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Theoretical limits of protocols for distinguishing different unravelings
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Stochastic unravelings of Lindblad-type master equations, such as stochastic Schrödinger equations, provide
powerful tools to model open quantum systems and continuous measurement processes. The same master
equation can be unraveled in different ways; while these unravelings differ at the level of quantum trajectories,
by construction they all yield the same averaged dynamics for the density operator. A recent question of both
foundational and practical relevance is whether such unravelings can be operationally distinguished, given that
certain nonlinear quantities—such as covariances and higher-order moments of conditional expectation values—
are unraveling dependent. We show that these quantities cannot be accessed unless the measurement scheme
(i.e., the unraveling) is known in advance. This renders any operational protocol to distinguish unravelings
fundamentally unfeasible. We further establish that assuming access to such nonlinear quantities without prior
knowledge of the unraveling would enable superluminal signaling, violating relativistic causality.
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I. INTRODUCTION

In quantum mechanics, especially in the theory of open
quantum systems [1,2], the information about a system of
interest is encoded in the statistical operator ρ̂t . The seminal
works of Gorini et al. [3] and Lindblad [4] identified, under
general assumptions, its dynamical evolution; limiting to a
single Hermitian Lindblad operator L̂, the GKLS master equa-
tion reads

dρ̂t

dt
= − i

h̄
[Ĥ, ρ̂t ] + L̂ρ̂t L̂ − 1

2
{L̂2, ρ̂t }, (1)

where Ĥ is the Hamiltonian of the system and λ is a positive
coupling constant.

Over the years, interest has increased in stochastic unrav-
elings of the master equation (1). These are suitably modified
Schrödinger equations with the addition of stochastic terms,
whose random solutions |ψω,t 〉, often called quantum tra-
jectories [5], are such that the conditional state [6] ρ̂ω,t =
|ψω,t 〉 〈ψω,t |, when averaged over the noise ω, is a solution
to the master equation above, i.e., Eω[ρ̂ω,t ] = ρ̂t , where Eω[·]
denotes the stochastic average.

As a notational remark, in the following, we will use the
term conditional to refer to any quantity, such as the state or
the quantum expectation value of an observable, before taking
the stochastic average; otherwise, that quantity is meant to be
averaged over the noise. Moreover, we will omit indicating
explicitly the dependence of a conditional quantity on the
noise (ω), unless confusion may arise.
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Stochastic Schrödinger equations (SSEs) appear in a va-
riety of contexts [1,5–41]. In quantum optics, they are used
to describe the dynamics of systems under continuous mea-
surement [7,8], for different photon detection schemes [5,9].
In quantum computation, they are employed to analyze the
impact of noise and errors on qubits, in light of fault-tolerant
quantum computing [10,11]. Within the theory of open quan-
tum systems, they allow us to describe the reduced system
dynamics at the wave function level [1,12]. Numerical sim-
ulations based on SSEs, including quantum Monte Carlo
methods, enable the simulation of larger quantum systems,
making SSEs a common tool for tackling computationally
intensive problems [13,14]. Stochastic Schrödinger equa-
tions are also used in the foundations of quantum mechanics
to model the spontaneous collapse of the wave function
[15,16,42,43]; more recently, they have been used to model
the coupling between classical gravity and quantum matter
[17–19], offering an alternative to quantum gravity.

The association between master equations and stochastic
unravelings, which is the subject of this work, is not unique:
In general, there are infinitely many ways to unravel a mas-
ter equation via SSEs [22–26], as also shown later on. One
might then wonder why and how to prefer one unraveling
over another. From a purely mathematical point of view, a
specific unraveling might be more suitable for performing
either analytical or numerical calculations [44–47]. From a
physical point of view, when SSEs are used to model quan-
tum measurements, different unravelings encode different
measurement procedures. For example, in quantum optics,
the detection of photons leaking out of an optical cavity is
described by a stochastic equation, where the random out-
come is encoded in discrete Poisson increments [27,48]. In
homodyne detection, a photodetector is used to perform a
Gaussian continuous measurement of an optical mode; the re-
sulting homodyne stochastic equation is defined in terms of a
Wiener process [27–29]. These are two different measurement
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processes; yet at the statistical level, when averaged over the
noise, they are indistinguishable from each other [27].

Within the context of stochastic dynamics, quantities such
as the mean value or the variance of observables clearly play
a crucial role. In the case of SSEs, there are two types of such
quantities: those such as (Eω[〈Ô〉t ])n ≡ (Tr[Ôρ̂t ])n (since
ρ̂t = Eω[|ψt 〉〈ψt |]), which, by construction, can be read
directly from the density matrix without the need of the unrav-
eling, except possibly for numerical reasons, as mentioned be-
fore; and those like Eω[〈Ô〉n

t ] (n > 1), which depend nonlin-
early on the conditional state of the system ρ̂ω,t , so they cannot
be derived from the density matrix. The latter quantities cru-
cially depend on the chosen unraveling. The typical example
of this second type of quantities is Eω[�t (Ôi, Ô j )], with
�t (Ôi, Ô j ) = 1

2 〈{Ôi, Ô j}〉t − 〈Ôi〉t 〈Ô j〉t , which, for example,
appear in quantum optics [34–41] in the form of the quantum
Riccati equation for the covariance matrix for the quadratures
of a mechanical system in the limit of Gaussian states.

The fact that some quantities, which are nonlinear in the
conditional state ρ̂ω,t , are unraveling dependent is known in
the literature [6,49,50], although previous works have not
focused on the possibility of uniquely identifying these unrav-
elings at an operational level. Recently, it has been suggested
[36] that these nonlinear quantities can be used to opera-
tionally distinguish different unravelings of a given master
equation. This question is both interesting and relevant.

We argue that nonlinear quantities can be operationally
computed only if the measurement procedure is known be-
forehand; as such, they cannot be used to operationally
distinguish different measurement procedures. If the measure-
ment scheme—or, equivalently, the unraveling—is not given,
they are not accessible. The latter point is particularly crucial,
as their hypothetical accessibility without knowing the mea-
surement procedure would enable a protocol for superluminal
signaling, which is (supposed to be) forbidden.

II. HOMODYNE DETECTION UNRAVELINGS
OF THE MASTER EQUATION

There exists a large variety of unravelings of a master
equation such as Eq. (1); for the purposes of our work, in the
following, we will consider the following family of continu-
ous unravelings [25]:

d |ψt 〉=
(
− i

h̄
Ĥdt − λ

2
(|ξ |2L̂2 − 2ξξRL̂〈L̂〉t + (ξR)2〈L̂〉2

t )dt

+
√

λ(ξ L̂ − ξR〈L̂〉t )dWt

)
|ψt 〉 , (2)

where 〈L̂〉t = 〈ψt | L̂ |ψt 〉, Wt is a standard Wiener process,
and ξ = ξR + iξ I is a complex parameter such that |ξ | = 1.
Throughout this work, we will use the Itô formalism. As
discussed in Appendix A, the above family of unravelings
corresponds to an indirect continuous monitoring of the ob-
servable L̂ through homodyne detection. Figure 1 shows a
schematic representation of the process.

In this continuous monitoring process, the measurement
record reads

dyt = ξR〈L̂〉t dt + 1

2
√

λ
dWt . (3)

FIG. 1. Indirect monitoring of the observable L̂. The system of
interest, with wave function |ψ〉, couples to the ground state |0〉 of
a bath of bosonic modes with creation and annihilation operators â
and â†, through the interaction Hamiltonian Ĥint. The light field of the
bath goes through homodyne detection, which produces the outcome
xξ , where the phase ξ can be controlled through a phase plate, and
the evolved state is projected into the eigenstate |xξ 〉 of the operator
x̂ξ = (ξ â + ξ ∗â†)/

√
2. The stochastic differential equation for |ψt 〉

in Eq. (2) arises from normalizing the state after projection into the
eigenstate |xξ 〉 of x̂ξ , and noticing that the outcome xξ can be treated
as a stochastic variable.

From a known initial state, using Eqs. (2) and (3) one can
compute the state at later times: Specifically, starting from
the state |ψt 〉 at a given time t , one computes the conditional
expectation 〈L̂〉t . By measuring the signal yt , Eq. (3) allows
one to reconstruct the noise contribution dWt , which can be
used to fully determine the state at a time t + dt via Eq. (2).

The stochastic equation for the conditional density operator
ρ̂ω,t reads

dρ̂ω,t = − i

h̄
[Ĥ, ρ̂ω,t ]dt − λ

2
[L̂, [L̂, ρ̂ω,t ]]dt

+
√

λ(ξR({L̂, ρ̂ω,t } − 2〈L̂〉t ρ̂ω,t ) + iξ I[L̂, ρ̂ω,t ])dWt

(4)

and that for the quantum expectation value 〈Ô〉t of an observ-
able Ô reads

d〈Ô〉t = − i

h̄
〈[Ô, Ĥ ]〉t dt − λ

2
〈[L̂, [L̂, Ô]]〉t dt

+
√

λ(ξR(〈{Ô, L̂}〉t − 2〈Ô〉t 〈L̂〉t ) + iξ I〈[Ô, L̂]〉t )dWt

≡ Aψt dt + Bψt dWt . (5)

Equation (4) reduces to the Lindblad equation (1) when the
average over the noise is taken, since the second line averages
to 0. Similarly, Eq. (5) implies that Eω[〈Ô〉t ] does not depend
on the chosen unraveling and can be computed directly from
the density matrix ρ̂t .

However, as mentioned before, quantities such as Eω[〈Ô〉n
t ]

with (n > 1) are unraveling dependent, since

d〈Ô〉n
t =

(
n〈Ô〉n−1

t Aψ + 1

2
n(n − 1)〈Ô〉n−2B2

ψ

)
dt

+ n〈Ô〉n−1
t BψdWt , (6)

with Aψ and Bψ defined in Eq. (5). When calculating
Eω[〈Ô〉t ], a contribution proportional to B2

ψ , which is unrav-
eling dependent, remains.
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Thus far, we have specified neither the Hamiltonian nor
the Lindblad operator L̂. Thus, the unraveling dependence
of quantities such as 〈Ô〉n

t can be explicitly shown in any
system where stochastic unravelings are used to describe its
dynamical evolution. For illustrative purposes, we specialize
on levitated optomechanical systems in the following section.
The interested reader can find other simpler examples of the
unraveling dependence of 〈Ô〉n

t in Appendix C.

III. HOMODYNE DETECTION OF THE POSITION
OF A LEVITATED NANOPARTICLE

As an example of the unraveling dependence of quantities
that are nonlinear in the conditional state ρ̂t,ω, let us consider
a trapped levitated nanoparticle undergoing homodyne detec-
tion of its position. For this system, we will be interested in
explicitly showing the unraveling dependence of the compo-
nents �t (Ôi, Ô j ) of the covariance matrix of the system.

A realistic dynamical evolution of the particle should in-
clude dissipation effects [35,51]. Therefore, we consider the
following conditional evolution for ρ̂ω,t :

dρ̂ω,t = − i

h̄

[
p̂2

2m
+ 1

2
m�2x̂2, ρ̂ω,t

]
dt

+ DCL[ρ̂ω,t ]dt + Dth[ρ̂ω,t ]dt − λ

2
K[x̂, [x̂, ρ̂ω,t ]]dt

+
√

λ√
K

(ξR({x̂, ρ̂ω,t } − 2〈x̂〉ρ̂ω,t ) + iξ IK[x̂, ρ̂ω,t ])dWt .

(7)

The Hamiltonian driving the unitary part of the evolution
is that of a harmonic oscillator of frequency �. DCL[ρ̂ω,t ]
and Dth[ρ̂ω,t ] are the modified Caldeira-Leggett dissipator and
the thermalization dissipator, respectively. The former corre-
sponds to

DCL[ρ̂ω,t ] = − iγ

2h̄
[x̂, { p̂, ρ̂ω,t }] − γ mkBT

h̄2 [x̂, [x̂, ρ̂ω,t ]]

− γ

16mkBT
[ p̂, [ p̂, ρ̂ω,t ]], (8)

where γ > 0 is a coupling constant, kB is Boltzmann’s con-
stant, and T is the temperature. The thermalization dissipator
reads

Dth[ρ̂ω,t ] = i


4h̄
([ p̂, {x̂, ρ̂ω,t }] − [x̂, { p̂, ρ̂ω,t }])

− 
(2n̄ + 1)

4h̄m�
(m2�2[x̂, [x̂, ρ̂ω,t ]] + [ p̂, [ p̂, ρ̂ω,t ]]),

(9)

with 
 > 0 a coupling constant and n̄ = (exp[ h̄�
kBT ] − 1)−1.

Generally speaking, the Caldeira-Leggett dissipator DCL mod-
els the motion of a Brownian particle weakly coupled to a
bath of harmonic oscillators, in the limit of high temperature
[1]. The thermalization dissipator Dth encodes the interaction
with the particles of a bath at temperature T and mean exci-
tation number n̄ [34]. In the particular scenario of a levitated
nanoparticle trapped by a laser in a cold vacuum chamber, the
former arises from the interaction between the system and the

surrounding residual gas, and the latter from the interaction
between the system and the optical modes of the laser [35].

The remaining terms in Eq. (7) account for the homodyne
detection of the particle’s position through the scattered pho-
tons, as given in Eq. (2). The extra factor K = 2n̄ph + 1 takes
into account the fact that the number of thermal photons n̄ph

is not strictly vanishing (see Appendix B), but for practical
purposes, one can consider K ∼ 1 [35,51].

Let us now consider the covariance matrix �t , given by

�t =
(

�t (x̂) �t (x̂, p̂)
�t (x̂, p̂) �t ( p̂)

)
, (10)

with �t (Ôi ) = �t (Ôi, Ôi ). We restrict the analysis to Gaus-
sian states, in which case �t satisfies a quantum Riccati
equation:

d�t

dt
= α�t + �tα

T + δ − �tββT �t , (11)

where α, β, and δ are the drift, diffusion, and backaction
matrices, respectively [35]. Straightforward calculations show
that the dynamical evolution for the conditional state ρ̂ω,t in
Eq. (7) leads to the following expressions for the matrices α, β

and δ:

α =
(

− 1
2
 1

m

−m�2 − 2λh̄ξRξ I − 1
2
 − γ

)
, (12)

δ = Diag(d11 d22), β =
(

0 2
√

λ√
K
ξR

0 0

)
, (13)

with d11 = h̄2γ

8kBmT + h̄

2m�

(2n̄ + 1) and d22 = 2γ mkBT +
1
2 h̄
m�(2n̄ + 1) + λh̄2K (ξR)2. The explicit dependence of
the drift, diffusion, and backaction matrices of the values
of the complex parameter ξ shows that �t is unraveling
dependent. Moreover, we stress the fact that the unraveling
dependence is just a consequence of knowing the unraveling
used to model the homodyne detection of the position of
the particle, as explicitly given by the last line in Eq. (7). In
an actual experimental setting, when one collects the output
signal of the observable of interest, the description of the
signal as in Eq. (3) is equivalent to specifying an unraveling.

The expressions in Eqs. (12) and (13) generalize the results
in Refs. [35,51], where only the unraveling corresponding to
a standard continuous measurement (ξ = 1) was considered.
In general, the complex phase ξ (between the input state and
the local oscillator) in the homodyne detection mechanism
can be fixed through a phase plate, as shown in Fig. 1. This
corresponds to performing a measurement of the quadrature
x̂ξ = (ξ â + ξ ∗â†)/

√
2 (see Appendix A). In Fig. 2, we show

the time evolution of �t (x̂) for different values of the parame-
ter ξR, each corresponding to a distinct measurement scheme.
For ξR = 1 (green curve), the indirect homodyne detection
is equivalent to a standard continuous measurement of the
position. As expected, the position variance decreases over
time and eventually stabilizes at a fixed asymptotic value,
the lowest among all considered measurement schemes. The
localization effect becomes weaker as ξR decreases, as illus-
trated by the red curve for ξR = 0.01. When ξR = 0 (orange
curve), the position variance still reaches an asymptotic value
due to the presence of dissipative dynamics; however, the
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FIG. 2. Time evolution of the unraveling-independent variance
Vart (x̂) (blue line) and of the unraveling-dependent variance �t (x̂)
for different values of ξR. We use the following parameters from
Ref. [35]: m = 10−15 kg, a0 = 0.25 × 109 m−2, λ = 1026 m−2 Hz,
� = 105 Hz, γ = 10−7 Hz, T = 50 K, and 
 = 10−7 Hz. The three
quantities evolve differently over time.

spread remains significantly larger than that in the other two
cases.

For completeness, we include the unraveling-independent
covariance matrix Vart :

Vart =
(

Vart (x̂) Vart (x̂, p̂)
Vart (x̂, p̂) Vart ( p̂)

)
, (14)

where, given two operators Ôi and Ô j , we have de-
fined Vart (Ôi, Ô j ) = Eω[ 1

2 〈{Ôi, Ô j}〉] − E[〈Ôi〉]E[〈Ô j〉] and
Vart (Ôi ) = Vart (Ôi, Ôi ). It is easy to show that Vart satisfies
as well a quantum Riccati equation, where now

α =
(

− 1
2
 1

m

−m�2 − 1
2
 − γ

)
, (15)

δ = Diag(δ11 δ22), β = 02×2, (16)

where δ11 = d11 and δ22 = 2γ mkBT + 1
2 h̄
m�(2n̄ + 1) +

λh̄2K . The dependence on ξ , therefore on the unraveling, has
vanished. The behavior of Vart (x̂) is shown in Fig. 2. The
overall dynamics resembles the case with ξR = 0; however,
the asymptotic value is larger than all the cases already con-
sidered. This difference is due to the presence of the additional
diffusive term λh̄2K , introduced by the homodyne monitoring.

IV. (IN)DISTINGUISHABILITY OF DIFFERENT
UNRAVELINGS OF A MASTER EQUATION

We now turn to the question of whether the nonlinear
quantities introduced earlier can be operationally used to
distinguish between different unravelings of the same master
equation. From the previous analysis, as well as from the
existing literature [22–26], it is clear that these quantities
differ for different unravelings. The key question is whether
this difference can be used to experimentally discriminate the
unravelings.

According to what is described in the previous section and
in Ref. [36], these nonlinear quantities are not directly in-
ferred from experimental data, but rather computed from the
output signal, knowing the unraveling, i.e., the stochastic
master equation that models the measurement procedure. For

instance, in the example of the previous section, the possibility
of computing quantities such as �t (x̂) arises only after identi-
fying the output signal of the position of the particle with the
structure in Eq. (3), which has a one-to-one correspondence
with the unraveling in the last line of Eq. (7). In other words,
without specifying the signal (and thus the unraveling), it is
not possible to reconstruct quantities such as �t (x̂).

It is important to remark that nonlinear quantities cannot be
directly inferred from experimental data. Take, for example,
〈Ô〉t : By definition, this represents the expectation value of
the observable Ô and, as such, can only be computed by
repeating a measurement. However, these repeated measure-
ments should be performed for a fixed realization of the noise
in order to give 〈Ô〉t , which is impossible. For the case of
the levitated nanoparticle of the previous section, it would
imply fixing the realization that defines the dynamics of the
conditional density operator in Eq. (7) for each of the runs of
the experiment, which in general cannot be done.

Therefore, one can compute nonlinear quantities only after
knowing the unraveling that is under consideration, together
with the output signal. The distinction is provided at the
source, by choosing one unraveling. In other words, the access
to nonlinear quantities that depend on conditional quantum
expectation values (even if the noise conditions could be
perfectly replicated—which cannot, because that would imply
having control of the measurement outcomes) arises only after
identifying the measurement record with a specific unraveling,
through which the corresponding mathematical computation
of the nonlinear quantity of interest can be carried out. There
is no possibility of computing the nonlinear quantity directly
from the experimental data. As such, the answer to the ques-
tion raised at the beginning of the section is negative.

The case is different for Eω[〈Ô2〉ω,t ] or (Eω[〈Ô〉ω,t ])2; the
first quantity is mathematically equivalent to Tr[Â2ρ̂t ], and the
second to (Tr[Âρ̂t ])2, where ρ̂t is the averaged density ma-
trix. In both cases, the quantum expectation can be computed
directly by performing a measurement of the statistical en-
semble represented by ρ̂t , which is supposed to be accessible,
without passing through the unraveling that generated it.

Another, more dramatic, consequence is that, if quantities
like Eω[〈Ô〉2

ω,t ] were directly accessible, one could establish a
protocol for superluminal communication. To show this, let us
consider the dynamical evolution of a bipartite system, where
one of the parties, let us say, Alice, is continuously monitor-
ing a local observable L̂ = L̂A ⊗ 1̂B, where 1̂B is the identity
operator for the second party, say Bob. He can make local
measurements of some observable Ô = 1̂A ⊗ ÔB. From the
evolution of the conditional density operator ρ̂ω,t in Eq. (4),
and setting for simplicity Ĥ = 0, the dynamical evolution of
Bob’s reduced density operator ρ̂B

ω,t = TrA[ρ̂ω,t ] reads

dρ̂B
ω,t = 2

√
λξR

(
TrA[L̂ρ̂ω,t ] − 〈L̂〉t ρ̂

B
ω,t

)
dWt . (17)

As this master equation is purely stochastic, it follows that
the expectation value Eω[TrB[Ôρ̂B

ω,t ]] is constant over time, as
expected, because the continuous monitoring of the observ-
able L̂ by construction affects only Alice and cannot affect
Bob. It is another way of expressing the no-signaling con-
dition. Moreover, if the initial state is separable, i.e., ρ̂ω,0 =
ρ̂A,0 ⊗ ρ̂B,0, from the above equation it follows the stronger
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result dρ̂B
ω,t = 0: Now, the state of Bob does not change, not

only in the average, but also for each realization. This is again
entirely expected: If the states are initially factorized and the
dynamics—included the measurements—is also factorized,
Alice and Bob are completely disconnected from each other.

However, if Alice and Bob share pairs of particles in an
initially entangled state, and Bob can measure quantities that
are nonlinear in ρ̂B

ω,t , without previously knowing what Alice
will do on her side, superluminal communication could be
established between them. As a matter of fact, let us consider
that Alice and Bob share pairs of 1/2-spin particles, let us say
in the singlet state:

|s〉 = 1√
2

(|↑〉 ⊗ |↓〉 − |↓〉 ⊗ |↑〉). (18)

In particular, let Alice continuously monitor the n′ component
of the spin of her particles (where the components n′ and
n do not necessarily coincide); thus, L̂ = σ̂n′ ⊗ 1̂B. On the
other side, Bob is interested in the dynamical evolution of
the covariance �t (σ̂n) = 1 − (TrB[σ̂nρ̂

B
t,ω])2 (we have used

the fact that σ̂ 2
n = 1̂B) of the n component of the spin of his

particles. Starting from Eq. (17), straightforward calculations
show that

d�t (σ̂n)=−4λ(ξR)2S2
t (n, n′)dt −4

√
λξR〈σ̂n〉t St (n, n′)dWt ,

(19)

with St (n, n′) = Tr[σ̂n′ ⊗ σ̂nρ̂ω,t ] − TrA[σ̂n′ ρ̂A
ω,t ]TrB[σ̂nρ̂

B
ω,t ].

From the family of unravelings in Eq. (2), we consider the
cases ξ = i and ξ = 1. For the first case, we have

dEω

[
�

ξ=i
t (σ̂n)

] = 0, (20)

i.e., the variance does not change in the average, while in the
second case it does because

dEω

[
�

ξ=1
t (σ̂n)

] = −4λEω

[
S2

t (n, n′)
]
dt, (21)

with at least S2
0 (n, n′) = (n · n′)2 in general different from 0.

If �t (σ̂n) were directly accessible for Bob, i.e., without
Alice having previously told him which kind of measure-
ment she would perform, he would obtain Eω[�t (σ̂n)] =
Eω[�0(σ̂n)] = 1 if Alice continuously monitors the spin of
her particles by using the unraveling in Eq. (2) with ξ = i,
and E[�t (σ̂n)] �= 1 for at least some time, if she continuously
monitors her particles using the unraveling corresponding to
ξ = 1. A schematic representation of this protocol is shown
in Fig. 3. Bob would then be able to determine Alice’s choice
from a distance, thus allowing superluminal communication
between them.

However, as discussed earlier, nonlinear quantities are not
accessible without knowing the unraveling and, as such, they
cannot be used to distinguish between different unravelings;
therefore, the superluminal protocol cannot be established.

The situation changes if Alice informs Bob of the measure-
ment she performs and shares the measurement signal; in this
case, Bob can reconstruct Eω[�(σ̂n)]. This does not violate
relativity, as Alice and Bob must now establish a classical
communication protocol. Moreover, Bob does not gain any
additional knowledge on the type of measurement Alice per-
formed beyond what is already contained in the measurement
procedure disclosed by her.

FIG. 3. Superluminal protocol established between two parties,
Alice (A) and Bob (B), if �t (σ̂n) were accessible. If they share
pairs of entangled particles in the state |s〉 [cf. Eq. (18)], and Alice
continuously monitors the spin of her particles, Bob would be in a
position to know with certainty Alice’s choice regarding the phase
ξ with which she performs homodyne detection after coupling her
particles with light. It would suffice for him to determine �t (σ̂n) on
his particles. If Alice chooses ξ = i, then Bob would see the outcome
�t (σ̂n) = 1. In contrast, if she chooses ξ = 1, Bob would see the
outcome �t (σ̂n) �= 1. This is independent of the spatial distance sep-
arating the two parties, opening the way to superluminal signaling.

Finally, we remark that, as already known, a measurement
of a quantity linear in the density operator does not lead to
superluminal signaling. In the above example, let us consider
for concreteness that Bob decides to measure σ̂n. Therefore,
the dynamical evolution of 〈σ̂n〉t = TrB[σ̂nρ̂

B
t,ω] reads

d〈σ̂n〉t = 2
√

λξRSt (n, n′)dWt , (22)

from which it immediately follows that, in analogy to
Eqs. (20) and (21),

dEω

[〈σ̂n〉ξ=i
t

] = 0 = dEω

[〈σ̂n〉ξ=1
t

]
, (23)

and thus, Bob cannot distinguish the type of measurement that
Alice performed.

V. CONCLUSION

There exist several stochastic unravelings for a given mas-
ter equation. In light of this, a relevant question—from both
a foundational and a practical perspective—is whether these
unravelings can be distinguished. This issue can be addressed
at both the mathematical and operational levels.

From a mathematical standpoint, it is well known that
different unravelings evolve the wave function differently, and
as such that can be distinguished [22–26], not least because
the very notion of different unravelings implies some form of
differentiation. Thus, the real question is whether they can be
distinguished operationally.

As we have discussed, the answer is negative. Phys-
ical quantities are either unraveling independent, such as
Eω[〈Ôn〉t ], and thus cannot be used to discriminate be-
tween unravelings, or they are unraveling dependent, such as
Eω[〈Ô〉n

t ] for n > 1, but they are not operationally accessi-
ble unless the unraveling, or measurement procedure, which
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nonlinear quantities are supposed to distinguish, is already
known.
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APPENDIX A: A QUICK REVIEW ON HOMODYNE
DETECTION

We will follow the derivation presented in Refs. [52,53] to
review the most relevant aspects of homodyne detection. We
take a system S, of which we are interested in continuously
monitoring the operator L̂. Let us consider the interaction be-
tween the system S and the environment A, where the latter is
modeled as a continuum of bosonic modes, with creation and
annihilation operators â† and â, respectively (thus, they satisfy
[â, â†] = 1). The total Hamiltonian is Ĥtot = ĤS + ĤA + Ĥint,
where ĤS acts on S, ĤA on A, and Ĥint encodes the interaction
between system and environment. In what follows, we will
work in the interaction picture with respect to the Hamiltonian
Ĥ = ĤS + ĤA. Let us set the interaction Hamiltonian to be
given by

Ĥint = ih̄

√
λ

dt
(L̂ ⊗ â† − L̂† ⊗ â), (A1)

where λ is a suitable coupling constant. If the total state of
system and environment at a time t is |ψt 〉 ⊗ |0〉, first we
let it evolve under the unitary evolution due to Ĥint. Then,
the environment is projected on the eigenstates {|xξ 〉} of the
operator x̂ξ = (ξ â + ξ ∗â†)/

√
2, where ξ is a complex number

satisfying |ξ |2 = 1. Thus, at a time t + dt , we have that the
unnormalized state of the system reads

|ψ̃t+dt 〉 = (1̂ ⊗ 〈xξ |)e− i
h̄ Ĥintdt (|ψt 〉 ⊗ |0〉). (A2)

Straightforward calculations show that

|ψ̃t+dt 〉 = 〈xξ | 0〉
(

1̂ +
√

λdt
〈xξ | 1〉
〈xξ | 0〉 L̂

− 1

2
λdt

(
L̂†L̂ −

√
2
〈xξ | 2〉
〈xξ | 0〉 L̂2

))
|ψt 〉 + O(dt )3/2.

(A3)

From the eigenvalue equation x̂ξ |xξ 〉 = xξ |xξ 〉, the following
identities hold:

〈xξ | 1〉 =
√

2ξxξ 〈xξ | 0〉, 〈xξ | 2〉 = ξ 2

√
2

(
2x2

ξ − 1
) 〈xξ | 0〉,

(A4)

so that at time t + dt we have

|ψ̃t+dt 〉 = 〈xξ | 0〉
(

1̂ +
√

2λdtξxξ L̂

− 1

2
λdt

(
L̂†L̂ − ξ 2(2x2

ξ − 1
)
L̂2)) |ψt 〉 + O(dt )3/2.

(A5)

Thus, the probability of obtaining the outcome xξ after projec-
tion on the environment of the total state at time t + dt reads

p(xξ )t+dt = ‖ψ̃t+dt‖2

= | 〈xξ | 0〉|2
(

1 +
√

2λdtxξ 〈ξ L̂ + ξ ∗L̂†〉t

+ 1

2

(
2x2

ξ − 1
)
λdt (2〈L̂†L̂〉t + 〈ξ 2L̂2

+ (ξ ∗)2(L̂†)2〉t )

)
+ O(dt )3/2. (A6)

Due to the vacuum fluctuations, the probability distribu-
tion for xξ at a time t is given by p(xξ )t = | 〈xξ | 0〉|2 =
(1/

√
π )e−x2

ξ [52]. Therefore, up to order
√

dt , we can approx-
imate p(xξ )t+dt as

p(xξ )t+dt = 1√
π

exp

⎡⎣−
(

xξ −
√

λdt

2
〈ξ L̂ + ξ ∗L̂†〉t

)2
⎤⎦.

(A7)

This allows us to identify the random variable xξ as a stochas-
tic random variable satisfying

xξ =
√

λdt

2
〈ξ L̂ + ξ ∗L̂†〉t + dWt√

2dt
, (A8)

where Wt is a Wiener process. Under this approximation, the
above expressions simplify to

|ψ̃t+dt 〉 = 〈xξ | 0〉(1̂ +
√

2λdtξxξ L̂ − 1
2λdt L̂†L̂

) |ψt 〉
+ O(dt )3/2, (A9)

p(xξ )t+dt = | 〈xξ | 0〉|2(1 +
√

2λdt〈ξ L̂ + ξ ∗L̂†〉t ) + O(dt )3/2.

(A10)

Therefore, the normalized state at a time t + dt is given by

|ψt+dt 〉 = |ψ̃t+dt 〉√
p(xξ )t+dt

. (A11)

Expanding up to order dt , and after dropping out a global
phase due to 〈xξ | 0〉, we obtain

d |ψt 〉 =
(

−λ

2

(
L̂†L̂ − 〈ξ L̂ + ξ ∗L̂†〉tξ L̂ + 〈ξ L̂ + ξ ∗L̂†〉2

t

)
dt

+
√

λ

(
ξ L̂ − 1

2
〈ξ L̂ + ξ ∗L̂†〉t

)
dWt

)
|ψt 〉 , (A12)
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and if the operator L̂ is Hermitian, the above equation simpli-
fies to

d |ψt 〉 =
(
−λ

2

(|ξ |2L̂2 − 2ξξRL̂〈L̂〉t + (ξR)2〈L̂〉2
t

)
dt

+
√

λ(ξ L̂ − ξR〈L̂〉t )dWt

)
|ψt 〉 , (A13)

thus recovering the result of Eq. (2) once one switches back
to the Schrödinger picture. As a final remark, the measure-
ment record yt satisfies the following differential equation [cf.
Eq. (A8)]:

dyt =
√

dt

2λ
xξ = 1

2
〈ξ L̂ + ξ ∗L̂†〉t dt + 1

2
√

λ
dWt . (A14)

APPENDIX B: CONTINUOUS MONITORING
ON A FINITE-TEMPERATURE BATH

We generalize the results presented in Refs. [52,53], and
consider the continuous monitoring of a system surrounded by
an environment with finite temperature. It is more convenient
to work at the level of the Wigner function for the thermal bath
[54]. Therefore, the initial state of the system and bath can be
represented as

Wt (α, α∗) = 2

πK
exp

[
− 2

K
αα∗

]
ρ̂t , (B1)

with K−1 = tanh( h̄�
2kBT ) and where α is the eigenvalue of the

coherent state |α〉, i.e., â |α〉 = α |α〉. Once again, we let this
initial state evolve under the Hamiltonian Ĥint, so that

Wt+dt (α, α∗) = e− i
h̄ ĤintdtWt (α, α∗)e

i
h̄ Ĥintdt , (B2)

where we can use the following results [54] when applying the
unitary evolution operators on the initial state of the system
and bath:

âWt (α, α∗) =
(

α + 1

2

∂

∂α∗

)
Wt (α, α∗),

â†Wt (α, α∗) =
(

α∗ − 1

2

∂

∂α

)
Wt (α, α∗),

Wt (α, α∗)â =
(

α − 1

2

∂

∂α∗

)
Wt (α, α∗),

Wt (α, α∗)â† =
(

α∗ + 1

2

∂

∂α

)
Wt (α, α∗).

(B3)

As in the previous case, we are interested in the measurement
of the observable x̂ξ = (ξ â + ξ ∗â†)/

√
2. Therefore, let us de-

fine

xξ = ξα + ξ ∗α∗
√

2
, yξ = −i

(ξα − ξ ∗α∗)√
2

, (B4)

and express the resulting state of the system Wt+dt (α, α∗) in
terms of xξ and yξ . The conditional state W (c)

t+dt (xξ ) is obtained
by integrating the evolved state Wt+dt (xξ , yξ ) over all possible
values of yξ . Straightforward calculations show that, to order

√
dt , we obtain

W (c)
t+dt (xξ ) ∝ G(xξ , 0, K/2)

(
ρ̂t +

√
λdt

√
2

K
xξ ((N + 1)ξ L̂ρ̂t

− Nξ ∗L̂†ρ̂t − Nξ ρ̂t L̂ + (N + 1)ξ ∗ρ̂t L̂
†)

)
,

(B5)

where G(xξ , 0, K/2) is a Gaussian distribution with mean
zero and variance K/2. From this result, the probability of
obtaining the outcome xξ is given by

p(xξ )t+dt = Tr[Wc(t + dt )]

∝ G(xξ , 0, K/2)

(
1 +

√
λdt

√
2

K
xξ 〈ξ L̂ + ξ ∗L̂†〉

)

≈ G

(
xξ ,

√
λdt

2
〈ξ L̂ + ξ ∗L̂†〉, K/2

)
, (B6)

where the last approximation is valid to order
√

dt . Therefore,
we can equivalently set xξ to be the following stochastic
random variable:

xξ =
√

λdt

2
〈ξ L̂ + ξ ∗L̂†〉t +

√
K

dWt√
2dt

, (B7)

where dWt is a Wiener process. Going to the next order in
the expansion of W (c)

t+dt (xξ ) in Eq. (B2), there will be terms
proportional to (x2

ξ − K/2), which will not contribute to the
total dynamics, according to Eq. (B7). In contrast, terms pro-
portional to (x2

ξ + K/2) will contribute to the total dynamics
of the system, with a factor of K . Therefore, the state ρ̂t+dt

reads

ρ̂t+dt = W (c)
t+dt (xξ )

p(xξ )t+dt

= ρ̂t −
√

λ√
K
H[(N + 1)ξ L̂ − Nξ ∗L̂†]ρ̂t dWt

+ λ((N + 1)D[L̂]ρ̂t + ND[L̂†]ρ̂t )dt, (B8)

where D[Ô]ρ̂t and H[Ô]ρ̂t are superoperators acting on ρ̂t as

D[Ô]ρ̂t = Ôρ̂t Ô
† − 1

2 {Ô†Ô, ρ̂t },
H[Ô]ρ̂t = Ôρ̂t + ρ̂t Ô

† − 〈Ô + Ô†〉t ρ̂t . (B9)

Thus, we obtain that the conditional master equation reads

dρ̂t = λ((N + 1)D[L̂]ρ̂t + ND[L̂†]ρ̂t )dt

−
√

λ√
K
H[(N + 1)ξ L̂ − Nξ ∗L̂†]ρ̂t dWt . (B10)

APPENDIX C: SOME EXAMPLES OF
UNRAVELING-DEPENDENT QUANTITIES

In what follows, we will discuss some examples of
unraveling-dependent quantities. From the family of unravel-
ings in Eq. (2), and for illustrative purposes, we will consider
two extreme cases: ξ = ξR (i.e., ξ I = 0), corresponding to a
standard continuous quantum measurement; and ξ = −i (i.e.,
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ξR = 0), corresponding to a linear dynamics with the addition
of a stochastic potential.

The first choice arises in the context of Gaussian con-
tinuous measurements [7,27], as well as dynamical collapse
models [55,56]. The dynamics is nonlinear in the wave func-
tion, but norm preserving:

d
∣∣ψA

t

〉 =
(

− i

h̄
Ĥdt − λ

2

(
L̂A

t

)2
dt +

√
λL̂A

t dWt

) ∣∣ψA
t

〉
, (C1)

where L̂A
t ≡ L̂ − 〈L̂〉A

t .
The second and third terms induce the localization of the

wave function toward an eigenstate of the operator L̂, which
occurs randomly in accordance with the Born probability rule.

The second choice, in contrast to the previous one, leads to
a linear dynamics:

d
∣∣ψB

t

〉 =
(

− i

h̄
Ĥdt − λ

2
L̂2dt − i

√
λL̂dWt

) ∣∣ψB
t

〉
. (C2)

The second term, proportional to L̂2, is the Itô correction to the
otherwise unitary evolution encoded in both the deterministic
contribution of the Hamiltonian Ĥ and the stochastic term
proportional to L̂, and disappears from the solution of the
equation. This unraveling is also norm preserving; however,
it does not lead to the collapse of the wave function.

As mentioned in the Introduction, one may distinguish
between different unravelings through the examination of
quantities that cannot be expressed in terms of the density
operator ρ̂t . An example of this is 〈Ô〉2

t . For the unraveling
in Eq. (C1), we have

d〈Ô〉A
t

2 = 2〈Ô〉A
t

(
− i

h̄
〈[Ô, Ĥ ]〉A

t − λ

2
〈[L̂, [L̂, Ô]]〉A

t

)
dt

+ λ
(〈{Ô, L̂}〉A

t − 2〈Ô〉A
t 〈L̂〉A

t

)2
dt

+ 2〈Ô〉A
t

√
λ
(〈{Ô, L̂}〉A

t − 2〈Ô〉A
t 〈L̂〉A

t

)
dWt , (C3)

whereas the unraveling in Eq. (C2) leads to the following
equation:

d〈Ô〉B
t

2 = 2〈Ô〉B
t

(
− i

h̄
〈[Ô, Ĥ ]〉B

t dt − λ

2
〈[L̂, [L̂, Ô]]〉B

t

)
dt

− λ〈[L̂, Ô]〉B
t

2
dt + 2i〈Ô〉B

t

√
λ〈[L̂, Ô]〉B

t dWt . (C4)

In taking the average over the noise, due to the properties
of the Wiener process, the terms proportional to dWt vanish.
What remains is different in the two cases, as we will explic-
itly show with the following two examples.

1. Free particle

As a first example, we consider a free particle of mass m
undergoing decoherence in position; the simplest choice for
Eq. (1) is to take

Ĥ = p̂2

2m
, L̂ = x̂. (C5)

We will be interested, for each of the two unravelings, in
the time evolution of the spread in position: Eω[�t (x̂)] with
�t (x̂) = 〈x̂2〉t − 〈x̂〉2

t . Let us restrict the analysis to Gaussian

states:

ψt (x) = exp[−at (x − xt )
2 + ikt x + γt ]. (C6)

In what follows, we will show that the above ansatz is a
solution for both unravelings, where at and γt are complex
functions of time, whereas xt and kt are real.

Given the Gaussian ansatz in Eq. (C6), one can write the
quantum expectation values of observables of interest in terms
of the Gaussian parameters as follows:

〈x̂〉t = xt , 〈p̂〉t = h̄kt , 〈x̂2〉t = 1

4aR
t

+ x2
t , (C7)

where aR
t is the real part of at . We will use these expressions

to derive the dynamical evolution of 〈x̂〉2
t for both unravelings

and show that it is an unraveling-dependent quantity.

a. Nonlinear unraveling

Let us first consider the nonlinear unraveling of Eq. (C3)
and the Gaussian ansatz of Eq. (C6). Using the results of
Eq. (C7), the dynamical evolution of 〈x̂〉A

t
2

is given by

d〈x̂〉A
t

2 = 2h̄

m
xA

t k
A
t dt +

√
λxA

t

1

aA,R
t

dWt + λ
1

4aA,R
t

2 dt . (C8)

Thus, we need to determine the evolution of the Gaussian
parameters xA

t , k
A
t , and aA,R

t , and we can do so by following
the approach in Ref. [49]. With the choices for Ĥ and Ô of
Eq. (C5), the dynamical evolution in the position representa-
tion of the nonlinear unraveling in Eq. (C1) reads

dψA
t (x) =

(
ih̄

2m

∂2

∂x2
dt − λ

2

(
x − xA

t

)2
dt

+
√

λ
(
x̂ − xA

t

)
dWt

)
ψA

t (x), (C9)

where we used Eq. (C7). Recognizing that Gaussian states
remain Gaussian, and after matching the terms on both sides
of the above equation in powers of x, we obtain the following
equations for the relevant parameters of the Gaussian state:

daA
t =

(
λ − 2ih̄

m
aA

t
2
)

dt,

dxA
t = h̄

m
k

A
t dt +

√
λ

2aA,R
t

dWt ,

dk
A
t = −

√
λ

aA,I
t

aA,R
t

dWt . (C10)

Let us notice that the equation for aA
t is deterministic. The

corresponding solution is reported in Ref. [49]. The real (aA,R
t )

and imaginary (aA,I
t ) parts of aA

t read

aA,R
t = cR sinh[2(bRt + kR)] − cI sin[2(bIt + kI )]

cosh[2(bRt + kR)] + cos[2(bIt + kI )]
,

aA,I
t = cI sinh[2(bRt + kR) + cR sin[2(bIt + kI )]]

cosh[2(bRt + kR)] + cos[2(bIt + kI )]
, (C11)

where b = (1 + i)
√

h̄λ/m, c = (1 − i)/2
√

mλ/h̄, k =
tanh−1[a0/c], and a0 is the value of aA

t at time t = 0.
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Therefore, from Eq. (C7), we see that we are now in posi-
tion to determine �A

t (x̂). Thus, we have

�A
t (x̂) = 1

4

cosh[2(bRt + kR)] + cos[2(bIt + kI )]

cR sinh[2(bRt + kR)] − cI sin[2(bIt + kI )]
.

(C12)

Note that �A
t (x̂) does not depend on the noise; therefore, the

stochastic average is ineffective. We will see that the same
happens for the linear unraveling.

Having solved for aA
t , we can use the results of Eq. (C10)

to find the solution for k
A
t . We obtain

k
A
t = k0 −

√
λ

∫ t

0

aA,I
s

aA,R
s

dWs. (C13)

Finally, from the dynamical evolution for xA
t in Eq. (C10), the

previous results for aA
t and k

A
t lead to

xA
t = x0 + h̄

m
k0t −

√
λ

h̄

m

∫ t

0
(t − s)

aA,I
s

aA,R
s

dWs

+
√

λ

2

∫ t

0

1

aA,R
s

dWs. (C14)

We are now in the position to solve Eq. (C8):

Eω

[(〈x̂〉A
t

)2] =
(

x0 + h̄

m
k0t

)2

+ λ

∫ t

0
ds

1(
aA,R

s
)2

×
(

h̄

m
(t − s)aA,I

s − 1

2

)2

, (C15)

which is the same result that one would obtain by using the
fact that 〈x̂〉A

t = xA
t [cf. Eq. (C7)], and square and average the

result of Eq. (C14).

b. Linear unraveling

Let us now consider the linear unraveling of Eq. (C2), with
the same Gaussian ansatz of Eq. (C6). In this case, the results
of Eq. (C7) lead to the following evolution for 〈x̂〉B

t
2:

d〈x̂〉B
t

2 = 2h̄

m
xB

t k
B
t dt . (C16)

Working in the position representation, the evolution of the
wave function corresponds to

dψB
t (x) =

(
ih̄

2m

∂2

∂x2
dt − λ

2
x2dt − i

√
λxdWt

)
ψB

t (x), (C17)

and the dynamical evolution for the relevant parameters of the
Gaussian state reads

daB
t = −2ih̄

m
aB

t
2
dt,

dxB
t = h̄

m
k

B
t dt,

dk
B
t = −

√
λdWt . (C18)

FIG. 4. Stochastic average over all realizations of 〈x̂〉t
2, for the

nonlinear [〈x̂〉A
t

2
in Eq. (C15)] and linear [〈x̂〉B

t
2 in Eq. (C21)] un-

ravelings. For illustrative purposes, we use the parameters: x0 = 0,
k0 = 0, m = 10−15 kg, a0 = 0.25 × 109 m2, and λ = 1023 m−2 Hz.

Solving for k
B
t , we obtain

k
B
t = k0 −

√
λ

∫ t

0
dWs, (C19)

and the substitution of this result in the evolution of xB
t in

Eq. (C18) yields

xB
t = x0 + h̄

m
k0t − h̄

√
λ

m

∫ t

0
(t − s)dWs, (C20)

with solution

Eω

[〈x̂〉B
t

2] =
(

x0 + h̄

m
k0t

)2

+ λ
h̄2

m2

∫ t

0
(t − s)2ds, (C21)

FIG. 5. Time evolution of the unraveling-independent variance
Vart (x̂) [Eq. (C24), green line] and of �t (x̂) for the nonlinear un-
raveling [�A

t (x̂) in Eq. (C12), blue line] and the linear unraveling
[�B

t (x̂) in Eq. (C23), yellow line]. For illustrative purposes, we use
the following parameters: x0 = 0, k0 = 0, m = 10−15 kg, and a0 =
0.25 × 109 m−2 (therefore, �A

0 (x̂) = �B
0 (x̂) = Var0(x̂) = 10−9 m2),

and λ = 1023 m−2 Hz. The three quantities evolve differently over
time.
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which in general differs from the expression for Eω[〈x̂〉A
t

2
], as

shown in Fig. 4. Finally, solving for aB
t , we obtain

aB,R
t = m2aR

0(
m − 2h̄taI

0

)2 + 4h̄2t2
(
aR

0

)2 ,

aB,I
t = m2aI

0 − 2h̄t |a0|2(
m − 2h̄taI

0

)2 + 4h̄2t2
(
aR

0

)2 . (C22)

Once again, from Eq. (C7), we can calculate �B(x̂). We
obtain

�B
t (x̂) = 1

4

(
m − 2h̄taI

0

)2 + 4h̄2t2
(
aR

0

)2

m2aR
0

, (C23)

which is deterministic, as in the previous case.
Both quantities �A

t (x̂) and �B
t (x̂) [cf. Eqs. (C12)

and (C23)] differ from the variance Vart (x̂) = Eω[〈x̂2〉t ] −
(Eω[〈x̂〉])2

t = Tr[x̂2ρ̂t ] − (Tr[x̂ρ̂t ])2 [57] obtained from the
density matrix, which by construction is unraveling indepen-
dent. Straightforward calculations show that

Vart (x̂) =
(
m − 2h̄taI

0

)2 + 4h̄2t2
(
aR

0

)2

4m2aR
0

+ λ
h̄2

m2

t3

3
, (C24)

which matches the the well-known expression in the deco-
herence literature [58] (for aI

0 = 0). Figure 5 shows the time
evolution of time of �A

t (x̂), �B
t (x̂), as well as of Vart (x̂),

for given initial values of the parameters. For small times,
they roughly coincide, because the free part of the dynamics,
which is the same in all cases, dominates over the stochas-
tic part. For larger times, the three quantities depart. �A

t (x̂)
settles to a finite value: The nonlinear unraveling collapses
the wave function, counteracting the free expansion, and
therefore the Gaussian state reaches asymptotically a finite
spread. The linear unraveling does not induce the collapse of
the wave function, but acts as a random position-dependent
potential; therefore, the spread �B

t (x̂) keeps increasing over
time. The same occurs for Vart (x̂) but at a faster rate. As a final

remark, from the fact that the variance Vart (x̂) is unraveling
independent, it follows from Eqs. (C24) and (C12) that the
term in the second line in Eq. (C15) is equal to

λ

∫ t

0
ds

1(
aA,R

s
)2

(
h̄

m
(t − s)aA,I

s − 1

2

)2

=
(
m − 2h̄taI

0

)2 + 4h̄2t2
(
aR

0

)2

4m2aR
0

+ λ
h̄2

m2

t3

3

− 1

4

cosh[2(bRt + kR)] + cos[2(bIt + kI )]

cI sinh[2(bRt + kR) + cR sin[2(bIt + kI )]]
. (C25)

2. Particle in a harmonic trap

Let us now consider a particle trapped in a harmonic po-
tential:

Ĥ = 1

2m
p̂2 + 1

2
m�2x̂2, (C26)

and we maintain the choice L̂ = x̂. We derive the dynamical
evolution for both unravelings under the Gaussian ansatz of
Eq. (C6).

a. Nonlinear unraveling

We can follow the same procedure as in the previous sec-

tion; the parameters of the Gaussian state aA
t , xA

t , and k
A
t now

obey the following dynamical evolution:

daA
t =

(
λ + i

m�2

2h̄
− 2ih̄

m
aA

t
2
)

dt,

dxA
t = h̄

m
k

A
t dt +

√
λ

2aA,R
t

dWt ,

dk
A
t = −m�2

h̄
xA

t dt −
√

λ
aA,I

t

aA,R
t

dWt . (C27)

The solutions for xA
t and k

A
t read

xA
t = h̄

m�
k0 sin (�t ) + x0 cos (�t ) +

√
λ

∫ t

0

2aA,I
t h̄ sin (�(s − t )) + m� cos (�(s − t ))

2aA,R
t m�

dWs,

k
A
t = −m�

h̄
x0 sin(�t ) + k0 cos (�t ) +

√
λ

∫ t

0

m� sin(�(s − t )) − 2aA,I
t h̄ cos (�(s − t ))

2aA,R
t h̄

dWs. (C28)

Thus, taking the square of xt one gets

Eω[〈x̂〉A
t

2
] =

(
h̄

m�
k0 sin(�t ) + x0 cos (�t )

)2

+ λ

∫ t

0

(
2aA,I

t h̄ sin (�(s − t )) + m� cos (�(s − t ))

2aA,R
t m�

)2

ds. (C29)

The solution for aA
t is as in Eq. (C11), where the parameters b

and c are now defined as

b = h̄

m

√
2
(√

x2
a + y2

a − xa
) + i

h̄

m

√
2
(√

x2
a + y2

a + xa
)
,

(C30)

with xa = m2�2/(4h̄2) and ya = mλ/(2h̄). On the other hand,
we have

c =
√

1

2

(√
x2

a + y2
a + xa

) − i

√
1

2

(√
x2

a + y2
a − xa

)
. (C31)
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We notice that in the limit in which � → 0, we have xa → 0
and thus we recover the definitions of the parameters c and b
given after Eq. (C11).

b. Linear unraveling

The stochastic differential equations for the Gaussian state

parameters aB
t , xB

t , and k
B
t are given by

daB
t =

(
i
m�2

2h̄
− 2ih̄

m
aB

t
2
)

dt,

dxB
t = h̄

m
k

B
t dt,

dk
B
t = −m�2

h̄
xB

t dt −
√

λdWt . (C32)

The above equations lead to the following solutions for xB
t

and k
B
t :

xB
t = h̄

m�
k0 sin(�t ) + x0 cos (�t )

+
√

λh̄

m�

∫ t

0
sin(�(s − t ))dWs,

k
B
t = −m�

h̄
x0 sin(�t ) + k0 cos (�t )

−
√

λ

∫ t

0
cos (�(s − t ))dWs, (C33)

and it follows that

Eω

[〈x̂〉B
t

2] =
(

h̄

m�
k0 sin (�t ) + x0 cos (�t )

)2

+
∫ t

0

(√
λh̄ sin (�(s − t ))

m�

)2

ds. (C34)

We notice that the equation for aB
t is the particular case λ = 0

of Eq. (C27). Therefore, the solution of this equation can be
readily obtained from Eq. (C11), where we set ya = 0 and find

b = i�, c = m�

2h̄
. (C35)

FIG. 6. Time evolution of the unraveling-independent variance
Vart (x̂) [Eq. (C36), green line] and of �t (x̂) for the nonlinear unrav-
eling [�A

t (x̂) as in Eq. (C12), with b and c given in Eqs. (C30) and
(C31), blue line] and the linear unraveling [�B

t (x̂) as in Eq. (C12),
with b and c given in Eq. (C35), yellow line]. For illustrative pur-
poses, we use the following parameters: x0 = 0, k0 = 0, m =
10−15 kg, a0 = 0.25 × 109 m−2, and λ = 1023 m−2 Hz. The three
quantities evolve differently over time. In addition, here we assume
� = 104 Hz for the harmonic potential term.

Finally, the unraveling-independent variance Vart (x̂) is
given by

Vart (x̂) = h̄

2m�

cosh[2kR] + cos[2(�t + kI )]

sinh[2kR]

+ λh̄2

2m2�2

(
t − sin(2�t )

2�

)
, (C36)

with

kR = 1

4
ln

(
x2
v + y2

v

)
, kI = 1

2
arctan

(
yv

xv

)
, (C37)

where

xv = |c|2 − |a0|2(
cR − aR

0

)2 + (
cI − aI

0

)2 ,

yv = 2
(
aI

0cR − aR
0 cI

)(
cR − aR

0

)2 + (
cI − aI

0

)2 ,

(C38)

and the parameters a0 and c are those corresponding to the
linear unraveling. In analogy with the free particle case, Fig. 6
shows the evolution of SigmaA

t (x̂), �B
t (x̂) and Vart (x̂) for the

particle in the harmonic trap.
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