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1 Introduction

The string theory geometric engineering philosophy has fostered great advancements in the
understanding of the landscape of QFTs in a varying number of dimensions, employing the
constraining power of supersymmetry and focusing on conformal theories. Six dimensional
(6d) N = (2, 0) superconformal field theories (SCFTs) have been exhaustively classified
via Type IIB string theory on backgrounds involving K3 non-compact surfaces with ADE
singularities [1, 2]. Similarly, F-theory on elliptically fibered non-compact Calabi-Yau (CY)
threefolds has furnished the underpinnings for the geometric realization of 6d N = (1, 0)
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SCFTs, revealing an elegant classification in terms of fundamental building blocks that can
be gauged together, while preserving conformal symmetry [3, 4].

In one dimension less, the recent years have witnessed a sprawling development in the
exploration of 5dN = 1 theories [5–7], employing an interconnected deck of techniques, such as
M-theory geometric engineering on non-compact Calabi-Yau threefolds (CY3), (p, q) 5-brane
webs, and dimensional reduction from 6d. Despite these efforts, no complete classification is
yet in sight. Similarly, theories with 8 supercharges have been vastly studied in 4d (via e.g.
class S constructions, D3-branes at singularities and more) and in 3d, unveiling surprising
relationships with higher-dimensional SCFTs, as exemplified by the ever-growing literature
on magnetic quivers.

Theories with less amount of supercharges are substantially less tractable. The focus of
this work lies on 3d theories with 4 supercharges, engineered by M-theory on non-compact
CY fourfolds (CY4). Much like in the M-theory on CY3 geometric engineering case, it is
generally thought that the absence of scales in the singular phase of the CY4 generates a
SCFT in the transverse directions.

The field-theoretic approach to 3d N = 2 theories [8] has produced a deluge of results,
characterizing dualities between superficially different theories, developing the computation of
the superconformal index in a variety of backgrounds, as well as countless other applications.

Despite this impressive understanding, and given the low amount of supersymmetry, the
analysis of 3d N = 2 theories via geometric engineering is a research area that is still in
its infancy. The pioneering work of [9] considered F-, M- and Type IIA engineering on a
specific class of isolated fourfold singularities. More recently, [10] have proposed an ambitious
program for examining 3d N = 2 supersymmetric theories that can be engineered by toric
CY fourfolds. Much less, instead, is known for non-toric setups.

Operating in this context, throughout this work we posit a two-fold objective:

• Systematically organize the mathematical literature on Calabi-Yau fourfolds with (not
necessarily isolated) singularities, in view of their physics applications. We devote
specific attention to terminal1 singular CY fourfolds, examining both toric and non-toric
settings. Terminal singularities do not admit any crepant resolution that produces
exceptional divisors, and thus evade the effects produced by M5-brane instantons.
Nonetheless, they play a central role for the physics of M-theory on CY4, akin to
terminal singularities in CY3. A generic singular CY3 (CY4) can be resolved in a
two-step process: first, a partial crepant resolution inflates exceptional 4-cycles (6-cycles)
corresponding to compact divisors; then, the resulting partially resolved CY3 (CY4)
still generally exhibits terminal singularities, that might admit small crepant resolutions
inflating additional 2-cycles (2-cycles and 4-cycles). See figure 1. The two resolution
steps are not always possible, and if they are, they are generally not unique. It is
therefore clear that terminal CY4 singularities appear ubiquitously in the resolution
of more general singular CY4, and thus understanding their features is pivotal if any
progress towards understanding the M-theory geometric engineering dictionary is to
be made. To this end, we review the precise definition of the various beasts in the

1We will come back to the rigorous definition of terminal singularities momentarily.

– 2 –



J
H
E
P
0
3
(
2
0
2
5
)
1
6
0

Singular CY3 X3 Singular CY4 X4

Partial resolution with
exceptional 4-cycles

Partial resolution with
exceptional 6-cycles

Singular CY3 X̃3
with terminal singularities

Singular CY4 X̃4
with terminal singularities

Small resolution with
exceptional 2-cycles

Small resolution with
exceptional 2- and 4-cycles

Smooth CY3 ˜̃X3 Smooth CY4 ˜̃X4

Figure 1. Schematic sketch of the crepant resolution procedure for completely smoothable CY3 and
CY4. For more general singular CY, it might be the case that not every step exists, namely that only
a partial resolution or no resolution at all is admitted.

zoo of terminal Calabi-Yau fourfolds, often drawing comparisons to the singular CY
threefold case, highlighting (dis)similarities. We deem this review part as crucial for
laying the foundations for a comprehensive study of M-theory geometric engineering on
Calabi-Yau fourfolds, both in this and in future works.

• We initiate reaping the fruits of the program outlined in the first part by investigating
the 3d N = 2 theories engineered by a class of singular Calabi-Yau fourfolds, that admit
at most curves as their exceptional set. These are a generalization of the well-known
compound Du Val (cDV) singularities to the fourfold setting. They are also known
as ccDV singularities, and they take the form of a Du Val singularity deformed by
two-complex parameters:

ccDV singularities: Pg(x, y, z) + h(x, y, z, w, t) = 0, (1.1)

where Pg is a Du Val singularity labelled by g ∈ ADE, and h is a holomorphic
function such that h(x, y, z, 0, 0) = 0. We will focus on a rich subset of these fourfold
singularities, claiming that the 3d theories engineered by M-theory on them satisfy
the correct constraints to flow to a SCFT in the IR. They contain uncharged chiral
multiplets, or chiral multiplets charged under some abelian flavor group, and no vector
multiplets. As such, they play the same role, in the 3d N = 2 landscape, as their 5d
N = 1 rank-0 cousins. Namely, given a generic singular Calabi-Yau fourfold admitting
a partial crepant resolution producing compact divisors, it is expected that the rank-0
singularities we study in this work generally appear as leftover singularities.

We will introduce the appropriate terminology for dealing with such tasks in due time.
We organize the work in the following fashion: in section 2, alongside a review of geometric

engineering with CY3 and CY4, we present general insights on singular Calabi-Yau spaces,
drawing from the mathematical literature. After covering the more familiar case of terminal
threefold singularities in section 3, we move on to describe terminal fourfold singularities in

– 3 –



J
H
E
P
0
3
(
2
0
2
5
)
1
6
0

section 4. These do not admit crepant resolutions, or admit crepant resolutions with at most
2- and 4-cycles in the exceptional set. In sections 4.3 and 4.4 we also introduce two classes of
terminal fourfold singularities admitting small resolutions with at most exceptional 2-cycles,
that furnish the foundation for our physics-oriented investigations. In section 5 a review of
the tachyon condensation formalism is presented. This provides the main technical tool for
our computations. In section 6 and section 7 we flesh out the 3d N = 2 supersymmetric
theories engineered by our chosen CY fourfolds in concrete examples. Finally, in section 8 we
gather and discuss some concluding remarks. Appendix A collects the rigorous technique for
computing the resolution of the fourfold singularities examined throughout the work.

2 Singular CY spaces and geometric engineering

2.1 Canonical and terminal singularities

In this section we aim at gathering a collection of mathematical results about singular
Calabi-Yau fourfolds. We reckon that this is essential in order to pursue advancements in
the understanding of their physical role.

As a starting point, we review the definition of the mathematical arena we explore in
this work, namely canonical and terminal singularities.

A normal and quasi-projective CY n-fold X has a canonical singularity if and only if
the following conditions are satisfied [11]:

• Its canonical divisor KX is such that rKX is a Cartier divisor; r is the index of the
singularity and it is greater than or equal to 1.

• For every resolution f : Y → X, that produces exceptional divisors Ei, it holds:

KY = KX +
∑

i

aiEi with ai ≥ 0. (2.1)

Crepant resolutions preserve the Calabi-Yau condition, i.e. ai = 0, ∀i.
In the case of Calabi-Yau n-folds X built as hypersurface singularities in an affine space

Cn+1 admitting a C∗-action, the canonicity condition can be made very explicit. In full
generality, X can be expressed as:

F (x1, . . . , xn+1) = 0 ⊂ Cn+1. (2.2)

Suppose that there exists a C∗ acting on the xi with weights ωxi , i = 1, . . . , n + 1

(x1, . . . , xn+1)→ (λωx1 x1, . . . , λωxn+1 xn+1), (2.3)

such that F is quasi-homogeneous with weight ωF under it. Then a theorem by Reid (see [12]
(4.1), (4.2), (4.3)) guarantees that F is a canonical singularity if and only if:∑

i

ωxi > ωF . (2.4)

From the physical standpoint, in the case n = 4 it is paramount to remark that the
condition (2.4) is equivalent to the requirement that the 3d theory engineered by M-theory
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on X flows to an IR fixed point [9]. In this context, the C∗-action is identified with the
U(1) R-symmetry of the resulting theory. All the singularities we will examine in section 4.3
and 4.4 satisfy (2.4), and are hence good candidates to construct theories that flow to a
3d SCFT in the deep IR.

Going back to the general picture, terminal singularities are defined as canonical singu-
larities with ai > 0 in (2.1) for every resolution. This is equivalent to stating that terminal
singularities do not admit any crepant resolution with compact divisors in the exceptional
set. Furthermore, the following theorem holds (see [11] and Corollary 8.3.2 of [13]):

Theorem 1. If X is a Calabi-Yau n-fold with at worst terminal singularities, then the
codimension of the singular locus is greater than or equal to 3.

In particular, the above theorem implies that terminal CY3 are isolated points, and
that terminal CY4 can be either points or curves.

2.2 Geometric engineering on CY3

We now quickly recap the singular Calabi-Yau threefold case: the general argument due to [14],
and also applied by [15–17],2 reads that every non-compact CY threefold with canonical
singularities engineers a 5d N = 1 SCFT T5d. The massless degrees of freedom in the 5d
effective theory can be detected examining BPS M2-brane states, as well as zero-modes of
the M-theory 3-form C3. In order to compute them explicitly, it is convenient3 to perform
a crepant resolution f : Y → X of the singular CY3 X,4 where the singular limit recovers
the SCFT phase. In such a way, a precise mapping between the geometric features of the
resolved CY3 X̃ and 5d SCFT data can be established:

• Compact divisors (4-cycles) correspond to Coulomb branch parameters. One can see
this by reducing C3 on the Poincaré duals of the compact divisors. Thus:

rank(T5d) = dim H4(Y, Z). (2.5)

• Non-compact divisors correspond to flavour symmetry parameters. The rank of the
flavor symmetry can be counted noticing that elements in H2(X, Z) are dual, via
Poincaré duality, to compact and non-compact 4-cycles. Hence:

rank(flavor(T5d)) = dim H2(Y, Z)− dim H4(Y, Z). (2.6)

In a subset of canonical singularities, the exceptional compact divisors admit a common
ruling:5 in this case a low-energy 5d gauge theory phase exists, that flows to the UV 5d

2For further works exploring 5d SCFTs constructed as explicit complete intersection singularities in
M-theory, see e.g. [18–21].

3Although not necessary. For recent progress on the study of theories geometrically engineered from
F-theory directly from the singular phase of the CY, see e.g. [22].

4The choice of resolution is of course not unique. Different choices are related by (possibly multiple) flop
transitions.

5I.e. there exists a ruling of the compact divisors such that the intersection C = S1 ∩ S2 between two of
them is a fiber for both S1 and S2. Hence C can be shrunk while keeping the volumes of S1 and S2 finite.
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SCFT in the singular geometric limit. If more than one such ruling is present, multiple 5d
low-energy theories flow to the same 5d SCFT, and are thus said to be UV dual.

Most notably, the 5d Coulomb branch can be studied employing the crepantly resolved
phase of X. In particular, the prepotential of the effective theory can be computed via the
triple intersection numbers of the compact divisors.

A strikingly different picture holds for the Higgs branch: it corresponds to deformations
of the singularity X, that are encoded by normalizable 3-forms. Consequently, M2-branes
wrapped on the dual 3-cycles produce instantons that must be taken into account in order
to characterize the Higgs branch [23].

2.3 Geometric engineering on CY4

The clear-cut dictionary between geometrical and physical data that has emboldened the
progress in the 5d geometric engineering setting, gets murkier and much less understood
in the context of M-theory on CY4 with canonical singularities, that corresponds to 3d
N = 2 theories T3d.

Let us start by recalling the (mostly trivial) undisputed facts on M-theory geometric
engineering on CY4. One can, mimicking the CY3 case, tentatively work in the crepantly
resolved phase f : Y → X of a Calabi-Yau fourfold X, that in general produces compact,
as well as non-compact, 6-cycles, 4-cycles and 2-cycles.

• In a chosen resolved phase, the rank of the 3d theory is given by the number of compact
divisors (6-cycles) produced by the crepant resolution. This comes from the reduction
of C3 on the 2-forms that are Poincaré duals of the 6-cycles. Hence:

rank(T3d) = dim H6(Y, Z). (2.7)

Similarly, the reduction of C3 on the Poincaré duals of non-compact 6-cycles corresponds
to the generators of the flavour symmetry of T3d. These can be counted as:

rank(flavor(T3d)) = dim H2(Y, Z)− dim H6(Y, Z). (2.8)

Notice that expression (2.8) only accounts for the factors of the flavor symmetry that are
openly visible in the singular (or resolved) geometry. In general, other than non-abelian
completions in the IR, there might be further rank enhancement due to effects related
to the G4 flux.6

• M2-branes wrapped on compact 2-cycles give rise to BPS particles in T3d. Pinpointing
their representation under the 3d Lorentz group is crucial in order to understand to
which supersymmetric multiplet they belong.

6E.g. consider the setting involving a CY4 with a singular compact curve, supporting ADE singularities.
Blowing up the singularities and threading the G4 flux on the resulting P1-fibered 4-cycles produces a spectrum
of matter multiplets, with a flavor symmetry of suitable rank acting on them. Such symmetry is not visible
from the presence of non-compact 6-cycles. We stress that these setups will not occur in our main classes of
fourfold singularities of sections 6 and 7.

– 6 –



J
H
E
P
0
3
(
2
0
2
5
)
1
6
0

The most relevant difference with respect to the threefold case is that the 3d theory engineered
by a fourfold generically receives quantum corrections from M5-branes wrapped on compact
divisors. This makes identifying its features a highly non-trivial task. Furthermore, it is
unclear what is the physical role played by the 4-cycles in the resulting 3d theory. M2-branes
wrapped on cycles in the second homology of the 4-cycles can give rise to BPS states: these
are tightly related to BPS invariants encoded in the Gopakumar-Vafa (GV) and Donaldson-
Thomas (DT) theories, as pioneered by [24], and that have recently attracted a substantial
deal of attention in the mathematical community. For a selection of the latest works in this
area, see e.g. [25–41]. In a related fashion, in these settings one must take great care in
analyzing the impact of the four-form flux G4. Indeed, different choices of the background
G4 can produce radically different spectra in the underlying effective theory [42–46]. In
addition, M5-branes can wrap generic 4-cycles producing tensionless strings in 3d in the
vanishing volume limit.

Nonetheless, despite these hints, a thorough physical 3d interpretation of the 4-cycles
in Calabi-Yau fourfolds is, at present, lacking.

Slightly more can be said about the role of 2-cycles that do not sit inside 6- or 4-cycles.
M2-branes wrapping these cycles give rise to BPS states in the resulting 3d theory, that can
be identified with chiral multiplets. We will provide a physics argument for this statement
in later sections, after we have introduced an interesting class of Calabi-Yau fourfolds that
precisely displays such 2-cycles.

3 Terminal singular Calabi-Yau threefolds

Before delving into the CY4 case, we list some facts about terminal singularities in the more
familiar CY threefolds. As we have previously mentioned, they are isolated points, and
in general they might or might not admit a crepant resolution. If they do, it is a small
resolution, which produces a collection of 2-cycles as exceptional set. A chief example of
these singularities, often used as template in the physics community, is the conifold. It can
be represented as a quadratic equation in C4:

x2 + y2 + z2 + w2 = 0 ⊂ C4. (3.1)

As excellently reviewed in [47], the conifold admits two crepant small resolutions related by a
flop transition, that replace the singular point with a single P1. Wrapping a M2-brane on such
P1 produces a hypermultiplet in the effective theory along the 5 directions transverse to the
conifold, that becomes massless in the singular limit, when the volume of the 2-cycle goes to
zero. It has been proven by Reid (see [11], Theorem 3.2) that all terminal CY3 singularities
are of compound Du Val (cDV) form, which means that they are a one-complex-parameter
deformation of Du Val singularities (also known as Kleinian or ADE singularities). Indeed,
notice that the conifold can be seen as a family of A1 singularities deformed by the complex
parameter w. In general, cDV singularities are hypersurfaces in C4 that take the form:

Pg(x, y, z) + wh(x, y, z, w) = 0, (3.2)

– 7 –
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with h an holomorphic function and Pg(x, y, z) = 0 is the usual presentation of the ADE
singularities:

PAk
= x2 + y2 + zk+1 ,

PDk
= x2 + zy2 + zk−1 ,

PE6 = x2 + y3 + z4 ,

PE7 = x2 + y3 + yz3 ,

PE8 = x2 + y3 + z5 .

(3.3)

Isolated cDV singularities admitting a quasi-homogeneous action have been classified in [48],
and the related 5d SCFTs have been extensively studied in [49–51].7 In general, they give
rise to 5d theories with empty Coulomb branch and a collection of hypermultiplets, that
can be either charged or uncharged under some abelian continuous or discrete flavour group.
This can be proven noticing that they admit small resolutions with a collection of P1’s as
exceptional set: the analysis of the spin of localized M2-branes carried out in [53] shows
that these give rise to 5d hypermultiplets. Charged states under some U(1) flavor group
correspond to M2-branes wrapped on the exceptional P1’s, while uncharged states come from
M2-branes localized at non-resolvable singularities [52, 54].

Why are terminal singularities relevant to the geometric engineering program? Their
importance can be nicely summarized recalling a theorem by Reid (see [11], Theorem 3.2),
that we quote verbatim:

Theorem 2. If X is a threefold with canonical singularities then there exists a crepant partial
resolution f : Y → X where Y has only terminal singularities.

In other words, terminal threefold singularities can appear as leftover singularities of
CY3, even after performing a crepant partial resolution that has inflated a collection of
compact divisors. Of course, terminal singularities do not modify the Coulomb branch of
the 5d theory resulting from M-theory geometric engineering, but in general affect its Higgs
branch. Thus, it is paramount to characterize them in detail. We will come back to this
point shortly, when dealing with the less familiar fourfold case.

4 Terminal singular Calabi-Yau fourfolds

In the preceding sections we have introduced the generic features of the crepant resolution of
a Calabi-Yau fourfold X. We have seen that the presence of compact divisors in the resolved
phase yields challenging issues that hinder a rigorous understanding of the 3d effective theory,
due to instantonic corrections coming from wrapped M5-branes.

Therefore, from this point on we choose to exclusively devote our attention to terminal
fourfold singularities, namely Calabi-Yau fourfolds that admit crepant resolutions with at
most 4- or 2-cycles. These play a role that is akin to the terminal threefold singularities,
namely they appear as leftover singularities in CY4, after crepant partial resolutions that
produce 6-cycles as exceptional sets.

In this section we collect, in a physically-oriented mindset, the state of the art of the
mathematical knowledge about terminal CY4, paying extra care about the features of their
crepant resolutions.

7Their role is crucial also in F-theory constructions, as highlighted in [52].
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CY4 terminal singularities

Isolated & Complete Intersection Isolated & Non-complete Intersection

Non-isolated & Complete Intersection Non-isolated & Non-complete Intersection

Table 1. Schematic summary of terminal CY4.

As a first, it is useful to pictorially represent the overarching relations that organize
Calabi-Yau fourfolds with terminal singularities. Because of Theorem 1, terminal Calabi-Yau
fourfolds can possess either isolated singular points or singular curves. Besides, for each of
these cases, one can construct terminal CY4 that are complete intersections, or that are
non-complete intersections. As is natural to expect, more leverage is available for complete
intersection cases, as well as for toric ones. See table 1 for a visual recap of the possible
cases: we will come back to it in due time, adding relevant information about the features
of each class of singularities.

4.1 Terminal isolated singular Calabi-Yau fourfolds

We start by dealing with isolated terminal CY4.

4.1.1 Complete intersection case

The analysis of terminal isolated singular CY4 is relatively straightforward in the complete
intersection case. Indeed, the following theorem holds [13]:

Theorem 3. If X is a complete intersection CY4 with terminal isolated singularities, then it
takes one of the two following forms:

• X is a hypersurface in C5. Furthermore, it is either a double or triple point.

• X is a complete intersection of two double hypersurfaces in C6.

An explicit classification of the above cases is, to the best of our knowledge, still missing.
Nonetheless, their resolutions can be completely characterized, thanks to Samuel’s conjecture,
proven by Grothendieck in [55]:

Theorem 4. If X is a complete intersection CY4 with terminal isolated singularities, then it
does not admit any small resolution.

At first sight, Theorem 4 seems to imply that complete intersection CY4 with terminal
isolated singularities bear no interesting physical content, as there is no 2-cycle along which
M2-branes can be wrapped. As the threefold case has amply demonstrated [49, 56], though,
this is not entirely correct. Indeed, M2-branes can still give rise to uncharged chiral multiplets
in 3d, as we will concretely see in section 6.

4.1.2 Non-complete intersection case

Samuel’s conjecture can be easily escaped by considering non-complete intersection terminal
isolated CY4. These generically admit a small resolution, and the simplest examples can be
drawn from the zoo of toric geometry. A toric CY4 is described by a fan in Z4, whose elements
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(a) (b)

Figure 2. Toric fans for examples of terminal isolated toric CY4. The resolved phase of case (a) is
O(−1,−1)⊕O(−1,−1)→ P1 × P1, case (b) is O(−1)⊕O(−2)→ P2.

have endpoints on a common 3d sublattice. In order for the singularity to be isolated, the
toric diagram cannot have parallel edges along the same line, as these would give rise to
surfaces of singularities, as well as external non-triangular faces, because they would produce
lines of singularities corresponding to the shape of the face, if the latter is interpreted as
a toric diagram for a CY3.8 Thus, one is left with possibilities such as the local cone over
P1 × P1, or over P2, that we represent in figure 2(a) and 2(b), respectively.

By construction, these cases admit a small crepant resolution that produces a 4-cycle
as exceptional set (a P1 × P1 or a P2, respectively).

Further examples of terminal fourfold singularities that are not complete intersections
can be displayed employing orbifold singularities of the type C4/G, with G ⊂ SL(4, C).
In particular, Theorem 2.1 of [57] shows that choosing G as a suitable cyclic group, the
corresponding orbifold singularity is isolated and terminal. It is also non-complete intersection,
thanks to a Theorem by [58], which proves:
Theorem 5. All CY4 of the form C4/G, with G an abelian subgroup of SL(4, C), and that
can be written as complete intersections in some affine space, are not terminal.

There exist also non-abelian subgroups of SL(4, C) that produce terminal isolated singular
fourfolds [57], although it is still unclear whether they can be represented as a complete
intersection.

Final remarks on isolated terminal CY4. We have seen that complete intersection
cases do not admit a small resolution, and that non-complete intersection cases can admit
a small resolution with 4-cycles as exceptional set.9 The following question then naturally
arises: do terminal isolated CY4 admitting a small resolution with only 2-cycles in the
exceptional set exist? It turns out that the answer is negative, thanks to a theorem dating
back to the work of Laufer10 [59]:
Theorem 6. If X is a CY n-fold with an isolated singularity at the point P , admitting a
small crepant resolution f : Y → X, such that f−1(P ) is one-dimensional and irreducible,
then n = 3 and f−1(P ) is a P1.11

8E.g. a square face produces a line of singularities of conifold type.
9We are not aware of any example of non-complete intersection fourfold singularity that does not admit

any resolution, even a small one.
10We thank Andreas P. Braun for bringing this result to our attention.
11A slightly relaxed version of the theorem that does not require irreducibility, predicts that the exceptional

fiber can be a collection of P1’s, as it happens in a plethora of isolated cDV threefold cases.
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Isolated terminal CY4

Complete intersection Non-complete intersection

Hypersurfaces in C5 or complete intersections in C6 Orbifolds of C4, toric geometry, etc. . .

Never admit crepant resolutions Some cases admit small crepant resolution with 4-cycles

Table 2. Properties of isolated terminal CY4.

Laufer also predicted the normal bundles of said P1, thus classifying simple flops. For
our aims, Theorem 6 excludes the existence of terminal isolated CY4 with only 2-cycles in
the exceptional set. Let us summarize the main features of terminal isolated CY4 in table 2.

4.2 Terminal non-isolated singular Calabi-Yau fourfolds

In analogy with the Calabi-Yau threefold case, much less is known about non-isolated fourfold
singularities, and attempts at classifying them become even harder. In the fourfold case,
Theorem 1 implies that non-isolated terminal singularities can appear only on curves, and not
on surfaces. In order to understand the general features of these singularities, the following
theorem by Reid provides useful resources:

Theorem 7. If X is a CY n-fold with canonical singularities, then so has its general
hyperplane section.12

Theorem 7 is equivalent to the statement that the CY n-fold locally looks like the
Cartesian product of C with a canonical singularity of dimension n− 1, except possibly for a
finite set of dissident points (see [12], Theorem 1.14), where the singularity can enhance.

Let us flesh out the consequences of Theorem 7. For the n = 3 case, this entails that
up to dissident points the Calabi-Yau locally looks like C×ADE, as ADE singularities are
the only canonical singularities in dimension 2. The simplest non-trivial example one can
think of is the intersection of two A1 singularities:13

X : x2 + y2 = z2w2 ⊂ C4. (4.1)

We see that (4.1) has two singular lines at:

x = y = z = 0, x = y = w = 0. (4.2)

Notice that, along the singular lines (4.2), but far from the intersection point x = y = z =
w = 0, the threefold looks like C× A1. Indeed, e.g. along the line x = y = z = 0 the local
description of the threefold reads:

X : {x2 + y2 = z2} × Cw. (4.3)
12Namely, the theorem holds for the intersection of X with a generic hyperplane of the ambient space, except

for possibly a finite set of hyperplanes. E.g. for the conifold case x2 + y2 + z2 + w2 = 0, the intersection with
the ambient space hyperplane w = 0 is a A1 singularity. For further details, we refer to Definition 2.5 of [12].

13Or, also, a non-compact line of A1 singularities enhancing to A2 on a dissident point, as in the threefold
x2 + y2 = z2w. We stick to the example in the text for the sake of symmetry between the two lines, although it
is by no means necessary. We will follow the same philosophy later in the text, when discussing the CY4 case.
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Near the origin, instead, the singularity enhances to A3, as both z and w are infinitesimals:

X : x2 + y2 = z2w2|z∼λ,w∼λ → x2 + y2 = λ4. (4.4)

As is well-known, the 5d SCFT engineered from M-theory on (4.1) is composed of hyper-
multiplets charged under the flavor su(2) ⊕ su(2) [60].

For the n = 4 case, Theorem 7 has two consequences:

• if the singular locus is a line, then locally the fourfold looks like C × canonical CY3,
except for dissident points.

• if the singular locus is a surface, then locally the fourfold looks like C2×Du Val, except
for dissident lines and points;14

In this work, we are especially interested in studying terminal CY4 singularities. We will
hence concentrate on the case in which the CY4 admits at most singular lines, further
requiring that they support terminal CY3. We will show that in the classes of singularities
that we will introduce in sections 4.3 and 4.4 this automatically guarantees that the resulting
CY4 is terminal.

It is worth pointing out that this approach enables us to harness the knowledge accumu-
lated in recent years about canonical CY3 in order to construct novel examples of terminal
CY4. Of course, our aim in studying terminal CY4 is to construct physically interesting
3d N = 2 theories via M-theory geometric engineering. Therefore, when working with
non-isolated singularities, we wish to focus on cases that display an intersection of at least
two lines of singularities, following precisely the same philosophy of the example (4.1). In
such fashion, one builds a terminal CY4 with at least two intersecting singular lines, that
locally looks like (C× canonical CY3) far from the intersection point, and displays a dissident
point at the intersection, where a non-trivial 3d N = 2 theory might lie.

This is the appropriate moment to update our schematic summary of CY4 terminal
singularities, collecting their features in table 3.

In the next two sections, we finally reap the fruits of this general recap focused on
terminal Calabi-Yau fourfolds, introducing two classes of terminal CY4, respectively isolated
and non-isolated, that are amenable to a thorough physical analysis. We proceed in steps of
increasing intricacy: first we introduce a class of isolated singularities that admit no small
resolution, and then a class of non-isolated singularities allowing a small resolution with
a collection of P1’s as exceptional set.

4.3 A class of isolated singular Calabi-Yau fourfolds

In this section, we introduce a class of fourfold terminal singularities that are prone to a
detailed physical investigation. A subset of these appeared in the pioneering work of [9], even
though within a different context. Another single example was studied in the mathematical

14This can be easily seen e.g. considering a canonical CY4 with lines of singularities supporting canonical
CY3 that are also singular along lines, thus producing surface singularities in the CY4. Applying Theorem 7
to such canonical CY3 then shows that the fiber of the surface singularity in the CY4 is necessarily a Du Val
singularity, apart form dissident lines and points.
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CY4 terminal singularities

Isolated & Complete Intersection Isolated & Non-complete Intersection

No small crepant resolution Might admit small crepant resolution
with exceptional 4-cycles

Non-isolated & Complete Intersection Non-isolated & Non-complete Intersection

Might admit small crepant resolution
with exceptional 2-cycles and 4-cycles

Table 3. Updated schematic summary of terminal CY4.

literature in [61] with eyes on flip transitions. In this work, we introduce a full characterization
of this class and examine it from a novel physical perspective.

In order to define our class of terminal isolated CY4, we start from the well-known cDV
threefold case, that we have briefly reviewed in section 3. The isolated quasi-homogeneous
cDV threefolds are hypersurfaces in C4 built as one-parameter deformations of a Du Val
singularity labelled by the Lie algebra g ∈ ADE:

cDV threefolds: Pg(x, y, z) + wh(x, y, z, w) = 0, (4.5)

that admit a quasi-homogeneous action with weights (ωx, ωy, ωz, ωw):

(x, y, z, w)→ (λωxx, λωy y, λωz z, λωww). (4.6)

These have been completely classified in [48]: it turns out that only a finite number of families,
each comprising infinite inequivalent singularities, exist. A notable example is the Reid
pagoda [62], that reduces to the conifold in the k = 1 case:

x2 + y2 + z2k + w2 = 0. (4.7)

It is natural to ponder whether a similar classification is achievable by considering
two-parameter complex deformations of ADE singularities. Of course, this would produce
a Calabi-Yau fourfold. Hence, we wish to classify quasi-homogeneous isolated singularities
of the form:

ccDV fourfolds: Pg(x, y, z) + h(x, y, z, w, t) = 0, (4.8)

where w and t are complex parameters, and h is a holomorphic function satisfying h(x, y, z, 0, 0)
= 0. Abusing notation, and for the sake of briefness, one might baptize them compound-
compound-Du-Val (ccDV) fourfolds. The C∗ quasi-homogeneity acts as:

(x, y, z, w, t)→ (λωxx, λωy y, λωz z, λωww, λωtt), (4.9)

and leaves the hypersurface (4.8) invariant up to a scale. For the sake of concreteness, the
simplest example one can construct is a one-parameter deformation of the conifold:

x2 + y2 + z2 + w2 + t2 = 0 ⊂ C5, (4.10)

which is manifestly isolated.
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The most efficient method to classify quasi-homogeneous ccDV isolated singularities has
been introduced by [63] and reviewed by [48]. With no loss of generality, we can set the
coordinate system such that the isolated singularity lies at the origin x = y = z = w = t = 0.
The algorithm of [63] allows to determine the necessary conditions for a hypersurface equation
of the form (4.8) to possess a isolated singularity at the origin. The criterion is as follows:
in order not to produce a singularity along the xi line, with xi one among x, y, z, w, t, the
hypersurface (4.8) must possess at least one monomial of the form:∏

j

x
kj

j , with
∑

j

kj − ki ≤ 1. (4.11)

It turns out that the condition (4.11) is extremely constraining. Applying it carefully, it is
straightforward to classify all inequivalent15 quasi-homogeneous isolated singularities of the
form (4.8), that are collected in table 4. It is relevant to point out, as recalled by [9], that
a Theorem by Tian and Yau [64] guarantees that the isolated ccDV singularities in table 4
possess an asymptotically conical Calabi-Yau metric.

Notice that, despite being much richer than the threefold case, the ccDV fourfolds still
come in a finite number of families (each with infinite inequivalent singular family members).
Furthermore, by virtue of Theorem 4, they never admit a small resolution. We remark a
relevant fact: despite carving out a large subset of fourfold singularities admitting no crepant
resolution, the quasi-homogeneous ccDV isolated fourfolds do not exhaust all the possible
cases. Indeed, as a consequence of Theorem 3, one can build, e.g., triple points that cannot
be crepantly resolved, such as the famous example exhibited by Reid in [11]:

x3 + y4 + z4 + w6 + t6 = 0. (4.12)

We will make clear the relevance of ccDV singularities for the physics of 3d N = 2 theories
in section 6. Before delving into the applications, in the next section we introduce a class of
non-isolated fourfold terminal singularities, that is equally amenable to a physics-oriented
analysis.

4.4 A class of non-isolated singular Calabi-Yau fourfolds with exceptional curves

In the previous section we have introduced a class of fourfold singularities that can be thought
of as the natural generalization to the fourfold setting of the conifold and of quasi-homogeneous
cDV isolated threefold singularities. We have also seen that these Calabi-Yau fourfolds do not
admit any crepant resolution. The next natural step is to ponder whether we can construct
any singular CY4 that admits crepant resolutions with only 2-cycles in the exceptional set.
Physically, these singularities would be particularly appealing: no instantonic corrections
appear, because no compact 6-cycles are there, and no subtlety due to the G4 flux arises,
because of the lack of compact 4-cycles. At the same time, interesting physics can sprawl
from wrapping M2-branes on the 2-cycles.

As we have recalled in Theorem 6, no singular isolated CY4 giving rise to an exceptional
2-cycle can exist. Hence, we are forced to recur to non-isolated singular CY4. The inspiration

15As it happens in the threefold case, a singularity from a family may be equivalent to one of another family.
Crucially, though, not all the singularities from a family can be interpreted as singularities from other families,
thus making the two classes sensibly distinct.
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ADE algebra CY4 singularity

An

x2 + y2 + zn+1 + wk + tj = 0
x2 + y2 + zn+1 + zwk + tj = 0

x2 + y2 + zn+1 + zwk + wtj = 0
x2 + y2 + zn+1 + twk + tj = 0

x2 + y2 + zn+1 + twk + wtj = 0

Dn

x2 + zy2 + zn−1 + wk + tj = 0
x2 + zy2 + zn−1 + ywk + tj = 0

x2 + zy2 + zn−1 + ywk + wtj = 0
x2 + zy2 + zn−1 + wk + wtj = 0
x2 + zy2 + zn−1 + twk + wtj = 0

E6

x2 + y3 + z4 + wk + tj = 0
x2 + y3 + z4 + zwk + tj = 0
x2 + y3 + z4 + ywk + tj = 0
x2 + y3 + z4 + ywk + ztj = 0
x2 + y3 + z4 + twk + wtj = 0
x2 + y3 + z4 + wk + wtj = 0
x2 + y3 + z4 + zwk + wtj = 0
x2 + y3 + z4 + ywk + wtj = 0

E7

x2 + y3 + yz3 + wk + tj = 0
x2 + y3 + yz3 + zwk + tj = 0

x2 + y3 + yz3 + zwk + wtj = 0
x2 + y3 + yz3 + wk + wtj = 0
x2 + y3 + yz3 + twk + wtj = 0

E8

x2 + y3 + z5 + wk + tj = 0
x2 + y3 + z5 + zwk + tj = 0
x2 + y3 + z5 + ywk + tj = 0
x2 + y3 + z5 + ywk + ztj = 0
x2 + y3 + z5 + twk + wtj = 0
x2 + y3 + z5 + wk + wtj = 0
x2 + y3 + z5 + zwk + wtj = 0
x2 + y3 + z5 + ywk + wtj = 0

Table 4. Classification of quasi-homogeneous isolated ccDV fourfold singularities. n, k, j are non-
negative integers.

to build the appropriate CY4 comes from the non-isolated threefold cases, such as the
suspended pinch point:

x2 + y2 = zkwk, (4.13)

where k is an integer. Notice that an alternative way to think of (4.13) is as a base-change
applied to a Ak−1 singularity: x2 + y2 = ak

a = zw
. (4.14)
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It is easy to see that (4.14) displays two non-compact lines of singularities of type Ak−1 along
x = y = z = 0 and x = y = w = 0. At the intersection point the singularity enhances to
A2k−1. In a local patch far from the intersection point, the singularity looks like C×Ak−1,
and therefore the exceptional set of its small crepant resolution is identical to the exceptional
set of Ak−1, fibered over a complex line. The only non-trivial fiber of the resolution of (4.14)
can occur on top of the origin. A suitable small resolution is easily performed blowing up a
Weil non-Cartier divisor, and it produces a collection of 2k − 1 P1’s arranged like the A2k−1
Dynkin diagram on the fiber above the origin.

In a completely analogous fashion, we can construct a CY4 with non-isolated singularities
that intersect at a point, where the singularity is possibly enhanced. This time, as we wish to
produce only 2-cycles in the exceptional set, the starting point is not a Du Val singularity, but
rather a cDV singularity. Let us clarify this statement with an example. We can start from a
cDV singularity, such as the famous Reid’s pagoda [62], and apply a base-change à la (4.14):x2 + y2 = z2k − a2

a = wt
. (4.15)

Clearly, (4.15) sports two lines of singularities at:

x = y = z = w = 0, x = y = z = t = 0. (4.16)

Locally, near a generic point of the singular lines, (4.15) looks like C times the cDV threefold
singularity x2 + y2 = z2k− a2. Thus, a crepant resolution of these non-singular lines produces
an exceptional set that is identical to the exceptional set of x2 + y2 = z2k − a2, fibered over
a complex line. At the intersection of the two singular lines, instead, the singularity may
enhance. Therefore, it is left to check that the dissident point of (4.15) produces only 2-cycles
as an exceptional set. We can perform the resolution explicitly. As a first step rewrite (4.15) as

uv = (zk + wt)(zk − wt), (4.17)

and blow up the Weil non-Cartier divisor u = zk + wt = 0. In one of the charts the blow
up looks like: 

u = µ1

zk + wt = µ1µ2

uv = (zk + wt)(zk − wt)
. (4.18)

Throwing out spurious equations the proper transform of (4.17) is then:

zk + wt = µ1µ2. (4.19)

Notice that, by a simple change of variables, (4.19) is precisely of the form:

x2
1 + x2

2 + xk
3 + x2

4 + x2
5 = 0, (4.20)

which is an isolated quasi-homogeneous ccDV singularity, that we have extensively analyzed
in the previous section, appearing in table 4. As we have seen, the fourfold in (4.20) has an
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smooth︷ ︸︸ ︷ smooth︷ ︸︸ ︷

︸ ︷︷ ︸
singular

w
=

0 t =
0

Figure 3. Small partial crepant resolution of (4.17). Notice that outside the intersection point the
resolved fourfold is smooth. At the intersection, there remain two singular non-resolvable points
located on the north and south pole of the partially resolved fiber.

isolated singularity at the origin that admits no crepant resolution. In the other chart the
picture is identical, namely we obtain another leftover singularity of type (4.20).

Let us summarize the result: the singular fourfold (4.17) admits a small partial resolution
that completely resolves it outside the origin, where the exceptional set is a single P1. Thus,
outside the origin the resolved fourfold (4.17) looks like C times the resolved threefold
x2 + y2 = z2k − a2. On top of the origin the small partial resolution inflates a P1 which is,
however, not smooth. Indeed, two singular points of type (4.20) sit on top of the north and
south poles. The pictorial result of the resolution is schematically represented in figure 3.

All in all, the singularity (4.15) cannot be completely resolved, as two points that admit
no crepant resolution are left as a result of the small partial resolution. This will be key
to keep in mind for correctly assessing the physical content of the 3d N = 2 theory arising
from M-theory geometric engineering on (4.15).

We plan on extracting it in the two upcoming sections.
Before doing so, let us mention the obvious generalizations of (4.15): one can pick any

A singularity as a starting point, and apply a non-trivial base change. A more general
case of type A is:

x2 + y2 = zk + wn1tn2 . (4.21)

It has two lines of singularity on x = y = z = w = 0 and x = y = z = t = 0, and
its resolvability depends on the specific choice of n1 and n2. In general, one expects that
outside the origin the resolution looks like C times the resolved threefold that lies along
the corresponding singular line. On the origin, additional singular isolated points of type
A, classified in table 4, can appear. This shows a beautiful nested singularity structure
that was absent in the threefold case: one can construct CY4 with non-isolated singularities
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that locally look like the product of a complex line with a canonical cDV threefold; at the
intersection point of the non-compact lines, a phenomenon intrinsic to fourfold can arise, as
nested isolated singularities of the type appearing in table 4 can be leftover.

A last option appears by moving away from the A cases, namely considering constructions
of type (4.15) where the first equation is a cDV threefold built as a deformed D or E6, E7, E8
singularity. In this case, one might expect something fancier to happen at the dissident
point, such as the appearance of higher-dimensional cycles in the exceptional set. It is easy
to prove, though, that this is not the case. Let us briefly sketch our argument here: all
the singular CY4 we are constructing are ccDV singularities, namely they are devised as
two-parameter deformations of some Du Val singularity labelled by g ∈ ADE. Therefore,
they can be interpreted via the theory of Springer resolutions. For a review of its salient
points, we refer to [65, 66]. The key fact that we need here is that, thanks to a theorem by
Brieskorn, every ccDV singularity can be seen as the intersection of the Slodowy slice through
the subregular nilpotent orbit of g with the fibers of the map that encodes the Casimirs of
g, with a suitable change of basis acting on the Casimirs. Then, the Grothendieck-Springer
theorem guarantees that the resolution of such singularity admits at most exceptional P1’s,
up to possible isolated non-resolvable singularities. In other words, the complex dimension
of the Springer fibers is at most one.

The upshot of the preceding argument is that ccD and ccE Calabi-Yau fourfolds with
two lines of non-isolated singularities intersecting at the origin behave analogously as ccA
singularities of the same kind: they might admit a small resolution that inflates a collection
of P1’s on top of every singular point, up to isolated singularities of the type appearing in
table 4 sitting on the fiber above the origin. We outline a recipe for their crepant resolution
in appendix A, and leave an extended analysis of their features for future work.

5 Tachyon condensation formalism

In order to concretely analyze the 3d N = 2 theories that arise from M-theory geometric
engineering on ccDV fourfolds, we will make ample use of the formalism furnished by tachyon
condensation [22, 67–69]. In this section, we quickly review its landmark features, with an
eye to our needs for the subsequent sections.

We wish to map our M-theory configurations on a Calabi-Yau fourfold background to a
Type IIA picture involving D6-branes. In order to do that, consider a stack of D8-branes
equipped with a vector bundle E and a stack of anti-D8-branes equipped with a vector
bundle F . The bifundamendal strings stretching between the two stacks are encoded by
the tachyon map T :

F E.T (5.1)

Whenever T acquires a non-trivial vev, tachyon condensation is kicked off: the D8 and
anti-D8 stacks collide and annihilate, possibly leaving a D6-brane remnant that survives the
annihilation. Such remnant lies along the cokernel of the map T :

0 F E coker(T ) 0.T (5.2)
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The simplest case is triggered if T is the identity map: in this case the annihilation is complete
and there is no remnant. If the profile of T is less trivial, its cokernel is non-empty and
denotes a sheaf that is supported over the D6-branes locus ∆, defined as:

∆ : det(T ) = 0. (5.3)

In this case, it is convenient to denote the D6-brane locus via the two-term complex (5.1).
Naturally, the gauge bundles on the D8 and anti-D8-brane stacks induce a redundancy

on the tachyon vev, acting from opposite sides:

(5.4)

The gauge symmetry preserved on the D6-brane stack is given by the transformations in (5.4)
that stabilize T .

As first introduced in [67] and reviewed in [56] in the arena of cDV threefolds, we wish
to study the spectrum of open strings stretching between the D6-branes. This will allow us
to characterize the 3d N = 2 theory lying at the intersection of the branes. We refer to the
above-mentioned works for the full details of this construction.

From the point of view of the D6-brane complex, open strings modes are captured
by Ext1(cokerT, cokerT ). Diagramatically, this corresponds to the map δT between the
D6-brane complexes:

F E

F E

δT

T

T

(5.5)

Taking into account the gauge redundancy, we obtain:

F E

F E

GD8
δT

T

GD8

T

(5.6)

Therefore, the map δT is defined up to linearized gauge transformations:

δT ∼ δT + T · gD8 + gD8 · T . (5.7)

In the next section we put this technology into use, applying it to the case of ccDV
Calabi-Yau fourfolds.

6 3d N = 2 theories from isolated Calabi-Yau fourfolds

In this section we set on exploring M-theory geometric engineering on the class of singularities
introduced in section 4.3: our main technical tool is the tachyon condensation formalism
sketchily reviewed in section 5.
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6.1 Simple example of isolated CY4 singularity

Let us start with the an illustrative example, namely the fourfold hypersurface singularity

x2 + y2 + z2 + w2 + t2 = 0 ⊂ C5. (6.1)

Notice that (6.1) is the simplest singular one-parameter deformation of the conifold. As we
have seen, owing to Theorem 4, it does not admit any crepant resolution. Nonetheless, we
will momentarily show that the effective 3d N = 2 theory generated by M-theory on (6.1)
displays a non-trivial physical content. In order to manifestly see so, let us describe (6.1) via
tachyon condensation. As a first step, rewrite (6.1) applying a trivial change of variables:

uv = z2 + w2 + t2. (6.2)

The form (6.2) is particularly helpful to highlight the following C∗-action:

(u, v, z, w, t)→ (λu,
v

λ
, z, w, t). (6.3)

The action (6.3) allows us to take the Type IIA limit of M-theory on (6.2), by reducing
on the S1 contained in the C∗. The locus where this action degenerates dictates where the
D6-branes in the Type IIA configuration lie, namely:

∆ = z2 + w2 + t2 = 0. (6.4)

It is crucial to remark that (6.4) is a single irreducible D6-brane, namely it admits no
factorization in terms of simpler D6-branes. Nonetheless, the world-volume of the D6-brane
is singular at a point in codimension 3 (complex) in C3

z,w,t. It is precisely at this special
point that a 3d N = 2 theory dwells.

We wish to discover whether any physical massless mode is localized at the singular point.
To this end, it is particularly apt to describe the D6-brane (6.4) via the tachyon condensation
technology. Hence, we introduce a stack of 2 D8-branes and 2 D8-branes, connected by
the tachyon map specified by the complex:

O⊕2 O⊕2.T (6.5)

The tachyon map is explicitly defined as an element in GL(2, C):

T =
(

z + iw t

−t z − iw

)
. (6.6)

Notice that T has a non-trivial cokernel, and thus the condensation of the D8-D8 system
leaves a D6-brane remnant on the locus:

∆ : det(T ) = z2 + w2 + t2 = 0, (6.7)

which is precisely the brane locus encoded by the fourfold singularity (6.1). In order to extract
the physical spectrum, we must consider fluctuations of the tachyon (6.6), appropriately
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modding out by gauge redundancies, as summarized by the diagram (5.6). In our example,
the fluctuations read:

O⊕2 O⊕2

O⊕2 O⊕2,

GD8
δT

T

GD8

T

(6.8)

with GD8 and GD8 elements in SL(2, C). Effectively, this amounts to modding out by
linearized gauge transformations gD8 and gD8 as in (5.7):

δT ∼ δT + T · gD8 + gD8 · T , (6.9)

where in this specific example gD8 and gD8 are generic elements of sl(2, C):

gD8 =
(

g11 g12
g21 −g11

)
, gD8 =

(
g11 g12
g21 −g11

)
. (6.10)

The fluctuations of the tachyon can be parameterized (without loss of generality) as:

δT =
(

δ1 δ2 + δ3
δ2 − δ3 −δ1

)
. (6.11)

Most importantly, notice that the elements GD8 and GD8 that stabilize the tachyon are trivial:

Stab(T ) = {1}. (6.12)

Namely, all the symmetry that acts on the D8-D8 stack, and that would be interpreted as
a flavor symmetry from the perspective of the theory sitting at the origin of the D6-brane
locus, is broken once the tachyon profile (6.6) is triggered. This in turns implies that the 3d
N = 2 theory arising from M-theory on (6.1) has no flavor symmetry.

Let us identify the physical content of the 3d theory: explicitly modding out by the
equivalence (6.9) it is easy to find that all fluctuations of the tachyon map are not localized
at the singular point u = v = z = w = t = 0, except:

δ3 ∼ δ3 + z(g12 + g21) + w(ig21 − ig12) + t(2g11). (6.13)

It is clear that employing the redundancy offered by the complex parameters g11, g12, g21,
every dependence of the fluctuation δ3 on z, w, t can be removed, effectively localizing it
at the singular point u = v = z = w = t = 0. Thus, a massless string mode is localized
at the origin of the singular fourfold (6.1). Lifting it to M-theory, we expect it to arise
from a BPS M2-brane state localized at the origin. It corresponds to a one-dimensional
complex degree of freedom: this is the telltale sign that its role in the 3d N = 2 theory
engineered by M-theory on (6.1) is played by a single chiral multiplet. Furthermore, no
scale is present in the geometry, and so it is natural to guess that the 3d N = 2 theory
at hand actually flows to a SCFT in the IR.
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We can pictorially summarize the physical relevance of this introductory example as:

M-theory on
x2 + y2 + z2 + w2 + t2 = 0

⇐⇒
3d N = 2 theory of

one uncharged chiral multiplet

As one can readily notice by the fact that the singular point cannot be resolved in a
crepant fashion, no flavor group is visible from the geometric perspective.16 This would
lead us to conclude that the 3d N = 2 chiral multiplet is not free. For the time being,
though, we cannot exclude subtler mechanisms of flavor enhancement that would indeed
conspire to justify the presence of a full-fledged free chiral multiplet in the spectrum. This
phenomenon is familiar and completely akin to the case of M-theory geometric engineering
on terminal CY3 [16, 49]: these produce 5d N = 1 theories of hypermultiplets, enjoying a
geometric flavor symmetry that is smaller than what would be anticipated for free hypers.
A satisfying explanation for both the CY3 and CY4 case is at present lacking. We will see
this phenomenon recur in all the subsequent cases analyzed in this work.

6.2 A series

In this section we present the 3d N = 2 theories engineered by the fourfold singularities of type
An from table 4, generalizing the simple example (6.1). For conciseness, we focus on the class:

x2 + y2 + zn+1 + wk + tj = 0 ⊂ C5. (6.14)

The fourfolds (6.14) have a unique isolated singular point at the origin x = y = z = w = t = 0,
and admit no crepant resolution.

Without loss of generality, suppose that n + 1 is greater or equal to k and j. Then, we
can interpret (6.14) as a two-parameter deformation of a An singularity, that can be rewritten
in such a way to make the action of C∗ manifest:

uv = zn+1 + wk + tj . (6.15)

We wish to replicate the same recipe employed in the case of the previous section, namely:

• Take the Type IIA limit of (6.15) and detect the D6-brane locus.

• Via the tachyon condensation formalism, write down the explicit form of the tachyon
for (6.15), embedding it in GL(n + 1, C).

• Compute fluctuations of the tachyon: the ones (if any) localized at the origin, correspond
to genuine modes of the 3d N = 2 theory engineered by M-theory on (6.15). We will
momentarily see that these modes correspond to uncharged chiral multiplets.

Let us show how this recipe works for a subclass of the singularities (6.14):

x2 + y2 + zn+1 + w2 + t2 = 0 ⊂ C5, (6.16)

labelled by n.
16As we have briefly reviewed in section 2.3, a non-trivial geometric flavor group requires a non-empty

H2(CY4, Z), in some resolved phase.
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According to (6.15), the D6-brane locus reads:

∆n = zn+1 + w2 + t2 = 0. (6.17)

In order to compute genuine 3d zero-modes, we must find a tachyon map Tn such that:

det(Tn) = ∆n. (6.18)

This tachyon map can be explicitly written as the following (n + 1)× (n + 1) matrix:

Tn =



z 1 0 · · · 0
0 z 1 0 · · · 0

. . .
...

... z w + it 0
...

0 1 0
. . .

0 · · · z 1
w − it 0 · · · z


. (6.19)

Notice that the tachyon map cannot be holomorphically diagonalized, nor can it even be
reduced to a block diagonal form: this is the telltale sign that no crepant (even partial)
resolution is admissible. This is of course in agreement with the much more general Theorem 4.
Physically, it is equivalent to observing that:

Stab(Tn) = {1}. (6.20)

Consequently, as in the example (6.1), no flavor group is present in the 3d N = 2 theory
engineered by Tn.

It is crucial to remark that Tn|z=w=t=0 belongs to the17 [ceiling(n+1
2 ), floor(n+1

2 )] nilpotent
orbit of An. This is needed in order to ensure that all the 3d zero-modes are accounted for.18

Once in possession of the explicit tachyon map, it is a matter of simple algorithmic
effort to compute its fluctuations:

δT ∼ δT + T · gD8 + gD8 · T , (6.21)

with gD8 and gD8 generic elements in sl(n + 1, C). Running the machine one can find that
the modes localized at the origin x = y = z = w = t = 0 are:

# of 3d modes = ceiling(n/2). (6.22)

The modes (6.22) correspond to BPS states that give rise to 3d N = 2 chiral multiplets.
Therefore:

17The “floor” function takes as input a real number and yields the greatest integer that is less than or equal
to it. “Ceiling” yields the smallest integer that is greater than or equal to it.

18Choosing a different tachyon, with the same determinant and with Tn|z=w=t=0 belonging to a different
nilpotent orbit is of course allowed by the tachyon condensation formalism. These correspond to T-brane
states that localize a smaller number of 3d zero-modes. For further details on the structure of T-branes in the
context of terminal threefold singularities see e.g. [49, 50].
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M-theory on
x2 + y2 + zn+1 + w2 + t2 = 0

⇐⇒
3d N = 2 theory of

ceiling(n/2) uncharged chiral multiplets

As we have previously noticed, no flavor group for the 3d N = 2 theory is visible from the
geometric perspective. This would substantiate the claim that the modes (6.22) do not yield
free 3d chiral multiplets. Nonetheless, unaccounted effects could enhance the rank of the
flavor symmetry to make it compatible with the presence of free chirals, as we have previously
mentioned. This puzzle has yet to be fully understood.

Analogously to the cases presented in this section, M-theory reduced on the other members
of the classes of An singularities in table 4 engineers 3d N = 2 theories of uncharged chiral
multiplets. As in our explicit examples, a simple recipe is followed in order to extract the
number of chiral multiplets: an explicit (n + 1)× (n + 1) tachyon matrix is written down, and
its fluctuations localized around the origin are computed. In order to classify the 3d theories
associated with these singularities (similarly to what was done for the 5d SCFTs arising from
threefolds in [51]), the only non-trivial step one should face, that requires a slight external
creative input, is finding the explicit form of the tachyon. We leave this task for future work.

In the next section, we tackle the ccDV isolated fourfolds constructed as deformed
Dn singularities.

6.3 D series

Addressing M-theory geometric engineering on the singularities of type D in table 4 requires
an additional tool, in order to allow the employment of tachyon condensation. As is very
familiar, orientifolds are needed in Type IIA in order to produce singularities of type D

in the dual M-theory picture.
For our purposes, we wish to describe D6-branes in the presence of orientifolds via the

tachyon condensation technology, as outlined in [70–72]. Here, we follow the presentation
that was laid down in [56] for the analogous cDV threefold context.

The D6-branes live in the space parameterized by the complex variables (ξ, w, t), and
the orientifold action is produced by a O6− plane acting as:

σ : (ξ, w, t)→ (−ξ, w, t). (6.23)

The action (6.23) naturally uplifts to the tachyon map between D8 and D8-branes. The
tachyon is defined as:

F E,T (6.24)

and its invariance under the orientifold action prescribes that

F ∼= E∨, T = −σ∗(T t), (6.25)

with the ∨ superscript indicating the dual vector bundle. Compatibility with the presence
of the orientifold dictates that the gauge redundancies on the D8/D8-branes act on the
tachyon as:

T → G · T · σ∗(Gt). (6.26)
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We are now in the right position to describe the uplift of the D6-brane locus to the full
Calabi-Yau fourfold. We construct such fourfolds as Z2-quotients of a C∗-fibration that
degenerates on the brane locus. The Z2-quotient is required in order to take into account
the orientifold projection, and it explicitly takes the form:

(ξ, w, t)→ (z := ξ2, w, t). (6.27)

The condition (6.25) implies that the tachyon can be uniquely written as:

T = A + ξS, with At = −A and St = S, (6.28)

as any term involving ξ2 can be substituted thanks to (6.27). Furthermore, it is easy to
ascertain that the double cover of the Calabi-Yau fourfold is written as:19

(x + iξy)(x− iξy) = P (ξ2, w, t). (6.29)

Notice that the C∗ acts on the two brackets in the left-hand side, while it acts trivially
on the right-hand side. Taking the quotient we finally obtain the general form for our
desired fourfold:20

x2 + zy2 + P (z, w, t) = 0. (6.30)

Of course, the orientifold plane is located at z = 0, and the D6-brane locus is where the
quadric (in y) zy2 + P (z, w, t) becomes a square, i.e. at

∆(z, w, t) = zP (z, w, t). (6.31)

The tachyon is a map that is non-invertible precisely on the D6-brane locus. Therefore:

det(T ) = ∆(ξ2, w, t) = ξ2P (ξ2, w, t). (6.32)

With the tachyon condensation toolbox at our disposal also in the presence of orientifolds,
we can tackle the ccDV singularities of type D in table 4. For the sake of conciseness, let us
display the M-theory geometric engineering analysis for the class:

x2 + zy2 + zn−1 + w2 + t2 = 0. (6.33)

Analogously to the A cases, in order to construct the tachyon we must first identify the
Z2-covariant D6-brane locus. Comparing the general form of the fourfold (6.30) with our
class (6.33), it is immediate to see that:

∆(ξ2, w, t) = ξ2(ξ2(n−1) + w2 + t2). (6.34)

The task that is now at hand resides in correctly writing down the tachyon that produces
the largest spectrum of states localized at x = y = z = w = t = 0, that correspond to
genuine 3d N = 2 modes.

19The M-theory circle must belong to the C∗ fiber uv = c. The orientifold must act as u ↔ v.
20The most generic form of such a fibration is actually x2 + zy2 + y Q(z, w, t) + P (z, w, t) = 0 and the

D6-brane locus, in this case, is ∆ = Q2 + zP .
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For the Dn ccDV singularities (6.33) the tachyon Tn is an element of O(2n, C). Besides,
a quick close examination tells us that the tachyon yielding the maximal spectrum must
also satisfy:

Tn|ξ=w=t=0 ⊂ [n, n], (6.35)

with [n, n] the corresponding nilpotent orbit of Dn.21 E.g. in the D4 case the tachyon
explicitly takes the form22

T4 =



ξ 1 0 0 0 0 0 0
0 ξ 1 0 0 0 0 0
0 0 ξ 1 0 0 0 (w+iT )

2
0 0 0 ξ 0 0 − (w+iT )

2 0
0 (w−iT )

2 0 0 ξ 0 0 0
− (w−iT )

2 0 0 0 −1 ξ 0 0
0 0 0 0 0 −1 ξ 0
0 0 0 0 0 0 −1 ξ


. (6.36)

Higher Dn cases are constructed in a completely analogous fashion. Now we wish to identify
the physical 3d N = 2 content arising from M-theory on the singularities described by the
tachyons: to this end we compute fluctuations around the tachyons by linearizing (6.26), i.e.:

δTn ∼ δTn + g · Tn + Tn · σ∗gt, (6.37)

with g ∈ so(2n, C). Modding out explicitly by this equivalence relation we find that the
tachyon Tn localizes:

# of 3d modes = floor
(

n− 1
2

)
. (6.38)

As in the cases engineered by the A series, the stabilizer of the tachyons Tn is trivial, so
that no flavor group arises in the 3d theory.

Therefore, we can summarize the picture of geometric engineering on the singulari-
ties (6.33) as:

M-theory on
x2 + zy2 + zn−1 + w2 + t2 = 0

⇐⇒
3d N = 2 theory of

floor(n−1
2 ) uncharged chiral multiplets

Notice that the number of chirals does not match the rank of the flavor group that would
be expected if they were free.

All the other classes of type D can be dealt with employing the exact same tools: the
only small hurdle along the way lies in identifying the correct tachyon. We can now safely
venture into the analysis of the exceptional cases.

21If n is even, we take the nilpotent orbit [n, n]I , in the conventions of [73].
22Notice that T takes the form T = S + ξA. However, contrary to (6.28), here we have chosen a basis such

that the matrix A is not antisymmetric but instead satisfies AI + IAT = 0 with I =
(

0n×n 1n×n

1n×n 0n×n

)
. In this

presentation S must satisfy SI − IST = 0, that is fulfilled by S = 1 in (6.36).
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Singularity Tachyon Adjoint scalar Φ(w, t) ccDV equation
A ∆ = det(T (z, w, t)) ∆ = det(z1− Φ(w, t)) x2 + y2 + ∆(z, w, t) = 0

D ∆ = det(T (ξ, w, t)) ∆ = det(ξ1− Φ(w, t)) x2 + zy2 + ∆−Pfaff2(Φ)
z + 2yPfaff(Φ) = 0

Table 5. Spectral equation for deformed A and D singularities.

6.4 Exceptional cases and the adjoint scalar approach

The investigation of the ccDV singularities of type E6, E7, E8 in table 4 presents additional
hurdles that are more of a technical nature, rather than a conceptual one. The main issue
is that no C∗-fibration can be identified in these singularities, thus preventing the analysis
from the tachyon condensation perspective. This is dual to the statement that M-theory on a
non-compact K3 with E6, E7, E8 singularities, namely 7d SYM with G = E6, E7, E8, does
not admit a description in terms of D6-branes. The way out of this conundrum was already
identified in [51, 74] with eyes set specifically on the cDV threefold cases. Thankfully, nothing
stands in the way of generalization of that method to the fourfold case. Let us quickly review
it, before examining an explicit exceptional fourfold singularity.

For the ccDV singularities constructed as deformations of A and D singularities, we
have described the corresponding D6-brane configurations via the tachyon map. The relation
between the tachyon and the brane-locus can be identified thanks to the C∗-fibration enjoyed
by such singularities, and is made explicit through the spectral equations of the form (6.7)
and (6.32). One could have reformulated this relation in the following terms: M-theory on
K3 with A and D Du Val singularities yields 7d SYM with gauge group of type A and D

respectively. In this theory, the vector multiplet hosts an adjoint scalar Φ, whose vev describes
deformations of the D6-brane stack from the type IIA perspective. The adjoint scalar Φ is of
course closely related to the tachyon: following [69], one can always rewrite the tachyon as

A case: T (z, w, t) = z1− Φ(w, t),
D case: T (ξ, w, t) = ξ1− Φ(w, t),

(6.39)

for some choice of the matrices Φ(w, t). Therefore, the spectral equations for the A and
D cases can be rewritten in full generality as:

As we have mentioned, for the exceptional cases E6, E7, E8 there is no Type IIA dual in
terms of D6-branes. Nonetheless, M-theory on such surfaces leads to 7d SYM with gauge
group of type E6, E7, E8. This also has an adjoint scalar Φ. Switching on a vev with non-trivial
profile for Φ corresponds to a deformation of the E6, E7, E8 singularity. The Casimirs of Φ can
be rigorously related to deformations of the E6, E7, E8 Du Val singularities, thus producing
ccDV singularities. Namely we could add the three rows appearing in table 6 to table 5.

For the explicit dependence of the deformation parameters µi, µ̃i, µ̂i in terms of the
Casimirs of Φ, we refer to appendix C of [51].

The localized modes can be computed as fluctuations of Φ modulo linearized gauge
transformations, i.e. φ ∈ g such that (see [49, 74])

∂φ = 0, φ ∼ φ + [Φ, g] , (6.40)

– 27 –



J
H
E
P
0
3
(
2
0
2
5
)
1
6
0

Singularity Tachyon Adjoint scalar Φ(w, t) ccDV equation

E6 ∅ µ2(Φ), µ5(Φ), µ6(Φ),
µ8(Φ), µ9(Φ), µ12(Φ)

x2 + z4 + y3 + µ2yz2 + µ5yz+
+µ6z2 + µ8y + µ9z + µ12 = 0

E7 ∅ µ̃2(Φ), µ̃6(Φ), µ̃8(Φ), µ̃10(Φ)
µ̃12(Φ), µ̃14(Φ), µ̃18(Φ)

x2 + y3 + yz3 + µ̃2y2z + µ̃6y2 + µ̃8yz+
+µ̃10z2 + µ̃12y + µ̃14z + µ̃18 = 0

E8 ∅ µ̂2(Φ), µ̂8(Φ), µ̂12(Φ), µ̂14(Φ)
µ̂18(Φ), µ̂20(Φ), µ̂24(Φ), µ̂30(Φ)

x2 + y3 + z5 + µ̂2yz3 + µ̂8yz2 + µ̂12z3+
+µ̂14yz + µ̂18z2 + µ̂20y + µ̂24z + µ̂30 = 0

Table 6. Spectral equation for deformed exceptional singularities.

α3 α4α2

α6

α5α1

Figure 4. Dynkin diagram of E6.

with g the Lie algebra where Φ lives in and g a generic element in g. As it can be understood
from the relation between T and Φ (see (6.39)) the fluctuations of Φ are in one-to-one
correspondence to those of T [69].

We now finally possess all the tools needed to analyze an explicit example of exceptional
ccDV singularity. Let us pick the following fourfold singularity from table 4:

x2 + y3 + z4 + w2 + t2 = 0. (6.41)

The adjoint scalar field Φ that reproduces (6.41) via the generalized spectral equation (6)
can be written in terms of the generators eαi of the simple roots αi of E6 (see figure 4
for our choice of convention):

Φ(w, t) = (iw+t)eα1 + ieα2 +eα3 +eα4 +eα5 +eα6 +(iw−t)e−α1−2α2−3α3−2α4−α5−2α6 . (6.42)

Its zero modes can be computed by using the code developed in [74]. As a result, one finds
2 modes localized at x = y = z = w = t = 0, i.e.

M-theory on
x2 + y3 + z4 + w2 + t2 = 0

⇐⇒
3d N = 2 theory of

2 uncharged chiral multiplets

6.5 Zero modes and the deformed phase

In the preceding sections we have shown that the classes of isolated ccDV singularities listed
in table 4 admit a description through a tachyon field T or, equivalently, by means of an
adjoint scalar field Φ, as summarized in table 5 and 6. Computing fluctuations of Φ we have
identified the zero-modes that are localized on the singular point. These correspond to chiral
multiplets in the 3d N = 2 theory engineered by M-theory on the singular fourfold.

It is natural to switch on a vev for said chiral multiplets and detect its effects on the
fourfold geometry. We momentarily show that these vev’s are related to deformations of the
singular fourfold, and extract the physical meaning of this observation.
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To ground these ideas, consider the example introduced in (6.1), that we rewrite here
for convenience, along with the adjoint scalar field Φ that describes it (it can be obtained
directly from the tachyon (6.6) by removing the part proportional to the identity, thanks
to (6.39)). For the ccDV A cases, the singular equation is recovered through the spectral
equation from table 5:

x2 + y2 + det(z1− Φ) = 0. (6.43)

Therefore, for the fourfold (6.1) the singular equation and the corresponding Φ read:

X : x2 + y2 + z2 + w2 + t2 = 0 ←→ Φ =
(

iw t

−t −iw

)
. (6.44)

Now consider switching on a vev a for the only zero-mode that is localized on x = y =
z = w = t = 0, accordingly modifying Φ. This produces a deformation of the singular
fourfold (6.44), as can be seen explicitly employing the spectral equation:

X : x2 + y2 + z2 + w2 + t2 = a2 ←→ Φ =
(

iw t + a

−t + a iw

)
. (6.45)

The deformed equation in (6.45) is precisely the versal deformation of the singular four-
fold (6.44), as can be easily checked computing the Milnor number23 µ = 1.

Things start growing more involved in the next-to-simplest example, examined in sec-
tion 6.2:

X : x2 + y2 + z3 + w2 + t2 = 0 ←→ Φ =

 0 1 0
0 0 w + it

w − it 0 0

 . (6.46)

The corresponding 3d theory possesses only one chiral multiplet, and turning on a vev for
it produces the following deformed singularity:

X : x2 + y2 + z3 + w2 + t2 = za2 ←→ Φ =

 0 1 0
0 a w + it

w − it 0 −a

 . (6.47)

In this case, the deformed fourfold (6.47) is not the full versal deformation of (6.46), which
would instead read (given that µ = 2 for the singularity at hand):

x2 + y2 + z3 + w2 + t2 = zλ1 + λ2. (6.48)

The mismatch between deformations parameters and zero-modes appears in a similar fashion
in all the isolated ccDV singularities examined so far.

In the M-theory on CY3 context, it was possible to match deformations of cDV singulari-
ties with the number of hypermultiplets of the corresponding 5d SCFTs, carefully tracking

23The Milnor number is defined as the complex dimension of the coordinate ring
C[x, y, z, w, t]/

(
∂f
∂x

, ∂f
∂y

, ∂f
∂z

, ∂f
∂w

, ∂f
∂t

)
, with f the hypersurface equation defining the singularity.
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paired and unpaired deformations [16, 49]. In the fourfold context the picture is murkier: it
is crucial to remark that the work of [9]24 proved that the ccDV geometries such as (6.44)
and (6.46) do not admit normalizable deformations. Let us quickly recap their argument here.

Consider a quasi-homogeneous ccDV singularity with C∗ action and weights as in (4.9),
defined by the hypersurface equation f(x, y, z, w, t) = 0. Then its versal deformation takes
the form:

f(x, y, z, w, t) +
∑

i

λigi(x, y, z, w, t) = 0, (6.49)

for a well-defined choice of the polynomials gi, and with the λi complex parameters charac-
terizing the deformation (i = 1, . . . , µ, where µ is the Milnor number of the singularity). Call
si the scaling dimension of the gi under the C∗ action. Then, the deformation parameterized
by λi is normalizable if and only if:

(ωx + ωy + ωz + ωw + ωt) + si ≤ 2. (6.50)

It is easy to check that (6.44) and (6.46) do not admit normalizable deformations. Other
singularities from table 4, though admit one or more normalizable deformations. Nonetheless,
the number of localized modes that are found via our techniques is always equal or greater than
the number of normalizable deformations à la [9]. One such example is the fourfold singularity

x2 + y2 + z5 + w3 + t3 = 0, (6.51)

that admits 2 normalizable deformations and 3 localized modes, as can be readily seen
constructing an explicit tachyon and computing its fluctuations with the recipe of section 6.2.

From the physical perspective, this produces a puzzle: the zero-modes in the singular
fourfold phase are normalizable, as they are localized at the origin, and possess a well-defined
finite kinetic term. On the other hand, when a non-trivial vev for the zero-modes is switched
on, they produce a deformation of the geometry. Since such deformations are non-normalizable
due to [9], the fluctuations around the vev become non-dynamical and thus do not give rise
to a full-fledged branch of the moduli space of the 3d theory, but rather to a set of couplings.
This puzzle has already been noted in the recent work [76] in the context of 5d theories of
hypermultiplets, and it is clear that it requires further attention in future research.

7 3d N = 2 theories from non-isolated Calabi-Yau fourfolds

We now venture into the analysis of the class of non-isolated fourfold terminal singularities
introduced in section 4.4. From the physical point of view, these retain all the advantages
of the ccDV singularities: given that no compact 4- or 6-cycle is admitted in any of their
crepant resolutions, as shown in section 4.4 by performing an explicit blow-up, no instanton
corrections and contributions of the G4 flux are present. At the same time, the non-isolated
singularities at hand overcome the limitation of the isolated ccDV class: as we will explicitly
see, the corresponding 3d N = 2 theory generally features a flavor symmetry of type U(1)ℓ,
with a non-empty spectrum of states charged under it.

24See also the related seminal work [75].
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7.1 A series

In order to make our arguments concrete, we focus on the following class of non-isolated
singularities, obtained from a base-change of a cDV singularity of type A:

x2 + y2 + z2n − w2t2 = 0 ⊂ C5, (7.1)

which is singular at

x = y = z = w = 0, x = y = z = t = 0, (7.2)

with an enhancement of the singularity at the intersection point. We will discuss this aspect
in more details momentarily.

Concretely tackling the analysis of the spectrum of M-theory on (7.1) entails identifying
the corresponding tachyon. We can easily highlight the D6-brane locus writing (7.1) as:

uv = (zn − wt)(zn + wt). (7.3)

Thus:
∆n = (zn − wt)(zn + wt). (7.4)

Notice that the brane locus factorizes: this is the telltale sign that a partial resolution inflating
a P1 is possible, as was shown in section (4.4); physically, it implies that a non-trivial flavor
symmetry survives on the D6-brane stack, even when the tachyon is switched on. We will
prove this latter statement momentarily.

Following the teachings of the previous sections, it is straightforward to find the tachyon
describing the D6-brane configuration (7.4):

Tn =



z 1 0 · · · 0
0 z 1 0 · · · 0

. . .
...

... z w 0
... 0n×n

z 1 0
. . .

0 · · · z 1
t 0 · · · z

z 1 0 · · · 0
0 z 1 0 · · · 0

. . .

0n×n
...

... z w 0
...

z 1 0
. . .

0 · · · z 1
−t 0 · · · z



(7.5)

We wish to produce the 3d N = 2 theory with the maximal spectrum: to this end, we take
the tachyons Tn to be related to a specific nilpotent orbit:

Tn|z=w=t=0 ⊂
[
ceiling

(
n

2

)
, ceiling

(
n

2

)
, floor

(
n

2

)
, floor

(
n

2

)]
.
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n-th node

· · · · · ·

Figure 5. Dynkin diagram of A2n−1, with the resolved node highlighted in black.

One can understand the rationale behind this choice noticing that this is the nilpotent orbit
of maximal codimension compatible with our brane locus. In turn, this implies that the
maximal spectrum in 3d is obtained. For further details on this connection, we refer to [50].

A relevant observation is in order: the tachyon (7.5) is composed of two n×n blocks, each
identical to the tachyons that we have introduced for isolated ccDV singularities in (6.19).
This is a natural consequence of our discussion on the crepant resolution of our class of
the non-isolated singularities (7.1) that we have exhibited in section 4.4. Indeed, as we
have shown in that section, the fourfold admits a partial resolution that inflates a P1 on
top of each point of the singular lines (7.2), corresponding to the central node of the A2n−1
Dynkin diagram, visible in figure 5.

This can be foreseen, in alternative to an explicit blowup computation à la section 4.4,
noticing that the part of the tachyon (7.5) that is not proportional to the identity (this
is the adjoint scalar field Φ we have introduced in section 6.4, see (6.39)) belongs to a
subalgebra An−1 ⊕ An−1 ⊂ A2n−1 (for a more in-depth analysis, we refer the analogous
case of threefolds examined in [51]).

The partially resolved fourfold still displays two isolated singular points lying on the
north and south pole of the fiber on top of the origin, where the singularity enhances, and
that cannot be resolved further. These are precisely two ccDV points of the form

x2
1 + x2

2 + xn
3 + x2

4 + x2
5 = 0, (7.6)

each of which is engineered by a n× n tachyon of the form (6.19). We will see that this fact
influences the 3d N = 2 content in a predictable fashion.

We now look for fluctuations of the tachyon (7.5) that localize at the origin u = v =
z = w = t = 0: these correspond to the genuine physical content of the 3d N = 2 theories
engineered by the very same tachyon. As we have amply seen in previous sections, this is
achieved by removing the gauge redundancies inherited from the D8-D8 stack. The generic
fluctuations can be organized as:

δTn =
(

(δt11)n×n (δt12)n×n

(δt21)n×n (δt22)n×n

)
, (7.7)

where the δtij are n× n matrices. Let us also notice that the stabilizer of Tn is non-trivial,
namely the tachyon preserves a subgroup of the symmetry on the D8-D8 stack:

Stab(Tn) = U(1). (7.8)

This U(1) factor is a combination of the two U(1)’s living on the two non-compact D6-branes
and is interpreted as a flavor group from the point of view of the 3d theory sitting at the
origin of the brane locus (7.4), and it is embedded in GL(2n, C) as (employing the same
representation we used for Tn):

Gflavor =
(

g1n×n 0n×n

0n×n g−11n×n

)
(7.9)

– 32 –



J
H
E
P
0
3
(
2
0
2
5
)
1
6
0

with g a parameter in C. We can now proceed to detect the 3d physical content. It is a
completely algorithmic process that yields the following results:

# of 3d uncharged modes = 2 · ceiling
(

n− 1
2

)
,

# of 3d charged modes = 2 · ceiling
(

n− 1
2

)
.

Uncharged modes correspond to fluctuations in (δt11)n×n and (δt22)n×n of (7.7). These can
be interpreted exactly in the same fashion as the 3d uncharged modes we highlighted in the
ccDV singularity case of section 6: they sit on top of the singular isolated points (7.6) that are
leftover after the partial resolution of our non-isolated singularities. Their appearance could
have alternatively been forecast by the fact that the two blocks of the tachyons Tn in (7.5) are
identical, modulo a trivial change of variables, to the tachyons of ccDV singularities (6.19).

On the other hand, charged modes sit in the fluctuations (δt12)n×n and (δt21)n×n of (7.7).
It is easy to see that the U(1) flavor group (7.9) acts non-trivially on such fluctuations:
therefore, the charged zero-modes have charge ±1 respectively (up to an overall normalization
factor) under it.

All in all, the 3d N = 2 theory engineered by our class of non-isolated fourfold sin-
gularities reads:

M-theory on
x2 + y2 + z2n − w2t2 = 0

⇐⇒
3d N = 2 theory with Gflavor = U(1) of

2·ceiling
(

n−1
2

)
uncharged chiral multiplets

and 2·ceiling
(

n−1
2

)
charged chiral multiplets

An important remark naturally arises given the presence of matter that is charged under the
flavor symmetry in the 3d N = 2 theory. Let us briefly recall how things work in the threefold
case: M-theory on terminal cDV singularities engineers rank 0 theories composed of a bunch
of hypermultiplets. If the threefold admits a complete resolution (i.e. no singularity is left in
the threefold after the resolution) the number of charged hypermultiplets is in one-to-one
correspondence with the genus zero Gopakumar-Vafa (GV) invariants of the threefolds.25

I.e., in the simple case where only one U(1) flavor factor is present, namely the resolution has
produced a single P1 as exceptional set (the generalization to multiple factors is effortless):

# of hypers of charge d ←→ n0
d(CY3), (7.10)

with n0
d(CY3) the genus zero GV invariants of the cDV threefold for the class d[P1]. It is

hence natural to ponder whether a similar relationship might hold in the fourfold cases we
have examined so far. Such a conjectural relation would connect the number of charged chiral
multiplets in the 3d N = 2 theory and the GV invariants of the corresponding non-isolated
CY4, yielding something of the sort:

# of chirals of charge d
?←−−→ n0

d(CY4). (7.11)
25For works exploring this connection for rank 0 5d SCFTs, see [56, 74]. See [77–79] for the original works

on GV invariants in the CY3 case, and [24] for the seminal work on the CY4 setting.
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A clear difficulty in testing this conjecture resides in the explicit computation of the GV
invariants from the CY4 perspective, which is particularly hard given the non-toric setting
we are operating in, and that in general is not even sensible if the resolved model is not
completely smooth. To this end, the recent mathematical literature developed in [25–41]
could provide a solid starting point.

Finally, let us notice that the analysis of M-theory geometric engineering on more general
classes of fourfold singularities, constructed from a base-change of cDV singularities, can be
tackled in a similar fashion. In general, they take the form:

x2 + y2 + zn + wk1tk2 = 0 or x2 + y2 + z(zn−1 + wk1tk2) = 0, (7.12)

which have two non-compact lines of singularities (for n, k1, k2 > 1) at

x = y = z = w = 0, x = y = z = t = 0, (7.13)

with enhancement of the singularity at the intersection point.
The corresponding tachyon will be a n× n matrix. For generic values of n, k1, k2, the

stabilizer of the tachyon describing the singularity on the left-hand side of (7.12) is trivial, so
that no flavor group arises from the 3d N = 2 perspective, and is simply U(1) in the case on
the right-hand side. For specific choices of n, k1, k2, instead, the tachyon factorizes in ℓ + 1
pieces. For such cases one finds that it can be written in block diagonal form:

T =


B1
B2

. . .
Bℓ+1

 . (7.14)

Each factor corresponds to a single stack of D6-branes that have recombined into a single
brane as a consequence of the tachyon vev: hence each of the blocks Bi engineers on its
own a singularity of type A from table 4. These singularities are leftover after the partial
resolution (if any) of the non-compact lines (7.13). In such cases, the stabilizer of the tachyon
is U(1)ℓ. Therefore, the 3d theory displays

Gflavor = U(1)ℓ, (7.15)

as well as charged and uncharged hypers. The charges can be readily computed via the
explicit embedding of U(1)ℓ in GL(n, C). In the preceding example engineered by (7.1), we
have exhibited a class with ℓ = 1.

7.2 D series

The analysis of non-isolated fourfold singularities constructed from base-changes of cDV
singularities of type D is precisely analogous to the A series. The 3d N = 2 theory
geometrically engineered by M-theory on them will generally give rise to flavor groups which
are products of U(1)’s, as well as charged and uncharged chiral multiplets.

For concreteness, let us show an example drawn from the D cases:

x2 + zy2 + z2n−1 − w2t2 = 0 ⊂ C5, (7.16)
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Figure 6. Dynkin diagram of D4, with the resolved nodes highlighted in black.

which is singular at

x = y = z = w = 0, x = y = z = t = 0. (7.17)

Far from the origin, the fourfold locally looks like the product of C with a cDV singularity,
while on top the origin the singularity enhances.

According to (6.31), the corresponding brane locus reads:

∆(ξ2, w, t) = ξ2(ξ2n−1 + wt)(ξ2n−1 − wt). (7.18)

We can easily construct the tachyon that encodes (7.18) exploiting the toolbox from the
previous sections. E.g. in the n = 2 case it reads:

T =



ξ 0 0 0 0 0 0 0
0 ξ 1 0 0 0 0 0
0 0 ξ w 0 0 0 0
0 t 0 ξ 0 0 0 0
0 0 0 0 ξ 0 −t 0
0 0 0 0 −1 ξ 0 0
0 0 0 0 0 −w ξ 0
0 0 0 0 0 0 0 ξ


, (7.19)

where we have highlighted its block structure, according to the conventions outlined in
footnote 22. Tachyons for n higher than 2 are constructed in an identical fashion. It is
easy to check that (7.16) admits a small resolution inflating two P1’s all along the singular
lines (7.17) as well as the origin, arranged as the black nodes in figure 6. A non-resolvable
isolated singularity of the form

x2
1 + x2

2 + x3
3 + x2

4 + x2
5 = 0, (7.20)

is leftover on top of the central fiber. This can be detected noticing that the part of
the tachyon (7.19) that is not a multiple of the identity resides in a A2 subalgebra of D4
(corresponding to the white nodes in figure 6), and computing its determinant when restricted
to such subalgebra. We delve into the details of this construction in appendix A.

As a consequence, (7.19) preserves a U(1)2 group, that plays the role of flavor group in the
corresponding 3d N = 2 theory lying on top of the origin of the CY4 x = y = z = w = t = 0.
The physical content of such theory can be identified computing fluctuations of (7.19),
discarding the modes that are not localized at the origin. Carrying it out explicitly yields
ceiling

(
2n−1

2

)
uncharged modes and no charged modes. Therefore:
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Figure 7. Dynkin diagram of E6, with the resolved nodes highlighted in black.

M-theory on
x2 + zy2 + z2n−1 − w2t2 = 0

⇐⇒
3d N = 2 theory with Gflavor = U(1)2 of
ceiling

(
2n−1

2

)
uncharged chiral multiplets

This outcome is somewhat uninteresting, as there are no point particles charged under the fla-
vor symmetry. Namely, all the localized modes come from the non-resolvable singularity (7.20).

Nonetheless, there exist CY4’s built as ccDV singularities of type D that sport abelian
flavor symmetries, as well as chiral multiplets charged under it. One such example is:

x2 + zy2 +
(
z3 − t2w2

) (
z3 − 4t2w2

)
= 0 ⊂ C5. (7.21)

Writing down the tachyon and computing its stabilizer and fluctuations proves the above-
mentioned claim, yielding a U(1)2 flavor group and 4 chiral multiplets charged under it
(along with 4 uncharged chirals).

7.3 Exceptional cases

In order to explore M-theory geometric engineering on ccDV Calabi-Yau fourfolds with
non-compact lines of exceptional singularities intersecting (or enhancing) at a point, one
can retrace the path adopted in the previous sections. As in section 6.4, for the exceptional
cases we need to use the adjoint scalar field Φ picture in order to derive the flavor group
and the localized modes.

Let us show an explicit example, given by a fourfold ccDV singularity built as a E6 Du
Val singularity deformed by two-complex parameters:

x2 + y3 + z4 + w3t3 = 0 ⊂ C5. (7.22)

The fourfold (7.22) has two non-compact lines of singularities at x = y = z = w = 0 and
x = y = z = t = 0, intersecting on the origin of C5. An explicit adjoint scalar field whose
Casimirs reproduce (7.22) can be written as:

Φ(w, t) = eα6 + iteα2 − ieα3+α4 − teα2+α3 +
√

3we−α2−α3−α4−α6

+ 1
2
(
−3w + i

√
3w
)

e−α2−2α3−α4−α6 .
(7.23)

Computing its fluctuations and stabilizer, one finds that (7.22) admits a small resolution
with two exceptional P1’s in the fiber of each singular point, arranged as in figure 7. An
additional non-resolvable isolated singularity of type D from table 4 is leftover on the fiber
above the origin x = y = z = w = t = 0. It is easy to check that this is the case noticing
that (7.23) resides in a D4 subalgebra of E6 (corresponding to the white nodes of figure 7),
and analyzing the Casimirs of Φ restricted to that subalgebra. Physically, this leftover singular
point produces the uncharged modes. The resulting effective 3d theory reads:
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M-theory on
x2 + y3 + z4 + w3t3 = 0

⇐⇒
3d N = 2 theory with Gflavor = U(1)2 of
2 charged chiral multiplets and
2 uncharged chiral multiplets

Naturally, the same approach can be adopted to tackle the 3d theory arising from M-theory
on ccDV singularities obtained as deformed E7 and E8 Du Val singularities.

It is clear at this point of the discussion that further work is needed in order to fully
classify non-isolated singularities giving rise to at most 2-cycles, and their corresponding
3d N = 2 theories.

8 Conclusions

In this work we have started laying the foundations for a rigorous geometric engineering
dictionary relating M-theory on non-compact CY4 with 3d N = 2 supersymmetric theories,
reviewing the state of the art of the literature on terminal CY4, with both isolated and
non-isolated singularities. We have initiated the exploration of the physical aspects of the
dictionary from the simplest building blocks, namely terminal CY4 singularities admitting
crepant resolutions with at most exceptional compact 2-cycles. These do not engineer 3d
gauge theories, and yet are endowed with a non-trivial physical content, consisting of chiral
multiplets that in some cases are charged under abelian flavor groups. We have carried
out their investigation for CY4 constructed as deformed Du Val singularities of type A,
D, and E6. The absence of scales in the singular geometry and the presence of a suitable
quasi-homogeneous action strongly hints at the fact that these theories flow to a SCFT
in the deep IR.

From the mathematical standpoint, we have presented a method to systematically
compute the crepant resolutions of the classes of ccDV non-isolated singularities that have
been introduced in this work, eschewing the need for an explicit blowup. Thanks to the
tachyon condensation formalism, our techniques produce small partial resolutions of the ccDV
fourfolds and clearly detect any leftover non-resolvable isolated singularities. We provide
full details of our resolution recipe in appendix A.

Natural avenues for future work consist in generalizing our analysis for all the CY4
singularities with at most exceptional compact 2-cycles, providing a systematic classification,
both from the mathematical point of view (as no exhaustive list has yet been provided),
as well as from the 3d N = 2 physical perspective. It is expected that these theories shall
contain at most chiral multiplets given by wrapped M2-branes, and no vector multiplets. In
analogy with the case of rank-0 5d SCFTs, discrete flavor symmetry groups could appear
in the 3d theories engineered by ccDV singularities of type D and E. Furthermore, the
interplay between 0-form symmetries and 1-form symmetries, corresponding to unscreened
defects encoded by M2-branes wrapping non-compact cycles, mandates further investigation.
Striking another note related to symmetries, it would be worthy to investigate the realization
of non-abelian symmetries in the ccDV fourfold context.26 Similarly, it would be fairly

26One such example is: x1x2 = xn
3 xn

4 xn
5 ⊂ C5, that displays three non-compact surfaces supporting An−1

singularities. Blowing up these singularities gives rise to non-compact divisors that encode a flavor symmetry
of type A⊕3

n−1. We leave the analysis of this and related classes for future work.
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straightforward to capture the consequences of the presence of T-branes [80] in our setups:
they would generally produce a reduced spectrum of chiral multiplets, possibly breaking
part of the flavor group. T-brane phases of our 3d N = 2 theories can be constructed with
suitable tachyons according to the techniques introduced in the main text, analogously to
what was done in the threefold cDV case in [49–51].

From the point of view of the 3d N = 2 theories we have investigated, it is natural to
analyze their moduli spaces. The chiral multiplets engineered by M2-branes wrapping P1’s in
our resolved geometries become massless once the singular phase is reached and the volume of
said P1’s shrinks to zero. This is a strong indication that the localized modes are genuine 3d
modes with a finite kinetic term. As we have seen in section 6.5, giving a vev to such massless
chirals deforms the singular geometry, and would then be interpreted as probing a branch
of the moduli space of the 3d theory. It is well-known, though, that some of the isolated
ccDV singularities examined in this work admit no normalizable deformations [9], and hence
the fluctuations around non-trivial vev’s are non-dynamical modes, but instead correspond
to couplings of the theory. It is less clear what the deformation theory of the non-isolated
cases is (it is crucial to remark that these are the only ones admitting a small resolution).
This is a puzzle still awaiting a satisfactory solution, and that is in tune with recent progress
on the physics of 5d N = 1 theories [76]. It would be interesting to explore this direction
further both in the threefold and in the fourfold case. Furthermore, superpotential couplings
are less constrained in 3d N = 2 theories, with respect to the more supersymmetric 5d case;
this may in principle lift part of the zero modes we found, making their number match the
normalizable complex structure deformations. This question deserves future investigation.

On a more mathematically-oriented note, the relationship of our 3d N = 2 theories with
the enumerative invariants of CY4 is yet to be explored. Indeed, the physical content of
these theories is given by BPS saturated states, that are in turn expected to be connected
to GV, DT and PT invariants by a chain of dualities, although at present no clear theorem
has been proven in this direction. In an increasing degree of difficulty, the next step for
constructing the M-theory on CY4/3d N = 2 theory dictionary lies in the analysis of terminal
CY4 with crepant resolution inflating compact 4-cycles. The corresponding theories need
to be specified by additional non-geometrical data such as the background G4 flux. This
is the subject of current and upcoming work.

Finally, we have studied several examples of non-resolvable fourfold singularities. Non-
resolvable codimension-3 singularities have proven to be particularly intriguing in F-theory
model building [52, 54, 81, 82]. It would be interesting to embed the non-resolvable
codimension-4 singularities analyzed in this paper into compact Calabi-Yau fourfolds, and
even more so into compact elliptically fibered Calabi-Yau fourfolds. These singularities
naturally give rise to chiral multiplets without the need to turn on G4 fluxes, offering greater
flexibility in model building.
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A Crepant resolutions of ccDV singularities

In this appendix we schematically summarize our strategy for rigorously computing the crepant
resolutions of the ccDV singularities examined in this work, thanks to the physics-inspired
tachyon condensation formalism.

We wish to resolve a generic ccDV fourfold, that might admit isolated or non-isolated
singularities. Such singular fourfold can always be written as:

X : Pg(x, y, z) + h(x, y, z, w, t) = 0, (A.1)

where Pg is a Du Val singularity labelled by g ∈ ADE and h is a function such that
h(x, y, z, 0, 0) = 0. In this work, we have shown how to construct an adjoint scalar field Φ
that encodes a large subclass of the singularities of type (A.1), via the spectral equations
in table 5 and 6. From the technical point of view, no hurdle prevents the construction of
a tachyon for all ccDV singularities. Thus, there is a one-to-one correspondence between
Φ and a ccDV singularity.27

We claim that the crepant resolution (if any) of a ccDV singularity X can be completely
characterized by the scalar field Φ. In general, a ccDV singularity can admit at most a
small resolution, as proven thanks to the theory of Grothendieck-Springer resolutions and
briefly summarized at the end of section 4.4. After this small resolution, there can be leftover
non-resolvable singularities. Let us briefly outline the main possible cases:

• X is an isolated singularity. No crepant small resolution exists, due to Theorem 4.

• X is a non-isolated singularity constructed as the intersection of two singular lines.
Suppose that the fiber along the non-compact singular lines are resolvable cDV sin-
gularities. Then X admits a small resolution, possibly with leftover isolated singular
points of the type appearing in table 4 on the central fiber.

• X is a non-isolated singularity constructed as the intersection of two singular lines.
Suppose that the fibers along the non-compact singular lines are non-resolvable cDV
singularities. Then X does not admit a small resolution.

• If X is a non-isolated singularity constructed as the intersection of more than two
singular lines, a generalization of the previous criteria applies.

We claim that the scalar field Φ associated to X automatically encodes its small resolution, if
it exists, and further identifies any leftover isolated singular points in the partially resolved
phase. Let us see how this concretely comes about.

27Here we are consciously forgetting about possible T-brane phases, that would correspond to a different Φ.
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As we have recalled in the main text, a ccDV singularity is labelled by an ADE algebra
g, with simple roots αi. Define also a basis for the Cartan generators of g employing the
duals of the simple roots:

t = ⟨α∗
1, . . . , α∗

r⟩, (A.2)

with r the rank of g. The scalar field Φ is represented as a matrix transforming in the adjoint
representation of g. Here, we are considering Φ as the scalar field that produces the maximal
spectrum and the largest flavor symmetry in 3d.28

In general, Φ will lie in a subalgebra h of g:

Φ ∈ h ⊆ g, with g ∈ ADE. (A.3)

The centerpiece of our construction claims that the commutant of Φ dictates the small
resolution of the corresponding ccDV singularity. As we are examining ccDV singularities
with at most singular lines, the commutant m of Φ is always abelian, and can be expanded
in the basis (A.2) as:

m = ⟨α∗
i1 , . . . , α∗

ik
⟩, (A.4)

for some integer k. In geometrical terms, (A.4) is telling us that each of the roots labelled by
i1, . . . , ik will give rise to a P1 in the partially resolved phase X̃. Thus, a crucial requirement
for a ccDV singularity to possess a small resolution is that the scalar field Φ that describes
it lies in a subalgebra of g with a non-trivial commutant. We have shown three explicit
examples of this technique in the main text, in section 7.1, 7.2 and 7.3, respectively for
the A, D and E6 cases.

In order to detect any leftover non-resolvable isolated singularity that sticks around after
the small crepant partial resolution, namely in the X̃ phase, we have to examine the structure
of h in more detail. In all generality, it is the sum of simple addends:

h =
⊕

i

hi ⊕m. (A.5)

Each of the simple addends hi corresponds to a subalgebra of g, that can be readily identified
from the Dynkin diagram. In the main text we have shown that the singular fourfold equation
is recoverable from Φ thanks to the spectral equations in table 5 and 6, whose only non-trivial
inputs are the Casimirs of Φ. In order to identify the leftover singularities after the small
resolution, it suffices to compute the Casimirs of Φ restricted to each of the simple subalgebras
hi. Such Casimirs will uniquely charaterize, through the spectral equation, a fourfold of ccDV
type labelled by the ADE algebra hi, that might or might not be singular. If it is singular,
it corresponds to one of the singularities appearing in table 4.

28Finding such Φ is the only step in the algorithm that requires a creative input.
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We can finally recap the resolution procedure of a ccDV singularity as follows:

Singular fourfold X ←→ Φ ∈⊕i hi ⊕m ⊆ g,

g ∈ ADE

hi simple algebras
m abelian

m ←→ subset of simple roots {αi1 , . . . , αik
} ←→

←→ P1’s in X̃, arranged like the roots {αi1 , . . . , αik
} in the g Dynkin diagram

Casimirs of Φ restricted to hi ←→ leftover isolated singularities in X̃ from table 2

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

References

[1] E. Witten, String theory dynamics in various dimensions, Nucl. Phys. B 443 (1995) 85
[hep-th/9503124] [INSPIRE].

[2] A. Strominger, Massless black holes and conifolds in string theory, Nucl. Phys. B 451 (1995) 96
[hep-th/9504090] [INSPIRE].

[3] M. Del Zotto, J.J. Heckman, A. Tomasiello and C. Vafa, 6d Conformal Matter, JHEP 02 (2015)
054 [arXiv:1407.6359] [INSPIRE].

[4] J.J. Heckman, D.R. Morrison, T. Rudelius and C. Vafa, Atomic Classification of 6D SCFTs,
Fortsch. Phys. 63 (2015) 468 [arXiv:1502.05405] [INSPIRE].

[5] N. Seiberg, Five-dimensional SUSY field theories, nontrivial fixed points and string dynamics,
Phys. Lett. B 388 (1996) 753 [hep-th/9608111] [INSPIRE].

[6] D.R. Morrison and N. Seiberg, Extremal transitions and five-dimensional supersymmetric field
theories, Nucl. Phys. B 483 (1997) 229 [hep-th/9609070] [INSPIRE].

[7] K.A. Intriligator, D.R. Morrison and N. Seiberg, Five-dimensional supersymmetric gauge
theories and degenerations of Calabi-Yau spaces, Nucl. Phys. B 497 (1997) 56 [hep-th/9702198]
[INSPIRE].

[8] O. Aharony et al., Aspects of N=2 supersymmetric gauge theories in three-dimensions, Nucl.
Phys. B 499 (1997) 67 [hep-th/9703110] [INSPIRE].

[9] S. Gukov, C. Vafa and E. Witten, CFT’s from Calabi-Yau four folds, Nucl. Phys. B 584 (2000)
69 [hep-th/9906070] [INSPIRE].

[10] M. Najjar, J. Tian and Y.-N. Wang, 3d N = 2 theories from M-theory on CY4 and IIB brane
box, JHEP 05 (2024) 038 [arXiv:2312.17082] [INSPIRE].

– 41 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1201/9781482268737-32
https://doi.org/10.48550/arXiv.hep-th/9503124
https://inspirehep.net/literature/393570
https://doi.org/10.1016/0550-3213(95)00287-3
https://doi.org/10.48550/arXiv.hep-th/9504090
https://inspirehep.net/literature/394291
https://doi.org/10.1007/JHEP02(2015)054
https://doi.org/10.1007/JHEP02(2015)054
https://doi.org/10.48550/arXiv.1407.6359
https://inspirehep.net/literature/1307781
https://doi.org/10.1002/prop.201500024
https://doi.org/10.48550/arXiv.1502.05405
https://inspirehep.net/literature/1345371
https://doi.org/10.1016/S0370-2693(96)01215-4
https://doi.org/10.48550/arXiv.hep-th/9608111
https://inspirehep.net/literature/422208
https://doi.org/10.1016/S0550-3213(96)00592-5
https://doi.org/10.48550/arXiv.hep-th/9609070
https://inspirehep.net/literature/423109
https://doi.org/10.1016/S0550-3213(97)00279-4
https://doi.org/10.48550/arXiv.hep-th/9702198
https://inspirehep.net/literature/440776
https://doi.org/10.1016/S0550-3213(97)00323-4
https://doi.org/10.1016/S0550-3213(97)00323-4
https://doi.org/10.48550/arXiv.hep-th/9703110
https://inspirehep.net/literature/441215
https://doi.org/10.1016/S0550-3213(00)00373-4
https://doi.org/10.1016/S0550-3213(00)00373-4
https://doi.org/10.48550/arXiv.hep-th/9906070
https://inspirehep.net/literature/501505
https://doi.org/10.1007/JHEP05(2024)038
https://doi.org/10.48550/arXiv.2312.17082
https://inspirehep.net/literature/2741325


J
H
E
P
0
3
(
2
0
2
5
)
1
6
0

[11] M. Reid et al., Young person’s guide to canonical singularities, in Algebraic geometry, Bowdoin.
Vol. 46: Proceedings of Symposia in Pure Mathematics, AMS Press (1985), pg. 345.

[12] M. Reid, Canonical 3-folds, in Journées de Géometrie Algébrique d’Angers, Sijthoff and Nordhoff
(1980), pg. 273.

[13] S. Ishii, Introduction to singularities, Springer (2018).

[14] D. Xie and S.-T. Yau, Three dimensional canonical singularity and five dimensional N = 1
SCFT, JHEP 06 (2017) 134 [arXiv:1704.00799] [INSPIRE].

[15] C. Closset, S. Giacomelli, S. Schafer-Nameki and Y.-N. Wang, 5d and 4d SCFTs: Canonical
Singularities, Trinions and S-Dualities, JHEP 05 (2021) 274 [arXiv:2012.12827] [INSPIRE].

[16] C. Closset, S. Schafer-Nameki and Y.-N. Wang, Coulomb and Higgs Branches from Canonical
Singularities: Part 0, JHEP 02 (2021) 003 [arXiv:2007.15600] [INSPIRE].

[17] C. Closset, S. Schäfer-Nameki and Y.-N. Wang, Coulomb and Higgs branches from canonical
singularities. Part I. Hypersurfaces with smooth Calabi-Yau resolutions, JHEP 04 (2022) 061
[arXiv:2111.13564] [INSPIRE].

[18] M. De Marco, M. Del Zotto, M. Graffeo and A. Sangiovanni, Conformal matter, JHEP 05 (2024)
306 [Erratum ibid. 08 (2024) 067] [arXiv:2311.04984] [INSPIRE].

[19] J. Tian and Y.-N. Wang, 5D and 6D SCFTs from C3 orbifolds, SciPost Phys. 12 (2022) 127
[arXiv:2110.15129] [INSPIRE].

[20] J. Mu, Y.-N. Wang and H.N. Zhang, 5d SCFTs from isolated complete intersection singularities,
JHEP 02 (2024) 155 [arXiv:2311.05441] [INSPIRE].

[21] A. Bourget, A. Collinucci and S. Schafer-Nameki, Generalized Toric Polygons, T-branes, and 5d
SCFTs, SciPost Phys. 18 (2025) 079 [arXiv:2301.05239] [INSPIRE].

[22] A. Collinucci and R. Savelli, F-theory on singular spaces, JHEP 09 (2015) 100
[arXiv:1410.4867] [INSPIRE].

[23] H. Ooguri and C. Vafa, Summing up D instantons, Phys. Rev. Lett. 77 (1996) 3296
[hep-th/9608079] [INSPIRE].

[24] A. Klemm and R. Pandharipande, Enumerative geometry of Calabi-Yau 4-folds, Commun. Math.
Phys. 281 (2008) 621 [math/0702189] [INSPIRE].

[25] Y. Cao and N.C. Leung, Donaldson-Thomas theory for Calabi-Yau 4-folds, arXiv:1407.7659
[INSPIRE].

[26] N. Nekrasov, Magnificent four, Adv. Theor. Math. Phys. 24 (2020) 1171 [arXiv:1712.08128]
[INSPIRE].

[27] N. Nekrasov and N. Piazzalunga, Magnificent Four with Colors, Commun. Math. Phys. 372
(2019) 573 [arXiv:1808.05206] [INSPIRE].

[28] Y. Cao, D. Maulik and Y. Toda, Genus zero Gopakumar-Vafa type invariants for Calabi-Yau
4-folds, Adv. Math. 338 (2018) 41 [arXiv:1801.02513] [INSPIRE].

[29] Y. Kononov, A. Okounkov and A. Osinenko, The 2-Leg Vertex in K-theoretic DT Theory,
Commun. Math. Phys. 382 (2021) 1579 [arXiv:1905.01523] [INSPIRE].

[30] Y. Cao, D. Maulik and Y. Toda, Stable pairs and Gopakumar-Vafa type invariants for
Calabi-Yau 4-folds, J. Eur. Math. Soc. 24 (2021) 527 [arXiv:1902.00003] [INSPIRE].

[31] Y. Cao and M. Kool, Curve counting and DT/PT correspondence for Calabi-Yau 4-folds, Adv.
Math. 375 (2020) 107371 [arXiv:1903.12171] [INSPIRE].

– 42 –

https://doi.org/10.1007/JHEP06(2017)134
https://doi.org/10.48550/arXiv.1704.00799
https://inspirehep.net/literature/1589465
https://doi.org/10.1007/JHEP05(2021)274
https://doi.org/10.48550/arXiv.2012.12827
https://inspirehep.net/literature/1838098
https://doi.org/10.1007/JHEP02(2021)003
https://doi.org/10.48550/arXiv.2007.15600
https://inspirehep.net/literature/1809507
https://doi.org/10.1007/JHEP04(2022)061
https://doi.org/10.48550/arXiv.2111.13564
https://inspirehep.net/literature/1977006
https://doi.org/10.1007/JHEP05(2024)306
https://doi.org/10.1007/JHEP05(2024)306
https://doi.org/10.48550/arXiv.2311.04984
https://inspirehep.net/literature/2720553
https://doi.org/10.21468/SciPostPhys.12.4.127
https://doi.org/10.48550/arXiv.2110.15129
https://inspirehep.net/literature/1955037
https://doi.org/10.1007/JHEP02(2024)155
https://doi.org/10.48550/arXiv.2311.05441
https://inspirehep.net/literature/2720541
https://doi.org/10.21468/SciPostPhys.18.3.079
https://doi.org/10.48550/arXiv.2301.05239
https://inspirehep.net/literature/2623112
https://doi.org/10.1007/JHEP09(2015)100
https://doi.org/10.48550/arXiv.1410.4867
https://inspirehep.net/literature/1322951
https://doi.org/10.1103/PhysRevLett.77.3296
https://doi.org/10.48550/arXiv.hep-th/9608079
https://inspirehep.net/literature/421908
https://doi.org/10.1007/s00220-008-0490-9
https://doi.org/10.1007/s00220-008-0490-9
https://doi.org/10.48550/arXiv.math/0702189
https://inspirehep.net/literature/744180
https://doi.org/10.48550/arXiv.1407.7659
https://inspirehep.net/literature/1308789
https://doi.org/10.4310/ATMP.2020.v24.n5.a4
https://doi.org/10.48550/arXiv.1712.08128
https://inspirehep.net/literature/1644669
https://doi.org/10.1007/s00220-019-03426-3
https://doi.org/10.1007/s00220-019-03426-3
https://doi.org/10.48550/arXiv.1808.05206
https://inspirehep.net/literature/1687444
https://doi.org/10.1016/j.aim.2018.08.013
https://doi.org/10.48550/arXiv.1801.02513
https://inspirehep.net/literature/1646721
https://doi.org/10.1007/s00220-021-03936-z
https://doi.org/10.48550/arXiv.1905.01523
https://inspirehep.net/literature/1733240
https://doi.org/10.4171/jems/1110
https://doi.org/10.48550/arXiv.1902.00003
https://inspirehep.net/literature/1718158
https://doi.org/10.1016/j.aim.2020.107371
https://doi.org/10.1016/j.aim.2020.107371
https://doi.org/10.48550/arXiv.1903.12171
https://inspirehep.net/literature/1727217


J
H
E
P
0
3
(
2
0
2
5
)
1
6
0

[32] Y. Cao and Y. Toda, Gopakumar-Vafa Type Invariants on Calabi-Yau 4-Folds via Descendent
Insertions, Commun. Math. Phys. 383 (2021) 281 [arXiv:2003.00787] [INSPIRE].

[33] Y. Cao and Y. Toda, Tautological stable pair invariants of Calabi-Yau 4-folds, Adv. Math. 396
(2022) 108176 [arXiv:2009.03553] [INSPIRE].

[34] Y. Cao, M. Kool and S. Monavari, Stable Pair Invariants of Local Calabi-Yau 4-folds, Int. Math.
Res. Not. 2022 (2022) 4753 [arXiv:2004.09355] [INSPIRE].

[35] P. Bousseau, A. Brini and M. van Garrel, Stable maps to Looijenga pairs, Geom. Topol. 28
(2024) 393 [arXiv:2011.08830] [INSPIRE].

[36] Y. Cao, M. Kool and S. Monavari, K-Theoretic DT/PT Correspondence for Toric Calabi-Yau
4-Folds, Commun. Math. Phys. 396 (2022) 225 [arXiv:1906.07856] [INSPIRE].

[37] S. Monavari, Canonical vertex formalism in DT theory of toric Calabi-Yau 4-folds, J. Geom.
Phys. 174 (2022) 104466 [arXiv:2203.11381] [INSPIRE].

[38] Y. Cao, M. Kool and S. Monavari, A Donaldson-Thomas crepant resolution conjecture on
Calabi-Yau 4-folds, Trans. Am. Math. Soc. 376 (2023) 8225 [arXiv:2301.11629] [INSPIRE].

[39] N. Piazzalunga, The one-legged K-theoretic vertex of fourfolds from 3d gauge theory,
arXiv:2306.12405 [INSPIRE].

[40] N. Nekrasov and N. Piazzalunga, Global Magni4icence, or: 4G Networks, SIGMA 20 (2024) 106
[arXiv:2306.12995] [INSPIRE].

[41] H. Liu, The 4-fold Pandharipande-Thomas vertex, J. Geom. Phys. 198 (2024) 105104 [INSPIRE].

[42] R. Donagi and M. Wijnholt, Model Building with F-Theory, Adv. Theor. Math. Phys. 15 (2011)
1237 [arXiv:0802.2969] [INSPIRE].

[43] A.P. Braun, A. Collinucci and R. Valandro, G-flux in F-theory and algebraic cycles, Nucl. Phys.
B 856 (2012) 129 [arXiv:1107.5337] [INSPIRE].

[44] S. Krause, C. Mayrhofer and T. Weigand, G4 flux, chiral matter and singularity resolution in
F-theory compactifications, Nucl. Phys. B 858 (2012) 1 [arXiv:1109.3454] [INSPIRE].

[45] H. Hayashi et al., New Aspects of Heterotic–F Theory Duality, Nucl. Phys. B 806 (2009) 224
[arXiv:0805.1057] [INSPIRE].

[46] T.W. Grimm and H. Hayashi, F-theory fluxes, Chirality and Chern-Simons theories, JHEP 03
(2012) 027 [arXiv:1111.1232] [INSPIRE].

[47] P. Candelas and X.C. de la Ossa, Comments on Conifolds, Nucl. Phys. B 342 (1990) 246
[INSPIRE].

[48] Y. Wang and D. Xie, Classification of Argyres-Douglas theories from M5 branes, Phys. Rev. D
94 (2016) 065012 [arXiv:1509.00847] [INSPIRE].

[49] A. Collinucci, M. De Marco, A. Sangiovanni and R. Valandro, Higgs branches of 5d rank-zero
theories from geometry, JHEP 10 (2021) 018 [arXiv:2105.12177] [INSPIRE].

[50] M. De Marco and A. Sangiovanni, Higgs Branches of rank-0 5d theories from M-theory on (Aj,
Al) and (Ak, Dn) singularities, JHEP 03 (2022) 099 [arXiv:2111.05875] [INSPIRE].

[51] M. De Marco, A. Sangiovanni and R. Valandro, 5d Higgs branches from M-theory on
quasi-homogeneous cDV threefold singularities, JHEP 10 (2022) 124 [arXiv:2205.01125]
[INSPIRE].

[52] P. Arras, A. Grassi and T. Weigand, Terminal Singularities, Milnor Numbers, and Matter in
F-theory, J. Geom. Phys. 123 (2018) 71 [arXiv:1612.05646] [INSPIRE].

– 43 –

https://doi.org/10.1007/s00220-020-03897-9
https://doi.org/10.48550/arXiv.2003.00787
https://inspirehep.net/literature/1783268
https://doi.org/10.1016/j.aim.2021.108176
https://doi.org/10.1016/j.aim.2021.108176
https://doi.org/10.48550/arXiv.2009.03553
https://inspirehep.net/literature/1815747
https://doi.org/10.1093/imrn/rnab061
https://doi.org/10.1093/imrn/rnab061
https://doi.org/10.48550/arXiv.2004.09355
https://inspirehep.net/literature/1791847
https://doi.org/10.2140/gt.2024.28.393
https://doi.org/10.2140/gt.2024.28.393
https://doi.org/10.48550/arXiv.2011.08830
https://inspirehep.net/literature/1830635
https://doi.org/10.1007/s00220-022-04472-0
https://doi.org/10.48550/arXiv.1906.07856
https://inspirehep.net/literature/1740540
https://doi.org/10.1016/j.geomphys.2022.104466
https://doi.org/10.1016/j.geomphys.2022.104466
https://doi.org/10.48550/arXiv.2203.11381
https://inspirehep.net/literature/2023036
https://doi.org/10.1090/tran/9027
https://doi.org/10.48550/arXiv.2301.11629
https://inspirehep.net/literature/2627199
https://doi.org/10.48550/arXiv.2306.12405
https://inspirehep.net/literature/2670530
https://doi.org/10.3842/SIGMA.2024.106
https://doi.org/10.48550/arXiv.2306.12995
https://inspirehep.net/literature/2670863
https://doi.org/10.1016/j.geomphys.2024.105104
https://inspirehep.net/literature/2801026
https://doi.org/10.4310/ATMP.2011.v15.n5.a2
https://doi.org/10.4310/ATMP.2011.v15.n5.a2
https://doi.org/10.48550/arXiv.0802.2969
https://inspirehep.net/literature/779834
https://doi.org/10.1016/j.nuclphysb.2011.10.034
https://doi.org/10.1016/j.nuclphysb.2011.10.034
https://doi.org/10.48550/arXiv.1107.5337
https://inspirehep.net/literature/920525
https://doi.org/10.1016/j.nuclphysb.2011.12.013
https://doi.org/10.48550/arXiv.1109.3454
https://inspirehep.net/literature/927632
https://doi.org/10.1016/j.nuclphysb.2008.07.031
https://doi.org/10.48550/arXiv.0805.1057
https://inspirehep.net/literature/785253
https://doi.org/10.1007/JHEP03(2012)027
https://doi.org/10.1007/JHEP03(2012)027
https://doi.org/10.48550/arXiv.1111.1232
https://inspirehep.net/literature/944856
https://doi.org/10.1016/0550-3213(90)90577-Z
https://inspirehep.net/literature/26400
https://doi.org/10.1103/PhysRevD.94.065012
https://doi.org/10.1103/PhysRevD.94.065012
https://doi.org/10.48550/arXiv.1509.00847
https://inspirehep.net/literature/1391662
https://doi.org/10.1007/JHEP10(2021)018
https://doi.org/10.48550/arXiv.2105.12177
https://inspirehep.net/literature/1865627
https://doi.org/10.1007/JHEP03(2022)099
https://doi.org/10.48550/arXiv.2111.05875
https://inspirehep.net/literature/1966382
https://doi.org/10.1007/JHEP10(2022)124
https://doi.org/10.48550/arXiv.2205.01125
https://inspirehep.net/literature/2075935
https://doi.org/10.1016/j.geomphys.2017.09.001
https://doi.org/10.48550/arXiv.1612.05646
https://inspirehep.net/literature/1504997


J
H
E
P
0
3
(
2
0
2
5
)
1
6
0

[53] E. Witten, Phase transitions in M theory and F theory, Nucl. Phys. B 471 (1996) 195
[hep-th/9603150] [INSPIRE].

[54] A.P. Braun, A. Collinucci and R. Valandro, The fate of U(1)’s at strong coupling in F-theory,
JHEP 07 (2014) 028 [arXiv:1402.4054] [INSPIRE].

[55] A. Grothendieck and M. Raynaud, Cohomologie locale des faisceaux cohérents et théorèmes de
Lefschetz locaux et globaux (SGA 2), math/0511279.

[56] A. Collinucci, A. Sangiovanni and R. Valandro, Genus zero Gopakumar-Vafa invariants from
open strings, JHEP 09 (2021) 059 [arXiv:2104.14493] [INSPIRE].

[57] R.E. Anno, Four-dimensional terminal Gorenstein quotient singularities, Math. Notes 73 (2003)
769.

[58] D.I. Dais, M. Henk and G. M. Ziegler, All abelian quotient ci-singularities admit projective
crepant resolutions in all dimensions, Adv. Math. 139 (1998) 194.

[59] H.B. Laufer, On CP1 as an exceptional set, in Recent developments in several complex variables,
Princeton University Press (1981), pg. 261.

[60] S.H. Katz and C. Vafa, Matter from geometry, Nucl. Phys. B 497 (1997) 146 [hep-th/9606086]
[INSPIRE].

[61] Y. Kachi, Flips from 4-folds with isolated complete intersection singularities whose downstairs
have rational bi-elephants, alg-geom/9606011.

[62] M. Reid, Minimal models of canonical 3-folds, in Algebraic varieties and analytic varieties.
Vol. 1, Mathematical Society of Japan (1983), pg. 131.

[63] V.I. Arnold, A.N. Varchenko and S.M. Gusein-Zade, Singularities of differentiable maps. Vol. I:
The Classification of Critical Points Caustics and Wave Fronts, Springer (1985).

[64] G. Tian and S.T. Yau, Complete Kähler manifolds with zero Ricci curvature. II., Invent. Math.
106 (1991) 27.

[65] A. Henderson, Singularities of nilpotent orbit closures, arXiv:1408.3888.

[66] Z. Yun, Lectures on Springer theories and orbital integrals, arXiv:1602.01451.

[67] A. Sen, Tachyon condensation on the brane anti-brane system, JHEP 08 (1998) 012
[hep-th/9805170] [INSPIRE].

[68] R. Donagi, S. Katz and E. Sharpe, Spectra of D-branes with higgs vevs, Adv. Theor. Math. Phys.
8 (2004) 813 [hep-th/0309270] [INSPIRE].

[69] A. Collinucci and R. Savelli, T-branes as branes within branes, JHEP 09 (2015) 161
[arXiv:1410.4178] [INSPIRE].

[70] K. Hori and J. Walcher, D-brane Categories for Orientifolds: The Landau-Ginzburg Case, JHEP
04 (2008) 030 [hep-th/0606179] [INSPIRE].

[71] D.-E. Diaconescu, A. Garcia-Raboso, R.L. Karp and K. Sinha, D-Brane Superpotentials in
Calabi-Yau Orientifolds, Adv. Theor. Math. Phys. 11 (2007) 471 [hep-th/0606180] [INSPIRE].

[72] A. Collinucci, F. Denef and M. Esole, D-brane Deconstructions in IIB Orientifolds, JHEP 02
(2009) 005 [arXiv:0805.1573] [INSPIRE].

[73] D.H. Collingwood and W.M. McGovern, Nilpotent orbits in semisimple Lie algebra: an
introduction, CRC Press (1993).

– 44 –

https://doi.org/10.1016/0550-3213(96)00212-X
https://doi.org/10.48550/arXiv.hep-th/9603150
https://inspirehep.net/literature/417024
https://doi.org/10.1007/JHEP07(2014)028
https://doi.org/10.48550/arXiv.1402.4054
https://inspirehep.net/literature/1281579
https://doi.org/10.48550/arXiv.math/0511279
https://doi.org/10.1007/JHEP09(2021)059
https://doi.org/10.48550/arXiv.2104.14493
https://inspirehep.net/literature/1861380
https://doi.org/10.1023/A:1024089427608
https://doi.org/10.1023/A:1024089427608
https://doi.org/10.1006/aima.1998.1751
https://doi.org/10.1016/S0550-3213(97)00280-0
https://doi.org/10.48550/arXiv.hep-th/9606086
https://inspirehep.net/literature/419646
https://doi.org/10.48550/arXiv.alg-geom/9606011
https://doi.org/10.1007/BF01243902
https://doi.org/10.1007/BF01243902
https://doi.org/10.48550/arXiv.1408.3888
https://doi.org/10.48550/arXiv.1602.01451
https://doi.org/10.1088/1126-6708/1998/08/012
https://doi.org/10.48550/arXiv.hep-th/9805170
https://inspirehep.net/literature/470981
https://doi.org/10.4310/ATMP.2004.v8.n5.a3
https://doi.org/10.4310/ATMP.2004.v8.n5.a3
https://doi.org/10.48550/arXiv.hep-th/0309270
https://inspirehep.net/literature/629470
https://doi.org/10.1007/JHEP09(2015)161
https://doi.org/10.48550/arXiv.1410.4178
https://inspirehep.net/literature/1322402
https://doi.org/10.1088/1126-6708/2008/04/030
https://doi.org/10.1088/1126-6708/2008/04/030
https://doi.org/10.48550/arXiv.hep-th/0606179
https://inspirehep.net/literature/719698
https://doi.org/10.4310/ATMP.2007.v11.n3.a5
https://doi.org/10.48550/arXiv.hep-th/0606180
https://inspirehep.net/literature/719699
https://doi.org/10.1088/1126-6708/2009/02/005
https://doi.org/10.1088/1126-6708/2009/02/005
https://doi.org/10.48550/arXiv.0805.1573
https://inspirehep.net/literature/785522


J
H
E
P
0
3
(
2
0
2
5
)
1
6
0

[74] A. Collinucci, M. De Marco, A. Sangiovanni and R. Valandro, Flops of any length,
Gopakumar-Vafa invariants and 5d Higgs branches, JHEP 08 (2022) 292 [arXiv:2204.10366]
[INSPIRE].

[75] A.D. Shapere and C. Vafa, BPS structure of Argyres-Douglas superconformal theories,
hep-th/9910182 [INSPIRE].

[76] B.S. Acharya, Confinement in Five Dimensions, arXiv:2407.03171 [INSPIRE].

[77] R. Gopakumar and C. Vafa, M theory and topological strings. 1., hep-th/9809187 [INSPIRE].

[78] R. Gopakumar and C. Vafa, On the gauge theory / geometry correspondence, Adv. Theor. Math.
Phys. 3 (1999) 1415 [hep-th/9811131] [INSPIRE].

[79] R. Gopakumar and C. Vafa, M theory and topological strings. 2., hep-th/9812127 [INSPIRE].

[80] S. Cecotti, C. Cordova, J.J. Heckman and C. Vafa, T-Branes and Monodromy, JHEP 07 (2011)
030 [arXiv:1010.5780] [INSPIRE].

[81] T.W. Grimm and T. Weigand, On Abelian Gauge Symmetries and Proton Decay in Global
F-theory GUTs, Phys. Rev. D 82 (2010) 086009 [arXiv:1006.0226] [INSPIRE].

[82] T.W. Grimm, M. Kerstan, E. Palti and T. Weigand, Massive Abelian Gauge Symmetries and
Fluxes in F-theory, JHEP 12 (2011) 004 [arXiv:1107.3842] [INSPIRE].

– 45 –

https://doi.org/10.1007/JHEP08(2022)292
https://doi.org/10.48550/arXiv.2204.10366
https://inspirehep.net/literature/2071188
https://doi.org/10.48550/arXiv.hep-th/9910182
https://inspirehep.net/literature/509012
https://doi.org/10.48550/arXiv.2407.03171
https://inspirehep.net/literature/2804244
https://doi.org/10.48550/arXiv.hep-th/9809187
https://inspirehep.net/literature/476874
https://doi.org/10.4310/ATMP.1999.v3.n5.a5
https://doi.org/10.4310/ATMP.1999.v3.n5.a5
https://doi.org/10.48550/arXiv.hep-th/9811131
https://inspirehep.net/literature/479258
https://doi.org/10.48550/arXiv.hep-th/9812127
https://inspirehep.net/literature/480967
https://doi.org/10.1007/JHEP07(2011)030
https://doi.org/10.1007/JHEP07(2011)030
https://doi.org/10.48550/arXiv.1010.5780
https://inspirehep.net/literature/874820
https://doi.org/10.1103/PhysRevD.82.086009
https://doi.org/10.48550/arXiv.1006.0226
https://inspirehep.net/literature/857050
https://doi.org/10.1007/JHEP12(2011)004
https://doi.org/10.48550/arXiv.1107.3842
https://inspirehep.net/literature/919348

	Introduction
	Singular CY spaces and geometric engineering 
	Canonical and terminal singularities
	Geometric engineering on CY3
	Geometric engineering on CY4

	Terminal singular Calabi-Yau threefolds
	Terminal singular Calabi-Yau fourfolds
	Terminal isolated singular Calabi-Yau fourfolds
	Terminal non-isolated singular Calabi-Yau fourfolds
	A class of isolated singular Calabi-Yau fourfolds
	A class of non-isolated singular Calabi-Yau fourfolds with exceptional curves

	Tachyon condensation formalism
	3d N=2 theories from isolated Calabi-Yau fourfolds
	Simple example of isolated CY4 singularity
	A series
	D series
	Exceptional cases and the adjoint scalar approach
	Zero modes and the deformed phase

	3d N=2 theories from non-isolated Calabi-Yau fourfolds
	A series
	D series
	Exceptional cases

	Conclusions
	Crepant resolutions of ccDV singularities

