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Abstract: The seismic vulnerability assessment of existing structures is a well-known challenging task,
due to a combination of several aspects. The use of analytical or finite element (FE) numerical models
can offer robust support in this analysis but necessitates the accurate calibration of geometrical and
mechanical input, with related uncertainties. In this paper, attention is focused on the identification
of dynamic parameters, based on modal numerical analysis, of a 50-year-old, reinforced concrete,
elevated water tank (EWT) characterised by a reservoir with a truncated cone shape. The structure is
located in a high seismic region of northern Italy and presently necessitates retrofit plans to preserve
its functionality. Based on the limited available experimental evidence and technical drawings,
major efforts are spent for the numerical prediction of fundamental vibration modes and frequencies
of the structure, which represent a first key step for seismic analyses, under various water-filling
levels. To this aim, four different FE numerical strategies able to include both structural features
and possible fluid–structure interaction (FSI) effects are developed. By progressively increasing the
computational cost (and expected the accuracy of the solutions), FE models based on added-mass
(M0 model), spring-mass (M1-DM or M1-DS models), or acoustic (M2 model) strategies are taken into
account and combined with increasing detailing in geometrical description of the structure. Results
from parametric modal analyses are discussed for the case-study EWT, in terms of computational
cost, possible numerical limitations, accuracy of predicted frequencies/modal shapes, sensitivity to
water-filling levels and operational configurations, with the support of several pieces of experimental
evidence and consolidated analytical formulations for fundamental frequency estimations.

Keywords: elevated water tank (EWT); reinforced concrete; finite element (FE) numerical modelling;
vibration frequency; modal shapes; water-filling level

1. Introduction

In engineering practice, elevated water tanks (EWTs) represent strategic structural sys-
tems and are often characterised by complex structural behaviours under extreme design
actions such as seismic events [1]. Especially for old/heritage EWTs, major challenges are
represented by their reliable vulnerability assessment and residual capacity quantification,
which represent tasks of primary importance for structures located in earthquake-prone
regions and for retrofit interventions [2,3]. To this aim, experimental data from in-field
inspections can efficiently support the detection of material properties, structural dynamic
parameters, and even possible damage/issues [4]. In addition, robust experimental ev-
idence for old/heritage elevated water tanks is limited in number or even restricted to
a few selected case-study systems, which are often characterised by specific structural
features [2,5]. As such, a multitude of numerical methods can be used in support of struc-
tural diagnostics and seismic vulnerability assessment purposes [6–8]. Numerical methods
and optimisation procedures can be extremely efficient, especially for the design of new
EWTs [9,10].

In most cases, in daily practice, structural analyses are based on simple and com-
putationally advantageous formulations, such as single degrees of freedom (SDOF) or
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equivalent spring-mass modelling strategies, which are able to capture the most important
dynamic features and behaviours for a given tank [11,12]. Whilst computationally efficient,
however, spring-mass based modelling strategies are also recognised to have basic intrinsic
limits compared to more detailed finite element (FE) numerical procedures. The choice can
be thus moved to more elaborate FE assemblies in which the majority of components are
included. On the other hand, when there is a greater number of elements, components,
and interactions, there is also a greater number of possible intrinsic uncertainties which
could affect numerical estimates and should possibly be addressed towards experimental
evidence [4]. In general, especially for complex systems, geometrical details and restraints
can strongly modify global and local structural behaviours [13]. For existing/historic
EWTs, a combination of aspects should be addressed, namely: (i) the typical intrinsic
uncertainties of mechanical features/phenomena of heritage structures; (ii) the possible
lack of supporting technical documents, drawings, or even experiments to minimise uncer-
tainties on materials and geometries; and (iii) the combination of fluid–structure interaction
(FSI) phenomena, which can be responsible for severe variations in structural dynamic
parameters [14–19], as a function of water-filling levels. According to design standards, see
for example the ACI 371R-98 document for the analysis of tanks [20], when the distance
between the roof of a container and the free liquid surface is larger than 2% of the container
height, sloshing phenomena cannot be disregarded, and more sophisticated modelling
strategies are necessarily required in place of simplified SDOF models.

In this paper, several modelling strategies are taken into account and compared
for the modal analysis of a 50-year-old, reinforced concrete, EWT with a truncated cone
container. The examined structure represents a typical water tank, among those constructed
in northern Italy in the 1970s, and presently requires detailed investigations for seismic
vulnerability assessment, to preserve its functionality in its rather high-seismicity location.
The use of four different modelling strategies is assessed in this paper in terms of numerical
prediction of fundamental vibration modes and frequencies, with respect to a several
background experimental frequencies [21] and consolidated theoretical formulations from
the literature, based on Housner’s theory [11,12,22,23]. Under various water-filling level
configurations, FE models based on added-mass (M0 model), spring-mass (M1-DM or
M1-DS), or even acoustic (M2) modelling strategies are taken into account to possibly
describe FSI phenomena and include increasing detailing in the geometrical description of
the structure. To this aim, the examined case-study structure is first described in Section 2,
while the available background inspections are briefly recalled in Section 3 and the selected
FE modelling strategies are described in Section 4.

Parametric numerical results are discussed in Section 5, with evidence of modal
analysis outcomes for the EWT with empty or progressively water-filled container. As
shown, model accuracy and reliability are of high importance for structural assessment
purposes, in the same way as computational efficiency. In addition, engineering knowledge
of dynamic parameters for similar structures is of primary importance to reproduce and
address loading configurations of technical interest for vulnerability assessment and to
support possible retrofit design (where required). The availability of experimental feedback,
in this regard, represents a key condition to further support model accuracy judgment, but
necessitates a robust description of both vibration frequencies and corresponding shapes
(Section 5.1). Numerical modal analysis outcomes are first addressed in Section 5.1 for the
EWT with an empty container, and the impact of structural geometrical simplifications
are discussed. For the EWT with a variable water-filling level, as shown, even major
sensitivity is observed in terms of predicted vibration frequencies (Section 5.2) and shapes
(Section 5.3). In this regard, simple theoretical formulations from the literature can capture
the fundamental vibration frequency of water-filled EWTs, see Section 5.2, but can offer only
partial support in the analysis of such complex historic systems which are characterised by
uncertain interpretation and calibration.
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2. Case-Study Structural System

The structural system object of study, in accordance with the topological definitions
proposed in [2], can be described as a mushroom-type structure. The EWT is located in
Brische village, in the Municipality of Meduna of Livenza (Treviso), Veneto Region (Italy).
The structural system was originally built in the 1970s and subjected, only in 2022 [21], to
several dedicated on-site investigations in support of preliminary seismic vulnerability
assessment considerations (see Section 3). The structure object of study is shown in Figure 1.
Based on geophysical parameters [24], in terms of seismic characterisation, the soil category
can be classified as type C, with topographic category T1.
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Figure 1. Elevated water tank object of study: (a) bottom view; (b) top view; and (c) schematic cross-
section axonometry (based technical drawings). 

In structural terms, the tank consists of a cylindrical shank, with a truncated cone 
container on top. The shank is made of cast in situ reinforced concrete (its strength class 
is C40/45) and is characterised by 4.7 m in external diameter and a thickness of 35 cm. It 
spans over 23.5 m in elevation (its foundation level from ground is 0.8 m). The shank is 
also characterised by a door opening at the base (1 m in width and 2 m in height) and by 
rigid diaphragms on the elevation of the structure (Figure 1c). The top container, with a 
total volume capacity of Vw = 800 m3, measures 20 m in maximum external diameter and 
4.7 m in bottom diameter (the same of stem). It is covered by a truncated cone roof made 
of precast concrete and characterised by 12 cm in thickness. The overall height of the 

Figure 1. Elevated water tank object of study: (a) bottom view; (b) top view; and (c) schematic
cross-section axonometry (based technical drawings).

In structural terms, the tank consists of a cylindrical shank, with a truncated cone
container on top. The shank is made of cast in situ reinforced concrete (its strength class
is C40/45) and is characterised by 4.7 m in external diameter and a thickness of 35 cm. It
spans over 23.5 m in elevation (its foundation level from ground is 0.8 m). The shank is also
characterised by a door opening at the base (1 m in width and 2 m in height) and by rigid
diaphragms on the elevation of the structure (Figure 1c). The top container, with a total
volume capacity of Vw = 800 m3, measures 20 m in maximum external diameter and 4.7 m in
bottom diameter (the same of stem). It is covered by a truncated cone roof made of precast
concrete and characterised by 12 cm in thickness. The overall height of the structure (from
the ground) is equal to 33.9 m, and the container is installed at a height of 25.15 m from
ground. Under maximum filling conditions (full tank with Vw = 800 m3, see Figure 1c),
water free surface reaches a level of 30 m from ground. The stem, with reduced diameter,
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extends to the top of roof and crosses the container, thus affecting the motion of water
during vibrations. At ground level, the structure is sustained by a foundation system made
of a circular reinforced concrete slab (13.6 m in diameter) which is supported by twelve 40 m
long (1 m in diameter) precast concrete drilled piles. The stem is characterised by structural
mass Mstem = 273 tons, while the empty container is associated with Mtank = 652 tons, for a
total mass in empty conditions of Me = 925 tons.

3. Background Experimental Investigation
3.1. Characterisation of Material Properties

During 2022, the examined EWT had been the object of various on-site investigations
aimed at a first mechanical characterisation of the constituent materials and basic dynamic
parameters [21]. The experimental analysis summarised in [21] was carried out by a private
company, and partial results from [21] were successively used in the present study for
comparative purposes only. Attention was preliminarily given to the inspection of steel
and concrete samples (Figure 2).
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Figure 2. On-site experiments for material characterisation: (a) steel and (b,c) concrete testing.

Accordingly, the investigation included a set of local inspections and micro-demolitions
(in order to detect the number, the diameter, and the position of steel rebars and stirrups)
such as the acquisition of small-scale steel and cast in situ concrete samples (for the esti-
mation of steel mechanical properties (Figure 2a) and concrete strength in compression),
calorimetric tests (for carbonation assessment, see Figure 2b), and ultrasonic and sclerome-
ter measurements (for concrete compressive strength, see Figure 2c). For the mechanical
characterisation of material properties, a number of samples were extracted from different
levels of the shank. Both direct (core drilled samples based on EN 12504-1 [25]) and indirect
“SonReb” tests (EN 12504-2 [26], EN 12504-4 [27]) were carried out on concrete.

For the present numerical investigation, relevant geometrical details can be found
in Table 1. Average properties are reported in Table 2 in terms of yielding and ultimate
strength for steel (fy and fu) and compressive strength for concrete (fc).

Table 1. Arrangement of steel rebars and stirrups (based on on-site inspections and experiments
carried out in 2022).

Rebars Stirrups

Diameter
[mm]

Spacing
[cm]

Diameter
[mm]

Spacing
[cm]

Shank 16 30 12 20
Container 20 16 14 35
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Table 2. Material characterisation (based on on-site inspections and experiments carried out in 2022).

Steel Concrete

N. Samples fy
[MPa]

fu
[MPa] fu/fy N. Samples fc

[MPa]

Stem—GL 4 517.5 814.9 1.57 4 43.9
Stem—3L 6 529.5 822.7 1.55 4 45.9
Stem—5L 4 528.4 791.7 1.50 4 39.6

3.2. Vibration Tests

In the same period of material characterisation tests (Section 3.1), a set of vibration
experiments was also carried out on the examined EWT, aiming at the detection and
quantification of fundamental vibration periods. Experimental modal analysis (EMA)
techniques were adopted to predict the low vibration frequencies of the system [21].

More precisely, the shank was subjected to an external force (10 tons, based on the
use of tensile ropes and a 32-ton truck, see Figure 3) and then monitored under free-decay
vibrations by means of a total number of four triaxial accelerometers. The sensors were
installed on the elevation of the structure (up to the base of container). The analysis of
experimental records was carried out in the frequency domain.
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and (b) geometrical details for the tested configurations (cross-section).

In order to achieve a more exhaustive dynamic characterisation of the EWT system,
two different operational configurations were taken into account for testing, namely repre-
senting:

• the container in an empty condition (i.e., with Vw = 59 m3 of water, corresponding to
hw = 1.37 m of free water surface in the container, “MCW0” in the following) or

• the half-full container (“MCW50” with Vw = 423 m3 and hw = 3.53 m).

Technical details about tank filling are also schematised in Figure 3b. Major vibration
outcomes from the experimental investigation reported in [21] are of primary interest for
numerical modelling assessment and are summarised in Table 3.
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Table 3. Fundamental vibration periods for the structure (based on experiments carried out in 2022).

Vibration Frequency [Hz]

Mode EMA (Free Decay)

Order Type MCW0
(Vw = 59 m3)

MCW50
(Vw = 423 m3)

∆

[%]

S1 Sloshing n.a. 0.230 n.a.
1 1st flexural 1.316 1.176 −10.64
2 Torsional 3.448 3.446 −0.06
3 2nd flexural 8.333 7.692 −7.69

A first-mode frequency corresponding to sloshing (“S1” in Table 3) was detected
from the experimental analysis and is significantly lower than the structural vibration
frequencies of the system. From a structural point of view, the first three modes were
experimentally detected and classified in the 1st flexural mode, a second purely torsional
vibration mode, and thirdly, a 2nd flexural mode of the system. It can be seen from
Table 3 that the vibration frequency—as expected—decreases with water-filling increase
for the 1st and 2nd flexural modes only, which are the most sensitive (especially the lower
one) to container configuration. This sensitivity was experimentally quantified in the
order of ≈8–10%. For the second structural vibration frequency (torsional mode), as also
expected, a rather negligible variation was indeed experimentally observed against water
infill, see Table 3.

4. Present Numerical Investigation

Different modelling strategies (up to four different approaches) were taken into ac-
count in this paper, to assess the dynamic response and parameters of the examined EWT
under various water-filling conditions.

Overall, the modelling strategy included a progressive increase in the detailing of
geometrical features of the structure and FSI phenomena. Basically, a first “M0” assembly
was first developed to study the structural response only (empty container). It is noteworthy
that such a rough model, see Section 4.1, was considered for preliminary assessment only,
in addition to several pieces of background experimental evidence summarised in Section 3.
“M1-DM” and “M1-DS” were partially more refined and were successively elaborated
to account for FSI phenomena and additional geometrical details of the structure, see
Section 4.2. Finally, an acoustic-based strategy was implemented in the “M2” model, with
even more details on the structural side. The investigation on M0, M1-DM, and M1-DS
models was carried out in SAP2000 software [28], while ABAQUS software [29] was used
for the M2 strategy.

For comparative purposes, basic features of the developed FE models are summarised
in Table 4 and are discussed in further detail in the following sections.

It is interesting to note that, regardless of the modelling refinement in Table 4, based
on the material characterisation summarised in Section 3 [21], cast in situ concrete was
described as linear elastic, with Ec = 34.077 GPa, νc = 0.2, and ρc = 2500 kg/m3 being the
modulus of elasticity, Poisson ratio, and density, respectively. Steel rebars and stirrups were
disregarded. In case of precast concrete (container), the elastic modulus was set equal to
Ec = 35.225 GPa. Moreover, based on experimental evidence, the shank was rigidly clamped
at the base in all the FE models.
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Table 4. Summary of selected FE modelling strategies, with evidence of major input features.

Numerical Model

M0 M1-DM M1-DS M2

Type of
elements Beam + shell Beam + shell Beam + shell Solid

DOFs 6500 35,854 87,708 419,301

Container Equivalent plate (shell) Equivalent cylinder
(beam + shell)

Truncated cone
(beam + shell)

Truncated cone
(solid)

Shank Empty cylinder,
no shank door (beam)

Empty cylinder,
no shank door (shell)

Empty cylinder,
no shank door (shell)

Cylinder + door
opening + diaphragms

(solid)

Structural symmetry Yes Yes Yes No

FSI
phenomena Not available Spring + Mass

system
Spring + Mass

system
Acoustic solid elements

(>DOFs)

4.1. Simplified Approach for EWT with Empty Container (M0 Model)

At the very preliminary stage, the water tank was numerically described in the form
of distributed lumped masses with rigid links for the shank and a circular plate on the
top (Figure 4a), reproducing the dynamic properties of container (M0 model). A set of
1D beam elements was used to describe the shank cross-section features, while 2D 4-node
Kirchhoff–Love shell elements were described for the equivalent top plate. Under similar
modelling assumptions, all relevant geometrical details (i.e., door opening, diaphragms,
and container geometry) were disregarded and accounted for in terms of equivalent inertial
properties and total mass only. A rigid link was interposed to nodes #8 and #9 in Figure 4b
to constrain relative displacements and rotations of the container and the shank.
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4.2. Simplified Approach to Account for FSI Phenomena (M1-DM and M1-DS Models)

A more refined, but still simplified, modelling strategy was successively elaborated to
account for possible water-filling conditions in the container, and thus for their effects on
the estimation of relevant vibration modes. It is known that there are several modelling
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strategies able to include fluid–structure interaction phenomena. The choice of model
strategy is often governed by simulation goals [2].

When the fluid response is characterised by small amplitude motion, as for example
in the presently examined configuration, a two-mass equivalent approach is usually able
to capture the vibrational behaviour of the fluid and its interaction with the container. A
basic requirement is that the tank can be considered as rigid, and that the liquid can be
treated as an incompressible viscid fluid, with free surface. As such, the theoretical model
by Housner was taken into account [12] for FSI analysis (Figure 5).
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Basic input parameters for Housner’s modelling strategy are strictly related to the
geometry of the container (i.e., diameter D of the equivalent cylindrical container), and to
the actual level (height h) of water filling. The approach assumes that a fraction Mi (known
also as impulsive mass) from the total mass Mw of water filling is forced to participate in the
motion of container. To this aim, the Mi term is rigidly connected to the tank, at a height hi
from the base of container. The residual mass of water, Mc = Mw − Mi, known as convective
mass, is assumed to oscillate horizontally, and to be connected by an elastic spring (with
stiffness kc) at a height hc from the base of container. The Mc term is particularly important
to account for sloshing.

At the comparative stage, two different FE models based on Housner’s strategy for
fluid–structure interaction were elaborated in present study. In both cases, the shank
and the container were geometrically described based on 2D 4-node Kirchhoff–Love shell
elements. A minimum set of 1D beam elements was used at the edges of the cylindrical
tank, to reproduce the geometrical details.

In more detail, in the first case (M1-DM model), the equivalent cylindrical tank ap-
proach elaborated by De Martino [22] was taken into account, see Figure 6.

De Martino’s approach was addressed towards a more geometrically refined FE model,
able to reproduce the truncated cone geometry of the examined container and based on the
proposal by De Stefano [23] (M1-DS model, in the following), see Figures 7 and 8. To this
aim, the equivalent mass contributions were first calculated as in Figure 7, to facilitate the
transposition from cylindrical tank (as in Housner’s model) to a truncated cone container.
The theoretical model by De Stefano, in particular, still follows Housner’s classical approach
and proposes a variational (Jacobsen) technique for the derivation of equivalent parameters
of suspended water tanks with truncated conical shape.
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Figure 7. Schematic geometrical model of a cone-shaped tank scheme and mechanical equivalence
based on De Stefano’s approach.

In both cases, for present numerical modelling purposes, mesh size was set at an
average of 80 mm edge length for the shank and 55 mm for the container. This resulted in
a total number of elements and DOFs for the M1-DM model in Figure 6 equal to 6336 (of
which 216 frame elements and 6120 shell elements) and 35,854, respectively. For the more
geometrically refined M1-DS truncated cone model as in Figure 8, the number of elements
and DOFS was measured in 14,976 (216 frame elements and 14,760 shell elements) and
87,708, respectively. A set of 75 link elements with elastic stiffness was used to link the
lumped convective mass to the structure, in both M1-DM and M1-DS model assemblies.
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4.3. Acoustic Approach to Account for FSI Phenomena (M2 Model)

In conclusion, a more refined full 3D model was developed (M2 model), in order to
account more realistically for FSI effects and to facilitate the modal analysis of the examined
water tank. The latter was described in ABAQUS/Standard [29], according to Figure 9,
where the nominal geometry was described based on full 3D solid elements to reproduce
the shank and the truncated cone container. A combination of C3D8 and C3D4 solid
elements was used to consider major geometrical details. The so-assembled structural
model was used both for modal analysis in empty conditions, and then adapted with
careful attention for operational conditions characterised by a given level water filling.
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of container (top cover hidden).

Differing from previous M1-DM and M1-DS simplified strategies, the geometrical
details were reproduced with particular attention, both for the container and for the shank.
In the latter case, the diaphragms at the elevation levels of the stem were also reproduced
(i.e., see the cross-section axonometry in Figure 1c). The door opening at the base of the
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shank was also considered. Mesh size was set in a variable free pattern, to facilitate the
transition between geometrical details, with edge size ranging from 50 mm minimum to
600 in various regions of model. This resulted in a total number of elements and DOFs for
the M2 model equal to 34,535 and 419,301, respectively, for the structural model (empty
container).

In addition to the structural part, for the analysis of fluid–structure interaction phe-
nomena, a set of acoustic 3D solid elements (quadratic hexahedron, AC3D20 type from
ABAQUS library) was also used for the description of water filling in the tank (Figure 9b).
A variable quantity of additional elements and DOFs (i.e., depending on the water level)
was added for fluid–structure interaction analyses. The minimum number of elements
and DOFs was set in the order of ≈25,000 and ≈110,000, respectively. Water material for
acoustic elements was characterised in terms of density (983 kg/m3) and bulk modulus
(K= 2.07 GPa).

5. Discussion of Numerical Results

The selected FE models were subjected to linear modal (frequency) analysis, in or-
der to predict the fundamental vibration modes of the structure (with empty container,
see Section 5.1) or for the coupled fluid–structure system (see Section 5.2), and assess the
corresponding frequencies/shapes.

For structural assessment of similar systems under earthquakes, it is known that
the fundamental vibration mode has a key role in terms of structural behaviour under
horizontal seismic components [18]. As such, primary attention in FE modelling calibration
should be given to the first vibration shape/mode only. Higher modes are in fact not
fundamental for predicting the response of elevated tanks to horizontal base motions, in
the sense that they do not have typically low modal participation factors. Furthermore, the
accuracy of model calibration should be in any case based on a robust validation of the
largest number of vibration modes (both frequencies and shapes).

5.1. Modal Analysis of EWT with Empty Container

As far as the simplified modelling strategies from Section 4 are taken into account,
typical results as in the following were collected. The distributed mass model with rigid
links (M0 model), for example, was found roughly approximate to the geometrical descrip-
tion of the structure, even disregarding the additional uncertainty of FSI phenomena. As
such, see Table 5, a rather weak match was observed compared to experimental evidence
from [21], with major accuracy especially in terms of vibration type and order, but typically
unsatisfactory structural response predictions.

Table 5. Vibration frequencies for the structure with empty container, based on M0 model (SAP2000).
∆ = 100 × (fnum − fexp)/fexp.

Vibration Frequency [Hz]

Mode Experimental Numerical

Order Type EMA
(MCW0)

M0 Model
(Empty)

∆

[%]

1 1st flexural 1.316 1.299 −1.29
2 Torsional 3.448 2.703 −21.61
3 2nd flexural 8.333 7.143 −14.28

As shown in Table 5, the structural vibration frequencies were typically underesti-
mated by the M0 numerical assembly, in the order of −2% for the fundamental mode, but
up to −15÷22% for higher structural modes. In this regard, it is worth noting that a major
scatter is observed for the torsional mode, which is mostly affected by geometrical simplifi-
cations. On the other hand, see also [2], it is also important remember that the torsional
mode is not particularly important for structural analysis. The modal mass participating



Buildings 2023, 13, 1414 12 of 21

in the first flexural mode was in fact numerically quantified in the ≈77% part of the total
structural mass.

As far as the geometrical complexity (and the computational cost) of selected models
was increased according to Table 4, the typical trend of structural vibration frequencies was
found to follow the trend which is summarised in Figure 10.

Buildings 2023, 13, x FOR PEER REVIEW 12 of 21 
 

  
(a) (b) 

Figure 10. Fundamental vibration frequencies for low structural modes: (a) numerical results and 
(b) percentage scatter compared to experimental frequencies. 

Table 6. Fundamental structural vibration frequencies, based on M1-DM, M1-DS, or M2 model 
setup configurations (SAP2000 and ABAQUS). Δ = 100 × (fnum − fexp)/fexp. 

  Vibration Frequency [Hz] 
Mode Experimental Numerical 

Order Type EMA M1-DM Δ 
[%] 

M1-DS Δ 
[%] 

M2 Δ 
[%] 

1 1st flexural 1.316 1.282 −2.58 1.316 ≈0 1.399 0.99 
2 Torsional 3.448 3.125 −9.37 3.333 −3.34 3.567 3.45 
3 2nd flexural 8.333 5.882 −29.41 7.143 −14.28 7.529 −9.65 

Regardless of the FE model strategy and the rough M0 assembly, a rather good match 
was again found in terms of mode order and type for different FE models discussed 
herein. Figure 11 reports, as an example, the structural modal shapes for the M1-DS as-
sembly, while in Figure 12 the flexural shapes for the more refined M2 model are shown. 
The effect of the door opening in the shank, for example, was responsible for minimum 
loss of symmetry for the dynamic response of the system, as well as for negligible local 
effects in terms of deformation of the structure. On the other hand, the presence of the 
door opening itself (and thus partial lack of structural symmetry) was found responsible 
for an appreciable frequency modification for the same vibration modes. 

   
(a) (b) (c) 

Figure 11. Fundamental vibration shapes for the structural modes of the tank with empty container 
(side view of M1-DS model, SAP2000). (a) Mode 1 (1st flexural). (b) Mode 2 (torsional). (c) Mode 3 
(2nd flexural). 

Figure 10. Fundamental vibration frequencies for low structural modes: (a) numerical results and
(b) percentage scatter compared to experimental frequencies.

The increase of geometrical detailing can increase up to ≈12 times the total number
of DOFs (Figure 10a) for structural components, but progressively reduces the percentage
scatter towards the experimental frequencies (Figure 10b), for all of the three low vibration
modes. For the M1-DM model, the scatter is satisfactory in the case of the first flexural
mode but increases to ≈10% and ≈30% of underestimation for the second and third modes.
A partial improvement in accuracy can be noted for the M1-DS model, where a scatter of
≈15% is still observed for the second flexural mode. The best agreement with experimental
evidence can be found in Figure 10 for the full 3D solid M2 model, with a scatter measured
at less than 1% for the first flexural mode, less than 2% for the torsional mode, and less
than 10% for the second flexural mode. Details about the predicted vibration frequencies
are listed in Table 6.

Table 6. Fundamental structural vibration frequencies, based on M1-DM, M1-DS, or M2 model setup
configurations (SAP2000 and ABAQUS). ∆ = 100 × (fnum − fexp)/fexp.

Vibration Frequency [Hz]

Mode Experimental Numerical

Order Type EMA M1-DM ∆

[%] M1-DS ∆

[%] M2 ∆

[%]

1 1st flexural 1.316 1.282 −2.58 1.316 ≈0 1.399 0.99
2 Torsional 3.448 3.125 −9.37 3.333 −3.34 3.567 3.45
3 2nd flexural 8.333 5.882 −29.41 7.143 −14.28 7.529 −9.65

Regardless of the FE model strategy and the rough M0 assembly, a rather good match
was again found in terms of mode order and type for different FE models discussed herein.
Figure 11 reports, as an example, the structural modal shapes for the M1-DS assembly,
while in Figure 12 the flexural shapes for the more refined M2 model are shown. The
effect of the door opening in the shank, for example, was responsible for minimum loss
of symmetry for the dynamic response of the system, as well as for negligible local effects
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in terms of deformation of the structure. On the other hand, the presence of the door
opening itself (and thus partial lack of structural symmetry) was found responsible for an
appreciable frequency modification for the same vibration modes.
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Figure 12. Fundamental vibration shapes for the structural modes of the tank with empty container
(M2 model, ABAQUS). (a) Mode 1 (1st flexural) Side view. (b) Mode 1 (1st flexural) Front view.
(c). Mode 3 (2nd flexural) Side view. (d) Mode 3 (2nd flexural) Front view.

In comparative terms, it is noteworthy in Figure 13 that the normalised structural
modal shapes—as far as the geometrical description of the structure is sufficiently accurate
(as in case of M1-DM, M1-DS, or M2 models)—the first and second bending modes of pri-
mary interest for structural analysis are in rather close correlation, especially in qualitative
but also in quantitative terms. In more detail, the lateral modal displacement measured at
selected control points on the elevation of each model is normalised towards the displace-
ment at the top of the shank. The height of the shank itself is also presented in Figure 13 in
normalised form (with normalised height h* based on the schematic drawing of Figure 13).
For the first bending mode only, see Figure 13a, a more pronounced sensitivity to local
deformations can be observed for the shell-based FE models (M1-DM and M2-DS), with
higher flexibility on top (i.e., the region of container-to-shank connection) compared to
the full 3D solid model (M2). Such local effects were found to be less pronounced for the
second flexural mode shape reported in Figure 13b.
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Figure 13. Normalised displacements for (a) first and (b) second flexural modal shapes, based on
various modelling strategies (M1-DM, M1-DS, and M2).

5.2. Frequency Analysis including FSI Phenomena

For the analysis of the tank’s dynamic features, including FSI phenomena, the FE
models from Table 4 were addressed towards the background experimental evidence
reported in Section 3, but also towards consolidated analytical frequency estimates, so as to
capture the fundamental sloshing frequency for the examined system.

Based on De Martino’s theoretical model (M1-DM strategy) and the classical Housner’s
approach, in particular, it is known that the circular frequency of water filling can be
analytically derived from [22]:

ω2 =
g
R

1.84 tan h
(

1.84
h
R

)
(1)

and thus:

fS1 =
1

2π

√
g
R

1.84 tan h
(

1.84
h
R

)
(2)

In terms of truncated cone-shaped tank and the theoretical formulation from De
Stefano, it is assumed that the fundamental sloshing pulsation is given by [23]:

ω =

√
g

h2 tan2 α
[ 8

27 (F1C1 + F2C2) + 1
] (3)

The corresponding vibration frequency is thus given by:

fS1 =
1

2π

√
g

h2 tan2 α
[ 8

27 (F1C1 + F2C2) + 1
] (4)

All the above parameters, based on [22,23] can be analytically calculated as a function
of geometrical features of the tank and the level of water filling, with α = 61◦ in the present
case-study system (Figures 1c and 3b).

The reference analytical models were used, in addition to selected FE methods, for
the assessment of frequency sensitivity to water infill. Typical analytical trends can be
seen in Figure 14, where some key configurations are also highlighted for operational
conditions of technical interest. While the normalised frequency variation is identical based
on Equation (2) or Equation (4), a typical scatter in the order of ≈10% was calculated
in terms of analytical frequencies based on the reference analytical approaches. Most
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importantly, it is noteworthy that the calculated analytical frequencies in Figure 14 are
markedly lower than the first structural vibration frequency of the empty tank.
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Figure 14. Analytical variation of fundamental vibration frequency for the tank with water infill,
based on De Martino (from Equation (2)) or De Stefano (Equation (4)) formulation: (a) frequency-to-
infill level trend and (b) normalised variations.

In this regard, the comparative results in Figure 15 refer to the MCW50 and MCW100
filling configurations, based on experimental testing (from Section 3), analytical modelling
(Equations (2) and (4)), and selected FE numerical models (M1-DM, M1-DS, and M2
strategies). It can be seen that the “An-DM” and “An-DS” strategies, in terms of FE
numerical modelling description of water infill, both have less than 0.6% scatter towards
the corresponding analytical prediction (Equations (2) and (4)) for the examined MCW50
and MCW100 configurations. Additionally, the acoustic-based M2 model is also in good
correlation with simplified analytical and numerical comparisons.
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Figure 15. Experimental, analytical, and numerical fundamental vibration frequency for (a) MCW50
(half-full container) and (b) MCW100 (full) configurations.

Furthermore, all the analytical and numerical models for MCW50 condition (Figure 15a)
have a reduction of −38÷45% compared to the experimental value reported from [21]. Such
evidence suggests the critical role of in-field experiments for diagnostics and FE model
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calibration [2,4], which is of utmost importance especially for old/heritage structural
systems.

In terms of structural vibration frequencies for the coupled system with fluid–structure
interaction, the typical trends as in Tables 7 and 8 were numerically collected (MCW0 and
MCW50 configurations).

Table 7. Fundamental vibration frequencies for the coupled fluid–structure system (MCW50 configu-
ration), based on M1-DM, M1-DS, or M2 models (SAP2000 and ABAQUS). ∆ = 100 × (fnum − fexp)/fexp.

Vibration Frequency [Hz]

Mode Experimental Numerical

Order Type EMA M1-DM ∆

[%] M1-DS ∆

[%] M2 ∆

[%]

1 1st
flexural 1.176 1.205 2.50 1.267 7.74 1.233 4.85

2 Torsional 3.446 2.917 −15.35 3.294 −4.41 3.511 1.89

3 2nd
flexural 7.692 n.a. n.a. 6.996 −9.05 6.375 −17.12

Table 8. Fundamental vibration frequencies for the coupled fluid–structure system, based on M1-DM,
M1-DS, or M2 models (SAP2000 and ABAQUS). ∆ = 100 × (fMCW50 − fMCW0)/fMCW0.

Vibration Frequency [Hz]

Mode M1-DM M1-DS M2

Order MCW0 MCW50 ∆

[%] MCW0 MCW50 ∆

[%] MCW0 MCW50 ∆

[%]

1 1.282 1.205 −2.50 1.316 1.267 −3.72 1.399 1.233 −11.87
2 3.125 2.917 −3.04 3.333 3.294 −1.17 3.567 3.511 −1.57
3 5.882 n.a. n.a. 7.143 6.996 −2.06 7.529 6.375 −15.33

As can be seen in Table 7, in terms of FE numerical assessment towards past experi-
mental results and differing from the dynamic assessment of the empty tank (Table 6), the
examined structural models are highly affected by the fluid–structure interaction phenom-
ena. For the sake of clarity, Tables 7 and 8 report the global (coupled) structural modes
for comparison with the bending and torsional modes of the empty structure. In terms of
frequencies, it can be noted that in Table 7, for example, the M1-DM model roughly captures
both the torsional and second flexural mode parameters. Additionally, the M1-DS model
in Table 7 has ±10% scatter compared to experiments. For the acoustic-based M2 model,
the first flexural and torsional frequencies are correctly captured, but a major divergence is
observed for the second flexural one.

For all the developed FE models, it is also possible to see from Table 8 a typical decrease
of estimated vibration frequencies compared to the empty system (MCW0 configuration),
which is also in line with the background experimental evidence (Table 3). The frequency
modification, as expected, is numerically sensitive to water filling, especially for the first
and second flexural vibration modes. However, as shown in Figure 16, the frequency
sensitivity to water infill is also affected by numerical assumptions.
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Figure 16. Variation of vibration frequency for the EWT with water infill (MCW50 towards MCW0
configurations). ∆ = 100 × (fMCW50 − fMCW0)/fMCW0.

5.3. Modal Shape Analysis including FSI Phenomena

Finally, in terms of corresponding modal shapes, it is important to note that the nu-
merical M1-DM assembly was highly sensitive to local phenomena/deformations of the
equivalent cylindrical container (with respect to the shank), both in quantitative and qualita-
tive terms. This is not the case for truncated conical models as in the M1-DS or M2 systems,
where the typical global vibration shapes of the structure (i.e., as in Figures 11 and 12) were
again numerically detected, under coupled fluid–structure modal analysis. As a major
effect of partial water-filling of the container, a progressive modification of normalised
vibration shapes of the structure was measured as in Figure 17, where selected examples
are reported for the M2 model.

Buildings 2023, 13, x FOR PEER REVIEW 17 of 21 
 

systems, where the typical global vibration shapes of the structure (i.e., as in Figures 11 
and 12) were again numerically detected, under coupled fluid–structure modal analysis. 
As a major effect of partial water-filling of the container, a progressive modification of 
normalised vibration shapes of the structure was measured as in Figure 17, where selected 
examples are reported for the M2 model. 

  
(a) (b) 

Figure 17. Normalised displacements for (a) first and (b) second flexural modal shapes, based on 
the M2 modelling strategy, under empty (MCW0), or half-full (MCW50) configurations. 

Overall, taking the 3D solid M2 assembly as a reference for modal shape correlation 
based on numerical predictions (and due to the lack of experimental evidence in terms of 
vibration shapes), the modal correlation can be efficiently quantified to assess the simpli-
fied or more refined FE modelling strategies and their sensitivity to various water infill/op-
erational configurations of technical interest. In this regard, an example of modal shape 
correlations corresponding to MCW0 and MCW50 filling conditions can be seen in Figure 
18. 

Figure 18a compares the flexural shapes of M1-DM and M1-DS models towards the 
M2 acoustic-based solid model (empty container, MCW0). When the container is empty 
the geometrical simplification of EWT details does not significantly affect the predicted 
vibration shapes for the first and second flexural modes, and the modal correlation is close 
to ≈100% for both M1-DM and M1-DS models. The truncated cone description of contain-
ers, as in the M1-DS strategy, suggests a minor improvement of modal correlation for both 
first and second flexural shapes (99.6% and 98.8%, respectively). It is noteworthy that such 
a rather good modal correlation for the empty structure is also in line with frequency es-
timates reported in Section 5.1 (Table 6), in terms of fundamental vibration mode only 
(first flexural). On the other hand, results in Figure 18a for the second flexural mode have 
a major discrepancy with the corresponding vibration frequencies in Table 6; this is more 
pronounced especially for the M1-DM assembly with a cylindrical container. Such a com-
parison confirms that a rough simplification of structural geometrical details as in Table 4 
has a minimal effect on the fundamental vibration response of similar structures (i.e., 
mode one with empty container), but the sensitivity of dynamic estimates progressively 
increases for higher vibration modes and water-filling levels. 

-1.5 -1 -0.5 0 0.5 1 1.5
Normalised displacement  [-]

0.0

0.5

1.0

1.5

2nd flexural mode
M2 model

MCW0
MCW50

Figure 17. Normalised displacements for (a) first and (b) second flexural modal shapes, based on the
M2 modelling strategy, under empty (MCW0), or half-full (MCW50) configurations.

Overall, taking the 3D solid M2 assembly as a reference for modal shape correlation
based on numerical predictions (and due to the lack of experimental evidence in terms
of vibration shapes), the modal correlation can be efficiently quantified to assess the
simplified or more refined FE modelling strategies and their sensitivity to various water
infill/operational configurations of technical interest. In this regard, an example of modal
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shape correlations corresponding to MCW0 and MCW50 filling conditions can be seen in
Figure 18.
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Figure 18. Modal correlation for numerical modal shapes: (a) M1-DM and M1-DS in empty configu-
ration (MCW0) and (b) M2 model sensitivity to water infill (MCW50).

Figure 18a compares the flexural shapes of M1-DM and M1-DS models towards the
M2 acoustic-based solid model (empty container, MCW0). When the container is empty
the geometrical simplification of EWT details does not significantly affect the predicted
vibration shapes for the first and second flexural modes, and the modal correlation is close
to ≈100% for both M1-DM and M1-DS models. The truncated cone description of con-
tainers, as in the M1-DS strategy, suggests a minor improvement of modal correlation for
both first and second flexural shapes (99.6% and 98.8%, respectively). It is noteworthy that
such a rather good modal correlation for the empty structure is also in line with frequency
estimates reported in Section 5.1 (Table 6), in terms of fundamental vibration mode only
(first flexural). On the other hand, results in Figure 18a for the second flexural mode have a
major discrepancy with the corresponding vibration frequencies in Table 6; this is more
pronounced especially for the M1-DM assembly with a cylindrical container. Such a com-
parison confirms that a rough simplification of structural geometrical details as in Table 4
has a minimal effect on the fundamental vibration response of similar structures (i.e., mode
one with empty container), but the sensitivity of dynamic estimates progressively increases
for higher vibration modes and water-filling levels.

In this regard, as far as water-filling effects are taken into account for the M2 assembly
only, see Figure 18b, it can be noted that the FSI phenomena previously emphasised in
Figure 17 (especially for the second vibration mode) tend to minimally affect the correlation
of global vibration shape for the first flexural mode (99.6%), while the sensitivity of coupled
fluid–structure response is more pronounced for the second flexural mode (91.1%).

All these aspects suggest that even major sensitivity can be expected from non-linear
analysis in seismic conditions (i.e., in terms of maximum top displacement demand for the
EWT and corresponding base seismic shear). As such, special attention is required for the
choice of FE modelling strategy and calibration of input parameters, when addressing the
seismic vulnerability and residual capacity of similar structural systems.

6. Summary and Conclusions

It is known that the seismic vulnerability assessment of existing structures is typically
a challenging task, due to several aspects. In this paper, special attention was given to the
dynamic characterisation, based on numerical modal analysis, of a 50-year-old, reinforced
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concrete, elevated water tank (EWT) constructed in the 1970s in a high-seismicity region in
northern Italy and characterised by a truncated cone shape for the top container.

From a practical point of view, model accuracy and reliability are highly important for
structural assessment purposes, in the same way as computational efficiency. At the same
time, a robust engineering knowledge of dynamic parameters for similar structures is of
primary importance to subsequently reproduce and address further loading configurations
of technical interest for vulnerability assessment (i.e., nonlinear dynamic simulations in
seismic conditions), and even support a possible retrofit plan (where required).

To this aim, for the case-study EWT, several background experiments and technical
drawings were taken into account as references for the description of four different finite
element (FE) numerical models characterised by increasing levels of geometrical detailing,
possible fluid–structure interaction (FSI) phenomena (including various water-filling config-
urations), and consequently increased computational cost. The collected numerical results
were hence addressed towards rather scarce experimental evidence (vibration frequencies
only) or even consolidated theoretical formulations of literature.

For the EWT with an empty container it was shown that the added mass modelling
approach (M0 model, in the present study), can offer a rather accurate estimation of the
first vibration frequency (less than 2% scatter, in the present study), but suffers from major
geometrical limitations on higher vibration modes (up to 20% frequency scatter).

For the EWT with water-filling, the use of progressively more refined FE models
showed that:

• The spring-mass simplified approaches based on Housner’s theory accounting for
FSI phenomena (M1-DM and M1-DS models, in present study) can be somewhat
efficient and accurate in vibration frequency estimates, especially for the first vibration
mode. However, major uncertainties in dynamic features can arise in the higher
vibration modes, both from FSI phenomena and from geometrical simplification of
structural components, with possible discrepancies and additional uncertainties in the
interpretation of predictions.

• For the acoustic-based strategy and geometrically refined description of structural
components (M2 model), the best correlation was observed towards both experimental
and analytical vibration frequencies. Additionally, further considerations were made
possible in terms of modal correlation of corresponding vibration shapes, including
FSI phenomena.

Moreover, in terms of vibration frequencies:

• For the empty container, the first vibration frequency was generally well captured by
all developed models (including the M0 assembly), but the scatter for the second and
third frequencies was found to decrease only with an increase of model complexity
and computational cost.

• For the structure with water-filled container, minimum variations were observed
in terms of the first vibration frequency from M1-DM, M1-DS, or M2 models, but
increasing scatter was progressively noted for the second and third frequencies, for
the spring-mass based M1-DM and M1-DS formulations.

In terms of vibration shapes:

• The use of simplified M1-DM or M1-DS modelling strategies showed minimum modal
shape sensitivity in empty conditions (>98% of the modal correlation coefficient), but
major numerical issues in water-filled configurations.

• The acoustic-based M2 model, once used as a reference for modal correlation analysis,
revealed that water infill has major effects on higher vibration modes (i.e., up to 10%
for half-filled container), but minimum correlation sensitivity for the first vibration
mode (99.6%).

Overall, the assessment of FE numerical outcomes towards background experimental
frequency estimates or simplified analytical frequencies (for the water-filled container)
showed that:
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• Consolidated analytical formulations from the literature, when used for the first
vibration frequency prediction, showed a rather good agreement with M1-DM, M1-DS,
or M2 numerical estimates, but a major scatter towards the experimental vibration
frequency of the examined EWT (half-filled container).

• In this sense, the availability of in-field experimental tests is of utmost importance
for the appropriate calibration and validation of numerical assemblies but should
be possibly carried out by taking into account multiple operational conditions (i.e.,
water-filling levels) and a sufficient number/arrangement of instruments to reproduce
the corresponding vibration shapes. In the present study, the scarce availability of
experimental frequency data and the lack of corresponding modal shapes for the
50-year-old EWT represented a major gap for possible model updating.
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