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Abstract

Industrial problems often involve parametric design and deal with complex com-
putational models or expensive experimental measurements. The study of multiple
design configurations, such as optimization or uncertainty quantification, can become
prohibitive, especially when the number of observations becomes too high. Conse-
quently, there is a profound interest in lowering the computational cost of parametric
problems. Surrogate models, as interpolations or regression models, are a great solu-
tion to this issue, as they allow for learning a map between the input parameter space
and the corresponding outputs. They usually approximate problem-specific quan-
tities of interest, and their training is relatively inexpensive. Nevertheless, if the
quantity of interest is not a scalar value, but it is a vector quantity, most regression
models have a limited range of application, especially if the vector space is high-
dimensional. This is the case for numerical simulation solutions, such as those for
Computational Fluid Dynamics (CFD) or structural Finite Element Models (FEM),
where the quantities of interest are vector fields, e.g., velocity or pressure fields.
It would not be feasible to approximate an industrially relevant parametric solution
with a single regression model due to the model’s limitations. Reduced Order Models
(ROM) aim to solve exactly this problem. They operate a dimensionality reduction
of the vector fields, here called snapshots, by encoding them with Proper Orthogonal
Decomposition (POD). Successively, the obtained snapshots’ latent representation is
exploited to predict unseen design configurations. In this work, a novel non-intrusive
multi-fidelity ROM has been developed to address the high offline computational
cost of classical ROMs. Low-fidelity (LF) information is exploited to improve the
high-fidelity (HF) knowledge of the problem in a multi-fidelity manner. In particular,
the proposed multi-fidelity ROM has been designed to handle industrial applications,
while favoring the automation of the process.

The first part of the thesis discusses the methodological core of the work. Starting
from ROMs, to regression models, their relationship is deepened, specifically for the
non-intrusive ROM formulations. Successively, multi-fidelity regression models are
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introduced, illustrating how different approaches to multi-fidelity techniques work.
Finally, the novel non-intrusive multi-fidelity ROM is presented, combining the previ-
ous methods. The multi-fidelity ROM has two main characteristics: a mixed fidelity
snapshot matrix and the use of a multi-fidelity regression model, i.e., the Nonlinear
AutoRegressive multi-fidelity Gaussian Process (NARGP). The mixed fidelity snap-
shots enrich the POD basis functions, increasing the capability to represent unseen
snapshots, while the NARGP improves the accuracy of the POD latent predictions
through the addition of LF snapshots.

The second part of the thesis shows how the multi-fidelity ROM performs in
industrially relevant use cases and what the main challenges are. External aerody-
namics and internal flows are both considered, and different types of parameteriza-
tions are examined, ranging from geometrical to operational input variables. Many
query applications are considered, e.g., uncertainty quantification, highlighting the
potential of ROMs in these fields. Moreover, the problem of non-coherent snapshots
due to different fidelity snapshots and large geometrical deformations is addressed
in the proposed applications. In general, all the results are compared to equivalent
single-fidelity ROMs to perform a meaningful comparison.
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Chapter 1

Introduction

Computational resources are becoming more affordable over time, enabling a wider
public to tackle increasingly complex problems. In an industrial context, this trans-
lates to a more accurate physical description, setting a higher threshold for what is
tractable within a reasonable time frame. From a practical standpoint, this defines
the high-fidelity representation of a problem. For instance, in numerical simulations,
a higher fidelity level can be derived from more refined physical models, finer meshes,
or higher-order schemes. Nonetheless, the amount of available high-fidelity informa-
tion is always limited by time and resources. Real-life industrial scenarios often
require multiple high-fidelity simulations and consist of parametric studies. Typical
examples are optimization or uncertainty quantification. Surrogate models aim to
overcome these limitations by providing high-fidelity approximations with reasonable
accuracy in a portion of the parametric space. Response surfaces have proven to be
good approximators for scalar quantities. However, the quantity of interest might
be a large vector, e.g., a field from a numerical solution, and response surfaces are
too demanding or directly intractable. Vectorized fields can be more informative
than single scalar quantities and are necessary in numerous applications. Reduced
Order Models (ROMs) are ideal surrogate models in this context. By definition,
a ROM is an inexpensive Full Order Model (FOM) replacement, where a FOM is,
i.e., a numerical solver. ROMs can play a crucial role in fields as shape optimiza-
tion, multi-physics systems, simulation-based control, digital twins, or, in general, in
many query workflows.

A ROM approximates numerical simulation outputs in quasi real-time. Yet,
ROMs still require us to perform a set of high-fidelity simulations, affecting the
overall computational cost. This is mandatory for both intrusive and non-intrusive

1
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ROMs, where the ROM’s intrusiveness stays in the direct access of the governing
equations. In industrial frameworks, commercial solvers are employed, limiting the
applicability of intrusive ROMs to a restricted selection of problems. Therefore, in
this thesis, we will focus on the non-intrusive ROM formulations. To train a non-
intrusive ROM a first design of experiment has to be computed. This constitutes
most of the computational effort. Despite being often overlooked, the problem of
training a ROM with limited resources drives the need for more data-efficient tech-
niques. Appropriate sampling strategies for the design of experiments lower the
number of high-fidelity simulations and have already been studied. Another possi-
bility to explore is multi-fidelity methodologies. In analogy with regression models,
where multi-fidelity methods have been developed first, the idea is to leverage hetero-
geneous information sources to improve the high-fidelity knowledge of the problem.
Multi-fidelity models exploit the correlation between low- and high-fidelity informa-
tion in a data fusion process. When the low-fidelity information is several times
less expensive than the high-fidelity equivalent, multi-fidelity models can reduce the
data-related computational cost. Consequently, transferring multi-fidelity techniques
from classical regression models to ROMs aims to have a similar positive impact.

We focus on Proper Orthogonal Decomposition (POD)-based non-intrusive ROMs.
All numerical solutions, also known as snapshots, have to be coherent to train the
ROM. In other words, all snapshots are vectors with the same dimensionality. Since
variable fidelity numerical simulations are often characterized by different discretiza-
tions, i.e., coarse and fine meshes, this poses a problem for POD-based ROMs. Ge-
ometrical parameterizations and large shape deformations raise a similar issue, par-
ticularly common in industrial applications. Hence, the harmonization of different
snapshots, due to variable fidelity and/or geometries, is of utmost importance to ex-
tend multi-fidelity techniques to non-intrusive ROMs. Ensuring coherent snapshots
is not always straightforward and can require case-specific solutions, such as mapping
and geometrical registration.

In this thesis, we propose a POD-based parametric non-intrusive multi-fidelity
ROM tailored to industrial applications. We aim to address sparse high-fidelity prob-
lems, eventually characterized by geometrical parameterization and non-coherent
discretizations. In this novel multi-fidelity ROM framework, we highlight how the
mixing of variable fidelity snapshots improves the encoding capabilities of POD.
Moreover, the latent representation of the variable fidelity snapshots is exploited
by a multi-fidelity regressor. Keeping in mind the industrial vocation of the pro-
posed ROM, we utilize the Nonlinear AutoRegressive multi-fidelity Gaussian Pro-
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cess (NARGP) regression model. NARGP is an inherently nonlinear multi-fidelity
regressor that does not assume any correlation pattern in the variable fidelity la-
tent snapshot representations. Together with a modest computational training cost,
this makes NARGP a perfect candidate for our multi-fidelity ROM framework. We
demonstrate the capabilities and limitations of the proposed multi-fidelity ROM
through a series of industrially relevant test cases, primarily in the computational
fluid dynamics field. A first application is for an automotive external aerodynamics
study, with a geometrical parameterization. Free-form deformation has been used to
morph a car geometry, and the resulting deformation fields are exploited to map the
numerical solutions onto a reference car. To the author’s knowledge, mapping sur-
face fields from non-coherent boundary tessellations through free-form deformation
is novel. A second application is an internal flow problem, with both geometrical
and operational design parameters. Here, we show the synergy between meshless
solvers and the proposed multi-fidelity ROM, with the aim of further simplifying
and automating parametric studies. In a third application, we present an uncer-
tainty quantification study of a vertical axis wind turbine under uncertain rotational
speed. Finally, we use our multi-fidelity ROM to characterize the flow inside a triply
periodic minimal surface for heat exchanger applications, with a focus on the field
mapping strategy. Throughout these industrial test cases, it also emerges that geo-
metrical parameterizations require particular attention in the context of ROMs.

1.1 General problem definition

In this thesis, all problems share the same fundamental structure, with their own
characteristic and peculiarities. Here, we provide a simple problem definition to bet-
ter contextualize this work.

Without loss of generality, we suppose that there are two fidelity levels, namely
the low-fidelity (LF) and high-fidelity (HF) levels. Each fidelity level has a corre-
sponding numerical solver, i.e., for computational fluid dynamics, which is more or
less accurate according to the fidelity level. Given a parameter x ∈ R

d, where d is
the number of parameters, the LF solver output of interest is yLF (x) ∈ R

NL and
the corresponding HF output is yHF (x) ∈ R

NH . NL, NH are the LF and HF dis-
cretization cardinalities, respectively, and can be different (NL < NH) or identical,
depending on the variable fidelity characterization. Moreover, these cardinalities can
differ from each other, even at the same fidelity level, e.g., if there are geometrical
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deformations due to the parameterization.

The first step consist of computing a design of experiment, obtaining a set of LF
simulations SLF = {yLF (x1), ...,yLF (xnL

)} and HF simulations SHF = {yHF (x1), ...,
yHF (xnH

)}, with nL < nH , and nL, nH being the number of low- and high-fidelity
simulations, respectively. To perform the POD and successively train the multi-
fidelity ROM, all y ∈ SLF , SHF have to be of the same dimension N . To achieve
this, we name a mapping a transformation Φ that manipulates all the original so-
lutions y so they become coherent snapshots. Generally, a mapping first applies a
geometrical transformation that moves all points of y to a reference geometry, if
needed, followed by a field interpolation.

After preprocessing all the snapshots, it is possible to assemble the matrix S,
named the matrix of snapshots. This is done by appending all LF snapshots to the
HF ones, resulting in

S =





| | | |
yHF
1 ... yHF

nH
yLF
1 ... yLF

nL

| | | |



 , (1.1)

where the generic i-th snapshot yLF
i ,yHF

i ∈ R
N is a solution that has been mapped on

the reference discretization. Each snapshot in S corresponds to an input parameter
vector x, having

X = {xHF
1 , ...,xHF

nH
,xLF

1 , ...,xHF
nL
} (1.2)

being the set of all training input parameters.

Successively S, together with the corresponding input parameters X, is used to
train the multi-fidelity ROM. Once the multi-fidelity ROM has been trained, it can
be used to predict an approximation unseen HF outputs yHF for any input parameter
vector x. Figure 1.1 gives an intuition of a general multi-fidelity ROM training and
usage.
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Figure 1.1: Intuitive multi-fidelity ROM workflow schematics.

1.2 Thesis outline

This thesis is organized into five chapters. Following this introductory chapter, Chap-
ter 2 introduces the concept of POD-based parametric ROMs. Here, we define the
POD, how it is used in intrusive ROMs, and why intrusive ROMs are not suitable for
most of the industrial applications. Successively, we focus on the single-fidelity non-
intrusive ROM formulation and the problem of mapping heterogeneous snapshots.
Finally, we provide a shape optimization example for an heat exchanger application
to give more context to non-intrusive ROMs.

Chapter 3 focus on regression models and is structured in two parts: single-
fidelity models and multi-fidelity models. In the first one, we present GP regression
models, and introduce other models such as radial basis function interpolations or
artificial neural networks. In the second part, we discuss how multi-fidelity methods
works, presenting the NARGP multi-fidelity model. Successively, we introduce other
multi-fidelity approaches, such as Cokriging, multi-fidelity neural networks, and an
original simplified multi-fidelity model.

Chapter 4 integrates non-intrusive POD-based ROMs of Chapter 2 with multi-
fidelity modeling of Chapter 3. Here, the main focus is on how variable fidelity
snapshots are managed, and how the multi-fidelity regression problem in the POD
latent space is set. Finally, the choice of NARGP as the main multi-fidelity regressor
is motivated.

Chapter 5 is a collection of numerical experiments where we apply the multi-
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fidelity ROM proposed in Chapter 4. The first application is an external aerodynamic
study for an automotive problem, with six geometrical parameters. The second ap-
plication is an internal flow study inside an annular pipe with parametrized wavy
surfaces, with the governing equations solved by a meshless solver. In the third ap-
plication, we perform an uncertainty quantification of the forces acting on a vertical
axis wind turbine under uncertain rotational speed. Finally, in the fourth applica-
tion, we study a second internal flow problem, with a focus on the mapping strategy
for gyroid periodical surfaces.

In Appendix A we present two collateral studies to this thesis. Appendix A.1
reports the results of the original simplified multi-fidelity regression model, detailed
in Chapter 3, for an industrial problem related to flame positioning in hydrogen
burners. Appendix A.2 illustrates the preliminary results of an original mapping
approach based on deep geometrical encoding. Here, the purpose is to mitigate the
intrinsic limitations of ROMs due to geometrical parameterizations.



Chapter 2

Reduced order models

Reduced order models (ROM) are a family of models that aim to approximate the
solution of a Full Order Model (FOM). Generally, an FOM is a numerical model of
Partial Differential Equations (PDEs) defined over a discretized domain, which solu-
tions are typically discretized fields. For example, in Computational Fluid Dynamics
(CFD) simulations, we might be interested in the pressure and velocity FOM solu-
tions, and, similarly, this concept applies to other fields as well. Once trained, ROMs
can perform quasi-real time predictions and approximate the FOMs with remarkable
accuracy and robustness.
ROMs have demonstrated versatility through its application in diverse disciplines,
not only in CFD [1, 2] , but also in experimental fluid-dynamics [3, 4], structural
analysis, and many other fields [5, 6].

Usually, a ROM exploits a compression technique to reduce the dimensionali-
ty of the problem, thus describing the solutions with a low-dimensional state vec-
tor. Historically, this is achieved through Proper Orthogonal Decomposition (POD),
which, nowadays, is still the most established methodology. Indeed, multiple works
with POD-based ROMs showed great results [7, 8]. Other approaches involve more
complex techniques, such as Dynamic Mode Decomposition (DMD), or non-linear
methods as Variational Auto-Encoders (VAE) [9, 10]. This work mainly addresses
POD-based ROMs.

When the dimensionality reduction technique has access to the problem PDEs,
as in Galerkin or Petrov-Galerkin projections [8, 11], a ROM is called intrusive. In-
stead, when a ROM acts as a black-box and the model does not have any knowledge
of the governing equations, the ROM is called non-intrusive (NI). Usually, the im-
plementation of an NI ROM involves machine learning (ML) regression models or
other interpolation techniques.

7
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This Chapter will present how POD works in Section 2.1, how intrusive ROMs
exploit POD in Section 2.2, it discusses NI ROMs in Section 2.3, which are the
models this thesis is focused on, and finally, we provide an example in Section 2.4.

2.1 Proper orthogonal decomposition

POD, also known as Karhunen-Loeve Expansion, is able to describe a high-dimensional
dataset [12, 13] through a set of orthogonal basis functions, in practice, encoding the
data. Formally, these basis functions are obtained as the solution of an optimization
problem to capture most of the energy norm associated with the basis.

Let the dataset S = {u1, ...,un} be a set of vectors, with ui ∈ R
N ∀ i ∈ [1, ..., n],

and N being the domain discretization cardinality where u is defined, e.g., the com-
putational grid when u is a CFD model’s solution. In the context of POD, u is
referred to as snapshot, and the set S can be rearranged as a matrix in R

N×n, where
each column corresponds to a snapshot. Hence, S is also called the snapshots matrix.

Successively, an eigenproblem for S is solved, often through a Singular Value De-
composition (SVD). A setΨ =

{

ψ1, ...,ψnmodes

}

of orthonormal linearly independent
generators of S is found

Ψ
SVD←−− S , (2.1)

so that for all the basis elements ψj ∀ j = 1, ..., nmodes, called modes, is true that

SSTψj = λ2
jψj , (2.2)

where λj is the singular value of S associated to the j-th mode ψj, and nmodes is
the number of modes obtained with the SVD. Being a mode ψ a basis for the snap-
shots matrix S, a mode and a snapshot u have the same dimensionality N ; therefore,
ψ ∈ R

N .

A common practice is to truncate the basis, reducing the number of modes to
r. Often the truncation leads to significantly fewer modes than snapshots, so that
r < nmodes ≤ n. For this truncation, different criteria exist, but the most common
approach is to sort in decreasing order all the modes from the most energetic one
and put a threshold to the POD energy ε, defined as

ε(r) =

∑r
j=1 λ

2
j

∑nmodes

j=1 λ2
j

. (2.3)
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The reduced number of modes r is set so that ε(r) ≤ threshold. Even though
truncating the basis Ψ means to waste some potential information, the lowest energy
modes are associated with high-frequency behaviors, generally related to data noise.
Thus, the POD basis truncation is often beneficial.

Different linear algebra techniques other than SVD can be used to find the or-
thonormal basis functions for the POD, such as eigenvalue decomposition or rank-
revealing QR factorization. The most widely used one in literature is the SVD, and,
in this thesis, we will perform POD only through SVD.

With the POD modes, it is possible to encode the snapshots. To do so, the
snapshots have to be projected on the reduced basis Ψ = {ψ1, ...,ψr}, obtaining a
scalar value a for each snapshot and for each mode, called POD coefficient. Let’s
consider a snapshot ui ∈ S and the j-th mode ψj, the corresponding POD coefficient
is

aij = ui ·ψj , (2.4)

where · represents the scalar product in R
N used for projection. Hence, the

POD representation of the snapshot ui on the POD basis Ψ is given by the vector
[ai1, ..., a

i
r]. Since, in general, r ≪ N , where N is the snapshots’ cardinality, the POD

operates a substantial compression of the information with a controlled trade-off
on the accuracy. From the POD coefficients and the POD modes, it is possible to
compute an approximation of the snapshot with their linear combination

ui ∼ u∗

i =
r
∑

j=1

aijψj . (2.5)

With the approximation in Equation 2.5, the POD projection error eprj can be
computed

eprj =
∥ui − u∗

i ∥2
∥ui∥2

, (2.6)

where ∥ · ∥2 is the Euclidean norm in R
N . This error metric measures the POD

encoding capabilities: the lower the projection error, the better the POD can describe
the snapshots. This metric can be evaluated both on the snapshot matrix utilized for
the POD, as well as on any other out-of-sample snapshot, allowing for understanding
how the POD behaves on unseen snapshots.
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2.2 Intrusive reduced order models

Intrusive ROMs are mostly used for time-dependent problems, and they require ac-
cess to the governing equations. There are different approaches, and historically, the
POD-Galerkin method was widely utilized, especially for CFD problems. Through
POD Galerkin projection, it is possible to find a low-dimensional system of Ordi-
nary Differential Equations (ODE) that approximates the FOM problem in the space
spanned by the POD basis functions [14, 15]. To illustrate the general idea behind
POD-Galerkin methods, let us consider the 1D heat equation

∂u(x, t)

∂t
= ν∇2u(x, t) , (2.7)

where here u represents the temperature, x the spatial coordinate, t the time, and
ν the diffusivity. If we have multiple snapshots for different values t, it is possible to
expand, similarly to Equation 2.5, the temperature solution u with the POD

u(x, t) ∼
r
∑

j=1

aj(t)ψj(x) . (2.8)

This representation of u can be substituted into Equation 2.7, obtaining

∂

∂t

(

r
∑

j=1

aj(t)ψj(x)

)

= ν∇2

(

r
∑

j=1

aj(t)ψj(x)

)

, (2.9)

and further simplifying, it results that the heat equation can be written as

r
∑

j=1

∂aj(t)

∂t
ψj(x) = ν

r
∑

j=1

aj(t)∇2ψj(x) . (2.10)

Successively, Equation 2.10 can be projected on the reduced basis {ψi(x) : i =
1, ..., r}

〈

r
∑

j=1

∂aj(t)

∂t
ψj(x), ψi(x)

〉

=

〈

ν
r
∑

j=1

aj(t)∇2ψj(x), ψi(x)

〉

, (2.11)

where ⟨·, ·⟩ is the projection operator. Keeping in mind the POD basis functions
orthogonality, a system of ODEs for the POD coefficients can be obtained

∂ai(t)

∂t
= ν

r
∑

j=1

aj(t)
〈

∇2ψj(x), ψi(x)
〉

∀ i ∈ [1, ..., r] . (2.12)
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This methodology allows for a significant decrease in the online computational
cost [16]. Indeed, the FOM is reduced to a system of r ODEs with extremely fewer
degrees of freedom than the FOM, thus far less expensive to solve, since r ≪ N .

Depending on the problem and the sampling of the training snapshots decom-
posed with the POD, an intrusive ROM can be very accurate and inexpensive. How-
ever, the intrusive nature of the model always requires access to the PDEs and to
project them with Galerkin projection, making it difficult to implement. Moreover,
intrusive ROMs have some applicability constraints, making them well-suited only
for specific cases, suffering from stability and robustness issues. As an example,
highly turbulent or advection-dominated problems with a time parameterization can
present significant challenges.

Often, the applicability of such intrusive models in an industrial context is not
straightforward, mostly because there is no guarantee that there is access to the
source code of the numerical solver used. Therefore, in this context, non-intrusive
approaches are preferred due to their black-box behavior and their ease of use with
non-time-dependent parameterizations.

2.3 Non-intrusive reduced order models

Intrusive ROMs, presented in Section 2.2, are not always a viable solution and can
present several challenges in their implementation; on the other hand, NI ROMs can
overcome such limitations. Indeed, NI ROMs do not require access to the governing
PDEs of the FOM. Since NI ROMs act as “black-boxes” and are data-driven tech-
niques, they can be trained on any distributed quantity, even if the snapshots are not
solutions of a set of PDEs. The main requirement is that all the snapshots can be
represented as a vector u ∈ R

Nassociated with a parameter vector x ∈ R
d. Conse-

quently, whatever quantity that is defined on a discretized domain can be considered
as a snapshot. For example, in this thesis, NI ROMs have been used to approximate
not only full CFD solutions, but also the pressure acting on a boundary surface or
force signals. From an industrial point of view, the vectorized quantities of interest
might be, or not, PDE solutions, as well as not even deriving from them, e.g., com-
ing from experimental measurements, hence making NI ROMs compelling for such
applications.
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2.3.1 Hypothesis

Before describing how an NI ROM works, let us establish some hypotheses:

1. all the snapshots u have the same cardinality N ;

2. all the snapshot discretizations are coherent from a topological standpoint;

3. all the snapshots u are obtained from the same FOM;

4. unseen snapshots of interest are likely to be approximated by a linear combi-
nation of the known snapshots.

Hypotheses 1 and 2 are crucial to perform a meaningful POD on the training
snapshots u ∈ S, which is the first step for any POD-based NI ROM. If the car-
dinality between two different snapshots changes, it is not possible to perform the
POD on the training snapshots. If hypothesis 2 no longer holds because the ordering
of the elements between two different snapshots ui,uj is not consistent, the POD
can still be computed; however, it is no longer viable for the ROM. These concerns
arise especially for geometrical parameterizations where the shape of the discretized
domain can change. As it will be discussed later in Section 2.3.3, the snapshots will
need to be defined on a reference discretization prior to computing the POD. Hy-
pothesis 3 means that all the snapshots are characterized by the same fidelity level.
As a consequence, we will assume that a generic NI ROM will be a single-fidelity
ROM. This is important in this thesis since in Chapter 4 a multi-fidelity version of
a POD-based NI ROM will be discussed. Finally, hypothesis 4 does not hinder the
POD computation or the NI ROM applicability; however, for their intrinsic nature,
POD-based ROMs are fundamentally linear and can have some limitations in that
sense.

2.3.2 Model

Similarly to intrusive ROMs, the very first step is to compute the POD of the training
snapshots. Each snapshot corresponds to a parameter vector x ∈ R

d, e.g., containing
some physical properties, operational parameters, geometrical parameters, or bound-
ary condition; therefore, S can be rewritten as S = {u(x1), ...,u(xn)}. The POD
can be computed on S, obtaining a set of POD modes Ψ = {ψ1, ...,ψr}. The POD
coefficients aij are obtained, as in Equation 2.4, projecting the snapshot ui onto the
ψj mode. Since each snapshot is associated to a parameter x, also the training POD
coefficients aij will be associated to x



2.3. NON-INTRUSIVE REDUCED ORDER MODELS 13

aij = u(xi) ·ψj = aj(xi) . (2.13)

Therefore, for each mode j = 1, ..., r, we can define a dataset Dj

Dj = {(xi, aj(xi)) : i = 1, ..., n} , (2.14)

where each element is a couple of a parameter and the corresponding j-th POD
coefficient for a given training snapshot. Then, it is possible to find a function âj(x)
that approximates the POD coefficient aj for any unseen parameter value x, fitting
an approximation model on Dj. The model for âj(x) can be both a regression or an
interpolation model, where the most common ones used for POD-based NI ROMs
are

• Radial Basis Functions (RBF);

• Gaussian Processes (GP);

• Neural Networks (NN).

This thesis will focus mainly on GP-based regression models, and Chapter 3
will provide a more in-depth discussion of this topic. In general, RBF interpolation
models are fast and can handle larger training datasets with ease, and they work well
with very smooth functions. On the other hand, NNs are computationally expensive,
but they can manage a certain degree of nonlinearity in the POD coefficient functions.
Finally, GPs regression models stand in between these two models and, in addition,
they can handle well noise in the training data. From now on, we will consider each
approximation model to be a continuous map between the parameter space and the
j-th POD coefficient space

âj(x) : R
d −→ R . (2.15)

Usually, each POD coefficient aj is treated separately with its own regression
model. It is possible to model a single multi-output NN (or eventually a GP); how-
ever, POD coefficients associated with different modes are typically uncorrelated
since they are obtained through the projection of a snapshot onto orthonormal POD
modes.

Once the maps â1(x), ..., âr(x) have been trained, it is possible to predict an
approximation for each POD coefficient for unseen parameters x, allowing to ap-
proximate an out-of-sample snapshot
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u(x) ≈
r
∑

j=1

âj(x)ψj . (2.16)

To evaluate the accuracy of the ROM prediction, the most widely used metric is
the reconstruction error erec

erec =

∥

∥

∥
u(x)−∑r

j=1 âj(x)ψj

∥

∥

∥

2

∥u(x)∥2
, (2.17)

where erec measures how well the ROM can approximate a generic snapshot u,
taking into account all the accuracy loss introduced by both the POD encoding
and the POD coefficient regression models. The reconstruction error formulation in
Equation 2.17 is similar to the projection error one in Equation 2.6. Indeed, the
reconstruction error can be interpreted as the sum of the projection error and a
second component, which we can call interpolation error eint, as in Equation 2.18.
As previously stated, the projection error measures the POD capabilities to encode
a snapshot with the given POD modes; therefore, the remaining error eint can be
attributed only to the POD coefficient approximation effect on the ROM prediction.

erec = eprj + eint . (2.18)

Remark The prediction of a POD-based NI ROM is obtained as a linear combi-
nation of POD modes. Recalling the hypothesis 4 from Section 2.3.1, it is clear that
this methodology is not suitable for any given problem. Figure 2.1 illustrates this
problem with a naive example.

Here we have two training snapshots, which are 1D Gaussian bell functions cen-
tered in two different positions, and their center abscissa is the problem parameter.
Conveniently, the two snapshots are quasi-orthogonal1, so the POD modes are scaled
versions of the same two snapshots. If we aim to predict an unseen target snapshot
in between the two training snapshots, we can approximate the POD coefficients by
linear interpolation. However, the ROM prediction will be way off, as Figure 2.1
shows, and that is because there is no possible linear combination of the 2 POD
modes that can approximate well the target snapshot. This behavior is well known,
and it is typical of advection-dominated problems. E.g., if we consider a fluid-
dynamics time-dependent ROM, it will struggle to describe the movement in time of

1Intuitively, when snapshot 1 is almost 0, snapshot 2 is greater than 0 and vice-versa. Therefore,
the inner product will be very close to 0.
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Figure 2.1: POD-based NI ROM example with two quasi-orthogonal snapshots . In
black the training snapshots, in green the target snapshot to predict and in red the
actual prediction.

the flow structures advected by the velocity field, similarly to what can be observed
in the previous example. In general, to mitigate this problem, the only option is to
increase the number of meaningful modes until the problem can be linearly approx-
imated. However, this implies increasing the number of training snapshots, making
this solution undesirable from a computational cost point of view.

2.3.3 Mapping heterogeneous snapshots

As previously mentioned in Section 2.3.1, when the snapshots are defined on different
discretizations, it is not possible to encode the information with POD techniques,
making the ROM unfeasible. From a practical standpoint, this usually happens
when:

1. two snapshots are obtained from two different geometries;

2. the granularity of the discretization changes, e.g. due to mesh refinements,
even if the domain shape remains untouched.

The last point is common when the snapshots are originated from different fidelity
solvers, and it will be particularly relevant for the multi-fidelity ROM presented in
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Chapter 4. As a consequence, to train a ROM with heterogeneous snapshots, we
might need to harmonize their definition on the domain, satisfying hypotheses 1 and
2 of Section 2.3.1 regarding the snapshots’ cardinality and coherence. In presence of
geometrical deformations, it is possible to satisfy those hypotheses by mapping all
the snapshots on a common reference discretization. If there is no geometrical defor-
mation but the discretization cardinality changes, an interpolation of the snapshots
on a common reference discretization is sufficient.
Here, mapping refers to the process of transferring a field defined on one discretized
domain, i.e., the source, to a different discretized domain, i.e., the reference, which
may differ in geometry, mesh topology, and resolution. This process ensures that
the source field, associated with the source discretization, is consistently represented
on the reference discretization, enabling comparison on a common reference domain.
The mapping may involve interpolation or other techniques to account for differences
between the source and reference discretizations, while preserving key properties of
the source field. In general, the mapping operator should be reversible, meaning
that a field defined on the reference discretization can be brought back to the source
discretization.

Usually, mapping strategies introduce some error due to the required interpola-
tions. Therefore, if the geometrical parameterization causes small enough deforma-
tions, it is possible to use a single reference computational grid, e.g., in the case of
CFD or FEM problems, and apply mesh morphing techniques prior to the numerical
solution to keep the topology of the mesh intact. However, this is not always possi-
ble, since too large deformations might result in invalid meshes. In these cases, the
shape deformations should be modeled from a reference surface with a known non-
rigid spatial transformation, or utilize registration techniques to learn the geometry’s
morphing. The nonrigid transformation can be of different types. As an example, in
the applications presented in this work, we used both analytical, in Sections 5.2 and
5.4, and free-form deformations-based methods in Section 5.1, to obtain the trans-
formations. The main idea is to exploit one’s chosen technique to move the reference
discretization to the source surface domain and then interpolate the data from the
source node distribution to the morphed reference nodes. Keeping in mind that the
morphed reference nodes should be coherent in terms of cardinality and topology
with the original reference nodes, the interpolated field can be associated with the
reference discretization, too. This can be done for both surfaces and volumes, and
many different interpolation techniques exist. To cite a few of them, we have:

• barycentric interpolation;
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• k-nearest interpolation;

• RBF interpolation.

The first should be preferred when the source discretization was obtained as a compu-
tational grid and the connectivity is available. However, this is not always possible,
so the k-nearest or the RBF interpolation can be used to fast interpolate the source
field from the source point cloud to the morphed reference one. Between the two
of them, the RBF is usually more accurate, but for very large point clouds, the k-
nearest is the fastest and most effective solution.

The same interpolation strategies remain valid when there is the need only to
interpolate the data between different fidelity discretizations, i.e., from coarse to fine
meshes, while not having any geometrical parameterization. The reference mesh can
be both a low- or high- fidelity mesh; however, using a low-fidelity reference can lead
to precious high-fidelity information loss.

The error introduced by the mapping is usually negligible if compared to the
ROM reconstruction error, but should be taken into consideration for high-accuracy
applications. Hence, the reconstruction error components in Equation 2.18 become

erec = eprj + eint + emap , (2.19)

where emap represents the mapping error.

Since mapping techniques should be specifically tailored to each application, uti-
lizing more general approaches can be compelling. For both intrusive and non-
intrusive ROMs, registration methods showed promising results for geometrical prob-
lems [17, 18]. In Appendix A.2, we discuss a preliminary attempt to obtain a data-
driven registration model based on the DeepSDF architecture [19].

2.4 A non-intrusive ROM example

In this section, we present an application of a single-fidelity ROM for a heat exchanger
shape optimization. The aim is mostly pedagogical, showing how a ROM can be
integrated into a real-life industrial workflow. This also allows us to highlight the
main challenges for these kinds of problems. As we previously stated, ROMs can
be an efficient solution when there is a need to perform a high number of numerical
simulations, and optimization is a fitting example.
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Figure 2.2: Qualitative example of the velocity magnitude field inside of a TPMS
unit cell. Spheres represent the meshless solver computational nodes.

We consider a geometrical parameterization of a Triply Periodic Minimal Sur-
face (TPMS), and we simulate its thermo-fluid dynamics with a meshless solver [20].
Recently, TPMS geometries are getting more interest due to the new additive man-
ufacturing techniques, and their high surface-to-volume ratio, which is promising for
heat exchanger applications. We combine non-intrusive ROMs with the meshless
solver to enable efficient multi-objective shape optimization. Figure 2.2 shows an
example of a TPMS velocity field on the node distribution of a meshless solver.

This work has been developed for the international conference EUROGEN 2025,
on evolutionary and deterministic methods for design, optimization, and control with
applications.

Problem description

We consider a Schwarz-D TPMS, defined as the level set of a trigonometric function,
as in

sxsysz + sxcycz + cxsycz + cxcysz = 0 , (2.20)

with st = sin
(

πt
L

)

, ct = cos
(

πt
L

)

, and L being the TPMS size. The geometrical
parameterization has two parameters, and it is applied using the first two eigenfunc-
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tion of the surface Laplacian, here noted as ψ1,ψ2. The surface points are displaced
along the surface normals of a quantity δ(x1, x2) as in

δ(x1, x2) =
2
∑

i=1

xi
ψi

∥ψi∥∞
, (2.21)

where x1, x2 are the actual geometrical parameters which scale the displacement con-
tribution of each normalized eigenfunction. This parameterization will be convenient
since the surface displacement is known and can be easily propagated to the internal
points if needed.

The physical model is based on the incompressible Navier-Stokes and energy
equations for an incompressible and laminar problem, as in Equations 2.22-2.24.

∇ ·U = 0 , (2.22)

∂U

∂t
+ (U · ∇)U = −1

ρ
∇p+ ν∇2U , (2.23)

∂T

∂t
+U · ∇T = α∇2T , (2.24)

where U is the velocity field, p the pressure field, T the temperature field, ρ the fluid
density, ν the kinematic viscosity, α the thermal diffusivity, and t the time. The
Reynolds number and Prandtl number are considered constant, having Re = 100
and Pr = 0.71, respectively.

From the solution fields, we can compute two quantities of interest, namely the
Fanning friction factor, or coefficient, f , and the Nusselt number Nu, which will be
the objectives of the optimization. The Fanning coefficient is defined as

f =
2τ

ρU2
, (2.25)

where τ is the wall shear stress and this coefficient is a dimensionless indicator of the
fluid resistance at the wall.
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(a) First eigenfunction. (b) Second eigenfunction.

(c) Extreme design 1. (d) Extreme design 2.

Figure 2.3: Deformation’s eigenfunction representations (a, b) and resulting defor-
mations for two extreme designs in the input parameter space (c, d).

The Nusselt number quantifies the convective heat exchange when compared to
the conductive exchange, and it is defined as

Nu =
hL

k
, (2.26)

where h is the the convective heat transfer coefficient, L is the characteristic length
and k is the thermal conductivity.
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Snapshot generation

The principles of the Radial Basis Function - Finite Differences (RBF-FD) meshless
solver used are discussed in [21, 20, 22], but the main idea is that the solution fields
are defined on a set of nodes scattered inside the computational volume, without
defining a mesh connectivity. Since the geometry is triply periodic, periodic bounda-
ry conditions are applied to every intersection with the bounding planes, alongside
a pressure gradient in one of the directions to force the flow. This ensures that all
snapshots have the same cardinality, regardless of the applied deformation. The in-
put parameter space sampling for the ROM training database has been done with
a Halton sequence of 150 designs. This allows us to evenly cover the input domain
with designs, while having the possibility to consider meaningful subsets of designs
from the original 150.

The main advantage of the meshless solver for geometrically parameterized prob-
lems lies in the flexibility when applying significant deformations. Since we need
all dimensionally coherent snapshots for every design configuration, a reference node
distribution is deformed according to the displacement of the boundary nodes. This
is easily achieved by prolongation of the displacement field, solving the Laplacian
of the displacements. This can be done with mesh-based solvers too, but it is not
trivial to satisfy the quality criteria for the mesh, nor is it to manage the periodicity
of the mesh after the deformation. Meshless approaches alleviate these problems,
since there is no concept of node connectivity. An interested reader can find fur-
ther details regarding the physical and meshless characterization of the considered
Schwarz-D TPMS in [20].

Workflow

A typical non-intrusive ROM workflow is divided into two parts: the offline phase
and the online phase. In the offline part, the training snapshots are generated, and
the ROM is trained. CFD simulations can be time-consuming, and the creation of
the database is the most computationally heavy task, but it needs to be done only
once. In this experiment, we train two ROMs, one for the pressure solution p and
one for the velocity solution U . The offline part of the workflow for this application
is represented in Figure 2.4. Note that there is no intermediate mapping between
the solver and the snapshots, since we preserve the solution cardinality for any given
parameter.
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Figure 2.4: Offline phase in the ROM study for the TPMS optimization.

Figure 2.5: Online ROM phase for an optimizer call for the TPMS optimization
problem.

Once the ROMs are trained, it is possible to query the models to predict an
approximation of the fields of interest, p̂, Û for any design configuration. This is
done at the online phase, which consist in a linear combination of POD modes and
some inference on the POD coefficient models. Thanks to this, the computation is
particularly cheap and can be done in real-time. In Figure 2.5 we detail how the
online phase is structured for an optimization workflow.
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In Figure 2.5 there are extra steps and not just the ROM predictions. Often,
the predictions of a ROM are successively post-processed to compute some quanti-
ties of interest. Here we use the predictions to compute f and Nu which are the
optimization objectives. In this example, the solution of the energy equation, which
requires the steady state solution for the velocity U, is relatively cheap, so we did
not surrogate the temperature field T , and, instead, we solve for the energy equation
given the ROM approximation Û.

Optimization

To perform a comparison, two multi-objective optimizations have been carried out: a
classical CFD-based optimization and a ROM-based one. In the classical approach,
the CFD solver is utilized for every design evaluation. On the other hand, the ROM-
based optimization relies on a trained ROM for the fields of interest, having all the
computational cost limited to the offline phase.

Figure 2.6: Pareto front (right) and relative input locations (left) for the benchmark
CFD-based optimization.

For both optimizations the NSGA-II [23] multi-objective genetic algorithm has
been utilized, aiming to minimize f while maximizing Nu. Here, the classical opti-
mization is used as a benchmark for the ROM-based one. A total of 20 generations
have been considered, each of 25 individuals, obtaining a final cost of 500 design eval-
uations for the benchmark optimization. In Figure 2.6, the optimal values belonging
to the Pareto front and their design configurations are presented. The optimizer
identifies a two-part front, which corresponds to two different input domain zones.
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We then trained three ROMs: one with 50 training snapshots, one with 100 and
one with 150 snapshots. The resulting Pareto fronts are represented in Figure 2.7.
The ROM trained with the highest number of snapshots, 150 designs, is the closest
one to the benchmark CFD results. There is a slight overestimation of the Nusselt
number, having the ROM Pareto fronts consistently shifted to the right by a small
amount, while the Fanning coefficient approximation are more in line with the CFD.
If we compare the results in the front locations for the best ROM, all Nu relative
errors are below 1%, and depending on the required accuracy it can be an acceptable
approximation.

(a) 50 training snapshots. (b) 100 training snapshots. (c) 150 training snapshots.

Figure 2.7: Pareto fronts for different ROM training sizes compared to the benchmark
CFD front.

In this pedagogical example, we did not augment the training dataset size further,
since with 150 designs we were able to retrieve a close approximation of the optimal
locations in the input parameter space. This can be seen in Figure 2.8, where we
compare all the front locations in the design space for both the CFD optimization
and the ROM-based optimizations.

If we put together both the CFD-based optimization and the best ROM-based
optimization, we obtain the results in Figure 2.9. It is possible to notice a clear
superposition in the optimal location prediction, and also a good agreement between
the values in the output space. A single design in the CFD Pareto front does not
belong to the optimal portion of the input domain identified by the ROM-based
optimization. This is because that specific design was dominated by the ROM front
by a small margin, due to the accuracy trade-off introduced with the ROM.
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Figure 2.8: Pareto front locations in the input parameter space. From top left in
clockwise order: benchmark CFD-based optimization, ROM-based optimization with
150, 50, 100 training snapshots, respectively.
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Figure 2.9: Pareto front comparison (left) of the CFD-based optimization and the
ROM-based optimization, and respective input parameter locations (right).

Discussion

The ROM-based optimization has similar results to the classical CFD-optimization
in this multi-objective shape optimization problem. Moreover, an acceptable appro-
ximation of the Pareto front required 150 FOM evaluations, instead of the 500 FOM
evaluations for the CFD-based optimization. This translates to a 3 times computa-
tional cost reduction thanks to the ROM.

The chosen problem is very specific, but it offers an example of how ROMs can be
helpful in a plausible industrial application. Indeed, optimization is a perfect example
of an engineering problem that requires to perform multiple numerical simulations.
Moreover, it highlights how the offline phase represents a bottleneck for ROMs,
deeply affecting the overall computational cost.



Chapter 3

Regression models

Regression models aim to approximate an unknown function based on a finite set of
observations, mapping a parameter x ∈M ⊆ R

d to a scalar value y ∈ R. These mo-
dels are typically applied to relatively small datasets, which makes them well-suited
for estimating concentrated quantities. However, regression models tend to be less
effective and/or not feasible when dealing with high-dimensional datasets, such as
solution fields obtained from numerical simulations, where ROMs are often preferred.
In particular, non-intrusive ROMs, described in Section 2.3, make extensive use of
regression-based models to be able to approximate distributed quantities. More-
over, the ROM’s performance and capabilities are influenced by the model choice
and the underlying regression model configurations. In this thesis, various regres-
sion models will be studied for their application to ROMs, with a primary focus
on distinguishing between single-fidelity and multi-fidelity models, and emphasizing
GP-based regression models. Single-fidelity interpolation and regression models are
the most common approximation model. Typical examples are Kriging, also known
as Gaussian Process Regression [24], Radial Basis Function interpolations [25, 26],
and artificial Neural Networks [27, 28]. When heterogeneous data sources are avail-
able, multi-fidelity regression models can be used. Most of them are based on GPs,
as Cokriging, Hierarchical Kriging or NARGP [29, 30, 31, 32], while others make use
of deep learning architectures, such as in [33, 34, 35].

This Chapter will present single-fidelity models in Section 3.1, specifically GP
regression in Section 3.1.1, followed by alternative methods in Section 3.1.2. Then,
Section 3.2 will cover multi-fidelity models, starting from the NARGP in 3.2.1 and
presenting other multi-fidelity approaches in Section 3.2.2, including an original
multi-fidelity model tailored for severe data scarcity problems. Finally, Section 3.3

27
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outlines a possible preprocessing of the data before the regression.

3.1 Single-fidelity regression

Most of the more widely used regression models are single-fidelity models. Indeed,
single-fidelity regression models leverage information from homogeneous sources,
meaning that all the training data originates from the same model or experiment. As
an example, if we take multiple experimental measurements of a quantity of interest,
and the experiment remains the same for each sample, the obtained data has a single
level of fidelity. Similarly, with a numerical problem, i.e., CFD, if all the simulations
were computed with the same solver, the same mathematical modeling, and a com-
parable number of mesh nodes, the obtained data can be considered single-fidelity
too. However, if we mix heterogeneous data sources, e.g., numerical simulations with
fine and coarse meshes, the data has multiple fidelity levels, making it unsuitable for
single-fidelity regression models.

Let us have an unknown function f(x) : Rd → R, a set of n known input param-
eters {x1, ...,xn}, of which we know the outputs yi = f(xi) ∀i = 1, ..., n. The set of
pairs D = {(xi, yi) : i = 1, ..., n} is called the training dataset, and it collects the
input-output couples used for the regression problem training. A regression model
will be a map M : x → y that fits the training dataset D and approximates the
unknown function f estimating the relationship between inputs and outputs

M(x) ≈ f(x) . (3.1)

Different approaches can be used to findM, ranging from interpolation to Bayesian
and deep learning methods. In this thesis, we will focus principally on GP regres-
sion, but other approaches such as RBF or NNs are widely used in the context of NI
ROMs [16, 36]. In general, any regression model able to accurately approximate d-
dimensional arbitrary continuous functions can be a viable solution. Therefore, this
work will not cover simpler regression models, e.g., linear or polynomial regressions,
or discontinuous approaches such as tree-based regression models.

To compare different regression models, the models’ performance is evaluated
through training and validation errors. The first one measures how accurate the
model predictions are in the training locations. On the other hand, the validation
error measures how accurate the model predictions are far away from the training
locations, requiring a second dataset Dval of unseen input parameter configurations.
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In general, the training error is expected to be lower than the validation error, and
for noise-free training data, it should be close to 0. The training error is used mostly
to monitor the training process. The validation error, instead, is the most relevant
metric, especially when the cardinality |Dval| is high enough to be statistically rele-
vant. The lower the validation error, the better the model is expected to behave for
out-of-sample predictions.

3.1.1 Gaussian process regression

Gaussian Processes

GP regression, also known as Kriging, is based upon GPs [24], a particular type
of stochastic process [37]. Thus, the stochastic process and GP definitions become
fundamental to understanding GP regression models.

Definition 3.1 – A stochastic process A = {At : t ∈ T} is a collection random
variables At indexed by a set of indices T .

Definition 3.2 – A Gaussian process is a collection of random variables, any
finite number of which have a joint Gaussian distribution.

A GP is uniquely defined by a mean function m(x) : Rd → R and a covariance
function k(x,x′) : Rd × R

d → R, also called a kernel, which determinates the GP’s
joint distribution. Similarly to how a random variable can be used to describe a
distribution over scalar values, a GP can be used to describe a distribution over
functions. Let’s say that f is a GP with mean m(x) and kernel k(x,x′); the GP can
be written as

f(x) ∼ GP(m(x), k(x,x′)) , (3.2)

having

m(x) = E [f(x)] , (3.3)

k(x,x′) = E [(f(x)−m(x)) (f(x′)−m(x′))] , (3.4)

where E[·] is the expected value. Figure 3.1 gives an intuition of the GP func-
tion space interpretation. From a GP, represented in Figure 3.1(a), it is possible to
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sample from the GP any number of realizations, as in Figure 3.1(b), each one rep-
resenting a different function. As the number of samples increases, the mean of the
realizations approaches the GP mean, and similarly does the GP standard deviation,
as illustrated in Figure 3.1 through the confidence interval.

(a) GP mean and confidence interval (b) GP random samples and confidence interval

Figure 3.1: GP function space interpretation. (a) GP mean and confidence interval as
±2 the standard deviation and (b) GP confidence interval and 8 random realizations
sampled from the GP.

If we consider a finite set of random variables Y = {Y1, ..., Ym} from the GP f(x)
corresponding to the input parameters {x1, ...,xm}, by definition they have a joint
normal distribution with mean µ ∈ R

m and covariance matrix Σ ∈ R
m×m

Y ∼ N (µ,Σ) , (3.5)

where N indicates a multivariate normal distribution, and µ,Σ are defined as

µ =
[

m(x1), ...,m(xm)
]

, (3.6)

Σ =











k(x1,x1) k(x1,x2) ... k(x1,xm)
k(x2,x1) k(x2,x2) ... k(x2,xm)

...
...

. . .
...

k(xm,x1) k(xm,x2) ... k(xm,xm)











. (3.7)

To have a valid kernel for a GP, it is required that the resulting covariance matrices
Σ are semi-definite positive. A classical kernel function is the Squared Exponential
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(SE), also known as the Gaussian or RBF kernel, and its formulation can be found
in Equation 3.8.

kSE(x,x
′) = σ2 exp

(

−∥x− x′∥2
2l2

)

, (3.8)

where ∥ · ∥ is a norm e σ2 and l are two GP hyperparameters defining its shape,
respectively the variance and the lengthscale. The variance modulates the intensity
of the kernel, while the lengthscale changes the width of the kernel, and their effect
on the kernel shape can be seen in Figure 3.2.

(a) Reference kernel (b) Low variance

(c) Low lengthscale (d) Low variance, high lengthscale

Figure 3.2: Effect of variance and lengthscale hyperparameters on the kernel shape.
(a) reference kernel shape, (b) low variance kernel, (c) low lenghtscale kernel and (d)
low variance and high lengthscale.
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According to Equation 3.8, the kernel assigns the same covariance to equally
spaced points, disregarding their orientation if the input parameter space R

d is not
one-dimensional. If this happens, the resulting kernel is called isotropic. However, in
multi-dimensional problems, with d > 1, it is possible to assign different lengthscales
to each input parameter dimension, making the kernel anisotropic. This can be
achieved through automatic relevance determination [24] (ARD), which, instead of
using the classical Euclidean norm ∥x − x′∥ to compute the distance between two
points x,x′, it uses a weighted Euclidean norm ∥x − x′∥M , where M is a semi-
definite positive matrix in R

d×d. Specifically, for ARD M is a diagonal matrix, with
non-negative values, and the distance between x,x′ in the weighted norm becomes

∥x− x′∥M =
√

(x− x′)M(x− x′)T =

√

√

√

√

d
∑

i=1

li(xi − x′i)
2 , (3.9)

where the matrix M diagonal elements depend on the lengthscales li correspond-
ing to each input dimension

M =











1/l21 0 ... 0
0 1/l22 ... 0
...

...
. . .

...
0 0 ... 1/l2d











. (3.10)

Using the norm defined in Equation 3.9 into the SE kernel of Equation 3.8, it
becomes

kSE(x,x
′) = σ2 exp

(

−1

2
∥x− x′∥2M

)

. (3.11)

Moreover, an isotropic kernel can be seen as a special case where M = 1/l2I,
with I being the identity matrix in R

d×d.

One of the most commonly used kernels for GP regression is the SE; however,
some others are frequently used. For this thesis, we will consider only the Matérn
class of kernel (Matérn 3/2 and Matérn 5/2) and the rational quadratic (RQ) ker-
nel, as in Equations 3.12 - 3.14, or their combinations. Indeed, sums, products, or
convolutions of valid kernels are valid kernels too, allowing to obtain more complex
kernels combining preexisting ones.
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kMat3/2(x,x
′) = σ2

(

1 +
√
3rM

)

exp
(

−
√
3rM

)

, (3.12)

kMat5/2(x,x
′) = σ2

(

1 +
√
5rM +

5r2M
3

)

exp
(

−
√
5rM

)

, (3.13)

kRQ(x,x
′) =

(

1 +
r2M
2α

)−α

, (3.14)

where rM = ∥x−x′∥M for simplicity. All of these kernels are stationary, meaning
that the kernel depends on the relative distance between two points only and not
their position. Usually, non-stationary kernels are avoided for GP regression tasks
in ROM applications.

Kriging model

A GP regression model [24], often called Kriging [38], is a Bayesian approach to
modeling that aims to approximate an unknown function f(x) with a GP. Specifically,
the actual function estimate is given by the mean of the GP, while the GP variance
is used to estimate the uncertainty associated with the mean prediction.

Training Previously, we said that a GP is fully defined by its mean and covari-
ance functions; however, in a regression problem, they are not known. Therefore,
with the training of the GP regression model, the aim is to find the best mean and
kernel functions given the available training data. From a practical standpoint, the
optimal mean and kernel function are obtained by solving a maximum likelihood
estimation (MLE) problem, which will allow us to find the best GP’s hyperparam-
eters configuration. In particular, the hyperparameters are parameters that define
the model’s structure, and for GP regression models, they consist of the kernel ones
(lengthscales, variance, ...) and other parameters associated with noise or the mean
function. Hereafter, the set of GP hyperparameters will be denoted as θ.

First of all, without loss of generality, the GP prior mean function is assumed
to be m(x) = 0, making the kernel shape pivotal for the GP training. Successively,
we need to formalize the MLE problem. Given the training dataset D = {(xi, yi) :
i = 1, ..., n}, the marginal likelihood p(y|X,θ) measures the probability p of the
observed y = {yi : i = 1, ..., n}, given the inputs X = {xi : i = 1, ..., n} and a GP
with hyperparameters θ. The marginal likelihood for a GP is known and has the
following log formulation
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log p(y|X,θ) = −1

2
yTK−1(X,X)y − 1

2
log(detK(X,X))− 1

2
log(2π) , (3.15)

whereK(X,X) is the covariance matrix obtained from the kernel function k(x,x′)
computed for the x ∈ X and x′ ∈ X. The log marginal likelihood is particularly
convenient since it is relatively easy to differentiate with respect to the hyperparam-
eters θ. It should be kept in mind that even if it has an analytical solution, the
derivative will still require computing at least once the inversion of the covariance
matrix K(X,X), which is O(n3); therefore, it can be demanding for high cardinality
training datasets. The differentiability of log p(y|X,θ) is well suited for gradient-
based optimization algorithms, which can be used to solve the MLE problem. The
optimization becomes the minimization of the negative marginal log likelihood and
allows for finding the best hyperparameters θ∗

θ∗ = argmin
θ

(− log (y|X,θ)) . (3.16)

Generally speaking, the optimization is relatively fast, however log (p(y|X,θ))
can have different local optima, and some robust approaches can be applied to mit-
igate their effect. Typically, random restarts of the gradient-based optimization
represent a fast and effective solution.

Being a probabilistic approach that optimizes the data likelihood, it is funda-
mentally different from other ML models, such as NNs. In fact, the reader should
keep in mind that the GP regression model ”loss” does not represent how well the
model fits the data, in contrast to NN regression models, but how likely it is that the
data can be described by a GP. At the end of the model training, the kernel shape
and, eventually, all other hyperparameters are known, and the model can be used to
approximate the target function for unseen input parameters.

Prediction Given a set of unseen input parameters X∗ = {x∗

i : i = 1, ..., n∗}, the
model aims to predict the corresponding unknown outputs y∗ = {y∗i : i = 1, ..., n∗}.
Given the training input parameters X, the training outputs y, a zero-mean prior,
and a kernel k defined by the optimal hyperparameters θ∗, if both y,y∗ belong to
the same GP, they have by definition a joint Gaussian distribution

[

y
y∗

]

∼ N
(

0,

[

K(X,X) K(X,X∗)
K(X∗, X) K(X∗, X∗)

])

, (3.17)
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being K(X,X) ∈ R
n×n, K(X,X∗) ∈ R

n×n∗

, K(X∗, X) ∈ R
n∗

×n, K(X∗, X∗) ∈
R

n∗
×n∗

rectangular covariance matrices obtained with the kernel k(x.x′). However,
the conditional distribution of y∗ given y for a prior multivariate Gaussian distribu-
tion is known. Therefore the posterior y∗ becomes

y∗|X∗, X,y ∼ N (µ∗, Σ∗) , (3.18)

where µ∗ is the posterior mean, as in Equation 3.19, and Σ∗ is the posterior
covariance matrix, as in Equation 3.20. In particular, the posterior mean µ∗ will be
the actual model prediction for the unknown y∗ values, and the diagonal of Σ∗ stores
the variances associated with each predicted value, necessary to assign a confidence
interval to the prediction.

µ∗ = K(X∗, X)K(X,X)−1y , (3.19)

Σ∗ = K(X∗, X∗)−K(X,X∗)K(X,X)−1K(X∗, X) . (3.20)

The results in Equations 3.18 - 3.20 come from a property of multivariate Gaus-
sian distributions [24]. Given a,b two jointly Gaussian vectors with the following
distribution

[

a
b

]

∼ N
([

µa

µb

]

,

[

A C
CT B

])

, (3.21)

then the conditional distribution of a given b is still a joint Gaussian distribution
with the following mean and covariance matrix

a|b ∼ N
(

µa + CB−1(b− µb), A− CB−1CT
)

. (3.22)

Thus, given the prior in Equation 3.17, the GP posterior in Equation 3.18 comes
from Equations 3.22.

In Equation 3.17, there is a noise-free assumption; however, a GP regression
model can handle noisy training data, meaning that the output ynoisy = y + ε, with
ε here is a random variable with 0 mean representing the noise. Since this noise is
not known, a possibility is to assume that it is distributed as a Gaussian, and the
covariance function can be modeled as

k(xp,xq)→ k(xp,xq) + δpqσ
2
n , (3.23)
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where δpq is a Kronecker delta and σ2
n is the variance of the Gaussian noise, which

will be an additional hyperparameter of the GP regression model. This implies that
the GP prior of Equation 3.17 becomes

[

y
y∗

]

∼ N
(

0,

[

K(X,X) + σ2I K(X,X∗)
K(X∗, X) K(X∗, X∗)

])

, (3.24)

where I ∈ R
n×n is the identity matrix. This has an effect too on the posterior

distribution, turning Equations 3.19 and 3.20 into

µ∗ = K(X∗, X)[K(X,X) + σ2
nI]

−1y , (3.25)

Σ∗ = K(X∗, X∗)−K(X,X∗)[K(X,X) + σ2
nI]

−1K(X∗, X) . (3.26)

Since the σ2
n hyperparameter is learned during training, the prediction in Equa-

tions 3.25 and 3.26 takes into account the noise effect and returns a de-noised mean
with an increased variance.

In general, GP prediction is easy and fast to compute; however, when the predic-
tion locations X∗ become huge in size, some memory problems could arise. Indeed,
the calculator needs to obtain and store at least the matrix K(X∗, X) ∈ R

n∗
×n to

predict the posterior mean in Equation 3.19, and its dimension scales linearly with
n∗. Therefore, GP models are not well-suited for large concurrent predictions, unlike
ROMs, which are designed for such tasks.

3.1.2 Other single-fidelity models

Other single-fidelity regression models can be employed in POD-based NI ROMs,
and the most frequent are RBF interpolation models and NN regression models.

Radial basis function interpolation

RBF interpolation models are often used to approximate continuous function f(x)
from an unstructured dataset D = {(xi, yi) : i = 1, ..., n} [26, 39, 21], which points
will be also called RBF nodes. f(x) is modeled as a sum of functions ξi(x) with
i = 1, ..., n, called RBFs. Each RBF depends on the distance between x and one of
the RBF nodes, in particular

ξi(x) = η(∥x− xi∥2) = η(r) , (3.27)
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where η is a RBF function, such as those presented in Table 3.1, and r = ∥x−xi∥2
here is the distance between x,xi measured with the Euclidean norm ∥ · ∥2. In the
η(r) formulations of some RBFs in Table 3.1, i.e., the multiquadric, the Gaussian,
or the inverse multiquadric, ϵ is a model hyperparameter that controls the shape of
the RBFs.

RBF name RBF function η(r)

Linear r

Multiquardic
√

1 + (ϵr)2

Thin-plate spline r2 log r
Cubic r3

Inverse multiquadric (1 + (ϵr)2)
−1/2

Gaussian e−(ϵr)2

Table 3.1: Most frequent radial basis functions formulations.

The RBF interpolation model will then be a linear combination of the radial basis
functions

f(x) ≈
n
∑

j=1

αjξj(x) , (3.28)

where αi are the unknown combination coefficients. To compute αi, for i =
1, ..., n, Equation 3.28 is enforced for each training point in D

n
∑

j=1

αjξj(xi) = yi , (3.29)

leading to a linear system such as

Ξα = y , (3.30)

where α = {α1, ..., αn}, y = {y1, ..., yn} and the RBF kernel matrix Ξ ∈ R
n×n is

obtained computing the RBFs η(x), centered in each training node, with respect to
each other training node
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Ξ =











ξ1(x1) ξ2(x1) ... ξn(x1)
ξ1(x2) ξ2(x2) ... ξn(x2)

...
...

. . .
...

ξ1(xn) ξ2(xn) ... ξn(xn)











. (3.31)

An appropriate RBF η(x) ensures that the linear system in Equation 3.30 has a
unique solution if and only if the RBF kernel matrix is definite positive for any set
of distinct training node locations {xi : i = 1, ..., n}. The RBF formulations in Table
3.1 are all valid RBFs and are the most utilized ones. In particular, when using those
functions characterized by the shape parameter ϵ, special care should be taken, since
improper values of ϵ can make Ξ ill-conditioned. Also, interpolations on too large
datasets can lead to an ill-conditioned Ξ matrix. Finally, the system in Equation
3.30 can be solved for α, finalizing the training of the RBF interpolation model.

From a practical standpoint, the RBF model in Equation 3.28 is augmented with
a polynomial term, to improve accuracy and stability

f(x) ≈
n
∑

j=1

αjξj(x) +
m
∑

k=1

βkpk(x) , (3.32)

with m =
(

d+P
P

)

, where P is the polynomial degree hyperparameter, βk are the
unknown polynomial coefficients and pk(x) are all the polynomial’s monomials up to
degree P . Under the hypothesis that the RBF coefficients α are orthogonal to each
pk(x) in the training nodes

pk(xi) = α · [pk(x1), ..., pk(xn)] = 0 ∀k = 1, ...,m , (3.33)

it is possible to rewrite the linear system of Equation 3.30 taking into account
the polynomial augmentation

[

Ξ Π
ΠT 0

] [

α

β

]

=

[

y
0

]

, (3.34)

where 0 here is a m×m null matrix, 0 ∈ R
m and the matrix Π ∈ R

n×m derives
from the polynomial part of Equation 3.34, being

Π =











p1(x1) p2(x1) ... pm(x1)
p1(x2) p2(x2) ... pm(x2)

...
...

. . .
...

p1(xn) p2(xn) ... pm(xn)











, (3.35)
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and simultaneously determine the RBF coefficients α and the polynomial coeffi-
cients β solving the system in Equation 3.34. Once α,β are known, Equation 3.32
can be used to approximate f(x) in any point x of the domain.

Neural network regression

Similar to a GP regression or an RBF interpolation, an NN model [28] aims to ap-
proximate an unknown function f(x), modeling a nonlinear relationship between the
input variables and the output variables. The model structure is inspired by the
human brain, and it is composed of neurons and weighted connections between those
nodes, similar to the synapses in the nervous system. This surrogate model has been
extended to non-intrusive POD-based ROMs too [36].

(a) Neural network example. (b) Focus on a single neuron connections.

Figure 3.3: (a) Example of a simple NN for a 2D regression; arrows and circles
represents respectively the connections and the neurons. (b) Information flow from
the h-th layer to the i-th neuron (in grey) of the h+ 1-th layer of a NN.

Figure 3.3 illustrates the main components of an NN model. A NN is composed of
neurons and connections, and the neurons are organized in layers. There are 3 types
of layers: input, hidden, and output. The input layer, as the name suggests, receives
the input information. In a regression problem, the input consists of the vector of
independent variables x ∈ R

d, and to each dimension i = 1, ..., d there is associated
one neuron. Successively, there might be one or more “hidden” layers, whose num-
ber and dimension are model’s hyperparameter, and they connect the input and the
output layers. Finally, there is the output layer, composed of as many neurons as
the dimension of the output y. Without loss of generality, here we consider only
one-dimensional scalar outputs y ∈ R; therefore, the output layer will have a single
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neuron.

Each neuron has some connections that can be directed to the neuron, or from
the neuron itself, eventually in a recursive manner, carrying the NN information.
The neuron acts as an aggregation operator that manipulates and propagates the
information. Typically, all the information directed to the neuron is aggregated by
sum, and then used as an input for an activation function F (x) : R → R. This
activation function introduces a certain degree of nonlinearity, and many functions
can be used. The most common activation functions can be found in Table 3.2. If
we consider the i-th neuron of the h + 1-th layer of a NN, as in Figure 3.3 (b), the
information yh+1

i exiting the neuron is obtained as

yh+1
i = F h+1

i

(

nh
∑

j=1

wh
j,iy

h
j

)

, (3.36)

where F h+1
i is the neuron’s activation function, wh

j,i ∈ R is the weight associated
to the connection between the j-th neuron of the h-th layer to the i-th neuron of
the h + 1-th layer, and yhj is the output of the j-th neuron of the h-th layer. Suc-

cessively, yh+1
i will become the input to another neuron and so on. This process,

starting from the input layer, is called feed-forward propagation, and it is used to
evaluate the output of the NN model. However, the weights are not known a pri-
ori; thus, before utilizing the model, it is necessary to determine their optimal values.

Name Activation function F (x)

Linear x
Rectified linear unit max(0, x)
Hyperbolic tangent tanh(x)
Sigmoid (1 + e−x)−1

Table 3.2: Most frequent neural network activation functions.

Once the number and the dimension of the hidden layers have been decided, as
well as the activation function, it is possible to train the NN. The training process
consists of finding the best set of weights w, and this is done with a metric called the
loss function. The loss function measures how close the NN output is to the actual
true value in the training points, i.e., if we call f̂(x) the NN predicted output and
f(x) the ground truth, the loss function L will be in the form
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L(X) = ∥{f(x)− f̂(x) : x ∈ X}∥ , (3.37)

where ∥ · ∥ is a suitable norm and X is the set of the training input parameters.
Table 3.3 shows some of the most common loss functions used in NN regression mo-
dels.

Name Loss function L(X)

Mean absolute error n−1
∑n

i=1 |f(xi)− f̂(xi)|
Mean squared error n−1

∑n
i=1(f(xi)− f̂(xi))

2

Root mean squared error (n−1
∑n

i=1(f(xi)− f̂(xi))
2)−1/2

Table 3.3: Most frequent neural network loss function for regression.

The training starts with a random initialization of the weights, and each weight
wh

i,j has an initial value wh
i,j(0). Then, with an iterative procedure, the weight is

updated

wh
i,j(t+ 1) = wh

i,j(t) + ∆wh
i,j(t) . (3.38)

The update ∆wh
i,j(t) is determined with a technique called backpropagation of

error. Indeed, with the backpropagation it is possible to compute the gradient
of the loss function ∂L

∂wh
i,j

with respect to the weights and allow to find the best

∆wh
i,j(t) ∀i, j, h through a gradient-based optimization algorithm. After some itera-

tions t, also known as epochs, the loss L is expected to decrease, and the training is
stopped according to a preselected criterion, such as the loss reaching a threshold, a
small relative variation, or a certain number of epochs. In the end, the weights wh

i,j

should be the optimal weights for the NN, and they can be used to approximate y
for unknown values of the input parameter x.

NNs tend to be more expensive to train compared to RBF or even GP regression
models. Similar to GPs, NNs are very sensitive to hyperparameters, considering
both the hidden layers’ hyperparameters and the choice of the activation and loss
function. Often, NNs suffer from overfitting if the choice of the hyperparameters
is poor. Therefore, during training, the loss of an out-of-sample set of points is
monitored to avoid such problems.
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3.2 Multi-fidelity regression

In the previous sections, it emerges that a single-fidelity model’s accuracy is strictly
dependent on which and how many data points belong to the training dataset. In
general, the greater the cardinality of the training dataset, the higher the accuracy of
the model. As a consequence, if each data point has a cost associated with it, whether
it is time, computational resources, or an economic cost, a more accurate regression
model is more expensive. Moreover, if regression models are used to approximate
unknown functions, it is not uncommon for the available training data to be scarce.
This is particularly important when the data has been obtained from a high-fidelity
(HF) data source. An information source, such as a computational model or an
experimental measurement, can have a higher or a lower fidelity when compared to
another information source, where the fidelity refers to how close the source is to
a reference ground truth, and, typically, HF representations are more costly than
equivalent low-fidelity (LF) ones. Thus, when training a regression model, the aim
is to obtain the most accurate results without sacrificing too many resources for HF
data.

First of all, let us consider a CFD example to understand how to determine fi-
delity levels. Intuitively, a Reynolds-averaged Navier-Stokes (RANS) solution on a
coarse mesh will provide a less accurate representation of the flow if compared to a
large eddy simulation (LES). One would conclude that RANS simulations are LF,
while LES are HF. However, a LES solution will be less accurate than a Direct Nu-
merical Simulation (DNS), therefore making the DNS the HF and the LES a LF
model this time. Here, LES can be at the same time a LF and HF model, and it
follows that the low- and high-fidelity concept is always relative to which models are
considered. Moreover, in the case of CFD, the fidelity hierarchy is not always that
clear. Sometimes a cheap potential flow simulation can outperform in accuracy a
way more expensive RANS one, while most of the time this does not happen. Or,
sometimes, a DNS simulation can be considered more adherent to reality than an
experimental result due to measurement error. Hence, a model can be both HF and
LF even when compared to the same counterpart, and this is extendable to many
other fields and applications. Therefore, it is crucial to understand that an HF model
exists only when compared to a LF one, and special care should be used when choos-
ing which model is closer to what we consider the ground truth.

Multi-fidelity models aim to reduce the overall training cost by leveraging infor-
mation from heterogeneous sources and provide a framework for integrating models
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and/or experimental data with different fidelity levels. By doing so, a multi-fidelity
model reduces the amount of HF data necessary for the training by exploiting inex-
pensive LF information.

Multi-fidelity models can take advantage of LF data in many different ways. For
simplicity, we will consider only 2 fidelity levels; however, many multi-fidelity models
can make use of 3 or more fidelity levels. There are two main approaches to multi-
fidelity [40]:

1. Corrective;

2. Space mapping and non-linear models.

A corrective multi-fidelity model is a rather linear one, since it assumes that the HF
function to be a scaled and/or corrected version of the LF one. Called yHF (x), yLF (x)
the target HF function and the corresponding LF function respectively, a compre-
hensive corrective approach is structured as

yHF (x) ≈ ρ(x)yLF (x) + δ(x) , (3.39)

where ρ(x) represents a multiplicative correction factor, and δ(x) is the additive
correction factor, sometimes referred to as discrepancy. If ρ(x) = 1, the correction
will be purely additive, leading to the simpler model

yHF (x) ≈ yLF (x) + δ(x) , (3.40)

or, if δ(x) = 0 the correction is purely multiplicative

yHF (x) ≈ ρ(x)yLF (x) . (3.41)

The model structures presented in Equations 3.39 - 3.41 can be particularly per-
forming when the correlation between LF and HF data is close to linear, or it can
be described with a simple function. In general, this structure is used for relatively
simpler models, and one of the most widely used ones is the Cokriging model [29, 30].

However, when the correlation between LF and HF data is more complex, the
corrective multi-fidelity models can struggle. To overcome this limitation, more
nonlinear approaches can be used. In [40] models that operate a transformation of
the yLF (x) as in

yHF (x) ≈ F (yLF (x)) , (3.42)
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are called space mappings, where F here is a transformation between the two fidelity
output spaces. However this structure can be generalized even further obtaining a
more nonlinear model

yHF (x) ≈ F (x, yLF (x)) , (3.43)

where the transformation F is a mapping between the input space domain, aug-
mented by the LF output, to the HF output space. This mapping can be modeled
in many different ways, where the most common ones are based on GPs or artificial
NNs. One example is the Nonlinear AutoRegressive multi-fidelity Gaussian Process
(NARGP) regression model [32]. Nonlinear approaches can be applied to linear prob-
lems too; however, they are usually heavier models and with more hyperparameters,
making them less effective in extreme HF data scarcity.

In this work, we will utilize the NARGP model for multi-fidelity regressions. In
the multi-fidelity problem of POD coefficients, it is not straightforward to know what
the type of correlation between fidelities is, as it will be better discussed in Chapter
4; thus, the NARGP can be more effective than other multi-fidelity models due to
its flexibility.

3.2.1 NARGP

NARGP [32] can be seen as an evolution of Cokriging models able to handle non-
linear relationships between low- and high-fidelity data. This model has a recursive
structure, similar to the recursive Cokriging formulation in [30], and, eventually, can
be used with any number of fidelity levels. Without loss of generality, we will consider
only 2 fidelity levels, LF and HF, respectively. To simplify further, we will consider
the HF training points to be nested to the LF ones, even though it is not mandatory

XLF = {xi : i = 1, ..., nLF} , (3.44)

XHF = {xj : j = 1, ..., nHF} ⊂ XLF , (3.45)

nLF ≫ nHF , (3.46)

where XLF , XHF are the input parameters for the LF and HF training sets, and
nLF , nHF are the respective cardinalities.
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Training

The first step to train a NARGP model is to fit a single-fidelity regression model
onto the LF data, which will be noted as ŷLF , with a GP regression

ŷLF (x) ≈ yLF (x) . (3.47)

Successively, the LF GP model can be evaluated in the HF training locations,
obtaining the LF process posterior mean

µHF
LF = ŷLF (XHF ) , (3.48)

and µHF
LF is used to enrich the input to the second GP model that composes the

NARGP. This second model will be used to predict the HF output function and will
take as input

XXHF =
[

XHF , µ
HF
LF

]

∈ R
nHF×(d+1) . (3.49)

As a consequence, the HF GP trained on the database D = {(xxj, yHF (xj)) : j =
1, ..., nHF} will handle the multi-fidelity data with a special kernel. In particular,
the kernel kHF will be a combination of kernels, each one active on part of the input
xx, as in

kHF ((x, µLF ), (x
′, µ′

LF )) = kρ(x,x
′) · kf (µLF , µ

′

LF ) + kδ(x,x
′) , (3.50)

where µLF , µ
′

LF are the LF posterior means in the respective locations x,x′, and
kρ, kf , kδ are valid kernel functions with dimension d for kρ, kδ and dimension 1 for
kf . Here, the LF information has its own kernel kf , while the other two kernels
depend only on the independent variables. As already mentioned in Section 3.1.1,
sums and products of valid kernels are valid kernels too.

Once the kernel formulation kHF , the input data XXHF , and the output data
yHF are determined, it is possible to train the HF NARGP model as any other GP
regression model, solving a MLE problem. Even though the kernel in Equation 3.50
resembles the corrective approach formulation of Equation 3.39, the structure of the
model is not a corrective one. During the MLE, the model will find the optimal hyper-
parameters for the NARGP without any prior assumption on the HF-LF correlation
relationship, unlike what happens for the corrective approaches. The multiplica-
tive correction factor ρ(x) in Equation 3.39 imposes a predetermined structure on
the HF-LF correlation. In general, this allows for reducing the number of hyperpa-
rameters; however, it reduces the capabilities of the model. Hence, the NARGP is



46 CHAPTER 3. REGRESSION MODELS

inherently a flexible model in terms of multi-fidelity correlations, and, in addition, it
has a convenient property related to its kernel. In general, a kernel has a variance
hyperparameter σ2 and a lengthscale l. If, during the MLE, the variance of kρ or kf
goes to zero, i.e. σ2

ρ → 0 ∨ σ2
f → 0, the HF NARGP kernel becomes

kHF ((x, µLF ), (x
′, µ′

LF )) =����:
0

kρ · kf + kδ = kδ(x,x
′) , (3.51)

and now the HF NARGP model is independent to the contribution µLF of the
LF model and the kernel is equal to kδ, thus making the HF model equivalent to
a single-fidelity GP on the HF dataset. This happens when there is no relation-
ship between HF and LF information, or the likelihood gradients show that the
contribution of kρkf is not beneficial to the MLE. This property becomes relevant
when there is no certainty that there is a LF-HF relation, and, as it will be discussed
in Chapter 4, it is particularly convenient for the POD coefficient regression problem.

To understand the high complexity of the NARGP model, it can be compared to
an equivalent single-fidelity GP model. If we suppose that kρ, kf , kδ are all anisotropic
SE kernels with ARD, as in Equation 3.11, and we consider a noise-free problem, the
number of hyperparameters of the NARGP is up to d+1 for the NARGP’s LF model
(d lengthscales, 1 variance), and 2d+ 4 for the NARGP’s HF (2d+ 1 lengthscales, 3
variances). Since the first d+1 LF model hyperparameters should be straightforward
to obtain, the actual hyperparameters of interest are the NARGP HF model 2d+ 4
ones. On the other hand, the equivalent single-fidelity GP model will have d + 1
hyperparameters. And given that the number of HF data points nHF is usually low,
optimizing through MLE a higher number of hyperparameters can be more difficult.
Sometimes constraining the hyperparameters, especially the lengthscale ones, can
help the MLE solution to converge to the target optimum, avoiding unwanted local
optima during the optimization. However, the higher complexity is what enables this
multi-fidelity model, together with the LF data, to improve the HF model accuracy.

Prediction

Once the NARGP has been trained, 2 models are available: the LF and the HF GP
models. The advantage of the NARGP is that it can exploit at the prediction stage
the LF GP predictions. Indeed, it is possible to effortlessly evaluate the LF GP
model for a set of unknown input values X∗ and obtain the LF output prediction
ŷLF (x

∗) ∀x∗ ∈ X∗, or in a more compact notation ŷLF (X
∗). Similarly to what has

been done during the training phase, a composed input vector is obtained as
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XX∗ = [X∗, ŷLF (X
∗)] , (3.52)

the input vector XX∗ is now compatible with the kernel kHF of Equation 3.50
and the GP prediction can be evaluated. If the training was successful and there is
a learnable relationship between LF and HF data, the addition of the LF prediction
to the NARGP HF model should improve the accuracy of the model, if compared to
a single-fidelity one. However, since there could be some uncertainty associated with
the LF model, the prediction should take it into account. To do so, we first sample
over the LF GP posterior and, instead of using the mean as the GP prediction, we
consider a set of realizations from the multivariate Gaussian distribution. Then, each
of the LF realizations is used as the LF component of XX∗ in Equation 3.52 and
the final prediction is obtained as a statistic over those HF predictions. By doing
so, the uncertainty from the LF level can be propagated to the HF prediction. In
particular, the HF stochastic process mean and the variance, according to the law of
total variance, become

µHF = E[ŷHF (X
∗)] , (3.53)

σ2
HF = E[σ̂2

HF (X
∗)] + V[ŷHF (X

∗)] , (3.54)

where the expected value E and the second order statistical moment V are con-
sidered over the LF realizations, ŷHF (x) and σ̂HF (x) are the NARGP models for the
HF GP mean and the variance, and µHF will be the actual NARGP prediction, with
the associated uncertainty in form of variance σ2

HF . It should be noted that the
NARGP HF mean and variance posteriors are not necessarily multivariate Gaussian
distributions [32]. Moreover, this Monte Carlo approach used at the prediction stage
has a limited impact on the overall computational cost if and only if the number of
fidelity levels remains modest. Indeed, the total number of samples drawn from the
various GPs is exponential: if q is the number of realizations sampled per fidelity
level, and s is the number of fidelity levels, then the total number of samples will be
qs.

3.2.2 Other multi-fidelity models

In general, the most widely used multi-fidelity model is the Cokriging model [29,
30]. This model is well established and tested, showing good results, especially for
close to linear correlation between fidelities and requiring modest computational re-
sources. On the other hand, more complex and non-linear LF-HF relationships can
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be learned with more advanced models, such as multi-fidelity NNs or the previously
described NARGP [32] in Section 3.2.1. NNs are, in general, more demanding and
complex to train; therefore, they are not ideal for multi-fidelity ROMs, which require
the training of many regression models.

This thesis studied simpler approaches to multi-fidelity modeling, too. Indeed,
all the previously mentioned multi-fidelity models have a relatively high number of
hyperparameters to determine, and they need to be found with a limited number of
HF training points, making multi-fidelity regression with very few HF training points
almost impossible. To address this problem, we developed a simplified multi-fidelity
model, specifically designed to deal with HF data scarcity and high-dimensional input
spaces.

Cokriging

The cokriging model was first introduced in [29], and successfully modified in a
recursive manner in [30]. In its first formulation, yHF (x) ∼ GP(0, kHF (x,x

′)) and
yLF (x) ∼ GP(0, kLF (x,x′)) are supposed to be two GPs, with a zero mean prior. In
particular

yHF (x) = ρyLF (x) + δ(x) , (3.55)

yLF (x) ⊥ δ(x) , (3.56)

where ρ ∈ R here is the correlation hyperparameter, δ(x) ∼ GP(0, kδ(x,x′)) and
⊥ indicates that two GPs are independent. Keeping in mind Equations 3.55 and
3.56, the HF kernel becomes

kHF (x,x
′) = Cov [yHF (x), yHF (x

′)] (3.57)

= Cov [ρyLF (x) + δ(x), ρyLF (x
′) + δ(x′)] (3.58)

= ρ2kLF (x,x
′) + kδ(x,x

′) . (3.59)

Given the HF input parameters XHF and the LF ones XLF , the Cokriging model
assumes that yHF (XHF ), yLF (XLF ) are jointly Gaussian with the following prior
distribution

[

yLF (XLF )
yHF (XHF )

]

∼
(

0,

[

kLF (XLF , XLF ) ρkLF (XLF , XHF )
ρkLF (XHF , XLF ) ρ2kLF (XHF , XHF ) + kδ(XHF , XHF )

])

.

(3.60)
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Then, the hyperparameters can be estimated as any other GP regression model
solving an MLE problem, see Section 3.1.1, and the Cokriging can be utilized to
predict the HF output in unseen input locations X∗.

Recalling Equation 3.55 and Equation 3.39, the Cokriging model is a corrective
approach. In particular, this formulation allows us to learn only linear relationships
between fidelities since ρ is a constant. More recent Cokriging formulations assume
that ρ = ρ(x) [30], with the function being a low-order polynomial. The most
relevant difference with the first formulation of [29] remains the recursive approach
that significantly reduces the computational cost when more than 2 fidelity levels are
considered.

Multi-fidelity neural networks

There exist a few different approaches to multi-fidelity modeling with NNs, and
usually the multi-fidelity model is composed of multiple NNs [33, 34, 35], trained
simultaneously or in a segregated way. The general methodology consists of training
a LF NN, or eventually any other regression model, in order to approximate yLF (x)
and then train one more NN for each fidelity level. Once the LF approximation
ŷLF (x) is known, it is possible to use it to train a second NN, congruently to Section
3.1.2, which will predict the HF outputs with a nonlinear operator F

F : (x, ŷLF (x))→ yHF (x) , (3.61)

representing the NN mapping from the augmented input parameter space to the
HF output space.

Figure 3.4: Multi-fidelity multi-level NN architecture example. The white NN rep-
resents the LF model, while the gray one represents the HF model.
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Eventually, the HF NN operator F can be split into two components: a linear
Fl and a nonlinear Fnl one [33], and then combined as in Equation 3.62. Moreover,
a single loss function can aggregate all the different NN losses, allowing for training
all the models together.

F = Fl ◦ Fnl . (3.62)

The structure of the HF NN of Figure 3.4 becomes the one presented in Figure 3.5
(a) or (b), where the outputs of two NNs are combined to predict the HF function.
In Figure 3.5 (a), the output of the 2 NNs is summed to obtain the HF output
yHF (x) ≈ Fl(x, yLF ) + Fnl(x, yLF ) [33]. On the other hand, in Figure 3.5 (b), the
output ylinHF = Fl(x, yLF ) of the linear NN augments the input of the nonlinear NN,
thus having yHF (x) ≈ Fnl(x, yLF , y

lin
HF ) [34].

(a) Architecture according to [33]. (b) Architecture according to [34].

Figure 3.5: Linear and nonlinear splitting of the HF NN of a multi-level multi-fidelity
NN, two different approaches.

In both cases, the linear NN Fl is characterized by neurons with no nonlinear
activation functions, e.g., with a linear activation function (see Table 3.2), allowing
to capture only linear correlations between fidelities. Instead, Fnl can have neurons
with nonlinear activation functions, e.g. the hyperbolic tangent function. Since most
of the time there is no information regarding the LF-HF correlation, this approach
is rather flexible, allowing the handling of both linear and nonlinear correlations.

A simplified multi-fidelity model

The relationship between LF and HF data can be very close to a linear one in real-
life applications. Hence, the popularity of Cokriging-like models, being them most
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effective for simple linear LF-HF correlations. However, these models suffer from the
curse of dimensionality when the input parameter space dimension is high, requiring
more HF information. As a consequence, Cokriging models are not that straightfor-
ward to train with few HF data points for high-dimensional problems, due to the
high number of hyperparameters to optimize.

In this thesis, we developed a simplified multi-fidelity model, tailored to simple
LF-HF correlations problems [41]. This model aims to be less dependent on the
dimensionality of the input parameter space and should be able to provide accept-
able HF approximations of yHF in extreme HF data scarcity conditions. The main
hypothesis is that there is a sufficiently high linear correlation between yLF and yHF ,
which can be estimated with tools such as Pearson’s R correlation coefficient. Under
this hypothesis, it is possible to assume that

yHF ≈ c1 · yLF + c0 , (3.63)

where c0, c1 ∈ R are the coefficients that represent the linear relationship between
the outputs. Let us consider the training input set for the HF problem XHF with
cardinality n, and a LF set XLF with an higher cardinality, and let us assume that
the first n input parameters are the same, so that xi

HF = xi
LF ∀i = 1, ..., n. The

corresponding outputs will be y1HF , ..., y
n
HF and y1LF , ..., y

n
LF . If we want Equation

3.63 to be satisfied, the corresponding linear system of equations becomes







y1LF 1
...

...
ynLF 1







[

c1
c0

]

=







y1HF 1
...

...
ynHF 1






, (3.64)

which can be solved to find the optimal c0, c1 through least squares. It is possible
to notice that the system does not depend on the input parameter x directly, and
since the system is overdetermined when n > 2, we can compute c0, c1 with few
HF data points, regardless of the input dimensionality. With c0, c1 we obtain a first
linear approximation y∗HF of the HF output

y∗HF (x) = c1 · yLF (x) + c0 , (3.65)

where yLF (x) can be substituted with a model ŷLF (x) ≈ yLF (x) trained on a
large enough LF database if the LF problem cannot be solved in real time. In
general, y∗HF (x) will not fit the HF training data, since c0, c1 were obtained with
a least square solution of Equation 3.64. This behavior is not desirable, wasting
crucial HF information; therefore, we compute the discrepancies δi between the first
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approximation y∗HF (x) and the actual HF outputs corresponding to the training set
XHF , having

δi = yiHF − y∗HF (x
i
HF ) ∀i = 1, ..., n . (3.66)

The corresponding input parameter values can be mapped to these discrepancies
δi and can be approximated with a regression model, such as an RBF or a GP,
in every part of the input domain, obtaining the model δ̂(x). This allows us to
approximate the HF output function as

yHF (x) ≈ y∗HF (x) + δ̂(x) . (3.67)

However, since we are considering a situation of HF data scarcity, the model δ̂(x)
will still suffer from the lack of HF data points; hence, we do not expect δ̂(x) to be
accurate away from the training points. A possible solution is to introduce a weight
function w(x) which scales the contribution of δ̂(x) in Equation 3.67 accordingly.
There are different possible solutions for the shape of w(x), introducing a certain
bias from the user, and we decided to have the weights depending of the distance
from the training locations XHF , so that w(x)→ 0 if x is too far from any training
point. The model’s prediction becomes

yHF (x) ≈ y∗HF (x) + δ̂(x) · w(x) , (3.68)

with w(x) being in [41]

w(x) =
1

1 + dmin(x)
, (3.69)

where dmin(x) is the minimum Euclidean distance of the point x from the HF
training locations XHF in the input parameter space. Since dmin(x) is inexpensive
to compute, and w(x) has an analytical formulation, the weights do not impact sig-
nificantly the overall training time.

This model can be used with 3 or more HF training points, since the effect of the
input dimensionality of x is limited to the discrepancy model δ̂(x), but it is mitigated
by the weight function w(x). When w(x)→ 0, the model assumes that the δ̂(x) does
not provide any more meaningful information and most of the prediction depends on
y∗HF (x), which becomes the safest approximation in those zones of the domain where
few HF points are available.
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In Appendix A.1, an engineering test case is proposed, studying a multi-fidelity re-
gression problem for the flame position inside a hydrogen burner under parametrized
operative conditions. This work shows that even with few HF points, it is possible
to outperform Cokriging-like methods if the correlation hypothesis is satisfied.

3.3 Data preprocessing

The models presented in the previous sections are meant to be used for POD coef-
ficients regression in the context of parameterized NI ROMs. Thus, the paramete-
rizations can be very different from each other, and the POD coefficients can have
various orders of magnitude of difference, considering a different mode number. To
control the range of variation of the input and output domain dimensions, in this
thesis, we apply a normalization transformation in [0, 1]. This is done for each input
dimension and for the output values too. Furthermore, regression models in general
usually perform better with normalized data.

To do so, given a vector v ∈ R
n, e.g., one obtained from one of the input dimen-

sions of the training database parameters, we can evaluate its minima and maxima
vmin = minv, vmax = maxv. Then the vector v can be normalized in [0, 1]

ṽi = (vi − vmin)(vmax − vmin) for i = 1, ..., n , (3.70)

obtaining the normalized vector ṽ. In the context of multi-fidelity data in this
thesis, specifically for LF and HF outputs, the LF outputs are normalized with the
same maximum and minimum values of the HF training outputs.

Since the regression model predictions will be coherent with the normalized out-
puts, they need to be de-normalized. The inverse transformation of Equation 3.70
becomes

vi = ṽi(vmax − vmin) + vmin . (3.71)
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Chapter 4

Non-intrusive multi-fidelity
reduced order model

The adoption of multi-fidelity approaches for surrogate models of parametrized fields
is a fairly new trend. In [42], a multi-fidelity non-intrusive POD methodology is
presented, appending the POD basis with LF modes projected on the complementary
space spanned by the HF data available. In [43, 44], inconsistent HF and LF solutions
are projected on a common latent space exploiting manifold alignment techniques.
The multi-fidelity modeling is successively done with a hierarchical Kriging model. In
[45, 46, 47, 48], multiple multi-fidelity Kriging meta-models are utilized in the POD
coefficient approximation, with different representations of the variable fidelity POD
coefficients. In [49], a non-intrusive reduced basis method for parametrized PDEs is
introduced, and approximates the reduced basis coefficients with a multi-fidelity GP
regression model. Artificial NNs map the relationship between variable fidelity POD
coefficients in [50]. A comparison between Kriging and artificial NNs as surrogate
models for the multi-fidelity approximation of the POD coefficients is presented in
[51].

Furthermore, multi-fidelity deep-learning approaches have been developed. In
[52], a multi-fidelity data fusion algorithm based on autoencoders is presented. In
[53, 54], transfer learning enhances the multi-fidelity modeling, or variable fidelity
information can be used for the pretraining of the deep learning model in the POD-
based ROM, as in [55]. An intrusive Galerkin-POD surrogate model integrates multi-
fidelity modeling in [56]. Here, the closure problem to compensate for the contribu-
tion of the truncated scales onto the resolved ones is interpreted as a multi-fidelity
problem, using a multi-fidelity deep operator network (DeepONet) framework.

In general, there is not a fixed multi-fidelity characterization of the POD coef-

55
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ficients in the POD-based ROMs, often involving multiple POD basis for different
fidelity levels. In our original multi-fidelity ROM approach, we discuss the LF and
HF representations of the POD coefficients. Moreover, we motivate the choice of the
multi-fidelity regression model for the latent space interpolations, keeping in mind the
industrial context and the limited knowledge of a priori correlation between fidelities.

In this Chapter, an original multi-fidelity extension of the NI ROMs of Chapter 2
will be presented, exploiting the NARGP multi-fidelity model illustrated in Section
3.2.1. In Section 4.1.1, the encoding strategy is discussed. Section 4.1.2 introduces
the multi-fidelity regression of POD coefficients, where Section 4.1.2 focuses on the
prediction and Section 4.1.2 motivates the choices in terms of multi-fidelity regression
models.

4.1 Model structure

The proposed multi-fidelity ROM is a multi-fidelity extension of the NI POD-based
ROMs of Chapter 2, presented in our previous work [57]. In this model, multi-fidelity
methodologies have an effect on both the encoding, here done with the POD, and the
regression models used to approximate the POD coefficients. Figure 4.1 illustrates
the model structure, highlighting these specific behaviors. Here, on the top, both LF
and HF snapshots feed the POD conceptual block, while, on the bottom, both the
LF and HF POD coefficients become inputs for the multi-fidelity regression model
conceptual block.

The first step of Figure 4.1 workflow is to have a Design of Experiments (DoE) to
train the ROM. The kind of problems studied with ROMs are parametric; therefore,
each snapshot is paired with an input parameter, representing the design configu-
ration. DoE techniques consist of choosing the best design configurations to opti-
mally explore the input parameter space when the quantity of interest function is
unknown. Usually, DoE methodologies rely on spatial, random, or quasi-random
sampling strategies and are often utilized together with regression models. Some
of the most common techniques are the Latin Hypercube Sampling (LHS), uniform
random sampling, Halton sequences, and factorial methods, such as full and reduced
factorial. Being NI ROMs, and multi-fidelity NI-ROMs by extension, based upon re-
gression models, a well-thought-out DoE can positively affect the ROM performance.
From a multi-fidelity perspective, both LF and HF DoEs need to be considered. If
the LF snapshots’ computational cost is negligible, the DoE has less of an impact,
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Figure 4.1: Flowchart representing the structure of the proposed POD multi-fidelity
ROM.

while if its cost becomes significant, the LF sampling should cover well and densely
the input parameter space. On the other hand, special care should be considered for
the HF snapshots. In general, it is better to have nested HF and LF snapshots, so
that the HF training input parameters are a subset of the LF ones. This is preferable
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since nested LF-HF data ease learning the relationship between low- and high-fidelity
information when multi-fidelity regression models, as those in Section 3.2, are used
in the proposed multi-fidelity ROM. Nevertheless, the multi-fidelity ROM will still
be trainable when LF and HF designs are not nested, especially if there are enough
LF snapshots to obtain a good LF surrogate to replace the LF data, performing
similarly to the nested case.

Subsequently, once both LF and HF solutions have been computed according
to the respective DoE, we have to ensure that all snapshots are coherent. This
is especially important for multi-fidelity ROMs since the LF snapshots are often
obtained with coarser discretizations than HF ones. Section 2.3.3 discusses this
topic in detail, and all the considerations relative to geometrical parameterization
remain valid for the multi-fidelity ROM too. For all further discussions, we assume
that all snapshots are defined on the same reference discretizations.

4.1.1 Mixing heterogeneous snapshots

When dealing with multiple fidelity levels, there are different approaches to the POD
encoding of the snapshots, and the three most intuitive ones are:

• POD only of LF snapshots;

• POD only of HF snapshots;

• POD of both LF and HF snapshots.

In this work, we focus on the latter, where the POD is computed mixing both LF
and HF snapshots.

From a conceptual point of view, the LF-only POD utilizes a great number of
LF snapshots obtained from all parts of the input domain. If the LF snapshots are
informative enough, the LF basis should be meaningful also for the HF problem and
encode well unseen HF snapshots, even in remote parts of the input parameter do-
main. However, LF solvers often rely on some simplifications, whether it is in the
mathematical modeling or in the discretization, and the LF POD basis might not
be able to describe certain behaviors. As an example, if we consider a CFD problem
where the LF solver uses a coarse mesh and the HF solver uses a finer one, all the
smaller-scale dynamics can not be represented at all by the LF snapshots; hence, it
is impossible to have LF POD modes associated with those behaviors. Moreover, LF
information might be noisier than HF information, and the POD will try to encode
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noise that might later pollute the ROM.

On the other hand, an HF-only POD should find the best possible basis that
represents the HF training snapshots, with minimal noise impact and with few POD
modes. However, since multi-fidelity problems are characterized by HF data scarcity,
the resulting HF-only POD basis is likely to poorly represent out-of-sample snap-
shots. This can be easily observed by evaluating the projection error, as in Equation
2.6, on a validation set of snapshots: if the error is close to 0, the basis can represent
unseen snapshots well; otherwise, it needs more training snapshots to achieve lower
errors. Remembering the reconstruction error erec components, as in Equation 2.18,
if, hypothetically, the interpolation error eint, due to the POD coefficient regression
models, goes to zero

erec = eprj +�
��*

0
eint = eprj , (4.1)

then the projection error eprj becomes the reconstruction error lower bound. As
a consequence, lowering the out-of-sample projection error is always beneficial to the
ROM.

Finally, if LF and HF snapshots are mixed at the POD level, it is possible to
mitigate the disadvantages of both the previous approaches while keeping most of
the beneficial aspects. Indeed, since the mixed fidelity POD modes are a basis for
both LF and HF snapshots, it means that we are still retrieving the precious HF
information otherwise lost by the LF-only POD basis, and at the same time, the
representability of the basis of unseen HF snapshots is higher than the HF-only
POD basis. In general, the effect of the noise that might have been introduced with
the LF snapshots at the encoding stage is mitigated by the POD energy threshold.
The main drawback of this approach is that the number of POD modes is the high-
est of the three possibilities: the higher the cardinality of the snapshot dataset, the
higher the number of POD basis functions for the same energy threshold. Thus, the
ROM will require more memory, it will occupy more storage space on the machine,
and it will need more POD regression models to be trained, increasing the overall
computational cost. On the other hand, if this higher ROM computational cost is
negligible compared to more HF simulations, it does not represent a problem.

From a practical standpoint, we observed in our applications that the projec-
tion error improves sensitively when utilizing the mixed fidelity POD. Moreover, we
observed that this improvement translates positively onto the reconstruction error
too, if compared to the HF-only POD. These topics are discussed in further detail
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in Chapter 5, where the multi-fidelity ROM results are presented.

4.1.2 Multi-fidelity POD coefficient approximation

Once the POD has been computed and the POD modes Ψ = {ψ1, ...,ψr} are avail-
able, it is possible to evaluate the POD coefficients corresponding to the training
designs. Since there are both LF and HF snapshots, we will obtain both a LF repre-
sentation of the POD coefficients aLF and an HF representation aHF . According to
the input notation of Section 3.2.1, let XLF = {xi : i = 1, ..., nLF}, XHF = {xi : i =
1, ..., nHF} ⊂ XLF be the LF input set and the HF input set, respectively. Therefore,
if we consider the generic input xi, the j-th mode POD coefficient representations
are obtained by projection

aHF
j (xi) = uHF (xi) ·ψj , (4.2)

aLFj (xi) = uLF (xi) ·ψj , (4.3)

for every POD mode ψj with j = 1, ..., r.

Depending on which snapshots have been used when computing the POD ba-
sis Ψ, the LF and HF representation will change accordingly. Thus, the choice of
the training snapshots utilized for the encoding has not only an effect on the rep-
resentability of unseen HF snapshots, but changes the POD coefficients themselves,
affecting the regression models too. As an example, the HF coefficients aHF

1 (xi) will
be different for the first mode whether we evaluate the POD from LF snapshots only,
HF snapshots only, or a mix of both, and this will be true for all other modes. This
is due to the modes obtained from different snapshot matrices being different, even
for the first ones, which generally are associated with the most energetic features.
As stated in Section 4.1.1, we focus on the mixed fidelity snapshots POD approach,
meaning that the POD basis is a system of generators for both LF and HF training
snapshots, instead of just one of the fidelity levels.

For each j-th mode in 1, ..., r, we train a single-fidelity regression model, âLF (x) ≈
aLF (x), with the LF training database DLF

j = {(xi, a
LF
j (xi)) : i = 1, ..., nLF}. In

principle, any single-fidelity regression model presented in Section 3.1 can be used
to approximate aLF (x), but we will consider the GP regression model since it will
enable the NARGP modeling for the multi-fidelity approximation of the HF POD
coefficients. Other models, such as RBF, can be a good alternative, especially if the
cardinality of DLF

j increases, making the GP regression intractable.
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Similarly, for each j-th mode in 1, ..., r, we can train a multi-fidelity approxima-
tion âHF (x) ≈ aHF (x) of the HF POD coefficient with the NARGP model. To do so,
we need to create a map between the input parameters x, augmented by the corre-
sponding LF POD coefficient approximations âLF (x), previously trained, and the HF
POD coefficient aHF . The training database for the NARGP approximation of the
j-th HF POD coefficients becomes DHF

j = {((xi, â
LF
j (xi)), a

HF
j (xi)) : i = 1, ..., nHF}.

Defined the multi-fidelity problem, each HF POD coefficient is modeled according to
Section 3.2.1, which describes in more detail the NARGP model.

Prediction

Supposing that all low- and high-fidelity POD coefficients models have been trained,
the multi-fidelity ROM prediction becomes

uHF (x) ≈
r
∑

j=1

âHF
j (x, âLF (x))ψj . (4.4)

Another possibility to take into consideration is to limit the utilization of the
multi-fidelity model, i.e., the NARGP, only to specific mode numbers and resort to
faster single-fidelity approximations, such as GP regression or RBF interpolation, for
the remaining POD coefficients. This only helps with the training time and generally
does not improve the accuracy. In this work, we have identified two reasonable
solutions, namely approximating with a multi-fidelity model only:

1. the first POD coefficients;

2. the POD coefficients that shows a Pearson’s R correlation coefficient, computed
with nested LF and HF POD coefficients, above a user-defined threshold.

In the first case the rationale is to exploit the accuracy gain only for the most
energetic modes, which contribute the most to the overall model representability of
the problem, thus its accuracy. Indeed, most of the time LF solvers are able to cap-
ture only macroscopic behaviors of the problems, e.g., due to a coarser discretization
for the numerical solution. These behaviors carry most of the problem energy and,
consequently, they are often captured by the first modes when we perform the POD.

On the other hand, the second approach focuses the computational resources al-
located for the ROM training to the most likely POD modes which could benefit
from a multi-fidelity model. Even though Pearson’s R only highlights linear corre-
lations between fidelities, it is a cheap yet effective indicator with an appropriate
threshold. Naturally, a linear correlation measure can not be trusted completely for
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non-linear relationships, even with a loose threshold, so it is a sensitive approach only
if the enough POD coefficients show high enough Pearson’s R coefficients between
fidelities.

Either choices will identify two sets of indices IS and IM , corresponding to the
POD mode numbers, which will refer to the POD coefficients to be modeled with
a multi-fidelity or a single-fidelity model respectively. Therefore, the multi-fidelity
ROM prediction of Equation 4.4 becomes

uHF (x) ≈
∑

j∈IM

âHF
j (x, âLF (x))ψj +

∑

j∈IS

âj(x)ψj , (4.5)

where here âHF
j is again the multi-fidelity model of the j-th POD coefficient,

while âj is the single-fidelity approximation of the HF POD coefficient.

Choice of the multi-fidelity regression model

It appears evident that almost any multi-fidelity model can be used to approximate
âHF
j . However, NARGP is particularly suitable for this problem, especially for in-

dustrial use cases. Indeed, NARGP can handle a wide variety of LF-HF relationships
due to its intrinsic nonlinear nature, while Cokriging-like models are limited to linear
or polynomial correlations. When dealing with real-life problems, in general, there is
no prior knowledge regarding the type of correlation between the LF and HF POD
coefficients associated with each of the different POD modes. As a consequence,
a nonlinear model able to capture both linear and nonlinear multi-fidelity relation-
ships can be more effective and flexible, with minimal user intervention. Another
NARGP advantage is the capability to act as a single-fidelity model when the MLE
hyperparameter optimization does not reward the multi-fidelity component of the
NARGP’s HF composite kernel formulation, as Section 3.2.1 illustrates. This might
happen when the LF and HF representations of a POD coefficient are not corre-
lated, and a multi-fidelity model might not improve the accuracy of the regression.
If the HF NARGP kernel can ignore all the LF information contribution, the model
safely approximate the HF POD coefficients with a GP regression in a completely
autonomous way, again improving the multi-fidelity ROM ease of use. In general,
NARGP training is less resource-intensive than an equivalent multi-fidelity NN, mak-
ing it preferable when dealing with an high number of POD modes, requiring training
a multi-fidelity regression model for each one of them. This happens frequently due
to the addition of many LF snapshots to the snapshot matrix in the mixed fidelity
POD, as the results presented in Chapter 5 show. The main drawback of NARGP
as the POD coefficient multi-fidelity model, if compared to other GP-based models,
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is its complexity, which increases the number of hyperparameters, thus potentially
hindering the training process and negatively affecting the training time. Nonethe-
less, its flexibility generally overcomes these limitations, which often does not pose
a real problem.

In summary, the proposed multi-fidelity ROM starts by mixing the different fi-
delity snapshots in a unique matrix of snapshots, encodes the solution with POD,
and approximates the latent snapshot representation with a nonlinear multi-fidelity
model. In particular, NARGP has been identified as the optimal candidate for the
multi-fidelity regression task, especially in terms of automation and flexibility. The
main improvements expected to be achieved, compared to equivalent single-fidelity
ROMs, are primarily related to the representability of the multi-fidelity ROM and
its accuracy.
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Chapter 5

Application to industrial problems

Different industrial problems might benefit from ROMs, such as design, optimiza-
tion, uncertainty quantification, multi-physics simulations or control. All these are
many-query applications, where numerous and expensive numerical simulations need
to be performed. ROMs have low online computational cost, with almost real time
performance. However, offline computational cost is heavily affected by the train-
ing database generation. Multi-fidelity ROMs aim to tackle this problem, showing
that inaccurate but cheap LF information can be exploited in a non-intrusive ROM
framework. Moreover, in an industrial context, geometrical parameterization plays a
key role in the design process, and it requires particular care when utilizing ROMs.

This Chapter is structured as follows. The first three sections report the core
results for this thesis where the multi-fidelity ROM is applied to relevant indus-
trial problems. In detail, Section 5.1 presents an external aerodynamic automotive
problem with an high-dimensional geometrical parameterization, and Section 5.1.2
deeply discusses the ad-hoc geometrical mapping strategy. Section 5.2 focuses on the
internal flow and thermal characterization inside a pipe with wavy surfaces, having
both geometrical and operational parameters. In Section 5.3 there is an uncertainty
quantification study on the performance of a vertical axis wind turbine under un-
certain rotational speed. The details of the uncertainty quantification techniques
are in Section 5.3.2. Finally, Section 5.4 presents an additional application of the
proposed methodology. While the outcomes are not as conclusive as in the previous
three core case studies, this test remains valuable as it illustrates the versatility of
the approach, highlights its current limitations, and provides further context to the
overall contribution of this thesis.

65
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5.1 DrivAer

External aerodynamic problems, i.e., automotive ones, are mainly interested in the
aerodynamic forces acting on the body’s external surfaces. One of the main contri-
butors to the aerodynamic forces is the wall’s pressure field, making it critical in the
design process. This application aims to compare the capabilities of a multi-fidelity
ROM with those of an equivalent single-fidelity ROM. The ROMs approximate the
pressure field acting on a car boundary, given a geometrical parameterization.

This section builds upon our earlier study, published in [57]. While the main
findings remain unchanged, certain adjustments have been made to fit the context
and objectives of the present thesis.

Figure 5.1: DrivAer in fastback configuration: on top - side view; on bottom from
left to right - front and back views.

5.1.1 Problem Description

We considered the DrivAer test case geometry in the fastback configuration [58, 59]
as our baseline geometry, which can be seen in Figure 5.1. The baseline geometry is
then deformed according to a geometrical parameterization, and the new geometry is
used to perform a CFD simulation. From the CFD results, the pressure field acting
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on the car body is kept to successively train the ROMs. An example of the boundary
pressure field can be found in Figure 5.2.

Figure 5.2: High-fidelity pressure field on the car body - side view.

Parameterization

All the problem parameters are geometrical, keeping constant all other operational
and physical set-ups. In particular, there are a total of 6 parameters, each corre-
sponding to a different geometrical deformation of the baseline fastback car. These
deformations have been obtained by manipulating the car’s geometry through a
free-form deformation-based technique [60], with the software mimic [61]. Indeed,
the software is able to move the surface features and propagate the deformation
field smoothly around the features themselves, while preserving imposed geometrical
constraints. To do so, a Laplacian equation of the deformation is solved, keeping un-
altered the deformed designs’ manufacturability. This allows for parameterizing the
geometry without the utilization of a Computer-Aided Design (CAD) software. Each
deformation is then associated with a separate scalar value. Figure 5.3 illustrates
the effect of each of the 6 geometrical deformations, affecting the vehicle’s:

1. front window angle;

2. rear window angle;

3. roof drop;

4. greenhouse angle;

5. bumper nose extrusion;

6. bumper nose drop.
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Figure 5.3: Representation of car deformations, in clock-wise order from the left:
DEF 1 Front window angle; DEF 2 Rear window angle, DEF 3 Roof drop; DEF 4
Greenhouse angle; DEF 5 Bumper nose extrusion; DEF 6 Bumper nose drop.

The magnitude of each deformation can be appreciated in Figure 5.4, where the
minimum and maximum deformations are presented.

Simulation set-up

To obtain the pressure field, a CFD simulation of the flow around the vehicle is
mandatory. The problem was simplified by exploiting the car’s symmetry by its
length; thus, we considered only half of the car. Around the halved car, we defined
a box domain of dimension 10.0L× 2.2L× 2.5L, with L being the car length.

Since the aim of this experiment is to compare multi-fidelity and single-fidelity
ROMs, two types of solvers were considered: a LF solver and a HF solver. From
a practical standpoint, the main difference between the two lies in the mesh dis-
cretization. The LF computational grid is a hex-dominant mesh with ≈ 1.8 million
cells, being coarser than the finer HF mesh. The HF mesh has ≈ 6.0 million cells,
with most of the refinements being near the car surface. Figure 5.5 illustrates a
longitudinal slice of a LF mesh, showing two of the three main dimensions of the
computational domain and the grid refinement locations.
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All the remaining simulation parameters and choices are shared between both LF
and HF solvers.

(a) Front window angle (b) Rear window angle (c) Roof drop

(d) Greenhouse angle (e) Bumper nose extrusion (f) Bumper nose drop

Figure 5.4: Extreme deformations for all six deformation parameters applied sepa-
rately to the baseline geometry.

Figure 5.5: LF mesh slice and car geometry, side view.
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The incompressible steady-state RANS equations are solved together with the
Spalart-Allmaras turbulence model [60, 62, 63]. This turbulence model is routinely
employed in similar industrial designs thanks to its simplicity and ease of use. How-
ever, some of the considered vehicle designs reflect the behavior typical of a bluff
body; therefore, the Spalart-Allmaras model is not always reliable enough to ade-
quately capture the flow sensitivity due to some geometrical changes. In the context
of preliminary design choices, exploring many different geometrical configurations is
usually more important than a high accuracy of the CFD simulations, which is in-
evitably expensive to achieve. We decided to accept this accuracy-cost compromise,
valuing the capability to discern the general performances of multiple designs.
The solver simpleFoam, embedded in the open-source CFD software OpenFoam [64],
has been employed to solve the set of governing equations. The far field air velocity
was set to U0 = 38.89 m/s, leading to a Reynolds number of ≈ 12 · 106, based on the
length of the car. The ground is modeled as a moving wall to match the tangential ve-
locity of the wheels, which, in their turn, are modeled with a moving reference frame.

Concerning the differences between LF and HF pressure solutions on the vehicle
boundary, Figure 5.6 shows the actual differences between two pressure snapshots,
and Figure 5.16 compares LF and HF drag coefficients CD, defined in Equation 5.7,
for different designs. Indeed, CD depends on the pressure field integral on the car
boundary.

Figure 5.6: Scatter plot between HF and LF pressure solutions associated to the
same design; each point correspond to the same location on the vehicle’s surface.
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Design of experiments

The training DoE is based upon a LHS where the input parameter values correspond
to the 6 geometrical deformations, and are normalized in [0, 1]. The LF training DoE
was obtained a priori with the LHS strategy, consisting of 160 HF designs. Part of
the LF designs were evaluated with the HF solver to create the HF training DoE.
Since the results will be evaluated for different HF dataset dimensions, the origi-
nal LHS designs were opportunely ordered. In particular, starting from a random
design, the next design is added recursively so that for any design, the last one is
at maximum distance from the previous ones. This is achieved by evaluating the
minimal Euclidean distance in R

6 from all previous designs. As a consequence, in
the result Section, the first 20 HF training snapshots will be a subset of the first 40
HF snapshots, and so on. The HF snapshot training set dimensions will range from
20 HF snapshots to 120 HF snapshots. Thus, the first 120 snapshots of the 160 LF
training snapshots will correspond to the 120 HF snapshots in the HF training set.
The HF validation DoE was sampled from a random uniform distribution, counting
70 HF snapshots.

The LHS choice for the training DoE represents a good balance between an even
coverage of the input parameter domain, while not needing too many designs [65].
This is made possible by the pseudo-random nature of the LHS strategy. Other
techniques, such as full and reduced factorials, would not be a feasible choice for
high-dimensional input parameter spaces, as in this problem.

ROM setup

In this experiment, we compared two ROMs: a single-fidelity ROM and a multi-
fidelity ROM. The first ROM has been trained with HF data only, while the multi-
fidelity ROM will use the same HF information, with additional LF data. To make
all ROMs comparable, the POD energy ε, as in Equation 2.3, is set to ε = 0.999.

For each multi-fidelity ROM, we utilized multi-fidelity regression models only
on the first 4 modes’ POD coefficients. As stated in Section 4.1.2, the first POD
modes capture most of the meaningful information; therefore, improving the regres-
sion model accuracy of the first POD coefficient modes with a multi-fidelity regression
has the greatest impact. In this work, we used the NARGP model to perform the
multi-fidelity regressions of the POD coefficients. Another reason to focus on the
first POD modes for the multi-fidelity modeling is that we are likely to find better
LF-HF correlations for the first POD coefficients, improving the effectiveness of the
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multi-fidelity model. This stems from two factors: firstly, the LF solver struggles to
capture high-frequency features, due to the coarser computational grid with respect
to the HF case; secondly, the last and less energetic POD modes are often associated
with these high-frequency behaviors. Consequently, the projection of LF snapshots
on the last part of the POD basis will not necessarily be helpful for the multi-fidelity
modeling. On the other hand, each of the less energetic POD modes’ coefficients has
been approximated with a single-fidelity GP regression, following Equation 4.5 for
the multi-fidelity ROM prediction. In general, using the multi-fidelity approach for
more POD coefficients should not hinder the ROM capabilities, especially with the
NARGP model, but it can increase the ROM training time.

Concerning the hyperparameter settings of the GP-based regression models, we
chose to use Matérn 3/2 kernels with ARD and a 0 mean prior, and we constrained
only the lengthscale hyperparameters. The details regarding the hyperparameter
constraints and other GP options are presented in Table 5.1.

Table 5.1: GP-based regression models configurations for the ROMs.

NARGP

LF model HF model Single-fidelity GP

Optimization algorithm BFGS* BFGS BFGS
Max iterations 2500 2500 2500
Optimization restarts** 10 8 10

Kernel Matérn 3/2
kρ : Matérn 3/2
kf : Matérn 3/2
kδ : Matérn 3/2

Matérn 3/2

Lenghtscale bounds*** 0.5 ≤ li/di ≤ 30
kρ : 0.5 ≤ li/di ≤ 10
kf : free
kδ : 0.5 ≤ li/di ≤ 10

0.5 ≤ li/di ≤ 10

Gaussian noise variance free free free

* Broyden–Fletcher–Goldfarb–Shanno algorithm.

** Random restarts of the optimization to increase robustness.

*** The i-th lengthscale is called li and the i-th input variable range of variation’s amplitude called di;

different lengthscales are applied only to anisotropic kernels.
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The single-fidelity GP column in Table 5.1 refers to the GP training configurations
used for the less energetic POD mode coefficient approximations. Nonetheless, the
same setups have been employed for the single-fidelity GP regression models of the
single-fidelity ROM used for comparison.

5.1.2 Mapping

Algorithm 1 Overview of the full mapping workflow.

1: Create a database of deformed car geometries (mimic)
2: Solve the CFD problem for the deformed cars (OpenFOAM)
3: Define a reference surface mesh from the undeformed vehicle
4: Deform the reference surface mesh
5: Interpolate the results from the CFD solution to the deformed reference mesh
6: Map the solution on the deformed reference mesh back to the undeformed refer-

ence mesh

The adoption of a mapping strategy is pursued to have all snapshots with a coherent
discretization, as discussed in Section 2.3.3. To perform the POD, the cardinality
of each snapshot must be identical. In addition, the indexing must be done so that
the connectivity is preserved between different snapshots. Here we will discuss the
mapping approach employed in this experiment, and an overview of the process can
be found in Algorithm 1. The mapping is necessary since all of the considered designs
will undergo a specific CFD solution, having all the computational meshes different
from each other. This has been necessary due to the great deformations involved,
making it impossible to guarantee an adequate mesh quality if deforming the com-
putational grid prior to the CFD solution.

Keeping in mind that we are interested in only the car surface mesh and the
relative pressure distribution, the mapping consists of three main steps:

1. the generation of a common reference mesh;

2. the morphing of an undeformed triangulated car geometry, according to the
geometrical parameterization;

3. the interpolation of the solution field onto the reference nodes.
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For the reference mesh, we computed a fine computational mesh for the baseline
car, whose external surface we will call Scar ⊂ R

3. Let us call Φ the transformation
responsible for the geometrical deformation of the car, and suppose it to be known.
Φ(xP ;x) transforms a point P ∈ Scar of coordinates xP ∈ R

3 into P ′ = Φ(P ), of
coordinates xP ′ ∈ R

3, according to the known geometrical parameters x ∈ R
6. If we

apply the transformation to each point belonging to the baseline car, we obtain the
deformed car S ′

car for the given parameter vector x, as in

S ′

car = {P ′ : xP ′ = Φ(xP ;x), ∀P ∈ Scar} . (5.1)

In this experiment, Φ is known and it is a byproduct of the free-form deformation
of the baseline car; however, the suggested mapping approach remains valid for any
known geometrical transformation Φ, regardless of how it originated, and can be
extended to similar problems. Figure 5.7 offers a schematic representation of the
effect of a generic transformation Φ when applied to a mesh.

Figure 5.7: Schematic representation of the geometrical deformation’s effect on a
mesh. Φ is the transformation function, S is the original grid, P is a point of S, and
S ′, P are their respective transformations.

For a given parameter x, the points belonging to the reference car Scar tesselation
are projected onto the deformed car S ′

car, of which the CFD solution is known on
the computational mesh. Consequently, both morphed reference points and the CFD
results are living on the same locus of points, S ′

car, similarly to what Figure 5.8 shows.
Each morphed reference point will now belong to a single face of the deformed car’s
solution tessellation. Thus, the point’s barycentric coordinates with respect to this
face’s vertices can be evaluated as

[

wVi

P

]

i=1,...,NV
=

[

1

∥xVi
− xΦ(P )∥2

]

i=1,...,NV

, (5.2)



5.1. DRIVAER 75

with Vi being the i-th vertex of the face, NV the number of vertices of the face,
x being the spatial coordinates of a point, and the

[

wVi

P

]

i
are the barycentric coordi-

nates of P . With the barycentric coordinates of P with respect to the face’s vertices,
it is possible to accurately interpolate the deformed car target fields values, i.e., the
boundary pressure field, onto the morphed reference mesh following Equation 5.3.
Since the morphed reference tesselation preserved the indexing and the connectiv-
ity of the original reference mesh, the interpolated field on a morphed point can be
assigned to the corresponding original reference mesh point.

pref (xP ;x) =

NV
∑

i=1

wVi

P · pdef (xVi
;x) , (5.3)

where pref , pdef are respectively the target fields, i.e., pressure, on the reference
mesh and the deformed mesh obtained from the CFD calculations. By doing so,
homogeneous snapshots of the target fields can be collected, even if the number
of mesh cells differs or the grid connectivity changes. Figure 5.8 illustrates the
mapping of a node from the reference mesh to the deformed geometry, with different
discretizations.

Figure 5.8: Schematic representation of the mapping of a reference (ref ) mesh node
to the deformed (def ) geometry. (a) the ref and def geometries with meshes; (b)
the transformation of the point P on the ref mesh to the def geometry; (c) vertices
of the face to which Φ(P ) belongs to the def geometry’s mesh.

Both the barycentric interpolation and the geometry deformation techniques are
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well known and have been used in many applications. In particular, the geometry
deformation is based on free form deformations, which, in the context of ROMs, are
used to move the computational mesh nodes according to a deformation field ap-
plied to the geometry itself [60]. However, to our knowledge, using these techniques
to map surface fields from non-coherent boundary tessellations is novel. Therefore,
this approach allows the use of computational meshes that were generated separately
for each design configuration. This enables POD-based workflows to handle larger
geometric deformations, overcoming the intrinsic limitations posed by the mesh ele-
ments’ ordering and cardinality.

5.1.3 Results

As Section 5.1.1 introduced, the GP-based single-fidelity ROM and the multi-fidelity
ROM have been trained for different dataset sizes, specifically with 20, 40, 60, 80,
100, and 120 HF snapshots. The multi-fidelity ROM training set is always enhanced
with 160 LF snapshots. Both ROMs are tested on 70 HF snapshots reserved for
validation.

The first metric we consider is the projection error, defined in Equation 2.6. In
particular, we consider the mean projection error eprj over the validation set, having

eprj =
1

nval

nval
∑

i=1

∥

∥

∥

∑r
j=1

(

(ui ·ψj)ψj

)

− ui

∥

∥

∥

2

∥ui∥2
, (5.4)

where nval is the number of validation snapshots, u represents a snapshot, ψ
is a POD mode and r is the ROM’s number of POD modes. For our purposes, u
is the pressure distribution mapped on the reference car. This error quantifies the
capability of the POD reduced basis to represent an out-of-sample snapshots, i.e.,
the ones reserved for validation. The projection error is independent of the POD
coefficients regression models and measures only the encoding capabilities of the
decomposition operator. Figures 5.9 and 5.10 show the projection error trends for
different amounts of HF training snapshots.
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Figure 5.9: Projection error boxplots comparison between single and multi-fidelity
PODs for different numbers of HF snapshots. Statistics on 70 HF validation snap-
shots - outliers omitted.

Figure 5.10: Mean projection error comparison between single and multi-fidelity
PODs for different numbers of HF snapshots. Statistic on 70 HF validation snapshots.
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The influence of the POD coefficient regression models is then considered in the
reconstruction error erec, as in Equation 2.17. Similarly to the projection error, we
consider the mean reconstruction error over the validation set, which becomes

erec =
1

nval

nval
∑

i=1

∥

∥

∥

(

∑r
j=1

(

âj(xi)ψj

)

− ui

)
∥

∥

∥

2

∥ui∥2
, (5.5)

where âj(x) is the j-th POD coefficient’s regression model, and xi is the input
parameter vector relative to the i-th validation snapshot ui. Figures 5.11 and 5.12
show the reconstruction error trends for different amounts of HF training snapshots.
These figures illustrate the capabilities of both single and multi-fidelity ROMs to
approximate unknown snapshots.

Figure 5.11: Reconstruction error boxplots comparison between single-fidelity ROM
and multi-fidelity ROM for different numbers of HF snapshots. Statistics on 70 HF
validation snapshots - outliers omitted.
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Figure 5.12: Mean reconstruction error comparison between single-fidelity ROM and
multi-fidelity ROM for different numbers of HF snapshots. Statistics on 70 HF
validation snapshots.

In Figures 5.13 and 5.14, the detailed distributions of projection and reconstruc-
tion errors have been represented, respectively, for both the extreme configurations
with 20 and 120 HF training snapshots. Conversely to Figures 5.9 and 5.11, outliers
are represented too.

(a) 20 HF training snapshots (b) 120 HF training snapshots

Figure 5.13: Comparison of single/multi-fidelity projection error distributions on 70
HF validation snapshots.
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(a) 20 HF training snapshots (b) 120 HF training snapshots

Figure 5.14: Comparison of single/multi-fidelity ROM reconstruction error distribu-
tions on 70 HF validation snapshots.

The ROM reconstruction errors in Figures 5.11, 5.12 and 5.14 allow for comparing
the differences between the single and multi-fidelity ROM results. However, to assess
whether they provide a good approximation of the HF CFD solution, namely the
full-order model, the results can be compared directly with the LF CFD solutions
for the validation set, presented in Figure 5.15.

Figure 5.15: LF approximation of 70 HF validation snapshots; mean error of 18.2%.
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Here, the LF solutions are used to directly approximate the HF snapshots reserved
for validation, and it can be seen that both single- and multi-fidelity ROMs are better
HF surrogates than the LF solver. To measure the mean LF approximation error elf
in Figure 5.15, the error has been computed as in Equation 5.6, consistently with
the metrics of Equations 5.4 and 5.5.

elf =
1

nval

∑

i=1

nval

∥

∥uLF
i − ui

∥

∥

2

∥ui∥2
, (5.6)

where ui is a validation HF snapshot, and uLF
i is the respective LF snapshots. For

the same validation designs, in Figure 5.16, it is possible to observe the differences in
the drag coefficient CD relative to the LF and the HF CFD results. The CD, defined in
Equation 5.7, is an important quantity of interest in external aerodynamics, strongly
connected to the pressure distribution on the body’s boundary.

CD =
2FD

AfρU2
0

, (5.7)

where FD is the drag force, Af is the frontal area of the body and ρ is the fluid
density. Together with the results of Figure 5.15, it is evident the LF solver has
difficulty matching the HF solver’s performances.

Figure 5.16: HF and LF CD values corresponding to the validation designs. The
car’s frontal area is kept constant, equal to the reference vehicle frontal area.
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Tables 5.2 and 5.3 report the time needed for the CFD simulations and the ROMs
training, respectively. Each HF CFD solution is 4 times more expensive than the LF
one. On the other hand, the ROMs training is at least 1 or 2 orders of magnitude less
time-consuming than a single CFD simulation, without taking into consideration the
necessary offline CFD evaluations. Being in the order of milliseconds, the prediction
time is negligible for both the single and the multi-fidelity ROM, enabling almost
real-time capabilities.

Table 5.2: CFD solvers solution time. All calculation on 96 CPU cores (AMD EPYC
7413).

Low-fidelity High-fidelity

Wall time Core hours Wall time Core hours

Average solution time 24m59s 39.97h 1h39m09s 158.64h
Time ratio respect LF 1 3.97

Table 5.3: ROMs wall time - 20 HF snapshots (plus 160 LF snapshots for the multi-
fidelity ROM).

Single-fidelity Multi-fidelity

Decomposition time 1.2s 42.1s
Training time 24.2s 2m45s
Number of modes 15 99
Prediction time (1 snapshot) 5.3 · 10−4s 2.4 · 10−3s
Total time 25.4s 3m27s

Table 5.2 shows that the major contributor to the ROM computational time cost
is the offline CFD phase. If we look at the projection and reconstruction errors with
respect to the core hours needed for the offline phase, the results of Figures 5.10 and
5.12 become like those presented in Figures 5.17 and 5.18.
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Figure 5.17: Mean projection error on the validation set versus the off-line core hours
needed for the CFD solutions. Numbers in the plot indicate how many HF snapshots
are used. All multi-fidelity errors are obtained with 160 LF snapshots.

Figure 5.18: Mean reconstruction error on the validation set versus the off-line core
hours needed for the CFD solutions. Numbers in the plot indicate how many HF
snapshots are used. All multi-fidelity errors are obtained with 160 LF snapshots.
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In terms of projection error, Figure 5.17 shows that the mixing of LF and HF
snapshots at the POD stage is beneficial from an efficiency standpoint. On the other
hand, the reconstruction error in Figure 5.18 shows that the multi-fidelity approach
improves its efficiency with respect to the single-fidelity ROM with 40 HF snapshots
or more. This is due to the cost of computing 160 LF solutions, and it is specific
to this test case. Other LF formulations for different test cases can lead to different
efficiencies; however, we want to focus on the fact that the poor quality LF informa-
tion can improve the HF representation of the problem. This can be seen in Figure
5.18 and in Figure 5.12, where it is even more evident.

Keeping in mind the multi-fidelity ROM setup, we decided to utilize multi-fidelity
regression models only for the first 4 POD modes’ coefficient models. The main
motivation was that the LF snapshots carried useful information mainly with respect
to the first POD modes coefficients, as discussed in Section 5.1.1. Indeed, Figure 5.19
shows what happens to the reconstruction error when increasing the number of POD
coefficients treated with a multi-fidelity regression model for the 20 HF snapshots
case.

Figure 5.19: Mean reconstruction error on validation for different number of POD
coefficients modeled with the a NARGP multi-fidelity regression model. Using 20
HF snapshots and 160 LF snapshots.

Here, it is clear that the first POD modes are the ones that greatly benefit
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from the improved accuracy of the NARGP. After, the positive returns in accuracy
are minimal, or even slightly worse performing. From 15 to 20 multi-fidelity POD
coefficient models, there is an almost negligible 0.16% increase in the reconstruction
error, and after 20 multi-fidelity models, it remains constant. A possible reason
is that the less energetic POD modes might be representative of high-frequency
behaviors, and the consequent LF POD coefficients, obtained by projection, result
to be noisy. Therefore, the NARGP is trying to leverage noise instead of meaningful
LF information, performing at most as a single-fidelity GP regression model. The
choice to use only the first 4 modes is mostly didactic, since it emphasizes where
and how multi-fidelity regression models have the maximum effect. Even though
there is a reduction in the offline ROM training time, if the computational cost
of training more multi-fidelity models is compared to the snapshot generation, the
relative advantage is modest.

Figure 5.20: Mean reconstruction error on validation for different number of POD
coefficients modeled with NARGP and Cokriging multi-fidelity regression models.
Using 20 HF snapshots and 160 LF snapshots.

Another decision was to have NARGP as the multi-fidelity regression model of
choice. In Section 4.1.2, we discuss the matter, and in summary, NARGP was
chosen due to its intrinsic flexibility and ease of use, which was perfect for real-world
industrial problems. Figure 5.20 supports this thesis, showing what happens to the
mean reconstruction error when using the Cokriging model, a well-established and
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comparable alternative to NARGP, instead of the multi-fidelity model of choice. In
Figure 5.20, we considered the 20 HF snapshot case, similarly to Figure 5.19, since
the multi-fidelity methodologies are designed to work in HF data scarcity conditions.

Discussion

In this experiment, a multi-fidelity approach to reduced order modeling was applied
to an industrial problem. The aim of the work is to determine whether the multi-
fidelity ROM can improve in accuracy over an equivalent single-fidelity ROM, while
reducing the amount of HF information needed to train the ROM. Due to the test
case’s nature, these objectives were pursued while handling non-coherent information
sources and a wide range of geometrical deformations. In light of the previously
presented results, several conclusions can be inferred.

First of all, the addition of LF snapshots at the decomposition stage has a great
impact on the POD basis representability of unseen snapshots. This is easily notice-
able in Figure 5.10, where the single-fidelity modes produce projections between 1%
to 3% less accurate than the multi-fidelity POD, where LF snapshots were mixed
with the HF ones.

Secondly, not only did the overall representation capabilities of the basis improve,
but the multi-fidelity POD also reduces the projection error in the outlier configura-
tions. Being the configurations with the highest errors, it is advantageous to enhance
the modes’ capability to represent them.

Finally, there is an improvement too in the reconstruction error, especially with
fewer HF snapshots, which was the actual purpose of the multi-fidelity ROM. The in-
creased accuracy can be appreciated in Figure 5.12, where the multi-fidelity approach
reaches lower reconstruction errors with fewer HF snapshots than the single-fidelity
equivalent. It is important to observe that the HF training snapshots are nested in
the LF training snapshots to ease the NARGP models’ training. As mentioned in
Section 5.1.1, 160 LF snapshots were added to the nHF HF training snapshots; there-
fore, only 160−nHF LF snapshots actively contributed to better exploring the design
space. This justifies the superior improvements with fewer HF training snapshots
and, consequently, the lesser ones when approaching 120 HF training snapshots. Fur-
thermore, this behavior suggests a certain degree of robustness of the POD to the
LF information, since it does not deteriorate the quality of the HF representation.

Given all these considerations, the proposed multi-fidelity POD ROM was able
to augment the capabilities of an analogue single-fidelity NI ROM, both in terms of
representability and accuracy. The advantages in terms of computational costs are
inevitably related to the choice of the LF model, and, as a downside, the snapshots
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mapping strategy has to be tailored to the specific test case. In this industrial
problem, the computational cost-accuracy ratio breaks even around 40 HF snapshots,
while adding more HF information diminishes the returns of the multi-fidelity model
with the given LF snapshots. Nevertheless, with this experiment, we proved that the
HF approximation of a ROM could benefit from otherwise useless LF information.
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5.2 Annular pipe with wavy surfaces

Heat exchangers are employed in numerous industrial applications, and the perfor-
mance of these devices is deeply connected to their geometries. Annular wavy pipes
[66, 67, 68] became of interest for compact heat exchangers, nuclear reactors, mi-
crofluidic devices, etc. In this experiment, we performed a parametric study of the
flow and temperature fields inside a 3D annular pipe with wavy surfaces. In parti-
cular, we consider a problem with 5 parameters, 4 of which are used to parameterize
the pipe surface geometry, and the remaining one is the Reynolds number. The
main goal is to obtain an automatic workflow, from snapshot generation to the ROM
training. This is achieved by leveraging the inherent characteristics of a meshless
CFD solver [20] and NI ROMs.

This section is based on our earlier work published in [22]. While the principal
findings remain consistent, the presentation has been adjusted to suit the context
and objectives of the present thesis.

5.2.1 Problem Description

We considered an annular pipe with parameterized wavy surfaces. The pipe’s walls
have an analytical definition, dependent on the 4 geometrical problem parameters,
and we assume them to be symmetric with respect to two orthogonal vertical planes.
Let us consider the cylindrical coordinates r, θ, z, respectively, the radius, the angular
position, and the height. A point inside the pipe satisfies Equations 5.8-5.10.

rmin ≤ r ≤ rmax , (5.8)

0 ≤ θ ≤ π

2
, (5.9)

0 ≤ z ≤ H , (5.10)

where

rmin = R1 + A1δ(θ, z, ωz, ωθ) , (5.11)

rmax = R2 + A2δ(θ, z, ωz, ωθ) , (5.12)

being R1 and R2 the internal and external radii and A1 and A2 the internal and
external multiplier factors for the wavy function δ = cos(2ωθθ− 1) cos(2ωzz/H − 1),
which is dependent from the other two cylindrical coordinates θ, z and from the
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two frequency parameters ωz, ωθ; finally, H is the height of the considered pipe seg-
ment. All together, A1, A2, ωz, ωθ are the problem’s geometrical parameters, while
R1 = 0.4, R2 = 0.6 and H = 1 are fixed.

If we plot radial and horizontal slices of the wall pipes it is possible to observe
the effect of the wavy functions, as in Figures 5.21 and 5.22 .

Figure 5.21: Horizontal slices of the computational domain at z = H/4 and z = H/2,
with z = x3 coordinate in the cartesian reference frame. All 16 extreme combinations
of the geometrical parameters.
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Figure 5.22: Radial slices of the computational domain at θ = π/8 and θ = π/4. All
16 extreme combinations of the geometrical parameters.
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Parameterization

The problem has been parameterized with four geometric parameters, namely A1, A2,
ωz, ωθ, as described in Section 5.2.1, and one operational parameter, the Reynolds
number Re. Table 5.4 shows the ranges of variation for all the input parameters that
have been considered for this study.

Table 5.4: Input parameters’ ranges of variation.

Parameter Type Lower bound Upper bound

A1 geometrical -0.02 0.02
A2 geometrical -0.02 0.02
ωz geometrical 2 11
ωθ geometrical 2 13
Re operational 100 350

The effect of the geometrical parameters is visible in Figures 5.21 and 5.22, leading
to complex wall shapes. To see the parameterization effect in 3D, we can observe
Figure 5.23, where internal and external walls are colored according to the radial
coordinate. The Reynolds number has no impact on the geometry and is limited to
350 to ensure steady and laminar solutions for all possible geometrical configurations.

Meshless solver setup

In this work, we use a meshless solver; thus, the solution is based on a distribution
of computational nodes inside the fluid domain, avoiding the need for a grid. In-
deed, the nodes do not have connectivity, contrary to traditional approaches, nor the
strict quality requirements typical of computational meshes. The considered mesh-
less methodology is Eulerian, and it is based on RBF finite differences (FD). Here,
it is utilized to solve an incompressible, laminar, and steady-state forced convection
problem inside the wavy pipe. In essence, the RBF-FD is composed of three steps:

1. node generation;

2. RBF-FD collocation;

3. solution.
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Figure 5.23: View from the inside of the quarter pipe’s internal and external walls,
for all 16 extreme combinations of the geometrical parameters. Colors represent the
radial coordinates of the wall’s points.

The node generation creates a non-uniform distribution of nodes exploiting a spe-
cific spacing function. The RBF-FD collocation method enables the discretization of
the PDEs of interest, and it requires constructing local RBF expansions around each
node. Finally, the solution procedure is iterative and continues until the steady-state
convergence is met. The principles of the RBF-FD meshless methods are out of the
scope of this thesis, and are deeply discussed in [21, 20, 22].
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Similarly to Section 5.1, we will consider 2 solvers, a LF one and a HF one. The
main difference stands in the geometrical domain discretization: the LF solver counts
150k nodes, while the HF solver needs 750k nodes. All the other specifications are
common between the two solvers. For both LF and HF problems, we are interested
in the velocity, pressure, and temperature fields, here named U, p, T , solving the
conservation equations of mass, momentum, and energy, respectively:

∇ ·U = 0 , (5.13)

(U · ∇)U = −∇p+ 1

Re
∇2U , (5.14)

U · ∇T =
1

RePr
∇2T , (5.15)

with Pr being the Prandtl number, here constant Pr = 0.71. For the solution,
U, p, T are made nondimensional by taking L,U0, ρU

2
0 and ∆T as reference quantities,

being respectively the pipe width, the maximum inlet velocity, the reference kinetic
energy, and the temperature difference between the inlet and the walls. As previously
mentioned, we consider a quarter of the geometry, supposing that the geometry is
symmetrical with two radial planes placed at θ = 0 and θ = π/2. The two walls are
modeled with no-slip conditions and T = 0. The inlet velocity profile is non-zero
velocity only along the z direction, having

Uz(r) =
q2 + q1 ln r − r2

q3
, (5.16)

with q1, q2, q3 depending only on the pipe dimensions

q1 =
R2

2 −R2
1

lnR2/R1
, (5.17)

q2 =
R2

1 lnR2 −R2
2 lnR1

lnR2/R1
, (5.18)

q3 =
q1
2

(

ln
q1
2
− 1
)

+ q2 , (5.19)

and for the temperature profile at the inlet, T (r) = Uz(r), as in Equation 5.16.
The outlet is at z = H, where we consider p = 0 and ∂T/∂n = 0.

Figures 5.24 (a) and (b) show examples of the solution on the internal nodes for
two different designs. The respective temperature fields are presented in Figures 5.25
(a) and (b).
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(a) Re = 256.4, A1 = 0.0182, A2 = 0.0186, ωz = 8.3, ωθ = 13.0

(a) Re = 115.8, A1 = −0.0124, A2 = 0.0185, ωz = 2.7, ωθ = 5.4

Figure 5.24: HF velocity magnitude fields on RBF-FD meshless internal nodes for
two different designs. On the left, the internal wall view, on the right, the external
wall view.
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(a) Re = 256.4, A1 = 0.0182, A2 = 0.0186, ωz = 8.3, ωθ = 13.0

(a) Re = 115.8, A1 = −0.0124, A2 = 0.0185, ωz = 2.7, ωθ = 5.4

Figure 5.25: HF temperature fields on RBF-FD meshless internal nodes for two
different designs. On the left, the internal wall view, on the right, the external wall
view.
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Design of experiments

The parameter space has been sampled with a Halton sequence for the 5 input
parameters, identifying the 230 experiments. In the results section, we will consider
different HF training set sizes, ranging from 20 to 170 designs. The last 30 HF designs
from the sequence are reserved for validation to assess the ROM’s performance. For
the LF training set, we used all 230 designs.

Mapping

(a) Outline. (b) Close-up with nodes.

Figure 5.26: Reference cylinder Ωref .

Since the LF and HF solvers work with different discretizations, the latter having
5 times the number of computational nodes, all solutions need to be mapped to
a reference discretization to enable POD. Moreover, four out of the five problem
parameters are geometrical, adding even more variability to the discretization. Since
the geometrical description of the domain is analytical, specifically to this problem, it
is possible to perform a mapping even though we do not know the actual deformation
field. Indeed, we obtained a valid transformation that can move a node from a
reference discretization Ωref to the locus of points of the deformed geometry.
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The first step is to define the reference nodes. To do so, we used a fine dis-
cretization of an undeformed pipe, where the amplitude parameters A1 = A2 = 0.
Figure 5.26 shows the outline of the reference cylinder and gives an idea of the node
distribution.

Successively, we can exploit the definition of the internal and external wall radial
coordinates of Equations 5.11 and 5.12. The idea is to find a function A(r) : r →
A that associates an amplitude value A to any r ∈ [R1, R2] intermediate radial
coordinate. A possibility is to define A(r) as a linear interpolation between the
points (R1, A1) and (R2, A2). Intuitively, A(r), together with the other parameters
ωz, ωθ, identifies an intermediate surface between the internal and external wall, and
Figure 5.27 shows how 2 intermediate surfaces are transformed according to the
parameterization.

(a) Reference geometry (b) A1 = −0.02, A2 = −0.02,
ωz = 13, ωθ = 11

(c) A1 = 0.02, A2 = 0.02,

ωz = 2, ωθ = 11

Figure 5.27: . Mapping example for two different combinations of geometric parame-
ters. The transformation of two internal level sets (red and green), which correspond
to cylinders in the reference geometry, are shown. The mesh-like features on the
surfaces are purely illustrative.

By doing so, a point P = (r, z, θ) ∈ Ωref can be transformed, obtaining P′ =
(r′, z′, θ′) ∈ Ω, where Ω is the deformed domain, with a smooth and unique transfor-
mation, here noted asM
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M(P) = P′ =







r + A(r)δ(θ, z, ωz, ωθ)
θ
z







, (5.20)

having, in practice, a radial displacement of the reference points. Once all nodes
belonging to the reference discretization are transformed into their deformed equiva-
lent, it is possible to interpolate the CFD solutions from the computational nodes to
the transformed reference ones. This can be done with different interpolation tech-
niques, and we opted for a k-nearest neighbor interpolation [69] since we do not have
a node triangulation, and this technique can handle large cloud points with ease.

ROM setup

We recall that the aim of the work is to approximate a total of three fields, U, p, T .
The velocity field is considered as a single field even though it is a vector field with
three components. This can be achieved by considering all three components of a
velocity field as a single snapshot of three times the dimension. Therefore, there will
be a total of three single-fidelity ROMs and three multi-fidelity ROMs.

The decomposition has been done with a POD energy ε = 0.9999. We observed,
as Figure 5.31 in the results section will show, that considering more POD modes
does not bring significant advantages in terms of the basis representability.

The GP regression models have been trained with squared-exponential kernels, as
in Equation 3.11. For the multi-fidelity ROM, we used NARGP as the multi-fidelity
regressor, again with squared-exponential kernels. POD coefficients are assumed to
be slightly noisy, and for all GP-based models, the noise standard deviation hyper-
parameter is kept in the order of 10−2/10−3 of the normalized output. To improve
the robustness of the hyperparameter optimization during training, we utilized a
low-memory BFGS with 15 random restarts.

We mixed together LF and HF snapshots to perform the decomposition for the
multi-fidelity ROM, as described in Chapter 4, enhancing the representability of
the POD basis. Figure 5.28 shows the singular values decay for different POD basis
approaches, ranging from HF-only snapshots, LF-only snapshots, and a mixed fidelity
matrix of snapshots. Indeed, the larger the singular value, the more important the
corresponding dimension is for capturing the variability of the data. Here, the multi-
fidelity ROM decomposition counts many more modes compared to the HF one.
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Figure 5.28: Singular values for HF, LF and multi-fidelity PODs, from 50 HF snap-
shots, 50 LF snapshots and 50 HF + 230 LF snapshots, respectively.

Figure 5.29: Correlation analysis with Pearson’s R test between LF and HF repre-
sentation of the POD coefficients for the multi-fidelity ROM obtained with 170 HF
plus 230 LF snapshots.

If we compute Pearson’s R correlation coefficient between the LF and HF POD
coefficients relative to the mixed fidelity basis, a high linear correlation is observed.
Figure 5.29 shows the Pearson’s R correlation coefficient trend for all three fields
of interest: temperature, velocity, and pressure. It is possible to notice that the
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correlation is rather high, being close to 1 for most of the POD modes, with an
almost 0 p-value, close to machine error, for all of the linear correlation coefficients.
Consequently, we choose to model all POD coefficients with multi-fidelity regression
models.

Out of curiosity, Figure 5.30 offers a visual representation of the first 6 POD
modes for the HF POD of the velocity field.

Figure 5.30: First six POD modes of the pressure field on the reference domain
computed with 50 HF pressure snapshots.
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5.2.2 Results

In this section, the ROMs have been trained with 20 to 170 HF snapshots, and
all error metrics are computed with 30 HF snapshots, reserved for validation, from
the tail of the DoE Halton sequence. Therefore, validation designs evenly cover the
design space and avoid overlapping with the training snapshots. If the convex hull
of the training designs is considered, part of the validation designs will fall outside
of the hull, and part of them will stay inside. This implies that, depending on the
training set, the ROM predictions might be extrapolating the fields of interest.

The first metric that we are going to consider is the projection error, which mea-
sures the POD’s capability to represent unseen snapshots with the POD basis func-
tions. Recalling Equation 2.18, another projection error interpretation is, intuitively,
the best possible approximation that the ROM can provide under the assumption
that there is no interpolation error due to the regression models. Figure 5.31 shows
the projection error trends for different numbers of training snapshots and different
POD energy thresholds, for all fields T, U and p.

Figure 5.31: Mean projection error on validation for T, U and p single-fidelity HF
ROMs, given different POD energy thresholds and different numbers of HF training
snapshots.

Figure 5.32 presents the reconstruction and projection error of the final ROM
approximations for both the multi-fidelity and single-fidelity HF cases. In the multi-
fidelity ROM, 230 LF snapshots have been added, and for both the HF and multi-
fidelity ROMs, the considered HF snapshots are always nested between each other:
the 20 HF snapshots ROMs share 20 of the 50 HF snapshots with the 50 HF snapshots
ROMs, and so on until 170 HF snapshots.
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Figure 5.32: Mean reconstruction and projection errors on validation, for the T, U
and p HF and multi-fidelity ROMs, for different numbers of HF training snapshots.
230 LF snapshots have been utilized for the multi-fidelity ROMs.

In Figure 5.32 the multi-fidelity approach shows a remarkable reduction in the
projection error, which positively affects the overall reconstruction error. This is true
for all three fields of interest. We can observe that the distance between the HF and
multi-fidelity ROMs projection errors decreases as we add more HF snapshots, since
the multi-fidelity projection error is almost constant for all fields. This means that the
inexpensive LF addition of information can have a significant impact, especially in the
HF data scarcity contexts, on the POD capabilities to represent unseen snapshots.
This is consistent with the aim of multi-fidelity modeling, which is to reduce the
overall computational cost. The slight monotonic increase in the p projection error
might look counterintuitive, but it is due to the high similarity of LF and HF pressure
solutions, which is less evident for the T, U fields. Indeed, fixing the POD energy
threshold and adding redundant information in terms of HF snapshots introduces a
slight degradation of the multi-fidelity POD basis projection capabilities. Increasing
the POD energy threshold could solve this problem, but we did not observe significant
differences in the resulting reconstruction errors.

Moreover, in Figure 5.32, the differences between the reconstruction and projec-
tion errors of the single-fidelity ROMs are almost constant, given any number of HF
training snapshots. This difference represents the interpolation error quota intro-
duced by the regression models. On the other hand, the multi-fidelity ROM shows
a decreasing difference between the reconstruction and projection errors. Together
with a constant projection error, this underlines an improvement in the interpola-
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tion capabilities, introduced by the multi-fidelity regression model. Hence, a better
regressor, together with a more effective encoding, allows the multi-fidelity ROM to
increase the accuracy over the single-fidelity HF ROM.

Figure 5.33 compares the HF field values from a CFD solution with those pre-
dicted by the HF and multi-fidelity ROMs. In particular, a validation design has
been used, corresponding to Re = 318.0, A1 = −0.0012, A2 = 0.0143, ωz = 3.9, and
ωθ = 4.5 parameters. Higher deviations from the diagonal highlight a poor agree-
ment with the HF solution; therefore, the higher dispersion of the HF ROM suggests
that the multi-fidelity ROM provides better predictions.

Figure 5.33: Scatter plots of T, U and p comparing the HF fields values with the
HF ROM results (first row) and the multi-fidelity ROM results (second row) for an
out-of-sample design. The ROMs have been trained with 140 HF snapshots, plus
230 LF snapshots for the multi-fidelity one.

Figure 5.34 shows an example of the multi-fidelity ROM prediction for the same
validation design considered in Figure 5.33, with the absolute error field indicating
that the fluid domain locations with the highest errors are localized near the walls.
Here, the velocity field is represented on the reference domain.
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(a) HF solution. (b) Multi-fidelity ROM. (c) Absolute error.

Figure 5.34: U magnitude HF solution (left), multi-fidelity ROM prediction trained
with 140 HF snapshots (center) and corresponding absolute error (right). Input
parameter Re = 318.0, A1 = −0.0012, A2 = 0.0143, ωz = 3.9 and ωθ = 4.5.

Table 5.5 reports the computational time relative to the ROM training, excluding
the offline cost of the snapshot generations. All computations were done with an
Intel Xeon E5-2630 v3 CPU. The multi-fidelity ROM training is more demanding;
however, the increase in computational cost is almost negligible when compared to
the offline database generation. Table 5.6, on the other hand, reports the cost for
the RBF-FD meshless simulations for both the LF and HF solvers. The snapshot
mapping relies on the k-nearest neighbor, which is a very fast interpolation algorithm;
thus, its computational time is negligible compared to the CFD solutions.

HF ROM MF ROM

Decomposition time [s] 4.6 88.8
Regression time per model [s/model] 1.5 27.8
Number of POD modes 16 140

Table 5.5: Single- and multi-fidelity velocity ROM’s computational training wall
time. 20 HF snapshots have been used for HF ROM, 20 HF plus 230 LF snapshots
for the multi-fidelity ROM.
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RBF-FD meshless simulation LF HF

Number of nodes 150k 750k
Wall-time 13 minutes 2 hours
Time-ratio 1:9

Table 5.6: Details on a RBF-FD meshless simulation wall time cost.

The results shown in Figure 5.32, in particular the reconstruction error, can be
presented in terms of computational time too. Figure 5.35 illustrates how the mean
reconstruction error on the validation set changes with the offline computational cost.
Since the multi-fidelity ROM always uses the same 230 LF snapshots, and having
the cost of an HF simulation being 9 times the one of a single LF simulation, as
in Table 5.6, a multi-fidelity ROM costs the equivalent of 25 HF simulations more
than the single-fidelity equivalent. Nonetheless, the U, T break-even point in terms of
computational cost is around 50 HF snapshots for the HF ROM and 20 HF snapshots
plus 230 LF snapshots for the multi-fidelity ROM. Concerning p, the break-even point
is slightly higher, with 80 HF snapshots for the single-fidelity ROM, and 50 HF
snapshots plus 230 LF snapshots for the multi-fidelity ROM. These considerations
are strictly dependent on the problem considered, the parameterization, and the
relative cost of the LF solver.

Figure 5.35: Mean reconstruction error vs offline computational time for the HF and
multi-fidelity ROMs. The labels indicate the number of HF training snapshost. 230
LF snapshots were used for all multi-fidelity ROMs.
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Discussion

In this experiment, the non-intrusive multi-fidelity ROM, combined with the RBF-
FD meshless solver has been used to approximate a parametric 3D thermo-fluid
dynamic problem, with both physical and geometrical parameters. We saw that the
multi-fidelity ROM not only performs better in HF data scarcity conditions, with
lower reconstruction error when compared to an equivalent single-fidelity HF ROM,
but it is also effective from a computational time standpoint. The improved ca-
pabilities of the multi-fidelity ROM have to be found in the low projection error
obtained by mixing LF solutions at the POD encoding stage. Moreover, the high
correlation between LF and HF POD coefficients enables the multi-fidelity model,
namely the NARGP, to improve the out-of-sample accuracy of the POD coefficients
approximations. However, the necessity to tailor the ROMs to the specific test case
when larger deformations occur proves the ROM approaches to be worth only for
analyses that require many simulations. We observed that the meshless methodology
alleviates some of the challenges related to the mesh generation for complex and ir-
regular geometries, which can become time-consuming from a user perspective. This
makes the coupling of meshless solvers and POD-based ROMs particularly powerful
for automated design or optimization, with intricate and variable geometries.
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5.3 Uncertainty Quantification for a Vertical Axis

Wind Turbine

Darrieus Vertical Axis Wind Turbines (VAWTs) differ from conventional horizontal-
axis turbines in that they maintain efficiency even in locations characterized by un-
predictable wind patterns. Their space-saving geometry and omnidirectional wind
capture make them particularly suitable for use in urban smart grids, offshore facil-
ities, telecommunications stations, and industrial complexes.

Wind turbines experience various uncertainties that can affect both their design
process and control. In particular, rotational velocity is a crucial parameter, of-
ten controlled to ensure a stable and optimal power output, preventing the turbine
from over-speeding, while ensuring system compatibility [70, 71]. VAWT control is
achieved in different ways, e.g., with blade pitch control, mechanical breaks, electric
dump loads, or variable rotor resistance [72, 73, 74]. In this experiment we study the
uncertainty introduced by the rotational velocity on the aerodynamic forces acting
on the turbine blades of a Darrieus VAWT during an entire revolution. Specifically,
we aim to assess the capabilities of an aerodynamic forces signal multi-fidelity ROM,
parameterized on the rotational velocity, when performing the Uncertainty Quan-
tification (UQ). To do so, the multi-fidelity ROM has been compared to the results
of a Polynomial Chaos Expansion (PCE) and to an equivalent single-fidelity ROM.
Indeed, UQ plays an important role whenever there is limited knowledge about the
problem of interest [75]. In general, uncertainties have an inherently stochastic nature
and can originate from multiple sources, such as measurements, physical modeling,
geometrical tolerances, or computational approximations.

This study is based on our work for the UNCECOMP2025 conference, whose
proceedings can be found in [76].

5.3.1 Problem Description

We consider a 2D representation of a three-bladed Darrieus VAWT’s flow, as in the
schematic of Figure 5.38, in a rectangular domain with a length of 36 VAWT diam-
eters and a width of 18 diameters. The radius between a blade and the center of
rotation is equal to R = 1.4 m, and the blades of the VAWT are three NACA0015
airfoils with 420 mm chord, as in [77]. The wind speed is kept constant at U = 10
m/s, and the air properties are standard.
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The problem is inherently unsteady, and with constant wind speed and rotational
speed, it reaches a periodic flow, with the period identified by one complete revolu-
tion. We are interested on the forces acting on the VAWT blades during one turbine
rotation. Due to the symmetry of the turbine, the forces acting on all three blades
are the same, shifted by 120° between each other; therefore, we consider the forces
acting on only one of the airfoils. These forces are time signals, and, for convenience,
are reported as a function of the azimuthal angle position of the considered blade. In
particular, we project the forces on the tangential and radial directions of the blade
trajectory, identifying, respectively, the thrust force component FT and the radial
force component FR. From an engineering standpoint, FT is the sole contributor to
the power generation, making it the most important force signal in this study. The
turbine power PT generated during one revolution is presented in Equation 5.21,
highlighting its thrust force dependence.

PT = ωRNblades
1

2π

∫ 2π

0

FT (θ)dθ , (5.21)

where Nblades is the number of blades, θ is the azimuthal angle indicating the
blade position and FT (θ) is the force signal during one revolution. FR, on the other
hand, remains fundamental for the design of the VAWT, especially for the structural
considerations. Figure 5.36 outlines how the aerodynamic forces act on the considered
airfoil.

Figure 5.36: Thrust and radial forces FT , FR components acting on a VAWT blade,
given the azimuthal angle position θ.
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Parameterization

The only variable of the problem is the rotational velocity ω. The range of variation
is chosen to have the tip-speed ratio (TSR) λ ∈ [0.9, 1.32]. The TSR definition is

λ =
ωR

U
, (5.22)

and, since U is constant, the TSR and the rotational velocity ω can be used
interchangeably. Table 5.7 reports all the considered HF designs in terms of TSR.
Part of the designs will be used to train the ROMs, both a single- and multi-fidelity
one, and another part is used to perform PCEs, which will be used as the ground
truths in the result section. The details on the PCE will be discussed in Section
5.3.2. LF designs are sampled evenly in the same TSR range, up to 23 LF snapshots.

Tip-speed ratio Use-case

0.9 ROM
0.95 ROM
1.0 ROM
1.1 ROM
1.15 ROM
1.2 ROM
1.225 ROM
1.23953 PCE 4th deg
1.24365 PCE 2nd deg
1.24503 PCE 4th deg
1.25 PCE 2nd/4th deg
1.25497 PCE 4th deg
1.25635 PCE 2nd deg
1.26047 PCE 4th deg
1.32 ROM

Table 5.7: Input parameter locations used for the ROMs and the PCE.

Changes in the rotational velocity directly affect both the force signals and the
turbine power, as Equation 5.21 shows. Figure 5.37 illustrates some examples of the
force signals resulting from the CFD simulation at different values of the parameter λ.
Both thrust and radial forces present great differences when changing the rotational
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velocity. Most of the interest will be on the FT component, due to its relationship
with the VAWT power output. The one-dimensional signals will be used as snapshots
for the ROM training.

Figure 5.37: Thrust (left) and radial (right) force component signals during an entire
revolution. Different curves correspond to different values of λ.

Simulation setup

Figure 5.38: Schematics of the 2D CFD domain, with D = 2.8 m.
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The computation has been carried out with ANSYS Fluent [78], solving for the tran-
sient RANS equations, alongside the kω-SST turbulence model. The blades’ rotation
was modeled with a cylindrical sliding mesh centered on the VAWT rotational axis.
Figure 5.38 shows a schematic representation of the domain and its main dimensions.
Best procedures and recommendations for the setup of a 2D VAWT CFD simulation
can be found in the literature, e.g., in [79].

Since this experiment will require LF and HF simulations for the multi-fidelity
ROM, a LF and a HF solver have been considered. The spatial discretization defines
the fidelity level of the solver, having the higher fidelity simulations computed on
411k cell meshes, while the LF ones have coarser grids with 107k cells. The time
discretization does not affect the fidelity of the simulation, having kept the same
criterion for both solvers. The time step is set to ensure that at each temporal
iteration there is a rotation of 1°, regardless of the fidelity level. Thus, the time
step is a function of the rotational speed ω and, at the same time, ensures that all
the snapshots are consistent for the POD encoding of the ROM for every parameter
value. Figure 5.39 shows a detail of the LF and HF meshes around the airfoil,
highlighting the differences between the two grid refinements. The computational
cost ratio between HF and LF CFD simulations is 5 : 1.

Figure 5.39: Close up of the computational mesh around one blade for a LF solver
(left) and for an HF solver (right).

The HF results are reasonably consistent with the reference experimental mea-
surements in [77]. Figure 5.40 shows the power coefficient CP values of the HF CFD
simulations compared with the experimental results. CP represents the performance
of the wind turbine, and it is defined as the ratio between the turbine power PT ,



112 CHAPTER 5. APPLICATION TO INDUSTRIAL PROBLEMS

defined in Equation 5.21, and the wind power PW . The wind power is given by the
wind crossing the turbine swept area AT = 2RH, with H being the height swept by
the VAWT, as in

PW =
1

2
ρU3AT = ρU3RH , (5.23)

with ρ being the air density. The power coefficient CP becomes

CP =
PT

PW

=
ωRNblades

1
2π

∫ 2π

0
FT (θ)dθ

ρU3RH
(5.24)

Figure 5.40: Power coefficient measurements from [77] vs current work HF CFD
results.

The slight CP overestimation in the CFD results can be attributed to the 2D
simplification of the problem. The dissipative effects relative to inherently 3D phe-
nomena can not be modeled in 2D simulations, such as the tip vortices or the fluid-
structure interactions with the horizontal supports.

ROM setup

In this application, we compare the performance of a single- and a multi-fidelity
ROM in a UQ context. The single-fidelity ROM has been trained with only HF
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snapshots, while the multi-fidelity ROM has been trained with both LF and HF
snapshots. Since the number of snapshots is low, there will be few POD modes.
Consequently, a high POD energy ε = 1 was considered for both ROMs, and there
was no truncation of the POD basis.

The POD coefficients in the single-fidelity ROM have been approximated with
single-fidelity GPR models, with Matérn 3/2 covariance functions. The noise vari-
ance is constrained in [0, 10−6], having all POD coefficients normalized between 0 and
1. All other GP hyperparameters are kept unconstrained. The multi-fidelity regres-
sion model used in the multi-fidelity ROM formulation is, again, the NARGP model.
Multi-fidelity approximations of the POD coefficients are utilized for every POD
mode, and the NARGP HF kernel, as in Equation 3.50, has been obtained as the
composition of three Matérn 3/2 kernels. Similarly to the single-fidelity ROM GPs,
the noise variance has been constrained in [0, 10−6]. Named lρ, lδ the lengthscales
corresponding to the kρ(x, x

′), kδ(x, x
′) kernels, these have been both constrained in

the range [0, 2], given that the input parameters have been normalized between 0 and
1, similarly to the POD coefficients. This has been done to avoid too large covariance
functions that can hinder the optimization process, since it is based on a gradient
minimization algorithm. The optimizer of choice for both ROMs is the L-BFGS with
10 random restarts to improve the robustness of the optimization.

5.3.2 Uncertainty Quantification

UQ studies the effect of the uncertainty in the input parameters, often modeled as
stochastic variables, on some quantities of interest. In this experiment, we use both
the PCE and a ROM-enabled Monte Carlo approach to perform the UQ. PCE will
represent the ground truth that we aim to replicate with the ROM Monte Carlo.
The idea of using ROMs as the building block for a Monte Carlo simulation comes
from the high computational cost of Monte Carlo approaches and the quasi-real-time
computation capabilities of non-intrusive ROMs, which enable the otherwise too ex-
pensive UQ technique.

In this problem, the only input variable is the rotational speed ω, which we
suppose to be uncertain. Indeed, in VAWTs, or any low-speed rotor in general,
the rotational speed can be measured with different sensors and techniques, such
as Hall-effect sensors, tachometers, or image-processing methodologies [80, 81, 82].
For the purposes of this experiment, we assume an accuracy of ±0.5 rpm for the
VAWT hypothetical rotational speed measurement. Under the considered operating
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conditions, the turbine rotates between 60 and 90 rpm, and a 0.5-1% error is close to
what has been observed in literature. Consequently, the UQ is performed under the
hypothesis that ω follows a Gaussian distribution with a standard deviation σ = 0.25
rpm, having 95% of the distribution lying within 1 rpm of the mean.

Polynomial Chaos Expansion

Orthogonal polynomials are used as a basis to approximate the functional form be-
tween the stochastic response output Y and each of its random inputs ξ. The chaos
expansion Y takes the form

Y (ξ) ≈
∞
∑

j=0

cjφ(ξ) , (5.25)

with, only in this section, φj being the orthogonal polynomial of j-th order and cj its
corresponding chaos coefficient. From a practical standpoint, the infinite expansion
needs to be truncated at a finite expansion order p, leading to

Y (ξ) ≈
P
∑

j=0

cjφ(ξ) , (5.26)

where P is the number of basis. The PCE includes a complete basis of polynomials
up to a fixed total-order specification, and, in that case, the total number of terms
Nt is given by

Nt = 1 + P = 1 +

p
∑

i=1

1

i!

i
∏

j=0

(n+ i) =
(n+ p)!

n!p!
, (5.27)

where n is the number of random variables. A stochastic collocation technique [83]
can be used to determine all the cj chaos coefficients, with j = 0, ..., P . Once these
coefficients are known, a direct estimation of the system statistical moments can be
done. The expected value E[Y (ξ)] is analytically derived as

E[Y (ξ)] ≈
P
∑

j=0

cj⟨φ(ξ)⟩ = c0 (5.28)

and the response variance σ2
Y as
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σ2
Y = E[Y (ξ)2]− E[Y (ξ)]2 (5.29)

≈
P
∑

i=0

P
∑

j=0

cicj⟨φi(ξ)φj(ξ)⟩ − c20 (5.30)

=
P
∑

j=0

c2j⟨φ2
j(ξ)⟩ . (5.31)

Depending on the probability distribution of the input random variable ξ different
polynomials φj have to be considered. In this work, we consider only one input
variable which is distributed according to a Gaussian distribution; therefore, Hermite
polynomials have to be utilized.

Monte-Carlo simulations

Classical Monte Carlo methods are used in UQ for uncertainty propagation [84]. If
the model’s input parameter uncertainties are represented by a random variable ξ,
a Monte Carlo method aims to approximate the model’s stochastic response output
Y . Indeed, Monte Carlo methods require sampling many times the random vari-
ables and computing the corresponding deterministic responses, to approximate the
expected value E[Y (ξ)]. Given M samples drawn from the random variable ξ, and
the deterministic responses y1, ..., yM , E[Y (ξ)] is estimated with the average of the
outputs, as in

E[Y (ξ)] ≈ y =
1

M

M
∑

i=1

yi . (5.32)

Similarly, the variance σ2
Y can be estimated with the sample variance of the

deterministic responses, as in

σ2
Y = E[Y (ξ)2]− E[Y (ξ)]2 ≈ 1

M

M
∑

i=1

(yi − y)2 . (5.33)

Due to the strong law of large numbers, y should converge to the actual expected
value E[Y (ξ)] with enough samples M . However, the convergence rate is rather slow,
being it O(

√
M). Due to its poor efficiency, Monte Carlo methods are not suited for

those problems which deterministic response is expensive. Thus, surrogate models,
i.e., ROMs, can be inferred with close to no computational effort, and enable slow
converging methods, such as Monte Carlo ones.
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5.3.3 Results

We considered a design configuration with λ = 1.25, or alternatively ω = 85.3 rpm,
to perform the UQ study. As previously stated in Section 5.3.2, we assume that
the random input variable is Gaussian, with a standard deviation of σ = 0.25 rpm,
having ω ∼ N (85.3, 0.252). The UQ is performed for the entire force signal, with a
particular focus on the thrust force component FT .

The ground truth for the UQ problem will be given by a 4th-degree PCE. Figure
5.41 shows the differences between a 2nd and a 4th degree PCE for FT when ω ∼
N (85.3, 0.252). In general, the results are similar, but the confidence interval is
generally wider with the 4th degree expansion.

(a) 2nd degree PCE. (b) 4th degree PCE.

Figure 5.41: First and second order moment estimates of FT with PCE.

A single-fidelity HF ROM and a multi-fidelity ROM have been used to perform
a Monte Carlo simulation and estimate the statistical moments for FT . A total of
8 HF snapshots were used for both ROMs, plus 23 LF snapshots for the sole multi-
fidelity model. 3000 samples have been drawn from ω ∼ N (85.3, 0.252) to perform
the Monte Carlo simulations, and the deterministic responses have been computed
with the ROMs.
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(a) Single-fidelity HF ROM. (b) Multi-fidelity ROM.

Figure 5.42: First and second order moment Monte Carlo estimates of FT with
ROMs, compared to a 4th degree PCE.

Figure 5.42 presents the results for the Monte Carlo ROM approach with both
the single- and multi-fidelity ROMs. For the sake of readability, the confidence in-
tervals of the PCE ground truth have been omitted; however, Figure 5.43 shows the
differences in the standard deviation estimates between the Monte Carlo ROMs and
the PCE.

To measure the error between the expected value estimates, we use a consistent
error metric with the ROM reconstruction error erec, as in Equation 2.17. Specifically,
we denote this error metric with eµ, and it is obtained as

eµ =
∥E[upred]− E[utrue]∥2

∥E[utrue]∥2
, (5.34)

where u represents the generic signal, i.e., the thrust force FT . Having eµ consistent
with erec, enables a meaningful comparison between the error metrics. A mean erec
has been computed in the given the 7 available ω design configurations used to
perform the PCEs to have a local estimate of the ROMs reconstruction errors where
the UQ study is performed.
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Figure 5.43: Comparison between the standard deviation σ estimates of the HF
ROM, the multi-fidelity ROM and the ground truth PCE.

All the error results can be found in Table 5.8. For reference, the direct approxi-
mation of the same 7 design configurations with the LF CFD solver has an error of
19.7%, several times bigger than both ROMs.

single-fidelity HF ROM multi-fidelity ROM

eµ 6.8% 2.9%
erec 6.7% 2.8%
UQ wall time [s] 0.0255 21.6

Table 5.8: Monte Carlo ROMs errors in the expected values estimates, ROMs local
mean reconstruction errors, and ROM Monte Carlo online computational cost.

According to Equation 5.24, it is possible to integrate the FT realizations obtained
with the single- and multi-fidelity ROMs, each corresponding to a different ω, and
compute the turbine power coefficient CP . Similarly, the PCE mean estimate can
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be used to compute the corresponding CP , supposing that the rotational velocity
corresponds to the mean one of ω ∼ N (85.3, 0.252). Figure 5.44 shows the mean CP

estimates obtained from the PCE and the Monte Carlo ROM FT predictions. If the
mean values are to be compared, the HF ROM has a relative error of 1.4% with the
PCE result, and the multi-fidelity ROM has a 0.51% one.

Figure 5.44: Comparison between the power coefficient values computed from the
HF ROM realizations, the multi-fidelity ROM ones and the PCE mean estimate.

Similar analyses can be done for the radial component FR, even though the
uncertainty on the rotational velocity of FR is less relevant from an engineering
point of view. Figure 5.45 shows equivalent results of those obtained for the thrust
component in Figures 5.41 - 5.43. The ROM errors on the expected value estimates
are in line with those seen for FT , being eµ = 3.9% for the HF ROM and eµ = 2.4% for
the multi-fidelity ROM, respectively. A reasonable explanation for the slightly lower
errors for FR is that the force signals have less variability given the parameterization,
as it can be seen in Figure 5.37.
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(a) HF ROM vs PCE 4th degree. (b) multi-fidelity ROM vs PCE 4th degree.

(c) 4th degree PCE. (d) Standard deviations.

Figure 5.45: UQ study results for the radial force component FR.
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Discussion

The Monte Carlo ROM approach showed reasonable performance in terms of ex-
pected value estimation of the force signals. The addition of inexpensive and other-
wise useless LF information, which we recall it is several times less accurate than the
HF one, improved significantly the multi-fidelity ROM accuracy and its UQ capabili-
ties. Indeed, the mean estimation went from 6.8% error to 2.9% error. The same can
not be said for the estimation of the second-order statistical moment, the standard
deviation, which differs greatly from the PCE estimate. Even though the difference
is quantitatively high, it is possible to notice in Figures 5.43 and 5.45(d) that the
σ fields appear to be correlated, identifying correctly the high-uncertainty locations
in the computational domain. Focusing on the CP , as in Figure 5.44, it is possible
to translate the UQ results obtained for the entire signal into a single quantity of
interest. The multi-fidelity ROM, with no surprise given that the CP depends on the
integral of FT , outperforms the single-fidelity ROM, lowering the relative error for
the mean estimate almost 3 times. Keeping in mind that the ROM was trained with
8 HF snapshots in a very wide domain, i.e., λ ∈ [0.9, 1.32], while the PCE requires
less but more concentrated designs, i.e., 5 snapshots in λ ∈ [1.23953, 1.26047], the
Monte Carlo ROM approach showed promising results with 12 times less designs per
unit length of the input domain space. This is true for the first statistical moment
estimate, especially with the multi-fidelity formulation. However, the approach was
not accurate enough for estimating the second-order statistical moment. Finally,
we observed that the local ROM reconstruction errors were aligned with the error
for the UQ estimates, as Table 5.8 illustrates. This suggests that the out-of-sample
capabilities of both ROMs can be used as a possible empirical error estimator for eµ.
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5.4 Gyroid

This section presents an additional application of the proposed methodology, which
is of a more exploratory nature compared to the main studies discussed earlier in
Sections 5.1, 5.2 and 5.3. A thermo-fluid-dynamic study of the flow inside a gyroid
structure is considered, alongside an original custom mapping strategy for the specific
geometrical parameterization. This problem shares some similarities with both the
pipe with wavy surfaces test case of Section 5.2, and with the pedagogical TPMS
example in Section 2.4. Thus, providing the same level of detail as in the previous
sections would be redundant. The analysis will focus primarily on the results, so
as to consolidate our findings and give further perspective. When compared with
the previous test cases, we will see that the multi-fidelity ROM advantages are less
incisive, and this study offer useful insights into its potential and limitations.

Figure 5.46: Fluid channels bulk representations for different wall thicknesses. From
left to right, the wall thickness parameter increases, leaving thinner fluid channels.

Gyroids are TPMSs, similarly to the Schwarz-D surfaces presented in Section 2.4.
These surfaces are promising candidates for heat exchanger applications due to their
smooth curvature and high surface-to-volume ratio [85, 86]. In this application, we
aim to approximate the velocity, pressure, and temperature fields inside a unit-cell
gyroid given two design parameters: the wall thickness and the pressure drop ap-
plied to the gyroid. Since the thickness variation identifies geometries with different
wall thicknesses, a mapping strategy will be presented. An example of the gyroid
geometries obtained with different thicknesses is presented in Figure 5.46.
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5.4.1 Problem description

The specific surface we consider is derived from the original gyroid formulation to
have a meaningful thickness parameterization. The canonical gyroid surfaces are
obtained as a level sets of

f(x, y, z) = sin

(

2πωx

L
x+ φx

)

cos

(

2πωy

L
y + φy

)

+

+ sin

(

2πωy

L
y + φy

)

cos

(

2πωz

L
z + φz

)

+

+ sin

(

2πωz

L
z + φz

)

cos

(

2πωx

L
x+ φx

)

, (5.35)

where x, y, z are the Cartesian coordinates, ωx/y/z are frequencies, φx/y/z are phase
shifts, and L = 1 cm is the periodic cell dimension. In this application, we consider
level sets Φ(x, y, z) = th, where th is the nondimensional wall thickness parameter,
and Φ is defined as

Φ(x, y, z) =
f(x, y, z)

∥∇f(x, y, z)∥2
. (5.36)

This formulation of the gyroid divided by the norm of its gradient is related to the
thickness, meaning that higher values of Φ have larger wall thicknesses and, con-
sequently, thinner fluid channels. Therefore, the surfaces we are going to consider
are not strictly gyroids, but, for sake of simplicity, we refer to them as gyroids anyway.

Concerning the thermo-fluid-dynamic study, we refer to [85]. In summary, the
simulations were computed with buoyantPimpleFoam from the open-source software
OpenFoam, solving for the Navier-Stokes equations and the energy equation. The flow
is supposed to be unsteady, laminar, and incompressible. However, for this applica-
tion, we consider only design configurations with steady-state solutions. In general,
all boundary conditions are periodic, and a pressure drop ∆p is applied along the
x-direction to force the flow.

The parameterization has been done according to the nondimensional thickness
th and the pressure drop ∆p. The DoE is a quasi-uniform grid, as in Figure 5.47.
Here, we distinguish the steady and unsteady regions of the design space, the LF and
HF design configurations eligible for training, and the reserved validation snapshots.
The unsteadiness is present when the fluid channels become too large, due to the low
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wall thickness th, and ∆p is too high. Validation designs were manually selected from
an already existing database from [85]. A total of 97 valid HF simulations and 263
LF simulations is considered. The main difference between the LF and HF solvers,
similarly to the problems in Sections 5.1 and 5.3, is in the mesh discretization. A
mesh for the HF solver has ≈ 500k cells, depending on the thickness parameter,
while a mesh for the LF one has ≈ 65k cells.

Figure 5.47: Design of Experiment for the gyroid test case. In green the steady state
region of the design space, in red the unsteady part.

5.4.2 Mapping

As Figure 5.46 suggests, the geometry can change significantly with the th input
parameter. As a consequence, it is impossible to work with a single computational
mesh. Every simulation will have its own CFD tesselation, requiring a mapping of
the solution to have coherent snapshots. To do so, we developed an original map-
ping strategy that transforms any point inside a gyroid in a smooth and coherent
manner. This transformation allows us to move all internal points of a target gy-
roid, i.e., where the CFD solution is defined, inside the volume of a second gyroid,
called the reference gyroid. By doing this, it is possible to interpolate the morphed
CFD results on the reference mesh, similarly to Section 5.1.2 for the DrivAer prob-
lem. Consequently, all snapshots are defined on the same discretization and have the
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same cardinality.

The first step is to define a reference gyroid. We choose a low-thickness gyroid
as a reference for simplicity, but this does not limit the applicability of the method.
Once this is done, we consider a point P inside the target gyroid volume, which
will be a point belonging to the CFD tessellation. Successively, we compute the Φ
values for the reference and target gyroids boundaries, obtaining Φr,Φt, respectively.
Then, starting from the point P, we integrate a curve following the gradient ∇Φ in
the direction of the target gyroid surface. The ∇Φ is always orthogonal to a gyroid
function Φ level set, and, at a certain point, the integral trajectory will reach a point
T belonging to the gyroid level set Φ = Φt, or, equivalently, the target gyroid surface.
Figure 5.48 illustrates this process well.

Figure 5.48: Integral trajectory of the gradient ∇Φ from the target point P . T,R,M
are the intersections with the target gyroid, the reference gyroid and the medial axis,
respectively.

Since we suppose that the reference surface is associated with a low wall thickness,
the reference gyroid surface will contain the target one. If we prolong the integral
trajectory from T , it will eventually reach the reference gyroid, where Φ = Φr, at a
point R. Given a function Φ, the reference and target gyroids, and a point P , the
points T,R are uniquely defined. The integral trajectory can also be prolonged along
the opposite gradient∇Φ direction from P , until reaching pointM , as in Figure 5.48.
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We define M as the point where the variation of Φ along the trajectory changes in
sign, but, from a practical standpoint, it corresponds with the intersection between
the integral trajectory and the medial axis. The integration of the trajectory is
straightforward, and it is done explicitly as in

Xk+1 = Xk ± δ
∇Φ(Xk)

∥∇Φ(Xk)∥
, (5.37)

where Xk is the current point on the trajectory, Xk+1 is the next point, and δ is the
integration step. This is inexpensive to compute since both ∇Φ(Xk) and ∥∇Φ(Xk)∥
can be evaluated analytically. Given the points P, T,R,M , and calling Pm the point
where we want to move the original point P , we can enforce this proportionality
relationship

MT

MR
=

MP

MPm

, (5.38)

whereMT,MR,MP,MPm are all lengths computed on the integral trajectory. There-
fore, from Equation 5.38 we know the position of Pm relative to the point M as

MPm = MP
MR

MT
, (5.39)

which can be used together with the integral trajectory to find the Cartesian coordi-
nates of Pm. This needs to be performed for every node of the target computational
mesh. In general, the morphing will not completely fill the reference volume with
just the points from one CFD tessellation. To avoid this problem, we exploit the
gyroid periodicity and apply the morphing to the repeated CFD tessellations as well.
This ensure that in the reference gyroid there are no gaps prior the interpolation. To
interpolate the fields from the morphed target CFD nodes to the reference nodes, a
k-nearest interpolator is used. This technique is very inexpensive, fast, and tailored
to point cloud problems; however, it is not the most accurate interpolation scheme.
Prior to mapping the pressure component, we removed the linear contribution due
to the applied pressure drop ∆p, and we offset the pressure field so all fields have
zero mean integral.
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5.4.3 Results

Similarly to what has been done for the test cases in Sections 5.1, 5.2 and 5.3,
we compare a single-fidelity ROM and a multi-fidelity ROM predictions. Here we
modeled the velocity, pressure, and temperature fields. For the training snapshots,
we select only viable and steady designs, see Figure 5.47, and we consider nested
databases with different cardinalities. Similar to what has been done for the DrivAer
problem in Section 5.1, we defined a reasonable sequence of designs to have even
coverage and filling of the input domain space as the training set size increases.
Figures 5.49 - 5.51 show the results for the mean and median reconstruction error
for the three fields of interest U, p and T . Finally, Figure 5.52 illustrates an example
of multi-fidelity ROM predictions for the velocity, pressure, and temperature fields
for the median velocity reconstruction error in the validation set.

(a) Mean reconstruction error. (b) Median reconstruction error.

Figure 5.49: Velocity single- and multi-fidelity reconstruction error statistics for
different training set sizes.
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(a) Mean reconstruction error. (b) Median reconstruction error.

Figure 5.50: Pressure single- and multi-fidelity reconstruction error statistics for
different training set sizes.

(a) Mean reconstruction error. (b) Median reconstruction error.

Figure 5.51: Temperature single- and multi-fidelity reconstruction error statistics for
different training set sizes.
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Figure 5.52: From left to right, an example of multi-fidelity ROM prediction of U , p
and T . The pressure has the linear component from due to the imposed ∆p removed.
Median velocity reconstruction error design in the validation set, with th = 0.005
and ∆p = 200 Pa.

Discussion

If compared to previous test cases, here the multi-fidelity ROM does not guarantee
significant improvements over an equivalent single-fidelity ROM. This is especially
true for the mean reconstruction error, while the median errors show a more favorable
situation for the multi-fidelity ROM. Either way, the multi-fidelity ROM effectiveness
is limited in this application. The higher mean reconstruction error, when compared
to the median errors, is due to slighter tail-heavy validation error distributions for the
multi-fidelity ROM. The multi-fidelity ROM shows an accuracy improvement when
considering the median reconstruction error, especially with 25 or more HF training
snapshots, depending on the considered field. The most interesting results are for
the U, p fields, since T is already well approximated by the single-fidelity ROM. From
a practical standpoint, the achieved accuracy gains by the multi-fidelity ROM for
the temperature field do not have an important effect, if compared to the other fields.

In this application, it has been shown once again the importance of the parame-
terization when there are geometrical deformations. The proposed novel mapping
approach allowed us to use POD-based ROMs. Otherwise, we would not be able
to obtain coherent snapshots, unless using other geometrical registration techniques.
This is not always straightforward; in this test case, there are no geometrical features
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to exploit for the registration, and the dataset was not developed with ROMs in mind.



Conclusions

In this thesis, we have proposed a novel POD-based non-intrusive multi-fidelity ROM
tailored to real-world problems. To complete the methodological part, we presented
some industrial applications of our multi-fidelity ROM.

ROMs enable otherwise intractable many-query high-fidelity studies with limited
resources. Nonetheless, the offline cost of ROM training can be too demanding,
especially in industrial scenarios. Multi-fidelity modeling confronts this limitation for
response surfaces, leveraging variable fidelity information sources. However, ROMs
predict vector quantities instead of scalar ones. Moreover, ROMs exploit encoding
strategies for dimensionality reduction, raising an ulterior barrier to the utilization
of multi-fidelity techniques.

With the proposed multi-fidelity ROM, we want to address these problems. At
the same time, we aim to understand how to utilize low-fidelity information to im-
prove the accuracy of the ROM for unseen high-fidelity design configurations.

The proposed multi-fidelity ROM identifies a unique set of POD modes to encode
the low-fidelity and high-fidelity snapshots, and it is achieved by mixing together
snapshots from both fidelity levels. This has a positive effect on the accuracy, since
the mixed fidelity POD basis functions better represent out-of-sample snapshots. In
addition, the POD modes are representative of both low- and high-fidelity problems
and provide a consistent latent representation of the variable fidelity projections.
The consistent latent representation is then exploited by a nonlinear multi-fidelity
regression model, the NARGP, improving further the ROM capabilities. Again, this
positively affects the ROM accuracy, reducing the ROM reconstruction error.

The NARGP’s nonlinearity plays a crucial role in the proposed multi-fidelity
ROM. In a canonical multi-fidelity regression problem, the end user might have an
intuition on the correlation between the low-fidelity and high-fidelity scalar quantity
of interest, e.g., due to the differences in the numerical solvers, and can choose the
best multi-fidelity regressor for the task. However, the same can not be said for
multi-fidelity ROMs. Here, many multi-fidelity problems are built on the variable
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fidelity latent snapshot representations, namely the POD coefficients, and their vari-
able fidelity correlation is not known a priori. Consequently, NARGP’s nonlinearity
handles, with minimal bias, a wide variety of multi-fidelity correlations, while keeping
a low computational cost thanks to the GP-based structure.

In this work, we observed that the multi-fidelity encoding requirement of coher-
ent low- and high-fidelity snapshots is even more substantial in real-world problems.
Indeed, industrial applications are often characterized by geometrical parameters,
leading to non-coherent numerical solutions even for the same fidelity level. There-
fore, mapping is a crucial aspect that needs to be opportunely taken into account for
any ROM, possibly prior to the definition of the parametrized problem. In general,
meaningful geometrical registrations or transformations are possible only in a limited
set of cases. This information manipulation, together with the necessary interpola-
tions on the reference discretization, has an effect on the snapshot’s quality, but it is
usually minimal or not as important for low-fidelity snapshots.

In this dissertation, we utilized the multi-fidelity ROM in four industrial ap-
plications, each with its own peculiarities. The first experiment saw an external
aerodynamic automotive problem, namely the DrivAer, with a free-form deforma-
tion based geometrical parameterization. Here, we exploited the deformation fields
resulting from the free-form deformation to map the non-coherent tessellations and
trained the multi-fidelity ROM. Both the mapping approach and the ROM were
effective. The multi-fidelity ROM had higher accuracy than the equivalent single-
fidelity ROM, especially with small numbers of high-fidelity snapshots. This proved
that the addition of inaccurate low-fidelity snapshots can have a positive effect on
the ROM accuracy in out-of-sample design configurations.

A similar result was obtained in a completely different problem, when studying
the internal flow inside an annular pipe with parametrized wavy surfaces. In this
second test case, geometrical and operational parameters were mixed, and the flow
was approximated with a meshless solver. We observed both a reduction of the
reconstruction error thanks to the multi-fidelity ROM and that the combination of
meshless solvers and multi-fidelity ROMs can lead to efficient surrogate solvers with
minimal user intervention.

In a third experiment, we did an uncertainty quantification study on the forces
acting on a vertical axis wind turbine under uncertain rotational velocity. The multi-
fidelity ROM was used to approximate the force signal acting on the blades during
one revolution, which is possible thanks to the non-intrusive formulation. Again, the
addition of low-fidelity snapshots improved the accuracy of the ROM. This translated
to better estimates of the expected values for the uncertainty quantification study
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if compared to a single-fidelity ROM, and enabled a more accurate Monte Carlo
approach thanks to the low online computational cost.

Finally, we presented the results for a second internal flow study, namely the gy-
roid. Here, we parameterized both the geometry and the operational conditions of a
gyroid cell for a heat exchanger application. Although this problem is similar to the
annular pipe with wavy surfaces, the multi-fidelity ROM showed modest improve-
ments over the single-fidelity ROM. This highlights the dependence on the specific
case and the choice of the low-fidelity data sources. Nonetheless, this test case offer
an interesting insight on the custom mapping approach used to take into account
the variable wall thickness of the gyroid structures.

All the presented industrial applications proved that our multi-fidelity approach
to reduced order modeling can improve the surrogate model’s accuracy, moving to-
wards increasingly automated workflows. All tests were purposely done with the
same high-fidelity snapshots to isolate the contribution of low-fidelity information
addition when comparing to single-fidelity ROMs. However, this proves only that
the multi-fidelity techniques are effective, not that there are efficiency gains. What
was observed was that the multi-fidelity ROM is more data efficient depending on
the problem and, most importantly, the cost of low-fidelity information. I.e., in the
DrivAer problem, there is an advantage in using the multi-fidelity ROM, but it is not
as decisive as in the annular pipe with wavy surfaces problem. The data efficiency
dependency on the low-fidelity solver appears to be an important aspect to con-
sider when using the proposed multi-fidelity ROM. A second limitation that emerged
during this thesis work, which can also be transferred to single-fidelity POD-based
ROMs, is the harmonization of non-coherent snapshots in industrial applications.
Custom mapping strategies are necessary when the parameterization induces large
geometrical deformations, hindering the adoption of ROMs in some industrial con-
texts. However, this problem can be mitigated by careful planning and a wise choice
of the shape parameterization.

Future perspectives for this work should address the aforementioned limitations
and improve the multi-fidelity modeling of the ROM. The proposed multi-fidelity
ROM would benefit from an a priori methodology for the determination of a sensible
low-fidelity solver to improve the multi-fidelity ROM’s data efficiency. Moreover,
improved correlation metrics can be beneficial to the multi-fidelity modeling, since
Pearson’s R correlation coefficient captures linear trends only between fidelities. Fi-
nally, industrial applications call for more flexible mapping techniques when dealing
with shape deformations.
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Appendix A

A.1 Simple multi-fidelity model: an application

to hydrogen burners

In this appendix, we present an industrial application of our original multi-fidelity
regression model, SimpleMF, presented in Section 3.2.2. The aim is to predict the
flame length inside the combustion chamber in a premixed hydrogen burner, given
different operational conditions. Figure A.1 shows a section of the hydrogen burner.

This study is based on our work for the AIAA SciTech Forum 2025 conference,
whose proceedings can be found in [76], where the author contributed mainly to the
multi-fidelity modeling part.

A.1.1 Problem Description

Figure A.1: Section of the premixed hydrogen burner with annotations, from [41].
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The HF data for the multi-fidelity problem has been obtained with experimental
measurements, while the LF data comes from 2D steady axisymmetric RANS si-
mulations, following the results in [41]. All flame positions are adimensionalized
with respect to the mixing tube diameter of 34 mm. Different design configurations
are obtained by varying three input parameters: air mass flow, temperature, and
equivalence ratio. Their definition can be found in [41]. The model has been trained
with 3 to 20 HF data points and 53 LF data points. Ulterior training sets are obtained
as subsets of 38 HF experimental results, nested within the LF designs. The other 15
HF data points have been reserved for testing. The LF and HF data are moderately
linearly correlated, with a Pearson’s R correlation coefficient of 0.77. Figure A.2
presents yLF and yHF values, the LF and HF quantities of interest, respectively, for
the same design configurations. In Figure A.2, y∗HF represents the underlying linear
model of SimpleMF, as in Equation 3.65.

Figure A.2: Correlation plot for the hydrogen burner problem. y∗HF represents the
underlying linear model used by the SimpleMF model.

A.1.2 Results

We modeled yHF with the SimpleMF model and compared the approximations with
other three models: a single-fidelity Kriging, a multi-fidelity Cokriging model, and
the NARGP. To have meaningful statistics, we extracted different training subsets
from the available training data. To create the subsets, we used a similar sub-
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sampling strategy from the DrivAer test case in Section 5.1.1. Given the HF data
points, we select a random design and then add the next designs recursively so that
for any design, the last one is at maximum distance from the previous ones. We
repeated this process for each of the 38 available HF training data points, obtaining
38 different training subsets with up to 20 HF designs each. To measure the errors
in the out-of-sample designs, the root mean squared error (RMSE) on the test set
was used. Figure A.3 shows the mean RMSE given the 38 different subsets.

Figure A.3: Mean RMSE on the test set over 38 different training sets for different
regression models.

Figure A.4: RMSE distributions for different regression models, over 38 different
training sets with 5 HF points.
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The most evident differences between the models can be seen for 5 HF training
points. Figure A.4 shows the RMSE distribution for all four models.

Figure A.3 shows that the SimpleMF model is more accurate when compared to
the Kriging, Cokriging and NARGP models. This is especially true when dealing
with HF data scarcity conditions. After 5 to 7 HF training points the SimpleMF
performance plateaus, while the other models need 10 to 13 HF data points to close
the gap in accuracy. After 13 HF training points, all the models are almost equiv-
alent. The poor results of the other models are to be expected due to the high
number of hyperparameters to optimize. The NARGP has the highest number of
hyperparameters, followed by the Cokriging and the Kriging model. On the other
hand, both the NARGP and the Cokriging are multi-fidelity model and can exploit
LF information. This is reflected by the error trends: the NARGP behaves as the
single-fidelity model, until it has enough HF information and performs similarly to
the simpler Cokriging model. Finally, Figure A.4 shows that with few HF training
points the SimpleMF model has both lower RMSE and a less dispersed error distribu-
tion, suggesting that the SimpleMF is more robust too. It goes without saying that
the improvements of the SimpleMF model are possible only if there is close to lin-
ear correlation between fidelities. Moreover, using Kriging, Cokriging and NARGP
models with so little training data in a three-dimensional input parameter space is
not advisable. These models still need a certain amount of HF information to ensure
a meaningful training process.

In this experiment, we found that the SimpleMF model was an effective choice for
multi-fidelity regression in an industrial application. If the quasi-linear correlation
requirements are satisfied, the SimpleMF outperforms other single- and multi-fidelity
models in severe HF data scarcity conditions and reduces the effect of the input
parameter space dimensionality.
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A.2 DeepSDF mapping approach

In this appendix, we present a registration approach based on DeepSDF, a deep
geometric encoding model [19]. The DeepSDF model is agnostic to the problem
parameterization, and we aim to utilize it for registering two geometries. The main
idea is to exploit a learned embedding space where geometries are encoded into
compact latent vectors, and to interpolate within this space to construct meaningful
trajectories in the Cartesian spaces from the points of one geometry to another.

A.2.1 DeepSDF model

The DeepSDF model is a NN auto-decoder [19] that maps a point in space and a geo-
metrical latent code to the Signed Distance Function (SDF) of that point for a given
geometry. Figure A.5 presents the NN architecture. The geometry is represented
by a latent code z ∈ R

l , which is learned by the auto-decoder NN during training.
From a practical standpoint, the training phase encodes the geometries. Once the
DeepSDF model has been trained, it can be used for inference to predict the SDF
field for unseen geometries, corresponding to different latent codes, and implicitly
represent the geometries themselves.

Figure A.5: DeepSDF model architecture schematics.

The DeepSDF training process requires a set of SDF fields Xi for different ge-
ometries, having

Xi = {(xj, sj) : sj = SDF (xj) ∀xj ∈ A} with i = 1, ..., N , (A.1)



140 APPENDIX A. APPENDIX

where xj ∈ A ⊂ R
3 is a point in space from the sample set A of cardinality k,

and sj ∈ R is the SDF of the point xj from the corresponding geometry. Unlike
POD, which can be regarded as a linear encoder, the method does not impose strict
constraints on the training data’s cardinality or topology. Therefore, each SDF field
Xi associated with a generic geometry can be sampled independently from any other
geometry in the dataset.

The NN assumes that each geometry Xi can be represented with a latent code
zi ∈ R

l, and its prior probability distribution is a zero-mean multivariate-Gaussian
with a spherical covariance p(zi) ∼ N (0, σ2I). At training time, if we call L a loss
function, i.e., the clamped L1 norm, and ŝj(zi,xj) the NN approximation of the SDF
in a point xj for the tentative zi latent code, the joint log posterior over all training
geometries is maximized w.r.t. the individual latent codes and the NN parameters,
or equivalently

min
N
∑

i=1

(

k
∑

j=1

L (ŝj(zi,xj), sj) +
1

σ2
∥zi∥22

)

. (A.2)

During training, both the NN weights and the latent codes are optimized together,
and 1

σ2∥zi∥22 acts as a regularization term. Further details can be found in [19].

When the model is trained, given any latent code vector z, it is possible to infer
the SDF field at any point in space.

A.2.2 Mapping

We propose a geometrical registration technique for snapshots’ mapping based on
the DeepSDF model. We developed two registration approaches, namely the closest-
point projection approach and the Lagrangian approach. The aim of both methodolo-
gies is to obtain a smooth registration that aligns a target geometry onto a reference
one.

Given a dataset of geometries, their SDF representation, and a trained DeepSDF
NN to encode them, we consider two shapes from the dataset: the target geometry
and the reference geometry. For the sake of simplicity, we suppose that both geome-
tries are part of the training dataset, ensuring control over the model accuracy in
the SDF field prediction. With appropriate out-of-sample validation of the model,
the target and reference geometries can also be unseen geometries. Each of the two
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geometries is associated to a latent code, having ztar, zref ∈ R
l for the target and

reference shape, respectively.

We can define a trajectory Γ in the latent space from ztar to zref , i.e., the geodesic
in R

l, as in

Γ = {zt = ztar + t(zref − ztar) : t ∈ [0, 1]} . (A.3)

This trajectory smoothly interpolates between two latent codes, and, for each
intermediate latent vector zt ∈ Γ, the corresponding SDF field can be predicted
with the DeepSDF decoder. The 0 level set of each SDF field prediction corresponds
to a different geometry, which can be considered intermediate between the target
and the reference ones, and depends on the trained DeepSDF model. The core
idea is to exploit these intermediate 0 level sets to perform the registration. Small
variations in zt ∈ Γ produce similar geometries, and if the topology of the training
shapes remains unchanged, we empirically observed that the intermediate geometries
are topologically similar. To take advantage of these intermediate geometries, we
developed two approaches, detailed in Sections A.2.2 and A.2.2. Experimental results
indicate that both exhibit comparable behavior, characterized by similar strengths
and limitations.

Closest-point projection approach

With the closest-point projection the aim is to define a trajectory of points, starting
from a target geometry discretization, ending in the reference geometry. For every
intermediate latent code zt ∈ Γ, we predict the SDF field and extract the 0 level set
Ct, as in

Ct = {x ∈ R
3 : ŝ(zt,x) = 0} . (A.4)

Let us consider a point P0 ∈ C′ from the target discretization, where C′ is the
target geometry since z0 = ztar. From a practical standpoint, the Ct level sets are
finite in number and are obtained by sampling uniformly t ∈ [0, 1], having t =
{t0, ..., tN}, with t0 = 0 and tN = 1. Following zt ∈ Γ, the next latent code in the
progression is zt1 and the corresponding 0 level set is Ct1 . We can project P0 onto Ct1 ,
identifying Pt1 ∈ Ct1 . This process can be repeated ∀zt ∈ Γ, obtaining the Cartesian
space’s trajectory γ for the target point P0

γ = {Pt : t ∈ {t0, ..., tN}} , (A.5)
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with the last point PtN (= P1) belonging to the reference geometry. Figure A.6 shows
a schematic of the registration process. If this process is repeated for all points in
the target discretization, the registration is complete.

Figure A.6: Closest-point projection registration approach 2D schematics for a
generic point Pti belonging to the corresponding 0 level set.

Successively, the the field of interest for the ROM can be interpolated from the
registered target geometry to the reference discretization, allowing us to have coher-
ent snapshots for the POD.

Lagrangian approach

In the Lagrangian approach, the trajectory γ is defined differently, even though
it shares some similarities with the closest-point projection approach. Under the
same assumptions, we consider a point of the target geometry P0 ∈ C0. In P0, we
evaluate the gradient of the DeepSDF model ∇ŝ w.r.t. x, y, z given the current
latent code z0 = ztar. Since this gradient is not known analytically, we compute an
approximation with finite differences, having for the generic point Pt

∇ŝ(zt)|Pt
≈
[

ŝ(zt,Pt+δei)−ŝ(zt,Pt)
δ

]

i
, (A.6)

with δ being the perturbation step for the finite differences, and ei being the unit
vector along the i-th direction, i.e., x, y, z. Then we apply a Newton-Raphson cor-
rection to find the next point on the following 0 level set. If we consider the generic
point Pti during the registration, the next point Pti+1

is found iterating
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Pti+1
= Pti − ŝ(zti , Pi)

∇ŝ(zti , Pi)

∥∇ŝ(zti , Pi)∥2
, (A.7)

with a fixed z = zti , until we reach the next SDF 0 level set Cti+1
, that corresponds

to z = zti+1
, and finding the actual Pti+1

point. Figure A.7 illustrates schematically
how the method works for a generic point Pti . In general, the Newton-Raphson
method will not find Pti+1

in one iteration, so Equation A.7 will identify intermediate
points, represented as Qi in Figure A.7. This process needs to be repeated for every
discrete value of zt ∈ {zt0 , ..., ztN} to obtain the full trajectory γ from a starting
target point P0.

Figure A.7: Lagrangian registration approach 2D schematics for transforming a point
Pti into Pti+1

. Here, Qi is used to represent an intermediate point during Newton-
Raphson iterations.

Keeping in mind that the gradient ∇ŝ(zt,x) is always orthogonal to the 0 level
set for ŝ(zt,x), if the discretization in the latent space is fine enough, this method is
very close to the closest-point projection approach. The main difference is that the
gradient and the Newton-Raphson iterations are more computationally demanding
than the closest-point projection.

A.2.3 Dataset

The proposed mapping methodology has been tested on a 2D pedagogical example. A
dataset of closed planar curves and their surrounding SDF fields has been collected for
this purpose. We parametrize the curves as circles with periodic radial perturbations,
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as in
{

x = r(θ;A, ω, r0) · cos θ
y = r(θ;A, ω, r0) · sin θ

, (A.8)

where
r(θ;A, f, r0) = r0 + A cos (ωθ) , (A.9)

with θ ∈ [0, 2π] being the phase, r0 ∈ [0.5, 0.6] is a radius, A ∈ [−0.15, 0.15] is the
radial perturbation’s intensity, and ω ∈ [2π, 6π] is the frequency of the radial per-
turbation.

We generated 14 2D curves for this study, of which one is always considered as
the reference geometry, and the remaining ones can be selected as target geometries.
Figure A.8 shows all 14 2D curves.

Figure A.8: All curves in the dataset. Reference geometry (left) and target geome-
tries (right).

With these curves, we compute the SDF field in the unit circle, obtaining fields
analogous to Figure A.9. All geometries have been utilized to train the DeepSDF
NN model.
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Figure A.9: SDF field example for one of the training geometries.

A.2.4 Results

In this section the aim is to provide a qualitative presentation of this method’s ca-
pabilities. The study is preliminary and wants to highlight the limitations of the
current mapping strategy and what can be improved. All the following results have
been obtained with the closest-point projection approach, since the performance of
the Lagrangian approach is very close, as discussed in Section A.2.2. The geodesic
in the latent space has been discretized with 1000 latent vectors, equally spaced in
the Euclidean norm of Rl.

Figures A.10 and A.11 illustrate how the registration happens. Here, with dif-
ferent color it is possible to appreciate how the points trajectories evolve when pro-
jecting them on successive 0 level sets. These figures also give an intuition of how
smoothly the DeepSDF model predictions of the SDF change, since all points stays
on different 0 level sets. In particular, the individual points on the intermediate steps
of the registrations always belong to a SDF 0 level set for the current latent vector
zt. This enables us to see how the target geometry evolves when transforming in the
reference geometry following the latent space geodesic. Moreover, the distribution
of the points at each intermediate step fills evenly the current 0 level set, preventing
vacancies in the coverage.
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Figure A.10: Reference and target geometries (left). Progression of the target points
at different stages of the registration (right).

Figure A.11: Reference and target geometries (left). Progression of the target points
mapping at different stages of the registration (right).

Figures A.12 and A.13 show the entire trajectories from the single target points
to the reference geometry.
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Figure A.12: Reference and target geometries (left). Local zoom and representation
of the single points trajectories during the registration (right).

Figure A.13: Reference and target geometries (left). Local zoom and representation
of the single points trajectories during the registration (right).

The registration happens smoothly, especially in Figure A.12. However, in Figure
A.13, we can observe some darker zones where the trajectories collapse on the same
path. This is not desirable since different target points are mapped on the same ref-
erence location. In this example, this effect is minimal and localized, and depending
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on the application can be acceptable.

Figure A.14: Reference and target geometries (left). Progression of the target points
mapping at different stages of the registration (right). Problematic test case.

Figure A.15: Reference and target geometries (left). Local zoom and representation
of the single points trajectories during the registration (right). Problematic test case.

Nonetheless, we observed that this behavior is amplified by strong differences in
convexity between the geometries, or when there are high curvature features. To
explore this behavior, we created an affine database with more complexity in the
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geometries and tested the approach. We registered a multi-lobe curve onto a dif-
ferent multi-lobe geometry, with higher local curvatures values. Figures A.14 and
A.15 show the results for this purposely difficult test case. Here, the registration fails
completely and this can be observed in Figure A.14 on the right, where the 100%
registration step has only a partial coverage of the reference curve. Figure A.15
clearly illustrates how the trajectories collapse into single dense streams of points,
leaving part of the reference geometry untouched by the registration.

The possibility to register different geometries and map all the fields of interest
on a common reference discretization is crucial for ROMs. The proposed method
appears to be capable to handle simple geometries, remaining agnostic from the
parameterization. However, this model currently shows some limitations, especially
with more complex geometries, making it less attractive for industrial applications.
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