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Abstracti—We address distributed learning problems,
both nonconvex and convex, over undirected networks. In
particular, we design a novel algorithm based on the dis-
tributed to tackle the challenges of high communication
costs, and large datasets. Our design deals with these chal-
lenges: first, by enabling the agents to perform multiple lo-
cal training steps between each round of communications;
second, by allowing the agents to employ stochastic gradi-
ents while carrying out local computations. We show that
the proposed algorithm converges to a neighborhood of a
stationary point, for nonconvex problems, and of an optimal
point, for convex problems. We also propose a variant of
the algorithm to incorporate variance reduction, and thus
achieving exact convergence. We show that the resulting al-
gorithm indeed converges to a stationary (or optimal) point,
and moreover that local training accelerates convergence.
We thoroughly compare the proposed algorithms with the
state of the art, both theoretically and through numerical
results.

Index Terms—Distributed learning, local
stochastic optimization, variance reduction.

training,

[. INTRODUCTION

ECENT technological advances have enabled the
widespread adoption of devices with computational and
communication capabilities in many fields, for instance, power
grids [1], robotics [2], [3], transportation networks [4], and
sensor networks [5]. These devices connect with each other,
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forming multiagent systems that cooperate to collect and process
data [6]. As a result, there is a growing need for algorithms that
enable efficient and accurate cooperative learning.

In specific terms, the objective in distributed learning is to
train a model (e.g., a neural network) with parameters x € R"”
cooperatively across a network of N agents. Each agent 7 has
access to a local dataset, which defines the local cost as

filw) = =3 fanla) M)
" h=1
with f; 5 : R"™ — R being the loss function associated to data
point i € {1,...,m;}. Thus, the goal is for the agents to solve
the following constrained problem [7], [8]:

N
. 1
wrglﬂgﬂ N E filzy) st.xg=a0=---=2zn (2)
i=1,..N =1

where the objective is the sum of local costs (1) to pool to-
gether the agents’ data. Moreover, each agent is assigned a set
x; of local model parameters, and the consensus constraints
r1 = xy = ... = xy ensure that the agents will asymptotically
agree on a shared trained model.

To effectively tackle this problem, especially when dealing
with large datasets that involve sensitive information, distributed
methods have become increasingly important. These techniques
offer significant robustness advantages over federated learning
algorithms [6], as they do not rely on a central coordinator
and thus, for example, have not a single point of failure.
In particular, both distributed gradient-based algorithms [17],
[18], [19], [20], and distributed alternating direction method of
multipliers (ADMM) [21], [22], [23], [24] have proven to be
effective strategies for solving such problems. ADMM-based
algorithms have demonstrated strong robustness to practical
constraints (see, e.g., [22] and references therein), although this
often comes at the cost of higher computational complexity
compared to gradient-based methods. In this work, we propose
novel ADMM-based algorithms that retain the computational
efficiency characteristic of gradient methods.

However, many learning applications face the challenges of:
high communication costs, especially when training large mod-
els, and large datasets. In this article, we jointly address these
challenges with the following approach. First, we guarantee
the communication efficiency of our algorithm by adopting the
paradigm of local training, which reduces the frequency of
communications. In other terms, the agents perform multiple
training steps between communication rounds. We tackle the
second challenge by locally incorporating stochastic gradients.
The idea is to allow the agents to estimate local gradients by
employing only a (random) subset of the available data, thus
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TABLE |
COMPARISON WITH THE STATE OF THE ART IN STOCHASTIC DISTRIBUTED OPTIMIZATION

Algorithm [Ref.] variance g.rad. steps # istored]L co‘mr?. #V fi,j. eval}latlons assumpt.* convergence
reduction -+ comm. variables size per iteration
K-GT [9] X T+1 2 2|V 1 n.c. sub-linear, o< o2
. n.c. sub-linear, o< o2
LED [10] X T+1 2 IV 1 s.c. linear, o o2
1) . o r 2
RandCom [11] x [5]+1 2 NG| 1 nc. sublinear, < o
(in mean) s.c. linear, < o
VR-EXTRA/DIGing [12], . 3 ) 1 n.c. sub-linear, — 0
GT-VR [13] 4 1+1 3 2Nl |BI. my every {E] sc. linear, — 0
. 3 s.C. sub-linear, — 0
GT-SAGA [14], [15] v 1+1 3 2|V 1 o linear. - 0
GT-SARAH [16] v 1+1 3 2|V | |B|, m; every T n.c. sub-linear, — 0
GT-SVRG [14] v 1+1 3 2|V | 1, m; every T s.C. linear, — 0
LT-ADMM [this work] X T+1 Vil +1 |V |B] n.c. sub-linear, o< o2
LT-ADMM-VR [this work] v T+1 [N+ 1 Al |B], m; every T n.c. sub-linear, — 0

T number of vectors in R™ stored by each agent between iterations (disregarding temporary variables),? number of messages sent by
each agent during a communication round, and * n.c. and s.c. stand for (non)convex and strongly convex.

avoiding the computational burden of full gradient evaluations
on large datasets.

Our main contributions are as follows.

1) We propose two algorithms based on distributed ADMM,
with one round of communication between multiple local
update steps. The first algorithm, local training ADMM
(LT-ADMM), uses stochastic gradient descent (SGD)
for the local updates, while the second algorithm, LT-
ADMM with Variance Reduction (LT- ADMM-VR), uses
a variance-reduced SGD method [25].

We establish the convergence properties of LT-ADMM for
both nonconvex and convex (not strongly convex) learning
problems. In particular, we show almost-sure and mean-
squared convergence of LT-ADMM to a neighborhood
of the stationary point in the nonconvex case, and to a
neighborhood of an optimum in the convex case. The
radius of the neighborhood depends on specific properties
of the problem and on tunable parameters. We prove that
the algorithm achieves a convergence rate of O(%)
where K is the number of iterations, and 7 is the number
of local training steps.

For LT-ADMM-VR, we prove exact convergence to a
stationary point in the nonconvex case, and to an optimum
in the convex case. The algorithm has a O(%=) rate
of convergence, which is faster than 0(%) obtained by
related algorithms [13], [15], [16].

We provide extensive numerical evaluations comparing
the proposed algorithms with the state of the art. The
results validate the communication efficiency of the al-
gorithms. Indeed, LT-ADMM and LT-ADMM-VR out-
perform alternative methods when communications are
expensive.

2)

3)

4)

A. Comparison With the State of the Art

We compare our proposed algorithms—LT-ADMM and LT-
ADMM-VR—with the state of the art. The comparison is
holistically summarized in Table 1.

Decentralized learning algorithms, as first highlighted in the
seminal paper [26] on federated learning, face the fundamental
challenge of high communication costs. McMahan et al. [26] ad-
dressed this challenge by designing a communication-efficient
algorithms, which allows the agents to perform multiple local

training steps before each round of communication with the
coordinator. However, the accuracy of the algorithm in [26]
degrades significantly when the agents have heterogeneous
data. Since then, alternative federated learning algorithms,
e.g., [27], [28], [29], and [30], have been designed to employ
local training without compromising accuracy. The interest for
communication-efficient algorithms has more recently extended
to the distributed setup, where agents rely on peer-to-peer com-
munications rather than on a coordinator as in federated learning.
Distributed algorithms with local training have been proposed
in [9], [10], [11], and [31]. In particular, the authors in [9],
[10], and [31] presented gradient tracking methods that allow
each agent to perform a fixed number of local updates between
each communication round. The algorithm in [11], which builds
on [28], instead triggers communication rounds according to
a given probability distribution, resulting in a time-varying
number of local training steps. Another related algorithm is
that of [32], which allows for both multiple consensus and
gradient steps in each iteration. However, this algorithm requires
a monotonically increasing number of communication rounds
in order to guarantee exact convergence. A stochastic version
of [32] was then studied in [33]. The algorithm has inexact
gradient evaluations, but only allows for multiple consensus
steps. An alternative approach to reducing the frequency of com-
munications is to employ event-triggering, see, e.g., [34], where
messages are exchanged only when a certain condition is met.

When the agents employ stochastic gradients in the algorithms
of [9], [10], and [11], they only converge to a neighborhood of
a stationary point, whose radius is proportional to the stochastic
gradient variance. Different variance reduction techniques are
available to improve the accuracy of (centralized) algorithms
relying on stochastic gradients, e.g., [25], [35], and [36]. Then,
these methods have been applied to distributed optimization
by combining them with widely used gradient tracking algo-
rithms [12], [13], [14], [15], [16]. The resulting algorithms
succeed in guaranteeing exact convergence to a stationary point
despite the presence of gradient noise. However, they are not
communication-efficient, as they only allow one gradient update
per communication round.

We conclude by providing in Table I a summary of the key
features of the algorithms discussed above. This table focuses on
methods that employ the mechanisms of primary interest in this
work—Iocal training and variance reduction. First, we classify
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them based on whether they use or not variance reduction and
local training. For the latter, we report the ratio of gradient steps
to communication rounds that characterizes each algorithm,
with a ratio of 1 < 1 signifying that no local training is used.
Notice that LT-ADMM-VR is the only algorithm to use both
variance reduction and local training, while the other only use
one technique. We then compare the number of variables stored
by the agents when they deploy each algorithm (disregarding
temporary variables). We notice that the variable storage of LT-
ADMM and LT-ADMM-VR, differently from the alternatives,
scales with the size of an agent’s neighborhood; this is due to
the use of distributed ADMM as the foundation of our proposed
algorithms [21]. We see that [10], [11], LT-ADMM, and LT-
ADMM-VR require one communication per neighbor, while the
other methods require two communications per neighbor. We
also compare the algorithms by the computational complexity
of the gradient estimators they employ, namely, the number
of component gradient evaluations needed per local training
iteration. The algorithms of [9], [10], [11], and [14] use a single
data point to estimate the gradient, while [12], [16], LT-ADMM,
and LT-ADMM-VR can apply mini-batch estimators that use
a subset B3 of the local data points. The use of mini-batches
yields more precise gradient estimates and increased flexibility.
However, we remark that the gradient estimators used in [12],
[14], [16], LT-ADMM, and LT-ADMM-VR require a registry
of component gradient evaluations, which needs to be refreshed
entirely at fixed intervals. This coincides with the evaluation
of a full gradient, and thus requires m; component gradient
evaluations. Finally, we compare the algorithms’ convergence.
We notice that all algorithms, except for [14], provide (sublinear)
convergence guarantees for convex and nonconvex problems.
In addition, some works show linear convergence for strongly
convex problems. We further distinguish between algorithms
that achieve exact convergence due to the use of variance reduc-
tion, or inexact convergence with an error proportional to the
stochastic gradient variance (x 2).

Outline: The outline of this article is as follows. Section II
formulates the problem at hand, and presents the proposed
algorithms design. Section III analyzes their convergence, and
discusses the results. Section I'V reports and discusses numerical
results comparing the proposed algorithms with the state of the
art. Section V presents some concluding remarks.

Notation: V f denotes the gradient of a differentiable function
f. Given a matrix A € R™", Amin(A) and Apax(A) denote
the smallest and the largest eigenvalue of A, respectively. A >
0 represents that matrix A is positive definite. With n € N,
we let 1, € R™ be the vector with all elements equal to 1,
I € R™ " the identity matrix, and 0 € R™*" the zero matrix.
(x,y) = > 5 _, xpys represents the standard inner product of
two vectors z,y € R™. || - || denotes the Euclidean norm of a
vector and the matrix-induced 2-norm of a matrix. The proximal
of a cost f, with penalty p > 0, is defined as prox’;.(m) =

arg min, .. { f(y) + %Hy —z|]?}.

[I. PROBLEM FORMULATION AND ALGORITHM DESIGN

In this section, we formulate the problem at hand and present
our proposed algorithms.

A. Problem Formulation

We target the solution of (2) over a (undirected) graph
G=(,E),where V = {1,..., N} is the set of N agents, and

E CV x Vis the set of edges (i, ), ¢, j € V. In particular, we
assume that the local costs f; : R™ — R are in the empirical
risk minimization form (1). We make the following assumptions
for (2), which are commonly used to support the convergence
analysis of distributed learning algorithms (see, e.g., [9], [10],
[11], [12], [15], and [16]).

Assumption 1: G = (V, £) is a connected, undirected graph.

Assumption 2: The cost function f; of each agent i € V
is L-smooth. That is, there exists [ > 0 such that ||V f;(z) —
Vi)l < Lz —y| VYz,y € R". Moreover, f; is proper:
fi(xz) > —oo Vo € R™.

When, in the following, we specialize our results to convex
scenarios, we resort to the additional assumption below.

Assumption 3: Each function f;, 7 € V, is convex.

B. Algorithm Design

We start our design from the distributed ADMM, character-
ized by the updates' [21]

1/pN; 1
Tikg1 = pI“OXf{pl | W Z Zij.k (3a)
PNl jeN,
1
Zijer1 = 5 (Zije = Zjik + 202 k+1) (3b)

where N; = {j € V| (i,7) € £} denotes the neighbors of agent
i, p > 0 is a penalty parameter, and z;; € R™ are auxiliary
variables, one for each neighbor of agent 7. This algorithm con-
verges in a wide range of scenarios, and, differently from most
gradient tracking approaches, shows robustness to many chal-
lenges (asynchrony, limited communications, etc) [21], [22].
However, the drawback of (3) is that the agents need to solve an
optimization problem to update z;, which in general does not
have a closed-form solution. Therefore, in practice, the agents
need to compute an approximate update (3a), which can lead to
inexact convergence [22].

In this article, we modify (3) to use approximate local updates,
while ensuring that this choice does not compromise exact
convergence. In particular, we allow the agents to use 7 € N
iterations of a gradient-based solver to approximate (3a), which
yields the update

0
ik — Tik

Ot =t — [ 7gi(dl ) + B | pINilwin — D zijk
JeN;

t=0,....,7—1
Ti k1 = O “)

where v and /3 are the positive step-sizes, and gi(¢£ x) 1s an
estimate of the gradient V f;. Notice that for efficiency’s sake,
we “freeze” the penalty term p|N;|z; , — Zjej\/’i Zij.k» and for
flexibility, we multiply gradient estimate and penalty term by
two different step-sizes. The resulting algorithm is a distributed
gradient method, with the difference that each communication
round (3b) is preceded by 7 > 1 local gradient evaluations.
This is an application of the local training paradigm [10]. We
remark that the convergence of the proposed algorithm rests on
the initialization (b?, » = ik, which enacts a feedback loop on

'We remark that, more precisely, (3) corresponds to the algorithm in [21] with
relaxation parameter o« = 1/2.
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the local training. In general, without this initialization, exact
convergence cannot be achieved [22].

The local training (4) requires a local gradient evaluation or
at least its estimate. In the following, we introduce two different
estimator options. Notice that the gradient of the penalty term,
pIN; |2 — de N, Zijks is exactly known (and frozen) and
does not need an estimator. The most straightforward idea is
to simply employ a local gradient g;(¢) = V f;(¢). However,
in learning applications, the agents may store large datasets
(m; > 1). Therefore, computing V f;(¢) becomes computa-
tionally expensive. To remedy this, the agents can instead use
stochastic gradients, choosing

> Viin(o &)

gi(é
|B ‘ heB;

where B; are randomly drawn indices from {1,...,m;}, with
|B;| < m;. While reducing the computational complexity of the
local training iterations, the use of stochastic gradients results in
inexact convergence. The idea, therefore, is to employ a gradient
estimator based on a variance reduction scheme. In particular,
we adopt the scheme proposed in [25], characterized by the
following procedure. Each agent maintains a table of compo—
nent gradients {V fi n(r}, )}, h =1,...,m;, where 7}, , is
the most recent iterate at which the component gradient was
evaluated. This table is reset at the beginning of every new local
training (that is, for any £ € N when ¢ = 0). Using the table, the
agents then estimate their local gradients as

|B|§: (Vfin (8L) = Viin (i)

heB;

gi(z

+—ZVf1

The gradient estimate is then used to update ¢, 41 according
to (4); afterward the agents update their local memory by
setting rﬁllk = ¢!t if h € By, and rﬁllk =7}, otherwise.
Notice that  this update requires a full gradrent evaluation at
the beginning of each local training, to populate the memory
with {V f; n(r{ 1) = Vfin(9) )}, h=1,...,m;. In the fol-
lowing steps (¢ > 0), each agent only computes |3;| component
gradients.

Selecting the stochastic gradient estimator (5) yields the
proposed algorithm LT-ADMM, while selecting the variance
reduction scheme (6) yields the proposed algorithm LT-ADMM-
VR. The two methods are reported, with color-coding, in
Algorithm 1.

zhk (6)

[II. CONVERGENCE ANALYSIS AND DISCUSSION

In this section, we analyze the convergence rate of Algorithm 1
in both nonconvex and convex scenarios. Throughout, we will
employ the following metric of convergence:

1 N
~ 2 Vi (9h4)
i=1

where F(z) = &SV fi(x) and 7y = &+ 32 @ 5. If the
agents converge to a stationary point of (2), then D, — 0. We
note that this performance measure is standard in the literature on
stochastic gradient methods and distributed optimization [10],
[11]. Although it does not, in general, imply almost sure con-
vergence of the sequence {Dj}r |, it provides meaningful

Dy =E ||VF (z)] @

Algorithm 1: LT-ADMM and LT-ADMM-VR.

Input: For each node ¢, initialize x;0 = 250, J € N;. Set
the penalty p, the number of local training steps 7, the
number of iterations K, and the local step-size v, 3.

1: for k=0,1,..., K — 1 every agent ¢ do

// local training

O =g, 19y =Tk, forall b€ {1,....m;}

fort=0,1,...,7—1do
draw the batch B; uniformly at random
update the gradient estimator according to (5)

update the gradient estimator according to (6)
update ¢; j, according to (4)
if h € B; update 7} 1} = o1}, else it =rt,
end for
Tikt1 = Py,
// communication
transmit z;; , — 2p2; 41 to each neighbor j € N, and
receive the corresponding transmissions
/I auxiliary update
12: update z;j+1 according to (3b)
13: end for

R A B AR AN

—_
=

—_

performance guarantees in expectation. Specifically, if the in-
dex K’ is selected uniformly at random from 1,..., K, then

E[Dk/] = % ZkK;ol D.
A. Convergence With SGD

We start by characterizing the convergence of Algorithm 1
when the agents use SGD during local training (LT-ADMM).
To this end, we make the following standard assumption on the
variance of the gradient estimators, see, e.g., [9] and [10].

Assumption 4: For all ¢ € R"™, the gradient estimators g;(¢),
1 € V,in (5) are unbiased and their variance is bounded by some
a2 >0

E[gi(¢) =V fi(¢)] =0

E|lg:(¢) - V£(4)I

We are now ready to state our convergence results. All the
proofs are deferred to the Appendix, where Appendix A provides
asketch of the proofs, followed by the full proofs. We remark that
prior analyses of distributed ADMM based on operator-theoretic
approaches [21], [22] are not directly applicable to LT-ADMM,
and the convergence proofs must therefore be specifically
tailored to this algorithm.

Theorem 1 (Nonconvex Case): Let Assumptions 1, 2, and 4
hold. If the local step-sizes satisfy v < O(£L) < Yopa i=
min;—; o7 [see (10) in Appendix B-A for the precise
bound], and 1/(7Aup) < 5 < 2/(TAyp), then the output of
LT-ADMM satisfies

K-1 _ %
% Z D <O (F(xoi(—vf(x )> + O (77'02)
k=0

|do?
+0 (pQKN ®)

where x* is a stationary point of (2), A,, is the largest eigenvalue
of the graph G’s Laplacian matrix, A; is the smallest nonzero
eigenvalue of graph G’ Laplacian matrix, and ||do|| is related to
the initial conditions [see (26)].
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Theorem 1 shows that LT-ADMM converges to a neighbor-
hood of a stationary point #* as K — co. The radius of this
neighborhood is proportional to the step-size -y, to the number
of local training epochs 7, and to the stochastic gradient variance
o2. The result can then be particularized to the convex case as
follows.

Corollary 1 (Convex Case): In the setting of Theorem 1, with
the additional Assumption 3, then the output of LT-ADMM con-
verges to aneighborhood of an optimal solution x* characterized
by (8).

Remark 1 (Exact Convergence): Clearly, if we employ full
gradients (and thus o = 0), then these results prove exact
convergence to a stationary/optimal point. This verifies that
our algorithm design achieves convergence despite the use of
approximate local updates.

B. Convergence With Variance Reduction

The results of the previous section shows that only inexact
convergence can be achieved when employing SGD. The follow-
ing results show how Algorithm 1 achieves exact convergence
when using variance reduction (LT-ADMM-VR).

Theorem 2 (Nonconvex Case): Let Assumptions 1 and
2 hold. If the local step-sizes satisfy v < O(£k) < Yy 1=
min;—1 75,157 [see (11) in Appendix B-A for the precise
bound], and 1/(7i,p) < B < 2/(TAyp), then the output of
LT-ADMM-VR converges to a stationary point z* of (2), and
in particular, it holds

K—-1 ~
1 F (zo) — F(x*) o ||?
K;Dkgo(Kw >+o<p2K> )

where x* is a stationary point of (2), A,, is the largest eigenvalue
of the graph G’s Laplacian matrix, X; is the smallest nonzero

eigenvalue of graph G’ Laplacian matrix, and ||do|| is related to
the initial conditions [see (20)].

Corollary 2 (Convex Case): In the setting of Theorem 2, with
the additional Assumption 3, then the output of LT-ADMM-
VR converges to an optimal solution z*, with rate characterized

by (9).

C. Discussion

1) Choice of Step-Size: The upper bounds to the step-
sizes of LT ADMM and LT-ADMM-VR [see (10) and (11) in
Appendix B-A] highlight a dependence on several features of
the problem. In particular, the step-size bounds decrease as the
smoothness constant I increases, as is usually the case for
gradient-based algorithms. Moreover, the bounds are propor-
tional to the network connectivity, represented by the smallest
nonzero eigenvalue of G’s Laplacian (the algebraic connectivity
A7). Thus, less connected graphs (smaller X;) result in smaller
bounds. Finally, we remark that the step-size bound for LT-
ADMM-VR is proportional to 'L = %, where m; is
the number of data points available to agent 7 [see (1)]. This
ratio can be viewed as a measure of heterogeneity between the
agents. Smaller values of % highlight higher imbalance in the
amount of data available to the agents. The step-size bound thus
is smaller for less balanced scenarios.

The step-size bounds also depend on the tunable parameters
7, the number of local updates, and p, the penalty param-
eter. Therefore, these two parameters can be tuned in order

to increase the step-size bounds, which translates in faster
convergence.

2) Convergence Rates: As discussed in Section I-A, var-
ious distributed algorithms with variance reduction have been
recently proposed, for example, [12] and [14] for strongly con-
vex problems, and [13], [15], and [16] for nonconvex problems.
Focusing on [13],[15], and [16], we notice that their convergence
rate is O(=), while Theorem 2 shows that LT-ADMM-VR

has rate of O(T%) This shows that employing local training
accelerates convergence.

Similarly to LT-ADMM-VR, the authors in [12] and [16] also
used batch gradient computations, i.e., they update a subset of
components to estimate the gradient [see (6)]. Interestingly, the
step-size upper bound and, hence, the convergence rate in [12]
and [16] depend on the batch size. On the other hand, our
theoretical results are not affected by the batch size, since we
use a different variance reduction technique.

We also remark that as shown in (48) and (70) in the Appendix,
better network connectivity (corresponding to larger X;) leads to
smaller upper bounds on the right-hand side of the convergence
results. This indicates that stronger network connectivity accel-
erates the convergence rate.

Finally, the bound in Theorem 1 also highlights a tradeoff:
a larger v accelerates convergence through the term O( K{YT),
but it also enlarges the steady-state neighborhood via the term
O(v70?). Thus, v must be tuned to balance convergence speed
and steady-state precision—and a similar discussion holds for
7. This tradeoff is also explored in the numerical results of
Section IV-B.

3) Choice of Variance Reduction Mechanism: In
variance reduction, we distinguish two main classes of
algorithms: those that need to periodically (or randomly)
perform a full gradient evaluation (SARAH-type [36]), and
those that do not (SAGA-type [25]). In distributed learning,
SARAH-type algorithms were proposed in, e.g., [14] and
[16], while SAGA-type algorithms in, e.g., [14]. Also, the
proposed LT-ADMM-VR requires a periodic full gradient
evaluation, as the agents reinitialize their local gradient
memory at the start of each local training (since they set
rg nk = Zik). Clearly, periodically computing a full gradient
significantly increases the computational complexity of the
algorithm. Thus, one can design a SAGA-type variant of
LT-ADMM-VR by removing the gradient memory
reinitialization at the start of local training (choosing now
rg hk = Tip—1)- This variant is computationally cheaper and
shows promising empirical performance, see the results for
LT-ADMM-VR v2 in Section IV. However, using the outdated
gradient memory leads to a more complex theoretical analysis,
which we leave for future work.

4) Uncoordinated Parameters: In principle, the agents
could employ uncoordinated parameters, depending on their
available resources (e.g., heterogeneous computational capabil-
ities). For instance, different agents could adopt distinct local
solvers, numbers of updates (see results in Section IV-B), and
batch sizes. Alternatively, they could use the same solver but
with step-sizes tailored to the smoothness of their local cost
functions.

IV. NUMERICAL RESULTS

In this section, we compare the proposed algorithms with the
state of the art, applying them to a classification problem with
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TABLE Il
COMPUTATION TIME OF THE ALGORITHMS OVER T ITERATIONS
Algorithm [Ref.] Time
LED [10] and K-GT [9] Tta + 2tc
GT-SARAH [16] (m; + 71— Dt + 27tc
GT-SAGA [14] 7 (tg + 2tc)
LT-ADMM and LT- ADMM-VR v2 Ttg +tc

LT-ADMM-VR (mi + 7 — Dtg + te

TABLE IlI
COMPARISON OF COMPUTATION TIME FOR VARIANCE-REDUCED
ALGORITHMS TO REACH ||V F (Z)||? < 1077

Algorithm [Ref.] tg/tc =0.1 ta/tc =1 tg/tc =10
GT-SARAH [16] 757 x 10°  6.33 x 105 6.20 x 107
GT-SAGA [14] 1.55 x 105  2.21 x 10°  8.85 x 10°
LT-ADMM-VR 6.04 x 10°  5.76 x 105  5.73 x 107
LT-ADMM-VR v2  3.81 x 10*  9.52 x 10*  6.66 x 10°

nonconvex regularization, characterized by [10]

o - —~ [z]}
filz) = o hz::llog (1+exp (=binagpe)) + 6; 1+ [z]?

where [x], is the {th component of z € R", and a; ;, € R™ and
b € {—1,1} are the pairs of feature vector and label, respec-
tively. As data, we use 8 x 8 gray-scale images of handwritten
digits,> with pixels normalized to [0, 1]; we divide the images
in the two classes “even” and “odd.” We choose a ring graph
with N = 10, and have n = 64, m; = 180, and ¢ = 0.01; the
initial conditions are randomly chosen as z; o ~ A(0,1001,,).
We use stochastic gradients with a batch of |5| = 1. All results
are averaged over ten Monte Carlo iterations. For the algorithms
with local training, we select 7 = 2. We also tune the step-sizes
of all algorithms to ensure the best performance. Finally, as
performance metric, we employ |V F(Z})||?, which is zero if
the agents have reached a solution of (2).* The simulations are
implemented in Python and run on a Windows laptop with Intel
i7-1265 U and 16 GB of RAM.

A. Comparison With the State of the Art

We start by comparing LT-ADMM and LT-ADMM-VR with
local training algorithms LED [10] and K-GT [9], as well as vari-
ance reduction algorithms GT-SARAH [16] and GT-SAGA [14].
We also compare with the alternative version LT-ADMM-VR v2
discussed in Section III-C3. When evaluating the performance,
we account for the computation time of each algorithm, rather
than the more commonly used iteration count. In particular,
letting {¢ be the time for a component gradient evaluation
(V fi.n), and t¢ the time for a round of communications, Table II
reports the computation time incurred by each algorithm over
the course of 7 iterations.

We start by comparing in Table III the algorithms with vari-
ance reduction, in terms of the computation time they require to
reach | VF(z)||? < 1077, that is, to reach a stationary point up
to numerical precision. We see that depending on the ratio t; /tc,
their relative speed of convergence changes. When gradient
computations are cheaper than communications (tg /tc = 0.1),
the proposed algorithm LT-ADMM-VR (and LT-ADMM-VR

2[Online]. Available: https:/doi.org/10.24432/C50P49.
3We choose this metric as it can be defined for all algorithms considered in
the comparison, whereas Dy, is defined specifically for Algorithm 1.

TABLE IV
COMPARISON OF ALGORITHMS WITHOUT VARIANCE REDUCTION
Algorithm [Ref.]  [|[VF(Zx )|
LED [10] 1.29 x 10—3
K-GT [9] 2.01 x 10~3
LT-ADMM 1.07 x 103
TABLE V
PERFORMANCE OF LT-ADMM FOR DIFFERENT ~
vy [VF(zx)|> Computation time
0.1 6.01x10°° 4.80 x 104
1 5.79 x 10~4 3.22 x 10*
2 1.07 x 103 2.27 x 102
3 1.72 x 103 2.38 x 102
4 268x1073 7.9 x 10!
5 4.43 x 10~3 4.10 x 10t
[}
g 106 4
+
g 6 % 10°
&) 4 % 10” - i
0 5 10 15 20 25
T
Fig. 1. Computation time for LT-ADMM-VR to reach |VF(z;)|? <

107 for different numbers of local training epochs .

v2) outperforms both GT-SARAH and GT-SAGA, since the
latter do not employ local training. This testifies to the benefit
of employing local training in scenarios where communications
are expensive. As the ratio g /tc increases to 1 and then 10,
we see how LT-ADMM-VR and GT-SARAH, on the one hand,
and LT-ADMM-VR v2 and GT-SAGA, on the other hand, tend
to align in terms of performance, as the bulk of the computation
time is now due to gradient evaluations, of which the two pairs
of algorithms have a similar number (see Table II). Nonetheless,
local training still gives an edge to the proposed algorithms.

The remaining algorithms (LT-ADMM, LED, and K-GT) do
not guarantee exact convergence as they do not employ variance
reduction. Thus, in Table IV, we report the asymptotic value of
|V F(z)||? achieved by the different methods. The algorithms
have close performance, with the proposed LT-ADMM outper-
forming the state of the art slightly, that is, converging closer to
a stationary point.

B. Tuning the Parameters

In this section, we focus on evaluating the impact of the
proposed algorithms’ tunable parameters. As discussed in sec-
tion III-C2, the step-size of LT-ADMM regulates both the speed
of convergence and how close it converges to a stationary point.
In Table V, then we apply different step-sizes and evaluate both
the asymptotic value of ||V F(z)|* and the computation time
needed for LT-ADMM to reach such value. As expected, a
smaller step-size leads to a smaller asymptotic distance from
the stationary point, while a larger step-size improves the speed
of convergence.

We turn now to LT-ADMM-VR and evaluate its speed of con-
vergence for different numbers of local training epochs 7. Fig. 1
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TABLE VI
COMPUTATION TIME OF LTFADMM-VR WITH UNCOORDINATED NUMBERS
OF LOCAL TRAINING EPOCHS

Ti Computation time
2 Vi 6.04 x 10°
2 i< N/2 5.80 x 10°
5 i>N/2
5 Vi 3.75 x 10°

reports the computation time to reach ||VF(z)||? < 107, In-
terestingly, it appears that there is a finite optimal value (7 = 8),
while smaller and larger values lead to slower convergence.

Finally, as discussed in Section III-C4, we can actually choose
uncoordinated parameters in LT-ADMM-VR. In Table VI, then
we test the use of different 7;, ¢ € {1,..., N}, for different
agents. In particular, we compare the computation time required
to reach |VF(Z1)]|? < 1077 in two coordinated scenarios and
an uncoordinated scenario where half of the agents are “slow”
(7; = 2) and half are “fast” (7; = 5). Interestingly, the algorithm
still converges even with uncoordinated parameters, with the
presence of “fast” agents improving the performance.

V. CONCLUDING REMARKS

In this article, we considered (non)convex distributed learning
problems. In particular, to address the challenge of expensive
communication, we proposed two communication-efficient al-
gorithms, LT-ADMM and LT-ADMM-VR, that use local train-
ing. The algorithms employ SGD and SGD with variance reduc-
tion, respectively. We have shown that LT ADMM converges
to a neighborhood of a stationary point, while LT-ADMM-VR
converges exactly. We have thoroughly compared our algorithms
with the state of the art, both theoretically and in simulations.
Future research will focus on analyzing convergence for strongly
convex problems and on extending our algorithmic framework
to asynchronous scenarios and to the broader class of composite
problems, as in [37].

APPENDIX A
PROOF SKETCH OF THE MAIN THEOREMS

A. Proof Sketch of Theorem 1

Step 1 (Lemma 1): Reformulate the algorithm into a compact
linear dynamical system, in which hy, contains all nonlinearities.
Decompose the system into average and deviation components
via a projection matrix QQ. Use graph connectivity to show that
the linear part of the deviation system

dii1 = Ady — hy
isstable (||A]| =1 —

Step 2 (Lemmas 2 and 3): Bound the error from local training

steps: the deviation of local states ®! from the global average
Xy asin (29)

E[I@kllﬂg (7257 4 1447 352>E[||ak| ] + ANT24207

+167°y°E [|VF (z) 7] -

Incorporate this bound into the perturbation term Hk to derive a
recursive inequality for the deviation system as in (37)

Ef |
) (el
C3 2

<
B[|VF@)|) + -0

where sufficiently small y ensuring stability.
Step 3 (Theorem 1): Apply the smoothness inequality to the
averaged iterate

HZVF @)

,_.

M=
s

T—

~y
Tk 1—1’ —xk—x——
* N

~+~
Il
<
1

~— =

show a descent in the global objective :Ek

E[F (Zr11)] < E[F (z1)] — ﬁE[IIVF @)II”]

1—277L ZE H ZVfl )

~L? -
+ W]E [||<1>k|ﬂ + 4272 Lo,
Sum over iterations, pick an appropriate step-size, and use the

bounds obtained in Lemmas 2 and 3, leading to the convergence
result.

2

B. Proof Sketch of Theorem 2

The proof of Theorem 2 follows a structure similar to that
of Theorem 1. The key distinction lies in the treatment of the
gradient variance. We bound the gradient variance with ¢y,

E > > lloi (¢4)
% t

+ 2L°E[t]
using  E[f|a — E[a]|]?] < E[|al|?] with a=Vf;n(¢};)—

V fin(r} ), ). Show that t; can be bound by the deviation
bound ||ak || and the global gradient at the average state
VF(z) as in Lemma 5. We further bound the deviation bound
||dy|| with ¢, as in Lemma 6. As a result, the final convergence
expression no longer depends on a constant o, and we can have
exact convergence.

= Vi)l | <207 @?

APPENDIX B
PRELIMINARY ANALYSIS

In this section, we summarize the step-size bounds, and
present preliminary results underpinning Theorems 1 and 2.
A. Step-Size Bounds

The step-size upper bounds for LT-ADMM and LT-ADMM-
VR are, respectively

Vsgd 1= i Hgﬂ 6 Vi (10)
Yor = i:l,r71,1&13,r.1..,15’yi (1D
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where
y '—min{l 71 } No 1= —\/g
Y1 = 7L7'2\/§ y V2 = LT
_ 3 _ A
V3= Y V4 1= = =
*LA/16(1 + 207 | L)V 120
- Vi
V5 =

drVIaL A e (1 + 202 |LIP)2| V1P

g 1= VB
6 1=

o /TRaL a6 N[V 2
_ 1 _ mp _ 1
T o BTV 2iem, T V12t
— mi 3T 3
0= B2me s T V8 2T 8rL

A

M3 = =
Ay \/S(Koﬂo + 2(50 + 51)(/431 + 3272L21€0))
g = 3 )‘IQﬁz g = 3
M 76802 N 2k, T\ 12802 kaky

These bounds depend on the following quantities. d, =
max{|N;|}icy denotes the maximum agents’ degree. V is de-
fined in (25). A, is the largest eigenvalue of the graph G’s
Laplacian matrix, and A; is the smallest nonzero eigenvalue of
graph G’s Laplacian matrix. We denote m,, = max;—1,... N M;
and m; = min;—, . n m;, where m; is the number of local data
points of agent 7. In addition, we have the following definitions,
used both in the upper bound above and throughout the conver-
gence analysis

2 2

o e 20T L 1 44r3 2
Aip

. 2872

G e 0T L 44r3 2
Aip

A4L? (7267
= 1447232
Cq N < p + T 5)

~ o 612 ~
ko := (14 2p°||L|*)6r L2 V7H|* + W%LQIIV H

; o 6L> o~
k1= (14207 | L)AL VY2 + —5-27 L2V Y2

32
Ky = 1673 Nkg + 232 (k1 + 3272 L%ky)
36873%m,  1447°m,
§0 = /B + T ﬂz
Ap my
72572 8my,
5= ( b | 1447352) S
Ap my
16Nm, 72  8m,
§y = T ST 68y
my my
L2
K3 = 1673]\7(2N + 2TL3>
L2
+ 255 (27L3 + 327212 (2N + 2TL3)>

L? 3\ 3
Rq 1= (2]\[ +27_L >/80

L2
+2(30 + 51) <2TL3 + 327212 <2N + 2¢L3>>

2
TAup

1
where Sop <p<

B. Preliminary Transformation

We start by rewriting the algorithm in a compact
form. To this end, we introduce the following auxiliary
variables: Z = col{z;;}i jee, @) = cOl{ @] 1y @5 s+ D 1}
G(®}) = col{gn (¢} 1), 92(5 1), - - -» IN (P 1)} F(X) = col
{fi(@1), fo(x2), ..., fn(zn)}, and F(z) = %Zf\il fi(z).
Define A = blk diag{14, };cy € RM*N 'whered; = |N;|isthe
degree of node i, and M = ", |N;|. P € RM*M s a permuta-
tion matrix that swaps e;; with e;;. If there is an edge between
nodes i, j, then AT[i,:]PA[:,j] = 1, otherwise AT[i,:]PA[:
,j] = 0. Therefore, ATPA = A is the adjacency matrix.

The compact form of LT-ADMM and LT-ADMM-VR then is

T—1
Xip1 = Xp = ) (7G(®}) + B(pATA 1, X,
t=0
— AT ®1,Z)) (12a)

1 1
Zyy = §Zk - 5P @L,Z; + pPAR I, X, 1. (12b)
Moreover, we introduce the following useful variables:

Y, = AT ®1,Z), - %VF(Xk) ~ D LX,

Y. = ATP® L, Z; + %VF(Xk) —pDRLX; (13)

where X, = 1y ® Zj,, with Zj, = 17X, and D = ATA =
diag{d; }:cy is the degree matrix.

Multiplying both sides of (12b) by 17, and using the ini-
tial condition, we obtain lTATZk.H = plTDXk+1 for all
k € N. As a consequence Y, = %1 ® +1TVF(Xy) = 1®
+ 3, Vfi(Zy), and (12) can be further rewritten as

Xk+1 I~ ~ ﬂTI 0 Xk
Yiii| = |pL pLBT 4+ 31 —31| @1, | Y, | —hy
Y1 0 -11 i1 Y,
(14)
where
L=A-D 15)
and
T—1 B
hy = [v) (VG(®}) — VF (Xy));
t=0
~ T71 —
wLel,) (VG(®)) - VF(Xy)
t=0
+ %(VF(Xk+1> ~ VF(Xy));

% (7VF (Xk-q-l) +VF (Xk)) :

We remark that (14) can be interpreted as a linear dynamical
system, with the nonlinearity of the gradients as input in hy,.
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C. Deviation From the Average

The following lemma illustrates how far the states deviate
from the average and will be used later in the proofs of Lemmas 2
and 6.

2
ThupP
S 1857’ _ ~
Xk — X ||* < HleH2 [Ye — Yi|? <9dil
(16)
and
. . 1 -~
[de41l” < 6lldil® + f(s||hk|\2 (17

where 5—1—Alp75/2<1 dk [QT@)I X1 QT ®
L, Yg; Q ®1 Yk] and Q and V1 are matrices used to define
the deviation term dk

Proof: By Assumption 1, graph G is undirected and con-
nected; hence, its Laplacian —L is symmetric; moreover, it has
one zero eigenvalue with eigenvector 1, with all eigenvalues
being positive. Denote by Q € RV*(N=1) the matrix satisfying
QQT =1y — +117, QTQ=1Iy_1,and 17Q =0, Q71 =
0. We have that

QL - Q7L 1y - ") - QTEQA".

Without loss of generality, in Athe rest of the pgpgf, \iv\eAconsider
n =1, then it holds that ||QTX;€||2 XT'QQTQQTX, =

(18)

1QQTX,|12 = X5 — X2, and ||Q]|| = 1. Multiplying both
sides of (14) by Q7 and using (18) yields
Q Xkt1 QTXk -
Q Y| = O®I,) QTYY;€ — Q" hy (19)
Q7Y 11 QY
I Bl 0
where ® = [ pQTLQ QTLQBTI+ i1 -11f.
0 31 i1
2

The next step is to show that QTf‘Q is negative defi-
nite by contradiction. Let z € RVN~! be an arbitrary vector,
since —L is the positive semidefinite Laplacian matrix, the
quadratic form xTQTLQx = (Q:Jc)TLQa: < 0. Moreover, if
(Qx) (A — D)Qx = 0, we have Qm = 1. Now, the properties
of Q imply that QTQ:U == QTl = 0. Therefore, for all
nonzero vectors z, the quadratic form 27 QT LQx < 0, and thus,
QTLQ is a symmetric negative-definite matrix.

We proceed now to diagonalize each block of ® with ¢ €
R(Nfl)x(Nfl)

N e 00 6T 0 0
©=9¢0¢"=10 ¢ 0[O0 4T 0
00 ¢ 0 0 of

T
p¢QTLQ<€T5¢ +iI — I

T2

I
= p¢QTgZQ¢T

|—(

We denote ¢QTLQ¢T dlag{k }i=2,...N, where A <0 is
the eigenvalue of QTLQ, Jomin = Amln(Q LQ) and Aoy =

max(Q LQ), note that |Xmax| and |)\mm\ are the smallest
nonzero eigenvalue and the largest eigenvalue of the Laplacian

matrlx of the graph G, respectively. In the following, we denote
\Amax| and A, |km1n| Since each block of © is a di-

agonal matrix, there exists a permutation matrlx Py such that

PyOP! = Pyp©@¢" P} = blkdiag{D;}Y.,, where

1 BT 0
0 —0.5 0.5

We diagonalize D; = V;A,; V!
matrix of D;’s eigenvalues, and

where A; is the diagonal

70

—B7 di2 di3
Vi=| 1 do dos 21
1 1 1
with dio = —f7 + ((Bksz(ﬁ)\ZpT +2))% 5)/():i8), dis =

—B7 = ((BripT(Bript +2))°°)/(Rip)s  daz = hipdiz — 1,
and do3 = )Llpdlg — 1. The nonzero eigenvalues A of D;, i =
2,...,N, satisfy 2124 (=20;p7B8 —4)A + AipTB+2=0,
which can be written in the form

222 —2n+t=0 (22)

where ¢ = ; Aip7 B + 2. The modulus of the roots of (22) is 1 —

IMgTﬂ when —2 < ApTB < 0. We conclude that we can write
© = (Py¢)" VAV (Py¢) where V = blkdiag{V;} ", and

A = blkdiag {A;}Y, . (23)
ApT3/2 when
A pT B < 2. (24)
Then, left multiplying both sides of (19) by the inverse of
V = (Pog)"V (25)
which is given by V-1 = V- 1(Py¢), yields
dj1 = Ady, — hy, (26)
where dj, = V1 [QTXk; QLY QTY;C}, h, =V

blkdiag{Q”,Q7,QT} @ I,hy, and  [QTXy; QTYy;

Q7Y = Vd;, = ¢"PIVd, = ¢"PIVP,PId,. As a
consequence, from (19), it holds that
QX P [F6T dul disl)
QY. | =¢ dool  da3l | Py dy
QY. I I 1
BTI —|—d1 PT[2 +d1 PT[ ] ~
— ¢7 {jﬁ dzzrﬁﬂ dpsz’? 47| d

where P{[1],PZ'[2], and P]'[3] are the top, middle, and bot-
tom blocks of POT, respectively. Moreover, we have \d12|2
|d13]? < 257 and [daz| = [da3| = 1. Now, if we let f7 < = p7
and using ||¢>|| =1, [|PT[i]|| = 1,4 = 1,2, 3, we derive that
X5 — Xi? = Q7 X2
= [l¢" (—BTIPF[1] + d12P{ [2] + d13P [3])di ?

§3<5272 457) 12 < 18ﬁTnd 2.

Applying the same manipulations to HYk - Yk|| we obtain
that (16) holds. Denote now ||®]|2 = DRI DH ||(;5§7,C
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71|12 = 2720 ||®L — Xi||?. Using Assumption 2, we derive
that

T—1 2

> (G(®}) — VF(Xy))

=0

T—1
<2rL?||®]? + 27 ) |G(2F) -

t=0

Denote G(®}) = + PO 9i(¢t)) and VF(®}) = + DO
V fi(#} 1), we have

7—1 2
> G(e))
t=0

VE(2})|*.

2

5%§j§jﬂvxﬁk)+m(%k) Vi (6))

-1
+%Z§NM%JW£HQW
Pt o
We also have ||VF(Xji1)— VE(X)|? = NL?||Zps1 —
Til|? = NL?*~%|| 2, G(®L)||%, it further holds that
Ihil* < (1 + 20 [T (2r L2]| @ |
1
+2r ) ||G(®)) -

t=0

4—6L2’y (TZZHQL o) = Vi (L))

2
) . (28)

Recalling (26), using Jensen’s inequality [djyq? < m
| AP + =gy Bl yields (17). -

t=0

V(@)1

-1

N iﬁ(@};)

t=0

APPENDIX C
CONVERGENCE ANALYSIS FOR LT-ADMM

A. Key Bounds

Lemma 2: Let Assumptions 1, 2,
and v < 71, we have

~ 7987 ~
E[I1:%] g( 4 vt 35?) E(|[dx %] + 4N724%0

2
Thup

+ 1673N72E[HVF 7)]1?]. (29)
Proof: From (12), we can derive that
71 N
R . el 2 ailéir) GO
t=0 i=1
and
O = @) + Y —4(G(9) - VF(Xy)).  GD

Recall that by Assumption 4, ||G(®L) — VF(®})|*> < No2.
Now, suppose that 7 > 2, using Jensen’s inequality, we obtain

E[[[@L — X))
= E[| @}, — X+ BY k— (VF(®L)—VF (X)) |2+ N~ 20

< (1 i+ Tl_1> E[[| @}, — X4|*] + Ny20? (32)
+TE[|8Y) — 7 (VF(®}) — VF(Xp))|]
< (1 +— i T+ 2727L2> E[||®} — X4|*] (33)

+215°E[| Y |*] + 7 No®

5 _
(1 + /> E[|®}, — Xx||*] + > No® + 27 B°E[[| Y |°]

(34)
where the last inequality holds when
1/4
22 rL? < /4 (35)
T—1
which is satisfied by v < #4,. Iterating the above inequality for

t=0,...,7—1

B flor - %l < (14 224) B I - il +

+27522<1+ 5/41) [||kaYk+Yk||2]

1=0
5/4
N 2 2
+7020+J
1=0
< 4B [|[X) - Xy [[*] + 47N+%02
+8726°E [V — Vi + Y]

where the last inequality holds by (1+ —%7)" < exp(:25) <
exp(a) fort <7 —1landa = 5/4.

Summing over t, it follows that:

E[H@knﬂ < 47E [| Xk — Xi|?] + 4NT2y%0"

+167°B°E [||Yr — Yi|]?]

+167°NAE [||[VF (z) 7] - (36)
Moreover, it is easy to verify that (36) also holds for 7 = 1.
Using (16) concludes the proof. |

Lemma 3: Let Assumptions 1, 2, and 4 hold. When 5 < T%p
andy <y

E [lldes 1]
2
C ~ C P
< ( _05) E [Hdknﬂ + 1_151E |ZVF(¢2)
t
C2 NP €3 o
T 51E[HVF(xk)H |+ rid (37)
where
§d:=1-— )\poTB
72872
By = /\f; + 1447882
co =2 (1+ 2p?|L|*)27L?|[ V1|6
612
¢ =t 62 NV

c2 := (1 +2p?|[L|%) L2320 V12
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3 =41 4 2p? ||I~JH2)8L2N7'3 ||\A/—1 & Substituting (29) into the above inequality yields
E[F (Ze41)] < E[F (Zk)]+

T _
- 2 (1= 16L272 ) B[V F (&) |

4
~ -~ ’)/ /\7
+92(1420%|L|*)2r2 N[V P46 L2 N2 [ V2.

Proof: When [ < and v < 71, using (28), (29), and

T)Lp

2
Assumption 4, we have ~
: - Ju-min e | |15 wa
~ ~ — t
i ® < colldll® + c1 || > VF(®}) 2
t Y 57— 3 52 T2
e ) Py + 1447° 5% | E[[|dk7]
+ E[|VE(z)||?] + c30 2N xp
together with (17), we can then derive that (37) holds. [ | +*1°Lo” + 277407 L%

When v < min{9s, 3}, then

B. Theorem 1 3 3
22,2

We start our proof by recalling that the following inequality 16L7"" < 4’ 2yl < 4 (39)

holds for all L-smooth function f Vy, z € R"™ [38]: and we can upper bound the previous inequality by
< f(z2) +(Vf(z),y—2) +(L/2 — 2|2 38 _ _ YT _

Based on (30), substituting y = Zx+1 and z = T into (38),

using Assumption 4, we get

y
E[F (2141)] TR | PR
<vF (@), % > Vi (¢>§,k)>] L (7257 + 1447352) E[|[dx]|?]

2N AP
% Z Z gi(flﬁ,k)
t

2

< E[F (zx)] —HE

2 + "}/27'2LO'2 + 27’27302L2.

Rearranging the above relation, we get

8 5 5
Dy < S B [(F (@) — F (2041)
1 k k +
< E[F(zy)] - VEF (), > > Vi) o [( ﬂ
N S 0L2 (T207 4 462 )
2 1 2N ALp T g
+~*7LE Z sz z k +~*7°Lo”. + 8y7Lo? + 167202 L?

where D, is defined in (7), and F(Z;) = F(Z) — F(z").

Using now 2(a, b> = llall* + ”bH2 - ||a — b][%, we have Summing over k = 0,1,..., K — 1, and using —F'(Z;) <0,

VF \V4 : it hOldS that
< ZZ f 0) K-1
X 2 ZDk +ea Y E[|de]?) + Keso?  (40)
T TP t k=0
= ZIVF @I - 53|+ v
2 N; ( where
2 412 (7287 9 2)
_ = —= + 144
vaz zk F(zy) “ N ( Ap T8
) ¢s = 8yrL + 1677 L2. 41)
< —% IVF (z)|°> — = Z Vfi (654) We now bound the term S} ||k |2. From (37), we have
. E [ dks?]
B2 . X
2N | | | < 2 ) E [1del?]
Now, combining the two equations above and using (16) yield = 1—46 [ k
T
E[F (24+1)] < EIF (21)] - SE[IVF (@) 2
Vi
1 2 + 1— N Z T Z k
i ¢
—2(1=297D)> E ||| =Y Vi (4h,)
Z ol R + 7 BIVE@) + 150
1-— 6 1-6
yL? o~ PN
+ T El| 8% + 77 Lo < OB[||dy||*] + 1 =50° + RDy (42)
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where
2
C2 1T
= 4
R max{l—é’l—é} 43)
Moreover, letting v < 44 and A - <p< Tf we have
Al
44
1 (5 40y (44
Tterating (42) now gives
k-1
dil?] < S*E[|do )] + RS 65 1!D, Gl
Bl < BNl + R =
and summing this inequality over k = 0, ..., K — 1, it follows
that
K-1
|d0|| R 630 ’K
E[ d Dy —. (45
Z [ ] +13 Z o @9
Substltutlng (45) into (40) and rearranglng, we obtain
70
(1—qo) ZDk ) +q1|do|? + Kqz0”
where
L C4R L Cy L CyqC3 te (46)
QO~—1_S Q1-—1_5 Q2-—1 5 Cs-
Sincel— ¢ > A-and1—6 > 2/\ ,wheny < min{1,7s, %},
we have '
1
qo < B} @7
and it follows that:
16F 2q
= Z ) = dol® +2¢20°. 48)

By collectlng all step-size conditions, if the step-size 7y <
Fsed 1= MiN;—1 27, then (48) holds, the states {Xj,} gen-
erated by LT-ADMM converge to the neighborhood of the
stationary point, concluding the proof.

APPENDIX D
CONVERGENCE ANALYSIS FOR LT-ADMM-VR

A. Key Bounds

We start by deriving an upper bound for the variance of the
gradient estimator E[||g; (¢} ;) )|I?]. Define t¥ as the

— Vfi(¢ix

averaged consensus gap of the auxiliary variables of {r¥, , }7"*,

at node ¢
1 mig
thy = E Z Ik — z|?

1 &
t, = thk = — Z e, 5 — Xkl
mi 3
-1 N

WS =SS
t=0

t=0 i=1
By the updates of g; (¢} ;) in LT-ADMM-VR

B [lo(94) — Vs (610 7]
_E[HB | 2 Ve (i)

zhk

T 2 T

heB;

(vfl zk _7va7/ zh

H| B 2 Vi (910)

]

T 2 T

zhk

21

heB; heB;
\B | Z IV fin ( $ix) = Viin (ﬁ,h,k)”ﬂ
heB;
|B | Z E { |V fin (D5 1) = Vin (i nr) ||2}
heB;
<2L2 (¢!, — mi|* + 2L7Ef!

where in the first inequality, we use E[||a — E[a]||?] < E[||a|?]
witha = V fi n (¢} ) — V fin(r} ), ;); in the second inequality,
we use the smoothness of the costs. As a consequence, we have

E[ggngi(

< 2L2|| @ + 2L2Elty).

) - Vfi<¢f,k>|2}
(49)

Lemma 4: Let Assumptions 1 and 2 hold; when g7 < ,\2p
and v < 47, we have

(72ﬂ7’
AP

E[4]2) < T 144r 352) E{|d )

+ 16732 NE[|VF(z1)||%] + 327272 L?E[t,).
(50)

Proof: Suppose that 7 > 2, using (31) and (49), we have
o 12
E[|| @k — X ]
= E[||®}, — Xk + BY ) — 7(G(®},) —

NN E

+ 7E[|BYr — (G (D},) — VF(X))|I]

Y

+ 208 E[|Y, ) + dry? (2L2EI)
< (1+ 22 ) miet - X

+ 82 L%Ety] + 27 B°E[]| Y |]

VF (X))l

2r(2L2 + L2)) E[||®} — X4|*]

(5D
where the last inequality holds when

gy

4y (2L + L?) <
T—1

(52)
which can be satisfied when v < 7. Similar to Lemma 2, we
can derive that (50) holds, which concludes the proof. |

The following lemma provides the bound on tj.

Lemma 5: Let {tx} be the iterates generated by LT-ADMM-
VR.If B < 75 andy < min{Js, J9, 10 }, then we have for all
keN

E[t] < 2(s0 + s1)E[[|dg]|?] + 252E[||V F (24

P (53)
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where
364872 14472
50 = ﬁTmu+ Tmu/BQ
ALp my
72872 8
s1 = ( pr + 1447%2) UL
ALp my
16N~? 28
gy = NV MuT | ST q605.2 (54)
my my

Proof From Algorithm 1, VEk, rf#k = rz h . Withprobability

1——= and rfJ}rle = qStH with probablhty ——, therefore
tt+1 ZE |rt+1 Xk||2]

1 _
q;ZHﬁ—)mkxw e = X))
h=1
1) 1 &
_ ¢ <112
= <1 - E) E’;E [”rh,k — Xi|?]
1 _
+ —E[| 2 — X ).
Denote g = Y —y(G(®}) — VF(X})), we have
125" — X [|* = | @57 — @ + @) — Xy ||* < 2| @f, —

X |* +2[|g; /%, and
E[ll¢}1I]
< 29°E[|G(®}) —
<4y (2L + LAE
+ 492 (2L7E[t}))
< 129°L% || @f — Xi||* + 49> N |V F (3) |
+ 467 Yr — Yil® + 89 L°E[t})]
it follows that:

VE(Xp)[%] + 28°E[| Y&
(|4 — Xi||*] + 262E[| Y]

1) 1 & .
E t4+1 — I R t _ 2
5= (1 ) o D e X 9
h=1
1 _
b oo - X
m;

1 1 _
< (1= —=—)th +— (212} — Xkl + 2/l¢|1?
< (1= )t o (20 - Xl? + 20k

1 16422
< (1 - =+ ) E[t!] (56)
My, my
2 24~42 L2 -
+ (—+ . )E{H@Z—Xul?
m my
62||d [ 7 JIVEX5)|?
< (1- = )Eif] + B9} - X 67
- 2my, k my k
72 ~ 8N _
+ =B del® + —?IIVF(Xs)]? (58)
my my
where the last inequality holds when
16~2L2 1
16y° 17 < 24422 < 2. (59)
my m

Iterating (58) fort = 0,...,7 — 1 then yields

i) < (1- 5 ) 0% - Xul?)

72 e 1
+552(—%‘

) el

1 l
1= ) IV F@P

t—1 t—1-1
4 1 S
— - E[||®} — X2
fr () e X
3657m,, ~ 16N~ m, _
MPEN%H+————ﬂWﬂmW

8Myy, T

144m,,
ZEwlxm2 ”Lﬁmwn]
=0

Summing the above relation over ¢ = 0,1,...,7 — 1, we get

Etx]
3687%2m,  14473%m,, ~ 8mu7
< (P 5 Bl + T B
p my
16N'y2mu72 N
+ LT g )|
my

and using (50) then yields

E[ta] < (so + s)E[Idk[”] + s2E[| VF (z1)|1°]

O 22 [ 2R
my

where sg, s1, and so are defined in (54). Letting

8my 1
Ml 3012212 < (60)

my
and thus (53) holds. The conditions (59) and (60) hold when
v < min{¥s, Yo, Y10} [ |

Lemma 6: Let Assumptions 1 and 2 hold; when 57 < %
and v < min{7y, 37}, it holds that Yk > 0

EUHM1W}<( 1?5)Eﬁﬁmﬂ

E ZVF (@0)7| +

T EUVE@)?] 1)

where
~ 72 ﬁ T

Bo := + 1447352
Ap

o)
(=)

4
=fﬂ+%ﬂWWHﬂW*W+M%#MwVW2

4
. ~ vy S
q:fuwfumhmw”ﬁwﬁﬁ%ﬁwlw

~ v

Gy _6L262N\|V L2

Go := E0fo + 2(s0 + 51) (&1 + 327292 L&)
G = 6L2ﬂ2N

Go := 167°y2Nég + 259(61 + 327242 L2¢)).
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Proof: When 81 < —p and v < min{%, 77}, substituting
(49) and (50) into (28) then yields

Iy [* < ~°(1+20°||LI*) (67 L7 @ | + 47 L*E[ty])
T—1

2

+6L2; (4TL2<I>k||2+4TL2E[tk [+ N| > VF(@}) )

t=0
and
=R =R . 2
[hgl[* < G| @kl® + rtr + || Y VF(®})

t
= L 2
< Bl + || S VF@D| | + asve@)
t

together with (17), it proves that (61) holds. [ |
B. Theorem 2

Based on (30), substituting y = Z41 and z = Ty, into (38)
and using (49), we get

E[F (Zr11)]

<E[F (7)) —E

<VF @+ DN (m)ﬂ
el
<B[F (@] - | (VF @), sz )]
o]

+29°7L% (1]l + Elta])
a2+ [[b]|* — [|a — b]|%, we have

—(VF (2), % szfi (1))
— LIvFG |—ZHNZsz )

2

++%7LE

Using now 2{a, b) =

+ = ZHNZW’ ty) — VF (z1)

< SIvFEP -3 % | § v

L? -
S
+2NII kll

Now, combining the two equations above and using (16) yield

E[F (Zh41)] < E[F (z3)] - 7glE[HVF (@5)]|°)

2
~3(-rh) 3 E vazw( ]
+ 2R [18002) + 20272 (18012 + Bl

Using (50) and (53), we have

E[F (2441)] < E[F (&1)] — LE[|VF (z)]|]

1 —297L)E

Sli o

+ GEVF @)+ GE [[[d])]

1

where

L2
=1 3 2N 2 2 L?)
g3 = 167"y < oN T
yL?
+255 (27 TL3 4 327242 L2 ( o T2 TL3>>

L?
g = (7 + 2y TL3> Bo

1

2N
2_73 2,2 (L7 3
+2(s04s1) | 2937 L34 327742 oN +29%7L

Letting v < min{1, 711, y12}, then

3

3
ds < % 27L< ] (62)

and we can upper bound the previous inequality by

E[F (Zr41)] < E[F (z3)] - KE[IIVF (@x) |I°]

_7E [ZHszﬂ t )

Rearranging, we get

+ GE [[[di]?].

Dy < S (E[F (21)

= ~ B[P (51)) + E [

(63)

where Dy, is defined in (7), and F(Z,) = F(&y) — F(z*). Sum-
ming (63) over k = 0,1,..., K — 1 and using —F'(Z) < 0, it

holds that
K-
8F (T 8
Z ), S0 Z I [del?] . 6
Accordlng to (61), we derive that Vk Z 0,
= 2] ~ do T2
E [[du 2] < ( ) k1]
_ e 2 iy
| vF@ B[V F ()]
t
< E [||8k||2} + RDy, (65)
where
~ 2 ~
5 q17 q2
R_max{lé’lé}'
Letting v < min{%;, 713} and ﬂ — < B < 5 then
< do )»z
= 1 -
§=0+ 1—06 — 4hy (66)

Tterating (65) yields Vk > 1 and* E[||ds|?] < §*E[||do|2] +
RY 516+ 1-0D, and summing over k =0,..., K —1, it
holds that
K-1
E[[ld[?] <
k=0

312
—= o]

Dp. (67
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Substituting (67) into (64), and rearranging, we obtain

~ _ K-1
8F (T 8 N
S o < O SN g
=0 v 17T =0
S\ K-1 ~ -
R 8 8F (x 8 ~
- A Y B g,
1=677 ) = T 7 (1 =)
(68)
Since 1 — 0 > 4’\;“ ,let v < min{%14, 715}, then
R 8j _1
- — < = 69
1—677 = 2 ©9)
and therefore, it follows that:
K-1 ~ _
1 16F (zo) 166 &
— Dy < + —||do||*. 70
KkZ:O ES TR K77(175)” oll (70)

By collecting all step-size conditions, if the step-size -y satisfies
v < min%¥;—17s,..15, then the states {X}} generated by LT-
ADMM-VR converge to the stationary point, hence concluding
the proof.
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