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We present a versatile method for full-field x-ray scattering tensor tomography that is based on energy
conservation and is applicable to data obtained using different wavefront modulators. Using this algorithm,
we pave the way for speckle-based tensor tomography. The proposed model relies on a mathematical
approach that allows tuning spatial resolution and signal sensitivity. We present the application of the
algorithm to three different imaging modalities and demonstrate its potential for applications of x-ray
directional dark-field imaging.
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I. INTRODUCTION

The micro- and nanostructures inside a macroscopic
object play a fundamental role in its characteristics and
properties. For instance, the mechanical properties of
bones are closely linked to the alignment of collagen fibers
at a local level [1]. Likewise, the mechanical characteris-
tics of fiber-reinforced polymers and composites are sig-
nificantly influenced by the local orientation of synthetic
fibers [2].

Small-angle x-ray scattering (SAXS) tensor tomog-
raphy can provide information about the alignment of
microstructures of noncrystalline samples on a submi-
cron length scale, often not resolvable with conventional
approaches such as micro-computed tomography (micro-
CT) [3–7]. However, scanning SAXS requires long acqui-
sition times due to drastic reduction in flux to create a
narrow beam that has to be scanned over a sample at dif-
ferent sample angular poses. The long acquisition times of
scanning SAXS, combined with long analysis times, limit
its applications, in particular for large samples. For these
reasons, the established approaches require experimental
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times of the order of several hours, even for small sample
volumes.

Full-field x-ray imaging methods capable of deliver-
ing directional information about substructures in a sam-
ple, such as speckle-based imaging (SBI) and grating
interferometry (GI), have been actively investigated in
recent years. Both GI and SBI techniques make use of
a wavefront-marking element, such as gratings and sand-
paper, respectively, to generate intensity fluctuations in
the recorded detector image [8,9]. The local distortion of
the pattern, introduced by the sample, is then analyzed to
retrieve attenuation, phase contrast, and scattering (dark-
field) information [10]. SBI has become more and more
common in recent years. It is based on a similar principle
to GI and it has shown similar scattering sensitivities, with-
out the need of tailored phase optical elements [11–16].
Compared with SAXS imaging, these full-field techniques
allow for larger fields of view (FOVs) to be investigated
in shorter measurement times. Moreover, access to the
dark-field information is not directly limited by the beam
properties, such as size, monochromaticity, and transverse
coherence [17–19]. Given that the directional dark-field
signal provides information on substructures’ orientations
in a sample, it becomes possible to detect these structures,
even when their dimensions are smaller than the image
pixel resolution, enabling a reliable reconstruction of the
prevalent orientations of microstructural features [20–24].

Recently, two-dimensional (2D) omnidirectional x-ray
scattering sensitivity in a single shot has been demon-
strated using circular gratings, paving the way for
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time-resolved studies [25–27]. This study combines an
improved acquisition speed based on circular diffractive
optics with an optimized data acquisition protocol. A
tomographic reconstruction method based on a filtered
back-projection with algebraic filters has also been intro-
duced. However, in this approach the extraction of dark-
field signal relies on a tailored circular phase-grating array
that requires specialized facilities and knowledge to be fab-
ricated. Moreover, the use of such a grating array does
not allow for easy tuning of the x-ray energy and spa-
tial resolution of the scattering images. A general recon-
struction method is therefore needed, where the dark-field
signal extraction is not strictly dependent on the type of
wavefront marker used.

II. METHOD

In this Paper, we suggest a general reconstruction
method that can be applied to both GI and SBI x-ray scat-
tering approaches to obtain tensor tomography volumes.
Unlike existing algorithms [28,29], our method is based on
the mathematical rotation of the scattering tensor and can
therefore be applied to different techniques. Moreover, we
reformulate the reconstruction problem directly and intu-
itively, leading to the reconstruction of the full tensor field,
not only the scattering signal along predefined directions.

A. Omnidirectional dark-field signal extraction

Our method is based on energy conservation: it assumes
that the intensity of the photon distribution not absorbed
by the sample is conserved by the scattering process.
The model considers a wave field intensity distribution
generated by an ideal point source.

The scattering can be modeled, to a first approxima-
tion, as a Gaussian probability distribution. The process
underlying the x-ray dark-field image modality is ultra-
small-angle x-ray scattering (USAXS), which is a coherent
process. In SAXS and USAXS theory, the scattered fields
from all regions of a given microstructure are integrated,
which leads to a certain distribution of scattered fields as a
function of the scattering vector q, or equivalently, the scat-
tering angle θ . The squared magnitude of the field gives
the scattered intensity as a function of the scattering angle.
The relationship with q or θ is not generally a Gaussian
relationship, but often resembles one. In SAXS, if suffi-
ciently small q values are probed, approximating I(q) with
a Gaussian, the Guinier approximation, is often used to
retrieve the radius of gyration, a measure for the particle
size. While the Guinier approximation does not accurately
model the behavior at large scattering vectors q, using the
approximation is almost always appropriate in imaging,
because the relative scattering intensities at high scattering
vectors are very small (<10−3). In an imaging geometry,
scattered and unscattered beams overlap spatially, and thus
high-q scattering is effectively invisible.
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FIG. 1. (a) Experimental setup outline viewed from the side
and (b) a 3D model of the validation sample, where carbon fibers
lie along two main orientations (arrows) inside a PMMA box.

The covariance matrix of the Gaussian distribution can
be interpreted as the scattering tensor of the sample. The
physical model used can be derived from the photon dif-
fusion equation [30] combined with the Fokker-Planck
model for x-ray imaging [31]. Therefore, if we label the
incident beam with I0 and the transmitted beam leaving
the voxel with Is, for each unit cell we can write

Is(r⊥) = I0(r⊥)e−μ(y)�y ∗ |�y |− 1
2 e− 1

2 r⊥ᵀ�−1
y r⊥ , (1)

where �y is the 2D scattering tensor (covariance matrix)
of a thin slice at position y in the beam, as the beam
propagates along the y direction [Fig. 1(a)]. The 2D pixel
coordinates in each unit cell are indicated as r⊥, where
r⊥ represents the 2D coordinates transverse to the beam
direction: (x, z) in Fig. 1(b). The convolution operator is
indicated as ∗, μ(y) is the absorption coefficient for each
unit cell at a given position y, and �y is the thickness of
the unit cell. The unit cell is given by the period of the
pattern for the grating array and by an arbitrary window
for a nonperiodic wavefront modulator, such as sandpaper.
Performing the Fourier transform on Eq. (1), taking the
absolute value, and the natural logarithm, it follows that

1
2

k⊥�yk⊥ + μ(y)�y = − ln
|Îs(k⊥)|
|Î0(k⊥)| . (2)

The right-hand side of Eq. (2) is always non-negative;
hence the left-hand side must be a positive definite bilinear
form in the variable r⊥. For each projection the 2D scat-
tering tensor can be extracted in Fourier space, fitting each
arbitrarily defined analysis window with a positive definite
bilinear form, using a multislice version of Eq. (2).

Equation (1) can be generalized to a multislice version,
considering one additional convolution per voxel:

I(r⊥) = I0(r⊥)e− ∫ y
0 μ(y ′)dy ′ ∗ e− 1

2 r⊥ᵀ�−1
0 r⊥ ∗ . . . ∗

e− 1
2 r⊥ᵀ�−1

y r⊥ , (3)
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FIG. 2. (a) Raw transmission image of the validation sample
with a grating array at α = 0◦, β = 0◦. (b) Extracted absorption
image, (c) mean scattering in arbitrary units, and (d) main orien-
tation signals. Each pixel corresponds to one unit cell. 0◦ (red)
corresponds to the horizontal direction (x) in (a).

yielding the magnitude of the Fourier transform:

|Î(k⊥)| = |Î0(k⊥)|e− ∫ y
0 μ(y ′) dy ′

e− 1
2 k⊥

∫ y
0 �(y ′) dy ′k⊥ . (4)

Since we cannot see scattering in the beam direction, the
full three-dimensional (3D) � needs to be corrected by a
projection operator Py , Py� := PB�PT

B, such that

1
2

k⊥
∫ y

0
Py�(y ′) dy ′k⊥ +

∫ y

0
μ(y ′) dy ′ = − ln

|Î(k⊥)|
|Î0(k⊥)| .

(5)

The projection operator is derived in Ref. [32].

B. The mathematics of tensor tomography

After having extracted the omnidirectional dark-field
signal for each projection, we need to introduce a math-
ematical model to reconstruct the tensor tomogram. Let F
be a symmetric, positive definite tensor field, F : R

3 →
R

3×3. For any rotation Raxis
angle ∈ SO(3), D(Raxis

angle) maps a
tensor field F to the rotated tensor field. For positions
r = (x, y, z) and for our specific scan protocol, we can
write

D(Rx
β)D(Rz

α)[F](r)= (Rx
βRz

α) · F
(
(Rx

βRz
α)−1r

) · (Rx
βRz

α)−1.
(6)

Having defined how a tensor field transforms, the
definition of a tensor sinogram is straightforward. The

2-axes sinogram S = A[F] is defined as

A[F](PBr, α, β) =
∫

R

PBD(Rx
β)D(Rz

α)[F](x, y, z)PB dy,

(7)

where PB is the projection operator along the beam propa-
gation direction.

Reconstructing the tensor tomogram means solving the
linear system AX = B, where X denotes the tensor field to
be reconstructed, B is the measured tensor sinogram, and A
is the linear operator defined above. This linear system can
be solved with the conjugate gradient method (CG) or least
squares. Both the forward tensor operator A and the adjoint
A∗ are needed for the reconstruction. It can be proven [32]
that A∗ equals

A∗[S](r) =
∫ 2π

0

∫ π/2

0
(Rx

βRz
α)−1S(PBRx

βRz
αr, α, β)Rx

βRz
α

× cos β dβ dα. (8)

With the method we present, it is possible to retrieve
the tensor tomogram also using a single tilt axis. However,
having multiple tilt axes shrinks the nullspace of the tensor
tomography forward operator, enhancing the convergence
of the reconstruction algorithm [26].

Once the scattering tensor field is reconstructed, it is
then eigendecomposed. Knowing the eigenvalues of the
scattering tensor for each voxel, the following quantities
can be defined. The mean of the three eigenvalues rep-
resents the mean scattering MS = (λ1 + λ2 + λ3)/3. The
fractional anisotropy (FA) [33], which represents the scat-
tering anisotropy, describes how well aligned the fibers are
in each voxel:

FA =
√

(λ1 − λ2)2 + (λ2 − λ3)2 + (λ3 − λ1)2
√

2(λ2
1 + λ2

2 + λ2
3)

. (9)

Areas characterized by a high volume fraction of well-
aligned fibers will exhibit a high FA. Finally, the eigenvec-
tor with the lowest eigenvalue represents the preferential
local fiber orientation, since the scattering is typically
weakest along the fiber orientation. We will therefore show
the above-mentioned quantities as meaningful indicators
accessible through tensor tomography for assessing the
level of fiber scattering, alignment, and orientation.

III. EXPERIMENTS AND RESULTS

We validated the method for use with full-field imag-
ing methods utilizing three different wavefront markers: a
circular phase-grating array, a fractal wavefront modulator
[34], and a sandpaper diffuser. The projection images with
both the gratings and the fractal pattern were acquired at
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FIG. 3. (a) Raw transmission image of the validation sample
with fractal array at α = 0◦, β = 0◦. (b) Extracted absorption
image, (c) mean scattering in arbitrary units, and (d) main
orientation signals.

the TOMCAT beamline (Swiss Light Source, Paul Scher-
rer Institut) following the stair-wise acquisition protocol
described in Refs. [25,26], using a monochromatic x-ray
beam of 17 keV. For each tilt angle β, we acquired 1000
projections with a continuous rotation of the sample over
α ∈ [0◦, 360◦], while β ∈ [0◦, 24◦] with an angular step of
2◦ [Fig. 1(a)].

We fabricated the test sample shown in Fig. 1(b). The
sample has a size of 4 × 4 × 4 mm3, and is composed
of two superimposed PMMA blocks with cavities, which
contain bundled carbon fibers with a diameter of 12 µm,
oriented along the y axis and at 45◦.

A. Circular gratings array

The first scan was carried out using a π -shifting cir-
cular gratings array [35,36] with a unit cell period P =
49.5 µm and a fine grating period g = 1.46 µm. We used
the CMOS-based GigaFRoST [37] detector coupled with
a high-numerical-aperture tandem 1 : 1 microscope optic
leading to an effective pixel size of 11 µm. The detector
was placed at a distance of 49.5 cm downstream of the grat-
ing array, while the grating-sample distance was 46.3 cm.
The exposure time for each projection was 12 ms and the
FOV was 460 × 1008 pixels. The unit cell for the analysis,
i.e., the image spatial resolution, corresponds to a square
whose size is the diameter of a single circular grating:
9 pixels or 99 µm.

A raw transmission image of the validation sample,
obtained with a single shot, is shown in Fig. 2(a). In
the image, the circular fringes of the gratings are visible,
and their blurring due to strong scattering from the sam-
ple can be observed. The extracted absorption image is

(a) (b)

(c) (d)

FIG. 4. (a) Raw transmission image of a carbon fiber cross
with speckles. (b) Extracted absorption image and (c) mean scat-
tering signals. (d) Main orientation signals in green and red,
contrast having been enhanced for visualization purposes.

shown in Fig. 2(b), while the mean scattering [Fig. 2(c)]
is calculated starting from Eq. (2), as the mean of the
eigenvalues of the scattering tensor. The main orientation
[Fig. 2(d)] is the HSV representation of the 2D eigenvec-
tors with the shortest lengths, where the hue (color shade)
is the fiber orientation projected onto the detector plane,
the saturation is the fractional anisotropy, and the value
(brightness) is the mean scattering intensity. The main ori-
entation of the fibers in the bottom part of the sample is
clearly recognizable. In the top part of the sample, the
fibers are mainly oriented perpendicularly to the plane of
the image, with some bundles escaping upwards at the
borders. This information is reproduced by a high mean
scattering [Fig. 2(c)] and high brightness [Fig. 2(d)], but
low fractional anisotropy indicated by the low saturation
in Fig. 2(d) (color tending to white).

B. Fractal pattern array

The second scan was performed using an in-house-
fabricated fractal pattern array, featuring structures with
different shape and size, which allows tuning of the analy-
sis window (i.e., the image spatial resolution) to focus on a
desired feature size. The fractal pattern array can be used as
an alternative wavefront modulator. For this scan, images
were collected using a PCO.edge 5.5 sCMOS camera, cou-
pled with a 1 : 1 microscope optic giving an effective pixel
size of 6.5 µm. The exposure time for each projection was
100 ms and the FOV was 802 × 2560 pixels. In this case,
the analysis window corresponds to a square whose size
is 24 pixels or 156 µm. The results in Fig. 3 demonstrate
that, despite the lower visibility of the pattern compared
with the grating scan, the proposed method allows for the
extraction of both scattering and main orientation signals
also for this kind of reference pattern.
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FIG. 5. Axial slices through the upper (a)–(c) and the lower
(d)–(f) part of the validation sample. (a),(d) Mean scattering in
arbitrary units and (b),(e) scattering anisotropy signals in arbi-
trary units. (c),(f) Fiber orientation signals, where the color is an
RGB representation of the local structure orientation. The color
ball is symmetric with respect to the x-y, x-z, and y-z planes.

C. Random diffuser

Moving to a setup even easier to implement, sandpaper
has proven to be an effective wavefront marker for dark-
field signal extraction. SBI images using three layers of
P320 sandpaper as a wavefront marker were acquired at
the SYRMEP beamline (Elettra Sincrotrone Trieste). For
this application, the test sample was made of two sheets
of unidirectional carbon fibers (10 µm in diameter), glued
together to form an angle of 90◦. We used a filtered white
beam with a mean energy of 37.6 keV. SBI scans were
performed using the diffuser-stepping method, where the
diffuser is laterally translated (20 different positions), while
the sample remains stationary, to achieve a higher spatial
resolution [38]. Images were acquired with a water-cooled
sCMOS camera (Orca Flash 4.0, Hamamatsu) coupled
with an x-ray microscope (Optique Peter). The optics was
adjusted to have an effective pixel size of 3.82 µm. The
detector was placed at a distance of 52 cm from the dif-
fuser, while the diffuser-sample distance was 92.5 cm. The
exposure time for each projection was 75 ms and the FOV
was 1452 × 2048 pixels. Since the pattern created by the

(a)

(b) (e)

(c) (f)

(d)

FIG. 6. Axial slices through the upper (a)–(c) and the lower
(d)–(f) part of the validation sample described in Ref. [25].
(a),(d) Mean scattering in arbitrary units and (b),(e) scattering
anisotropy signals in arbitrary units. (c),(f) Fiber orientation sig-
nals, where the color is an RGB representation of the local
structure orientation.

sandpaper is random, there is no periodic unit cells as for
gratings, and hence the analysis window can be of arbi-
trary size. We chose a square analysis window with a size
of 6 pixels or 22.8 µm. The results in Fig. 4(d) show that
the main orientation signal matches with the expected ori-
entation of the fibers (blue along the y axis and purple at
45◦), thus demonstrating the effectiveness of the proposed
method for random reference patterns as well.

D. Tensor tomography reconstruction

Once the omnidirectional dark-field signal is extracted
and Eq. (8) is known, it is sufficient to solve the lin-
ear system with CG. We validated our tensor tomography
reconstruction for the circular gratings dataset, in order to
compare our results with a previously established method
validated only for circular gratings. However, the same
analysis can be applied to datasets obtained with the other
wavefront markers. The tomographic slices of the sample
are shown in Fig. 5. Before reconstruction, all projections
were aligned using a customized version of the align-
ment algorithm described in Ref. [4]. Two axial slices are
shown: one through the upper part of the validation sample
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(a) (b)

FIG. 7. 3D visualization of the reconstructed scattering tensor
of (a),(b) the two validation samples. In this representation, each
arrow’s orientation corresponds to the main direction in each
voxel.

and one through the lower part. From the MS images, it can
be seen that in each bundle, there exist clusters with vary-
ing local fiber densities rather than a consistent distribution
of fibers. The fiber orientation signal images [Figs. 5(c)
and 5(f)] show color as an RGB representation of the local
structure orientation. The reconstructed main orientations
agree with the orientations of the fibers. However, within
each bundle, there are local clusters with orientations that
slightly deviate from the main fiber direction. This effect is
caused by the fibers placed at the edges, that are bending
along the wall.

We applied our method also to the sample described in
Ref. [25]. The only difference from the sample we already
described is the orientation of the fibers, which in this case
are placed along the three main axes. The fiber orienta-
tion signals are shown in Figs. 6(c) and 6(f). Also in this
case the reconstructed main orientations agree with the
orientations of the fibers. Local clusters of different orien-
tations are visible also for this sample, as a result of fibers
bending along the wall. The reconstructed orientations are
comparable with those obtained with the previous method
restricted to gratings [25].

A 3D visualization of the scattering tensor reconstruc-
tion of the validation samples is shown in Fig. 7. In this
visualization, each arrow’s direction and color represent
the main orientation within its respective voxel. We have
therefore validated that our method accurately reproduces
structure orientations also in tomographic volumes and that
the results, in the case of the circular grating array, are
comparable with those for other reconstruction algorithms.

IV. CONCLUSION

In conclusion, this study introduces a general algorithm
applicable to a wide range of x-ray imaging approaches
that have access to the scattering signal, without the need
for additional regularization. We demonstrate its effec-
tiveness for three different full-field dark-field imaging
setups (gratings, fractal, and speckle). Then, we validate
the results obtained with GI, comparing them with previ-
ous findings. The algorithm enables us to pave the way for

tensor tomography using SBI, as well as using a fractal
wavefront modulator. Our method allows for full recon-
struction of tensor tomograms, with a simpler setup and
simpler optics. Therefore, it has the potential to transition
to laboratory setups, extending its reach to a wider user
community. The main difference from previous works is
the fact that we present a full-field method that can be
applied to different wavefront modulators, also nonperi-
odic. The scattering signal extraction and the tensor tomo-
graphic reconstruction are independent of the experimental
geometry used in previous works. Moreover, we recon-
struct the full tensor field, not only the scattering signal
along predefined directions. Several disciplines can profit
from this work, to mention only a few: medical physics to
study the microstructural architectures of bones, and mate-
rial physics to characterize fiber-reinforced materials. The
code is available upon reasonable request.
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