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Abstract: We investigate the divisibility properties of the tensor products Agl) ® AEZ) of open quantum

dynamics Agl’z)

with time-dependent generators. These dynamical maps emerge from a compound
open system S + Sp that interacts with its own environment in such a way that memory effects
remain when the environment is traced away. This study is motivated by the following intriguing
effect: one can have Backflow of Information (BFI) from the environment to S; + S, without the same
phenomenon occurring for either S; and S,. We shall refer to this effect as the Superactivation of

BFI (SBFI).
Keywords: non-Markovianity; Backflow of Information; P-divisibility

MSC: 81Pxx

1. Introduction

An open quantum system S is a system interacting with its environment in such a way
that its time-evolution can be approximated by a so-called reduced dynamics. The latter
is described using completely positive dynamical maps Ay, t > 0, on the space of states
S(S) that can be obtained by eliminating the environment and operating suitable approx-
imations in order to effectively take into account its presence. The Markovian character,
that is, the lack of memory effects, of the reduced dynamics was initially identified with
At being generated by time-independent generators £, A; = exp(t £), thus giving rise to
one-parameter semigroups. In the case of bounded £, their general structure was fully
characterized by Gorini, Kossakowski, Sudarshan [1] and Lindblad [2] (GKSL generators).
Completely positive semigroups can be rigorously obtained from a microscopic model by
means of approximation techniques known as weak coupling limit [3], singular coupling
limit [4] and low-density limit [5]. In such a scenario, the dominant feature is decoherence
associated with the fact that information can only flow from the open system to its environ-
ment with no possibility of being retrieved. Decoherence is a major source of difficulties in
many concrete applications such as quantum computation, quantum communication and
in general quantum technologies. Instead, memory effects have been thought to counteract
decoherence by allowing information to flow back from the environment to the system
immersed in it and may thus be beneficial in many applications [6], such as quantum
information processing [7], quantum metrology [8] and teleportation [9].

In recent years, indeed, much effort has been devoted to extending the very concept
of Markovianity beyond the semigroup scenario (see [10] for a recent comprehensive
review). The need for such an extension was pointed to in [11], where non-Markovianity
was identified with Backflow of Information (BFI) from the environment to the open
system and associated with revival in the time of the distinguishability between two
time-evolving states.

In [12], a case was presented where a dynamics A; not exposing BFI relatively to a
single open quantum system did instead show BFI when accompanied by an independently

Mathematics 2024, 12, 37. https:/ /doi.org/10.3390 /math12010037

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math12010037
https://doi.org/10.3390/math12010037
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-0712-2057
https://orcid.org/0009-0006-3232-1222
https://doi.org/10.3390/math12010037
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12010037?type=check_update&version=1

Mathematics 2024, 12, 37

2 of 20

evolving copy of itself. In other words, it was shown that, even if A; does not show BF],
At ® Ay might show it. This phenomenon can be dubbed the Superactivation of Backflow
of Information (SBFI).

As observed above, its physical importance lies in that, by doubling a time-evolving
quantum system, the decoherence effects can be diminished in the statistically coupled
parties with respect to the single ones. The microscopic origins of SBFI, similar to the
superactivation of capacity, are not yet fully explained. Indeed, they are as hard to retrieve
from a microscopic system-environment interaction as BFI itself. What can be certainly
ascertained, as will be explained in a forthcoming paper, is that the phenomenon is not a
classical one as it is connected with the presence of non-classical correlations in the open
system, not necessarily, however, unlike for the superactivation of capacity [13,14], with
entanglement. Moreover, a collision model derivation connects it to correlations distributed
between the system and its environment [15].

In the following, we shall consider various scenarios in which SBFI occurs for local,
factorized dynamics Agl) ® A£2), expanding on the results of [12].

The structure of the paper is as follows. In Section 2, after a survey of the two major
approaches to quantum non-Markovianity, namely, the one based on the divisibility of the
dynamics and the one based on BFI, we shall review the results of [12] and extend them to
the tensor products of two different dynamical maps. Finally, in Section 3, the emergence of
SBFI in mixtures of pure dephasing qubit dynamics will be considered, with the particular
aim of investigating the stability of such a memory effect against local perturbations of one
of the two dissipative evolutions.

2. Non-Markovianity: Divisibility and BFI

In what follows, we shall be concerned with one-parameter families of physically
legitimate dynamical maps {A¢};>¢, that is, with completely positive maps on the state
space of a d-dimensional system generated by time-local master equations of the form

d
@At =Lioy, 1)

d
where L; is the time-local generator, given by £; = a (At) oA, I whenever Ay 1 exists.

When the generator is time-independent, £; = £, the dynamics is a one-parameter
semigroup, A; = e'X, obeying the composition law

AtOAs:AsOAt:As—H/ VS,tZO.
Moreover [16], £ has the Gorini-Kossakowski—Sudarshan-Lindblad (GKSL) form

d?—1

clp) = it o)+ Y Ky(pE! — 5 FFup) @
ij=1

where K = [Kj] is a Hermitian positive semidefinite matrix, known as a Kossakowski
matrix, and the operators F;, j # 0, form a Hilbert-Schmidt orthonormal basis of traceless
operators, Tr(F{ F;) = 6;;, with the addition of the identity Fy = 1,/V/d.

If the generator is time-dependent, then the generated dynamics emerges from a
time-ordered exponential and becomes a two-parameter semigroup of maps Ats, 0 <s < t;
namely, Ays = Apg, 0 Ag; 5,0 <51 < s < t, where

ffduc ) too ot ty tr_1
Aps = Tek dn “:1d+2/ dtl/ dt2~~/ dty Ly, 0 Ly 00 Ly, .
=175 s s

However, the mere time dependence of the generator is no longer considered strong
enough to characterize bona fide non-Markovianity, that is, true memory effects.
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2.1. Non-Markovianity: Lack of CP-Divisibility
One approach to non-Markovianity is based on the notion of divisibility [10,17].

Definition 1. The dynamics {A¢}s>o is called divisible if for all t > s > 0O there exists an
intertwining two-parameter family of maps {Ars}i>s>0 such that Ay = Aps o Ag. If, for all
0 < s <'t, Ays is positive, the dynamics is called P-divisible, while, if ;s is completely positive,
the dynamics is called CP-divisible.

In [18], Markovianity is identified with CP-divisibility.
Definition 2 (RHP criterion). {A¢}¢>¢ is Markovian if and only if it is CP-divisible.

The time-local generator of a one-parameter family of trace-preserving maps can
always be written as in (2) with Hamiltonian H(t) and Kossakowski matrix K(t) = [K;;(t)]
both depending on time, the latter being only Hermitian. The GKSL characterization of
completely positive semigroups fails for time-dependent generators; indeed, there can be
completely positive dynamics with generators characterized by non-positive semidefinite
Kossakowski matrices (see Example 1 below). Nevertheless, the GKSL characterization
has the following extension to the time-dependent case which regards not the complete
positivity of the generated maps, but rather their CP-divisibility [17], its indirect proof
being given in Remark 3 below as a corollary of Proposition 4.

Proposition 1. Ay is CP-divisible if and only if K(t) > 0Vt > 0.

Unlike for completely positive maps that are identified using their Kraus-Stinespring
structure Afp] = ¥, Ly p L}, the lack of a general form of only positive ones hampers in
general the characterization of P-divisible maps that are not CP-divisible. The most general
assertion concerning them is contained in the following lemma [10,19].

t
Lemma 1. The intertwining maps NA¢s = Teldulu t > 5>0,are positive if and only if

Gi(¢,9) == (PILe[9)ll|9) > 0, )
forall t > 0and |¢p), |y) such that (¢p|ip) = 0.

Example 1. The above lemma permits us to control the P-divisibility of qubit dynamics consisting
of the so-called Pauli maps which are generated by master equations of the form

3
otps(t) = Lifps(t Z (‘TaPs t)ow — ps(t )) (4)

with A > 0and 0y, « = 1,2,3 the Pauli matrices. The generator is of the form (2) with no
Hamiltonian contribution, d = 2, F, = 0,/\/2 and a diagonal, time-dependent Kossakowski
matrix given by the so-called rates 7y, (t). Because of Proposition 1, then, y,(t) > 0,& = 1,2,3,
is equivalent to the CP-divisibility of the Pauli maps. Moreover, v, (t) > 0 is sufficient but not
necessary in order to have a legitimate completely positive Pauli dynamics.

The P-divisibility of the latter maps can be fully characterized by using (4) in (3), yielding

3
=A;7a(f)|<¢l%l¢>|220/ ()

for all orthogonal |¢), |¢p) € C2. Choosing them to be the eigenstates of o0y, & = 1,2,3, one obtains

Yp(t) +9s(t) >0, B#d,B0#a. (6)
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These three necessary conditions are also sufficient for P-divisibility [20,21]; indeed, the
generators Ly in (4) at different times commute so that, from

Lilow] = =Ayp(t) +75(t) oa, B#9,B0F#u,

one obtains the dynamical maps
Arlen] = exp(( = [ de (35(0) +25(2) ) o] ?
and thus the intertwiners
Auslon] = exp (=2 [ ((0) + 75(0) ) ] ®

Therefore, the conditions (6) enforce the exponential decay of the Pauli matrices and thus the
positivity of Ay s[ps] for all qubit density matrices ps, namely, the P-divisibility of the dynamical
maps A¢, t > 0.

As a simple concrete instance, let us choose y1(t) = y2(t) = 1 and y3(t) = sin(w t). Then,
given an initial density matrix in the Bloch representation,

1
0s = 5(1 +riop + o+ r303),

where (r1,12,73) € R3 with norm not larger than 1, one finds

1 _
Atlps(t)] = 5(1+H(t) (rmow +r0o) +e 2M73(73) ,

exp(_M_Al—(fif(wf))_

Since sin(w t) can be negative, Ay cannot be CP-divisible; however, 1 + sin(w t) > 0 makes
it P-divisible. To see whether N\; represents a physically legitimate, that is, completely positive,
evolution, one checks the positivity of the associated Choi matrix,

u(t)

. 1 _
Xp = A@idy[Py] = 1 (114 +ut)(1 @0 — R @m) +e Mo ® U3> )
1+e2M 0 0 2u(t)
1 0 1—e 2M 0 0
T4 0 0 1—e 2M 0 ' (19)
2u(t) 0 0 14 e 2M

where PY = |4 )y | projects onto the entangled state |, ) = % (100) + [11)), where |0) and

|1) are eigenstates of o3 with eigenvalues +1. Then, A; is CP iff X; > 0 [22]. From (10), the
positivity of the Choi matrix corresponds to

T+e2M > 2u(t) & eM e M > 20 M9 exp (% cos(wt)) : (11)

If w > 0, then the right-hand side of the second inequality above is always less than or equal
to 2 and CP is guaranteed. Instead, for w < 0, the expansion of both sides for t — 0 shows that
(11) is violated when A < |w|. However, at fixed |w)|, for A sufficiently large, complete positivity is
restored, as can be seen by studying the behavior of both sides of inequality (11).

In [12], the following result was proved: it regards the case of two parties of the same
type S, both dynamically evolving independently under the same dynamics {A¢}¢>o.
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Proposition 2. {A; ® At}i>0 on S(S + S) is P-divisible if and only if {A¢}>0 on S(S) is
CP-divisible.

This result, which can be obtained as a corollary of Proposition 4 below (see Remark 3),
extends to explicitly time-dependent generators £; found in the case of semigroups; namely,
that the tensor products A; ® A¢, t > 0, where Ay = etL on the states of S + S are positive
if and only if A; is completely positive [23], a result also obtainable as a corollary of
Proposition 4 below, following the argument in Remark 3.

The physical consequences of Proposition 2 are best appreciated within the context
where non-Markovianity is identified using the notion of Backflow of Information (BFI).

2.2. Non-Markovianity: Backflow of Information

Differently from the RHP criterion, the BLP criterion proposed in [11] relates Marko-
vianity to the behavior under A of the distinguishability of any two states p and ¢ of the
open quantum system S, measured via

1
D(Atlp], Adle]) = Sl Aele = o]lly, (12)
with || - ||; being the trace norm. A revival in the time of the distinguishability of two

states has been interpreted in [11] as BFI from the environment at the roots of dissipative
dynamics into the open quantum system and used to identify a lack of Markovian behavior.

If the two initial states are chosen with biased weights y,1 —p, u € [0,1], the
proper quantifier of distinguishability becomes the trace norm of the Helstrom matrix
Ay(p,0) =: pp — (1 —p)o, p,0 € S(S). One can then state the following [24]:

Definition 3 (BLP criterion). The dynamics {A¢}+ does not display BFI if

d
aHAt[AH(p,a)]Hl <0, Yt>0, (13)
forall y € [0,1] and all p,o € S(S), in which case it is called Markovian.

Moreover, the following result holds for invertible maps [24,25], which are always
divisible by A;s = A o As_l.

Proposition 3. P-divisible maps { At }¢>0 do not display BFI. Vice versa, invertible maps { At }1>0
that do not display BFI are P-divisible.

Remark 1. The BLP criterion for Markovianity is based on P-divisibility and is not equivalent to
the CP-divisibility criterion. Indeed, maps which are P-divisible but not CP-divisible do not display
Backflow of Information (a typical example being the “eternally” non-Markovian evolution first
proposed in [26]). On the contrary, CP-divisible maps cannot show Backflow of Information, for
they are P-divisible.

In [27], the concepts of CP-divisibility and Backflow of Information were reconciled by coupling
the system S to an inert ancilla A of the same dimension and studying the information flow under
the dynamics Ay ® idy of the compound S + A evolution. It was shown that an invertible dynamics
{At}t>0 is CP-divisible if and only if

d .
a”l\t ®ldd[Ay(Pl‘7)H|l =0,
forall p € (0,1 and all p,o € S(S+ A).

For invertible maps, Proposition 2 implies that the absence of BFI for bipartite systems
of identically evolving parties enforces the CP-divisibility of A;.



Mathematics 2024, 12, 37

6 of 20

Corollary 1. An invertible dynamics {A}>o is CP-divisible if and only if no BFI occurs for
At ® Ay, namely,

HAf@At[Ay 0,0, < (14)

forall y € [0,1] and all p,o € S(S +S).
Proposition (3) and Corollary (1) moreover imply that

d (d) (d)
Sl|adai|| <o vezo,val?,
At P-divisible, not CP-divisible = (15)
& &
=04 st glareada >0
where the notation A;ld) indicates a Helstrom matrix in M;(C).
We refer to (15) as the Superactivation of Backflow of Information (SBFI).

Remark 2. As already illustrated in the Introduction, such a phenomenon means that in order to
have BFI in a tensor product dynamics of a bipartite quantum system it is not necessary to have it in
one or the other of the two parties. As such, it reminds us of the Capacity Superactivation [13,14] in
that one can send information through the tensor product of two quantum communication channels
that by themselves cannot transmit any information. In the same vein, we shall show below instances
of the tensor products of two dynamics not exhibiting BFI that show it (as will be the case, for
example, in Section 3, for the mixtures of pure dephasing qubit dynamics and their tensor products).

2.3. General Tensor Families

Let us now consider the case of the general families of tensor product maps Ag ) ® A(z)
namely, the two parties need not evolve in time according to the same reduced dynamlcs

In the semigroup case, it turns out that the maps AEU ® A£2> can be positive without
both single-system maps being completely positive [28]. We shall see that, unlike for equal
dynamics, the P-divisibility of Agl) ® AEZ) does not require the CP-divisibility of Agl’z).
The next result, based on [29], deals with necessary conditions for the P-divisibility of

JNUPINC

Proposition 4. Let us consider time-dependent generators, as in (2),

1
£{[p] = —i[H® (1), 0] + Z K (Pz-pr— z{afPi,p}), (16)
i,j=1

of dynamical maps AE“), « = 1,2, respectively. If Agl) ® Agz) is P-divisible, then for all invertible
Ve M;(C),

KV + VKDY >0, vi>0 (17)
where V = [V;j] € Myp_1(C) is such that VF] V! = Zdz Ly, F*
Remark 3. Notice that, by choosing K\?)(t) = 0, one reduces to maps of the form A ® id;

then, the above result regards the CP-divisibility of Ay and makes Proposition 1 a corollary of
Proposition 4. Instead, taking V =1 € My(C), V becomes the identity matrix in Mp_4(C), and

the P-divisibility of Afl) ® Agz) implies

KD () + K@ (1) > 0. (18)
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It is then Proposition 2 regarding the tensor product Ay @ Ay that becomes a corollary of the
previous proposition; indeed, (18) reduces to K(t) > 0. This, as already remarked, is equivalent to
the CP-divisibility of the dynamics.

On the other hand, if Ay ® A is not P-divisible, one could restore P-divisibility by suitably
changing the time-dependent Kossakowski matrix of the second-party dynamics, namely, by choosing
Ke(t) = K(t) + €l(t). Then, (18) reads K(t) + K¢(t) = 2K(t) + e['(t) > 0. Therefore, if the
single-system dynamics Agl) is not CP-divisible, that is, if K(t) is not positive semidefinite, then,
in order to restore the P-divisibility of the tensor product dynamics, one has to seek a generator of
the second-party time-evolution which is sufficiently strong. In practice, this means that to avoid
SBFI due to Ay ® Ay by changing the dynamics of the second party, one in general needs more than
just a small perturbation of the second-party generator.

Proof of Proposition 4. By Lemma 1, the intermediate map A(l) ® A( ) is positive for any
t > s >0, if and only if

Go(¢, ) = (p|L) @idy +idy @ L]0 (9])|¢) > (19)

for arbitrary orthogonal [¢), [¢). Let @ = [¢sp], ¥ = [Pap] be the matrices whose entries
are the vector’s components with respect to a fixed orthonormal basis {|a) @ |B) } 45. These
matrices are Hilbert-Schmidt orthogonal, namely, (¢|¢) = Tr(®T¥) = 0. Vice versa, given
two Hilbert-Schmidt orthogonal d x d matrices ¥ and ®, their entries can be taken as
components of two orthogonal d-dimensional vectors |) and |¢) in C* with respect to the
chosen basis.

The orthogonality of the vectors |¢) and |¢) reduces (19) to sums of products of
contributions of the form

(9IF @1y = ﬁzl%w Dy = Te (FY®T)
wB,y
d

(Pl @ Fly) = ﬁz <1>;ﬁ‘fm(ﬁ)m:Tr(Fi(cphf)T)
a,B,y=1

and their conjugates, where ()T denotes matrix transposition.
Then, (19) can be rewritten as

d*-1 - -
0< 1]21 < s) Tr(FTo¥t) Tr(p+q>\1f+> +1<< )( )Tr(FF (¢te)T) Tr(l_"]ff(\lrl'q))T))‘ (20)

Let W be a generic traceless matrix in M;(C). Since every matrix is similar to its
transposed matrix, given any invertible V € M;(C), there exists an invertible S such that
S(V=IwV)s—1 = (V-IWV)T. Choose @ := VS~1, ¥ := (SV1W), so that P¥" = W
and (¥T®)T = V-1WV. With these choices, (20) becomes

-1
0< Y ( $)Tr(FW) Tr(E'W) + K () Tr(FF V- TWV) Tr(F].*V—lwv)).
ij=1

d*—1
Since Tr(W) = 0, it holds that W = Zd 1 w;F; and Tr(FJrVAWV) =) Vigwy =: 0.
k=1
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Finally, since W is a generic traceless d x d matrix, the vector |w) = Zd TLaw;|i)
consisting of the components of W with respect to the chosen Hilbert-Schmidt orthonormal

basis {Fi}flz_l spans C#~1. Therefore, the previous inequality yields:

=1
0< Y (K (s)@w; + K (5) Ti0y) = (w|KV(s) + VK@) (5)V]aw),
ij=1

from which K (s) + VT K@ (s)V > 0 follows. [

We now look for a sufficient condition for the P-divisibility of generic tensor product

dynamics Agl) ® Agz). From (16), without loss of generality [26], the generators of the local
maps can be recast in a diagonal form with respect to a time-dependent family of Hilbert-

Schmidt operators Fk(a) (t), « = 1,2; furthermore, in the following Proposition, we will

+
restrict to the case of an Hermitian Hilbert-Schmidt orthonormal basis Fk(“) (t) = (Fk('x) (t)) .

Remark 4. As already remarked in the course of the proof of the previous proposition, only the terms

ij 11 K(a)( t) Fip F]?L from the time-local generators (16) non-trivially contribute to Gs(¢, ), for

orthogomzl |p), |W), as one sees from (20) in the proof of Proposition 4. The commutator and
anti-commutator terms do not play any role. Therefore, focusing on only the dissipative part of the
generator as in the subsequent proposition is no restriction.

Proposition 5. Let the generators of Aga), x«=1,2, be
1 2
2w“> 0 (F0pE 0 - 3{ (F00) e} ). @

+
diagonal with respect to a Hilbert-Schmidt basis of traceless and Hermitian operators (Fk(l’z) (t)) =

F,fl’z) (t) € My(C). Suppose that the rates 7151’2) (t) are all positive semidefinite functions of time,
except for at most two 'yl.(l)(t) and 'y](z)(t), and that, for all t > 0, 'y,((l) (1) + 'yi(l)(t) > 0 for all
k#iand ) (8) + 917 (8) > 0 forall k # . If

1o +rP B =0 amd DB +7 1) >0, (22)

forallt > 0andallk =1,..., dz — 1, then Agl) ® AEZ) is P-divisible.

The proof is reported in Appendix A. The above assumptions in Proposition 5 are such
that, while one rate for one system and one for the other are allowed to become negative,
all sums of pairs of rates of either systems are instead forbidden to do so. In order to better
illustrate the assumed properties of the rates, let us consider the following example.

Example 2. Let Agl'z) be Pauli maps as in Example 1 defined by master equations with rates

1, We=1, AV =sn@), (23)
1 7%2)(0 =1, 'y§2>(t) = —sin(t), (24)

and a suitable A to ensure CP of Agz) (see Example 1). Both dynamics are P-divisible; indeed,
'yf“) (t) + 7}“) (t) > 0,Vi # j, « = 1,2. However, they are not CP-divisible for fyél’z) (t), which
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becomes negative. Nevertheless, 'yél) (t) + 7;2) (t) = 0. Then, the conditions in (22) are satisfied
and AV @ AP is P-divisible.

Then, Propositions 4 and 5 yield the following necessary and sufficient conditions for
the P-divisibility of tensor products of qubit Pauli maps.

Proposition 6. Let Ag“), « = 1,2, be CPTP Pauli maps with time-local generators given by

(@) 13 (@
L [P]ZEk_Zl'rk (t) (oxp ok — p) - (25)

Their tensor product, Agl) ® A£2>, is P-divisible if and only if both Agl’z) are P-divisible and

W +aP (1) =0, vE>0, Vij=123. (26)

The proof is reported in Appendix A. We summarize the divisibility properties of
Pauli dynamics and the corresponding conditions on its generator in Table 1.

Table 1. Divisibility properties of Pauli maps: necessary and sufficient conditions.

As CP-d Yilt) >0
A P-d i)+ (1) > 0,i # j
A ® A P-d 7i(t) = 0
A @ AP pd A P, V) 442 () >0

It is worth stressing the difference between the time-dependent case and the time-
independent regime; in the latter case, CP- and P-divisibility are equivalent to the complete
positivity, respectively, and the positivity of Pauli maps with rates 'y,(c“) (t) = 'y](c'x) constant
in time. In such a case, it cannot be that both maps are positive but not completely positive;
l.(l) and 7](2). Then, their sum
is also negative, contradicting Equation (26). As seen in Example 2, in the time-dependent
case, both rates =+ sin(t) can change sign without spoiling the P-divisibility of the tensor

product.

indeed, if it were so, there surely exist two negative rates, say, v

Remark 5. If A; is P-divisible but not CP-divisible, one can imagine keeping one party’s evolution
fixed and varying the second party sufficiently to achieve a Ay @ Ay that is P-divisible, thereby
eliminating SBFI through this variation in one of the local environments (for Pauli dynamics, this
would mean varying the second-party rates until the conditions in (26) are matched). However, the
map Ay @ Ay cannot be CP-divisible (since Ay is not). Corollary 1 then implies that one can recover
SBFI by doubling the system to a four-party dynamics (A¢ @ At) @ (Ay @ Ay) that would not then
be P-divisible.

3. Mixtures of Pure Dephasing Processes: Two-Qubit Divisibility Diagram

To further illustrate the results of the previous sections, we shall now study the
divisibility properties of a class of maps obtained via convex mixtures of CP-divisible
dynamics in relation to variations in their time-local generators. The main goal is the
characterization of a “divisibility diagram” of the tensor products of such mixtures. In
particular, we are interested in mixtures of pure qubit dephasing semigroups of completely

(k)

positive and trace-preserving (CPTP) maps &, = ¢! Lk arising from Pauli generators

Lilp] = o por —p, k=1,2,3. 27)
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The latter are Pauli maps as in Example 1:
o o) =AY (o, AV =e P itne{1,23), A =201) =1.

Given weights p, > 0, Z?{:l px = 1, one then defines their mixtures

oP = p@!V + p,@? + piol® (28)
These convex combinations are also CPTP maps and satisfy ®F [0,] = /\&p)ay, where
A =1, M) =p+e?1-p), k=123, (29)

- 1
never vanish. The dynamics is thus invertible, (CDf ) ! o] = RO and thus arises from
A
14

a time-local Pauli generator L} = & (be) ! ; namely,

3

Pl = 5 Y. () opci—p),
k=1

where the time-dependent rates 7} (t) are related to the weights p = (p1, p2, p3) in the
following way:

W)= pf(t)—pb(t) — 5 (1), (30a)
V()= —pf () +ub(t) — (1), (30b)
V)= - (t)— 5 (t) +u5(t), (300)
with

P ¢ _ p2 + P3 — 1- P1 31
) p2 + p3+ pre? 1+ pi(e2-1)° (1a)
Pt - _ pl+p3 = — 1_p2 31b
]/IZ() pl+p3+p2€2t 1+p2(62t71)' ( )

+ 1—

Wy = AR Ps (310)

p1+patpaed 1+ py(e—1)°

3.1. One-Qubit Divisibility Diagram
Before considering the tensor products of pairs of the above maps (28), we briefly
review some relevant properties for the one-qubit case, which was studied in detail in [30].

(i) P-divisibility. As one can easily check from (30),

Y +95(t) = =28 (t) >0, (32)

as well as for cyclic permutations of the indices. Thus (see Example 1), @ is P-divisible
for all p.
(i1)  Eternal and quasi-eternal non-Markovianity. From (30), one has

(0)=2p >0, k=1,23. (33)

If pr = 0O, then
() <0 Vt>0; (34)

for instance, letting p3 =0 = p1+p2=1andt >0,

Pi) — p2 p1
73 (1) pa+eZp; | pr+edip,

—1<p+p1—-1=0,
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(i)

while ’yf(t) >0,t>0,i=1,2, as a consequence of Property (i). Such a dynamics
is clearly not CP-divisible and is usually labeled as eternally non-Markovian (ENM).
For instance, choosing p; = p2 = 1/2, p3 = 0, we end up with the ENM evolution
first introduced in [26], with 1 (t) = 72(t) = 1 and 73(f) = — tanh(¢). Similarly, if
p1p2p3 > 0and

It >0:9P (1) <0 = 2P () <0 Vi, (35)

This is checked explicitly in Appendix B. It also follows that, for a given p, at most
one rate ¥ (t) can become negative: indeed, if 7 (t) < 0 for t > t} and 'y]P(t) < 0 for
t >t TP (1) + ')/]P(t) < 0 for t > max{t, tf }, violating P-divisibility condition (32).
One-qubit divisibility diagram. The above properties allow one to characterize the
one-qubit “divisibility diagram” [31] of the mixtures ®} in terms of the parameters p.
Let us denote by P the set of weights {p : px > 0, px = 1}. As remarked in point (i)
above, each p € P corresponds to a P-divisible map de. Therefore, the set of divisible
maps is the union of the disjoint subsets

CP = {p: @} is CP-divisible} and P\CP, (36)

namely, of the subsets of weights corresponding to CP-divisible maps, respectively,
and to P-divisible but not CP-divisible maps @}, respectively. The subset CP can be
identified by means of Property (ii); indeed, if ®F is not CP-divisible, there must exist
exactly one k € {1,2,3} such that 9F (t — c0) < 0. On the other hand, ®f € CP if
and only if it has positive rates, so that:

peCP < PH(t—0)>0 £k=1,23. (37)

Assuming p; p2 p3 > 0, the asymptotic behavior of the rates for t — oo is as follows:

e—2t
(t) ~ (=p2p3(p2+ps) +p1ps(pr+ps) +pip2(pr+p2)), (38a)

p1pP2 P3
—2t
Y (t) ~ (p2p3(p2+p3) —p1ps(p1+p3) +p1p2(p1+p2)), (38b)
pP1p2p3
6721‘
() ~ (p2p3(p2+p3) +pips(pr+p3) —pip2(p1+p2)), (38¢)

pP1pP2P3

makes the region C'P identified using the following inequalities

pip2(pi+p2)+p5—pi+pi—p2>0, (39a)
papr(pr+p2)+pi—pa+p2—p1 >0, (39b)
(1+pip2) (pr+p2) —pL—p5—4p1p2 >0, (39¢)

where p3 = 1 — p; — p2 was used, making it possible to represent CP as a two-
dimensional, triangular-like region in the (p1, p2) plane, as in Figure 1. Conversely,
maps which are only P-divisible are identified with points p € P\ CP that violate one
and only one of the inequalities (39). Such maps are all examples of so-called weakly
non-Markovian evolutions: in fact, as stated in Proposition 3, they do not display
BFI. The situation is remarkably different when taking the tensor product of two such
maps: in such a case, parameter regions with associated BFI appear.
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0.75¢

0 025 p* 05 0.75 1
pP1
Figure 1. One-qubit divisibility diagram. For each point (p1,p2), p3 = 1 — p1 — p2. Region
CP includes CP-divisible maps (’y}:(t) >0, Vt>0), while P\ CP corresponds to P-divisible but
not CP-divisible maps (3k, t* > 0 : 7F(+*) < 0, Vt > t*). The highlighted point (p*, p*),
p* = (3~ /5) ~ 0.38, marks the boundary between CP and P \ CP along the line p; = p,.
3.2. Divisibility Diagram of Tensor Product Dynamics

We now investigate the structure of the divisibility diagram for tensor products
®F @ ®. It will become evident that there exist regions CP; of CP-divisible maps and N
of non-P-divisible maps that exhibit SBFIL. However, the two-qubit parameter space will
also be complemented by a non-trivial region (P \ CP), of only P-divisible maps that do
not show SBFI, as we shall prove in the following.

*  CP-divisibility. Since the tensor product of CP-divisible maps is still CP-divisible,
p.q€CP = (p,q) € CP>.

On the other hand, if (p,q) € CP», consider arbitrary rank-1 projectors Q,P,R €
M;(C) ® M;(C); since CDES ® @gs isa CPTP map forall t > s > 0,

0< Tr((n}3 © Q¥ OP @ DL ®idy [R1'3 ® P2'4D = Tr(Q(apf{s ® idz) [P]) )

(superscripts denote only to which qubits the 4 x 4 matrices refer) showing that @gs
has to be completely positive. The same holds for ®F, so that

t,s’
p.q €CP <= (p,q) € CP>.
e Lack of P-divisibility. In view of Proposition 2,
peP\CP = (p,p) € MNa.

Also, as we have seen, all single-dynamical maps labeled by p are P-divisible; thus, if
CID%J & CDf is not P-divisible, CDf cannot be CP-divisible, and then

peP\CP < (p,p) €EN>.

Furthermore, for a sufficiently small but not vanishing perturbation dp, ||op|| < 1,
one also has
peP\CP = (p,p+dp) € Na. (40)
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Indeed, a small perturbation cannot in general restore the P-divisibility of the tensor
product (see Remark 3). Moreover, we can also assert that

p.q € P\CP = (p,q) € NV>. (41)

Indeed, if both p and q are in P \ CP, then two rates, say, 7 (t) and ’y](.l(t), would
become negative and stay negative asymptotically: 'ylP (00), 'y]'fl(oo) < 0, by Property (ii).
In particular, so will their sum, ¥ (c0) + ’y]‘.](oo) < 0. Thus, ®} ® ®} cannot be P-
divisible, due to Proposition 6. As a consequence, all p,q € P \ CP will give rise to a
tensor product map ®F ® @ displaying SBFI.

P-divisibility without CP-divisibility. We now prove the existence of a non-trivial region
(P \ CP), of maps @} ® ® which are P-divisible, without ®F, & being both CP-
divisible. From (41), such a region can only consist of points (p, q) withp € P\ CP
andq € CPorp € CPand q € P\ CP. Inorder to show that the region (P \ CP); is
not empty, we restrict to p of the form (p,p,1—2p),0<p < % These are the points
lying along the line p; = p» in Figure 1. With this choice, the Pauli rates become

2
HO =180 = g2y (422)
Prpy 1-p _ AP
75 (t) =2 T (@ 1) WAGE (42b)

Thus, only 7} () might become negative. If 7} (t) > 0, then the inequality (39c) must
be satisfied. For p; = py = p, it reads

2p(p*-3p+1)>0.

Then, p = (p,p,1—2p) € CPifand only if 0 < p < p*, with p* = %(3 - \/5) ~ 0.38.

Conversely, for p* < p < 1, 75 (t) is not a positive function of time and ®? is not
CP-divisible.
Setting p* < p < % sothatp = (p,p,1—2p) € P\ CP, we then look for parameters
q € CP such that ®F ® &} is P-divisible. From Proposition 6, necessary and sufficient
conditions are

wH)+rlt) =0, vt>0, k=1,23. (43)

First, let us look for a q on the line g; = g2 = g, with 0 < g < p*. Then, a simpler
condition can be inferred, namely,

fyg(oo)—f—'yl?(oo) >0 k=1,2,3. (44)

Indeed, 'yg(t) + 'y,?(t) can have at most one zero for t > 0 (see Appendix B). In turn,
the following holds:

It =0: () + (1) <0 = Rt +1l(t) <0 Vi>tF, (45)

so that one can look only at the asymptotic behavior. Then, (44) enforces the following
conditions on the pair (p,q):

q(1—2q) + p(1—6q+74%) — p*(2 — 7q + 44°)
1-29—p(3-7q) +p*(1—4q)

(46a)

>0,
>0. (46b)
Hence, if p = (p,p,1 —2p) € P\CP and q = (9,9,1 — 2q) € CP satisfy (46a) and
(46b), then (p, q) € (P \ CP)y; otherwise, they belong to NV;. Regions defined by (46a)
and (46b) are displayed in Figure 2: it shows that, for values of p increasingly greater
than p*, the following are true:
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1.  The largest value 0 < g < p* such that ® ® &} is P-divisible is increas-
ingly smaller than p* (and p). Thus, what also increases is the minimal de-

parture 6q = ||q — p|| of q from p in the second party such that ®} ® <I>f+5q is
P-divisible;

2. Thesubset of 0 < g < p* such that ®} @ ® is P-divisible progressively reduces,
up to p = v/2 — 1 ~ 0.414, for which only g = 1 can make ®f ® ®}! P-divisible
(that is, the only q making the map P-divisible is the centroid of CP).

(P\CP),
0.3
Ny
lwy}
| 0.2
2,
0.1
0
0 0.01 0.02 0.03

p—p°

Figure 2. Parameter set of maps ®} ® &1, with p = (p,p,1 —2p), q = (q,9,1 — 2q) along the
bisector of Figure 1, with p € (p*, 1], q € [0,p*] and p* = 1(3 — V/5) ~ 0.38. The region of (p,q)
defined by the inequalities in (46a) and (46b) is shown in purple. For points inside this region,
®f ® @] is P-divisible, while outside it is not P-divisible and displays SBFL Notice that for increasing
p > p*, the minimal distance g := p — q needed to make ®} ® ®} enter the purple region by
varying it into @} ® ® with p = (p, p,1 —2p) and q = (p + g, p + 64,1 — 2p — 267) increases. The
interval of “good” g that permits us to restore P-divisibility also reduces with increasing p, up until
p = V2 —1 ~ 0.414, which corresponds to p — p* ~ 0.03, where it only consists of g = % The
corresponding point q = (3, 1, 1) lies on the centroid of CP.

To have more insight about the structure of the region (P \ CP)y, let us now allow

71 # g2, while keeping p € (P \ CP) fixed. Define then a region

(P\CP)y, ={qeCP:25(t) +1(t) >0, k=1,2,3}. (47)

Att = 0,98(0) + 73(0) = 2(ps+ ) = 0,50 (P\CP)E,_y = CP. In Figure 3a,
(P\ CP)g,t is depicted for p = (0.4,0.4,0.2); it shrinks for increasing ¢, but it survives
the limit t — oo. Points q within the asymptotic region (P \ CP)EOO C CP will
give rise to maps ®F @ ®J, which are P-divisible. Numerical evidence indeed shows
that (44) is still necessary and sufficient for having the P-divisibility of the tensor
product, since the sum 7% (#) + 7} () will have at most one zero if q € CP (this can be
checked by studying the numerator of 7} (t) + 7;1(t), which will be a polynomial in
e?!, and studying the pattern of coefficients to apply the Descartes rule of signs. This is
carried out explicitly in Appendix B for the case of p, q taken along the lines p; = p»
and g1 = q2).

In addition, for p along the line p1 = p; and progressively further away from
(p*,p*,1—2p*), the size of (P \ CP)E/OQ C CP will reduce, as already noted for the
g1 = g case. The regions (P \ CP)EDO for p = (0.4,0.4,0.2) and p = (0.41,0.41,0.18)
are compared in Figure 3b.
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Remark 6. Having fixed p € (P \ CP), the P-divisibility of ®f ® ® cannot be restored by
making arbitrarily small perturbations to p, as discussed in Remark 3. This is evident also from
Figures 2 and 3b, since it is necessary to perform a large enough variation in the second party to
enter region (P \ C’P)goo, restore P-divisibility and, consequently, eliminate SBFI.

1F _
= (P\ Cp)g,t=1.5

P\ CP)?
0.751 = ( \ )2,00

0.5+

q2

0.25¢

0 0.25 05 0.75 1

0.75¢

0.5+

q2

0.25¢

0 0.25 0.5 0.75 1
q1
(b)
Figure 3. In (a), for fixed p = (0.4,0.4,0.2) in (P \ CP), the region (P \ CP)gt ={qeCP:
'yg(t) + 'y;‘(t) > 0,k = 1,2,3} is displayed for t = 1.5 and for t+ — oco. In (b), the same region
(P\C 73)500 is displayed in purple within CP; it contains points q such that ®F ® ®{ is P-divisible.
Notice that it cannot be reached from p with an arbitrarily small perturbation p + dp: a large enough
variation is required to enter it, restore P-divisibility and eliminate SBFI. The same region is also

displayed in dark purple for p = (0.41,0.41,0.18), illustrating that as p = (p, p, 1 — 2p) moves along
the p1 = py line with p increasingly larger than p*, the size of the region (P \ C’P)ZP,oo decreases.

4. Conclusions

This paper deals with a peculiar quantum phenomenon arising within the scenario
of open multi-partite quantum systems whose joint dynamics is the tensor product of
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dynamical maps with time-dependent generators. It might indeed happen that memory
effects in single dynamics do not support BFI from environment to system, while the tensor
product dynamics do. Such a superactivation phenomenon is a purely quantum effect
resulting from non-classical correlations among the parties, as can be shown by means of a
suitable collisional model [15]. Its physical appeal relies upon the fact that memory effects
have often been proven resourceful in a variety of quantum technological tasks. In this
respect, further investigations are needed for potential applications of SBFI.

The absence or presence of BFI in connection to an open quantum dynamics Ay is
determined using its divisibility properties, namely, by whether or not the intertwining
maps Ats such that Ay = Ags o Ag are positive or not. We investigated such properties

(1)

for the general tensor products of completely positive dynamical maps A, ® AEZ), with
the aim of seeking conditions for P-divisibility, without the single-party maps A§1’2) being
CP-divisible, namely, without these maps having completely positive intertwiners.

For the case of two P-divisible Pauli maps acting on qubits, particularly simple neces-
sary and sufficient conditions for the P-divisibility of their tensor products have been given
in terms of the mutual sums of the master equation rates. Moreover, examples have been
provided in which the P-divisibility of the tensor product could be achieved without one or
even both maps being CP-divisible. The interest of these results relates to the fact that a lack
of P-divisibility (along with invertibility) implies the emergence of BFI through revivals of
the trace distance between time-evolving quantum states. If A; is P- but not CP-divisible,
it is known that BFI does not occur for A;, but it does occur for the second-order tensor
product A; ® Ay, describing two parties evolving in identical, dissipative environments.
Such an intriguing phenomenon has been called the Superactivation of BFL

The results presented in the manuscript imply that SBFI can be switched off by per-
forming a suitable variation of one of the two dissipative evolutions. Concretely, by suitably
changing the parameters of the generator of one of the parties, for instance, by acting on
the microscopic origin of open quantum dynamics, one can stop information from be-
ing injected into the coupled open quantum system from the environment. Abundant
phenomenology relative to the SBFI effect has been provided by means of mixtures of
dephasing qubit maps, in particular by means of two-qubit “divisibility diagrams” that
show regions of CP-divisible maps, of non-P-divisible maps as well as of only P-divisible
maps. The emerging picture is such that, when dealing with P-divisible but not CP-divisible
dynamics A;, obtaining a P-divisible tensor product A; ® A; is not achievable via simple
tensorization with a slight perturbation A; of A itself; instead, a sufficiently large variation
is required to eliminate SBFL
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Appendix A. Proofs of Propositions 5 and 6
Proof of Proposition 5. Let (¢|y) = 0 and consider the quantity

Gi(¢ ) == (o1 @idy +idg @ LP]19) (w]]|9) -

Let ® = [¢p,], ¥ = [¢ap] be the matrices whose entries are the vectors’ components
with respect to a fixed orthonormal basis {|a) ® |b) },p, Tr(®¥") = 0, so that:

Gi(¢, ) = TZ_: 0| (RY (1) o) ‘2 + 122_11 1) (B2 (1) (¢ o)) ’2. (A1)
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+
Since Fk(“) (t) = (Fk(“) (t)) , & = 1,2, are assumed to be a Hilbert-Schmidt orthonormal

basis for the traceless d x d matrices W for all ¢t > 0, one writes W = Z?i;l Tr (Wlfj(a) (t)) Fj(“) (t)
so that

dzil (Tr< (1)( )q;\}ur))z _ Tr<q>‘1’+<1>‘i’+) _ Tr<(T+¢)T(T+¢)T)

- T (o))

from which, isolating one term and applying the triangle inequality, one obtains
‘Tr(F].Q) (¥'eo)T) ‘2 ‘Tr( Loyt ’ + Z ‘Tr(l—"(z (¥'o)T) ’2.

SetJ_ :=={t > 0: 7](2)(1‘) < 0} C R*. Forallt € J_, we can thus bound (A1)
as follows:

G, ) > i:l(vi)ﬂw 1) (R q"“)’
o B0 ) (e e 2o
k#j

We can then define I_ = {t > 0: 'yl-(l) (t) < 0} and repeat the estimation, this time
acting on the term proportional to 7.(1) (t). Thus, Gi(¢, ) > 0forall t € I_ U J_ for times ¢

1
such that ,)/i(l) (t) > 0and 7}2) (t) >0, G¢(¢, ) > 0 follows trivially from (A1). Hence, we
prove that G;(¢, ) > 0 for all t > 0, which is sufficient to guarantee, by means of Lemma 1,
the P-divisibility of A!) @ AP, O

Proof of Proposition 6. For the “if part”, the conditions in (26) together with the necessary
and sufficient conditions for the P-divisibility of the one-qubit Pauli maps (see Example 1),
namely,

WO+ 20, a=12, Vi20, Vi#j, (A2)

fulfil all the requirements of Proposition 5; hence, they are sufficient for the P-divisibility of
INUPSNC)

For the “only if” part, let us first show that the P-divisibility of Agl) ® AEZ) implies
the P-divisibility of A£1’2>. Suppose, then, that V¢ > s > 0, AE}S) ® AE? is a positive map,

and consider generic rank-1 projectors P, P’ and Q € M;(C); since 1, ® Q > 0 and Agi’z)

preserve the trace,
0< Tr((]lz 2Q AL ©AY [P PD - Tr(Q AP [p}) ) (A3)

so Agzs) is a positive map forall t > s > 0 and A£2) is P-divisible. Analogously, Agl) also

has to be P-divisible. Therefore, only the necessity of the conditions in (26) remains to be
demonstrated. Consider the unitary operators

VA — %TT - (vk’)+ - (vkl)fl, k£1e{1,23), (Ad)



Mathematics 2024, 12, 37

18 of 20

such that V¥ ¢; VK = Z}Ll Vf;l o; with VK a 3 x 3 Hermitian matrix. Due to Proposition 4,

-1 0 0
Aﬁ” ®A§2) is P-divisible = K (t) + VMK ()VK > 0. Forexample, V2 = [ 0 0 1

0 10
yields

0 < KD(@)+ VB ()=

[
<2
N~
=
=
—~
=
N—
+

1 2 (t) N
() ¥2(t)

thus enforcing 751) (t) + 7%2) (t) >0, 'yél) (t) + 'yéz) (t) >0, 'ygl) (t) + 752) (t) > 0. Varying
k,1, one obtains the complete set of conditions in (26). O

Appendix B. Properties of the Quasi-ENM Dynamics ®}
() Ifpipaps > 0and yF(t*) < 0 for some t* > 0,k € {1,2,3}, then 7} (t) <0Vt > t*.

Proof. Suppose that 7} () is the rate turning negative at some t* > 0. Then, by
means of Descartes’s sign rule [32], we show that ’yg (t) can have at most one zero,
so if it turns negative, it stays negative for all subsequent times. Using (30) and (31),

we rewrite p
N3 (t)
p 3
73 (t) = , (A5)
3 [ (14 pele? —1))
where
NY(t) = azo(p) + 3,1 (p)e* + azo(p)e®, (A6)
with
w32(P) = —pip2 — P1p5 + Pips + Paps + p1p3 + paps, (A7a)
a31(p) = 2p3(1 — p2)(1 = p1), (A7b)
a30(p) = (1 —p1)(1—p2)(1—ps)- (A7¢)

Thus, azo(p) > 0 and a31(p) > O for all p, while a3,(p) can turn negative. By
the Descartes rule of signs (recall that the rule states that for a polynomial with real
coefficients, the number of its positive roots P is given by P = S — 2m, where S is
the number of sign changes between its nonzero coefficients ordered in descending
order of the powers, and m € N. In particular, if the number of sign changesis S =1
or S = 0, there are, respectively, one or zero roots), 'yg (t) will have only one zero
when a3, (p) turns negative. Points p for which a3, (p) turn negative are shown in
Figure Ala. O
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Sign of a3,(p) Signs of B33, 832, B3,1, B30
1 [
0.75¢ +
o | - -+ +
8 05 -4+ o+
o+ o+ o+
0.25¢
O L.

0 025 05 075 1
P1
(a) (b)
Figure A1. In (a), the subset of p that makes a3 (p) negative corresponds to the subregion of P for

which 73 (t) # 0. In (b), the sign patterns of B33, B3,3, B31, B3, are functions of (p,q), p € (p*, 3] and
q € [0,p*], p* = 5(3 — V/5). Since there is only one sign flip, 7} (¢) + 73 (f) can then have up to one

Zero.

(I Letp =(p,p,1=2p)and q=(q,9,1—2q), withp* < p <1/2and 0 < g < p*, p* =

3B =V5). If 5 (t) + 91 (t) < Oforsomet > t*, k € {1,2,3}, then 75 (t) + v (t) < 0
forallt>t*

Proof. The reasoning is the same as in (I). Let

N/A(t)
p q _ 'k
Y3 () + 7 () = =5, (A8)
ST = by
where Df’q(t) > 0and
NP‘? Z .Bkn P, Znt. (A9)

Focusing only on the numerator, for k = 3, one has n3 = 3, and coefficients B3, (p, q)

read
Bsa(p.q) =2(q(1—29) + p(1—6q+74%) — p*(2— 79+ 44°)), (A10a)
B32(p,q) =2(2—69+5¢" —2p(3 — 10 +94%) + p*(5— 184+ 124%)),  (A10b)
Bs1(p,q) =6(1—q)(1—p)(q+p(1—4q)), (A10c)
Bso(p,q) =8q(1—q)p(1—p). (A10d)

Coefficients B3(p,q) and B3 1(p, q) are always positive, while B3, (p,q) and B3 3(p,q)
may become negative. Nevertheless, there can be at most one change of sign in the
pattern of coefficients (considered in increasing order with the powers of ¢*), as shown
in Figure Alb. Again, by the Descartes rule of signs, one concludes that 75 () + 73 ()
can have at most one real zero. The same reasoning applies for 'yg(t) + ’y?(t) =
Y5 (#) + v (t), for which n; = np = 2 and

Bia(p,q) =2(1—2q— p(3—7q) + p*(1—47)), (Alla)
Bir(p,q) =2(1—p)(3q+p(1—38q)), (Al1b)
Bio(p,q) =8qp(1—p), (Allc)
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where i = 1,2, so that fyg (1) + ’yg(t) can have at most one zero for t > 0, depending
on the sign of B;»(p,q). O
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