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Abstract

We introduce a notion of solution to the wave equation on a suitable class of time-dependent domains and
compare it with a previous definition. We prove an existence result for the solution of the Cauchy problem
and present some additional conditions which imply uniqueness.

1. Introduction

The mathematical formulation of dynamic problems in fracture mechanics leads to the study
of the wave equation in time-dependent domains (see [9,12,7]). The main feature of these
problems is that at every time ¢ the solution belongs to a different space V;. In the case of frac-
ture a typical situation is V; = H'(Q \ T;), where  is a domain in R” and T, is a closed
(n — 1)-dimensional subset of €2, which represents the crack at time ¢ (see [6,8,3,14]). The most
important example of equation we consider is formally written as
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i—Au=f inQ\I};, (1.1

du=0 ondQUTY,, '
where ii denotes the second order time derivative of u, Au is the Laplacian of u with respect to
the spatial variables, and 9, u is the normal derivative of u.

In this paper we introduce and study a notion of solution to the wave equation on time-
dependent domains in a sufficiently general abstract framework for the spaces V;, which covers
the case of increasing cracks I'; with homogeneous Neumann boundary conditions both on 92
and I';. The boundary condition on d€2 could be easily replaced by a prescribed nonhomoge-
neous Dirichlet condition. The same method applies also to the case of homogeneous Dirichlet
boundary conditions both on €2 and I';, but only when ¢ + T, is decreasing (see Example 2.3),
which is not a natural assumption in fracture mechanics.

We compare this definition with the one introduced in [6], which was given under slightly
stronger assumptions on the data, and we prove that they are equivalent when these assumptions
are satisfied (see Theorems 2.16 and 2.17). Our definition is based on integration by parts in
time and does not require a precise definition of the value at time ¢ of the second derivative i (),
which is a critical issue in the case of time-dependent domains (see Proposition 2.13). Actually,
the boundedness assumptions of [6], which we remove in our paper, are used to simplify the
definition of ii(z).

Under natural assumptions on the initial data, we prove an existence result for the solution
to the Cauchy problem, which simplifies the proof of [6] because we can avoid some estimates
regarding ii(t) (see Theorem 3.1). We also prove that the solution obtained in this way satisfies
the energy inequality (see Corollary 3.2).

The last part of the paper contains the most relevant original result: some general conditions on
V; which imply the uniqueness of the solution to the Cauchy problem (see Theorem 4.3). These
are given in terms of properties of some linear isomorphisms Q;: V; — Vpand R;: Vy — V;, as
well as of their derivatives with respect to time.

To illustrate this uniqueness result let us consider the model situation of a rectilinear crack in
the plane with subsonic speed. In this case we have to solve (1.1) with Q = R2and T, = {(x1,0):
x1 <4£(t)}, where £: [0, T] — R is a prescribed C1-! function such that

0<{(t)<1 foreverytel0,T]. (1.2)

Using the Lipschitz continuity of ¢ and (1.2) it is easy to see that all conditions for uniqueness
are satisfied (see Example 4.1).

More general assumptions on the sets I'; under which the Cauchy problem for (1.1) has a
unique solution can be expressed in terms of the regularity properties, with respect to space and
time, of suitable diffeomorphisms of €2 into itself, mapping I'; into I'g (see Example 4.2). These
assumptions are weaker than those considered in [8] and [3].

2. Formulation of the evolution problem, notions of solution

Let H be a separable Hilbert space, let 7 > 0, and let (V;);¢[0,7] be a family of separable
Hilbert spaces with the following properties:

(H1) for every t € [0, T'] the space V; is contained and dense in H with continuous embedding;



(H2) for every s,t € [0, T], with s < ¢, Vs C V; and the Hilbert space structure on Vj is the one
induced by V;.

The scalar product in H is denoted by (-, -) and the corresponding norm by || - ||. The norm in
V; is denoted by || - ||;. Note that for every ¢ € [0, T'], by (H2) we have ||v||; = ||v||T for every
vevV.

The dual of H is identified with H, while for every ¢ € [0, T'] the dual of V; is denoted by V,*.
Note that the adjoint of the continuous embedding of V; into H provides a continuous embedding
of H into V;* and that H is dense in V;*. Let (-, -); be the duality product between V;* and V; and
let || - ||¥ be the corresponding dual norm. Note that (-, -), is the unique continuous bilinear map
on V* x V; satisfying

(h,v); = (h,v) forevery h € H and v € V;. (2.1)

For 0 <s <t <T we have Vs C V;, but since V; is not dense in V; the dual space V/* is not
embedded into V,*. However, it is useful to introduce the natural projection operators from V,*
to V"

Definition 2.1. Let s, ¢ € [0, T'] with s < ¢. The projection map Iy, : V;* — V' is defined by
(T, v)s :={C, V); forevery £ € V;* and v € V.

It is easy to see that I, is continuous, with |1 ¢||¥ < ||¢||f for every ¢ € V,*. In general it is
not injective. Note that by (2.1) we have

Mg;h=h foreveryhe H. 2.2)

Moreover, we have

I, =T11,;, foreveryr <s<t. (2.3)

Example 2.2. Let © be an open subset of R" and (I';);c[0,7] be a family of relatively closed
subsets of 2, with I'y C I’y forevery 0 <s <t < T and H'" () < 400, where H"~! is the
(n — 1)-dimensional Hausdorff measure. Then the spaces V; := H (2 \ I;) and H := L*(Q)
satisfy (H1) and (H2).

Example 2.3. Let © be an open subset of R" and (I';);¢[0,7] be a family of relatively closed
subsets of 2, with I'; C I'y for every 0 <s <t < T and H"1(I'y) < +0o. Then the spaces
Vi = HO1 (2\T;) and H := L*() satisfy (H1) and (H2).

Example 2.4. Let Q be an open subset of R” and (I';);¢[0,7] be a family of subsets of 2, with
Iy CT; forevery 0 <s <t <T and H"!(I'7) < +o0. Then the spaces V; := GSB VZZ(Q, Iy
introduced in [6, formula (2.1)], together with H := L3(), satisfy (H1) and (H2).

Leta: Vr x Vr — R be a bilinear symmetric form satisfying the following conditions:



(H3) continuity: there exists My > 0 such that
la(u,v)| < MollullTllvllr forevery u,v e Vr; 2.4)
(H4) coercivity: there exist Ao > 0 and v > 0 such that
a(u,u) +rollull® = vollull3 forevery u € Vr. (2.5)
For every 7,t € [0, T'] let A’t : V; = V; be the continuous linear operator defined by
(A'u,v); :=a(u,v) foreveryueV,andveV;. (2.6)

Note that

IALull* < Mollull, foreveryu e V;. 2.7

Example 2.5. Under the hypotheses of Example 2.2, let (a;;) be a symmetric n x n matrix of
functions in L*°(£2) satisfying the ellipticity condition with a constant ¢ > O:

> aiEE = colél® forae. x € Qandevery £ € R”.
ij

Then the bilinear form
a(u,v) := f (> _aijDjuD;v)dx foru,ve H'(2\Tr) (2.8)
o\ry U

satisfies (H3) and (H4). Therefore, under suitable regularity assumptions, for every given f € H
the equation Aju = f provides a weak formulation of the boundary value problem

—Y Di(@jDju)=f inQ\T,
ij 2.9)
du — ondQUIY,

a . N . a_ o
where v is the conormal corresponding to (a;;), whose components are given by v G = > i aijvi.

Given f € L*((0, T); H), we now study the evolution equation formally written as

ii(t) + Aju(t) = f(1)

on the time interval [0, T']. In order to give a precise notion of solution we introduce a space of
t-dependent functions.



Definition 2.6. V is the space of functions u € L>((0, T); V7) N H'((0, T); H) such that u(z) €
V; fora.e. t € (0, T). It is a Hilbert space with the scalar product given by

(, v)y = W, V) 20,1y vp) + W V) 20, 7: )5
where 1 and v denote the distributional derivatives with respect to 7.

It is well known that every function u € H 1 ((0, T); H) admits a representative, still denoted
by u, which belongs to the space C ([0, T]; H). With this convention we have V C C([0, T']; H).

Definition 2.7. We say that u is a weak solution of the equation

.. p _
:u(t) + Alu(t) = f(t) 210
M(t) € Vt
on the time interval [0, T] if u € V and
T T T
—/(it(t)@(t))dt+/a(u(t),<p(l))dt=/(f(t),<p(t))dt (2.11)
0 0 0

for every ¢ € V with ¢(T) = ¢(0) =0.

Lemma 2.8. Given ¢ € V with ¢(T) = ¢(0) = 0, there exists a sequence of functions ¢; €
CP((0,T); Vr), with ;(t) € V; for every t € (0, T), such that

@j— ¢ stronglyin). (2.12)

Proof. It is enough to consider ¢ € V with compact support in (0, T'). Indeed, every ¢ € V with
©(T) = ¢(0) = 0 can be approximated by a sequence of functions ¢ € V with compact support.
For instance, we can take @i (f) = wi ()@ (¢) where wy is the piecewise affine function such that
wr=00n[0, 1]U[T —+,T],0x = lon[%, T —#],and wy isaffineon [{, #]and [T — 2, T — {].
Using the fundamental theorem of calculus for H-valued functions and the Holder inequality it
can be easily seen that ¢ — ¢ strongly in V.

Assume now that ¢ € V has compact support in (0, T'). For every ¢ > 0 let p, be a C*°
function on R with p, >0, fR pe = 1 and suppp. C (0, €). For ¢ small enough the function

¢° =@k pe: (0,T)— Vr (2.13)

is of class C*° and has compact support in (0, 7). By (H2) the asymmetry of the convolution
kernel p, guarantees that p®(t) € V; for every t € (0, T), hence ¢° belongs to V. Moreover
¢® — @ strongly in V. O

Remark 2.9. Let u € V be a function such that (2.11) holds for every ¢ € C2°((0, T); Vr) with
o(t) € V; for every t € (0, T). Using Lemma 2.8 it is easy to see that u# is a weak solution of
(2.10) according to Definition 2.7.



Proposition 2.10. Let u € V be a weak solution of (2.10) satisfying the initial conditions u(0) =
and u(0) =0, the latter in the following strong sense:

h
hgi%/ﬁmnszo. (2.14)
0
Then
T T T
—/(d(t),¢(t))dt+/a(u(t),w(t))dt=/(f(t),<p(t))dt (2.15)
0

for every ¢ € V with ¢(T) =0, even if the condition ¢(0) = 0 is not satisfied.

Proof. Let us fix ¢ € V with ¢(T') = 0. For every ¢ > 0 set

Lot) 1€]0,¢]
o(t) tele, T].

@e(t) =

Then ¢ € V, ¢:(0) = ¢ (T) =0, and by (2.11)

T &

T e
—f(b't(t),qb(t))dt—/(it(t),%(t))dt+fa(u(t),w(t))dt+/a(u(t),<ps(t))dt
& 0

£ 0

=/(f(t),w(t))dt+/(f(t),<ps(t))dt-

For a.e. t € (0, &) we have ¢.(t) = %ga(t) + é(,b(t). Since ¢ € C([0, T']; H), using the Holder
Inequality and the absolute continuity of the integral by (2.14) we obtain

/ G0, ge (00| = ( / iy e’ / low2dr)’

/2
+(f||u<t)||2dt fnso(t)nzdt -0,
0

&

\/a(u(t),gog(mdr\ sfga(u(r),so(t)ndtsMof||u<t)||t||go<r>||tdr—>o,
0 0

0

and



‘/(f(t),fpa(t))dt =< él(f(t),w(t))ldts IfOllle@lldt — 0.
0

0 0

Therefore, passing to the limit as ¢ — 0 we conclude that (2.15) holds. O

We now want to introduce a different notion of solution of (2.10) (see Definition 2.15), similar
to the one given in [6, Definition 4.1], which does not use integration by parts with respect to
time. It requires instead a precise definition of ii(¢) for a.e. t € (0, T), and this is not trivial
because of the time-dependent constraint u(¢) € V;. We begin by introducing a new function
space which will allow us to define the pointwise value of #(?).

Definition 2.11. Given n € L2(O, T), let W, be the space of functions u € V such that for every
T € [0, T), the restriction u; of u to (z, T) satisfies

ur € H*((x, T); V), (2.16)
i ()NF <n() forae.re(r,T). (2.17)

Note that if o, T € (0, T') with o < t then
liy(t) =Ty (t) forae.te(r,T). (2.18)
Remark 2.12. Let u € W, for some n € L2(0, T). For every t € [0, T) we consider u; and ii;
as in Definition 2.11, and note that it; = i a.e. in (t, T'). By standard properties of distributional

derivatives of functions with values in Hilbert spaces (see, e.g., [2, Appendix]) there exists a
negligible set N in (t, T') such that

u(t 4+ h) —u(t)

. o R

h—>0,ht1-1i-lh¢N, — liz(t) stronglyin V] foreveryte (z,T)\ N, (2.19)
t

u@®) —u(s) = / iz (r)dr foreverys,te (t,T)\ Ny withs <t, (2.20)

N

where in the right-hand side we have a Bochner integral in the space V. Hence

15}

5]
ll(t2) — ()|l = ke (22) — it (1)1l S/IIiif(S)llﬁdss/n(S)ds (2.21)
1

n
for a.e. t1,t € (r, T) with 1 < t,. In particular, for T = 0 we have

19}

lli(12) — ()l S/W(S)ds (2.22)

n

fora.e. t;,t € (0, T) with t] < 1.



The following proposition provides a pointwise definition of ii(¢) as an element of V;*. Similar
results under slightly different hypotheses have been proved in [6, Lemma 2.2], [8, Lemma 2.2],
and [14].

Proposition 2.13. Let n € L>(0, T) and let u € W. Then there exist a set E of full measure in
[0, T'] and, for every t € E, an element ii(t) of V;* such that

w(t+h) —u()

li =ii(t kly in V¥, 2.23

h> 0t TrheE h u(t)  weakly in vy 2.23)
1(t+h) —u(t

h—>0,121i-h€E w =T1,i(t) strongly in Vr* forevery T € (0,1), (2.24)

@Oy <n@). (2.25)

Moreover, for every T € [0, T] we have

ii(t) = yii(t) foraete(,T). (2.26)

In other words, the second order distributional derivative ii; in the space V} coincides a.e. on
(t, T) with the function t — T1;ii(t).

In the proof of Proposition 2.13 we shall use the following result on increasing sequences of
subspaces of separable Hilbert spaces proved in [6, Lemma 2.3].

Lemma 2.14. Let (V;)sc[0,7] be an increasing family of closed linear subspaces of a separable
Hilbert space V. Then, there exists a countable set S C [0, T] such that for all t € [0, T]\ S, we
have

vi=Jw. (2.27)

s<t

Proof of Proposition 2.13. Let D C (0, T) be a countable dense set. For every T € D we con-
sider u, and ii; as in Definition 2.11. By Remark 2.12 there exists a negligible set N; in (z, T')
such that (2.19) and (2.20) hold for every s,t € (tr, T) \ N; with s < ¢. Since D is countable,
there exists a negligible set N in (0, T') such that (2.19) holds, with N; replaced by N, for every
te(0,T)\Nandeveryt € D,with0 <71 <1.

By (2.17) and (2.18), there exists a set E of full measure in (0, 7') such that

ENN=40, (2.28)
every t € E is a Lebesgue point of 7, (2.29)
every t € E satisfies (2.27), (2.30)
i ()); <n() <+oo forteDandte EN(r,T), (2.31)
iy (t) =Tyrii () foro,te€e Dwitho <tandte EN(t,T). (2.32)



Letus fix t € E. By (2.27) and by the density of D we have

vi= |J " (2.33)

t<t, €D

Therefore, for every v € V; there exists an increasing sequence 7y — ¢, with 7z € D, and a
sequence vy converging to v strongly in V;, with vy € V;, for every k. We now define ii(t) € V,*
as the linear function from V; into R given by

(ii(t),v); := lim (g (t), vk)y, foreveryveV;. (2.34)
k— 00

We have to show that the limit exists, that it does not depend on the approximating sequences
T, Uk, and that it defines a continuous linear function on V;. As for the existence of the limit, we
show that (ii;, (t), vk), satisfies the Cauchy condition. Indeed, if kK > & we have, by (2.31) and
(2.32),

|<ii1’k (t)9 vk)‘L'k - (M‘L'h (t)9 Uh)‘fhl = |(ii1'k(t)a vk>‘L’k - <H‘L'h‘rkii1'k(t)7 Uh)‘[h|
= (i (1), vk — V) | < (@l — onll -

A similar argument proves that the limit does not depend on the approximating sequences T, V.
This implies the linearity of the limit with respect to v. By (2.31) it follows that

[ (@), v)el <n@ vl (2.35)
which gives ii(t) € V;* and proves the inequality (2.25).

If v € V; for some 7 € D with T < ¢ we can take vy = v in (2.34) for every k such that 7 < 7.
By (2.32) this implies that

(iigy (1), V) gy = (Meqpiin (), v)r = (i (1), V),
hence (2.34) yields
(ti(t),v); = (i (t),v); forteD, T <t, andveV;, (2.36)
which gives
I;ii(t) =ii,(t) forteD, T <t. (2.37)
Together with (2.19) this implies that

u(t +h) —u(r)

hﬁo,lﬁheE p =Tlii(t) strongly in V) forevery t € D, T <t. (2.38)

By the density of D, for o € (0, t) there exists T € D with 0 <t < t. By applying I1,. to both
sides of (2.38) we obtain (2.24) (written with 7 replaced by o), thanks to (2.2) and (2.3).



Let us now prove (2.23). By (2.33) for every ¢ > 0 and for every v € V; there exist 7 € D,
with T <t,and w € V, with ||[v — w||; < e.Letus fix s >0, witht + & € E. By (2.1) we have

1(t+h) —u .. 1(t + h) — i ..
‘(M — i), v)t < ‘(w — i), w>t
. ) — i
+‘(w,v—w)‘+‘(ﬁ(r),v—w)t). (2.39)
By (2.1), (2.19), and (2.36) we have
: ut+h)—u@) .
h—>01,lgli-heE< h — i), w),
B it h) — i) B
= Iz—)O,lﬁheE<T — i (1), w)t =0. (2.40)

Sincet € E andt + h € E, for every T € D, with t <, by (2.20) and (2.28) we have

t+h

u(t+h)—u() = f liz(s)ds .

t
By (2.17) this gives

t+h

||u<t+h>—u<r>||’;s/n<s>ds,

t
hence

t+h
@t +h)—u@),z) <zl [ n(s)ds foreveryzeV;.

t

Using (2.30) we obtain

t+h
@t +h)—u@),z) <zl / n(s)ds foreveryzeV,.

t

Since |[v — w]|; < &, we obtain

‘ ) t+h
)(w, v — w)( < % f n(s)ds (2.41)

t

10



and, by (2.35),

i (@), v —w) | <en(t). (2.42)

By (2.29), (2.39), (2.40), (2.41), and (2.42) we have

lim sup

‘ u(t +h) —u)
h—0, t+heE

- ii(0),v),| =260

By (2.31), taking the limit as ¢ — 0+ we obtain

u(t +h) —u(t)

im ‘( =0,
h—0, t+hekE h

—ii(1), v),

which proves (2.23).
Leto € [0, T]. By (2.37), for every t € D with 0 < 7 < T we have

I;0i(t) =ii.(t) forae.te(r,T).
Applying I, to both sides of this equality, by (2.3) and (2.18) we obtain
My 0i(t) =iy (t) forae.te(r,T),
which, by the density of D, gives
[yii(t) =iy (t) forae.te (o, T),
thus proving (2.26). O
Having defined ii(t) as an element of V,* for a.e. t € (0, T), we can interpret (2.10) as an
equality in V/* to be satisfied for a.e. ¢ € (0, 7). This leads to the following definition which

extends to WV, the notion introduced in [6].

Definition 2.15. A function u is a strong-weak solution of the wave equation (2.10) on the time
interval [0, T'] if u € W, for some n € L%(0,T) and for a.e. 7 € [0, T]

(i(t), v)r +a(),v)=(f(),v) foreveryvelV,, (2.43)
where for a.e. € (0, T') the pointwise value of ii(¢) is defined in Proposition 2.13.
In [6, Definition 4.1] the same notion of solution is considered assuming that the a priori
bounds on [Ju(t)l;, [li(?)]l, and ||ii(z)]|} are uniform with respect to t. Weaker a priori bounds
were considered in [14].

In the rest of this section we shall prove that the notions of weak solution and strong-weak
solution coincide.

11



Theorem 2.16. Every strong-weak solution according to Definition 2.15 is a weak solution ac-
cording to Definition 2.7.

Proof. Let u be a strong-weak solution of the wave equation (2.10). Since u € V, we only have
to check that (2.11) is satisfied. Let us fix ¢ € V with ¢(0) = ¢(T) = 0. We extend ¢ by setting
@) =0fort <0. Let e > 0 and let ¢, : [0, T] — Vr be defined by ¢.(¢) = ¢(t — €). Then
@e €V by (H2),

0 (t) € Vi_¢ forae.rele, T], (2.44)
and ¢, (t) =0 forr € [0, ¢].
Let us prove that
t— (u(t), pe(t)) is absolutely continuous on [0, T'], (2.45)
%(ﬂ(t),%(t))=(b't(t),<i>s(l))+(1'4'(t),<ps(t)>t forae.r€[0,T], (2.46)

where the pointwise value of ii(7) is defined in Proposition 2.13.

First of all note that it is enough to prove that for every s € [0, T — €] properties (2.45)
and (2.46) hold with [0, T'] replaced by [s, s + €]. By (2.44) we have ¢.(t) € V,_, C Vs for
a.e. t € [s,s + €] and, by the definition of I, we have also (ii(t), p¢ (1)), = (Il (t), e (t))s
for a.e. t € [s, s + €]. Therefore the restriction ¢;|s,s+¢) belongs to L%((s,s + €); Vi) and its
distributional derivative belongs to L2((s, s + &); H).

Let v := ul(s,5+¢). Then its distributional derivative v belongs to L2((s,s +¢); H), by (2.16)
in Definition 2.11 its second order distributional derivative ¥ belongs to L2((s,s + €); V),
and by (2.26) in Proposition 2.13 it satisfies 1(¢) = Ilgii(¢) for ae. t € (s,s + ¢€), hence
(V(1), e (t))s = (ii(t), pe (1)), for ae. t € (s,5 + ¢). By Lemma A.l, with ¢ =¥ and ¢ = ¢,,
we have that

t+— (V(t), ps(t)) is absolutely continuous on [s, s + €],
d . . . .
E(U(t)’ @e(1)) = (V(1), @ (1)) + (U(1), e (1))s  forae.r€ls,s+¢].
Since s € [0, T — €] is arbitrary, we obtain (2.45) and (2.46).

By the continuity of translations in L? we have ¢, — ¢ in L2((0, T); Vr) and ¢, — ¢ in
Lz((O, T); H). Therefore, since 1 € L2((0, T); H), we obtain

(@(), e ()) = (i(), () in L'((0, 7)), (2.47)
(@(), g () = (i(), @) in L'((0, 7). (2.48)

Let us prove that
t > (ii(1), s (1)), convergesto 1> (ii(1),@(t)); in L'((0,T)). (2.49)

Since ¢ — ¢ in L%((0, T); Vr), for every sequence converging to zero there exists a subse-
quence ¢; — 0 such that

Pe; (t) »> @(t) stronglyin Vr forae.re€(0,7).

12



Since @s; (t),p(t) € V; fora.e. t € (0, T) and V; is a subspace of V7, we have that
Pe; (t) > @(t) stronglyinV, forae.te€(0,7T).

This implies that

(i (1), e (1)) — (ii(1), (1)), forae.r€(0,T).

On the other hand, since u € W, by (2.25) in Proposition 2.13 we have

ii(1), @e, (D)) < @ llge, Oll7 forae.t e (©,T).

Since ¢z — @ in L2((0, T); Vr), our claim (2.49) follows from the Generalized Dominated Con-
vergence Theorem and from the arbitrariness of the sequence converging to zero.

By (2.45)—(2.49) we obtain that the function ¢ — (u(¢), ¢(¢)) belongs to wb1(0, T) and sat-
isfies

d
5, 0. 0M)) = @(®),90)) + (ii(t), (1)), forae.r€[0,T].

Since t —~ %(ﬂ(t), @(1)) and t — (ii(t), ¢(1)) belong to L'((0, T)) we deduce also that t >
(it (2), @(1)); belongs to LY((0,T)). As ¢(0) = ¢(T) = 0 we obtain

T T
/(ﬁ(t),tp(t))zdtZ—/(ﬂ(t),q'?(t))dt- (2.50)
0 0

Since by (2.43) we have (ii(t), (1)) +au(t), () = (f(t), p(t)) fora.e. t € [0, T], integrating
from O to T and using (2.50) we obtain (2.11). O

We now complete the proof of the equivalence of the two definitions.

Theorem 2.17. Every weak solution according to Definition 2.7 is a strong-weak solution ac-
cording to Definition 2.15.

Proof. Let u be a weak solution of the wave equation (2.10). We have to show that u € Wj,
for some 1 € L2((0, T)) and that (2.43) holds. To this end, let us fix 7 € [0,T), v € Vi, and
Ve CCI((r, T)). Then the function ¢ — ¢(¢) := ¥ (t)v belongs to V and ¢(0) = ¢(T) = 0. Using
this function in (2.11) we obtain

T

T T
—f(lft(t), v)lﬁ(t)dt—i-/a(u(t), V)Y (t)dt :/(f(t), V)Y (t)dt . (2.51)

T

For every 7 € [t,T) let AL : V; — V* be the continuous linear operator defined by (2.6). Since
u e L%((0, T); Vr), it follows that 7 ALu(t) from (0, T) into V* is weakly measurable. Since
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V; is separable, by (2.7) we have that ¢ — A’ru(t) belongs to L?((0,T): V). Hence, by (2.51)
we have

T T

T
(/a(t){u(t)dt,v) =(/A;u(z)1//(z)dz,u>r - (/f(r)w(t)dz,u),

T T

where the first and the third integrals are Bochner integrals in H, while the second one is a
Bochner integral in V. Since this equality holds for every v € V; we deduce that

T T T

[iwio= [ awwpord - [ rovaar.

T T T

Let u, be the restriction of u to (r, T') as in Definition 2.11. The previous equality shows that
ur € H*((t, T): V¥) and i, (1) = —ALu(t) + f(¢) for a.e. r € (v, T), which gives

(tir (1), v)r +a(u(t),v)=(f(),v) foreveryveV;. (2.52)
Moreover, (2.7) gives
lii: )7 < Mollu®)llr +Cllf®I, forae.te(r,T), (2.53)
where C is the norm of the continuous immersion of H into V7. This shows that u € VW, with
n() == Mollu@®)llr + CIlf O
Let us fix a countable dense set D in (0, 7). By (2.26) and (2.52) for every T € D and for a.e.
t € (t, T) we obtain
(M40i(t), v)r +a(u(t),v) = (f(),v) foreveryveV;.
By the definition of I1;, this implies that for a.e. r € (t, T') we have
(i(t), v}y +a(),v)=(f(),v) foreveryveV;. (2.54)

By the countability of D, there exists a set E of full measure in (0, T") such that (2.54) holds for
every t € E and forevery t € D withO < 7 <.
By the density of D and Lemma 2.14 we may assume that for every t € E we have

vi= |J v (2.55)

t<t,teD

Letus fix t € E and v € V;. By (2.55) there exists an increasing sequence 7 in D converging to
t and a sequence v converging to v strongly in V; such that vy € V;, for every k. By (2.54) we
have

(), vi)r +a(@), vp) = (f(t),vr) foreveryk. (2.56)

Passing to the limit in k we obtain (2.43). O
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We conclude this section with a result that will be used to prove the existence of a weak solu-
tion to (2.10) satisfying some continuity conditions. For every Banach space X let Cy, ([0, T']; X)
be the space of all functions u: [0, T] — X that are continuous for the weak topology of X. By
the Banach—Steinhaus Theorem we have C,, ([0, T']; X) C L*°([0, T]; X).

Proposition 2.18. Let u € W, for some n € L2((0,T)). Assume that u € L>°((0,T); Vr)
and 1w € L*°((0,T); H). Then, after a modification on a set of measure zero, we have u €
Cuw([0,T]; Vr)NC([0,T]; H) and i € Cy ([0, T]; H) N C([0, TT; V).

Proof. We prove only that & € C,, ([0, T']; H) N C([0, T]; V). By Remark 2.12 and by the as-
sumption iz € L*°((0, T); H) there exist a set N C [0, T'] of measure zero and a constant C > 0
such that for every s,¢ € [0, T]\ N with s < we have

t

lli(t) — ()l S/n(r)dr and [la(n)| <C. (2.57)

N

Clearly the restriction of # to [0, T']\ N is strongly continuous in V{j'. Let us prove that it is also
weakly continuous in H. Let f,, be a sequence in [0, T] \ N converging to t € [0, T]\ N. By
(2.57) the sequence u(t,) is bounded in H, so a subsequence converges weakly in H. Since, by
(2.57), 1(ty) converges to u(t) strongly in V', we deduce that #(#,) converges to i(t) weakly
in H.

We now redefine i on N in such a way that # is weakly continuous in H and strongly continu-
ousin V. Letus fix s € N and a sequence s, € [0, T]\ N converging to s. By the first inequality
in (2.57) u(sy,) is a Cauchy sequence in V', hence it converges to some v* strongly in V. By
the second inequality in (2.57) the sequence u(s,) is bounded in H, so a subsequence converges
weakly in H. Therefore v* € H and the whole sequence i (s, ) converges to v* weakly in H. We
define i(s) = v*. A similar argument shows that i(s) does not depend on the sequence s, and
that the function u belongs to C,, ([0, T]; H) N C([0, T']; VO*). O

3. Existence

In this section we prove the existence of a weak solution to (2.10) according to Definition 2.7.
The solution we construct also satisfies additional regularity properties and the energy inequality.

Theorem 3.1. Given u® € Vy and uV) € H, there exists a weak solution u to (2.10) on [0, T
satisfying the initial conditions u(0) = u® and i(0) = uV, in the sense that

h
1
lim —/(nu(r) —u Q)2 4 i) —uVPdr =0, (3.1)
h—0+ h
0

and such that

ueCy(0, T, Vr)NC(0,T]; H) and 1€ Cy(0,T; HYNC(0,TL; Vy). (3.2)
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Proof. The proof is based on a time-discretization procedure and follows closely the proof of [6,
Lemma 3.3], with some simplifications due to the fact that we do not need any estimate on ii.

Step 1. Construction of the discrete-time approximants. Given n € N, we set t, := T/n and

th:=it,, withi=—1,..,n.Fori=1,...,n we set
i
; 1
foi=— f@®)de. 3.3)
Tn
i1
We define u;, fori = —1, ..., n inductively. First,
wli=u® — 7, and u?:=u®; 3.4)
then, fori =1,...,n, u;l is a minimizer in V,;; of the functional
Ul — =t i — =21 1 ‘
U — L 2 L +—a(u,u)— (f,u). (3.5)
2 Ty Ty 2

Using the coerciveness of a (see (2.5)), it is easy to see that, if 7, < Aa l/ 2, then the functional
in (3.5) is convex and bounded from below by %HuHZT - Cfl, for a suitable constant C,’; > 0.
The existence of a minimizer then follows from the lower semicontinuity of the functional with
respect to the strong (and hence to the weak) convergence in Vii.

To simplify the exposition, for i =0, ..., n we define
i il
vl = (3.6)
Tn

Step 2. Discrete energy estimates. The Euler equation for (3.5) gives

i i—1
(Un — Uy

Tn

¢) +alh, )= (fi,0) forevery ¢ e V. 37

i—1

!~ in (3.7) we obtain

Taking ¢ =u!, —u

- _— o — S
lop 17— vy, v, ) +auy, uy) —a(uy, uy, )= (fr, ty —ty, ).

Since a(u, u) —a(u, v) = %a(u, u) + %a(u —v,u—v)— %a(v, v), and a similar equality holds
for (-, -), we deduce that
i1 4 Nl — v~ 17 + aud, ul) + aGuel, — il — uf™")

s i i
= v, 17+ aGuy, ) +2(f u, —uy ).
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Summing from i = 1 to some j and using (3.4), we get

J J
- A, . o
ol + > vl — vl P+ aGuh, un) + Y atl, —ul 'l —ul™h

i=1 i=1
=P +a@®, 0@y + 2 " (fLul —ui ). (3.8)
i=1

Hence (2.5) implies that

J J
lall® + @G, un) — 2oty Y Nop I < VP +a@®,u®) +25, ) (fiv). (3.9
i=1 i=1

Step 3. Interpolating functions. We now define u,, as the piecewise affine function which satisfies

un(tl) = ul fori =—1,...,n and is affine on each interval [¢~!,#!] fori =0, ..., n. Therefore
i i1y -1 i
u,(t) =u,  +@—t, v, fortelt, ,1,], (3.10)
iy () =0l forte (1 ). (3.11)
Note that forevery ¢ € [ti~!, #1], withi = 1,...,n, we have u, (t — 1,) € V,i-1 C V;. This implies
that
(- — ) € V. (3.12)

Moreover we consider the piecewise constant function i, defined for ¢ € (£.~!, 1] and i =
0,....,nby

(1) = ul = u, (). (3.13)

Rewriting (3.9) using these definitions and the Cauchy Inequality, for every ¢ € (t,{ - , t,{ ) we
get

J
In

Vi ()12 + @i (1), i (1)) — 20T / i (5)12ds
0

J
th

7
< V1P +a@®, u®) + / £ ®)117ds + f i (5112l . (3.14)
0 0
Since for t € (tj_1 tj) we have i1, () = ul =u® + ft'{ i, (s)ds we obtain that for ever 0
n s n\l) =Up = 0 Un yée>

J
Iy

. 14+¢ ; .
||un<t)||25(1+s>||u<°>||2+7r,{/||un<s)||2ds,
0
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which together with (3.14) gives

i (1> 4 aliin (1), in () + ollin (1)

j J

I t
< D2 +a@®, u®) + ao(1 + &) [u® 2 + f 1 (5)IPds + C. / lin(s)I2ds,  (3.15)
0 0

where C, = AOT% + 1, and by (2.5) we have
j

Iy
llitn ()17 4 vollitn ()13 < Be + cg/ llitn (s) 1% ds , (3.16)
0

where By = [uV )12 + a@@, u©®) + 11 + &) u@2 + fOT I £ (s)|I2ds. Since t > i1, () is
constant on (7 ", #/), we obtain

t
llitn (OII* + volliin (1) |7 < B + Ce / lli (5) 12ds + Ce T llitn (1)1 (3.17)
0

If Cet, < 1/2 we obtain

t
1. N .
Enun(t)nz +vollin (D113 < Be + cg/ llit (5)|°ds . (3.18)
0

By the Gronwall Inequality it follows that
1, (¢) is bounded in H uniformly in # and n, (3.19)
which, together with the fact that u, (0) = u‘®, implies that
uy(t) and i, (¢) are bounded in H uniformly in ¢ and n . (3.20)
By (3.18) we also have that
uy, (¢) and i, (t) are bounded in V7 uniformly in ¢ and n . (3.21)

Step 4. Convergence of the interpolating functions. From (3.12) and from the uniform bounds
(3.19)—(3.21) it follows that the sequence u, (- — 7,,) is bounded in V, hence, there exist a subse-
quence, not relabelled, and a function

uey (3.22)
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such that
up(-— 1) —u weaklyin V. (3.23)
Let us prove that
iy —u weaklyin L2((0,T); H). (3.24)
We begin by observing that for every ¢ € [t,i_l, t,"l] we have

i
In

fin (1) = tn (t = T) = n () — n (1 — T,) = / un(s)ds (3.25)

t—T,
hence by the Holder Inequality we have
litn (£) = un(t — Tl < QT2 litn | 207y 11) - (3.26)
Therefore by (3.19) we obtain that
iy —up(-— 1) — 0 strongly in L*((0,T); H), (3.27)
which together with (3.23) implies (3.24). Similarly we can prove that
up —u weakly in L2((0, T); H). (3.28)

By (3.21) a subsequence of i, converges to some i weakly in L2((0, T): V7). Since the
embedding of V7 in H is continuous, from (3.24) it follows that i = u, hence

iin — u weakly in L2((0, T); V7). (3.29)

By (3.19) it follows that a subsequence of i, converges to some u* weakly in L2((0,T); H).
Using (3.28) it is easy to see that u™ = i, hence

ip—1  weakly in L2((0, T); H). (3.30)
Moreover, from (3.19), (3.21), (3.29), and (3.30) it follows that
uelL®0,T); Vr) and ueL*(0,T);H). (3.3

Step 5. The limit function u satisfies the equation. To prove that u satisfies (2.11) it is enough
to consider ¢ € C?o((O, T); Vr) with ¢(¢) € V; for every ¢ € (0, T), see Remark 2.9. For i =
1,...,n we take ¢(t}) as test-function in (3.7) and sum the corresponding equalities obtaining
that

n i _ i1 ) n - ' n ‘ -
2 (%"p“ﬁ)) + ) atul, ) = (fl o). (3.32)
=1 ! i=1 i=1
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Since ¢ has compact support we can use the discrete version of the integration by parts in the
first sum to obtain

< oel) — et
> (o =) +Za(un,<p<r ))—Z(fn,w ) (3.33)
i=1 Tn i=1 i=1
for n large enough. _ '
Let now ¢, and ¢, be the functions defined for 7 € (t,’f], tilandi=1,...,n by
) — i~ 3 -
on() =) + (=i H T L and G, = 0 ().

Tn
Then a(u!,, p(t1)) = a(ii, (1), $u(t)) for every ¢t € (t:~', t1]. Hence

T

Za(un,w(r ) = / a(ii (1), §u(1))dt

0

and
n 1 T
Y (i ey = — / (F(0). a0t
i=1 n 0

As i, (1) = v}, and @, (t) = t—ln((p(t};) —@(ti=1)) forevery ¢ € (=1, t1), we have

;o) —@ith
(v), =) =

s
Tn

(”n (1), @n(t + Tn))

forevery t € (t’ l,t ), so that

n=l iy it 1 T
(v, P27y L / (itn (1), (2 + 7))t
izl n n 0
Therefore, by (3.33) we obtain that
T—1, T
- / (i (1), G (¢ + 7)) + / (G (), G ()t = / F@O). a1 (3.34)
0 0 0

Since ¢, — ¢ strongly in HY((0,T); Vr) and ¢, — ¢ strongly in L2((0,T); Vr) we ob-
tain (2.11).

By Theorem 2.17 we have u € W, for some n € L?((0, T)). Hence Proposition 2.18 and
(3.31) imply (3.2).
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Step 6. Initial conditions. It remains to prove (3.1). To this aim it is enough to show that there
exists a set N of measure zero in [0, 7] such that

u(ty) — u® strongly in H , (3.35)
u(ty) — u©® strongly in Vr (3.36)
for every sequence t; € (0, T) \ N converging to 0.

To prove these properties we first claim that there exist a set N1 of measure zero in [0, T'] and
a positive constant M7 such that

i) — uDYE < Mye'/? (3.37)
for every t € [0, T1\ Ny (we recall that | - || is the norm in V{;' dual to the norm of Vj). To prove

this estimate we use (3.7) and the fact that, by (3.21), ||u£l |7 is bounded uniformly with respect
to n and i. This implies that there exists a positive constant C such that for every n and i

W —vh o) < Cnltlo+ Crll fillIglo  forevery ¢ € Vo. (3.38)
Hence for every i we have

i
Iy

vy — v 5 < Cru+ C / £ (s)lds . (3.39)
it
Iterating we obtain
f
Il —o0ll5 < Cri + C / 1/ s)llds (3.40)
0

Taking into account (3.11) and the fact that vfl) =u, forae.re(0,T) we get

1+,

||an<r)—u<”||3§c<r+rn>+c/ 1 (s)lds. (3.41)
0

where we set f(s) =0 for s > T. Integrating with respect to ¢ on («, 8) C [0, T] we obtain

1+,

g 5
f||a,,(z)—u“>||’5dz5/(C(z+r,,)+c / ||f(s)||ds)dt. (3.42)
o 0

o

Since i, —~ u weakly in L2((0, T): H) we have also it, — it weakly in L2((0,T); V). There-
fore, by lower semicontinuity, from (3.42) we obtain
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/Ilu(t)—u(l)H dt</ Ct+C/||f(s)||ds> (3.43)

By the arbitrariness of & and g it follows that there exists a set N1 of measure zero in [0, 7] such
that for every ¢ € [0, T] \ N;

i) —uVg < Ct+C / If)llds < Ct+ Ct2| £ll L20.79: 1) (3.44)

which gives (3.37).
By (3.19) we get that there exists a constant M5 such that ||u,(¢)|| < M, for a.e. t € (0,T)
and every n, hence

lun(t) —u@| < Myt foreveryt €[0,T].

Arguing as in the proof of (3.44), from (3.28) we obtain that there exists a set Ny of measure
zero in [0, T'] such that

lu(t) —u®| < Myt foreveryt €[0,T]\ N, . (3.45)

Starting from (3.15), we now prove that there exists a set N3 of measure zero in [0, T] such
that

()1 + a(u(t), u(t)) + rollu ()|

t
< a2 +a@®, 1) 4+ 201+ &) @) + / I £(s)l1Pds + C.M3t, (3.46)

for every t € [0, T'] \ N3. We first observe that for every («, 8) C (0, T') the functional

C'—>/(a(é“(l),é“(t))+ko||§(t)||2)dl

is continuous on L2((0, T); Vr) thanks to (2.4). Since it is convex by (2.5), it is also lower
semicontinuous in the weak topology of L2((0, T): V). Since i, — ut weakly in L2((0,T): H)
and u, — u weakly in L%((0, T): Vr), we can apply to (3.15) the arguments used in the proof of
(3.44) and we obtain (3.46).

Let now N = Nj U N U N3. Given a sequence #y — 0 with # € [0, T] \ N, by (3.46) we
obtain

i () 1> + au(te), u(te)) + rollu(t) |

< D)% +a@®, u®) + 1o(1 + &)@ + / I £ ) %ds + CeM3t.  (3.47)
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By (3.19) a subsequence of u(#x) converges weakly in H. By (3.37) it follows that i(¢;) con-
verges to u'!) strongly in Vi and weakly in H. By (3.31) we have that a subsequence of u ()

converges weakly in Vz. By (3.45) it follows that u(f;) converges to u‘® strongly in H and
weakly in V7.
On the space H x V7 we consider the norm defined by

(h,v) = (711> +a(v,v) + AollvH* forevery (h,v) € H x Vr,

which is equivalent to the product norm by the properties of a (see (2.4) and (2.5)). Using the
lower semicontinuity of the norm and (3.47), by the arbitrariness of ¢ we obtain

i @ON1? + aut), u@)) + rollu@)I* = V12 +a@®, u®) + 2ol @2,
which implies (3.35) and (3.36) and concludes the proof. O
Corollary 3.2. Assume that one of the following conditions is satisfied:

(a) a(u,u) >0 foreveryu € Vr;
(b) the embedding of Vr into H is compact.

Then for every u® e Vy and uV € H there exists a weak solution u to (2.10) on [0, T] which
satisfies

(1) the initial conditions: u(0) = u® and i1(0) = u'V in the sense of (3.1);
(2) the continuity conditions: u € Cy([0,T]; V) N C([0,T]; H) and u € Cy,([0,T]; H) N

C((0, TL: Vi)
(3) the energy inequality:

t
1 1 1 1
Enb‘t(z)n2 + Sa®, um) Euumu2 + an“’), u®) + f (f(s),a(s)ds  (3.48)
0

foreveryt €0, T].

Proof. Let u,, ii,, and u be as in the proof of Theorem 3.1. Then u satisfies conditions (1)
and (2). To prove the energy inequality (3.48) we use (3.8) and we obtain

tn (1)

i ()12 @i (6, i (1)) — R0 f i (5)11%ds

(1)
<NV +a@®, u®) 42 / (f(s), itn(s))ds , (3.49)

where ,,(t) =t fort € ¢} ", 1]).
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If (a) holds, then for every («, 8) C (0, T') the functional

B
CH/Q(CU),{(I)MI

is lower semicontinuous in the weak topology of L?((0, T); V). Therefore we can apply
to (3.49) the arguments used in the proof of (3.44) and thanks to (3.19), (3.29), and (3.30) we
obtain (3.48) for a.e. r € (0, T). This inequality can be extended to every ¢ € [0, T'] by using (2)
and the lower semicontinuity with respect to weak convergence of the terms in the left-hand side
of (3.48).

If (b) holds, then by the Aubin—Lions Theorem (see [1, Theorem 5.1] and [11, Theorem 12.1],
revisited in [13, Section 8, Corollary 4]) 1, — u strongly in L?((0,T); H). Adding Aglli, (t)||2
to both sides of (3.49) we obtain

ty (1)
i (N> + a(lin (1), it (1)) + hollitn (DII> — 2oTn / llitn (5)1|%ds

1, (1)
< uD? +a@®, u©@) + rollit, (01> +2 / (f(s), itn(s))ds .

We now argue as in the proof of (3.46) and we obtain
i) + aGu(), u(@) + rollu@|?

t
< ||u“>||2+a<u<°>,u<°>>+xo||u<r>||2+2f(f(s>,u<s>)ds,
0

for a.e. r € (0, T). This inequality can be extended to every ¢ € [0, T] as in case (a) and this
concludes the proof of (3.48). O

4. Uniqueness

In this section we give some conditions on the family of spaces (V;);c[0,7] Which ensure
the uniqueness of a weak solution to the Cauchy problem for the wave equation (2.10). These
conditions describe the regular dependence of the spaces V; on the parameter ¢ and are expressed
through the properties of some isomorphisms between V; and Vj and of their time derivatives.
More precisely, we assume that:

(U1) for every t € [0, T'] there exists a continuous linear bijective operator Q;: V; — Vy with

continuous inverse R;: Vo — Vi,
(U2) Qp and Ry are the identity map on Vp;
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(U3) there exists a constant M independent of ¢ such that

|Qrull < Mi|lu|l foreveryu € V; and | Ryv| < Mq||v| foreveryveVy, (4.1)

|Q:ullo < Mi||lull; foreveryu € V; and ||Rsv|; < Mi||v||o for every v € V. (4.2)
Since V; is dense in H for every ¢, (4.1) implies that Q; and R; can be extended to continuous
linear operators from H into itself, still denoted by Q; and R;.
The idea of the proof of uniqueness is to transfer a solution u(¢) of the wave equation (2.10)
into the space Vj by considering the function u(¢) := Qu(t). To study the equation satisfied by
uo we need to control the behaviour of the operators Q; and R; with respect to 7.

We begin with the properties of R;, which are simpler to state because the operators R; are
defined in a space independent of . We assume that:

(U4) forevery v € Vj the function  — R;v from [0, T'] into H has a derivative, denoted by R,v;
(U5) there exists n € (0, 1) such that

IR Q/vlI> < vo(1 —n)|[v||> foreveryse[0,T]andv e V;, (4.3)

where vy is the constant given in (2.5).
By (U4) the function 7 — R;v is continuous from [0, 7] into H. This property, together with
(4.2), implies that t — R;v is weakly continuous from [0, 7] into V7. By (U4) and (US) R; is a

continuous linear operator from Vj into H and by the Mean Value Theorem for every 0 <s <
t < T and every v € V) we have the estimate

1/2
IRw — Rywll < vy/>(1 =)' 2 My vl — s) . (4.4)

As for Q;, a technical difficulty is due to the fact that its domain of definition depends on ¢.
By analogy with (4.4) we assume that:

(U6) there exists a constant M» such that

Qv — Qsv|| < Ma||v|s(t —s) forevery0<s <t <T andevery v e V; 4.5)

(U7) for every t € [0, T') and for every v € V; there exists an element of H, denoted by Qtv,
such that

. Or+nv — Qv
lim —————

=( trongly in H. 4.6
i, A Q;v strongly in (4.6)

By (4.5) for every s € [0, T') and for every v € V; the function t — Q;v is continuous from [s, T']
into H. This property, together with (4.2), implies that

t— Qv is weakly continuous from [s, T'] into Vj. 4.7)
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By (4.5) we obviously have

Q]| < Ma ||vll; (4.8)

for every t € [0, T) and for every v € V;. Hence Qt is a continuous linear operator from V;
into H. We shall see in Lemma 4.5 below that properties (U6) and (U7) can be used to obtain the
differentiability of ug(¢#) = Q,u(t) with respect to .

To formulate in an easier way the estimates leading to uniqueness it is convenient to introduce
for every ¢ € [0, T] the bilinear maps

a(t): Vox Vo — R defined by «(¢)(u, v) := a(R:u, R;v), “4.9)
B(1): VoxVy— R defined by B(r)(u, v) := (Ryu, Rv), (4.10)
y(t): VoxH — R defined by y (¢) (u, v) := (Ru, Rv), “4.11
8(t): HxH — R defined by §(¢)(u, v) := (Rsu, Ryv) — (4, v). 4.12)

By (2.4), (4.1), (4.2), and (4.3) there exists a constant M3 > 0 such that for every ¢ € [0, T] we
have

la (1) (u, v)| = M3|lullollvllo forevery u,v e Vo, (4.13)
|B(1)(u, v)| < M3llullollvllo forevery u,v e Vo, (4.14)
ly () (u, v)| < M3llullgllv]] foreveryue Vy,ve H, (4.15)
[6(t)(u, v)| < Mz|ull|lv|| foreveryu,veH. (4.16)

We assume that there exists a constant M4 such that

(U8) the functions t — «(t)(u, v), t — B(t)(u,v), t — y(t)(u,v), and ¢t — 8(¢)(u, v) are Lip-
schitz continuous and for a.e. r € (0, T') their derivatives satisfy

la(t)(u, v)| < Mallullollvllo forevery u,ve Vp, 4.17)
B, v)| < Malullollvllo for every u, v e Vo, (4.18)
|y (@) (u, v)| < My4|lullpllv]] foreveryu e Voandv e H, (4.19)
|<§(t)(u, V)| < My|lu|ll|v]] forevery u,ve H. (4.20)

We now consider the simplest example where conditions (U1)—(U8) are satisfied.
Example 4.1. Let £: [0, T] — R be a C! function such that
0<é(t)<1 foreverytel0,T]. 4.21)
We set
T ={(x1,0) :x1 <€)}, V,=H'R>\T,), H=L*R? (4.22)

for every ¢ € [0, T]. Then conditions (H1) and (H2) of Section 2 are satisfied.
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Leta: H'(R*\I'7) x HY(R*\ I'7) — R be defined by

a(u,v) = / Vu(x)-Vo(x)dx.

RA\I'r

Then conditions (H3) and (H4) of Section 2 are satisfied with Ag = vg = 1. For every ¢ € [0, T']
let Q;: H'(R*\T,) - H'(R?\ Ty) and R, : H'(R*\ I'p) — H'(R?\ I';) be defined by

(Qru)(y) =u(y +£(t)er) and (Reu)(x) =u(x — £(t)ey) .

It is easy to see that conditions (U1)—(U7) are satisfied and that for every ¢ € [0, T'] we have
(Rau)(x) = £(1)Diu(x — €(t)e;) forae.x € R2.

In particular (US) follows from this equality thanks to (4.21). This formula also allows to write
explicit expressions for the bilinear fpnctions (4.9)—(4.12), which imply that (U8) is a conse-
quence of the Lipschitz continuity of £.

A more general situation is considered in the following example.

Example 4.2. Let 2 be a bounded open set in R”, let M be a C? manifold of dimension n — 1
in R” with H"~1(M) < oo, and let (T't)ef0,77 be a family of closed subsets of € N M such that
I's CT'y for0 <s <t <T. Toimpose a regular dependence on time, we assume that there exist
two functions @, W: [0, T] x € — Q of class C!:! such that the following properties hold for
everyt €[0,T]:

(a) ®(¢,-) and V(z, -) are diffeomorphisms from Q into Q;

(b) ®(0,x) = W¥(0, x) = x for every x € Q;

(c) W(z, ) is the inverse of (¢, -) on Q;

(d) &, Tg)=T;and ¥(,T;) =To;

(e) detV(z, x) > 0 forevery x € Q, where V denotes the spatial gradient;

) |9, )|? < 1 for every y € Q, where & denotes the partial derivative of ® with respectto .

While conditions (a)—(e) are of qualitative nature, the quantitative condition (f) is related with
the speed of the relative boundary of I'; in M (see the previous example and [8], [3], [4]).

For every t € [0, T]let V;, = H'(Q\T,) and H = L*(Q) as in Example 2.2. Leta : H'(Q\
I'7)xH'(Q2\ I'7) — R be defined by

a(u,v) = / Vu(x)-Vu(x)dx .

Q\I'r

Then conditions (H3) and (H4) of Section 2 are satisfied with A9 = vg = 1. For every ¢ € [0, T']
let Q; : HY(Q\T;) — H' (Q2\Tg) and R, : H'(Q\ Ty) - H'(2\ I';) be defined by

(Qru)(x) =u(P(t, x)) and (Riu)(x) = u(W(t,x)). (4.23)
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It is easy to see that conditions (U1)-(U4), (U6), and (U7) are satisfied and that for every ¢ €
[0, T1and u € H'(Q2\ T'9) we have

(Riu)(x) = Vu(W(t, x)) - W(t,x) forae.x €S, (4.24)
hence we obtain
IR Quull* < / IVu(x) 2D, W(t, x)|dx, (4.25)
Q\I'y

so that (U5) follows from assumption (f). To show that (U8) holds we observe that, after a change
of variables, we can write the bilinear forms «, 8, y, and § as

a(t)(u,v) = / Zaij(t,x)Diu(x)Djv(x)dx foru,veHl(Q\Fo)
\ry,

B(t)(u, v) = / > bij(t, x)Diu(x)Djv(x)dx  foru,ve H'(\ o)
o\ry

y()(u,v) = / Zci(t,x)Diu(x)v(x)dx forueHl(Q\l"o),veLz(Q)
o\, !

s()(u,v) = / d(t, x)u(x)v(x)dx for u, v eLz(Q),
Q\I'
for suitable functions a;;, b;;, ¢;, and d which are continuous on [0, T'] x Q and Lipschitz contin-

uous in ¢ uniformly with respect to x. By taking the derivatives with respect to ¢ we obtain that
(4.17)—(4.20) are satisfied.

We are now in a position to state the main result of this section.

Theorem 4.3. Assume (Ul)~(US). Given u® e Vo, uV € H, and f € L*((0,T); H), there
exists a unique weak solution u to the wave equation (2.10) on [0, T satisfying the initial condi-
tions u(0) = u® and 1(0) = uV in the sense that

h
1
lim — 0O i) — a2 Vdr = 0. '
h_l)rngh/(llu(t) u N+ @) —u')*)dr =0 (4.26)
0

Remark 4.4. By Theorem 3.1 the unique solution satisfies the initial conditions in the stronger
sense

h

1 :
Jim f (@) = w7 + 11 @0) = u V) )dr =0.
0
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To prove the theorem we need the following lemma.

Lemma 4.5. Assume (Ul)—(U3), (U6), and (U7). Let u € V and for every t € [0, T] let up(t) :=
Q:u(t). Then the following properties hold:

(@) ug € L*((0,T); Vo);
(b) ug is absolutely continuous from [O, T]into H;
(c) tige L%((0,T); H) and io(t) = Quu(t) + Qqii(t) for a.e. t € (0, T).

Proof. We begin by proving that ug: [0, T] — Vp is weakly measurable. Given n € N, we set

T, :=T/nand s} :=it,, withi=0,...,n.Fori =1,...,n we define
s
. 1
u,=— | u()dt 4.27)
Tn

and we set ug = 0. Let uy,: [0, T] — Vr be the step function defined by u,(t) = ufl_l fort e
[si~!,siyandi =1,...,n. Thenu,(t) € V; forevery t € [0, T]. Since u, — u in L>((0, T); Vr),
a subsequence of u,, not relabelled, satisfies u, (t) — u(t) in Vr for a.e. ¢ € [0, T']. For every n
the function ¢ — Q;u, () from [0, T] into Vj is weakly measurable by (4.7). Since Q;u, (t) —
Q:u(t) =uo(t) for a.e. t € [0, T], we deduce that ug: [0, T] — Vj is weakly measurable. Since
Vo is separable, u( is measurable, so that (4.2) implies (a).

To prove (b) it is enough to show that for every 0 <s <t < T we have

t t
lluo(r) — uo(s)| SleIIb't(f)lldf+M2/ lu(D)llrdt . (4.28)

To this end we fix a sequence of partitions (t,i) with s = t,? < tkl << t,i‘ =t with max(t,i —

t,ifl) — 0 such that

k t
S ol Ol -1 — / lu(o)|Irdt (4.29)
i=1 s

The existence of such a sequence of partitions is a consequence of the approximability of the
Lebesgue integral by suitable Riemann sums (see Lemma A.2 with X =R, f = |lu|r, and
g =1). We have

k
luo (1) = uo ()| = 1 Quue(t) = Qsu(s)| < Y 1Qu(t) = Qu1ut M|

i=1

k k
< 310 ute) — u DI+ 3N Q™) = Qo
i=1

i=1
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k k
< Millu() —u O+ M2 Yl e — 47,
i=1 i=1

where the last inequality follows from (4.1) and (4.5). Hence
i=1

! k
luo(t) — uo(s)Il < M, f i) llde + My Y llu(t Dzt — 17"

Passing to the limit for k — oo and using (4.29) we obtain (4.28).
To prove (c) we start by the equality

uo(t +h) —uo(®) _ Qrenult +h) = Quu(r)
h h

h) —
= 00 ("D i) 4 0rni) +

Qinu(t) — Qru(t)
Y .

h

For a.e. t € (0, T) the first term tends to O in H thanks to (4.1), while the last term tends to

Qqu(t) forevery t € [0, T) as h — 0+. It remains to show that
lim || Qs4nu(t) — Qru(r)|| =0. (4.30)
h—0+

To this aim, using the density of V; in H, for every ¢ > 0 we find v, € V; such that ||v, —u(?)|| <
&. Then we have

1 Q4nit(t) — Qrt(D)|| = | Qr+n (U (1) — ve) |l + | Qr+nve — Qrvell + (| Qs (Ve — i (D)) |
<N Qr4nve — Qrve|l +2My

where the inequality follows from the choice of v, and (4.1). Passing to the limit as 7 — 04, by
(4.5) we get

limsup || Qrnui(r) — Qe (1) || < 2M 6.
h—0+

By the arbitrariness of ¢ we obtain (4.30). O
Proof of Theorem 4.3. By linearity it is sufficient to prove the uniqueness in the case f =0,

u® =0,and u® =0. Letu € V  C([0, T]; H) be a weak solution of the wave equation (2.10)
in this case. Suppose by contradiction that there exists ¢ € [0, T'] such that u(¢) 7 0 and let

to:=inf{t € [0, T] : u(t) #0}. (4.31)
Then0<ty<T.

Let uo(r) := Q,u(t). By Lemma 4.5 we have that ug € L>((0, T); Vo) and itg € L>((0, T); H).
Since u(t) = Rsuo(t), arguing as in Lemma 4.5 we can prove that

u(t) = Ruuo(t) + Ryio(t) forae.re(0,T). (4.32)
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We fix t; € (t9, T] and choose

1

Qo(1) = / uols)ds 0=t=n, (4.33)

0 n<t<T.

It is clear that gy € C([0, T1; Vo), ¢o € L*((0, T); Vp), and ¢y € L%((0, T); H). Moreover, we
have

—up(t) 0<t=<n
0 n<t<T

and ¢50(t)={_”"°(t) O=t=n (4.34)

() —
#o(t) : 0 n<t<T.

By the definition of 7y and u( and (4.34) it follows that

uo(t) = o) =¢)=0 forae.te(0,1). (4.35)

For every ¢ € [0, T'] let ¢(¢) := Rypp(t). Arguing as in Lemma 4.5 we can prove that ¢ €
Lz((O, T); Vr),that ¢: [0, T] — H is absolutely continuous, and that

(1) = Rigo(t) + Rigo(r) forae.t e (0,T), (4.36)

hence ¢ € L?((0,T); H). By the properties of R; we also have ¢(¢) € V; for every t € [0, T'].
Therefore ¢ € V.

Since ¢(T) =0, in view of (4.26) and Remark 2.10 we can use ¢ as test function in the wave
equation (2.10) satisfied by u. By (4.32) and (4.36) this leads to the equality

T T

/ (Reto 1) + Ryiio(t), Rigo(t) + Regpo(1))d1t = / a(Ryuo 1), Ripo(1))d1
0 0

which by (4.9)~(4.12), (4.33)~(4.35) gives

n

3]
/a(t)@o(t),wo(t))dt—/ﬁ(t)@o(t),qoo(t))dt—/y(t)(¢o(t),¢o(t))dt
fo

fo

n

fo
1 | !
—/V(t)(fﬂo(t),fﬁo(t))dt—/(Llo(t),uo(t))dt—/S(t)(llo(t),uo(t))dt=0- (4.37)

0] fo fo

From (U8), using (4.13)—(4.16) and the properties of uy and ¢, we obtain that the functions

t > uo®1%, t > a(t)(@o(t), po(t)), t = BE)(po(t), ¢o(1)), t = y () (go(1), @o(t)), and t >
S(t)(up(t), up(t)) are absolutely continuous on [#y, #1] and that for a.e. ¢ € (9, t1)
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1d
o lluo(®) 1> = Gio(t), uo (1))

1
(@), @0(1)) = @) (go(0). 90(1) + D@0 (1). 90(1)).

= N =

d
dt
d 1. .

E(ﬂ(t)(wo(l), <p0(t))> = 58O @0(®). o)) + B (@0 (1), 9o (1)) .

d
7 (V(t)(wo(l), </')0(t))) =y () (po(1), 9o (1)) + v () (@0(1), po(1)) + v (1) (¢o(t), Go(1)) ,

1d 1,
52 (80ao.10()) = 380 @o(0). uo(1)) + 8o ). mo 1)

Hence, using the equalities ¢o(t1) = 0, ¢o(fo) = —uo(t9) =0, from (4.37) we obtain
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1 1 1

Eot(to)(wo(to), @o(to)) + E/d(t)(wo(t),wo(t))dl - Eﬂ(lo)(coo(lo), @o(t))
fo

1

1
/J?(t)(wo(t)@o(t))dt + Elluo(h)ll2 (4.38)

fo

1
1 .
—E/ﬁ(t)(wo(t),wo(t))dt—
fo

1

1 1 [,
+50) (o), uo(t) — 5/5(t)(uo(t),uo(t))dt=0-

fo

By (4.12) we have [Juo(t)||* + 8 (1) (uo(t1), uo(t1)) = | Ry uo (1) 1> = [lu(t1)||*, where in the
last equality we have used the definition of u# and (U1). Therefore, (4.34) and (4.38) give

1 1 . 1
S@(Rigo(t0), Riy@o(10)) = 5 I Riypo(to) 1> + Ellu(n)llz

1 f
! 1 /(.
< —E/éz(t)(goo(t),qoo(t))dtjL E/ﬂ(t)(goo(t),goo(t))dt (4.39)
1) fo
1 l f
—/?(t)(wo(t),uo(t))dﬂr E/S(t)(uo(f),uo(t))dt.

o fo
By (2.5), (U3) and (4.3) we have

a(Riy@0(10), Riy@0(0)) — [ Riy@0(10) 1> = vonll Rey@o(t0) 17, — 2ol Ry (10) 11

von 2 2 )
= 3 190l =M E ol
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Hence by (4.17)—(4.20) from (4.39) we obtain

2
von 2 1 2 _ MM 2 / 2
— I/ + —|lu(t < [ + M ) |ladt
M lloo (o) llg 2IIM( DIF = > llpo @)l 4 [ lleo@® g

+M1M4/ llo@ llollu(®)lldz 2dr. (4.40)

We now want to apply the Gronwall Lemma in order to conclude that # = 0 on [7y, #1] provided
t1 — to is small enough. To this end it is convenient to introduce the function

t N

Yo(t) :=/u0(s)ds=/uo(s)ds for t € [to, 1], 4.41)

fo 0

so that

Yo(t) + @o(t) = @o(to) = Yo(t1) forevery t € [tg, 11].

By using the Cauchy Inequality from (4.40) we obtain

M2
von 2 1 2 _ AoMj 2
— t —|ju(t < t

2lellﬁo(l)lloJr2||M(1)|| = o)l

e / 1W0(t) — Wo(t) I3t + € / () 2dr 4.42)

where C is a constant depending only on M| and M4. By (4.1) and (4.41) we have

hH 1
ot < (11 — to) f luo(0)dt < (11 — to) M} f lu(o)]|*dt

therefore (4.42) gives

3]
von 1
WII%(H)II% + Ellu(n)llz <2C / Ivo()IIZdt +2C (1 — to) Yot IIF
1

4]
ro(t; — to) M?
+(C+ %)/ (o)) 2dt | (4.43)

so that if 1 — 19 < =2 we obtain
sCM?
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von

1 1
1 rovonM?
2 2 2 1 2
t — t <2C ) |ladt C+—— t)|-de.
4MIZIIWO(1)||0+2||uo(1)|| < /II%()IIO +(C+ 6C )/Ilu()ll
fo fo

Let t :=min{T, 1o + 8201312 }. Since this inequality holds for every #; € [#o, £;], we can apply the
1

Gronwall Lemma and deduce that ¥(t) = 0 and u(¢) = O for every ¢ € [t9, ;]. This contradicts
the definition of 7y and concludes the proof. O

Acknowledgments

This material is based on work supported by the Italian Ministry of Education, University, and
Research through the Project “Calculus of Variations” (PRIN 2015). The authors are members of
the Gruppo Nazionale per 1’ Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA)
of the Istituto Nazionale di Alta Matematica (INdAM).

Appendix A

In this section we prove two technical results that were used in the paper. Let V and H be
Hilbert spaces with V C H and V dense in H. Let V* denote the dual of V endowed with the
dual norm. As V C H and V is dense in H, we have also that H C V* and H is dense in V*.

The scalar product in H is denoted by (-, -) and the duality product between V* and V is denoted
by (-, -). It is obvious that

u,v)=(wu,v) YueH,veV. (A.1)
The following lemma was crucial in the proof of Theorem 2.16.

Lemma A.1. Let € L2((0, T); H) with ¥ € L>((0, T); V*) and ¢ € L*((0,T); V) with ¢ €
L2((0,T); H). Let w: (0,T) — R be the function defined by

o@)= @), o)) foraete(0,T).

Then w € WH1((0, T)) and

o) = (Y @), @) + W), ) foraere(0,T). (A2)
We begin by proving the following lemma on the approximability of the Lebesgue integral by
Riemann sums. The oldest result in this direction is contained in [10]. Our statement is similar

to [5, Lemma 4.12].
Given a bounded closed interval [a, b], for every irrational s € (0, 1) we consider the finite set

Sk(s) := {a+(s+ﬁ)(b—a):i eZYyN(a,b). (A3)
Since s is irrational, it is easy to see that Si(s) has kK — 1 elements. Let

) <<t () (A.4)
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be an increasing enumeration of Sk (s). We set
2(s):=a  tf(s):=b. (A.5)

Lemma A.2. Let [a, b] be a bounded closed interval, let (X, || - ||) be a Banach space with dual
(X*, |- lls), let f: [a,b] — X, g: [a, b] = X* be Bochner measurable functions such that || f ||
and ||g||i are integrable, and let N C (a, b) be a set of measure zero. Then for a.e. s € (0, 1) the
subdivisions given by (A.3)—(A.5) satisfy

ti(s)¢ N foreveryiandk, (A.6)
and
PO
Jim. / (8(0). £~ () = f()dr =0, (A7)
=il
PO
jim 3> [ e, s - ronid =o, (A®)

=1 .
T

where (-, -) denotes the duality product between X* and X In particular, for a.e. s € (0, 1) we
have

‘ 1i(s) b
Y [ swar s o) — [t s, (A9)
=l 1)
PO b
S [ swar saion) — [, o (A.10)

)

as k — oo.

Proof. Itis not restrictive to assume ¢ = 0 and b = 1. We extend all functions to O outside [0, 1].
For every k > 2 and for every s € (0, 1) we have

sHEET

> / gD 11Lf (s + 1) — f @) ldt

i€Z iy
S+ =T

g(s + =1 + Ol ILf (s + 1) — Fls + =1 + D)ld7.

o\_

)
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Note that there are at most 2k non-zero elements in the above sums, namely those with i € Iy :=
{i € Z:—k + 1 <i <k}. Integrating with respect to s we obtain

ST

1
/ > / L@l 1£ s + 4= = F ) lde|ds
0 lZer,i:Tl,
k_l
/ /Ilg(s+ POl f6+ ) = f+ o1 +T)|Id8] (A.11)

—1

kl +00
=2 [ [ [ 1176 =0 = rolasar
0 —00

By the continuity of the translations in L>(R; X), for every & > 0 there exists § > 0 such that

/ If(s) = f(s —D)l*ds <e (A.12)

for 0 < T < §. Thus, from (A.11) and (A.12) we obtain

s+k 1
/Z [ isonse + D - s =o.
zeZH_H
Similarly we prove that
1 s+io
/ / lg@l 1 f (s + 5 1)—f(t)||dt]
0 ZGZ t

1
k—l

Therefore for a.e. s € (0, 1) we have

s+klf1
kl_l)rgoz f IOl £ (s + 1) — fOldt =0, (A.13)
i S""H
‘H_kl_;l
klggoz / Ig@«11f (s + £5) — fO) dt =0. (A.14)
i€Z iy
s+

—I
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We fix an irrational s € (0, 1) such that (A.13) and (A.14) hold, and s + lel ¢ N foreveryi € Z
and every integer k > 2.
Using (A.3)—(A.5) we have

PO
> / gl £ @ () — () dr

—~
T

RO HO)
= f g Lf " () — F@)lde + f g« 11fO) = f@)lldt (A.15)
i=2; 5, 0
I (s)

1
+ [ IeOl A o) = faid
=)
The first term in the right hand side of (A.15) is bounded from above by the sum in (A.13) and

therefore it tends to 0. The second one tends to 0 by the absolute continuity of the integral, while
the third term satisfies

| B O+
f gl Il f (5 (5)) — f@O)lldt = / gl L f(f () — fF@)ldt,
tk—l(s) lk—l(s)
k k

and therefore it tends to 0 by (A.13). This proves that the left-hand side of (A.15) tends to zero
and clearly this implies (A.7).

Similarly from (A.14) we deduce (A.8). Equalities (A.9) and (A.10) are easy consequences of
(A.7)and (A.8). O

Proof of Lemma A.1. To prove that w € w10, T)) and that (A.2) holds it is enough to show
that for a.e. a, b € (0, T) with a < b we have

b

b
w(b) —w(a) =/<Iﬁ(t),<ﬂ(t)>dt+/(1ﬁ(t),¢)(t))dl- (A.16)

a

Under our hypotheses on ¥ and ¢, using (A.1) we obtain that there exists a set N C (0, T) of
measure zero such that

w(b) —w(a) = (Y (), ¢b)) — (Y (a), p(a))
= (b) =¥ (a), p(b)) + (Y (a), (D) — ¢(a)) (A.17)

b b
=( [ ¥dt,e®))+ (Vv(@), | ¢@)dt
(f )+ (@ [ o)

foreverya,b e (0,T)\ N witha < b.
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We fix a pair a, b with these properties. By Lemma A.2 there exists an irrational s € (0, 1)
such that the subdivisions (t,i (s))o<i<k of the interval [a, b] introduced in (A.3)—(A.5) satisfy
(A.6)—(A.10) simultaneously for X =V, f = ¢, g =, and for X = H, f = ¢, g = ¢. By
(A.6) and (A.17) we obtain

k
wb) —w@) =) o) — ot ()

i=1

o) 1h(s)

=i( / 1/'f(t)dt,co(t,’;(s))>+Z(xp(t,’;“(s)), / ¢(;)d;)
i=1 :

i =1 .
i) ’ i)

By (A.9) and (A.10), passing to the limit as k — oo we obtain (A.16). This concludes the
proof. O
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