)$


\begin {equation}\label {GAMMAeqPstochColored} \bar {\gamma } > 1- x_e \Rightarrow x(t) \rightarrow 1\end {equation}
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Most previous works using EGT such as [14–17,20] relied on tradi-
tional game-theoretic language, based on the concept of payoff or utility 
(a measure of preferences). More recently, we reformulated imitation 
dynamics as a dual ’contagion of ideas’[4,19,21], allowing a straight-
forward comprehension of the opinion switching mechanism.

As the main aim of BEID models based on EGT [4,14,15,19–21] was 
to elucidate fundamental implications of behaviour, most such models 
were deterministic. Stochasticity has only been considered when study-
ing small populations [22]. This ignores the critical fact that, in the 
current era dominated by social networks, opinions – including those 
on vaccination – tend to be highly volatile and subject to rapid, non-
modellable, fluctuations in response to a succession of short-lived ru-
mors [23–27].

Capturing such rapid opinion fluctuations is not possible with deter-
ministic models, even when the ‘rational’ behaviour postulated by most 
models using EGT is relaxed by using other factors such as e.g., by so-
cial learning, social norms and other collective habits [17] or by the 
intrinsic tendency of rationality to be bounded as elucidated by the No-
bel Prized Prospect Theory (whose effects on vaccination behavior were 
considered in [18]). When occurring through online social media, for 
instance, these rapid fluctuations in opinion are well described not as 
white noise but rather as a fat-tailed noise distribution, where extreme 
events (such as caused by celebrity tweets) occur with a disproportion-
ately high frequency [28].

Another feature of real-world opinion dynamics that calls for study is 
the tendency of many coupled behaviour-disease systems to undergo os-
cillations. Examples include the behaviourally-induced infection waves 
of the ‘Spanish flu’ pandemic in the early 20th century [29], multi-
ple waves in pertussis incidence during the whole cell pertussis vac-
cine scare in England & Wales in the 1970s and 1980s [14], as well 
as the first waves caused by successive application and relaxation of 
non-pharmaceutical interventions during the COVID-19 pandemic [30]. 
Models of such acute respiratory infectious diseases exhibit damped os-
cillations, due to imaginary eigenvalues [31]. It has been shown that 
these damped oscillations may become sustained through the addition 
of demographic stochasticity [31], or through strictly deterministic ef-
fects of behavioural feedback [14]. However, the possibility of generat-
ing oscillations through the interaction between stochastic effects and 
behaviour-disease feedbacks has generally evaded rigorous study. In this 
perspective, the present contribution aims to fill this gap by providing 
a rigorous modeling and analysis of oscillatory vaccination dynamics 
emerging from the joint action of stochastic opinion fluctuations and 
delayed behaviour-disease feedbacks.

Indeed, in this work, we investigate in depth the effects of volatile 
private opinions on collective vaccine uptake in the absence of infection. 
This problem is motivated by a critically important question in prospec-
tive terms, namely which are the determinants, and which trends might 
be expected, for vaccine uptake against a vaccine preventable infection 
that has been eliminated at an adequately large spatial scale (say, coun-
tries or entire regions) ? This question is fundamental because the sub-
sequent policy step i.e., achieving eradication, will require maintain-
ing elimination locally, through high vaccine uptake, for a long span 
of time. A major related example is that of poliomyelitis, a major in-
fective threat prior to immunization that was targeted for eradication 
(i.e., global elimination) by the related Global Polio Eradication Initia-
tive [32] in 1988. During recent decades, polio has been eliminated 
almost everywhere thanks to sustained immunization and is near erad-
ication, with only two countries, Afghanistan and Pakistan, still show-
ing endemic circulation [33]. Recently, a number of complications are 
recently emerging as e.g., the challenge of vaccine-derived polio virus 
[34], that needed a mass vaccination campaign in London in 2022 [35], 
the re-emergences of wild viruses in war-settings due to interruption 
of immunization programs [36,37] and, of course, the COVID-19 crisis 
[38]. However, these complications are occurring in a global landscape 
characterized by a steady and dramatic fall in vaccine uptake in many 
countries that previously reached very high immunization rates. A major 

example is Brazil, a country with long-standing excellence in childhood 
immunization. In Brazil, after many years with 99% coverage among 
the 1-year-old [39], polio vaccine uptake has started to decline in an 
oscillating region–dependent way already since 2010, long before the 
COVID-19 crisis, and is currently stalling at average levels well below 
80%, with potential for virus re-emergence [40]. In addition to Brazil, 
several other Latin American countries are seeing a worrying decline in 
polio coverage [41]. Not to say about several Central and Sub-Saharan 
African countries where polio coverage started to stall or decline before 
having reached levels adequate for full infection control [39,42]. In UK 
a small but steady decline of pentavalent (Polio, Diphteria, Tetanus, Per-
tussis, Hib) vaccination has been observed since 2009, with a worrying 
percentage of 87.7% in London [43].

Abstracting from the subtle complications of polio immunization, we 
set up here a baseline stochastic evolutionary game-theoretic model that 
systematically combines behavioural feedback in vaccination decisions 
with stochastic fluctuations in vaccination opinions, in order to: i) re-
produce in a stylised qualitative way the above mentioned trends; ii) an-
swer the above question of which trends might be expected for vaccine 
uptake when the target infection has been eliminated. When infection 
is absent and the importation of infective cases is well controlled, the 
main incentive [14] for parents to vaccinate their children is removed 
[3,4]. In this case, the main determinants of the individual-level propen-
sity to vaccinate, taken as a key proxy of vaccine uptake in a behavioral 
epidemiology approach, remain (1) the trend of vaccine adverse events 
(VAE) [15] and their memory over time [15], which individuals elab-
orate into a perceived vaccination cost, and (2) the cumulative pattern 
of rumors and disorientation (e.g., [24]) on vaccination opinions over 
online social media [11].

Consistently, we derive an imitation dynamics equation for vaccine 
propensity in a large-scale non-mandatory childhood immunization sys-
tem where the perceived cost of vaccination depends on the (current 
and past) trend of vaccine adverse events (VAEs) following immuniza-
tion in a background of highly volatile vaccination opinions (we term 
this ‘irrational’ behaviour) which induce large stochastic perturbations 
of imitation dynamics. 

In particular, we pay particular attention to the interplay between 
opinion volatility and the form of the information set on VAEs trends 
used by individuals while making vaccine decisions. This is carried out 
using both current and delayed information indices [44], landing on a 
rich mathematical setting, namely stochastic integro-differential equa-
tions.

To our knowledge, apart from a video lecture of one of us [45], con-
taining the very first steps of this work, only one very recent work pub-
lished during the development of the present manuscript [46], adopted a 
similar mathematical approach. However, that approach considered the 
completely different scenario of an endemic infection without delays. 
Additionally, that paper made strong stochastic and biological assump-
tions that introduce some potential pitfalls (see appendix).

The paper is structured as follows: Section 2 summarizes the deter-
ministic approach to evolutionary games-based modeling of vaccine hes-
itancy in the absence of the targeted infection; Section 3 introduces the 
birth-death Markov process underlying our model and infers the average 
time to extinction of the vaccinating population; in Section 4 the mem-
ory kernels are introduced and analysed; Section 5 models the impact of 
highly volatile changes in vaccine-related opinions as a stochastic dif-
ferential equation driven by Gaussian white noise; in Section 6 we cover 
the topic of the Noise-Induced Transitions with a focus on the stationary 
transition density; Section 7 analyzes the long-term behavior of the sys-
tem; Section 8 investigates the behavioural transitions of the system and 
the emergence of stochastic bistability; Section 9 deepens the investiga-
tion via numerical simulations; Section 10 study the impact of colored 
noises; Section 11 investigates the impact of stochastic fluctuations of a 
key parameter (𝛼1) introduced in Section 2; in Appendix H the effects 
of the actions of the Public Health System are considered. Concluding 
remarks end this work, which also includes an Appendix.
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2.  Imitation dynamics for voluntary vaccination

We consider vaccination against a childhood infectious disease by a 
perfect vaccine. Following [14,15,20], we take vaccination as a binary 
decision problem, encompassing two mutually exclusive strategies: a 
’Vaccinator’ strategy, prevalent with population frequency 𝑥(𝑡), and a 
’non-Vaccinator’ strategy, having frequency
𝑏 = 1 − 𝑥.

Unlike [14,15,20], where imitation dynamics was centered on the 
net payoff change of vaccinators, we model imitation dynamics as a 
’double contagion’ of ideas [4,21,47]. Indeed, general imitation games 
belong to the category of urn models [48]. This allows us to derive the 
following family of models [4,47]:
𝑥′ = 𝐶

(

𝑀𝑖
)

𝑥𝑏 − 𝛼
(

𝑀𝑣
)

𝑏𝑥 + 𝛾(𝑡)𝑏, (1)

𝑎′ = −𝐶(𝑀𝑖
)

𝑥𝑏 + 𝛼
(

𝑀𝑣
)

𝑏𝑥 − 𝛾(𝑡)𝑏,

where: 𝑀𝑖(𝑡) denotes the available information index on infection 
spread; 𝑀𝑣 is the corresponding information regarding trends of VAEs; 
𝐶(.) and 𝛼(.) are the transmission rates of opinions following social con-
tacts with individuals playing the other strategy. Both information in-
dices are assumed to be non-decreasing. Last, the term 𝛾(𝑡)𝑎 represents 
the rate of an irreversible transition towards the vaccinator strategy 
possibly as a result of sustained communication activities of the Pub-
lic Health System [15].

From an epidemiological viewpoint, the transmission rate 𝛼(𝑀𝑣
) and 

the related contagion of ideas rate 𝛼(𝑀𝑣
)

𝑎𝑥 capture the fact - mentioned 
in the Introduction - that VAEs become the main determinant of vaccina-
tion strategies when infections become increasingly rare [15]. Indeed, 
infection rarity will cause people to myopically amplify their percep-
tions of the risks from the vaccine. This yields
𝑥′ = 𝑥(1 − 𝑥)

(

𝐶
(

𝑀𝑖
)

− 𝛼
(

𝑀𝑣
))

As we assume that the infection targeted by the vaccine is essentially 
absent (𝐼 = 0 ⇒𝑀𝑖 = 0), we just take
𝐶(𝑀𝑖) = 𝑐0 > 0

The 𝑐0 term reflects that the fact that nonetheless individuals perceive 
some risk of infection e.g., resulting from outside importation. Addition-
ally, we posit that the rate of transitioning from strategy 𝑥 to strategy 𝑎
is directly proportional to the dissemination of news and rumors about 
vaccine side effects, which is mirrored by the vaccination frequency in 
the initial phase
𝛼(𝑀𝑣) = 𝛼0 + 𝛼1𝑀𝑣.

Previous assumptions yield
𝑥′ = 𝑥(1 − 𝑥)(𝛿 − 𝛼1𝑀𝑣), (2)

where 𝛿 = 𝑐0 − 𝛼0.
Remark  Henceforth, we assume as time unit 1∕𝛼1 or we set 𝛼1 = 1. 

Regarding the information index 𝑀𝑣, following [4,15,20] we assume 
that the extent of vaccinations per unit of time (proportional to 𝑥) is an 
appropriate proxy for both rumors and news on related VAEs.

Since its early developments, behavioral epidemiology studies [49,
50] have suggested that memories of the past can be a fundamental 
determinant of individual behavior in relation to vaccination choices 
and also for social distancing, see [51]. Thus, the information index 𝑀𝑣
will depend on present and past data

𝑀𝑣(𝑡) = ∫

+∞

0
𝑊𝑣(𝜏)𝑥(𝑡 − 𝜏)𝑑𝜏 (3)

where 𝑊𝑣 is a memory kernel

∫

+∞

0
𝑊𝑣(𝜏)𝑑𝜏 = 1.

Specific types of memory kernels 𝑊𝑣 will be discussed in later sec-
tions.

In the absence of stochastic perturbations, the system (2)-(3) 
straightforwardly admits, besides 𝑥 = 0, 𝑥 = 1, a unique internal equi-
librium:

(𝑥𝑒,𝑀𝑒)

where

𝑀𝑒 = 𝑥𝑒 =𝑀𝑖𝑛
(

𝛿
𝛼1
, 1
)

Henceforth, we will, unless otherwise stated, assume that
𝑥𝑒 < 1.

In particular, we will consider three representative memory kernels, 
namely (i) an unlagged kernel by which vaccination decisions do not 
depend on past information, (ii) an exponentially fading kernel, (ii) and 
acquisition-fading kernel, taken as the simplest example of a humped 
memory distribution.

3.  Absence of memory: analytic solution and effect of intrinsic 
stochasticity in the imitation dynamics due to population 
discreteness

In this section we investigate the behavior of the model in absence 
of memory effects, namely
𝑊𝑣(𝑠) = 𝛿(𝑠).

We first provide an analytic solution of the resulting scalar ODE model, 
with a comparison w.r.t the behavior of the apparently similar logis-
tic model. Then we investigate the effect of the intrinsic stochasticity 
by passing form the ODE model to the corresponding Continuous Time 
Markov Chain. This will also allow to estimate the limits of temporal 
validity of the mean field approximation.

3.1.  Analytic solution and comparison with logistic model

Trivially, the model is represented by the scalar ODE:
𝑥′ = 𝑥(1 − 𝑥)(𝛿 − 𝛼1𝑥) (4)

and 𝑥𝑒 is globally attractive.
Setting 𝛼1 = 1, model (4) could apparently seem very close to the 

celebrated logistic growth model:
𝑦′ = 𝑦(𝛿 − 𝑦) (5)

but in reality it is very different. To start, in the logistic model both the 
population size and the steady state population have only the constraint 
of non negativity: 𝑦(𝑡), 𝛿 ≥ 0, whereas since both the 𝑥(𝑡)and the steady 
state value 𝛿 are fractions it must be 0 ≤ 𝑥(𝑡), 𝛿 ≤ 1. Second, the logistic 
model has only two equilibria 0 (unstable) and 𝛿 (stable) at variance of 
our IGD that has three equilibria: 0 and 1 (both unstable) and 𝛿 (stable).

Apart to these important qualitative differences, there are important 
quantitative differences. Suppose indeed that:
𝑥(0) = 𝑦(0) = 𝑎 ∈ [0, 1]

Indeed, although for 0 < 𝑎 << 1 initially it is 𝑥(𝑡) ≈ 𝑦(𝑡) ≈ 𝑎𝑒𝛿𝑡 until they 
remain small. If, instead, 𝑎 = 1 the behavior of the two models is very 
different since for 𝑡 > 0 it is 𝑥(𝑡) = 𝑎 = 1 whereas 𝑦(𝑡) decreases and tends 
to 𝛿. To fully appreciate the difference between the two time behaviors 
it is sufficient to compare the analytical solutions of the two models. 
Indeed, rewriting the vaccine IGD model as follows:

𝑑𝑥
𝑑𝑡

𝑥(1 − 𝑥)(𝛿 − 𝑥)
= 1

it easily follows that

𝑡 = 𝐹 (𝑥, 𝑎, 𝛿) = 1
𝛿

(

𝐿𝑜𝑔
(𝑥(1 − 𝑥)

𝛿
1−𝛿

|𝛿 − 𝑥|
1

(1−𝛿)

)

− 𝐿𝑜𝑔
(𝑎(1 − 𝑎)

𝛿
1−𝛿

|𝛿 − 𝑎|
1

(1−𝛿)

))

(6)
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Fig. 1. Vaccine imitation game dynamics (𝑥(𝑡)) versus logistic dynamics (𝑦(𝑡)) for identical steady state 𝛿 = 1∕2 and various identical initial conditions 𝑥(0) = 𝑦(0) = 𝑎. 
Left panel: vaccine imitation game dynamics; Right panel: logistic dynamics.

On the contrary, the same method applied to logistic model (see [52]) 
yields a very different analytic solution:

𝑡 = 𝐿(𝑦, 𝑎, 𝛿) = 1
𝛿

[

log
(

𝑦
|𝛿 − 𝑦|

)

− log
(

𝑎
|𝛿 − 𝑎|

)]

(7)

The Fig. 1 clearly show the remarkable quantitative differences between 
the dynamics of the two models.

3.2.  Impact of the intrinsic noise

To put the analysis in an appropriate stochastic perspective, we 
briefly consider the influence of the intrinsic stochasticity arising due 
to the discrete nature of the population.

The aim of this section is twofold. First, we want to assess the good-
ness of the deterministic evolutionary game model in the limit of suffi-
ciently large populations. Second, here we explore one facet of stochas-
ticity, the intrinsic stochasticity. In the majority of this work, instead, 
we will focus on the study of the impact of extrinsic stochasticity due to 
random fluctuations of some key behavioral parameters.

Namely, here we shall explore the continuous time population 
Markov process (CTPMP), which serves as the foundational framework 
for the deterministic evolutionary game model (4). Indeed, taking into 
account of the discreteness and finiteness of the population, our model 
becomes a CTPMP defined by the following infinitesimal probabilities:
𝑃𝑟𝑜𝑏(𝑛(𝑡 + 𝑑𝑡) = 𝑛(𝑡) + 1) = 𝐺(𝑛)𝑑𝑡

𝑃 𝑟𝑜𝑏(𝑛(𝑡 + 𝑑𝑡) = 𝑛(𝑡) − 1) = 𝐽 (𝑛)𝑑𝑡

𝐺(𝑛) ∶= 𝑐0𝑛
𝑁 − 𝑛
𝑁

= 𝑁𝑥(1 − 𝑥)𝑐0 =∶ 𝐺(𝑥)

𝐽 (𝑛) ∶= 𝑛𝑁 − 𝑛
𝑁

(

𝛼0 + 𝛼1
𝑛
𝑁

)

= 𝑁𝑥(1 − 𝑥)
(

𝛼0 + 𝑥
)

=∶ 𝐽 (𝑥)

where 𝑁 is the population size and 𝑛(𝑡) is the number of people adopting 
the ’vaccinator’ strategy at the time 𝑡.

Roughly speaking, the system, following an initial stochastic transi-
tory phase, tends to settle near its deterministic equilibrium. However, 
owing to sequences of infrequent occurrences, it inevitably converges 
either to 𝑛 = 0 (representing a ’non-vaccinator’ equilibrium) or to 𝑛 = 𝑁
(representing a ’pure-vaccinator’ equilibrium). Briefly, once we put the 
analysis in a correct stochastic perspective, the seemingly stable deter-
ministic equilibrium is, in fact, an illusion: in the long run it lacks sta-
bility, so it is metastable.

However, it is crucial to address the following practical question: 
How long is the run to the loss of stability ? In other words: what is the 
average time, say ⟨𝑇𝑓𝑖𝑥

⟩

, necessary to reach the absorbing state 𝑛 = 0, cor-
responding to the extinction of the vaccinator strategy? This question holds 
paramount importance, as exceptionally large average times imply that 

the deterministic approximation is excellent. Employing the appropri-
ate approximations (such as WKB [53–55] or other [56]) tailored to 
population dynamics, the average fixation time ⟨𝑇𝑓𝑖𝑥

⟩ to 𝑛 = 0 can be 
computed using the formula [56]:

⟨

𝑇𝑓𝑖𝑥
⟩

= 𝑒−𝑁𝜙(𝑥𝑒)
√

𝑁

1
𝜌(0) − 1

√

2𝜋𝜌(0)
𝜆(𝑥𝑒)𝜇′(𝑥𝑒) − 𝜆′(𝑥𝑒)𝜇(𝑥𝑒)

(8)

where

𝜆(𝑥) = 𝑥(1 − 𝑥)𝑐0

𝜇(𝑥) = 𝑥(1 − 𝑥)(𝛼0 + 𝑥)

𝜌(𝑥) =
𝐺(𝑥)
𝐽 (𝑥)

𝜙(𝑥) = −∫

𝑥

0
𝜌(𝑧)𝑑𝑧 = (𝑥 + 𝛼0)

(

𝐿𝑜𝑔(𝑥 + 𝛼0) − 1 − 𝐿𝑜𝑔(𝑐)
)

This yields an average fixation time of the form
⟨

𝑇𝑓𝑖𝑥
⟩

= 𝑒𝑐0𝑁
√

𝑁

√

2𝜋𝛼0
1

𝑥2𝑒 (1 − 𝑥𝑒)
(9)

Since 𝑥𝑒 = 𝛿 = 𝑐0 − 𝛼0, it yields that 𝑐0 = 𝑥𝑒 + 𝛼0 so that it is easy to 
rewrite (9) as follows
⟨

𝑇𝑓𝑖𝑥
⟩

(𝛼0, 𝛿,𝑁) = 𝐾(𝑁, 𝛿)Ψ(𝛼0𝑁) (10)

where:

Ψ(𝑧) =
√

𝑧𝑒𝑧

𝐾(𝑁, 𝛿) = 𝑒𝛿𝑁

𝑁
1

𝛿2(1 − 𝛿)
.

It is apparent that even if 𝛿 is not unrealistically close to zero, 𝐾(𝑁, 𝛿)
would assume unrealistically large values, even for moderately sized 
populations. Therefore, unless 𝑧 = √

𝛼0𝑃  is negligible and 𝛿 unrealis-
tically small, the average extinction time exceeds by far the range of 
validity of numerous implicit hypotheses we have made.

For example, if we consider 𝑥𝑒 = 𝛿 = 0.5, a small population 𝑁 = 100
and a tiny 𝛼0 = 0.001, we find: ⟨𝑇𝑓𝑖𝑥

⟩

(0.001, 100) ≈ 1.445 1020 time units, 
whereas if 𝛼0 = 1 we have ⟨𝑇𝑓𝑖𝑥

⟩

(1, 100) ≈ 1.114 1065 time units. An ex-
ample of relatively small average ’vaccination extinction’ time would 
be 𝛿 = 0.1 , 𝛼 = 0.001 and 𝑃 = 100, which yields ⟨𝑇𝑓𝑖𝑥

⟩

(𝛼0, 𝛿,𝑁) ≈ 8553. 
However, if we increase 𝛼0 to 0.1 we get 

⟨

𝑇𝑓𝑖𝑥
⟩

(𝛼0, 𝛿,𝑁) ≈ 1.704 109.
Consequently, spontaneous stochastic fixation toward the ’no-

vaccines’ equilibrium becomes exceedingly improbable, especially if the 
initial conditions significantly deviate from 0 and 1.

Similar considerations also hold for the average time needed to reach 
the opposite scenario of universal vaccination (𝑥 = 1) reached thanks to 
spontaneous stochastic fluctuations.
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Fig. 2. Average first exit expected time to reach the boundary 0.0001 and 0.9999. Left panels: 𝑁 = 2 ⋅ 106; right panels: 𝑁 = 6 ⋅ 107; Upper panels: 𝑚 = 2; Lower panels: 
𝑚 = 5.

It is of interest to explore scenarios where the vaccination propen-
sities becomes not fixed but quite close to fixation. We can obtain a 
good estimate of these cases by means of a well known approximation of 
CTMC models: the Chemical Langevin Equation (CLE) [57,58]. Namely, 
it is straightforward to show that the CLE associated to the above CTMP 
reads as follows:
𝑑𝑥
𝑑𝑡

= 𝑥(1 − 𝑥)(𝛿 − 𝛼𝑥) +

√

𝑥(1 − 𝑥)(𝜃0 + 𝛼0 + 𝛼𝑥)
𝑁

𝜉(𝑡), (11)

where 𝑥(𝑡) = 𝑛(𝑡)∕𝑁 . Throughout all the simulations in this work, we will 
consider 𝛼 = 1 thus 𝛿 represents the intermediate equilibrium point of 
the deterministic dynamics. To have the estimation in the worst case sce-
nario for this test, we choose 𝛿 = 0.5 therefore the deterministic dynam-
ics attracts the trajectories towards the center. We will consider 𝜃0 = 𝑚𝛼0
so that 𝛿 = (𝑚 − 1)𝛼0 one easily gets 𝛼0 = 𝛿∕(𝑚 − 1) and 𝛼0 = 𝛿𝑚∕(𝑚 − 1). 
We employed the values 𝑚 = 2 and 𝑚 = 5. As per the population size 𝑁 , 
in our simulations we choose 𝑁 = 2 ⋅ 106 (corresponding to a population 
size between Latvia and Gabon) and 𝑁 = 6 ⋅ 107 (a average populations 
size between Italy and Tanzania). As per the parameter 𝑚, we employed 
the values 𝑚 = 2 and 𝑚 = 5, expecting a larger exit time for a larger 𝑚. 
Indicating with 𝑇𝑎(𝑥) the average time needed – starting at 𝑡 = 0 from 
the point 𝑥– to reach one of the two extremes of the interval 𝑎 = (𝑎𝐿, 𝑎𝑅)
is given for the scalar CLE (11) by the following differential equation

𝑥(1 − 𝑥)(𝛿 − 𝛼𝑥)𝜕𝑥𝑇𝑎 + 2
𝑥(1 − 𝑥)(𝜃0 + 𝛼0 + 𝛼𝑥)

𝑁
𝜕2𝑥𝑇𝑎 = −1 (12)

with boundary conditions
𝑇𝑎(𝑎𝐿) = 𝑇𝑎(𝑎𝑅) = 0

(clearly if at 𝑡 = 0 the initial point is already one of the two boundaries 
the average hitting time is null). We choose as interval 𝑎 the followo-
ing: 𝑎 = (0.0001, 0.9999). Since the analytical solution of the scalar linear 
ODE (12) involves analytically unsolvable integrals (see Appendix C), 
we numerically solved it via the Finite Differences method. The numer-
ical solutions are shown in Fig. 2. Note that the maximum is not coin-
cident with the equilibrium point of the deterministic dynamics but it 
is shifted towards left. Interestingly, in all cases the maximum average 
hitting time is huge. However, for 𝑚 = 2 it is smaller than 𝑁 , whereas 
for 𝑚 = 5 it is larger than 𝑁 .

4.  The presence of memory

Since only very recently the awareness of the importance of behav-
ioral epidemiology became widespread, the ‘empirics’ of behavioral epi-
demiology is still rather underdeveloped. Therefore, to the best of our 
knowledge, no field study has attempted to investigate the relevance 
of memory effects regarding vaccinations of childhood. However, de-
parting from the suggestions of theoretical works by Bauch, d’Onofrio 
and Manfredi, Poletti and coauthors showed empirically the relevance 
of exponentially fading delays in risk perceptions of the 2009 H1N1 
pandemic [59,60].

However, in a number of situations a model that assume an exponen-
tially fading memory could not be the best model. To start that model 
assume that the largest weight is given to the current information that 
in many cases are not immediately available. More, current vaccine-
related decisions could be influenced by memories of the individual ex-
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perience of severe infection (including also siblings or friends) when one 
was young, or memories of severe vaccine adverse events, are likely to 
be important determinants of the decision to vaccinate her/his children 
when the individual has grown adult. Or the experience of a vaccine ad-
verse event while vaccinating the first child, might severely amplify the 
risk from vaccination that is perceived by a parent, therefore decreasing 
the probability of the vaccination of the second child.

This sort of memory, going back to the past, is not well represented 
by an exponentially fading memory, but rather calls for a humped 
memory distribution with a peak in the past, such as the Acquisition-
Fading Kernel [51,61], which is an extension of the strong Erlang Kernel 
[51,62].

As a consequence, in this section, we briefly investigate the deter-
ministic impact of the above-mentioned two memory models.

This section is complemented by two sections in the appendix where 
we report in detail some extensive numerical simulations.

4.1.  Exponentially fading kernel

The second type of kernel we consider in this work is the exponen-
tially fading kernel
𝑊𝑣(𝑠) = 𝑎𝑒−𝑎𝑠

This kernel, well known in mathematical physics nd biomathematics 
[62,63] was introduced in Behavioral Epidemiology in the work [44]. 
In the epidemiological context it models scenarios where agents give the 
maximum weight to current information and an exponentially decaying 
weight to past information [4,44].

Adopting standard methods of finite-dimension reduction of the the-
ory of delay-differential systems in case of exponentially decreasing 
delay kernels [63–65], in the absence of stochastic perturbations, our 
integro-differential system (2)-(3) reduces to the following system of 
ordinary differential equations:
𝑥′ = 𝑥(1 − 𝑥)(𝛿 −𝑀𝑣) (13)

𝑀 ′
𝑣 = 𝑎(𝑥 −𝑀𝑣) (14)

It is easy to show that: i) the orbits are bounded: (𝑥,𝑀𝑣) ∈ [0, 1]2; ii) a 
unique equilibrium point exists: 𝐸𝑄 = (𝑥𝑒, 𝑥𝑒); ii) 𝐸𝑄 is locally asymp-
totically stable: a fous if 0 < 𝑎 < 4𝐾, and a node if 𝑎 ≥ 4 𝐾; iv) By ap-
plying Dulac-Bendixon theorem with 1∕𝑥(1 − 𝑥) as integrating factor, it 
follows that 𝐸𝑄 is also globally stable.

For subsequent analyses, it is useful to deep the dynamic behaviour 
around the stable equilibrium 𝑥𝑒 depending on (i) the position of 𝑥𝑒
itself, (ii) the memory length 𝜏 = 1∕𝑎 and (iii) the initial conditions of 
the system. In the Appendix, the transitory behavior of the model (13)-
(14) is illustrated.

4.2.  Acquisition fading kernel (AFK)

Finally, we consider the so-called Acquisition Fading Kernel (AFK) 
[61], which corresponds to the sum of two exponentially distributed 
delays with different parameters 𝑎1 > 0, 𝑎2 > 0

𝑊𝑣 =
𝑎1𝑎2
𝑎2 − 𝑎1

(𝑒−𝑎1𝜏 − 𝑒−𝑎2𝜏 ),

whose average delay 𝜏𝑚 is

𝜏𝑚 = 1
𝑎1

+ 1
𝑎2

This kernel was well known in applied mathematics but without a pre-
cise name [63]. The name AFK has been introduced in [61] and it mod-
els an initial phase of acquisition of information followed by exponential 
decay of weight given to past information [66], which is more flexible 
than the exponential fading kernel where the maximum weight is given 
to current information, which in some cases is unavailable. Overall, the 
EFK and the AFK kernels are able to cope with a large amount of behav-
ioral scenarios [4,61,66].

Again following classical methods of theory of delay differential 
equations [63], under this kernel the system (2)-(3) reduces to the fol-
lowing system of three ODEs:
𝑥′ = 𝑥(1 − 𝑥)(𝛿 −𝑀𝑣) (15)

𝑀 ′
1 = 𝑎1(𝑥 −𝑀1) (16)

𝑀 ′
𝑣 = 𝑎2(𝑀1 −𝑀𝑣) (17)

It is easy to show that: i) there is a unique equilibrium point:
𝐸𝑄 = (𝑥𝑒, 𝑥𝑒, 𝑥𝑒),

ii) the orbits are bounded; iii) if 0 < 𝜏𝑚 < 1∕𝐾 then EQ is LAS; iv) at 
𝑎1 + 𝑎2 = 𝐾 a Hopf bifurcation occurs; v) if 𝜏𝑚 > 1∕𝐾 then EQ is unstable 
and the system undergoes general Yabucovitch oscillations [67–69] (we 
recall that the Hopf is a purely local theorem). In the appendix we report 
a detailed numerical analysis of the model behaviour.

5.  Modeling volatile opinions by means of stochastic fluctuations 
in presence and in the absence of ’memory’

We initially make the hypothesis that the coefficient 𝛼1 (normalized 
to one) is constant, which we will relax later on. Instead, coefficients 𝛼0
and 𝑐0 are subject to rapid noisy perturbations
𝑐0 + 𝜈𝑐 (𝑡)

𝛼0 + 𝜈𝛼(𝑡)

Letting 𝐷𝜉(𝑡) denote the stochastic process 𝑐0 − 𝛼0, yields the following 
stochastic integrodifferential model:

𝑥′ = 𝑥(1 − 𝑥)(𝑥𝑒 −𝑀𝑣 +𝐷𝜉(𝑡)) (18)

𝑀𝑣(𝑡) = ∫

+∞

0
𝑊𝑣(𝜏)𝑥(𝑡 − 𝜏)𝑑𝜏 (19)

Under the assumption that both 𝑐0 and 𝛼0 can have large peaks and that 
the typical autocorrelation time [88] of 𝜉(𝑡) is considerably shorter than 
the system’s typical time 𝜏𝑝:
𝜏 << 1

Consequently, we will assume that 𝜉(𝑡) is a white noise, thereby resulting 
in the following model composed by a  Stochastic Differential Equation 
(SDE) and by an integral equation:
𝑑𝑥 = 𝑥(1 − 𝑥)(𝑥𝑒 −𝑀𝑣)𝑑𝑡 +𝐷𝑥(1 − 𝑥)𝑑𝐵 (20)

𝑀𝑣(𝑡) = ∫

+∞

0
𝑊𝑣(𝜏)𝑥(𝑡 − 𝜏)𝑑𝜏 (21)

In the SDE (20), where 𝐵 is a standard Brownian process, is a Ito SDE, 
which is preferable in the context of population dynamics, as evidenced 
by Braumann [70,71].

In the case of absence of memory, implying 𝑊𝑣(𝜏) = 𝛿(𝜏) and 𝑀𝑣(𝑡) =
𝑥(𝑡), the model (20)-(21) reduces to the following single Ito SDE:
𝑑𝑥 = 𝑥(1 − 𝑥)(𝑥𝑒 − 𝑥)𝑑𝑡 +𝐷𝑥(1 − 𝑥)𝑑𝐵 (22)

where the drift 𝑓 (𝑥) is 𝑓 (𝑥) = 𝑥(1 − 𝑥)(𝑥𝑒 − 𝑥), and the diffusion function 
𝜎(𝑥) = 𝐷𝑥(1 − 𝑥). Eq. (22) is characterized by two stochastic equilibria 
[72,73], i.e., solutions 𝑥(𝑡) = 𝑥∗ such that:
𝑓 (𝑥∗) = 𝜎(𝑥∗) = 0.

Of course, these equilibria are 𝑥(0)𝑒 = 0 and 𝑥(1)𝑒 = 1, defining, respec-
tively, a stochastic pure ’non-vaccinator’ equilibrium (SPNVE) and a 
stochastic pure ’vaccinator’ equilibrium (SPVE).

Also, the behaviour of SDE (22) critically depends on 𝑥𝑒, the internal 
steady-state of the underlying deterministic system (i.e., in the absence 
of noise), represented by the expected trajectory
𝐸(𝑑𝑥) = 𝑥(1 − 𝑥)(𝑥𝑒 − 𝑥)𝑑𝑡.

As such, 𝑥𝑒 represents a key system parameter which, jointly with the 
volatility SDS fully determines the behaviour of (22).
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In the three incoming Sections 6–8, we discuss the key properties of 
the SDE model (22) by showing: (i) the shape of the stationary proba-
bility density function (PDF) of 𝑥, (ii) the parametric condition on key 
parameters (𝑥𝑒, 𝐷) ensuring that the stochastic equilibria 𝑥(0)𝑒 = 0 and 
𝑥(1)𝑒 = 1 are almost surely globally attractive, (iii) the local behaviour of 
the SPNVE and SPVE when conditions for global attractiveness fail.

6.  Noise-induced transitions: shape of the stationary transition 
density

The Fokker-Planck equation ruling the time evolution of the transi-
tion PDF 𝜌(𝑥, 𝑡) of 𝑥(𝑡) reads as follows

𝜕𝑡𝜌 = −𝜕𝑥
(

𝑥(1 − 𝑥)(𝑥𝑒 − 𝑥)𝜌
)

+ 𝐷2

2
𝜕𝑥𝑥

(

𝑥2(1 − 𝑥)2𝜌
)

(23)

complemented by the classical constraints 𝜌(𝑥, 𝑡) ≥ 0 and

∫0,1
𝜌(𝑥, 𝑡)𝑑𝑥 = 1, (24)

i.e. we are only interested in solutions of (23) that are PDFs.
Thus, provided that the constraint (24) is fulfilled, the steady-state 

behaviour of the vaccine uptake can be investigated by studying the 
properties of the steady-state density,

𝜌𝑠𝑠(𝑥) = 𝐶𝐸𝑥𝑝
(

−2𝐿𝑜𝑔(𝜎(𝑥)) + ∫

𝑥

0
2𝑓 (𝑢)𝜎2(𝑢)𝑑𝑢

)

This yields:

𝜌𝑠𝑠(𝑥) = 𝐶𝑥2
(

𝑥𝑒
𝐷2 −1

)

(1 − 𝑥)2
( 1−𝑥𝑒

𝐷2 −1
)

(25)

We preliminarily note that close to the SPNVE 𝑥(0)𝑒 , 𝜌𝑠𝑠(𝑥) reads as follows

𝜌𝑠𝑠(𝑥) ≈ 𝐶𝑥2
(

𝑥𝑒
𝐷2 −1

)

yielding: i) if 𝐷2 ≤ 𝑥𝑒 then, close to 𝑥 = 0, 𝜌𝑠𝑠(𝑥) is increasing or constant; 
ii) if 𝑥𝑒 < 𝐷2 < 2𝑥𝑒 then, close to 𝑥 = 0, 𝜌𝑠𝑠(𝑥) is decreasing and at 𝑥 = 0
it has an integrable singularity; ii) if 𝐷2 ≥ 2𝑥𝑒 then the function 𝜌𝑠𝑠(𝑥)
has a non–integrable singularity so that the function 𝜌𝑠𝑠(𝑥) is not a PDF.

Similarly, close to the SPVE 𝑥 = 1, 𝜌𝑠𝑠(𝑥) reads as follows

𝜌𝑠𝑠(𝑥) ≈ 𝐶(1 − 𝑥)2
( 1−𝑥𝑒

𝐷2 −1
)

yielding: i) if 𝐷2 ≤ 1 − 𝑥𝑒 then, close to 𝑥 = 1, 𝜌𝑠𝑠(𝑥) is decreasing or 
constant; ii) if (1 − 𝑥𝑒) < 𝐷2 < 2(1 − 𝑥𝑒) then 𝜌𝑠𝑠(𝑥) is increasing and at 
𝑥 = 1 it has an integrable singularity; ii) if 𝐷2 ≥ 2(1 − 𝑥𝑒) then the func-
tion 𝜌𝑠𝑠(𝑥) has a non–integrable singularity so that 𝜌𝑠𝑠(𝑥) is not a PDF.

As a consequence, in this section we will restrict our study to the 
cases where 𝜌𝑠𝑠(𝑥) is a PDF, i.e.
𝐷2 < 2min(𝑥𝑒, 1 − 𝑥𝑒)

The behaviour of the stationary solution is governed by the sign of

𝜌′𝑠𝑠(𝑥) = 𝜌𝑠𝑠(𝑥)2
(

( 𝑥𝑒
𝐷2

− 1
) 1
𝑥
−
(

1 − 𝑥𝑒
𝐷2

− 1
)

1
1 − 𝑥

)

(26)

We have the following four cases:

1. if

𝐷2 < min(𝑥𝑒, (1 − 𝑥𝑒))

then the density is unimodal, with a maximum at:

𝑥∗ =
𝑥𝑒 −𝐷2

1 − 2𝐷2
;

2. if

max(𝑥𝑒, (1 − 𝑥𝑒)) < 𝐷2 < min
(

2𝑥𝑒, 2(1 − 𝑥𝑒)
)

then, the density is bimodal and horn–shaped, with its anti-model 
(minimum) at 𝑥 = 𝑥∗. The two modes are at 𝑥 = 0 and 𝑥 = 1 and 
they are infinite;

3. if

𝑥𝑒 < 𝐷
2 < min(2𝑥𝑒, 1 − 𝑥𝑒)

then 𝜌𝑠𝑠(𝑥) is decreasing with an infinite mode at 𝑥 = 0;
4. if

(1 − 𝑥𝑒) < 𝐷2 < min(2(1 − 𝑥𝑒), 𝑥𝑒)

then 𝜌𝑠𝑠(𝑥) is increasing with an infinite mode at 𝑥 = 1.

Summing up, in the parametric space (𝑥𝑒, 𝐷2) we have detected four 
regions identifying sharply different behaviours of the steady-state den-
sity. Therefore, passing from one region to another one, the system un-
dergoes a Noise-Induced Transition [74].

Remark If (𝑥𝑒, 𝐷2) is such that 𝐷2 < 2𝑀𝑖𝑛(𝑥𝑒, 1 − 𝑥𝑒), then SDE (22) 
defines a bounded stochastic process.

7.  The global stochastic steady-state behaviour

In this section, we explore the conditions under which the stochastic 
equilibria 𝑥 = 0 and 𝑥 = 1 i.e., the SPNVE and the SPVE, exhibit a glob-
ally attractive property almost surely (a.s.). To this aim, it is convenient 
to define  the following variable transformation: 𝑥 = 1∕(1 + 𝑒−𝑧), i.e.

𝑧 = 𝐹 (𝑥) = ln
( 𝑥
1 − 𝑥

)

, (27)

where the case 𝑥 = 0 corresponds to the limit 𝑧→ −∞ and the case 𝑥 = 1
corresponds to the limit 𝑧→ +∞.

Applying the Ito’s formula

𝑑𝑧 =
(

𝐹 ′(𝑥)𝑓 (𝑥) +
𝜎2(𝑥)
2

𝐹 ′′(𝑥)
)

𝑑𝑡 + 𝜎(𝑥)𝐹 ′(𝑥)𝑑𝐵

yields the following SDE:

𝑑𝑧 =
((

𝑥𝑒 −
𝐷2

2

)

+
(

𝐷2 − 1
) 1
1 + 𝑒−𝑧

)

𝑑𝑡 +𝐷𝑑𝐵 (28)

whose general solution reads as follows

𝑧(𝑡) = 𝑧(0) +
(

𝑥𝑒 −
𝐷2

2

)

𝑡 +
(

𝐷2 − 1
)

∫

𝑡

0

1
1 + 𝑒−𝑧(𝑠)

𝑑𝑠 +𝐷𝐵(𝑡). (29)

Importantly, it holds the following estimate for the integrals appearing 
in (29) :

0 < ∫

𝑡

0

1
1 + 𝑒−𝑧(𝑠)

𝑑𝑠 < 𝑡.

We have:
i) for 𝐷2 > 1 it is

𝑧(0) +
(

𝑥𝑒 −
𝐷2

2

)

𝑡 +𝐷𝐵(𝑡) < 𝑧 <
(

𝐷2

2
− (1 − 𝑥𝑒)

)

𝑡 +𝐷𝐵(𝑡)

ii) for 𝐷2 < 1 it is
(

𝐷2

2
− (1 − 𝑥𝑒)

)

𝑡 +𝐷𝐵(𝑡) < 𝑧 < 𝑧(0) +
(

𝑥𝑒 −
𝐷2

2

)

𝑡 +𝐷𝐵(𝑡)

iii) for 𝐷2 = 1 it is

𝑧(𝑡) = 𝑧(0) +
(

𝑥𝑒 −
1
2

)

𝑡 +𝐷𝐵(𝑡). (30)

Hence, by considering the steady-state vaccine uptake 𝑥𝑒 (with the con-
straint 𝑥𝑒 ≠ 1∕2) and the square of the volatility, 𝐷2, as key parameters, 
simple algebraic inequalities and the properties of the Wiener process, 
allow to identify two distinct regions. Within the first region, which is 
defined by

𝑥𝑒 <
1
2
 AND 2𝑥𝑒 < 𝐷2 < 2(1 − 𝑥𝑒)

it is 𝑧(𝑡) → −∞ a.s. implying
𝑥(𝑡) → 0+ a.s. 
That is to say, when the steady-state vaccine uptake rate (in the ab-
sence of noise) falls below 50%, stochastic fluctuations due to irrational 
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behaviour potentially make, within the above-specified range of values 
for 𝐷2, the SPNVE (as) globally attractive i.e., the vaccinator strategy 
goes extinct for all initial vaccine uptake rates.

Within the second region, which is defined by

𝑥𝑒 >
1
2
 AND 2(1 − 𝑥𝑒) < 𝐷2 < 2𝑥𝑒,

it is 𝑧(𝑡) → +∞ a.s. implying
𝑥(𝑡) → 1− a.s. 
In other words, if the steady-state vaccination rate (in the absence of 
noise) surpasses 0.5, there exists a range of values for 𝐷 within which 
stochastic fluctuations make the SPVE globally attractive. That is, all 
individuals opt to vaccinate their children.

8.  The local stochastic stability and the onset of stochastic 
bistability

The scenario where the noise is large and out of the two above-
specified windows, i.e. the parametric region defined by the inequality:
𝐷2 > 𝑀𝑎𝑥

(

2𝑥𝑒, 2(1 − 𝑥𝑒)
)

,

is interesting.
In order to analytically study the implications of the above double 

inequality, one needs to investigate the local stochastic stability of the 
two equilibrium points of the SDE (22) by means of Khasminski theory 
[72,73]. This states that the equilibrium point 𝑥 = 0 of a SDE having the 
form of (22) is stochastically stable provided that it exists the following 
Ljapunov functional:

𝑉 (𝑋) = ∫

𝑥

0
𝑑𝑠𝐸𝑥𝑝

(

−∫𝑥
2𝑓 (𝑢)
𝜎2(𝑢)

)

The functional 𝑉 (𝑋) for the equilibrium 𝑥 = 0 of (22) reads as follows

𝑉 (𝑥) = 𝐶 ∫

𝑥

0
𝑑𝑠

(

1
𝑠2𝑥𝑒∕𝐷2

1
(1 − 𝑠)2(1−𝑥𝑒)∕𝐷2

)

.

This means that if 𝐷2 > 2𝑥𝑒 then the equilibrium 𝑥 = 0 is locally stochas-
tically stable. To study the stochastic stability of the equilibrium 𝑥 = 1
of (22) we set 𝑥 = 1 − 𝑦, so that the problem in study is equivalent to 
study the stochastic stability of the equilibrium 𝑦 = 0 of the following 
SDE:

𝑑𝑦 = 𝑦(1 − 𝑦)(1 − 𝑥𝑒 − 𝑦) −𝐷𝑦(1 − 𝑦)𝑑𝐵,

which it is associated the functional

𝑉 (𝑦) = 𝑄∫

𝑦

0
𝑑𝑢

(

1
𝑢2(1−𝑥𝑒)∕𝐷2

1
(1 − 𝑢)2𝑥𝑒∕𝐷2

)

.

As a consequence, the local stability condition for 𝑦 = 0 (i.e. for 𝑥 = 1) 
is 𝐷2 > 2(1 − 𝑥𝑒). It follows the interesting fact that there is an overlap 
between the two stochastic stability regions and the overlap is the above-
mentioned region:
𝐷2 > 𝑀𝑎𝑥

(

2𝑥𝑒, 2(1 − 𝑥𝑒)
)

In such a region the behaviour of the system can be defined as stochas-
tically bistable, thus depending on the initial condition 𝑥(0) the system 
is attracted by one or the other stochastic attractors.

In other words, although our system is non–spatial, it experiences 
transitions that are very remindful of phase transitions [75]. Indeed, as 
pointed out by Shiino [76] non-uniqueness of the asymptotic attractors 
in a dynamical system is a key landmark of phase transitions.

9.  Extensive numerical simulations

In this section, we numerically study mainly the effects of the noise 
’strength’ 𝐷.

We used an Additive Splitting approach [77]. We used for the de-
terministic part the 4th-order Runge Kutta method [89], and for the 

Fig. 3. Absence of delay.: stochastic NIT bifurcation in parametric space (𝑥𝑒, 𝐷).

stochastic part the Euler-Maruyama algorithm.[90] In this way, we were 
able to minimize the error on the deterministic part leaving as only 
source of error the stochastic component. Following [78], our method 
is characterized by a self-regulating step along the boundary to keep the 
solution in the domain.

The step size was 0.01 time units and the simulation length for the 
steady-state analysis was of 2250 time units. All stationary distributions 
𝜌𝑆𝑆 were obtained considering the final values of 10,000 simulated tra-
jectories (unless a particular time label is specified). For the 3D plots 
and the colormeshes, we simply used the same number of simulations 
on a grid of 50x50 bins. For simplicity, we have not normalized the 
simulated probability distributions.

9.1.  No delay case

Although we have analytically studied the unlagged case of eq. (22)), 
we numerically investigated it (22) for three reasons: i) to validate the 
analytical predictions; ii) to assess the transitory dynamics; iii) to de-
velop a numerical benchmark to assess the effects of time delays.

In Fig. 3, we show a theoretical sketch of the NIT scenario in the 
parametric space (𝑥𝑒, 𝐷2), with the analytical stationary distribution. 
The corresponding numerical NIT plot matrix, shown in Fig. 4, fully 
validates the theoretical results.

9.2.  Exponentially fading kernel

Moving to the scenario with both the exponentially fading kernel 
(EFK) and the opinion stochastic fluctuations, we expect a relevant role 
of the average delay 𝜏. For small delays (say, 𝜏 < 1) we can speculate 
that the impact could be limited producing situations similar to the un-
delayed case (Fig. 4). For larger 𝜏s, the amount of information will be 
more resilient to evolve. Therefore, we can imagine that a larger 𝜏 am-
plifies the influence of the noise on the system behaviour. Thus, we can 
predict that the bimodal behaviours and the two lateral ones will ’prop-
agate’ to the lower part of the theoretical figure. The above guess is 
confirmed: for 𝜏 ≤ 1, we did not notice changes w.r.t. the no-delay case, 
while for 𝜏 > 1 some differences start to appear, as shown by the plot 
matrix for 𝜏 = 10 (Fig. 5). It is noticeable the different types of behaviour 
appearing almost a row before the no delay case. Thus, for large delays 
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Fig. 4. Absence of delay: Plot matrix of the probability distributions obtained 
via simulations. Horizontal axis: 𝑥𝑒 ∈ [0, 1]; vertical axis 𝐷2 ∈ (0, 2). In gray are 
reported the 4 reference lines: 𝑥𝑒, (1 − 𝑥𝑒), 2𝑥𝑒 and 2(1 − 𝑥𝑒).

Fig. 5. EF Kernel: plot matrix of the simulated PDF for the EFK model with 
𝜏 = 10. Horizontal axis: 𝑥𝑒 ∈ (0, 1); Vertical axis: 𝐷2 ∈ (0, 2). In gray there are 
reported the 4 reference lines: 𝑥𝑒, (1 − 𝑥𝑒), 2𝑥𝑒 and 2(1 − 𝑥𝑒).

the noise can characterize more sharply the mode of the system, lead-
ing to a strong probabilistic convergence towards around one of the two 
extreme of the domain or both of them. 

9.2.1.  Projections of the parameters space
We now deepen our focus on the capacity of 𝐷 to influence the be-

haviour for different values of 𝑥𝑒 and 𝜏. Fig. 6 shows the steady-state 
PDF matrix plot over the parametric space (𝐷, 𝑥𝑒) for the two different 
levels 𝜏 = 2 (left panel) and 𝜏 = 10 (right panel). In the left panel (𝜏 = 2), 

Fig. 6. EF Kernel: plot matrices of simulated stationary PDFs in the paramet-
ric space (𝐷, 𝑥𝑒). Left panel: 𝜏 = 2; Right panel: 𝜏 = 10. Vertical axis: 𝐷 ∈ [0, 2]; 
Vertical axis: 𝑥𝑒 ∈ (0, 1).

distributions reveal notable patterns. In the first column, a nearly Dirac 
delta centered at 𝑥𝑒 appears, expected for 𝐷 = 0. In other columns, small 
noise diffuses trajectories; eventually, a transition occurs from an ex-
treme peak to a bimodal and then unimodal distribution at the opposite 
border. Overall, the system exhibits low resilience to noise.

In the right panel (where 𝜏 = 10). Focusing on the differences (see 
Fig. 5), we note that a higher 𝜏 advances the behaviour for the same 𝐷. 
The unimodal distribution becomes steeper and focused near the attrac-
tors, while in the central row it shifts to a bimodal form at the domain 
extremes, yet with significant central values. For higher 𝐷, the two pan-
els are similar. Note that, in both cases, at 𝑥𝑒 = 0.5 we do not have a 
symmetric situation but is more shifted towards the upper extreme. This 
is probably due to our simulation approach -assuming 𝑀𝑣(0) = 0 and 
choosing 𝑥0 uniformly in (0, 1)- which introduces asymmetry, though 
other simulation effects might also contribute.

Comparing the two panels, we note that in one case, the increase of 𝜏
induces a noise-induced transitions: an unimodal PDF for 𝜏 = 2 becomes 
a bimodal one for 𝜏 = 10. Fig. 7 shows the stationary PDFs matrix plot for 
the parametric space (𝐷, 𝜏). Its left panel is such that 𝑥𝑒 = 0.3, whereas 
its right panel is such that 𝑥𝑒 = 0.5

Let us look at the left part of Fig. 7 where 𝑥𝑒 = 0.3. With increasing 
𝜏, the distribution for 𝐷 > 0 becomes more focused on its attractor (sec-
ond column), and since 𝜏 also suppresses behaviour along 𝐷2, we see 
the same pattern for lower 𝐷 as 𝜏 grows. In the third column, the distri-
bution initially shifts toward 0, but as 𝜏 increases, the central bimodal 
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Fig. 7. EF Kernel: plot matrices of simulated stationary PDFs in the parametric 
space (𝐷, 𝜏). Left panel: 𝑥𝑒 = 0.3; Right panel: 𝑥𝑒 = 0.5. Horizontal axis 𝐷 ∈ [0, 2]; 
vertical axis 𝜏 ∈ [2, 18].

region diminishes and the distribution becomes increasingly bimodal. 
In the final columns, the symmetric case appears at a certain 𝜏, after 
which the symmetry between the two peaks is reversed and broken.

In the right panel of Fig. 7, where 𝑥𝑒 = 0.5. In the two left columns 
of the plot matrix, the central distribution is evident. As 𝜏 increases, 
the unimodal distribution becomes bimodal, passing through an inter-
mediate phase with nearly uniform probability. In the other columns, 
row differences are minimal. For 𝑥𝑒 > 0.5, the situation is similar but 
mirrored.

Comparing the two panels, we note immediately that in the first col-
umn all the PDFs are deeply transformed when 𝑥𝑒 = 1∕2: four of the five 
become bimodal and the last one, which was decreasing, becomes uni-
modal. Also, the other distributions are deeply affected by the change 
of values of 𝑥𝑒.

9.3.  Noise-induced quasi-regular oscillations

We now explore some specific realization of the stochastic process, 
by analyzing some trajectories 𝑥 vs. 𝑡 and the phase trajectories (𝑥,𝑀𝑣). 
Looking to the plot matrices, we have selected two interesting configu-
rations:

• 𝜏 = 2, 𝐷 = 0.5 (low 𝜏, medium 𝐷)
• 𝜏 = 18, 𝐷 = 0.5 (large 𝜏, medium 𝐷)
In all simulations we adopt 𝑥𝑒 = 0.5, since in this way system is more 
’free to oscillate’, and the initial condition is (𝑥,𝑀𝑣) = (0.7, 0.0).

Let us start from the first one (𝜏 = 2, Fig. 8). The left panel of Fig. 8 
shows that 𝑥(𝑡) stochastically oscillates around 𝑥𝑒, consistently with the 
Fig. 7. More interesting, the right panel of 8 shows that the phase plot 
(𝑥,𝑀𝑣) has an ’almond-like’ shape. This is due to the presence of an 
important correlation between 𝑥 and 𝑀𝑣: large (small) values of 𝑥(𝑡)
tends to correspond to large (small) values of 𝑀𝑣(𝑡).

The second configuration (𝜏 = 18) shows the trajectories reported in 
Fig. 9. Now, the increase of the characteristic memory time up to 𝜏 = 18
has a major effect: the induction of noise-induced oscillations character-
ized by prolonged staying close to low values. In other words, often, the 
system, due to the interplay between the deterministic damped oscilla-
tions and the flat spectral content of the white noise perturbation, sets 
in a behavior of quasi-regular stochastic oscillations. If, instead of con-
sidering white noise perturbation, we consider periodic perturbations 
of period close to the quasi-period of the damped oscillations of the 
linearized system (w.r.t its equilibrium point) we obtain subharmonic 
resonances: the systems sets in a periodic or, more interestingly (see 
Fig. 10), quasiperiodic oscillations with amplitude quite larger than the 
one of the perturbation. As for the overall ’shape’ of these oscillations, 
we note that the 𝑥 spends more time at the two extremes of the do-
main. Thus, for bigger 𝜏s, the delay is able to produce more important 
oscillations, diminishing but not eliminating the influence of the noise 
on the system, as shown in the right part of the Figure. The fact that 
during these noise-induced oscillations the vaccine propensity 𝑥(𝑡) re-
mains for relatively long intervals at very low values has an interesting 
implication, since in this way there is a substantive risk of onset of large 
epidemics due to disease importation when 𝑥(𝑡) is very low. There is still 
some correlation between the two values, although the huge 𝜏 contains 
the values of 𝑀𝑣.

Nonetheless, the oscillatory behaviour requires also particular val-
ues of 𝐷. In fact, it seems to appear around 0.4-0.5. When it overlaps 
values such 0.8-0.9, the system will have too wide oscillations and it 
will be captured by one of the two bounds. Otherwise, the phenomena 
seems to not appear. Moreover, especially for slightly smaller 𝜏s (such 
as 𝜏 ∈ [10, 15]), the oscillatory behaviour is not present in every repeti-
tion. Probably a sort of resonance due to specific transient situations is 
necessary in this cases.

It is of interest to briefly investigate the Fourier frequency spectrum 
of the above scenarios. To start, we have computed the Fourier trans-
form of the time series of scenarios shown in Figs. 9 and 8. The Fourier 
power spectrum of the average value of the time series 𝑥(𝑡) in Fig. 9 is 
shown in the left panel of Fig. 11. There is clearly a large peak near 
0.01𝐻𝑧, which fully justify our claim of noise-induced oscillations (aka 
quasi-cycles). For comparison, we also performed the Fourier transform 
of the average value of the non oscillating time series 𝑥(𝑡) of Fig. 8: the 
Fourier transform presents no special peaks.

However, as said before, sometimes the noise-induced oscillations 
does not clearly emerge. This is usually more frequent for lower 𝜏 but it 
can also happen occasionally for larger values of these parameters, for 
example at the considered 𝜏 = 18. In this case, the power spectrum loses 
the above stressed large peaks (see right panel of Fig. 12), although it 
has number of ’not so small peaks’ around some multiples of 0.01, which 
harmonically explains the mixed behavior observed in the time series 
shown in the left panel of Fig. 12. In other words, the noise induce a 
sort of ’noisy quasi-periodic behavior’. Here the considered same time 
window and simulative parameters, but the quasi-periodic regime do not 
appear. Certainly, there is also a plethora of intermediate cases which 
presents ’dirty’ oscillations resulting in ’in-between cases’.

9.4.  Acquisition-fading kernel

Here we will investigate the impact of the Acquisition-Fading Ker-
nel (AFK) on the vaccination imitation dynamics affected by stochastic 
opinion fluctuations.

We will consider different scenarios due to the increased number 
of variables and parameters. In absence of stochastic perturbations, at 
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Fig. 8. EF Kernel: realizations of the stochastic process for low 𝜏 = 2, medium 𝐷 = 0.5. Left panel 𝑥 v 𝑡; Right panel: phase plot (𝑥,𝑀𝑣) Parameters: 𝑥𝑒 = 0.5, 𝑥(0) = 0.7, 
𝑀𝑣(0) = 0.0.

Fig. 9. Noise-induced quasi-regular oscillations. Plots of the trajectory on projections (𝑡, 𝑥) (left) at SS and (𝑥,𝑀𝑣) (right) for the EFK model in case of large delay. 
These results are obtained for 𝑥𝑒 = 0.5, 𝜏 = 18, 𝐷 = 0.5, 𝑥0 = 0.7, 𝑀𝑣(0) = 0.0. The left plot focuses on the interval 𝑡 ∈ [2000, 2250] for an improved readability.

Fig. 10. Quasi-periodic resonant oscillations generated by periodic perturbations. Upper-left panel: time series of 𝑥(𝑡) for the whole simulation interval; Upper-right 
panel: zoom of the time series of 𝑥(𝑡). Lower-left panel: phase plot (𝑥,𝑀); lower-right panel: zoom of the phase plot. Parameters: 𝐴 = 1, 𝑇 = 58 (very close to the 
pseudo-period of the damped oscillations at the equilibrium).
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Fig. 11. Fourier transforms of the averaged values of time series of Fig. 9 (left) and the time series of Fig. 8. We have considered the showed time window to compute 
these transforms.

Fig. 12. Plots of the power spectrum and its time series for 𝑥𝑒 = 0.5, 𝜏 = 18 and 𝐷 = 0.5. In this repetition, besides the same configuration of Fig. 9, the oscillations 
do not fully appear.

variance with the EFK model, we know that for 𝜏𝑚 > 𝐾 the underlying 
deterministic system presents a limit cycle or other oscillating solutions 
via a Hopf bifurcation (which, with abuse of terminology, we will term 
’Hopf cycles’) from the steady-state 𝑥𝑒. As seen previously for the EFK, 
the noise can reinforce and induce a bistable regime around the two 
limits of the domain. Therefore, we expect that these Hopf cyclic regimes 
will enhance this bimodal tendency.

As per the plot matrix of the distributions in dependence of (𝑥𝑒, 𝐷2), 
we note that cases where 𝜏𝑚 ≤ 1 did not show differences with the no 
delay and the EFK scenarios. In Fig. 13, we report the matrix plot for 
𝜏1 = 𝜏2 = 10.0, implying 𝜏𝑚 = 20.0, so that for some central configura-
tions the Hopf cycle exist.  In its first row from the bottom, we observe 
that: i) in its rightest and leftest parts the PDFs are similar to the EFK 
matrix plot; ii) in its central part the PDFs are bimodal, due to the oc-
currence of Hopf cycle in the unperturbed model; iii) the small noise 
reinforces the bimodality moving the extremes of the cycle towards 0
and 1.

9.4.1.  Analysis of the evolution of the distributions: (𝑥,𝑀𝑣)
We now analyze how 𝐷 affects the PDFs, in particular when Hopf 

cycles occur in absence of noise. 
First, we look at (𝑥,𝑀𝑣) projections of PDF in a ’reference case’ where 

𝑥𝑒 = 0.6, 𝜏1 = 14.0 and 𝜏2 = 8.0. In the absence of noise and assuming uni-
formly distributed initial 𝑥 and 𝑀1 =𝑀𝑣 = 0, the marginalized station-
ary PDF is a product of Dirac deltas 𝛿(𝑥 − 𝑥(𝑡))𝛿(𝑀𝑣 −𝑀𝑣(𝑡)) (Fig. 14), 
where (𝑥(𝑡),𝑀𝑣(𝑡)) is the projection of the Hopf cycle onto (𝑥,𝑀𝑣). We 
can notice that the symbolic representation of the PDF (which is the 
product of two Dirac deltas) moves, roughly speaking, like a ’comet’.

By increasing the noise 𝐷 up to the small value 0.1 one would ex-
pect that the small noise should produce a small perturbation of the 
trajectories, and, consequently, a small Gauss-like diffusion effect on 
the “comet”. Instead, we observed that the fluctuations are distributed 
around the whole orbit (𝑥(𝑡),𝑀𝑣(𝑡)), see Fig. 15 where a ’volcano effect’ 
is visible. In particular: i) the PDF tends to stay most of the time close to 
𝑥 = 0 and, mainly, to 𝑥 = 1; ii) the spread of the PDF is variable, with a 
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Fig. 13. AF Kernel in the presence of noise: plot matrix of the numerical steady-
state PDF with 𝜏1 = 𝜏2 = 10. Horizontal axis: 𝑥𝑒 ∈ (0, 1); Vertical axis: 𝐷2 ∈ (0, 2). 
In gray there are reported the 4 reference lines: 𝑥𝑒, (1 − 𝑥𝑒), 2𝑥𝑒 and 2(1 − 𝑥𝑒).

larger spread when 𝑥 is close to 0 and a smaller spread when 𝑥 is close 
to 1.

Increasing 𝐷 up to 𝐷 = 0.3 (Fig. 16), the ’volcano shape’ disappears 
and the distribution is pushed towards the domain limits of 𝑥. We re-
peated the simulation for (𝜏1, 𝜏2) = (24, 10) and keeping 𝐷 = 0.1 (Fig. 17). 
We note an anulus-like region where the values of the PDF are close to 
zero and an oscillating flux of probability between the two extremes of 
the cycle. 

Finally, for 𝐷 = 0.3 the synergy of the Hopf cycle is such that the 
PDF is a Dirac centered (1, 1) (figure omitted).

Now we test a scenario where in the deterministic system no Hopf 
cycle occur: (𝜏1, 𝜏2) = (3.5, 2.0). In the left panel of Fig. 18 we show the 
stationary time-constant PDF in absence of noise. The situation here is 
straightforward since in the deterministic system the point (0.6,0.6,0.6) 
is globally attractive.

Increasing the noise to 𝐷 = 0.1, we can guess that with a such small 
noise the system will be not able, according to our theoretically results 
in Fig. 3, to have a NIT. Numerical simulations confirm the intuition, 
see the central panel of Fig. 18. Increasing 𝐷 up to 0.3 the diffusion re-
gion around the equilibrium is remarkably enlarged, see right panel of 
Fig. 18, and almost reach the upper limit of the (0,1) domain. The 3D 
plot is not smooth, due the relatively low number of employed simula-
tions (𝑁𝑠𝑖𝑚 = 10000).

9.4.2.  Analysis of the evolution of the distributions: (𝑥, 𝑡)
Here we study the dynamics of the distribution along 𝑥 only. We 

start from the reference configuration of the previous section: (𝜏1, 𝜏2) =
(14.0, 8.0). To start, we compare the cases 𝐷 = 0.0 (left panel Fig. 19) and 
𝐷 = 0.05. In the left panel, corresponding to 𝐷 = 0, we observe that the 
PDF is of Dirac delta type 𝛿(𝑥 − 𝑥(𝑡)) where ̂𝑥(𝑡) is the 𝑥 component of the 
Hopf limit cycle, thus “comet”-like. Moreover, due to asyncronization 
caused by the uniform distribution of the initial condition 𝑥(0), the PDF 
seems more diffuse in the intermediate position while at the extremes is 
denser.

In the right panel, corresponding to 𝐷 = 0.05, we observe that the 
PDF alternates in time with its bulk of probability from values close to 0 
to values close to 1, with higher and ’slim’ peaks close to 𝑥 = 1, whereas 
close to 𝑥 = 0 the peaks are smaller and more diffuse. Increasing the 
noise amplitude to 𝐷 = 0.1 induce the almost stationarity of the PDF, see 
the left panel of Fig. 20, The PDF is bimodal in {0, 1}, and the antimode 
is only moderately low, and it is not located at 𝑥𝑒. The peak at 1 is higher 
than the other since 𝑥𝑒 = 0.6 > 0.5.

For higher 𝐷 (such as 𝐷 = 0.5, shown in the right panel of Fig. 20) 
the bulk of the PDF is close to 0 and the peaks are close to two Dirac 
deltas with different amplitudes.

As per the impact of the delays, by taking strong delays (𝜏1 = 24.0 and 
𝜏2 = 10.0) and 𝐷 = 0.0, there are no real behavioural differences w.r.t. 
the previous couple of delays. The only changes are the wider amplitude 
of the Hopf cycle and the increased period of the oscillations. Moving to 
𝐷 = 0.05 (left panel of Fig. 21), the situation is a little more interesting, 
as we can notice in the . Indeed, the valley of the PDF is very flat and 
close to 0 and the PDF is more focused towards the limit, due to the 
synergy between the small noise and the Hopf cycle.

Increasing 𝐷 up to 0.1, as shown in right panel of Fig. 21, we ob-
tained a time-varying steady stated PDF Again, the upper extreme is the 
dominant peak. Moreover, the PDF cyclically diffuses and ’contracts’. 
These numerical findings suggest that:  i) for low 𝜏 also for 𝐷 = 0.1 the 
steady state PDF is constant while here it is cyclical and has an extreme 
profile; ii) the role of large 𝜏s  to “anticipate”, noise speaking, the tran-
sition to a bimodal behaviour but, this time, these delays cause also the 
onset of cyclic steady state PDF.

Moving back to (𝜏1, 𝜏2) = (3.5, 2.0), since for these values of delays in 
the deterministic model there is an attracting equilibrium it follows that 
𝐷 = 0.0 the steady state marginalized PDF of 𝑥 is 𝛿(𝑥 − 𝑥𝑒). Increasing 
the noise strenght to 𝐷 = 0.05 we observe a stationary PDF peaked at 𝑥𝑒
with a relatively small variance, as shown in the left panel of Fig. 22.

Increasing 𝐷 we observe a transition phenomenon. It exists a thresh-
old 𝐷∗ such that: i) for 𝐷 < 𝐷∗ the variance is increasing but the mode 
remains at 𝑥𝑒;: ii) for 𝐷 > 𝐷∗ the PDF remains unimodal but its mode, 
as we can notice in the plot for 𝐷 = 0.5 in the right panel of Fig. 22. 
Thus, it appears clear an effect of the interplay noise strength-delays: 
the larger are the delays, the lesser is noise strength needed to onset a 
NIT to a bimodal behaviour.

To end this analysis of the impact of the AFK on the proposed vaccine 
stochastic IGD, we may say that the role of the delays is central. Unfor-
tunately, the results are not very reassuring under the pH viewpoint: 
in most cases the interplay delays-noise strenght induces a bimodal be-
haviour, often time-varying. The desirable target of a constant stationary 
PDF unimodal with mode at (or close to) 𝑥 = 1 is difficult to reach.

10.  Impact of bounded and fat tailed coloured noises

If the stochastic perturbations affecting the IGD are not fast but slow, 
with autocorrelation times comparable to characteristic evolution time 
of the IGDE, then the SDE has to be replaced by a random differential 
equation:

𝑥′ = 𝑥(1 − 𝑥)
(

𝑥𝑒 − 𝑥 + 𝑦(𝑡)
)

(31)

where 𝑦(𝑡) is a coloured stochastic process.
Here we consider noises generated by the so called Stariolo-Tsallis-

Borland family of SDEs [79]:

𝑑𝑦 = −1
𝜏
𝑓 (𝑦)𝑑𝑡 +

√

2
𝜏
𝑑𝐵 (32)

where 𝑓 (𝑦) is a suitable smooth function defined for 𝑦 ∈ (−∞,∞) and 
such that i) 𝑦𝑓 (𝑦) > 0 and ii) 𝑓 (−𝑦) = −𝑓 (𝑦).

In particular, we consider scenarios where exogenous events that 
influence vaccine sentiment are often fat-tailed and can be described 
by a power law. Tweets, for instance, follow power laws [80] because 
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Fig. 14. Hopf cycles in the absence of noise: screenshots of a symbolic representation of the 3D plots of the PDF 𝛿(𝑥 − 𝑥(𝑡))𝛿(𝑀𝑣 −𝑀𝑣(𝑡)) for the case 𝑥𝑒 = 0.6, 
𝜏1 = 14.0, 𝜏2 = 8.0. Upper left panel: 𝑡 = 2000; Upper Central panel: 𝑡 = 2010; Upper right panel: 𝑡 = 2020; Lower left panel: 𝑡 = 2030; Lower central panel: 𝑡 = 2040; 
Lower right panel: 𝑡 = 2050.

individuals are interested/concerned about dramatic events, or what 
celebrities say on the topic. For instance, in climate change during the 
past decade, the biggest spike in tweets occurred during the Pope’s 
encyclical address, and Leonardo DiCaprio’s Oscar acceptance speech. 
Thus, we investigate the simulations scenarios where the noise has a 
power law. As shown in the appendix, to simulate a stochastic process 
whose steady-state distribution is known and equal, say, to a function 
𝜌𝑠(𝑦), the function 𝑓 (𝑦) in the SDEs family (32) must be as follows

𝑓 (𝑦) =
𝑑
𝑦 𝜌𝑠(𝑦)

𝜌𝑠(𝑦)
(33)

Thus, if we are assuming that the noise has a Cauchy distribution:

𝜌𝑠(𝑦) =
1
𝜋𝐵

1

1 +
(

𝑦
𝐵

)2
(34)

then the generating SDE is such that:

𝑓 (𝑦) =
2𝑦

𝐵2 + 𝑦2
(35)

Note that for |𝑦| << 𝐵, this process is close to an OU process. This 
Cauchy distributed stochastic process, at the best of our knowledge, has 
never been previously discussed, thus in the appendix its properties are 
discussed in depth.

10.1.  Impact of cauchy noise on the AFK system

Since for the AFK case there are numerous parameters and many sce-
narios are possible, we will substitute the white noise with the Cauchy 
noise only for the scenario where Hopf cycles can appear. For the sim-
ulations, we are warming-up the noise for 𝑇 = 100 time units.

Under various parametric values, we always obtained the bifurcation 
regime observed in the white noise case for very large 𝐷s. Indeed, the 

Cauchy noise is heavy-tailed with divergent variance, thus, after a suf-
ficiently long time, a trajectory of noise will certainly attain very large 
values and the trajectories of process 𝑥 will eventually fall into one of 
the two bounds.

Obviously, the parameters can slow down this divergence process. 
Using a very small 𝐵 will produce a zero-peaked noise distribution, thus 
the effect of the noise will be initially small but in a very long run the 
bifurcate distribution will be reached. An example of this transient dy-
namic is reported in Fig. 23. In Fig. 23, we set 𝜃 = 21.31, i.e. about 
the time needed in the deterministic scenario to pass from 𝑥0 = 1 to 
the value 0.5. The only difference between the two panels is the length 
of the trajectory: on the left panel 1000 time units; on the right panel 
10,000 time units. The right panel histogram has at its extreme values 
taller peaks. This stress the presence of a “flow” of probability towards 
the bounds. Moreover, the divergence speed is slower than in the de-
terministic case. Thus the noise produces a protracted and, in terms of 
policymaking, relevant transient phase.

11.  Effects of perturbations affecting 𝜶𝟏

Here, we investigate the case where also 𝛼1 is a left bounded stochas-
tic process with mean equal to one:
𝛼1(𝑡) ≥ 0, ⟨𝛼1(𝑡)⟩ = 1

so that
𝑥̇ = 𝑥(1 − 𝑥)

(

𝑥𝑒 +𝐷𝜉(𝑡) − 𝛼1(𝑡)𝑀𝑣)
)

, (36)

For simplicity, we will only explore two cases. In the first scenario 
(which is studied in the appendix), 𝛼1(𝑡) is a bounded stochastic pro-
cess: 𝑎𝑙𝑝ℎ𝑎min

1 ≤ 𝛼1(𝑡) ≤ 𝛼max
1 .

In the second scenario,𝛼1 is log-normally distributed with a given
standard deviation 𝑠𝛼1 . The average being one, this yields:
𝛼1(𝑡) = 𝑒𝜇+𝜎𝑌 (𝑡) (37)
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Fig. 15. AFK: impact of the noise strength on the numerical marginalized PDF in function of (𝑥,𝑀𝑣). In figure: 𝐷 = 0.1 and (as in Fig. 14) 𝑥𝑒 = 0.6, 𝜏1 = 14.0, 𝜏2 = 8.0. 
Upper panels: 3D plots, lower panels: associated colormeshes. Left panels: snapshots for 𝑡 = 2030; Central panels: snapshots for 𝑡 = 2040; Right panels: snapshots for 
𝑡 = 2060.

Fig. 16. 3D plot of the PDF obtained with the simulation for 𝑥𝑒 = 0.6, 𝜏1 = 14.0, 
𝜏2 = 8.0 and with noise 𝐷 = 0.3 for 𝑡 = 2020.

where:

𝜇 = 𝑙𝑜𝑔
( 1
√

1 + 𝑠2𝛼1

)

𝜎 = 𝑙𝑜𝑔
(

1 + 𝑠2𝛼1

)

and 𝑌  is an Ornstein Uhlenbeck process with unitary steady-state vari-
ance

𝑌̇ = −1
𝜃
𝑌 +

√

2
𝜃
𝜉𝑌 (𝑡)

and autocorrelation time equal to 𝜃.
Importantly, we consider that the external perturbations acting on 𝛿 and 
on 𝛼1 are correlated under the assumption:

𝜉(𝑡) =
√

1 −𝐾2𝜉𝑥(𝑡) +𝐾𝜉𝑦(𝑡) (38)

where 𝜉𝑥(𝑡) and 𝜉𝑦(𝑡) are uncorrelated; 𝜉(𝑡) is the white noise acting on 𝛿
and 𝐾 ∈ [0, 1] measures the degree of correlation. Thus, 𝐾 = 0 denotes 
absence of correlation, whereas 𝐾 = 1 means full correlation 𝜉(𝑡) = 𝜉𝑦(𝑡).

11.1.  Simulations with log-normal 𝛼1(𝑡)

In this section, we will conduct some simulations to assess how log-
normally distributed stochastic fluctuations of 𝛼1 impact on our system. 
In particular, we will focus on the case of AFK distributed delay trigger-
ing Hopf oscillations, investigated in Section 9.4.1. Thus, also here we 
set (𝑥𝑒, 𝜏1, 𝜏2) = (0.6, 14.0, 8.0). As in Section 9.4.1, we will study how the 
SSPDF depends on 𝐷. This will be done for two different values of the 
new parameter 𝑠𝑎: 𝛼1 = {0.1, 0.5}. As per the other parameters, we set:

• 𝑚 = 1.0;
• 𝜃 = 5.0, so that the OU autocorrelation time is shorter than, but com-
parable to, the characteristic timescale;

• 𝐾 = 0.5.

With parameters set, we now compare the scenarios plot by plot to iden-
tify any differences that may occur, fixing 𝑠𝑎 = 0.1. In Fig. 14, we saw 
that the unperturbed Hopf cycle has the “comet effect” having a couple 
(𝜏1, 𝜏2) = (14.0, 8.0) able to generate Hopf oscillations. Now, if we look at 
Fig. 24, the situation is remarkably different. Due to this kind of noise, 
the time-varying comet effect of PDF in the steady-state region becomes 
a steady-state distribution with minimal temporal changes. Thus we will 
look only to a single time instant (𝑡 = 2000). We obtain a quite ’noisy’ 
PDF distributed in the area of the Hopf cycle. It is immediately found 
once again a preference for the upper bound but the central hole, seen 
for noisy constant 𝛼1 cases, has disappeared. Being this small 𝑠𝑎 already 
very disturbing, we can wonder if the trajectories are still periodic (or 
at least quasi-periodic) to generate this kind of distribution. Producing, 
as example, a trajectory in this case we obtain the time series plot in 
Fig. 25. As we can notice, there are still quite stable oscillations, how-
ever the amplitudes stochastically vary and also the ’trend of the oscilla-
tions’ fluctuates during time. On the other hand, the period seems pretty 
stable, as showed also by the power spectrum on the right panel of the 
same Figure.
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Fig. 17. AFK: impact of the noise strength on the numerical marginalized PDF in function of (𝑥,𝑀𝑣). In figure: 𝐷 = 0.1 and 𝑥𝑒 = 0.6, 𝜏1 = 24.0, 𝜏2 = 10.0. Left panels: 
snapshots for 𝑡 = 2000; Central panels: snapshots for 𝑡 = 2030; Right panels: snapshots for 𝑡 = 2050.

Fig. 18. AFK: 3D plots of the PDF obtained with the simulation for 𝑥𝑒 = 0.6, 𝜏1 = 3.5, 𝜏2 = 2.0 and with noise 𝐷 = 0.0 (left), 𝐷 = 0.1 (central) and 𝐷 = 0.3 (right) at 
SS.

Increasing 𝐷 up to 𝐷 = 0.2, we obtain some remarkably different 
results, see the left panel of Fig. 26. Indeed, the region around 1 has 
larger probability than the other regions. We can also find a large peak 
around (1, 1). Once again, we are reporting only this time instant because 
the PDF have only minimal changes in time. For 𝐷 = 0.3 the histogram 
almost completely collapses around (1, 1), with same peaks of the type 
(1,𝑀𝑣) or, more interestingly, (0,𝑀𝑣) (no vaccination). Therefore, we 
can guess (and it is confirmed by the simulations) that the perturbations 
induced by 𝑠𝑎 dominates until 𝐷 grows sufficiently, and then the two 
noise synergizes.

Taking 𝑠𝑎 = 0.5 the effects are even more extreme as shown in the 
right part of Fig. 26. Generally speaking, it is also interesting how this 
noise is capable, differently from the white noise, to almost stabilize the 
PDF in the steady-state region; in fact wave effects or the comet effect 
itself are not present anymore. In this panel, the distribution focuses 
on the boundary values of 𝑥 with a solid preference 𝑥 = 1 also when 
𝐷 = 0.0. As per 𝑀𝑣, this variable is more distributed. Incrementing 𝐷
there are at first no differences (𝐷 = 0.1) but for 𝐷 = 0.2 we have already 

the collapsed distribution almost completely peaked in (1, 1). There are 
almost no differences considering other time instant in this steady-state 
region.

As per the ’force’ of correlation 𝐾, surprisingly we did not notice 
major changes.

12.  Effects of actions of public health system to favor vaccine 
uptake

In [15], a model was introduced to incorporate the initiatives of Pub-
lic Health Systems aimed at enhancing awareness regarding the signif-
icance of vaccines, consequently elevating the rates of vaccine uptake. 
Representing the resulting transition rate from strategy ’No Vax’ to strat-
egy ’Vax’ as 𝛾(𝑡), the model (22) is adjusted in the following manner:

𝑑𝑥 = 𝑥(1 − 𝑥)(𝑥𝑒 − 𝑥)𝑑𝑡 +𝐷𝑥(1 − 𝑥)𝑑𝐵 + 𝛾(𝑡)(1 − 𝑥(𝑡))𝑑𝑡 (39)
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Fig. 19. AFK: 3D plots (𝑥, 𝑡) projection of the PDF obtained with the simulation 
for 𝑥𝑒 = 0.6, 𝜏1 = 14.0, 𝜏2 = 8.0 and with noise 𝐷 = 0.0 (left) and 𝐷 = 0.05 (right) 
at SS.

Here we will illustrate the results in the simple case where 𝛾(𝑡) = 𝛾̄ is 
constant. Similar results, however, are found in the general case

𝛾(𝑡) = 𝛾̄ + 𝜂1𝛾1(𝑡) + 𝜂2𝜈(𝑡) > 0

where 𝛾1(𝑡) is periodic with null mean, 𝜈(𝑡) is a stochastic ergodic process 
with null mean and 𝜂1, 𝜂2 ∈ {0, 1} 𝜂1, 𝜂2 ≠ 0. The mathematical details for 
all the cases are illustrated in the appendix, including the case 𝐷 = 0, 
for which we provide the analytical solution.

The important beneficial effect of the enacted campaign is that the 
system can no more get stuck at the state ’no vaccination’ since

𝑑𝑥|𝑥=0 = 𝛾(𝑡)𝑑𝑡 > 0.

The second effect is that the unique stochastic equilibrium point 𝑥 =
1, when stochastically unstable in the absence of pH interventions, in 
presence of them can be stabilized. This occurs provided that

𝛾̄ > 𝛾∗ = 1 − 𝑥𝑒 −
𝐷2

2
(40)

As per the global stability of 𝑥 = 1, if 𝐷 ∈ (0, 1] then the condition (40) 
also guarantees the Global Attractivity of 𝑥 = 1. The case 𝐷 > 1 is , in-
stead, much more complex but in a number of cases we got that condi-
tion (40) also guarantees global stability (see the appendix).

Fig. 20. AFK: 3D plots (𝑥, 𝑡) projection of the PDF obtained with the simulation 
for 𝑥𝑒 = 0.6, 𝜏1 = 14.0, 𝜏2 = 8.0 and with noise 𝐷 = 0.1 (left) and 𝐷 = 0.5 (right) 
at SS.

13.  Discussion

When parents vaccinate their children based on a self-interest argu-
ment i.e., by ‘rationally’ comparing benefits and costs of immunization, 
a long-standing result of behavioral epidemiology states that the collec-
tive vaccine uptake will establish at a stable equilibrium strictly below 
the elimination threshold. This makes infection elimination impossible. 
The rationale of this result, typically derived in deterministic settings 
[14,15], is that the rarity of infection caused by successful infection 
control will remove the incentive to get vaccinated.

In this work, we challenge this result, by providing extensive theo-
retical and simulative analyses of the consequences of stochastic fluc-
tuations arising from highly volatile opinions about vaccination – what 
we termed ’irrational’ behaviour. We do this in a case that will likely 
become more and more relevant in prospective terms, namely when the 
infection targeted for vaccination is not circulating anymore in the popu-
lation due, e.g., to local elimination or to a strong subcritical behaviour. 
Arguably, under such circumstances, the main structural component of 
the demand for vaccines is represented by the risk of vaccine side ef-
fects that parents perceive from the current and past trends of vaccine 
adverse events (VAE) [14,15].
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Fig. 21. AFK: 3D plots and linked colormesh (𝑥, 𝑡) projection of the PDF ob-
tained with the simulation for 𝑥𝑒 = 0.6, 𝜏1 = 24.0, 𝜏2 = 10.0 and with noise 
𝐷 = 0.05 (left) and 𝐷 = 0.1 (right) at SS.

The backbone of our model is represented by the evolutionary game 
equation for the imitation dynamics of vaccination strategies [14,15], 
reformulated as a process of double contagion of ideas [4].

Before plugging volatile opinions in our framework, we provided an 
extensive preliminary assessment of two other major causes of fluctua-
tions in vaccine uptake that can deeply interact with stochasticity.

The first cause relates to the fact that the typical formulation of the 
imitation equations relies on differential equations ordinary or partial 
[19]. These are deterministic approximations of stochastic processes de-
scribed by a continuous time Markov chains. For small to moderate 
population size, the Markov chain of vaccine uptake will show intrin-
sic stochastic oscillations that can endogenously lead to fixation in a 
scenario where people stop vaccinating. Nonetheless, our first result 
showed that the average time to fixation to such a limiting scenario is 
immensely large even for small/medium populations, so that the base-
line mean field model remains a robust approximation as far as reason-
able time horizons are considered. We also showed that the same holds 
for average hitting times of either very low or very high vaccination 
uptakes.

The second cause lies at the heart of behavioral epidemiology, 
namely the fact that alerts and perceptions related to VAEs, regard-
less of being confirmed or not, create rumours at the population level 

Fig. 22. AFK: 3D plots (𝑥, 𝑡) projection of the PDF obtained with the simulation 
for 𝑥𝑒 = 0.6, 𝜏1 = 3.5, 𝜏2 = 2.0 and with noise 𝐷 = 0.05 (left) and 𝐷 = 0.5 (right) 
at SS.

that have the potential to persist in the long-term as a collective ’mem-
ory’ [81]. This implies that whilst taking their vaccination decisions, 
individuals will also take into account past information on the history 
of VAE. Model-based evidence suggests that this collective memory of 
VAE, typically modeled through distributed time delays, represents an 
important source of oscillations in vaccine uptake [15]. In this work, we 
considered two types of memory kernels: i) the classical exponentially 
fading kernel, for which we showed that no oscillations can occur; ii) 
the acquisition-fading kernel for which we showed that oscillations can 
occur via Hopf bifurcation. For both types of kernel, we provided (in the 
appendix) a detailed simulation analysis showing that both the transi-
tory and oscillatory regimes can be quite heterogeneous depending on 
parameters and initial conditions.

Relying on these preliminary analyses, we then developed our final 
model for the dynamics of vaccine uptake in the presence of strongly 
volatile vaccination opinions. The interplay between noise and dis-
tributed delays plays a key role in the trends of vaccine uptake. We 
first considered the case of large and fast stochastic fluctuations in key 
behavioral parameters modeled as a white noise. We analysed the model 
both without and with the presence of a collective memory of VAE. The 
resulting system has two stochastic equilibria, an SPNVE where nobody 
gets vaccinated and an SPVE where everybody does. In the absence of 
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Fig. 23. Plots of PDFs for the AFK system under a perturbation of the Cauchy noise type. Noise parameter: 𝜃 = 21.31 and 𝐵 = 0.1. Other parameters: 𝑥𝑒 = 0.5, 
𝜏1 = 𝜏2 = 0.1. In the left case we are using simulation of 1000 time units while on the right there are used simulation of 10,000 time units.

Fig. 24. Stochastic fluctuations of 𝛼1 in the case of AFK Kernel: plot for 𝑡 = 2000 of the PDF and corresponding colormesh, with 𝐷 = 0.0, 𝑠𝑎 = 0.1, 𝑥𝑒 = 0.6, 𝜏1 = 14.0
and 𝜏2 = 8.0 (Hopf oscillations).

memory, we could provide a detailed analytical characterization of the 
model properties, showing the critical role of the noise parameter tuning 
the extent of opinions’ volatility due to irrational behaviour.

First, a moderate volatility may cause noise-induced transitions, with 
the shape of the stationary distribution of vaccine uptake shifting from 
unimodal to bimodal, or from unimodal to monotone (decreasing or 
increasing).

Second, and most important from a behavioral perspective, we 
showed that medium-large volatility levels cause the landing of the sys-
tem either on the SPNVE, where nobody vaccinates, or on the SPVE, with 
100% permanent uptake. In such situations, the ’self-interest’ steady-
state of the deterministic system is not resilient to the volatility of opin-
ions.

Finally, for very large volatility, stochastic bistability occurs.
In particular, the transition from stochastic stability to stochastic 

bistability is strongly reminiscent of phase transitions observed in sys-
tems with infinite state variables [75].

Given that the duration of the transient behavior leading to the 
steady-state distribution can be very long, we performed extensive nu-
merical simulations that showed some partial differences from the the-
oretical analysis, which is evidence of a very slow transitory behaviour.

Once collective memories are considered in the delayed case, numer-
ical simulations revealed further interesting phenomena.

A general result, valid under both types of memories, is that the abil-
ity of the (deterministic) equilibrium to persist under opinion volatil-
ity is further weakened. Additionally, noise-induced transitions are 
neatly affected by the extent of the delay. Also, in the case of expo-
nentially fading memories (where only damped oscillations can occur 
in the deterministic system), pumping a sufficient opinions’ volatility 
yields large noise-induced oscillations (of periodic or quasi-periodic 
types). This suggests that the noise due to irrational behavior and 
the dumped oscillation induced by the delay combine, triggering dra-
matic oscillations in vaccine uptake, even when the positive equilibrium
persists.
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Fig. 25. Stochastic fluctuations of 𝛼1 in the case of AFK Kernel: plot of a time series for the configuration used in Fig. 24 (left). On the right, the power spectrum of 
the mean-zero version of the signal in the time window [1000, 2250].

Fig. 26. Stochastic fluctuations of 𝛼1 in the case of AFK Kernel: plots of PDF for 𝑡 = 2000 with 𝑥𝑒 = 0.6, 𝜏1 = 14.0 and 𝜏2 = 8.0 (Hopf oscilations). Left: (𝐷, 𝑠𝑎) = (0.2, 0.1). 
Right: (𝐷, 𝑠𝑎) = (0.0, 0.5).

In the case of AFK kernel, for 𝐷 under same threshold the determin-
istic oscillations maintains its cyclical character, albeit with stochastic 
deviations of varying magnitude. If 𝐷 increases there is a scenario of 
stochastic bistability, although with a substantially larger peak for the 
stochastic equilibrium closer to the deterministic equilibrium. Increas-
ing the average delay, the PDF is a mixture of stochastic oscillations and 
of the bistable scenario.

We did not limit our investigation to the case of white noise, but 
we also considered an important case of a fat-tailed colored noise with 
Cauchy steady-state PDF, which we introduced in this work. After char-
acterising the statistical properties of this new type of noise with respect 
to its characteristic parameters, we assessed its impact on our study sys-
tem. Our simulations show that the effect of fat-tailed noise is to increase 
the probability of fixation of vaccine uptake to either the SPNVE or the 
SPVE.

Including fluctuations in the reactivity of vaccination decisions to 
(current or past) VAEs, led a strong amplification of the cycles induced 
in the AFK case, eventually destroying the cyclic nature of the behav-

ior. Interestingly, in this case the impact of the correlation between the 
general white noise of opinions and the noise affecting the reactivity to 
VAEs turns out to be modest.

Finally, we analytically investigate conditions to avoid the scenario 
of vaccine extinction, via public health intervention incentivizing vacci-
nation. An extended summary of key results is provided in the appendix.

Regarding future developments of this work, we will proceed along 
two directions that constitute two main limitations of current work. 
On the one hand, we aim to extend this work to include the inter-
play between the stochastic evolutionary dynamics of vaccine uptake 
and the spread of the infection to be controlled. On the other hand, 
we want to include the effects of human mobility as well as of spatial 
components of the information. This will also allow assessing the poten-
tial effects of the possible interplays between the resulting spatial non-
locality with the temporal non-locality. Another limitation of our cur-
rent analysis that we want to work on is a more systematic investigation 
with analytical and semi-analytical tools of the interplay between the 
stochasticity and the memory effects, and the related bifurcations, for 
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example by working on the associated multi-dimensional Fokker-Planck
Equation.

14.  Concluding remarks

This article provided a theoretical underpinning for the determinants 
and implications of vaccine uptake for a situation that is becoming of 
great importance - especially in prospective terms - namely when the 
target infection has been eliminated, therefore removing incentive to 
vaccination. Two major vaccine preventable childhood infectious dis-
eases fall in this category, namely poliomyelitis and (to a lesser ex-
tent) measles. Although both infections have motivated empirical, pub-
lic health and conceptual studies on infections that are near elimination, 
most such studies have focused on topics quite different from those ad-
dressed here. For example, a discussion of the challenges related to the 
post-elimination epoch [82], identified declining compliance with vac-
cination as a key treat. However, they did not propose any mechanism 
for compliance in the post-elimination era. Other studies have looked at 
the characteristic of residual transmission in elimination regimes (e.g., 
[83]) or at the determinants of heterogeneity in individual vaccine up-
take [84]. Additionally, many theoretical studies have investigated the 
dynamics of subcritical infections, typically in stochastic settings (e.g., 
[85,86]) but also in deterministic ones, where backward bifucations can 
promote persistence even when reproduction is below threshold [87]. 
In this standpoint, we believe that our effort provides a new theoretical 
background for the prospective dynamics of compliance to vaccination 
under elimination (or near to elimination) regimes focusing, arguably, 
on the two key determinants of vaccine uptake, namely the memory of 
vaccine adverse events and the volatile vaccination opinions that per-
vade online social media in the current ’post-truth’ phase.

Crucially, our stochastic evolutionary game framework generates a 
remarkably rich catalogue of dynamical scenarios for vaccine uptake, 
ranging from sustained high coverage to large-amplitude oscillations 
and dramatic collapses. These scenarios are fully qualitatively consis-
tent with a number of facts that have recently emerged for vaccination 
against infections that have been eliminated in many settings. A paradig-
matic example is poliomyelitis, a major infectious threat targeted for 
eradication since 1988 and eliminated almost everywhere thanks to sus-
tained immunization. As reviewed in the Introduction section, contem-
porary polio eradication efforts are increasingly challenged by a steady, 
and often oscillatory, decline in vaccine uptake in several countries, 
including those that historically achieved very high coverage. We ar-
gue that the dynamical regimes produced by our model offer not only a 
coherent theoretical lens through which such empirical patterns – and 
their possible future trajectories in a post-truth and post-trust society 
– can be interpreted and explored, but also qualitatively reproduce the 
main trends documented for poliomyelitis in some countries and, more 
generally, for vaccination against other quasi-eliminated infections in 
the current post-truth and post-trust society.

Relatedly, our main results on key thresholds in noise strength, mem-
ory span and intervention intensity might offer quantitative guidance 
for designing robust vaccination campaigns in an era of absent infec-
tions but strongly volatile public opinion. We could not test our theory 
against data because our baseline model predicts strong oscillations in 
vaccination opinions on short time-scales and data on childhood im-
munization are instead, typically collected on much longer scales (e.g., 
yearly). Therefore, our predictions suggest that in the future it might 
be wise to collect and make available vaccine coverage data on fine 
temporal scales, in order to predict the potentially harmful impacts of 
fluctuating opinions on prevention policies.
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Appendix A.  Comparison with other recent models

Balogh and Oraby published a mathematically interesting paper [46] 
where they use a stochastic approach to model irrational volatility in a 
vaccination game. However their work is very different from ours in a 
number of details and contains some strong biological assumptions.

First, they consider the case of spread of a SIR disease with a stochas-
tically varying contact rate beta. They model this variation via a white 
noise so that the equation for the Susceptible in their model model reads 
(using stochastic calculus notation)
𝑑𝑆 = 𝜇(1 − 𝑥)𝑑𝑡 − 𝜇𝑆𝑑𝑡 − 𝑆𝐼(𝛽𝑑𝑡 + 𝜎𝑑𝐵1).

From a biological viewpoint the term
𝐶 = −𝑆𝐼(𝛽𝑑𝑡 + 𝜎𝑑𝐵1)

represents the flow of susceptibles that get infected in the infinitesimal 
interval (𝑡, 𝑡 + 𝑑𝑡), thus it must be negative for 𝑑𝑡 > 0. Unfortunately the 
use of a white noise, where
𝑑𝐵 = 𝐺𝑡

√

𝑑𝑡, 𝐺𝑡 ∼ 𝑁(0, 1)

makes the term 𝐶 very frequently negative. This is a very common pitfall 
in biological models, as first stressed in [91], and then specifically for 
epidemic models in [92].

Secondly, and from the viewpoint of the vaccine IGD, the noise is 
inserted in a purely mathematical way so that authors, after defining 
as 𝑋1 and 𝑋2 the number size of ’VAx’ and ’NoVax’ groups, write two 
replicator-like equations of the IGD as follows:
𝑑𝑋1 = 𝑋1𝑋2

(

𝑢1(𝑋1, 𝑋2)𝑑𝑡 + 𝜈1(𝑋1, 𝑋2)𝑑𝐵1

)

(A.1)

𝑑𝑋1 = 𝑋1𝑋2

(

𝑢2(𝑋1, 𝑋2)𝑑𝑡 + 𝜈2(𝑋1, 𝑋2)𝑑𝐵2

)

(A.2)

where (𝐵1(𝑡), 𝐵2(𝑡)) is a bidimensional Wiener process that is postulated 
to perturb the system.

The consequence is that due to a non-demographic fluctuation the 
total population 𝑁 = 𝑋1 +𝑋2 becomes not constant, which requires the
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adoption of the Ito formula. Moreover, the dynamics of 𝑁 is not considered in the SIR stochastic differential equations, where the state variables 
(𝑆, 𝐼, 𝑅) are fractions with respect to the stochastically varying 𝑁 .

As we have shown by a semi-mechanistic derivation, the random perturbations in the IGD cannot induce a population dynamics, because they 
merely model instantaneous changes of the rates of transition from a strategy to its opposite strategy.

Appendix B.  Table of the main symbols and parameters

Here we summarize all main symbols and parameters in table (Table B.1) for facilitating the reading of this work.

Table B.1 
Summary of main symbols and parameters used in the manuscript.
 Symbol Description  Typical Domain/Units
 Core State Variables and Functions
𝑥(𝑡) Fraction of individuals using strategy “vaccine” at 

time 𝑡
[0, 1]

1 − 𝑥(𝑡) Fraction using strategy “no vaccine” [0, 1]
𝑥𝑒 Deterministic equilibrium fraction (no noise) [0, 1]
𝑏(𝑡) = 1 − 𝑥(𝑡) Alternate notation for “no vaccine” fraction [0, 1]
 Memory Variables / Kernels
𝑀𝑣(𝑡) Weighted memory of side-effect information [0, 1]
𝑊𝑣(𝜏) Memory kernel for vaccination side effects ∫ ∞

0 𝑊𝑣(𝜏) 𝑑𝜏 = 1
𝑀1(𝑡) Auxiliary memory variable (AFK model) [0, 1]
𝜏1 , 𝜏2 Rates for acquisition-fading kernel (AFK) 𝜏1 , 𝜏2 > 0
𝑎 Rate parameter for exponential-fading kernel 

(EFK)
𝑎 > 0

 Deterministic Rates and Parameters
𝛼0 , 𝛼1 “No-vax” transition rates; e.g. 𝛼(𝑀𝑣) = 𝛼0 + 𝛼1𝑀𝑣 𝛼1 > 0; sometimes 𝛼1 = 1
𝑐0 Baseline rate favoring vaccination 𝑐0 > 0
𝛿 = 𝑐0 − 𝛼0 Effective difference for the drift term  Real, often 𝛿 > 0
𝛾(𝑡) Public health intervention rate promoting 

vaccination
𝛾(𝑡) ≥ 0

 Discrete / Markov Model Parameters
𝑁 Total population in discrete model 𝑁 ∈ ℕ
𝑛(𝑡) Number vaccinating at time 𝑡 𝑛 ∈ {0,… , 𝑁}
𝑃 Population scaling or WKB parameter  Typically 𝑃 ∼ 𝑁
 Noise / Stochastic-Process Parameters
𝐷 Noise intensity for fast/white fluctuations 𝐷 ≥ 0
𝜉(𝑡) White noise, ⟨𝜉(𝑡)⟩ = 0, ⟨𝜉(𝑡)𝜉(𝑠)⟩ ∝ 𝛿(𝑡 − 𝑠)  Real-valued in time
𝜃 Correlation timescale in Ornstein-Uhlenbeck or 

colored noise
𝜃 > 0

𝐵 Scale parameter for Cauchy (fat-tailed) colored 
noise

𝐵 > 0

𝐾 Correlation parameter if multiple noises are 
correlated

[0, 1]

𝑦(𝑡) Generic slow/colored noise process  Real or bounded interval
 Auxiliary Transforms and Symbols
𝑧(𝑡) = ln

( 𝑥
1−𝑥

)

Logistic transform used in some SDE analyses 𝑧(𝑡) ∈ ℝ
𝜆, 𝜔𝐻 Eigenvalues or Hopf frequency in linearization  Determined by char. equations
𝑓 (𝑥), 𝜎(𝑥) Drift/diffusion in SDE form  E.g. 𝑓 = 𝑥(1−𝑥)(𝑥𝑒−𝑥)
… Other short-lived symbols (e.g. normalizing 

constants)
 Defined locally in text
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Appendix C.  Issues in solving analytically the hitting time equation

In this Appendix section we will try to solve as much as possible analytically the differential equation for the mean first time for the system to 
reach the extreme region 𝑎 presented at the end of Section 3 in the Eq. (12).

Starting from the expression we can immediately simplify the situation moving to the variable 𝑆(𝑥) = 𝜕𝑥𝑇𝑎(𝑥) and dividing for the coefficient in 
front of the highest order derivative. This will produce the following differential equation.

𝜕𝑥𝑆(𝑥) +
𝑁(𝛿 − 𝛼𝑥)
2(𝜆 + 𝛼𝑥)

𝑆(𝑥) = − 𝑁
2𝑥(1 − 𝑥)(𝜆 + 𝛼𝑥)

(C.1)

where 𝜆 ∶= 𝜃0 + 𝛼0. Now, we are going to solve using the integrating factor method therefore we need to find 𝜇(𝑥) = exp(∫ 𝑓 (𝑥)) where 𝑓 (𝑥) is the 
function in front of the 𝑆(𝑥) term. The integral is can be solve easily by parts obtaining

∫
𝑁(𝛿 − 𝛼𝑥)
2(𝜆 + 𝛼𝑥)

𝑑𝑥 =
𝑁(𝛿 + 𝜆)

2
ln(𝜆 + 𝛼𝑥) − 𝑁𝑥

2
⇒ 𝜇(𝑥) ∶= (𝜆 + 𝛼𝑥)

𝑁(𝛿+𝜆)
2 𝑒−

𝑁𝑥
2 (C.2)

However, our analytical solution stops at the next step in fact using the integrating factor method we need now to solve:

𝜇(𝑥)𝑆(𝑥) = −∫
𝑁(𝜆 + 𝛼𝑥)

𝑁(𝛿+𝜆)
2 −1𝑒−

𝑁𝑥
2

2𝑥(1 − 𝑥)
𝑑𝑥 + 𝐶1 (C.3)

Aside the integration constant, the integral has no analytical solution in closed form due to the co-presence of two different polynomials at the 
numerator and denominator and the exponential function. Thus, this integral can be solved only numerically or posing some assumption and 
simplifications. 

Actually these is only the first step into the issues of solving analytically this differential equation. Moving over this integral more unsolvable 
ones will appear when substituting back 𝑆(𝑥) and solving for 𝑇𝑎(𝑥) and also the boundary conditions at 𝑎 produces compounds of such analytically 
unsolvable integrals.

Appendix D.  Some properties of the transient behavior in the EF kernel case

In this Appendix section we will illustrate some interesting properties of the transitory of the EF kernel. In particular, the system exhibits critical 
oscillations. Indeed, for larger values of the parameter 𝜏, the damping coefficient decreases and becomes less than one, which means that the EQ is 
reached by means of damped oscillations. For example, in both panels of Fig. D.1 it is 𝑧 = 0.52 so the EQ is reached by means of oscillations that 
are rather damped. Note, however, that 𝑧 provides only qualitative and strictly local indications on the behaviour, whereas the simulations provide 
also interesting information linked to the role of initial conditions. For example, and in reference again to the Fig. D.1, the amplitude and number of 
oscillations is different in the two panels . For example, in the figure the system starts with an apparent direct divergence to run over the EQ point 
and then, at last, converge to the EQ.

This phenomenon of the critical oscillation disappears moving 𝑥𝑒 towards the centre of the domain and becomes a proper shrinking oscillatory 
behaviour centred in the EQ. Nonetheless, we will talk about it more deeply then.

Looking at the trajectories for varying 𝑥0, one can notice that there are no differences in the characteristics of the oscillation. If the starting point 
is more distant from the EQ, the initial approaching phase will be steeper and the starting point will be accordingly different. However, the time 
position of the characterizing points is almost the same as well their values. This fact is particularly visible looking at the 𝑀𝑣 plots, where a varying 
𝑥0 produces almost no differences in the evolution of the trajectory. An example of this is reported in Fig. D.2 for 𝑀𝑣, nevertheless this is also valid 
for 𝑥.

Totally different is the capacity of 𝑀𝑣(0) to influence the system. This initial condition can modify the critical oscillation, both in the time position 
of the main elements and both in the depth of the parts composing the oscillation.See Fig. D.3. As we can observe, having a 𝑀𝑣(0) more distant 
from the 𝑥𝑒 enhances the amplitude of the critical oscillation as well extends the time duration of the oscillation. The partial preservation of the 
characteristics of the second peak is also very interesting, and it is clear that the effects of 𝑀𝑣(0) are relevant on the first part of the trajectory. 
Secondly, we can trivially notice that the changes on the time extensions produce a delay of the second peak in time. We can make eventually an 
educated guess about the role of the domain border. In fact, it can be potentially the cause of the suppression of a full converging oscillatory regime, 
limiting the full expression of the oscillation. This is particularly visible in the bottom right plot where we have an almost constant region at the 
border, while, in the top left plot, we can fully appreciate the semi-critical oscillation.

Fig. D.1. Trajectories of 𝑥 (left) and 𝑀𝑣(right) for some particular configurations. Both are characterized by 𝜏 = 10. On the left the 𝑥𝑒 = 0.1, on the right is 𝑥𝑒 = 0.9. 
In both cases, a critical oscillation appears.

Physica D: Nonlinear Phenomena 489 (2026) 135143 

23 



L. Cabriel et al.

Fig. D.2. Comparison between two 𝑀𝑣 trajectories. Both are characterized by 𝑥𝑒 = 0.1, 𝜏 = 10 and 𝑀𝑣(0) = 0.8. The blue trajectory has 𝑥0 = 0.2, while the aqua one 
has 𝑥0 = 0.9. Even if the two plots have a substantially different starting 𝑥0, the 𝑀𝑣 trajectories are remarkably similar.
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Fig. D.3. EF kernel: impact of 𝑀𝑣(0) on damped oscillation. On top left 𝑀𝑣(0) = 0.2, on top right 𝑀𝑣(0) = 0.4, on bottom left 𝑀𝑣(0) = 0.7 and on bottom right 
𝑀𝑣(0) = 0.9. All share 𝑥𝑒 = 0.1, 𝜏 = 10 and 𝑥0 = 0.2, and exhibit critical oscillations, but the characteristics are substantially different to one another.
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Fig. D.4. EF kernel: impact of 𝑀𝑣(0) on the trajectories in case of mildly damped oscillations. All of the panels are such that 𝑥𝑒 = 0.6, 𝜏 = 10 and 𝑥0 = 0.5. Upper left 
panel: 𝑀𝑣(0) = 0.1; Upper right panel: 𝑀𝑣(0) = 0.4,; Lower left panel: 𝑀𝑣(0) = 0.7; Lower right panel: 𝑀𝑣(0) = 0.9.
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Fig. D.5. EF kernel: colormesh of the rectified maximum relative distance (𝑚𝑎𝑥𝑑𝑖𝑠𝑡 − 𝑖𝑛𝑖𝑡𝑑𝑖𝑠𝑡)+. Left panel: 𝑀𝑣(0) = 0.1; Central panel:, 𝑀𝑣(0) = 0.3; Right panel: 
𝑀𝑣(0) = 0.5. In lighter shades, we have the configurations with oscillations bigger than the starting values. The central column is removed because we assumed 
𝑥0 ≡ 𝑥𝑒.

Similar observations can be made looking at the 𝑀𝑣 plots here not reported.
Damped oscillations: moving 𝑥𝑒 towards the centre of the domain the damping coefficient decreases (for example 𝑧(10, 0.5) ≈ 0.31 < 0.52), thus 

the oscillations are less damped. Moreover, we noticed that the role of 𝑀𝑣(0) is important, whereas the 𝑥0 values have a scarce influence. See for 
example the Fig. D.4.

Summarizing the influence of initial conditions and other parameters, we can identify macroscopically two scenarios: 1) starting from the initial 
condition, we reach EQ but at any point the trajectory will be not farther away from the equilibrium than the distance we had at the starting point; 
2) group of points where the trajectory is more distant from EQ in comparison with its starting position, ad in lower right panel of Fig. D.4. In the 
first case, we are sure that our system will be always limited by the initial position, in the second case the system will reach EQ but with a more 
traumatic evolution.

To quantify and visualize these behaviours, we may proceed as follows: given (𝑥𝑒, 𝜏, 𝑥(0),𝑀𝑣(0)) one computes the maximum absolute distance 
from the trajectory to the EQ throughout all the simulations. Then, one subtracts the initial distance from the initial conditions to the EQ. Finally, 
one sets to zero the cases where the distance was negative. We call this measure of behaviour of solutions Rectified Maximum Relative Distance 
(RMRD) (𝑚𝑎𝑥𝑑𝑖𝑠𝑡 − 𝑖𝑛𝑖𝑡𝑑𝑖𝑠𝑡)+. Since, we have seen so far that 𝑥0 has small impact on the dynamics, we computed the RMRD in function of (𝜏, 𝑥𝑒) for 
some selected 𝑀𝑣(0). We will plot the RMRD by using colormeshes in Fig. D.5.

As we can appreciate, the overshooting distances appear for the high values of 𝜏, but also for intermediate values of it when 𝑥𝑒 = 0.9, even if in 
a lesser extended form. The closer 𝑀𝑣(0) is to EQ, the lesser are in number, and in entity, the configurations producing an oscillation bigger than 
the initial condition, even for the same values of the parameters. In the right, we can see that, if 𝑀𝑣(0) ≡ 𝑥0, we will have the initial condition as 
maximum distance in all scenarios.

Appendix E.  Some properties of the model under acquisition fading kernel

In this Appendix Section, we numerically illustrate some properties of the model under Acquisition Fading Kernel. For this model, we can perform 
the tests similaf to those done for the case of exponentially fading kernel. However, here the scenario is deeply different since the “memory” here 
is characterized by two characteristic times: 𝜏1 and 𝜏2. Even only considering the average delay 𝜏𝑚 = 𝜏1 + 𝜏2 can be fallacious because two systems 
having the same average delay may have different behaviours as shown in Fig. E.1. And, of course, here the major novelty is the occurrence of Hopf 
bifurcation and the oscillations for 𝜏𝑚 > 1∕𝐾. Thus, the presence of the AFK makes the system increasingly complex, so that an analysis aimed at 
finding predictable patterns in the evolution of the trajectory is more difficult and of uncertain utility.

Due to all these causes, we will move directly to study the impact of the parameters values on the system bifurcations, with particular focus on 
𝑥(𝑡), the fraction of vaccinated newborns.

To study the effects of the parameters, we will plot the trajectories for the different parameters configuration to gather them in different ’plot 
matrices’, where we will vary along on each one of the two axis one of the three parameters of our system. We will sample each parameter in 10 
points, therefore, fixing the evaluated couple of parameters (𝜏1, 𝜏2), we need to consider actually 10 plot matrix with a 𝑥𝑒 having 10 possible different 
values. Certainly, we are going to report in this paper only the most significative results. Nonetheless, before looking at the results, we can try to 
solve the equation 𝑎1 + 𝑎2 < 𝐾 to understand what kind of shape the bifurcation line associated to the Hopf bifurcation should have. Trivially, we 
can obtain that:
𝜏1 + 𝜏2 < 𝐾𝜏1𝜏2

Therefore, considering the couple of parameters, we should expect a hyperbolic bifurcation line and above this the Hopf region if 𝐾 is sufficiently 
low for the considered domains of 𝜏1 and 𝜏2. If we want to study another interesting couple such as (𝑥𝑒, 𝜏1), the situation is far more complicate. We 
can use the definition 𝐾 = 𝑥𝑒(1 − 𝑥𝑒) remembering that 0 < 𝑥𝑒 < 1. We can, in this way, obtain

𝜏1 = −
𝜏2

𝜏2𝑥2𝑒 − 𝜏2𝑥𝑒 + 1
(E.1)

Differently from before, the validity of this expression is not only a burden of the considered couple, but it is required that 𝜏1, 𝜏2 > 0. For this reason,

𝜏2 >
1

(1 − 𝑥𝑒)𝑥𝑒
⇒ 𝜏2 > min

(

1
(1 − 𝑥𝑒)𝑥𝑒

)

= 4  having 𝑥𝑒 ∈ (0, 1)
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Fig. E.1. AF kernel: damped oscillations. Both are characterized by 𝜏𝑚 = 22 and 𝑥𝑒 = 0.1. Left panel: 𝜏1 = 20 and 𝜏2 = 2; Right panel: 𝜏1 = 2 and 𝜏2 = 20. In both cases, 
there is a damped oscillatory behaviour, but the two evolutions are quite different.

Fig. E.2. AF kernel: sketches of the bifurcation diagram in the parameters space. Left panel (𝜏1, 𝜏2) parameter space; Right panel (𝑥𝑒, 𝜏1) space. The plot for the (𝑥𝑒, 𝜏2)
is similar to the right panel and it omitted.

Thus, if 𝜏2 > 4 we will be able to have a Hopf bifurcation for our system, at least for some values of 𝑥𝑒. If this condition holds, the region where the 
Hopf behaviour appears, for 𝑥𝑒, is

1
2

⎛

⎜

⎜

⎝

1 −

√

𝜏2 − 4
𝜏2

⎞

⎟

⎟

⎠

< 𝑥𝑒 <
1
2

⎛

⎜

⎜

⎝

1 +

√

𝜏2 − 4
𝜏2

⎞

⎟

⎟

⎠

and we need also to have 𝜏1 greater than the right term in (E.1) to have the Hopf bifurcation. It is trivial to say, due to the symmetry of the expression, 
that a similar condition and situation happens for 𝜏1 when considering the couple (𝑥𝑒, 𝜏2). The expected shapes for the two couples are reported in 
the two pictures of Fig. E.2.

Having understood what is the expected behaviour given the system, we can finally have a look at the plot matrices: starting from the one based 
on the (𝜏1, 𝜏2) pair, shown in Fig. E.3.

Looking at the plot, we can see that it perfectly mirrors the bifurcation diagram shown in the left panel of Fig. E.2, with further details. The upper 
right corner is characterized by the Hopf oscillatory behaviour and, moving away from it, we move then to the damped oscillations and eventually, 
in the bottom left corner, to the semi-critical oscillation case. In Fig. E.4, it is shown the plot matrix concerning the pair of parameters (𝑥𝑒, 𝜏1). Also 
here, the matrix mirrors the right panel of Fig. E.2, with further details.

The phase plot matrix of Fig. E.5 shows the impact of the parametric pair (𝜏1, 𝜏2) on the phase plots (𝑥,𝑀𝑣).
We can notice that both the Hopf cycle and the damped oscillations have a bigger extension along the horizontal axis. In the top right corner, this 

characteristic is particularly strong: while 𝑥 occupies entirely the domain, 𝑀𝑣 values are extended in a much smaller portion of the (0, 1) interval. 
This fact is actually quite explainable because 𝜏s influence how much the two information values “follow” the 𝑥 variable. To obtain oscillations we 
need to increase these two terms, as seen also in the theory above, thus this leads to an augmentation in the resilience of the information variables. 
Due to these, it is quite direct and obvious that 𝑀𝑣 has a far smaller extension in its domain than 𝑥.
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Fig. E.3. AF kernel: plot matrix of trajectories (𝑡, 𝑥). Other parameters: 𝑥𝑒 = 0.4, 𝑥0 = 0.65, 𝑀𝑣(0) = 0.15 and 𝑀1(0) = 0.35. Horizontal axis 𝜏1 ∈ [2, 18]; Vertical axis: 
𝜏2 ∈ [2, 18].

Fig. E.4. Plot matrix of trajectories (𝑡, 𝑥), all characterized by 𝜏2 = 12, 𝑥0 = 0.65, 𝑀𝑣(0) = 0.15 and 𝑀1(0) = 0.35. Along the 𝑥 axis, 𝑥𝑒 is increasing from 0.1 to 0.9. 
Instead, 𝜏2 is along the vertical one and is increasing from 2 to 18.
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Fig. E.5. AF kernel: Phase plot matrix showing the impact of the parametric pair (𝜏1, 𝜏2) on the phase plots (𝑥,𝑀𝑣). Other parameters: 𝑥𝑒 = 0.6, 𝑥0 = 0.65, 𝑀𝑣(0) = 0.15
and 𝑀1(0) = 0.35. Horizontal axis 𝜏1 ∈ [2, 18]; Vertical axis: 𝜏2 ∈ [2, 18].

Appendix F.  Properties of the cauchy distributed stochastic processes

To start, the impact of 𝐵 on the numerical steady-state PDF is shown in Fig. F.1. As per the autocorrelation, we must note that it is influence both 
by 𝜃 and by 𝐵.

Fig. F.1. Cauchy-distributed fat tailed noise: histograms of the numerical steady-state PDF, for 𝑇 = 100 and for 𝐵 ∈ {0.01, 1, 10}.
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Fig. F.2. Autocorrelation of the Cauchy-distributed stochastic process for the reference parametric pair (𝜃, 𝐵) = (1, 1). The best fit for an exponential function is in 
blue; the mean autocorrelation is in red, and the error band given by the standard deviation is in pink. In gray, the 𝑦 = 0 and 𝑦 = 1∕𝑒 lines.

Fig. F.3. Impact of parameters 𝜃 and 𝐵 on the autocorrelation of the Cauchy-distributed process. The autocorrelations are shown in the format: mean value (in solid 
line) plus SD error bars (vertical lines). Left panel: the AC is shown for 𝜃 = 0.1, 1, 10 and 𝐵 = 1; Right panel: the AC is shown for 𝐵 = 0.1, 1, 10 and 𝜃 = 1. The 𝑦 = 0
and 𝑦 = 1∕𝑒 lines are in gray.

As per the noise autocorrelation, it is shown in Fig. F.2 for the reference parametric pair (𝜃, 𝐵) = (1, 1). The plot shows that i) for a long time 
the autocorrelation follows an exponential decay; ii) the simulated autocorrelation has a large Standard Deviation iii) the characteristic time of this 
exponential is much larger than 𝜃. Namely, the fitting to 𝑔(𝑡) = 𝑒−𝑡∕𝜏𝐸  is as follows: 𝜏𝐸 ≈ 8.61 ± 0.02.

Going beyond the reference parametric pair, Fig. F.3 shows the impact of parameters 𝜃 and 𝐵 on the autocorrelation of the Cauchy-distributed 
noise. In the left panel of Fig. F.3, the AC is shown for 𝜃 = 0.1, 1, 10 and 𝐵 = 1; in the right panel, the AC is shown for 𝐵 = 0.1, 1, 10 and 𝜃 = 1. As per 
the relationship between the characteristic time and the two parameters, we got: i) the characteristic time is a power law function of 𝜃 (see Fig. F.4)

𝜏𝐸 ≈ (8.498 ± 0.002) 𝜃0.407±𝑂(−5)

ii) The characteristic time 𝜏𝐸 is not a power-law function of 𝐵 (see right panel of Fig. F.5). We obtained the following nonlinear fit:

𝜏𝐸 ≃ (48 ± 6.22 ⋅ 10−3) − (47 ± 6.06 ⋅ 10−3) exp
(

−(0.15 ± 4.48 ⋅ 10−5)𝐵
)

(F.1)
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Fig. F.4. Characteristic time of autocorrelation (𝜏𝐸) vs 𝜃. Left panel: 𝜏𝐸 vs 𝜃; Right panel: log-log plot of 𝜏𝐸 vs 𝜃, which is practically linear.

Fig. F.5. Characteristic time of autocorrelation (𝜏𝐸) vs 𝐵. Left panel: 𝜏𝐸 vs 𝐵; Right panel: log-log plot of 𝜏𝐸 vs 𝐵, which is not linear.
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Appendix G.  The case of bounded 𝜶𝟏(𝒕)

If 𝛼1(𝑡) is a bounded process, it is possible to provide simple analytical 
conditions on the asymptotic behavior of the model. Indeed, by applying 
the transformations seen in the previous sections one gets

𝑑𝑧 =
((

𝑥𝑒 −
𝐷2

2

)

+
(

𝐷2 − 𝛼1(𝑡)
) 1
1 + 𝑒−𝑧

)

𝑑𝑡 +𝐷𝑑𝐵 (G.1)

whose general solution reads as follows

𝑧(𝑡) = 𝑧(0) +
(

𝑥𝑒 −
𝐷2

2

)

𝑡 + ∫

𝑡

0

(

𝐷2 − 𝛼1(𝑡)
)

1 + 𝑒−𝑧
𝑑𝑡 +𝐷𝐵(𝑡). (G.2)

For 𝑞1 = 0 we have three cases:
Case A:
𝐷2 > 𝛼𝑚𝑎𝑥1

(i.e. 𝐷2 > 𝛼1(𝑡)) To start, from
𝐷2 − 𝛼1(𝑡)
1 + 𝑒−𝑧

>
𝐷2 − 𝛼𝑚𝑎𝑥1
1 + 𝑒−𝑧

> 0

yields

𝑧(𝑡) > 𝑞(𝑡) = 𝑧(0) +
(

𝑥𝑒 −
𝐷2

2
)

𝑡

So that if

𝑥𝑒 −
𝐷2

2
> 0 AND 𝐷2 > 𝛼𝑚𝑎𝑥1

ie

𝛼𝑚𝑎𝑥1 < 𝐷2 < 2𝑥𝑒

then

𝑞(𝑡) → +∞ ⇒ 𝑧(𝑡) → +∞ ⇒ 𝑥(𝑡) → 1

Moreover, from
𝐷2 − 𝛼1(𝑡)
1 + 𝑒−𝑧

<
𝐷2 − 𝛼𝑚𝑖𝑛1
1 + 𝑒−𝑧

< 𝐷2 − 𝛼𝑚𝑖𝑛1

one gets

𝑧(𝑡) < 𝑟(𝑡) = 𝑧(0) +
(

𝑥𝑒 −
𝐷2

2
)

𝑡 + (𝐷2 − 𝛼𝑚𝑖𝑛1 )𝑡 = 𝑧(0) +
(

𝑥𝑒 +
𝐷2

2
− 𝛼𝑚𝑖𝑛1

)

𝑡

so that if

𝑥𝑒 +
𝐷2

2
− 𝛼𝑚𝑖𝑛1 AND 𝐷2 > 𝛼𝑚𝑎𝑥1

ie

𝛼𝑚𝑎𝑥1 < 𝐷2 < 2(𝛼𝑚𝑖𝑛1 − 𝑥𝑒)

then

𝑟(𝑡) → −∞ ⇒ 𝑧(𝑡) → −∞ ⇒ 𝑥(𝑡) → 0

Case B:
𝐷2 < 𝛼𝑚𝑖𝑛1

(i.e. 𝐷2 < 𝛼1(𝑡)) From
𝐷2 − 𝛼1(𝑡)
1 + 𝑒−𝑧

< 0

it yields

𝑧(𝑡) < 𝑓 (𝑡) = 𝑧0 +
(

𝑥𝑒 −
𝐷2

2
)

𝑡

thus if
2𝑥𝑒 < 𝐷2 < 𝛼𝑚𝑖𝑛1

then

𝑓 (𝑡) → −∞ ⇒ 𝑧(𝑡) → −∞ ⇒ 𝑥(𝑡) → 0

Finally, we have the Case C:
𝛼𝑚𝑖𝑛1 < 𝐷2 < 𝛼𝑚𝑎𝑥1

implying

𝐷2 − 𝛼1(𝑡)
1 + 𝑒−𝑧

<
𝐷2 − 𝛼𝑚𝑖𝑛1
1 + 𝑒−𝑧

< 𝐷2 − 𝛼𝑚𝑖𝑛1

yielding

𝑧(𝑡) < ℎ(𝑡) = 𝑧0 +
(

𝑥𝑒 −
𝐷2

2
)

𝑡 + (𝐷2 − 𝛼𝑚𝑖𝑛1 )𝑡 = 𝑧0 +
(

𝑥𝑒 +
𝐷2

2
− 𝛼𝑚𝑖𝑛1

)

𝑡

Thus if

𝑥𝑒 +
𝐷2

2
− 𝛼𝑚𝑖𝑛1 < 0 AND 𝛼𝑚𝑖𝑛1 < 𝐷2 < 𝛼𝑚𝑎𝑥1

ie if
𝛼𝑚𝑖𝑛1 < 𝐷2 < 𝑀𝑖𝑛

(

𝛼𝑚𝑎𝑥1 , 2(𝛼𝑚𝑖𝑛1 − 𝑥𝑒)
)

then

ℎ(𝑡) − ∞ ⇒ 𝑧(𝑡) → −∞ ⇒ 𝑥(𝑡) → 0

Moreover from
𝐷2 − 𝛼1(𝑡)
1 + 𝑒−𝑧

>
𝐷2 − 𝛼𝑚𝑎𝑥1
1 + 𝑒−𝑧

> 𝐷2 − 𝛼𝑚𝑎𝑥1

it follows that

𝑧(𝑡) > 𝑐(𝑡) = 𝑧0 +
(

𝑥𝑒 −
𝐷2

2
)

𝑡 + (𝐷2 − 𝛼𝑚𝑎𝑥1 )𝑡 = 𝑧0 +
(

𝑥𝑒 +
𝐷2

2
− 𝛼𝑚𝑎𝑥1

)

𝑡

Thus if

𝑥𝑒 +
𝐷2

2
− 𝛼𝑚𝑎𝑥1 > 0 AND 𝛼𝑚𝑖𝑛1 < 𝐷2 < 𝛼𝑚𝑎𝑥1

ie

𝑀𝑎𝑥
(

𝛼𝑚𝑖𝑛1 , 2(𝛼𝑚𝑎𝑥1 − 𝑥𝑒)
)

< 𝐷2 < 𝛼𝑚𝑎𝑥1

then

𝑐(𝑡) → +∞ ⇒ 𝑧(𝑡) → +∞ ⇒ 𝑥(𝑡) → 1

Appendix H.  Detailed analysis of the effects of actions of public 
health system to favor vaccine uptake

Here we will analyze in detail the role of public health in favoring 
vaccine uptake. The main results of this section for the case where the 
action 𝛾 is constant have been summarized in the main body of this 
work.

For the commodity of our readers we report also here the main model
𝑑𝑥 = 𝑥(1 − 𝑥)(𝑥𝑒 − 𝑥)𝑑𝑡 +𝐷𝑥(1 − 𝑥)𝑑𝐵 + 𝛾(𝑡)(1 − 𝑥(𝑡))𝑑𝑡 (H.1)

And we recall that we assume
𝛾(𝑡) = 𝛾̄ + 𝜂1𝛾1(𝑡) + 𝜂2𝜈(𝑡) > 0 (H.2)

where 𝛾1(𝑡) is periodic with null mean:
⟨𝛾1(𝑡)⟩ = 0,

𝜈(𝑡) is a stochastic ergodic process with null mean and 𝜂1, 𝜂2{0, 1} 𝜂1𝜂2 ≠
0. This corresponds to some worthwile cases: i) 𝜂1 = 𝜂2 = 0 i.e. 𝛾(𝑡) = 𝛾]
is constant; ii) 𝜂1 = 1 𝜂2 = 0: periodic 𝛾(𝑡) > 0 with average equal to 𝛾]

𝛾̄ = 1
𝑇 ∫

𝑇

0
𝛾(𝑡)𝑑𝑡;

iii) 𝜂1 = 1 𝜂2 = 0: 𝛾(𝑡) is positive and stochastic with:
𝛾(𝑡) = 𝛾̄ + 𝜈(𝑡),

where 𝜈(𝑡) is a bounded stochastic ergodic process with zero average:
⟨𝜈(𝑡)⟩ = 0

iv) 𝛾(𝑡) > 0 is the bounded stochastic perturbation of a periodic positive 
function.
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As far as the bounded ergodic noise 𝜈(𝑡) note that if we define the 
stochastic process

𝐾(𝑡) = 𝛾̄ + 1
𝑡 ∫

𝑡

0
𝜈(𝑠)𝑑𝑠

due to the ergodic properties of 𝜈(𝑡) it holds that for large times the 
second addendum tends to the average of 𝜈(𝑡)

lim
𝑡→+∞

𝐾(𝑡) = 𝛾̄ + ⟨𝜈(𝑡)⟩ = 𝛾̄

In the following, we will consider only the case (iii) since the other cases 
leads to practically identical calculi.

As mentioned in the text, an important effect is that when stochas-
tically unstable, the unique stochastic equilibrium point 𝑥𝑒 = 1, can be 
stabilized. Indeed, as far as the local stability is concerned, applying the 
theorem of stochastic linearization [72,73] and linearizing at 𝑥 = 1 by 
setting 𝑦 = 1 − 𝑥 one gets the following equation:

𝑑𝑦 = (1 − 𝑥𝑒 − 𝛾(𝑡))𝑦𝑑𝑡 +𝐷𝑦𝑑𝐵

Whose solution is

𝑦(𝑡) = 𝑦(0)𝐸𝑥𝑝
((

1 − 𝑥𝑒 −
𝐷2

2

)

𝑡 +𝐷𝐵(𝑡) − ∫

𝑡

0
𝛾(𝑢)𝑑𝑢

)

thus if:

𝛾̄ > 𝛾∗ = 1 − 𝑥𝑒 −
𝐷2

2
(H.3)

then the equilibrium point 𝑥 = 1 is locally stochastically stable. As far 
as the stability in the large, applying the transformation (27) one gets 
the following SDE:

𝑑𝑧 =
((

𝑥𝑒 −
𝐷2

2
+ 𝛾(𝑡)

)

+ 𝛾(𝑡)𝑒−𝑧 +
(

𝐷2 − 1
) 1
1 + 𝑒−𝑧

)

𝑑𝑡 +𝐷𝑑𝐵

whose solution is

𝑧(𝑡) = 𝑧(0) + ∫

𝑡

0
𝛾(𝑢)𝑑𝑢 +

(

𝑥𝑒 −
𝐷2

2

)

𝑡 + ∫

𝑡

0
(𝛾(𝑢)𝑒−𝑧(𝑢) +

(

𝐷2 − 1
)

1 + 𝑒−𝑧(𝑢)
𝑑𝑢 +𝐷𝐵(𝑡).

Four cases can occur. The first case is trivial if in the absence of control 
𝑥 = 1 is globally attractive, then even the controlled system has the same 
property. The proof of this claim is trivial. The other two cases depends 
on whether 𝐷 is equal to, or smaller or greater than 1.

Namely:
i) if 𝐷 = 1 then

𝑧(𝑡) = 𝑧(0) + ∫

𝑡

0
𝛾(𝑢)𝑑𝑢 +

(

𝑥𝑒 −
1
2

)

𝑡 + ∫

𝑡

0
𝛾(𝑢)𝑒−𝑧(𝑢)𝑑𝑢 +𝐷𝐵(𝑡) >

𝑧(0) + ∫

𝑡

0
𝛾(𝑢)𝑑𝑢 +

(

𝑥𝑒 −
1
2

)

𝑡 +𝐷𝐵(𝑡)

yielding the following condition for the global attractiveness of 𝑥 = 1:

𝛾̄ > 1
2
− 𝑥𝑒 (H.4)

which is precisely the local condition (H.3) for 𝐷 = 1. The interest of the 
constraint (H.4) stands in the case 𝑥𝑒 ∈ (0, 1∕2], because for 𝑥𝑒 ∈ (1∕2, 1)
even in the non-controlled system globally tends to 𝑥 = 1.

If 0 < 𝐷 < 1 then

∫

𝑡

0
(𝛾(𝑢)𝑒−𝑧(𝑢) +

(

𝐷2 − 1
)

1 + 𝑒−𝑧(𝑢)
𝑑𝑢 >

(

𝐷2 − 1
)

𝑡

so that

𝑧(𝑡) > 𝑧(0) + ∫

𝑡

0
𝛾(𝑢)𝑑𝑢 +

(

𝑥𝑒 +
𝐷2

2
− 1

)

𝑡 +𝐷𝐵(𝑡)

The corresponding condition for the global attractivity of 𝑥 = 1 is thus 
the local stability condition (H.3).

H.1.  Case 𝐷 > 1

Defining the function

𝜓(𝑤, 𝑡) = 𝛾(𝑡)𝑤 +

(

𝐷2 − 1
)

1 +𝑤

one can see that if

𝛾(𝑡) ≥ 𝐷2 − 1, (H.5)

then 𝜓min = 𝜓(𝑡, 0) = 𝐷2 − 1. Thus from

𝑧(𝑡) > 𝑧(0) + ∫

𝑡

0
𝛾(𝑢)𝑑𝑢 +

(

𝑥𝑒 − 1 + 𝐷2

2

)

𝑡 +𝐷𝐵(𝑡),

it follows that condition (H.3) implies 𝑧→ +∞. Thus if (H.5) and (H.3) 
holds than the equilibrium 𝑥 = 1 is also global stochastic stable.

This the double condition ’(H.5) AND (H.3) ’ is of course sharper 
than the local stability condition alone (H.3). However in the case of 
constant 𝛾 the above-mentioned double condition is summarized by

𝛾 > 𝑀𝑎𝑥
(

𝐷2 − 1, 1 − 𝑥𝑒 −
𝐷2

2

)

By setting

𝐷2 − 1 < 1 − 𝑥𝑒 −
𝐷2

2

yields that if

1 < 𝐷2 < 3
2
(

2 − 𝑥𝑒
)

then (H.3) guarantees the global attractiveness of 𝑥 = 1.
Moreover, since 𝐷2 − 1 > 0, it further follows that

𝑧(𝑡) > 𝑧(0) + ∫

𝑡

0
𝛾(𝑢)𝑑𝑢 +

(

𝑥𝑒 −
1
2

)

𝑡 +𝐷𝐵(𝑡),

so that if (H.5) and 𝑥𝑒 > 1∕2 also guarantees the global stochastic attrac-
tiveness of 𝑥 = 1. If

𝛾(𝑡) < 𝐷2 − 1

Observing that

𝜓𝑚𝑖𝑛(𝑡) = 𝑞(𝑡) ∶= −𝛾(𝑡) + 2
√

(𝐷2 − 1)𝛾(𝑡)

yielding:

𝑧(𝑡) > 𝑧(0) +
(

𝑥𝑒 −
𝐷2

2

)

𝑡 + 2
√

𝐷2 − 1∫

𝑡

0

√

𝛾(𝑢)𝑑𝑢 +𝐷𝐵(𝑡).

Applying the ergodic property, it follows the following stochastic GAS 
condition:
⟨

√

𝛾(𝑡)
⟩

>
𝐷2 − 2𝑥𝑒
4
√

𝐷2 − 1
(H.6)

which is very complex.
Finally, if

𝛾𝑚𝑖𝑛 < 𝐷
2 − 1 < 𝛾𝑀𝑎𝑥

defining

𝜓𝑚𝑖𝑛(𝑡) = 𝜔(𝑡) = 𝑚𝑖𝑛(𝐷2 − 1, 𝑞(𝑡))

yields

𝑧(𝑡) > 𝑧(0) +
(

𝑥𝑒 −
𝐷2

2

)

𝑡 + ∫

𝑡

0
𝜔(𝑢)𝑑𝑢 +𝐷𝐵(𝑡).

The associated sufficient condition for the stochastic GAS of 𝑥 = 1 is

⟨𝜔(𝑡)⟩ > 𝑥𝑒 −
𝐷2

2
.
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H.2.  Constant 𝛾: study of the local stochastic stability at 𝑥 = 1

In the case where 𝛾 is constant, it is appropriate to set 𝑦 = 1 − 𝑥, 
leading to
𝑑𝑦 =

(

𝑦(1 − 𝑦)(1 − 𝑥𝑒 − 𝑦) + 𝛾𝑦
)

𝑑𝑡 +𝐷𝑦(1 − 𝑦)𝑑𝐵 (H.7)

If 𝑞1 = 0, then one can find a stochastic Lyapunov function 𝑉 (𝑦) solving 
the Kashminski-Kushner equation [72,73]:

𝐿(𝑉 (.)) = 𝑦(1 − 𝑦)(1 − 𝑥𝑒 − 𝑦) − 𝛾𝑦)𝑉 ′(𝑦) + 𝐷2

2
𝑦2(1 − 𝑦)2 𝑉 ′′(𝑡) = −𝑘(𝑦)

setting

𝑉 ′(𝑦) = 𝑍(𝑦)𝑒(2∕𝐷
2)(𝛾−(1−𝑥−𝑒))

and

𝑘(𝑦) = 𝑦2+(2∕𝐷
2)(𝛾−(1−𝑥𝑒))𝑘3(𝑦)

one gets the equation
(

(𝛾 + 𝑥𝑒)𝑦 − (2𝛾 + 𝑥𝑒)
)

𝑍 + 𝐷
2
(1 − 𝑦)2𝑍′ = −𝑘3(𝑦)

the most convenient choice for 𝑘3(𝑦) > 0 (in 𝑦 ∈ [0, 1]) is
𝑘3(𝑦) = −(𝛾 + 𝑥𝑒)𝑦 + (2𝛾 + 𝑥𝑒) > 0

since it implies 𝑍(𝑦) = 𝐶𝑜𝑛𝑠𝑡 and

𝑉 (𝑦) =
𝑍0

1 + (2∕𝐷2)(𝛾 − (1 − 𝑥𝑒))
𝑦1+(2∕𝐷

2)(𝛾−(1−𝑥𝑒)).

Similar results can be obtained by linearization in the case 𝑞1 > 0.

H.3.  Impact of a small or relatively small constant 𝛾 if 𝑥 = 1 is 
stochastically unstable

If 𝛾 is constant under the threshold 𝛾 < 𝛾∗, then 𝑥 = 1 is stochastically 
unstable and it is of interest to solve the Fokker Planck equation to assess 
the impact of 𝛾 on the stationary distribution of 𝑥.

The stationary distribution reads as follows

𝜌𝑠𝑠(𝑥) = 𝐴𝐸𝑥𝑝(−
2𝛾
𝑥𝐷2

)𝑥2(−1+(1∕𝐷
2)(𝑥𝑒+𝛾))(1 − 𝑥)(2∕𝐷

2)(1−𝑥𝑒−𝛾)−2

is increasing or stationary provided that
𝑓 (𝑥) ≥ 𝜎′(𝑥)𝜎(𝑥)

which yields the following inequality
𝜋(𝑥) = (2𝐷2 − 1)𝑥2 + (𝑥𝑒 −𝐷2)𝑥 + 𝛾 ≥ 0

The function 𝜋(𝑥) is such that 𝜋(0) = 𝛾 > 0 and

𝜋(1) = 𝐷2

2
− 𝛾∗

.
Thus if 𝜋(1) < 0, i.e. 𝛾∗ > 𝐷2∕2 then it exist a 𝑥1(𝛾) such that the PDF 
𝜌(𝑥) is unimodal with mode at 𝑥1(𝛾).

If 𝜋(1) > 0 and 2𝐷2 − 1 < 0 then 𝜋(𝑥) > 0, i.e. 𝜌(𝑥) is increasing.
Finally, the case 2𝐷2 − 1 > 0 and 𝜋(1) > 0 is more complex. Indeed, 

the parabula has a minimum at

𝑥𝑚𝑖𝑛(𝛾) =
𝐷2 − 𝑥𝑒

2(2𝐷2 − 1)

We have two cases: i) 𝑥min(𝛾) > 1, implying 𝜋(𝑥) > 0 in 𝑥 ∈ (0, 1), i.e. the 
PDF is increasing. This case implies 1∕2 < 𝐷2 < (1∕3)(2 − 𝑥𝑒) in turn im-
plying 𝑥𝑒 < 1∕2; ii) 𝑥min(𝛾) ∈ (0, 1). In such a case the behavior depends 
on the sign of

𝜋(𝑥𝑚𝑖𝑛) =
𝐷2 − 𝑥𝑒

4(2𝐷2 − 1)
+ 𝛾,

i.e.: if 𝜋(𝑥min) ≥ 0 then the PDF is increasing, otherwise denoting as 𝑥1(𝛾)
and 𝑥2(𝛾) > 𝑥1 the two solutions of 𝜋(𝑥) = 0 the PDF has a mode at 𝑥1, 
a minumum at 𝑥 = 𝑥2 and it is growing for 𝑥 ∈ (𝑥2, 1).

H.4.  Absence of noise and constant 𝛾: analytical solution

In case of absence of noise and constant control rate, an analytical 
solution of the type 𝑡 = 𝜓(𝑥; 𝑥0, 𝛾) can be easily found after some simple 
calculus. Indeed, in such a case the model is:

𝑥′ = 𝑥(1 − 𝑥)
(

𝑥𝑒 − 𝑥
)

+ 𝛾(1 − 𝑥) (H.8)

and it reads as follows:
𝑥′ = (1 − 𝑥)

(

𝑥𝑒𝑥 − 𝑥2 + 𝛾
)

(H.9)

which can be rewritten as follows
𝑥′ = (1 − 𝑥)(𝑥2 − 𝑥)(𝑦2 + 𝑥) (H.10)

where

𝑥2(𝛾, 𝑥𝑒) =

√

𝑥2𝑒 + 4𝛾 + 𝑥𝑒
2

> 0,

is the positive solution of the equation
𝑥2 − 𝑥𝑒𝑥 − 𝛾 = 0 (H.11)

and

𝑦2(𝛾, 𝑥𝑒) =

√

𝑥2𝑒 + 4𝛾 − 𝑥𝑒
2

> 0

is such that −𝑦2 is the negative solution of (H.11).
Finally, rewriting (H.10) as follows:

𝑑𝑥
𝑑𝑡

1 − 𝑥)(𝑥2 − 𝑥)(𝑦2 + 𝑥)
= 1 (H.12)

and applying elementary integration we easily get:

𝐿𝑜𝑔
( (1 − 𝑥)𝑃 (𝑥 + 𝑦2)𝑄

|𝑥2 − 𝑥|𝑅
)

= 𝐿𝑜𝑔
( (1 − 𝑥0)𝑃 (𝑥0 + 𝑦2)𝑄

|𝑥2 − 𝑥0|𝑅
)

+ 𝑡

ie

(1 − 𝑥)𝑃 (𝑥 + 𝑦2)𝑄

|𝑥2 − 𝑥|𝑅
=

(1 − 𝑥0)𝑃 (𝑥0 + 𝑦2)𝑄

|𝑥2 − 𝑥0|𝑅
𝑒𝑡, (H.13)

where:

𝑃 (𝛾, 𝑥𝑒) =
1

(1 + 𝑦2)(1 − 𝑥2)
, 𝑄(𝛾, 𝑥𝑒) =

1
(1 + 𝑦2)(𝑥2 + 𝑦2)

,

𝑅(𝛾, 𝑥𝑒) =
1

(1 − 𝑥2)(𝑥2 + 𝑦2)
.

H.5.  Colored noises and the control by public health authorities

If we take into the account the control by Public Health Authorities 
the dynamics of 𝑥 is ruled by the following random differential equation

𝑥′ = 𝑥(1 − 𝑥)
(

(𝑥𝑒 − 𝑥) + 𝑦(𝑡)
)

+ 𝛾(𝑡)(1 − 𝑥). (H.14)

Since 𝑥 ∈ (0, 1]

𝑥′

𝑥(1 − 𝑥)
= 𝑥𝑒 + 𝑦(𝑡) − 𝑥 +

𝛾(𝑡)
𝑥

> 𝑥𝑒 + 𝑦(𝑡) − 𝑥 + 𝛾(𝑡) (H.15)

Again taking into account ergodicity of 𝛾(𝑡) and of 𝑦(𝑡) it is easy matter 
to show that
𝛾̄ > 1 − 𝑥𝑒 ⇒ 𝑥(𝑡) → 1 (H.16)

Appendix I.  Summaries of key scenarios

Short-Memory Scenario

• Fast Adaptation: When the memory kernel has a small characteristic 
time, individuals promptly update their vaccination choice based on 
recent information.
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• Near-Deterministic Regime: Short memory tends to produce a be-
havior close to the no-delay deterministic model, except for minor 
transient discrepancies.

• Minimal Oscillations: Damped oscillations (if any) have small ampli-
tude because past side-effect information quickly “expires” and does 
not accumulate.

• Interpretation: The system is comparatively straightforward–noise 
may still induce boundary fixation, but memory-driven complexity 
is reduced.

Large-Memory Scenario

• Long-Term Information Retention: An extended memory window 
means individuals weigh side-effect signals over a longer history, 
potentially reinforcing perceived risks.

• Delayed Responses: Transients can be more pronounced, with slower 
convergence or more persistent oscillations because outdated infor-
mation lingers.

• Enhanced Noise Effects: Larger memory can amplify certain noise-
driven phenomena, such as quasi-cycles or boundary fixation at ex-
treme vaccination levels.

• Interpretation: The slow washout of historical data heightens the in-
terplay between stochastic “irrational” spikes and the system’s drift 
toward equilibrium.

Hopf Bifurcation and Oscillatory Dynamics

• Onset of Cycles: For certain parameter thresholds (e.g., combined 
memory rates, vaccination propensity, and noise intensity), the sys-
tem exhibits a Hopf bifurcation.

• Sustained Oscillations: Once the bifurcation is passed, vaccine up-
take and perceived side-effect intensity can oscillate indefinitely in 
the deterministic model.

• Interpretation: The Hopf region highlights a qualitatively distinct 
regime wherein feedback via memory conspires with behavioral im-
itation to sustain periodic dynamics.

Noise Affected Systems:

• Noise-Induced Quasi-Cycles: Under stochastic forcing, in the sys-
tems presenting deterministic cycles these become noisy limit cy-
cles or erratic swings. Moreover, also deterministic systems that 
do not present cycles in their dynamics can be subjected to noise-
induced transitions when perturbed eventually able to induce cyclic 
behaviours in certain conditions.

• Bifurcate behaviour propensity: Increasing the noise amplitude via 
the different parameters leads sistematically to the absorption of the 
trajectories to one of the two boundary states. This bifurcate situa-
tion is the common final behaviour for all the noise affected systems 
when the noise effects on the dynamics become too relevant, at least 
at the steady-state.
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