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Error convergence of quantum linear system solvers
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The Harrow-Hassidim-Lloyd (HHL) algorithm remains a paradigmatic quantum routine for solving linear
systems and a widely used benchmark in theoretical and experimental studies. Several circuit-level variants have
been proposed to simplify its implementation, including constructions in which the clock register is factorized via
Hadamard gates to reduce circuit depth and entanglement. In this work, we show that this commonly deployed
modification can fundamentally alter the asymptotic behavior of the algorithm and may fail to converge in the
limit of large clock size due to persistent phase interference effects. This phenomenon is not a finite-size artifact
and compromises the correctness guarantees of the factorized-clock implementation. We provide an analytic
characterization of the underlying mechanism and demonstrate that a minimal and experimentally feasible
modification suffices to restore convergence while preserving the practical advantages of the simplified circuit.
Our results clarify an overlooked correctness issue in a widely used HHL implementation pattern and delineate
the conditions under which simplified realizations faithfully reproduce the intended algorithmic behavior.
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I. INTRODUCTION

Quantum computers exploit the laws of quantum mechan-
ics to perform computations in exponentially large Hilbert
spaces, enabling potential speedups over classical algorithms
[1,2]. It is conjectured that quantum algorithms can solve in
polynomial time (with respect to the problem size) problems
than cannot be solved polynomially by classical algorithms,
like the factorization problem [3], and even problems whose
solutions are not thought to be polynomially verifiable by
classical computers, like the boson sampling problem [4,5]
(namely outside the so-called NP class), but cannot probably
solve NP-complete problems, i.e., the hardest problems in
NP [6,7].

Among computational problems that are ubiquitous in
computer science and big data [8,9] and attract attention in
quantum computation, there are solutions of linear systems.
The inputs of a linear problem are a vector b ∈ Cd with
components b j , j = 0, . . . d − 1 and a matrix A ∈ Cd×d with
components Ai, j , eigenvectors u j , and eigenvalues λ j , i, j =
0, . . . d − 1. The output is a vector x ∈ Cd satisfying

A · x = b. (1)
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We focus on s-sparse matrices, namely matrices with a
maximum number s of nonvanishing elements in each row
or column. Furthermore, we assume the matrix is Hermitian
and define the condition number as κ = max j |λ j |/ min j |λ j |.
In Sec. II, we discuss how to modify the algorithm when the
matrix is not Hermitian. The other relevant parameter is ε,
defined as the tolerated error of the output.

The first quantum algorithm for linear systems was pro-
posed by Harrow, Hassidim, and Lloyd [10] (henceforth the
HHL algorithm), although more recent algorithms have been
studied and reviewed in [11]. Algorithms based on the adia-
batic theorem [12,13] and eigenstate filtering [14] reach the
optimal scaling O(κ ln(1/ε)) for the number of queries to
matrix elements of A. Other algorithms, relying on quan-
tum singular value transformation [15,16], exhibit the scaling
O(κ2 ln(κ/ε)). These recent algorithms employ the so-called
block encoding technique that may require large time or mem-
ory [16–18]. Therefore, although the HHL algorithm shows
a nonoptimal scaling O(κ2/ε), it remains relevant not only
for its conceptual simplicity but also for the simpler im-
plementation with noisy intermediate-scale quantum (NISQ)
technologies [19,20] compared to other algorithms.

The HHL algorithm is based on two protocols, the quantum
phase estimation [1,21–23] and the amplitude amplification
[24] (a variant of Grover’s search algorithm [25–27]), that
represent the core of general quantum algorithms (solving
the so-called BQP-complete problems) [28]. In the original
algorithm, the quantum phase estimation is initialized with
a complex state that minimizes the final error. A variant of
the HHL algorithm employing a much simpler initial state
(i.e., prepared using Hadamard gates) is often discussed in

2469-9926/2026/113(6)/062436(15) 062436-1 Published by the American Physical Society

https://orcid.org/0000-0001-8834-1202
https://ror.org/004fze387
https://orcid.org/0000-0001-5592-759X
https://ror.org/02n742c10
https://ror.org/05j3snm48
https://crossmark.crossref.org/dialog/?doi=10.1103/rjvs-sj7h&domain=pdf&date_stamp=2026-06-12
https://doi.org/10.1103/rjvs-sj7h
https://creativecommons.org/licenses/by/4.0/


MATIAS GINZBURG AND UGO MARZOLINO PHYSICAL REVIEW A 113, 062436 (2026)

the literature as it enables experimental implementations with
currently available quantum hardware [29–33]. In the follow-
ing, we refer to this version of the HHL algorithm as the HHL
variant.

In both versions of the algorithm, there are two main reg-
isters; the first register encodes the vector b and the second
is used to store the eigenvalues of the matrix A. Increasing the
number of qubits in the second register enhances the precision
of the eigenvalue estimation and reduces the error of the final
output. Since the HHL variant assumes a known upper bound
on the condition number, we extend the analysis to the case
where such a bound is unknown, showing that the error fails to
converge to zero even for a large number of qubits. Algorithms
for estimating the condition number of an arbitrary sparse
matrix are based on the Lanczos algorithm [34], the lower-
upper decomposition, or the QR decomposition of the matrix
A. However, the running time of known algorithms [35–37]
has the same scaling with respect to the parameters s and d as
classical algorithms that solve linear problems, namely O(sd )
times the number of iterations required in specific algorithms.
Therefore, the extension of the HHL algorithm to the case
of unknown condition number is relevant as its computa-
tion typically negates the advantage of using quantum linear
solvers.

Our analysis shows that this behavior is not a finite-size ar-
tifact but a structural feature of the algorithm, which can lead
to misleading conclusions if left unaccounted for in theoretical
analyses or experimental demonstrations. We then propose a
modification of the HHL variant that preserves its simplicity,
thus remaining experimentally feasible, and restores the con-
vergence of the final output error to zero for large number of
qubits in the second register.

We also carefully consider the complexity of the algorithm
in the light of recent results on digital [38–47] or analog
[48–51] simulations of unitaries used in the quantum phase es-
timation step. This analysis is the basis for the identification of
problem instances in which HHL algorithms are competitive
with more recent quantum linear solvers [11], which exhibit
a more favorable complexity scaling with the computational
error.

In Sec. II, we review the original HHL algorithm and its
variant. In Sec. III, we analyze the convergence of the al-
gorithm outcome towards the exact solution, and emphasize
the difference between the original and the variant algo-
rithms. The improved HHL variant is derived in Sec. IV.
We compare the complexity of the above algorithms in
Secs. V and VI. Sections VII and VIII are devoted, respec-
tively, to numerical simulations of the HHL variant and the
improved algorithm, and to the relaxation of a technical as-
sumption (the positivity of A). Section IX summarizes our
conclusions, while detailed derivations are provided in the
Appendixes.

II. HHL ALGORITHM

The linear problem (1) has a solution if and only if b lies
in the support of A. In this case, given the eigenvectors u j

of A with eigenvalues λ j �= 0, there is a decomposition of the
input vector b = ∑

j β ju j for some β j ∈ C and the solution is
x = ∑

j (β j/λ j )u j . An alternative decomposition of the input

state is b = ∑
j b je j , where e j are basis vectors with elements

(e j )l = δ j,l .
For later convenience, assume that b has unit L2-norm,

‖b‖2 = 1. If this condition is not met, the linear problem
(1) can be mapped to an equivalent problem by dividing b
and x by the norm ‖b‖2. Assume also that A is Hermitian,
as the problem with non-Hermitian A can be embedded in
C2d with a Hermitian matrix. Consider indeed the following
problem: (

0 A
A† 0

)
· y =

(
b
0

)
, (2)

whose solution is the solution of the original problem em-
bedded in C2d : y = 0 ⊕ A−1b = 0 ⊕ x where 0 ∈ Cd is the
vector with all components set to zero. Solving the new prob-
lem then solves the original problem at the cost of doubling
the dimension of the solution space. This requires only one
extra qubit and the condition number of this new matrix is the
ratio of the maximum and minimum singular value of A. Fi-
nally, assume without loss of generality that the eigenvalues of
A satisfy 0 < λ j � 1. The conditions λ j � 1 can be achieved
by dividing A and multiplying x by a rough estimate (rounded
up) of the largest eigenvalue of A. We will show in Sec. VIII
how to relax the condition λ j > 0.

The HHL algorithm and its variant use three quantum
registers.

(1) The register r consists of n = �log2 d� qubits used to
encode the vector b (padded with zeros if needed) in the pure
state |b〉r = ∑d−1

j=0 b j | j〉r , where {| j〉r} j=0,...,2n−1 is the compu-
tational basis, i.e. the eigenvectors of the Pauli matrix σz for
each qubit. This is the reason for requiring 1 = ‖b‖2

2 = 〈b|b〉.
This pure state can also be expressed as |b〉r = ∑

j β j |u j〉r ,
where |u j〉r = ∑

k Vk, j | j〉r and V = [Vk, j] is the unitary matrix
that diagonalizes A, V †AV = diag (λ1, . . . , λd ). The space
Cd , where the vetors x and b lie, is then encoded in a subspace
of the Hilbert space of the register r, that is the span of
the n-qubit states {| j〉r} j=0,...,2n−1 and has dimension 2n � d
compatibly with n = �log2 d�.

(2) The register c, called the clock, is used to implement
the quantum phase estimation and to store the binary repre-
sentation of eigenvalues of A as elements of the computational
basis. It consists of nc qubits, so that the states in the com-
putational basis represent up to T = 2nc different values and
consequently the maximum precision for eigenvalue estima-
tions is 2−nc = T −1. When nc and T increase, the eigenvalues
of A are discriminated with better precision leading to a
smaller error in the final output. For this reason, we use T
as the parameter to analyze the convergence towards the exact
solution.

(3) The algorithm also uses an additional ancillary
qubit a.

The solution x is encoded in the amplitudes of the output
state vector of the r register. Nevertheless, it is impossible
to generate a state whose amplitudes are the components
of x, namely

∑
j x j |u j〉r with x j = β j/λ j , because it is not

normalized in general. Instead, the HHL algorithm aims at
producing a state as close as possible to

∑
j x j |u j〉r/‖x‖2. The

amplitudes can be precisely measured with state tomography
which is unfortunately not efficient in the worst case scenario
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FIG. 1. Circuit of the main part of the HHL algorithm and of its variant. The first three operators implement the phase estimation protocol.
The operation C represents the preparation of the clock; it can be chosen as in (4) to implement the original algorithm or as in (5) to implement
its variant. The notations (τ ), (k), and (σ ) indicate controlled operations conditioned on the computational basis states |τ 〉c, |k〉c, and |σ 〉c

of the c register respectively. The angle of the rotation Rθ (k) is defined by sin θ (k) := Ct0/(2πk). The last three steps uncompute the phase
estimation.

[52–55]. Therefore, the HHL algorithm does not compute the
exact solution x, but it can be used to compute the norm
‖x‖2 and expectation values x†Mx of matrices M that can be
implemented efficiently on the quantum register.

The main part of the original HHL algorithm [10] and of
its variant [29–33,56] is compactly described by the circuit
in Fig. 1. The explicit formulas of intermediate states are
reported in Appendix A. The quantum registers are initially
prepared in the following state:

|ψ〉 = |0〉a|0〉c

∑
j

β j |u j〉r . (3)

The difference between the HHL algorithm and its variant is
the first operation on the clock, that is respectively

CHHL|0〉c =
√

2

T

T −1∑
τ=0

sin

(
π (2 τ + 1)

2 T

)
|τ 〉c, (4)

Cvar|0〉c = 1√
T

T −1∑
τ=0

|τ 〉c. (5)

In the HHL variant, the operator Cvar is the Hadamard
gate on each qubit of the clock |γ 〉c → H⊗nc |γ 〉c =

1√
T

∑T −1
σ=0 exp (iπ

∑nc
l=1 γl σl )|σ 〉c with {γl}l and {σl}l the bi-

nary representations of γ and σ . Therefore, these Hadamard
gates can be parallelized such that they require constant
time, and the state Cvar|0〉c is fully factorized. The operator
CHHL in the HHL algorithm is more complicated as it en-
tangles the clock qubits, and can be implemented in time

O(nc) = O(log2 T ) [57,58]. Although the variant slightly
reduces circuit complexity, this simplification significantly
lowers the precision of the eigenvalue estimation. The initial
state of the r register can be prepared following known state
preparation schemes [57–68], or may result from a previous
quantum protocol.

In Fig. 1, we have denoted by QFT the quantum Fourier
transform |τ 〉c → 1√

T

∑T −1
k=0 e−i2πτk/T |k〉c, and by QFT−1 its

inverse. The other gates are controlled unitaries defined by the
following state transformations:

|τ 〉c|b〉r −→ |τ 〉c eiA t0
T τ |b〉r

= ∣∣τ1, τ2, . . . , τnc

〉
c

nc∏
j=1

eiA t0
T 2 j−1τ j |b〉r, (6)

|0〉a|k〉c

−→
{

sin[θ (k)] |1〉a|k〉c + cos[θ (k)] |0〉a|k〉c if k � kmin

|0〉a|k〉c if k < kmin
,

(7)

where {τ j} j the binary representations of τ , t0, and kmin are
free parameters and sin [θ (k)] := Ct0/(2πk) with 0 < C �
2πkmin/t0. The implementability of the transformation (6) on
a quantum computer requires the Hermiticity of A assumed
above.

The state vector after these operations for both algorithms
is of the form

|ϕ〉 = 1√
T

2n−1∑
j=0

T −1∑
σ=0

T −1∑
k=kmin

β j αk| j sin[θ (k)] ei σ
T (2πk−λ j t0 )|1〉a C−1|σ 〉c|u j〉r

+ 1√
T

2n−1∑
j=0

T −1∑
σ=0

T −1∑
k=kmin

β j αk| j cos[θ (k)] ei σ
T (2πk−λ j t0 )|0〉a C−1|σ 〉c|u j〉r

+ 1√
T

2n−1∑
j=0

T −1∑
σ=0

kmin−1∑
k=0

β j α0| j ei σ
T (2πk−λ j t0 )|0〉a C−1|σ 〉c|u j〉r, (8)
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with coefficients

αHHL
k| j =

√
2

T

T −1∑
τ=0

ei τ
T (λ j t0−2πk) sin

(
π (2 τ + 1)

2 T

)
= eiφ

√
2 cos

[
1
2 (λ jt0 − 2πk)

]
cos

[
1

2T (λ jt0 − 2πk)
]

sin
(

π
2T

)
T sin

[
1

2T (λ jt0 − 2πk + π )
]

sin
[

1
2T (λ jt0 − 2πk − π )

] , (9)

αvar
k| j = 1

T

T −1∑
τ=0

ei τ
T (λ j t0−2πk) = eiφ sin

[
1
2 (λ jt0 − 2πk)

]
T sin

[
1

2T (λ jt0 − 2πk)
] , (10)

for the original HHL algorithm and its variant. The phase
φ = 1

2 (λ jt0 − 2πk)(1 − 1
T ) is not relevant in the following

analysis.
The first three operators in Fig. 1 for the HHL variant

are the standard quantum phase estimation algorithm used
to estimate the eigenvalues of A. The operation CHHL in the
original HHL algorithm prepares a state that minimizes the
error of the quantum phase estimation [69–71]. The controlled
rotations defined in (7) implement the inversion of the eigen-
values, requiring the register a to be in the state |1〉a when
the inversion succeeds and in |0〉a otherwise. The parameter
kmin acts as a cutoff on the spectrum of A. The register state
|k〉c encodes the eigenvalue 2πk/t0, such that the operator
(7) correctly inverts the eigenvalues bigger than 2πkmin/t0.
Setting the minimum possible value kmin = 1 allows us to
invert the largest number of eigenvalues, as is typically done in
applications of the HHL variant [29–33,56]. If an upper bound
of the condition number κ � κ ′ is available, then we can set
kmin = �t0/(4πκ ′)�. Since the coefficients αk| j are centered
around 2πk/t0 ≈ λ j and recalling sin θ (k) := Ct0/(2πk), the
coefficients in the first line of Eq. (8) are estimates of the
desired coefficients x j = β j/λ j .

The outputs of both the original HHL algorithm and its
variant are then achieved by measuring the ancillary qubit in
the basis {|0〉a, |1〉a} and postselecting the outcome 1. This
outcome occurs with probability

p0 =
2n−1∑
j=0

|β j |2
T −1∑

k=kmin

|αk| j |2
(

C t0
2πk

)2

, (11)

which can be small. Nevertheless, one can find the outcome
|1〉a after applying the amplitude amplification algorithm
[24,27] to the state (8) with an average running time
O(1/

√
p0). The final normalized outputs, after the circuits in

Fig. 1, the amplitude amplification, and the postselection, are
of the form

|x0〉 = 1√
T p0

2n−1∑
j=0

T −1∑
σ=0

T −1∑
k=kmin

β j αk| j

× C t0
2πk

ei σ
T (2πk−λ j t0 )|1〉a C−1|σ 〉c|u j〉r, (12)

with the coefficients (9) or (10).

III. ERROR ANALYSIS

In this section, we discuss how close the output states of
the HHL algorithm and of its variant are to the ideal solution
of the linear problem (1). The error analysis presented below
is independent of specific problem instances and relies only

on the structure of the algorithm and on standard assumptions
about the spectral properties of the input matrix.

The ideal output of the algorithm is the embedding of the
vector x in the r register as follows:

|x〉 = |1〉a|0〉c
C√

p

2n−1∑
j=0

β j

λ j
|u j〉r, (13)

where we wrote the normalization constant as C/
√

p in order
to make the expression more similar to (12), and the normal-
ization of the state (13) entails

p =
2n−1∑
j=0

(
C |β j |

λ j

)2

. (14)

Since sin [θ (k)] = Ct0/(2πk) is an amplitude of the state in
(7), the constant C satisfies C � 2πk/t0 for all k � kmin. We
then choose the largest of the allowed values C = 2πkmin/t0 �
1/(2κ ′) that maximizes the ideal and the actual probability of
measuring |1〉a, respectively p and p0.

Before proceeding with our analysis, we stress that the
precision of the eigenvalue estimation in the phase estima-
tion subroutine is improved by increasing t0. The reason
is that the eigenvalues λ j are amplified and can be better
distinguished. On the other hand, the phase estimation can-
not differentiate phases modulo 2π , and if λ jt0/T > 2π the
protocol fails. Therefore, under the assumption 0 < λ j � 1
for all j, we can take t0 proportional to T , t0 = tT for
some 0 < t < 2π . This scaling implies p = O(C/λmin)2 =
O[(2πkmin)2/(λmintT )2] = O(κ/κ ′)2.

The states |x〉 and |x0〉 are close to each other if their
squared overlap, also called fidelity |〈x|x0〉|2, is close to 1.
We then consider the so-called infidelity 1 − |〈x|x0〉|2 as a
measure of the deviation of the output state |x0〉 from the
ideal state |x〉. Indeed, the square root of the infidelity satisfies
the properties of a distance between pure states d (|x〉, |x0〉) =√

1 − |〈x|x0〉|2 [72,73], and we shall use d (|x〉, |x0〉) to quan-
tify the error of the algorithm. A straightforward computation
gives

〈x|x0〉 = C2

√
p p0

2n−1∑
j=0

|β j |2
λ j

T −1∑
k=kmin

|αk| j |2 t T

2πk

=

2n−1∑
j=0

|β j |2
λ j

T −1∑
k=kmin

|αk| j |2 t T

2πk√√√√2n−1∑
l=0

|βl |2
λ2

l

2n−1∑
j=0

|β j |2
T −1∑

k=kmin

(
|αk| j | t T

2πk

)2
. (15)
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FIG. 2. Numerical computations of ε1, j (left panel) and ε2, j (right panel) for 50 equally spaced values of λ j ∈ (0, 1), 50 equally spaced
values of t ∈ (0.1 π, π ), and nc ranging from 3 to 9 (T ∈ [23, 29]). The orange curves are fits with functions a1(λ jtT )−2 (left panel) and
a2(λ jtT )−2 (right panel) which result in a1 � 9.94 and a2 � 31.54.

Moreover, the following quantities,

ε1, j = λ j

⎛
⎝ T −1∑

k=kmin

|αk| j |2 tT

2πk
− 1

λ j

⎞
⎠, (16)

ε2, j = λ2
j

⎡
⎣ T −1∑

k=kmin

|αk| j |2
(

tT

2πk

)2

− 1

λ2
j

⎤
⎦, (17)

are useful to study the convergence of the distance d (|x〉, |x0〉)
for large dimension of the clock Hilbert space, T = 2nc :

d (|x〉, |x0〉)

=

√√√√√√√√√√

2n−1∑
j,l=0

|β j |2 |βl |2
λ2

j λ2
l

(ε2, j − ε1, j − ε1,l − ε1, j ε1,l )

2n−1∑
j,l=0

|β j |2 |βl |2
λ2

j λ2
l

(1 + ε2, j )

. (18)

The algorithm provides reliable solutions of linear systems
only if d (|x〉, |x0〉) approaches zero, namely for small ε1, j

and ε2, j .
We have computed numerically εHHL

l, j (l ∈ {1, 2}) for the
original HHL algorithm for 50 equally spaced values of λ j ∈
(0, 1), 50 equally spaced values of t ∈ (0.1 π, π ), and nc rang-
ing from 3 to 9 (T ∈ [23, 29]). We also assume kmin = 1, that

is the worst choice as higher values allow for shorter times of
the amplitude amplification O(1/

√
p0) which decreases with

increasing C = 2πkmin/t0. The numerical data are then fitted
with the function al (λ jtT )−2. The fits, shown in Fig. 2, result
in a1 � 9.94 and a2 � 31.54 with a very good agreement.
Given λ j � λmin � 1/κ , the error of the orignal HHL algo-
rithm is

d
(|x〉, ∣∣xHHL

0

〉) ∝ κ

T
. (19)

For the HHL variant, εvar
1, j decreases with T slower than

εHHL
1, j . In Appendix B we compute the following bound:

∣∣εvar
1, j

∣∣ � O

(
ln(λ j t T )

λ j t T

)
, (20)

whose scaling with λ jtT is saturated by the exact numerical
computations. On the other hand, we prove in Appendix C that
the convergence of εvar

2, j for the HHL variant depends on kmin

(and therefore κ ′):

sin2

(
λ jtT

2

)(
2κ ′

tT

)2

+ O

(
ln(λ jtT )

λ jtT

)
�
∣∣εvar

2, j

∣∣
� O

(
κ ′

tT

)
+ O

(
ln(λ jtT )

λ jtT

)
. (21)

Recalling λ j � λmin � 1/κ , the lower bound of the computa-
tional error for the HHL variant is then

d
(|x〉, ∣∣xvar

0

〉)
�

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

O

(√
κ

T
ln

T

κ

)
if κ ′ = O

⎛
⎝
√

κ T ln

(
T

κ

)⎞⎠

sin2

(
λ jtT

2

)(
2κ ′

tT

)2

if κ ′ � O

⎛
⎝
√

κ T ln

(
T

κ

)⎞⎠
. (22)
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The inequalities (21) and (22) imply that the HHL vari-
ant is accurate when both the condition number κ and its
computable bound κ ′ are much smaller than T , resulting in
kmin = �tT/(4πκ ′)� � 1. The HHL variant is then not accu-
rate if the bound κ ′ is as large as T (kmin ≈ 1) even when
κ � T .

The convergence problem of the HHL variant can be
understood from Eq. (12). Recalling that Cvar = H⊗nc in
this case, the coefficients of the states with fixed |γ 〉c are
proportional to

αvar
k| j

T

T −1∑
σ=0

ei σ
T (2πk−λ j t0 )+iπ

∑nc
l=1 σl γl (23)

which, for γ = 0 and from Eq. (10), is equal to |αk| j |2,
and is centered at k ≈ λ jt0/(2π ). Nevertheless, when γ �= 0,
the phase is shifted and the final distribution is not cen-
tered around the correct value. This problem is avoided
by measuring the clock in the computational basis and
postselecting the outcome γ = 0, as discussed in the next
section.

IV. IMPROVED HHL VARIANT

We have shown that the HHL variant becomes unreliable
when the condition number is poorly estimated. An improved
HHL variant, that is accurate even without any bound κ ′, can
be implemented with the amplitude amplification [24,27] of
the component |1〉a|0〉c, instead of |1〉a, after the circuit that
leads to the state (8). The probability p̃ of measuring |1〉a|0〉c

from the state (8) is

p̃ =
2n−1∑
j=0

|β j |2
⎛
⎝ T −1∑

k=kmin

∣∣αvar
k| j

∣∣2 CtT

2πk

⎞
⎠

2

. (24)

The amplitude amplification will require an average num-
ber of calls to the circuit in Fig. 1 of order

√
1/p̃.

We are more restrictive on the state component to
be amplified, p̃ < p0, but the bound (20) and C =
2πkmin/t0 � 1/(2κ ′) prove that p̃ and p0 are both of order
O(λmin κ ′)−2 = O(κ/κ ′)2. Therefore, the HHL variant and the
improved algorithm have the same scaling of the running
time.

After the amplitude amplification of the state |1〉a|0〉c, the
output state is

|x̃〉 = 1√
p̃

2n−1∑
j=0

T −1∑
k=kmin

β j

∣∣αvar
k| j

∣∣2 CtT

2πk
|1〉a|0〉c|u j〉r . (25)

In analogy to the state (13) that encodes the exact solution x in
the Hilbert space of quantum registers, the state (25) encodes
the approximate solution x̃ = ∑2n−1

j=0 β j
∑T −1

k=kmin
|αvar

k| j |
2 tT

2πk u j .
We then measure the error of the estimate through the fidelity

between |x̃〉 and |x〉:

〈x|x̃〉 = C2

√
pp̃

2n−1∑
j=0

|β j |2
λ j

T −1∑
k=1

∣∣αvar
k| j

∣∣2 tT

2πk

=

2n−1∑
j=0

|β j |2
λ j

T −1∑
k=1

∣∣αvar
k| j

∣∣2 tT

2πk√√√√2n−1∑
j=0

|β j |2
λ2

j

2n−1∑
l=0

|βl |2
(

T −1∑
k=1

∣∣αvar
k|l
∣∣2 tT

2πk

)2
. (26)

The difference between Eqs. (26) and (15) is that the same
sum appears in both the numerator and the denominator
of (26). Then, the convergence of the distance d (|x〉, |x̃〉)
depends only on the quantity εvar

1, j (16) and on its bound

(20). Using the notation 1/λ̃ j := ∑T −1
k=kmin

|αvar
k| j |

2
tT/(2πk), the

computational error is given by

d (|x〉, |x̃〉) =

√√√√√√√√√√

∑
j

|β j |2
λ2

j

∑
l

|βl |2
λl λ̃l

(
λl

λ̃l
− λ j

λ̃ j

)

∑
j

|β j |2
λ2

j

∑
l

|βl |2
λ̃l

2

. (27)

Since Eq. (20) implies that λ j/λ̃ j = 1 + O[ln(λ j t T )
/(λ j t T )], the error is bigger if the eigenvalue is smaller.
Then, recalling λmin = min j λ j , the error is bounded by

d (|x〉, |x̃〉) � O

⎛
⎝
√

ln(λmin t T )

λmin t T

⎞
⎠ � O

(√
κ

t T
ln

t T

κ

)
.

(28)

Equation (28) shows that the error can be arbitrary small by
choosing a big enough number of qubits nc in the c register,
with T = 2nc , provided that the condition number κ is not as
large as T .

The quantum states |x̃〉 and |x〉 have unit normalization;
therefore, vectors x̃ ∈ Cd that differ only in the normalization
have the same encoding |x̃〉. In this sense, the states |x〉 and
|x̃〉 encode only the direction of the vectors x and x̃ respec-
tively. Nevertheless, the norms of the vectors x̃ and x defined
above are

||x̃||2 =
√

p̃

C
, ||x||2 =

√
p

C
. (29)

The probability p̃ can be measured implementing the ampli-
tude estimation algorithm (a combination of the amplitude
amplification and the quantum phase estimation algorithms)
[24,27] that uses an average number of calls to the circuit of
Fig. 1 of order 1/

√
p̃. In order to prove that ||x̃||2 well approx-

imates ||x||2, use Eq. (20) and λmin = min j λ j to compute

∣∣ ||x||22 − ||x̃||22
∣∣

||x||22
�

∑
j

|β j |2
λ2

j

∣∣∣∣∣1 − λ2
j

λ̃2
j

∣∣∣∣∣
∑

j

|β j |2
λ2

j

= O

(
ln(λmin t T )

λmin t T

)
.

(30)
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The bound (30) proves that the norm of the solution can be
measured with arbitrary small error and with the same running
time scaling required for the amplification of the amplitude of
state |x̃〉.

The components of x cannot be computed efficiently using
this algorithm, as discussed in Sec. II. Nevertheless, the
algorithm allows us to efficiently compute expectation
values xT Mx if M is a matrix that can be efficiently
implemented on a quantum computer. In order to prove
it, assume without loss of generality that M is Hermitian
with eigenvalues {mj} j=1,...,d and eigenvectors {m j} j=1,...,d ,
otherwise apply the following argument to the Hermitian
and the anti-Hermitian part of M independently. Perform
then a projective measurement on the output of the
algorithm, |x̃〉, with projectors {|mj〉〈mj |} j=0,...,T −1. After
μ of such measurements, the statistical frequency of
obtaining the outcome mj approximates the probability
|〈x̃|mj〉|2 up to an error δ with probability 1 − O(e−2μδ2

)
from the Chernoff-Hoeffding bound [74,75]. When the
sampling error δ is comparable with the computational
errors (28), one requires μ > O[λmin t T/ ln(λmin t T )]
repetitions for a good success probability in the Chernoff-
Hoeffding bound. These repetitions can however be
parallelized, without then increasing the computational
time.

From the frequency of obtaining the state |mj〉 and from
the meaurement of the norm discussed above, one computes

‖x̃‖2
2

T −1∑
j=0

mj |〈x̃|mj〉|2 = ‖x̃‖2
2 〈x̃|M|x̃〉 = x̃T Mx̃

= xT Mx
[

1 + O

(
ln(λmin t T )

λmin t T

)]
,

(31)

achieving a good estimate of xT Mx for large T .

V. COMPLEXITY WITH DIGITAL
HAMILTONIAN SIMULATION

We analyze and compare here the complexity of the above
algorithms. While more recent quantum linear system solvers
[11] achieve optimal asymptotic scaling, their implementation
typically requires significantly more complex primitives. The
comparison presented here is therefore intended to assess the
relative performance of HHL-type algorithms within their nat-
ural regime of applicability. The relevant parameters for this
analysis are the computational error ε, the condition number
κ = max j |λ j |/ min j |λ j | of the matrix A, and its sparsity s
that is the maximum number of nonvanishing elements in each
row or column.

The simulation of the controlled gates (6) within error ε′
in the quantum phase estimation can be done with a number
O(s T maxi, j |Ai, j | + ln(1/ε′ )

ln ln(1/ε′ ) ) of queries to the matrix ele-

ments of A [46,47] and additional O((ln d ) s T maxi, j |Ai, j | +
(ln d ) ln(1/ε′ )

ln ln(1/ε′ ) ) one- and two-qubit gates. Note that the as-
sumption 0 < λ j � 1 implies maxi, j |Ai, j | � 1 [76]. The
implementation of the quantum Fourier transform requires
a number O(log2

2 T ) of one- and two- qubit gates [1,2] and

the controlled rotations (7) require O(T log2
2 T ) of such op-

erations (see Appendix A). Moreover, the circuit in Fig. 1
has to be executed O(1/

√
p̃) = O(κ ′/κ ) times to imple-

ment the postselection. The number of sequential queries is
called query complexity, Q = O(s T κ ′/κ ), and the number of
consecutive additional gates is called gate complexity, G =
O((s log2 d + log2

2 T ) T κ ′/κ ). We focus on the gate com-
plexity as the query complexity is proportional to G up to
logarithmic corrections.

The gate complexity can be expressed in terms of the
computational error quantified by the distance between the
output state and the ideal state [see Eqs. (18) and (27)]. From
Eq. (19), consider the computational error ε = κ/T , and the
gate complexity of the original HHL algorithm becomes G =
O((s log2 d + log2

2(κ/ε)) κ ′/ε). Near-term experimental real-
izations and applications of HHL algorithms as subroutines
[29–33,56] could benefit from avoiding the preparation of the
initial entangled state of the clock (4). We then analyze the
gate complexity of the HHL variant and of the improved HHL
variant.

For the HHL variant, we consider the best computational
error, namely the scaling of the lower bound (22), while the
computational error of the improved HHL variant is given
by the upper bound (28) which captures the exact numeri-
cal scaling. The computational error is then ε =

√
κ
T ln( T

κ
)

for the HHL variant with κ ′ = O(
√

T κ ln T/κ ) and for the
improved HHL variant for any κ ′. Inverting this relation, we
obtain T = − κ

ε2 W−1(−ε2) where W−1(z) is the branch of the
Lambert function defined as the real solution of WeW = z with
largest absolute value |W | [77].

The gate complexity in this case becomes

G = O

((
s log2 d + log2

2

(
− κ ′

ε2
W−1(−ε2)

))

× κ ′

ε2
[−W−1(−ε2)]

)
. (32)

Using the notation Õ(·) which denotes orders O(·) up to mul-
tiplicative powers of the logarithm of its argument, the gate
complexity (32) reads G = Õ(κ ′ s ε−2 log2 d ) because W−1( −
ε2) ∼ 2 ln ε for ε → 0. The condition κ ′ = O(

√
T κ ln T/κ )

for the HHL variant is compatible with κ � κ ′ only if κ �
χ

√
T κ ln T/κ for some constant χ . This inequality implies

κ � T e−W0 (1/χ2 ) = T χ2 W0(1/χ2), where W0(z) is the prin-
ciple branch of the Lambert function defined as the unique
real solution of WeW = z for positive z [for instance W0(1) �
0.57] [77].

Equation (22) also implies that the computational error
of the HHL variant with κ ′ as large as T (κ ′ ∼ T ) is a
non-negligible constant, and the algorithm output
is not reliable. If, instead, κ ′ � √

T κ ln T/κ then
κ � Õ[(κ ′)2/T ] and the gate complexity is lower bounded
by G = Õ(T κ ′κ−1s log2 d ) � Õ(T 2(κ ′)−1s log2 d ). This
lower bound equals the gate complexity Õ(κ ′ s ε−2 log2 d )
in (32) that holds only for the improved variant in this
regime, given the computational error ε ∼ κ ′/T as in
(22). In conclusion, the improved algorithm is more
efficient than (if κ ′ � √

T κ ln T/κ) or at worst as efficient
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as [if κ ′ = O(
√

T κ ln T/κ )] the HHL variant in terms
of computational error, query, and gate complexities.
Furthermore, the improved algorithm is independent of having
an estimate of the condition number, if we assume kmin = 1
such that 1/κ ′ = 4π/t0 = 4π/(tT ) [see the discussion after
Eq. (10)] scales as the machine precision, and thus eliminates
the preprocessing time O(sd ) required to obtain this
estimate.

These complexity scalings assume queries to matrix ele-
ments of A. To translate them into concrete time and space
complexities, an explicit physical implementation of such
queries is therefore required. For general matrices A, known
constructions require M = O(d2) memory qubits and GO =
O(ln d ) gates [67,78]. For general s-sparse matrices (assum-
ing that the positions of nonzero matrix elements are known),
the memory requirement reduces to O(s d ). If the matrix A is
a sum of P unitary matrices in SU (2)⊗n, the building oracles
for the Hamiltonian simulation require M = O(n P) memory
qubits and GO = O(T ln(n P)) gates [79,80]. An important
subclass of such matrices is given by k-local Hamiltonians,
in which each term acts nontrivially on at most k of the n
qubits. The overall time complexity of the HHL algorithm
and its variants is GO Q + G, while the space complexity is
M + log2 d + log2 T + 1.

VI. COMPLEXITY WITH ANALOGICAL
QUANTUM SIMULATORS

An alternative computational model exploits analog quan-
tum simulators [48–51], instead of digital Hamiltonian
simulation discussed in the previous section. In order to inte-
grate an analog quantum simulator into HHL-type algorithms,
first notice that the controlled unitary (6) is the product of nc

unitaries eiA t0 2 j−1τ j/T , each one controlled by the j qubit of
the clock for j = 1, . . . , nc [see the rightmost side of (6)].
A unitary controlled by a single qubit can be implemented
using only the unitaries eiA t0 2 j−1τ j/T without control together
with a constant overhead of elementary gates [81–83]. If the
register r is engineered such that its Hamitonian is propor-
tional to A using analog quantum simulators, then the full
transformation (6) can be implemented by letting the register
r freely evolve at certain times for durations proportional
to τ j , and using O(nc) = O(log T ) additional elementary
gates.

Natural matrices that can be implemented on analog
quantum simulators are 2-local Hamiltonians. Although the
Hamiltonian contains O(n2) coupling terms, these couplings
are controlled through global or parallel parameters [48–51].
As a consequence, their simultaneous tuning does not intro-
duce an additional time overhead scaling with the system
size, unlike what would occur in a digital circuit model. The
simulations of uncontrolled unitaries eiA t0 τ/T then require no
additional memory qubits and runtime O(T ). Therefore, the
time complexity equals the gate complexity G and the space
complexity is log2 d + log2 T + 1. For the HHL variant with
κ ′ = O(

√
T κ ln T/κ ) and for the improved HHL variant with

any κ ′, one finds (similarly to the discussion in Sec. V) G =
O((log2

2 T ) T κ ′/κ ) = Õ(κ ′/ε2) that equals Eq. (32) with-
out the term s log d . By contrast, if κ ′ � √

T κ ln T/κ and

ε ∼ κ ′/T for the HHL variant [see Eq. (22)], the gate com-
plexity is much larger, G = Õ(T κ ′/κ ) � Õ(κ ′/ε2).

For the special class of two-local Hamiltonians A, the
independence of the gate complexity from d (or n) and the
absence of quantum memory overhead M imply that the com-
plexity of HHL-type algorithms, implemented with analog
quantum simulators, exhibits more favorable scalings with
d than more recent algorithms based on block-encoding or
other oracle-based Hamiltonian simulations [11], which do
require these overheads. The existence and the identification
of these special instances of linear problems are therefore
relevant, since there also exists problem instances solved by
block-encoding based quantum algorithms [79,80] that share
the same complexity scaling with respect to the problem size
d of HHL algorithms, but exhibit more favorable dependence
with the target error ε.

VII. NUMERICAL EXAMPLES

In this section, we simulate the HHL variant and the im-
proved algorithm for the solution of two dimensional linear
problems (d = 2) using the PYTHON library QISKIT, without
implementing environmental noise on the quantum gates. The
choice d = 2 allows us to consider larger numbers of qubits
in the clock register nc ∈ [3,11] without changing the error
scaling with nc. We then need only one qubit in the r register,
and fix the parameters, kmin = 1, t = 8π/5, and C = 2π/t0.
The condition kmin = 1 corresponds to the worst case scenario
without any bound of the condition number. For these num-
bers nc, our classical simulation stores efficiently the full state
vector, and then the amplitude amplification is replaced by the
readout of the corresponding state coefficient. The code can be
find on GitHub [84].

We randomly generated 50 linear problems of the form (1)
defined by Hermitian matrices A with eigenvalues in the range
(0,1] and vectors b with unit norm. To generate such random
matrices A, we sample diagonal matrices A′ = (λ1 0

0 λ2
) from

the uniform distribution of λ j ∈ (0, 1] and transform them
through a random unitary matrix, A = UA′ U †, with U drawn
from the Haar measure [85]. In Fig. 3, we plot the infidelity
(left panel) and the norm error (right panel) as function of
the number nc of qubits of the clock. We compared the HHL
variant with postselection of the state |1〉a (green dots) and
our improved algorithm with postselection of the state |1〉a|0〉c

(blue crosses), and the lines represent the average behaviors.
The plots show that the errors of the HHL variant remain
constant, while the errors of the new algorithm decrease to
zero with increasing nc, in agreement with the analytical com-
putations in Secs. III and IV.

The errors of the HHL algorithm and of its variants for
general d are given by the analytical bounds in Secs. III
and IV.

VIII. NEGATIVE EIGENVALUES OF A

In this section, we discuss how to apply the proposed
algorithm to the case of nonpositive eigenvalues of A. Using
the normalization argument described in Sec. II, a general
linear problem (1) is transformed into a linear problem with
−1 � λ j � 1.
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FIG. 3. Log-lin plot of the infidelity (left panel) and of the norm error (right panel) between the output state and the ideal state of 50
randomly generated linear problems. Green dots corresponds to the HHL variant with postselection of the state |1〉a, whose average behaviors
are the dashed green lines. Blue crosses are the errors of the improved algorithm, and the solid blue lines are the averages.

First, set t0 = tT as before but with 0 < t < π . After the
phase estimation algorithm the distribution |αk| j |2 is centered
around k ∼ λ jtT/(2π ) mod T . When the eigenvalue is pos-
itive λ j > 0, the most probable value is k ∼ λ jtT/(2π ) <

T/2. When the eigenvalue is negative λ j < 0, the most prob-
able value is k ∼ λ jtT/(2π ) mod T > T/2. In other words,
the periodicity of the αk| j is exploited to differentiate between
positive and negative eigenvalues. Next, the angles θ (k) of the
conditional rotation (7) are defined by

sin[θ (k)] :=

⎧⎪⎪⎨
⎪⎪⎩

C t0
2πk

if k � T/2

C t0
2π (k − T )

if k � T/2
. (33)

The bounds (20) and (21) hold true also for this case and
so do all the conclusions. The difference in the computations
arises in Eq. (B1), where we should use the new Eq. (33).
We also have to consider the cases 0 < t λ j/(2π ) < 1/2 and
−1/2 < t λ j/(2π ) < 0 separately in Appendix B. There are
divergences for |t λ/(2π )| ≈ 1/2 which are avoided by choos-
ing t �= π . With this little modification, more general matrices
can be handled.

IX. CONCLUSIONS

We analyzed the HHL algorithm for solving linear systems
(1) on quantum computers, as well as a variant algorithm that
is often considered for practical implementations [29–33]. We
focused on the scaling of the performances of these algorithms
with the number of qubits nc of the clock, which is a relevant
parameter as it gives the precision of the quantum phase
estimation for eigenvalue computations and the number of
required gates. Another relevant parameter is the condition
number that is usually assumed to have a known upper bound,
and we extended the error analysis to the case where such
bound is unknown. We proved that, in this case, the error of
the HHL variant, unlike that of the original HHL algorithm,
does not converge for large nc but instead oscillates around

a constant value. This nonconvergent behavior arises from
oscillatory terms in the amplified amplitude.

We proposed a modified algorithm, based on the amplifi-
cation of a smaller amplitude without detrimental oscillating
terms. This modification preserves the simplicity of the origi-
nal variant while restoring full convergence of the output error
as the clock-register size increases. We confirmed this result
with numerical simulations. Furthermore, the modified algo-
rithm does not assume a bound of the condition number whose
computation requires running time O(sd ) and dominates the
running time scaling with d of the quantum algorithm.

We also considered HHL algorithms with unitary simu-
lations implemented with analog quantum simulators. This
approach naturally identifies a class of linear problems for
which such algorithms are competitive with more recent
quantum linear solvers for moderate errors. For these in-
stances, the complexity of HHL algorithms exhibits more
favorable scaling with the problem size, at the expense
of a less advantageous dependence on the computational
error.

These findings are relevant for both theoretical devel-
opments and near-term implementations of quantum linear
solvers as subroutines in larger quantum algorithms, par-
ticularly on NISQ platforms. In particular, practical imple-
mentations with currently available hardware may not have

FIG. 4. Implementation of the conditional evolution operation
for a clock with three qubits.
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FIG. 5. Implementation of the conditional rotation described in
Eq. (7) with kmin = 1 and nc = 3 qubits of the clock.

sufficient gate depth and memory to implement more recent
algorithms as those discussed in [11].
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APPENDIX A: STEPS OF THE HHL VARIANT

In this appendix, we explicitly show intermediate states of
the circuit in Fig. 1. The first operator C is the initialization
of the clock register that differentiates the original HHL al-
gorithm from its variant, as discussed in Sec. II. The second
gate (6) can be realized using the circuit represented in Fig. 4
[22] where each of the exponentials can be implemented if the
matrix A is sparse or if it is a linear combination of unitaries
[38–47]. The state after these operations is

∣∣ψHHL
1

〉 = |0〉a

√
2

T

2n−1∑
j=0

T −1∑
τ=0

β j sin

(
π (2 τ + 1)

2 T

)

× ei τ
T λ j t0 |τ 〉c|u j〉r, (A1)

∣∣ψvar
1

〉 = |0〉a
1√
T

2n−1∑
j=0

T −1∑
τ=0

β j ei τ
T λ j t0 |τ 〉c|u j〉r, (A2)

for the orginal HHL algorithm and for the HHL variant
respectively.

After the inverse quantum Fourier transform the state vec-
tor can be written in the following compact form for both the
HHL algorithm and the HHL variant,

|ψ2〉 = |0〉a

2n−1∑
j=0

T −1∑
k=0

β j αk| j |k〉c|u j〉r, (A3)

where the coefficients αk| j are defined in Eqs. (9) and (10).
Since the state |ψ2〉 has been achieved through unitary opera-
tions, it is normalized such that

1 = 〈ψ2|ψ2〉 =
T −1∑
k=0

|αk| j |2. (A4)

The next gate, namely the controlled unitary defined by
the transformation (7), can be implemented using 2nc − kmin

multiqubit controlled rotations, as exemplified in Fig. 5. Each
multiqubit controlled rotation requires O(n2

c ) elementary gates
[86], and thus the transformation (7) is implemented in time
O(n2

c 2nc ). The state vector after this step is

|ψ3〉 =
2n−1∑
j=0

T −1∑
k=kmin

β j αk| j sin[θ (k)]|1〉a|k〉c|u j〉r

+
2n−1∑
j=0

T −1∑
k=kmin

β j αk| j cos[θ (k)]|0〉a|k〉c|u j〉r

+
2n−1∑
j=0

kmin−1∑
k=0

β j αk| j |0〉a|0〉c|u j〉r, (A5)

recalling sin θ (k) := Ct0/(2πk).
The quantum Fourier transform then yields the state vector

|ψ4〉 = 1√
T

2n−1∑
j=0

T −1∑
σ=0

T −1∑
k=kmin

β j αk| j sin[θ (k)] ei σ
T 2πk|1〉a

× |σ 〉c|u j〉r + 1√
T

2n−1∑
j=0

T −1∑
σ=0

T −1∑
k=kmin

β j αk| j cos[θ (k)]

× ei σ
T 2πk|0〉a|σ 〉c|u j〉r + 1√

T

2n−1∑
j=0

T −1∑
σ=0

kmin−1∑
k=0

× β j αk| j |0〉a|σ 〉c|u j〉r . (A6)

After the inverse of the transformation (6) and the last gate
C−1, one obtains the state (8).

APPENDIX B: COMPUTATION OF THE BOUND (20)

In this appendix we derive the bound (20). First, use the identity (A4) and the triangle inequality to compute

|ε1, j | = λ j

∣∣∣∣∣∣
1

λ j
−

T −1∑
k=kmin

∣∣αvar
k| j

∣∣2 tT

2πk

∣∣∣∣∣∣ =
∣∣∣∣∣∣
kmin−1∑

k=0

∣∣αvar
k| j

∣∣2 + sin2
( λ j tT

2

)
T 2

T −1∑
k=kmin

(
k − λ j tT

2π

)
k sin2

[
π
T

(
k − λ j tT

2π

)]
∣∣∣∣∣∣

�
kmin−1∑

k=0

∣∣αvar
k| j

∣∣2 + sin2
( λ j tT

2

)
T 2

T −1∑
k=kmin

∣∣k − λ j tT
2π

∣∣
k sin2

[
π
T

(
k − λ j tT

2π

)] . (B1)
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In order to bound the sums in the right-hand-side of (B1), we will extensively use the following inequalities:

sin(πx) �
{

2x if 0 � x � 1
2

2(1 − x) if 1
2 � x � 1

, (B2)

b∑
x=a

f (x) �
∫ b

a
f (x)dx + f (a) + f (b), (B3)

valid for positive convex functions f (x). The two cases in inequality (B2) require us to separatedly treat different contributions
in the upper bound (B1).

Let us start with considering tλ j/(2π ) � 1/2. The first term in (B1) is bounded as follows:

kmin−1∑
k=0

∣∣αvar
k| j

∣∣2 =
kmin−1∑

k=0

sin2
( λ j tT

2

)
T 2 sin2

[
π
T

( λ j tT
2π

− k
)] � 1

4
sin2

(
λ jtT

2

) kmin−1∑
k=0

(
λ jtT

2π
− k

)−2

�
sin2

( λ j tT
2

)
4

[∫ kmin−1

k=0

(
λ jtT

2π
− k

)−2

dk +
(

2π

λ jtT

)2

+
(

λ jtT

2π
− kmin + 1

)−2
]

�
sin2

( λ j tT
2

)
4

[
kmin − 1

λ j tT
2π

( λ j tT
2π

− kmin + 1
) +

(
2π

λ jtT

)2

+
(

λ jtT

2π
− kmin + 1

)−2
]

� π

2λ jtT
+
(

2π

λ jtT

)2

= O

(
1

λ jtT

)
, (B4)

where we have used the assumption 1 � kmin < λ jtT/(4π ) (see Sec. II) in the last inequality.
Defining aj = �λ jtT/2π� and 0 � � j < 1 such that

λ jtT

2π
= a j + � j, (B5)

the second sum in the upper bound (B1) can be split into the following three sums:

T −1∑
k=kmin

=
a j∑

k=kmin

+
a j+ T

2∑
k=a j+1

+
T −1∑

k=a j+ T
2 +1

. (B6)

Using again the inequalities (B2) and (B3), we compute for the first of these sums

sin2
( λ j tT

2

)
T 2

a j∑
k=kmin

λ j tT
2π

− k

k sin2
(

π
T

( λ j tT
2π

− k
)) �

sin2
( λ j tT

2

)
4

a j∑
k=kmin

1

k
( λ j tT

2π
− k

)

�
sin2

( λ j tT
2

)
4

(∫ a j

kmin

1

k
( λ j tT

2π
− k

) dk + 1

kmin
( λ j tT

2π
− kmin

) + 1

� j a j

)

= sin2
( λ j tT

2

)
4

(
2π

λ jtT
ln

(
a j
( λ j tT

2π
− kmin

)
� j kmin

)
+ 1

kmin
( λ j tT

2π
− kmin

) + 1

� j a j

)

� π

λ jtT
ln

(
λ jtT

2π

)
+ 12π

4λ jtT
= O

(
ln(λ jtT )

λ jtT

)
, (B7)

where we have used, in the last inequality, sin2(λ jtT/2) = sin2(π� j ), 0 < − sin2(π� j ) ln(� j ) < 1, and sin2(π� j )
� j

< 5/2.
A very similar calculation bounds the second sum in (B6):

sin2
( λ j tT

2

)
T 2

T
2 +a j∑

k=a j+1

k − λ j tT
2π

k sin2
(

π
T

(
k − λ j tT

2π

)) �
sin2

( λ j tT
2

)
4

T
2 +a j∑

k=a j+1

1

k
(
k − λ j tT

2π

)

�
sin2

( λ j tT
2

)
4

(
4

(T − 2� j )(T + 2a j )
+ 1

(1 − � j )(a j + 1)
+
∫ T

2 +a j

a j+1

1

k
(
k − λ j tT

2π

) dk

)
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= sin2
( λ j tT

2

)
4

(
4

(T − 2� j )(T + 2a j )
+ 1

(1 − � j )(a j + 1)
+ 2π

λ jtT
ln

(T − 2� j )(a j + 1)

(T + 2a j )(1 − � j )

)

� 1

4

(
4

T (T − 2)
+ 10π

2λ jtT
− 2π ln 4

λ jtT
+ 2π

λ jtT
+ 2π

λ jtT
ln

(
λ jtT

2π
+ 1

))
= O

(
ln(λ jtT )

λ jtT

)
. (B8)

The last inequality in Eq. (B8) follows from the bounds sin2(π� j )
1−� j

< 5/2, − sin2(π� j ) ln(1 − � j ) < 1, and 1/2 − 1/T <

(T − 2� j )/(T + 2aj ) < 1 which comes from λ jt/(2π ) � 1/2 and implies | ln (T − 2� j )/(T + 2aj )| < ln 4 for T � 4.
Repeating the same procedure, the contribution from the last sum in (B6) is

sin2
( λ j tT

2

)
T 2

T −1∑
k= T

2 +a j+1

k − λ j tT
2π

k sin2
(

π
T

(
k − λ j tT

2π

)) �
sin2

( λ j tT
2

)
4

T −1∑
k= T

2 +a j+1

k − λ j tT
2π

k
(
T + λ j tT

2π
− k

)2

�
sin2

( λ j tT
2

)
4

(
T − 1 − λ j tT

2π

(T − 1)
( λ j tT

2π
+ 1

)2 + 4(T + 2 − 2� j )

(T + 2� j − 2)2 (T + 2a j + 2)
+
∫ T −1

T
2 +a j+1

k − λ j tT
2π

k
(
T + λ j tT

2π
− k

)2 dk

)

= sin2
( λ j tT

2

)
4

(
T − 1 − λ j tT

2π

(T − 1)
( λ j tT

2π
+ 1

)2 + 4(T + 2 − 2� j )

(T + 2� j − 2)2 (T + 2a j + 2)

+ T

T + λ j tT
2π

(
1

λ j tT
2π

+ 1
− 2

T + 2� j − 2

)
+

λ j tT
2π(

T + λ j tT
2π

)2 ln

( λ j tT
2π

+ 1
)
(T + 2a j + 2)

(T − 1)(T + 2� j − 2)

)

� 1

4

((
2π

λ jtT

)2

+ 4

T 2
+ 2π

λ jtT
+ 2π

λ jtT
ln

(
2

(
λ jtT

2π
+ 1

)
T + 1

(T − 1)2

))
= O

(
1

λ jtT

)
. (B9)

Finally, the estimates (B4), (B7), (B8), and (B9) imply (20) for 0 < tλ j/(2π ) � 1/2.
The second sum in the right-hand-side of (B1) for the remaining case 1/2 < tλ j/(2π ) < 1 is bounded following the same

steps. Split the sum as

T −1∑
k=kmin

=
a j− T

2∑
k=kmin

+
a j∑

k=a j− T
2 +1

+
T −1∑

k=a j+1

, (B10)

and use the inequalities (B2) and (B3) appropriately. The bound of the first sum in the right-hand-side of (B10) is

sin2
( λ j tT

2

)
T 2

a j− T
2∑

k=kmin

λ j tT
2π

− k

k sin2
(

π
T

( λ j tT
2π

− k
)) �

sin2
( λ j tT

2

)
4

a j− T
2∑

k=kmin

λ j tT
2π

− k

k
(
T + k − λ j tT

2π

)2

�
sin2

( λ j tT
2

)
4

(
λ j tT
2π

− kmin

kmin
(
T + kmin − λ j tT

2π

)2 + 4(T + 2� j )

(T − 2� j )2(2a j − T )
+
∫ a j− T

2

k=kmin

λ j tT
2π

− k

k
(
T + k − λ j tT

2π

)2 dk

)

= sin2
( λ j tT

2

)
4

(
λ j tT
2π

− kmin

kmin
(
T + kmin − λ j tT

2π

)2 + 4(T + 2� j )

(T − 2� j )2(2a j − T )
+ T

T − λ j tT
2π

(
2

T − 2� j
− 1

T − λ j tT
2π

+ kmin

)

+
λ j tT
2π(

T − λ j tT
2π

)2 ln

(
(2a j − T )

(
T − λ j tT

2π
+ kmin

)
kmin(T − 2� j )

))
= O

(
ln T

T

)
. (B11)

This bound shows terms that diverge when λ jt/(2π ) approaches 1, but the divergence is avoided by choosing max j λ j < 1 and
t < 2π . Indeed, t is a free parameter of the algorithm, and max j λ j < 1 can be achieved by a rescaling of the linear problem as
discussed in Sec. II.

The other two sums in the right-hand side of (B10) are bounded following very similar computations. Finally, we obtain Eq.
(20) for any value 0 < λ jt/(2π ) < 1.

APPENDIX C: COMPUTATION OF THE BOUND (21)

In this appendix we compute the upper and lower bounds in Eq. (21). These bounds show the dependence of the computational
error on the algorithm parameters T and kmin. In particular, the error does not decrease with T when kmin = O(T 0) which
corresponds to a lower bound of the conditional number κ ′ = tT/(2πkmin) = O(T ).
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We start with upper bounding the error contribution (17) using the triangle inequality:

|ε2, j | = λ2
j

∣∣∣∣∣∣
T −1∑

k=kmin

∣∣αvar
k| j

∣∣2( tT

2πk

)2

− 1

λ2
j

∣∣∣∣∣∣ �
kmin−1∑

k=0

∣∣αvar
k| j

∣∣2 + sin2
( λ j tT

2

)
T 2

T −1∑
k=kmin

∣∣ λ j tT
2π

− k
∣∣ ( λ j tT

2π
+ k

)
k2 sin2

(
π
T

( λ j tT
2π

− k
)) . (C1)

The first sum is bounded by O(λ jtT )−1, as shown in Eq. (B4). In order to bound the second sum, we follow the same steps as in
the previous appendix. For concreteness, we show only the case λ jt/(2π ) < 1/2, because the other case is very similar. Splitting
the sum as in Eq. (B6) and recalling the notation (B5), the first contribution is the largest one and is bounded as follows:

sin2
( λ j tT

2

)
T 2

a j∑
k=kmin

∣∣∣ λ j tT
2π

− k
∣∣∣( λ j tT

2π
+ k

)
k2 sin2

(
π
T

( λ j tT
2π

− k
)) �

sin2
( λ j tT

2

)
4

a j∑
k=kmin

k + λ j tT
2π

k2
( λ j tT

2π
− k

)
�

sin2
( λ j tT

2

)
4

(∫ a j

kmin

k + λ j tT
2π

k2
( λ j tT

2π
− k

) dk + a j + λ j tT
2π

� j a2
j

+
λ j tT
2π

+ kmin

k2
min

( λ j tT
2π

− kmin
)
)

= sin2
( λ j tT

2

)
4

(
4π

λ jtT
ln

(
a j
( λ j tT

2π
− kmin

)
kmin� j

)
+ a j − kmin

kmina j
+ 2a j + � j

� j a2
j

+
λ j tT
2π

+ kmin

k2
min

( λ j tT
2π

− kmin
)
)

� O

(
ln(λ jtT )

λ jtT

)
+ O

(
κ ′

tT

)
, (C2)

where we have used (a j − kmin)/(kmin(a j )) = O(κ ′/tT ) in the last inequality. Using once again the same techniques, all the other
terms coming from the splitting (B6) are bounded by orders O(ln(λ jtT )/(λ jtT )). We then prove the upper bound in Eq. (21).

For the computation of the lower bound, we look again at the sum with k ∈ [kmin, a j]. Since all the terms are positive, we get
a lower bound by neglecting all terms except k = kmin:

sin2
( λ j tT

2

)
T 2

a j∑
k=kmin

( λ j tT
2π

− k
)( λ j tT

2π
+ k

)
k2 sin2

(
π
T

( λ j tT
2π

− k
)) �

sin2
( λ j tT

2

)
k2

minT 2

( λ j tT
2π

− kmin
)( λ j tT

2π
+ kmin

)
sin2

(
π
T

( λ j tT
2π

− kmin
))

�
sin2

( λ j tT
2

)
π2k2

min

λ j tT
2π

+ kmin

λ j tT
2π

− kmin

� sin2

(
λ jtT

2

)(
2κ ′

tT

)2

. (C3)

All the other contributions of the splitting (B6) are orders O[ ln(λ jtT )/(λ jtT )]. We then get the lower bound in Eq. (21).
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