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Abstract. We study two classes of quantum spheres and hyperboloids,
one class consisting of homogeneous spaces, which are x-quantum spaces
for the quantum orthogonal group O(S0,(3)). We construct line bundles
over the quantum homogeneous space associated with the quantum sub-
group SO(2) of SO4(3). The line bundles are associated to the quantum
principal bundle via representations of SO(2) and are described dually
by finitely-generated projective modules &, of rank 1 and of degree com-
puted to be an even integer —2n. The corresponding idempotents, that
represent classes in the K-theory of the base space, are explicitly worked
out and are paired with two suitable Fredhom modules that compute
the rank and the degree of the bundles. For ¢ real, we show how to di-
agonalise the action (on the base space algebra) of the Casimir operator
of the Hopf algebra U, 1/2(sl2) which is dual to O(SO,(3)).
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1. Introduction

The study of integer quantum Hall effect systems on a plane, a sphere or a
hyperboloid is treated in a unified way by group-theoretical methods related
to the symmetry group of the corresponding configuration space [12]. This
leads to the study of gauged Laplacians on line bundles over the corresponding
space, the gauging coming from a connection on the bundle. It is natural to
look for models of Hall systems on noncommutative spaces. These models
will enjoy symmetries coming from quantum groups and lead to potentially
interesting mathematical /physics models. Motivated by this, in the present
paper we consider two classes of quantum spheres and quantum hyperboloids
with quantum symmetry given by the quantum orthogonal group SO,(3).

In the approach of [7], the quantized algebra of functions O(SOy(V))
on the quantum orthogonal group SO4(N) in any dimension is given as an
algebra generated by N2 elements subject to commutation relations that
depend on the entries of a matrix R which is a solution of the quantum
Yang-Baxter equation. The matrix R decomposes in terms of projections
and, as we shall see in Sect. 4, this allows one to introduce quantum spaces
carrying natural coactions of the Hopf algebra O(SO,4(N)).

When restricting to O(S0q(3)), a first class of quantum spheres and hy-
perboloids is obtained as real forms of the quantum vector spaces of O(S0,(3))
associated with the ¢g-symmetrizer projection P_ in the decomposition of the
R-matrix alluded to before. The nature of the quantum space is determined
by the x-structure: for ¢ € R one gets a sphere — the equatorial Podle$
sphere, while for |¢g| = 1 an hyperboloid.

A second class, described in Sect. 5, is given by quantum homogeneous
SO,(3)-spaces arising from the coaction of the quantum subgroup SO(2) of
S0,(3) on the latter. Again, the s-structure discriminates between a quan-
tum 2-sphere — now the standard Podles sphere, and an hyperboloid. In both
cases the quantum homogenous space is explicitly determined as the subal-
gebra B of coinvariants of O(S0,(3)) for the right coaction of O(SO(2)).
This also makes use of the identification of SLs(2), for s = q?, as the ‘double
covering’ of SO,4(3), that is of the existence of a Hopf algebra isomorphism
between the coordinate algebra O(SO,(3)) and the subalgebra of O(SLs(2))
made of invariant elements for the action of the group Zs (see Sect. 3.3). The
algebra extension B C O(S0O,(3)) is shown to be an SO(2) quantum princi-
pal bundle (an O(S0O(2))-Galois extension). This quantum principal bundle
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has associated (modules of sections of) line bundles coming from the repre-
sentations of SO(2). The modules are given by finitely-generated projective
modules &, of rank 1 and degree an even integer —2n. The corresponding
idempotents p, € Mat‘gn‘+1(B)7 describing classes in the K-theory of the
algebra B, are explicitly worked out. These idempotents are different from
those usually used for the Podles sphere, a fact that reflects in a simpler
recursion formula for their trace and thus for an easier computation of their
degree (Proposition 5.3).

For the study of Laplacian operators on the two sx-quantum homoge-
neous spaces of O(S0,(3)) and of ‘gauged’ Laplacian operators on bundles
over them (in the line of [9]), the last section of the paper is dedicated to the
study of the quantum Casimir element of U,1/2(sl2), the Hopf algebra dual
to the Hopf algebra O(S0Oq(3)). For g real, the Casimir operator, which acts
on the left on the algebra B and on modules of sections of lines bundles over
the latter, is diagonalised via the commuting right action of U1/ (sl2).

2. The Quantum Special Orthogonal Groups SO, (IN)

We recall the construction of the coordinate algebra O(O4(N)) of the quan-
tum orthogonal group Oy (NN); see e.g. [8, §9.3]. Let g € C, ¢ # 0, fixed. Let
N be an integer. For each index i = 1,...,N, let i/ = N + 1 — ¢ and define

pi = & —iifi < i, with py = —p; and p; = 0 if i = i’. For all indices
i,75,m,n=1,..., N we define complex numbers
R = q%7% 8164 + (¢ — ¢ )0 — M) (Sjmbin — ¢ PT84 )

(2.1)

where 6 is the Heaviside function, whose value is one for strictly positive
argument and zero otherwise. One considers the free algebra C(u;;) gener-
ated over C by N? elements U5, 1,5 = 1,..., N, modulo the two-sided ideal
generated by elements

Z (Rﬁukmuln - uikuﬂRlyﬁn) y iy j,mym=1,... N. (2.2)
k.l

Explicitly, the quotient algebra is generated by elements u;; subject to rela-
tions

q(sij_éij/ujmuin = qémn_émn/uinujm + A (0(71 - m) - 9(] - Z)) Uim Ujn
XG5 > 00 = k) gt
k
— Ao Z 0(k — m)q_p"‘_pk’uik/ujk s (23)
k
where we set A\ := ¢ — ¢~ !. In concise matrix notations, it is the algebra
generated by the entries of the N x N matrix u = (u,;) with relations
RU1U2 = u2U1R 5 (24)

for R the N2 x N2 matrix of entries R = (R¥ ) (where i, m are respectively
the row and column block indices, and j,n are respectively the row and
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column index inside each block) and u1 = u ® I, us = I ® u with I the unit
matrix.

The algebra O(O4(N)) is obtained by requiring the generators u;; to
satisfy the additional orthogonality (metric) condition

uCu'C =1= Cu'Cu, (2.5)

for u' the transpose of u and C = C~! the invertible matrix of entries
Crj = 0kj7q~"*. In the classical limit ¢ = 1, the condition (2.5) is the metric
condition defining orthogonal matrices. The condition (2.5) corresponds to
one single additional relation @, — 1 = 0 (see [8, page 319]), where @, can
equivalently be expressed in terms of any index j as

Qq = Z Cj/jCkk/ukjuk/j/ = Z Cj’jckk’ujkuj/k’ . (26)
k k

The algebra O(O4(N)) is a Hopf algebra with coproduct A, counit ¢
and antipode S given on generators respectively by

Aug;) = Zukm ® Umj, e(urj) =0, Slurj)=q¢"" ruj (2.7)

or in matrix notation A(u) = u®u, e(u) = I, S(u) = Cu'C. The Hopf algebra
O(0O4(N)) is the coordinate algebra of the quantum orthogonal group O, (N);
in the limit ¢ = 1 it is the coordinate algebra of the complex Lie group O(N).

For N = 2 the construction above results into the (commutative) coor-
dinate Hopf algebra O(0O(2)) of the classical group O(2).

2.1. Real Forms

The algebra O(O4(N)) of the quantum orthogonal group admits different
s-structures * : O(O4(N)) — O(O4(N)), leading to different real forms (see
[8, §9.3.5]). For the present paper we consider the following two choices.

For ¢ € R, define

(uge)* = S(ury) = @~ . (2.8)

Then the defining matrix u is unitary, uu’ =1 = ulu, with (ul); = (u;r)* =
S(urj). The resulting Hopf *-algebra is the coordinate algebra O(O4(N,R))
of the compact quantum group O, (N, R).

For |g| = 1, define

(Ujk)* = Ujk- (29)

The resulting Hopf x-algebra is the coordinate algebra O(O,(n,n,R))
of the real quantum group O, (n,n,R) for N = 2n even, or O(O,4(n,n+1,R))
of the real quantum group Oy(n,n + 1,R) for N =2n + 1 odd.

The two #-structures above correspond respectively to the classical real
groups O(N,R) and O(n,n,R) or O(n,n + 1,R).

The notation before will be used throughout the paper. So we stress
that O,(NN) denotes the complex quantum orthogonal group while O, (N, R)
and Oy4(n,n,R) for N = 2n, or Oy4(n,n+ 1,R) for N = 2n + 1, are the real
versions.
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2.2. Quantum Spaces and Exterior Algebras

We recall from [7] (see also [8, §8.4.3, §9.3.2]) that the matrix R satisfies a
cubic equation,

(R—q)(R+q '(R—¢" M) =0

in terms of the matrix R = (R’W ) := (RJ% ). Moreover for N > 2, and
assuming (1 + ¢%)(1 + ¢*>~ N)( NY £ 0 (a condition that in particular
excludes ¢ = £1), the matrix R can be decomposed as

o~

R=qP. —q'P_+¢"" VP, (2.10)

with P,, @ = £, 0 mutually orthogonal idempotents: P? = P,, and P, P = 0,
for aw # . In the decomposition (2.10), the matrix P_ is the g-symmetrizer
matrix on CV x CV
R2— (¢ + qlfN)R\_i_ g N+21

20+ 1+ )

This defines the quantum space

Pf =

V= (Cév = C(2m)/(P-2122) (2.11)

as the quotient of the free algebra C(z,,) with generators z,,, m =1,... N,
by the two sided ideal generated by relations P_z;z5, with z; = z® I and
with zo = I® z and z = (z,,).

The idempotents P, and F, are given by

R?— (¢ N =g HR—¢ NI P R—(q—q HR-1
1+¢)(1-q V) CY T (N D+ ¢

and are used to define a quantized exterior algebra

P+:

Ag(V) = Clem)/(Pyeres, Poeres) (2.12)

with generators e,,, m = 1,... N and notation as before.
Both V and Ay(V) carry a left coaction of O(O4(N)) given by the
algebra morphisms

zj|—>g Uik & 2k ej»—>g Uik & €f.
k k

The subspace of A,(V') made of degree N polynomials is one-dimensional and
thus there is a unique element D, (u) € O(Oq(N)) such that the coaction is
given by & — D (u) ® € on elements & in Ay(V) of degree N. The element
D,(u) is called the quantum determinant of the matrix w. It is shown to
belong to the centre of the algebra O(O,(IN)) and to be group-like, that is
A(D, (1)) = Dy(u) & Dy(u) and (D, (u)) = 1.

The two-sided ideal generated by D,(u)—1 is a Hopf ideal of O(O4(N))
and the quotient Hopf algebra O(O4(N))/(Dq(u) — 1) is the coordinate alge-
bra O(SO4(N)) of the special orthogonal quantum group SO, (N).
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3. The Quantum Orthogonal Group SO,(3)

We specialize the above to the case N = 3. For each index i = 1,2, 3, one has
i'=4—isothat 1’ =3,2 =2and p; = 5, po =0, p3 = —%. The matrix
R = (RF)) is the lower-triangular matrix

q
01
00 ¢!
0ox 0 |1
R=[00—¢2Al0 1 (3.1)
00 0 [0 0 1
0 q%)\Oq_1
0 0 A0 1
0 0 00 0gqg

(where A = ¢ — ¢!

Rll_RggzqR%§:R31_q71 R =1 R12—R21—R23—R§5:1
Ri; = R%:—q?)\ 23—)\R22=—q2)\

According to the general theory, the Hopf algebra O(Oq4(3)) is the free
algebra generated by elements w;j, i, j = 1,2,3 modulo the ideal (Rujus —
ugur R uCu'C — 1, Cu'Cu = I) giving relations (2.2) and (2.5) in the
quotient. In matrix form the antipode is

as before) with non-zero entries

1
1 1
U3z g 2UuU23 q “U13
¢ 1 1
u=(u;;) — S(u)=Cu'C=|q2uss wuzp ¢ 2u

1
q us1r g2u21 Uil

3.1. The Quantum Determinant
From the decomposition (2.10) of the matrix in (3.1), one gets a quantum
space V = (Cg, and an exterior algebra A,(V'), both carrying a right coaction
of O(04(3)). We will return to CJ in Sect. 4 below. Here we consider the
exterior algebra A,(V) in (2.12), which allows one to define the quantum
determinant Dy (u).

The graded algebra A, (V') is generated in degree one by elements eq, ez, e3
with relations

(61)2 =0, (63)2 =0, (62)2 = (q% - q_%)61€37
€3tz = —(ege3, €3€] = —€1€3, €2€] = —(e1ey,

and coaction of O(O4(3)) given by p : e; — >, ujr ® e on the generators
and extended to the whole A,(V') as an algebra map. From the commutation
relations (3.2) it follows that in degree three all elements are proportional:

€remCn = Ekmn W for (say) w:= ejeqes, Vk,I,m=1,23.
The only non zero components of the tensor € are found to be
g3 =1, €132 =—¢q, €213=—q, €231 =g,

1 _1
€312 =(¢, €321 = —(]27 €200 = —q(q? —q 2). (3.2)
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Hence there exists a unique element Dy(u) € O(O4(3)) such that p(§) =
Dy(u) ® ¢ for each ¢ monomial in A,(V) of degree three. For £ = w =

e1eses one obtains the following explicit formula for the quantum determinant
Dy(u):
Dy(u) = uniugauss — quiatiaizs — qu11Uazusa + qUializ3tiz)
1
+quisuat s — ¢ urstoauss — q(q? — ¢ 2 Jurgusousy . (3.3)
The quotient Hopf algebra O(O4(3))/(Dy(u) — 1) is the coordinate algebra
O(504(3)) of the special orthogonal quantum group SO,(3).

The determinant D, (u) admits different equivalent expressions as a de-
gree three polynomial on the generators u;; of O(O,4(3)): for each triple of
indices a,b,c = 1,2,3 such that eq. # 0, being p : e; — >, uji @ e, one
computes

p(eaebec) = E Ugm UpnUcp 2 EmEn€p = § Uam UbnUcp & EmnpW
m,n,p m,n,p

and therefore,

~ . ~ 1
Dg(u) = E UamUma with Uma ‘= € pe E EmnpUbnlcp - (3.4)
m n,p

We refer to this formula Dg(u) = ", Uamlma as the expansion of Dg(u) with
respect to the a-row and we call the element w,,, the cofactor of w,,, and
cof(u) := 'u the matrix of cofactors. Notice that each cofactor @, admits
more than one expression, one for each possible choice of indices b, ¢ such
that g4pc # 0: for each m = 1, 2,3 one computes

~ —1
Um1 = § EmnpU2nU3p = —( § EmnpU3nU2p
n,p n,p
-~ _ —1 _ -1
Um2 = —(q EmnpUinU3zp = ¢ EmnpU3nUip
n,p n,p
—1, 1 S |
=—q (qz —q 2) E EmnpU2nU2p
n,p
~ -1 _ —2
Um3 = (¢ EmnpUinU2p = —(q EmnpU2nUlp -
n,p n,p

We explicitly list all of them in Appendix C.

The matrix u of cofactors can be identified with the antipode matrix.
For this we need the following result for which we use explicit commutation
relations of the type (2.3) with the matrix (3.1) as well as the orthogonality
conditions.

Proposition 3.1. Let u = (Ujx) k=123 be the transpose of the matriz of co-
factors, Upq = cof () gm. Then utt = Dy(u)l.

Proof. The lengthy proof is in Appendix A. O

As a direct consequence of this proposition (and of the uniqueness of the
antipode), in the quotient algebra O(S0,(3)) = O(04(3))/(Dg(u) — 1) we
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can then identify the matrix @ = (U;x); r=1,2,3 of cofactors with the antipode
matrix:

1
uzs ¢ 2usz ¢ luis
1 1 —~ o~
S(u) = | qzuse w2 ¢ Zuis | = S(u)uti =u= ‘cof(u).  (3.5)
1
q U3l q2u21 U1l
In particular, for later use in the study of coinvariant elements in Sect. 5
below, we observe we have the following identification among elements of the
second column of the matrix u (or second raw of the matrix S(u)) and the
corresponding cofactors:

¢ Py = —uiyusg + Uiz — (q% - q_%)umum

=q 'ugiuiz — ¢ lugsurr + qfl(q% - ‘f%)umuu
Uge = U11U33 — U13U31 + (q% - q_%)uuusz
= —u31u13 + Uzzull — (q% - q_%)u32u12
= (q% - (17%)71(’&21’&23 — UgzU21 + (q% - qfé)uzzuzz)
q%u?,z = —qU21U33 + qu23U31 — Q(q% - q_%)uzzusz
= ug g — ugzuar + (g2 — ¢ 2 ugaugs - (3.6)
3.2. Two Real Forms of SO, (3)

As already mentioned above for general N, the Hopf algebra O(O,(3)) can
be equipped with different real structures (2.8) or (2.9), depending on the
deformation parameter q:

(wjK)" = S(ug;) = ¢” " ujy  for g € R (3.7)
(wjr)" =u;p  forlgl=1. (3.8)
These lead to the Hopf *-algebras O(O,4(3,R)) for ¢ € R and O(0,(1,2,R))
for |q| = 1. These correspond to the classical real groups O(3,R) and O( ,2,R)

Moreover, by direct verification, it is easy to check the following.

Lemma 3.2. The exterior algebra Ay(V') in (3.2) is a *-algebra with involution
x: Ng(V) — Ay(V) defined on generators ey, k=1,2,3 by
e =q" e forqeR (3.9)
e =er forlg=1. (3.10)
Then, for q € R, respectively |q] = 1, the coaction p : Ag(V) — O(O4(3)) ®
Ay(V), ep — Zj ug; @ e; is a *-map with respect to the *-structures on
O(04(3)) defined in (3.7), respectively (3.8).
Lemma 3.3. For g € R, respectively |q| = 1, the quantum determinant Dy(u)
in (3.3) is real with respect to the x-structures on O(04(3)) defined in (3.7),
respectively (3.8).
Proof. For each three-form & € Ay(V), from p(§) = Dy(u) ®&, it follows that
Dy(u)* ® & = p(§)* = p(§*) = Dg(u) ® & and thus the quantum determi-
nant is real: D,(u)* = D,(u). (Alternatively, the Lemma can be proved by
comparing D, (u)* computed from (3.3) with the formula for D,(u) given by
expanding it with respect to the third row.) O
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It follows that (D,(u) — 1) is a *-ideal. For ¢ € R, we denote by
O(S04(3,R)) the quotient Hopf *-algebra O(O4(3,R))/(Dg(u) — 1) with *-
structure inherited from that of O(O4(3,R)) in (3.7). While we denote by
0(50,(1,2,R)) the quotient Hopf *-algebra O(O,4(1,2,R))/{D,(u) — 1) with
s-structure inherited from that of O(0,(1,2,R)) in (3.8).

3.3. The Double Covering of SO, (3)

Classically, the complex Lie group SL(2) is a double covering of SO(3). The
quantum analogue of this fact was proven in [4] where it was shown the
existence of a Hopf algebra isomorphism between the coordinate algebra
O(50,(3)) and the subalgebra O(SLs(2))?2 of O(SLs(2)), s = q?, made
of invariant elements for the action of the group Z,. If we denote by a, b, c,d
the generators of O(SLs(2)), the defining matrix and commutation relations
are given by

__fabd ab=sba,ac=sca,bd=-sdb,
~\cd cd=sdc,bc=ch, ad=da+ (s—s 1)bc

with moreover ad — sbc = 1. In matrix notation, O(SLs(2)) has coproduct
—1
b). The al-

A(’U) =1V v, counit E(U) =T and antipOde S(’U) — (_z . —Sa

(3.11)

gebra O(SLg(2))?2 is spanned by matrix coefficients of odd-dimensional (the
integer spin ones) irreducible corepresentations of SLg(2) and is generated by
the entries of the matrix

a? (14 s2)2ba —b?
m:= | (14+s2)2cal+ (s+s 1)bc—(1+s2)2db
—c? —(1+4s%)2de d?

With u as before the defining matrix of O(SO,(3)), the Hopf algebra isomor-
phism is
0O(S0,(3)) — O(SLs(2))*2, ursm. (3.12)

4. The Orthogonal 2-Sphere and Hyperboloid

As mentioned in Sect. 3.1 for the general case, associated with the quantum
group SO,(3) there is a quantum vector space C;D’I. It is defined, as in (2.11),
via the the g-symmetrizer matrix P_ in the decomposition (2.10) of the R-
matrix. One has then the free algebra generated by three elements zy, k =
1,2, 3, modulo an ideal of relations:

O(CZ) = Czp) /(P-z122) . (4.1)
With the R-matrix in (3.1), the algebra relations are given explicitly by
2021 = q Y2120, 237 =q lzpzs, 2371 = 2123 + (q% — q*%)zg . (4.2)

By construction O(Cg) carries a left coaction which is an algebra homomor-
phism and is given by

p:O(Ch) = O(S04(3)) ®O(CY), 2k Y tkm ® 2 -
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It is easy to see that the quadratic element
1 1
ri=q 22123 +Z§+Q2Z3Z1 (4.3)

belongs to the centre of the algebra and the coaction p descends to a coaction
on the quotient algebra O(C3)/(r — 1).

There are two #-structures, compatible with those of O(S0,(3)) in Sect.
2.1, making O((Cg) a *-algebra. For ¢ € R, the involution is z; = ¢”*zk, or
explicitly,

* 1 * * -1
21:q223, 29 = 22, Z3 =(q 221, (44)

while for || = 1 the algebra O(C?) becomes a *-algebra for z; = z.

For both choices of ¢ the central element r is real, 7* = r; thus the
quotient algebras O(C})/(r — 1) are left comodules *-algebra for the corre-
sponding Hopf s-algebras obtained from O(S0,(3)), that is O(SO04(3,R))
and O(S0,(1,2,R)).

In order to understand the geometry of the quantum spaces described
by the *-algebras O(C?)/(r—1) we introduce cartesian coordinates. Consider
the following generators:

(azy + Bz3) (4.5)

S

Ty = ui% (—az1 + Bz3) , xo:=722, x3:=
with «, 3,7, u € C such that

) ) 1 ifqgeR
af=3(+q72), =304+q", p= :
—i if |g| =1
Provided we choose = q%o’c forq € Rand a = @, 3 = 3 for |¢| = 1, the
generators xj are real, x; = xy, for both *-structures. The quadratic identity
q*%zlzg + 22 + q%23zl =1, in terms of the real generators xj, becomes

pla? + a3+ a3 =1. (4.6)
This is the equation of a two-sphere if u? = 1, or a hyperboloid if p? = —1.
For ¢ € R, we denote by O(S?) the x-algebra O(C2)/(r — 1), the co-
ordinate algebra of the quantum FEuclidean real unit sphere Sg. It is a left
comodule #-algebra for O(SO,(3,R)). The sphere S} is in fact the equatorial
Podles sphere of [13].
For |q| = 1 we denote by O(H?) the x-algebra O(C})/(r — 1), the co-

ordinate algebra of the quantum Euclidean hyperboloid H, g, a left comodule
s-algebra for O(S0,(1,2,R)).

4.1. Pre-regular Multilinear Forms
In the spirit of [5], the algebra O(C3) in (4.1) can be given via a multilinear
form. Let W be the 3-linear form on C? with components

VV(Ui7 Uy, ’Uk) =: Eijk (4.7)

in the canonical basis {vj, j = 1,2, 3} of C3, where ¢, is the tensor in (3.2).
With reference to the theory of pre-regular multilinear forms (see [5,
Def. 2]) we have the following result
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Lemma 4.1. The 3-linear form W is pre-reqular, that is

(i) there exists an element T € GL(3,C) such that W is T-cyclic: for all
Vi, Vo, V3 € C?,

W(Vi, Vo, V3) = W(T(V3), Vi, Va),
(ii) if v € C3 is such that W(v,ej,e) = 0 for all indices j,k, then v = 0.

Proof. Define T € GL(3,C) as the linear transformation T'(v;) = p;v; for
w1 = q, o = 1, uz = ¢~ '. By direct computation one verifies that W is
such that W (v;,vj,v,) = W(T(v;), vj,vr) on the elements v; of the basis, for
i,j, k= 1, 2,3, being Eijk = HEEkij- U

Lemma 4.2. Let A(W,2) be the quadratic algebra generated by elements z;,
1 =1,2,3, satisfying the three relations

Zsijk zjz, =0, fori=1,23. (4.8)
I

Then A(W,2) coincides with the algebra O(C}) in (4.1).
Proof. By direct check, comparing (4.8) with relations (4.2). O

Remark 4.3. We mention that the relations (4.2) show that the algebra O(C3)
is an Artin—Schelter algebra of type S; with ¢ = a~! (see table (3.11) in [2])
and thus O(CS) is a Koszul algebra. As a consequence, for ¢ € R the space
(Cz is a noncommutative Euclidean space for which there is a canonical gen-
eralization of Clifford algebras [6].

5. The Quantum Homogeneous Spaces

It is known that SO(2) is a quantum subgroup of SO4(3) (see e.g. [14,
Thm. 3.5]). Indeed, it is easily shown that I := (u;;|i # j) is a Hopf ideal in
O(504(3)). The quotient Hopf algebra O(S0,(3))/I is generated by the ele-
ments 4;; = 7(u;;), for 7 the quotient map m : O(S04(3)) — O(S0,4(3))/1,
and thus has just three generators u;;, ¢ = 1,2,3. Their commutation rela-
tions are obtained via the projection m from those of O(SO,(3)). From the
equation (2.3) one gets @;;Urr = Urkljj;, for j,k = 1,2,3. In addition, the
metric condition (2.5) requires that @133 = 1 and (by using also the counit
¢) that @ge = 1. Thus the Hopf algebra O(S0O,(3))/I is indeed a copy of
0O(50(2)), that realises SO(2) as a quantum subgroup of SO,4(3).

The construction is compatible with both s-structures of O(S04(3)),
for the two cases ¢ € R or |¢| = 1. That is, the ideal I is a *-ideal with
respect to both of them and the quotient spaces are hence Hopf *-algebras.
In particular, O(S04(3))/I is isomorphic to the *-algebra O(SO(2,R)) in
the case ¢ € R, with (tgk)* = Ugk, for k = 1,2, and to O(SO(1, 1,R)), with
(U11)* = g2, in the case |g| = 1.

By a general construction, there is then a natural (right) coaction of
SO(2) on SO,(3) given by restriction of the coproduct, written in matrix
notation as
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§ = (id®m)A : O(S0,4(3)) — O(S0,4(3)) ® O(SO(2))

U1y U1 U3 U] U12 U3 z0 0

U1 U2 Uz | +— | Uop Uz U3 | ® |01 O R (51)
-1

u3] U32 U33 U3] U32 U33 00z

where we set z := 1.

Since 0(uij) = D, uik @ m(up;) = ui; @ w(uy;), it is clear that the
elements b € O(S0O,4(3)) which are coinvariant for the coaction, 6(b) =b® 1,
are given in degree one by the span of the elements in the second column
of the defining matrix u of O(SO,4(3)) and, in addition, in degree two by
the span of products of any element of the first column with any one of the
third, u;1u;3 or w;zuj; for indices 4,7 = 1,2, 3. Nevertheless, we next show
that all the elements u;1u ;3 and u;3u;; indeed belong to the span of those of
the second column.

Proposition 5.1. The subalgebra of O(S04(3))
B = 0(50,(3))°°E0@) = {h € 0(S0,(3)) | 6(b) =b@ 1}

of  coinvariant  elements  for  the  coaction & of (O(SO
(2))) in (5.1) is generated by the three elements u;z, fori=1,2,3.

Proof. We show that the elements u;3u;1 and u;u; 3 can be written as poly-
nomials in the elements of the second column. By taking m =3, n =1 in
(2.3), we obtain

1 81—, . .
q “uUjuj3 = q J U’ujgu“ =+ )\0(] — Z)Uiguj'l

—Adije Z 00 — k)g~ """ rugsupn (5.2)
k

so it is enough to establish the result for the elements wu;zu;1. (We list nev-
ertheless the expressions of all coinvariant elements in terms of the elements
ugo in Appendix C.) In the proof we will use the identities

2 2
U31U13 = U13U31, U113 = q U13UI1, U31U33 = ¢ U33U31

obtained from equation (5.2), for suitable choices of indices i,j, and the
identification in (3.6) of the elements of the second column of the matrix u
as cofactors. We will also use the relations

1
-1 -1
U1 U12 U13 Uz ¢ 2U23 ¢ "U13
1 _1
uS(u) = | ua1 uze ua3 qrusy uze q Fupp | =1
1
U3l Us2 Usz/ \qusr q2ui U1l
and
_1 -1
U3z ¢ 2U23 ¢ U3 U] U2 U13
1 _1
S(u)u= | q2uzs w22 ¢ 2uie Ug1 U2 U3z | =1T.
1
q u31 q2u1 U1 U3l U32 U33

First, by using usjuis = wujgus; in the equality (wS(u))ss = (S(u)u)11, we
get

U23U21 = U32U12 -
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By comparing the expressions (uS(u))11 = 1 and ugs = Uz, we compute
_ _1
uigug = (1+¢) 1(1 — U2 — @ 2U2U32) .
Similarly, from (uS(u))12 = 0 and the expression q_%ulg = 1Up3 We obtain
1 _
wiztar = ¢ 2 (1 +q) (w12 — urau2),
while from (uS(u))13 = 0 and the relation ujiu13 = g>ui3u1; found before,
_1 —1
uyzury = —¢q 2 (14 ¢q) uipuss.

We proceed by comparing (uS(u))2; = 0 and the expression q%ugg = U9y and
obtain

uzzuzy = g~ % (14 q) " (uzz — uzzuzs)
while (uS(u))2s = 0 and the expression ¢~ 2ug; = Tag gives
uzzury = —q2 (14 ¢) " H(wrz + ¢ M uzpuna) .
Then, from (uS(u))3; = 0 and the relation ug uss = ¢>uzzuz; we get
U33U31 = —q_%(l +q) " tusauss -
From (uS(u))32 = 0 and the expression q2usgy = Ua; we have
ussuzr = —(1+q) " (g7 us2 + ¢ Fuspuss).

Finally, from (uS(u))ss = 1 and the equality Uas = ug2 we obtain the last
required relation

_ _1
uzzuir = (1 +q) 7 (g + u2e — ¢~ Zugaui) .

O

The commutation relations among the generators uyo of the subalgebra
B of coinvariants are obtained from equations (2.3) for m =n = 2,

¢° 0 i = (1= MNO(j — i) iz + Mg Y 0(j — kg™~ P upoupss
k

_1
— ¢ 2ujru 3

by substituting the explicit expression of the elements u; %3 in terms of the
elements ugo (as given in Appendix C). They are given by

Ugotizg = q Tusougs + (1 — ¢ Nusze,  uouiz = ¢ turauge + (1 — ¢~ Huia,
_ 1 _
Ugati2 = q 2uraugs +q 2 (1 — g M) (1 — uge). (5.3)
Moreover from condition (S(u)u)2e = 1 we also obtain
1 1
q2ussuiz + ¢ 2uipusa + (g2 — 1)(uge +1) = 0. (5.4)

We will analyse the geometry of B as a quantum *-algebra in Sect. 5.1
below. Before we do that, we study the bundle structure of the quantum
homogeneous space B.
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Proposition 5.2. The algebra extension O(SO,(3))° 02 < 0(S0,(3))
is Hopf-Galois, that is the canonical map

X O(S0,(3)) £5 O(S0,4(3)) — O(S0,(3)) © O(SO(2)), a’ ©a ' d'é(a)
is bijective.

Proof. We prove the statement by showing that the total space algebra
O(504(3)) is strongly graded (see Thm. 4.3 and Prop. 4.6 of [1]). We as-
sign degree +1 to the elements of the first column of the defining matrix wu,
degree —1 to the elements of the third column of the matrix v and degree
0 to the elements of the central column of the matrix u. Let us denote £44
the collection of all degree £ elements respectively in O(SO,4(3)). Clearly
they are modules over & = B; a posteriori these are shown to be finitely

generated and projective over B (see [11, Cor. 1.3.3]).
In the notation of [1] we have two sequences of elements in £,

{& 1921 = (ua1, w21, uz1), {8;Yoo1 = (quat, ¢*uz1, ur) (5.5)

and two sequences of elements in £_;

_1 _
{773'}?21 = (u33,q 2u23,q 1“13)a {aj}?:1 = (u13,u23,u33) . (5.6)

These are such that
3
Zﬂjéj = (S(u)u)11 = ussuny + g Fusszus + ¢ turgugs =1 (5.7)
j=1
and
3
Z Bio; = (S(u)u)ss = quaiuiz + g7 ugiugy + upugs = 1. (5.8)
j=1

The inverse x ! : O(S0,4(3)) ® O(SO(2)) — O(50,4(3)) @5 O(S04(3)) of
the canonical map, by the general theory of [1], is then given by

Y reqramn AN Min OB &G &y s for n.>0
x a2 —<Lapl for n=0 .
216{1,2,3}—n afiy - Bi, @p i, -y, for n <0
(5.9)

For the convenience of the reader we recall here the proof. If n > 0,
xox M1®z") =x( Y. an,-n, &, &)
Je{1,2,3}n

= Z ang - M, &6 @2 =1®2",
Je{1,2,3}n

using (5.7) on all indices from j, to j; one after the other. Conversely, if
a € O(S0,4(3)) is of degree n, one has §(a) = a ® 2" and thus
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X tox(lepa)=x""a®")= > an, -, @&, &,
Je{1,2,3}n
= Y 1@pan,--n,é, & =18za
Je{1,2,3}n

using the fact that an;, ---n;, € B, so that it can cross over the balanced
tensor product, and again (5.7). One proceeds similarly for n < 0. 0

5.1. Two *-Quantum Homogeneous Spaces of O(S0,(3))

We rename wy := ugz, k = 1,2,3, the generators of the subalgebra B of
coinvariant elements of O(S0,(3)). They have commutation relations (5.3)

ws(wy — 1) = ¢ Hwy — Dws, wi(ws — 1) = q(wy — 1wy,
wswy = ¢ 2wyws + q_%(l —q)(wy — 1) (5.10)
and satisfy the quadratic condition
¢ 2 wiws + g wsw, +wi =1. (5.11)

This, with the last equation in (5.10), can also be written as

(a% + ¢ 2wiws = (1 — wy)(1 + quo),
) wzwy = (1 — ws)(1 + ¢ wy). (5.12)

It is easy to see that the coaction map § in (5.1) is a x-map, for both ¢ € R and
lgl = 1 and corresponding #-structures in Sect. 2.1. Hence B is a x-algebra
as well with s-structures inherited by those of O(SO,(3)) and given on the
generators wy by

forgeR: ()" =q2ws,  (wa)" =wy, (ws)" =g 2w,
for |[¢f =1: (w)* =wg, k=1,2,3, (5.13)

in parallel with those in (4.4). Moreover, the x-algebra B is made of coin-
variant elements of the corresponding real group by a suitable real sub-
group. For ¢ € R, we denote O(Sq Gr) the x-algebra B of coinvariant ele-
ments of O(S0O,(3,R)) with respect to the coaction of its quantum subgroup
O(SO(2,R)). We call O(S? ) (the algebra of coordinate functions of) the
quantum (Grassmannian) sphere S;GT. When ¢ — 1 it reduces to the co-
ordinate algebra over the Grassmannian Gr(1,3) ~ SO(3)/SO(2) ~ S? of
oriented lines in R3. In fact, the sphere S;GT. is isomorphic to the standard
Podles sphere S? of [13].

For |¢| = 1, we denote O(H} ;) the *-algebra B of coinvariant elements
of the algebra (’)(SOq(l, 2,R)) with respect to the coaction of its quantum
subgroup O(SO(1,1,R)). We call O(H ,.) the algebra of coordinate func-
tions of the quantum hyperboloid H; 2 G- In the limit ¢ = 1 it reduces to the
coordinate algebra over the hyperb0101d

Again, as in Sect. 4, the reason for the names and the nature of the
spaces above is made evident when using cartesian coordinates. Let us make
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the following change of generators:

1 1
= pi—(—aw; + pws) , = wsy, = — (aw; + pw
Y1 = p \/5( 1+ Bws) Y2 2, Ys \/Q( 1+ Bws)

(5.14)
with «, 3, u € C such that
L (149¢) 1 ifgeR
aﬁquTijy p= .
q —iiflgl =1

Notice that (a3)* = af for both choices of q. Provided we choose 8 = q%d
for g € Rand o = @, 8 = 0 for |g| = 1, for both *-structures in (5.13), the
generators y, are real,

(yk)* = Yk, k= 1a2a3'
Using relations (5.12), we compute
> (1+q)
(1+¢?)

1
- - 1 2 2 1— 2 9
and thus in terms of the real generators yj the quadratic condition (5.11)
reads

1Pyt +ys = (wrwsz + wawy)

(1—qu _ 2
1+ ¢2 2T 1+ g
In the classical limit ¢ — 1 this reduces to

1Pyt +ys + 3 — (5.15)

Wyl +ys+ys =1

which is a two-sphere if u? = 1, or a hyperboloid if p? = —1.

Let us finally observe (for future use in Sect. 6.1) that by construction
the subalgebra B also carries a left coaction of O(S0O,(3)) given by the re-
striction of the coproduct of O(SO,4(3)) to the elements w2 generating B:
the map

p=A0p:B—0(50,3) @B, up+— Zukm(@umg (5.16)
makes B a left O(50,(3))-comodule algebra. The coaction map p in (5.16) is
a x-map for both values of ¢ and thus B is a comodule *-algebra, or quantum
«-algebra, with respect to the corresponding real forms of O(S0,(3)).

5.2. Line Bundles

In general, given a right H-comodule algebra A with coactiond : A — AQ H,
d(a) = aw @ any and a left H-comodule V' with coaction v : V — H ®
V, v(v) = v ® v, sections of the vector bundle associated with the
corepresentation v can be identified with linear maps ¢ : V' — A which are
H-equivariant

(,25(1))(0) ® ¢(U)(1) = d)(U(O)) ® S(U(—l)) : (517)
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The collection & of such maps is a left B-module for B C A the subalgebra
of coinvariant elements for the H-coaction.

For the H = O(SO(2)) Hopf-Galois extension B = O(S0,(3)) ©(50(2)
C O(S0,4(3)) irreducible corepresentations of O(SO(2)), which are one di-
mensional and labelled by an integer, will yield line bundles. Consider any
such a corepresentation

i C—O(S02)®C,  yp(l)=1®z" (5.18)

for any integer m. From the coaction (5.1) the first column of the matrix
u will transform by z~" while the last column will transform by z™. Thus,
using the generators (5.5) and (5.6), a set of generators of the corresponding
B-module &, of sections is given by

SJ :€]n§]17 J:(]laa]ﬂ)€{17273}n for HZO
g ::ai7n~-~ozl-1, I:(i1,~--,in)€{1,2,3}_n fOI' ’I’LSO
(5.19)

Indeed, for n > 0, one finds that

6(65) = (& &) 1oy © (i i) oy
= (&, &) ®@2" = (&, &) ®S(zT"),

thus fulfilling condition (5.18). The case for negative n works similarly. The
modules &, are line bundles of degree an even integer —2n. To see this, one
finds suitable idempotents p, in Mat|,|41(B) and identifies &, ~ Blnl+1p,
as left B-modules.

The idempotents p,, are representatives of classes in the K-theory of B,
[pn] € Ko(B). One computes the corresponding rank and degree by pairing
them with non-trivial elements in the dual K-homology, that is with (the class
of ) non-trivial Fredholm modules [r] € K°(B). For this, one first calculates
the corresponding Chern characters in the cyclic homology che(p,,) € HCo(B)
and cyclic cohomology ch®([7]) € HC®(B) respectively, and then uses the
pairing between cyclic homology and cohomology.

The Chern character of the idempotents p,, has a non-trivial compo-
nent in degree zero chg(p,) € HCy(B) given simply by a (partial) matrix
trace cho(pp) = tr(p,) and thus cho(p,) € B. Dually, one needs a cyclic
zero-cocycle, that is a trace on B. There are indeed two such traces com-
ing from two l-summable even Fredholm modules for B which generate the
K-homology K°(B) and that were worked out in full details in [10].

For the present paper we adapt the construction of the Fredholm mod-
ules in [3]. For this construction we need ¢ € R, a condition that is also in
accord with the fact that the idempotents p, we are finding are projection
for the -structure (3.7) (see Remark 5.4).

The first trace comes from the counit € of O(SO,(3)). Its restriction to
the subalgebra B = O(57) C O(50,(3)) yields a representation xo : B — C
which pulls-back to B the generator of the K-homology of C. The resulting
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Fredholm module for B is given by

01
M=CoC  mb=xu®)o0 R (])-

This we shall denote [7°] with corresponding cyclic zero-cocycle 70 = ch® [79]:
70(b) = xo(b), b€ B.

On the generators of B it is given by 7°(w;) = 7%(w3) = 0 and 7%(wy —1) =0
(and clearly 79(1) = 1). For the second Fredholm module one needs a second
representation of B as bounded operators. It is explicitly given on £2(N) with
orthonormal basis [n) by

n+2

xi1(wi) |n) = Bq 2

[1 - q*<”+1>} : In+1)

N

n+1

xaws)n) = 8% [1=g 0] - 1)
xa(ws = 1) [n) = =52 ¢~ ),

with 8 = —(¢+ 1)%. (The parameter ¢ in [3] is mapped to g2 here.) For the
above formulas to give bounded operators one needs to assume that ¢ be such
that |¢| > 0. This is nor restrictive in that for |¢| < 0 the appropriate formulas
for the representation can be obtained from the one above by replacing the
index n with —n: as a consequence the role of w; and ws as raising and
lowering operators is exchanged.

The second even Fredholm module [7'] for B = O(S7) is then given as:

M=EMS LN, mb)= (Xlo(b) Xo(b) ?deZ(N)> Fo= <(1) (1)) '

Thus, the operator x1(b) — xo(b)ids2(y) is trace class for all b € B and one
gets a second trace 7! = ch” [71] on B given by 7! (b) = try, (x1(b) — x0(b)).
It is a trace on B/C, that is it vanishes on C C B. We need its evaluation on
powers of wy — 1. One finds

(w2 = 1)%) = trpg, (xa (w2 = 1))

_ (71)k62kq7k ;qfnk _ (71)k/62kq7k$
k
= (—1)’“(35_1)1 : (5.20)

Let us first illustrate the above for the lowest values n = 1. In these
cases a collection of generators for the modules of sections is given by (u11, u21,
us1) and (ugs, ua3, u13) respectively. The corresponding idempotents are the
matrices

U1 u33
- -1 -1 - '
pi1i= [ uzr | (uss, g 2uas, ¢ tung) , por = | uzs | (win, g2 uan, qua) -
us1 u13

(5.21)
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Since py1 has entries (py1);; = wi1S(w)1,, the identity (5.7) implies that
p+1 is an idempotent pf_l = p41. Similarly, for p_; of components (p_1);; =
;35 (u)3;, the result p2 ;| = p_; follows from (5.8). From Proposition 5.1 the
entries of p+1 belong to the subalgebra B. Using the list in Appendix C for
quadratic coinvariant elements and the first equality in (5.12), for the partial
trace of these idempotents one computes

1
—1 1
tr(p41) = uiiuss + g 2u21uss + ¢ U31UI3

(¢—1)

P (woy — 1)%. (5.22)

=14+ (¢g—1)(we—1)+

Then, using xo(w2) = 1 one gets

('] Ip+1)) = X0 (cho(p+1)) = 1.
Finally, using the vanishing of y over the scalars and (5.20) one gets

q+1 q+1)?
([ ) o= 7 elolpn) = —a = D o - 1) LED
=—(¢+1)+(¢g—1)=-2. (5.23)
With a similar computation one gets ([7%],[p_1]) = 1 and ([7'], [p_1]) = 2.
For a general n > 0 consider two vector valued functions of components
[Un) g =81 =& &
<¢7L|J =Ny = (le T 77jn)7 J = (.jla T ajn) € {17 273}71
We have already observed that from (5.7) one has
(bn, n) = Z iy = Mjn Ein = &G ® 22" =1.
Je{1,2,3}n
Thus the matrix p, = [1,) (¢n| of components (p,)rxs = {snk is an idem-
potent. Similarly, for n < 0 we take
|1/Ln>1 =0 = O, Oy,
<¢—n|[ = /6I = ﬁil o .ﬁi7n7 1= (Z.17 o ,’Ln) S {1a 2) 3}_n
and now (¢_,,¥_,) = 1 and the idempotent is the matrix p_, = |[¢_,) (¢—_n|-
Using an inductive argument and result (5.23), we show the following.

Proposition 5.3. For n > 0 the modules &, are line bundles of degree —2n,
that is

(FLipal) =1 (7] [pa]) = =2n. (5.24)

For n <0 one gets ([7°],[p—n]) =1 and positive degree {[T'],[p—,]) = —2n.

Proof. The result rests on a recursion formula for the trace of the idempotents
tr(py). For n > 0, one finds

2n
tr(pn) = Z(}%L)JJ =1+ Z(q + 1>_J an) (’wg — 1)’]7
o = T[> " -). (5.25)

k=0
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We prove the formula by induction. We set here T := (¢ + 1) *(ws — 1) to
simplify notation. Firstly, out of the commutation relations (2.3) one finds

’U,11TJ = q2JTJ’LL11 5 U21TJ = qJTJu21 s U31TJ = TJU31 (526)
as well as, from the computations in Appendix C, the identities
uitugs =1+ (q+ )T+ PT? , " Fugiugs = —(q + 1)(T + qT?)
ugiuig = 12, (5.27)

Formula (5.25) is verified for n = 1: it is just (5.22). Assume it holds for n,
then

1 _
tr(Ppy1) = ur1 tr(pn)uss + ¢~ 2u21 tr(py)uss + ¢ Yugy tr(pn)uis

2n
_1 _
=tr(p1) + Z CS”) <u11TJU33 +q 2u21TJu23 +q 1u31TJ7.L13)
J=1

2n
=tr(py) + »_ CVVT7 (q”(l +(g+ AT + ¢°T?)
J=1

—q’(q+ 1)(T +qT?) + T%)
using (5.26) followed by (5.27) for the last identity. Then

2n
) = ) + 30 G (4 + 7% 1)
J=1

(qJ+1 T qJ)T+ (qJ+1 _ 1)(qJ+2 _ 1)T2)

2n
=1+ (@ - 1)T+ (¢~ (g - DT?+ > ¢ o1’

J=1
2n+1
+ 3 (¢ = D¢’ + ) T
J=2
2n+2
+ 3 (7 - 1)t - no,T (5.28)
J=3
Finally, using properties
Cy) = (@ -0y, LY = @ - D@t - ey

(5.29)

for the coefficients CS"), we get
t(pnsn) = 1+ (@2 = DT+ ((¢* = V(g — 1) + ¢*CL"

+ (¢ = (g + )0 ) T

2n
i Z <q2J(q2n+1fJ —1)(g> 2T — 1)
J=3
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(0" = D@+ )P =)
+ (¢’ = 1)@’ =),
+ (@@ =1 (@ + - 1)
.

.

1

2n—1

(q2n )) o T2n+1

(q2n+2 )(q2n+1 _ 1)02(2)T2n+2
+ ( 2n+2 )T + ( 2n+2 1)(q2n+1 _ 1)T2
2n
(@2 - 1) (@ — 1) Z (CS@QTJ
J=3
+ CQ(Z)_lTQ"H + CSZ)TQ"”)
2n—+2

= P
J=1

Being XO(w2) = 17 or XO(T) = Ov one gets <[TO]? [p+n]> =1
For the computation of the degree we also proceed by induction. From (5.20)
one has 71(T7) = (-1)” qu_l from which one deduces

T 1
qJ“Flil

q/ —1

1 J4+1y
T(TT) =~ prEs—

w1’y NI = w1’y

We use these formulas in the first expression in (5.28) for the trace of p,11:

T (tr(pns1)) = 7' (tx(p1))

2n
+> o5 (qz"T" + (" =)@ + T
J=1

F (@ 1) 1)TJ+2)
2n
=243 ¢ (¢* — (¢’ - )¢ + )
(¢ = 1) = 1) u(T?)

2n
=-2+Y W)
J=1
=247 tr(pn)) = —2(n + 1) .
O

Remark 5.4. For ¢ € R and *-structure (3.7), the idempotents pL,, = |t+,)
(¢+n| are self-adjoint, (p+,)* = p+,. This follows from the fact that (|¢)+,) ;)*
= (¢unly, for each J, being uf; = uss, ujy = ¢ Zugs and uf = ¢ lugs. In
contrast, the idempotents p, are not self-adjoint for the #-structure (3.8)
when |¢| = 1.
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6. The Dual Hopf Algebra and the Casimir Element

Aiming at the study of Laplacian operators on the two *-quantum homo-
geneous spaces of O(S0,4(3)) in Sect. 5.1, and gauged versions on bundles
over them in the line of [9], in this section we study a Casimir element as
a Laplacian operator acting on functions of the base space. This operator is
constructed from the actions of a dual Hopf algebra U, (sl2).

6.1. The Dual Hopf Algebra U, (sl2) and Its Real Forms
From Drinfel’d—Jimbo construction of quantum universal enveloping algebras
it is known that U, /2(s0(3)) =~ Uy(slz). On the other hand as recalled in
Sect. 3.3, there is an isomorphism O(SO0y(3)) ~ O(SL,12)(2)%2. We shall
then work out a dual pairing between O(SOg(3)) and Uy /2 (slz).

The algebra Uy 2 (sls) is generated by elements K, K~', E, F subject
to the relations
K- K1
¢ —q"
together with KK~' = K~'K = 1. It is a Hopf algebra with coproduct,
counit and antipode given respectively by

K*E =¢*'EK*, K*F=¢"'FK*, EF-FE=

N

AKFY)Y=K*' @Kt AE)=EQK+19E, AF)=F1+K '0F,
e(KE) =1, ¢E)=0, £F)=0
S(K*Y)Y=KF!  S(E)=-EK~', S(F)=-KF.
See e.g. [8, §3.1].
The non zero values of the pairing (-, -) : Ug1/2(sla) x O(SO,4(3)) — C on
the algebra generators, besides (1,uz;) = 1 for k = 1,2,3, and (K*1 1) =1,
are found to be

(K, u11>:q_1, (K, ug) =1, (K, u33) = q

(K hun)=q, (K huw)=1, (K hup) =q¢",
(Bouz)=an,  (Bus)=—aq1,

(Fyu2) = a~ 'y, (F,us3) = —oflq_%n , (6.1)

where 77 := (¢ 4 ¢~ 2)2 and a € C )\ {0}. The extra parameter a in (6.1)
can be re-absorbed by the Hopf algebra automorphism of Z/{ql/2(812> which
rescales £ +— o 'E, F s oF , K — K [8, Prop. 3.6]. We hence fix o = 1.
The pairing extends to the whole algebras by the rules (fg,a) = (f ®
9, A(a)) = (f,aq))(g, a(2)) and (f, ab) = (A(f),a®b) = (f(1), a)(f(2)b), for all
[,9 €Uy (sla) and a,b € O(SO,(3)). It satisfies (1,a) = e(a), (f,1) = &(f)
and (S(f),a) = (f,S(a)) for each f € Uy1/2(slz) and a € O(SO,(3)).

It follows by standard arguments in Hopf algebra theory that each left
(respectively right) O(SO,4(3))-comodule algebra A carries a right represen-
tation 1> (respectively left representation <1) of the dual algebra U/ (slz).
In details, if A is a left comodule algebra via p : A — O(S0,4(3)) ® A,
a— a1y ® a), then A carries the right action

L ARUY(sly) = A, a<fi=(f,an)ap), acA feclUsly).
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If A is a right comodule algebra via 6 : A — A® O(S0,(3)), a — aq) @ a1,
then A carries the left action

D>:Uy(sle) ®A— A, [f>a:=ae(f,an)), acA feclsl).
For A = O(S0,(3)) with left and right coactions given by the coproduct, the
right and left actions of U,1/2(sl2) on generators u;; of O(SO,(3)) read
ik <A f = (f, Wjm) Umk and f > ujn = wjm(f, Um)-
Explicitly, the right action is
u SEKF = qFluge . uoe S KT =g, use < K =g ugy,
uy < E=0, wuy <E=nuy, U3k<1E:*q%77U2k7
uig AF =nuog, Uk <F = —q inugy ug<9F =0, (6.2)
and the left action is given by
Kil > uj; = q$1Uj1 , Kil D> ujo = uj2 , Kil > uj3 = qilujg s
EI>UJ‘1:’I7UJ‘2, EDUjQZ—q%T]UJ‘37 EI>Uj3:0,
1
Frupn=0, Fpujp=nui F>ujs=—¢ 2nuj. (6.3)
Since the left coaction of O(SO,(3)) on itself descends to B =
O(50,(3))°C50?) see (5.16), the right action (6.2) preserves B. Explic-
itly, on the generators wy := uge of B, the action < : B ® Uy(sla) — B is
given by
w; <K =¢Tlwy, wy <K =wy, ws < K = ¢ lws,
w<<E=0, wy<E=nuw, w3<1E:—q%nw2,
wy < F =nws , wQQF:—q_%nwg ws<<F=0. (6.4)

For the left action (6.3) this is not the case. The generators E and F' do not
preserve B while the generator K does and acts as the identity. Its left action
is indeed dual to the right coaction in (5.1) of the generator z of O(SO(2))
on O(50,4(3)) and we could equivalently define the algebra B of coinvariant
elements as made by invariants for K,

B={be O(S0,(3))| K >b=b}. (6.5)

Depending on the values of the deformation parameter ¢, the Hopf alge-
bra Uy1/2(sl2) can be equipped with the following real structures [8, §3.1.4]:

e if ¢ € R, there are two (non equivalent) *-structures:

(KEHYy*=K*' | E*=FK, F'=K'E (6.6)
with corresponding Hopf *-algebra U1,z (sug) (this is the compact real
form) and

(Kt =K*' E*=_-FK, F*=-K'E (6.7)

with corresponding Hopf x-algebra U1/ (su1,1);
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e if |g| = 1 there is only one *-structure given by
(K" =K*', E*=-E, F*=-F. (6.8)

The corresponding Hopf *-algebra is Ui/2(sl2(R)). Classically the Lie
algebras suj 1 and slz(R) are isomorphic.

The pairing (6.1) induces a pairing between the real forms U,1/2(sus) and
O(S04(3,R)) and between the real forms Uy 2(sl2(R)) and O(SO4(1,2,
R)). Indeed the conditions

<f*7a> = <f7S(a)*> ) (f,a*}z(S(f)*,a} (6'9)
are satisfied for each f € U/2(slz) and a € O(SOy(3;R)) or f € Uy/2(sl2(R))
and a € O(S0y(1,2,R)). On the other hand, the condition (6.9) for the pair-
ing (6.1) is not satisfied for the algebra U,/2(su1,1).

We need some notation. For n € N the g-integer is defined as
q% — q_%
[n] := [n]q% = (6.10)
q2 —_ q 2
One has [n] =¢ Z;L;Ol ¢’ with property [n] = [2][n — 1] — [n — 2].
When the deformation parameter ¢ is not a root of unity, the centre of
the algebra U,i/2(sl2) is generated by the (quadratic) Casimir element (see
[8, §3.1.1]):

—n+41
2

1 1 1 1
K4 K! YK 4 g 3K
C,=pErpy L2 TCR T pp PR AT R
(g2 —q2)? (g2 —q2)?
1 1 _1
= S(EF+FE)+ LT (g gy, (6.11)
2 (g2 —q 2)?

We next show how to diagonalise the Casimir operator as an operator
acting on the left on the algebra B. For this one uses the right action of
U,1/2(sl2) to construct a basis of eigenfunctions, since clearly C, > (a < f) =
(Cy > a) < f. As mentioned, while E and F' do not preserve B, both the
products EF and FE do. On the other hand, the generators K, K ' act on
B as the identity and hence

K +qEK! g% +q3
——1, bb=—
(¢ —q 2)? (g2 —q 2)?
Thus, we can remove from the Casimir an additive constant and consider the
operator

b, be B.

1 1
q 2 +q2
(¢2 —q72)?
acting on the left on the algebra B. On the generators wy := uge, k = 1,2, 3,

of B, the action of C, is easily found to be

Co>wi = 2wy, k=1,2,3. (6.13)
Now, from [8, §4.5.2] one knows that there is a vector space decomposition

B = ®jenVs

Cyi=C, — — EF =FE (6.12)
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into irreducible representations V; of U1/2(slz). The spaces V; are given by
Vy = span{wy < E™} = span{w{ < F™}, m=0,1,...,2J. (6.14)
Thus wy (or wy) is the highest (or lowest) weight vector of the representation.
Theorem 6.1. For any J € N the space Vy is made of eigenfunctions of the
operator C, with eigenvalue [J|[J + 1]:
Co>a=[J][J+1a, VaeVj. (6.15)
Proof. In view of (6.14) it is enough to show the identity for the highest weight
vector wy . Clearly, if C,>w{ = [J][J + 1Jw{, then for each m = 0,1,...,2J,
Cy> (wy <E™) = (Cy>wy) < E™ = [J][J + 1)(wg < E™).

Indeed we can show the result at once for the lowest and highest weight
vectors. Using the coproduct A(EF) =EFQK+K '@ EF+¢ 'EK'®
FK + F ® E and recalling from (6.3) that K and K ~! act as the identity on
the elements of B, the operator C, acts on the product of two elements a,a’
as

C,>(ad') = (EF)>a)d + a((EF) > d)
+¢ M E>a)(F>d)+ (F>a)(E>d)
= (Cy>a)a’ 4+ a(Cy>a’)
+¢  (Era)(F>d)+ (Fra)(E>d). (6.16)

We hence need to compute the action of £ and F' on any power wé] of wy,
¢ =1, 3. By induction on n one shows that

n—1
1 i _ _n —
E>w7=—q2(§ q J) nwy " tugs = —q 2T ] nw) Mg
=0

n—1
—j — n—1 —
Frw) = (Zq ”) nwy tug = q % [n]qwyue
7=0

where [n] is the ¢2-number in (6.10). Next, we prove by induction that C, >
wy = [n][n + 1lJw}. The result holds for the base case n = 1, as already
observed in (6.13). Assume it holds for n, then, by also using (6.16), we
compute

Cq > (W) = (Cq > W} )we + wi (Cq > wr)
+ ¢ HE > w})(F > we) + (F > w))(E > wp)
= [+ 1w+ 2w — g e} uun
— ¢ [2][n]wy  uerus
where, from Appendix C,

3 _ 1 _
upues = —q* (1 +q) " 'wj, wpgup = —q 2 (1+q) wj .
We hence obtain that w?“ is an eigenfunction of C, with eigenvalue

mlfn + 1)+ [2] + ¢ F 21+ q) 7t + ¢ T 21+ q) 7 =
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= [nlfn+ 1)+ [2) 4+ 47" 0] +¢"F [n]
Next, by explicit computation one verifies that
21+ ¢~ [+ ¢"% [n] = [n+ 1)([2[n + 1) - 2[n])
so that, finally,
Co> (wyth)y =[n+ 1([n] + [2][n+1] - 2[n))w; = [n+1)n + 2] wyt!
where we have used the property [2][n + 1] — [n] = [n+ 2] of g-numbers. O

The above analysis is valid, when ¢ is real, for the x-algebra U1z (su(2))
acting on the algebra B = O(SS,GT) of the standard Podle$ sphere. The more
complicated case of U 1/2(sl2(R)) that involves unbounded representations
(see [15]) will be studied elsewhere.

Appendix A. Proof of Proposition 3.1

From the definition (3.4), we are left to show that > UdgmUmae = 0, for all
indices a # d. Notice that for each index a = 1,2,3 (and for each m) we
can always choose an expression of the cofactor u,,, = E;blc n,p EmnpUbnUep
for which a, b, ¢ are all different. So either d = b or d = ¢. Without loss of
generality we can take d = b (that is, of the two equivalent expressions of the
cofactor with a # b # ¢ we can take the one where the index b is equal to d).

Thus, fixing mutually different indices a,b = d, ¢, we compute

€ade E UdmUma = § EmnpUdmUdnUcp
m m,n,p

§ 5mn1udmudnucl+§ Emn2UdmUdnUc2

m,n m,n

+ § Emn3UdmUdnUc3

m,n
= q(ua2ua3z — quazugz)uer — q(Udg1Uds — UdzUdl

+(q% — q_%)ud2ud2)uc2

+(Ud1td2 — qUa2tar)ues - (A.1)
We then use equation (2.3) for elements ug,, on the same row:
4R Ug gy = @O g g A NI — M) Uty + Oa2 g E UrmUian

— A Z Ok —m)q~ """ P ugrrugy - (A.2)
k

For d # 2, this yields

qUd3tg2 = Ud2Ud3 , qUd2UJ1 = Ud1Ud2
2
q Ud3Ud1 = Ud1Ud3

_ _ _ _1
(1+ ¢ Yugiuas = ¢ *uartias + ¢ "ugztar — ¢~ 2 Migauas.
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The first two relations imply the vanishing of the (polynomial) coefficients of
ue1 and ue3. The last two when combined yield

_ _ 1 a1
(1+ ¢ YHuguas = (1 + ¢ Huazua — (14 ¢ 1) (g% — ¢ 2 )ugouae

and the coefficient of u.o vanishes as well.
For d = 2 the computation is more involved. Equation (A.1) becomes

€a2c Z’U/Qmama = q(u22u23 — quaguoz)tier — q(U21U23 — Ua3Uian
m
1 1
+(q% — g~ 2 Jugauaz)uca + (u21u22 — quagUal )Ucs

(A.3)
with the coefficients of the u., that do not vanish, in contrast to the case
d = 1,3. We hence need to proceed differently: the idea is to express the
coefficients as polynomials in usgui; for the case ¢ = 1 or as polynomials in

uius; for the case ¢ = 3. We start with the coefficient of u.;. The equation
(A.2) yields

1
U3z = U22U23 + ¢ 2 MU 3U32

— _1
(1+¢q 1)u22u23 = Ug3Uoy + qU22U23 + ¢ 2 AU12U33.
When combined, these yield

[N

_1
U2U23 — qUastioz = (% — ¢ 2)(u12us3 — qui3us2).

This can also be written as
1 _1
UoUoz — qUastioz = (% — ¢ 2)(quastiz — Uz2U13)
when using the commutation relations
—1 o —1 _ )\
q “Uu13U3z2 = U3z2U13 , q “u12u33 = U3zU12 + AU32UI3

obtained from (2.3), for suitable choices of indices.
Analogously, for the coefficient of u.3, from equation (A.2) we obtain

_1
Ugallo1 = U21U22 + ¢ 2 AUi2U31

_ 1
(1+q 1)U21U22 = UoU1 + qU21U22 + ¢ 2 AU U32.

When combined, these yield

Nl=

_1
U21U22 — qU22U21 = (q —4q 2)(U11U32 - (IU12U31)~

This can also be written as
1 1
Ug1Uga — QU1 = (q2 — ¢ 2)(quagui1l — u31u12)
when using the commutation relations
—1 _ —1 _ )\
q “U12U31 = U31U]12 , q “U11U32 = U32U11 + AU3IUL2

again obtained from (2.3), for suitable choices of indices.
Finally, the coefficient of u.o in (A.3) is proportional to the cofactor Uzs:

1 _1 1 1~
U21U23 — Ug3U21 + (CI2 —q 2)U22U22 = (q2 —q 2 )ux

1 _1 1 _1
=(q2 —q ?) [U11U33 —ui3uzr + (2 — ¢~ 2)ui2us:
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N
N

—q

|
K
[

) [—u31u13 + uzsuir — (g )U32U12} .

We then return to (A.3). For ¢ = 1 equation (A.3) reads

2 o~
—q g UamUm3 = q(u22u23 — quazuz2)u1l + (U21U22 — quaztal )U13
m

1 1
- q(u21u23 —ugau21 + (g2 —q 2 )u22u22)u12
= (q% - q_%) [Q(qu33u12 - u32u13)u11 + (qu32u11 - u31u12)u13
( — U31U13 + U33U11 — (q% - qié)u32u12)u12]
1
2

—q7%) us [ — wisuin 4+ unwis + (g7 — qié)mzun],
where in the last equality we have used

UrgU11 = q71u11u12 and  wuizuix = 617171121113 )
obtained once again from (2.3). From (2.3) we also obtain

-2
U311 = ¢ “U11U13,

_ _ — _1
(1 +4q 1)u11u13 =4q 1U13u11 +4q 2u11u13 —q 2Auppugo

which, when combined, give

SIS

1 _
U11U13 = U13U11 — (q2 —q )U12U12

and then ) ugmUms = 0.

Similarly, for ¢ = 3 equation (A.3) reads

E U2mUm1 = Q(U22U23 - C]u23u22)u31 + (U21U22 - qu22U21)U33

" 1 _1
- Q(U21U23 — ugguz1 + (q2 —q" 2 )U22U22)U32
1 _1
=(q2 —q 2) [Q(U12u33 — quizuzz)uzr + (u11u32 — qui2u31)Uuss
=q(

where in the last equality we have used

1 _1
Q(u11u33 —uizuz1 +(¢2 — ¢ 2)u12u32)u32
1 _1 1 _1
q2 —q ?)uiz [U33U31 —uzuzz — (q2 —q 2 )U32U32],
— ! =q!
Uz2U31 = ¢ “U31U32 , U33U32 = ¢ U32U3Z ,
obtained once again from (2.3). From (2.3) we also obtain
_ -2
U33U31 = ¢ "U31U33,
1 -1 -1 —2 —%)\
(14 ¢ ")usiuzz = ¢ ussus1 +q “uziuss —q 2 Auzauss
which, when combined, give
1 1
uziuzz = uzzuzr — (¢ — q 2 )uzausz

and then ) ugmUpm1 = 0. This concludes the proof of Prop. 3.1.
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Appendix B. Commutation relations in O, (3)

In this appendix we compute explicitly the commutation relations (2.3) among
the generators u;; of the algebra O4(3), for j = 1,3, which we need for com-
puting the coinvariant elements in Proposition 5.1.

As before A\ = ¢—¢ !, and p; = %, p2 =0, p3 = —%. Moreover, for each
index k=1,2,3, k' =3 —ksothat '’ =3,2" =2 and 3’ = 1.
Commutation Relations u;1 u;1
For m =n =1, Eq. (2.3) reduces to

¢" % wjun = (g = M(j — i) uinuj + Ay Z 00 — k)a~ """ ugrup
k

from which

_ 1 _ =2
U21U11 = ¢ “U1U21, U31UI] = ¢ “UL1U3L,

: B.1
usiuzr = q tugiugy, (ug1)? = —q_%(l + q)ur1uszs - (B-1)

Commutation Relations u;3 uj3. For m = n = 3, Eq. (2.3) has an expression
analogous to that for m =n = 1:

"0 gz = (q — AO(j — 7)) wizugs + Ay Z 0(j — k)g~ """ rupsup s

k
and one has
_ -1 _ -2
U23U13 = ¢ ~U13U23, U33U13 = ¢ “U13U33, (B 2)
_ —1 2 _3 .
U33U3 = ¢ U23U33 (u23)® = —q~ 2 (1 + q)uizuss .

Commutation Relations u;q u;z. For m =3 and n =1, Eq. (2.3) gives
1 §ij—6,; o . —pi—
¢ uitugz = ¢ " uizugn + A(J — f)uisujr — Ay 29(] —k)g " PP upzupn
&
from which
—92 -1
U3UI] = ¢ “UIIUI3, U21UI3 = ¢ U13U21, U3UIl = ¢  UI1U23 — AUI3U21] ,
-1 _1
UgalUgl = ¢ U21U23 + ¢ ZAUI3U31, U31U3 = ¢ U23U31, U31UI3 = U13U31,
-1 -1
ugzu1y = unusz + (1 — ¢~ ) Auizuzy + g™ 2uziugs,

—1 —2
UgalUol = ¢ U21Uzz — AU23Ust , UzzUzl = ¢ “U31U33 (B.3)

The quotient algebra by the ideal generated by ), — 1 gives the algebra
0O(04(3)), where the element Q, in (2.6) can be written as

1 1
Qq = u11U33 + ¢2 U21U23 + qU3IUI3 = UT1U33 + ¢ U12U32 + qUIU3L
_1 1 _1 1
= q 2uUj2u32 + U22U22 + 2 U32U12 = G 2U21U23 + U2U22 + §2U23U21
1 _1 1 1
=(q "ui13u3l +q 2U23U21 + U33UI1 = ¢ " UIUI3 T G ZU3z2U12 + U33ULL ,

the diagonal entries of the matrices S(u)u and uS(u).
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Appendix C. Cofactors and Coinvariant Elements

We list all the cofactors of the elements of the defining matrix w:
U11 = U2U33 — qU23Uzz = —q_1U32u23 + uzzu22
U1 = —qua1u33 + qU23uz1 — Q(q% - qfé)u22u32

1 _1
= Uz1Uoz — Ugzlo1 + (g2 — ¢ 2 )ugaua

~ 2
U31 = qU21U32 — § U2U31 = —U31U22 + qU32U21
together with

-~ -1 -1

Uiy = —Qq “U12U33 + U13U32 = ¢ U32U13 — U33UI2

1,1 _1._
=—q 1(q2 —q 2) 1(U22U23—quz3u22)

~ 1 _1
Uzz = ur1uzs — uizuz1 + (¢2 — ¢ 2 )uiause
1 _1
= —ugiuiz + uszuil — (g2 — ¢ 2 )uzaun2
1 1.1 1 _1
= (g7 — ¢~ 2) " (ug1u23 — ug3u21 + (g% — ¢ 2 )uouo2)
-~ -1
Ugz = —U11U32 + qQUI2U31 = ¢ ~U31UI2 — qU32ULL
1 1
1 —1y1
= (g% — ¢ 2)" (—u2iuz + quasusi)
and finally
~ _ -2 -1
U3 = q “UI2U23 — UI3U22 = —q “U22UI3 + G ~U23U12
~ 1 _1
U2z = —U11U23 + U13U21 — (q? —q 2)u12u22
_ 1 -1 ~1/,1 -1
=q Tuoiuiz —q Ussuil + ¢ (g2 — ¢ 2)uuis
-~ -2 -1
Uzz = U11U22 — qUI2U21 = —q “U1U12 + ¢ U2U11 -

Next, we list all quadratic coinvariant elements u;3u;1 and u;1u;3 as
polynomials in the elements of the second column uye =: wy. From the proof
of Proposition 5.1 we have

_1 _ _1 _
wizurr = —q 2 (1+¢q) 'wi, wiztar = q 2(1+¢q) "t wi (1—ws) ,
_ _1
urzuzr = (1+¢) (1 — we — ¢~ 2wyws),
1 _ _
ugguy = —q? (1+¢) 7 (1 + ¢ wa)wy

U23U21 = W3Wq ,
_ 1 _
ussuzt = q 2(1+¢) " (1 — wa) wy,
1 _1
uzguiy = (1+q)" (g + w2 — ¢ 2wzw)
_1 _ _1 _
usguzy = —q 2 (1+¢) " ws (¢ + w2) , usguzy = —q 7 (1+q) w3 .

Formulas for the elements u;1u;3 are recovered by using (5.2), or explic-
itly (B.3), and also the commutation relations (5.10)

ws(wg — 1) = q_l(wg — Dws, wy(we — 1) = q(wg — Dwy

_ _1 1
quzwy = q wiws + (72 — ¢2) (w2 — 1)
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or equivalently

wawy = ¢ twaws + (1- qfl)w:a ) wawy = g~ twiws + (1- qil)wl )

_ _s
wzwy = ¢ wiws +q 2(1—q)(we — 1)

with (5.11): ¢ 2w ws 4+ qTwswy + w3 = 1. Finally for the remaining coin-
variant elements

N

3 _ _
uriuiz = —q2 (1 +q) 'wi, uriuzg = —q2 (14 q) 'wy (14 q we) ,

_ 3
unuss = (14 q) 7' (1 + qua — q2wyws)
1 _
usiuiz = q2 (L4 q) wy (1 —ws), U21U23 = Wi1W3
1 —
uguzz = —q2 (14 q) " (1 + q w2)ws

_ 1
ugrurs = (1+¢) "1 (1 —wa — ¢~ 2wiws)

1 _ 3 _
usiay = q* (14 ¢)~" (1 — wa) ws, ugiuzs = —q2 (1 + q) " w3,
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