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Traffic Control in a Mixed Autonomy Scenario at
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Abstract—We consider an intersection zone where autonomous
vehicles (AVs) and human-driven vehicles (HDVs) can be simul-
teneously present. As a new vehicle arrives, the traffic controller
needs to decide and suggest an optimal sequence of the vehicles
which will exit the intersection zone. The traffic controller can
inform the time at which an AV can cross the intersection;
however, the traffic controller can not communicate with the
HDVs, rather the HDVs can only be controlled using the traffic
lights. We formulate the problem as an integer constrained
nonlinear optimization problem. Since the number of possible
combinations increases exponentially with the number of vehicles
in the traffic system, we relax the original problem and proposes
an algorithm which gives the optimal solution of the relaxed
problem and yet only scales linearly with the number of vehicles
in the system. The numerical validation shows that our algorithm
outperforms the First-In-First-Out (FIFO) algorithm.

I. INTRODUCTION

A. Motivation

The autonomous vehicle technology has the potential to
transform the transportation system in a disruptive manner. For
example, the traffic intersection controller can communicate
with the autonomous vehicles (AVs), assumed to be connected
in this work. Ideally, in a future intelligent transportation
system, the traffic controller will obtain the optimal trajectory
for each vehicle by solving an optimization problem and
subsequently, will communicate the optimal decision to the
AVs. The AVs would then follow the solution provided by
the traffic-controller. However, in current and near future
scenarios, the human driven vehicles (HDVs) and AVs will co-
exist. Such a scenario, in which AVs and HDVs do co-exist is
known as mixed autonomy. While the intersection controller
can communicate with the AVs, it can not communicate
with the HDVs. Thus, such a mechanism will not work in
the mixed autonomy context. As a consequence, the traffic-
intersection controller needs to decide the optimal schedule
in which vehicles will enter the intersection and control the
traffic-light accordingly. The HDVs behave in a nonlinear, and
unpredictable manner. Thus, computing an optimal schedule
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is inherently challenging in a mixed autonomy scenario. We
seek to contribute in this space.

B. Related Literature

The design of mechanism for AVs to cross the intersec-
tion has been studied in the literature [1]–[12]. A detailed
discussion of the overall research in this area can be found
in [13]. The world-leading Prof Cassandras’ group has con-
ducted several research efforts in developing optimal control
mechanism to control the vehicles’ trajectories at the inter-
sections when there are only connected AVs. For example,
[14] has considered a decentralized optimal control framework
for coordinating AVs crossing an urban intersection without
explicit traffic signaling. In [15], [16] the authors proposed a
sequencing process which minimizes the energy consumption
as well. [17] presented an approach based on Cooperative
Adaptive Cruise Control for minimizing intersection delay and
maximizing the throughput. Unsignalized traffic-intersection
has also been also considered in [18], [19].

In the present paper, we consider a mixed traffic scenario
consisting of HDVs and AVs simultaneously present unlike the
above papers. Hence, a traffic controller at the urban intersec-
tion should consider both the AVs and HDVs while taking
its decision. The presence of the HDVs along with the AVs
make the decision process more challenging. First, the traffic-
controller can not communicate with the HDVs. Second, one
still requires signalized traffic intersections to control the
movement of the HDVs in order to avoid collision. [20] studied
the impact of the HDVs on the energy consumption in an
urban intersection. [21]–[24] studied the optimal arrangement
of HDV and AV in a ring which would stabilize the system.
[25] studied the impact of the presence of the AV. However, all
these papers do not propose any optimization mechanism to
optimize in the mixed autonomy scenario. [26] has proposed a
white-phase inside the traffic-light phase to allow platooning.
However, the above paper considered connected HDVs where
HDVs can follow command provided by the traffic-intersection
controller. Instead, we propose a mechanism where the HDVs
need not be connected. Thus, our mechanism can be applied
to a more general set-up. Further, the above paper considered
a cycle-based traffic-light system where each cycle is of fixed
duration, instead, in our setting the traffic-light is adapted
based on the schedule of the vehicle, hence, the duration can
be of variable length.

The closest to our work are the optimization-based frame-
works proposed for mixed-autonomy in [27]–[29]. In [28],
[29], the authors optimized the traffic-phase duration. In
contrast, our approach seeks to decide the optimal schedule
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of vehicles. Hence, instead of deciding whether the phases
will be green or red, in our approach, the traffic-lights can
be adjusted to much granular level as the traffic-lights can
be changed based on the schedule of the vehicles which
will enter the intersection. In [27], the authors proposed an
algorithm to compute optimal sequence in which the vehicles
enter the intersection. However, in all the above papers, the
authors considered the scenario where the traffic-intersection
controller controls the trajectories of all the autonomous
(connected) vehicles. In contrast, our approach does not seek
to compute and inform the trajectory of all the AVs, rather
the traffic-controller only provides information to those AVs
which will face red-light when they become the lead vehicles.
Our proposed algorithm only informs the time at which an
AV can enter. Thus, the AV does not need to compute all
the other vehicles’ trajectories in order to determine its own
trajectory unlike in the above papers. Once a schedule is
computed, the traffic-intersection controller adjusts the traffic-
light duration based on the schedule in our approach whereas
in the above papers, it requires to compute the trajectory every
time instance to communicate with the AVs. Hence, it greatly
reduces the communication cost compared to the existing
work. Our proposed algorithm only considers among the
sequences involving the newly entered vehicle and the vehicles
at the conflicting lanes. On the other hand, in the above papers,
the computation is redone by considering all the vehicles.
Thus, the computation cost is also smaller in our approach
compared to the above papers. Our method is a combination
of the decentralized and centralized approach— where the
traffic-controller only computes the optimal schedule decision
centrally, the dynamics decisions are taken by the vehicles in a
decentralized manner unlike the complete centralized approach
considered in the above papers. Our objective considers the
fuel cost, and the velocity of the vehicles in addition to the
delays of the individual vehicles unlike in the above papers.

C. A Glimpse on the Optimization Problem

We consider a traffic intersection zone at an urban setting.
The intersection zone consists of a control zone and the merg-
ing zone, which together is called a system (Section II). As a
new vehicle arrives at the control zone, the traffic controller
needs to determine the order at which the vehicles including
the newly arrived vehicle would enter the intersection. It is
an online decision process and the sequence is updated as
soon as a new vehicle arrives. The traffic-light state at lanes is
computed from the scheduling decision as the vehicles from
the conflicting lanes can not enter the intersection simultane-
ously (Section II-D). The dynamics of the vehicles depend on
the traffic-light state. The traffic intersection controller informs
the time to an AV when it can enter the intersection if it has
entered the lane at a lead vehicle (i.e, the front vehicle at the
control zone of that lane). If an AV is not the lead vehicle
and can not enter the intersection immediately following its
preceding vehicle, i.e., it faces a red-light when it becomes
the lead-vehicle, the traffic controller also informs the AV at
what time it can enter the intersection. The AV then adjusts
its dynamics and enters the intersection at the specified time

with the highest possible velocity (Section II-E). Intuitively, it
increases the throughput.

We assume that if a HDV is a lead vehicle, it would deceler-
ate at a uniform rate after seeing the red light (Section II-F1).
When the green-light is switched on, if the HDV is the lead
vehicle it would accelerate at a uniform rate till the velocity
reaches the maximum value. The traffic controller can not
communicate with the HDVs specifying the times at which
they can enter the intersection unlike the AVs. We assume
that when the HDVs follow other vehicles, their dynamics are
governed by the preceding vehicles (Section II-F2). The time
at which all the vehicles enter the intersection and exit the
intersection are completely specified once the lead vehicle’s
dynamics is specified at a lane using a recursive equation and
the scheduling decision of the traffic-intersection controller.

We formulate the problem of determining the optimal se-
quence of vehicles crossing the intersection as an optimization
problem (Section III-B). We consider the following objectives
for the traffic controller: (a) Minimize the total energy cost;
the energy cost is defined as the L2-norm of the acceler-
ation/retardation across the time the vehicles spend in the
system; (b) minimize the total time each vehicle takes to
cross the intersection; (c) maximize the velocity at which the
vehicle can enter the intersection; if more vehicles enter the
intersection at the speed limit it would increase the throughput;
(d) minimize the overall time taken for all the vehicles to
cross the intersection.1 In the optimization problems velocities
and accelerations of the vehicles are constrained. The decision
variable is the schedule of the vehicles present at the system,
the scheduling decision must satisfy the safety constraint
where the vehicles from the conflicting lanes can not present
at the merging zone at a time (Section II-C).

The optimization problem is computationally hard to solve.
The objective is non-linear and the equality constraints are
non-linear since the time at which vehicles enter the inter-
section are non-linear functions of the dynamics. Further,
the optimization problem has integer valued variables which
specifies the order at which the vehicles would enter the
intersection from the conflicting lanes. The number of possible
sequences increase exponentially with the number of vehicles
in the system (Section III-A). Thus, we consider a relaxed
version of the problem where the traffic controller would only
determine among the sequences involving the newly arrived
vehicle and the vehicles in the conflicting lanes of the newly
entered vehicle (Section III-A). The relative order of other
vehicles in which they will enter the intersection is kept
unchanged. We show that such a relaxation drastically reduces
the number of possible combinations as the complexity only
increases linearly with the number of vehicles in the worst
case. We propose an algorithm which solves the relaxed
optimization problem (Section IV-A).

We, empirically show that our algorithm reduces the total
time taken by all the vehicles by at least 50% compared to the
FIFO sequence proposed in the existing literature (Section VI).
In the FIFO, whichever vehicle enters the control zone first

1Objectives (b) and (d) are not the same, (b) seeks to minimize the time
each vehicle spends in the system; on the other hand, (d) seeks to minimize
the total time it takes for all the vehicles to exit the intersection.
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also enters the intersection first. We show that our algorithm
significantly improves the performance when the penetration
of the AV is small. We show that our algorithm increases
the average velocity at which vehicles enter the intersection
by at least 30%, minimizes the time taken by each vehicle
to cross the intersection by at least 40%, and minimizes
the magnitude of acceleration/deceleration compared to the
FIFO. Unsurprisingly, we show that as the AV penetration
rate increases, our algorithm performs better. We demonstrate
that our proposed mechanism can be extended to the scenario
where the HDVs deviate from the nominal values of the model
assumed in the paper.

II. PROBLEM FORMULATION

In this section, we describe the traffic intersection system
under consideration (Section II-A). Next, we describe the
safety constraint the traffic-intersection controller must satisfy
while taking the decision (Section II-C). Also, in Section II-D
the way the traffic-intersection controller changes the red
and green lights at a lane based on the optimal sequence is
illustrated. Finally, we model the dynamics of AVs and HDVs
(Sections II-E and II-F) which describe how the vehicles
approach ideally the intersection for a given sequence of the
vehicles in which they enter the intersection.

A. The Intersection and Control Zone

We consider a merging zone in an urban setting. Let N(t)
be the cumulative number of vehicles which are present at the
system at time t. The intersection system consists of a control
zone and a merging zone. When a new vehicle arrives in the
control zone, the traffic controller computes a sequence which
denotes the order in which the existing vehicles will enter and
exit the intersection system or the merging zone.

The vehicles form a queue at different lanes at an intersec-
tion. Note that if a queue is non-empty, a vehicle must wait
until at least all of the vehicles in-front of it enter the merging
zone before it enters the merging zone. The control zone and
the merging zone are depicted in Figure 1. The control zone
is of length L in each lane. After the control zone, a vehicle
enters an intersection or merging zone of length S.

Fig. 1 depicts the scenario where vehicle V5 enters the
system with 3 more vehicles (V2, V3 and V4) that are already
in the system. The traffic controller needs to determine the
optimal exit sequence among the existing vehicles in order to
minimize the total travel time, maximize the velocity they can
travel, and minimize the frequent change in velocities of the
vehicles. Note that the vehicles from lane 3 and vehicles from
lanes 2, and 4 can not cross the intersection simultaneously.
Hence, the traffic controller needs to determine vehicles from
which lane should enter while closing the other lanes in order
to avoid collision.

The traffic controller can coordinate with the AVs by
informing the AVs to know the time at which they can cross
the intersection if they are the lead-vehicles (Definition 4) or
when they can not enter the intersection immediately after
their preceding vehicles as the vehicles from other lanes will
enter the intersection before. The traffic controller can not
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Fig. 1. Illustration of a traffic intersection control where a traffic controller
decides the optimal sequence of vehicles which would cross the intersection
and take actions accordingly. AVs are denoted with signs of being capable
to communicate with the traffic controller. Vehicles from lane 1 can collide
with vehicles from lane 2 and lane 4. Vehicles from lane 2 can collide with
vehicles from lane 3 and lane 1.

coordinate with the HDVs. Rather, the HDVs only follow the
traffic-lights.

Throughout this paper, the following assumption is in place.

Assumption 1. • The vehicles are going straight and no turn
is allowed. The vehicles are either going from east to west
and west to east, or north to south and south to north.

• The traffic-controller can not communicate with the HDV
regarding the time at which they can enter the intersection.

• The traffic intersection controller can sense the HDV’s
position and velocity accurately.

• The AVs are connected and controllable. The traffic con-
troller can send a signal when to enter the merging zone to
a AV.

• Lane changing is not acceptable within the control and
intersection zone.

As described in Fig. 1, there are 4 conflict points even for
this basic set-up. Note that in practice, the traffic intersection
controller can only have an estimate of a vehicle’s position
and velocity. In that case, we consider the worst case position
and velocity of a vehicle. Empirically, we show the impact of
the estimation errors in Section VI-B5. Note that even though
we have not considered any turning behavior, our model can
be extended to accommodate the lane changing behavior as
discussed in Section V-D.

B. Notations and Significance

We introduce some notations which we use throughout the
paper. At the control zone, a vehicle is completely specified
by the tuple (i, j) where j denotes the lane and i denotes
the i-th vehicle in the lane from the intersection. The vehicles
are numbered in the order they are closer to the intersection.
Vehicle (i − 1, j) is the vehicle immediately preceding the
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vehicle i. Vehicle i at lane j enters the control zone at time
t0i,j .

The position and speed of the vehicle (i, j) at time t are
denoted by pi,j(t) and vi,j(t) respectively. vm is the speed
limit. vfree is the desired velocity of the system. In our set-up
we consider vfree = vm, the maximum speed. However, it
is not a restrictive assumption. vfree can be governed by the
speed at the neighboring intersections as well. For example, if
there is a congestion, vehicles may not move at the maximum
speed. Our model can be extended to those scenarios. In fact,
in Section V-C, we show how our model can adapt to different
values for vfree.

Definition 1. For vehicle of any type, the time at which vehicle
(i, j) would cover the distance L + S starting from time t0i,j
and travelling at a constant speed vm is given by t′i,j:

t′i,j = t0i,j +
L+ S

vm
. (1)

The time at which the vehicle (i, j) would cover the distance
L starting from t0i,j at a constant speed vm is

t′i,j,m = t0i,j +
L

vm
. (2)

t′i,j,m and t′i,j indicate the times vehicle (i, j) would reach
the intersection and cross the intersection if it would not be
subject to any traffic. Note that t′i,j (t′i,j,m, resp.) is equal
to the initial time plus the time the vehicle takes to travel
the distance L + S (L, resp.) at the maximum speed. Thus,
they represent the times the vehicle take to exit the control
and merging zones in the idealistic scenario where the vehicle
would exit the system if there is no traffic. These values will
be used to compute the total delay the vehicle (i, j) would face
because of the traffic and the decision of the traffic-intersection
controller.

When the vehicle (i, j) enters the control zone, its position
satifies pi,j(t0i,j) = 0. When the vehicle (i, j) in the control
zone enters the intersection or merging zone then it is denoted
as (i′i, j) which explicitly denotes the identity of the vehicle
at the control zone. Once a vehicle exits the intersection, that
vehicle is removed from the system.

Definition 2. We denote tmi,j and tfi,j as the times the vehicle
(i, j) enters and exits the intersection respectively.

Formally, tmi,j = inf{t|pi,j(t) > L}, and tfi,j =
inf{t|pi,j(t) = L+ S}.

Note that a vehicle may stop just before entering the
intersection where pi,j(t) = L, in this case the vehicle is not
in the merging zone. We assume that a vehicle is only in the
merging zone when pi,j(t) > L. Note that in the idealistic
scenario, tmi,j = ti,j,m and tfi,j = t′i,j . However, because of
the traffic and the decision of the traffic-intersection controller
those relationships may hold in our scenario. tmi,j and tfi,j are
determined from the scheduling decision.

Definition 3. We denote the delay as tfi,j − t′i,j since this is
the additional time the vehicle (i, j) takes to exit the system
because of the traffic and the traffic-intersection controller’s
decision.

Definition 4. When i = 1 for vehicle (i, j), then it is the
lead-vehicle in the control zone of lane j.

Definition 5. Let Lj denote the set of vehicles in a lane j.
The set Lj is ordered in the sequence the vehicles arrive in
the lane j.

The first element in the set Lj is the first one among the
existing vehicles in lane j to arrive in the lane j and it is the
lead vehicle in lane j.

Definition 6. Let Mj denote the set of conflicting lanes of
lane j.

In Fig. 1, lanes 2 and 4 belong to M1. Since we have 4
lanes, for the non-conflicting lane j′ of j, Mj′ = Mj . For
example, in lanes 2 and 4 also belong to Mj′ .

Definition 7. Let bi,j,l,k = 0 if the vehicle (i, j) enters the
intersection before the vehicle (l, k) where k ∈ Mj and l ∈
Mk, otherwise bi,j,l,k = 1.

If bi,j,l,k = 0, then bl,k,i,j = 1. Note that the traffic-
controller decides bi,j,l,k which characterizes the sequence
order. Since no passing is allowed within a lane, it is ob-
vious that vehicle (i, j) can only enter the intersection after
(i − 1, j) if i > 1. We only need to compute sequence order
among the vehicles at the conflicting lanes. At time t, the
traffic-intersection controller decides bi,j,l,k to schedule the
vehicles among the conflicting lanes by maintaining the safety
constraint which we describe next.

C. Safety Constraint

The traffic controller needs to ensure that the vehicles from
colliding lanes can not be present at the intersection at the
same time. Thus, vehicle (i, j) and any vehicle from the lanes
Mj can not be present simultaneously at the intersection. For
example, in Fig. 1 the vehicles from lane 1 and 2 can not cross
the intersection at the same time since they can collide with
each other. Thus, lanes 1 and 2 are colliding lanes with each
other. Vehicles from a lane can only enter the merging zone
when the there are no vehicle from the colliding lane in the
merging zone.

Recall that tmi,j is the time when the vehicle (i, j) enters the
intersection. Hence, the safety or feasibility constraint for any
vehicle i ∈ Lj is

(tmi,j , t
f
i,j) ∩ (tml,k, t

f
l,k) = Φ ∀l ∈ Lk,∀k ∈Mj (3)

The above constraint ensures that any vehicle in the conflicting
lanes can not enter the intersection at the same time with
vehicle (i, j). Note that certainly the constraint can be relaxed
and vehicles from conflicting lanes Mj can enter at times
tfi,j − ε where ε is small enough to ensure that the vehicles
will not collide. Our analysis and model can be easily extended
to the above scenario.

Safety constraint (3) can be represented in terms of the
decision variable bi,j,l,k as follows:

tmi,j ≥ bi,j,l,kt
f
l,k ∀l ∈ Nj,k,∀k ∈Mj

tml,k ≥ (1− bi,j,l,k)tfi,j ∀l ∈ Nj,k,∀k ∈Mj (4)
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If bi,j,l,k = 0, then, the vehicle (i, j) would enter the
intersection before the vehicle (l, k) and the vehicle (l, k)
can only enter the intersection at time tfi,j , the time when
the vehicle (i, j) exits the intersection. The traffic-controller
decides bi,j,l,k which in turn specifies the red-light and green-
light timings at a lane, which in turn governs the dynamics of
the vehicles and the times tmi,j and tfi,j .

D. Traffic Light System

In this section, we describe how the decision bi,j,l,k charac-
terizes the time when the traffic-light is red or green at each
lane. The traffic controller computes an order of vehicles in
which they will enter the intersection or merging zone. When
a vehicle enters the merging zone, the corresponding traffic-
light at that lane must be green.

If the traffic-intersection controller decides bi,j,l,k = 1, and
bi−1,j,l,k = 0, i.e., the vehicle (l, k) from conflicting lane k
enters the intersection before vehicle (i, j) and after vehicle
(i−1, j) enters the intersection, then the traffic controller will
put a red-light at lane j after the vehicle (i− 1, j) enters the
intersection. We now describe when the vehicle (i, j) will face
green-light again.

First, we introduce some notations.

Definition 8. Let ji(k) = arg maxl∈Lk,k∈Mj
{l|bi,j,l,k = 1}

The index ji(k) denotes the largest index among the ve-
hicles (l, k) in the conflicting lane k of the lane j which
will enter the merging zone before the vehicle (i, j). Vehicles
(1, k), . . . , (ji(k), k) will enter the intersection before the
vehicle (i, j). Hence, the vehicle (ji(k) + 1, k) (if it exists)
can only enter the merging zone after the vehicle (i, j) exits
the intersection (otherwise ji(k) + 1 would have been the
maximum).

Note that if ji−1(k) and ji(k) are not the same for any
k ∈ Mj , then vehicle (i, j) can not enter the intersection
immediately preceding the vehicle (i − 1, j). Rather vehicles
((ji−1(k) + 1, k), . . . , (ji(k), k)) from the conflicting lane k
will enter the intersection before the vehicle (i, j). Thus, in
between a red-light must be on at lane j.

Let φrj(t) and φgj (t) denote whether the traffic-light is red
and green respectively at lane j, j = 1, . . . , 4 at time t.
Specifically, if φrj(t) = 1, the traffic-light is red at lane j,
otherwise it is 0. On the other hand, φgj (t) = 1 denotes that the
traffic-light is green at lane j at time t. We do not consider any
amber-light and we denote how to accommodate the amber
light in Section V-A.

If i 6= 1 when it enters the control zone, then, it will be the
lead-vehicle after tmi−1,j , i.e, when the vehicle (i−1, j) enters
the intersection. If ji−1(k) and ji(k) are different for any k ∈
Mj , then after the vehicle (i − 1, j) enters the intersection,
the vehicle (i, j) has to wait till the time (ji(k), k) exits the
intersection. Note that there are two conflicting lanes of lane j
since we consider a 4-way intersection. Hence, we also need
to consider bi,j,l,k1 where k1 ∈Mj , and k1 6= k.

If ji(k) and ji−1(k) are different for any k ∈ Mj ,
φgj (t

m
i−1,j) = 1, however, φrj(t

m
i−1,j+) = 1, i.e., the traffic-

light is red at lane j as soon as the vehicle (i − 1, j) enters

the vehicle. Hence, the traffic-light can be adapted at any lane.
The green-light will be switched on at lane j again at time

tgi,j = max
k∈Mj

tfji(k),k (5)

Hence, φrj(t) = 1 for t ∈ (tmi−1,j , t
g
i,j). Specifically, the vehicle

(i, j) has to wait till the time all the vehicles (l, k) such that
bi,j,l,k = 1 exit the intersection. If ji(k) and ji−1(k) are the
same for all k ∈ Mj , then the vehicle (i, j) will face the
green-light after the vehicle (i−1, j) enters the merging zone.
In this case φrj(t) = 0 for t ∈ (tmi−1,j , t

m
i,j). Thus, the vehicle

(i, j) does not observe the red-light.
The decision bi,j,l,k completely characterizes the times at

which the red-light or green-light will be switched on at lanes
j. For example, first consider among the front vehicles, i.e,
i = 1 at lane j and l = 1 at lane k ∈Mj . If b1,j,1,k = 0, for
all k ∈ Mj , then the green-light will be on for lane j next.
If ji(k) is different for some i at lane j compared to ji−1(k),
the red-light will be switched on after the vehicle (i, j) enters
the intersection. The vehicles till (ji(k), k) for k ∈ Mj will
then exit the intersection before again the green-light will be
switched on at lane j.

On the other hand, if bi,j,l,k = 0 for some k ∈Mj , then, the
vehicle (l, k) would enter the intersection before the vehicle
(i, j) where i = 1. The time the green-light will be on at lane
j is computed from tg1,j .

Finally, the times at which the vehicles enter and exit the
intersection depend on the red-light and green-lights which in
turn depend on the decision bi,j,k,l. Thus, we slight abuse
of notation, we denote tmi,j(b) and tfi,j(b) as functions of
b = {bi,j,k,l}. We sometimes make this dependence explicit.
The dependence are explicitly defined by the dynamics of the
vehicles and bi,j,l,k which we describe next.

Assumption 2. If there is no vehicle in the control zone at a
lane, the red-light will be switched on.

The above assumption is made for the ease of exposition
and can be relaxed. The above assumption states that when
the vehicle (i, j) is the lead-vehicle at the control zone as it
enters the lane j, it will initially face a red-light. The green-
light will be switched on based on the decision made by the
traffic-controller.

Note that when ji(k) and ji−1(k) are different, then the
vehicle (ji(k), k) would enter the intersection before the
vehicle (i, j). However, the vehicle (ji(k) + 1, k) would not
enter the intersection before the vehicle (i, j). Hence, the
red light will be switched on at lane k when the vehicle
(ji(k), k) enters the intersection. Thus, during the time interval
(tmji(k),k, t

g
i,j) all the traffic-lights are red. This ensures that the

intersection is devoid of any vehicles from the conflicting lane
k before the traffic-light is made green at lane j. Whenever
a schedule contains two consecutive vehicles from conflicting
lanes, red-light will be on for all the lanes in order to make sure
that the vehicle in the preceding order exits the intersection.

E. Dynamics of AV and communication with the traffic con-
troller in the control zone

In this section, we describe the dynamics of the vehicles
impacted by the decisions of the traffic-intersection controller.
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We first describe the dynamics for the AV (i, j) where ji(k)
and ji−1(k) are different (see Definition 8) for some k ∈Mj .
Here, we also discuss the scenario where the AV enters the
lane as a lead-vehicle. The scenario where for the AV (i, j)
ji(k) and ji−1(k) are the same is considered in Section II-F2.

In the above scenario where ji(k) and ji−1(k) are different
for some k ∈ Mj , the traffic-intersection controller informs
the AV when it can enter the intersection by computing tgi,j
(cf. (5)). The traffic-controller also informs the time at which
the vehicle (i, j) can enter the intersection when the AV (i, j)
is the lead-vehicle, i.e., it is the only vehicle at the control
zone when it enters.
AV (i, j) is governed by the following dynamics in this
scenario

dpi,j
dt

= vi,j(t), pi,j(t
0
i,j) = 0,

dvi,j
dt

= ui,j(t), vi,j(t
0
i,j) = vini (6)

Recall that t0i,j is the time when vehicle (i, j) enters the
system. tfi,j is the time the vehicle i leaves the system. ui,j(t)
is the control signal or acceleration for the AV (i, j).

To ensure that the speed and the control input of the AVs
are within acceptable limits, we have the following

umin ≤ ui,j(t) ≤ umax
vmin ≤ vi,j(t) ≤ vmax (7)

Recall that in our setting, vmax=vm.
At time t, the traffic-controller computes the decision bi,j,l,k.

If ji(k) and ji−1(k) are different, then the traffic-intersection
controller computes the time tgi,j at which it can enter the
intersection and informs the AV. The AV then updates its
dynamics at time t.

Since the AV can not enter the intersection before the
time t′i,j,m, the traffic controller would let the AV know a
time tmi,j ≥ t′i,j,m at which it can enter the intersection. The
AV would like to approach the intersection at the maximum
velocity vm. We assume that the AV would try to minimize
the total energy expenditure. Hence, the AV controller solves
the following problem

minimize
∫ tmi,j−t

τ=0

ui,j(t)
2dt

subject to pi,j(tmi,j) = L, vi,j(t
m
i,j) = vm, (6),&(7) (8)

The decision variable is ui,j(t). The AV enters the intersection
at time tmi,j with the highest speed vm. The time at which AV
will exit the intersection will be smaller. Further, the vehicles
following the AV are also expected to enter the intersection at
the speed close to the highest speed. Thus, the throughput will
increase. In Section VI-B7, we describe the impact of vm.

The initial conditions are the velocity and position of the
vehicle (i, j) at time t when the optimization problem is
solved. The first objective specifies the cost due to acceleration
or deceleration. The first constraint ensures that the distance
traversed by the vehicle (i, j) is L at tmi,j and the second
constraint ensures that when the AV enters the intersection,
it does so at the free speed. Note that tmi,j = max{tgi,j , t′i,j,m}.

Even though we consider that the vehicle (i, j) enters
the intersection at the maximum speed, our model can be
extended to the scenario where the traffic-controller mandates
that the velocity at the intersection be velocity other than
the speed-limit in order to control the speed of vehicles at
the neighboring intersections. How the intersection-controller
chooses such a velocity is beyond the scope of this paper.

Theorem 1. If a feasible solution exists, the solution is unique,
and we denote the solution as

(ui,j(t), vi,j(t), pi,j(t)) = F (t0i,j , t
m
i,j , vinitial, L) (9)

where vinitial = vfree is the initial velocity and L is the
distance need to be transversed from time t0i,j to tmi,j .

Proof. Please see our arxived paper [30].

When vini = vm, and tmi,j = t′i,j,m ,ui,j(t) = 0 for all t from
the optimization problem in (8). The vehicle i in lane j would
move at uniform maximum speed. Note that the function F (·)
specifies the control acceleration, velocity and position at every
time of the AV when the time to enter the intersection and the
initial times are specified.

Remark 1. The energy cost may be smaller in the scenario
where we do not put the requirement that the velocity of the
AV when it would enter the intersection must do at the speed
close to the speed limit. We can consider such a scenario by
relaxing the constraint. However, detailed analysis is kept for
the future.

Note that for a given sequence b, first, we determine the
time at which the vehicle enters the intersection tmi,j . However,
given this tmi,j , there may not be any solution of eqn. (8).

Definition 9. If for a certain decision b, there does not exist
any feasible solution of (8),then we denote tmi,j(b) =∞.

Thus, if for a certain decision taken by the traffic-
intersection controller, there is no feasible solution of (8), we
specify the time tmi,j as ∞. We utilize the above to discard
such sequence which renders the solution infeasible when we
describe the optimization problem for the traffic-intersection
controller in Section III-B.

F. Dynamics of the Human-Driven Vehicles

The traffic-controller can not communicate the time the
HDV can enter the intersection specifically when it becomes
the lead-vehicle in the control zone. Rather, the dynamics of
the HDV when it is the lead-vehicle at the control zone, is
impacted whether the traffic-light is red or green at time t.

1) The dynamics when a HDV is the leading vehicle:
Generally, a HDV only brakes when it is at most l (l ≤ L)
distance from the intersection when it sees a red light. Thus,
even if the red-light is on when the HDV is more than l-
distance away from the intersection, the HDV would not
decelerate. If l = L, it means that the control zone is small,
hence, the vehicle (i, j) would decelerate as soon as it enters
the control zone if the traffic-light is red at lane j.



7

We assume that the HDV will decelerate with uniform
retardation a. Hence, the dynamics of the HDV, when it
encounters the red light, i.e, φrj(t) = 1, is the following

dvi,j(t)

dt
=

{
−a if pi,j(t) > L− l,
0 otherwise.

(10)

the deceleration a is such that the vehicle stops just before
entering the merging zone. In particular, if the vehicle (i, j)
faces the red-light (i.e, the red-light is switched on) at a
distance s ≤ l away from the intersection, then the magnitude

of a is
v2s
2s

where vs is the velocity when it faces the red-light.
Note that even though the retardation is not uniform, one can
consider the average retaration, and the analysis still holds.

Note that it may happen that when the vehicle (i, j) faces
the red-light, it is very close to entering the intersection, then,
the deceleration may be below the minimum value umin.
Specifically, if

v2s
2s

> |umin| (11)

then, a deceleration is required which is lower than the
minimum value. Thus, such a sequence would not be feasible.
Hence, similar to Definition 9, we make tmi,j = ∞. In
Section III-B, we then see that such a sequence will never
be chosen.

When a HDV sees a green light again, it would accelerate
unless it is moving at the maximum speed. We assume that
the HDV accelerates with a constant acceleration ah. Thus,
when φgj (t) = 1, we have

dvi,j(t)

dt
=

{
ah if vi,j(t) < vm,

0 otherwise
. (12)

Note that the red-light and green-light phases are governed by
the decision bi,j,l,k taken by the intersection controller.

2) Dynamics of vehicles when it follows other vehicles:
The dynamics of HDVs when they follow the other vehicles
and the AV (i, j) for which ji(k) and ji−1(k) are the same
(i.e., it will face green-light after it becomes the lead-vehicle),
are given by popular vehicle following model.

The dynamics of a HDV in such a scenario is described
using the Intelligent Driver Model (IDM) [31]. It is an easy-
to-tune adaptive cruise control system able to avoid vehicles
collision in car-following mode. The dynamics for the vehicle
(i, j) is given by:

v̇i,j(t) = umax

1−
(
vi,j(t)

vm

)4

−

(
s∗{i,i−1}(t)

)2
s2{i,i−1}(t) + ε2

 ,

(13)
where s{i,i−1}(t) = pi−1,j(t) − pi,j(t) is the current inter-
vehicle distance, ε is a small number which makes the denom-
inator always non-zero, and s∗{i,i−1}, the desired inter-vehicle
distance:

s∗(vi,j(t),∆v{i,i−1}(t)) = s0 + Ti,jvi,j(t) +

vi,j(t)∆v{i,i−1}(t)

2
√
umax|umin|

, (14)

where ∆v{i,i−1}(t) = vi,j(t) − vi−1,j(t) is the vehicles’
difference in speed, umin is the maximum deceleration, s0
is the safe distance, and Ti,j the safety time gap between
two vehicles. Note that s∗ is the ideal distance that should
be maintained between the vehicles (i, j) and (i− 1, j) when
the vehicle (i, j) is moving at a speed vi,j(t) and the inter-
vehicular speed is ∆v{i,i−1}(t). s∗ increases as the vehicle
(i, j) approaches a slower vehicle (since the vehicle may need
to brake). On the other hand, s∗ decreases as the vehicle (i, j)
approaches a faster vehicle.

In order to ensure that the velocity is bounded between vmin
and vmax, we impose

vi,j(t) = max{min{vi,j,(t), vmax}, vmin} (15)

If the vehicle (i, j) is an AV, we use the same dynamics.
However, the parameter Ti,j is smaller if the vehicle is an AV.
In Section V-B, we discuss how our model can accommodate
parameter values different from the estimated ones. Note that
our model can easily be extended to other popular vehicle
following models such as Newell [32], optimal velocity model,
and full velocity model. We use the IDM since empirically it
performs the best among all the other vehicle models to mimic
the behavior of the vehicles [33], [34].

Remark 2. Note that velocity and acceleration of a vehicle
is completely specified by the lead vehicle dynamics and the
decision bi,j,l,k. When the lead vehicle dynamics is known,
the vehicle following the lead vehicle is computed according
to the dynamics of the vehicles. Thus, in a recursive manner,
the dynamics of all the existing vehicles in a lane are known.

The time at which the vehicle (i, j) will enter and exit the
intersection given by the position model of the vehicle. Thus,
the time all the vehicles will enter and exit the intersection
can also be computed in a recursive manner.

Note that the values of bi,j,l,k precisely determine φgj (t) and
φrj(t) for a lane j = 1, . . . , 4 as described in Section II-D.
Thus, the dynamics of vehicles are completely characterized
once bi,j,l,k is known.

Hence, the time at which the vehicle (i, j) enters the
intersection or merging zone computed at time t is given by

tmi,j = ψmi,j(t,b) (16)

here ψ(·) also depends on the positions, and velocities of
vehicles at time t. As mentioned tmi,j is computed recursively
starting from the first vehicle in the control zone at lane j.

We represent the velocity and position profile of the vehicle
(i, j) as the function of the decision variable as the following

(vi,j(t), pi,j(t)) = ζi,j(t,b) (17)

The velocity and position profiles are also obtained in a
recursive manner based on the decisions bi,j,l,k.

G. Dynamics of the vehicles in the merging zone

When in the merging zone, the vehicle (i, j) is represented
by (i′i, j). if the vehicle (i′i, j) is leader at lane j, its dynamics
is given by (12). The length of the merging zone is such
that the velocity can reach the maximum value vm within
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the merging zone. If the vehicle is following another vehicle
then its dynamics is given by (13) irrespective of whether
the vehicles is AV or HDV. Note that when a vehicle enters
the merging zone, it does not face any traffic light anymore,
hence, its dynamics is not impacted by the traffic-light. When
the traffic-controller informs the AV the time at which it can
enter the intersection, the AV enters at the maximum speed as
specified in Theorem 1. Also, note that such an AV will also
be the leading vehicle. Hence, the AV moves at the constant
speed after entering the merging zone.

The decision bi,j,l,k specifies when the vehicle (i, j) will
exit the intersection which is computed using the velocity and
position profile of the vehicle. We characterize

tfi,j = ψfi,j(t,b) (18)

ψfi,j is inherently a function of the velocity and position of
vehicle (i, j) at time t and decisions bi,j,l,k. Similar to ψmi,j ,
ψmi,j can also be computed recursively starting from the leading
vehicle and bi,j,l,k.

III. TRAFFIC CONTROLLER’S DECISION-MAKING
STRATEGY

When a new vehicle (i, j) arrives, the traffic controller
decides the sequence at which the vehicle will exit the in-
tersection. In this section, we, first, describe a relaxed prob-
lem which significantly reduces the computational complexity
(Section III-A). Subsequently, we formulate the optimization
problem, the solution of which gives the optimal sequence
(Section III-B).

We introduce a notation which we use throughout this
section. Let Seq(t) be the order of the vehicles present at
time t at the control zone which will enter the intersection.
When a vehicle exits the control zone and enters the merging
zone, the vehicle is removed from the control zone and put
into the merging zone system. All the vehicles ids’ at that lane
are reduced by 1, i.e., the vehicle (i, j) becomes (i − 1, j)
if a vehicle from lane j enters the merging zone. Once a
vehicle exits the intersection, that vehicle is removed from
the system. The traffic-intersection controller only seeks to
schedule vehicles at the control zone.

A. Reducing the Complexity

The possible number of combinations increases exponen-
tially with the number of vehicles in the system. For example,
if there are two conflicting lanes and there are N number of
vehicles in each lane, the possible number of combinations is(
2N
N

)
which is of the order of NN . Further, the dynamics of

the vehicles are non-linear functions of the decision. Hence,
finding an optimal sequence is inherently computationally
challenging.

The traffic controller needs to decide the sequence order
in real time, possibly within a few milliseconds. In order
to reduce the complexity, we reduce the number of possible
combinations by assuming the following:

Assumption 3. When a new vehicle (i, j) (i.e., it arrives at
lane j), we only consider the sequence order of the new vehicle

and the existing vehicles at the conflicting lanes Mj . The
relative order among the vehicles other than (i, j) are kept
the same.

The above assumption entails that if the sequence order
before a new vehicle (i, j) arrives be Sold, i.e,, Sold =
Seq(t0i,j−) where t0i,j− is the time just before t0i,j , then
the sequence order after the new vehicle (i, j) arrives be
Snew = Seq(t0i,j) such that Snew(m) = Sold(m) for any
m ≤ m1 whereSold(m1) = (i − 1, j). Thus, the order of
the vehicles till the preceding vehicle (i − 1, j) enters the
intersection is kept unchanged. The order of the vehicles after
the (i− 1, j) enters the intersection are changed.

The relative order of any vehicle (i′, j′) and (l, k) where
k ∈ Mj′ is also kept unchanged if (i, j) 6= (i′, j′). Thus, if
the vehicle (i′, j′) enters the intersection before the vehicle
(l, k) that order is maintained. Hence, one only needs to com-
pute the optimal sequence among the newly entered vehicle
(i, j) and the vehicles at the conflicting lanes. If there are
n number of vehicles in the conflicting lanes, we need to
consider n-possible combinations in the worst case. Hence,
the computational complexity reduces from exponential order
to the linear order of the number of vehicles in the conflicting
lanes. We later show that such a relaxation also simplifies the
solution of an optimization problem.

The communication cost is also reduced. Note that the traffic
controller needs to inform the AVs when they can enter the
intersection if the current time needs to be updated because
of the change in the schedule. Since potentially, at least the
order of the vehicles till the vehicle (i − 1, j) enters the
intersection is kept unchanged, thus, for those vehicles no
additional information is required to be sent.

Thus, we only compute bi,j,l,k with keeping other decisions
bi′,j′,l,k intact. In the following, we describe the optimization
problem which chooses the optimal bi,j,l,k.

Note that we are certainly doing a trade-off between finding
the optimal solution and finding a solution with a low compu-
tational complexity. In Section V-E, we describe the optimality
gap using a toy example.

B. Objective

When the new vehicle (i, j) arrives the traffic-controller
decides bi,j,l,k only among (i, j) and the vehicles (l, k) where
l ∈ Lk, k ∈ Mj , i.e., the vehicles in the conflicting lanes.
We, first, introduce a notation which we use throughout this
section. b−(i,j) consists of all the decisions apart from the
decisions bi,j,l,k for all (l, k),∀l ∈ Lk, k ∈Mj .

1) Computation of the vehicles’ dynamics: As new vehicle
(i, j) arrives at time t0i,j and the traffic-controller decides
bi,j,l,k at time t0i,j . The traffic controller computes the profiles
of the vehicles based on the decision bi,j,l,k since the other
decisions are kept unchanged, bi,j,l,k is sufficient to compute
the dynamics of the vehicles as described in Sections II-E
and II-F. Note that if bi,j,l,k = 1, the profile of the vehicle
(l, k) remains the same as it is computed before the vehicle
(i, j) enters the system. However, if bi,j,l,k = 0, the profile
of the vehicle (l, k) needs to be recomputed as the vehicle
(i, j) now enters the intersection before the vehicle (l, k). The
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traffic-intersection controller only recomputes those velocity
and positions of vehicles’ which are changes because of bi,j,l,k.

For vehicle (l, k), the time when it can enter the intersection
is given by (cf.(16))

tml,k(b) = ψml,k(t0i,j ,b)

tfl,k(b) = ψfl,k(t0i,j ,b), (19)

it indicates that the time is a function of the decision bi,j,l,k.
The position and velocity profiles are given by (cf.(17))

(vi,j(t), pi,j(t)) = ζ(t0i,j ,b) (20)

If the vehicle (i′, j′) has entered just before the the ve-
hicle (i, j) in the system. The computed time is given by
tml,k(b−(i,j)) which does not include the decision bi,j,l,k.
Thus, because of the decision bi,j,l,k = 0, the additional
time the vehicle (l, k) now takes to enter the intersection is
tml,k(b)− tml,k(b−(i,j)).

Definition 10. We define the delay imposed by the newly
entered vehicle (i, j) on the vehicle (l, k) as τi,j,l,k = tml,k(b)−
tml,k(b−(i,j)).

τi,j,l,k = 0 if bi,j,l,k = 1 as the vehicle (i, j) does not cause
any change to the profile of the vehicle (l, k).

Note that even the vehicle in the non-conflicting lane j̃ of
lane j (e.g., lane 3 of lane 1) since the ordering of the vehicles
remain intact between (l, k) and (̃i, j̃). Thus, similar to the
vehicle (l, k) we also define

tm
ĩ,j̃

= ψm
ĩ,j̃

(t0i,j ,b), tf
l̃i,j̃

= ψf
ĩ,j̃

(t0i,j ,b) (21)

Similarly, for the velocity and position profile

(vĩ,j̃(t), pĩ,j̃(t)) = ζ(t0i,j ,b) (22)

2) Energy Cost: For any vehicle the energy cost is defined
as the area under the curve of the magnitude of the change
in velocity over the time the vehicle spends in the system,

i.e.,
∫ tfi,j
t0i,j

ui,j(t)
2dt. We denote the energy cost as Cl,k(b)

which explicitly depends on the decisions b since the vehicle
dynamics, and tfi,j are functions of b. The cost inherently
depends on the position and velocity profile of the vehicles.

We will compute the energy cost imposed by the newly
arrived vehicle (i, j). This is the external cost incurred because
of the newly entered vehicle (i, j), also known as marginal
cost a term which is popular in Economics. Even a vehicle
(i′, j′) which belongs to the non-conflicting lane of lane j, its
dynamics can be changed because of the decision bi,j,l,k. For
example, if bi,j,l,k = 0, then the profile of the vehicle (l, k)
will be modified and if bi′,j′,l,k = 1 then, the velocity profile of
the vehicle (i′, j′) will be modified. Note that all the vehicles
Cm,j(b) where m < i since these vehicles’ profiles are
unchanged because of the newly entered vehicles. Similarly, if
bi,j,l,k = 1, the profile of vehicle (l, k) is unchanged because
of the newly entered vehicle.

We denote the change in the energy cost because of the
newly entered vehicle and the decision bi,j,l,k as Ci′,j′(b) −
Ci′,j′(b−(i,j)) where we denote Ci,j(b−(i,j)) as 0 since the
vehicle (i, j) is the newly entered vehicle. Again, for the

vehicles (m, j) where m < i, this change in the cost is 0
since we are not changing the order of those vehicles. Further,
if bi,j,l,k = 1, then Cl,k(b)− Cl,k(b−(i,j)) = 0.

3) Formulation of the Optimization Problem: We are now
equipped with all the notations to describe the objective. We
consider four objectives–

• Minimize the additional energy cost of the vehicles
incurred by the vehicle (i, j).

o1 =
∑
j′

∑
i′∈Mj′

Ci′,j′(b)− Ci′,j′(b−(i,j)) (23)

• Minimize the additional time taken by the vehicles to exit
the system because of the vehicle (i, j)

o2 =
∑
j′

∑
i′∈Mj′

tfi′,j′(b)− tfi,j(b−(i,j)) (24)

• The difference between the maximum speed and the
velocity of the vehicles at the intersection must be mini-
mized

o3 =
∑
j′

∑
i′

(vm − vi′,j′(ti′,j′(b)))+

−(vm − vi′,j′(ti′,j′(b−(i,j))))+ (25)

• The final time where all the vehicles would exit the
intersection must be minimized.

o4 = tfinal = max
i′,j′

tfi′,j′(b)−max
i′,j′

tfi′,j′(b−(i,j)) (26)

The first objective seeks to minimize the total energy cost
incurred due to the latest scheduling change because of the
new vehicle (i, j). The second objective seeks to minimize
time the vehicles take to exit the system. The third objective
seeks to maintain the velocities of the vehicles close to the
maximum speed limit when they enter the intersection. This
will ensure that it maximizes the throughput. Final objective
seeks to minimize the total time it takes for all the vehicles to
exit the intersection. Since b−(i,j) does not contain bi,j,l,k, one
can equivalently eliminate the terms which does not depend
on bi,j,l,k and can represent everything as a function of bi,j,l,k.

The optimization problem that the traffic controller solves
is the following:

P : min λ1o1 + λ2o2 + λ3o3 + λ4o4

subject to (19), (20), (21), (22)

variable bi,j,l,k ∈ {0, 1} (27)

The decision variable is bi,j,l,k. The objectives are defined in
(23)-(26). Note that for some sequence, if there does not exist
any feasible solution (as of Theorem 1), then, corresponding
to the vehicle (i′, j′), the tmi′,j′ is ∞ and such a sequence
will never be selected. Note that there always exists at least
one feasible sequence where the vehicle (i, j) will enter the
intersection at the end. Hence, solution of the optimization
problem is well-defined.
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IV. TRAFFIC CONTROLLER’S DECISION ALGORITHM

In this section, we discuss the algorithm for the traffic
controller to determine the sequence when a new vehicle
arrives in the control zone. Subsequently, we demonstrate the
algorithm using an illustrative example.

First, we introduce some notations.

Definition 11. Let Nk be the number of vehicles at lane k.

Hence, Nk = |Lk|. Recall that Seq(t) represents the
order in which the vehicles present at time t will enter the
intersection. Let Si,j be the order in which the vehicles after
the vehicle (i, j) enters the intersection before the vehicle
(i + 1, j) enters the intersection. Note that Seq(t0i+1,j−) is
the sequence of the vehicles just before the vehicle (i+ 1, j)
enters the intersection. If Seq(t0i+1,j−)(m) = (i, j) then,
Si,j(m1) = Seq(t0i+1,j−)(m + m1). If two vehicles enter
the intersection at same time from the non-conflicting lanes,
then the tie is broken randomly. Further, if the vehicle (i, j)
is the last one which enters the intersection, then Si,j is
empty. Si,j(n) denotes the n-th component of the set Si,j .
Note that since the newly entered vehicle (i + 1, j) does not
change the order of the vehicles till the vehicle (i, j) enters
the intersection, hence, in essence, we only need to compute
the order of vehicles within Si,j .

For example, in Fig 1, if the sequence is {v3, v2, v4}, then
after the vehicle v3 enters the intersection , the order for the
rest of the vehicles is {v2, v4}.

A. Algorithm

1) If the number of vehicle in the system is i at lane j, when a
new vehicle arrives in lane j, the new vehicle is represented
as (i + 1, j). If multiple vehicles arrive at the same time,
tie is broken arbitrarily.

2) Compute t′i+1,j = t0i+1,j +
L+ S

vfree
. Initialize n = 1.

3) If Si,j(n) is empty, then skip the next steps and go to step
7.

4) If Si,j(n) = (i′, j′) for any i′ where j′ /∈Mj , then we go
to step 6.

5) If Si,j(n) = (l, k), then we consider a possible decision
bi+1,j,m,k[n] = 1 for all m ≤ l − 1 and bi+1,j,m,k[n] = 0
for m ≥ l. Let l′k1 = arg min{l|Si,j(n′) = (l, k1), n′ > n}
where k1 6= k, k1 ∈Mj . Thus, the vehicle (l′k1 , k1) at lane
k1 will wait till the vehicle (i+1, j) enters the intersection
under this schedule. Hence, bi,j,m′,k1 [n] = 1 for m′ ≤ l′k1−
1 for k1 ∈Mj , k1 6= k and bi+1,j,m′,k1 = 0 for m′ ≥ l′k1 .
The order of the vehicles at lane j′ where lane j′ is non-
conflicting to lane j can be obtained since the order bi′,j′,l,k
k ∈M′j remains the same as it was before the vehicle (i, j)

enters the control zone. Compute tm,tempi+1,j [n] = t0i+1,j +
L

vfree
, tf,tempi+1,j [n] = t′i+1,j . The velocity profile vtempi+1,j [n](t)

and position profile ptempi+1,j [n](t) are also computed . All
the other vehicles’ velocity and position profiles are also
computed and are stored in tm,tempi′,j′ [n].tf,tempi′,j′ [n], vtempi′,j′ [n],
and ptempi′,j′ [n](t). Compute the objective value.

6) If Si,j(n) = (i′, j′) where j′ /∈ Mj , then obj[n] = ∞,
otherwise store the objective value in step 5 at obj[n]. Make
n = n+ 1.

7) Let z = arg minn obj[n]. Update tml,k = tm,templ,k [z], tfl,k =

tf,templ,k [z], vl,k(t) = vtempl,k [z](t), pl,k(t) = ptempl,k [z](t)

∀l ∈ Nj,k∀k ∈ Mj , tmi+1,j = tm,tempi+1,j [z], tfi+1,j =

tf,tempi+1,j [z], and vi+1,j(t) = vtempi+1,j [z](t), pi+1,j(t) =

ptempi+1,j [z](t). The sequence order is updated as bi+1,j,l,k =
bi+1,j,l,k[z].

8) The trajectory and dynamics of vehicles are updated.
Update the sequence Seq(t0i+1,j). If the vehicle (i′, j′)’s
order is changed from Seq(t0i+1,j−), j′i′ is different from
j′i′−1 and (i′, j′) is an AV, then the traffic-controller informs
the updated time the AV can now enter the intersection.

We obtain–

Theorem 2. The algorithm gives a solution of the optimization
problem P in (27).

Proof. Since the algorithm picks the sequence among all the
possible combinations for which the objective is the smallest,
thus, it is a solution of Optimization problem in (29)

B. Discussion

When a vehicle (i + 1, j) enters the system, the traffic
controller computes the current trajectory of the vehicle using
the vehicle dynamics as discussed in Section II. The algorithm
tries to find the optimal bi+1,j,l,k for l ∈ Lk, k ∈ Mj .
The relative order of the other vehicles is kept the same. The
algorithm enumerates over all the possible sequence among the
newly entered vehicle and the vehicles at the conflicting lanes
in the original computed sequence after the vehicle (i+ 1, j)
enters the intersection. Hence, the traffic-controller only needs
to find the optimal position of the vehicle (i + 1, j) and the
vehicles in Si,j .

We select the first item of Si,j . Suppose that it is (l, k).
Now, we compute the value of the objective function when
the vehicle (l, k) needs to wait as the vehicle (i, j) enters the
intersection before vehicle (l, k), i.e, bi,j,l,k[1] = 0. The rest
of the order of Si,j remains the same. Hence, if this is the
decision made by the traffic-controller, then the sequence is
Snew(m) = Sold(m) for m ≤ n where Sold(n) = (i, j),
Snew(n + 1) = (i + 1, j) and Snew(m) = Sold(m − 1) for
m > n + 1. The objective value, and the vehicle dynamics
are stored. Then, we pick the second element of Si,j . Let
the second element be (l, k1). Now we compute the objective
value when bi,j,l,k1 [2] = 0. However, bi,j,l,k[2] = 1. If this
is the optimal sequence chosen by the traffic-controller, then
Snew(m) = Sold(m) for m ≤ n + 1 where Sold(n + 1) =
(l, k). Snew(n + 2) = (i, j) and Snew(m) = Sold(m) for
m > n + 2. We again store the objective values, and the
dynamics. If Si,j(n) = (i′, j′) for any i′, we do not take any
action as we are only interested in scheduling of vehicles in the
conflicting lanes. We continue this process until we exhaust
Si,j . We then select the decision which corresponds to the
lowest objective value.

We now illustrate the algorithm using an example.
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Example 1. Consider Fig. 1. The vehicle v1 has left the
intersection. Let us assume that the current schedule of enter-
ing the intersection (Sold) be {v3, v2, v4} which means that
v3 would enter the intersection first, then v2, and after that
v4 would enter the intersection. The corresponding estimated
time to enter the intersection and leaving the intersection is
computed by the traffic controller from the vehicle dynamics.
Now, suppose vehicle v5 enters the intersection at time t05.
Since the vehicle v5 is the only vehicle in the lane, it would
move at the speed limit.
v3 belongs to the lane which is non-conflicting to lane 3.

Thus, we do not select the order between v3 and v5 as they can
enter the intersection without colliding.First according to our
notation v5 = (1, 3), v2 = (1, 2), v4 = (1, 4), and v3 = (1, 1).
We, thus, first consider the decision b1,3,1,2 = 0, i.e, the vehicle
v5 will enter the intersection before the vehicle v2 since v2
enters the intersection before v4, thus, b1,3,1,4 = 0. The traffic-
controller computes the objective for this decision. Now, we
consider the decision b1,3,1,4 = 0, however, b1,3,1,2 = 1. We
compute the value of the objective. Finally, we consider the
decision b1,3,1,4 = 1, b1,3,1,2 = 1. Hence, v5 will enter the
intersection at the last position if this decision is implemented.
We compute the value of the objective by computing the
dynamics of the vehicles.

We see which combination gives the smallest value. That
combination is implemented and the optimal sequence is
updated. For example, if the decisions b1,3,1,2 = 1 and
b1,3,1,4 = 0 give the smallest objective value. Then, the optimal
sequence is {v3, v2, v5, v4}.

V. GENERALIZATIONS

A. Response time of the HDVs and Amber-light

There may be a non-zero reaction time of the HDVs when
they see change in the traffic-light. We can easily accommo-
date the reaction time when the phase changes from the red
to green by modifying our model in the following manner.
When the HDV (i, j) faces green-light after the red-light, the
HDV will respond after a reaction time of treact. Thus, if
the green-light is switched on at time tg , then for time till
tg + treact, the HDV will respond as if it is still facing the
red-light, after the time tg + treact, the HDV will then follow
the dynamics when it faces the green-light as described in (12).
Hence, similar algorithm as described can be used to obtain
the optimal sequence.

When the green-light is changed to red-light at a lane, in
general, an amber-light is used between the transition. We can
accommodate an amber-light duration in the following manner
for the HDV. When the vehicle (i, j) is at most δ-distance away
from entering the intersection, we assume that the vehicle (i, j)
will follow its dynamics as if it is facing a green-light and
enter the intersection, i.e., it will treat the amber-light as the
green-light. On the other hand when the vehicle (i, j) is at
least δ-distance away from the intersection, the vehicle (i, j)
will not enter the intersection and stop similar to the scenario
where it is facing the red-light. The distance δ is chosen as the
distance that can be traversed before the vehicle (i, j) can react
and then applies the maximum deceleration possible (cf.(11))

and still will be able to stop. Since when the HDV (i, j) enters
the intersection when it is at most δ-distance away from the
intersection when the amber-light is switched on, we consider
that if ji(k) and ji−1(k) are not the same for some k ∈Mj ,
then the amber-light itself is switched on when the vehicle
(i− 1, j) is δ-distance away from the intersection as it would
enforce that the vehicle (i, j) will treat the amber-light as the
red-light and the amber-light will transition to the red-light
without affecting the schedule.

B. Deviation from the nominal values

The HDVs’ parameters may not be the same and may not
be known to the traffic-controller. We now discuss how our
model can accommodate the setting where the parameters of
the HDVs’ are drawn from a known and bounded distribution.
In this case, the optimal sequence is obtained based on the
expected values of the parameters. Note that once the sequence
is decided, the traffic-controller also decides when to switch
on the red or green-light at a lane based on the decision.
However, since the parameter values may not coincide with
the estimated values, the time at which the red-light and green-
light are switched on will depend on the realized values and
the decision bi,j,l,k.

Note that the traffic-controller provides the exact time when
the AV can enter the intersection in the case it becomes the
lead-vehicle and faces the red-light. When the parameters of
the HDVs are drawn from a distribution, our model can be
extended by considering the worst-case scenario. In particular,
when the parameters of the HDVs follow a distribution, the
time at which a HDV exits an intersection then can be
represented by a probability distribution function for a given
decision b. The worst-case scenario is then the maximum
value tfl,k of the support set of that distribution for a vehicle
(l, k). The traffic-intersection controller then computes tgi,j if
ji(k) and ji−1(k) are different where tgi,j is computed similar
to tgi,j with tfl,k in place of tfl,k. tfl,k is the minimum time by
which the vehicle (l, k) would exit the intersection w.p. 1.
Hence, tgi,j represents the minimum time at which the vehicle
(ji(k), k) and (ji(k1), k1) where k, k1 ∈ Mj would exit the
intersection with probability 1.

The traffic-intersection controller then informs the time tgi,j
to the vehicle (i, j) can enter the intersection which will
ensure that AV will not collide with the vehicles at the
intersection. Note that as the traffic-controller samples the
vehicles’ positions and velocities, those values can be updated.
This approach is similar to robust optimization approach
in Stochastic Optimization. Detailed numerical results are
presented in Section VI-B6. Note that in the IDM model, it
is easy to generate the worst-case scenario. For example, the
maximum possible value of Ti,j (the head-way distance be-
tween two vehicles) will correspond to the worst-case scenario.

Note that in the similar way, our model can accommodate
the stopping of HDVs. One can again we can formulate a
distribution of the time at which a HDV will enter and exit
the intersection based on the stopping behavior of the HDVs.

Further, our model can also be extended to the scenario
where the AV’s dynamics are also different from the ones
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the traffic-controller estimates. As we discussed, the traffic-
controller would decide the optimal sequence based on the
estimated values of the parameters. Developing the complete
framework is left for the future.

In the rare scenarios where a vehicle may stop permanently
because of a break-down, the vehicle is removed from the
sequence order and the order of the rest of the vehicles are
maintained as it is. When again the vehicle is again up for
running, the vehicle order is updated by treating the vehicle
as a new vehicle.

C. Variation of Maximum Speed

Though we have considered in (8) that AV must enter the
intersection at the maximum speed when it solves the optimal
control problem. We can relax the assumption. For example,
if there is a congestion at the neighboring intersection, the
traffic controller may want to reduce the speed of the vehicles
entering the intersection, then vm may not be the maximum
speed, rather vm may be the desirable speed decided by the
traffic-intersection controller. . We, empirically, evaluate the
impact of vm on the results in Section VI-B7.

D. Allowing Turning at the intersection

Our model can be extended to accommodate the scenario
where vehicles can turn. We need to partition the set of lanes
from where the vehicles can enter the intersection simultane-
ously, i.e., the set of non-conflicting lanes (for example, lanes
1 and 3 in Fig. 1) depending on the nature of the lanes. We
can use the conflict graph notion as described in [28] where
the nodes are the lanes and edge exists between two nodes if
they are conflicting to each other. A maximal independent set
in a conflict graph represents a set of non-conflicting lanes.

The safety constraint will be modified where the vehicles
from the conflicting lanes can not enter the intersection while
one vehicle is already in the intersection. This also character-
izes the decision bi,j,l,k which schedules the vehicles from the
conflicting lanes. We can characterize the dynamics of turning
vehicles using the model proposed in [28]. Subsequently, the
traffic controller can decide the optimal sequence among the
vehicles in the conflicting lanes. The detailed characterization
has been left for the future.

E. Difference between the optimal solution and solution of the
relaxed problem

In this section, we illustrate difference between the optimal
schedule and the optimal schedule obtained by solving the
relaxed problem as described in P (cf.(27)) using an example.
Since in order to determine the optimal schedule, one needs
to consider every possible combination, we consider a set-up
with only 3 vehicles.

Consider a two lane intersection which intersect with each
other. In Fig. 1 consider the two lanes only lanes 1 and 2
there. 3 vehicles arrive at lane 1 at times 0, 2 and 7-th seconds
respectively. 3 vehicles arrive at lanes 2 at times 1, 4, and 15-
th seconds. The length L = 300m and S = 100m. Further
vm = 20m/s. Hence, it would take 20 seconds to cross the
entire intersection at the maximum speed without any traffic.

We assume that the third vehicle at lane 1 (i.e., the vehicle
which arrives at the 7-th second) is AV and the first vehicle at
lane 2 (the vehicle arrives 1-nd second) is the AV. The rest are
HDV. We set λ1 = 0, λ2 = 0.01, λ3 = 0, and λ4 = 10. Thus,
the scheduler puts more weight on the objective where the
time the last vehicle would exit the intersection. The weights
on the first and third objectives are 0.

The final time where the last vehicle exits the intersection
is at 40-th seconds.

On the other hand the optimal schedule is
{v1,1, v1,2, v1,3, v2,1, v2,2, v2,3}. Thus, first, the vehicles
at lane 1 enter the intersection and then the vehicles at lane
2 enter the intersection. Note that the third vehicle at lane
2 is a HDV and enters 8-seconds after v1,3. Hence, in the
schedule proposed by our algorithm, the vehicle v1,3 has
to wait for the vehicle v2,3 to exit the intersection. The
final time at which the last vehicle in this sequence exits
the intersection is at 36-th second which is 4-seconds faster
compared to the one obtained by our algorithm. Note that in
our proposed algorithm, only the scheduling involving the
newly entered vehicle and the vehicle at the conflicting lanes
are considered without changing the relative order of other
vehicles. Thus, when the vehicle v2,3 arrives then the optimal
schedule between v1,3 and v2,3 are considered. Specifically,
the schedule {v1,1, v1,2, v2,1, v2,2} were kept unchanged as
the schedule till the time v2,2 enters the intersection is kept
unchanged. The two possible schedules are considered–i)
{v1,1, v1,2, v2,1, v2,2, v2,3, v1,3} (corresponding to b2,3,1,3 = 0)
and ii) {v1,1, v1,2, v2,1, v2,2, v1,3, v2,3} (corresponding to
b2,3,1,3 = 1). The first combination yields the final time as 40
seconds whereas the second combination yields the final time
as 44 seconds. Thus, our proposed algorithm chooses the
combination i). However, in the optimal scheduling algorithm
all the possible combinations are considered every time a
new vehicle arrives. Thus, the schedule is different. However,
the increase in final time is not significant yet our proposed
algorithm is computationally easy.

VI. NUMERICAL RESULTS

A. Set Up

We consider an intersection with four lanes as depicted
in Fig. 1. We assume that L = 300m, S = 100m,
vmin = 0,and vm = 20m/s. amax = umax = 10m/s2 and
amin = umin = −10m/s2 are respectively the maximum and
minimum acceleration of any type of vehicle. We also consider
ah = 2m/s2. Recall that ah is the acceleration when the lead
vehicle is HDV and enters the intersection at a speed below
the speed limit. The velocity of any vehicle can not exceed
vm. The distance S is enough to attain the highest speed from
the zero velocity if the vehicle accelerates uniformly with ah.
We also set λ1 = 1 for the optimization problem in (27).

When the vehicles follow another vehicle, we also need to
set the parameters for the IDM. We assume that Ti,j = 2.5-sec
for the HDVs, and Ti,j = 1.5-s for the AVs. We investigate
the impact when the Ti,j of a HDV varies randomly following
a distribution in Section VI-B6. s0 the safe steady distance
between any two vehicles is assumed to be 2-m.
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For the simulation, we discretize the velocity–

vi,j(t+ ∆t)− vi,j(t) =
dvi,j(t)

dt
∆t

pi,j(t+ ∆t)− pi,j(t) = vi,j(t)∆t+

1

2
(vi,j(t+ ∆t)− vi,j(t))2∆t (28)

where ∆t is the small time for discretization. We set ∆t =
0.01-sec. We also set l = 100m which is the largest distance
from which a HDV would start decelerating when it encounters

a red light. Note that the value of
dvi,j(t)

dt
is based on whether

the vehicle is following another vehicle (IDM model, cf.(13)),
or, it is the lead vehicle as in ((11), and (10)). For the AV,
the value is either given by (9) or by (13). We also consider
that when the traffic-light transitions from red to green a HDV
responds after 1-sec.

We consider that the vehicles arrive according to a Poisson
process in each lane. The vehicles arrive with mean inter-
arrival time of 10 seconds. We run the simulation for 1 hour
i.e., 3600 seconds. For each vehicle, with probability (w.p.) p
we assign it as a HDV and w.p. 1 − p we assign it as a AV.
We compare our proposed algorithm with the FIFO algorithm
where the vehicles which have entered first would cross the
intersection first. We take average over 100 simulations. We
compare our algorithm with respect to the FIFO algorithm [1],
[14]. FIFO algorithm is the following– it ranks the vehicles
according the order they arrive at the control zone, thus, the
vehicle who enters the control zone first is considered to enter
the intersection first. The tie is broken in an arbitrary manner.
Note that once the exit sequence is decided, the trajectories
are also decided. Hence, the time at which the vehicles enter
the intersection are estimated. The AVs are provided with the
information at what time they would enter the intersection.
The AV then computes its trajctory according to (8).

B. Results

1) Total time: Fig. 2 shows the variation of the time at
which the last vehicle would cross the intersection (i.e.o4,
cf.(26)). This would measure the total time taken by all the
vehicles to cross the intersection. Note that as the percentage
of the AVs increases, tfinal decreases. Intuitively, as the
percentage of the AVs increases the traffic controller can send
signals when they can cross the intersection. Since the AVs
can optimize the velocity profile accordingly, the total time
taken by all the vehicles also reduce.

Fig. 2 also depicts that compared to the FIFO, our algorithm
decreases the time significantly. The time reduction is higher
when the percentage of the AV vehicles is small. Since in the
FIFO, if the number of HDVs is large, the HDVs need to stop
and wait for the vehicles in the conflicting lanes to cross before
it can cross. The HDV then needs to accelerate and crosses
the intersection at a slower speed compared to the AV. Hence,
the total time taken in the FIFO becomes very large when the
percentage of the AVs is small. Thus, our algorithm is most
effective when the penetration rate of the AVs is small and
our algorithm provides improvement of over 90%. Even when

the percentage of the AVs is 90%, we obtain 50% decrease in
the total time taken by the vehicles to cross the intersection.

Recall from the optimization problem in (27) that λ4 corre-
sponds to the objective of the total time. Hence, as λ4 increases
compared to λ2 and λ3, our algorithm obtains lower total time
taken by all the vehicles to cross the intersection. The total
number of vehicles which cross the intersection is significantly
higher compared to the FIFO. Hence, our algorithm provides
significantly better throughput compared to the FIFO.

2) Distribution of the Delay: Fig. 3 shows the average
delay over all vehicles. Recall that the delay is tfi,j − t′i,j
(Definition 3). As the percentage of the AVs increases, the
delay decreases.

Fig. 3 shows that compared to the FIFO, our algorithm
reduces the individual delay by a significant amount. For
example, when the AV penetration rate is only 5%,the av-
erage delay is around 500 seconds for FIFO whereas in our
algorithm, it is only around 120 seconds for λ2 = 10 and
around 90 seconds when λ2 = 100. Even when the AV
penetration rate is 90% the average delay in FIFO is around
195 seconds, where as in our algorithm is merely 5 seconds
(close to negligible). Thus, our algorithm reduces the mean
delay significantly compared to the FIFO system.

Recall from the optimization problem in (27) that λ2 corre-
sponds to the penalty for larger delay. Hence, as λ2 increases
compared to λ1 and λ3, the mean delay also decreases (Fig. 3).

Fig. 4 shows that compared to the FIFO, the maximum
delay among all the vehicles is significantly less in our
algorithm. Maximum delay or the worst case delay measures
the robustness of our algorithm. Note that as the percentage of
the AVs increases the maximum delay decreases since the AVs
can optimize the dynamics and can follow closely compared to
the HDVs. On the other hand, the HDVs stop at the red signal
and then again starts when the signal is green which results
in greater delay. Fig. 4 depicts that the worst case delay can
be in the order of 3600 seconds (i.e., 1 hour) when the AV
penetration rate is only 5%. However, still in our algorithm
it is of the order of 540 seconds (9 minutes). Fig. 4 reveals
that even when the AV penetration rate is 90%, the worst
case delay can be of the order of 1200 seconds (20 minutes),
however, in our algorithm, it is of the order of 100 seconds
(i.e., 2 minutes). Thus, our algorithm significantly reduces the
worst case delay compared to the FIFO.

Similar to Fig. 3, in Fig. 4, as λ2 increases, the worst
case delay decreases. However, the decrement is not very
significant.

3) Distribution of the Velocity while entering the Intersec-
tion: Fig. 5 depicts the average velocities over the vehicles
when they enter the intersection. Recall that the velocity at
which the vehicle i enters the intersection at lane j is given
by vi,j(tmi,j). If the traffic controller sends information to the
AVs, they can cross the intersection at the maximum speed.
Hence, as the percentage of the AVs increases more vehicles
cross the intersection at the full speed. Note that the vehicles
following the lead vehicle try to maintain the same speed as
that of the lead vehicles. Hence, if the lead vehicle crosses at
the fullest speed, the following vehicles also tend to do that
which results in higher percentage of vehicles entering the
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Fig. 2. The variation of time at which the last
vehicle would cross the intersection with the AV
penetration rate (i.e, 1− p). λ2 = 100, λ3 = 100.
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Fig. 3. The variation of the average delay over
vehicles with the AV penetration rate (i.e, 1− p).
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Fig. 4. The variation of the maximum delay of
vehicles with the AV penetration rate (i.e, 1− p).

intersection at the highest speed. Thus, as the AV penetration
rate increases, the average velocity at which the vehicles enter
the intersection increases.

Fig. 5 shows that the our algorithm ensures better mean
velocity compared to the FIFO. The performance of our
algorithm is significantly better when the AV penetration rate
is small. For example, when the AV penetration is only 5%, the
mean velocity in the FIFO is only around 1.5m/s. However,
our algorithm gives mean velocity around 5.5m/s. As the
percentage of the AVs increases, the mean velocity increases
in FIFO as well, still the mean velocity is significantly smaller
compared to our algorithm. Recall from the optimization
problem in (27), λ3 corresponds to the weight regarding the
penalty for velocity is not equal to the free speed limit. Hence,
as λ3 increases the mean velocity increases.

4) Acceleration and Deceleration: Fig. 6 depicts that the
probability mass functions of the absolute value of change
in velocity (or, retardation) over all the vehicles during the
one hour window. Our result indicates that as the penetration
of the AV increases (i.e. p decreases), the vehicles tend to
accelerate or retard less. Hence, the acceleration is more
concentrated towards the value 0 when the penetration of the
AVs increases. Intuitively, the AVs would optimize its path
when it is sent information pertaining when it can enter the
intersection. Hence, they can adapt better in terms of changing
the velocities.

5) Sensitivity Analysis: Throughout the paper, we consider
that the traffic controller predicts the dynamics of the vehicles
when a new vehicle enters. In this section, we investigate the
scenario where there is an error in prediction regarding the
positions of the vehicles. Specifically, we add a random noise
with the predicted position of the vehicles. The noise is halved
for the AVs. We assume that the random noise is uniformly
distributed within the range [−r, r]. The noise is also tuned in
order to maintain a safe distance with the preceding vehicles.

Fig. 7 indicates that even when the traffic controller has
a noisy prediction, the performance of the algorithm does
not vary much. For example, when the location uncertainty is
around 40m, the total travel time only increases by 5 seconds
in 3600 seconds window. When the AV penetration rate in-
creases, the impact is even less since the uncertainty pertaining
the positions of the AVs are less compared to the HDVs.
Further, as the uncertainty (r) increases, the performance
degrades, however, the degradation is negligible. Thus, our
proposed algorithm can adapt effectively to the uncertainties
in estimating the position of the vehicles.

6) Deviation from the nominal value: Note that so far,
we assume that the traffic-intersection controller knows the
parameter values of the HDVs. However, those values may
not be known to the traffic intersection controller. Rather, the
traffic intersection controller would know the maximum value
of the parameter. In the following, we simulate where the
parameter Ti,j is sampled uniformly from a distribution [2, r1].

The traffic-intersection controller informs the time to the AV
where it is certain that there is no vehicle from the conflicting
lanes. Specifically, the traffic-intersection controller computes
the trajectories, the entry and exit times (eqns. (20)-(23)) by
assuming that the head-way for the HDVs as r1 seconds (the
maximum value). Fig. 8 and 9 show that as r1 increases the
delay increases (both the worst-case and the mean value). The
increase in delay is also prominent as the percentage of the
HDV increases which is expected. Note that when r1 is high
and the penetration of the AV is small, the number of HDVs
with a higher head way distance increases, hence, the delay
increases significantly.

7) Impact of the values of vm: We, empirically, show the
impact of vm = vmax. As vmax decreases the delay increases.
The rate of increase of delay increases as the maximum
velocity vmax decreases (Fig. 10).

8) Velocity Profiles of vehicles: In Figs. 11 and 12, we
plot the velocity profile of an AV and a HDV when the
AV penetration rate is 50%. We choose such vehicles which
are impacted with the traffic-light change and show how our
algorithm impacts the trajectory of the vehicles depending on
whether it is an AV or HDV. We choose the AV such that when
it becomes the lead-vehicle it faces a red-light, hence, in our
algorithm, the traffic-intersection controller informs such an
AV when it can enter the intersection. Note from Fig. 11 that
such an AV enters the intersection at the maximum speed and
maintains that till it exits the intersection.

On the other hand, the traffic-intersection controller can not
coordinate with the HDV. During a trajectory, the HDV stops
twice (Fig. 12). First, when the vehicle it is following stops;
second, when the HDV is a lead-vehicle and it faces a red-
light. Note that when the traffic-light is again green, it enters
the intersection at the 0 velocity unlike the AV. Hence, the
HDV accelerates and reaches the maximum velocity before
exiting the intersection.

C. Arrangement of the HDVs and the AVs

In order to analyze the impact of the arrangement of the
HDVs and AVs, we simulate the arrivals of the vehicles in the
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following manner. We, first, consider that 50% of all vehicles
is AV. We divide the total incoming vehicles in a lane in the
batch of k vehicles. We consider that out of k vehicles, first
k/2 vehicles are AV and the rest k/2 vehicles are HDV.

Our result shows that as k increases, the total time the
vehicles take to cross the intersection increases (Fig. 13).
Intuitively, when the HDVs become the lead vehicles they
enter the intersection at a smaller speed compared to the AVs.
Since the HDVs arrive later compared to the AVs, it takes
more time to cross the intersection.

Fig. 13 also shows that the second combination where first
k/2 vehicles are HDVs and the rest of the k/2 vehicles are
AVs gives smaller total time compared to the first scenario.
Further, as k increases the total time taken is also reduced.
When the AV becomes the lead vehicle it can approach the
intersection with a larger speed and thus, it takes smaller
time to cross the intersection. Thus, the traffic controller
can intentionally allow the HDV to cross the intersection by
withholding the AVs. However, when k increases too much the
total time again increases since the HDVs need to be stopped
as otherwise it would cause significant wait time to all the
vehicles. Thus, the total time taken again increases when k
exceeds a threshold.
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Fig. 14. The variation of the maximum wait time among the vehicles 2
different scenarios as a function of k. λ1 = 100, λ2 = 100, λ3 = 100.

Fig. 14 shows the maximum delay among all the vehicles
as a function of k. Similar to Fig. 13 Scenario 2 reduces
the maximum wait time of the vehicles. However, unlike in
Fig. 13, in Fig. 14 the wait time increases as k increases. This
is due to the fact that as k increases, the number of HDVs in
a slot becomes higher compared to the AVs. Since the HDVs
take longer time to cross the intersection, the wait time of
the vehicles become large. Hence, for better performance the
HDV and AV should alternate.

Fig. 15 shows the mean velocity of the vehicles when
they enter the intersection as a function of k. It reveals that
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Fig. 15. The variation of the mean velocity of the vehicles in 2 different
scenarios as a function of k. λ1 = 100, λ2 = 100, λ3 = 100.

scenario 2 gives slightly better mean velocity compared to the
scenario 1. However, unlike in Fig. 13, Fig. 15 reveals that as
k increases the mean velocity decreases in both the scenarios.
Since when a large number of HDVs arrive in burst without
any AV, it would decrease the mean speed. Hence in order to
maintain high velocity the HDV and AV should alternate.

Thus, the arrangement of the HDVs and AVs can play a
significant role in the total time taken by the vehicles, the
average velocity, and the maximum delay among the vehicles.
Scenario 2 where the AVs would follow the HDV would give
a lower total time for crossing across the vehicles. However,
there exists an optimal threshold for the size of the AVs to
follow the HDV. On the other hand, when AV and HDV
alternate the average velocity at which the vehicles enter is the
maximum. The combination where the AV and HDV alternates
also results in smaller delay across the vehicles.

VII. CONCLUSIONS AND FUTURE WORK

We consider a scenario where the traffic controller optimally
decides the sequence at which vehicles enter an urban inter-
section in a mixed autonomy scenario. When a new vehicle
enters the system, the traffic-controller computes the optimal
sequence. Since the number of possible combinations increases
exponentially with the number of vehicles, we consider a
relaxed version where the sequence is computed only among
the newly entered vehicle and the vehicles at the conflicting
lanes with the relative order of vehicles among the others
are kept the same. Thus, the possible combination scales
only linearly with the number of vehicles. We formulate the
optimization problem and proposes an algorithm which gives
the optimal solution to the problem. We consider that the
traffic-intersection controller can inform the AV the time at
which it can enter the intersection if it enters as the lead
vehicle or it will face a red-light once the preceding vehicle
enters the intersection. Such an AV can enter the intersection
at the maximum speed while adapting its dynamics. We
characterize how the traffic-intersection controller selects the
traffic-lights at each lane based on a scheduling order, and
how such a decision impacts the dynamics of the vehicles.
We also show that how our work can be extended when the
HDV’s parameters may deviate from the nominal values. We
empirically evaluate our algorithm and show that our algorithm
significantly outperforms the FIFO mechanism.

Our work can be extended in numerous ways. We have
considered only one intersection zone. The characterization of
optimal algorithm considering multiple intersections and the

traffic behavior across multiple intersections is another possi-
ble future research direction. Further, though, we empirically
characterize the impact of the uncertainties in the predicting
the position on the model, the complete theoretical analysis
is left for the future. The characterization on other vehicle
following models have been left for the future. Finally, more
sophisticated model for fuel cost has also left for the future.
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[19] Í. B. Viana, H. Kanchwala, and N. Aouf, “Cooperative trajectory plan-
ning for autonomous driving using nonlinear model predictive control,”
in 2019 IEEE International Conference on Connected Vehicles and Expo
(ICCVE). IEEE, 2019, pp. 1–6.

[20] Y. Zhang and C. G. Cassandras, “The penetration effect of connected
automated vehicles in urban traffic: An energy impact study,” 2018 IEEE
Conference on Control Technology and Applications (CCTA), Aug 2018.

[21] K. Li, J. Wang, and Y. Zheng, “Optimal formation of autonomous
vehicles in mixed traffic flow,” 2020.

[22] Y. Zheng, J. Wang, and K. Li, “Smoothing traffic flow via control of
autonomous vehicles,” IEEE Internet of Things Journal, vol. 7, no. 5,
pp. 3882–3896, 2020.

[23] C. Wu, A. M. Bayen, and A. Mehta, “Stabilizing traffic with autonomous
vehicles,” in 2018 IEEE International Conference on Robotics and
Automation (ICRA), 2018, pp. 6012–6018.

[24] S. I. Guler, M. Menendez, and L. Meier, “Using connected vehicle
technology to improve the efficiency of intersections,” Transportation
Research Part C: Emerging Technologies, vol. 46, pp. 121–131, 2014.

[25] M. Pourmehrab, P. Emami, M. Martin-Gasulla, J. Wilson, L. Elef-
teriadou, and S. Ranka, “Signalized intersection performance with
automated and conventional vehicles: A comparative study,” Journal
of Transportation Engineering, Part A: Systems, vol. 146, no. 9, p.
04020089, 2020.

[26] R. Niroumand, M. Tajalli, L. Hajibabai, and A. Hajbabaie, “Joint
optimization of vehicle-group trajectory and signal timing: Introducing
the white phase for mixed-autonomy traffic stream,” Transportation
research part C: emerging technologies, vol. 116, p. 102659, 2020.

[27] K. Yang, S. I. Guler, and M. Menendez, “Isolated intersection control
for various levels of vehicle technology: Conventional, connected, and
automated vehicles,” Transportation Research Part C: Emerging Tech-
nologies, vol. 72, pp. 109–129, 2016.

[28] M. Tajalli and A. Hajbabaie, “Traffic signal timing and trajectory
optimization in a mixed autonomy traffic stream,” IEEE Transactions
on Intelligent Transportation Systems, pp. 1–14, 2021.

[29] M. Pourmehrab, L. Elefteriadou, S. Ranka, and M. Martin-Gasulla,
“Optimizing signalized intersections performance under conventional
and automated vehicles traffic,” IEEE Transactions on intelligent trans-
portation systems, vol. 21, no. 7, pp. 2864–2873, 2019.

[30] A. Ghosh and T. Parisini, “Traffic control in a mixed autonomy
scenario at urban intersections: An optimization-based framework,”
2021. [Online]. Available: https://arxiv.org/abs/2108.12695

[31] M. Treiber, A. Hennecke, and D. Helbing, “Congested traffic states in
empirical observations and microscopic simulations,” Physical review E,
vol. 62, no. 2, p. 1805, 2000.

[32] G. Newell, “A simplified car-following theory: a lower order model,”
Transportation Research Part B: Methodological, vol. 36, no. 3, pp.
195 – 205, 2002.

[33] M. Zhu, X. Wang, A. Tarko et al., “Modeling car-following behavior
on urban expressways in shanghai: A naturalistic driving study,” Trans-
portation research part C: emerging technologies, vol. 93, pp. 425–445,
2018.

[34] V. Kanagaraj, G. Asaithambi, C. N. Kumar, K. K. Srinivasan, and
R. Sivanandan, “Evaluation of different vehicle following models under
mixed traffic conditions,” Procedia-Social and Behavioral Sciences, vol.
104, pp. 390–401, 2013.

Arnob Ghosh (M’16) received the Ph.D. Degree
in the Electrical and Systems Engineering from
the University of Pennsylvania, USA in 2016. He
has obtained his B.E. degree from the Jadavpur
University, India in 2011. He was a Post-doctorate
Researcher at Purdue University from August 2016
to July 2019. He has briefly served as an Assistant
Professor at the IIT-Delhi, India from August, 2019
to January 2020. He was with the Electrical and
Electronic Engg. Department at the Imperial College
of London as a Research Associate from January

2020 to October 2021. Since then he is associated with the Electrical and
Computer Engg. Department of the Ohio State University, USA. His research
interest lies in Reinforcement Learning, Game Theory, Optimization, and
application of the above methods in Smart City including Intelligent Trans-
portation domain. He served as a Reviewer in numerous IEEE conferences
and journals. He has recently been identified as one of the top reviewers of
the AISTATS conference.

Thomas Parisini (F’11) received the Ph.D. degree
in Electronic Engineering and Computer Science
in 1993 from the University of Genoa. He was
with Politecnico di Milano and since 2010 he holds
the Chair of Industrial Control and is Director
of Research at Imperial College London. He is a
Deputy Director of the KIOS Research and Inno-
vation Centre of Excellence, University of Cyprus.
Since 2001 he is also Danieli Endowed Chair of
Automation Engineering with University of Trieste.
In 2009–2012 he was Deputy Rector of University

of Trieste. In 2018 he received an Honorary Doctorate from University of
Aalborg, Denmark. In 2020 he has been appointed as Deputy Chair of
the Employment & Education Task Force of the B20–Italy. He authored
or coauthored more than 370 research papers in archival journals, book
chapters, and international conference proceedings. He is a co-recipient of
the IFAC Best Application Paper Prize of the Journal of Process Control,
Elsevier, for the threeyear period 2011–2013 and of the 2004 Outstanding
Paper Award of the IEEE Trans. on Neural Networks. He is also a recipient
of the 2007 IEEE Distinguished Member Award. In 2016, he was awarded
as Principal Investigator at Imperial of the H2020 European Union flagship
Teaming Project KIOS Research and Innovation Centre of Excellence led
by University of Cyprus. Thomas Parisini serves as 2021–2022 President
of the IEEE Control Systems Society and has served as Vice-President for
Publications Activities. During 2009–2016 he was the Editor-in-Chief of the
IEEE Trans. on Control Systems Technology. Since 2017, he is Editor for
Control Applications of Automatica and since 2018 he is the Editor in Chief of
the European Journal of Control. Among other activities, he was the Program
Chair of the 2008 IEEE Conference on Decision and Control and General Co-
Chair of the 2013 IEEE Conference on Decision and Control. Prof. Parisini
is a Fellow of the IEEE and of the IFAC.

https://arxiv.org/abs/2108.12695

	Introduction
	Motivation
	Related Literature
	A Glimpse on the Optimization Problem

	Problem Formulation
	The Intersection and Control Zone
	Notations and Significance
	Safety Constraint
	Traffic Light System
	Dynamics of AV and communication with the traffic controller in the control zone
	Dynamics of the Human-Driven Vehicles 
	The dynamics when a HDV is the leading vehicle
	Dynamics of vehicles when it follows other vehicles

	Dynamics of the vehicles in the merging zone

	Traffic Controller's Decision-Making Strategy
	Reducing the Complexity
	Objective
	Computation of the vehicles' dynamics
	Energy Cost
	Formulation of the Optimization Problem


	Traffic Controller's Decision Algorithm
	Algorithm
	Discussion

	Generalizations
	Response time of the HDVs and Amber-light
	Deviation from the nominal values
	Variation of Maximum Speed
	Allowing Turning at the intersection
	Difference between the optimal solution and solution of the relaxed problem

	Numerical Results
	Set Up
	Results
	Total time
	Distribution of the Delay
	Distribution of the Velocity while entering the Intersection
	Acceleration and Deceleration
	Sensitivity Analysis
	Deviation from the nominal value
	Impact of the values of vm
	Velocity Profiles of vehicles

	Arrangement of the HDVs and the AVs

	Conclusions and Future Work
	References
	Biographies
	Arnob Ghosh
	Thomas Parisini


