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Let �n ⊂ Rd , n ≥ 1, be a sequence of finite sets and consider a

�n-valued, irreducible, reversible, continuous-time Markov chain (X(n)t :
t ≥ 0). Denote by P(Rd) the set of probability measures on Rd and by
In : P(Rd )→ [0,+∞) the level two large deviations rate functional for

X
(n)
t as t → ∞. We present a general method, based on tools used to

prove the metastable behaviour of Markov chains, to derive a full expan-

sion of In expressing it as In = I (0) + ∑
1≤p≤q(1/θ

(p)
n )I (p), where

I (p) : P(Rd )→ [0,+∞] represent rate functionals independent of n and

θ
(p)
n sequences such that θ(1)n → ∞, θ(p)n /θ

(p+1)
n → 0 for 1 ≤ p < q.

The speed θ(p)n corresponds to the time-scale at which the Markov chains

X
(n)
t exhibits a metastable behaviour, and the I (p−1) zero-level sets to the

metastable states. To illustrate the theory we apply the method to random
walks in potential fields.

1. Introduction. With the aim of rigorously describing the metastable behaviours
emerging in all sorts of natural phenomena, the research on metastability of Markov pro-
cesses registered a considerable development over the past decades. See, for example, the
books [10, 27] and the review article [19] and references therein for recent accounts on the
subject and the diverse approaches developed. The common feature of all these mathematical
theories rests on the identification of two or more locally stable states, together with a clear
separation of scales: persistence in a state and transitions from state to state may be observed
over time spans of different order. Furthermore, when the system comprises a complex en-
ergetic landscape, several metastable states and scales, naturally ordered, arise (cf. [6] and
references therein).

The goal of this article is that of developing an analytical framework to describe the hi-
erarchical metastability structure in the context of continuous-time Markov chains X(n)t on a
finite state space�n of growing size, satisfying natural assumptions. In the spirit of the recent
works [6, 11, 20], we express the metastable structure of X(n)t through an expansion, in the
limit n→ ∞, of the corresponding level two large deviations rate functional In [12], which
describes the deviations of the empirical measure of X(n)t as t → ∞ (see (2.2)–(2.3)). This
expansion is informally represented as

(1.1) In = I (0) +
q∑
p=1

1

θ
(p)
n

I (p),
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where θ(p)n ∈ (0,∞) are diverging constants referred to as speeds, and I (p) are functionals.
Since the topology employed to perform (1.1) is that induced by the notion of �-convergence,
we refer to (1.1) as a full �-expansion of the functional In (Definition 2.1).

Our main results, Theorems 2.7 and 2.11, establish that the speeds θ(p)n appearing in (1.1)
correspond to the time-scales at which the chain exhibits a metastable behaviour. Further-
more, the functionals I (p) coincide with the level two large deviations rate functionals of the
reduced Markov chain, which describes the evolution of the process X(n)t among the wells in
the time-scale θ(p)n . In particular, the 0-level sets of the functionals I (p) is formed by convex
combinations of the metastable states of the Markov chain in the time-scale θ(p+1)

n .
Our original motivating example, discussed in detail in Section 6, is that of random walks

in potential fields evolving on the discrete d-dimensional torus of mesh size 1/n, whose
metastable behaviour has already been considered in [23, 24]. However, instead of proving
directly the full �-expansion for this specific example, we develop a more general method
primarily based on two assumptions, namely, Conditions (H0) and (H1) in Section 2.2 below.
Roughly speaking, (H0) is what allows to start a metastability analysis, by defining a reduced
model with a finite number of states, whereas (H1) on the convergence of mean rates (see
(2.10)) for the trace process encodes the Markov behaviour of the reduced model. These two
conditions lie at the core of the so-called martingale approach to metastability and have been
verified for several metastable dynamics of interest, including zero-range processes and spin
systems at low temperature; for more details, we refer to Remark 2.2. The other Conditions
(H2)–(H5) which we assume for our first main result Theorem 2.7 are either structural/natural
(e.g., (H2) on the nested structure of the support of the metastable states, or (H3) on the
finiteness of the number of scales) or technical (e.g., (H4b) on the size of the wells, or (H5)
on fast relaxation within the well), to be checked in each example. Theorem 2.11 replaces
part of (H4) with Condition (H6), more natural in the setting of condensing particle systems.

The key analytical tool in our analysis is the �-convergence of rate functionals. More
precisely, since we consider the underlying state space �n to be a discrete approximation
of a limiting base space �, we state our results in terms of �-convergence of nonnegative
functionals In on the space P(�) of probability measures on �. For precise definitions
and more details on the role of �-convergence in large deviations theory, we refer to the
next section. Let us here emphasize that Condition (H5), which is not present in [6, 20], is
crucial in our proof of the �-liminf inequality to infer some quantitative features for weakly
converging sequences with finite energy.

As already mentioned, our results relate to those obtained in [6, 11, 20]. More specifically,
the expansion in (1.1) has been proved in [11] for overdamped Langevin dynamics in which
the potential has a finite number of local minima and each local minimum is separated from
the others by a unique optimal saddle point. In [6, 20], this expansion has been derived for
finite state Markov chains with a fixed state space using tools developed in [2, 4] to prove the
metastable behaviour of Markov chains.

We emphasize that, while our example of random walks in potential fields may be thought
of as the discrete analogue of the model considered in [11], our assumptions and strategy
differ considerably from those in [11]. Indeed, [11], which is based on semi-classical analy-
sis techniques, strongly relies on the nonoverlap of low-lying eigenvalues of the associated
generator, a condition ensured by the assumption of having at most one minimum on each
level. Our analysis based on capacity estimates does not prevent us to consider a setting with
multiple wells at the same height.

Moreover, compared to the works [6, 20] concerned with Markov chains on a fixed state
space�n =�, our setting of growing state space covers a much broader list of examples. As a
drawback, our analysis and assumptions are more involved, compensating for the substantial
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simplification that, in case of� finite, all topologies on P(�) are equivalent. For instance, [6]
merely requires the jump rates to satisfy a ratio assumption, a request which may be thought
of as analogous to our Condition (H1) (see [6], equations (2.4) and (2.10)). In particular, [6]
requires none of our technical conditions.

Before presenting in full detail our setting, assumptions and main results in the next sec-
tion, we conclude this introduction by mentioning that, whereas we work in a reversible set-
ting, we expect our results to carry over to the nonreversible setting as well, via an approach
similar to that in [20] and with an analogous set of assumptions. Along the same lines, we
believe a similar analysis based on capacities to yield a full �-expansion for nonreversible
diffusions in potential fields, extending the results in [11] obtained in the reversible context.

2. Setting and main results.

2.1. Setting. Let � be the closure of an open and bounded subset of Rd , or the d-
dimensional torus. Denote by �n the discretization of �: �n = � ∩ (n−1Zd), n ≥ 1, where
n−1Zd = {k/n : k ∈ Zd}. The elements of �n are represented by the symbols x, y and z.

Let X(n)t , t ≥ 0, be a �n-valued, reversible, irreducible, continuous-time Markov chain.
Denote the jump rates by Rn : �n ×�n → R+ := [0,∞), and the generator by Ln, so that

(2.1) (Lnf )(x)=
∑
y∈�n

Rn(x, y)
{
f (y)− f (x)}, f : �n → R.

The holding times are represented by λn(x) and the jump probabilities by pn(x, y) so that
Rn(x, y) = λn(x)pn(x, y). Let πn be the unique stationary state, assumed to satisfy the
detailed-balance conditions.

Large deviations. Denote by P(�), � ⊂ Rd , the set of probability measures on � en-
dowed with the weak topology, and by L(n)t the empirical measure of the chain X(n)t defined
as

(2.2) L
(n)
t := 1

t

∫ t
0
δ
X
(n)
s
ds,

where δx , x ∈ �, represents the Dirac measure concentrated at x. Thus, L(n)t is a random
element of P(�n) and L(n)t (A ), A ⊂�n, stands for the proportion of time the process X(n)t
stays at A in the time interval [0, t].

As the Markov chain X(n)t is irreducible, by the ergodic theorem, for any starting point
x ∈�n, as t → ∞, the empirical measure L(n)t converges in probability to the stationary state
πn.

Donsker and Varadhan [12] proved the associated large deviations principle. More pre-
cisely, they showed that for any subset A of P(�n),

(2.3)

− inf
μ∈AoIn(μ)≤ lim inf

t→∞ min
x∈�n

1

t
log P(n)x

[
L
(n)
t ∈A]

≤ lim sup
t→∞

max
x∈�n

1

t
log P(n)x

[
L
(n)
t ∈A]≤ − inf

μ∈A
In(μ).

In this formula, P(n)x , x ∈�n, stands for the distribution of the process X(n)t starting from x,
Ao, A represent the interior, closure of A, respectively, and In : P(�n)→ [0,+∞) is the
level two large deviations rate functional given by

(2.4) In(μ) := sup
u

− ∑
x∈�n

(Lnu)(x)

u(x)
μ(x),
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where the supremum is performed over all functions u : �n → (0,∞). Since we assumed
reversibility and πn(x) > 0 for all x ∈�n, by [12], Theorem 5,

(2.5) In(μ)= 〈√
fn, (−Ln)

√
fn
〉
πn
,

for all measures μ ∈ P(�n), where fn(x)= μ(x)/πn(x).

�-convergence. We investigate in this article the �-convergence of the action functional
In. We first recall its definition.

Fix a Polish space X and a sequence (Un : n ∈N) of functionals on X , Un : X → [0,+∞].
The sequence Un �-converges to the functional U : X → [0,+∞] if and only if the two
following conditions are met:

(i) �-liminf. The functional U is a �-liminf for the sequence Un: For each x ∈ X and each
sequence xn → x, we have that

lim inf
n→∞ Un(xn)≥U(x).

(ii) �-limsup. The functional U is a �-limsup for the sequence Un: For each x ∈ X there
exists a sequence xn → x such that

(2.6) lim sup
n→∞

Un(xn)≤U(x).

The role of the �-convergence of rate functionals in large deviations theory has long been
established [26]. In our context, �-convergence of the rate functional In to I (0) implies
that, for every closed subset F and open subset G of P(�),

lim sup
n→∞

lim sup
t→∞

1

t
max
x∈�n

log P(n)x
[
L
(n)
t ∈ F ]≤ − inf

μ∈F I (0)(μ),

lim inf
n→∞ lim inf

t→∞
1

t
min
x∈�n

log P(n)x
[
L
(n)
t ∈G]≥ − inf

μ∈GI (0)(μ),

where we recall that L(n)t are the empirical measures defined in (2.2).
�-convergence was a key tool in a number of problems involving large deviations princi-

ples. Among these, [25] deals with a large deviations principle for conservation laws as the
viscosity and the noise vanish simultaneously. Here, since the large deviations rate functional
vanishes at all weak solutions of the conservation law, the large deviations have to be exam-
ined at a smaller speed in order to distinguish entropic solutions from nonentropic ones. This
last step requires tools from the theory of �-convergence.

A related problem involving a double-limit procedure allows to recover the large devi-
ations rate functional of one-dimensional asymmetric exclusion processes, previously ob-
tained in [13, 28, 30, 31]. In this setting, one first derives a large deviations principle for
one-dimensional weakly asymmetric exclusion processes, and then prove the �-convergence
of the rate functional as the diffusivity vanishes (or as the asymmetry diverges). In a slightly
different context, the �-convergence of the rate functional for a fast-slow dynamics of N
interacting diffusions is proven in [1].

The �-convergence of the large deviations rate functional In introduced in (2.4) has been
examined recently in [5, 9] in the context of interacting particles systems to show that in
the large deviations principle one can interchange the limits n→ ∞ and t → ∞, where 1/n
represents the interdistance between particles. A similar result has been obtained in [7] for
diffusions in a potential field.
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�-expansion. In view of the previous results, assume that the functional In �-converges
to a functional denoted by I (0). If the 0-level set of I (0) is a singleton there is nothing to
add. Otherwise, it is natural to consider the �-convergence of θ(1)n In, for some sequence
θ
(1)
n → +∞.

By (2.4), the rate functional θ(1)n In corresponds to the level two large deviations rate
functional of the Markov chain induced by the generator θ(1)n Ln, that is, to the Markov chain
X
(n)
t speeded up by θ(1)n .
Assume that there exists a sequence θ(1)n → +∞ for which θ(1)n In �-converges to a func-

tional denoted by I (1). Clearly, I (1)(μ) is finite only if μ belongs to the 0-level set of I (0).
We say that we obtained the correct speed θ(1)n whenever I (1)(μ) is finite if, and only if, μ
belongs to the 0-level set of I (0). In other words, I (1)(μ) <∞ if, and only if, I (0)(μ)= 0.
If this is not the case, it means that there is an intermediate scale θ ′

n, θ ′
n → ∞, θ ′

n/θ
(1)
n → 0,

which has been missed.
If the 0-level set of I (1) is a singleton we end the analysis of In. Otherwise, we may

iterate the procedure. We summarize these considerations in the next definition.

DEFINITION 2.1. Consider a functional In : P(�)→ [0,+∞). A full �-expansion of
In is given by the speeds (θ(p)n , n ≥ 1), 1 ≤ p ≤ q, and the functionals I (p) : P(�)→
[0,+∞], 0 ≤ p ≤ q, if:

(a) The speeds θ(1)n , . . . , θ
(q)
n are sequences such that θ(1)n → ∞, θ(p)n /θ

(p+1)
n → 0, 0 ≤

p < q;
(b) In �-converges to I (0), and for each 1 ≤ p ≤ q, θ(p)n In �-converges to I (p);
(c) For 0 ≤ p < q, I (p+1)(μ) is finite if, and only if, μ belongs to the 0-level set of

I (p);
(d) The 0-level set of I (q) is a singleton.

In the next section, we present a set of conditions on the Markov chain X(n)t which guar-
antee that the rate functional In can be expanded as in (1.1), as defined in Definition 2.1.

2.2. Hypotheses. We start extending the definition of In to P(�) by setting In(μ)=
+∞ for μ /∈ P(�n). Similarly, elements of P(�n) are considered as measures on �.

Recall the notation introduced in the previous section. The starting point of the analysis
of the large deviations rate functional In is the assumption that In �-converges to a func-
tional I (0) : P(�)→ [0,+∞] whose 0-level set consists of convex combinations of a finite
number of Dirac measures:

(H0) The sequence of functionals In : P(�)→ [0,+∞] �-converges to a functional
I (0) : P(�)→ [0,+∞]. Moreover, there exists a finite set M = {x1, . . . , xn1} such that
{μ ∈ P(�) : I (0)(μ)= 0} = {∑j∈S1

ωjδxj : ω ∈ P(S1)}, where S1 = {1, . . . ,n1}.
This hypothesis is analysed in Remark 2.8.

Trace process. Fix a nonempty subset W of �n. Denote by T Wn (t) the total time the
process X(n)t spends in W in the time-interval [0, t],

T Wn (t) :=
∫ t

0
χW

(
X(n)s

)
ds,

where χW represents the indicator function of the set W . Denote by SWn (t) the generalized
inverse of T Wn (t),

SWn (t)= sup
{
s ≥ 0 : T Wn (s)≤ t

}
.
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The trace of X on W , denoted by (YWt : t ≥ 0), is defined by

(2.7) YWt =X(n)
SWn (t)

; t ≥ 0.

By Propositions 6.1 and 6.3 in [2], the trace process is an irreducible, W -valued continuous-
time Markov chain, obtained by turning off the clock when the process X(n)t visits the setWc,
that is, by deleting all excursions to Wc. For this reason, it is called the trace process of X(n)t
on W .

Metastable structure. We next assume that the Markov chain X(n)t exhibits a metastable
behaviour at different time-scales. The formulation of this condition requires some notation.

Denote by D(R+,A), A a finite set, the space of right-continuous functions x : R+ → A

with left-limits endowed with the Skorohod topology and the associated Borel σ -algebra.
Let P(n)x , x ∈ �n, be the probability measure on the path space D(R+,�n) induced by the
Markov chain X(n)t starting from x. Expectation with respect to P(n)x is represented by E(n)x .

Consider a partition W = {W (1)
n , . . . ,W (m)

n ,�n} of �n, and let Wn :=⋃m
j=1 W

(j)
n . Denote

by {YWn
t : t ≥ 0} the trace of {X(n)t : t ≥ 0} on Wn. By equation (2.5) in [19], the jump rates

of the trace process YWn
t , represented by RW

n : Wn × Wn → R+, are given by

(2.8) RW
n (x, y)= λn(x)P(n)x

[
Hy =H+

Wn

]
, x, y ∈ Wn, x 
= y.

In this formula, λn(x) is the holding time of the chain X(n)t at x, and HA , H+
A , A ⊂ �n,

represent the hitting and return time of A :

(2.9) HA := inf
{
t > 0 :X(n)t ∈ A

}
, H+

A := inf
{
t > τ1 :X(n)t ∈ A

}
,

where τ1 stands for the time of the first jump of the chain X(n)t : τ1 = inf{t > 0 :X(n)t 
=X(n)0 }.
Let r(W)n (i, j), j 
= i ∈ {1, . . . ,m}, be the mean rate at which the trace process YWn

t jumps
from W (i)

n to W
(j)
n :

(2.10) rWn (i, j) :=
1

πn(W
(i)
n )

∑
x∈W

(i)
n

πn(x)
∑

y∈W
(j)
n

RW
n (x, y).

For two sequences of positive real numbers (αn : n≥ 1), (βn : n≥ 1), αn ≺ βn or βn � αn
means that limn→∞ αn/βn = 0. The main hypothesis of the article reads as follows:

(H1) There exist q ≥ 1, time-scales 1 ≺ θ(1)n ≺ · · · ≺ θ(q)n , and partitions Vp = {V p,1
n ,

. . . ,V
p,np
n ,�

(p)
n } of �n, 1 ≤ p ≤ q, such that the limit

(2.11) r(p)(i, j) := lim
n→∞ θ

(p)
n r

Vp
n (i, j)

exists and is finite for every 1 ≤ p ≤ q, j 
= i ∈ Sp := {1, . . . ,np}. Moreover, r(p)(i, j) > 0
for some j 
= i ∈ Sp .

In our motivating example of the random walk in a potential field F , discussed in Section 6,
the speeds θ(p)n are given by θ(p)n = n exp(ndp), where d1 < d2 < · · ·< dq are the depths of
valleys of the potential F .

REMARK 2.2. Hypothesis (H1) on the mean jump rates (2.10) is Condition (H0) in [2].
It is the main condition to be proved in order to establish the metastable behaviour of a
Markov chain by the martingale method. It has been derived in several different contexts: for
condensing zero-range processes [3, 18, 29], inclusion processes [8, 14, 15], Blume–Capel,
Ising and Potts models [15–17, 21, 22].
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REMARK 2.3. By [2], Remark 2.9, for reversible dynamics the mean jump rate rWn (i, j)
introduced in (2.10) can be expressed as sums and differences of capacities between sets of
the form

⋃
k∈AW (k)

n and
⋃
ℓ∈B W (ℓ)

n for disjoint subsets A, B of {1, . . . ,m}. Hence, the proof
of Conditions (H1) reduces to the computation of capacities.

Let X
(p)
t be the Sp-valued Markov chain induced by the rates r(p)(i, j). Denote by

R
(p)
1 , . . . ,R

(p)
up the closed irreducible classes of X(p)t , and by Tp the transient states. Clearly,

{R(p)1 , . . . ,R
(p)
up ,Tp} forms a partition of the set Sp .

(H2) For 1 ≤ p < q, assume that the number of closed irreducible classes of the Markov
process X(p)t corresponds to the number of sets V

p+1,j
n in the partition Vp+1. In other words,

we assume that up = np+1, and that for m ∈ Sp+1,

(2.12) V p+1,m
n = ⋃

j∈R(p)m
V p,j
n .

REMARK 2.4. This condition is natural and not restrictive. As θ(p)n ≺ θ(p+1)
n , it states

that on the longer time-scale θ(p+1)
n the Markov chain has less metastable sets and that the

metastable sets on the time-scale θ(p+1)
n are formed by unions of metastable sets on the time-

scale θ(p)n .

Since, by hypothesis (H1), there exists at least one pair (j, k), k 
= j ∈ Sp , such that
r(p)(j, k) > 0, either j is a transient state or j and k belong to the same closed irreducible
class. Therefore, the number of recurrent classes for the chain X

(p)
t (viz. up which is as-

sumed to be equal to np+1) is strictly smaller than the number of Sp elements (viz. np), that

is, np+1 < np . In other words, the number of sets V
p,j
n in the partition Vp strictly decreases

with p.
The next condition states that the recurrence procedure (2.12) which defines the sets V

p,j
n

ends at step q. See Remark 2.12 below.

(H3) Assume that the Markov chain X
(q)
t has a unique closed irreducible class: nq+1 =

uq = 1. In consequence, set Sq+1 = {1}.
We extend definition (2.12) to p = q, setting

V q+1,1
n := ⋃

j∈R(q)1

V q,j
n .

Recall from Condition (H0) the definition of the points xj , j ∈ S1. Condition (H4) below

asserts that the sets V
1,j
n , j ∈ S1, are wells. Indeed, on the one hand the sets V

1,j
n contain

open balls of radius ε, and on the other hand the stationary state πn conditioned to V
1,j
n

converges to the Dirac measure δxj .

(H4a) Let V
(p)
n :=⋃

j∈Sp V
p,j
n , 1 ≤ p ≤ q+ 1. We assume that πn(V

(1)
n )→ 1. Let π1,j

n ,

j ∈ S1, be the stationary state πn conditioned to V
1,j
n . Then, for each j ∈ S1, π1,j

n → δxj
weakly.

(H4b) There exists ε > 0 such that V
1,j
n ⊃ Bε(xj ) ∩ �n for all j ∈ S1, n ≥ 1, where

Bε(x) stands for the ball of radius ε centered at x. Here, ε is chosen sufficiently small so that
Bε(xj )∩Bε(xk)=∅ for k 
= j ∈ S1.
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For a subset A of �n, denote by Dn(A , ·) the Dirichlet form induced by the generator
Ln restricted to A : for all h : A → R,

(2.13) Dn(A , h) := 1

2

1

πn(A )

∑
x∈A

∑
y∈A \{x}

πn(x)Rn(x, y)
[
h(y)− h(x)]2.

The next assumption asserts that the process X(n)t equilibrates much faster inside the wells
V 1,j than it moves among the wells. The hypothesis reminds of the existence of a spectral
gap for the process reflected at the boundary of V 1,j , but is not quite. The reader familiar
with the path lemma in hydrodynamics will easily estimate in concrete examples the left-
hand side of the equation below in terms of the right-hand side. We give a crude estimate in
Lemma 4.6.

(H5) There exists a sequence βn ≺ θ(1)n such that

max
x∈V

1,j
n

∑
y∈V

1,j
n

π1,j
n (y)

{
h(y)− h(x)}2 ≤ βnDn(V 1,j

n , h
)

for all h : V
1,j
n → R, j ∈ S1.

REMARK 2.5. Assumption (H5) is needed in Proposition 4.4. It follows from the proof
of this result that the maximum in Condition (H5) can be restricted to x ∈ V 1,i

n for which
R
V1
n (x,

⋃
k∈S1\{j} V

1,k
n ) > 0, that is, to the points x which belong to the inner boundary of

V 1,i
n .

REMARK 2.6. In the definition of metastability (cf. [19]) one requires the trace process

Y
V
(p)
n
t accelerated by θ(p)n to be well approximated by a Sp-valued Markov chain and the time

spent by the process X(n)t in the complement of V
(p)
n to be negligible.

The fact that Y V
(p)
n
t is well approximated by a Sp-valued Markov chain follows from Con-

dition (H1). The negligibility of the time spent in the complement of V
(p)
n does not appear

explicitly in the hypotheses, but it is hidden in Conditions (H0) and (H4a).

Stationary measures. Fix 1 ≤ p ≤ q, and recall that we denote by R
(p)
1 , . . . ,R

(p)
np+1 the

closed irreducible classes of X
(p)
t . Denote by M(p)

m ∈ P(R
(p)
m ), m ∈ Sp+1, the stationary

state of the Markov chain X
(p)
t restricted to the closed irreducible class R(p)m .

Let π(1)j ∈ P(�), j ∈ S1, be the measure given by π(1)j := δxj , and define recursively

π
(p+1)
j ∈ P(�), 1 ≤ p ≤ q, j ∈ Sp+1, as

(2.14) π
(p+1)
j (·) := ∑

k∈Sp:V p,kn ⊂V
p+1,j
n

M
(p)
j (k)π

(p)
k (·).

We could have represented the sum more concisely as a sum carried over k ∈ R
(p)
j , but it

seems easier to understand its meaning by stating that we are summing over all indices k for
which V

p,k
n is a subset of V

p+1,j
n .

Clearly, the measures π(p)k , k ∈ Sp , are convex combinations of the Dirac measures δxi ,

i ∈ S1. A precise formula requires some notation. By (2.12), each set V
p,j
n , 1 ≤ p ≤ q, j ∈

Sp , is the union of sets V 1,i
n , called for this reason basal sets. Let

Sp,j :={i ∈ S1 : V 1,i
n ⊂ V p,j

n

}
, 2 ≤ p ≤ q+ 1, j ∈ Sp.



5586 C. LANDIM, R. MISTURINI AND F. SAU

Hence, Sp,j ⊂ S1 represents the set of indices i of the basal sets V 1,i
n which are contained in

V
p,j
n . Note that this set does not depend on n.
If i belongs to

⋃
j∈Sp Sp,j , then V 1,i

n is contained in a well V 2,k
n itself contained in V

(p)
n .

We denote by a2,i ∈ S2 the index of this well so that V 1,i
n ⊂ V

2,a2,i
n ⊂ V

(p)
n . Similarly, for

each 2 ≤ q < p, denote by aq,i the index k ∈ Sq of the well V
q,k
n which contains V 1,i

n and

is contained in V
(p)
n : V 1,i

n ⊂ V
q,aq,i
n ⊂ V

(p)
n . By the definition (2.12) of the wells, i ∈ R

(1)
a2,i ,

a2,i ∈ R
(2)
a3,i , . . . ,ap−1,i ∈ R

(p−1)
j . For i ∈ Sp,j , let

(2.15) mp,j (i) :=M(1)
a2,i
(i)M(2)

a3,i
(a2,i ) · · ·M(p−2)

ap−1,i
(ap−2,i )M

(p−1)
j (ap−1,i).

It is easy to check that mp,j is a probability measure on Sp,j : mp,j ∈ P(Sp,j ).
At the end of Section 3, we show that

(2.16) π
(p)
j (·)= ∑

k∈S1:V 1,k
n ⊂V

p,j
n

mp,j (k)δxk (·), 2 ≤ p ≤ q+ 1, j ∈ Sp.

Here again we could have represented the sum as one over k ∈ Sp,j .

Let πp,jn , j ∈ Sp , 1 ≤ p ≤ q be the stationary state πn conditioned to V
p,j
n . By Lemma

3.6, for each j ∈ Sp , πp,jn converges weakly to π(p)j .

2.3. Main results. We are now in a position to state the main results of this article.
Fix 1 ≤ p ≤ q. Denote by L(p) the generator of the Sp-valued Markov chain X

(p)
t . Let

I(p) : P(Sp)→ [0,+∞) be the level two large deviations rate functional of X(p)t given by

(2.17) I(p)(ω) := sup
h

− ∑
j∈Sp

ωj
1

h(j)

(
L(p)h

)
(j),

where the supremum is carried over all functions h : Sp → (0,∞). Denote by I (p) :
P(�)→ [0,+∞] the functional given by

(2.18) I (p)(μ) :=
⎧⎪⎨⎪⎩
I(p)(ω) if μ= ∑

j∈Sp
ωjπ

(p)
j for ω ∈ P(Sp),

+∞ otherwise.

The main result of the article reads as follows. Recall that X(n)t , t ≥ 0, is a �n-valued,
reversible, irreducible, continuous-time Markov chain, where �n is the discretization of an
open and bounded subset � of Rd .

THEOREM 2.7. Assume that Conditions (H0)–(H5) are in force. Then, a full �-expansion
of In as in Definition 2.1 is given by the speeds (θ(p)n , n ≥ 1), 1 ≤ p ≤ q, and functionals
I (p) : P(�)→ [0,+∞], 0 ≤ p ≤ q, appearing in Conditions (H0) and (H1), and (2.18).

This theorem provides an expansion of the large deviations rate functional In which can
be written as in (1.1). Therefore, the rate functional In encodes all the characteristics of
the metastable behaviour of the chain X(n)t . The time-scales θ(p)n appear as the speeds of
the expansion, and, by (2.18) and Lemma 5.1, the convex hull of the metastable states π(p)j ,

j ∈ Sp , form the 0-level set of the rate functional I (p−1)(·).
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REMARK 2.8. For many dynamics the 0-level set of the first term(s) of the expansion of
rate functional In are not convex combinations of Dirac measures. More precisely, there may
exist speeds (κ(p)n , n ≥ 1), 1 ≤ p ≤ r, and functionals J (p) : P(�)→ [0,+∞], 0 ≤ p ≤ r

satisfying Conditions (a)–(c) of Definition 2.1 and such that

(d’) There exists a finite set M = {x1, . . . , xn1} such that {μ ∈ P(�) : J (r)(μ) = 0} =
{∑j∈S1

ωjδxj : ω ∈ P(S1)}, where S1 = {1, . . . ,n1}.
Condition (d’) states that the rate functional Kn := κ(r)n In satisfies Condition (H0). In

view of (2.4), the functional Kn is the level two large deviations rate functional of the Markov
chain induced by the generator κ(r)n Ln, that is, the rate functional associated to the process
X
(n)
t speeded up by κ(r)n . Denote this process by Y (n)t : Y (n)t =X(n)

tκ
(r)
n

.

If the process Y (n)t and its associated rate-functional Kn also fulfill hypotheses (H1)–(H5),
by Theorem 2.7,

Kn = J (r) +
q∑
p=1

1

θ
(p)
n

I (p)·

Hence, as Kn := κ(r)n In, the full �-expansion of In reads as

(2.19) In = J (0) +
r∑
p=1

1

κ
(p)
n

J (p) +
q∑
q=1

1

κ
(r)
n θ

(q)
n

I (q).

This article presents a general method to derive the last terms I (q), 1 ≤ q ≤ q, of the
expansion. The analysis of the first ones J (p), 1 ≤ p ≤ r, has to be carried out by other
methods. The example of random walks in a potential field, discussed in Section 6, illustrates
and clarifies this remark. There, r = 1, and the first two terms of the expansion J (0) and
J (1) are obtained by a direct computation.

For some models, as condensing zero-range processes [3, 18, 29], in order to compute the
limit of the mean jump rates (2.10), one needs to take microscopic wells, and Condition (H4b)
fails. Indeed, if in Propositions 4.1 and 5.1 of [3] one replaces microscopic neighbourhoods
by small macroscopic ones, say balls of radius ε, the capacities between sets, and in conse-
quence the jump rates, become ε-dependent and Condition (H4b) fails. In Theorem 2.11, we
replace this condition by (H6).

(H6a) There exists c0 > 0 such that for each 1 ≤ p ≤ q, j ∈ Sp , πn(V
p,j
n )/πn(V

(p)
n )≥ c0

for all n≥ 1.
(H6b) Fix 1 ≤ p ≤ q. Let (μn : n ≥ 1) be a sequence in P(�n) such that μn converges

weakly to
∑
j∈S1

ωjδxj for some ω ∈ P(S1), and which fulfills

(2.20) lim inf
n→∞ θ(p)n In(μn) <∞.

Then, for all j ∈ S1, limn→∞μn(V 1,j
n )= ωj .

REMARK 2.9. Condition (H6a) is only used in Lemma 5.7 to show that Zn → 1. In
concrete examples one can drop this condition and prove directly that Zn converges to 1.

REMARK 2.10. Here is a strategy to prove Condition (H6b) assuming that the sequences
of Markov chains satisfy two conditions. Let πj,εn , j ∈ S1, ε > 0, be the stationary state
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πn conditioned to Bε(xj ). Suppose that πj,εn (Bε(xj ) \ V
1,j
n ) → 0. This is the first con-

dition which has to be proved in specific examples and which holds for condensing zero
range processes. Since μn converges weakly to

∑
j∈S1

ωjδxj , μn(Bε(xj ))→ ωj . To com-

plete the proof of (H6b), it remains to show that μn(Bε(xj ) \ V
1,j
n )→ 0. One can estimate

the difference μn(Bε(xj ) \ V
1,j
n ) − πj,εn (Bε(xj ) \ V

1,j
n ) by a constant times In(μn) (us-

ing the so-called path lemmas in hydrodynamic limit theory, cf. the proof of (4.5) which
relies on the same ideas). If the constant is not too large, and this is the second condition
alluded to at the beginning of the remark, it follows from the previous bound and (2.20) that
μn(Bε(xj ) \ V

1,j
n )− πj,εn (Bε(xj ) \ V

1,j
n )→ 0.

THEOREM 2.11. Assume that Conditions (H0)–(H3), (H4a), (H5), (H6) are in force.
Then, the assertion of Theorem 2.7 holds.

REMARK 2.12. Since, by hypothesis (H5), X(q)t has a unique closed irreducible class,
the 0-level set of I (q) is a singleton whose element is the measure

∑
j∈SqM

(q)
1 (j)π

(q)
j . This

means that we arrived at the end of the expansion of In with the functional I (q).

The next result is a simple consequence of the level two large deviations principle (2.3)
and the �-convergence stated in the previous theorems and in Condition (H0) for p = 0. (cf.
Corollary 4.3 in [26]). Recall from (2.2) the definition of L(n)t .

COROLLARY 2.13. Suppose that the hypotheses of Theorem 2.7 or 2.11 hold. Fix 0 ≤
p ≤ q and set θ(0)n = 1. For every closed subset F and open subset G of P(�),

lim sup
n→∞

lim sup
t→∞

θ
(p)
n

t
max
x∈�n

log P(n)x
[
L
(n)
t ∈ F ]≤ − inf

μ∈F I (p)(μ),

lim inf
n→∞ lim inf

t→∞
θ
(p)
n

t
min
x∈�n

log P(n)x
[
L
(n)
t ∈G]≥ − inf

μ∈GI (p)(μ).

Outline of the proof. The proof of the �-liminf, presented in Lemma 5.2, follows the method
introduced in [6]. It relies on the variational formula (2.4) for the rate functional and on the
fact that the generator applied to the harmonic extension of a function coincides with the
generator of the trace process applied to the original function. The main difficulty in this
proof is handled in Proposition 4.4, the principal result of Section 4.

The proof of the �-limsup, presented in Lemma 5.4, is more demanding. As in [6], one
first proves the �-limsup of the trace process. This is the content of the next section and
stated in Proposition 3.7. It is in the proof of this result that the metastable behavior of the
process, described in assumptions (H1), (H2), and the asymptotic behavior of the stationary
state, presented in Condition (H4a), are crucial.

After this initial step, one turns to the proof of the �-limsup, which is carried out induc-
tively. Condition (H0) and the induction hypothesis permit to restrict the proof of the upper
bound to probability measures μ which are convex combinations of Dirac masses. By the
proof of the �-limsup for the trace process, there exists a sequence μn, whose support is
concentrated on the set on which the trace is taken, which converges to μ and satisfies the
�-limsup. All the difficulty consists in extending the measure μn to a measure νn defined
on the whole space and whose energy is close to the trace-energy of μn. This step requires
delicate estimates and is presented in Lemma 5.7.
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Organization of the paper. The rest of the paper is organized as follows. In Section 3 we
prove the �-limsup for the trace process on V

(p)
n . In Section 4, we replace πn in equa-

tion (2.10) by a measure μn, and identify the limit as in (2.11), provided that the sequence
(μn : n ≥ 1) fulfills (2.20). This is the main step in the proof of the �-liminf. The proofs of
Theorems 2.7 and 2.11 are presented in Section 5. In Section 6, to illustrate the theory, we
show that random walks on a potential field satisfying a natural set of hypotheses fulfill the
conditions of Theorem 2.7.

3. �-limsup of the trace. Fix 1 ≤ p ≤ q, and denote by I
(p)
n : P(V

(p)
n )→ [0,+∞)

the occupation time large deviations rate functional of the trace process Y V
(p)
n
t :

(3.1) I (p)
n (μ) := sup

u
− ∑
x∈V

(p)
n

μ(x)
1

u(x)

[
(T

V
(p)
n

Ln)u)
]
(x),

where the supremum is carried over all functions u : V
(p)
n → (0,∞) and T

V
(p)
n

Ln is the

generator of the trace process Y V
(p)
n
t . The main result of this section, Proposition 3.7, states

that I (p) is a �-limsup for the sequence θ(p)n I
(p)
n .

Denote by Rpn (·, ·) the jump rates of the Markov chain Y V
(p)
n
t . Equation (2.8) provides an

explicit formula for Rpn (x, y). Let Rpn (x,A ) = ∑
y∈A R

p
n (x, y), A ⊂ V

(p)
n . We start with

estimates on the measures of the wells V
p,j
n , j ∈ Sp .

LEMMA 3.1. Assume that Condition (H1) is in force. Fix 1 ≤ p ≤ q. If r(p)(j, k) > 0 for
some k 
= j ∈ Sp , then πn(V

p,j
n )/πn(V

p,k
n ) converges to r(p)(k, j)/r(p)(j, k) ∈ [0,+∞).

PROOF. By reversibility,

(3.2)
∑

x∈V
p,j
n

πn(x)R
p
n

(
x,V p,k

n

)= ∑
x∈V

p,k
n

πn(x)R
p
n

(
x,V p,j

n

)
.

Divide and multiply the left-hand side by πn(V
p,j
n ) and divide both sides by πn(V

p,k
n ). By

Condition (H1), and since r(p)(j, k) > 0, the sequence πn(V
p,j
n )/πn(V

p,k
n ) converges to

r(p)(k, j)/r(p)(j, k) ∈ [0,+∞), as claimed. �

Recall from equation (2.14) the definition of the measures M(p)
m ∈ P(R

(p)
m ), m ∈ Sp+1.

COROLLARY 3.2. Assume that Conditions (H1), (H2) are in force. Fix 1 ≤ p ≤ q

and m ∈ Sp+1. Then, for all j ∈ Sp such that V
p,j
n ⊂ V

p+1,m
n , the sequence πn(V

p,j
n )/

πn(V
p+1,m
n ) converges toM(p)

m (j).

PROOF. Fix 1 ≤ p ≤ q, m ∈ Sp+1 and j ∈ Sp such that V
p,j
n ⊂ V

p+1,m
n . By definition

of V
p+1,m
n , j ∈ R

(p)
m . Since R

(p)
m is a closed irreducible class of X(p)t , by Lemma 3.1, for

all k, j ∈ R
(p)
m , πn(V

p,j
n )/πn(V

p,k
n ) converges to a real number in (0,∞). In particular, for

j ∈ R
(p)
m , πn(V

p,j
n )/πn(V

p+1,m
n ) converges to a real number denoted by m(j) ∈ (0,1). By

(3.2),

(3.3) πn
(
V p,j
n

) ∑
x∈V

p,j
n

πn(x)

πn(V
p,j
n )

Rpn
(
x,V p,k

n

)= πn(V p,k
n

) ∑
x∈V

p,k
n

πn(x)

πn(V
p,k
n )

Rpn
(
x,V p,j

n

)
.
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Dividing both sides by πn(V
p+1,m
n ) and taking the limit, Condition (H1) yields that m(·)

satisfies the detailed balance conditions for the rates r(p) restricted to R
(p)
m , so that m(j)=

M
(p)
m (j), as claimed. �

Recall from (2.15) the definition of the probability measure mp,j ∈ P(Sp,j ).

COROLLARY 3.3. Assume that Conditions (H1), (H2) are in force. Fix 1 ≤ p ≤ q and
j ∈ Sp . Then, for all i ∈ Sp,j the sequence πn(V 1,i

n )/πn(V
p,j
n ) converges tomp,j (i) ∈ (0,1).

PROOF. Rewrite the ratio πn(V 1,i
n )/πn(V

p,j
n ) as

πn(V
1,i
n )

πn(V
2,a2,i
n )

πn(V
2,a2,i
n )

πn(V
3,a3,i
n )

· · · πn(V
p−1,ap−1,i
n )

πn(V
p,j
n )

·

By Corollary 3.2, this expression converges to mp,j (i), as claimed. �

Recall from (2.12) the definition of the sets V
p+1,m
n , m ∈ Sp+1. Since we want Vp+1 =

{V p+1,1
n , . . . ,V

p+1,np+1
n ,�

(p+1)
n } to form a partition of �n, we define �(p+1)

n as �(p+1)
n :=

�
(p)
n
⋃
j∈Tp V

p,j
n .

LEMMA 3.4. Assume that Conditions (H1), (H2), (H4a) are in force. Then, for all 1 ≤
p ≤ q, πn(V

(p)
n )→ 1.

PROOF. The proof is by induction on p. For p = 1, it is hypothesis (H4a). Suppose that
it holds for all 1 ≤ p′ ≤ p so that πn(�

(p)
n )→ 0. It remains to show that πn(V

p,j
n )→ 0 for

all j ∈ Tp .

Fix j ∈ Tp . There exist j = j0, j1, . . . , jr = k ∈ R
(p)
i for some i ∈ Sp+1 such that

r(p)(ja, ja+1) > 0 for 0 ≤ a < r . By Lemma 3.1, as j ∈ Tp and k ∈ R
(p)
i , πn(V

p,j
n )/

πn(V
p,k
n )→ 0, so that πn(V

p,j
n )→ 0, as claimed. �

Fix 1 ≤ p ≤ q. Denote by Q
(p)
a , 1 ≤ a ≤ ℓp , the equivalent classes of the Markov chain

X
(p)
t , by D

(p)
a , 1 ≤ a ≤ mp , the ones which are not singletons, and by Ssgl

p the set of states
j ∈ Sp such that {j} is an equivalent class. Clearly,

(3.4) Sp =
ℓp⋃
a=1

Q(p)a = Ssgl
p ∪

mp⋃
a=1

D(p)a .

The next result extends Corollary 3.2 to equivalent classes which are not closed. Let W
p,a
n =⋃

j∈D(p)a V
p,j
n , 1 ≤ a ≤ mp , and let mp,aj be the unique stationary state (actually reversible)

of the chain X
(p)
t reflected at D(p)a .

LEMMA 3.5. Assume that Conditions (H1), (H2) are in force. For all 1 ≤ a ≤ mp , j ∈
D
(p)
a , πn(V

p,j
n )/πn(W

p,a
n )→m

p,a
j ∈ (0,1).

The proof of this result is similar to the one of Corollary 3.2 and left to the reader. Recall
the definition of the measures π(p)j , j ∈ Sp , introduced in (2.14).
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LEMMA 3.6. Assume that Conditions (H1), (H2) and (H4a) are in force. Let πp,jn , j ∈ Sp ,

1 ≤ p ≤ q be the stationary state πn conditioned to V
p,j
n . Then, for each j ∈ Sp , πp,jn → π

(p)
j

weakly.

PROOF. The proof is by induction on p. For p = 1, it is hypothesis (H4a). Assume it
has been proven for 1 ≤ r ≤ p. By construction, V

p+1,m
n =⋃

k∈R(p)m V
p,k
n . By definition of

π
p+1,m
n ,

πp+1,m
n (·)= ∑

k∈R(p)m

πn(V
p,k
n )

πn(V
p+1,m
n )

πp,kn (·).

By Corollary 3.2, πn(V
p,k
n )/πn(V

p+1,m
n ) converges to M(p)

m (k), and by the induction as-
sumption, πp,kn converges weakly to π(p)k . Hence, πp+1,m

n converges weakly to∑
k∈R(p)m

M(p)
m (k)π

(p)
k (·),

which, by (2.14), is equal to π(p+1)
m , as claimed. �

Fix a measure μ=∑
j∈Sp ωjπ

(p)
j for some ω ∈ P(Sp) such that ωj > 0 for all j ∈ Sp . Let

ω
(a)
j = ωj/�a , �a =∑

j∈D(p)a ωj , 1 ≤ a ≤mp . Denote by L
(p)
a the generator of the Markov

chain X
(p)
t reflected at D(p)a . By (2.18), Lemma A.7 and equation (A-14) in [20],

(3.5) I (p)(μ)=
mp∑
a=1

�aIL(p)a

(
ω(a)

)+ ℓp∑
a=1

∑
b 
=a

∑
j∈Q(p)a

∑
k∈Q(p)b

ωj r
(p)(j, k),

where I
L
(p)
a
(·) represents the level two large deviations rate functional associated to the gen-

erator L(p)a . Note that we can restrict the first sum in the second term of the right-hand side
to the transient equivalent classes. The main result of this section reads as follows.

PROPOSITION 3.7. Assume that Conditions (H1), (H2) and (H4a) hold. Fix 1 ≤ p ≤ q.
For ω ∈ P(Sp), let μn ∈ P(V

(p)
n ) be the measure given by

(3.6) μn(·)=
∑
j∈Sp

ωjπ
p,j
n (·).

Assume that ωj > 0 for all j ∈ Sp . Then, μn → μ :=∑
j∈Sp ωjπ

(p)
j and

lim sup
n→∞

θ(p)n I (p)
n (μn)≤ I (p)(μ).

PROOF. Fix 1 ≤ p ≤ q, and let π(p)n ∈ P(V
(p)
n ) be the measure given by π(p)n (x) :=

πn(x)/πn(V
(p)
n ). By Lemma 3.6, μn converges to μ in the weak topology. On the other

hand, as by [2], Proposition 6.3, the trace process is reversible, and since

dμn

dπ
(p)
n

(x)= ωj

πn(V
p,j
n )

πn
(
V (p)
n

)
, x ∈ V p,j

n ,
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by formula (2.5) for the trace process and elementary simplifications,

I (p)
n (μn)= 1

2

∑
j∈Sp

∑
k 
=j

(√
ωk

πn(V
p,k
n )

−
√

ωj

πn(V
p,j
n )

)2 ∑
x∈V

p,j
n

πn(x)R
p
n

(
x,V p,k

n

)
.

By Lemma 3.5 and Condition (H1), for 1 ≤ a ≤mp .

lim
n→∞

θ
(p)
n

2

∑
j∈D(p)a

∑
k∈D(p)a \{j}

(√
ωk

πn(V
p,k
n )

−
√

ωj

πn(V
p,j
n )

)2 ∑
x∈V

p,j
n

πn(x)R
p
n

(
x,V p,k

n

)

= 1

2

∑
j∈D(p)a

∑
k∈D(p)a \{j}

(√
ωk

m
p,a
k

−
√
ωj

m
p,a
j

)2
m
p,a
j r(p)(j, k)=�aIL(p)a

(
ω(a)

)
.

This expression corresponds to the first term in (3.5).
It remains to consider the case where j and k belong to different equivalent classes, so that

either r(p)(j, k) = 0 or r(p)(k, j) = 0. Assume first that r(p)(j, k) > 0 and r(p)(k, j) = 0.
By (3.3) and Condition (H1), πn(V

p,j
n )/πn(V

p,k
n )→ 0. Hence, dividing and multiplying the

next expression by πn(V
p,j
n ) yields, by Condition (H1), that

lim
n→∞ θ

(p)
n

(√
ωk

πn(V
p,k
n )

−
√

ωj

πn(V
p,j
n )

)2 ∑
x∈V

p,j
n

πn(x)R
p
n

(
x,V p,k

n

)= ωjr(p)(j, k).
Similarly, by the detailed-balance relation (3.2),

lim
n→∞ θ

(p)
n

(√
ωk

πn(V
p,k
n )

−
√

ωj

πn(V
p,j
n )

)2 ∑
x∈V

p,k
n

πn(x)R
p
n

(
x,V p,j

n

)= ωjr(p)(j, k).
These expressions correspond to the second term in (3.5).

Finally, we consider the case where r(p)(j, k) = r(p)(k, j) = 0. Let n′ be a subsequence
such that

lim sup
n→∞

θ(p)n

(√
ωk

πn(V
p,k
n )

−
√

ωj

πn(V
p,j
n )

)2 ∑
x∈V

p,j
n

πn(x)R
p
n

(
x,V p,k

n

)

= lim
n′→∞ θ

(p)

n′

(√
ωk

πn′(V p,k

n′ )
−
√

ωj

πn′(V p,j

n′ )

)2 ∑
x∈V

p,j

n′

πn′(x)Rpn′
(
x,V

p,k

n′
)
.

Assume that πn′(V p,j

n′ )/πn′(V p,k

n′ ) ≤ 1 for infinitely many n′’s. Denote by n′′ the subse-
quence for which this inequality holds always. Dividing and multiplying the previous expres-
sion by πn′′(V p,j

n′′ ), by Condition (H1), as r(p)(j, k)= 0 and πn′′(V p,j

n′′ )/πn′′(V p,k

n′′ )≤ 1,

lim sup
n′′→∞

θ
(p)

n′′

(√
ωk

πn′′(V p,k

n′′ )
−
√

ωj

πn′′(V p,j

n′′ )

)2 ∑
x∈V

p,j

n′′

πn′′(x)Rpn′′
(
x,V

p,k

n′′
)= 0.

In the case where πn′(V p,j

n′ )/πn′(V p,k

n′ ) ≥ 1 for infinitely many n′’s, we use the detailed
balance Condition (3.2) to replace∑

x∈V
p,j

n′

πn′(x)Rpn′
(
x,V

p,k

n′
)

by
∑

x∈V
p,k

n′

πn′(x)Rpn′
(
x,V

p,j

n′
)

and repeat the argument presented above.
The assertion of the proposition follows from the previous estimates and formula (3.5) for

I (p)(μ). �
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REMARK 3.8. In the previous proof, we only used the hypothesis that ωj > 0 for all
j ∈ Sp to be able to use formula (3.5) for I (p)(μ).

We conclude this section proving identity (2.16) by induction. For p = 2 the equality holds
because the sums in (2.16) for p = 2 and in (2.14) for p = 1 are performed over the same set
of indices, and π(1)k = δxk . M(1)

j (k) = m2,j (k). Suppose that (2.16) holds for all 2 ≤ p ≤ r .
By (2.14) and by (2.16) for p = r , for all j ∈ Sr+1,

π
(r+1)
j (·)= ∑

k∈Sr :V r,kn ⊂V
r+1,j
n

∑
ℓ∈S1:V 1,ℓ

n ⊂V r,kn

M
(r)
j (k)mr,k(ℓ)δxℓ(·).

The sums can be merged as a sum over all indices ℓ ∈ S1 such that V 1,ℓ
n ⊂ V

r+1,j
n . This

obvious conclusion can be reached due to the representation of the sums as ones over indices
of sets contained in other sets. On the other hand, by (2.15), M(r)

j (k)mr,k(ℓ) = mr+1,j (ℓ).
Hence, the previous sum is equal to

π
(r+1)
j (·)= ∑

ℓ∈S1:V 1,ℓ
n ⊂V

r+1,j
n

mr+1,j (ℓ)δxℓ(·),

which is (2.16) for r + 1. This completes the proof of the claim.

4. Rate functional estimates. Fix 1 ≤ p ≤ q. In the proof of the �-liminf of θ(p)n In,
we may restrict our attention to sequences of measures (μn : n≥ 1) which fulfills Condition
(2.20). The main result of this section, Proposition 4.4, states that for such measures we
recover the limit in (2.11) if we replace in (2.10) the conditional measure πn(·)/πm(V p,j ) by
the measure μn.

The proof of this proposition relies on two simple lemmata. The first one, Lemma 4.1,
asserts that the energy of a function on the union of disjoint subsets of �n is bounded by
the total energy. The second one, Lemma 4.2, states that under Condition (H4b) the measure
μn(V

1,j
n ) of a valley V

1,j
n converges to ωj for any sequence of measures μn which converges

weakly to
∑
j∈S1

ωjδxj for some ω ∈ P(S1).
Recall from (2.13) the definition of the Dirichlet form Dn(·, ·).

LEMMA 4.1. Let U (1)
n , . . . ,U (m)

n be disjoint subsets of �n, n ≥ 1. Under assumption
(2.20),

lim sup
n→∞

θ(p)n

m∑
j=1

Dn
(
U (j)
n ,

√
f
(j)
n

)
<∞,

where f (j)n (z)= μn(z)/π̂ (j)n (z), π̂ (j)n (z)= πn(z)/πn(U (j)
n ), z ∈ U

(j)
n .

PROOF. By definition,

In(μn)= 1

2

∑
x∈�n

∑
y∈�n\{x}

πn(x)Rn(x, y)
[√
h(y)−√

h(x)
]2
,

where h(z)= μn(z)/πn(z). The right-hand side is bounded below by

1

2

m∑
j=1

∑
x∈U

(j)
n

∑
y∈U

(j)
n \{x}

πn(x)Rn(x, y)
[√
h(y)−√

h(x)
]2
.
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For a fixed 1 ≤ j ≤ m, divide and multiply the summand by πn(U
(j)
n ) to rewrite this sum as

m∑
j=1

Dn
(
U (j)
n ,

√
f
(j)
n

)
.

The assertion of the lemma now follows from Condition (2.20). �

LEMMA 4.2. Assume that Condition (H4b) is fulfilled. Fix 1 ≤ p ≤ q. If μn converges
weakly to

∑
j∈S1

ωjδxj for some ω ∈ P(S1), then, for all j ∈ S1, limn→∞μn(V 1,j
n )= ωj .

PROOF. As μn converges weakly to
∑
j∈S1

ωjδxj , since the balls Bε(xj ) are disjoint,
μn(Bε(xj ))→ ωj for j ∈ S1. Let A = [⋃j∈S1

Bε(xj )]c, so that μn(A )→ 0.

By (H4b), Bε(xj )∩�n ⊂ V
1,j
n ⊂ [Bε(xj )∪ A ] ∩�n so that

ωj = lim
n→∞μn

(
Bε(xj )

)≤ lim inf
n→∞ μn

(
V 1,j
n

)
≤ lim sup

n→∞
μn
(
V 1,j
n

)≤ lim
n→∞

{
μn
(
Bε(xj )

)+μn(A )}= ωj ,
as claimed. �

REMARK 4.3. In the previous lemma, we proved that, for any sequence μn →∑
j∈S1

ωjδxj , (H4b) implies that μn(V
1,j
n )→ ωj . The latter is the conclusion of Condition

(H6b). Note that in this lemma we do not use the additional Condition (2.20). Hence, Lemma
4.2 states that (H4b) is a stronger hypothesis than (H6b), but which may be too restrictive in
some situations, as discussed in the paragraph above Condition (H6b).

PROPOSITION 4.4. Assume that Conditions (H1), (H2), (H4b) and (H5) hold. Fix 1 ≤
p ≤ q. Let (μn : n ≥ 1) be a sequence in P(�n) such that μn →∑

j∈Sp ωjπ
(p)
j weakly for

some ω ∈ P(Sp), and which fulfills (2.20). Then,

lim
n→∞ θ

(p)
n

∑
x∈V

p,j
n

μn(x)R
(p)
n

(
x,V p,k

n

)= ωjr(p)(j, k)
for all k 
= j ∈ Sp .

PROOF. Fix 1 ≤ p ≤ q, k 
= j ∈ Sp . Recall from (2.16) the definition of the set Sp,j to
write ∑

x∈V
p,j
n

μn(x)R
(p)
n

(
x,V p,k

n

)= ∑
i∈Sp,j

∑
x∈V 1,i

n

μn(x)R
(p)
n

(
x,V p,k

n

)
.

Let fn(x) = μn(x)/π1,i
n (x), Gn(x)= R(p)n (x,V p,k

n ), x ∈ V
p,j
n . With this notation, the pre-

vious sum is equal to ∑
i∈Sp,j

∑
x∈V 1,i

n

π1,i
n (x)fn(x)Gn(x).

This expression can be written as

(4.1)

∑
i∈Sp,j

μn
(
V 1,i
n

) ∑
x∈V 1,i

n

π1,i
n (x)Gn(x)

+ ∑
i∈Sp,j

∑
x∈V 1,i

n

π1,i
n (x)Gn(x)

{
fn(x)−

∑
y∈V 1,i

n

π1,i
n (y)fn(y)

}
.
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We consider separately the two terms in (4.1). We claim that

(4.2) lim
n→∞ θ

(p)
n

∑
i∈Sp,j

μn
(
V 1,i
n

) ∑
x∈V 1,i

n

π1,i
n (x)Gn(x)= ωjr(p)(j, k).

Indeed, rewrite the first term in (4.1) as

(4.3)

∑
i∈Sp,j

{
μn
(
V 1,i
n

)−ωj πn(V 1,i
n )

πn(V
p,j
n )

} ∑
x∈V 1,i

n

π1,i
n (x)Gn(x)

+ ωj

πn(V
p,j
n )

∑
i∈Sp,j

∑
x∈V 1,i

n

πn(x)Gn(x).

By assumption (H1), the second term multiplied by θ(p)n converges to ωjr(p)(j, k). On
the other hand, by (2.16), Lemma 4.2 and Corollary 3.3, the sequences μn(V 1,i

n ) and

ωjπn(V
1,i
n )/πn(V

p,j
n ) converge to ωjmp,j (i) as n→ ∞. Hence, μn(V 1,i

n )−ωj [πn(V 1,i
n )/

πn(V
p,j
n )] is a bounded sequence which converges to 0 as n→ ∞. Moreover,

(4.4) θ(p)n

∑
x∈V 1,i

n

π1,i
n (x)Gn(x)≤ θ(p)n

πn(V
p,j
n )

πn(V
1,i
n )

1

πn(V
p,j
n )

∑
x∈V

p,j
n

πn(x)Gn(x).

Note that the sum on the right-hand side is now carried over x ∈ V
p,j
n , which explains

the inequality. By Condition (H1) and Corollary 3.3, the right-hand side converges to
mp,j (i)

−1r(p)(j, k) and is therefore bounded. The last two estimates yield that the first term

in (4.3) multiplied by θ(p)n vanish as n→ ∞, which proves claim (4.2).
We turn to the second term in (4.1). Fix i ∈ Sp,j . We claim that there exists a finite constant

C0, independent of n, such that

(4.5)

∣∣∣∣θ(p)n ∑
x∈V 1,i

n

π1,i
n (x)Gn(x)

∑
y∈V 1,i

n

π1,i
n (y)

{
fn(x)− fn(y)}∣∣∣∣

≤An
{
θ(p)n

∑
x∈V 1,i

n

μn(x)Gn(x)+C0

}
+C0

βn

An
Dn
(
V 1,i
n ,

√
fn
)

for all An > 0, where βn is the sequence introduced in Condition (H5).
Rewrite fn(x)−fn(y) as [√fn(x)+√

fn(y)]×[√fn(x)−√
fn(y)]. By Young’s inequal-

ity 2ab ≤ a2 +b2 and sinceGn is nonnegative and (
√
b+√

a)2 ≤ 2a+2b, the left-hand side
of (4.5) is bounded by

(4.6)

θ(p)n An
∑

x,y∈V 1,i
n

π1,i
n (x)π

1,i
n (y)Gn(x)

{
fn(y)+ fn(x)}

+ θ
(p)
n

2An

∑
x∈V 1,i

n

π1,i
n (x)Gn(x)

∑
y∈V 1,i

n

π1,i
n (y)

{√
fn(y)−

√
fn(x)

}2

for all An > 0. Since π1,i
n (V

1,i
n )= 1, the first term is bounded by

θ(p)n An
∑
x∈V 1,i

n

π1,i
n (x)fn(x)Gn(x)+ θ(p)n Anμn

(
V 1,i
n

) ∑
x∈V 1,i

n

π1,i
n (x)Gn(x).

We have shown in (4.4) that the sequence θ(p)n
∑
x∈V 1,i

n
π1,i
n (x)Gn(x) is bounded. The previ-

ous displayed equation corresponds therefore to the first term in (4.5).
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By assumption (H5), the second term in (4.6) is bounded by

βn

An
Dn
(
V 1,i
n ,

√
fn
)
θ(p)n

∑
x∈V 1,i

n

π1,i
n (x)Gn(x).

Since by (4.4) the sequence θ(p)n
∑
x∈V 1,i

n
π1,i
n (x)Gn(x) is bounded, this expression corre-

sponds to the second term in (4.5) and completes the proof of this assertion.
We have now all elements to prove the proposition. Choose a sequence An → 0 such that

βn/An ≺ θ(p)n . With this choice, by Lemma 4.1,

(4.7) lim
n→∞

∑
i∈Sp,j

βn

An
Dn
(
V 1,i
n ,

√
fn
)= 0.

Let un, vn be the sequences given by un = θ
(p)
n

∑
x∈V

p,j
n
μn(x)Gn(x), vn = θ

(p)
n ×∑

i∈Sp,j μn(V
1,i
n )

∑
x∈V 1,i

n
π1,i
n (x)Gn(x).

By (4.1), (4.2), (4.5) and (4.7), un = vn + wn, where vn converges to ωjr(p)(j, k) and
|wn| ≤ δnun + εn for some sequences δn and εn which vanish as n→ ∞. From these esti-
mates, it is easy to conclude that un → ωjr

(p)(j, k), as claimed. �

In the proof of the previous proposition, Condition (H4b) is only used to apply Lemma
4.2. We may, therefore, replace this condition by the conclusion of Lemma 4.2, that is, by
Condition (H6b).

LEMMA 4.5. Assume that Conditions (H1), (H2), (H5) and (H6b) hold. Fix 1 ≤ p ≤ q.
Let (μn : n ≥ 1) be a sequence in P(�n) such that μn →∑

j∈Sp ωjπ
(p)
j weakly for some

ω ∈ P(Sp), and which fulfills (2.20). Then,

lim
n→∞ θ

(p)
n

∑
x∈V

p,j
n

μn(x)R
(p)
n

(
x,V p,k

n

)= ωjr(p)(j, k)
for all k 
= j ∈ Sp .

We conclude this section with a crude bound for the sequence βn appearing in Condition
(H5). This estimate on βn is never used in the sequel, but we report it as it may be useful for
future applications.

Turn the set V 1,i
n into a graph by introducing the set of unoriented (because the process

is reversible) edges E = {(x, y) : Rn(x, y) > 0}. Denote by diamV 1,i
n the graph diameter of

V 1,i
n , that is, the maximal graph distance between two points of V 1,i

n .

LEMMA 4.6. For all j ∈ Sp , i ∈ Sp,j , h ∈L2(V 1,i
n ),

max
x∈V 1,i

n

∑
y∈V 1,i

n

π1,i
n (y)

{
h(y)− h(x)}2 ≤ 2βnDn

(
V 1,i
n , h

)
,

where βn = diamV 1,i
n max(x,y)∈E c

1,i
n (x, y)

−1, with c1,i
n (x, y)= π1,i

n (x)Rn(x, y).

PROOF. Fix x ∈ V 1,i
n . For y ∈ V 1,i

n , let γy = (x = z0, . . . , zm = y) be a geodesic from x
to y. By the Schwarz inequality, and since the length of the path is at most diamV 1,i

n ,∑
y∈V 1,i

n

π1,i
n (y)

{
h(y)− h(x)}2

≤ diamV 1,i
n

∑
y∈V 1,i

n

π1,i
n (y)

∑
(zi ,zi+1)∈γy

{
h(zi+1)− h(zi)}2

.
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Inverting the order of summation, this sum becomes

diamV 1,i
n

∑
(w,z)∈E

{
h(z)− h(w)}2 ∑

y∈V 1,i
n

π1,i
n (y).

In this equation, the second sum is performed over all y ∈ V 1,i
n whose path γy passes through

the edge (w, z). Since the sum over y is bounded by 1, this expression is less than or equal to

diamV 1,i
n max

(x,y)∈E

1

c
1,i
n (x, y)

∑
(w,z)∈E

π1,i
n (z)Rn(z,w)

{
h(z)− h(w)}2

,

as claimed. �

5. Proof of Theorems 2.7 and 2.11. The proof of Theorem 2.7 relies on three lemmata.
Recall the definition of the measures π(p)j introduced in (2.14). The next result is [20], Lemma
5.1. We present its proof for the sake of completeness.

LEMMA 5.1. Assume that Conditions (H0)–(H2) hold. Fix 0 ≤ p < q. Then,

I (p+1)(μ) <∞ if and only if I (p)(μ)= 0.

PROOF. Suppose that I (p)(μ) = 0. Then, by Condition (H0) for p = 0 and (2.18) for
1 ≤ p < q, μ=∑

j∈Sp ωjπ
(p)
j for some ω ∈ P(Sp) and I(p)(ω)= 0. By the definition (2.17)

of I(p) and [20], Lemma A.8, ω is a stationary state of the Markov chain X
(p)
t , that is, ω is a

convex combination of the measuresM(p)
m , m ∈ Sp+1 introduced above (2.14):

ω(j)= ∑
m∈Sp+1

ϑ(m)M(p)
m (j), j ∈ Sp,

for some ϑ ∈ P(Sp+1). Inserting this expression in the formula for μ and changing the order
of summation yields that

μ= ∑
m∈Sp+1

ϑ(m)
∑
j∈Sp

M(p)
m (j)π

(p)
j = ∑

m∈Sp+1

ϑ(m)π(p+1)
m ,

where we used identity (2.14) in the last step. This proves the first assertion of the lemma
because I(p+1)(ϑ) <∞ for all ϑ ∈ P(Sp+1). We turn to the converse.

Suppose that I (p+1)(μ) <∞. In this case, by (2.18), μ=∑
m∈Sp+1

ϑ(m)π
(p+1)
m for some

ϑ ∈ P(Sp+1). By (2.14), this identity can be rewritten as

μ(·)= ∑
j∈Sp

( ∑
m∈Sp+1

ϑ(m)M(p)
m (j)

)
π
(p)
j (·).

Therefore, by the definition of I (p), I (p)(μ) = I(p)(ω), where ω(j) = ∑
m∈Sp+1

ϑ(m)×
M
(p)
m (j). As the measures M(p)

m are stationary for the chain X
(p)
t , so is ω. Thus, by [20],

Lemma A.8, I(p)(ω)= 0, as claimed. �

The next result is the �-liminf part of Theorem 2.7 for measures which can be expressed
as convex combinations of the measures π(p)j .

LEMMA 5.2. Assume that Conditions (H1), (H2), (H4b) and (H5) are in force. Fix 1 ≤
p ≤ q and a sequence μn ∈ P(�n) of probability measures converging toμ=∑

j∈Sp ωjπ
(p)
j

for some ω ∈ P(Sp). Then,

lim inf
n→∞ θ(p)n In(μn)≥ I (p)(μ).
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PROOF. Consider a sequence μn → μ. We may assume, without loss of generality, that
(2.20) holds. Fix a function h : Sp → (0,∞), and let hn : V

(p)
n → (0,∞) be given by hn =∑

j∈Sp h(j)χ
V
p,j
n

. Let un : �n → R be the solution of the Poisson equation

(5.1)

{
Lnun = 0, �n \ V (p)

n ,

un = hn, V (p)
n .

By the standard stochastic representation of the solution of the Poisson equation un(x) =
E(n)x [hn(X(n)τn )], with τn ≥ 0 being the first hitting time of V

(p)
n , it is clear that un(x) ∈ (0,∞)

for all x ∈�n.
By the definition of In,

In(μn)≥ −
∫
�n

Lnun

un
dμn.

Since un is harmonic on �n \ V
(p)
n and un = hn on V

(p)
n , by [6], Lemma A.1, the right-hand

side is equal to

−
∫
V
(p)
n

Lnun

un
dμn = −

∫
V
(p)
n

Lnun

hn
dμn = −

∫
V
(p)
n

(T
V
(p)
n

Ln)hn

hn
dμn,

where T
V
(p)
n

Ln has been introduced in (3.1) and is the generator of the trace process Y V
(p)
n
t .

Since hn is constant on each set V
p,j
n (and equal to h(j)), the last integral is equal to

− ∑
j,k∈Sp

[h(k)− h(j)]
h(j)

∑
x∈V

p,j
n

μn(x)R
(p)
n

(
x,V p,k

n

)
.

By Proposition 4.4, this expression multiplied by θ(p)n converges to

− ∑
j∈Sp

ωj
1

h(j)

∑
k∈Sp

r(p)(j, k)
[
h(k)− h(j)

]= − ∑
j∈Sp

ωj
L(p)h

h
.

Summarising, we proved that

lim inf
n→∞ θ(p)n In(μn)≥ sup

h
− ∑
j∈Sp

ωj
L(p)h

h
,

where the supremum is carried over all functions h : Sp → (0,∞). By (2.17), (2.18), the
right-hand side is precisely I (p)(μ), which completes the proof of the �-liminf. �

As in Lemma 4.5, in the proof of the previous lemma, Condition (H4b) is only used to
apply Lemma 4.2. We may, therefore, replace this condition by the conclusion of Lemma
4.2, that is, by Condition (H6b). This is the assertion of the next result.

LEMMA 5.3. Assume that Conditions (H1), (H2), (H5) and (H6b) are in force. Fix 1 ≤
p ≤ q and a sequence μn ∈ P(�n) of probability measures converging toμ=∑

j∈Sp ωjπ
(p)
j

for some ω ∈ P(Sp). Then,

lim inf
n→∞ θ(p)n In(μn)≥ I (p)(μ).
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For a function u : �n → (0,∞), denote by MuLn the generator Ln tilted by the function
u:

(5.2)
[
(MuLn)f

]
(x)= ∑

y∈�n

1

u(x)
Rn(x, y)u(y)

[
f (y)− f (x)]

for f : �n → R. Next result is the �-limsup part of Theorem 2.7 for measures which can be
expressed as positive convex combinations of the measures π(p)j .

LEMMA 5.4. Assume that Conditions (H1), (H2) and (H4) hold. Fix 1 ≤ p ≤ q and as-
sume that I (p) is a �-liminf for the sequence θ(p)n In. Let μ = ∑

j∈Sp ωjπ
(p)
j for some

ω ∈ P(Sp) such that ωj > 0 for all j ∈ Sp . Then, there exists a sequence νn ∈ P(�n) such
that νn → μ and

lim sup
n→∞

θ(p)n In(νn)≤ I (p)(μ).

PROOF. Let μn be the sequence of probability measures given by (3.6). By Proposition
3.7, μn → μ and

(5.3) lim sup
n→∞

θ(p)n I (p)
n (μn)≤ I (p)(μ).

Since the trace process Y V
(p)
n
t is irreducible and μn(x) > 0 for all x ∈ V

(p)
n , by [20],

Lemma A.3, there exists hn : V
(p)
n → (0,∞) such that

I (p)
n (μn)= −

∫
V
(p)
n

1

hn

[
(T

V
(p)
n

Ln)hn
]
dμn.

Denote by un the harmonic extension of hn to �n given by (5.1). Recall the definition of
the tilted generator MunLn introduced in (5.2), and let νn be its stationary state. By [20],
Proposition C.1,

(5.4) In(νn)≤ I (p)
n (μn).

In view of (5.3), (5.4), it remains to show that νn → μ.
As νn is the stationary state of the Markov chain X(n)t tilted by un, by [2], Proposition

6.3, νn conditioned to V
(p)
n is the stationary state of the Markov chain induced by the gen-

erator T
V
(p)
n

MunLn. By [20], Lemma C.4, this generator coincides with MhnTV
(p)
n

Ln. By

definition, μn is the stationary state of this later Markov chain. Hence, μn(·)= νn(·|V (p)
n ).

Since μn → μ and μn(·)= νn(·|V (p)
n ), it is enough to show that νn(V

(p)
n )→ 1. Assume,

by contradiction, that lim infn νn(V
(p)
n ) < 1. Since P(�) is compact for the weak topology,

consider a subsequence, still denoted by νn, such that νn → ν ∈ P(�), limn νn(V
(p)
n ) < 1.

By the �-liminf,

(5.5) lim inf
n→∞ θ(p)n In(νn)≥ I (p)(ν).

On the other hand, fix ε > 0 given by Condition (H4b). As νn → ν,

ν

(⋃
i∈S�p

Bε(xi)

)
≤ lim inf

n→∞ νn

(⋃
i∈S�p

Bε(xi)

)
≤ lim inf

n→∞ νn
(
V (p)
n

)
< 1,

where S�p =⋃
j∈Sp Sp,j . Hence, ν({xi : i ∈ S�p}) < 1, and, by the definition (2.18) of I (p),

I (p)(ν)= +∞. However, by (5.3), (5.4),

lim sup
n→∞

θ(p)n In(νn)≤ I (p)(μ)= I(p)(ω) <∞,
in contradiction with (5.5).
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This shows that νn(V
(p)
n )→ 1, so that νn → μ, and completes the proof of the lemma.

�

PROOF OF THEOREM 2.7. Condition (a) of Definition 2.1 follows from assumption (H1).
Condition (c) is proved in Lemma 5.1. Condition (d) follows from assumption (H3), the
definition of the functional I (q) and the fact that the functional I(q) vanishes only at the
stationary states of the chain X

(q)
t . It remains to examine Condition (b) of the definition.

The proof is by induction in p. The case p = 0 is covered by Condition (H0). Fix 1 ≤ p ≤ q

and assume that the result holds for 0 ≤ p′ <p.
�-liminf : For all μ ∈ P(�) and all sequences of probability measures μn ∈ P(�n) such

that μn → μ,

(5.6) lim inf
n→∞ θ(p)n I (p)

n (μn)≥ I (p)(μ).

Fix a probability measure μ on � and a sequence μn converging to μ. Suppose that
I (p−1)(μ) > 0. In this case, since θ(p−1)

n In �-converges to I (p−1) and θ(p)n /θ
(p−1)
n → ∞,

lim inf
n→∞ θ(p)n In(μn)= lim inf

n→∞
θ
(p)
n

θ
(p−1)
n

θ(p−1)
n In(μn)≥ I (p−1)(μ) lim

n→∞
θ
(p)
n

θ
(p−1)
n

= ∞.

On the other hand, by Lemma 5.1, I (p)(μ)= ∞. This proves the �-liminf convergence for
measures μ such that I (p−1)(μ) > 0.

Assume that I (p−1)(μ)= 0. By Lemma 5.1, there exists a probability measure ω on Sp
such that μ=∑

j∈Sp ωjπ
(p)
j . Hence, assertion (5.6) follows from Lemma 5.2.

�-limsup. Fix μ ∈ P(�). If I (p)(μ)= ∞, there is nothing to prove. Assume, therefore,
that I (p)(μ) <∞. Hence, by (2.18), μ=∑

j∈Sp ωjπ
(p)
j for some ω ∈ P(Sp).

By Lemmata B.4 and B.3 in [20], it is enough to prove the �-limsup for measures μ =∑
j∈Sp ωjπ

(p)
j for some ω ∈ P(Sp) such that ωj > 0 for all j ∈ Sp . This is the content of

Lemma 5.4. �

REMARK 5.5. The main ingredients of the proof of the �-liminf are the harmonic identity
stated in [20], Lemma A.3, and Proposition 4.4 which extends Condition (H1) to measures
converging to a convex combination of the measures π(p)j and satisfying (2.20).

REMARK 5.6. The proof of the �-limsup forced the wells V
1,j
n to contain macroscopic

balls Bε(xj ). Indeed, in the proof that νn(V
(p)
n )→ 1 in Lemma 5.4, we assumed by contra-

diction that νn → ν and limn νn(V
(p)
n ) < 1. To conclude that ν({xj : j ∈ S�p}) < 1 we had to

suppose (since we adopted the weak topology in the space of measures) that the sets V
1,j
n

contain open balls. It is in this proof, and only here, that we needed the space P(�) to be
compact.

LEMMA 5.7. Assume that Conditions (H1), (H2), (H4a), (H6a) hold. Fix 1 ≤ p ≤ q and
μ=∑

j∈Sp ωjπ
(p)
j for some ω ∈ P(Sp) such that ωj > 0 for all j ∈ Sp . Then, there exists a

sequence νn ∈ P(�n) such that νn → μ and

lim sup
n→∞

θ(p)n In(νn)≤ I (p)(μ).

PROOF. Let μn be the sequence of probability measures given by (3.6). By Proposition
3.7, μn → μ and

(5.7) lim sup
n→∞

θ(p)n I (p)
n (μn)≤ I (p)(μ).
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Let fn : V
(p)
n → R+ be the function given by fn(x) = μn(x)/π

(p)
n (x), where recall

π
(p)
n (x) = πn(x)/πn(V (p)

n ). An elementary computation yields that fn(x) = ωjπn(V (p)
n )/

πn(V
p,j
n ) for x ∈ V

p,j
n .

We extend fn to �n solving the Poisson equation (5.1) with hn = √
fn. Denote by

√
gn :=

un the solution. Let νn = Z−1
n gnπn, where Zn is a normalising constant which turns νn into

a probability measure.
We claim that Zn → 1 and νn → μ. By definition,

Zn = ∑
x /∈V

(p)
n

gn(x)πn(x)+
∑
x∈V

(p)
n

fn(x)πn(x).

By Condition (H6a), the function fn is bounded. As
√
gn is the solution of the Poisson equa-

tion, gn is bounded by the same constant. Hence, by Lemma 3.4, the first term, which is
bounded by C0πn([V (p)

n ]c) for some finite constant C0, vanishes as n→ ∞. The second one,
by definition of fn, is equal to πn(V

(p)
n ) which, by Lemma 3.4, converges to 1 as n→ ∞.

This proves that Zn → 1.
By similar reasons, νn([V (p)

n ]c) → 0. On the other hand, for any subset A of V
(p)
n ,

νn(A )= Z−1
n πn(V

(p)
n )μn(A ). As Zn → 1, πn(V

(p)
n )→ 1, and, by Proposition 3.7, μn →

μ, we may conclude that νn → μ, as claimed.
We turn to the proof that lim supn θ

(p)
n In(νn) ≤ I (p)(μ). By (2.5) and the definition of

νn,

In(νn)= Z−1
n

〈√
gn, (−Ln)

√
gn
〉
πn
.

By [6], Corollary A.2, and the definition of hn, the right-hand side is equal to

Z−1
n πn

(
V (p)
n

)〈√
fn, (−T

V
(p)
n

Ln)
√
fn
〉
π
(p)
n

= Z−1
n πn

(
V (p)
n

)
I (p)
n (μn).

To complete the proof, it remains to recall (5.7) and that Zn → 1, πn(V
(p)
n )→ 1. �

PROOF OF THEOREM 2.11. The proofs of Conditions (a), (c) and (d) of Definition 2.1
and the one of the �-liminf are analogous to the one presented in Theorem 2.7. For the later,
we just apply Lemma 5.3 instead of Lemma 5.2. The proof of the �-limsup is identical. �

6. Random walks in potential fields. In this section, based on the theory developed in
Section 2, we derive the full �-expansion of the large deviations rate functional of a random
walk in a potential field. Let �= Td with d ∈ N, e1, . . . , ed denote the vectors of the canoni-
cal basis of Rd , and fix a potential function F : �→ R satisfying the following assumptions:

(F1) F ∈ C 2,1(�), that is, F ∈ C 2(�) and all second-order partial derivatives of F are
Lipschitz continuous.

(F2) F has finitely-many critical points P := {z1, . . . , zk}.
(F3) All the eigenvalues of the Hessian of F at the critical points are nonzero.
(F4) Let S ⊂ P be the set of saddle points of F . The Hessian of F at saddle points z ∈ S

has only one negative eigenvalue.
(F5) All saddle points z ∈ S are at the same height: there exists h ∈ R such that F(z)= h

for all z ∈ S .
(F6) Let M = {m1, . . . ,mn} be the set of local minima of F . The set {x ∈� : F(x)≤ h}

is connected and it contains M. Each connected component of {x ∈� : F(x) < h} contains a
unique critical point of F (one of the local minima). Denote by Ck the connected component
which contains mk .
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REMARK 6.1. The asymptotic behaviour of the mean jump rates (2.10) for random walks
in potential fields stated in Condition (H1) has been studied in [23] under Condition (F5). It
should be possible to remove this condition, but this has not been done yet and there are
serious technical problems to compute some capacities without this assumption.

Let �n denote the discretisation of �, and πn the probability measure on �n defined by

πn(x) := 1

ZF,n
e−nF(x), x ∈�n,

where ZF,n is the partition function ZF,n := ∑
x∈�n exp(−nF(x)). Let X(n)t be the

continuous-time Markov chain on �n with transition rates Rn(x, y) given by

Rn(x, y) :=
{
e−

n
2 (F (y)−F(x)) if |y − x| = 1/n,

0 otherwise;
the corresponding generator Ln and level two large deviations rate functional In are then
defined as in (2.1) and (2.4), respectively. With these definitions, the Markov chain X(n)t is
reversible with respect to πn; hence, In reads as in (2.5).

6.1. Metastable behaviour of X(n)t . The rate functionals appearing in the �-expansion of
In are expressed in terms of finite state Markov chains which describe the evolution of X(n)t
in certain time-scales. This is the content of this subsection, whose results are taken from [23]
and included in sake of completeness.

Valleys. Recall that M = {m1, . . . ,mn} stands for the set of local minima of F , and set
S1 = {1, . . . ,n}. By Condition (F5), h represents the common height of the saddle points:
F(z) = h for all z ∈ S . Fix ε > 0, such that maxk∈S1 F(mk) + ε < h and, for k ∈ S1, let
W(mk)⊆� be the connected component of {x ∈� : F(x) < F(mk)+ ε} that contains mk .
Note that we have chosen ε > 0 small enough for mk to be the unique critical point of F in
W(mk), k ∈ S1.

Let

Wmk
n := W(mk)∩�n, k ∈ S1,

and let d̂k = h − F(mk) be the depth of the well Wmk
n . Denote by d1 < d2 < · · · < dq the

depths in increasing order so that {d1, d2, . . . , dq} = {d̂k : k ∈ S1}. The cardinality of this set

defines the number q of time-scales at which the Markov chain X(n)t exhibits a metastable
behaviour.

Let

Jp := {k ∈ S1 : d̂k ≥ dp} = {
k ∈ S1 : h− F(mk)≥ dp},

1 ≤ p ≤ q, be the indices of the wells Wmk
n with depth larger than or equal to dp . Hence,

J1 ⊋ J2 ⊋ · · ·⊋ Jq, J1 = S1, and {mk : k ∈ Jq} coincides with the set of the global minima of
F .

Let Mp be the set of local minima of F in wells with depth larger than or equal to dp:
Mp = {mk : k ∈ Jp}. Enumerate this set to write it as Mp = {mp,1, . . . ,mp,np}, where np =
|Jp| stands for the number of elements of Jp . Note that n1 = n is the number of local minima
of F and nq the number of global minima. Moreover, since Mp ⊂ Mq , 1 ≤ q < p ≤ q, for
each 1 ≤ j ≤ np , there exists 1 ≤ k ≤ nq such that mp,j =mq,k .

We are finally in a position to introduce the valleys. Fix 1 ≤ p ≤ q, and let V
p,j
n = Wmp,j

n ,
j ∈ Sp = {1, . . . ,np}.
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A graph. Let G = (S1,E) be a weighted graph whose vertices are the elements of S1. To
define the set of edges, let C k be the closure of the connected component Ck introduced in
Condition (F6). Place an edge between i and j ∈ S1 if, and only if, there exists a saddle point
z ∈ S belonging to C i ∩ C j . In this case, the weight of the edge between i and j , denoted by
c(i, j), is set to be

(6.1) c(i, j)= ∑
z∈S∩(C i∩C j )

γ (z)

2π
√−det HessF(z)

,

where −γ (z) is the unique negative eigenvalue of the Hessian of F at z. The graph G has to
be interpreted as an electrical network, where the weights c(a, b) represent the conductances.

Denote by {Yk : k ≥ 0} the discrete-time random walk on S1 which jumps from i to j with
probability

(6.2) p(i, j)= c(i, j)∑
k∈S1

c(i, k)
·

By Condition (F6), the Markov chain Yk is irreducible. Denote by PYi , i ∈ S1, the distribution
of the chain Yk starting from i and by hA,B , A, B ⊂ S, A∩B =∅, the equilibrium potential
between A and B:

hA,B(i)= PYi [HA <HB], i ∈ S1,

where HC , C ⊂ S1, represents the hitting time of C introduced in (2.9). The conductance
between A and B is defined as

capG(A,B) :=
1

2

∑
i,j∈S1

c(i, j)
[
hA,B(j)− hA,B(i)]2.

Fix 1 ≤ p ≤ q, k ∈ Sp , and recall that this index corresponds to a local minimum mp,k of
F . Let bp,k ∈ S1 be the index of the local minimum mp,k when regarded as an element of S1
so that mp,k =m1,bp,k . For i, j in Sp , let

(6.3)
cp(i, j) := 1

2

{
capG

({bp,i}, Sp \ {bp,i})+ capG
({bp,j }, Sp \ {bp,j })

− capG
({bp,i,bp,j }, Sp \ {bp,i,bp,j })}.

Clearly, c1(i, j)= c(i, j) for i, j ∈ S1. Let Mq+1 = ∅, and

(6.4) rp(i, j) :=
{
cp(i, j)/γ (mp,i) mp,i ∈ Mp \Mp+1, j ∈ Sp,
0 mp,i ∈ Mp+1, j ∈ Sp,

where, for m ∈ M,

γ (m) := 1√
det HessF(m)

.

Denote by X
(p)
t the Sp-valued Markov chain with jump rates rp .

Note that the Markov chain X
(p)
t has a very simple structure. Suppose that p < q. A point

k ∈ Sp is an absorbing point if mp,k ∈ Mp+1, otherwise it is a transient point. If p = q, the
chain is irreducible.

Model reduction. Let V
(p)
n =⋃

j∈Sp V
p,j
n , 1 ≤ p ≤ q, and �pn : V

(p)
n → Sp the projection

given by

(6.5) �pn = ∑
j∈Sp

jχ
V
p,j
n
.
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Denote by Yp,n(t) the trace of the Markov chainX(n)t on the set V
(p)
n , as defined in Section 2.

Let Xp,nt be the projection of the Markov chain Yp,n(t) speeded up by θ(p)n := n exp{ndp}:
X
p,n
t :=�pn

(
Yp,n

(
tθ (p)n

))
.

By [23], Theorem 2.4, the process X
p,n
t converges in the Skorohod topology to the Markov

chain X
(p)
t introduced above.

6.2. �-expansion of In. The full �-expansion of In takes the form (2.19), cf. (6.9). The
definition of the functionals which arise in the �-expansion of In requires some notation. Let
J : P(�)→ [0,+∞) be given by

J (μ) :=
∫
�

G dμ,

where G = GF : �→ R+ is defined as

(6.6) G (x) :=
d∑
i=1

2
{

cosh
(

1

2
∂iF (x)

)
− 1

}
.

Lemma 6.3 states that In �-converges to J . This is the first step in the expansion.
We turn to the second term in the expansion. Let J (0) : P(�)→ [0,+∞] be given by

(6.7) J (0)(μ) :=
∫
�
ζ dμ,

where

(6.8) ζ(x) :=

⎧⎪⎪⎨⎪⎪⎩
d∑
i=1

max
{−ξi(x),0} if x ∈ P,

+∞ otherwise,

and ξi(x), i = 1, . . . , d , denote the eigenvalues of HessF(x). Proposition 6.4 asserts that nIn
�-converges to J (0).

Finally, let J(p) : P(Sp)→ [0,+∞), 1 ≤ p ≤ q, be the rate functional given by (2.17),

where Lp corresponds to the generator of the Markov chain X
(p)
t introduced in the previous

subsection, and J (p) : P(�)→ [0,+∞] the one given by (2.18). The main result of this
section reads as follows:

THEOREM 6.2. Assume that Conditions (F1)–(F6) are in force. Then, the full �-
expansion, as specified in Definition 2.1, of the level two large deviations rate functional
In of the random walk introduced at the beginning of this section is given by

(6.9) In = J + 1

n
J (0) +

q∑
p=1

1

nedpn
J (p).

6.3. �-convergence of In. In this subsection, we prove the first step in the expansion, as
stated in the next result.

LEMMA 6.3. Assume that Conditions (F1) and (F2) are in force. Then, In �-converges
to J .
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PROOF. We prove the �-liminf and �-limsup inequalities separately.
�-liminf. Fix μ ∈ P(�), and let μn ∈ P(�n) be a sequence such that μn → μ. For

un := e n2F , we have, for all x ∈�n,

−Lnun(x)

un(x)
=

d∑
i=1

{
e−

n
2 (F (x+ ei

n
)−F(x)) + e− n

2 (F (x− ei
n
)−F(x)) − 2

}
.

By the smoothness of F in (F1), recalling the definition of G in (6.6), we get

sup
x∈�n

∣∣∣∣−Lnun(x)

un(x)
− G (x)

∣∣∣∣= o(1).
Hence, plugging such a un into the variational formulation of In in (2.4), we obtain

lim inf
n→∞ In(μn)≥ lim inf

n→∞
∑
x∈�n

μn(x)G (x)= J (μ),

where the second step follows by μn → μ and G ∈ C (�). This concludes the proof of the
�-liminf.
�-limsup. It suffices to prove the lim sup inequality only for Dirac measures. Indeed, the

set of finite convex combinations of Dirac masses is dense in P(�), as well as In is convex
and J is linear and of the form J (μ)= μG with G ∈ C (�).

Therefore, fix x ∈ �, let μ = δx , and consider a quadratic-like potential centered at x
satisfying the following properties: V ∈ C 2(�) and such that

(6.10) V (y)≥ ‖y − x‖2

2
∧ 1, y ∈�.

As a consequence of these requirements, we have V (y)= 0 iff y = x, and ∇V (x)= 0. Fur-
ther, it is not difficult to check that

μn := e−nV∑
e−nV

n→∞−−−→ μ= δx.(6.11)

Indeed, for every φ ∈ C (�) and δ ∈ (0,1),
∣∣〈μn,φ〉 − 〈δx,φ〉∣∣≤ sup

y∈�
‖y−x‖<δ

∣∣φ(y)− φ(x)∣∣+ 2‖φ‖∞
∑

‖y−x‖>δ e−nV (y)∑
y∈�n e−nV (y)

,

which, by the continuity of φ at x ∈� and (6.10), vanishes taking first n→ ∞, and then δ→
0. As for the convergence of the rate functionals along (μn)n, (2.5) and a simple computation
yield

In(μn)=
∑
y∈�n

μn(y)

d∑
i=1

{
e−

n
2 (F (y+ ei

n
)−F(y)) + e− n

2 (F (y− ei
n
)−F(y)) − 2

}

− ∑
y∈�n

μn(y)

d∑
i=1

{
e−

n
2 (V (y+ ei

n
)−V (y)) + e− n

2 (V (y− ei
n
)−V (y)) − 2

}

= ∑
y∈�n

μn(y)

d∑
i=1

2
{

cosh
(

1

2
∂iF (y)

)
− 1

}

− ∑
y∈�n

μn(y)

d∑
i=1

2
{

cosh
(

1

2
∂iV (y)

)
− 1

}
+O

(
1

n

)
.
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Since ∂iF, ∂iV ∈ C (�), i = 1, . . . , d , and μn → μ= δx (see (6.11)),

lim sup
n→∞

In(μn)= G (x)−
d∑
i=1

2
{

cosh
(

1

2
∂iV (x)

)
− 1

}
= G (x),

where in the last step we used that ∂iV (x)= 0 for all i = 1, . . . , d . This concludes the proof
of the lemma. �

6.4. �-convergence of nIn. We turn to the second term of the expansion stated in the
next result.

PROPOSITION 6.4. Assume that Conditions (F1)–(F3) are in force. Then, nIn �-
converges to J (0) given in (6.7).

In what follows, for all x ∈� and ε ∈ (0,1), let Qε(x) denote the d-dimensional cube of
size ε centered at x. Moreover, define the discretizations of such cubesQnε(x) :=Qε(x)∩�n,
and their discrete inner boundary:

∂Qnε(x) :=
{
y ∈Qnε(x) : there exists y′ ∈�n \Qnε(x) such that

∣∣y − y′∣∣= 1/n
}
.

Finally, set Q̊nε (x) :=Qnεn(x) \ ∂Qnεn(x).
LEMMA 6.5. Assume that Conditions (F1)–(F3) are in force, and that μn ∈ P(�n) sat-

isfies

(6.12) lim inf
n→∞ nIn(μn) <∞.

Then, for every ε ∈ (0,1) small enough, we have

lim sup
n→∞

nμn

(
�n \ ⋃

z∈P

Qnε(z)

)
<∞,(6.13)

and

lim sup
n→∞

n
∑
z∈P

∑
x∈Qnε (z)

μn(x)|x − z|2 <∞.(6.14)

PROOF. Letting
∑
xy stand for the summation over unordered pairs of nearest-neighbours

x, y of �n, as well as ∇nxyF := n(F (y)− F(x)) and ∇ni F (x) := n(F (x + ei
n
)− F(x)), by

(2.5), expanding the square,

nIn(μn)= n
∑
xy

e−
n
2 (F (x)+F(y))(√μn(x)e n2F(x) −√

μn(y)e
n
2F(y)

)2
= n ∑

x∈�n
μn(x)

d∑
i=1

(
e−

1
2 ∇ni F (x) + e 1

2 ∇ni F (x− ei
n
))− 2n

∑
xy

√
μn(x)μn(y)

≥ n ∑
x∈�n

μn(x)

d∑
i=1

2 cosh
(

1

2
∂iF (x)

)
− 2n

∑
xy

√
μn(x)μn(y)−C,

where C ≥ 0 accounts for an error arising when replacing ∇ni F (x) and ∇ni F (x − ei
n
) by

∂iF (x). By Young’s inequality 2ab ≤ a2 + b2 and
∑
x∈�n μn(x)= 1, we obtain

2n
∑
xy

√
μn(x)μn(y)≤ 2dn.
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Hence, recalling the definition of G from (6.6), we further get

nIn(μn)≥ 2dn+ n ∑
x∈�n

μn(x)

d∑
i=1

2
(

cosh
(

1

2
∂iF (x)

)
− 1

)
− 2dn−C

= n ∑
x∈�n

μn(x)G (x)−C.

Since G (x)≥∑d
i=1(

1
2∂iF (x))

2 ≥ 0, the assumption in (6.12) implies that

lim sup
n→∞

n
∑
x∈�n

μn(x)
∣∣∇F(x)∣∣2 <∞.

By assumptions (F1) and (F2), for every ε ∈ (0,1) for which �n \ ⋃z∈PQ
n
ε(z) is

nonempty, there exists c= c(F ) > 0 satisfying

inf
x /∈⋃z∈PQnε (z)

G (x)≥ c > 0.

This proves the claim in (6.13). As for the claim in (6.14), we observe that, by the nondegener-
acy of F around the critical points, that is, (F3), for every z ∈ P , there exists bz = bz(F ) > 0
such that, for all ε ∈ (0,1) small enough so that Qnε(z)∩Qnε(z′)=∅ for z 
= z′ ∈ P ,∣∣∇F(x)∣∣2 ≥ bz|x − z|2, |x − z|< ε.
This concludes the proof of the lemma. �

We readily obtain the following corollary of Lemma 6.5.

COROLLARY 6.6. If lim supn→∞ nIn(μn) <∞, then

lim
ε→0

lim sup
n→∞

n
∑
z∈P

∑
x∈Qnε (z)

μn(x)|x − z|3 = 0.

PROOF. For every ε ∈ (0,1) and n ∈ N, we have

n
∑
z∈P

∑
x∈Qnε (z)

μn(x)|x − z|3 ≤ Cεn∑
z∈P

∑
x∈Qnε (z)

μn(x)|x − z|2,

for some C = C(d) > 0. The claim (6.14) in Lemma 6.5 yields the desired result. �

We are finally ready to complete the proof of Proposition 6.4.

PROOF OF PROPOSITION 6.4. We discuss the proof of the �-liminf and �-limsup in-
equalities separately.
�-liminf. If μ 
= ∑

z∈P ω(z)δz, then J (μ) > 0 and, by Lemma 6.3, the �-liminf in-
equality is automatically satisfied. Therefore, it remains to prove the �-liminf with μ =∑
z∈P ω(z)δz and μn → μ. Moreover, since J (0)(μ) <∞ for such measures μ, without

loss of generality we may further assume Condition (6.12) for the sequence μn.
Fix ε ∈ (0,1) small enough for which Qε(z) ∩Qε(z′) = ∅ holds for all z 
= z′ ∈ P . By

(6.13), there exist C = C(ε) > 0 and a sequence εn ∈ (ε/2, ε) such that, for all n ∈ N large
enough,

nμn

(⋃
z∈P

∂Qnεn(z)

)
≤ C
n
.(6.15)
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Recall the definition of the restricted Dirichlet form Dn(A , h) from (2.13), with A ⊂ �
and h :�→R. Hence, since {Qεn(z)}z∈P are disjoint subsets of �, letting fn := μn/πn, we
obtain

nIn(μn)= nDn(�n,
√
fn)≥

∑
z∈P

nπn
(
Qεn(z)

)
Dn
(
Qεn(z),

√
fn
)
.

If μzn := μn/μn(Qεn(z)) denotes the conditional measure μn on Qnεn(z), and I z
n the level

two large deviations rate functional of the random walk reflected in Qnεn(z) (which is still
reversible w.r.t. the conditional distribution πzn on Qnεn(z)), each term on the right-hand side
above further reads as follows:

nπn
(
Qεn(z)

)
Dn
(
Qεn(z),

√
fn
)

= n

2

∑
x,y∈Qnεn(z)|x−y|=1/n

e−
n
2 (F (x)+F(y))(e n2F(x)√μn(x)− e n2F(y)√μn(y))2

= μn(Qεn(z))nI z
n

(
μzn
)
,

so that

nIn(μn)≥
∑
z∈P

μn
(
Qεn(z)

)
nI z

n

(
μzn
)
.

Thus, the �-liminf inequality boils down to establishing an estimate for each of the terms on
the right-hand side. Fix z ∈ P all throughout.

Letting L z
n denote the infinitesimal generator of a random walk reflected in Qnεn(z), and

observing that L z
n h(x) = Lnh(x) for all x ∈ Q̊nεn(z) and h : Qnεn(z)→ R, the variational

formulation of I z
n yields that

μn
(
Qεn(z)

)
nI z

n

(
μzn
)≥ ∑

x∈Qnεn(z)
μn(x)

(−nL z
n u)(x)

u(x)

= ∑
x∈Q̊nεn (z)

μn(x)
(−nLnu)(x)

u(x)

+ ∑
x∈∂Qnεn(z)

μn(x)
(−nL z

n u)(x)

u(x)

(6.16)

for all u :Qnεn(z)→ (0,∞).
Consider the boundary terms, that is, the second quantity on the right-hand side of (6.16).

Note that, for all G ∈ C (�) Lipschitz continuous,

sup
n∈N

sup
x∈�n

∣∣∣∣(−L z
n e
nG)(x)

enG(x)

∣∣∣∣≤ C
holds for some C = C(F,G,d) > 0. Hence, by (6.15), we get∣∣∣∣ ∑

x∈∂Qnεn(z)
μn(x)

(−nL z
n e
nG)(x)

enG(x)

∣∣∣∣=O(1

n

)
.(6.17)

Consider now the first quantity on the right-hand side of (6.16), with the idea of plug-
ging a suitable u = un = enG with G ∈ C ∞(Rd). For this purpose, consider the d × d ma-
trix obtained from HessF(z) by keeping the same eigenvectors, while taking only the nega-
tive of the negative part of each eigenvalue: given the following matrix eigendecomposition
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HessF(z)=U�UT, withU orthogonal and� diagonal matrices, defineH :=U�UT, where
� is a diagonal matrix with diagonal entries given by �ii = −max{−�ii,0}. Let

(6.18) G(x) := 1

2
(x − z)TH(x − z).

A simple computation yields

(−nLne
nG)(x)

enG(x)

= 4n
d∑
i=1

sinh
(

1

2
∂iF (x)− 1

2
∂iG(x)

)
sinh

(
1

2
∂iG(x)

)

− 1

2

d∑
i=1

{
∂2
iiF (x) cosh

(
1

2
∂iF (x)

)
+ ∂2

ii(2G− F)(x) cosh
(

1

2
∂i(2G− F)(x)

)}

+O
(

1

n

)
=: nR(x)+ S (x)+O

(
1

n

)
.

Therefore,

lim inf
n→∞

∑
x∈Q̊nεn (z)

μn(x)
(−nLne

nG)(x)

enG(x)

≥ lim inf
n→∞

∑
x∈Q̊nεn (z)

μn(x)nR(x)+ lim inf
n→∞

∑
x∈Q̊nεn (z)

μn(x)S (x).

Since S ∈ C (�), S ≥ 0, εn > ε/2, and μn → μ=∑
z∈P ω(z)δz, we obtain

lim inf
n→∞

∑
x∈Q̊nεn (z)

μn(x)S (x)≥ ω(z)S (z)= −ω(z)Tr(H),

where the last step follows by the definition of G in (6.18) (in particular, ∂iG(z) = 0 and
∂iiG(z) = Hii) and the fact that z ∈ P . Since −Tr(H) = ζ(z) (see (6.8)), in view of the
definition (6.7) of J (0), we are done as soon as we show

lim
ε→0

lim sup
n→∞

∑
x∈Q̊nεn (z)

μn(x)n
∣∣R(x)∣∣= 0.(6.19)

Since z ∈ P and F ∈ C 2(�), there exists C = C(F) > 0 such that |∂iF (x)| + |∂iG(x)| ≤
C|x − z|, for all x ∈Qnεn(z), i = 1, . . . , d . Hence, since for any b > 0 there exists C(b) <∞
such that | sinh(a)| ≤ C(b) and | sinh(a)− a| ≤ C(b)|a|3 for all |a| ≤ b,

∣∣R(x)∣∣≤ ∣∣∣∣∣
d∑
i=1

[
∂iF (x)− ∂iG(x)]∂iG(x)

∣∣∣∣∣+C0|x − z|3

for some finite constant C0 whose value may change from line to line. By Condition (F1), F
belongs to C 2,1. Hence, since z is a critical point of F , by a Taylor expansion∣∣∣∣∣∂iF (x)−

d∑
j=1

∂2
ijF (z)(xj − zj )

∣∣∣∣∣≤ C0|x − z|2.
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A similar expansion holds for G. Hence, as |∂iF (x)| + |∂iG(x)| ≤ C|x − z|, and ∂2
ijG(z)=

Hij ,

∣∣R(x)∣∣≤ ∣∣∣∣∣
d∑
i=1

d∑
j=1

[
∂2
ijF (z)−Hij

]
(xj − zj )

d∑
k=1

Hik(xk − zk)
∣∣∣∣∣+C0|x − z|3.

Since H is symmetric, we may rewrite the previous sum as

d∑
j,k=1

(xj − zj )(xk − zk)
(
d∑
i=1

{[
HessF(z)

]
ij −Hij }Hki

)

= (x − z)T[HessF(z)−H ]H(x − z).
This expression vanishes because, by definition of H , HessF(z)H = H 2. This proves that
|R(x)| ≤ C0|x − z|3. Hence, (6.19) follows from Corollary 6.6.
�-limsup. We must prove the inequality for all μ ∈ P(�) such that J (0)(μ) <∞, that

is, of the form μ=∑
z∈P ω(z)δz. Furthermore, since In is convex and J (0) is linear on its

support, it suffices to consider μ= δz, z ∈ P .
Fix a critical point z ∈ P and, for notational convenience, assume z = 0. Recalling the

matrix eigendecomposition HessF (0) = U�UT from the proof of the �-liminf inequality
above, define the following d × d matrix W := U�UT, where � is diagonal and such that
�ii := max{−�ii,0}. Let

(6.20) K(x) := −xTWx,

and note that HessF (0)+ 2W ∈ Rd×d is positive-definite by (F3), with eigenvalues given by
the absolute value of those of HessF (0). Next, we introduce:

• a sequence εn satisfying n1/3 � ε−1
n � n1/2;

• a smooth cutoff function ϕ :�→ [0,1] with compact support strictly contained in Q1(0),
satisfying the following two conditions: for all functions B ∈ C (�) and for all positive-
definite d × d matrices T , letting ϕn(x) := ϕ(εnx),

lim
n→∞

∑
x∈�n e

−nxTT x(ϕn(x))
2B(x)∑

x∈�n e−nx
TT x(ϕn(x))2

= B(0),(6.21)

lim
n→∞

∑
x∈�n e

−nxTT xn(ϕn(x + ei
n
)− ϕn(x))2∑

x∈�n e−nx
TT x(ϕn(x))2

= 0.(6.22)

We now construct a recovery sequence μn for μ= δ0. Let gn :�n → R be given by

(6.23) gn(x) := e n2K(x)ϕn(x),
and define μn := g2

nπn/An, where An :=∑
y∈�n gn(y)

2πn(y) denotes the normalization con-
stant.

As a consequence of these definitions, we have that μn → μ = δ0 in P(�). Indeed, for
all B ∈ C (�), we have

∑
x∈�n

μn(x)B(x)=
∑
x∈�n e

−n(F (x)−F(0))+nK(x)(ϕn(x))2B(x)∑
x∈�n e−n(F (x)−F(0))+nK(x)(ϕn(x))2

=
∑
x∈Qn e

−nL(x)(ϕn(x))2B(x)(1 + o(ε3
nn))∑

x∈Qn e−nL(x)(ϕn(x))2(1 + o(ε3
nn))

,
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where we abbreviated L(x) := 1
2x

THessF (0)x − K(x) and Qn := Qnεn(0). Since L(x) is
strictly quadratic, by (6.21), this expression converges, as n→ ∞, to B(0), thus, proving the
claim.

We now prove limn→∞ nIn(μn)= J (0)(μ), with μ= δ0. After a simple manipulation,
nIn(μn) reads as follows:

nIn(μn)=
∑
x∈�n

∑d
i=1 πn(x)Rn(x, x + ei

n
)n(gn(x + ei

n
)− gn(x))2

An

=:
∑
x∈Qn e

−n(F (x)−F(z)−K(x)) n(x)∑
x∈Qn e−n(F (x)−F(z)−K(x))(ϕn(x))2

.

In this formula,  n(x) denotes

d∑
i=1

e−
1
2 ∇ni F (x)+∇ni K(x)n

[
ϕn(x)

(
1 − e− 1

2 ∇ni K(x))+ (
ϕn

(
x + ei

n

)
− ϕn(x)

)]2
,

where we recall ∇ni F (x)= n(F (x + ei
n
)−F(x)); similarly for ∇ni K(x). Recall that z= 0 is

a critical point for both F and K . Moreover, since both functions are twice differentiable in
a neighbourhood of z= 0, we get

lim sup
n→∞

max
i=1,...,d

sup
x∈Qn

e−
1
2 ∇ni F (x)+∇ni K(x) ≤ 1.

Therefore,

(6.24) lim sup
n→∞

nIn(μn)≤ lim sup
n→∞

∑
x∈Qn e

−nL(x) ̃n(x)(1 + o(ε3
nn))∑

x∈Qn e−nL(x)(ϕn(x))2(1 + o(ε3
nn))

,

where

(6.25)  ̃n(x) :=
d∑
i=1

n

[
ϕn(x)

(
1 − e− 1

2 ∇ni K(x))+ (
ϕn

(
x + ei

n

)
− ϕn(x)

)]2
.

By expanding the square in (6.25), we obtain three terms:

�n,1(x) :=
d∑
i=1

n
[
ϕn(x)

(
1 − e− 1

2 ∇ni K(x))]2,
�n,2(x) :=

d∑
i=1

n

[
ϕn

(
x + ei

n

)
− ϕn(x)

]2
,

�n,3(x) := 2
d∑
i=1

n
[
ϕn(x)

(
1 − e− 1

2 ∇ni K(x))][ϕn(x + ei

n

)
− ϕn(x)

]
,

yielding a sum of three expressions on the right-hand side of (6.24). Let us consider the limit
of the first one of these expressions:∑

x∈Qn e
−nL(x)�n,1(x)(1 + o(ε3

nn))∑
x∈Qn e−nL(x)(ϕn(x))2(1 + o(ε3

nn))

=
∑
x∈Qn e

−nL(x)(ϕn(x))2
∑d
i=1 n[1 − e− 1

2 ∇ni K(x)]2(1 + o(ε3
nn))∑

x∈Qn e−nL(x)(ϕn(x))2(1 + o(ε3
nn))

,
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and show that it converges to the function ζ given in (6.8) evaluated at z = 0. This would
conclude the proof of the �-limsup inequality because the second one of these expressions
vanishes as n→ ∞ by (6.22), thus, the third one as well by Hölder’s inequality.

Recall L(x) = 1
2x

T(HessF (0) + 2W)x. Since HessF (0) + 2W is positive-definite and
ε−1
n = o(n1/2), (6.21) ensures

lim
n→∞

∑
x∈Qn e

−nL(x)(ϕn(x))2
∑d
i=1 n[1 − e− 1

2 ∇ni K(x)]2(1 + o(ε3
nn))∑

x∈Qn e−nL(x)(ϕn(x))2(1 + o(ε3
nn))

= lim
n→∞

∑
x∈Qn e

−nL(x)∑d
i=1 n[1

2∂iK(x)]2∑
x∈Qn e−nL(x)

= lim
n→∞

∑
x∈Qn e

−nL(x)nxTW 2x∑
x∈Qn e−nL(x)

.

By rewriting this last fraction as an approximation over the grid Zd/
√
n of a Gaussian in-

tegral, the above limit coincides with
∑d
i=1

1
|ξi (0)|(max{−ξi(0),0})2, that is, the function ζ

given in (6.8) evaluated at z = 0. This proves the �-limsup inequality and, thus, concludes
the proof of the proposition. �

6.5. �-convergence of nedpnIn. We turn to the last terms of the expansion. The proof
is based on Theorem 2.7. The first condition of this theorem assumes that the rate functional
In �-converges to a functional whose 0-level set consists in the convex combinations of a
finite number of Dirac measures. In the present context of a random walk in a potential field,
this condition is not satisfied by In, but by nIn. To adjust the model to the hypotheses of
the theorem we need to change the time-scale.

Let Y (n)t be the �n-valued Markov chain defined by Y (n)t = X(n)tn . As we speeded up the
chain by n, the level two large deviations rate functional of the chain Y (n)t , denoted by Kn,
is simply given by nIn: Kn = nIn. By Proposition 6.4, Condition (H0), with J (0) playing
the role of I (0), is satisfied by the sequence Kn. Recall the definition of the functional J (p)

introduced just above the statement of Theorem 6.2.

LEMMA 6.7. Assume that Conditions (F1)–(F6) are in force. Then, Conditions (H0)–(H5)
are fulfilled by the Markov chain Y (n)t and its associated large deviations rate functional Kn.

PROOF. As observed above, by Proposition 6.4, Condition (H0) is fulfilled. We turn to
Conditions (H1)–(H5). By [23], Lemma 6.3, (the definition of βm appearing in the statement
of this lemma is given just above equation (2.8)) and equations (2.9) and (2.4) in [23], Con-
dition (H1) of Section 2 is fulfilled for θ(p)n = edpn. Note that in comparison to [23], there is
a factor n less here because the process Y (n)t has already been speeded up by n.

We turn to Condition (H2). The tree structure of the wells for the dynamics considered
here is quite simple. For each 1 ≤ p ≤ q, the well V

p,j
n is a connected component of the set

{x ∈ � : F(x) < h} ∩ �n. Morevoer, by (6.4), for each j ∈ Sp , either V
p,j
n = V

p+1,k
n for

some k ∈ Sp+1 or V
p,j
n ⊂�p+1. Condition (H3) holds in view of the definition (6.4) of the

jump rates rq and from the fact that Mq+1 =∅.
Condition (H4a) holds because a neighbourhood of each global minimum of F is con-

tained in a valley. Condition (H4b) is satisfied by construction. Finally, Condition (H5) fol-
lows from Lemma 4.6. �

Next result is a consequence of Theorem 2.7 and the previous lemma.

COROLLARY 6.8. Assume that Conditions (F1)–(F6) are in force. Then, for each 1 ≤
p ≤ q, edpnKn �-converges to J (p). Moreover, for each 0 ≤ p < q, the 0-level set of J (p)

corresponds to the set where J (p+1) is finite, and the 0-level set of J (q) is a singleton.
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6.6. Proof of Theorem 6.2. Condition (a) of Definition 2.1 is clearly satisfied. To prove
Condition (b), notice that, by Lemma 6.3 and Proposition 6.4, In, nIn �-converge to J ,
J (0), respectively. By Lemma 6.7, edpnKn �-converges to J (p), 1 ≤ p ≤ q. Hence, since
Kn = nIn, nedpnIn �-converges to J (p).

We turn to Condition (c). By definition of J and G , the 0-level set of J consists of
convex combinations of Dirac measures supported at elements of P , the set of critical points
of F . By (6.7), (6.8), this set corresponds to the set where J (0) is finite. By Corollary 6.8,
Condition (c) holds for 0 ≤ p < q as well as Condition (d). This completes the proof. �
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