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We consider the open symmetric exclusion (SEP) and inclusion (SIP)
processes on a bounded Lipschitz domain €2, with both fast and slow bound-
ary. For the random walks on €2 dual to SEP/SIP we establish: a functional-
CLT-type convergence to the Brownian motion on 2 with either Neumann
(slow boundary), Dirichlet (fast boundary), or Robin (at criticality) bound-
ary conditions; the discrete-to-continuum convergence of the correspond-
ing harmonic profiles. As a consequence, we rigorously derive the hydrody-
namic and hydrostatic limits for SEP/SIP on €2, and analyze their stationary
nonequilibrium fluctuations. All scaling limit results for SEP/SIP concern
finite-dimensional distribution convergence only, as our duality techniques
do not require to establish tightness for the fields associated to the particle

systems.
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1. Introduction. Stationary nonequilibrium states (SNS) of open microscopic interact-
ing particle systems play a major role in the development of a macroscopic theory of ther-
modynamical fluctuations out of equilibrium. In particular, exactly solvable systems serve as
important models to link the emergence of long-range correlations at the microscale, as first
observed by H. Spohn [68], and the nonlocality of the action functionals at the macroscale
(see, e.g., the surveys [9, 26], the recent articles [12, 38], and references therein).

For one-dimensional nearest-neighbor systems coupled with reservoirs at the two ends of
the chain, a number of rigorous results for a broad class of interacting systems is available.
For the symmetric exclusion process (SEP), for instance, Derrid et al. [27] provided explicit
matrix representations of SNS, while [29, 31, 56] proved scaling limits (hydrodynamics, large
deviations and fluctuations, respectively); more recently, sharp convergence to stationarity
in total variation has been shown in [41, 43]. The introduction of an additional parameter
tuning the interaction rate of the bulk of the system with the boundary has also received an
increasing attention in the past decade, leading to new macroscopic scenarios (see, e.g., [6,
28, 36, 42]). Moving to other one-dimensional systems, we mention, among many: the open
asymmetric exclusion and symmetric harmonic processes, for which exact solutions have
been derived (see, e.g., [27, 37]); the KMP model and the symmetric inclusion process (SIP),



whose structure of k-point correlations and scaling limits have been considered (see, e.g.,
[10, 17, 35, 51]).

On more general geometries, mainly due to the lack of closed-form expressions, the lit-
erature is far more sparse. Hydrodynamic limits on d-dimensional hypercubes have been
recently studied in [72] for SEP in contact with slow reservoirs. As for microscopic proper-
ties of SNS, a universal factorized form of the k-point correlations and cumulants has been
shown on general finite graphs coupled with two particle reservoirs for SEP and SIP [33].

Main results. In the present work, we provide for the first time a complete characterization
of the scaling limits for SNS (hydrostatics and corresponding fluctuations) in the generality
of both fast and slow boundaries in Lipschitz domains.

In spite of the lack of explicit representations for SNS:

e we rigorously derive the hydrostatic limit, Theorem 3.9,
e and analyze the corresponding fluctuations, Theorem 3.13,

for SEP and SIP on arbitrary bounded Lipschitz domains in R?, d > 2, in contact with both
fast and slow reservoirs. The reservoirs are placed so to approximate the Lipschitz boundary,
and we do not require their densities to attain only two values, but let them vary continuously
in space. In close relation with such scaling limits for SNS:

e we prove the hydrodynamic limit for these particle systems when starting out of stationar-
ity, Theorem 3.8,

e and show that the k-point stationary correlations vanish uniformly in space, thus, estab-
lishing a weak form of local equilibrium for SNS, Theorem 3.10.

Due to the roughness of the Lipschitz boundary, standard discrete-to-continuum approx-
imations testing against smooth functions do not suffice to close the evolution equations
for the microscopic systems. We overcome this difficulty by improving the existing tech-
niques in proving hydrodynamic limits, only relying on the continuity of test functions and
mild solution representations of the empirical density fields. The main feature of the micro-
scopic systems which allows this decomposition is duality (see, e.g., [17, 33]), a form of
exact solvability: by means of a few “dual” interacting particles having the original exter-
nal reservoirs as absorbing states, we give all moments of the original particle systems an
alternative probabilistic representation. Thanks to duality, all steps in the proof of the hydro-
dynamic and hydrostatic limits can be recast into results for the “simpler” dual processes.
Moreover, our approach via duality—although much less adaptable to perturbations of the
particle dynamics—comes with some advantages over the so-called “entropy” and “relative
entropy methods” [50]: on the one side, it avoids the technical steps of establishing replace-
ment lemmas near the boundary; on the other side, it grants more general convergence results,
as it allows us to also deal with degenerate reservoirs’ densities. Finally, let us note that tight-
ness of the discrete fields in the path space does not follow from our methods. In fact, it is one
other advantage of our approach that we can prove limit theorems for (the finite-dimensional
distributions of) the discrete fields without establishing tightness for their paths.

The main steps in our argument are the following two convergence results:

e a functional central limit theorem (FCLT) for a single random walk, Theorem 3.1;
e a uniform convergence of discrete harmonic functions (also denominated as harmonic pro-
files or harmonics) to their continuum counterparts, Theorem 3.2.

Depending on the intensity of the rate of absorption at the boundary, in the continuum limit
we recover Brownian motions and harmonics corresponding to different boundary condi-
tions: Neumann for a sufficiently slow interaction, Dirichlet for a fast one, and Robin at the



threshold between the two. As already mentioned above, such convergence results are de-
rived without assuming smoothness of test functions near the Lipschitz boundary, but only
by proving and exploiting the fact that continuous functions up to the boundary behave nicely
under the action of the Brownian motions’ semigroups. Further, we emphasize that, while in
the one-dimensional nearest-neighbor case explicit formulas for both discrete and continuous
harmonics are known, in our setting no such expressions are available, nor is the conver-
gence of discrete harmonics a direct consequence of the finite-time horizon FCLTs of the
corresponding random walks.

Next to deriving the hydrostatic and hydrodynamic limits, we extract properties of suit-
able intrinsic nuclear spaces and establish CLTs for the fluctuations associated to SNS. The
limiting fields are centered Gaussian, with covariances determined without relying on reg-
ularity assumptions other than the Lipschitz boundary and continuity of the boundary data.
In particular, covariances in the Robin and Dirichlet regimes are identified requiring neither
strong differentiability nor existence of weak derivatives near the boundary for neither the
test functions nor the harmonics.

About our method, we believe the convergence results on random walks and harmonics and
the techniques we use to prove them to be of independent interest, as potentially generalizable
to other classes of spaces (e.g., fractal-like) for which suitable continuity estimates of discrete
and continuum heat kernels can be established. For the statements on fluctuations, however,
we expect that it is not possible to improve our results to rougher (e.g., Holder) domains,
since, for example, we crucially use compatibility properties of L>- and C,-Laplacians which
fail on general non-Lipschitz domains (see Section A.1.3 and Section 3.4).

Finally, besides providing a concrete example of scaling limits of particle systems in rough
domains with external reservoirs, we extend the usual arguments [25, 50] so to ensure con-
vergence in contexts in which the (predictable) quadratic variations of the so-called Dynkin’s
martingales associated to the particle systems contain unbounded terms. This allows us to in-
clude in our analysis singular (i.e., delta-like) initial conditions which relax at positive times
(see, e.g., [54] for hydrodynamics with nonrelaxing Dirac measures forming due to particles’
slow-down), and scaling limits of systems with fast boundary and an unbounded number of
particles per site. This improvement is achieved by exploiting the smoothening action of the
random walks’ semigroups, and employing mild (in place of weak) solutions to the hydrody-
namic equations.

Organization of the paper. The paper is organized as follows. In Section 2, we introduce the
continuum and discrete geometric setting, as well as the interacting particle systems coupled
with external reservoirs. In Section 3, we present the main results of the paper: the conver-
gence results for random walks, and for discrete harmonics are the contents of Section 3.1
and Section 3.2, respectively. The hydrodynamic and hydrostatic limits, as well as the local
equilibrium for SNS, are all stated in Section 3.3, while the stationary nonequilibrium fluc-
tuations in Section 3.4. The remaining sections are devoted to the proofs of the main results:
after deriving some auxiliary results in Section 4 (part of which is postponed to Sections
A.2, A.3), the proofs of the main results in Section 3.1 and Section 3.2 are contained in Sec-
tion 5 and Section 6, respectively. In Section 7, we present the necessary duality relations,
related properties, and the proofs of the results from Section 3.3; in Section 8, those of the
CLTs for the stationary nonequilibrium fluctuations. Let us stress that the proofs of scaling
limits in Sections 7, 8 may be read independently from Section 4-6. Finally, known and
new results on Laplacians, their corresponding semigroups and intrinsic function spaces on
bounded Lipschitz domains are collected in Section A.1.

2. Setting and models. Everywhere in the following we let d > 2 be an integer, and € €
(0, 1). All the asymptotic notation is understood in the limit ¢ — 0.



General notation. Let N:={1,2,...}, Ng:=NU {0}, R := (0, 00), and R} :=R* U {0}.
For all B € R?, we denote by #B € Ny := Ny U {oo} the cardinality of B. Throughout this
work, |-| stands for the Euclidean norm, while dist, resp. distyy, denotes the usual Euclidean
distance between points and sets, resp. the Hausdorff distance between sets. Foraset U C R?,
Cp(U) denotes the space of bounded and continuous functions on U. If U is open and k € No,
Cf(U ), resp. CK(U), denotes the subspace of CX(U) of compactly supported functions, resp.
of functions whose derivatives of all orders up to k£ continuously extend to the closure of U.
When k = 0, we write C(U) = C°(U) and let Co(U) denote the subspace of C(U) of identi-
cally vanishing functions on dU . For all f € C,(U) and any finite, resp. finite signed, measure
U e .///b’L(U), resp. A (U), we write (| f) := f f du, and denote by (-|-) g the inner prod-
uct on a Hilbert space H. All throughout, C, C’, Cy, C, ... denote positive constants whose
value is unimportant and may change from line to line.

2.1. Lattice approximations of bounded Lipschitz domains. If not stated otherwise, €2 al-
ways denotes a (connected) bounded Lipschitz domain. Without loss of generality, we assume
that 0 € Q2. We denote by ugq the standard Lebesgue measure on €2, and by ojq the surface
measure of 082, that is, the restriction to 02 of the (d — 1)-dimensional Hausdorff measure
H?1 on RY,

2.1.1. The discrete domain Qs and its volume measure j1s. Let €74 be the union of all
closed line segments joining nearest neighbors in £Z¢, and 2} be the connected component
of © N gZ4 containing the origin. Set Q, := Q* N eZ¢. For x,y € Q. we write x ~ y to
indicate that |[x — y| = ¢, the dependence on ¢ being implicit in the notation ~ and always
apparent from context.

Further let u, := g ZXEQS 3y be the (discrete) “volume measure” of .. For any uni-

formly bounded and equicontinuous family F in Cj,(R?), we have that

(2.1) lim sup [(ue| f) — (el f)| =0.
el0 fer

As a consequence, there exists C = Cq > 1 such that
(2.2) C < pe(Qe) < C.

2.1.2. The discrete inner boundary 92, and its measure o.. Letting deg,(x) denote the
degree of the vertex x € 2., we define the discrete inner boundary

(2.3) 0Q, 1= {x € Q : deg, (x) < 2d}.
Note that 02, # @, since 0 € ;. Since 2 is a bounded Lipschitz domain,
(2.4) #9Q. = 0(s'79).
To a family of weights {o(x)}resn, C R™ we associate the discrete measure on 92,
(2.5) oe =" Y ap(x) 8y
xX€02

Everywhere in the following, we assume:

e uniform ellipticity: there exists C > 1 such that, for all ¢ € (0, 1),

(2.6) Cl<o.(x)<C, x€dQ;
e weak convergence to the surface measure of dQ: for any continuous f € Cp(R%),
2.7 lim|(o¢| f) — (ol f)] = 0.

el0

We call any measure o, as in (2.5) and satisfying (2.6)—(2.7) a discrete inner-boundary mea-
sure of Q..



An explicit construction of 02, and o,. Let (Mg, No) be the Lipschitz character of Q;
see, for example, [67], Chapter 8. Informally, Ng is the minimal number of Lipschitz charts
covering €2 and with Lipschitz constant at most Mgq. The results in [32], Lemma 2.1, and
[20], Lemma 2.4, guarantee that there exist C > 1 and finite measurable partitions .4, of 02
such that:

e the partition A, is uniformly elliptic, that is,

0y (A)
ed—1

(2.8) c <

§C9 AEAS,"

e for any uniformly bounded and equicontinuous family F in Cj(R?),

(2.9) lim sup oy0(A) oscf 0, oscf:=supf—inff;
OfGJ:A;A A A A

e forall A € A, there exist at most C points x € 92, such that dist(x, A) <e(1 + Mé)l/z.

As a consequence of the definition of 9€2,, for all x € 92, there exists A € A, such that
dist(x, A) < ¢, and at most C sets A € A, such that dist(x, A) < ¢. Hence, one can always
associate to each A € A, a nonempty set 852;4 C 0%, such that

disty(392, A) <e(1+M3)"?, | 8 =80

AeA;
Finally, letting
oyq(A)
(210) aé‘(x) - ﬂaﬁg(x) Z #BQA Ed_l ’ X € Q&‘a
AeA;
3Q8sx

the corresponding discrete inner-boundary measure o, satisfies (2.6)—(2.7) by construction.

2.1.3. The discrete outer boundary 9,92, and its measure o, .. Next to the set 9€2, and
its measure ., we consider the discrete outer boundary 9,2, of 2. with its associated mea-
sure o, .. Precisely, let 9,2, C R4 \ €2 be any (up to) countable set. For each x € 2., we let
g:(x, -) be a probability kernel on 9,2, satisfying

(2.11) lim sup qs(x,2)|z — x| =
»Loxe&Q;ZGaX;zs ‘
and we define
(2.12) Oee =871 Y < D ae(x) gelx, z))
7€0,Q2: X€0Q%

Note that the precise definition of the set d, €2, is not important: what matters is the behaviour
of the probability kernel g, as in (2.11).

REMARK 2.1. By (2.11), the convergence in (2.7) holds true with o, . in place of o.
Whenever x € 092, z € 9,2, and g, (x, z) # 0, we write z ~ x and we set
(2.13) o = e (x) ge(x, 2).

REMARK 2.2.  Several choices of 3,£2, and {g.(x, -)}xecaq, (thus, of o, ) are possible.
For instance, d,€2; may be chosen as 8Zd N (Rd \ ) and g, (x, -) as the uniform measure on
points in 9,€2, at distance from x € 0€2, at most (1 + MQ)I/2

Finally, let us denote by Q. = Q. U, Q, the totality of €2, and its outer boundary points.
A graphic representation of the lattice approximations of a Lipschitz domain is given in Fig-
ure 1.
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FI1G. 1. A bounded Lipschitz domain 2, in light gray, and its lattice approximations for different values of €. The
set QF is not connected in Fig. 1(b), 1(c), while it is connected in Fig. 1(d)-1(f). For sufficiently small € € (0, 1),
the outer boundary 9,S2¢ has been chosen to be the set of points in eZ2 N (R2 \ Q) having at least one neighbor
in Q. Inner edges are depicted in light gray, outer edges in dark gray.

2.2. Symmetric exclusion and inclusion processes in contact with reservoirs. Foro = %1
define the configuration space 25° by 851 :={0, 1} and %! := N(S)zs. For n € %7, we
interpret n(x) as the number of particles at x € 2., and further denote by n*", resp. ¥, the
annihilation, resp. creation, of a particle at x € 2., namely

(2 = nx)—1 ifz=x,nkx) >0,
|1 otherwise,

) {n(x)—{—l ifz=x,0=lorz=x,0 =—1,n(x) =0,

n(x) otherwise.

Similarly, we let n”*+ := (p*>)"7.

2.2.1. Particle dynamics. Throughout this work, unless stated otherwise, we fix § € R

and ¥ € Cp(R?Y) with 9 € [0,1]if o =—1, 0 € Rar if 0 = 1. We consider the continuous-

time Markov processes nf’ﬁ 7 with state spaces &% and laws (IP"f,”3 ’U’ﬁ),,egs,a defined by

the infinitesimal generator L5 acting on f : B5° — R as

(L5F0? £Y) =672 S @ +onM)(fFY) = F)

xe€Q yeQ,
y~x

+eP2 3 S @) (1 + o9 @)(F (1) — f()

XE0R 2€0,2
~x

+eP 23 Y @ 9@+ on@)(f () — f()).

XEN2e 7E€0, 2
~X

(2.14)

For simplicity of notation, we often omit the specification of o and .
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FIG. 2. A time sample of a fixed SEP path with p =100 and ¥ = 1/3.

The infinitesimal generators in (2.14) describe the evolution of particle systems on 2.,
in which particles jump and interact within €, on a diffusive timescale, and are created
and annihilated at 32, at rates proportional to ¢#~2. The parameter o = 1 stands for two
different types of interaction. When o = —1, the process nf’ﬁ is called symmetric exclu-
sion process (SEP) with particle reservoirs. Here, particles evolve on the bulk of the sys-
tem jumping to nearest-neighbor sites at rate £ ~2, while being subject to the exclusion rule,
that is, jumps to already occupied sites get suppressed. See Figures 2 and 3 for the effect
of ¥ in this case. When o = 1, the process nf’ﬂ is called symmetric inclusion process (SIP)
with particle reservoirs. In this case, particles on €, jump to nearest-neighbor sites at rate
¢72, as well as join the position of each nearest-neighbor particle with the same rate. This
mechanism of mutual particle attraction goes under the name of inclusion rule. For both pro-
cesses, particle creation and annihilation rules mimic those governing the evolution within
the bulk, with sites z € 9,2, representing unlimited particle reservoirs set at density equal to
D(2) YXovenq, X

Both particle systems are well-posed. Indeed, nf’ﬂ is a finite-state Markov chain for o =
—1; when o = 1, albeit E° is countable, the chain is nonexplosive (see, e.g., [35], Proposi-
tion 2.1).

2.2.2. Stationary nonequilibrium states. For both SEP and SIP described above, it is
wellknown (see, e.g., [33], Section 3) that there exists a unique invariant measure, denoted
by v:t’ﬁ. Unless the function ¥ is constant on 9,£2,—in which case vf{£ is fully available and
in product form—, these invariant measures are in general not explicit. (An exception to this
is represented by SEP and its asymmetric variants on one-dimensional lattices, for which a
special matrix formulation due to Derrida et al. [27] is available.)

REMARK 2.3 (SEP(«) and SIP(«)). Variants of SEP and SIP parameterized by « (in
Nif o =—1,in ]R(J)r if o = 1) have also been recently considered (see, e.g., [33, 35]). Our
models correspond to the choice o = 1; however, all our main results and proofs carry over
to this most general setting with no substantial change.

(@) t=0 byt=1 (c) t =100

FI1G. 3. A time sample of a fixed SEP path with B = —1 and 9 = 0.



3. Main results. Everywhere in the following we denote by “9d” either of the abbreva-
tions “N”, for Neumann boundary conditions, “D” for Dirichlet boundary conditions, or “o”
for Robin boundary conditions with 0 < ¢ € Cp(92). When § and 0 appear in the same

statement, it is always tacitly understood that
=D ifg<l, d=p:=1 ifg=1, d=N ifg>1.

In particular, in all convergence statements for Robin boundary conditions (Theorems 3.1,
3.2,3.8, 3.9, and 3.13), the function g is constantly equal to 1.

3.1. Duality, random walks, and Brownian motions. The particle systems nf’ﬂ intro-
duced in Section 2.2 are in duality with purely absorbing interacting (labeled) particle sys-

tems Xf’ﬂ ’k, with k € N (see, e.g., [33], Section 2.2). As we show in Section 7 below, these

dual processes play a key role in our proofs of scaling limits for the particle systems nf’ﬁ .

In the “bulk™ €2, the systems Xf”s * follow the same interaction rules as nf’ﬂ . At the
inner boundary 92, however, the interaction of Xf’ﬁ * with the outer boundary 9,2, only
consists of the absorbtion of particles at 9,£2; furthermore, the jump rates do depend on
the underlying structure of Q. and its discrete outer-boundary measure o ¢, but not on the
parameter ¥ € Cp,(R%).

In this section, we only consider one-particle dual systems (i.e., X; P _x consist-
ing of the random walks in . defined in Section 3.1.1 below), and refer to Section 7.1 for
the complete definitions and properties of the dual processes for general k € N. In Section

&,B,k=1
t

3.1.3 we prove a functional central limit theorem for X; P , with the Brownian motion on £2
with boundary condition 9 (see Section 3.1.2) as its limiting process.

3.1.1. Random walks. For f € RS and every x, y € Q. we write
3.1) Ve f=eT (f () — f(x).

We denote by ((Xf’ﬂ )1>0, (Pfc”3 ) xeﬁg) the continuous-time random walk in the Skorokhod
space D(]Rar : Q,) with infinitesimal generator

AP F) =10, e D VE f+ 1) e’ Y Ve LF.

YEQ, 7€0e82
y~x 7~x

(3.2)

We further let (Pf’ﬁ )s>0 be the corresponding Markov semigroup on R, with correspond-
ing heat kernel

(3.3) PP, y) =PeP(xPP =), x,yeQ, >0

We stress that A&# f =0 on 0,€2, that is, the outer boundary 9,€2; is a set of absorbing
states for the random walk X f’ﬂ . Furthermore, A%#, and thus Pf’ﬂ , globally fixes the space
of functions f : Q, — R identically vanishing on 3,Q.. We identify the latter space with
L?(R2.) for any p € [1, oo], endowed with the standard norm (w.r.t. u,, cf. Section 2.1.1)

G4 g, =e S If@P. pellioo),  [Ifli@) = sup|f(x)].

erS XGQE

p
b

With a slight abuse of notation, we further let A># and Pf’ﬁ act in the obvious way on

functions in L”($2,). Note that A*># and Pf”g are self-adjoint in L%(£2,). Finally, recalling
the definitions of the measures . and o, in Section 2.1.1 and (2.5), respectively, and of the



generator A®# in (3.2), the corresponding Dirichlet form £58(f, g):= (f| — A®Pg) L2(2)
on L%(2,) reads as

35)  EF(fe== Z Ve g+eP ool fe),  fig € L ().

X, Y€
X~y

3.1.2. Brownian motions. In the following let H(} () and H'(S2) denote the standard
Sobolev spaces on 2. Recall that the trace operator -|3q is well defined on H 1(Q) as a

compact operator -|3q: H 1(©Q) — L%(dQ). This follows from, for example, [40], combin-
ing [40], Teor. 1.1, eqn. (1.4), and the observation in [40], Section 4]2.

Dirichlet forms, Laplacians, and heat semigroups. Let o: 02 — [0, co] be a continuous
function. Denote by (£¢, H!(2)) the bilinear form

(3.6) 8Q<f,g):=/QVf-ngug+/mgf|mg|mdam, fige H'(Q),

well defined and closable on L?(2) by compactness of the trace operator. Its closure, de-
noted by (2, 2(£9)), is a Dirichlet form on L?(R), with (negative) generator the self-
adjoint operator (A9, Z(A®)), the Robin Laplacian with boundary condition ¢. We fur-
ther let (AP, 2(AP)), resp. (AN, Z(AY)), denote the familiar Dirichlet, resp. Neumann,
Laplacian on 2, resp. corresponding to the cases ¢ = +00 and ¢ = 0. The domains Z(EP)

and 2(EN) respectively coincide with HO1 () and H' ().
Let A? denote either AP, AN, or A2. We respectively write (£2, 2(£?)), (P?);>0, and
= (¢ — A"~ with ¢ > 0, for the corresponding Dirichlet form, heat semigroup, and

resolvent on L2().

Brownian motions. In the following, we denote by (Bta )s>0 the Brownian motion on 2 with
boundary condition 9, that is, the Markov diffusion process properly associated with the
Dirichlet form (£?, 2(£%)) on L?(2). For different choices of d we have therefore that Bt8
is the Brownian motion on

(N) with normally reflected boundary conditions, in the generality of Lipschitz domains,
see, for example, [7, 21, 39];

(o) with Robin boundary conditions driven by p, in the generality of Lipschitz domains,
see, for example, [59];

(D) stopped at 0€2.

Finally, we denote by (P?) ceg and (E?) ceg their laws and the corresponding expectations.

3.1.3. Convergences. LetIl.: C(Q) — L% () be defined by (I, f)(x) = f(x) forev-
ery x € Q.. Whenever needed, [1, f is assumed to be extended by O outside of €2;. Let C? be
either C(2) (for Neumann and Robin boundary conditions) or Co(£2) (for Dirichlet boundary
conditions), always regarded as a Banach space endowed with the uniform norm. Finally,
denote by P the part of P} on C?. The operators P satisfy P*“: C? — C? and form
CO-semigroups on C?. We denote by (A%, Z(A?%¢)) the corresponding C?-generators. We
refer to Section A.1.2 for the details of these constructions.

We are now ready to state our first convergence result, in which we write, cf. [30]:

(3.7 fe— [ if fo € L®(Q), f €C(Q), !aif(}llfs — e flize@ = 0.

THEOREM 3.1 (Section 5). Fix f € C?. Then, Pf’ﬂl'lgf — P,a’cf locally uniformly in t
on Rg.

10



In Theorem A.8 (see Section A.3 in the Appendix) we provide many equivalent assertions
to the one in Theorem 3.1, which will prove crucial in establishing this result.

3.2. Harmonic profiles. Recall the definition of ¥ € Cj,(R?) from Section 2.2.1.
We define the discrete harmonic measure

(3.8) Pl y) = lim piP(x,y), x,yeQ,
11— 00

and the discrete harmonic profile hef on Q, with boundary condition ¥ on 0,2,
(3.9) RP(x) =Y pf e,y (), xeQ..
yeQe

Equivalently, h*f : Q, — ]R(J)r is the unique solution to the boundary value problem

ASFPp = Q
(3.10) { 0 onf,

h=17v on 0,82

We denote by h? € C(QQ) the (continuum) harmonic profile on 2, that is, the distributional
solution to

(3.11)

Ah=0 on <,
By on 0€2,

where Bj denotes either of the weak boundary conditions, understood in the oyg-a.e. sense,

anu = 0,

3.12 =9, On —9=0
(3.12) (D) u (@) dnu+o(u—17) (N) {(oamu):(aaszl?})-

Indeed, since Q is a bounded Lipschitz domain, suitable solutions 4% exist and are unique
(see, e.g., [23], Section I1.4, or [4] for d = D, [32] for d = p); more specifically:

(N) AN is a constant and coincides with the oyq-average of ¥ on 9%2;
(o) Letting z > L} denote the boundary local time of the Brownian motion B on €2, the
function A€ satisfies, cf. [32], Section 3,

e e} t
(3.13) he(x) =E} [/ (09)(B}) exp(—/ o(BY) dLSN) dL?I], x € Q;
0 0

(D) By Riesz—Markov—Kakutani representation theorem and the maximum principle,
the correspondence o > A" uniquely defines the harmonic measures {p2,(x, -)}xeq of the
Brownian motion B, probability measures concentrated on 92 such that

(3.14) hP(x) = /mz?(y) poDo(x, dy), xeQ.

Further, the solution A" satisfies hP € C(Q) N C®(R) and thus hP|yq = ¥y everywhere
on d€2, see [3], Section 6.1 and Ex. 6.1.2.b. However, in general D¥pP may be unbounded
on 2 for some k € N due to the lack of boundary regularity; in particular, boundary data
in C(9€2) only ensure AP € HI/Z(Q), see [46], Theorem 5.1.

For the harmonic profiles, we prove the following convergence result. Recall the definition
of convergence of functions in (3.7).

THEOREM 3.2 (Convergence of harmonic profiles, Section 6). heB — p? for every B €
R.

11



REMARK 3.3 (Relaxing conditions (2.6), (2.7), and (2.11)). Not all the assumptions on
the discrete approximations of the Lipschitz boundary are strictly necessary to prove Theo-
rems 3.1 and 3.2. More specifically, when 8 > 1, only the second inequality in (2.6) is needed
to prove Theorem 3.1, while Theorem 3.2 holds true even with a weaker version of (2.7) (with
any continuous linear functional X' : C(d€2) — R in place of o3q). Similarly, when 8 =1,
our results easily generalize to the case of 0 < ¢ € C(dR2), by replacing oy in (2.7) with
003q. When B8 < 1, Theorem 3.1 uses only (2.6) and (2.11).

3.3. Hydrodynamic and hydrostatic limits. In Section 3.3.1, we introduce the heat equa-
tions, the notions of mild solution and some of its main properties. The assumptions and
statement of the hydrodynamic limits (Theorem 3.8) is the content of Section 3.3.2. In Sec-
tion 3.3.3, we present some examples to which Theorem 3.8 applies, as well as the hydrostatic
limits (Theorem 3.9). Finally, Section 3.3.4 is concerned with scaling limits of stationary cor-
relations (Theorem 3.10).

3.3.1. Heat equations. Everywhere in this section, fix 7 > 0, and set
Qr:=Qx[0,T], Qr:=Qx(0,7), dr2:=0Q x (0, 7).

Further let .#? := (C%)* denote the topological dual of C?, always endowed with its
weak* topology. By Riesz—Markov representation theorem, we have the standard identifi-
cations .Z° = (,(Q), ty) and AN = #° = (M (RQ), Tn), Where Ty, Tesp. T,, denotes the
vague, resp. narrow, topology on bounded (Radon) measures. By, for example, [48], Theo-
rem 4.2, Lemma 4.5, .#? is a Polish space.

We consider the following boundary-value problems for the heat equation with d-boundary
conditions, 9 € Cp(R?) and 7o € .#° as boundary and initial data, respectively:

(0 —ANu=0 inQr,
(Ha, 1) up = 1o in.2?,
By on 57 Q,
where B3 denotes either of the boundary conditions (3.12) with u = u; and o = 1.
We now formulate a precise definition of .Z 9_valued solution to (Hp.7). To this end,
let (P,a’c)*: M — #? be the dual operator to P,a’c: C? — C?; note that, by the standard
theory of C-semigroups, (P,a’c)* is a continuous! (in ) positivity preserving semigroup.

DEFINITION 3.4. We say that u: [0, T] — M is the mild solution to (Hy, 1) starting
atbt()=71()€,///3 if

(3.15) uy =h g+ (PP9) (mo — kP ug), 1 €[0,T).

In the following proposition, let E denote either L*(Q2) or C?, and let (A%E, 2(A?-E))
be the E-Laplacian with boundary condition 9. Its proof is a consequence of the weak™-
continuity of (P,d’c)*, the regularity of h? (see Section 3.2), and [3], Corollary 3.7.21.

PROPOSITION 3.5. The mild solution to (Hy 1) belongs to C([0, T']; Y. If addition-
ally ug = po g with ,00—ha € E, then the mild solution satisfies u; = p; uq forallt € [0, T],
and p. —h? € C([0, T1; E) NC*®((0, T); E) NC((0, T1; 2(A*E)) is the unique solution to
the Cauchy problem v'(t) = Aa*Ev(t)fort >0, and v(0) = py — ho.

ISince €9 is not reflexive, (Ptd’c)* is only weakly*-continuous. This motivates our choice to endow .# 9 with
its weak*-topology.

12



Let us observe that the techniques we make use of in this work rely on the Lipschitz
property of €2 in an essential way, and we expect (a large part of) our results not to hold if €2
is non-Lipschitz. We refer to Section A.1.3 below for more details.

3.3.2. Hydrodynamic limits. Let (v.), be a family of probability distributions on the con-
figuration spaces (2°),, (E,, ). being the corresponding expectations. We make the following
assumptions.

ASSUMPTION 3.6 (Second-moment bounds). We assume that

2
(3.16) limsupEvs[(sd Z n(x)) ] < 00, lim sup ¢4 max Eve[n(x)z] < 00.
£l0 res, £l0 Y€

For SEP (0 = —1) Assumption 3.6 trivially holds.
ASSUMPTION 3.7 (Weak law of large numbers). There exists g € .# 9 such that

Gan timvdne s ol - X a0 £

xe

28}=0, §>0, fec?.

Let Xf’ﬂ be the normalized empirical density fields corresponding to the paths of nf’ﬁ ,
namely,

(3.18) teRE — 0P =6t 3 i ()5,
xe

We are now ready to state the main result of this section.

THEOREM 3.8 (Hydrodynamic limit, Section 7.2). Let (v;). satisfy Assumptions 3.6
and 3.7. Further, for all T > 0, let u € C([0, T]; M) be the mild solution of (Hy. 1) starting
atug =g € HA°, and XP be the D([0, T; .#?)-valued random empirical density fields as
in (3.18) starting at a configuration 778’5 =n € E® randomly distributed as v,. Then,

Xg’ﬂ fdd ",
el0

fd o . o
where 23, denotes (weak) convergence of finite-dimensional distributions.

3.3.3. Examples and hydrostatic limits. We list a few relevant examples for which the
hydrodynamic limit holds.

Product measures associated to a slowly-varying profile. Fix a continuous (bounded) func-
tion g : Q — Ra' (or [0, 1] if 0 = —1) which will play the role of initial limiting density
profile. For all x € €, consider a probability distribution v} on Ny (or {0, 1} if 0 = —1), and
set Ve := @ eq, Vs - If we assume the moment bounds (3.16) and further that

(3.19) Ey [n(0)]=g(x), xeQ,

then (v¢). constructed above satisfies Assumption 3.7 with g := guq.

Deterministic piles of particles (o = 1). Fix x € Q, and let (x;). C 2 be a family such
that x, € Q, and lim, o|x — x¢| = 0. Then, the distributions (v¢), each concentrated at the
particle configuration ° € E® given by

—A2 it |y — x| <e'/2,

0 otherwise

(3.20) () ="

satisfy Assumption 3.6, as well Assumption 3.7 with mg := vy 85, where vz denotes the vol-
ume of the Euclidean unit ball in R?.
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Stationary nonequilibrium states and hydrostatic limits. Letting vf{£ denote the (generally
implicit) stationary measures described in Section 2.2.2, a standard duality argument and the
boundedness of ¥ (see, e.g., [33], Appendix A) readily imply that Assumption 3.6 holds for
(Ve)e = (v§{£ )e. Additionally, we show the less trivial fact that (v§{£ )¢ satisfies a weak law of
large numbers:

THEOREM 3.9 (Section 7.3). (v;’fi)g satisfies Assumption 3.7 with g = hpg.

Combined with Theorem 3.8, this proves the so-called hydrostatic limit, that is, the asser-

tion of Theorem 3.8 with v, := vf{ﬁ and 7 := h? g, the latter being the stationary solution
to the heat equation with appropriate boundary conditions.

3.3.4. Local equilibrium for SNS. As a refinement of the weak laws of large numbers
presented in Theorem 3.9, we establish some weak forms of local equilibrium (see, e.g., [50],
Section 3) for SNS.

Recall that in equilibrium (i.e., whenever ¢ € Cj,(R?) is constant), v§{£ is explicit and in
product form, given by products of i.i.d. Bernoulli, resp. geometric, distributions if o = —1,
resp. o = 1 (see, e.g., [33]). For a general 9 € C;(R?), this no longer holds, although a local
approximation of this sort remains valid at large scales. The precise statement of this fact
is the content of Theorem 3.10 below. In what follows, for every © € C,(R?) given as in
Section 2 and corresponding #%-# as in (3.9), we define

{Bern(hs’ﬁ(x)) ifo=—1,

321 oF ~
62D b Geom((1+h*P(x))™") ifo =1,

X

&B . &pB
and vg" = Qreq, Vx' -

THEOREM 3.10 (Local equilibrium, Section 7.4). Fixk € N, k > 2. Then,

k k
E cs [1‘[ n(xi)} — B, [1‘[ n(xi)} ‘ =0.
i=1 i=1

stat

(3.22) lim  sup

el0 X1yeees XKk EQe

REMARK 3.11 (Two-point stationary correlations). As a particular case of Theo-
rem 3.10,

(3.23) lim sup B cp[(n(x) —E cp[n()])(n(y) —E cs[n(])]] = 0.
& x, € stat stat stat
XFEYy

3.4. Stationary nonequilibrium fluctuations. Theorem 3.9 proves weak laws of large
numbers for the empirical density fields at stationarity. In this section, we analyze the corre-
sponding fluctuations. We present these limit theorems in Section 3.4.2, after presenting in
Section 3.4.1 the function and distribution spaces needed to establish these results.

3.4.1. Nuclear Fréchet spaces of test functions and their duals. 'We introduce here some
spaces of test functions S?(£2) and their duals S?(2)’ well adapted to the spectral properties
of —A?. Such spaces generalize those in, for example, [50], Chapter 11, [56]: there Q2 is
either the d-dimensional torus or [0, 1], and S?(2) and S?(2)’ are constructed via the ex-
plicit knowledge of an orthonormal system of Laplacian’s eigenfunctions. We show that the
spaces S?(£2) are cores for the C?-Laplacians, and that (S?(€2), L%(2), S?(2)") is a Gel’fand
triple compatible with Pta [49], Definition 1.3.5; thus, these spaces are natural candidates for
the study of fluctuations around the hydrodynamic limit.

14



In the following, denote by w,‘;’ the eigenfunction of —A? with eigenvalue )»2 > 0. For
eachs € R, let Q? := (1 —A?)* be defined via the spectral resolution of —A? and set w,‘?’s =
(1422)75/24:9 Finally, denote by H? () the Hilbert completion of the linear span of (),
with respect to the pre-Hilbert norm ||1//||HX3 Q) = (V] Q?lﬁ)lL/zz(Q) and note that (w,?’s)n is a
CONS for Hsa(Q) for each s. For s > 0 we have that HS3 () = .@(Q?/z), and HSB(Q)’ =
H? (Q) as Hilbert spaces.

A proof of the next proposition is given in the Appendix (Section A.1.2).

PROPOSITION 3.12 (Test functions). Let o € RT. The following assertions hold:

(i) the following spaces are countably Hilbert nuclear Fréchet spaces

S'Q@=H!(Q) and S' @) =|JH(Q);

() (S?(), L2(Q),S8?(Q)) isa countably Hilbert nuclear Gel fand triple;
(iii) P: SY(Q) — S*(Q) forallt >0,

(iv) (—A?, 8%(Q)) is essentially self-adjoint on L?();

(V) C(Q) C S (Q) cC™(Q)NC;

(vi) functions in S?(Q2) satisfy the following boundary conditions:

(3.24) A F=0 ondQ forallk>0 if feS>(Q),
(3.24b) mf+of=0 ondQ if f eS%(Q),
(3.24¢) mf=0 ondQ if f eSNQ).

Here (3.24a) holds everywhere on 0<2, whereas (3.24b) and (3.24c) ought to be interpreted
in the oyq-a.e. sense.
(vii) The space S () is a core for the C?-Laplacian A%€.

3.4.2. Gaussian fields and limit theorems. Recall the definition of 4% from Section 3.2,

and let ng’ﬂ be randomly distributed as vsggﬁ and nf’ﬁ be the stochastic path starting at ng’ﬂ .

We introduce the empirical fluctuation fields at stationarity

(3.25) teRE — VP =1 3 (P () — P ()8,

xe

By stationarity, ), £ 4 yg’ﬂ for every t € R(J)r . Our aim is to show that such fields weakly
converge in the sense of finite-dimensional distributions to a S?(2)'-valued Gaussian field
V9, which we now describe.

Recalling 7% from Section 3.2, we start by defining

(3.26) X0 =n(1+oh®)eC().
For all f, g € RS, and x € €, further let
1 _
(3.27) TP @) =5 3 Vi, [ VE,8 + g, (x) e e (x) £ () g (1)
YEQ,
y~x

be the carré du champ associated to A®P, and set I'®P(f) := I'®A(f, f) > 0. We
have that &4 > xeQ, I'eP(f, g)(x) = E5P(f, g). Furthermore, for all ¢, ¢ € R%, Cauchy—
Schwarz inequality yields

(3.28) (PP Do) g, < (TP (D07 2 TP @1V 20
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The covariances of the Gaussian field )? arise as suitable limits of these carré du champ.
More specifically, for all f, g € 83(9), we show that there exist (7o), C [1,00), (fe)e,
and (ge), for which E°[(VZ| £)(Vi1g)] is the limit of

Tt
(3.29) tim tim ([ 20 h (B2 f PP g asi)
el0 \Jo L2(Q2,)

plus some nonvanishing boundary terms in the Robin regime.

If B> 1, then x" is constant and the limit in (3.29) is x™(f1g);2(q,)- If B < 1, the func-
tion x? is not necessarily constant. Letting I"? denote the continuum carré du champ associ-
ated to A%, the candidate limit in (3.29) formally reads { [;~ 21" (P2 f, P}“g)ds|x?) 12(q-
However, due to the lack of smoothness of Psa f and x? near the Lipschitz boundary, we
have to replace the L?(S2)-scalar product with the pairing between .#,(Q) and C(Q). In-
deed, regarding reb( fe, g¢) as an element of .#,(R2), we establish convergence in (3.29)
when 8 < 1 through the following two steps:

e the family of measures associated to (fom ZFS’ﬂ(Pss’ﬂfg, Psg’ﬂgg) ds)e.; is tight in ., ();
e forevery ¢ € SN(Q),

Tot
lim 1i 2P (PEP f,, PEPg,)ds|TT >
ti“o’o;f&UO (PSP feo POV ge) ds|Teg o

(3.30)
o.¢]
= [ e P Ple) + 0 L1 Pl + € Pl P ds
Note that the integrand on the right-hand side above is well defined by combining
Lemma A.1, P3¢ f € P(A?) C 2(£%) c 2(EN) = H!(Q), and [14], Proposition 9.4.

By density of SN(R2) in C(), the functional of ¢ defined by the right-hand side of (3.30)
identifies a unique signed measure, here denoted by y?y g for all ¢ € C(R2) and ¢, € SN(Q)
such that [l¢ — ¢ull¢) — 0asn — oo, '

o0
v} o@) = lim /0 —EN(Pf Plg.gn) + % P f. P)g) + € (0n P)g. P f) ds

Before stating the main result of this section, set, for every f,g € S d (2),

(3.31) 0= /0 (PE1)(PEg)ds )oonale). ¢ <C@,
and
fl LZ(Q) lf 8 =N
(3.32) covy(f, g) i= yﬁ (x9) + 1§ (@ —=h)(1+201%) ifd =0,
v7e(x”) if9=p

THEOREM 3.13 (Stationary nonequilibrium fluctuations, Section 8). For all T > 0,
there exists a unique centered Gaussian process V? in C([0, T1; S?(Q)) with covariances
B2 £)()21g)] given, for f,g € S?(Q) and 0 < s <t, by covy(P2, f, g) as in (3.32).
Furthermore, for yeh being the D([0, T]; S%(Q))-valued random variable given in (3.25),
we have that
B _fdd

w

yepb =5 )9,

fdd . . . Lo .
where =—> denotes (weak) convergence of finite-dimensional distributions.
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4. Auxiliary results. In this section we present some auxiliary results on discrete heat
kernels and corresponding semigroups in Section 4.1 and Section 4.2, all required for the
proofs in Section 5, 6.

4.1. Random walks with B = 0o and Feynman—Kac formula. The definition of random
walks X¢# in Section 3.1.1 with B € R readily extends to the case 8 = oo (in that case,
conventionally, we let £ := 0 in (3.2)). The resulting continuous-time Markov processes
X& evolve within 2, as the X%# do, with the jumps to 9,8, being suppressed. These
random walks have been extensively studied in [20, 32]. More specifically, by proving in
[20], Section 5.1, a class of e-independent relative isoperimetric inequalities, the authors in
[20, 32] derive several properties about these random walks, the most important ones for our
work being listed below for reference. Here, C,C’ > 0 and a, b € (0, 1) denote constants
depending only on Q C R?.

e Nash inequalities and ultracontractivity of the semigroups [20], Theorem 5.8: for all f €
RS,

(4.1) |25 £ ooy < C(E 2V e) ™+ DIl >0
e mixing [20], Proposition 5.9:

P, ) 1
4.2) limsup sup | = - ~ = ¢ == 0;
el0  xeQ; & e (S2¢) L®(S2%)
o heat kernel upper bound on the inner boundary [20)], Lemma 2.13:
(4.3) sup ¢! poP,y) <C(t™VPae™h, 1>0;
xX€Qe yed,
e exit-time estimate [32], Corollary 4.2: for all y > 0,
C'y
(4.4) sup P&°( sup | X8 —x|>y) < Cexp(——), t>0;
e <se[0,t]‘ ’ | ) t'2ve
e Holder’s equicontinuity of heat kernel [20], Theorem 5.12: for all x, y € Q,,
—d| €00 _£,00 lx — y|“
@) e P D) = PO D) < Ctb/z(td/z Ay T 0

It is well known that the random walks X®# with 8 € R are related to their counterparts
with B = oo through the following Feynman—Kac representation formula: for all f € R%,
xeQ.andr >0,

t

(4.6) Pf’ﬁf(x) = Efc’oo[f(Xf’oo) exp(—gﬂ_1 / VS(X;?’OO) ds)},

0
where, recalling o, introduced in Section 2.1.2, we set
4.7 Ve(x) :=e "y, (x) ae(x), x € 2.
As a consequence of (4.6), for all x, y € Q, and ¢ > 0, we have
4.8) pif oy < prP oy <=y, BB
as well as

d t

(4.9) Epf’ﬂngg (x) = Ei’o"[—sﬁl Ve (X7%) exp<—eﬂ1 /O Ve (X5>) ds)]

Finally, by combining the second inequality in (2.6) and (4.3),
4.10)  sup EE®[Ve(X7®)] = sup Y pi P, ») Vo) <C(t72re™), £>0.

xe xXe yeQ,
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4.2. Equicontinuity of heat semigroups. By (4.4) and (4.5), we get, for all f € C(RQ),

4.11) lim sup sup sup |P7 Tl f(x)— P7 I f(y)|=0.
810 ¢€(0,1) >0 x,yeQ;
[x—y|<é

An analogous statement holds true for the strongly continuous semigroup P, on C ().
As a refinement, we show the spatial equicontinuity of discrete semigroups with modulus
of continuity independent of € R.

PROPOSITION 4.1 (Equicontinuity of discrete semigroups, Section A.2). Fix f € C(RQ).
Then,

(412) llm sup sup Sup Sup |Pt8’ﬁnsf(x) - Pt&ﬁl'lgf()’)| = 09
840 ¢e(0,1) B=11>0 x,yeQ
lx—y|<8

(4.13)  lim sup supsup sup |P,8’ﬂl'lef(x) - P,s’ﬁl'lgf(y)} =0, to > 0.
810 ¢e(0,1) BeR =1y x,yeQ
lx—y|<é

The proof of the proposition above is postponed to the Appendix (Section A.2), and im-
mediately adapts to the continuum setting, yielding the following.

PROPOSITION 4.2 (Equicontinuity of continuum semigroups). Fix f € C(2). Then,

(4.14) limsupsup sup |PPf(x)—PPf(y)|=0, 1 >0.
810 p>01>1y x,yeQ
lx—yl<$d

An analogue of (4.14) holds with to = 0 if replacing sup,~ with sup,., for some g > 0.

5. Proof of Theorem 3.1. In this section we prove Theorem 3.1, and divide its proof into
three parts, each one of them addressing a different regime of 8 € R (8 > 1 in Section 5.1,
B =11n Section 5.2 and 8 < 1 in Section 5.3). In order to lighten the notation, we omit the
evaluation IT, : C(Q) — L>(2,); moreover, with a slight abuse of notation, here and until
the end of Section 8, we do not explicitly distinguish between L?- and C?-semigroups, letting
Pta indicate either of them; an analogous convention holds for the corresponding generators
and resolvents.

5.1. Proof of Theorem 3.1: Neumann regime. Throughout this section, fix § > 1. By the
triangle inequality, for all f € C(Q) and T > 0,

zes[ng] H Pte’ﬂf o Pth”LOO(Qe> = tes[ng]H Pt&ﬁf - Pts’oof”LW(Qg)
+ sup PO f = PN oo,y
t€l0,T]

Theorem 3.1 thus follows as soon as we show that both terms in the right-hand side above
vanish as ¢ — 0. These claims are immediate consequences of Lemmas 5.1 and 5.2 below.

LEMMA 5.1. Forevery f € C(Q) and T > 0, there exists C = C(2, f, T) > 0 such that

sup PP f — PO fl o, < cefl.
te[0,T]
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PROOF. By (4.6) and the inequality 1 —e™% <a fora >0, forall x € Q. and r € [0, T],

t
B2 6= PO 0] < U e[ 1= enp(o 1 [ vixias)|

T
< IIfIIC@Ei’o"[sﬂ‘l / VS(X?OO)ds].

0
The inequality (4.10) yields the desired result. [J

LEMMA 5.2. Forevery f € C(Q) and every T > 0,
lim sup [|PSf =P f|, 0000 =0.
£10 o, | P Sl (%)

PROOF. Thanks to Theorem A.8 (which holds also with 8 = co and d = N), the desired
claim is equivalent to show assertion (a4), that is, £47°° — EN compactly (in the sense of
Definition A.5). This is a straightforward consequence of [1], Theorem 6.1 and Remark 6.5,
and Proposition A.7. [

REMARK 5.3 (Dyadic lattice approximations and local CLT). The claim in Lemma 5.2
has already been proven in [15] for dyadic lattice approximations (i.e., when & = 27k k eN).
Reasoning as in the proof of [20], Theorem 5.13, Lemma 5.2 and the equicontinuity of the
heat kernels in (4.5) ensure the validity of the local CLT [20], Theorem 5.13, for the random
walks X for every lattice approximation.

5.2. Proof of Theorem 3.1: Robin regime. Fix f € C(Q). Itis well known (see, e.g., [32],
eq. (3.2)) that PP f admits the following stochastic representation in terms of the reflected
Brownian motion B} and its boundary local time L)

5.1 Pef(x)=EN[f(BN)e L], xeQ,t>0.
Furthermore, by (4.6),

t
(5.2) PEP=l r(x) :Ei’oo[f(Xf’oo)exp(—/ Vg(Xﬁ’oo)ds>], x€Q,,1>0.
0

By Remark 5.3 and the assumption in (2.7), the proof of [32], Theorem 3.1, carries over
to our setting: for all x €  and (x;), such that x, € Q, and x, — x, we have that

t
53) (. [ vetxeyas)) =S (2,
0 r €
in D(RS; Q) x C(RY; RY); in particular,

(5.4) lim PEP p () = PO F ()

which, by Proposition 4.1, holds uniformly in space. Then, the uniformity over bounded
intervals of time is (ap) = (a;) of Theorem A.8. This concludes the proof.

COROLLARY 5.4 (Spectral bound, g < 1). With the definitions adopted in Theo-
rem A.8(by) below, there exists Ay > 0 satisfying

PPV VR WD L W

PROOF. By, for example, [22], we get )»8 > 0; the inequality AOD > )»8 follows by the

monotonicity of Dirichlet forms (Lemma A.1). Analogously (cf. (4.8)), )L(S)’ﬂ > Xg’ﬂ =1 As for
the last inequality, we combine Theorem 3.1 for 8 = 1 with Theorem A.8(b;), implying that

WP a8 O
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5.3. Proof of Theorem 3.1: Dirichlet regime. Throughout this section, fix 8 < 1. In this
case, we divide the proof of Theorem 3.1 into two parts. As a first step (Section 5.3.1), we as-
sume that €2 is a bounded smooth domain and prove the graph-convergence of the generators,
which implies Theorem A.8 (Theorem A.8(az) == (ap)). This approach via generators’
convergence heavily relies on the existence of a core for AP = AP-¢ consisting of smooth
functions with continuous derivatives up to the boundary. As a second step (Section 5.3.2),
we drop the assumption of smoothness of the domain 2. We prove the semigroups’ con-
vergence on the bounded Lipschitz domain 2 approximating it from the inside with smooth
domains.

5.3.1. Case of a bounded smooth domain 2. In this section, we assume  C R? to be a
bounded C°°-domain. In this case, we recall that there exists a core of smooth functions up
to the boundary for the Dirichlet generator (A", Co(£2)) associated to the Co-semigroup P,
on Cp(2). As a concrete instance of such a core, we choose SP(2) constructed in Propo-
sition 3.12(i) and note that, by the smoothness of €2 and the classical Sobolev embeddings,
SP(Q) C Cp(R) NCX(RQ) (see, e.g., [2], Theorem 2.20, or [44], Theorem 2.5.1.1).

Recall the definition of the resolvent R?’S = — APy~ = [[° ¢S PEP dr, for ¢ e RY.
In the next lemmas, for every f € SP(R), setting fe := ¢¢ R;’ﬂf, we show that f; — f and
Ag’ﬁfs — AP f, for a suitable choice (5.6) of ¢, — oc.

LEMMA 5.5. Fix f € Co(R2). Then ggRZﬁf — f for every family ¢; — o0.

PROOF. By the triangle inequality,

s [Tt Y i@ - roal

Hg“ngﬁf — fllreg, = sup
XGQS yEQa

(5.5
+ sup

xe

& / et (1 — Pf’ﬂﬂgg(x»f(x)dr‘.
0

As for the first term on the right-hand side above for all § > 0, we estimate it from above by

o0
gs/ e ! Z pf’ﬁ(x,y)dt‘
0

YEQ:|y—x|=4

sup | f(x) = fFO)| + 2l flley) sup
x,yEQ xeQ
[x—y|<d

C’'s _
< swp |£00 = £ )]+ Cllf ey (exp( =7y ) + 7).
x,ye2 te' Ve
|x—y|<é
where we employed the exit-time estimate (4.4), for a given family (¢.), C_]R+ such
that lim; o7, = 0 and lim; ¢ e, = +00. Since f is uniformly continuous in €2, letting
first ¢ — 0 and then § — O shows that the first term in the right-hand side of (5.5) vanishes.
As for the second one, for p > 0 and Q” := {x € Q : dist(x, dR2) > p}, arguing as before,
we estimate it from above by

o0
{8/ e %l (1 — Pte’ﬁjlgg (x)) dt‘
0

sup | f ()| + I fllco)  sup
xeQ\QP XEQNQP

C'p _
xeQ\QP 12y ¢

Finally, since f € Cy(£2), letting first ¢ — 0 and then p — 0, we conclude the proof. [J
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LEMMA 5.6. Let (¢:) C RT be such that ¢, — oo and
(5.6) le € o(s_(l’\(l_ﬂ))).
For f € S*(). set fo:= R}’ f. Then, AP f, — AP f.
PROOF. By the triangle inequality, we have that
| AP £, — AP fl o = CERZ/SAS’/SJC — A" fl )
< ||§sR§;ﬁA8’ﬂf - é“sRZﬁADf”LOC(QS)

+ 16 REP AP f = A £l g

Since APSP C 8P € Cy(R2), the second term vanishes as ¢ — 0 by Lemma 5.5 with AP f in
place of f. Thus, it suffices to show that

. &pB 4e, &p —
limfge Re" AP f = G RPA™ f| () =0
To this end, we split the term into bulk and boundary contributions:
le:REP A f =6 R A f | i

< sup [ATP () — AP
yeQ 02

+ sup

xel

‘. /0 TS PP e (A £(y) — AP f () di],

yede

where we used that } o \s0, pf’ﬁ(x, y) < 1. Note that, on €, \ 9Q., A># coincides

with the e-discrete Laplacian A, on (Z)?. Furthermore, AP f coincides with the usual
Laplacian of f for all f € SP. Hence, the first term on the right-hand side above equals
|Ae f — AfllL>(Q.\09.), Which vanishes in ¢ since f € S®(Q) C C3(Q). We claim that the
second term also vanishes. Since AP f € SP C Cp(€2) implies [|AP f | L (9g,) — 0, it suffices
to show that

(5.7) lim su
el0 xe(IZ)g

L /0 DY pf”gu,y)A&ﬁf(y)dr‘:o.

yea,

First observe that, by f € S® C Co(Q) NC' (Q), we have supyea, | f (NI < C(f)e. Combin-
ing this with the assumption in (2.6), we estimate uniformly in y € 9€2,

AP F|=[e72 Y (f@—f(») -2 Y a%f(y)\ <C(e'vef ),
78, 2€0,2%
~y z~y

for some C = C(f, d, 2) > 0 independent of ¢ > 0. As a consequence, using the assumption
in (5.6), we conclude the proof of (5.7) showing that

o0
(5.8) (e7' v ef~1) sup Z peP e, yyde < (e'Pve).
xeQ: J0 yeags
By (4.6) and (2.6), recalling (4.7), for x € 2., we obtain that
t
(8_1\/8/3_1) Z pf’ﬂ(x, y) < C(l\/sﬁ)EfC’oo[Vg(Xf’oo) exp(—g’s_l / Ve (X5%) ds)]
y€dQ, 0

Recalling (4.9), by integrating in time, we obtain (5.8) and conclude. [
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REMARK 5.7.  The proofs of both lemmas above do not rely on (2.7), but only on (2.6),
B < 1, the smoothness of f € C3(€2), and the fact that £ and AP f € Co(S).

5.3.2. Case of bounded Lipschitz domain Q2. For a bounded Lipschitz domain €2, [69],
Theorem 1.12, (see also [67], Theorem 8.1.5), there exist bounded smooth domains (U,),
such that U,, C Q and U,, /' , that is, disty(U,, Q) — 0 as n — oco. Moreover, due to the
compactness of 92 and dU,,, 1nfxedg infyey, |x —yl =8, > 0.

For each n € N, we introduce P”*" as the Dirichlet semigroup on Co(U,). In other words,
P> is the unique Co-semigroup on Co(U,) corresponding to the standard Brownian motion
stopped upon exiting U,; in particular, for all f € Co(€2) such that f|y, € Co(U,),

(5.9) PP f(x):=E[f(X]..,)], x€Q,1>0.
Here and all throughout, 7, is defined as the first exit time from U,,, namely

D([0, 50); RY) 3 @ —> 1,[w] ;= inf{r > 0: w; ¢ Uy}

Similarly, P*" is the sub-Markov semigroup corresponding to the random walk X f”B on Q;

stopped upon exiting U,. (Note that this definition is independent of the value of 8 € R
provided that, for fixed n € N, ¢ € (0, 1) is sufficiently small.)

Now we turn to the proof of Theorem 3.1 for 8 < 1. We observe that, since the semi-
groups PP and Pf’ﬁ are contraction semigroups in Cp(€2) and L°°(£2.), respectively, and
since [|-llze(@,) < lI:llcy), it suffices to prove Theorem 3.1 for f in a dense subspace
of Co(£2), for example, for f € C°(€2). For any such f, since U, /' €2, we have f|y €
C°(Up) C Co(Uy) for all n € N large enough. For all such n € N and for all 7 > 0, by the
triangle inequality,

sup PP f = PP £
t€l0,T]

(5.10) < sup]H PP f— PO fl o

tel0

+ S[‘(J)P | PE" f — Pan”LOO(Q)+ SUP HPan PP flleyq:
te

Note that limsup, ;o sup; o, 71|l PO" f — PP |l Lo,y = 0 for every n € N, as follows by
the very same argument in Section 5.3.1 (see Remark 5.7), since U,, is a bounded smooth
domain. As for the third term on the right-hand side of (5.10), we have that

S.11) P> f - PDf”co(sz) Sup|ED[ (X mr,,) — (x| =§gg|E?[ﬂrn<zf(X?)] )

for ¢ € [0, T]. By the strong Markov property,

(5.12) sup sup|EY[1,, < f(X))]| < sup sup PPIfI(y).
1€[0,T]xeQ s€[0.T] yeQ\U,

Since PP| f| € Co() and (s, y) > PP|£I(y) € C([0, T] x ), by (5.11) and (5.12),
lim sup ||PD"f P, f”co(g)—O

n—>00, [0.T
It remains to show that

(5.13) lim limsup sup |PFPF — PP |l Loy =0
0 1€[0,T]

Arguing as in (5.11)—(5.12), and defining (2 \ Uy)¢ := Q¢ \ (2 N UY),

(5.14) S HP Pf =P iy < sup  sup  PEPIFI().
s€[0,T] ye(Q\Upn)s
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Note that there exists § > 0 such that, for all n € N large enough, disty(Q\ Uy, supp(f)) > 8.
Hence, fort € (0, T) and y € (2 \ U,)., we have that

sup PEPIfI(y) < sup PEPIFI(y) + Sup]PsﬁIfl(y)

s€[0,T] se[0 selt, T

< C||f||co(sz)€7c oIt

t
1 f o sup Ei*“’[exp(—eﬂ—‘ / vs(Xf"”)dr)}
0

X€(Q\Un)e

where in the last inequality we used the exit-time estimate (4.4). Letting first ¢ — 0 and
then n — oo, by B < 1, (5.3), and Proposition 4.1,

t
limsup limsup sup E& [exp (—8/31 / Ve (X5) dr)}
n—=00  £l0  xe(Q\Upne 0

t
<limsup limsup sup Ei’°°|:exp<—g/ Ve (X5) dr):|
n—00 el0  xe(Q\Un)s 0

= sup EN[e70L1],
x€d2
for all o > 0. Hence,
. . _ / _ N
limsup limsup  sup Pss’ﬂ|f|(y) < ||f||co(sz)<Ce C'8/VE sup EX[e oL; ])
n—>00 el0  s5€[0,T] X€9Q2
YEQ\Un)s

Taking the limits o — oo and # — 0, we conclude the proof by showing that

lim sup E)Ij[e_QL;v] =0, ¢>0.

By (5.1), EN[e~? Lfv] = PP1q €C(Q) fort > 0 and ¢ > 0. In view of Lemma A.3(bp) and
Proposition 4.2, we have that lim,_, || P 1o — PPlg ||C(Q) 0, which concludes the proof
of Theorem 3.1 (8 < 1) since PD]lQ =0 everywhere on 0€2.

6. Proof of Theorem 3.2. Let us now turn to the convergence of the discrete harmonic
profiles h&P to the continuum ones /42, both introduced in Section 3.2. As done in Section 5
for the proof of Theorem 3.1, we divide the proof of Theorem 3.2 according to the boundary
conditions: Section 6.1 is devoted to the case 8 > 1, Section 6.2 to 8 = 1, and Section 6.3 to
B < 1. Finally, the same notational conventions adopted in Section 5 hold all throughout this
section.

6.1. Proof of Theorem 3.2: Neumann regime. Throughout this section, fix 8 > 1. Let

> h*F ()

xe

6.1 WP =
©-1) e (S2¢)

denote the spatial average of h®#, and recall (see Section 3.2)

(6.2) hN = (l?)agz = 04 dGQ.
Q2

By the following triangle inequality
6.3) [B5F = BN o) < 0P = hP| oy + [P —

the desired claim in Theorem 3.2 follows at once from Lemmas 6.1 and 6.2 below.
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LEMMA 6.1.  Recall (6.1). Then, limg o[|h*# — h®P | 1= (q,) = 0.

PROOF. Since P,E’ﬁ heP = heP | the triangle inequality yields, for all x € Q, and ¢ > 0,

d pt&OO(X’ y) _ 1 g’ﬂ ‘
¢ Z( g4 MS(QS))h )

YEQe

|h&P (x) — h®P| <

+ Z(pf’ﬂ<x,y)—pf’“’(x,y))h&ﬂ(y)h Y P9
VEQ, 7€0.82¢
< g (| 222 - — 2107 e 2))).
€ e (£20) I L1(Q,)

where the last inequality follows from ||A5#|| L) < 1P ll¢e, ray, (4.8) and

Yo =13 i, n=1-PF(x;" eq,).
7€0,2 ve,

Passing to the supremum over x € 2, the proof ends by taking first ¢ — 0 and then ¢t — oo.

Indeed, by Holder inequality, (2.2) and (4.2),

pf’oo(x’ ) _ 1
&4 e (S2¢)

while by (4.6) and the very same argument used in the proof of Lemma 5.1,

lim limsup
t—00 €0

’

L1(Q) B

limsup sup 1 — PP (Xf’ﬂ €Q:)=0, r>0.

el0  xeQp O

LEMMA 6.2. Recall (6.1) and (6.2). Then, limy_.¢ h®# = (9)5q.

PROOF. Introduce the following function heN : Q. — [0, 00):

(Poq ifx €,

he (6) = {z?(x) if x € 9,9,

Further observe that, since 4%# and hg coincide on 9,£2,,
o0
(6.4) heP (x) = Y (x) + /0 PEPASPRY () dr, x €Q,.
Hence, by the definitions of héP and hy,
Sd

heP — (9)9a| = heP (x) — hY ‘
| (Paql Ms(Qs)xgg( (x) — hy (x))

d

0
_|_¢ Z( / P,s’ﬂjlge(x)dt)Ae’ﬂheN(x)
MS(QS)xEQE 0

oo d—1
:/0 gf“(ﬁ Y PPig. ) Y agZ(ﬂ(z)—w)m))dt',

x€d Z7€0. 2%
~x

where the second identity uses the fact that A*# hY =0 on 9,2, and the symmetry of Pf’ﬁ
on L2(2,), while the third one uses that hY is constant on 2.
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In view of (2.7) and Remark 2.1, the conclusion follows by showing that there exists a
uniformly bounded family (b.), C Rg’ such that

gﬁ—l o0
lim sup PEP1g, () dtf — b, =0.
el0 Il e(82) Jo L®(Q)
In particular, by (6.10) and Proposition 6.3(ii), we can choose b, = %, which is uni-
e (Sdg)Aq

formly bounded by Proposition 6.3(i) (see below). [

6.1.1. Spectral bounds and ground states. 'We conclude the proof of Theorem 3.2 for 8 >
1 with a last proposition. Recall, for all 8 € R, the definition of Ag’ﬂ > (0 in Theorem A.8(b»),

and further define the ground state K/fg a5 the unique positive function in L2(2;) solving
©5)  —APysP=a5Pus? . et cargmin€ P (f) I f12aq, = 1)
Finally, set ¥5'™ 1= 11, (Q) " /?1g,.

PROPOSITION 6.3. Forall B > 1, the following properties hold true:

(i) Spectral bound: there exist 0 < Ay < Ao such that AyeP~! < )\8”3 <xoeP~1L.
(i) Ground states: 1im8¢0||1pg’ﬂ — 95 " llL=@,) =0.

PROOF. The upper bound in (i) easily follows by choosing f = wg’oo in (6.5). We now
show (ii); we set Wé’ﬂ = ﬁés) Y req. wg’ﬁ (x), and claim that

. &, B —¢,8 _
(6.6) 18%1” Yo" = Vo' =, =0

ep
By wg’ﬁ(x) =e*o ’Pf’ﬁt//g’ﬁ(x) for any ¢ > 1, we infer that

_ e,pB _
67 95" =V gy <15 = 1105 e,y + max| PPy 00 =057,
and, by the domination property (4.8) and (4.1), that
(6.8) sup [ Y6 | ) < 00
e>0

The first term on the right-hand side of (6.7) vanishes as ¢ — 0 by (6.8) and the upper bound
in (i). Moreover,

&p
B, & —e.p d P (x,y)
PP YR ) — |=‘8 Z( AELIUS

yeQ,

m(szg))‘”g’ﬂ(y )‘ — 0

uniformly for x € Q. as ¢ — 0, which follows by (6.8) and arguing as in Lemma 6.1. This

proves the claim in (6.6). We conclude the proof by (6.6), (6.8), and || wg’ﬂ lz2(@,) = 1, which
implies (ii). We are left with the proof of the lower bound in (i). By (6.5),

Agyﬁ — 58,;3(1#8,5) > gh1 <8d1 Z ag(x)(wg’ﬂ(x))2>.
x€d2
By (ii) and (2.7), we have that
lgifged—‘ Y @’ () = na(@ ! (osall) € (0, 00),
x€0

from which the desired claim follows. [
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REMARK 6.4. As a consequence of the domination property (4.8) and the ultracontrac-
tivity in (4.1), by Corollary 5.4 (8 < 1) and Proposition 6.3(i) (8 > 1), we have that

(6.9) | Pf’ﬁHLl(QS)_)LOO(Qg) < Cexp(—(sﬂ_1 Al)s), fors>1,
o0
(6.10) sup (71 A 1)/ J R < o0.
£€(0,1) 0 Lo°(2e)—> L>°(R2)

6.2. Proof of Theorem 3.2: Robin regime. Recall the definition (3.9) of the discrete har-
monic profile heB. By the master equation and (4.6), we have that, for all x € Q, and
7 € 0,82,

o0
Pbr.2) = / H2 3 @i pt P e, yyde
0

VeI
iy

o0 t
_ /0 D> agZEfC’OO[]l{y}(Xf’OO)exp(—sﬁ1 /0 Vg(Xf’oo)drﬂdt.

yeIQse
z~y

(6.11)

Hence, for x € ,,
00 t
h&f’:%x):/ Ei’m[Vf(Xf’c’o)eXp(—/ Ve (X7%) dr)}d“rjs(x)’
0 0

where V;} (x):= 8_1113528 (x) ¥ (x) g (x) and J¢(x) is given by the expression

1 ) 0 ‘ ' £,00
__/0 Ef;oo[ > LX) > o (0(y)—z9(z))exp<_/0 Ve (xe )dr):|dt.

€ yEBQS 2€0.Q¢

Furthermore, for all T > 0 and x € 2., we have that

T
1$(x)|s(sup > azwwm—m)/ e P (x, y)dt
(6.12) T b

o0 t
+2||l9||oo/ Ei’m[Vg(Xf’oo) exp<_/ Vg(X;‘:‘,OO) dr):| dr.
r 0

The first term on the right-hand side vanishes by the uniform continuity of ¢, (2.11), and
(4.3); by (4.9), (4.6), and (6.9), the second term is controlled by e 207 ,

Now, recall the stochastic representation (3.13) of he=l.qQ - [0, 00). Then, forall T > 1,
by (5.3) and (6.12) we obtain that

limsup|h®# — ho=!| Lo(ay) < imsupl|TellLe(g,) < 2|9 |oo Ce 20T .
‘ £l0

el0

Taking the limit as T — 0o, we conclude the proof.

6.3. Proof of Theorem 3.2: Dirichlet regime. Throughout this section, fix 8 < 1. We
divide the proof into two main parts. In the first part we treat the case of smooth domains and
smooth boundary data, while in the second part we prove the claim for 2 a bounded Lipschitz
domain case with continuous boundary data.
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6.3.1. Case of bounded smooth domain 2 and smooth boundary data ©. Provided that
Q is a bounded C*®-domain and the (nonnegative) boundary datum ¢ is in C°>°(R%), then
there exists a unique C*(£2)-solution, say 4P, of the corresponding Dirichlet problem on
(see, e.g., [44], Theorem 2.5.1.1). On Q,, we define the function

(6.13) hsD = ﬂgghD—{—]langl?,
and note that we have the decomposition h# = h2 + fooo Pf’ﬂ A®PhP dt. The claim of The-

orem 3.2 (8 < 1) follows from limswllfoOo P,a’ﬁAE’ﬂhgD dt|| (@, =0.
By AP =0on Q, h® € C3(Q) and (2.6), there exists C = C (2, h°) > 0 such that

, -1 -1
(6.14) [ Aeh®] Lo, \00,) = CE [A%Ph2 | e oy < Cle™" v ePTH).
As a consequence, we obtain
o0
/ PoP ASPRD dr
0 L%(82%)
o0 o0
< sup > ey ammal+sup| [ 5 gy A ar
xeQ1J0 yeQ\IQ, xeQ1J0 y€dQ,
o o
< C(s / Pf’ﬁ dr + (8_1 vaﬂ_l) sup Z pf”g(x,y)dt).
0 Lo(Qe)— L®() xeQ: )0 yepa.

We conclude the proof by (6.10) and (5.8).

6.3.2. General case. Recall from Section 3.2 that the Dirichlet problem (3.11) with
boundary condition |3 € C(32) (see (3.12)) admits a unique solution AP with AP €
C(Q) N C>®(R). Further, recall from Section 5.3.2 the approximating smooth sets U, /' 2,
corresponding stopped semigroups P> and P, as well as (Q \ Up)e := Q¢ \ (e N Uy).
Then, for all n € N, consider the harmonic profile 25" : Q. — [0, 00) associated to Pf’" with
boundary data 2° on (2 \ Uy)., that is,

(6.15) ho"(x) := lim PS"hP(x), x € Q..
t—00

Note that 2%" = h® on (2 \ Uy,).. By the smoothness of the domains U,, and of the boundary
data hP|yy,, the arguments in Section 6.3.1 ensure

. y D 1 s D _
(6.16) ng)l”hs "= = Ef(}”hs "= h° e @uy =0, nEN.
To conclude the proof, we will show that
(6.17) lim limsup|A*f — h®" |, o, =0.
noo ol @)

Recall 42 from (6.13); then, by the strong Markov property,

(6.18) [BF =" | ooy = sup [PEPR2() =R ()
ye(Q\Uy)e

, néeN.

For every § > 0, let ws(h®) denote the §-modulus of continuity of h° € C(Q); then, for
fixed n € N, and for all ¢ € (0, 1) small enough, by (2.11) and the uniform continuity of ¥,

(6.19) “ Pogo’ﬁth - h&]‘) ||LOO((Q\U;1)5) = was (hD) + 2|9 ”Cb(Rd) sup Z Pibﬂ , 2)-
ye(Q\Un)s ZGBEQE
lz—y|=8
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Define, for all § > 0 and y € Q2 (cf. (4.7)),

8.y _
(6.20) V, y(x) =S ljlxeggs]l\x_ﬂzg/z ag(x), x €.
Hence, by (6.11) and (4.6), for y € (2 \ Uy,)e,

(0.0]
> pi’;’o’s(y,z)f/o 72 Y PPy x)ae(x)ds

Z7€0,Q2¢ x€02
lz—y[=é [x—y[>8/2

o0 N
= /0 Ei’oo [sﬂ_l Vﬁ’y (X5™) exp(—eﬂ_l /0 Ve (X7%) dr)] ds.
Split the above integral at a fixed time ¢ > 0. By Vg’y < Ve,

o N
sup / E‘;’Oo[sﬂ_lVﬁ’y(Xﬁ’oo)exp<—sﬂ_1/0 Vg(Xf’Oo)drﬂds

YEQ\Up)e J 1

e.¢] N
< sup /t E’;’°°|:8ﬂ_lVg(Xﬁ’oo)exp(—eﬁ_l/o Vg(Xf’Oo)dr)i|ds.

ye@\Un)e
By (4.9), arguing as in the proof of Theorem 3.1 (8 < 1, end of Section 5.3.2), the right-
hand side above vanishes as ¢ — 0, n — oo, for fixed # > 0. On the other hand, again by

_(S,y
Vg S VS,

t N
sup /0E;’Oo[eﬂ_lVﬁ’y(Xﬁ’oo)exp<—e’3_l/O Vg(Xf’oo)dr>]ds

YE(Q\Up)e

N

t
, =177 (ye, -1 8 (ye.
< sup /0 E;w[sﬁ V.o (XS w)exp(—gﬂ /0 V(XS °°)dr):| ds,

YE(Q\Un)e
which, by (4.9) and (4.4), vanishes (uniformly in ¢ and n) as t — 0. Combining these esti-
mates with (6.18) and (6.19), we obtain (6.17). This concludes the proof of Theorem 3.2.

7. Proofs of Theorems 3.8, 3.9, and 3.10. In this section we prove the hydrodynamic
and hydrostatic limits (Theorems 3.8 and 3.9, respectively), as well as Theorem 3.10 on
stationary correlations. While Section 7.1 presents the auxiliary dual processes and some of
their main properties, the proofs of Theorems 3.8, 3.9, and 3.10 are the subjects of Section
7.2, Section 7.3, and Section 7.4, respectively.

7.1. Dual particle systems, duality functions, and properties. For fixed k, £ € N,

X:=(x1,....x0) € (Q)*, and y:i=(O1,..., ) € (),
we define
i i= X0y ey i1y X1y - X5) € (Qe)E7T,

(71) le:(x],,lel,y,xl+],,xk)€(§g)k, 16{1’7](},)’658,

Xy = (xl,...,xk,yl,...,ye)e(ﬁg)k—‘rz,

and, for all w € R(ﬁs)k,

k i—1
(7.2) w[x] := H(w(x» +o Y 1, (xl-)),

i=1 j=1

o[x:yl/w[x] if o[x]#0,
1 otherwise.

(7.3) wly|x] := {
Note that 1g,[-]: ()% — R, whereas 1q,(-): Q. — R.
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7.1.1. Particle dynamics. For all 8 € R, we denote by ((Xf”g’k)tzo, (Pf{ﬁ’k)xe(@)k) the
continuous-time Markov chain in the Skorokhod space D(Rar : (Q2)%) with generator

k
ARPE P ) =72 30 Y S 1, (0 L, [yIR(F (X)) — £ (X))

x€Q: yeQe i=1

(7.4) o
+ef2 N N “Zﬂx,u) — f(x)).
XEDQe 7€0, 2 i=1

X

We further let (Pf’ﬁ ’k),zo be the corresponding Markov semigroup on R(@)k, with corre-
sponding heat kernel

(15) i y) = PP X =),
REMARK 7.1 (Accessible configurations). When o = —1, configurations x € (Q2,)* for
which x; = x; € Q, forsome i, j € {1, ...,k},i # j, are inaccessible since 1, [x] = 0, hence

they could be discarded; when o = 1, all configurations are accessible. In order to keep track

. .. —k =k, .
of possible restrictions, we let 2, := €2, U, resp. ng‘ = Q'g", denote the subset of accessible
configurations in (), resp. ().

Note that A%#* with k = 1 coincides with the generator A&PB in (3.2), while for k > 2 the
process Xf’ﬂ K describes the position of k£ (labeled) particles diffusively evolving and inter-
acting on €., until eventually—and independently—absorbed in 9,€2, at rates proportional
to ¢#72. When o = —1, resp. o = 1, particles undergo the exclusion, resp. inclusion, interac-

tion rule. Moreover, since this Markovian dynamics does not depend on the particles’ labels
=k

but only on their positions, the projection of Pf’ﬂ * onto symmetric functions f € ]ngyin again
corresponds to a Markov process.

For every k € N, Ag Bk and PS>
ishing on 9, Q% := Qg \ Q’; As already done for the case k = 1, we identify the latter space
with LP(Q") for any p € [1, o], endowed with the (weighted) norm

1170y =" 2 1@ Ig, Xl pellioo)  Iflly = sup [ fX).

xeQk xeQk

epk globally fix the space of all functions identically van-

Further note that A®#* and the corresponding semigroup are self-adjoint in LZ(ng ).

7.1.2. Duality and consistency. For n € Ef, we define inductively on k € N the functions
on 2t
if y € g,
D(y,n) = n() 1 Y y andforer];,
D (y) ify € 0.L,,

(7.6) n(y) — Y5 1, ()
D(x:y,n):=D(x,n) x 1g, [yIx]
D (y) if y € 0,€2.

if y € Q,

For each o € {—1, 1}, such functions serve as duality functions between the processes Xf’ﬂ k

8?ﬂ

and the corresponding particle system 5,’", namely,

=k

(7.7) ESP(D(x, nyP)] = PP D m(x), ne B xeQ.1=0.



In view of this relation between nf”g and Xf”3 ’k, the latter processes are usually referred to as

the dual processes [17, 33].
The following “consistency” property for the corresponding unlabeled particle systems is
well known (see, e.g., [18, 33] for a proof).

=k =k+1
PROPOSITION 7.2 (Consistency, [18]). For every k € N, let JEK R 5 R pe the
annihilation operator

k+1

_k _
(7.8) I =3 &), feR% xe@ '
i=1
Then,
—k
(7.9) PPkl jek g gekpebke e R 1> 0.

7.1.3. Ultracontractivity and moment estimates. In this section, we prove that the semi-
groups associated to finitely-many SIP dual particles on lattice approximations of bounded
Lipschitz domains are uniformly ultracontractive (Proposition 7.3); this result is of indepen-
dent interest (see Remark 7.5 below for the SEP analogue), and yields effective estimates on

the moments of the particle systems nf’ﬁ (Corollary 7.6).

PROPOSITION 7.3 (Ultracontractivity for the k-particle semigroup, o = 1). For ev-
ery k € N, there exists C = C(R2,d, k) > 0 such that

.k - k
(7.10) [PE5 fll ooy < CA+ 7Y fllpieys feR 1> 0.
The proof of Proposition 7.3 goes through establishing a Nash inequality for the dual SIP
X¢*. We achieve this by comparing PF** with (P£)®*, that is, the semigroup corresponding to

a system of k independent copies of the random walk X?. This is the content of the following
lemma.

LEMMA 7.4 (Comparison of norms and Dirichlet forms, o = 1). For every k € N,

k
(7.11) 1 oot < I Iirr < GDYPIfllogyer,  feR%, pell, 00),
and
(7.12) eghp <&k, feR%,

where Sgk, resp. EX denotes the Dirichlet form associated to (Pf )k resp. Pf’k.

PROOF. The inequality (7.11) follows at once from the definition of the spaces L” (Q’;)
and the fact that, letting 1o, [x] be as in (7.2) with 1, in place of w,
(7.13) 1<, [x] <k!, xeQFf

The claim in (7.12) follows by the first inequality in (7.13) and a straightforward comparison

of the jump rates r* % and rgk of k inclusion and k independent particles, respectively: for all
xeQk ye Qe andi=1,....k(cf. (7.4)),

rofx]) = ) L (0 (e 10, (9) Ly (1+ Lo, [YIX]) + 67 72 1g,0, () o))

xeQe
> Y 1 @)(e 2 g, (3) Leny + 8P 2 1p.0, () @) = r5F (x. x)).
xe,

This concludes the proof of the lemma. [
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PROOF OF PROPOSITION 7.3. Fori=1,...,51et C; = C;(2,d, k) > 0. By tensoriza-
tion of (4.1),

[P £l poggyor < CLHL+ 15 fllprgper . f €R% 1> 0.

By self-adjointness of (P,8 p kin (L%(92.))®*, the latter inequality is equivalent to (see, e.g.,
[65], Theorem 2.3.7)

2(1+1/kd k 2 4/kd Qk
11 5o < C2ES (D) + Call f 2o 1/ I g o | €R™.

By comparison, Lemma 7.4 yields the following Nash inequality

2(14+1/kd 4/kd k
115y < CaE ) + Csll 172 I I gy f € B,

which implies the desired claim (see, e.g., [65], Theorem 2.3.4). [J

REMARK 7.5 (Ultracontractivity for the k-particle semigroup, o0 = —1). As observed
in, for example, [55], Remark 2, the claim in Proposition 7.3 holds also for SEP. Indeed,
recalling (7.6), Liggett’s comparison inequality [58], Proposition VIII.1.7, implies

(7.14)  PEDCn® < (F)®De.mm. 120.xeQfne &0 0, 11%%,

As a consequence, letting & denote the symmetric group of degree k (recall (7.5)),

—k
(7.15) PRy < Y pE ve) - PE G, Yewy)s 120,y € 8.
s€6k

By combining this with (4.1), the desired claim follows.

We conclude this section by deriving useful moment estimates for the particle systems
nf’ﬂ . In what follows, unless specified otherwise, 0 = %1, and (v,), represents a family of
generic probability distributions on (Z¢).. Moreover, 8 € R is fixed and suppressed from the
notation, while [Ef denotes expectation with respect to the law of ny with ng distributed as
Vg.

COROLLARY 7.6. For every k € N, there exists C = C(R2,d, k, ) > 0 such that

(7.16) sugkIEi []_[ m; (i) } <C(1+7%2)1 +Ev5[“n”]21(§2€)])’
Xeldg
(7.17) sup g {]1ng [2100] < CA+E Il ).
and
k k
(7.18) sup sup Ej |:H nf(xi):| < C(l + sup E,, [H n(x,-)])
520 xeQk i=1 xeQk i=1

hold true for all t > 0 and (v¢)e.

PROOF. All claims are trivial for SEP (o = —1) due to the maximal occupancy of one
particle per site; hence, fix o =1 all throughout this proof.
We start by proving

(7.19) sup PEEDC, ) < C(L+ 17 21+ nllf, ), 1> 0,m € B,

k
xeQf
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for every k € N, from which the claim in (7.16) follows (up to redefining the constants).
Indeed, for all x € Q’; and n € E°,

k k
[[nGd=>_ > ax.y) ia.lyl D(y.n).

i=1 (=0ycq!
y=x

for some nonnegative a(x,y) < Cy = Cy (k). Thus, for some C>» = C,(k) > 0, by (7.7),

k
s 5| 15 | = Camay s B4 [0(0 )]

xeQk i=1 <k yeQt

= Crmax sup / PEED(, ) (y) ve(dn).
=k yeqt Jyess

Let us prove (7.19) by induction on k € N. For k =1,
sup PFD(-,n)(x) < sup PF(D(-,nlg,)(x)+ sup PF(D(-,n)ls,q,)(x)

x€Q XeQg xeQe
< C(l + l_d/z) HD(, n) ”Ll(Qg) + ||l9||Cb(Rd)‘

Here, the last step is a consequence of (7.10) with k =1 and f = D(-,n)lq, € RS,
I1D(, 77)]152S||L1(Q£) = ||77||L1(528) and D(-, )1y, < ||19||c,,(]1{<d)-
Assume now that (7.19) holds for k € N; then,
1 k41
H Pzg D(, 77)HLOO(QI§+I) < ” Ptg (D(., 77)19’§+1)“L00(Q]§+')
Jk+1
+ || Pts v (D(v n):ﬂ-aeglg+l)u LOO(Q]§+])’ t>0.

For the first term on the right-hand side above, we apply (7.10) with f = D¢, n)ILQ;éH €

k+1

L) to obtain that

k+1
RS2 and use that 1D, ﬂ):ﬂ.glg+l ||L1(lec+l) < Inll

| PP ML) | ity < COL+ V) A+t ). >0,

For the second term, recall (7.9); then, for all x € Q’g“,

k+1

D(x, MLy o () = 3 D&, 1) 8 (i) Lo, (x1) < 19 e, ey XD, ) ).
i=1

Since D(-, n) are symmetric functions of the particles’ labels, (7.9) yields
Jk+1
“PE —+ (D(, U)ﬂaeg’g“)”LW(Q’;*l)
k+1
<12 lley ey | BT TZEDC M) | oo iy
k
= 19lle, ey [T PEEDCm | o ey
k

< 19 llg,@ay & + D PEDC | pooqry 1> 0.
By the induction hypothesis on ¢ — || Pf’kD(-, | Loo(Qk)» rearranging all constants (which
depend only on €2, d, k + 1 and ¥) concludes the proof of the claim in (7.16).

The claim in (7.17) follows by an analogous induction argument employing (7.9), while

the claim in (7.18) is an immediate consequence of duality and the maximum principle for
the semigroups P,S’e for{ <k. O

32



7.2. Proof of Theorem 3.8. In what follows, 8 € Rand T > 0 are fixed and, for notational
convenience, we omit the specification of 8 € R; the evaluation operator I1; introduced in
Section 3.1.3 is omitted as well whenever no confusion may arise. Recall that, for (v;), given
as in Theorem 3.8, P, and E{,_denote the laws and corresponding expectations of the particle
system 77 introduced in Section 2.2 with 5 distributed as v. Further, let 7 = (F7);>0
denote the natural filtration associated to the process 7; .

In this section we prove that, foralln e N,0 <] <---<t,,and fi,..., fn €C?,

(7200 G B (G oo X A) = (i) 5] 2 9) =0, 8=

Key facts in our proof are the convergences in Theorems 3.1 and 3.2, as well as the duality
relations in Section 7.1. In order to illustrate this, note that (7.6) and (7.7) with k =1 yield

S [0 017 = PED(L )0 and Ef [f (0] = lim B, [rf ()] = A (o),

at

forall 0 <s <t and x € Q. Since P/ h® = h® and
n; (x) = (nf (x) = E_[nf (0)IFY]) + PLg(D(-, n5) — k) (x) + h* (x),
we have a decomposition of the corresponding fields into three terms:
oy A=A B A
(A = B e | P T f) + (el f), O<s <t feC’.

We stress that for the rewriting of the second term on the right-hand side above we cru-
cially exploited the symmetry of P° ; in L?(Q,) and the fact that both functions D(-, n) — h®
and I1, f on Q, identically vanish on 9,2, (the second one by definition of IT,).

Setting s = 0 in (7.21), we get, for all # > 0 and f € C?, convergence in probability of the
real-valued random variables ((X?]f)) to

(el f) = o — b el P £)+ (1’ el £)
through the following steps:

e by Theorems 3.1 and 3.2, (h® | P f) — (h?uq| PP f) and (h®ue| f) — (W% ualf);
e by Markov inequality, the first estimate in Assumption 3.6, and Theorem 3.1,

11%]P>§8(}(X5|Pff —PYf)|=8)=0, §>0;

&

e since Pt8 :C? — C?, Assumption 3.7 on (v,), ensures that
tim S, (65 P7 ) = (ol P2 ) = 8) =0, 50
&

e Assumption 3.6 and Lemma 7.9 (cf. Section 7.2.1 below) yield

(7.22) lim 5, [ — B, [X7175)1)°] =o0.

Since convergence in probability of marginals implies convergence in probability of finite-
dimensional distributions, this would prove (7.20), thus, Theorem 3.8.
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7.2.1. Proof of (7.22). In this section we prove (7.22) in two steps (Lems. 7.7 and 7.9),
thus, concluding the proof of Theorem 3.8.

First, recall the definition of the infinitesimal generator £? in (2.14) and that of duality
functions in (7.6). Define, for all n € E¢,

(7.23) VE((x,y).n) = D(x, )+ D(y. ) + 20 D((x, y).n),  (x.y) e

The functions in (7.23) show up when computing the second moments of the empirical den-
sity fields. Indeed, by expanding

LE(XELF) = 2(XF1F) LE(XELf),

a simple manipulation yields, for all n € &€ and f € C?,

(7.24) Bl ~ Bl = [ G an r=0.
where
d
€ 2
Grolfom =5 30 (Viy P ) (€ By [V (G v p)])
X, Y€,
Xy
g7 N TP F) Y o (e B[V ((x, ), )
x€082% 7€0,%2
~X
Note that, when 0 = —1, the deterministic upper bound V¢ < 2 holds, while no such a bound

exists when o = 1.

LEMMA 7.7. Let (v¢)e be a family of probability measures on (Eg)e. Then, for every
f eC?, there exists C = C(2, 9, f) > 0 such that

B, [ — B[4 1711)°]

< C(¢y; o= r - sf||L°C(Q)+¢8k 2))

holds for all 0 <s <r <t, where ¢jzﬁ =0 and

k
(7.26) ¢f¢’,]§ = 8kd/2<1 + sup sup Ej |:l_[ ns (x,-):|>, 0<u<w.

TE[MaU]XGng i=1

(7.25)

PROOF. Splitting the time integrals in (7.24) and recalling the definition of the Dirichlet
form in (3.5), Holder inequality yields

B, [((AF —E5,[471711)°]

r—s
<‘é;:8k 2/0 ge(Pte—s—uf)du+§rgl‘k 2/ gg(Pts—s—Mf)du

r—s

(7.27)

where
581‘ 2.=¢4 sup sup E? [Vg(x n9)].

T€(u,v] erk =2

Confronting with ¢;; k=2 given in (7.26), we have (up to a universal constant depending only
on 2 and )

(7.28) ESXTT<gER=2 0<u <.

Integrating over time the terms in the right-hand side of (7.27), we get the claim in (7.25),
thus, concluding the proof of the proposition. [J
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REMARK 7.8 (Properties of ¢>’3*k in (7.26)). If the family (v.), satisfies Assumption 3.6,
Corollary 7.6 ensures that, for all t > 0 and r € (0, 1),

(7.29) sup sup ¢°*=2 <00 and 1iﬁ)1¢f;t":2=0.
&

u,v
& 0<u<v

By combining the above result, the following triangle inequality
030 1 = PSS 1S = RSl s 1PEF = P2 f i
7€V,

and the convergence of semigroups in Theorem 3.1, we derive the following lemma.

LEMMA 7.9. Let (v¢). satisfy Assumption 3.6. Then (7.22) holds for all t > 0 and f €
co.

PROOF. Fixt>0and f € C?. Then, by Remark 7.8, (7.25) in Lemma 7.7 with s =0
and r € (0, t), (7.30) and Theorem 3.1,

(731) im S, (6 — E5, [A7175)1 )] < € (supsup =) | £ = P feo-
6\[,0 e & £ u>0 5
By the strong continuity of the semigroup P on C?, letting r — 0 concludes the proof. [J
7.3. Proof of Theorem 3.9. This section is devoted to the proof of the hydrostatic limit.
We recall that, by definition of v§{£ and duality (see Section 2.2.2 and (7.7), respectively),
(7.32) WP (x)=E .5[n(x)]. x€Qe.
stat

Thus, by the triangle inequality, the convergence of the discrete harmonic profiles in Theo-
rem 3.2 and Markov’s inequality, Theorem 3.9 follows from

(7.33) imE, . [(ed %;s(n(x) —h*P ) f (x))z] =0.

The above identity is a consequence of Lemma 7.10 below.

LEMMA 7.10. There exists C = C () > 0 such that, for every f € R%,

2
e [(8" 2 (n) ~ he’ﬂm)f(x)) } <Cel |l f i@l f L@y

x€eQ,

PROOF. Recall the definition of the semigroups P,a’ﬁ * and (Pts”3 )®* from Section 7.1.1
and Section 7.1.3, respectively. Note that

lim PP D ) = lim PEPIT (00 @ hP)
— 00

11— 00

on 2+, since we have D((x, y), n) = (h*F @ h*F)(x, y) = ¥ (x)? () for x, y € 3,82 By
duality (see (7.6)—(7.7) as well as (7.2)) with k = 1 and k = 2, and stationarity of vsst’ﬁ, we
obtain that

Bl (7 2 (e - hgﬁ@c))f(x)ﬂ

Vstat
xe,
=4 (ad > heP (o1 —i—ahg'ﬂ(x))f(x)Z)
xeQ
+ Jim (P77 = PP @ PEP) P @A) f @ f)p2(gpeny:
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Since sups||h8’ﬁ||Lo<>(Q£) < 1% ll¢,ray < 00, the first term on the right-hand side is smaller
than Ce?|| f1? < CSd”f“LOO(QE) I fllL1(g,), for some C = C () > 0. As for the second

LZ(QS) -
term, by the integration by parts formula (here: A># @ A®F .= AP @1 +1 @ A®P)
(PtasﬂkaZ _ Pt"gv/S ® Ptgvﬂ)(hé‘,ﬁ ® hé‘,ﬁ)

t
N / PRI (APRS2 — 9P @ ASP)(PEPHSF © PEPRP) ds,
0

and Pf’ﬁhg’ﬂ = h%P, we obtain that

RO = lim (B4 PP @ BEP) (WP @) £ ® ]y 2gpms

t— 00
7.34 d 00 _
(7.3% —oel(S X e ([ 2n PG e pear) ).
X, Y€ 0
X~y

In the above identity, we used the explicit form of A&A k=2 _ A% g A®P (see (7.4)), the fact
that both (A®#k=2 — A%8 @ A*P)(h®P @ h*P) and f ® f identically vanish on 3,2=? and
the symmetry of Pf;f’kzz in LZ(Q’g:z). Since o € {—1, 1},

d 00
e df € e 18p\2 e,Bk=2
I T G N VAT MEI ) )

X, y€Qe
x~y

Furthermore, for all x, y € Q. and 1 >0,

B k=2 B k=2
2P (A1 1) ) < I f e PPV Fl @ 1, + 15, @ 1F1) (. y)

= Il (PEP 11100 + PEPLAI)).
where the last identity follows from (7.9). Now, define

(7.36)

o
(7.37) ¢ () 1= / PP fl)dr, x e T,
0
and let I'&P=°(h#P) denote the carré du champ associated to A®P=> acting on h®P
(cf. (3.27)), namely, I"$=>°(h®#) := 0 on 9,92, and
2r8F=2(n*F) (x) := A%+ (h*F)? (x) — 205F (x) A% +h*P (x)

(7.38) = (VAP xeq

VEQ,
y~x

Hence, the inequality in (7.36) yields
(7.39) REP < 8d||f||L°<>(sz£)<8d > gs%c)zrf’ﬂm(hf’ﬂ)(x)).
xe,
Since AP h® B =0, we have that, for all x € Q,,
2r8P=(n%F)(x)

= (A%F= — A%P)(h®P) (x) — 20 P (x) (ASF= — ASPYREP (x) + ASP (h5P)? (x)

= 1o, () P2 Y (B (2) — kP (x))? + ASP (RSP (x).

7€0,Q2¢
~x
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Plugging the above identity into (7.39), we obtain

RS’ﬂS—SdllfllLOO(QE)Gd_I 3 gf’ﬁ<x>(sﬂ‘1 > az‘Zw(z)—hSﬁ(x))Q))

x€d2, 2€0.82¢
i~X

el flloa /0 (sd )3 Pf’ﬂ|f|(x>A&ﬂ(h&f’)%x)) at

xXe,
o0
<64 F il /0 (sd )3 Pf’ﬂ|f|<x>Af’ﬂ(h&ﬂ)%x)) dar,
xe

where we estimated the first term on the right-hand side above by zero. Moreover, since
both | f| and A&P (he-P)2 are zero on 9,2, by symmetry of P,g’ﬂ on L%(,), we further have
that

REP <& =) /0 (sd PRRFACa] Pf’ﬂAg’ﬂ(hg'ﬂ)%x)) dt

xe
© 4 .
=1l (2 D If0l [ 4 PP war)
xe, 0 d
= lumian (& X L@ tim (PP 00 = (BP0 0)))
xe

2
<& I191Z, @l L@ 1 F 1 (g, )-

This concludes the proof of the lemma. [J

7.4. Proof of Theorem 3.10. Let us define, for all k e N and x = (x1,...,x;) € 5’;,
(7.40) he B (x) = (h*)®*(x) and h*K(x):= Jlim PERRe Sk (x),
—00
or, alternatively, in terms of the duality functions in (7.6),
k
(7.41) he®x) =[] Ey, [Dxi,n)] and h*(x)=E, [D(x, )]
i=1

Note that, in general, h° @k and k&K do not coincide.

Before presenting the proof of Theorem 3.10, we derive a corollary to be employed later
in the proof of Theorem 3.13 (Section 8). In what follows, keeping the analogy with (3.7),
we write

. —k — .
(7.42) ge— g ifg. € L®(Q,), g € C(QD%, lglil(}ngg — &g po(p) =0-
COROLLARY 7.11 (Cf. Theorem 3.2). h®k — h* .= (h")®k for every k € N.

PROOF. By triangle inequality and since h*®% — h%* (Theorem 3.2), it suffices to show

(7.43) E&}”hs’k —he®k | Loy =0, keN,

which is precisely the statement of Theorem 3.10. [J
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LEMMA 7.12. For every k € N there exists C = C(L2, ¥, k) > 0 such that

€2d o0 _
) =gy <c( X () [ 2P g ar).

x,ye 0
X~y

PROOF. The ideas behind most of the steps are all already contained in the proof of
Lemma 7.10. We provide the full argumentation for completeness. Since the k-particle dual
system differs from a system of k independent dual random walks only when pairs of particles

. . . —k
are located on nearest-neighboring sites on €2, for X := (x1, ..., xx) € 2, we have

k
(ABF — A58 Ry =0 3 1y pieqe 2 (FG) — F) T f@w.

i,j=1 ki, j
i<j

In particular, the above expression is either nonpositive (o = —1), or nonnegative (o = 1).
Furthermore, since PFh® = h?,

e Y|P = PR ()| 1, [x]

xeQk
ghd )" / PR (ARK — A®®K) pE®kpe®k (%) ds |1, [x]
xeQk
(7.45)
gkd 3 / POA (AR — A5®k)pe Bk (x) ds |1, [x]
xeQk
< cekd Z ( Z pfk(x y) Z Ty~yieq. (V 3 hg)zds>llgg[x],
xeQk i,j=1
i<j
where ¢ = c(k, f) € R;. Now, set
2 —_
px,y) = ]lx~y€§28 (V;y hg) . X,y €8,
and observe that
k
_ _ —k
(7.46) D Lymysean (V5 06 = C IR 2 g 20y), ye @,

i,j=1
i<j

where C = C (k) > 0 is a universal combinatorial factor. Combining (7.45) and (7.46) and
applying k — 2 times the consistency property (7.9), we get

e ST (PER — PR ROk (x) |1, [X]

xeQk

Sekd N (pekyekmlyek=2 L g8 2p(x))1g, [x]
xeQk

e S (JoRl ekl gek=2 L 200110 [x]
xeQk

=k 3 (JER ek e PR () 10, X S e YD PE2e(x, y) 1, [(x, )],
xeQk nyest
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where the last estimate is a consequence of the definition of the J?-operators and the fact
that . (2¢) = O(1). The desired estimate now follows by symmetry of Pf*z. l

PROOF OF THEOREM 3.10. 'We prove (7.43) by induction on k € N. The case k =1 is
Theorem 3.2; thus, let k > 2 and assume (7.43) for all ¢ < k.
Fix t > 0. Since P, Kpek = pek , by triangle inequality,

kope, ,
.47) “hg’k — h* % ||L0<>(sz§) <| P55 (nf Cn ®k) ||LOO(Q§)
. + || Pts,khs,®k _ h8,®k ||L00(Qk)-

Note that, since 9 € C(R?), the induction hypothesis implies ||25* — h&®K|| L®(3,98) —> 0
(recall that Beﬁlg = 51; \ Q’S‘). For the first term on the right-hand side of (7.47) we thus have

. k k ,®k . k k ,®Qk
(0.48)  liml PR = 1) gy < liml P (g (17 = 1) g

By ultracontractivity of the k-particle semigroups (Corollary 7.3 for o = 1, Remark 7.5 for
o=-—1),

(749 [P gr(hF = h* ) o py < C(1+ 1T A — 1 Ly g,
Using (7.44), we conclude from the above inequality that, for some C = C (L2, ¥, k) > 0,

k , ,
H Pzg (19{; (h8 K—h* ®k)) ” Lo°(Qk)

g2 2 [, ek=2
S Cy<7 Z (Vi’yhé') /0 2PI T 1Q§:Z(X,y) d[),

X,y
X~y

where we note that the expression between parenthesis equals R®# given in (7.34) with f =
1g, . Then, combining (7.48)—(7.44) with the estimates carried out in the proof of Lemma 7.10
ensures that the first term in the right-hand side of (7.47) vanishes in ¢ for every fixed ¢ > 0.

We now show that the second term in the right-hand side of (7.47) vanishes letting first ¢ —

0 and then ¢ — 0. To this end, for every § > 0 and x € Q, let Q§(x) = Q;’ﬂ(x) be given by

{yee:|x —yl <8} if B>1,

Q5(x) = .
[yeQe:ilx —yl<8}U{z2€0,Q2:2~y€dQ, lx—y|l <8} ifB<L

For x Q’;, further set Qg’k(x) = ]_[i-‘:1 05(x;) C ﬁl; The desired claim follows as soon as
we show that

(7.50) sup Z PERx, 9|k (y) — h®®* (x)| + sup PEF(XEF ¢ 05 (x))
xeQk ye: k) xeQk

vanishes taking the limits ¢ — 0,7 — 0 and § — 0, in this order. By definition of Q?k(x) and
since h® — h? € C(Q) (Theorem 3.2; also recall (2.11) and that hP|yq = 9]3q), the first term
in (7.50) vanishes in the limit. As for the second term, we now prove that, for every § > 0,

limlimsup sup P&¥ (X5 € (05% (%)) N ) + PLF(XE* € (05 (%)) N 9.2%) = 0.
t0  £10 xeQk

The first term above vanishes uniformly by the k-particle analogues of the exit-time es-
timates in (4.4) for all 8 € R. The derivation of such estimates is a consequence [7], Theo-
rem 2.7, of off-diagonal estimates for pf’k(-, ) Q’g X Q’g — [0, 1], which in turn follow from
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the ultracontractivity of the k-particle semigroups (Corollary 7.3 and Remark 7.5) by means
of Davies’ method (see, e.g., [19], Section 3, or [66], Section 4.2).

As for the second term, we divide the proof into two cases. (Recall that the definition of
Q5(x) just above (7.50) changes depending on whether B < 1 or 8 > 1.) Since, for g < 1,

(7.51) (X e (05 ™) N3, c X e (05 ) naky,

s<t
the strong Markov property and off-diagonal estimates ensure the vanishing of the second
term in this case. If § > 1, by definition, (Qg’k(x))c N 0, Q’; =0, Q’; (Note that (7.51) fails in
this case). Hence, we must show that

(7.52) limlimsup sup P&* (X5 *ed, Qb
HO 20 xeqk

0.

By employing a Feynmann—Kac representation formula for the k-particle semigroup with
parameter 8 > 1, the very same argument as in the proof of Lemma 5.1 yields (recall £*° := 0)

t k
(7.53) P (XEF € 0,QF) < o) / E§~ﬁ=°°~k[z vg((xf’ﬂ=°°’k)i)] ds,
0 i=1
&,B=00,k . e,B=00k =k . &,=00,k .
where (X ); denotes the ith entry of X € Q,, with Ex the corresponding

expectation. By consistency (7.9) and by (7.53),

t
PR (XEK € 9,08 < C P! sup / EEP=0[V, (X5FP=2)]ds,
xeQ JO

for some constant C = C(k) > 0. By (4.10) and 8 > 1, (7.52) follows. [J

8. Proof of Theorem 3.13. The main step in the proof of Theorem 3.13 consists in show-

ing that, for all f € S?(Q), the real-valued random variables ((Jﬂg’ﬂ | f))e are asymptotically
Gaussian, with mean zero and variance vary(f) := covy(f, f) as in (3.32), that is,

8.1 VP ) = YOS ~ N(0,vary(f)), f €S ().

Thus, by Lévy’s continuity theorem for characteristic functionals on the nuclear space S?(£2)
(see, e.g., [13]), we conclude that the S? () -valued fields (V3)e converge in distribution
to the unique Borel probability measure on S?(£2)’ with characteristic functional e~V (/)/2,
The existence of the latter measure is a consequence of the classical Bochner—Minlos theorem
on the nuclear space S?(Q)’ (see, e.g., [49], Theorem 2.3.1). Finally, establishing asymptotic
Gaussianity of all finite—dimensional distributions of ()*#), goes through analogous argu-
ments dealing with multivariate random variables; we leave the details of this last part to the
reader.
Everywhere in the following, we drop the superscript 8 € R, omit the operator I1, and,
for every f, g € R and f e C? such that IT, f = f, we simply write (gu¢|f) in place of
(gel f ). Recall the definition (3.25) of the fluctuation fields }**#. Then, by duality (7.7) and
the Markov property of 7, for all f € R,

t
(8.2) 1) = EIPE£) + /0 (AMEIPE /), 1R,

where M? are cadlag F¢-adapted S?(Q2)'-valued martingales. Now, fix f € S%(Q) c C?,
T e RY, (1.)¢ CRT, and (f;)e such that f, — f (see (3.7)). Then, define the following
F*¢-adapted martingales

Tet
(8.3) te[o,T]+—>W,ﬁT:=/ (dME|PE p_, f:) € D(I0, T1; R),
0
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with predictable quadratic variations <7y given by (recall that ng ~ v, and (7.23))

Tet 8d
o7 :=/O N (VL P £ VR (e y) ) ds

x,y€Q
X~y
(8.4) y
[T P ) Y e V() ds
X€02% 7€0,2¢

~X
In particular, by combining (8.2) and (8.3),
(8.5) (Verlfe)= G Per fe) +Wr 1,

and the two random variables on the right-hand side above are uncorrelated. Furthermore,
since f, — f, Lemma 7.10 yields

8.6) lm S [(951f — 7] =0.

stdt

Now, combining Corollary 5.4 and Proposition 6.3(i) yields that A > A (1 A e#~1) > 0. This
fact together with Lemma 7.10 ensures then that

B—1
(8.7) Eifm[((ygngfs))z] <C, [(<y0| Tfe)) ] e to(lne )TgT,
for some C = C(L2, ¢, f) > 0. If, additionally, 8 > 1 and (f8|w(§”3)Lz(Q€) =0, then

83) o [(BIPEL £)] < e,

Stdt

In view of (8.5)—(8.8) and the stationarity of v¢
suitable (). and (f¢), so to:

<tat» OUr main goal becomes that of selecting

e establish, for every fixed 7 € R™, a limit theorem for (W%T) e
e ensure that the contributions coming from the first term in the right-hand side of (8.5)
vanish letting T — oo.

As for the first step, exploiting the fact that (W 7). is a martingale, the martingale cen-
tral limit theorem as in, for example, [30], Theorem 7.1.4(b), p. 339, applies to our case: the
condition in [30], eqn. (1.16), p. 340, holds true since the predictable quadratic variations are
IP’ssm—a s. continuous, while the one in [30], eqn. (1.17), p. 340, because f € C? is bounded
and since the particle systems register at most one-particle jump at a time. Thus, the con-
vergence of Wi 7 reduces to a weak law of large numbers for «7°;: for some continuous

function a = ar : [0, T] = R*, a(0) =

(8.9) 11&}1?’8 (| —a(®)|>8)=0, re[0,T],8>0.
The proof of the latter claim—a specific instance of a Boltzmann—Gibbs principle—is the
content of the next section.

8.1. Boltzmann—Gibbs principles. 1In this section, for all f € S?(Q), we provide suit-
able (t.)s and (f:). ensuring a weak law of large numbers for all sz%fT given in (8.4).
This entails replacing the cylinder functions V¢((x, y), ) in (8.4) with their expected val-
ues (Lemma 8.2); then, by means of Theorem 3.1 and Corollary 7.11, we prove convergence
of Eisgm [424%] (Lemma 8.1).
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LEMMA 8.1. Forevery f € S%(2), assume the following:

(a) ifeither B <1,0rp >1 andffdpLQ =0, set 1, ;== 1 and (f¢). be such that fo — f;
®) if>1and f = «/TILQ with ¢ € R, set o := 1/ {1 and fe := c Y, see (6.5).

Then, for the corresponding sztsT as in (8.4),

(8.10) hﬁ%ﬂ-zgm [ r]=as(t,T), TeR",1el0,T],

where ay(-, T) € C([0, T]; ]R(J)r) and ay3(0, T) = 0. Furthermore, recalling (3.32),
(8.11) lim ay(T,T) =vary(f) :=covy(f, f).
T—o00

PROOF. By (7.23) and (7.41), we have that
8.12) V'(x,y) =B [V ((r, ), m)] = 1°(0) + h° () + 2002 (x, ), %,y € Qe
Recall the definition (3.26) of x 9, By Corollary 7.11 and the uniform continuity of h e C(Q),

(8.13) lim sup [V'(x,y)—x?(x) = x°(»|=0.

e30 x~yeQ,

. . . — —k=2
Note that, in general, the convergence in (8.13) is only on Qif—Z, not on the whole of 2, ~;
outside 9’5:2, we have instead that

(8.14) limsup sup [V(x,y) —h2x)(1+ 09 () — 0 (1 +oh’(x))| =
0 L Q. V€D Qe y~u

As a consequence of the above uniform convergences, the uniform continuity of ¢, (2.11),
and

(8.15) |28 P14 < Ui, <€ =0,

and recalling (8.4), we obtain by Holder inequality that

& 1 __ 1 €
(8.16) lim S [7] =lime/, 7.

where, further setting f, := (T —n e

. Tet od ) )
“ur :Z/o 87 3 (VELPER) (P + 17 () ds

X, Y€
X~y

Tel
+ / e Y e () e (PYf(0)H (1 () + 9 () + 208 (0D (1) ds
0

x€d

Recalling (3.27) and (2.5), we rewrite the expression above as

Tet B
T = / RreB(Pe ) |x ), 20q, ds
0

et
+ / (o
0

We now divide the proof into two parts, depending on whether 8 > 1 or g < 1.

’)
L2
(8.17)

PP 7o) (0 — h?)(1 +20h?)) ds.
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Neumann boundary conditions. Fix B > 1. Recall that both AN = (#)3q and xN are con-
stants. Hence, letting AN := 1 + 20h" € R,

Tet _ Tgt _
Ef,r :XN/O 255(Pff5)ds+hN/0 (01?1 (P? f)* (9 — h?))ds

(” 7 (T— r)feHL2(sz) ||Pferfe}|12(sz£))

+ BN /T8t<a€|sﬁ_1(Pfﬂ)2(z9 — h?))ds.
0

If case (a) holds, then f, — f, Theorem 3.1 and 8 > 1 ensure that

.= 2 2
(8.18) Eﬂ)lf‘Z/f,T = x| P;I—tf”LZ(Q) — | P%qf”ﬁ(sz))-
If case (b) holds, then
limo =) e f gy = ¢ 1F 120)
Tel R
(8.19) + N2 =0 151&1( /0 gf=le20s ds)(a£|(1p5’)2(z9 — i)

= XN(€_2(T_Z)||f”%2(Q) _ZT”f”LZ(Q))

where the last step follows by Proposition 6.3, (2.7), and the definition of AN = (#)yq. In
either case, both (8.10) and (8.11) hold true.

Robin and Dirichlet boundary conditions. Fix < 1, and note that case (a) holds. If 8 < 1,
the second term on the right-hand side of (8.17) vanishes as ¢ — 0. Indeed, we have

[(oe e~ (PE f)? (9 — k) (1 + 2017))|
< |9 = B[ Lo, (1 + 2019 | Lo (@9 E° (P fe),

and, thus, the claimed convergence to 0 by (8.15), h® € C(RQ), and hP|yq = ¥|yq. If in-
stead 8 = 1, since f; — f, Theorem 3.1 and (2.7) imply that the second term on the right-
hand side of (8.17) converges as ¢ — 0 to

(/TT_,(szlf)z d8>(19 —h7)(1+ 2ah3)>_

Fix T > 0 and let K®(¢) = K% () denote the first term on the right-hand side of (8.17),
namely,

(8.20) <aag

T
(8.21) KE(1) := </ 2P (PE f,) ds|x3>
T—t

1290

By nonnegativity of both I'*#(P¢ f) and x? € C,(RY), it is immediate to check that (8.15)
yields the relative compactness of the family (K¢), in C([0, T]; ]R(J)r ). In order to establish
convergence in C([0, T']; ]R(J)r ), we observe that, by the very same arguments, the finite mea-
sures

T
Vipi=¢ Z(/ 2reP(pe fg)(x)ds)é e, (Q), TeR tel0,T],
x€Qe

form a tight family (yf 7)e In A, b+ (). Hence, the limit of (), is uniquely determined by
the limits of ((y7l¢))e for all r € [0, T] and all ¢ in a dense subspace of C (). In what
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follows, we choose the C(2)-Laplacian’s core SN(Q2) C C(2) as a dense subspace (Proposi-
tion 3.12(vii)).

Fix ¢ € SN(R2). By Theorems 3.1 and A.8(a3) for B = 0o and 3 = N, there exists (¢;).
such that ¢, — ¢ and A>P=®¢, — ANgp. As a consequence, (Virle —@e) = 0as e — 0.
Recall (3.27) and (3.2); then, ’

T
rirtor) = [ (AP (B £ = 2PE ) (AP Dl 0

T—t

r oo d
2 = 2
/ (PE £)71AP ¢8>L2(Q = <—(ps«9f8) ’ (p8> ds,
Tt v \ds L2(Q)

yielding
153()/& o) = lsifol(yﬁT |e)

=/T —EN((PYf)?.p)ds + (((Pg—zf)zw)m(sz) _<(PT8f)2|(p)L2(Q))'

—t
This shows (8.10). By setting + = T and observing that all relative compactness arguments
above hold uniformly over T € R™, (8.11) follows, thus concluding the proof. [

LEMMA 8.2. Forevery (1), C Rt and (f:)s such that to > 1 and f. — f asin (3.7),
. 2
(8.22) gli%Eiiw[( th —ES [szfT]) ]=0, Te R* 1[0, T].

stat

PROOF. For t = 0 the claim is straightforward. Fix ¢ € (0, T']. Recalling (7.23) and
(8.12), we define

(8.23) Vi, y) =V (. y).0f) =V (x.y), x.yeQ.s R

Note that ﬁf(x, y)=0if x,y € 9,2, and since V°(-,n) = Je’k=1D(-, n) + 20 D(-, nn), the
consistency provided in (7.9) implies

— —k=2
E, [V (o p)i)] = PE2VECm e y), (y) e QL r 2 0;

This yields in particular
(8.24) Eigtal[v‘f(x’ WIFs] = Pf’kzz},;é(x, y), X,y€EQ,Sse€ ]R(J)r.
Further set

S S —=k=2
(8.25) Uiy ey = B Vo, Vi 2 w)]s - (x,y), (2o w) € Q7
Let us adopt the following shorthand notation for the Dirichlet form at P{ f:

(8.26) Y Fi(e):=E°(P{f)., seR],

with e, ¢, ... denoting (oriented) pairs (x,y) € Q¢ such that x ~ y. Note that Fé(e) > 0.
Then, the stationarity of v$,, and (8.24) yield (recall (7.5) and (8.25))

2
We = Eigtat[(ﬂffT — B [7])°]

Vstat

Tet Tet
=2 /0 ds / dr Y Fip (@Fir_(€) Y pER=2e (x, U (-
s e,e

(x,y)el
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Further, duality (7.7) ensures that there exists C = C(¥%) > 0 such that
(8.27) sup ‘

e, (xy)|—

Hence, setting sy = (s +u) A 1ot for some fixed u € RT, we get (below, C' = C'(8, f) > 0)

2
Z 1, T— (] P T, T— sfHLZ(sz) | P 7. T— suf||L2(Qs))ds
Tel
+2/ dS/ erFrgT s(e) T, T— r( ) Z pkaZ(e ()C }7)) e,(x,y)
(e

<C'|f~- szf“LOO(QS)

(tet—u)VvO0 Tet
+ 2/ ds / dr Y FLp (@ Ffr_.(€)
0 S

Su e,e/

X Z Pfkv 2(6 (X y)) e, (x,y)"
(x,y)eﬁlg

The first term on the right-hand side above vanishes as u — 0, uniformly in &, T € R™
and ¢ € [0, T'], by Theorem 3.1 and the strong continuity of the continuum semigroups. The
second term vanishes as ¢ — 0 (for fixed u € RT) as soon as we show

: Ek 2 +
(8.28) lglinsupsup > pt (€, e, MUy =0, ueR".

12U ee — k=
(x,y)eszg

Start by observing that, by the definitions (7.6) and (8.25), Corollary 7.11 yields

(8.29) lim sup ] e=(z,w) € 51;:2

0 yet, | =0

By the ultracontractivity of the two-particle semigroups and (8.27), we get (8.28) with 51;:2
in the summation being replaced by Q’;Zz. We are left with showing that the contributions
from 0, Q’;ZZ also vanish. To this purpose, we employ (7.9) and argue as already done in the
proof of Corollary 7.6. Reproducing the above argument for the single-particle system on g,
we conclude the proof of the lemma. [l

8.2. Conclusion of the proof of Theorem 3.13. Combining Lemmas 8.1 and 8.2 with the
discussion at the beginning of Section 3.4.2 concludes the proof of Theorem 3.13. More
specifically, by stationarity and the decomposition (8.5), it suffices to identify the limit in
distribution of ((J/;T|f8))g,r as ¢ > 0and T — oo for every f € S?(2) and some (fe)e
such that f, — f. We achieve this by setting (7). and ( f;). as in Lemma 8.1, and observing
that the families of real-valued random variables

(8.30) (V5P IPEr fel)or and (W5 7). 1

are tight. Hence, taking first ¢ — 0 and then T — oo, on the one side, Lemmas 8.1 and 8.2
ensure that the second family in (8.30) converges to a centered Gaussian distribution with
variance given as in Lemma 8.1; on the other side, the first family vanishes. Indeed, when ei-
ther 8 <1lor 8> 1and f =clg with c € R, this latter claim is an immediate consequence
of the second inequality in (8.7); when 8 > 1 and [ fdug =0, it follows by approximat-

ing (V5| Py fe) with
(331) DEIPEE) o= o= (e l0Eliaa Vi
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(note that || fe — f;”LOO(Qs) — 0 as ¢ — 0 by Proposition 6.3(ii) and f, — f), and using
(8.8).

APPENDIX

A.1. Laplacians on Lipschitz domains. We collect here some auxiliary results on
Laplace operators with Dirichlet, Robin, and Neumann boundary conditions on Lipschitz
domains. In this section, in contrast to the notation adopted in Sections 5-8, we distinguish
between L?- and C?-semigroups, generators, resolvents, etc.

A.1.1. L*-Laplacians. We start by recalling some known spectral properties.

LEMMA A.1 (Dominations). Let o1, 02 € C(dR2) with 0 < 91 < 0. Then:

o PP < P,Q2 < P,Q1 < P} as nonnegative operators for each t > 0; and, equivalently,

o (EN,Z(EMN) < (9, 9(E°)) < (E°2, D(E9?)) < (EP, D(EP)) as quadratic forms.

PROOF. The assertion for semigroups is [5], Theorem 3.1. The assertion for the corre-
sponding forms readily follows. [

For 1 € R, denote by Nga2 (1) the number of eigenvalues of —A? which are strictly smaller
than A € R, counted with multiplicity; if the number of such eigenvalues is infinite, or
if Oess (—A?) N (=00, 1) # T, we set NJ(A) := +00.

PROPOSITION A.2 (Weyl asymptotics). Let 01,02 € C(32) with 0 < o1 < 02 on 9K2.

(i) —A? has purely discrete spectrum, say (kfl)n, )»2 > 0, indexed with multiplicities;
(i) AN <ap <APand Ap' < AR
(iii) Ng(k) = A4/2 a5 L — +o0.

PROOF. Assertion (i) for (—AP, 2(—AP)) is well known (see, e.g., [4]). Since Q is a
bounded Lipschitz domain, it satisfies the H L_extension property [16], Theorem 6.4.3, p. 285,
hence the resolvent of —AN is a compact operator, and the assertion for (—AN, Z2(—AN))
follows. The first assertion for (—A€, Z(—A®)) follows from the corresponding ones for
the Dirichlet and Neumann Laplacians and Lemma A.1. The second assertion is shown
in [64], Theorem 3.2. Assertion (ii) follows combining Lemma A.1 and Courant minimax
principle [57], Theorem 2.16.1, applied to the (compact strictly positive) semigroups Pta for
some ¢ > 0. As a consequence of (ii), it suffices to show (iii) for —AN and —AP. These are
respectively [61], Corollary 1.6, and [61], Corollary 1.9. [

The following is a standard approximation result.

LEMMA A.3. The following assertions hold:

(ap) E°(f,g) — EP(f, &) as 0 — oo for every f. g € Hy(RQ);

(ax) E°(f,g) = EN(f, 8) as 0 — 0 for every f, g € H'(Q);

(bp) P?— PP as o — oo, strongly on L?(R), uniformly in t on R ;

(by) P?— PN as o0 — 0, strongly on L2(Q), locally uniformly in t on ]R(J)r.

PROOF. The (a)-assertions are straightforward. For both (b)-assertions, the existence of
a limit in the strong operator topology on L?(2) follows combining the monotonicity in
Lemma A.1, the uniform bound P,Q <1, and the main result in [8]. Note that the uniformity
inte Rar in item (bp) follows from the lower bound )»8 > 0, o > 0, and the ordering of
eigenvalues in Proposition A.2(ii). The identification of the limit is a consequence of the
identification of the corresponding limit Dirichlet forms as in the (a)-assertions. [J
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A.1.2. Cp-Laplacians. For p € [1,00] we denote by (A»?, 2(A?P)) the LP(Q)-
Laplacian corresponding to A%? := A?, defined as the L?(2)-closure of the operator

APy =Au,ue 2(A)NLP(Q): A’ueLP(Q) if pell,o0),

(A*1)* the adjoint of A?! if p = oo.
For details about the construction of A%” on bounded Lipschitz domains, its consis-
tency with A? on L2(€) N LP(2), and for the properties of the associated semigroups
and resolvents, see, for example, [4], Section 1, for AP? with p € [1, 0o]; [24], Theo-
rem 1.4.1, for A®? with p € [1,00), and [70] for A°°; [71], Section 5, for AN:? with
pel(B+y),3+y]forsome y > 0, where p’ denotes the Holder conjugate of p.

Finally, recall that C? is either C($2) (for Neumann and Robin boundary conditions)

or Co(2) (for Dirichlet boundary conditions). We denote by (A?€, Z(A%°)) the C?-
Laplacian respectively defined by

(A1) 2(A") :={ue 2(AYNC? : APu e}, A%u=A"u

THEOREM A.4. Fix ¢ € Rt. The operator (A%, 2(A*€)) is the part on C° of
(A?, 2(A?)). The corresponding semigroup Pta’c is a CV-semigroup satisfying

(A.2) Plr=prlf, fec’>o0.

PROOF. We separate different cases.

Dirichlet boundary conditions. Since 2 is a bounded Lipschitz domain, it is Dirichlet reg-
ular; see, for example, [3], Definition 6.1.1, for the definition, and [3], Ex. 6.1.2b), and refer-
ences therein for the assertion. Thus, all the results in [4] apply to our setting. In particular,
by [4], Lemma 2.2b), the operator (AP-¢, Z(AP-%)) is the part of A on Cy(£2). The second
assertion is [4], Theorem 2.3.

Neumann boundary conditions. By [39], Theorem 2.1(ii), the operator (AN, Z(AN)) is
the part of AN on C(£2). For the second assertion see for example, [11], Proposition 3(x).

Robin boundary conditions. This case is discussed in [70] under the assumption that 0 <
¢ <o € L*®(og) for some constant c. In particular, the first assertion holds as consequence
of [70], Lemma 3.1, cf. [70], p. 22. The validity of (A.2) follows from the proof of [70],
Theorem 3.2, cf. also [62], Theorem 4.3. [

We conclude this part of the appendix with the proof of Proposition 3.12.

PROOF OF PROPOSITION 3.12.  Since (), is total in L?(2), and since ¥ € S?(2) by
definition, S?(S2) is dense in L?(£2). Since (w,f"‘)n is a CONS for Hsa(Q), identity operators
form a chain of continuous embeddings

S Q) — HY(Q) — H)(Q) — L*(Q) — H? (Q) — H® (Q) — S (Q), r<s.
For § > 0 and integer k > 1 let idg s : H& +8)d (Q) — Hkad(Q) be the identity operator

o0
: _ 0\—8d/2 1 3,(k+8)d a,kd
ldk,a(‘) = 2;)(1 + )‘n) <1//n (k+2) |'>H&+B)d(g)‘//n .
n=
If§ > 1/2,then ) 2 (1 + )»2)_‘” < 00 by Proposition A.2, hence idi s is a Hilbert—Schmidt
operator, and thus S IQ) = Mk H,fd(Q) is a countably Hilbert nuclear space when endowed
with the locally convex topology induced by the family of norms (]|-|| H) (@))ser. The rest

of the proof of (i)—(iii) follows as in [49], Ex. 1.3.2, p. 40. Since S(Q) is dense in L2(),
assertion (iv) follows from (iii) by Nelson’s theorem, for example, [63], Theorem X.49.
(v)—(vii) We separate different cases.
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Dirichlet boundary conditions. Fix u € S°. By definition, u € 2((A)¥) for all k, hence by,
for example, [4], eqn. (1.10), we have that APu € L*°(2). Since Ro(AP)SP(2) C SP(R), we
further have that u € L°°(£2), hence that u € Z2(A®*°). By [4], Theorem 2.4(iii), it follows
that u € Cp(2). Since APSP(Q2) € SP(R), iterating this argument shows (3.24a) for k > 0.
As a consequence of the latter we have as well that S®(Q) = ;=0 Z((AP)F) = SP-¢(Q).
Together with (A.1) shows (vi) for AP. Since C°(Q) C SP(Q) C Co(R), SP(RQ) is dense
in Co(2). Finally, since SP(Q2) = SP¢(£2), we have that P”*SP(Q)  SP(), and therefore
that SP(2) is a core for both AP-¢ and AP by [63], Theorem X.49.

Neumann and Robin boundary conditions. Let 9 be either N or o, and fix u € SY(Q).
By definition, u € Z((1 + A?)¥) for all k. By the first displayed inequality in the proof
of [62], Theorem 4.3, we have that (R?)kLz(Q) C C(2) =: C? for k > 1, hence that S? c C?.
By (A.1) we have therefore that S?(Q) = Mk D((A?)k) = §%-¢(). The rest of the proof
follows as in the case d = D. [

A.1.3. On the generality of Lipschitz domains. Some of the properties of Laplacians
discussed in this section may fail if €2 is non-Lipschitz. For instance, there exist bounded
non-Lipschitz domains €2 so that

(a) the essential spectrum of AIN7 is nonempty, [45], and may depend on p, [52] (for the
importance of the L”-spectral properties in applications see, e.g., the introduction to [47]);

(b) consequently, (the restriction to L>(£2) of) PIN’p may depend on p, and P} may be
different from the continuous part of P.

These two properties (emptiness of the essential spectrum and consistency of the L?- and
C?-semigroups) on bounded Lipschitz domains are crucially used, for example, in the con-
struction and characterization of the space S () of test functions (Proposition 3.12). If we
allow 2 to be unbounded, then we may choose, for example, the horn-shaped domain

Q={(x,y)eR?:x>0,—eF <y<e ™).
Further say that u is a weak solution of (Hy r) with ¢ =0 if
u €L™((0, T); Ly () N L*((0, T); Hyg,o (),
(Hweak)
// (—udv+Vu-Vv)dug dr=0, veClCi(Q2x(0,T7)).
Qx(0,T)
Again on unbounded non-Lipschitz domains,

(c) uniqueness of solutions may fail for (Hweak) see [60].

A.2. Equicontinuity of semigroups. This section is devoted to the proof of Proposition
4.1. Observe that, since

lim sup sup sup |P M, f(x) — PSP f(]=0, e€(0,1),
‘WoﬂeR >0 x,ye
|x—yl<d

the claims in (4.12) and (4.13) may be equivalently restated with limsup, 10 replacing
SUP¢e(0,1)-

PROOF OF PROPOSITION 4.1.  Throughout the proof, we write E, = E$°° and omit the
specification of I1,. For ¢ > 0, by (4.6) and the Taylor expansion of the exponential function,

A3 PPra=P ”°f<>+2 '3_ l)kEx[f(Xf’oo)< /Ong(Xf’oo)dr)k},
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which, by expanding the powers of the integral and by the Markov property, reads as

(A4) POP f(x) = PO f(x) — / 3 pE¥ @, (P Vi@ PR () dr

7€0R2%

Hence,

1PEP ) — Pg’ﬂf(y)l

(A5) <|PETFO) = PO FO)

‘ / PE®(x,2) — poX( )P V@) PEP £ (2)) dr|.
zeBQ

Of the two terms on the right-hand side above, the desired equicontinuity of the first one
is known, see (4.11). In order to prove the equicontinuity of the second term in (A.5), for
all t, € (0,1 A1],and x, y € Q, |x — y| < 8, we have that

1 / PE(x,2) — pE (3 ) (1 Val2) PP £ () dr
zeBQ

<2l flleg) sup Z PE®(x, 2) P Ve(2) PP, (2) dr
(A.6) €20 20,

t

+Cll fllogts 028 / (gd > Vi) Paﬁ]lgg(z))dr
£ 7€0Q2

=: I g1t + Je 8.8 1,15

where to get the second expression we used (4.5). (Recall that the positive constants a, b, and
C depend only on € C R9). Let us estimate the second term on the right-hand side of (A.6):

by the symmetry of Pf;’f in L?($2,) and (4.9),

t
/ <sd > V() Paﬁ]lgs(z)) dr
Ly

7€082
t—ty r
>> / Ex[sﬁ_lVg(Xf’OO)exp<—8ﬁ_1/ Vg(Xf’Oo)ds>:|dr§M£(Qg).
xeQ, 0

It is therefore clear that, for every #, > 0, the sequence sup, g, Jeg,5,1,,t — 0 as § — 0. We
are therefore left to show that

(A7) limlimsupsup sup Iz g1, =0, 19>0.
30 g0 =19 BeR

For this purpose, we fix ¢ € (0, 1), t > 0, and o > 1, and split the supremum over 8 € R as

(A.8) sup Ig g.1,.1 =max{ sup I¢ g1, SUD 18,13’,*,4.
BeR BeR BeR
P 1<p ef1>p

By P, ]lgzg <1 and (4.10), we can then estimate the first supremum in (A.8) as

sup sup g <Cot)/?
t>0 BeR
ef1<o
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Note that, since, for 8 > 1, we have ¢#~! <1 < o for all £ € (0, 1), the latter estimate and
(A.6) with t = t, suffice to prove (4.12) (note that J¢ g 5.;,, = 0). Hence, thanks to (4.12), all
the arguments in Section 5.1-5.2 carry through, ensuring the validity of Theorem 3.1 for all
B >1,as well as

=0.

t
E, [exp(—g/ Ve (X5%) ds)} — PPlg(x)
0

(The above claim holds with the supremum over ¢ > 0 by Thm 3.1 and Corollary 5.4.)
Now we turn our attention to the regime § < 1 and to the second supremum on the right-

hand side of (A.8). Note that by monotonicity of t — P;"/1g, (z), we have Iz g1, ¢ < I g 1,10
for ¢ > tp. By the Markov property, (4.6), and Tonelli’s theorem, we get, for all x € 2, and
1 € (0,10 A 1],

Ly
|2 mead v pl e o o
0 zeoq.

e fo—r
= / E, [sﬁl Ve (X;°) Execo [exp(—sﬁl / Ve (X5°) ds)ﬂ dr
0 0
ty 1o
/ E, [8’3_1 Ve (X5) exp(—gﬁ_l / Ve (X5) ds>:| dr
0 r

Ex[{/ot* direxp(eﬁ_l /Or Vg(Xf’Oo)ds> dr}exp(—s’s_l /Oto Vg(Xﬁ’oo)ds>]
=E, [exp<—8’31 /t:o Vg(Xﬁ’oo)ds> <1 — exp(—e’s1 /Ot* Ve (X5) ds>)]

For y > 0, define Q= {x € Q, : dist(x, IQ) < y}. Then, by the exit-time estimate (4.4)
and the above identity, we get, for all ¢, € (0, o A 1), for some C = C(f) < oo,

) C’
sup Is,ﬂ,t*,to =< C( sup E, [exp(—g/ VS(X?OO) ds)] + exp(— 172 4 ))
BeR xeQ! ty t,' Ve

Sﬁ_l>Q

(A9) lim sup sup
ed0 4>0 xeQ,

Taking first the limsup in € — 0 and then in #, — 0, we have, forall o > 1, ¥ > 0 and 7y > 0,

(A.10) limsuplimsup sup I; g, 1, <limsuplimsup K¢ ;, o y.1>
140 el0 BeR 140 el0
ef-1 >0

where we defined the quantity

To

Ke 107,10 = sup Ex [exp(—g/ Ve (X5) ds)].
xeQt Ly

We now estimate this quantity. By the Markov property and the triangle inequality, we have

Ketvoyao < sup Y pr™(x,y) PP, 1a(y)

xeQ yeQ,

10—«
E, [exp(—g/o Ve (X5) dS)i| - P;ﬁ_z*ﬂﬁ(y)’-

For fixed #,. > 0, o > 1, and y > 0, by taking ¢ — 0, the local CLT for p,i’oo(x, y) (see
Remark 5.3) and the uniform convergence of go-Robin semigroups (A.9) yield

(A.11)

+ sup
YEQ,

(A.12) limsup K 1, 0..10 < SUP / Pr.(x. y) P La(y) dy.
el0 xeQ?r JQ
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We now observe that the strong continuity of the p-Robin semigroup implies

(A.13) limsup sup / pr(x, ) PY_; Ta(y)dy = sup P.lo(x).
Q

40 xeQ?r xeQ

We continue the estimate for a given x € Q27 for every s € (0,7/2), as

Ptglsz(x)i/l?f(x W (Po—s — Po_)la()|dy + PEPP_ 1q(x)
(A.14) 5\/p§s(x,x)sug||P,Qllsz PP1g 2 q) + P8 Py—sla(x)
r=

<P 0 sup|[PElg = PPAol g + B P Ta ().
r=

where in the second-to-last step we used the Cauchy—Schwartz inequality, while in the last
step we employed the monotonicity of semigroups (Lemma A.1). In conclusion, Lemma A.3
yields

(A.15) limsup sup ./p5 (x,x) supHPQILQ P 1ol 2 =0, s€(0,10/2),

0—> 0 erZy
while PPl € Co(€2) ensures that

(A.16) limlimsup sup PNP,0 JIo(x)= sup P ]lQ(x)=O.
V00 10 xeq2r x€dQ

Collecting all the estimates in (A.11), (A.12), (A.13), and (A.14), we obtain that

lim limsup limsuplimsup K¢ 7, 0.y.10 =0, 7o >0,
Y¥0 g—o0 110 €0

which, together with (A.10), shows the sought claim (A.7), and thus concludes the proof of
the proposition. [l

A.3. Equivalence of convergences. Theorem A.8—which is instrumental to the proof
of Theorem 3.1—is the main result of this section. In what follows, we make use of the
general framework of [53], and in particular of the notion of convergence of Hilbert spaces,
bounded operators, and quadratic forms, in the sense of [53] with respect to the pair (C?, IT,).

A.3.1. Definitions of convergences. We start by recalling the main definitions of conver-
gences, specialized to our setting.

Kuwae—Shioya convergence. We refer to [53] for the details of this construction. Every-
where in the following, we assume that y € (0, 1). Let (f:)., with f; € L3($2,), and fe
L*(Q).

DEFINITION A.5 (Kuwae—Shioya convergences). We say that (f;)e:

e (strongly) KS-converges (with respect to the pair (C?,11,)) to f if there exists ( fy)y cc
so that

(A.17) lim|| f, — fll;2000 =0, limlimsup||TI, f;, — 2 =0.
yw”fy fle (Q) 210 SWPH efy — fellL (Q)

. o, 11,
Write f, ——> f.
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o weakly KS-converges to f if lime o(fe|8e) 12(q,) = (f18) 12(q) for every (ge)e, With g, €
c?1,

L2(S2,), strongly KS-convergent to g € L?(€2). Write foe———f.

Further let (B;),, with B, : L*(2,) — L*(Q;), and B: L?(Q2) — L*(S2) be bounded op-
erators. We say that (B,),:

. ¢ I, c?, I, . 1,
e (strongly) KS-converges to B if B, fo —— Bf forevery f, —— f. Write B, —— B;
? I, c? I, ) g

e compactly KS-converges to B if B f; LY Bf forevery f —— f. Write B, C:rli B.

Finally, let (Fy)e, with Fo: L?(Q¢) — [0, +00], and F: L?(Q) — [0, +00] be nonnega-
tive functionals. We say that F:

e KS-Mosco- (KSM-)converges to F if

il

£ = RO < liminf F.(/,):

VEeLXQ e fe M F o and lim Fo () = F(f)

. . . . ¢
Since no confusion may arise, we write as well F, —— F.

Direct convergence. For x € R? denote now by Qg (x) the d-hypercube x + [0, )% of
side-length & with lexicographically lowest corner x. Further define an isometric opera-
tor (o1 L2(Qs) — L*(RQ) by

le: fer— Z fe(xX) 1o, 0)nes

x€Q

and denote by Q,: L3(Q) — L%(Q,) its adjoint operator. For F: L%(Q2,) — [0, +00] set
now

Fe(Qe f) if f=1:Qcf,

400 otherwise.

(tes Fe)(f) =

The following notion of convergence describes the “direct-limit” point of view for dis-
cretizations, commonly adopted in the literature, see, for example, [1, 34].

DEFINITION A.6 (Direct convergences). Let (fy)., with f; € L3(2,), and f € L3(Q).
We say that (f;)e:

o (strongly) d-converges to f if limg ||t fo — f||L2(sz) =0. Write f; fe f.

Further, let (Fy), with F,: L2(Q,;) — [0, 4-00], and F: L?(Q2) — [0, +0c] be nonnega-
tive functionals. We say that F:

e Mosco d-converges to F if 1., F, Mosco converges to F on L2(2) in the usual sense.
Write F, = F.

Straightforward manipulations of the above definitions show that these notions of conver-
gence are in fact equivalent.

PROPOSITION A.7. With the notation established above, we have that:

oM. . . .
° f£—>fzfand0nlylffgt—>f;
d
oF£ﬂ>Fifand0nlyingi>F.
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A.3.2. Main result. Let (B, Z(B)) be an unbounded operator on some Banach space.
Recall that a linear space S C Z(B) is a core for (B, Z(B)) if it is dense in Z(B) in the
B-graph norm ||v] g := ||v|| + || Bv|| for v € Z(B).

The proof of the following theorem is the content of Section A.3.3 below.

THEOREM A.8 (Equivalence of convergences). Let S%¢ be any core for (A%,
D(A)). The following assertions are equivalent:

(ayp) the assertion of Theorem 3.1;

(a2) convergence of C°-semigroups: Pf’ﬂl'lgf — P,a’cffor each f € C? for eacht > 0,

(a3) graph-convergence of C?-generators: for each f € S%¢ there exists f. € D(A®P)
with f, — f and AP f, — AP f;

(as) convergence of forms: 5P — £ compactly;

B

(as) convergence of L*-semigroups: PSP — Pta compactly for every t > 0;

B

(ag) convergence of L*-resolvents R? — R? compactly for either some or every £ > 0.

Finally, if either of the above convergences holds, then

(b1) graph-convergence of L*-generators: the strong Kuwae—Shioya-graph limit of AP
coincides with A?;

(b2) spectral convergence: for every n € Ny, denote by AZ”B the nth eigenvalue of —A®P
indexed with multiplicity, and set )»,‘i’ﬂ = +o00 for n > dim L2(Q,). Further let Ag be the
n' eigenvalue of (—A?, 2(—A?)) indexed with multiplicity. Then,

Li&}k,‘i’ﬁ = kg, n € Ny.

For an example of a suitable core S? = S§%-¢, see Proposition 3.12. Finally, since Theo-
rem 3.1 establishes (a;) above, combining it with Theorem A.8 shows that all assertions (aj)—
(as), and (b1), (b2) hold.

A.3.3. Proof of Theorem A.8. The equivalence of (aj)—(a3) is [30], Theorem 1.6.1.
The equivalence of (as)—(ag) is [53], Theorem 2.4. The implication (a4) =— (b1) fol-

lows from [53], Theorem 2.5. Since LZ(QE) is finite-dimensional, the operator R;”s =

(¢ — A®P)~1 is compact for every ¢ > 0. As a consequence, the implication (ag) =—>
(by) follows from [53], Corollary 2.5.
Thus, it remains to show the following.

PROPOSITION A.9. Assertion (ay) is equivalent to assertion (as).

PROOF. Concerning the implication (a2) = (a5), we show that (a>) implies the

)
strong KS-convergence Pf”g ALY P?, and that the forms (£%#, 2(£¢P)) verify the defini-
tion [53], Definition 2.13, of asymptotic compactness. The conclusion then follows from [53],
Theorem 2.4.

Strong KS-convergence of semigroups. Let (fi)s, with f, € L?(Q,), be strongly KS-

el
convergent to f € L*(2). We show that Pf’ﬂ fe LIS Pf’ f. By assumption, there ex-
ists (f,), as in (A.17). Set g, := P2 f,. Since f, € C? by definition, we have that g, =
P,a’c fy € C? by (A.2). Thus, IT, gy is well defined, and we may estimate

“Hsg’y - Pt&ﬂfe ||L2(Qg)

<P f, — PPIL |20, + | PP, f, — PP £, |22
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<V Ms(Qs)“HsPta’ny - Pt&ﬁHSfV “LOO(QS)

-+ PP ||L2(S2€)—>L2(S2€) e fy = fellz2(@u)-
Since ¢ (€2,) is uniformly bounded by (2.2), the first term vanishes as ¢ — 0 by (a») for each
fixed y. Since P,g’ﬁ is L*(§2,)-contracting, taking first lim sup, ;o and then lim,, o, the second

term vanishes as well by (A.17). This verifies (A.17) with P,g’ﬁ fe in place of f; and g, in
place of fy, which concludes the assertion by definition of strong KS-convergence.

Asymptotic compactness. We need to verify that, if (f;)e, with f; € L2(2,), is such that

(A.18) limsup EP(f)+ 1 fell 2, < 00,
then (f:) has a strongly KS-convergent subsequence. By Proposition A.7, we may equiv-
alently verify that it has a strongly d-convergent subsequence. Since £ > £5° for ev-
ery 8 € R, it suffices to verify the conclusion assuming (A.18) with 8 = co. The case § = oo
is shown in [34], Proposition 6.5, choosing €2 in [34] as a ball containing our domain €2,
and A in [34] as our 2. We note that the assumption in [34], Definition 3.1(i), is satisfied
since, in the notation of [34], we are choosing m = ugq in [34], eqn. (2.10), and Uxp =1
in [34], eqn. (3.9).

Let us now turn to the implication (a5) = (a2). Fix f €C I and ¢ > 0. Itis readily seen
that I, f ﬂ f. The assumption of (a5) now implies that Pf”g I, f % P,8 f and the
conclusion follows from the equicontinuity of Pf’ﬁ 1, f shown in Proposition 4.1. [J
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