




A B S T R A C T

The origin of supermassive black holes (SMBHs) remains an open question
in astrophysics. The presence of black holes more massive than a billion solar
masses at high redshifts (z > 6) challenges many formation mechanisms.
Scenarios based on typical stellar-mass seeds struggle to explain the existence
of such massive black holes at high redshifts, whereas “direct collapse” based
scenarios have difficulties to explain the entire population of these black
holes at z = 0. One mechanism that can alleviate these problems invokes
the collapse of Pop III.1 stars as seeds of SMBHs. These stars are composed
of primordial metal free gas forming in dark matter mini halos in the early
universe, but with the additional condition of isolation from other stellar
or SMBH feedback sources (McKee and Tan, 2008). This isolation condition,
parameterized by an isolation distance, diso, leads to limited fragmentation
and thus co-location of the star with the dark matter cusp. If the dark
matter particles in the halo are assumed to be Weakly Interacting Massive
Particles (WIMPs), then their self-annihilation inside the protostar would
release energy which can be captured by the star, allowing it to maintain
a relatively cool photosphere (Spolyar et al., 2008; Natarajan et al., 2009;
Freese et al., 2010; Rindler-Daller et al., 2015). This results in low levels of
ionizing feedback, thus more efficient accretion of almost the entire baryonic
content of its natal minihalo, i.e. � 105M�. In Banik et al. (2019), this seeding
mechanism was applied on a cosmological box of (40h-1Mpc)3 using the
PINOCCHIO code (Monaco et al., 2002; Munari et al., 2017) and the evolution
of the seeded halos was followed down to z = 10. The number density of
SMBHs at that redshift matches the estimated co-moving number density at
z = 0 for values of diso � 100 kpc (proper distance).

In this thesis, we investigate the Pop III.1 seeding mechanism in PINOCCHIO

simulations of (40h-1Mpc)3 volumes and follow the evolution to the local
universe at z = 0. We present the methods and tools developed to identify
and track the evolution of seeded halos. With these tools, we compute the
evolution of the number density of seeded halos and the occupation fraction
of halos. We also compute the 3-dimensional 2-point correlation functions
and projected correlation functions of the seeded halos, while also accounting
for the finite size of the simulation box. The clustering signal shows good
agreement with the observations of luminous galaxies in the local universe,
and we predict a distinct drop in the clustering at high redshifts at small
scales corresponding to the size of the isolation sphere during the formation
epoch of the seeds. Then we present a method to distinguish among different
seeding mechanisms by creating synthetic Ultra Deep Fields of the same size
as the Hubble Ultra Deep Field. We also detail the method used to create a
light cone by stitching together multiple pencil beams extracted from the box,
and calculating the exact redshifts when each halo enters the light cone.
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In the next part of the thesis, we compute the binary statistics of SMBHs
within dark matter halos as a function of redshift and for different values of
isolation distance. We also investigate the effect on these statistics of different
prescriptions for galaxy and SMBH merger timescales. We then compare our
results to the latest observations of AGN multiplicity such as the Subaru
Strategic Program (Aihara et al., 2018, 2019; Silverman et al., 2020).

In the final part of the thesis, we compute the gravitational wave back-
ground (GWB) emanating from SMBH binaries produced via the Pop III.1
seeding mechanism. Since PINOCCHIO outputs the merger history of the halos,
as done for the multiplicity study, we extract the mergers of seeded halos
and assume a time delay between the merger of the halos and the SMBHs
occupying them. Then, to calculate the merger rate of the black holes as a
function of redshift and chirp mass, we compute the average rate of seeded
halo mergers from 10 PINOCCHIO boxes. Since PINOCCHIO is a dark matter
only code, in order to obtain the mass of the SMBHs inhibiting the seeded
halos, we use halo mass – black hole mass scaling relations. Then we compute
the value of the GWB and explore the impact of different assumptions of
time delay and the mass scaling relations. Finally, we do comparisons with
the latest results from Pulsar Timing Array experiments, particularly the
NANOGrav collaboration (Agazie et al., 2023a).
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1
I N T R O D U C T I O N

It has been almost 240years since the existence of black holes was �rst pos-
tulated by John Michell in 1784and by Pierre-Simon Laplace independently
in 1796(Michell, 1784; Laplace, 1796). Since then black holes have captured
the imagination of scientists and the general public alike. It was only in 1967
that the term black holewas coined by John Wheeler. Initially postulated as
stars with enough gravitational attraction to pull all the emitted light back
towards it, we now have a much better understanding of the behaviour of
these objects.

Mere months after Einstein published the General Theory of Relativity
(Einstein, 1916), Schwarzschild found an exact solution to the �eld equations
outside a spherically symmetric and non rotating mass distribution (Schwar-
zschild, 1916). The Schwarzschild metric, or the square of the line element
describing this spacetime in spherical coordinates is given by:

ds2 = -
�

1 -
rs

r

�
c2dt 2 +

�
1 -

rs

r

� - 1
dr 2 + r2d� 2 + r2 sin � 2d� 2 (1)

where rs = 2GM=c2 is the Schwarzschild radius and M being the total
mass of the spherical body. If a body becomes compact enough such that
its radius becomes smaller than the Schwarzschild radius - it becomes a
black hole. It can be shown mathematically that all the geodesics inside
this region end at the center, the singularity, which means that any object
that �nds itself inside this region will be trapped and not able to escape
outside. At the Schwarzschild radius, the radial component of the metric
(1 - rs=r)- 1 goes to in�nity, although it is only an artefact of the particular
choice of coordinates. The metric becomes regular in other coordinates such
as the Lemaitre coordinates and Eddington–Finkelstein coordinates. The
singularity at r = 0 is the only true singularity in this metric. The boundary
which separates the universe and the r < r s region is called the event horizon,
named after the fact that any event happening inside this region would be
unobservable to an outside observer since no signal from the event would
emerge outside.

To �nd a solution which included rotation as well, it took another 47 years
when Roy Kerr published an exact solution for a spherically symmetric and
rotating black hole (Kerr, 1963). Unlike the Schwarzschild metric, Kerr metric
exhibits two event horizons where the purely radial component of the metric
goes to in�nity. However, this metric also has a region termed ergosphere,
within which the temporal component of the metric inverts its sign. This
implies that any particle inside this region must co-rotate with the inner mass.
Also, while in the Schwarzschild metric the singularity at the center is a
point, Kerr metric exhibits a circular singularity, known as ring singularity. All
these additional features of this metric are a result of the spin of the central
mass - if the spin equals zero, the metric reduces to a Schwarzschild metric.
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2 introduction

Soon after publication of the Kerr metric, it was generalised for a charged
and spinning black hole which is now known as the Kerr-Newman metric
(Newman and Janis, 1965; Newman et al., 1965).

Although a black hole itself is a simple object, the formation process is a lot
more complicated. Various mechanisms have been proposed, ranging from
the collapse of stars to the �uctuations of spacetime in the early universe.
But fundamentally, they all behave the same, irrespective of the formation
mechanism. According to the no-hair theorem, a black hole is described com-
pletely by three independent properties - mass, electric charge, and angular
momentum. This means that any information of the formation mechanism
and the properties of the matter (or antimatter) that created the black hole is
lost. So in order to investigate their formation mechanisms, we need to rely on
their ensemble properties such as their number density and clustering, or the
effect of its metric on the surrounding environment or the host galaxy/halo
in general.

The formation, and the very existence of black holes have been debated
extensively in the past. Regarding the formation, an idealized calculation
by Oppenheimer and Snyder ( 1939) proved that black holes canform from
ordinary matter, via the collapse of a star made from pressureless "dustball"
due to its own self gravity (Hughes, 2005). We now have a much better
understanding of the formation of black holes via stars - when the source
of internal pressure - nuclear fusion inside a star - dies out, it results in the
whole star succumbing to the force of its own gravity and collapsing at the
center. Depending on the initial mass of the star, the collapsed remnant can
either be a white dwarf, a neutron star, or a black hole. The collapse of stars
is one of the most prominent ways to create stellar mass black holes - with
masses ranging from a few solar masses to tens of solar masses.

Regarding the existence of black holes, we now have direct evidence of
them through the detection of gravitational waves by Laser Interferometer
Gravitational-Wave Observatory ( LIGO) Collaboration (LIGO Scienti�c Col-
laboration et al., 2015; Abbott et al., 2016) emitted by their mergers. At the
date of writing this thesis, they have detected multiple stellar mass black
holes, with masses reaching as high as� 150M� (Abbott et al., 2020a,b). In ad-
dition to this, we even have direct images of black holes now, from the Event
Horizon Telescope Collaboration ( 2019; 2022) who imaged the supermassive
black holes at the center of Messier 87 galaxy and our Milky Way Galaxy
(�gure 1.1). These black holes have masses of the order of� 106 - 109M � ,
which are on the highest end of the mass spectrum. With these recent images
and the GWs from their mergers, there is a de�nitive proof of their existence.
In the next section we discuss in detail the formation of supermassive black
holes.

1.1 supermassive black holes

As mentioned in the previous section, the origin of stellar mass black holes is
well understood, but the same is not completely true for the black holes on
the massive end - the supermassive black holes (SMBHs). These black holes



1.1 supermassive black holes 3

(a) M87*, the SMBH at the center of Messier 87 galaxy, � 16.4 Mpc
from the Sun.

(b) Sagittarius A*, the SMBH at the center of Milky Way, � 8 kpc
from the Sun.

Figure 1.1: The images of black holes taken by the Event Horizon Telescope Collab-
oration (2019; 2022).
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are de�ned to be more massive than � 105M � , and are found at the center
of most massive galaxies (e.g., Ferrarese and Ford,2005; Volonteri, 2010;
Graham, 2016; Inayoshi et al., 2020; Volonteri et al., 2021; Lusso et al., 2023).
The SMBHs imaged by the Event Horizon Telescope mentioned above (�gure
1.1), are also at the center of their respective galaxies. The origin of these
black holes is one of the most outstanding open questions of contemporary
astrophysics.

Discoveries of high redshift quasars, such as J1007+2115 at z = 7.515
(Yang et al., 2020) and J0313-1806at z = 7.642(Wang et al., 2021), which are
estimated to host SMBHs with masses & 109M � , place stringent constraints
on SMBH formation and growth scenarios. Wang et al. ( 2019) found a quasar
at z � 6.6 hosting a SMBH with virial mass around 3.59 � 109M � (Yang
et al., 2021), which is one of the most massive black holes discovered at
z > 6.5. More recently, the continuous in�ux of astounding results from
the James Webb Space Telescope1 (JWST) has raised more questions than
answers regarding the earliest SMBHs. For example, the recently discovered
GN-z11 galaxy at redshift z � 10.6 has hinted at the presence of a SMBH
of mass around 1.6 � 106M � (Bunker et al., 2023; Maiolino et al., 2023a).
Furthermore, Harikane et al. ( 2023) detected 10 faint AGNs with masses
around � 106 - 108M � in the redshift range z = 4 - 6, while Maiolino et al.
(2023b) con�rmed 12more at 4 < z < 7 with masses 4� 105M � to 8� 107M � .
These recent results, along with others (for e.g., Yue et al.,2023; Stone et al.,
2024) show the interesting trend of SMBH masses lying 1 to 2 dex above
the local black hole mass - stellar mass relation. Although this may imply
a possible evolution of the relation at higher redshifts as summarised in
Pacucci et al. (2023), Li et al. (2024) suggests that this may be mainly due to a
combination of selection effects and uncertainties in black hole and stellar
mass measurements. Nonetheless, the existence of these high redshift SMBHs
imply that at least some of them could form and grow ef�ciently to very high
masses by the time the universe was only a few 100million years old.

The challenge comes in explaining the masses of these behemoths when the
universe was still in its infancy. The �gure 1.2 taken from Wang et al. ( 2021)
gives a visual representation of this conundrum. The �gure shows some
of the most massive and earliest quasars and their growth track assuming
Eddington-limited accretion for their entire lifetime. For the most massive
black holes, even assuming very early formation at z � 30 with Eddington-
limited accretion the SMBH seed mass would need to be& 104M � and a later
formation epoch would imply even higher seed masses. Going to earlier and
earlier times inde�nitely to reduce the seed mass is also not an option since
the formation of halos with enough baryonic matter and then the formation
of stars which will collapse - requires time and favourable conditions. While
scenarios of super-Eddington accretion have been proposed (e.g., Kohri et
al., 2022), numerical simulations indicate that typical gas supply rates to
early-formed SMBHs are impacted by star formation feedback and will be
far below the level needed to sustain Eddington-limited accretion rates (e.g.,

1 https://webbtelescope.org/
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Figure 1.2: The �gure from Wang et al. ( 2021) showing the possible growth tracks of
con�rmed high redshift quasars ( z > 7) assuming an Eddington-limited
accretion for the entire lifetime with 0.1 radiative ef�ciency. The colored
horizontal bands refer to the range of seed masses of the black hole form
different formation mechanisms.

O'Shea et al.,2005; Jeon et al.,2023). These considerations motivate the need
for models of black hole formation at the supermassive, & 105M � scale.

1.1.1 Formation mechanisms

There are a variety of proposed ideas for the physical mechanism of SMBH
formation (e.g., Rees,1978). One suggested process is “direct collapse”, which
involves a massive primordial composition gas cloud contained in a relatively
massive, atomically-cooled halo of � 108M � . The cloud collapses into a single,
supermassive star of 104 - 106M � that then forms a SMBH (e.g., Bromm
and Loeb, 2003; Lodato and Natarajan, 2006; Shang et al., 2010; Montero
et al., 2012; Maio et al., 2019; Bhowmick et al., 2022a). It may also happen
that the collapse proceeds via an intermediate phase where a quasi-star is
formed which is powered by accretion onto a small growing black inside the
quasi-star instead of nuclear burning (Begelman et al., 2006, 2008). The main
condition required for these supermassive seeds to form is that when the
protostar is growing, the accretion can continue without gas fragmentation.
This can happen if the surface of the protostar remains cool, which results in
less ultraviolet radiation emerging from the protostar and hence no disruption
to the accretion �ow. And the possibility of cool outer layers increases if the
protostar grows in timescales shorter than the Kelvin-Helmholtz timescale
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(Haemmerlé et al., 2020). Furthermore, for the accretion to continue without
fragmentation, the halos need to be metal free - which is already satis�ed
since they only have primordial gas composition. However, the formation of
molecular hydrogen must be suppressed, which provides a cooling channel
and hence fragmentation (Latif et al., 2013). This requires strong Lyman-
Werner radiation to photodisassociate the molecular hydrogen (Wise et al.,
2019). The alignment of all these conditions naturally to create SMBHs makes
this scenario relatively rare (Habouzit et al., 2016).

Although the number density of black holes emerging from direct collapse
would be enough to explain the currently known population of high redshift
quasars, the somewhat contrived conditions required for this scenario are
not thought to be common enough to explain the total observed population
of SMBHs at z = 0 (Chon et al., 2016; Wise et al., 2019). Furthermore, re-
cent simulations have shown that the supermassive stars forming via this
mechanism might not be as massive as initially predicted, but only reaching
. 104M � , due to the turbulent environment present in the initial stages of
galaxy formation which disrupts the accretion �ow (Regan et al., 2020).

Another mechanism to form intermediate, or even supermassive black
holes is through runaway stellar mergers in young and dense metal-poor
clusters to create stars with masses of the order� 200- 103M � (e.g., Portegies
Zwart et al., 2004). This mass can be reached through repeated collisions
if the massive stars can reach the cluster core to increase the collision rate
drastically before exploding as supernovae (Ebisuzaki, 2003). Gas accretion
driven compression of a dense cluster of stellar mass black holes to form a
SMBH has also been proposed (Kroupa et al.,2020), along with the repeated
collisions among minihalos of 105M � to create favourable conditions (Katz
et al., 2015). However, in general predicting whether the conditions needed
for such dense clusters arise in galaxies and at what rate is very challenging
given the need to resolve the formation and evolution of individual stars,
so predictions for the cosmological population of such systems are highly
uncertain (see, e.g., Boekholt et al.,2018; Chon and Omukai, 2020; Tagawa
et al., 2020).

Another class of SMBH seeding model considers the very �rst, so-called
Population (Pop) III stars as potential progenitors. These were the �rst stars
to form in the early universe, in metal-free and metal-poor environments.
These environmental conditions provide the perfect opportunity to accrete
matter onto the protostar without the issue of fragmentation. The only cooling
agent in this case in molecular hydrogen. Since it is an inef�cient coolant
compared to heavier metals, the temperature of the gravitationally contracting
primordial gas is higher than the interstellar medium - resulting in reduced
fragmentation. Conventional models of Pop III star formation predict stellar
masses that are “only” � 100 M� (e.g., Madau and Rees,2001; Abel et al., 2002;
Bromm et al., 2002; Tan and McKee, 2004; McKee and Tan, 2008; Hosokawa
et al., 2011; Susa et al.,2014), which would only have the ability to produce
stellar-mass black holes, i.e., relatively low-mass seeds.

More exotic models involving modi�cation of the standard cold dark matter
paradigm have also been proposed. For example, if dark matter undergoes



1.1 supermassive black holes 7

self-interaction, then this could provide a mechanism for SMBH seeding
via collapse of the halos themselves (e.g., Feng et al.,2021). An even more
extreme scenario is one in which SMBHs are primordial black holes, although
this appears to be disfavoured by the clustering analysis of Shinohara et al.
(2023).

1.1.2 Seeding in simulations

Given the uncertainty of SMBH formation models and the dif�culty of resolv-
ing the small-scale physics, cosmological simulations have typically made
very simpli�ed assumptions for the SMBH seeding process based on the
properties of the parent halo or galaxy. One of the simplest and most widely
used model is the halo mass threshold (HMT ) seeding scheme based on
the methods developed by Sijacki et al. (2007) and Di Matteo et al. ( 2008),
in which a seed black hole is assumed to form in a halo crossing a certain
mass threshold. The Illustris project (Vogelsberger et al., 2014) used this
mechanism to add SMBHs of mass1.4 � 105M � in each halo which crosses
a mass threshold of m th = 7.1 � 1010 M � . A similar approach was used in
the Evolution and Assembly of GaLaxies and their Environments (EAGLE)
simulation (Barber et al., 2016). These kind of mechanisms are largely driven
by the mass resolution of the simulations: since the early phases of galaxy
formation are not resolved, seed black holes are placed in halos as soon as
they are resolved with a minimum number of particles.

More recent simulations have taken into consideration additional proper-
ties of the host galaxy for SMBH seeding. For example, the Horizon-AGN
simulation (Volonteri et al., 2016) required gas and stellar densities and stellar
velocity dispersion to exceed certain thresholds for a galaxy to form a black
hole, with a seed mass of 105 M � adopted. In addition, all the forming black
holes needed to be separated by at least50 comoving kpc, and their formation
was only allowed down to z = 1.5. Adopting similar criteria, the obelisk
simulation (Trebitsch et al., 2021) also applied conditions of gas and stellar
density needing to exceed certain thresholds, including Jeans instability of
the gas, as well as a required isolation of 50 kpc from other SMBHs to avoid
multiple black holes forming in the same galaxy. If all these conditions were
satis�ed, then a black hole of 3 � 104M � was assigned to the galaxy. In
another approach, the ROMULUSsimulation (Tremmel et al., 2017) employed
criteria of a limit on metallicity, a threshold on gas density, and a restricted
temperature range for SMBH formation, with a seed mass of 106M � adopted.
In yet another example, Bhowmick et al., 2022b have considered a variety
of gas-basedSMBH seeding prescriptions and a range of seed masses from
� 104 to 106 M � . While the investigation of certain thresholds of physical
quantities for SMBH formation is an advance on a simple HMT models, the
above studies are still far from being a complete physical description of
SMBH formation.
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1.2 pop ii i .1 model

In this thesis, we focus on a formation mechanism based on Pop III. 1 stars
as the progenitors of SMBHs. These stars are a subcategory of Pop III stars,
which were distinguished by McKee and Tan ( 2008) into Pop III. 1 and Pop III. 2
stars. The former are the ones which are formed �rst in dark matter minihalos
in a given region of the universe and so are isolated from other stellar or
SMBH feedback sources. The latter also form with primordial composition of
gas in dark matter minihalos, but are in�uenced by external astrophysical
sources of feedback. This results in a greater possibility of fragmentation
and hence lower masses compared to Pop III.1 stars. Semi analytical models
presented by Tan and McKee (2004) and McKee and Tan (2008) showed that
Pop III.1 stars can grow up to � 140M� . Greif and Bromm ( 2006) also argues
similar subdivision of Pop III stars, and present > 100M� masses for Pop
III. 1 stars, while an order less for the Pop III. 2 stars. However, Tan et al. (2010)
applied the semi analytical models of McKee and Tan ( 2008) to simulations
of O'Shea and Norman (2007) and found an Initial Mass Function ( IMF) of
the stars peaking at � 100M� , but with a tail extending to � 103M � .

The higher end of the obtained IMF is massive, but not enough to reach
the scales ofSMBHs of � 105M � . As mentioned before, to explain the masses
of the observed high redshift quasars, seed masses around of103M � would
need Eddington-limited accretion through its entire lifetime. Such rate of
prolonged accretion is unlikely to be sustained, due to the radiative and
mechanical feedback of the Pop III.1 star on its surroundings (O'Shea et al.,
2005; Johnson and Bromm, 2007; Milosavljević et al., 2009).

One interesting way to increase the mass of these stars further is by con-
sidering the physics of dark matter particles inside their natal minihalo.
If the dark matter particles are constituted by Weakly Interacting Massive
Particles (WIMP ), then the energy released by their self-annihilation inside
the protostar can be captured by it (Spolyar et al., 2008; Natarajan et al., 2009;
Freese et al.,2010; Rindler-Daller et al., 2015). This effect will be the strongest
at the center of the halo, where the density of dark matter particles is the
highest. Thus, this condition requires the co-location of the star with the
cusp of the dark matter halo. The energy injection from the self-annihilation
results in the protostar to be in a swollen, relatively cool state, minimizing the
ionizing feedback in its surroundings. This allows ef�cient accretion of the
baryonic content of the halo; essentially the entire � 105M � baryonic mass
of the halo can be accreted before the star collapses into aSMBH after a few
Myr.

This Pop III. 1 seeding mechanism, which is based on locating isolated
minihalos, was applied in a cosmological simulation by Banik et al. ( 2019)
(hereafter Paper I). The evolution was followed from high redshifts down to
z = 10. The main free parameter in the model is the isolation distance(diso),
i.e., how far a newly forming minihalo needs to be from previously formed
halos in order to be a Pop III. 1 source. For a �ducial value of diso = 100 kpc
(proper distance), the model yields co-moving number densities of SMBHs
that match the estimated level of the known z = 0 SMBH population. Note,
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that in this case (and all other reasonable cases) most minihalos do not form
Pop III.1 sources. Rather, most are Pop III.2 sources, which are metal free,
but having been disturbed by radiative feedback are expected to undergo
signi�cant fragmentation to form only lower-mass (e.g., � 10 M � ) stars (Greif
and Bromm, 2006).

This thesis aims to carry out further investigation of the Pop III. 1 seeding
mechanism, by applying it to cosmological simulations extending to z =
0. We particularly focus on three aspects of the SMBHs formed from this
mechanism: the ensemble properties of the seeded halos and theSMBHs
hosted in them, the dual AGN statistics, and �nally the gravitational wave
background generated by the mergers of these black holes. The thesis is
structured as follows.

Chapter 2 presents a brief introduction of the theoretical formulation of
the gravitational wave background, and the latest results from Pulsar
Timing Array experiments.

Chapter 3 �rst describes the cosmological simulation used, and the nu-
merical methods developed to implement the seeding mechanism using
the simulation outputs. This chapter also details the ensemble results of
the seeded halos, namely the number density, the occupation fraction,
and the clustering.

Chapter 4 outlines the methods used to create a synthetic Ultra Deep Field
from the simulation boxes. After this the chapter also explores the
dependence of the seeding parameters on the number of seeds in the
�eld.

Chapter 5 provides preliminary estimates on the fraction of dual AGN s
from the Pop III. 1 model, after describing simple assumptions and
physical models adopted for merging timescales.

Chapter 6 describes in detail the methods used to calculate the gravita-
tional wave background from the Pop III. 1 seeding mechanism, and its
comparisons with the latest observational results.

Chapter 7 summarizes the main conclusions of the thesis, and the future
scope of the presented work.





2
G R AV I TAT I O N A L WAV E B A C K G R O U N D

It took almost 100 years since the prediction of gravitational waves ( GWs)
by the General Theory of Relativity (Einstein, 1916) to directly detect them
through the merger of stellar mass black holes. This signal was detected by the
Laser Interferometer Gravitational-Wave ( LIGO) Observatory in September
2015which matched the waveform of a stellar binary black hole merger with
more than 5.1� signi�cance (Abbott et al., 2016). Since then more mergers
have been detected, including a neutron star - neutron star merger (Abbott
et al., 2017). Most of the compact objects detected through these mergers,
either the merging black holes or the remnants, have masses of around a
few tens of solar masses, with the maximum around � 150M� (Abbott et al.,
2020a,b). This is due to the design sensitivity of the detector, which has a
sensitivity peak at � 100Hz (LIGO Scienti�c Collaboration et al., 2015), most
suitable for detecting the inspiral frequency just before and during the merger
for stellar mass black holes.

For black holes at the extreme end of the mass spectrum - around � 108 -
1010 M � , which are found at the center of massive galaxies, their binaries emit
GWs with slowly evolving frequencies, superimposing to form a broadband
signal in the nHz range - the Gravitational Wave Background ( GWB; e.g.,
Rajagopal and Romani 1995; Wyithe and Loeb 2003; Sesana et al.2004; Burke-
Spolaor et al. 2019). This background is of particular interest to us since the
Pop III.1 model predicts supermassive black hole seeds formation in the early
universe which will later form binaries and create a GWB. In this chapter we
present a brief introduction to the theoretical formulation of the background,
and then the advancements in the detection of this background using arrays
of pulsars. Finally, we end with the latest results from the detection of the
background.

2.1 theoretical formulation

In this section, we present an overview of the key concepts and relevant
formulae to calculate the GWB based on a population of merging SMBH
binaries. Let f r be the frequency of the gravitational waves emitted by a source
in its frame, which is at redshift z. Then the redshifted frequency f observed
at Earth or in the observer's frame is related to the source frame frequency
by f r = f (1+ z). Let the energy emitted by the source in gravitational waves
between frequencies f r and f r + df r be (dEgw =df r )df r .

Next, we de�ne 
 gw (f ) as the present-day GW energy density per logar-
ithmic (observer frame) frequency interval, normalized to the critical energy

11
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density � c . Then the total present day energy density of gravitational radi-
ation Egw can be calculated as

Egw �
Z1

0
� c c2 
 gw (f )

df
f

; (2)

where � c = 3H2
0=(8�G ). Now let us consider a population of coalescence

events per unit comoving volume occurring between redshift z and z + dz,
and de�ne it by (dn=dz)dz. In other words the number density of events
per unit redshift is de�ned as dn=dz. Then in a homogeneous and isotropic
universe, the total present day energy density Egw is equal to the sum of
the energy densities radiated at each redshift from all the sources (Phinney,
2001):

Egw =
Z1

0

Z1

0
dz

dn (z)
dz

1
1+ z

dEgw

df r
f r

df r

f r
(3)

=
Z1

0

Z1

0

�
dn (z)

dz
1

1+ z
f r

dEgw

df r

�
dz

df
f

. (4)

Here the factor 1=(1 + z) accounts for the redshift of the gravitons since
emission. Now equating equation 2 with equation 4, we get:

� c c2 
 gw (f ) =
Z1

0

dn (z)
dz

1
1+ z

f r
dEgw

df r

�
�
�
�
f r = f ( 1+ z)

dz. (5)

Finally, using equation 2 from Phinney 2001to relate the energy density with
the GW amplitude of the spectrum, we can rewrite the last equation as:

� c c2 
 gw (f ) =
�
4

c2

G
f 2h2

c (f ) =
Z1

0

dn (z)
dz

1
1+ z

f r
dEgw

df r

�
�
�
�
f r = f ( 1+ z)

dz; (6)

where hc (f ) is the characteristic amplitude of the GW spectrum over logar-
ithmic frequency interval d ln f = df=f . We can rearrange this equation to
�nally obtain the expression for the spectrum:

h2
c (f ) =

4G
�c 2

1
f 2

Z1

0

dn (z)
dz

1
1+ z

dEgw

d ln f r

�
�
�
�
f r = f ( 1+ z)

dz. (7)

This equation gives the important result that the spectrum is independent of
cosmology, and only depends on the rate of merger events and the energy
spectrum of the gravitational wave emission. For a population of SMBH
binaries, which are far from their last stable circular orbit frequencies, the
energy spectrum, or the energy emitted per logarithmic frequency interval is
given by (Thorne, 1987)

dEgw

d ln f r
=

1
3G

(GM )5=3 (�f r )2=3 ; (8)

where M is the source/rest frame chirp mass, de�ned for two objects of
massesm1 and m2 orbiting around each other as M = ( m1m2)3=5 =(m1 +
m2)1=5 . The frequency of the GW f r is twice the orbital frequency f orb.
This equation 8 is the Newtonian approximation which is suf�cient for our
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purposes, and it is valid for cases when the orbit is shrinking only due to the
emission of GWs without any eccentricity.

Considering again the number density of the mergers, we can update it to
include the dependence on the chirp masses of the binaries:

dn
dt

=
Z1

0

d2n
dzdM

dM ; (9)

where d2n=dzdM is the comoving number density of mergers per unit
redshift and chirp mass. Using equations 7, 8 and 9, we can now write
the expression for characteristic amplitude of the GWB for a population of
inspiraling massive binaries as

h2
c (f ) =

4G
�c 2

1
f 2

Z1

0
dz

Z1

0
dM

d2n
dzdM

1
1+ z

dEgw

d ln f r
(10)

=
4G5=3

3� 1=3 c2

1
f 4=3

Z1

0
dz

Z1

0
dM (1+ z)- 1=3 M 5=3 d2n

dzdM
. (11)

From this simpli�ed version of the characteristic amplitude (equation 11),
we can conclude that to calculate the background we just need the number
density of the merger events per unit redshift and chirp mass, and that the
frequency dependence of the spectrum is independent of the number density.
This expression also motivates the common expression for the background as
a power law of the form

hc (f ) = Ayr

�
f

yr - 1

� - �

; (12)

where Ayr is the amplitude at a reference frequency of 1yr - 1 , and � = 2=3
for the ideal case. The coef�cient Ayr contains all the information of the
source population, which turns out to be independent of the frequency of the
spectrum in the ideal case.

Another way to interpret the equation 11 is by expressing the comoving
number density of mergers in terms of d3N=dzdM d ln f r , which depicts the
number of comoving number of binaries emitting in a given logarithmic
interval with chirp mass in the range [M ; M + dM ], and redshifts belonging
to the interval [z; z+ dz] (Rajagopal and Romani, 1995; Jaffe and Backer,2003;
Sesana et al.,2008):

d2n
dzdM

=
d3N

dzdM d ln f r

d ln f r

dt r

dt r

dz
dz

dVc
; (13)

where

d ln f r

dt r
=

96
5

(GM )5=3

c5 (�f r )8=3 (14)

dt r

dz
= -

1
H(z)(1+ z)

(15)

dz
dVc

=
H(z)

4�d 2
c (z)c

. (16)
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In the expressions above,d ln f r =dt r is the rate of change of frequency of the
emission due to gravitational radiation, and t r is the time in rest frame. dt r =dz
is the lightcone term, and dVc is the differential comoving volume of the shell
at redshift z. Using all these expressions, we can calculated3N=dzdM d ln f r

as:

d3N
dzdM d ln f r

=
5
24

c6

� 5=3
(GM )- 5=3 (1+ z)d2

c (z)f - 8=3
r

d2n
dzdM

. (17)

This expression allows us to populate the universe with GW emitting binaries,
using as input the number density of coalescences d2n=dzdM , which can be
from an analytical expression, or extracted from a simulation.

Let us also consider the strain of GWs emitted by a binary in circular orbit,
whose orbit is decaying via the emission of the waves. The leading order
contribution is given by (Thorne, 1987)

hs (f r ) =
8� 2=3

101=2

(GM )5=3

c4dc (z)
f 2=3

r ; (18)

where dc (z) is the comoving distance to redshift z. Equipped with this
equation, and equations 11 and 17, we apply a little algebraic manipulation
to arrive at the following expression for the strain of the GWB (Sesana et al.,
2008):

h2
c (f ) =

Z1

0
dz

Z1

0
dM

d3N
dzdM d ln f r

h2
s (f r ). (19)

This equation provides a simple interpretation of the background: the square
of the background is given by integral of all the sources emitting in a logar-
ithmic frequency bin d ln f r multiplied by the squared strain of the individual
source. We will use this expression later in the thesis to calculate the back-
ground for the Pop III. 1 model (Chapter 6). This equation also highlights an
important aspect of calculating the background, especially at higher frequen-
cies where the contribution mostly comes from the most massive binaries. It
may happen that there is on average less than one source with a particular
chirp mass, at a particular redshift and emitting in a particular frequency bin:
this means that the term d3N=dzdM d ln f r could become less than one. But
since this term gives the number of sources in that particular 3-dimensional
(z;M ; ln f r ) bin, it should be set to zero as there are no "fractional" sources in
a real universe. This was not being considered in equation 11, even though
it is equivalent with equation 19. This discretenessof the sources at high
frequencies causes a drop in the amplitude of the spectrum, which would
otherwise follow a simple power law with hc (f ) / f - 2=3 . For an extensive
discussion on this, we refer the reader to Sesana et al. (2008). In our work, we
consider the discreteness of the sources.

2.2 detecting the background

To detect the GWB, the same basic principle which is used to detect the
GWs terrestrially is used - measure the changes in the distance between
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two freely falling references masses, which could be due to the passing of
GWs between the two objects (Pirani, 1956, 2009). The physical limitations
of the terrestrial observatories (such as LIGO), make them sensitive to the
� 100Hz GW frequency band, as mentioned before. To detect the nHz waves
which are the characteristic of SMBHs, Sazhin (1978) and Detweiler ( 1979)
proposed monitoring the changes in regularity of pulsar emission as the
evidence for a GW passing between the solar system and the pulsars. Their
extremely precise Time of Arrival ( TOA)s of the pulses allows them to be
used as accurate clocks, and any small change in their timings can be detected.
In a seminal work by Hellings and Downs ( 1983), they suggested that the
correlations between the perturbations of Time of Arrivals ( TOAs) of multiple
pulsars could reveal a GW signal. To this regard, Romani (1989) and Foster
and Backer (1990) proposed a way to detect the GWB buried in the pulsar
TOA noise by monitoring a pulsar timing array of highly stable millisecond
pulsars.

In the present day we now have multiple groups and consortia monitoring
pulsars for multiple years to detect tiny changes in the TOAs which are
attributed to the GWB. The North American Nanohertz Observatory for
Gravitational Waves 1 (NANOGrav ) is one such consortium who recently
found an evidence of a background after monitoring a set of 67 pulsar for
a baseline exceeding15 years (Agazie et al., 2023a; Agazie et al., 2023b).
The results were released together with other Pulsar Timing Arrays ( PTAs)
collaborations, namely the European PTA 2 (EPTA Collaboration et al., 2023),
the Parkes PTA3 (PPTA; Reardon et al., 2023) and the Chinese PTA (CPTA;
Xu et al., 2023), which all show an evidence of the GWB.

Focusing on the results from the NANOGrav Collaboration (the NANO-
Grav 15 year data), �gure 2.1 shows the relative position of the monitored
pulsars with respect to our galaxy. All the pulsars were monitored for at
least 3 years, with some of them monitored over 16 years. After analysing the
TOAs from all these pulsars, the interpulsar phase-coherent correlation was
found to be in good agreement with the correlation expected from a signal
of GW origin (HD correlation; Hellings and Downs, 1983). Figure 2.2 shows
these correlations in interpulsar angular separation bins. These correlations
are calculated assuming the signal is due to an ideal GWB or equivalently
� = 2=3(in the �gure 
 is the spectral index de�ned as 
 = 3 + 2� = 13=3).
As we can see, the measured signal follows the HD correlation, providing
evidence for a GWB.

Figure 2.3 shows the posteriors of the amplitude of the spectrum and the
spectral index at 1yr - 1 and 0.1yr - 1 reference frequencies obtained through
the Bayesian analysis of the signal (Agazie et al.,2023a). The posterior medi-
ans and the 5% - 95% quantiles for the amplitude are Ayr = 6.4+ 4.2

- 2.7 � 10- 15

and for the spectral index 
 = 3.2+ 0.6
- 0.6 . It is worth mentioning that although

in literature the models usually present Ayr , i.e., the spectrum at 1yr - 1 refer-
ence frequency, the constraints from NANOGrav are usually derived from

1 https://nanograv.org/

2 https://www.epta.eu.org/

3 https://www.atnf.csiro.au/research/pulsar/ppta/
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Figure 2.1: The relative position of all the pulsars monitored by NANOGrav for the
15 year data set. All the vertices represent the position of the pulsars. The
position of our Solar System is inside the dense group of pulsars in the
center of the image, but slightly offset to the left. Credits: NANOGrav
Collaboration ( https://www.youtube.com/watch?v=c2EKbvnee3o )

Figure 2.2: The interpulsar angular-separation-binned correlation from 2211distinct
pairs from 67 pulsars, assuming an ideal GW background with � = 2=3,
or 
 = 13=3. The theoretical HD correlation is shown in black dashed
line. The horizontal black line represents no correlation. Credits: Agazie
et al. (2023a).
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Figure 2.3: The 1�; 2� and 3� credible region posteriors for the value of the GWB
and the spectral index 
 at reference frequencies of1yr - 1 (bluecontours)
and 0.1yr - 1 (orangecontours). The dashed colored distributions in the
plot on the right show the posteriors after assuming 
 = 13=3. Credits:
Agazie et al. (2023a).

lower frequencies, since they have higher signal-to-noise ratio and the most
sensitive frequency band is around � 0.1yr - 1 . The main takeaways from this
�gure are:

• The amplitude of the background is slightly on the higher end compared
to previous predictions from various models for a background from
SMBH binaries (e.g., Sesana et al.,2008; McWilliams et al., 2014; Ravi
et al., 2015; Kulier et al., 2015; Zhu et al., 2019; Simon, 2023). This could
imply that the signal is coming from a more massive population of
black holes than previously assumed.

• The posterior for the spectral index 
 is in moderate tension with
the theoretical 
 = 13=3for GW-only induced inspiral of the binaries.
The smaller value implies that the orbital shrinkage of the binaries is
signi�cantly affected by the binaries' interaction with the surrounding
gas and stars.

The �gure 2.4 shows the strain of the GWB, calculated using the NANOGrav
15 yr dataset (Agazie et al., 2023). As mentioned before, the lower frequency
bins have lower signal-to-noise ratio which is apparent from the size of the
distributions in the violin plot. The environmentally driven evolution of bin-
aries model, and only GW-induced model - both �t well to the data, although
the former provides a slightly better �t, especially at the lowest frequency bin
where the environmental effects are the most prominent (e.g., Sesana,2010;
Kelley et al., 2017; Biava et al., 2019; Bortolas et al., 2021). From the �gure we
can also observe that theGW only evolution drops below the ideal power law
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Figure 2.4: The NANOGrav 15 yr GWB spectrum posteriors translated into the
characteristic strain. The violin plot depicts the posteriors, while the two
colors represent the output from two different estimators. The solid blue
line shows the best �t environmentally driven binary evolution, and the
purple line shows the strain for only GW-induced evolution. The dotted
black line shows the ideal power law model with � = 2=3. Credits: Agazie
et al. (2023)
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model at higher frequencies due to the discreteness of the sources mentioned
in §2.1.

With the current signal-to-noise ratio, the signal cannot be de�nitely attrib-
uted to the SMBH binaries, even though all the results derived are consistent
with binaries. Nonetheless, the possibility of the signal originating from
non-astrophysical sources and new physics is still present. Afzal et al. ( 2023)
investigated the possibility of the signal originating from cosmic in�ation,
scalar-induced GWs, cosmic strings, and more. Although some of the models
provide a better �t to the data compared to the inspiraling SMBH binaries, it
is believed that the improvement in noise modelling and the understanding
of the SMBH binary signals will weaken the evidence against new physics. In
the near future, the results of NANOGrav 15 year data set will be combined
with results from other PTA experiments to increase the number of mon-
itored pulsars and the signal-to-noise ratio. This will provide an improved
understanding of the signal and most probably con�rm the SMBH binary
origin of the background.

In Chapter 6, we calculate the GWB from SMBH binaries in the Pop III. 1
model and compare it with the NANOGrav 15 year results.





3
E V O L U T I O N O F S E E D E D H A L O S D O W N T O T H E L O C A L
U N I V E R S E

As mentioned in Chapter 1, Banik et al. (2019) (Paper I) applied the Pop
III. 1 seeding mechanism in a cosmological simulation down to z = 10. They
presented the evolution of the number density for different isolation distances
up to z = 10, the clustering of the seeded halos at that redshift, and also
the synthetic sky maps, among other results. In this chapter, we take the
same seeding mechanism and push all the above mentioned results plus
the occupation fraction down to redshift zero using the latest version of
PINOCCHIO code. We start by giving an overview of the PINOCCHIO code,
then present the seeding scheme and its methodological application to the
simulation outputs. After this we present all the results obtained from the
application of this seeding scheme, such as the number density, the occupation
fraction and the clustering. We �nish by presenting a simple comparison of
the projected correlation function of the seeded halos with observations. The
entire content of this chapter presents the results from the paper published
in the Monthly Notices of the Royal Astronomical Society:

• Jasbir Singh , Pierluigi Monaco, Jonathan C. Tan, 2023, “ The formation
of supermassive black holes from Population III.1 seeds. II. Evolution to the
local universe”, Monthly Notices of the Royal Astronomical Society, 525,
969-982.

3.1 pinocchio simulations

As in Paper I, to test our Pop III. 1 seeding mechanism, we used thePINOCCHIO

code (Monaco et al., 2002; Munari et al., 2017) to generate a cosmological
box of 59.7 Mpc (40 h- 1 Mpc for h = 0.67) with standard Planck cosmology
(Planck Collaboration 2020) and study the formation of Dark Matter ( DM )
(mini-)halos in that box. PINOCCHIO uses Lagrangian Perturbation Theory
(Lagrangian Perturbation Theory ( LPT), e.g., Moutarde et al., 1991) to ap-
proximate the evolution of cosmological perturbations in a � Cold Dark
Matter (CDM ) universe. This allows the code to run much faster compared to
N-body codes, while also reproducing, with a good accuracy, the mass and
accretion history of halos (Monaco et al., 2013; Monaco, 2016). For a given
set of initial conditions, the code generates outputs in the form of catalogs
at different redshifts, which contain mass, position and velocity of the DM
halos, and a complete information of the merger histories of all the halos,
with continuous time sampling. All these outputs are essential for ef�ciently
implementing the seeding scheme (described in the next section), and for
obtaining the exact redshift of mergers among seeded halos (discussed in
detail in Chapter 5).

21
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This code was written for applications in cosmology, where huge volumes
with moderate mass resolution are requested, and its performance heavily
depends on the mass resolution adopted. To resolve minihalos of � 106M �

it is necessary to sample a59.7 Mpc box with 40963 particles; this results
in a particle mass of 1.23� 105M � , and we adopted a minimum mass of
10 particles (that would be unacceptable for an N-body simulation, but it is
acceptable for a semi-analytic code like PINOCCHIO), resulting in a minihalo
mass of 1.23� 106M � .

Such a large simulation can only be run on a supercomputer, distributing
the computation on a large number of Message Passing Interface (MPI) tasks.
The construction of halos from collapsed particles is performed in Lagrangian
space: the box is divided in sub-boxes, and the grouping algorithm is run on
the the particles belonging to its domain. Halos near or across the sub-box
borders would not be constructed correctly, so the sub-box is augmented with
a "boundary layer" (a ghost region) whose size should scale with the Lag-
rangian radius Rmax of the largest halo one expects to �nd in the simulation
volume (that can be of the order of several Mpc). This implies an overhead in
memory that can be signi�cant. When dividing a small box into many tasks,
the size of the sub-boxes can be of the same order of (if not larger than) Rmax,
making the memory overhead unsustainable. The constraint is weakened
by stopping the simulation at higher redshift, when Rmax is still small. As a
result, with V 4 of PINOCCHIO(Munari et al., 2017) used in Paper I, we were
only able to push the simulation down to z = 10.

We use here the novel V5 of the code, that implements a number of numer-
ical techniques to improve memory ef�ciency. This code will be presented
elsewhere, the strategy to perform halo construction at high resolution is
the following. The sub-box is augmented with a boundary layer as large as
needed, but instead of storing the properties of all particles in the augmented
sub-box we start by storing only the particles that lie in the sub-box (exclud-
ing the boundary layer) and are predicted to collapse by z = 0. Then the
halo construction code is run once, collecting a tentative list of halos; after,
all the particles that are in the boundary layer and lie within NLag times
the Lagrangian size of any formed halos are added to the list of particles.
After collecting the extra information, the halo construction code is run again,
generating the �nal list of halos. Memory occupation thus depends on the
parameter NLag; our tests show that NLag = 3 guarantees a convergent result,
but an extreme run such as the one we present here was possible only by
using NLag = 2. The 59.7 Mpc box with full 40963 resolution was thus run
to z = 0 on 800 MPI tasks over 100 computing nodes (each with 256 GB of
RAM), so the domain was divided into 6 � 6 � 7.5 Mpc sub-volumes for halo
construction. The resulting halo mass function showed two problems that are
presented in greater detail in Appendix A. We discuss here their nature and
their implications.

As a consequence of the dif�culty of calibrating the formation of halos with
a very steep power spectrum, the mass of the �rst halos is underestimated by
a factor of � 2 at z � 30, decreasing to a negligible value at z � 10. This is a
known trend in PINOCCHIOvisible, e.g., in Figure 1 of Munari et al., 2017where
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the z = 3 halo MF is slightly underestimated in those tests. We are working
to improve this prediction, but we do not consider this as a showstopper for
several reasons: our seed BHs are already predicted to form very early, so this
underestimation only causes us to be slightly conservative in their formation
redshift, i.e., in fact they would already have formed at slightly higher z.
In our simple modeling we are assuming here immediate formation of the
protostar and then the SMBH, whereas in reality this might take several Myr
or even tens of Myr. The time span that separating z = 32 from z = 29 is only
� 14 Myr, so neglecting astrophysical timescales leads to an overestimation of
formation redshift, which compensates against the underestimation problem.
Finally, the minihalo threshold mass can be consider to be a second free
parameter of the modeling (although one that has physical motivation to
be close to106M � ), so one can simply consider our predictions to be valid
for minihalo masses of 2.5 � 106 M � . We add to these arguments the fact
that inaccuracies in halo masses do not propagate as inaccuracies in halo
positions, that are crucial outcomes of our seeding scheme.

A more serious problem is connected to the inaccurate reconstruction of
halos more massive than 1012 M � . Indeed, the small size of the sub-box
domain for constructing halos results in a poor reconstruction of massive
halos. This problems makes predictions at z = 0 unreliable. We thus produced
the same box at a lower resolution, sampled with 10243 particles, on a single
MPI task on a 256 GB node. Again, this was possible thanks to V5 of the
code. In this case halo construction is as good as it can be. However, the
identi�cation of halos that contain seed SMBHs has been performed in
the high resolution box, and though the simulations share the same large-
scale structure, matching massive halos in the two boxes is not a clean
procedure. We then resorted to this algorithm: starting from the fact that
one low-resolution particle contains 64 high-resolution ones, we calculated
which particle in the lower resolution box includes the seeded mini-halo, and
assigned the seed to the halo that contains that speci�c low-resolution particle.
We checked that results at z = 0 produced with the low- and high-resolution
simulations were consistent, with a signi�cant difference in halo clustering of
halos more massive than a certain threshold that is an expected consequence
of the inaccurate mass reconstruction and the known relation of halo bias
with halo mass. In the following we will present results at z = 0 based on the
low resolution box, unless mentioned otherwise.

3.2 seeding scheme

To determine which halos are seeded with a Pop III. 1 star and thence SMBH,
consider the scenario depicted in Fig. 3.1, unfolding in the early universe.
The �gure shows three stars A, B and C in different halos where only A
and C become Pop III.1 stars whereas B is a Pop III.2 star, depending on the
separation and formation order. Star A formed �rst, which then in�uenced
its environment within a sphere of radius equal to dfeedback, expected to be
primarily radiative feedback. Since this star is in a pristine primordial gas
without the in�uence of any feedback from nearby stars, it is de�ned to be
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Figure 3.1: A schematic illustration of the Pop III. 1 SMBH seeding scenario depicting
the conditions for a star to be isolated enough to be considered as a Pop
III. 1 star (see text).

a Pop III.1 star. Star B, which subsequently forms at a distance less than
dfeedback from star A, is affected by the feedback and hence is a Pop III.2
star (or even a Pop II star if it has been chemically polluted). Finally, star C
forms beyond the regions affected by feedback from sources A and B, and is
thus also assigned to be a Pop III.1 star and thus an SMBH. For the model
considered here, the feedback distance is set equal to the isolation distance
diso. So effectively, the condition for a star to be regarded as a Pop III.1 star is
that when it is forming, there should be no previously formed halos present
in the sphere of radius diso. We consider diso as a free parameter in our theory
and vary it to match the observed number density of the SMBHs in the local
Universe.

3.3 seed identif ication in the dark matter catalogs

To perform the seed identi�cation analysis from the dark matter catalogs
generated by PINOCCHIO, we �rst divided the entire redshift range (from z = 0
to the redshift when the �rst minihalo forms, z � 40) into small bins of widths
ranging from �z = 1; 2 or 3, depending on the output catalogs available,
which in turn depends on the relative change in positions of (mini)halos.
The bins are wider at high redshifts, but smaller at lower redshifts. Then
for each redshift interval (zl ; zh ] where (zh > z l ), we utilised k-d tree data
structure to create a three dimensional map in position space of all the halos
existing between zh and zl . The positions used to create the tree are taken
from the output catalog of PINOCCHIO at the lower redshift of the interval
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(zl ). Since the positions are not updated once the tree is constructed, we
account for the change in the positions within this redshift interval by �nding
the maximum change (� ) of position among all the halos existing for the
entire redshift range. Then for each minihalo crossing the mass threshold of
106M � (or as in the nomenclature of PINOCCHIO: "appearing") at a redshift
zapp 2 (zl ; zh ], we perform a ball search using the k-d tree to �nd all the
halos around the appearing minihalo within a sphere of radius diso - 2� 1. If
there exists even a single halo at the redshift zapp within this sphere, then this
minihalo is �agged as a halo containing a non-Pop III. 1 star at its center. If
there are no halos existing at this redshift, then the ball search is performed
again with the same minihalo at the center, but this time within a sphere
of radius diso + 2� . Then for all the halos existing at redshift zapp within the
shell of radius diso � 2� , we �nd the exact distance between the minihalo at
the center and all these halos using the exact positions atzapp. If this distance
is greater than diso for all the halos within the shell, then the minihalo at
the center is �agged as a Pop III. 1 source, i.e., anSMBH-seeded halo. This
process is repeated for each minihalo crossing the threshold mass within
the two redshifts, and then this whole procedure is performed again for all
the redshift intervals, until the whole redshift range is covered. In this way
we are able check the isolation condition for each minihalo appearing in the
cosmological box and �nd all the seeded minihalos.

At smaller redshifts, the change in positions of the halos ( � ) within the
redshift intervals becomes comparable to the isolation distance. This implies
that the quantity diso - 2� can become negative (in our simulation box, this
happens at around z � 15 for diso = 50 kpc). In this case, the ball search is
directly performed in a sphere of radius diso + 2� , and then the exact distances
between the minihalo at the center and all the other halos existing at zapp is
calculated.

This division of the entire redshift interval and creating the k-d only at
speci�c redshifts is performed to avoid reconstructing the tree with the up-
to-date position at every instance a new minihalo appears. Since the number
of minihalos is very large, it becomes highly expensive computationally
to reconstruct the tree with updated positions each time a new minihalo
appears.

3.4 results

3.4.1 Number density evolution

As explained in the last section and in Paper I, we identify SMBH-seeded
halos by the condition that the isolation sphere of radius diso around a newly
forming minihalo is not populated by any other existing halo (of mass greater
than our minihalo threshold mass). The obtained results for the evolution
of number density for different values of diso (in proper distance units)
are shown in Fig. 3.2. The colored dotted lines show the number density

1 A factor of 2 is multiplied with � to account for the change in position of both the minihalo at
the center of the sphere and all the other halos within the sphere.
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evolution of total number of SMBHs, whereas the colored solid lines show
the number density for seeded halos (which are slightly smaller, especially at
lower redshifts, due to mergers). Compared to the number densities in Figure
1 of Paper I, the values obtained here are moderately lower (by a factor of
1.45 for 100 kpc and 1.65 for 50 kpc) because we have considered periodic
boundary conditions when identifying the seeds, which was not done in
Paper I.

Fig. 3.2 also shows some observational estimates ofnSMBH. An estimate at
z = 0, presented in Paper I, is calculated by assuming that each galaxy with
luminosity greater than Lmin = 0.33L� hosts an SMBH, with the error bar
around this point assuming a range of Lmin from 0.1 to 1.0 L� . Note, L� is the
characteristic luminosity corresponding to M B = - 19.7 + 5log h = - 20.55
(e.g., Norberg et al., 2002). Recent observations of high redshift AGN s from
JWSTsurveys have started providing lower limits on the number density of
SMBHs in the early universe, with one such estimate presented by Harikane
et al., 2023, from the sample of Nakajima et al., 2023(black diamonds in Fig.
3.2). Their estimate provides lower bounds on the observed number density
of Type I AGN at redshifts z = 4 to 7.

From Fig. 3.2 illustrates the expected behaviour that as the isolation distance
is reduced, the number of formed SMBHs increases, i.e., it is easier to satisfy
the isolation distance criterion. We can also conclude that for a certain range
of diso (� 90 kpc to 170kpc), the number density obtained is in reasonable
agreement with the z = 0 estimate. Thus, the case with diso = 200 kpc is
disfavoured simply by its inability to produce enough SMBHs. A key feature
of the �ducial model, i.e., with diso = 100kpc, is that all SMBHs have formed
very early in the Universe: the process is essentially complete by z ' 25.

Fig. 3.2 also shows results for an example halo mass threshold (HMT )
model (shown by green dashed line) in which each halo more massive than
m th = 7.1 � 1010 M � is seeded (e.g., the Illustris project: Vogelsberger et al.,
2014; Sijacki et al., 2015, etc.); note, this seeding scheme is driven by the mass
resolution of the simulation, i.e., halos are seeded as soon as they are resolved
with a suf�cient number of particles). The main difference compared to the
�ducial Pop III. 1 model is in the overall number density of SMBHs at z & 5.

We also show the results of a simulation by Chon et al. ( 2016) modeling the
formation of SMBHs via the direct collapse mechanism. Here they simulated
a 20h- 1Mpc box and found only two SMBHs formed (at z ' 15 and 21). Even
though this simulation was only run down to z = 9, the number density is not
expected to increase much at lower redshifts, given the conditions assumed
to be needed for direct collapse, i.e., massive, irradiated, tidally-stable, metal-
free halos. While this model allows some SMBHs to form relatively early,
as discussed in Chapter 1, the overall number densities achieved by this
mechanism are much smaller than are needed to explain the entire observed
SMBH population.

We quantify the number of mergers that occur between seeded halos
in the Pop III. 1 models. Table 3.1 shows the total number of SMBHs that
formed (NSMBH;form ) and the number of halos containing them at z = 0
(NSMBH(z = 0)). Assuming ef�cient merging of SMBHs that are in the same
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Figure 3.2: Evolution of the comoving number density of SMBHs, nSMBH, for differ-
ent theoretical models. Results for Pop III. 1 models with several values
of isolation distance (in proper distance) are shown, as labelled. The
dotted lines show the total number of SMBHs that ever formed, while
the solid lines show remaining number of seeded halos after accounting
for mergers. An example Halo Mass Threshold ( HMT ) model is shown
by the dashed green line in which each halo with mass higher than
m th = 7.1 � 1010 M � is seeded (see text). The green shaded region shows
the effect of lowering and raising m th by a factor of 2. The violet dashed
line shows the results of a simulation modeling SMBH formation via
direct collapse (Chon et al., 2016). The black solid square indicates an
estimate for the number density of SMBHs at z = 0 assuming each galaxy
with luminosity higher than Lmin = 0.33L� contains one SMBH, with the
range shown by the error bar obtained by varying Lmin from 0.1L� to
L� . The black diamonds are estimated lower limits of nSMBH from JWST
observations of Type I AGN (Harikane et al., 2023).
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Table 3.1: Total number of formed SMBHs (NSMBH;form ), total number of SMBHs
remaining at z = 0 assuming ef�cient mergers ( NSMBH(z = 0)), the dif-
ference between these (�N SMBH = NSMBH;form - NSMBH(z = 0)), which is
equivalent to the number of mergers, and the fraction of original SMBHs
that are destroyed by mergers (f merger = �N SMBH=NSMBH;form ).

diso [kpc] NSMBH;form NSMBH(z = 0) �N SMBH f merger(%)

50 15356 12051 3305 21.52

75 3394 2760 634 18.68

100 1234 1043 191 15.48

150 306 280 26 8.50

200 121 116 5 4.13

halo, then the number of mergers is �N SMBH = NSMBH;form - NSMBH(z = 0).
A feature of the Pop III. 1 seeding mechanism is that SMBHs are initially
spread out from each other, so that there are relatively few binary SMBHs
and few mergers. A detailed analysis of the mergers including the binary
AGN number densities, and the gravitational wave background emanating
from these mergers is discussed in later chapters of this thesis.

A caveat of our seeding model is that at small redshifts, around . 6, the
isolation distance in comoving units becomes so small that many minihalos
that appear after this redshift start satisfying the isolation criteria. This
effect would result in an increase in number density by around 2 orders
of magnitude by z = 0 from the converged values around z � 20, for all
cases ofdiso. However, since reionization has completed by z � 8 (Planck
Collaboration 2020), we assume that the formation of Pop III. 1 sources is
also not possible below this redshift. Hence, in our analysis, we set a limit of
seed formation to be only possible until z = 8. For most cases of the isolation
distances we considered (> 75 kpc), the number density is already converged
at redshifts greater than z = 20. However, for the case of 50 kpc, new seeds
still keep on appearing until z = 8 (although below z = 15 the total number
only increases by about 1%).

In Figure 3.3, we show a visual representation of the seeded halos in the
box at different redshifts, for all the isolation distances considered in Fig.
3.2. As discussed, the 50 kpc case is the most crowded with the highest
number of seeded halos at every epoch shown. Initially all the seeds emerge
in a relatively unclustered manner, but eventually the clustering increases
as lower-mass seeded halos migrate towards more massive halos and merge
with them in overdense regions. We perform a more detailed analysis of
clustering in § 3.4.3.

3.4.2 Occupation fraction of seeded halos

From observations of local galaxies, it appears that almost all massive galaxies
contain a nuclear SMBH. This implies that the SMBH occupation fraction
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