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Variational quantum computing offers a powerful framework with applications across diverse fields
such as quantum chemistry, machine learning, and optimization. However, its scalability is hindered by
the exponential concentration of the loss function, known as the barren plateau problem. While signifi-
cant progress has been made and prior work has separately analyzed barren plateaus in unitary and noisy
settings, their combined impact remains poorly understood, largely due to limitations in conventional
Lie-algebraic approaches. In this work, we introduce an analytical framework based on non-negative
matrix theory that enables the description of the variance in layered noisy quantum circuits with arbi-
trary noise channels. This approach enables the derivation of exact expressions in the deep-circuit regime,
uncovering the complex interplay between unitary layers and noise. Notably, we identify a noise-induced
absorption mechanism—a phenomenon absent in purely unitary dynamics—which provides new insight
into how noise shapes circuit behavior. We further present a controlled convergence analysis, establishing
general lower bounds on the variance of both deep and shallow circuits. This leads to a principled connec-
tion between noise resilience and the expressive capacity of parameterized quantum circuits, particularly
under smart initialization strategies. Our theoretical results are supported by numerical simulations and
illustrative applications.
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I. INTRODUCTION

Quantum computers hold the potential for substantial
speed increases across various computational tasks, with
a notable example being their capacity to transform our
understanding of nature through the simulation of quan-
tum systems [1–3]. In this context, variational quantum
computing offers a versatile tool, which combines quantum
and classical computational resources. The flexibility and
relative simplicity of this approach, coupled with its poten-
tial for noise resilience, make it a compelling candidate for
near-term quantum devices [4,5].

In the past years, a substantial effort has been put in
by the community to unlock the potential of variational
algorithms. A major hurdle in this direction is the barren
plateau (BP) effect, which implies an exponential flattening
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of the loss landscape, making the optimization step unfea-
sible with a polynomial amount of quantum resources [6].
More precisely, in the presence of BP, we have an exponen-
tially vanishing probability of being able to efficiently find
a loss-minimizing direction after parameter initialization.
In the absence of noise, this phenomenon has been linked
to several factors, ranging from the expressive power and
entangling capability of the circuit [7–12] to the locality
of H [13,14] and the entanglement of the initial state ρ
[15]. Recently, the contributions coming from all such fac-
tors were unified in a Lie-algebraic framework [16–18],
showing how barren plateaus ultimately arise as a curse of
dimensionality. Several BP mitigation strategies have been
proposed to circumvent the issue. Among the most pop-
ular, there are small-angle initializations [19–23], which
leverage the restriction of the domain � of θ to limit the
expressive power of the circuit, and consequently avoid
concentration.

In addition to that, the presence of noise is also
deemed detrimental, as it often gives rise to noise-induced
barren plateau (NIBP) [24,25] and symmetry breaking
[26,27]. The former exacerbates the BP effect, producing a
deterministic concentration. In this case, an efficient loss-
minimizing direction is exponentially hard to estimate,
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regardless of the parameter’s initialization choice. These
phenomena are mostly linked to decoherence. Refer-
ence [28] offers a review of the subject.

Indeed, the action of noise can be quite destructive for
quantum computation. Along these lines, recent research
[29–31] puts stringent fundamental bounds on capabili-
ties of quantum error mitigation strategies, emphasizing
the limits of scalability of near-term devices, especially in
the presence of global depolarizing noise. However, such
analyses are mostly limited to unital noise, and besides,
they typically rely on the properties of circuit ensembles.
Indeed, studies have demonstrated that nonunital noise can
significantly influence the emergence of NIBP [32–34],
underscoring that the interplay between general noise and
unitary circuit layers in variational quantum computing
remains a critical and unresolved area of research.

In this work, we approach the problem through a
novel formulation grounded in non-negative matrix theory,
which enables a unified and general description of these
dynamics. This framework not only addresses the previ-
ously uncharted aspects of the problem but also seamlessly
encompasses both unital and nonunital noise settings. We
quantify the deep circuit variance V

∞
ρ,H for layered circuits

composed of local 2-designs interleaved with general noise
maps, providing a comprehensive picture. More specifi-
cally, we are able to recover known results for unitary
circuits and strictly contractive noise maps as limiting
cases, while unveiling the emergence of a more com-
plex phenomenon, namely, absorption, in the intermediate
case. Crucially, this can occur only with noise maps that
are not strictly contractive—that is, maps that are insuf-
ficiently strong to fully erase all quantum information
from the system. It is worth emphasizing that this class
encompasses both unital and nonunital noise channels,
illustrating that unitality of the noise alone is not nec-
essarily detrimental for parameterized quantum circuits
(PQCs). The proposed framework also facilitates a sys-
tematic analysis of the noise resilience properties of PQCs,
providing a foundation for principled BP mitigation strate-
gies. Notably, we demonstrate a direct correlation between
a circuit’s resilience to noise and its capacity for enhanced
expressivity under small-angle initialization-like schemes.

II. MOTIVATING EXAMPLES

In the following, we consider n-qubit quantum sys-
tems with a Hilbert space H =⊗M

m=1 Hm of dimension
d, divided into M subsystems, each of dimension dm, rep-
resenting either single qubits or groups of qubits. More
specifically, we study the problem where a quantum state
ρ is evolved using a parameterized quantum channel �θ ,
whose parameters θ = (θ1, θ2, . . .) ∈ � are optimized by
minimizing the loss function

Lρ,H = Tr [�θ(ρ)H ] , (1)

where H is an observable of the system. Here, the pres-
ence of BP is diagnosed by studying the variance Vρ,H of
Lρ,H for varying parameters θ . In particular, we say that
Lρ,H suffers from BP if Vρ,H ∈ O(e−βn), β > 0, as in this
case, the loss function exponentially concentrates around
its mean value in the number n of qubits. Within this frame-
work, we focus on the case of layered quantum channels,
namely,

�θ = UθL+1 ◦ EL ◦ UθL−1 · · · ◦ E1 ◦ Uθ1 , (2)

where each layer is composed of a unitary part Uθl and
an arbitrary quantum channel El. If we denote by B the
space of bounded operators acting on H, both such com-
ponents can be regarded as linear, completely positive
functions mapping B to itself. Furthermore, the interme-
diate channels El will be deemed strictly contractive if the
restriction to the Hermiatian, traceless hyperplane H0 ⊂ B
of its adjoint action E†

l has an induced Schatten 1-norm
‖E†

l |H0‖1 strictly less than unity, ‖E†
l |H0‖1 < 1, and con-

tractive otherwise, i.e., ‖E†
l |H0‖1 = 1. According to this

definition, contractive channels preserve the 1-norm of cer-
tain operators in B, while possibly being strictly contrac-
tive for others. Moreover, unitary channels, which preserve
all norms across their entire domain, are a special case of
contractive channels that are never strictly contractive. We
refer to Appendix E for more details.

Since Vρ,H is ultimately upper-bounded by the norm of
H , it is intuitively clear that strictly contractive channels
lead to vanishing variance in the deep circuit limit. How-
ever, it is important to clarify that this behavior is not inher-
ently linked to the unitality of each individual El. Although
certain results in the literature may be misconstrued as
implying that unital, nonunitary channels inevitably induce
deterministic concentration—i.e., NIBP—in deep circuits
[24,34], this interpretation does not hold in general.

A simple yet compelling counterexample involves com-
muting noise and unitary layers, i.e., when El ◦ Ul′(ρ) =
Ul′ ◦ El(ρ) for all ρ and all l, l′. In such cases, one can
commute all noisy operations to the beginning of the com-
putation, effectively reducing the noisy circuit to a fully
unitary one, provided the initial state is redefined as ρ̃ =
EL ◦ · · · ◦ E1(ρ). If ρ is a steady state of all intermediate
channels El, then ρ̃ = ρ, and the entire circuit becomes
noise-free. Consequently, it cannot exhibit NIBP, although
BP may still occur. An explicit example of this is provided
in Appendix G.

Similarly, even in the noncommuting case, the emer-
gence of concentration is not guaranteed. In fact, the
variance can even increase compared to the purely uni-
tary circuit. This counterintuitive behavior can result from
noise-induced symmetry breaking [26,27], a phenomenon
typically studied in nonunital channels but also possible
in unital ones. In both cases, this effect can lead to an
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enhanced variance. An example illustrating this mecha-
nism is also presented in Appendix G.

Altogether, the above discussion highlights that, beyond
the nontrivial effects observed in nonunital channels, the
broader class of contractive, but not strictly contractive
channels gives rise to a rich variety of largely unex-
plored variance behaviors. In the following sections we
will characterize these scenarios for general channels,
encompassing the previously discussed cases as specific
instances.

III. GENERAL QUANTUM CHANNELS

To accurately characterize the effects of general noise
maps, it is essential to first analyze the structural transfor-
mations induced on the computational space by the unitary
layers. In particular, it is worth noticing that the subdivi-
sion of H into local subsystems induces also a partition of
B. More specifically, if we denote by κ ∈ {0, 1}M a binary
string of length M , we can split B into local subspaces
Bκ ⊂ B, each spanned by the traceless operators acting
nontrivially on Hm if and only if κm = 1. Indeed, we can
partition the whole space as

B =
⊕

κ∈{0,1}M

Bκ , (3)

with dκ = dim(Bκ) =∏m(d
2
m − 1)κm . Clearly, if κ = 0,

B0 = span1. In this work, such decomposition is delin-
eated as locality from H to B. Specifically, we say that
A ∈ B is κ-local if A ∈ Bκ , and we associate with A a
locality vector �A ∈ R2M

defined elementwise by

(�A)κ =
dκ∑

j =1

Tr
[
Bj A
]2 , (4)

for some Hermitian, orthonormal basis {Bj }dκ
j =1 of Bκ .

Clearly, from the definition, a κ-local operator A has local-
ity vector (�A)λ = δκ ,λ‖A‖2

2, where ‖ · ‖2 is the Hilbert-
Schmidt norm. We remark that similar quantities are
known in the context of PQCs, and in fact the vector �A is
analogous to the purity measures defined in [16,18]. Based
on this, a derived notion of locality preservation can be
introduced for linear maps acting on B. In particular, given
a map � : B → B and two subspaces Bκ and Bλ, we can
measure the degree to which � is able to put them in com-
munication. The more subspaces are connected, the less
locality preserving the map�will be. This idea is captured
formally in the following definition of a locality transfer
matrix (LTM).

Definition III.1 (Locality transfer matrix). Given a lin-
ear map � : B → B, its locality transfer matrix T is

defined elementwise as

Tκ ,λ = 1
dκ

dκ∑

j =1

(��(Bj ))λ, (5)

for some Hermitian, orthonormal basis {Bj }dκ
j =1 of Bκ .

In this formalism, locality preserving transformations
reflect all maps whose LTM coincides with the identity,
i.e., Tκ ,λ = δκ ,λ. Trivially, unitary maps, separable with
respect to the partition, namely, U : ρ 	→ UρU†, where
U =⊗m Um, are locality preserving.

With this description in mind, we assume that Uθ of
Eq. (2) is locality preserving and hence describes an ideal
operation limited to the local subsystems Hm, while each
channel El encodes both the operations which entangle the
subsystems as well as any interaction between the system
and the environment. This formally captures the idea of
a variational quantum algorithm running on a real, noisy,
device, where quantum computation can be realized very
precisely within each subsystem, but is still inaccurate
when dealing with more complex entangling operations.
Furthermore, we assume that, within each subsystem and
for all layers l, Uθl is deep enough to form an approxi-
mate 2-design over the local unitary groups U(dm). This
assumption is justified by the fact that such local operations
are relatively inexpensive and that the necessary depth can
be very small even for large systems, since in general it
depends on dm rather than d. Putting everything together,
we can give a formal definition of the family of PQCs
covered by our analysis, which we call layered, locally
random channels.

Definition III.2 (Layered, Locally Random Channel).
Given a n-qubit quantum system described by the Hilbert
space H = (C2)⊗n, and a decomposition into M local sub-
systems Hm such that H =⊗M

m=1 Hm, a parameterized
quantum channel �θ : H → H is said to be layered if

�θ = UθL+1 ◦ EL ◦ UθL−1 · · · ◦ E1 ◦ Uθ1 , (6)

where El are arbitrary channels and Uθl are unitary
parametrized channels. Furthermore, such channel is also
said to be locally random if Uθl is separable w.r.t. the parti-
tion, and each local operation Uθlm form a unitary 2-design
over the local unitary group U(dm).

A crucial property in the following analysis is the rela-
tion between the LTMs of the channel El and its Hermitian
adjoint E†

l with respect to the Hilbert-Schmidt scalar prod-
uct, namely, T and T†. Such relation can be characterized
for generic linear maps � : B → B as a direct conse-
quence of Definition III.1 and, in particular, we have TD =
(T†D)t, with Dκ ,λ = dκδκ ,λ. For the sake of readability,
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here we introduce a shorthand notation for the scalar prod-
uct (·, ·) in R2M

such that T and T† are also Hermitian
adjoint of one another, i.e.,

(a, b) = atD−1b =
∑

κ

aκbκ
dκ

. (7)

We refer the reader to Appendix B for a more detailed
discussion. Having introduced the main tools, we now
characterize the scaling of the variance V

L
ρ,H of Lρ,H for

layered, locally random channels.

IV. RESULTS

The overarching goal is to characterize the properties of
the variance V

L
ρ,H as a function of the number L of layers.

To this end, we will provide a formal expression for the
general case; we will then use it to explicitly compute the
variance of Lρ,H in the deep circuit limit, as well as to set
lower bounds for shallow circuits. We refer to Fig. 1 for a
schematic summary of the main results of this work.

A. Loss variance calculation

The first task is to derive a formal expression for the
variance V

L
ρ,H in terms of the properties of ρ, H and the

intermediate channels, showing its relevance and main
domains of applicability. Our first result, given in the
following proposition, serves as the foundation of the
subsequent arguments.

Proposition IV.1 (General formula). Let ρ, H ∈ B and
let �θ be a layered, locally random quantum channel as in
Definition III.2. Then, we have

Eθ

{
Tr [�θ(ρ)H ]2} =

(
�ρ ,

L∏

l=1

Tl �H

)
, (8)

where (·, ·) is the scalar product defined in Eq. (7), and each
Tl is the LTM associated with the respective E†

l .

Exploiting the fact that, according to Definition III.2,
each layer Uθl forms a global unitary 1-design, Proposi-
tion IV.1 allows a direct calculation of V

L
ρ,H as a function

of the LTMs of the intermediate channels as

V
L
ρ,H =

(
�ρ ,

L∏

l=1

Tl �H

)
− Tr [H ]2

d2 . (9)

A proof of the aforementioned statements is given in
Appendix D.

Note that this formulation provides an exact formula,
which in principle gives access to the study of loss func-
tion concentration for any L. Indeed, this is the case when
there are few subsystems, since in this case one can easily
estimate and manipulate the matrices Tl (see Appendix I
for an example). This approach becomes rather cumber-
some in a general setting, for large systems, since the
resources needed to represent the LTM can grow expo-
nentially. Nevertheless, as shown in the following sections,

FIG. 1. Loss concentration in variational quantum computing. The analytical framework introduced here uses non-negative matrix
theory to capture the interplay between unitary dynamics and noise through a noise-induced absorption mechanism. This enables
precise calculation of loss variances for generic noise channels—from strictly contractive to unitary—as illustrated by the colored
band in the figure. The upper panel considers deep circuits, where the loss variance VL

ρ,H saturates to its asymptotic limit. While loss
concentration is well understood for strictly contractive [24,25] (irreversible) and unitary [16–18] (reversible) channels, Theorem IV.1
provides an analytical solution for the intermediate mixed-dynamics regime. This reveals a general absorption mechanism unique
to this case, explicitly quantified in Appendix C, and shown to reduce to known results in the appropriate limits (Appendix A).
The lower panel addresses shallow circuits, establishing a lower bound on VL

ρ,H via Theorem IV.2. This generalizes previous results
on brickwork circuits [13,32] and formally constructs barren-plateau-free ansätze—such as small-angle initializations [21,22]—as
stochastic unravelings of weak-noise channels (Sec. IV D). Moreover, it broadens their scope, showing that both unitary and nonunitary
QResNets arise naturally from Proposition IV.3.
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Proposition IV.1 can still be profitably used as a theoretical
tool, as it allows characterizing V

L
ρ,H in both the deep and

shallow circuit limit.

B. Deep circuit limit

As the circuits become deeper, it is natural to expect the
contribution of the leading eigenvectors of Tl to become
dominant, as repeatedly multiplying them gives rise to a
process analogous to power iteration methods. The struc-
ture of such eigenvectors captures several interesting prop-
erties of the interaction between the unitary and nonunitary
parts of �θ , particularly absorption, which can only arise
in this picture.

For simplicity, let us focus on homogeneous chan-
nels, i.e., we fix El = E ∀l, and consider, without loss of
generality, a traceless observable H , Tr [H ] = 0. In this
case, Eq. (9) becomes V

L
ρ,H = (�ρ , T L�H

)
. Note that, by

construction, T is a non-negative matrix, namely, Tκ ,λ ≥
0 ∀κ , λ, and thus it can always be expressed in canonical,
block-upper triangular form, where each of the diago-
nal blocks is irreducible [35]. Notably, this can always
be achieved via conjugation with a permutation matrix,
implying that, up to a relabeling of the subspaces Bk, T
is always of this form. Throughout this work, irreducible
components of T will be regarded as essential if they can-
not lead outside the block and will be denoted by Tz.
Otherwise, an irreducible block will be deemed inessential,
and their collection will be denoted by Q. A useful picto-
rial representation of these possibilities is shown in Fig. 2,
together with the matrix canonical form. A foundational
reference for this definition can be found in Ref. [35], while
a more detailed discussion is proposed in Appendix E.

By simple matrix multiplication, we can in this way
decompose V

L
ρ,H into a sum of terms, coming from each

irreducible component Tz and Q, namely,

V
L
ρ,H = (�ρ , T L�H )

=
∑

z

[
(�ρ , TL

z �H )+ (�ρ , A(L)z �H )
]+ (�ρ , QL, �H ),

(10)

where A(L)z =∑L−1
l=0 Tl

zRQL−1−l (see Lemma E3 for a for-
mal proof). Given this structure, it will be particularly
useful to denote by Bz =⊕κ∈Tz

Bκ the union of sub-
spaces put in communication within Tz, by dz their total
dimension, and given A ∈ B, by (�A)z =∑κ∈Tz

(�A)κ the
corresponding locality.

Regardless of the specific channel E , several general
properties of the blocks Tz can be identified. In particu-
lar, trace preservation implies that the trivial subspace B0
always gives rise to an essential block of T, denoted by T0.
Since Tz blocks are essential, it follows that E†(Bz) ⊂ Bz.
Moreover, complete positivity guarantees that all blocks
Tz are contractive in spectral radius, i.e., ρ(Tz) ≤ 1. It can
further be shown that ρ(Q) < 1 for any channel. These
observations allow us to split the sum in Eq. (10) according
to the spectral radius of the blocks

V
L
ρ,H =

∑

z | ρ(Tz)=1

[
(�ρ , TL

z �H )+ (�ρ , A(L)z �H )
]+

+
∑

z | ρ(Tz)<1

[
(�ρ , TL

z �H )+ (�ρ , A(L)z �H )
]+ (�ρ , QL�H ).

(11)

This decomposition is useful because the two groups of
terms exhibit markedly different asymptotic behaviors. As
L → ∞, repeated applications of Q and of all blocks
Tz with ρ(Tz) < 1 yield exponentially decaying contribu-
tions, which therefore vanish in the limit, as follows from

FIG. 2. Graphical representations of the stochastic process describing VL
ρ,H . On the left, we show the structure of the general locality

transfer matrix, highlighting the decomposition into irreducible components [35]. Light blue blocks represent irreducible, essential
components of T, while red blocks are related to inessential ones. In particular, Q represents the collection of all irreducible, inessential
components of T and R and their relation with the essential components Tz . On the right, the same process is represented graphically,
in terms of the local subspaces Bκ . Here, each dot represents a single subspace, while the arrows represent the adjoint action of the
channel E . Essential and inessential components share the same color code of T.
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Gelfand’s formula and is rigorously shown in Appendix E.
By contrast, when ρ(Tz) = 1, the iterated action of Tz
converges to the projector onto its dominant eigenvalue
rz = 1. Since Tz is non-negative and irreducible, Perron’s
theorem implies that this projector has rank one and can be
written as wzv

t
z, where wz and vz denote the corresponding

left and right dominant eigenvectors. In this case, vz can be
computed explicitly and satisfies (vz)κ = 1 for all κ . More-
over, as shown in Appendix E, the associated terms A(L)z
also remain nonvanishing and converge to a fixed matrix
Az, explicitly derived in the proof of Theorem IV.1.

Collecting these results, we find that in the limit L → ∞
all terms in the second row of Eq. (11) vanish. Substi-
tuting the limiting eigenprojectors then yields the general
expression

V
∞
ρ,H =

∑

z | ρ(Tz)=1

(�ρ , wz)(�H )z + (�ρ , wz)(A�H )z, (12)

where A is a matrix with the same structure as R in Fig. 2,
collecting the contributions from all matrices Az.

Such reasoning is formally encapsulated in the follow-
ing theorem.

Theorem IV.1 (Deep circuit variance). Let ρ, H ∈ B
and let �θ a be layered, locally random quantum chan-
nel as in Definition III.2. Then the Cesàro average of V

L
ρ,H

converges to Eq. (12), and we have
∣∣∣∣∣
1
L

L∑

l=0

V
l
ρ,H − V

∞
ρ,H

∣∣∣∣∣ ∈ O
(
e−βL‖H‖2

2

)
, (13)

for some constant β > 0. Additionally, if all essential
blocks are aperiodic (i.e., with period p = 1), then V

L
ρ,H

is convergent, and we have
∣∣VL

ρ,H − V
∞
ρ,H

∣∣ ∈ O
(
e−βL‖H‖2

2

)
, (14)

where the absorption matrix is given by A = R(1 − Q)−1.

As a special case, if the intermediate channel can be
reduced unitarily to a tensor product of single-qubit chan-
nels, then also wz of Eq. (12) can be explicitly computed,
yielding the following corollary.

Corollary IV.1. If the intermediate channel takes the
form E = N ◦ W , where the noise channel N =⊗m Nm
is the composition of single-qubit channels and W is
unitary, then

V
∞
ρ,H =

∑

z | ρ(Tz)=1

(�ρ)z(�H )z

dz
+ (�ρ)z(A�H )z

dz
. (15)

The proof of Theorem IV.1 and Corollary IV.1 can be
found in Appendix E, where we complete our analysis
computing wz also for global Pauli noise.

It is worth noting that the loss variance of the cir-
cuit need not converge. In fact, while it is bounded (i.e.,
V

L
ρ,H ≤ ‖H‖2

∞ ∀L), different circuit subsequences can in
general lead to different limits. This is connected to the
presence of cycles of period p > 1 in each Tz and can arise,
for instance, when the entangling operation is not chosen
carefully with respect to the partition of H. In those cases,
the value of V

L
ρ,H will depend on which equivalence class

of integers modulo p the depth L belongs to. This is put into
an effective example and further discussed Appendix I. For
simplicity, in the following, we will assume aperiodicity
for each irreducible block.

We start the analysis of Theorem IV.1 by unpacking
Eq. (15). In this equation, V

∞
ρ,H is shown to depend on

four important quantities, namely, the invariant subspaces
Bz of �†

θ , the respective locality of ρ and H , together
with the matrix A. As a reminder, in order for this struc-
ture to arise, the invariant subspaces of U†

θ and E† have to
be well-aligned, so that nontrivial subspaces Bz ⊂ B are
present. Failure to achieve this will cause the emergence
of noise-induced concentration in the sense of Ref. [24],
as shown in Appendix A. This extends the notion of align-
ment already introduced in the literature [28] for ρ, H , and
unitary circuits. Moreover, we observe that such subspaces
act as attractors for the variance, as each summand not
only depends on the local components of ρ and H , but
also on the components of H belonging to E(Bz) ∩ BQ. In
this sense, A can be interpreted as an absorption matrix,
which quantifies the extent of the contribution of such
terms. We remark that this contribution is always non-
negative, and it is intimately related to the contractivity
properties of E†. We provide estimates of the absorption
terms in the setting of Corollary IV.1 in Appendix C.
Overall, this suggests that appropriate nonunitary layers
will alleviate the concentration typical of unitary circuits
by a mechanism that allows to bring the contribution of
the components of H belonging to strictly contractive,
high dimensional subspaces to noncontractive, smaller
dimensional ones.

As shown in Appendix A, Eq. (15) can be used to
recover deep circuit limit variance in the unitary and
strictly contractive setting, consistent with existing liter-
ature as summarized in Table I. In terms of the LTM
structure, these results can be understood as two extreme
cases. In the unitary case, all irreducible blocks have unit
spectral radius, so that T contains no Q or R blocks, while
in the strictly contractive case, all irreducible blocks dif-
ferent than T0 have spectral radius strictly smaller than
unity. Beyond extremes, the effect of nonunitary interme-
diate channels on the LTM can be viewed as twofold. On
the one hand, contractivity can reduce the spectral radius
of (some) irreducible blocks similarly to the latter case,
thereby decreasing the number of terms in the upper row of
Eq. (11) and reducing the limiting variance. On the other
hand, noise allows for the appearance of Q and R blocks,
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TABLE I. Comparison between literature results on V∞
ρ,H and this work.

Properties of �θ

Unitary
Single-qubit
unital noise

Single-qubit
nonunital noise

Strictly contractive
noise Generic noise

Previous works [13,16–18] [24,25,34] [25,32–34] [25,34] /
This work Corollary A1 Corollary A2 Propositions C1 and C2 Corollary A2 Theorem IV.1

which can contribute positively through the absorption
terms Az, a mechanism specific to nonreversible noisy
dynamics. The balance between these competing effects
for a given noisy channel E governs the emergence, or
absence, of noise-induced concentration, as captured by
the asymptotic result of Theorem IV.1 and derived in
Appendix E.

Regarding the specific class of nonunital noise, in
Appendix C we show how previous results can be
expressed as the contribution to the absorption term of B0,
which always forms a norm-preserving subspace due to
trace preservation of �θ . However, it is crucial to remark
that this specific contribution is not due to the retention
of any computational power to the PQC, since the depen-
dence on the initial state is completely lost, but rather
to the competing effects between the drive of Uθ and E
toward the respective, different fixed points. An example
of this phenomenon is provided in Appendix H, where we
study how extensive entanglement can further exacerbate
the issue. This is in stark contrast with the general case
discussed above, i.e., the absorption terms of Bz, z > 0, as
they keep a nontrivial dependence on the initial state, and
as such it can be said to genuinely avoid concentration if
dz scales appropriately. Indeed, this regime can be realized

within the single-qubit noise model of Corollary IV.1 by
employing a structured entangling gate and a mixture of
clean and noisy qubits.

As an illustrative example, consider the 4-qubit circuit
with intermediate channel E = N ◦ W shown in Fig. 3.
As discussed in Appendix C, this setup features two essen-
tial blocks, T0 and T1, both with unit spectral radius. For a
suitable choice of H , Eq. (10) reduces to

V
L
ρ,H = (�ρ , A(L)1 �H )+ (�ρ , QL�H ), (16)

where the first term is associated with absorption into
B1, as characterized by Theorem IV.1, while the second
term decays exponentially with L. Notably, both contri-
butions depend nontrivially on ρ, and each can therefore
be made to vanish by an appropriate choice of the initial
state alone. As shown in Fig. 3, this leads to qualita-
tively different variance scalings depending on whether the
first term is suppressed or not. This behavior already goes
beyond the current description in the literature, allowing
us to observe and understand new absorption-like dynam-
ics. Further details about this example are provided in
Appendix C.

FIG. 3. Example of the absorption effect in a system comprising a mixture of clean and noisy qubits. On the left, we depict
the structure of the intermediate channel used, composed of CNOT gates, a depolarizing channel N0, and an amplitude damping
channel N2. On the right, we show the scaling of the corresponding variance VL

ρ,H as a function of L, for different initial states
and H = H1 = 1XX 1. Dots represent numerically estimated variances from 200 samples using either ρA = |0000〉 〈0000| (gray) or
ρB ∝ |0000〉 〈0000| + |0110〉 〈0110| (blue) as the initial state. Dashed lines indicate theoretical predictions for each contribution to
the variance. By virtue of the initial states choice, (�ρA , QL�H1) = (�ρB , QL�H1), the subscript of ρ is dropped in the legend without
ambiguities. Further details are provided in Appendix C.

020336-7



CROGNALETTI, GROSSI, and BASSI PRX QUANTUM 7, 020336 (2026)

The results showed so far were based on the analysis
of the dominant eigenvectors of T. When L is not deep
enough to reach convergence to its asymptotic limit, we
need to characterize better the behavior of V

L
ρ,H . This is

the subject of the following section.

C. Lower bounds on “shallow” circuits

While for shallow circuits we cannot rely on the spec-
tral properties of T to determine V

L
ρ,H , we can still use

knowledge of the convergence speed to V
∞
ρ,H to set general

lower bounds. Intuitively, such bounds can be obtained by
preventing the variance to reach its stationary state, which
can be done only if the exponential upper bounds appear-
ing in Theorem IV.1 are sufficiently loose, namely, βL ∈
O(log n). This implies either that the circuit is shallow,
i.e., there are not enough layers to reach the asymptotic
value V

∞
ρ,H , or effectively shallow, i.e., the mixing speed β

of T is slowed down according to β ∈ O(log n/L) so that
V

∞
ρ,H is never reached, regardless of L. As this speed is

related to the amount of correlations with respect to the
partition introduced by the channel, we study this scenario
in the limit of E† being close to locality preserving. This
idea is formally captured in the following theorem, which
extends its application to generally nonhomogeneous lay-
ered, locally random channels.

Theorem IV.2 (General lower bound). Let ρ, H ∈ B and
consider a sequence of quantum channels {El}L

l=1, and let
{Tl}L

l=1 be the respective LTMs. Finally let K ⊂ {0, 1}M

denote a subset of indices and by αl = minκ∈K(Tl)κ ,κ . Then

V
L
ρ,H ≥ αL(�ρ , �K(H)), (17)

where K : B → BK is the projector onto BK =⊕κ∈K Bκ
and α is the geometric mean of αl.

Depending on the scaling of α and the dimensions dm of
the subsystems, Eq. (17) can provide a meaningful lower
bound. For instance, focusing on the case of subsystems
with constant dimension, we have the following corollary.

Corollary IV.2 (Lower bound examples). Let H =⊗M
m=1 Hm, dm ∈ �(1). If either of the conditions

(a) α > 0, α ∈ 
(1) and L ∈ O(log n),
(b) α = 1 − f (n, L), f ∈ O(log n/L) and L ∈ 


(log1+ε n) for some arbitrary ε > 0

is satisfied, then

V
L
ρ,H ≥ F(n)(�ρ , �K(H)), (18)

where F(n) ∈ 
(1/poly(n)).

The conditions of Corollary IV.2 reflect the aforemen-
tioned scenarios; in particular, condition (a) ensures the
absence of concentration for shallow circuits, both unitary
and noisy. Specifically, this holds true whenever 0 < α ∈

(1), indicating that the intermediate channel does not
become increasingly rapidly entangling, as the problem
size grows. As a notable example, this condition is satis-
fied for brickwork circuits, equipped with local noise and
a local observable [32]. Similarly, condition (b) reflects
the absence of concentration for effectively shallow quan-
tum channels. A significant example is that of deep finite
local-depth circuits (FLDCs) [36]. Examples of both are
provided in Appendix F, while a comparison with existing
literature is provided in Table II. We can interpret condi-
tion (b) as a limit to the mixing speed of T by noting that, in
the homogeneous case, it is equivalent to the more explicit
relation |1 − λ| ∈ O(log n/L) for all the eigenvalues λ of T
by Gershgorin circles theorem [37], which directly implies
β ∈ O(log n/L).

Interestingly, since these results have been obtained by
imposing T ≈ 1, they have a strong resemblance with
small-angle initialization strategies [21,22], which simi-
larly hinge on identity manipulation. In fact, while the
primary concern of Theorem IV.2 is noise, it can be seen as
a theoretical foundation of such initialization strategies. In
the following section we discuss in detail the strong rela-
tion between smart initializations for noiseless circuits and
the properties of noisy layers. In doing so, we analytically
estimate the scaling of α for a broad class of circuits, hence
providing rigorous lower bounds on V

L
ρ,H .

D. Connection with small-angle initializations

Here we expand on the concept of small-angle initializa-
tion introduced in Refs. [21,22]. In particular, we establish
a general relationship between the insights gained from
controlling loss concentration in noisy circuits (as pre-
sented in Theorem IV.2) and BP mitigation strategies that
typically only apply to ideal, unitary circuits.

The main idea behind small-angle initialization strate-
gies considers a layered quantum circuit Uθ =∏l Uθl

TABLE II. Comparison between literature results on polynomial lower-bounds on VL
ρ,H and this work.

Properties of �θ

Shallow brickwork Finite local depth Small angles (Nonunitary) QResNet

Previous works [13,32] [36] [21,22] /
This work Corollary IV.2(a) Corollary IV.2(b) Proposition IV.2 Propositions IV.2 and IV.3
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where the absence of concentration for a given initializa-
tion distribution is shown. This is typically very peaked
around 0, with variance scaling inversely to the number of
layers: σ 2 ∈ O(1/L). The core idea of all such strategies
relies on identity manipulation, i.e., on choosing initializa-
tion distributions such that Uθ ≈ 1 with high probability.
This introduces a sizable variance to the circuit, at the price
of having a large bias toward the identity in the quantum
model.

A similar structure can be defined in our framework
by considering quantum channels �θ ,φ , as in Definition
III.2, where the intermediate channels Eφl are now param-
eterized. This differs from the main idea of small-angle
initialization, as the local components Uθl of the channel
remain Haar random, and instead it is the allowed chan-
nels Eφ that get restricted. Intuitively, this will lead to a
different model bias for small angles, i.e., �θ ,φ ≈ Uθ . We
name this model Quantum Residual Network (QResNet),
as we interpret the large identity component of Eφ as a
skip-connection, in analogy to classical Residual Networks
[38]. Indeed, this structure is enough to avoid concentra-
tion when a small-angle initialization strategy is used. To
see this, we remark that while a constant channel was used
to derive Proposition IV.1, it can be readily generalized to
parameterized channels Eφ , as long as the parameters φl
are independent. In that case it is sufficient to use Eφ{Tφ}
in place of T, where Tφ is the LTM of E†

φ (see Appendix F
for a proof). Exploiting this, we can derive the following
proposition.

Proposition IV.2 (QResNet). Let Eφ(·) = eiφG · e−iφG be
a unitary entangling gate with normalized generator, i.e.,
‖G‖2

2/d = 1. Furthermore, let μ, σ 2 be the mean and vari-
ance of the initialization distribution of φ. Then, if μ = 0,
σ 2 ∈ O(log n/L), and L ∈ 
(log1+ε n) we have

V
L
ρ,H ≥ F(n)(�ρ , �H ), (19)

where F(n) ∈ 
(1/poly(n)).

Eq. (19) represents an application of Corollary IV.2(b)
in the case of unitary, parameterized intermediate chan-
nels. Note that Theorem IV.2, which is the backbone of
Proposition IV.2, is not limited to unitary circuits, but
is applicable to generic quantum channels. Indeed, if we
take E to be a noise model, Corollary IV.2 (b) may be
analogously interpreted as a condition on the noise rates
to avoid concentration. This showcases the connection
between BP-free QResNets and noise models escaping
NIBP, which can be interpreted as follows: if a noise
map satisfies Corollary IV.2, then there exists a QRes-
Net associated with it that is able to avoid BP. As an
example, assume that the channel E = e�tL is obtained
as a solution of the Lindblad equation at time �t � 1,
where L(ρ) =∑i LiρLi − 1/2{L2

i , ρ}, Li = L†
i ∀i, i.e., we

consider weak Lindbladian noise [39]. In this case, there
always exists a unitary, stochastic unraveling {Uφ}φ , such
that E(ρ) = Eφ{UφρU†

φ} [40]. Then, the ensemble corre-
sponding to the choice Eφ(ρ) = UφρU†

φ will avoid BP if
�t is small enough. Formally, we have the following result.

Proposition IV.3 (General QResNets from a quantum
channel). Let E(ρ) = etL(ρ) be a quantum channel gen-
erated by the Lindbladian

L(ρ) =
∑

k

γk

(
LkρL†

k − 1
2
{L†

kLk, ρ}
)

, (20)

with ‖Lk‖2
2/d = 1. Then, when L ∈ 
(log1+ε n), the

ensemble generated by Eφ = Eφ · E†
φ ,

Eφ =
∏

k

eiφkLk+σ 2
k (L

2
k−L†

k Lk)/2 (21)

and φk normally distributed with μ = 0, σ 2
k ∈ O ((γk/∑

k′ γk′)(log n/L)
) ∀k satisfies

V
L
ρ,H ≥ F(n)(�ρ , �H ), (22)

where F(n) ∈ 
(1/poly(n)).

If Lk = L†
k , we get a unitary QResNet as in the previous

discussion. Interestingly, Proposition IV.3 can be equally
applied if the ensemble is not unitary, which can happen
if the noise channel E is nonunital (e.g., Lk �= L†

k). This
effectively extends the framework of small-angle initial-
ization to nonunitary quantum models, e.g., those based on
linear combination of unitaries (LCUs) or analogous tech-
niques [41]. Finally, it is important to note that, while a
specific unraveling was used to derive Proposition IV.3,
the stochastic unraveling of a given channel is not unique,
allowing multiple QResNets (unitary or nonunitary) to
be derived from the same channel. Additionally, different
choices among such models may lead to distinct vari-
ances [42], all bounded from below by the variance of
E . Indeed, any stochastic unraveling is connected to the
physical channel solely through their first moment, while
higher-order moments are relevant only in the context of
the associated QResNet, as they do not represent otherwise
measurable quantities.

V. DISCUSSION

The study of loss function concentration is a cen-
tral topic in variational quantum computing. While the
description of this effect in the absence of noise has been
recently formulated using Lie-algebraic theory [16–18],
this approach inevitably fails in the general setting of
nonunitary circuits, where the group structure description
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is lost. In this work, we employ non-negative matrix the-
ory to derive a general expression for V

L
ρ,H in quantum

circuits composed of local 2-designs interleaved with arbi-
trary quantum channels. This circuit architecture is chosen
for its combination of analytical accessibility and physical
relevance: it is rich enough to capture qualitatively novel
variance behavior, while structured enough to address fun-
damental questions about the interplay between noise and
unitary layers in the emergence of loss concentration.

In particular, within this framework, the variance is for-
mulated in terms of the channel’s LTM, which in turn
enables the precise computation of V

∞
ρ,H in the deep-

circuit limit. Specifically, the observed structure of V
∞
ρ,H

brings out a new mechanism, which we call absorption,
whereby components of H pertaining to strictly contrac-
tive subspaces of BQ can augment the variance of the
model by coupling with noncontractive ones through the
nonreversible action of the quantum noise channel. Such
result is supported by numerical simulations, provided in
Appendixes C, H, and G.

This indicates that a mixed configuration of ideal and
noisy qubits, as well as a partial realization of error correc-
tion, could potentially outperform purely ideal or purely
noisy systems in terms of variance and highlights novel
properties of V

∞
ρ,H in this setting, e.g., the initial state

dependence of noise-induced concentration, which is cru-
cial for algorithm engineering. This is especially important
in the early stages of fault-tolerant quantum computing,
where a large quantity of noisy qubits can be utilized, but
the availability of ideal qubits is still constrained [43,44].
This may also be beneficial in characterizing variational
quantum algorithms executed on hardware, where differ-
ent qubits may experience varying error rates [39]. In this
context, V

∞
ρ,H can be used to approximate V

L
ρ,H in regimes

where L is sufficiently large to significantly impact some
qubits but not yet others.

Furthermore, this approach clarifies the role of unitality
in NIBPs, shifting the focus on the more relevant aspect of
contractivity and alignment between invariant subspaces
of the unitary layers Uθ and strictly contractive subspaces
of the noise map E . A comparison with existing literature
on estimates of V

∞
ρ,H is provided in Table I.

Additionally, we introduced a general lower bound on
the variance of noisy circuits. This bound is derived by
restricting the mixing speed of V

L
ρ,H to prevent it from

reaching its asymptotic limit. We subsequently employ this
approach to introduce QResNets, an initialization strat-
egy analogous to small-angle initializations [19–22] that
can effectively mitigate the occurrence of barren plateaus.
Moreover, we demonstrate that an analogous procedure
can be applied to noise maps, establishing a formal con-
nection between weak noise and QResNets. This enables
us to derive BP-free QResNets as stochastic unravelings of
sufficiently weak noise maps. Notably, since these unrav-
elings are not necessarily unitary, this approach can yield

BP-free architectures beyond unitary circuits, encompass-
ing more complex models such as those employing LCUs
[41]. A comparison with existing literature on V

L
ρ,H lower

bounds is provided in Table II.
Future research may extend our findings by relaxing

the local 2-design property of the unitary layer. Such a
generalization would broaden the domain of applicabil-
ity of our results beyond hardware-specific designs, but
it would primarily offer a technical refinement without
altering the conceptual insights gained in this work. Fur-
thermore, recent studies have established a connection
between the absence of concentration and classical simu-
lability for both ideal [45] and noisy [32] quantum circuits.
While these results often focus on strictly contractive noise
models, our work suggests a potential avenue for com-
bining these concepts, extending their validity to more
complex noise environments. A representation of our con-
tributions is depicted in Fig. 1: the non-negative matrix
approach offers new and timely answers to several open
questions related to concentration phenomena in quantum
circuits and provides valuable insights into the optimal
utilization of near-term and early fault-tolerant quantum
devices, thus guiding the community toward the effec-
tive application of the variational quantum computation
framework.
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APPENDIX A: LIMITING CASES OF THE DEEP
CIRCUIT FORMULA

Starting from the analysis of Sec. IV, we show how we
can use Eq. (15) to recover previously known results by
considering specific classes of quantum channels E . For-
mal proofs of these statements can be found in Appendix E.

First we point out that, being an absorption term, the last
term in Eq. (15) vanishes for unitary dynamics, which is
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reversible by definition. Formally, we have the following
corollary of Theorem IV.1.

Corollary A1 (Deep, unitary circuits). Let ρ, H ∈ B
and let �θ be a layered, locally random quantum channel
as in Definition III.2, where E(·) = W · W†, W ∈ U(d) is
an arbitrary unitary transformation. Then we have

V
∞
ρ,H =

∑

z>0

(�ρ)z(�H )z

dz
, (A1)

where Bz are invariant subspaces of E which can be
expressed as the direct sum of Bκ .

This corollary contains many interesting properties of
the variance in the deep circuit limit. First, it captures the
necessity of alignment between ρ, H , and �θ in order to
achieve a substantial variance, i.e., both ρ and H need
to have non-negligible components on the same invariant
subspace Bz. Due to the structure of the channel, this idea
is extended to the components Uθ and E , whose invari-
ant subspaces need to align in order to keep the dimension
dz of Bz from being exponentially large. Indeed, while B0
is always an invariant subspace satisfying Corollary A1,
misalignment of the local and entangling parts of the cir-
cuit could result in the entirety of the remaining space
falling under a single, irreducible component of dimension
d2 − 1. In such cases we get

V
∞
ρ,H =

(‖ρ‖2
2 − 1/d

) (‖H‖2
2 − Tr [H ]2 /d

)

d2 − 1
, (A2)

which implies the presence of BP regardless of ρ and
H as long as ‖H‖2 < O(d). Indeed, one can interpret
the misalignment of Uθ and E as introducing an excess
of expressibility, which is known to lead to exponential
concentration [10].

As a complementary remark, we point out that, con-
versely to the above, the first term in Eq. (15) pertains
to noncontractive subspaces, and as such, vanishes if
E† is strictly contractive in, at least, one direction in
each Bz. This is formalized in the following corollary of
Theorem IV.1.

Corollary A2 (Deep, noisy circuits). Let ρ, H ∈ B and
let �θ be a layered, locally random quantum channel as in
Definition III.2, where E is such that ‖E(A)‖2 < ‖A‖2, for
at least one A ∈ Bκ ⊂ Bz ∀z > 0 . Then, we have

V
∞
ρ,H = (A�H )0

d
. (A3)

In particular, if the channel is unital, V
∞
ρ,H = 0.

Note that, even if Eq. (A3) is inversely proportional to
d = 2n, V

∞
ρ,H is not necessarily exponentially suppressed,

as in general the contribution of the observable increases
with the same speed, i.e., ‖H‖2

2 ∼ d. As before, this
Corollary captures the main features of NIBP. In fact, it
is clear that strictly contractive channels with a unique
fixed point fall into the assumptions of Corollary A2 and
therefore exhibit some form of concentration. However,
Corollary A2 is not limited to them, extending the noise-
induced concentration to a wider class of noise maps,
which crucially depend on the structure of the unitary part
of the channel Uθ . According to the method introduced
here, this can clearly be interpreted as a consequence of the
interaction between noise and unitary layers, which effec-
tively “spread” the contractive effect of E to the whole
irreducible component. Unital channels will suffer most
severely from NIBP, since in that case the absorption term
in Eq. (A3) vanishes. Contrarily, as pointed out in the
literature [32,34], nonunital channels may avoid the expo-
nential concentration. Here, we have shown how these
results obtained in the literature can be seen as the con-
tribution to the absorption term of B0, which cannot be
strictly contractive due to trace preservation of �θ .

APPENDIX B: LOCALITY AND LOCALITY
TRANSFER MATRIX PROPERTIES

In order to show the main properties of locality vectors
and LTMs, it is convenient, for each subsystem Hm, to
fix an orthonormal basis {P(m)j }dm−1

j =1 of Bm composed of
traceless, Hermitian operators together with the identity
operator, each normalized with respect to the Hilbert-
Schmidt norm, namely, P(m)0 = 1/

√
dm , P(m)jm = P(m)†jm ∀jm

,Tr
[
P(m)jm P(m)km

]
= δjmkm . Starting from these, we can build

an orthonormal basis {Pj }j for the whole space by means
of tensor products. Each basis element will be labeled
by the multi-index j = (j1, . . . , jM ), where the entries jm
refer to an element of the local bases, and hence jm ∈
{0, . . . , d2

m − 1}. Such a basis will be dubbed a local basis.
As an example, if each Hm = C2 is a qubit, the normalized
Pauli strings form a local basis for B. Given a local basis
{Pj }j , it is possible to group the elements in disjoint sets.
In particular, for any given binary string κ = {0, 1}M , we
can collect in the set Sκ all basis elements acting nontriv-
ially on Hm if and only if κm = 1. For practical reasons,
we introduce the indicator function δ̃i,κ for the set Sκ ,
defined by

δ̃i,κ =
M∏

m=0

δ̃im,κm =
{

1 if κm = 0 ⇔ im = 0 ∀m,
0 otherwise.

(B1)

From the definition, we can derive some simple properties
of this function.
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Lemma B1. The indicator function δ̃i,b has the following
properties:

∑

i

δ̃i,κ = dκ ,
∑

κ

δ̃i,κ = 1,
∑

κ∈K

δ̃i,κ δ̃i,λ = δ̃i,λ

∑

κ∈K

δκ ,λ,

(B2)

where dκ =∏M
m=0(d

2
m − 1)κm , K ⊂ {0, 1}M , and δκ ,λ is the

usual Kronecker delta.

Proof. All the results follow directly from the
definition. �

Using this notation, we can express the locality �A of
some operator A ∈ B and locality transfer matrix T of a
linear map � : B → B defined as

(�A)κ =
∑

j

Tr
[
Pj A
]2
δ̃j ,κ (B3)

and

Tκ ,λ = 1
dλ

∑

i,j

Tr
[
Pi�(Pj )

]2
δ̃i,κ δ̃j ,λ, (B4)

respectively. It is immediately realized that both these
quantities are basis-independent.

Lemma B2. Given a bounded operator A ∈ B and a par-
tition into subsystems, the locality vector �A is uniquely
defined, i.e., it does not depend on the choice of local
basis. Similarly, given a quantum channel E : B → B,
the corresponding locality transfer matrix T is uniquely
defined.

Proof. Let {Pj } and {Bi} be two local bases for a given
subsystem. Then

∑

j

Tr
[
Pj A
]2
δ̃j ,κ =

∑

j

Tr

[
∑

i

Tr
[
BiPj

]
BiA

]2

δ̃j ,κ

=
∑

j

∑

i,i′
Tr
[
BiPj

]
Tr
[
Bi′Pj

]
Tr [BiA] Tr [Bi′A] δ̃j ,κ

=
∑

i,i′

⎛

⎝
∑

j

Tr
[
BiPj

]
Tr
[
Bi′Pj

]
δ̃j ,κ

⎞

⎠Tr [BiA] Tr [Bi′A]

=
∑

i

Tr [BiA]2 δ̃i,κ , (B5)

where the last equality is due to
∑

j

Tr
[
BiPj

]
Tr
[
Bi′Pj

]
δ̃j ,κ =

=
M∏

m=1

⎛

⎝
dm∑

jm=1

Tr
[
Bi′mPjm

]
Tr
[
BimPjm

]
δ̃jm,κm

⎞

⎠

=
M∏

m=1

(
Tr
[
Bi′mBim

]
δ̃im,κm

)
= δi,i′ δ̃i,κ , (B6)

which holds since both {Pjm} and {Bim} are orthonormal
bases ofBm by definition of local basis. A totally analogous
calculation yields the same result for the locality transfer
matrix T. �

Thanks to the formulation of Eq. (B4), the relation
between the LTM of a map � and the Hermitian adjoint
�† with respect to the Hilbert-Schmidt scalar product can
be seen. In particular, we have

dλTκ ,λ =
∑

i,j

Tr
[
Pi�(Pj )

]2
δ̃i,κ δ̃j ,λ

=
∑

i,j

Tr
[
�†(Pi)Pj

]2
δ̃i,κ δ̃j ,λ = dκT†

λ,κ , (B7)

which can be compactly written in matrix form as TD =
(T†D)t, with Dκ ,λ = dκδκ ,λ. For the sake of readability,
here we introduce a shorthand notation for the scalar prod-
uct (·, ·) in R2M

such that T and T† are also Hermitian
adjoint of one another, i.e.,

(a, b) = atD−1b =
∑

κ

aκbκ
dκ

. (B8)

This trivially follows from the chain (a, Tb) = atD−1Tb =
atD−1D(T†)tD−1b = (T†a)tD−1b = (T†a, b).

APPENDIX C: ESTIMATES OF THE ABSORPTION
COEFFICIENTS

In this appendix, we estimate the absorption coeffi-
cients in the general setting of Corollary IV.1, where the
entangling channel admits a decomposition of the form

E(ρ) = N (WρW†), N =
⊗

m

Nm, (C1)

that is, a generic unitary entangling gate followed by local
single-qubit noise. In the first part, we provide theoret-
ical lower bounds for all absorption coefficients, along
with scaling guarantees for the absorption into the trivial
subspace, thereby demonstrating consistency with prior lit-
erature [32,34]. In the second part, we present numerical
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evidence of absorption into nontrivial subspaces, reveal-
ing qualitatively distinct variance behaviors depending on
the choice of initial state. This effect goes beyond the
scope of existing analyses and suggests the emergence of
a previously uncharacterized phenomenon.

1. Theoretical estimates

We first prove a general lower bound for the absorption
coefficients in the setting of Eq. (C4).

Proposition C1. Let ρ, H ∈ B and let �θ be a layered,
locally random quantum channel as in Definition III.2, and
let the intermediate channel take the form of Eq. (C4).
Then, for all norm-preserving, strongly connected compo-
nents Tz of the LTM T, we have

(A�H )z

d
≥

∑

j | Pj ∈Bz

(�j , �H ), (C2)

where the operators �j are defined by the action of the
noise channels as

�j = Q(�̃j ), �̃j =
⊗

m

Nm

(
Pjm√

2

)
, (C3)

with Pj are normalized Pauli strings and Q : B → BQ is a
projection onto BQ.

Note that the factor 1/
√

2 is introduced in the definition
of �̃j to ensure Tr

[
�̃j

]
≤ 1, following the normaliza-

tion constraints for quantum states. In this way, if we
restrict to the trivial subspace B0, �̃j = τ becomes a quan-
tum state and, in particular, it becomes the action of the
noise channel on the maximally mixed state τ = N (ρm),
ρm = 1/d.

Proof. By Theorem IV.1, we can express the absorption
matrix explicitly in terms of the relevant portions of the
LTM. In particular, we have

(A�H )z =
∑

ζ ,κ ,λ

Rζ ,κ(1 − Q)−1
κ ,λ(�H )λδζ ,zδκ ,Q, (C4)

where we used the shortcut notation δζ ,z =∑ν∈Tz
δζ ,ν

and δκ ,Q =∑ν∈Q δκ ,ν . Such terms are necessary to avoid
counting portions of Tz and Q into the block R.

As a first step, we compute the term
∑

ζ Rζ ,κδζ ,z in this
noise model. For the sake of readability, let us further

denote by δ̃i,z the quantity
∑

ζ δ̃i,ζ δζ ,z,

∑

ζ

Rζ ,κδζ ,z = 1
dκ

∑

i,j

Tr
[
PiW†N †(Pj )W

]2
δ̃i,z δ̃j ,κδκ ,Q

= 1
dκ

∑

i,j

Tr

[
∑

μ

wi,μPμN †(Pj )

]2

δ̃i,z δ̃j ,κδκ ,Q

= 1
dκ

∑

i,j

Tr

[
∑

μ

wi,μN (Pμ)Pj

]2

δ̃i,z δ̃j ,κδκ ,Q

= 1
dκ

∑

j

∑

μ,ν

(
∑

i

wi,μwi,ν δ̃i,z

)
Tr
[
N (Pμ)Pj

]

× Tr
[
N (Pν)Pj

]
δ̃j ,κδκ ,Q, (C5)

where wi,μ = Tr
[
WPiW†Pμ

]
. Recall that, by definition of

LTM, if Pi ∈ Bz, then WPiW† ∈ Bz as well. For this reason,
wi,μ = 0 ∀μ s.t.Pμ /∈ Bz, i.e., wi,μ = wi,μδ̃μ,z δ̃i,z. Further-
more, we have that

∑

i

wi,μwi,ν δ̃i,z δ̃μ,z δ̃ν,z

=
∑

i

wi,μwi,ν

=
∑

i

Tr
[
WPiW†Pμ

]
Tr
[
WPiW†Pν

]

= Tr

[(
∑

i

Tr
[
PiW†PνW

]
)

PiW†PμW

]

= Tr
[
W†PνWW†PμW

]

= Tr
[
PνPμ

] = δμ,ν = δμ,ν δ̃μ,z δ̃ν,z. (C6)

Consequently, we have

∑

ζ

Rζ ,κδζ ,z = 1
dκ

∑

j

∑

μ,ν

δμ,ν δ̃μ,zTr
[
N (Pμ)Pj

]

Tr
[
N (Pν)Pj

]
δ̃i,κδκ ,Q

= 1
dκ

∑

j ,μ

Tr
[
N (Pμ)Pj

]2
δ̃j ,κ δ̃μ,zδκ ,Q

= 1
dκ

∑

j ,μ

Tr
[√

d�̃μPj

]2
δ̃j ,κ δ̃μ,zδκ ,Q

= d
∑

μ

(��̃μ)κ

dκ
δ̃μ,zδκ ,Q = d

∑

μ

(��μ)κ

dκ
δ̃μ,z.

(C7)
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Putting everything into Eq. (C4), we get

(A�H )z

d
= 1

d

∑

ζ ,κ ,λ

Rζ ,κ(1 − Q)−1
κ ,λ(�H )λδζ ,z

=
∑

μ

∑

κ ,λ

(��μ)κ

dκ
(1 − Q)−1

κ ,λ(�H )λδζ ,z δ̃μ,z

=
∑

μ

(��μ , (1 − Q)−1�H )δ̃μ,z

=
∑

μ

(��μ , �H )δ̃μ,z+

+
∑

μ

(��μ , (1 − Q)−1Q�H )δ̃μ,z, (C8)

where we used the identity (1 − Q)−1 = 1 − (1 −
Q)−1Q. Expanding (1 − Q)−1 =∑∞

l=0 Ql, we get (1 −
Q)−1Q =∑∞

l=1 Ql, which is entrywise non-negative. This
implies that (��μ , (1 − Q)−1Q�H ) ≥ 0 ∀μ, proving the
proposition. �

As a special case of Proposition C1, we have that

(A�H )0

d
≥ (�Q(τ ), �H ). (C9)

Furthermore, if the map is unital, τ = N (1/d) = 1/d and
�Q(τ ) = 0, so the bound becomes vacous in agreement with
Corollary A2.

As a second theoretical point, we show how the gen-
eral scaling for the variance obtained in the literature (e.g.,
Theorem 6 in Ref. [32]) can also be recovered in this for-
malism, by considering absorption to the trivial subspace
only.

Proposition C2. If the noise channel in Eq. (C4) is
further simplified to N = N̄⊗n, where N̄ is a single-
qubit, nonunital channel, then the trivial subspace B0 is
the only norm-preserving, strictly connected component,
its corresponding absorption coefficient scales as

(A�H )0

d
∈
∑

i

h2
i e�(|Pi|), (C10)

where H =∑i hiPi denotes the Pauli decomposition of H
and |Pi| denotes the number of nontrivial terms in Pi.

Proof. First, we show that in this case, all subspaces Bκ
pertain to strictly contractive components, except the triv-
ial one. In particular, if

∑
κ Qκ ,λ < 1, ∀λ, this is the case

by the subinvariance theorem (Theorem E2),

∑

κ

Qκ ,λ = 1
dλ

∑

i,j

Tr
[
PiW†N †(Pj )W

]2
δ̃j ,λ

= 1
dλ

∑

i,j

Tr
[
BiN †(Pj )

]2
δ̃j ,λ

= 1
dλ

∑

j

Tr
[
N †(Pj )

2] δ̃j ,λ

= 1
dλ

∑

j

∏

m

Tr
[
N †

m(Pjm)
2] δ̃j ,λ

=
∏

m

1
dm

dm∑

jm=1

Tr
[
N †

m(Pjm)
2]

=
∏

m

1
dm

dm∑

jm=1

‖N †
m(Pjm)‖2

2, (C11)

where the product is carried over all partitions correspond-
ing to the local 2-designs. By Lemma E2, ‖N †

m(Pjm)‖2
2 ≤

λ2
jm + t2jm ≤ 1. We claim that, when λm = 1, then at least

one of such terms in the inner sum in Eq. (C11) is strictly
less than one. Indeed, if the equality holds for all jm, since
we are free to choose the local basis Pjm , this would imply
that the channel is norm-preserving, i.e., unitary, which is a
contradiction since Nm are assumed to be nonunitary chan-
nels. In turn, this implies that the average is also strictly
less than one. Contrarily, when λm = 0, ‖N †

m(P0m)‖2
2 = 1

by trace preservation.
Let cm denote the average

cm = 1
dm

dm∑

jm=1

‖N †
m(Pjm)‖2

2 < 1, (C12)

and let c = maxm|λm=1 cm. Then
∑

κ

Qκ ,λ <
∏

m

c = c|λ|, (C13)

where |λ| denotes the number of nonzero entries of λ,
which proves the first part.

For the second part, recall that, by definition of local-
ity vector, if H =∑i hiPi, then �H =∑i h2

i �Pi , so the
absorption coefficients can be computed as

(A�H )0

d
=
∑

i

h2
i
(A�Pi)0

d
. (C14)

Equation (C4) already gives us a lower bound,

(A�Pi)0

d
≥ (�τ , �Pi) = (�τ )κ

dk
∈ 


(
1
dκ

)
= e
(|κ|). (C15)
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FIG. 4. Relation between the circuit structure used in [32,33] and the present work. The interleaved local two-design architecture is
a special case of Eq. (2), with a SWAP cascade as entangling layer.

For the upper bound, we estimate the scaling of
(�τ , (1 − Q)−1Q�Pi). Let P̃i be an operator such that �P̃i

=
Q�Pi . Then

(�τ , (1 − Q)−1Q�Pi) ≤ (�τ , (1 − Q)−1�P̃i
)

≤ V∞
τ ,P̃i

≤ ‖τ‖2
2‖P̃i‖2

2, (C16)

by construction, since single-qubit channels are contractive
under the 2-norm [46]. By construction, we have

‖P̃i‖2
2 =

∑

κ

(Q�Pi)κ =
∑

κ ,λ

Qκ ,λ(�Pi)λ ≤ ‖Pi‖2
2c|Pi|,

(C17)

since (�Pi)λ = δ̃i,λ, which shows the upper bound complet-
ing the proof. �

This includes as a special case Theorem 6 in Ref. [32],
as their model can be expressed in our formalism by con-
sidering two-qubit local subsystems Hm = (C2)⊗2 in the
definition of Eq. (2), and a SWAP-cascade entangling layer
as illustrated in Fig. 4.

2. Numerical validation

While, as shown in Proposition C2, for noise models
composed of repeated applications of the same single-qubit
nonunital channel, B0 remains the only relevant subspace
in the deep circuit limit, our analysis indicates that when
unital and nonunital channels are mixed, additional sub-
spaces can also contribute nontrivially. This suggests the
emergence of a novel absorption phenomenon not captured
by prior models. We numerically validate this claim below
with a pedagogical example.

Consider a circuit composed of four qubits, with single-
qubit local subsystems Hm = C2. Let the entangling gate
be of the form Eq. (C4), where W and N = N0 ⊗ N2 are
described in Fig. 5. In particular, N0 is a depolarizing
channel defined as

N0(ρ) =
(

1 − 3γ0

4

)
ρ + γ0

4
X ρX + γ0

4
YρY + γ0

4
ZρZ,

(C18)

FIG. 5. Intermediate channel for the numerical experiments and corresponding locality transfer matrix. On the left, the circuit used in
the numerical study, including the structure of the entangling unitary W, and noise channel N = N0 ⊗ N2, where N0 is a depolarizing
channel and N2 is an amplitude damping channel. On the right, the heatmap of the locality transfer matrix entries in logarithmic scale,
where strictly contractive component Q, and the absorption terms R0 and R1 are highlighted in red.
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with γ0 = 5 × 10−2 and N2 is an amplitude damping
channel, defined as

N2(ρ) = K0ρK†
0 + K1ρK†

1 ,

K0 =
(

1 0
0

√
1 − γ2

)
K0 =

(
0

√
γ2

0 0

)
, (C19)

with γ2 = 2 × 10−1.
Since the dimension of the system is small, we can block

diagonalize T, showing the presence of two distinct norm-
preserving, strongly connected components, namely, the
trivial component T0 corresponding to B′ and T1 corre-
sponding to B1 = Bκ=(0100). Their respective dimensions
are d0 = 1 and d1 = dκ=(0100) = d2

m=1 − 1 = 3. We now
estimate the magnitude of the absorption effects using
Proposition C1. We start by computing the action of N2
on the Pauli basis. Applying the definition, we have

N2(1) = 1 + γ2Z, N2(X ) =
√

1 − γ2X ,

N2(Y) =
√

1 − γ2Y, N2(Z) = (1 − γ2)Z.
(C20)

Using these relations, we can now easily compute the
operators τ , and �̃j , j ∈ Bκ=(0100). In particular, we have

τ = N0(1)⊗ 1 ⊗ N2(1)⊗ 1/d

= 1 ⊗ 1 ⊗ (1 + γ2Z)⊗ 1

= 1/d + γ211Z1/d,

�̃j = N0(1)⊗ Pj1 ⊗ N2(1)⊗ 1/d

= 1 ⊗ Pj1 ⊗ (1 + γ2Z)⊗ 1

= 1Pj111/d + γ21Pj1Z1/d, (C21)

which yields the operators �0 = Q(τ ) = γ211Z1/d and
�j = Q(�̃j ) = γ21Pj1Z1/d to estimate the absorption
coefficients. In particular, this leads to the locality vectors

(��0)κ = γ 2
2 δκ ,(0010) and

∑

j

(��j )κ = 3γ 2
2 δκ ,(0110).

(C22)

This implies that, by choosing H0 ∈ Bκ=(0010) and H1 ∈
Bκ=(0110), we are guaranteed to have a nonvanishing
absorption term to B0 and B1, respectively. Let’s fix them
to H0 = 11X 1 and H1 = 1XX 1. Then we have

(A�H0)0 ≥ dγ 2
2 /3 and (A�H1)1 ≥ dγ 2

2 /3, (C23)

where the factors of 3 appear in accordance with the
dimensions dκ=(0010) = 3 and dκ=(0110) = 9. The last step
involves putting the lower bounds of Eq. (C23) back into

the formula for V
∞
ρ,H of Eq. (15), namely, estimating the

quantity

(�ρ)z(A�H )d

dz
. (C24)

Since all quantum states satisfy Tr [ρ] = 1, (�ρ)0 =
1/d∀ρ, and the first absorption term is always lower
bounded by γ 2

2 /3, regardless of the initial state.
On the contrary, the other absorption term depends

on the locality of the initial state on Bz=1, which is
not guaranteed to be nonzero in general. As an exam-
ple, the state ρA = |0000〉 〈0000| has nontrivial component
here, namely, (�ρ0)z=1 = 1/d, but the mixed state ρB ∝
|0000〉 〈0000| + |0110〉 〈0110| does not and (�ρB)z=1 = 0.
Without resorting to mixed states, also the entangled GHZ
state ρGHZ can be shown to similarly satisfy (�ρGHZ)z=1 =
0. Indeed, the lower bound established by Proposition C1
only holds for the H -term in V

∞
ρ,H of Eq. (15), but the

contribution could still result in an exponentially decay-
ing variance if the corresponding ρ-term vanishes. Putting
this into Eq. (C24), we get the lower bounds

(�ρ)0(A�H0)0

d0
≥ γ 2

2

3
∀ρ (C25)

and

(�ρA)1(A�H1)1

d1
≥ γ 2

2

9
,
(�ρB)1(A�H1)1

d1
= 0. (C26)

This means that, using the same circuit and observable, we
can get a NIBP concentration effect or not, depending on
the initial state that we select. Moreover, since H0 and H1
are orthogonal Pauli strings, �H0+H1 = �H0 + �H1 , suggest-
ing that, by using the observable Htot = H0 + H1, we are
guaranteed to observe both contributions when using ρA as
an initial state.

In the rest of this section, we numerically validate the
above claims. In particular, we study the behavior of V

L
ρ,H

as for an increasing amount of layers L, changing observ-
able H and initial state ρ to isolate different kinds of
contributions. Recalling Lemma E3, we can decompose
the variance contributions like

V
L
ρ,H = (�ρ , T L�H )

=
∑

z

[
(�ρ , TL

z �H )+ (�ρ , A(L)z �H )
]+ (�ρ , QL�H ),

(C27)

where the sum includes the nonvanishing terms in the limit
of large L and (�ρ , QL�H ), which instead vanishes in the
limit. Thanks to the choice of ρA and ρB, we have that
(�ρA , QL�H1) = (�ρB , QL�H1), thus removing the ambiguity
when both initial states are present in the same plot.
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FIG. 6. Example of the absorption effect in a system comprising a mixture of clean and noisy qubits, as described in Fig. 5. On the
left, we set H = H0 and ρ = ρA. For this choice of H , the absorption terms to Bz=1 vanish, enabling us to isolate and verify the model’s
ability to accurately reproduce the nonvanishing variance contributions analogous to those discussed in the literature, but within a more
general framework. On the right, we set H = Htot and ρ = ρA. In this case, both absorption terms are nonzero, illustrating how, in the
more general setting, a combination of the two effects—initial-state-dependent and initial-state-independent—can occur. The total
variance matches the sum of these contributions, in agreement with the prediction of Eq. (15).

Furthermore, since for both H = H0 and H = H1, H ∈
BQ, the norm-preserving terms vanish, i.e., T L

z �H = 0 ∀L,
leaving only the contributions (�ρ , A(L)z �H ). As rigorously
proven in Appendix E, these transient quantities are related
to the above analysis by the limit

lim
L→∞

(�ρ , A(L)z �H ) = (�ρ)z(A�H )z

dz
, (C28)

and in this sense represent the finite-depth equivalent of
absorption terms in Theorem IV.1.

After computing each term for the current model, we
estimate the variance numerically by randomly sampling
R = 200 circuit parameters and computing the sample
variance of the loss function defined in Eq. (1). Sim-
ulations are performed using the Pennylane software
framework [47].

The results are presented in both Fig. 3 and Fig. 6. In
Fig. 3, we numerically demonstrate the emergence of an
absorption term in the variance that depends on the cir-
cuit’s initial state. Specifically, we show that an NIBP
effect can be suppressed by appropriately choosing the ini-
tial state (ρ = ρA) and can reappear otherwise (ρ = ρB).
The agreement with the theoretical predictions indicates
that this behavior is explained by absorption into a nontriv-
ial, norm-preserving invariant subspace Bz=1. This stands
in stark contrast to previous descriptions of loss concen-
tration under both unital and nonunital noise, in which the
initial state played no role in determining the limiting vari-
ance. Furthermore, as shown in Fig. 6, we also identify an
initial-state-independent contribution from absorption into
the trivial subspace B0 (left) as well as a regime combining
both effects (right).

Finally, we note that while the numerical simulations
in this example are feasible due to the small size of the
system, the theoretical tools from Appendix C used to
motivate this example do not share this limitation and are,
in principle, applicable to much larger systems.

APPENDIX D: PROOF OF PROPOSITION IV.1

In this appendix we provide a proof for the building
blocks of the main results of this work. What follows hinge
on the structure of the circuit composed of L layers of
interleaved unitary and noise channels

�θ = UθL+1 ◦ EL ◦ UθL−1 . . . ◦ E1 ◦ Uθ1 . (D1)

In particular, we assume that Uθ : ρ 	→ UθρU†
θ , where

Uθ =⊗m U(m)
θm

is a local 2-design for the system. This
statement is more precisely captured here.

Definition D1 (Local design). Given a unitary ensem-
ble {Uθ }θ∈� with a given probability distribution over the
parameter space �, we say it forms a local t-design for the
system if each element is factorized with respect to the par-
tition, i.e., Uθ =⊗m U(m)

θm
each acting solely on Hm, and

additionally

∫

�

dθU(m)⊗t
θ ⊗ U(m)∗⊗t

θ =
∫

V∈U(dm)
dμ(V)V(m)⊗t ⊗ V(m)∗⊗t,

(D2)

where the second integral is performed with respect to the
Haar measure.
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With this notation in place, we are ready to start. The
first Lemma provides a formula for the expectation value
of a circuit in the aforementioned class, showing that they
form global 1-designs.

Lemma D1 (Global 1-design). Let A, B ∈ B, and let
{Uθ }θ∈� be a unitary ensemble forming a local 1-design.
Then

Eθ

{
Tr
[
AU†

θBUθ

]}
= Tr [A] Tr [B]

d
. (D3)

Proof. Let {Pj }j be a local basis for the system, and con-
sider the respective decompositions of A and B, namely,
A =∑i aiPi and B =∑j bj Pj . Note that each compo-
nent ai is defined as ai = Tr [PiA], and consequently a0 =
(1/

√
d)Tr [A] (respectively for B). Then we have the fol-

lowing chain of equalities:

∫

�

M∏

m=1

dθTr
[
AU†

θBUθ

]
=

=
∑

i,j

aibj

∫

�

M∏

m=1

dθTr
[
PiU

†
θPj Uθ

]

=
∑

i,j

aibj

M∏

m=1

∫

U∈U(dm)
dμ(U)Tr [[m]] P(m)im U†P(m)jm U

=
∑

i,j

aibj

M∏

m=1

1
dm

Tr [[m]] P(m)im Tr [[m]] P(m)jm

=
∑

i,j

aibj

M∏

m=1

δ0,imδ0,jm = a0b0, (D4)

where Trm denotes the partial trace over the mth subsystem.
�

Regarding the second moment, it can be computed using
the following lemma:

Lemma D2. Let {Pj } be a local basis and let {Uθ }θ∈� be
a unitary ensemble forming a local 2-design. Then

Eθ

{
Tr
[
PiU

†
θPj Uθ

]
Tr
[
PkU†

θPlUθ

]}
=

= δij δkl

M∏

m=1

(
δ0imδ0jm + (1 − δ0im)(1 − δ0jm)

1
d2

m − 1

)
.

(D5)

Proof. To prove this, we make use of the following
result of Weingarten Calculus

∫

U∈U(d)
dμ(U)Tr

[
AU†BU

]
Tr
[
CU†DU

]

= 1
d2 − 1

(Tr [A] Tr [B] Tr [C] Tr [D] + Tr [AC] Tr [BD])

+ 1
d(d2 − 1)

(Tr [AC] Tr [C] Tr [D]

+ Tr [A] Tr [C] Tr [BD]) . (D6)

Based on Eq. (D6), the result follows from direct inte-
gration:

M∏

m=1

∫

U∈U(dm)
dμ(U)Tr

[
P(m)im U†P(m)jm U

]
×

× Tr
[
P(m)km

U†P(m)lm U
]

=
M∏

m=1

1
d2

m − 1

(
Tr
[
P(m)im

]
Tr
[
P(m)jm

]
Tr
[
P(m)km

]
Tr
[
P(m)lm

]

+ Tr
[
P(m)im P(m)km

]
Tr
[
P(m)jm P(m)lm

] )

− 1
dm(d2

m − 1)

(
Tr
[
P(m)im P(m)km

]
Tr
[
P(m)jm

]
Tr
[
P(m)lm

]

+ Tr
[
P(m)im

]
Tr
[
P(m)km

]
Tr
[
P(m)jm P(m)lm

] )

=
M∏

m=1

1
d2

m − 1
(d2

m δ0imδ0jmδ0kmδ0lm

+ δimkmδjmlm − δ0imδ0kmδjmlm − δimkmδ0jmδ0lm)

=
M∏

m=1

δ0imδ0jmδ0kmδ0lm

+ 1
d2

m − 1
(δimkm − δ0imδ0km)(δjmlm − δ0jmδ0lm)

= δikδjl

M∏

m=1

(
δ0imδ0jm + (1 − δ0im)(1 − δ0jm)

1
d2

m − 1

)
.

(D7)

�

In particular, Lemma D2 can be used to compute the
variance of loss functions computed as expectation values
Lρ,H = Tr [Uθ (A)B], i.e., in the absence of intermediate
channels El.
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Proposition D1. Let A, B ∈ B, and let {Uθ }θ∈� be a
unitary ensemble forming a local 2-design. Then

Eθ

{
Tr
[
AU†

θBUθ

]2
}

= (�A, �B) , (D8)

where (·, ·) is the scalar product defined in Eq. (7).

Proof. Let {Pj } be a local basis for the system and con-
sider the respective decompositions of A and B. By Lemma
D2 we have

Eθ

{
Tr
[
AU†

θBUθ

]2
}

=

∑

i,j

a2
i b2

j

M∏

m=1

(
δ0imδ0jm + (1 − δ0im)(1 − δ0jm)

1
d2

m − 1

)
.

(D9)

In the following, it will be convenient to recast the prod-
uct on the right-hand side of Eq. (D9) into the equivalent
formulation

M∏

m=1

(
δ0imδ0jm + (1 − δ0im)(1 − δ0im)

1
d2

m − 1

)
=

=
∑

κ∈{0,1}M

1
dκ

M∏

m=1

(δ0imδ0jm)
1−κm(1 − δ0im)

κm(1 − δ0jm)
κm ,

(D10)

where the binary vectors κ ∈ {0, 1}M identify all pos-
sible sets Sκ introduced in Appendix B and dκ =∏M

m=1(d
2
m − 1)κm . Putting it back into Eq. (D9) we get

∑

κ∈{0,1}M

1
dκ

∑

i,j

a2
i b2

j

M∏

m=1

(δ0imδ0jm)
1−κm×

× (1 − δ0im)
κm(1 − δ0jm)

κm

=
∑

κ∈{0,1}M

1
dκ

(
∑

i

a2
i

M∏

m=1

δ
1−κm
0im (1 − δ0im)

κm

)
×

×
⎛

⎝
∑

j

b2
j

M∏

m=1

δ
1−κm
0jm (1 − δ0jm)

κm

⎞

⎠

=
∑

κ∈{0,1}M

1
dκ

(
∑

i

a2
i δ̃i,κ

)⎛

⎝
∑

j

b2
j δ̃j ,κ

⎞

⎠

=
∑

κ∈{0,1}M

(�A)κ(�B)κ

dκ
= (�A, �B), (D11)

from which the proposition follows. �

This can be extended to the general case introducing the
action of the intermediate channels El and, in particular, we
get the following proposition.

Proposition D2. Let A, B ∈ B and � : B → B be a lin-
ear map. Furthermore, let {Uθ1}θ1∈� and {Vθ2}θ2∈� be inde-
pendent, unitary ensembles each forming a local 2-design.
Then

Eθ1,θ2

{
Tr
[
AU†

θ1
�(Vθ2BV†

θ2
)Uθ1

]2
,
}

= (�A, T�B),

(D12)

where T is the locality transfer matrix associated with �.

Proof. Let B̃θ2 = �(Vθ2BVθ2). By Proposition D2, we
have

Eθ2Eθ1

{
Tr
[
AU†

θ1
Bθ2Uθ1

]2
}

= Eθ2

{
(�A, �B̃θ2

)
}

=
∑

κ∈{0,1}M

1
dκ
(�A)κ Eθ2

{
(�B̃θ2

)κ

}
. (D13)

Expanding the definition of the last term with respect to the
local basis {Pj }j and applying again Proposition D2 we get

Eθ2

{
(�B̃θ2

)κ

}
=
∑

i

Eθ2

{
Tr
[
PiB̃θ2

]2}
δ̃i,κ

=
∑

i

Eθ2

{
Tr
[
�†(Pi)V

†
θ2

BVθ2
]2
}
δ̃i,κ

=
∑

λ∈{0,1}M

1
dλ

∑

i,j ,k

Tr
[
Pi�(Pj )

]2 Tr [PkB]2 δ̃j ,λδ̃k,λδ̃i,κ

=
∑

λ∈{0,1}M

⎛

⎝ 1
dλ

∑

i,j

Tr
[
Pi�(Pj )

]2
δ̃i,κ δ̃j ,λ

⎞

⎠×

×
(
∑

k

Tr [PkA]2 δ̃k,λ

)

=
∑

λ∈{0,1}M

Tκ ,λ(�B)λ = (T�B)κ , (D14)

where �† is the Hermitian adjoint of � with respect to the
Hilbert-Schmidt scalar product. �

Iterated application of Proposition D2 for an initial state
ρ, an observable H , and a general intermediate quantum
channel E , yields Eq. (8).
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APPENDIX E: PROOF OF THEOREM IV.1

The proof of Theorem IV.1 is based on the character-
ization of the general LTM for the Hermitian adjoint E†

of arbitrary quantum channel. To do so, several aspects
of non-negative matrix theory, as well as the contractiv-
ity properties of E† are key. For the sake of clarity and
completeness we recall them in the following.

1. Preliminaries

In this appendix, we start with preliminary concepts
and definitions involving non-negative matrices, and then
we recall some well-known facts and definitions about
operator norms and quantum channel contractivity.

a. Elements of non-negative matrix theory

In this appendix, we briefly recap on the main results on
non-negative matrix theory useful in the proof of Theorem
IV.1. For a complete discussion and proofs of the cited
results, we refer the interested reader to Refs. [35,37]. Let’s
start by the definition of non-negative matrix.

Definition E1 (Non-negative matrix). A n × n matrix T
is said to be non-negative if each entry (T)ij ≥ 0.

The general behavior of non-negative matrices can vary
greatly, but there is a class of matrices, called irreducible,
which have very informative spectral properties.

Definition E2 (Irreducible matrix). A n × n non-
negative matrix T is said to be irreducible if for two
arbitrary indices i, j = 1, . . . n, there exist l = l(i, j ) ∈ N

such that (Tl)ij > 0. Moreover, we will say that T has
period p , where p is the greatest common divisor of all
l(i, i) that satisfy (Tl)ii > 0 ∀i.

Equivalently, if we introduce the graph GT whose adja-
cency matrix is T, then it can be shown that T is irreducible
if and only if GT is strongly connected and that the period
p reduces to the great common divisor of the lengths of
all closed directed paths in GT [35]. Furthermore, it will be
useful in the following to distinguish two classes of irre-
ducible matrices, namely, cyclic (or periodic) and primitive
(or aperiodic), which are characterized as having period
p > 1 and p = 1, respectively.

One of the main results involving irreducible matrices
is the celebrated Perron-Frobenius theorem, which char-
acterizes the spectral properties of this class. We recall it
here for convenience.

Theorem E1 (Perron-Frobenius). Let T be a n × n non-
negative, irreducible matrix. Then there exists an eigen-
value r of T, with corresponding right and left eigenvectors
v, w such that

(a) r ∈ R, r > 0 and is a simple root of the characteristic
polynomial,

(b) both w,v are the only eigenvectors that have strictly
positive components, i.e., vi, wi > 0 ∀i = 1, . . . n,

(c) v and w are unique up to a scalar multiple, and hence
can be taken to be normalized, i.e., vtw = 1,

(d) r ≥ |λ|, for all eigenvalue λ of T,

where r is called the Perron-Frobenius eigenvalue and P =
wvt the Perron projector. Moreover, if T is also aperiodic,
then we have the more restrictive

(d’) r > |λ|, for all eigenvalue λ �= r of T.

Another important result is the so-called subinvariance
theorem, which is a useful tool to bound the value of r for
a given irreducible matrix.

Theorem E2 (Subinvariance Theorem). Let T be a n × n
non-negative, irreducible matrix, s > 0 and y be a n-
dimensional row vector such that each component yi ≥ 0
and satisfying

ytT ≤ syt, (E1)

componentwise. Then yi > 0∀i and s ≥ r. Moreover,
equality holds if and only if s = r.

Finally, the last result allows us to exploit the knowledge
of the dominant eigenvalue to determine the asymptotic
properties of T L.

Theorem E3 (Asymptotic behavior of irreducible matri-
ces). Let T be a n × n non-negative, irreducible matrix.
Then the Cesàro average of T converges and we have

lim
L→∞

1
L

L∑

l=1

Tl/rl = P. (E2)

Moreover, if T is also aperiodic, then limit of T L/rL

converges, and we have

lim
L→∞

T L/rL = P, (E3)

where r and P are the Perron-Frobenius eigenvalue and
Perron projector, respectively.

Despite being less structured, it is a well-known fact
that general non-negative matrices can be cast to a canon-
ical block upper triangular form, where all blocks in the
diagonal are irreducible simply by means of a permuta-
tion matrix, i.e., by a relabeling of the basis elements.
In particular, concerning the diagonal, irreducible blocks
appearing in such decomposition, we will use the term
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essential when referring to the blocks such that all (T)i,j =
0 for all columns apart from the block itself and inessen-
tial otherwise. In terms of the graph GT, this distinction
is readily understood. As discussed above, irreducible
blocks correspond to strongly connected components, and
consequently essential blocks are strongly connected com-
ponents, which do not have edges connecting vertices in
it to vertices pertaining to other components. More sim-
ply, we can describe essential components as those whose
edges “do not lead outside.” In what follows, we name by
Tz all essential, irreducible components, and we group into
a single block Q all inessential components. The blocks Rz,
appearing on top of the block Q, represent the collection
of edges coming from inessential components and lead-
ing to essential ones. A graphical summary is depicted in
Eq. (E4).

(E4)

This, in particular, allows us to apply the results of this
section also to more generic matrices, such as LTMs,
which in general are not irreducible.

b. Useful results on quantum channel

In this appendix, we briefly introduce some relevant
properties of completely positive (CP) maps. These will
be especially useful in the trace preserving case (CPTP),
i.e., quantum channels, and the unital case (CPU), i.e., the
corresponding adjoint action with respect to the Hilbert-
Schmidt scalar product. In what follows, we will denote
by Mn the space of n × n matrices, which we can endow
with a norm as follows.

Definition E3 (Schatten norm). Given A ∈ Mn and p ∈
[1, ∞], we define the Schatten p-norm ‖ · ‖p : Mn → R as

‖A‖p = Tr
[(√

A†A
)p]1/p

. (E5)

A crucial property of Schatten norms is Hölder inequal-
ity, namely, |Tr

[
A†B
] | ≤ ‖A‖p‖B‖q, ∀A, B ∈ Mn, ∀p , q

s.t. 1/p + 1/q = 1. As a special case, for p = 2 we get
back the Hilbert-Schmidt norm, and Hölder inequality
reduces to the Cauchy-Schwarz inequality.

As a direct consequence of Definition E3, an induced
norm on linear operators acting on Mn can be defined.

Definition E4 (Induced norm). Given a linear operator
� : Mn → Mn we define the induced p → q norm as

‖�‖p→q := sup
A:‖A‖p =1

‖�(A)‖q. (E6)

Depending on the properties of such induced norms, we
might refer to the map � as contractive or strictly contrac-
tive. In particular, we will use the following definitions.

Definition E5 (Contractivity of linear maps). A lin-
ear operator � : Mn → Mn is said to be contractive with
respect to the p norm if ‖�‖p→p ≤ 1, and similarly to be
strictly contractive if ‖�‖p→p < 1.

Linear maps that are also CPTP are known to always be
contractive with respect to the 1-norm [48,49], but are in
general not contractive for other p-norms. This property,
together with Hölder’s inequality, allows putting an upper
bound on the value of the variance of an arbitrary, layered
quantum circuit.

Lemma E1 (Hölder’s inequality for variances). Let
A, B ∈ Mn be hermitian matrices, and �θ : Mn → Mn be
a parameterized quantum channel. In particular, consider
the L layered map of type Eq. (2). Then
∣∣Tr
[
�L
θ (A)B

]∣∣ ≤ ‖E‖L
p→p‖‖A‖p‖B‖q ∀θ ∈ �, (E7)

with 1/p + 1/q = 1. As a special case, if A = ρ and
B = H are a density operator and an observable, respec-
tively, then the variance can be upper bounded by V

L
ρ,H ≤

‖H‖2
∞∀L.

Proof. The result is the direct consequence of Hölder’s
inequality and contractivity of quantum maps. In particu-
lar, we have the following chain of inequalities:
∣∣Tr
[
�L
θ (A)B

]∣∣ ≤ ‖�L
θ (A)‖p‖B‖q

= ‖UθLE
(
�L−1
θ (A)

)
U†
θL

‖p‖B‖q

= ‖E (�L−1
θ (A)

) ‖p‖B‖q

≤ ‖E‖p→p‖�L−1
θ (A)‖p‖B‖q ∀θ ∈ �.

(E8)

By iterative application of this procedure, one can get the
result. The final remark holds due to the contractivity of
quantum channels, choosing p = 1 and q = ∞, and noting
that ‖ρ‖1 ≤ 1 for all density matrices. �

Specific classes of quantum channels can be shown to
be contractive with respect to a wider variety of norms. In
particular, we have that, for p ≥ 2, unitality of the map
is a necessary and sufficient condition for contractivity
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(see Theorem II.4 in [46]). Within unital channels, uni-
tary transformation U always saturate the bound, as they
have the additional property of being norm-preserving,
i.e., ‖U(A)‖p = ‖U†AU‖p = ‖A‖p . Finally, if we reduce
the action of the channel to the subset H0 ⊂ Mn of Her-
mitian, traceless matrices, then the unitality property is
no longer a necessary condition for contractivity. Indeed,
any single-qubit channel N is contractive in this setting,
i.e., ‖N |H0‖p→p ≤ 1∀p if n = 2. For single-qubit channels
we can even be more explicit, as shown in the following
lemma.

Lemma E2 (Single-qubit channel normal form). Let
{Pi} be the normalized (with respect to the Schatten 2-
norm) Pauli basis of M2, and N be a single-qubit channel.
Then there exist unitary matrices U, V such that N ′(·) =
U†N (V† · V)U satisfies

N ′(P0) = P0 +
∑

i>0

tiPi, N ′(Pi) = λiPi ∀i > 0, (E9)

where
∑

i>0(ti + λiαi)
2 ≤ 1, ∀αi ∈ R s.t.

∑
i>0 α

2
i ≤ 1.

Proof. It has been shown in [50,51] that any single
qubit quantum channel can be cast in the canonical form
of Eq. (E9) by means of a change of basis. Furthermore,
the constraint on the parameters follows, analogously to
[32], by considering that any single-qubit state must have
bounded purity, namely, Tr

[
ρ2
] ≤ 1, and since N ′ is

a channel, the same must hold for N ′(ρ). Since any
qubit state can be decomposed in terms of {Pi}i as ρ =
1/

√
2P0 + 1/

√
2
∑

i>0 αiPi, αi ∈ R, we get

Tr
[
ρ2] = 1 + α2

i

2
≤ 1,

Tr
[
N ′(ρ)2

] = 1 +∑i>0(ti + λiαi)
2

2
≤ 1, (E10)

respectively, which concludes the proof. �

Considering instead CPU maps, the most relevant result
is Kadison-Schwarz inequality, which for our purposes can
be stated as follows:

Theorem E4 (Kadison-Schwarz inequality [52]). Let
A, B ∈ H0, and � : Mn → Mn be a CPU map. Then

�(A)�(B) ≤ �(AB). (E11)

All these properties will be useful to characterize the
spectral properties of interest of the LTM of quantum
channels.

2. Further characterizations of LTMs

We now study the structure of the LTM of a general CPU
map. Thanks to this analysis, we will be able to compute
the limiting value V

∞
ρ,H by describing the quantum cir-

cuit in the Heisenberg picture. Denoting by T the resulting
LTM, we start by computing the general form of integer
powers T L of T.

Lemma E3 (Limiting form of T). Let � : B → B be a
CPU map and T be the corresponding LTM. Then T and
T L take the form

(E12)

up to a basis state index permutation, where each Tz is an
irreducible matrix, and A(L)z =∑L−1

l=0 Tl
zRzQL−1−l.

Note that here, we split the contributions Rz correspond-
ing to each component Tz for convenience. This is related
to the convention of Fig. 2 by the relation R =∑z Rz with
clear meaning of the symbols.

Proof. We start by putting T into the canonical form of
Eq. (E4). In this form, the powers of the diagonal blocks TL

z
are trivially the diagonal blocks of T L. Instead, the result
about A(L) follows by induction. In fact, both the base case
and the inductive one follow from matrix multiplication
rules of T · T and T L−1 · T, respectively. In particular, we
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have

A(2)z = TzRz + RzQ,

A(L)z = TL−1
z Rz + A(L−1)Q

= TL−1
z Rz +

L−2∑

l=0

Tl
zRzQL−1−l

=
L−1∑

l=0

Tl
zRzQL−1−l, (E13)

which gives the proposition. �

As already shown in Lemma E1, the value of the vari-
ance is upper bounded by ‖H‖2

∞. Since by Proposition
IV.1, this quantity is linked to (�ρ , T L�H ), it is expected
that the spectral radius ρ(T) of T is upper bounded by 1.
More specifically, we can prove the following proposition.

Proposition E1 (Spectral radius of T). Let � : B → B
be a CPU map and T be the corresponding LTM. Then T is
contractive in the sense of the spectral radius, i.e., ρ(T) ≤
1. Moreover, the component Q is strictly contractive,
namely, ρ(Q) < 1.

Proof. The statement follows as a consequence of
the Kadison-Schwarz inequality and the subinvariance
theorem.

First note that, for a generic �, the structure of Q is not
as well-behaved as Tz, as Q is not necessarily irreducible.
However, as any non-negative matrix, Q can also be cast in
canonical block upper triangular form by means of a basis
permutation, where each diagonal block is irreducible.

(E14)

With this in mind, we can study the spectral radius of T and
Q in terms of the spectral radii of each block Tz and Qk,
i.e., the corresponding Perron eigenvalues, since ρ(T) =
max{maxz rz, maxk rQk } and ρ(Q) = maxk rQk .

By Lemma B2, we are free to choose the basis used to
express the matrix T. In particular, we choose the normal-
ized Pauli basis {Pi}, which, besides being a local basis
for B, is also unitary up to normalization, namely, P2

i =
1/d ∀i. Exploiting Eq. (B4), we can compute the column

sum of T as

∑

κ

Tκ ,λ =
∑

κ

1
dλ

∑

i,j

Tr
[
Pi�(Pj )

]2
δ̃i,κ δ̃j ,λ

= 1
dλ

∑

i,j

Tr
[
Pi�(Pj )

]2
δ̃j ,λ

(
∑

κ

δ̃i,κ

)

= 1
dλ

∑

i,j

Tr
[
Pi�(Pj )

]2
δ̃j ,λ = 1

dλ

∑

j

Tr
[
�(Pj )

2] δ̃j ,λ

≤ 1
dλ

∑

j

Tr
[
�(P2

j )
]
δ̃j ,λ = 1

dλ

∑

j

δ̃j ,λ = 1, (E15)

where the third and last equality follow from Lemma B1,
the inequality is Kadison-Schwarz and the second to last
equality is the unitary property of the basis. If � is uni-
tary, the inequality is saturated, and T becomes a stochastic
matrix. In general, Eq. (E15) shows substochasticity of
T. Indeed, this condition can be recast in vector form as
vtT ≤ vt, where vκ = 1∀κ . In particular, this holds for all
irreducible blocks in the diagonal, which by the subinvari-
ance theorem implies rz ≤ 1 and rQk ≤ 1, giving ρ(T) ≤ 1.
Focusing on Q, we observe that, by definition, each irre-
ducible block Qk is inessential, i.e., is connected to some
other block. In terms of the matrix T, this means that, con-
sidering the columns involving Qk, there is always an index
λ in the support of Qk such that

∑

κ

(T − Qk)κ ,λ > 0, (E16)

which implies that ∃λ s.t.
∑

κ(Qk)κ ,λ < 1. Written in
matrix form, this reads vtQk ≤ vt, vtQk �= vt, which by
the subinvariance theorem, implies rQk �= 1. Putting every-
thing together, one gets ρ(Q) < 1. �

When analyzing the single irreducible components Tz,
we can be more specific and find an equivalence between
the value of the column-sum of the block and the value of
the corresponding spectral radius. This is especially useful
in the computation of the dominant eigenvectors, which is
explicitly stated in the following corollary.

Corollary E1. Let T be a LTM and Tz be an irreducible
block, then ρ(Tz) = 1 ⇔∑

κ(Tz)κ ,λ = 1, or equivalently
vt

zTz = vt
z, where (vz)κ = 1∀κ is the left eigenvector of the

dominant eigenvalue.

Proof. The result follows from the same proof strategy
as above and is a direct consequence of the subinvariance
theorem. �

Intuitively, the blocks that are out of such hypothe-
sis won’t contribute to the large L limit, and indeed the
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contribution of the Q, Tz, and A(L)z is bounded to decay
exponentially in the number of layers.

Proposition E2. Let T be a LTM, and let Tz be an irre-
ducible block with rz < 1. Then, as L → ∞, ‖TL

z ‖ → 0
and ‖A(L)z ‖ → 0 exponentially fast for any matrix norm
‖ · ‖. Similarly, also ‖QL‖ → 0.

Proof. The proposition can be proven using Gelfand’s
formula. In particular since limL→∞ ‖TL

z ‖1/L = rz, we can
always bound ‖TL

z ‖ ≤ Kτ L, for some constant K > 0 and
τ = rz + ε < 1 for an arbitrarily small ε. In the same way,
by Proposition E1 a similar result can be obtained for Q.
Finally, the absorption term A(L)z can also be bounded using
Lemma E3. In that case we have

‖A(L)z ‖ ≤
L−1∑

l=0

‖TL
z ‖‖Rz‖‖QL−1−l‖

≤ ‖Rz‖KTKQτ
lκL−1−l ≤ KAα

L, (E17)

with some constant KA > 0 and α = max{κ , τ } < 1. This
can be obtained again using Gelfand’s formula on both Tz
and Q, and by subadditivity and submultiplicativity of the
matrix norm ‖ · ‖. �

3. Proof of Theorem IV.1

It is important to note that the limiting value of V
L
ρ,H for

layered, locally random channels as in Definition III.2 is
obtained by studying the spectral properties of the LTM of
the intermediate channel in the Heisenberg picture. In par-
ticular, the previous discussion suggests a limiting value
for the variance of the form

V
∞
ρ,H =

∑

z | ρ(Tz)=1

(�ρ , wz)(�H )z + (�ρ , wz)(A�H )z, (E18)

with some normalized, strictly positive vector wz, and an
absorption matrix A given by the limit [53]

A = lim
L→∞

∑

z

A(L)z . (E19)

Indeed, the following shows that this is the case and
provides an analytical form for A.

Theorem E5 (Deep circuit variance). Let ρ, H ∈ B and
let�θ a be layered, locally random channel as in Definition
III.2. Then the Cesàro average of V

L
ρ,H converges to

Eq. (E18), and we have

∣∣∣∣∣
1
L

L∑

l=0

V
l
ρ,H − V

∞
ρ,H

∣∣∣∣∣ ∈ O
(
e−βL‖H‖2

2

)
, (E20)

for some constant β > 0. Additionally, if all essential
blocks are aperiodic, then V

L
ρ,H is convergent, and we have

∣∣VL
ρ,H − V

∞
ρ,H

∣∣ ∈ O
(
e−βL‖H‖2

2

)
, (E21)

where the right eigenvector wz of Tz is a strictly posi-
tive vector, i.e., (wz)κ > 0 ∀κ , and A = R(1 − Q)−1 are the
absorption coefficients of each essential block.

Proof. Thanks to Proposition E2, only irreducible com-
ponents with ρ(Tz) = 1 will contribute to the limit, so we
can restrict our analysis to those alone. Consider then an
irreducible block Tz with unit spectral radius and of period
d. While the full version of Perron-Frobenius theorem does
not directly apply to Tz, it is a well-known result of non-
negative matrix theory [35,37] that the matrix Td

z can be
cast to a block diagonal form by a permutation, with irre-
ducible and aperiodic blocks, for which we can apply it.
However, it is crucial to notice that while limN→∞ TdN

z =
T(d∞)

z exists, this does not imply that limL→∞ TL
z does.

In fact, different subsequences might have different lim-
iting values and, in particular, limN→∞ TdN+m

z = T(d∞)
z Tm,

which is different for all m = 0, . . . d − 1. In the periodic
scenario then, TL

z does not have a limit, and the only
convergent quantity is the Cesàro average, i.e.,

Pz = lim
L→∞

1
L

L∑

l=1

Tl
z = T(d∞)

z
1
d

d−1∑

m=0

Tm
z , (E22)

where Pz = wzv
t
z can be shown to be the Perron projector

associated with Tz [35,37]. Despite being more cumber-
some, a totally analogous approach allows determining
the limiting values of A(dN+m) as well, as shown in the
following proposition. �

Proposition E3. Given a LTM with a periodic irre-
ducible block Tz of period d, then

lim
N→∞

A(dN+m) = T(d∞)A(m) + A(d∞)Qm, (E23)

where A(d∞) =∑d−1
m=0 T(d∞)A(d)(1 − Qd)−1 and A(0) = 0.
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Proof. Starting from the definition of A(l), we can first
find the limiting value A(d∞) of A(dN ),

A(dN ) =
Nd−1∑

l=0

Tl
zRzQdN−1−l

=
d−1∑

m=0

N−1∑

n=0

Tnd+m
z RzQ(N−1)d−nd+d−1−m

=
d−1∑

m=0

N−1∑

n=0

Tnd
z Tm

z RzQd−1−m(Qd)N−n

=
N−1∑

n=0

Tnd
z A(d)(Qd)N−n

= T(d∞)
z A(d)

N−1∑

n=0

(Qd)N−n +
N−1∑

n=0

�(n)
z A(d)(Qd),N−n ,

(E24)

where �(N )
z = TdN

z − T(d∞)
z . Since Td

z is block diagonal,
and each of the d blocks Tzm is irreducible and ape-
riodic, we have that TN

zm → Pzm exponentially fast, i.e.,
‖TN

zm − Pzm‖ = ‖�(N )
zm ‖ < Kzmτ

N
zm, for some K > 0 and

τ < 1. Then, ‖�(N )
z ‖ ≤∑d

m=0 ‖�(N )
zm ‖ ≤ Kzτ

N
z , where τ =

maxm{τzm} < 1. Together with Proposition E1, this implies
that the last term in Eq. (E24) approaches zero with the
same exponential speed, similarly to what happens in
Proposition E2. Putting everything together, and consider-
ing that

∑N−1
n=0 X n → (1 − X )−1 ∀X such that ρ(X ) < 1,

we have

A(d∞) = T(d∞)A(d)(1 − Qd)−1. (E25)

At this point, by induction similarly to Lemma E3, one
can easily show that

A(dN+m) = T(dN )A(m) + A(dN )Qm, (E26)

which yields the proposition. �

In particular, the Cesàro average converges and we have
the expression

Az = lim
L→∞

1
L

L∑

l=1

A(l) = 1
d

d−1∑

m=0

T(d∞)A(m) + A(d∞)Qm.

(E27)

Recalling that the right eigenvector vz can be explic-
itly calculated when ρ(Tz) = 1 (see Corollary E1), this
allows to obtain the final form of V

∞
ρ,H by ordinary matrix

vector multiplication. As a special case, if all relevant
blocks Tz are aperiodic, then the limits of TL

z and A(L)z

converge, and we have Pz = T(1∞)
z and Az = A(1∞)

z =
PzRz(1 − Q)−1. Finally, the exponential upper bound in
Eqs. (E20) and (E21) is also obtained as a consequence
of the preceding analysis. In particular, if we denote by T∞
the matrix with Pz in place of Tz, Az in place of Rz and zero
otherwise, we have

∣∣∣∣∣
1
L

L∑

l=0

V
l
ρ,H − V

∞
ρ,H

∣∣∣∣∣

=
∣∣∣∣∣

(
�ρ ,

1
L

L∑

l=0

Tl − T∞�H

)∣∣∣∣∣

≤
∥∥∥∥∥

1
L

L∑

l=0

Tl − T∞
∥∥∥∥∥
√
(�ρ , �ρ)(�H , �H ), (E28)

by Cauchy-Schwarz inequality. Since all blocks converge
exponentially fast from the above discussion, the matrix
norm is also exponentially decaying. Moreover, by con-
struction (�A, �A) ≤ √∑κ(�A)2κ ≤∑κ(�A)κ = ‖A‖2

2 ∀A ∈
B, which concludes the proof.

While for an explicit calculation of wz one should in
general rely on case-specific analyses, a general result can
be derived for a subclass of channels especially useful in
the context of quantum computing, namely, single-qubit
noise.

Proposition E4 (Single-qubit noise). Let ρ, H ∈ B and
let �θ be a layered, locally random quantum channel as
in Definition III.2. Assume moreover that the interme-
diate channel is of the form E = N (WρW†), where W
is a unitary transformation and N = N1 ⊗ · · · ⊗ Nn is a
composition of single-qubit quantum channels. Then

V
∞
ρ,H =

∑

z | ρ(Tz)=1

(�ρ)z(�H )z

dz
+ (�ρ)z(A�H )z

dz
. (E29)

Proof. Without loss of generality, we can consider the
single qubit channels Nm to be in their normal form of
Lemma E2. In particular, this holds due to the invari-
ance of the LTM with respect to changes of local bases
(Lemma B2). In terms of the adjoint maps N †

m, this con-
dition reads N †

m(Pjm) = tjmP0 + λjmPj and can be used to

compute Tr
[
N †

m(Pjm)
2
]

= t2jm + λ2
jm ≤ 1 by Lemma E2.

We now show that, when Pj ∈ Bz pertains to an irreducible
component of spectral radius ρ(Tz) = 1, then the inequal-
ity must be saturated. In particular, thanks to Corollary E1
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we know that
∑

κ(Tz)κ ,λ = 1. By Eq. (E15) this implies

∑

κ

(Tz)κ ,λ = 1
dλ

∑

j

Tr
[
(W†N †(Pj )W)2

]
δ̃j ,λ

= 1
dλ

∑

j

Tr
[
N †(Pj )

2] δ̃j ,λ

= 1
dλ

∑

j

M∏

m=1

Tr
[
N †

m(Pjm)
2] δ̃j ,λ = 1. (E30)

Since each term in the product is upper-bounded by
1, Eq. (E30) implies Tr

[
N †

m(Pjm)
2
]

= t2jm + λ2
jm = 1 ∀jm.

This condition is only compatible with Lemma E2 if t2jm =
0 and λ2

jm = 1. This result can now be used to show that the
adjoint of T†

z of the LTM Tz must also be column stochas-
tic. Indeed, if we consider the expansion of WPj W† with
respect to the normalized Pauli basis, we can get

∑

κ

(Tz)
†
κ ,λ = 1

dλ

∑

j

Tr
[
N (WPj W†)2

]
δ̃j ,λ

= 1
dλ

∑

j

Tr

⎡

⎣
(
∑

i

Tr
[
PiWPj W†]N (Pi)

)2
⎤

⎦ δ̃j ,λ

= 1
dλ

∑

j

Tr

⎡

⎣
(
∑

i

Tr
[
PiWPj W†]∏

m

λimPi

)2
⎤

⎦ δ̃j ,λ

= 1
dλ

∑

i,j

∏

m

λ2
imTr

[
PiWPj W†]2 δ̃j ,λ

= 1
dλ

∑

j

Tr
[
WP2

j W†
]
δ̃j ,λ = 1. (E31)

This allows to compute the right eigenvector wz of the
leading eigenvalue of Tz. Using Eq. (B7), we have indeed

∑

λ

(Tz)κ ,λdλ =
∑

λ

(Tz)
†
λ,κdκ = dκ , (E32)

which implies (wz)λ = dλ/dz, where the normalization fac-
tor dz =∑λ dλ is necessary to ensure wzv

t
z = Pz is indeed

a projection, thus concluding the proof. �

As a consequence of this last result, we can compute the
variance of generic unitary circuits.

Corollary E2 (Unitary circuits). Let ρ, H ∈ B and let
�θ be a layered, locally random quantum channel as in
Definition III.2, with unitary intermediate channel E(ρ) =
WρW†. Then we have

V
∞
ρ,H =

∑

z>0

(�ρ)z(�H )z

dz
. (E33)

Proof. This form of the variance is a special case of
Proposition E4, putting N (ρ) = ρ, and noting that the
absorption terms must vanish. In particular, this follows
from Eq. (E15), observing that unitary channels satu-
rate Kadison-Schwarz inequality, which combined with
Corollary E1 imply Q = 0 and consequently R = 0 and
A = 0. �

A similar computation is also possible for global noise
channels, like correlated Pauli noise. In particular, (wz)κ
can be analytically computed the intermediate if channel
E is of the form E(ρ) = N (WρW†), with N (ρ) a diago-
nal Pauli channel. More precisely, we have the following
proposition.

Proposition E5 (Global Pauli noise map). Let ρ, H ∈ B
and let �θ be a layered, locally random quantum channel
as in Definition III.2. Assume moreover that the interme-
diate channel is of the form E(ρ) = N (WρW†), where
N (ρ) =∑k pkP̄kρP̄k, with pk ≥ 0,

∑
k pk = 1 and P̄k

denote non-normalized Pauli string, i.e., satisfying P̄2
k = 1.

Then

V
∞
ρ,H =

∑

z | ρ(Tz)=1

(�ρ)z(�H )z

dz
. (E34)

In particular, ρ(Tz) = 1 if and only if [P̄k, Pj ] = 0 ∀Pj ∈
Bz ∀P̄k|pk > 0.

Proof. The proof follows the same path as Proposition
E4. In particular, from the definition of the intermedi-
ate channel, it follows that N is unital. This implies that
Tr
[
N (Pj )

2
] ≤ Tr

[
N (P2

j )
]

= 1 ∀j by Kadison-Schwarz
inequality. More specifically, we can compute the action
of N explicitly on (normalized) Pauli strings as follows:

N (Pj ) =
∑

k

pkP̄kPj P̄k =
∑

k

pksk,j Pj = N †(Pj ),

(E35)

where sk,j = 1 if P̄k and Pj commute, and si,j = −1 other-
wise. From this it follows that

N (Pj )
2 = N †(Pj )

2 =
(
∑

k

pksk,j

)2
1

d
. (E36)

Combining it to Corollary E1 and Eq. (E30), we get that
ρ(Tz) = 1 ⇔∑

κ(Tz)κ ,λ = 1 ⇔∑
k pksk,j = 1, i.e., sk,j =

1∀k|pk > 0 ∀j ∈ Tz.
Let’s denote for convenience by cj the quantity cj =∑
k pksk,j . The previous discussion implies |cj | ≤ 1 ∀j ,
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with equality holding for all elements of Bz. Then we have

∑

κ

(Tz)
†
κ ,λ = 1

dλ

∑

j

Tr
[
N (WPj W†)2

]
δ̃j ,λ

= 1
dλ

∑

j

Tr

⎡

⎣
(
∑

i

Tr
[
PiWPj W†]N (Pi)

)2
⎤

⎦ δ̃j ,λ

= 1
dλ

∑

j

Tr

⎡

⎣
(
∑

i

Tr
[
PiWPj W†] ciPi

)2
⎤

⎦ δ̃j ,λ

= 1
dλ

∑

i,j

c2
i Tr
[
PiWPj W†]2 δ̃j ,λ

= 1
dλ

∑

j

Tr
[
WP2

j W†
]
δ̃j ,λ = 1. (E37)

By Eq. (E32), we get again (wz)λ = dλ/dz.
As a last step, we show how the absorption coefficients

must vanish in this case. This is a consequence of the fact
that |cj | ≤ 1. Indeed, by computing a generic element Tκ ,λ,
we get

Tκ ,λ = 1
dλ

∑

i,j

Tr
[
PiW†N (Pj )W

]2
δ̃i,κ δ̃j ,λ

= 1
dλ

∑

i,j

c2
j Tr
[
PiW†Pj W

]2
δ̃i,κ δ̃j ,λ

≤ 1
dλ

∑

i,j

Tr
[
PiW†Pj W

]2
δ̃i,κ δ̃j ,λ = TW

κ ,λ, (E38)

where TW is the LTM of the unitary channe defined by
the unitary W alone. Since by Corollary E2 Q (and con-
sequently R) vanish for unitary channels, then R must also
vanish here, implying A = 0. �

On the opposite limit, if the noise map is strictly con-
tractive in at least one direction in each Bz, then the
combination of noise and entanglement is strong enough to
kill the variance in each of the absorbing subspaces. As a
consequence, only the absorption term to B0 remains, since
no channel can be contractive thereby trace preservation.

Corollary E3 (Noise-induced concentration). Let ρ,
H ∈ B and let �θ be a layered, locally random quantum
channel as in Definition III.2, with intermediate quantum
channel E , and let {Pj } denote the normalized Pauli basis.
If ‖E†(Pj )‖2 < 1 for some j ∈ Tz, ∀z, then

V
∞
ρ,H = (A�H )0

d
. (E39)

In particular, if the channel is unital, V
∞
ρ,H = 0.

Proof. This form of the variance is a special case of
Eq. (E18), where all absorbing components Tz, ρ(Tz) =
1 vanish when z > 0. In particular, this follows from
Eq. (E15), observing that the above condition implies that
for E† Kadison-Schwarz inequality is strict, which com-
bined with Corollary E1 imply Tz = 0 ∀z > 0, leaving only
T0. Since terms Tz, ρ(Tz) < 1 do not contribute to the vari-
ance in the limit, the only remaining term is the absorption
to T0, namely, (�ρ)0(A�H )0. Finally, the corollary follows
from the normalization condition Tr [ρ] = 1 on ρ, which
ensures (�ρ)0 = 1/d. �

APPENDIX F: VARIANCE LOWER BOUNDS

In this appendix we prove the general variance lower
bounds outlined in Sec. IV.

1. Proof of Theorem IV.2

Here we employ Proposition IV.1 to prove a general
lower-bound on slowly entangling circuits. In particular,
such result is based on the approximation Tl ≈ 1, which
holds either for shallow circuits, i.e., L ∈ O(log n), or
deeper circuits, but with weakly entangling intermediate
channels. The discussion is based on the following result.

Theorem F1. Let ρ, H ∈ B and consider a sequence of
quantum channels {El}L

l=1, and let {Tl}L
l=1 be the respective

LTMs. Finally let K ⊂ {0, 1}M denote a subset of indices,
and by αl = minκ∈K(Tl)κ ,κ . Then

V
L
ρ,H ≥ αL(�ρ , �K(H)), (F1)

where K(·) =∑κ∈K
∑

j Tr
[
Pj ·]Pj δ̃j ,κ is a projector onto

the space spanned by K and α =
(∏L

l=0 αl

)1/L
is the

geometric mean of αl.

Proof. Consider a single circuit layer. Then, we can
write

(�ρ , Tl�H ) =
∑

κ ,λ

(�ρ)κTκ ,λ(�H )λ

dκ

≥
∑

κ∈K

(�ρ)κTκ ,κ(�H )κ

dκ

≥ αl

∑

κ∈K

(�ρ)κ(�H )κ

dκ
= αl(�ρ , �K(H)), (F2)

where the inequality holds since all terms in the sum
are non-negative by construction. The claim follows from
repeated application of the latter. �

Despite its simplicity, Theorem F1 can be used to
deduce general bounds on weakly entangling circuits,
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which are the foundation of small-angle initialization
strategies. In particular, we get the following corollary.

Corollary F1. Let H =⊗M
m=1 Hm, dm ∈ �(1). If either

of the conditions

(a) α > 0, α ∈ 
(1) and L ∈ O(log n),
(b) α = 1 − f (n, L), f ∈ O(log n/L) and L ∈ 


(log1+ε n) for some arbitrary ε > 0

is satisfied, then

V
L
ρ,H ≥ F(n)(�ρ , �K(H)), (F3)

where F(n) ∈ 
(1/poly(n)).

Proof. Exploiting Theorem F1, it suffices to show
that F(n) = αL ∈ 
(1/poly(n)). In the first case, this
follows directly from the shallow nature of the circuit
and, in particular, F(n) ∈ αO(log(n)) = 
(1/n− log(α)) ⊂

(1/poly(n)). For the second case instead, it is useful to
consider log(F(n)),

− log(F(n)) < −L log
(

1 − C
log(n)

L

)

= C log(n)

(
1 + C

log(n)
2L

+ O

(
log2(n)

L2

))
∈ O(log(n)),

(F4)

which in turn implies F(n) ∈ e−O(log(n)) = 
(1/nC) ⊂

(1/poly(n)). �

2. Two applications of Corollary IV.2

In this appendix, we showcase a general technique that
uses Corollary IV.2 to prove the absence of concentration
in both an instance of FLDC given by Fig. 7 and shallow
brickwork circuits depicted in Fig. 4.

Given a n qubit circuit, consider a partition of the full
Hilbert space H into the tensor product of M = n/2 local

subspaces Hm, each of dimension dm = 4, and comprising
a qubit pair. In this setting, consider a two-local observable
H , with support over the first two qubits. Since the support
of H matches the first local subspace Hm=1, the locality
vector of H is given by definition,

(�H )κ = δκ ,(100···0)‖H‖2
2, (F5)

where the notation (100 · · · 0) indicates a M -digit long
string, where only the first is set to one. With reference
to Theorem IV.2, we set K = {(100 · · · 0)}, as in this way
K(H) = H .

Thanks to this choice, we are now ready to explicitly
compute αl, which is given by

αl = min
κ∈K

(Tl)κ ,κ = (Tl)(100···0),(100···0). (F6)

In the following we will use Eq. (F6) to compute the
scaling of the geometric mean α.

a. Finite local depth circuit

As shown in Fig. 7, the chosen class of FLDCs admits
a particularly simple decomposition in terms of Eq. (2)
involving two-qubit local subspaces and an array of SWAP
gates composed of only one single gate per layer, easing
calculations.

Let’s denote by Sl the intermediate channel correspond-
ing to the lth layer in Fig. 7 (right). Using Eq. (B4), αl can
be explicitly rewritten as

αl = 1
15

∑

i,j

Tr
[
PiS†

l (Pj )
]2
δ̃i,(100···0)δ̃j ,(100···0), (F7)

where the δ̃ are nonvanishing only when the Pauli strings
Pi and Pj have support on the first two qubits.

We now consider the cases l = 1 and l = 2. Since the
SWAP gate in these cases involves the first and third qubits,
whenever Pj acts nontrivially on the first qubit, the oper-
ator S†

l (Pj ) will act nontrivially on the third qubit. As

FIG. 7. Example of a deep finite local-depth circuit. Each blue block represents a local unitary two-design over pairs of qubits. This
can be reduced to Eq. (2) employing a SWAP entangling layer and by noticing that since they form unitary designs, the composition of
two subsequent, equal blocks is equivalent to a single block.
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a result, it is orthogonal to all Pi appearing in the sum,
and its contribution vanishes. Conversely, if Pj acts triv-
ially on the first qubit, then S†

l (Pj ) = Pj , and therefore
Tr
[
PiSl†(Pj )

] = δi,j . There are exactly three such oper-
ators, namely, 1X , 1Y, and 1Z. Consequently, the sum
yields α1 = α2 = 1/5 ∈ �(1). Finally, for l > 2, the map
S†

l acts trivially on the first two qubits. It follows that
Tr
[
PiSl†(Pj )

] = δi,j for all i, j , and hence αl = 1.
Computing the geometric mean, and expanding in the

limit of large L, yields

α =
(

L∏

l=1

αl

) 1
L

=
(

1
5

) 2
L

≈ 1 − 2 log(5)
L

, (F8)

which satisfies the assumptions of Corollary IV.2(b) for
deep enough circuits, giving the lower bound

V
L
ρ,H ≥ F(n)(�ρ , �H ), F(n) ∈ 
(1/poly(n)). (F9)

If we further specify ρ and H , for instance, ρ = |0〉 〈0| and
H = XX + YZ + ZX , then (�ρ , �H ) = 1/5, giving the final
bound V

L
ρ,H ∈ 
(1/poly(n)).

Using an analogous proof, the same result can be
extended to a wider class of FLDCs, observables, and
initial states.

b. Shallow brickwork circuit

Similarly to the previous case, the brickwork circuit
admits a particularly simple decomposition, this time
involving a cascade of SWAP gates, as explicitly shown in
Fig. 4 (right). We denote by S the intermediate channel
depicted in the figure.

For completeness, we now assume that after each appli-
cation of S , a single layer of unital, single-qubit noise N =⊗n

k=1 Nk is applied to the system. The resulting interme-
diate channel therefore reads E = N ◦ S . Using Eq. (B4),
the coefficients αl can be written explicitly as

αl = 1
15

∑

i,j

Tr
[
PiE†(Pj )

]2
δ̃i,(100···0)δ̃j ,(100···0), (F10)

where, as before, the δ̃ terms are nonvanishing only when
the Pauli strings Pi and Pj have support on the first two
qubits. By the invariance of the LTM under local basis
transformations, we may assume without loss of general-
ity that each single-qubit noise channel Nk is expressed
in its normal form. Moreover, by Lemma E2, the unitality
condition Nk(1) = 1 implies that, for a Pauli string

Pj =
n⊗

k=1

P(k)j , (F11)

one has N †
k (P

(k)
j ) = λi,kP(k)j , with λj ,k ∈ �(1). Combining

these observations yields

Tr
[
PiE†(Pj )

] = Tr
[
PiS†(N †(Pj ))

]

=
n∏

k=1

λj ,kTr
[
PiS†(Pj )

]
. (F12)

Since we only consider Pauli strings Pj with support on
the first two qubits, and since N †

k (1) = 1 by construction,
Eq. (F12) simplifies in this case to the factor λj ,1λj ,2.

Analogously to the previous section, it is easy to ver-
ify that concerning S , the same three terms of above
are nonvanishing in the sum of Eq. (F12), namely, Pj =
1X ,1Y,1Z. Moreover, in these cases only the second
Pauli is nontrivial, further simplifying the product in
Eq. (F12) to λj ,2. Putting everything together, we get

αl = λ2
1X ,2 + λ2

1Y,2 + λ2
1Z,2

15
> 0. (F13)

Since the αl does not depend on l, we have

α =
(

L∏

l=1

αl

) 1
L

= αl ∈ 
(1) (F14)

and thus α satisfies Corollary IV.2(a), giving the lower
bound

V
L
ρ,H ≥ F(n)(�ρ , �H ), F(n) ∈ 
(1/poly(n)), (F15)

for shallow enough circuits, i.e., L ∈ O(log n).
If we further specify ρ and H , for instance, ρ = |0〉 〈0|

and H = XX + YZ + ZX as before, then (�ρ , �H ) = 1/5,
giving again the final bound V

L
ρ,H ∈ 
(1/poly(n)).

Using an analogous proof, the same result can be
extended to a wider class of noisy shallow circuits, observ-
ables, and initial states.

3. Small-angle initializations lower bounds

In order to prove the general lower bounds on small-
angle initializations provided in proposition Eq. (19), it is
useful to start from the following proposition, as it is the
fundamental building block in this type of proof.

Proposition F1. Let {Eφ}φ be an ensemble such that
E(ρ) = Eφ{EφρE†

φ} is a quantum channel. Further, denote
by Tφ the transfer matrix associated with each E†

φ(·) =
E†
φ · Eφ , and by T the transfer matrix of E†. Then we have

Eφ{Tφ} ≥ T, (F16)

with equality holding if and only if E is unitary.

020336-29



CROGNALETTI, GROSSI, and BASSI PRX QUANTUM 7, 020336 (2026)

Proof. Let A, B be arbitrary bounded operators and
consider

Tr [E(A)B]2 = Tr
[
AE†(B)

]2

= Eφ

{
Tr
[
AE†

φ(B)
]}2

≤ Eφ

{
Tr
[
AE†

φ(B)
]2
}

∀A, B, (F17)

which follows from the observation that f (φ)=Tr
[
AE†

φ(B)
]

∈ R and so Vφ{f } ≥ 0. Applying this to the entries of
T and Tφ gives the general inequality. Finally, the equal-
ity follows from Vφ{f } = 0, which means that f (φ) =
Tr
[
AK†BK

]
is a constant, where K = Eφ ∀φ. Hence, since

E(·) = K · K† is CPTP, it must also be unitary. �

In order to translate this rather abstract formulation into
a practical recipe, we need to identify the conditions that
allow to treat the contribution of given an ensemble {Eφ}
of parameterized intermediate channels to the variance in
terms of the mean LTM Eφ

{
Tφ
}
. In particular, it is easily

verified that, if φ is sampled independently of the other
parameters, then

V
L
ρ,H = EφEθ

{
Tr
[
�θ ,φ(ρ)H

]2}

= Eφ

{
(�ρ , Tφ�H )

} = (�ρ , Eφ{Tφ}�H ). (F18)

Combining this observation with Corollary F1, we can
get the QResNet lower bound of Proposition IV.2. First, a
technical Lemma.

Lemma F1. Let A ∈ B, and Pi be a normalized Pauli
string, i.e., Tr

[
P2

i

] = 1. Then Tr
[
PiA†PiA

] ∈ R and

|Tr
[
PiA†PiA

] | ≤ Tr
[
A†AP2

i

] = ‖A‖2
2

d
. (F19)

Proof. Consider the decomposition of A into the nor-
malized Pauli basis A =∑j aj Pj . The coefficients {aj }j
are related to the 2-norm of A by the following relation:

‖A‖2
2 = Tr

[
A†A
] =

∑

j ,k

a∗
j akTr

[
Pj Pk

]

=
∑

j ,k

a∗
j akδj ,k =

∑

j

|aj |2. (F20)

Using this decomposition, we get

Tr
[
PiA†PiA

] =
∑

j ,k

a∗
j akTr

[
PiPj PiPk

]

=
∑

j ,k

a∗
j aksi,j

Tr
[
Pj Pk

]

d

=
∑

j ,k

a∗
j aksi,j

δj ,k

d
= 1

d

∑

j

|aj |2si,j , (F21)

where si,j = 1 if Pi and Pj commute, and si,j = −1 other-
wise. Since |si,j | = 1, we get

|Tr
[
PiA†PiA

] | =
∣∣∣∣∣∣
1
d

∑

j

|aj |2si,j

∣∣∣∣∣∣

≤ 1
d

∑

j

|aj |2|si,j | = ‖A‖2
2

d
. (F22)

The equality comes directly from the fact that P2
i = 1/d

by the normalization constraint. �

Proposition F2 (QResNet). Let Eφ(·) = eiφG · e−iφG be
a unitary entangling gate, and let μ, σ 2 be the mean and
variance of the initialization distribution P of φ. Then, if
μ = 0, σ 2 ∈ O(log n/‖G‖2

2L), and L ∈ 
(log1+ε n)

V
L
ρ,H ≥ F(n)(�ρ , �H ), (F23)

where F(n) ∈ 
(1/poly(n)).

Proof. Let T be the locality transfer matrix of E =
Eφ{Eφ} and consider the diagonal element Tκ ,κ . Then, by
definition, we have

Tκ ,κ = 1
dκ

∑

i,j

Tr
[
Eφ{PiE†

φ(Pj )}
]2
δ̃i,κ δ̃j ,κ

≥ 1
dκ

∑

i

Tr
[
Eφ{PiE†

φ(Pi)}
]2
δ̃i,κ

= 1
dκ

∑

i

Tr
[
Eφ{Pie−iφGPieiφG}]2 δ̃i,κ . (F24)

Since σ 2 → 0 as n → ∞, to find the asymptotic behavior
of the diagonal elements of T we can expand eiφG around μ
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and obtain eiφG = 1 + iφG − φ2G2/2 + O(φ3‖G‖3
2). Sub-

stituting this into Eq. (F24), we get

Tκ ,κ ≈ 1
dκ

∑

i

Tr
[
Eφ{Pi(1 + iφG − φ2G2/2)Pi(1+

+ iφG − φ2G2/2)}
]2
δ̃i,κ

= 1
dκ

∑

i

(
1 − Eφ{φ2} (Tr

[
G2P2

i

]− Tr [PiGPiG]
))2
δ̃i,κ

≥ 1 − 4‖G‖2
2σ

2 ∀κ ∈ {0, 1}M . (F25)

Exploiting Corollary F1, we get the proposition by show-
ing Tκ ,κ ≥ 1 − f (n, L), where f (n, L) ∈ O(log n/L). In par-
ticular, this follows directly from the scaling of σ 2. The
same proof ensures the absence of concentration on a uni-
tary QResNet, provided that P is chosen as an initialization
probability by Proposition F1. �

Going beyond unitary ansätze, a similar technique—
combined with the stochastic representation of solutions to
the Lindblad equation [39,40]—can be employed to con-
struct a BP-free QResNet from any noise model defined
by a set of jump operators Lk.

Proposition F3 (General QResNets from a quantum
channel). Let E(ρ) = etL(ρ) be a quantum channel gen-
erated by the Lindbladian

L(ρ) =
∑

k

γk

(
LkρL†

k − 1
2
{L†

kLk, ρ}
)

, (F26)

with ‖Lk‖2
2/d = 1. Then, when L ∈ 
(log1+ε n), the

ensemble generated by Eφ = Eφ · E†
φ , Eφ =∏k

eiφkLk+σ 2
k (L

2
k−L†

kLk)/2, and φk normally distributed with
μ = 0, σ 2

k ∈ O
(
(γk/

∑
k′ γk′)(log n/L)

)∀k satisfies

V
L
ρ,H ≥ F(n)(�ρ , �H ), (F27)

where F(n) ∈ 
(1/poly(n)).

Proof. We prove this statement, and we compute the
scaling of α in Corollary F1. Again, consider the diagonal
elements Tκ ,κ .

Tκ ,κ = 1
dκ

∑

i,j

Tr
[
PietL(Pj )

]2
δ̃i,κ δ̃j ,κ

≥ 1
dκ

∑

i

Tr
[
PietL(Pi)

]2
δ̃i,κ . (F28)

Expanding for t � 1, we get etL(Pi) ≈ Pi + tL(Pi),
which can be used to lower bound Tκ ,κ ,

Tr
[
PietL(Pi)

] ≈ Tr
[
P2

i

]+ tTr [PiL(Pi)]

= 1 +
∑

k

tγk

(
Tr
[
PiLkPiL

†
k

]
− 1

2
Tr
[
Pi{L†

kLk, Pi}
])

= 1 +
∑

k

tγk

(
Tr
[
PiLkPiL

†
k

]
− Tr

[
L†

kLkP2
i

])

≥ 1 −
∑

k

tγk

(
|Tr
[
PiLkPiL

†
k

]
| + Tr

[
L†

kLkP2
i

])

≥ 1 − 2
∑

k

tγk‖Lk‖2
2/d = 1 − 2t

∑

k

γk. (F29)

Putting it back into the definition of Tκ ,κ we get

Tκ ,κ ≥ 1
dκ

∑

i

(
1 − 2t

∑

k

γk

)2

δ̃i,κ

≥ 1 − 4t
∑

k

γk. (F30)

This directly implies that α ≥ 1 − 4t
∑

k γk for small t,
which satisfies Corollary F1, if t ∈ O

(
(1/
∑

k′ γk′)(log n/L)
)
.

Finally, the claim follows by Corollary F1 unraveling the
master equation in the Stratonovich formalism. In partic-
ular, we can describe the evolution according to L by the
(stochastic) differential equation,

d |ψ〉
ds

=
∑

k

[
i
√
γkLkξk(s)+ γk

2

(
L2

k − L†
kLk

)]
|ψ〉 ,

(F31)

where ξk(s) represents a white noise. Equation (F31) is
formally solved by

|ψ〉t = T
{

e
∫ t

0
∑

k

[
i
√
γkLkξk(s)+ γk

2

(
L2

k−L†
kLk

)]
ds
}

|ψ〉0 , (F32)

where T {·} denotes the time ordering operator. Since t →
0 as n diverges, we can again expand this solution to first
order in t to get the asymptotic scaling. In particular, this
allows us to discard the time ordering, and, exploiting the
defining relation of the white noise in terms of the Weiner
process

∫ t
0 ξk(s)ds = xk, where xk ∼ N (0, t)∀k is normally

distributed, we get, for each x, |ψ〉x,t = Ēx |ψ〉0, where

Ēx = e
∑

k

[
i
√
γkLkxk+ tγk

2

(
L2

k−L†
kLk

)]

≈
∏

k

ei
√
γkLkxk+ tγk

2

(
L2

k−L†
k Lk

)

. (F33)
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This gives an approximate solution etL ≈ Ex

[
ĒxρĒ†

x

]

Finally, we define φk = xk
√
γk, which is also normally dis-

tributed but with variance σ 2
k = tγk ∈ O

(
γk∑
k′ γk′

(log n/L)
)

.
The proof is completed by making the substitution
Eφ = Ēxk

√
γk . �

APPENDIX G: NIBP-FREE LANDSCAPES UNDER
UNITAL NOISE

To illustrate the emergence of nontrivial behavior in the
loss variance Vρ,H under unital noise channels, we focus
on two representative examples, i.e., commuting noise
and unitary maps, and noise-induced symmetry break-
ing. Numerical validation of both involves the same small
quantum circuit composed of n = 2 qubits and correlated
noise. In these cases, the presence of nonunitary layers is
either irrelevant or beneficial to the overall magnitude of
the variance.

1. Commuting unitary and noise maps

Here, we provide a numerical example of the commut-
ing unitary and noise case discussed in Sec. II. Consider the
circuit depicted in Fig. 8, which features a unitary layer U
as shown, combined with a fixed noise channel El = E =
EXX ◦ EXY ∀l. Specifically, E is defined as the composition
of two dephasing-like channels on the XX and XY bases,
respectively, namely, EXX (ρ) = (1 − p)ρ + pXX ρXX and
EXY(ρ) = (1 − p)ρ + pXYρXY.

By analyzing the generators of the parameterized gates
RX and RZZ (i.e., X and ZZ), one can verify that they com-
mute with both the other rotations appearing in U (i.e.,
RZ and RXX ) and with the noise channel for any choice
of parameters. Consequently, their action can be moved
to the end of the circuit, leaving a mixed channel at the
beginning. Notably, the state ρ = |00〉 〈00| + |11〉 〈11| is
a fixed point of this mixed channel, as it is singularly as a
fixed point of each of the remaining operations. As a result,
by choosing ρ as the initial state, the circuit is effectively
equivalent to its purely unitary counterpart and thus free
of NIBP. This is confirmed by an analytical computation
of the variance via Eq. (12), which yields a nonvanishing

FIG. 8. Single layer structure used in the numerical exam-
ples. The circuit acts on a two-qubit register and is divided into
three blocks, each representing either unitary gates (U ) or noise
channels (E and F ).

FIG. 9. Example of noise-induced barren plateau-free unital,
nonunitary channel. Dotted lines represent the theoretical deep-
circuit limiting values for the variance in the case of layers
defined by U ◦ E (blue) and U ′ ◦ E (pink), where U ′ is obtained
from U in Fig. 8 by substituting the first RX gate with an RY gate.
The solid pink line is an exponential fit of the convergence to the
limiting value.

result that is independent of the number of layers. In par-
ticular, Fig. 9 numerically corroborates the prediction of
V

L
ρ,H = 1 for H = ZZ + XI + YZ. Furthermore, by sub-

stituting U with U ′, obtained by replacing the first RX
gate with an RY gate, Fig. 9 shows how the NIBP phe-
nomenon reappears, highlighting again the crucial role in
the interplay between noise and circuit structure.

2. Symmetry breaking can improve the variance

Even in the noncommuting case, we argue that noisy
circuits can outperform purely unitary ones, providing the
example of symmetry breaking in equivariant quantum
circuits [26,27]. To carry out the analysis, we use the
following definition.

Definition G1 (Equivariant unitary transformation).
Given a symmetry group G ⊂ U(d), a unitary transforma-
tion W ∈ U(d) is said to be G-equivariant if

[W, V] = 0 ∀V ∈ G ⊂ U(d). (G1)

For convenience, we will express the commutation rela-
tion in Definition G1 as

[W ,V] = W ◦ V − V ◦ W = 0, (G2)

in terms of the superoperators W(·) = W · W† and
V(·) = V · V†, with V ∈ G.

Analogously to Definition G1, a parameterized gate
U (eq)
θ is said to be G-equivariant if Definition G1 holds for

all values of the parameters. Layered equivariant circuits
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are then constructed by composing such equivariant gate
layers, namely,

�
(eq)
θ = U (eq)

θL+1
◦ U (eq)

θL
· · · ◦ U (eq)

θ1
. (G3)

When circuit equivariance is combined with a suitable
choice of initial state ρ and observable H , strong con-
straints can be placed on the variance V

L
ρ,H of�(eq)

θ for any
depth L. As an illustrative example, consider a G-invariant
initial state ρ, i.e., satisfying V(ρ) = ρ for all V ∈ G. In
this case, the loss function can be rewritten as

Lρ,H = Tr
[
�

(eq)
θ (ρ)H

]
= Tr

[
�

(eq)
θ ◦ V(ρ)H

]

= Tr
[
V ◦�(eq)

θ (ρ)H
]

= Tr
[
�

(eq)
θ (ρ)V†(H)

]
.

(G4)

Averaging the final expression over the Haar measure on
G yields

Lρ,H =
∫

dμ(V)Tr
[
�

(eq)
θ (ρ)V†(H)

]

= Tr
[
�

(eq)
θ (ρ)PG(H)

]
, (G5)

where PG denotes the averaging projector onto the G-
invariant subspace of B. If the observable H has no
G-invariant component, i.e., PG(H) = 0, then Lρ,H ≡ 0,
implying a vanishing variance for all L.

In the presence of generic noise maps El, however, the
equivariance of the full circuit

�̃
(eq)
θ = U (eq)

θL+1
◦ EL ◦ U (eq)

θL
· · · ◦ E1 ◦ U (eq)

θ1
, (G6)

may be broken. Allowing for a nonvanishing commutator
between the noisy circuit and the group action, Eq. (G4)
generalizes to

Lρ,H = Tr
[
�̃

(eq)
θ (ρ)V†(H)

]
+ Tr

[
[�̃(eq)

θ ,V](ρ)H
]

.

(G7)

While the first term, corresponding to the equivariant com-
ponent of the noisy channel, vanishes upon averaging over
the Haar measure of G as in Eq. (G5), the second term
encodes explicit symmetry breaking and can, in general,
be nonzero. In particular, it can be shown to depend on the
commutator between the averaging projector PG and the
noisy map �̃(eq)

θ . As a consequence, whenever this com-
mutator does not vanish, the variance in the noisy setting
is expected to be strictly positive, highlighting a qualitative
difference with respect to the purely unitary case.

To better understand this phenomenon, we go back to
the circuit of Fig. 8. Now, we change initial state, set-
ting it to ρ = 1 ⊗ |0〉 〈0|, while keeping H . We now show

FIG. 10. Variance improvement with unital channels. Dotted
lines represent the theoretical prediction given by Eq. (8), while
points indicate the numerically estimated circuit variances.

that by virtue of this choice, the variance of the unitary
circuit becomes identically zero. Indeed, as already noted
in the previous numerical example, RX and RZZ commute
with both the other rotations appearing in U (i.e., RZ and
RXX ), and in the absence of noise, can thus be moved
to the beginning of the circuit. Moreover, the new initial
state ρ is a steady state of both these transformations, and
as a consequence, their presence can be ignored. Now,
by selecting G as the group generated by the Lie closure
g = 〈iX , iZZ〉Lie, we immediately get from the previous
discussion that the remaining circuit is G-equivariant and
ρ is a G-invariant. The averaging projector PG can be
computed using Weingarten calculus,

PG(·) =
∑

P∈{1,IZ,XX ,XY}
Tr [P · ] P, (G8)

where the sum runs over normalized Pauli strings, yielding
the final result PG(H) = 0. As a consequence, Lρ,H ≡ 0
and V

L
ρ,H = 0 ∀L. This result is numerically confirmed in

Fig. 10.
Introducing a symmetry-breaking noise channel, we

can still achieve an improved variance, as predicted by
Eq. (G7). Here, we consider a modified noise channel
E ′ = E ◦ F , where F is a single-qubit channel applied to
the first qubit, defined as F(ρ) = (1 − p)ρ + pA(ρ), and

A(ρ) = q√
2

Tr [X ρ] X + q√
2

Tr [X ρ] Y

+ (1 − q)Tr [Yρ] Y

+ q√
2

Tr [Zρ] Z + q√
2

Tr [Zρ] Y. (G9)
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By computing its Choi matrix, one can confirm that F
is completely positive and trace-preserving (CPTP) and
therefore constitutes a valid quantum channel whenever
0 ≤ p ≤ 1 and 0 ≤ q ≤ 1/2.

Although E ′ is still not strictly contractive, it is con-
tractive enough to satisfy Corollary A2 and thus provably
induces the NIBP effect, as corroborated numerically in
Fig. 10. Interestingly, however, the presence of A, which
does not commute with RX and RZZ , breaks the equivariant
structure of before, allowing transient variance increases.
Indeed, the behavior of Vρ,H under this channel is not
monotonic with respect to the circuit depth: it initially
increases before eventually decaying to zero in the deep-
circuit limit. This observation motivates the consideration
of a nonuniform noise profile, where El �= El′ for some l, l′,
defined as

E ′′
l =

{
E ′ if l ≤ const,
E otherwise.

(G10)

In such a setup, the circuit benefits from the absence of
concentration observed in the first example, as well as the
transient variance enhancement from the second, converg-
ing to a nonzero value dependent on the constant rather
than the number of layers. This hybrid effect is clearly
demonstrated in Fig. 10. The mechanism at play here is
at the core of the absorption effects shown in section IV.B.

Finally, we emphasize that, despite the limited sys-
tem size considered (n = 2 qubits), these examples are
still insightful in illustrating the absence of NIBP. This
is because the key quantity of interest is the scaling with
respect to the circuit depth L, rather than the number of
qubits n.

APPENDIX H: NONUNITAL NOISE AND
ENTANGLEMENT

In this appendix we explicitly derive the absorption
terms pertaining to the trivial component B0, in the pres-
ence of strictly contractive, yet nonunital noise, first in gen-
eral, and then on a specific system used for the numerical
calculations.

1. Numerics

Exploiting the knowledge about the structure of the
absorption matrix A, derived from Theorem IV.1, it is pos-
sible to study the scaling of the variance V

∞
ρ,H as a function

of the noise strength and entangling power of the unitary
circuit. To do so, let us consider a nonunital map of the
form

Ec(ρ) = (1 − p)E(ρ)+ pρ̃, (H1)

where ρ̃ �= 1/d is an arbitrary quantum state, E is a uni-
tary channel representing the entangling operation, and p

is the error probability associated with Ec. Intuitively, we
can think of the resulting channel �θ as the repetition of
L layers, each made up of the composition of �̃(ρ) =
(1 − p)ρ + pρ̃ and of E ◦ Uθl . Clearly ρ̃ is the unique
fixed-point of �̃, while the local unitaries are assumed to
form 2-designs, the only fixed point for the unital part,
valid for all parameters, is the maximally mixed state 1/d.
This causes the emergence of competing effects, which are
the ultimate origin of the variance in such models. How-
ever, depending on the relative strength of the two effects,
the behavior of V

∞
ρ,H as a function of p may vary greatly.

Theorem IV.1 allows to quantify the variance scaling in the
limit of a rapidly entangling and slowly entangling chan-
nel, i.e., β → ∞ and β → 0, respectively. In particular,
for both limits, the LTM approaches a projection, namely,
the dominant eigenprojection in the former and the identity
in the latter. In these cases, V

∞
ρ,H is given by the following

lemma.

Lemma H1. Let Ec be a quantum channel of type
Eq. (H1), with 0 < p ≤ 1 and let T be the transition matrix
of E†. Then

V
∞
ρ,H = p2(�ρ̃ , (1 − (1 − p)2T)−1�H ). (H2)

In particular, if T is a projection, then

V
∞
ρ,H =

(
p

2 − p
− p2

)
(�ρ̃ , T�H )+ p2(�ρ̃ , �H ). (H3)

The first thing to notice is that the dependence on the
initial state of V

∞
ρ,H is completely lost: the component asso-

ciated with it decays exponentially fast in the number of
layers when p ∈ �(1), and as a consequence, vanishes in
the limit. The remaining terms, instead, pertain to the fixed
point of the noise channel ρ̃ and therefore still appear. In
particular, the last term pertains to the very last layer, while
the first collects the contribution of all preceding layers.
Clearly, since the decay of these contributions is expo-
nential, only layers where L − l � −2 log p will contribute
sensibly to the variance.

Lemma H1 allows to compute the scaling as a function
of p in the two opposite limits. Starting from the slowly
entangling case, i.e., T ≈ 1, the scaling is approximately
linear in p . More precisely, we have

V
∞
ρ,H = p

2 − p
(�ρ̃ , �H ). (H4)

The result shows that the first term in Eq. (H3) dominates,
suggesting that V

∞
ρ,H emerges from the contribution of the

last O(− log p) layers. In this sense, for fixed noise rates,
only the last portions of the channels are relevant for VQAs
[32]. Conversely, in the opposite limit, the dependence on
p is more complex, as it now depends on the irreducible
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components Tz. For simplicity, if we consider the case of
a highly expressive ansatz, we may take T to have only
one irreducible component T1. In this case, the last term in
Eq. (H3) dominates, and we get a quadratic dependence
on p up to an exponentially vanishing correction, namely,

V
∞
ρ,H = p2(�ρ̃ , �H )+ O

(
4−n) . (H5)

This worsens the concentration, suggesting that now only
the very last layer is able to produce a sizable effect, hence
giving an effectively constant depth circuit.

We provide numerical evidence for the application dis-
cussed here, derived from the formalism introduced in this
work. We utilize Pennylane [47] to construct and optimize
the PQC described in the following.

Regarding the initial state, we use ρ = (|0〉 〈0|)⊗n for
simplicity. As for the channel, we consider maps Ec of the
family Ec = N ◦ E , Ec(ρ) = (1 − p)E(ρ)+ pρ̃. In partic-
ular, E is a unitary, entangling channel depicted in Fig. 11
and p ∈ (0, 1] represents the noise strength of the noise
map N (ρ) = (1 − p)ρ + pρ̃ with fixed point ρ̃. Specifi-
cally, we fix ρ̃ to be a highly entangled, pure state, i.e., the
GHZ state ρ̃ = (|0〉⊗n + |1〉⊗n)(〈0|⊗n + 〈1|⊗n)/2.

Concerning H , we fix H = h
∑n

k=1 2n/2 Zk ⊗ Zk+1, as it
represents the simplest observable involving all n qubits
while having a nonvanishing normalization factor (�ρ̃ , �H ).
In particular, as shown in Appendix H 3, if we fix h = 9/n,
we have (�ρ̃ , �H ) = 1, which makes the scaling of V

∞
ρ,H

especially easy to check. Finally, the entangling part is
chosen according to Fig. 11. While the number of lay-
ers L needed to reach convergence to V

∞
ρ,H is logarithmic,

as shown in Theorem IV.1 and numerically assessed in
the inset of Fig. 12, the mixing speed varies depending
on the entangling part. For this reason, L = 8 layers are
sufficient in the rapidly entangling case, but L = 20 are
necessary in the slowly entangling case. Finally, all simu-
lations are performed using n = 10 qubits. The results are
shown in Fig. 12. The plots show both the quadratic and

FIG. 11. Entangling unitaries used in the examples. On the
left, the rapidly entangling configuration is composed of a double
cascade of CNOT gates, while on the right, the slowly entangling
one is composed of a single cascade of controlled RX gates,
where RX (θ) = eiθX /2 and X is the Pauli X gate. In particular,
we fixed θ = π/20.

FIG. 12. Scaling of VL
ρ,H as a function of the noise strength

and the entangling power of the intermediate channel. The main
figure illustrates the scaling of V∞

ρ,H with noise strength p for
both rapidly entangling (pink) and slowly entangling (light blue)
channels, using L = 8 and L = 20, respectively. The dotted lines
represent the theoretical predictions of Eqs. (H5) and (H4). The
inset verifies the exponential convergence of VL

ρ,H to V∞
ρ,H at

p = 0.1, justifying the chosen number of layers. The dotted lines
represent an exponential fit to the numerical data. All plots are
obtained using a n = 10 qubit system.

linear scaling with p predicted by our model, as well as an
exponential decay in the difference |VL

ρ,H − V
∞
ρ,H | for fixed

noise rates. A slight deviation from the predicted scaling is
observed in the slowly entangling setting for p ≈ 0. This
effect can be explained by the finite amount of layers used:
the slow speed of convergence imposed by the condition
T ≈ 1 prevents the variance to reach the asymptotic limit
V

∞
ρ,H , while the action of the noise is still too weak to erase

the contribution of the first layers, hence deviating from the
predicted behavior. This same phenomenon is not observed
in the rapidly entangling case, as entanglement production
already exponentially suppresses those contributions.

2. Calculation of the absorption term

Explicit computation of the absorption matrix A =
R(1 − Q)−1 is a nontrivial task, which should be tackled
on a case-by-case basis. Indeed, in the nonunital case, this
term describes the complex phenomenon arising from the
interaction of two competing effects, which drive the sys-
tem toward different states. Analytical summation of A is
however can be feasible and still give insight on the inter-
action of the two. Indeed, using a simplified model, we can
perform this calculation and still be able to appreciate the
different effects that rapidly entangling and slowly entan-
gling circuits have on a fixed, nonunital noise as a function
of its strength. In particular, here we prove Lemma H1,
which we repeat for convenience.
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Lemma H2. Let Ec be a quantum channel of type
Eq. (H1), with 0 < p ≤ 1 and let T be the transition matrix
of E†. Then

V
∞
ρ,H = p2(�ρ̃ , (1 − (1 − p)2T)−1�H ). (H6)

In particular, if T is a projection, then

V
∞
ρ,H =

(
p

2 − p
− p2

)
(�ρ̃ , T�H )+ p2(�ρ̃ , �H ). (H7)

Proof. The first result follows directly from Theorem
E5, in particular, Corollary E3, by computation of A0. In
particular, we can explicitly compute R0 elementwise as

(R0)0,κ = 1
dκ

∑

j

Tr
[

1√
d
E†

c (Pj )

]2

δ̃j ,κ

= 1
dκ

∑

j

Tr
[
Ec

(
1√
d

)
Pj

]2

δ̃j ,κ

= 1
dκ

∑

j

(
(1 − p)Tr

[
�

(
1√
d

)
Pj

]

+ p
√

dTr
[
ρ̃Pj
])2

δ̃j ,κ

= dp2 1
dκ

∑

j

Tr
[
ρ̃Pj
]2
δ̃j ,κ = dp2(�ρ̃)κ , (H8)

by unitality of �. By an analogous calculation, it can
be shown that Q = (1 − p)2T, and by trace preservation
(P0)0,0 = 1. With these elements, we can compute A0 =
P0R0(1 − Q)−1 and we get

(A0)0,λ = dp2(�ρ̃)κ(1 − (1 − p)2T)−1
κ ,λ. (H9)

In particular, since for any initial state ρ, we have (�ρ)0 =
1/d by normalization, we get the final result

(�ρ , A0�H ) = p2(�ρ̃ , (1 − (1 − p)2T)−1�H ). (H10)

Using this, we can explicitly compute the right-hand side
in the simplified setting where T is a projection. In that case
in particular, we have that

(1 − (1 − p)2T)−1

= (1 − T)+ (1 − (1 − p)2)−1T

= (1 − T)+ 1
p(2 − p)

T

= 1 +
(

1
p(2 − p)

− 1
)

T, (H11)

which gives the result. �

3. Choice of the system for the numerical example

In this appendix we give an explicit construction of the
noise channels used in the numerical example shown in
Fig. 3, as well as the choice and normalization proce-
dure of the observable H used. In particular, the analysis
focuses on the case of unitary entangling map � whose
transfer matrix is well approximated by a projector and a
highly entangled, pure fixed point, namely, the GHZ state
ρ̃ = (|0〉⊗n + |1〉⊗n)(〈0|⊗n + 〈1|⊗n)/2. Thanks to Lemma
H1, we know that the main contribution to V

∞
ρ,H in this set-

ting comes from the term (�ρ̃ , �H ), so to numerically assess
the results, it is useful to choose the observable H in order
to normalize this factor. In particular, given the qubit struc-
ture, we can express the ρ̃ in terms of the normalized Pauli
basis {1, X , Y, Z}⊗n, which allows to easily compute the
locality vectors. Using the spectral decomposition of the
Pauli matrices, it is easy to see that

|0〉 〈0| = 1 + Z√
2

, |0〉 〈1| = X + iY√
2

,

|1〉 〈1| = 1 − Z√
2

, |1〉 〈0| = X − iY√
2

.
(H12)

Using this decomposition, we can find a formula for ρ̃
exploiting a generalization of the binomial theorem.

Theorem H1. Let A, B ∈ Md(C) be square matrices,
and let S be the set of all permutations of n elements. Then

(A + ωB)⊗n =
n∑

j =0

ωj
∑

σ∈S

σ(A⊗(n−j ) ⊗ B⊗j ), (H13)

where ω ∈ C and the permutation σ is applied to the qubit
ordering.

In particular, the following corollary will be the most
useful in performing the computations

Corollary H1. Let A, B ∈ Md(C) be square matrices,
and let S be the set of all permutations of n elements. Then

(A + ωB)⊗n + (A − ωB)⊗n

2

=
�n/2�∑

j =0

ω2j
∑

σ∈S

σ(A⊗(n−2j ) ⊗ B⊗2j ), (H14)

where ω ∈ C and the permutation σ is applied to the qubit
ordering.

Proof. This corollary follows directly from Theorem
H1, and noticing that all even-indexed terms in both (A +
ωB)⊗n and (A − ωB)⊗n are equal, while odd-numbered
terms have an opposite sign and therefore cancel out. �
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Applying the corollary to the appropriate pairs of pro-
jectors, we can get the final expression

ρ̃ = 1
2n/2

�n/2�∑

j =0

∑

σ∈S

σ(1⊗(n−2j ) ⊗ Z⊗2j )

+ (−1)j σ(X ⊗(n−2j ) ⊗ Y⊗2j ). (H15)

As it is clear from Eq. (H15), the fixed point of the chan-
nel has a nonvanishing component only on Pauli strings
that are either nontrivial on all qubits or nontrivial in only
in an even number of qubits. Then it follows that the
simplest observable involving all qubits and with nonva-
nishing variance is of form H = h

∑n
k=1 2n/2 Zk ⊗ Zk+1,

where the factor 2n/2 accounts for normalization of Z and
cancels out with the corresponding factor in Eq. (H15) in
the calculations of (�ρ̃ , �H ). Finally, since each term in the
sum is orthogonal, it gives an independent contribution of
1/(d2 − 1)2 = 1/9, consequently by choosing h = 9/n we
have that (�ρ̃ , �H ) = 1 is normalized.

APPENDIX I: EXAMPLE OF A CIRCUIT WITH
NONCONVERGENT VARIANCE

As Theorem IV.1 suggests, the generic circuit of Eq. (2)
need not have a well-defined value for the deep circuit limit
of its variance, namely, the limit limL→∞ V

L
ρ,H no need to

exist. As discussed in Appendix E, this property is related
to the presence of cycles in T, i.e., the presence of peri-
odic irreducible blocks Tz with period p > 1. As a specific
example, consider the circuit depicted in Fig. 13. The sim-
ple structure of this circuit allows to explicitly compute
V

L
ρ,H as a function of L. Assuming Tr [H ] = 0, we have

V
L
ρ,H =

{
(‖ρ‖2

2−1/2)‖H‖2
2

3 if L is even,
0 if L is odd,

(I1)

from which it is clear that the deep circuit limit does not
converge. Moreover, thanks to the contained dimension of

FIG. 13. Simple 2-qubit circuit, designed to have a noncon-
vergent variance. In this construction, the channel E is chosen to
be unitary and, in particular, to be a SWAP gate. Moreover, both
the initial state ρ and the observable H are chosen to be non-
trivial only on the second qubit and are therefore represented as
single-qubit operators.

the system, it is possible to compute and represent T,

T =

⎛

⎜⎝

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎞

⎟⎠ ⇒ T0 = T2 = (1) , T1 =
(

0 1
1 0

)
.

(I2)

Here we can see that T1 has in fact period 2, which implies
the presence of two distinct limiting values whenever both
ρ and H have a component belonging to T1, consistently
with what was discussed above.

On the contrary, in accordance with Theorem IV.1, the
Cesàro average of the variance is always well-defined, and
in this case we get

lim
L→∞

1
L

L∑

l=1

V
l
ρ,H = (‖ρ‖2

2 − 1/2)‖H‖2
2

6
, (I3)

which can be recovered both from direct calculation and by
computing the right leading eigenvector w1 = (1/2, 1/2)t

of T1.
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