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1. Introduction

Let X be an arbitrary nonempty set. Completely useful topologies ¢
on X, i.e. topologies for which every upper semicontinuous total preorder
admits an upper semicontinuous utility representation, have not been
systematically studied in the literature up to now.!

Bosi and Herden (2002) introduced this important concept and char-
acterized in various ways completely useful topologies (see also Bosi
et al., 2024).

Using the previous concept of a completely useful topology, Rader’s
Theorem (Rader, 1963), which is the most famous result on the upper
semicontinuous representability of upper semicontinuous total pre-
orders, can be stated as follows: Every second countable topology t on
X is completely useful.

Since it has been shown by Bosi and Herden (2002) that completely
useful topologies are useful (i.e., every continuous total preorder has
a continuous utility representation), the well known Debreu utility
representation theorem (see Debreu, 1954, 1964) can be stated as
follows: Every second countable topology t on X is useful.

The notion of completely useful topologies is deeply relevant in
Mathematical Economics and Mathematical Utility Theory, since it is
intrinsically linked to the notions of maximal choice and rational choice
in optimization.

As stated by Robbins in Robbins (2007): « There is a sense in which
the word rationality can be used which renders it legitimate to argue
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that at least some rationality is assumed before human behavior has
an economic aspect — the sense, namely, in which it is equivalent to
purposive ».

In this context, the optimization of a single underlying preference
ordering or utility function represents a first step in giving sense
to the notion of purposive behavior. An extension of this framework
may require the existence of multiple preference orderings such that
an alternative, chosen from an option set, is obtained through the
maximization of all the possible underlying preference orderings. If
these orderings are individual preferences, the set of chosen options
is represented by the set of Pareto-efficient alternatives. Otherwise, the
underlying preference orderings may be considered as future potential
preferences for a decision-maker. In this case, the set of chosen options
consists of those alternatives that will never be rejected independently
to the potential preference ordering may materialize in future.

The previous discussion motivates the importance of the maximal
elements according to an underlying preference relation (which is not
necessarily complete). In particular, if we consider compact sets and
we look specifically for maximal elements, it suffices to assume upper
semicontinuity of a preference relation, and consequently of its real
representation. This consideration is valid also in the case when, more
generally, a nontotal preorder is considered. Indeed, an upper semicon-
tinuous order-preserving representation obtains its maximum at some
point, which is, obviously, a maximal element (point of maximum in
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the total case) for the original preference (see for instance Remark 3.2.8
in Bridges and Mehta (1995), and the introduction in Bosi and Herden
(2002)).

The importance of these spaces is also recognized in other contexts,
such as the welfare economics (see Pivato, 2023), in which the notions
of utility and multi-utility are of particular interest (see Pivato, 2013).

In this paper we, therefore, focus our attention on these topologies,
in order to characterize them in several and, hopefully, simple ways.

Completely useful and useful topologies

Recently, completely useful topologies have been referred to as
upper useful topologies by Bosi and Franzoi (2023). Nevertheless, in
the present paper we prefer to go back to the original terminology
inaugurated by Bosi and Herden (2002).

The reader may recall that a preorder < on X is said to be upper
semicontinuous if, for every point x € X, theset I_(x)={z € X : z < x}
is an open subset of X. By duality a lower semicontinuous preorder 3
on X is defined.

The most famous result concerning the upper semicontinuous rep-
resentability of upper semicontinuous total preorders is the famous
Rader’s theorem (RT) (see Rader, 1963), according to which an upper
semicontinuous total preorder X on a topological space (X,¢) is rep-
resentable by an upper semicontinuous utility function, provided that
(X,1) is a second countable space (i.e., there exists a countable basis
B={B,},en Of .

Using the concept of a completely useful topology ¢ on X, Rader’s
theorem can be restated as follows (see also Richter, 1980; Isler, 1997;
Mehta, 1997):

RT: Every second countable topology ¢ on X is completely useful.

Recently, Bosi and Franzoi (2023, Theorem 2.14) have generalized
Rader’s theorem to the case of nontotal preorders, by introducing a
suitable continuity condition of a nontotal preorder.

In addition, upper semicontinuous preference relations and their
representability by a upper semicontinuous numerical function are
frequently discussed in the literature (see e.g. Rader, 1963; Jaffray,
1975b; Richter, 1980; Sondermann, 1980; Bridges and Mehta, 1995;
Subiza and Peris, 1997; Alcantud and Gutiérrez, 1999; Alcantud, 1999;
Droste, 1999 and many others). The particular relevance of upper semi-
continuous preference relations is mainly based upon three aspects.
First of all, it often suffices to only assume upper semicontinuity, see
for example Alcantud (1999), where spaces are considered to satisfy a
weaker property than compactness. Secondly, continuity often cannot
be reached without adding artificial conditions. For example, Arrow
and Hahn in Arrow and Hahn (1971) have introduced the condition
of a preference relation to be locally nonsatiated, which is extensively
discussed in Chapter 2 of Bridges and Mehta (1995) or in the negative
result of Alcantud (1999). Finally, upper semicontinuity often appears
in a natural way and, thus, it can be applied in order to construct,
by adding more or less appealing conditions, continuous utility repre-
sentations. We recall, for instance, the Arrow-Hahn approach (Arrow
and Hahn, 1971) or, more generally, the Euclidean distance approach,
which is thoroughly discussed in Bridges and Mehta (1995), and the
approach by Sondermann (1980), generalizing Neuefeind’s construc-
tion of continuous utility representations (Neuefeind, 1972). We also
note that, in the economic literature, situations have arisen, where
assuming continuity instead of semicontinuity is a serious restriction
(see, e.g., Dutta and Mitra, 1989).

The main advantage of the following considerations is the clarifica-
tion of the topological structure of the general upper semicontinuous
utility representation problem. This means that our approach is within
the main stream of results that clarify the general structure of the
utility representation problem (see Eilenberg, 1941; Wold, 1943-1944;
Birkhoff, 1948; Debreu, 1954, 1964; Fleischer, 1960, 1963; Jaffray,
1975a,b; Mehta, 1986, 1988; Herden, 1989a,b, 1995; Estévez and
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Hervés, 1995; Candeal et al., 1998; Herden and Pallack, 2000 and many
others). Indeed, in the following sections we shall discuss necessary and
sufficient conditions for a topology ¢ on X to be completely useful.
These conditions can be applied in any concrete situation. In fact, in
case that a given consumption set is endowed with some topological
structure (in practice this is nearly always the case), then one has
to check if the given structure satisfies any of the assumptions of
the characterization theorems, which will be proved in this paper,
in order to guarantee upper semicontinuous and, thus, also continu-
ous representability of an arbitrary upper semicontinuous, respectively
continuous, preference relation on the consumption set. If none of
the assumptions of these theorems are satisfied, then a given upper
semicontinuous preference relation may be not upper semicontinu-
ously representable, and one has to look for additional conditions,
like countably boundedness or convexity, in order to guarantee upper
semicontinuous representability (see Monteiro, 1987; Estévez et al.,
1999 and Candeal et al., 1995).

Much before the consideration of completely useful topologies,
in Herden (1991) a topology ¢ on X is said to be useful if every contin-
uous total (linear) preorder < on X can be represented by a continuous
real-valued order-preserving function, i.e. it has a continuous utility
representation. Continuity of < means that the order topology ¢, which
is induced by %, is coarser than . Sufficient conditions for a topology
t on X to be useful are, for instance, given by the classical Eilenberg—
Debreu theorems EDT and DT (Eilenberg (1941), Debreu (1954, 1964)
and see also below). Necessary and sufficient conditions for a topology
t on X to be useful have been presented by Estévez and Hervés (1995)
in case that ¢ is a metrizable topology on X and have been generalized,
more recently, by Herden and Pallack (2000) to arbitrary topologies
on X. By using the concept of a useful topology ¢ on X, the Eilenberg—
Debreu theorems and the theorem of Estévez and Hervés (EHT) can be
restated as follows:

EDT:
DT:
EHT:

Every connected and separable topology 7 on X is useful.

Every second countable topology ¢ on X is useful.

A metrizable topology 7 on X is useful if and only if 7 is second
countable.

More recent results concerning useful topologies have been pre-
sented by Bosi and Herden (2019) and Bosi and Zuanon (2021, 2022).
In particular, the conditions presented by Bosi and Herden (2002) are
based on the concept of a complete separable system on a topological
space, while Bosi and Zuanon (2021, 2022) have considered, in par-
ticular, the case of useful topologies which are in addition completely
regular.

It has been shown in Proposition 4.4 of Bosi and Herden (2002)
that completely useful topologies t on X are useful. This result justifies
the concept of a completely useful topology. In order to illustrate this
central fact, consider that, if a topology ¢ is completely useful, and
we take a continuous total preorder X on the topological space (X, 1),
then such total preorder is, in particular, upper semicontinuous, and
therefore it admits an upper semicontinuous utility function. Since the
preorder is representable and continuous, then it admits a continuous
utility function by well known facts, which are substantially related to
the famous Debreu Open Gap Lemma (see, e.g., Theorem 3.1.3 in Bridges
and Mehta, 1995).

Clearly, the upper semicontinuous analogue of EHT exists (see
Corollary 4.5 in Bosi and Herden, 2002). On the other hand, useful
topologies + on X are not necessarily completely useful. Indeed, on
every sufficiently large set, the cardinality of the set of all useful
topologies r on X coincides with the cardinality of the power set of the
set of all completely useful topologies r on X (see Theorem 5.1 in Bosi
and Herden, 2002). This result demonstrates in a very strong way up
to which degree the concept of a completely useful topology ¢t on X
strengthens the concept of a useful topology ¢ on X.
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Moreover, considering the theorems EDT and DT only the upper
semicontinuous analogue of DT has been proved for the first time by
Rader (1963).

It is worth highlighting that the concepts of useful and completely
useful topologies play a significant role also in the general equilibrium
theory within infinite-dimensional Banach spaces endowed with the
weak topology or weak-x topology (see e.g. Campion et al., 2006a,b,
2012).

More recently, Bosi and Zuanon (2020) and Bosi (2023) have in-
troduced and have studied the concept of a strongly useful topology,
in order to generalize the notion of a useful topology to the case of
nontotal preorders. To this aim, these authors have referred to the
definition of a weakly continuous preorder, which generalizes that of a
continuous preorder. It is worth noting that strongly useful topologies
are useful, since the concepts of a weakly continuous preorder and
of a continuous preorder, respectively, coincide in the case when the
preorder is total.

Motivated by the previous discussion, in this paper we are pri-
marily concerned with the problem of characterizing in a simple way
completely useful topologies.

Structure of the paper

The paper is structured as follows. Section 2 contains the main defi-
nitions and the preliminary results. In particular, the concept of a super-
short topology is introduced, which indeed characterizes completely
useful topologies. In Section 3 we present the characterization theo-
rems, referring to the classical framework of set theory (i.e., Zermelo-
Fraenkel + Axiom of Choice axioms). In Section 4, we include the
Souslin Hypothesis (SH), which have been already introduced by Vohra
(1995) in a very interesting paper. However, the Souslin Hypothesis
was already considered by Bosi and Herden (2002), in connection with
completely useful topologies. Section 5 examines the relation between
completely useful and strongly useful topologies. Indeed, it is shown
that a completely useful topology is necessarily strongly useful. It is
further proved that a topology is completely useful if and only if every
upper semicontinuous and not necessarily total preorder admits an
upper semicontinuous order-preserving function. Section 6 concludes
summarizing the results obtained in the paper and highlighting some
future directions.

2. Notation and preliminaries

We start this section by introducing the main notation and defini-
tions that we shall employ throughout the paper. For further informa-
tion on basic definitions in General Topology we address the interested
reader to Dugundji (1978).

A preorder 3 on a set X is a reflexive and transitive binary relation
on X. The asymmetric part (or strict part) < and the symmetric part ~ of
a given preorder X on X are defined as usual, i.e., for all x,y € X,

x<y<> (x 3y and not(y 3 x)
and
x~y<< (x3yand (y I x).

The relation ~ is an equivalence, and we denote by 5. the quotient
order defined on the quotient space X,. as follows, for all [x], [y] € X|.:

X . = x 3.

A preorder 3 on X is said to be total if, for all x,y € X, either x 3y
or y 3 x. A total preorder is said to be a chain if it is antisymmetric
(i.e., for all x,y € X, x 3 y and y 3 x imply that x = y). A jump in
a preordered set (X, ) is a pair (x,y) €< such that for no z € X it
happens that x < z < y (i.e., the order interval ]x, y[ is empty).

Given a totally preordered set (X, %), the order topology t< is the
topology on X whose subbasis consists of all sets of the form /_(x) =
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{ze X :z<x}and r(x) = {z € X : x < z} where x € X. The
upper order topology t“ is the topology on X whose (sub)basis consists
of all sets of the form / <(x) ={z € X : z < x}. Notice that the family
{I.(x) : x € X} is linearly ordered by set inclusion (i.e., a chain) when X
is a total preorder on X (as well as the family {r_(x) : x € X}).

A subset D of a preordered set (X, 3) is said to be decreasing if

(xeD)and (z3Sx)=z€ D, forallze X.

Moreover, a topology ¢ on X is said to be:

1. Hausdorff if, given any two points x,y € X with x # y, there
exist two open disjoint sets U,V such that x € U and y € V;

2. Ty, if all singleton sets {x} are closed;

3. completely regular, if it is T) and, for every x € X, and every
closed set F C X not containing x, there exists a continuous
function f : (X,t) - ([0,1],7,,) such that f(x) =0and f(y) =1
forye F;

4. second countable, if there exists a countable basis B = {B,},cn
for 1;

5. separable, if there exists a countable subset D = {d,},cy Oof X
such that On D # ¢ for all O € ¢t with O # @.

Given a preordered set (X,X), a function f : (X,3) - (R,X) is
said to be order-preserving if it is increasing (i.e., for all x,y € X, x Sy
implies that f(x) < f(»)) and, in addition, for all x,y € X, x < y implies
that f(x) < f(y). Clearly, in the particular case when the preorder 3 is
total, a real-valued function f on (X, 3) is order-preserving if and only
if, for all x,y € X, x 3 y is equivalent to f(x) < f(), and in this case
it is said to be a utility function. A preorder 3 on a set X is said to be
Debreu separable if there exists a countable subset D of X such that, for
all (x,y) €<, there exists d € D such that x Sd 3 y.

It is well known that, in the case of a total preorder, Debreu
separability is a necessary and sufficient condition for the existence of
a utility function.

The following Representation Lemma, which is an immediate con-
sequence of Proposition 1.6.11 and Theorem 3.2.2 by Bridges and
Mehta (1995) and Lemma 3.2 by Herden (1989a), characterizes the
existence of an upper semicontinuous utility function for an upper
semicontinuous total preorder. We shall denote by r,, the natural
topology (i.e., interval topology) on the real line R.

Theorem 2.1 (Representation Lemma). Let (X, 1, 3) be a topological totally
preordered space. Then the following properties are equivalent:

(1) There exists an upper semicontinuous utility function f : (X,1,3) -
(R, 2,47, ).
(2) The following conditions are verified:

(2a) The total preorder 5 is upper semicontinuous;
(2b) There exists a utility function [’ : (X,3) - (R, ).

(3) The following conditions hold:

(3a) The total preorder < is upper semicontinuous;
(3b) The order topology t< is second countable.

(4) The following conditions are verified:

(4a) The total preorder 5 is upper semicontinuous;
(4b) The order topology t< is separable;
(4c) There are only countable many jumps in (X. <o S

(5) The following conditions hold:

(5a) The total preorder 3 is upper semicontinuous;
(5b) The total preorder X is Debreu separable.
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A real valued function f from a preordered set (X,3) to a pre-
ordered set (X’,<’) is said to be an order embedding of (X, <) into
(X', %) if, for all x,y € X, x Sy is equivalent to f(x) 3’ f(y). Further,
a real-valued function f on X is said to be an order isomorphism of a
preordered set (X, <) into a preordered set (X', <) if f is a bijective
order embedding of (X,3) into (X’,3’). In this case, the preordered
sets (X, ) and (X', <) are said to be order isomorphic.

A well-order X on a set X is a total preorder on X such that every
nonempty set X’ C X has a least element (minimum). It is well known
that every well-ordered set (X,3) is order-isomorphic to a uniquely
determined ordinal a, which is its order type.

A tree is a preordered set (T ) such that, for every element t € T,
the set I_(r) = {s € T : s <t} is well-ordered by <. For every r € T, the
order type of I_(1) = {s € T : s <t} is said to be the level of t.

A preorder 3 on a topological space (X,r) is said to be upper
semicontinuous if, for every point x € X, theset I_(x)={y€ X : y < x}
is an open subset of X. By duality, a lower semicontinuous preorder <
on X is defined.

We recall that a real-valued function f on a topological space
(X,1) is said to be upper semicontinuous if, for every number « € R,
flQ-.a) ={z€ X : f(2) <a} is open.

If (X,1) is a topological space, then denote by A the topological
closure of any subset A of X. Further, O will stand for the collection of
all subchains (i.e., subsets which are totally ordered by set inclusion)
(0, ©) of (t,c). Without loss of generality, we shall assume that every
subchain (O, C) € O contains X.

At this point, we introduce the following preorder <, on O.

Definition 2.2. For any two chains (O,C) € O, (U,C) € O:

(0,C) 36 (U,C) < YO € 0, EITCU:<0= Juvo= ﬂu)
UeT UeT

Remark 2.3. Observe that (0, C) 3 (U, C) means that the chain (O, C)
can be rebuilt starting from the chain (U, ©). If further (O, C) <4 (U, ©),
then there exists a set U € U such that

J ogue ) o

030'GU Ug0"e0

Let us define the total preorder naturally associated to a chain of
open sets.

Definition 2.4. Let (0,C) € O be an arbitrary chain. Then the total
preorder 3 on X which is naturally associated to O is defined by

X300y e=V0e€0,(ye 0= x€0).

Remark 2.5. It is immediate to check that, for every chain (O, C) € O,
the total preorder 3 is upper semicontinuous on (X, 1).

The following fundamental definition was first introduced by Bosi
and Herden (2002).

Definition 2.6. Let (O,C) € O be an arbitrary chain. Then an open
set O € O is said to be an isolated set (of O) if

0c0¢& o".
030’0 050" €0

Remark 2.7. It is easy to see that, if (0,C) € O is an isolated set of
O, then every pair

o" \O
0g0"€0

wyelo\ |J ofx

030'G0o
represents a jump in (X|.,,3~,)-

Now, we are ready to present the new definition of a weakly isolated
set.
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Definition 2.8. Let (O, C) € O be an arbitrary chain. Then an isolated
set O (of O) is said to be a weakly isolated set (of O) if

0'=0and X\ [ 0"=X\O.

030'G0 050" €0

Definition 2.9. A topological space (X,t) is said to be strongly
separable if for every chain (O, C) € O there exists a countable subset
Yo of X such that the following two statements hold:

+ (Yon0)\ O # ¢ for every pair (O’,0) € O x O such that there
exists 0" € O with 0’ G 0" & O;

Yo N n o" |\ U O’ + ¢ for every isolated set O (of O).
0"G0e0 030'GOo

The following definition was presented by Herden and Pallack
(2001).

Definition 2.10. Let (Z, <) be an arbitrary chain. Then the length /(Z)
of Z is the least upper bound of all cardinal numbers x that can be
order-embedded into (Z, <) or (Z, >). Moreover, a chain (Z, <) is said
to be lengthy if I(Z) = |Z| = card(Z).

We recall at this moment the notions of short, hereditarily Lindelof
and hereditarily separable spaces.

Definition 2.11. A topological space (X,r) is said to be short if
there exists no uncountable ordinal number « such that (a, <) can be
order-embedded into (¢, C) or (¢,D).

Remark 2.12. In Proposition 4.2 of Bosi and Herden (2002), it has
been shown that (X,) is short if and only if (X,r) is a hereditarily
Lindelof and hereditarily separable space. The reader may recall that
(X,1) is a hereditarily Lindelof space if, for every subset A of X, the
subspace (A,7),) (74 is the relativized topology on A) is a Lindelof
space, and that (X,7) is a hereditarily separable space if, for every
subset A of X, the subspace (4, 1 4) is a separable space.

Definition 2.13. A topological space (X, 1) is said to be strongly hered-
itarily Lindelof if, for every chain (O, C) € O, there exists a countable
subchain (U, ©) of (O, ©) such that for every O € O there exists a subset
V of Usuch that O = J, oy V.

It is immediate to check that a topological space (X,¢) is strongly
hereditarily Lindelof provided that the topology ¢ generated by every
chain O € O is second countable.

Moreover, it is worth recalling that two open sets O, O’ € r are said
to be equivalent, which will be abbreviated by writing O ~ 0’, if O = O'.
The corresponding equivalence classes are denoted as usual by [O] and
[0'] respectively.

We now introduce a key definition of this paper.

Definition 2.14. Let X be a given nonempty set. Let # be an arbitrary
topology on X.

(i) (X,r) is said to be super-short if every well-ordered subchain
(S.=Z0) of (0,3p) is countable.
(i) (X,r) is said to be locally super-short if for every open set O € t,

is super-short.

the induced topological space <[0] , t|[0J

Proposition 2.15. If t is a super-short topology on X, then t is short.

Proof. By contraposition, assume that the topology 7 on X is not
short. Then there exists, for example, an uncountable ordinal number «
which can be order embedded in (¢, ©). Therefore, there exists an order
embedding f — O; where Oy € 1 and § < a. Define, for every § < a,
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the subchain (0, C) = ({Oy : p < B},C) of O. It is immediate to
check that (O, C) <p (O, ), for all f < f" < a. Hence, we have that
({0y : B < a},3p) is an uncountable well ordered subchain of (O,3p),
and the proof is complete. []

The vice versa of Proposition 2.15 is not always true. Indeed, it
will follow, from the results we will prove in Section 4, that there
exist short topologies t on X that are not super-short. Therefore, these
considerations justify the concept of a super-short topology ¢ on X.

Definition 2.16. A topology ¢ on a set X is said to satisfy the countable
chain condition (ccc) if every family of disjoint open sets is countable.
A chain (X, 3) is said to satisfy the countable chain condition (ccc) if the
corresponding order topology < satisfies ccc.

It is clear that a separable topology ¢ satisfies ccc, as well as a
hereditarily Lindelof topology.

3. The structure of completely useful topologies
We start by recalling the definition of a completely useful topology.

Definition 3.1. Let X be an arbitrary nonempty set. Then a topology
t on X is said to be completely useful (or upper useful) if every upper
semicontinuous total preorder < on X can be represented by an up-
per semicontinuous real-valued order-preserving function (i.e., utility
function).

We denote, for every chain (0, C) € O, by S(O) the set of all pairs
(x,¥) € X X X for which there exist open sets O’ € O and O € O such
that 0’ S O and (x,y) € 0' x (0\ O').

We present now a new characterization of completely useful topolo-
gies in classical set theory, which is primarily based on the concept of
a super-short topology.

Theorem 3.2. Let t be a arbitrary topology on a set X. The following
assertions are equivalent:

@) t is completely useful.
(i) (X,r) is strongly separable.
(>iii) (X,r) is super-short.
(iv) t is strongly hereditarily Lindelof.
(v) The topology to generated by every chain (0,C) € O is second
countable.

Proof. (i) = (ii). Let 7 be a completely useful topology on X. Consider
any chain (0,C) € O and its associated upper semicontinuous total
preorder 3, which is, therefore, representable by an upper semicontin-
uous utility function. From Theorem 2.1 (Representation Lemma), we
have, for example, that the order topology 75 on X has to be separable
and that there are only countable many jumps in (X|.,, S01~)- The
former requirement implies the existence of a countable subset Y of X
such that (Y n0) \ O’ # § for every triplet O’ & O” G O of open sets
of O, while the latter implies the countability of the (pairwise disjoint)
nonempty sets ﬂ o'\ U O' # ¢ associated to the isolated sets

0"G0e0 030'¢0
O (of O) (see Remark 2.7). So, we have that (X,?) has to be strongly
separable.

(ii) = (i). Assume that (X,7) is strongly separable, and consider
any upper semicontinuous total preorder < on (X, t). Consider the chain
(0,0) €0, withO={i_.(x)={z€ X : z<x} : x € X}. Then, we have
that the subchain given by

O’ ={I_(y) : (y € X) and y is the right endpoint of a jump (x,y) in X, 3511

is countable, which implies that there are only countable many jumps
(x,y) in (X|_,3) Further, since, for all x,y,z € X, the condition
1.(x) & 1.(») & I.(2) is equivalent to x < y < z, it is easy to see that the

35

Mathematical Social Sciences 134 (2025) 31-41

order topology 1< is separable. Therefore, ¢ is completely useful by the
aforementioned Representation Lemma.

(iii) = (ii). This implication follows by a straightforward indirect
argument. Indeed, if (X,7) is not strongly separable then a routine
transfinite induction argument allows us to construct an uncountable
well-ordered subchain (S, ) of (O, 3).

(i) = (iii). Let (O,C) € O be an arbitrarily chosen chain. Then
the associated upper semicontinuous total preorder 5o on X is repre-
sentable by an upper semicontinuous function f : X — R, and we may
conclude from the Representation Lemma that (X 0> S~o) has only
countably many jumps and that there exists a countable subset Y of
X such that Y N ]Ju, v[ # @ for every nonempty open and bordered order
interval Ju, v[ of 3g. The jumps of Seo correspond to the isolated sets
of O (see Remark 2.7). In addition, the definition of 3 implies that
the open and bordered order intervals Ju, v[ of 3q are defined by sets
0’ & O € O for which there exists an open set 0" € O such that
0’ G 0" G O. Hence, assertion (iii) follows.

(i) = (iv). Let 7 be a completely useful topology on X, and
consider a chain (O, C) € O. Then, let 5 be the upper semicontinuous
total preorder associated to O. Since 3 is representable by an upper
semicontinuous utility function, we may proceed as in the proof of the
implication (i) = (ii). We may further observe that, for every x € X,
we have that

U o

0%x,0€e0

l<0(x)={z€XZz<0x}=

Hence, the property of (X,?) to be strongly hereditarily Lindelof easily
follows.

(iv) = (i). Let (X, 1) be a strongly hereditarily Lindel6f topological
space, and consider an upper semicontinuous total preorder X on (X, 7).
Consider the family L = {/_(x) : x € X}. Due to the fact that L is a
family of open subsets of X which is linearly ordered by set inclusion,
by the property of (X, t) to be strongly hereditarily Lindeldf, there exists
a countable subset X’ of X such that, for every x € X, one has that
I.(x) is equal to the union of some sets /_(z) with z € X’. Since we
have already observed that, for all x,y € X, x < y is equivalent to
I.(x) & I.(), we may conclude that the preordered set (X, ) is Debreu
separable, and therefore it is representable by an upper semicontinuous
utility function. This consideration implies (i).

(i) < (v). This bi-implication is straightforward and hence
omitted. []

Remark 3.3. The previous result implies, in particular, that a strongly
separable topology ¢ on X is always (hereditarily) separable. Indeed,
the following chain of implications holds, as regards any topology ¢ on
X:

t strongly separable = ¢ completely useful = ¢ short = 7 hereditarily
separable.

The converse does not hold, as the following example shows. This
consideration justifies the concept of a strongly separable topology ¢ on
X.

Therefore, let us present an example of a separable topology which
is not strongly separable.

Example 3.4. Let ¢ be the cardinality of the real line, and consider
the closed and bounded real interval [0, 1]. The topological product
(X,1) = ([O, 11¢ ,tpmd) is a compact, connected and separable space
and, thus, satisfies the assumptions of EDT. On the other hand, Corol-
lary 4.13 in Bosi and Herden (2002) implies that, in case that x is
an ordinal number and ¢ a completely useful topology on X that
contains at least three open sets, the countability of x is necessary
for the topological product (X*,7,,,,) to be completely useful, which
implies, in particular, that ([O, 1]¢ ,tpmd) is not completely useful. In
particular, as a consequence of Theorem 3.2, (X,t) is an example of
a separable topology which is not strongly separable. Further, this
example illustrates the fact that EDT cannot be generalized to the
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semicontinuous case, which also shows that useful topologies t on X
are not necessarily completely useful.

At this point, as an immediate consequence of the Alexandroff-
Urysohn Metrization Theorem (see e.g. Herden, 1995), we get the
following corollary, which applies to the case of completely regular
topologies.

Corollary 3.5. Let t be a completely regular topology on a set X. The
following assertions are equivalent:

@) t is completely useful.
(ii) The topology t generated by every chain (O, C) € O is separable.

The famous Rader Theorem is also an easy consequence of the
previous characterization of completely useful topologies (see Rader,
1963).

Corollary 3.6 (Rader Theorem). Every second countable topology t on X
is completely useful.

Proof. From the equivalence of the assertions (i) and (iv) of Theorem 3.2,
we only have to show that a second countable topological space (X, )
is strongly hereditarily Lindelof. So, consider a chain (O,C) € O, and
denote by 7 the subtopology of r which is generated by the family O.
Since ¢ is a subtopology of a second countable topological space and
it is linearly ordered by set inclusion, we have that ¢, is itself second
countable (see considerations in Bosi and Herden, 2002) and therefore
it is easily seen that (X, ¢) is strongly hereditarily Lindelof. []

In order to deeply illustrate the concept of a super-short topology,
let us present the following proposition.

Proposition 3.7. The following assertions are equivalent:

i) (X,r) is super-short.

(ii) Every chain (O, C) € O contains countable trees (T, D) consisting, at
each level a, of pairwise disjoint sets of the form O \ O’ such that
0’',0e€0and 0' G O" G O for some set 0" € O or O is an isolated
set (of O).

(iii) Every chain (O,C) € O contains a countable subchain (U, C) such
that S (0) = S (U).

(iv) Every uncountable chain (O, C) € O contains at most countably many
weakly isolated sets and at least one uncountable subchain (U, C) that
can be order-embedded into (R, <).

Proof. (i) = (ii). Thanks to Theorem 3.2, we have that if (X,?) is
super-short then it is strongly separable. Hence, (ii) follows immedi-
ately from the definition of strongly separable topology.

(ii) = (). Let (T,D) be a tree of the type that is described in
assertion (ii). Then each ordinal number « that represents a level of
(T, D) can be associated with the subchain (O,, C) of O which consists
of all open sets O € O that up to level a already have been used in
the construction of (7', D). This means, in particular, that for different
levels a < g of (T, D) the strict relation (O,,C) < (O, C) holds. Hence,
assertion (ii) implies assertion (i).

(ii) = (iii). Let us assume, in contrast, that there exists a chain
(0, ©) € O that does not contain a countable subchain (U, C) such that
S(0) = S(U). Then we replace (0,C) by (V,c) = (Ou{#,X},C).
Since there exists no countable subchain (U,C) of (0,C) such that
S(0) = S(U), then there exists, in particular, some set O € O such
that # & O & X and we may start at level « = 0 with the open sets
@, X € V in order to consider the set X \@ = X. Now a routine transfinite
induction argument allows us to construct an uncountable tree (T, D)
that consists at each level a of pairwise disjoint sets of the form O\ O’
such that 0’,0 € V and 0’ G 0” & O for some set O” € V or O is an
isolated set (of V).
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(iii) = (iv). Let (O, C) € O be an uncountable chain. Then assertion
(iii) implies immediately that (O, C) contains at most countably many
isolated sets. This means, in particular, that (O,C) contains at most
countably many weakly isolated sets. Hence, it suffices to show that
(0,C) contains an uncountable subchain (W, C) that can be order-
embedded into (R, <). The existence of a countable subchain (U, C) of
(0, ©) such that S (0) = S (U) implies, in particular, that there exists a
countable subchain (U, €) of (O, ©) such that (0,C) 3 (U, ©). Let now
F be the collection of all sets O € O that are not contained in U but
for which there exists a subset S of U such that O = U U and let, in

Ues
addition, G be the collection of all sets O € O that are not contained in
U but for which there exists a subset T of U such that O = m U. Since

O is an uncountable set we may assume, without loss of gerlljeerglity, that
F is an uncountable set. The case that G is an uncountable set then
follows by a dual argument. We, therefore, set (W,c) := (UUF,Q).
Then (W, C) is an uncountable subchain of (O, C). The countability of
U implies that (U, C) is order-embeddable into (R, <). Since every set
O € F is the least upper bound of a subset P of U it follows, furthermore,
that (W, ©) can be order-embedded into (R, <).

(iv) = (ii). We assume, in contrast, that there exists a chain
(0, ©) € O for which there exists an uncountable tree (T, D) that consists
at each level a of pairwise disjoint sets of the form O \ O’ such that
0',0€0, 0 0" & O for some set 0" € O or O is an isolated set (of
0). Since uncountable well-ordered chains (C,c) € © and (D,D) € O
respectively do not contain uncountable subchains that can be order-
embedded into (R, <), it follows that the given topology ¢ on X has
to be short. Therefore, we may conclude that (X,7) is a hereditarily
Lindelof space, which implies that (X, t) satisfies ccc. With the help of
ccc, it follows that (O, C) contains at most countably many isolated sets.
Indeed, let O € O be an isolated set that is not weakly isolated. Then

at least one of the sets O \ U O’ or (X \5) \ X\ ﬂ o
030'G0o 0%0"e0
is a nonempty open subset of X. Since open subsets of X of the

form O\ U O’ or (X \5)\ X\ ﬂ 0" | are pairwise disjoint,
030'S0 050"€0
thus, ccc implies that (O, C) only contains countably many isolated sets
that are not weakly isolated. Let us now assume that (O, C) contains
uncountably many pairs of triplets O’ G 0” G O and N’ G N” &
N such that (O\0’) n (N\ N’) = ¢. Then the subchain (K,c) of
(0, ©), that is constructed by eliminating for all these triplets every set
Ollthesetrip/etseuery c O and N € O such that O’ ;Cc o' :C: 0" or 0" ;C:
0" GOand N GN"” G N"” or N' G N" G N, contains uncountably
many isolated sets. This contradicts the already proved result that every
chain (L, C) € O only contains countably many isolated sets. We, thus,
may summarize our considerations in order to conclude with the help of
the shortness of (X,7) and our assumption that (7', D) is an uncountable
tree that consists at each level « of at most countably many pairwise
disjoint sets of the form O\ O’ such that 0’,0 € 0, 0’ G 0" & O for
some set O” € O or O is an isolated set (of O) and that, moreover, the
least upper bound of the lengths of all branches of (T, ) have to be
N; (the cardinality of the set of all countable ordinal numbers). Hence,
(T, D) is an Aronszajn tree (see, for instance, Jech, 1978). Therefore,
we may conclude that the subchain (E, ) of (O, C) that corresponds
to (T,D) has to be an Aronszajn chain, i.e. an uncountable short chain
that does not contain any uncountable subchain (H, C) that is order-
embeddable into (R, <). This last conclusion contradicts assertion (iv)

O

Remark 3.8. Interested reader in Aronszajn chains may consult Baum-
gartner (1981) or Beardon et al. (2002) for details.

and, thus, proves the validity of point (ii).
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4. The structure of completely useful topologies under the souslin
hypothesis

Let X be an arbitrary nonempty set. In Theorem 4.8 and Corol-
lary 4.9 by Bosi and Herden (2002) it has been shown that in ZFC
+ SH (Zermelo-Fraenkel + Axiom of Choice + Souslin Hypothesis)
completely useful topologies 1 on X can be characterized in a very
elegant way. Therefore it is the first aim of this section to still complete
the results of Bosi and Herden (2002) on completely useful topologies
that have been proved in ZFC + SH.

The reader may recall that SH states that every order-dense and (al-
most) complete unbordered chain that satisfies ccc is order-isomorphic
to the real line. SH has been posed by M. Souslin Souslin (1923) in
the only paper that he has published during his life. Since the late
sixties it is known that SH is independent of ZFC. In mathematical
utility theory SH has been applied by Vohra (1995) in order to prove
in ZFC + SH a general continuous representation theorem. It is easy to
see that SH is equivalent to the assertion that there exists no Souslin
chain, which means that there exists no chain that contains a non-
representable subchain that satisfies ccc and only has countably many
jumps (see Section 6 of Beardon et al., 2002).

We recall the equivalent version of SH which has been presented
by Vohra (1995):

Definition 4.1 (Souslin Hypothesis). For every totally preordered set
(X %), if the order topology = satisfies ccc, then it is separable.

The following theorem combines SH with the structure of com-
pletely useful topologies ¢ on X.

Theorem 4.2. The following assertions are equivalent:

(i) SH holds.

(ii) For every set X and every topology t on X, the concept t to be
completely useful is equivalent to any of the following equivalent
conditions:

(1) Every chain (O, C) € O only contains countably many isolated
sets.

(2) Every chain (O,C) € O that only consists of isolated sets is
countable.

(3) t satisfies ccc and every chain (0,C) € O only contains
countably many weakly isolated sets.

(4) (X,1) is a hereditarily Lindelof and a hereditarily separable
topological space, and every chain (0, C) € O that only consists
of isolated sets is lengthy.

(5) (X,1) is a hereditarily Lindelof and a hereditarily separable
topological space, and for every chain (0, C) € O its subchain
(W, C) that consists of the weakly isolated sets of O is lengthy.

(6) (X,t) is a hereditarily Lindelof and a hereditarily separable
topological and for every chain (O, C) € O, that only consists
of isolated sets, its subchain (W, C) which consists of the weakly
isolated sets of O is lengthy.

Proof. In Theorem 4.8 of Bosi and Herden (2002) it has been proved
that SH is equivalent to the assertion that for every (nonempty) set
X a topology ¢t on X is completely useful if and only if every chain
(0,C) € O only contains countably many isolated sets. Then, in order
to prove the theorem, it is enough to verify the equivalence of the
conditions (1), (2), (3), (4), (5), (6).

The bi-implication (1) < (2) is straightforward.

(1) = (3). Clearly, condition (1) implies that 7 is short (see Lemma
4.1 in Bosi and Herden, 2002). This means, in particular, that 7 satisfies
ccc. Therefore, condition (3) is an easy consequence of condition (1).

(3) = (1). The proof of this implication is implicitly in the proof
of the implication (iv) = (ii) of Proposition 3.7.

(1) = (4). The conditions (X, 7) to be a hereditarily Lindelof and a
hereditarily separable topological space are equivalent to the condition
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(X, 1) to be a short space. Hence, with the help of Lemma 4.1 in Bosi
and Herden (2002), the validity of the implication (1) = (4) follows
immediately from the definition of a lengthy chain.

(4) = (5) = (6). The verification of these implications is an easy
task and, therefore, omitted.

(6) = (3). Since (X,1) is short it follows that ¢ satisfies ccc. In
addition the shortness of (X, ) implies that for every chain (O, C) € O,
that only consists of isolated sets, its subchain (W, C) that consists of
the weakly isolated sets of O is countable. Hence, we may conclude
that every chain (O,C) € O only consists of countably many weakly
isolated sets. []

Corollary 4.3. Let (X,t) be an arbitrary topological space. Then in ZFC
+ SH the following conditions are equivalent:

1) (X,1) is completely useful.

(ii) Every chain (O ) € O only contains countably many isolated sets.

(iii) Every chain (O, C) € O that only consists of isolated sets is countable.

(iv) t satisfies ccc and every chain (0,C) € O only contains countably
many weakly isolated sets.

(v) (X,1)is a hereditarily Lindelof and a hereditarily separable topological
space, and every chain (O, C) € O that only consists of isolated sets
is lengthy.

(vi) (X,7)is a hereditarily Lindelof and a hereditarily separable topological
space, and for every chain (O, C) € O its subchain (W, C) that consists
of the weakly isolated sets of O is lengthy.

(vii) (X,1)is a hereditarily Lindelof and a hereditarily separable topological
space, and for every chain (O, C) € O, which only consists of isolated
sets, its subchain (W, C) that consists of the weakly isolated sets of O
is lengthy.

At this point the goal is to describe the structure of completely
useful topologies 1 on X in ZFC. In particular, the following theorem
completes Theorem 4.11 of Bosi and Herden (2002) by clarifying
the interrelations between the characterizations of completely useful
topologies t on X in ZFC + SH and ZFC respectively.

Theorem 4.4. Let t be an arbitrary topology on X. Then the following
assertions are equivalent:

@) t is completely useful.

(i) (X,r) is super-short.

(iii) (X,1) satisfies the equivalent conditions of Corollary 4.3 and every
uncountable chain (0,C) € O contains at least one uncountable
subchain (U, C) that can be order-embedded into (R, <).

(iv) (X,1) satisfies the equivalent conditions of Corollary 4.3 and it is
locally super-short.

Proof. (i) < (ii). This bi-implication has already proved in Theorem 3.2.

(ii) < (iii). Because of Proposition 3.7 and Corollary 4.3 the
equivalence of the assertions (ii) and (iii) immediately follows.

(ii) = (iv). Since a super-short topology obviously is locally super-
short also this implication is a consequence of Proposition 3.7 and
Corollary 4.3.

(iv) = (ii). We verify that assertion (iv) implies the point (ii) of
Theorem 3.2. Let, therefore, (O,C) € O be arbitrarily chosen. Since
(X,1) satisfies the equivalent conditions of Corollary 4.3 and since
(X, 1) is locally super-short it suffices to prove that there exist at most
countably many equivalence classes [O] N O of open sets O € O that
satisfy one of the following conditions:

C1: There exist sets O’,0 € [0] n O such that O’
o".
050" €0
C2: There exist sets 0’,0”,0 € [0] n O such that 0’ G 0" & O.

¢ Oand O &
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Let us now assume, in contrast, that there exist uncountably many
equivalence classes [O] N O of open sets O € O that satisfy at least one
of the conditions C1 or C2. Then we choose in each equivalence class
[O] n O, which satisfies condition C1, open sets O’ & O and in each
equivalence class [O] n O, that merely satisfies condition C2, open sets
0’ G 0" G 0. In this way a subchain (U, ©) of (O, C) is defined such
that contains uncountably many isolated sets. This contradiction proves
assertion (ii). [

Remark 4.5. Assertion (iii) of the previous theorem implies that for
every topological space (X,1), that satisfies the equivalent conditions
of Corollary 4.3, the set @ cannot contain any Aronszajn chain which
is not a Souslin chain. This observation is remarkable since Aronszajn
chains can be constructed in ZFC while Souslin chains cannot be
constructed in ZFC (see also Remark 3.8 in this respect).

5. Topologies associated to continuous and upper semicontinuous
representability

Let X be an arbitrarily chosen set. Let us present two definitions
concerning suitable concepts of (upper semi-) continuity of nontotal
preorders and, respectively, topologies associated to the existence of
continuous representations.

Definition 5.1. A preorder < on a topological space (X,7) is said to
be:

(i) weakly upper semicontinuous if, for every pair (x, y) €<, there exists
some open decreasing subset O,, of X such that x € O,, and
yE X\ Oy

(ii) weakly continuous if, for every pair (x, y) €<, there exists a contin-
uous isotone (or equivalently increasing) function f : (X,3,1) -
(R, <,1,,4/) such that f (x) < f ().

Definition 5.2. A topology ¢ on a nonempty set X is said to be:

(i) useful if for every continuous total preorder 3 on (X, ) there exists
a continuous utility function f : (X, 3,1 - R, <, t,4);

(ii) strongly useful if for every weakly continuous (not necessarily to-
tal) preorder < on (X, 1) there exists a continuous utility function
[ X350 - RS 1)

Remark 5.3. It is known that a completely useful topology is useful
(see Bosi and Herden, 2002), and also that a strongly useful topology
is useful (see Bosi, 2023).

In order to prove an important result concerning the existence of
upper semicontinuous order-preserving functions for all upper semicon-
tinuous preorders, we present an extension theorem concerning upper
semicontinuous nontotal preorders.

Theorem 5.4. Let t be an arbitrary topology on X and 3 an arbi-
trary upper semicontinuous preorder on (X,t). Then there exists an upper
semicontinuous total preorder < on (X, 1) such that SC < and <C<.

Proof. Let X be an arbitrary upper semicontinuous preorder on (X, ?).
Let us first notice that 3 is also weakly upper semicontinuous. Indeed,
for every pair (x,y) €<, one has that O,, = /_(y) is an open decreasing
subset of X such that x € O,, and y € X \ O,,. Then we denote by
R the set of all weakly upper semicontinuous preorders < on (X,?)
for which the inclusions 5 C< and <C < hold. We observe that R is
nonempty since S€ R<. Moreover, the relation < on R« defined as

X4 (XCJ) and (<C<)

is a partial order < on R<. At this point, we may apply Zorn’s Lemma
in order to prove that (Rs, 5) contains a maximal element <. Since <
€ (R, ), it follows that (R, <) is nonempty. Now we consider an
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arbitrary subchain (S, <) of (R<,<). We claim that this chain has an

upper bound < that is defined in two steps. At first we define a relation
< on X by setting

xdy<=3I<€eS, (xxYy).
Then we set
<=2\ {(x) e IKES, (x<Y}.

Since (S, <) is a chain we may conclude that < is a preorder on X. In
addition, the definition of < implies that for all <€ S and all x,y € X
the implications x < y = x < y and x < y = x < y hold, whence it
follows that < is an upper bound of (S, <). Next, we assert that the
preorder < is weakly upper semicontinuous. To verify the previous
claim, let some pair (x, y) €< be arbitrarily chosen. First we consider
the set R, , of all <€ S such that x < y. Then for every <€ R, ,, we
choose the set O, of all open <-decreasing subsets O of X such that
x € O and y € X\ O. The definition of < implies that R, , is not empty.
Hence, U := U U O is a nonempty open subset of X. With the
<€R(xy) 00

help of the definition of &, the definition of U allows us to conclude,
moreover, that U is an open <-decreasing subset of X such that x € U
and y € X \ U, which implies that < is weakly upper semicontinuous.
Since the definition of < implies that < € R<, we therefore have proved
that each chain (S, <) in the partially ordered set (R, <) has an upper
bound. We, thus, may apply Zorn’s Lemma in order to conclude that
(R<. <) contains a maximal element <.

It remains to show that < is a total preorder on X. Therefore we
choose, for every pair (x,y) €< the union O, of all <-decreasing
open subsets O of X such that x € O and y € X \ O. We denote
by O the set of all open <-decreasing subsets O of X obtained in this
way. Now we verify that (O, C) is a chain. Let us assume, in contrast,
that there exist sets Oy, O, € O such that O, N O, & O, and
O,nNO0,. ) & Og,y- Then the maximality of O, and O, ,,, implies that
t € Oy, and v € O, respectively. To prove the previous statement,
we suppose, without loss of generality, that 7 ¢ O, ,,.

Then, we have the following observation which we abbreviate by
()2

O(;,nVO0y,,,, is a S-decreasing open subset of X that is strictly greater
than O, and also separates the points s and .

With the help of the previous observation, we may conclude that:

Oz N Oy, is the greatest S-decreasing open subset of X that
contains all points y € X and y € X such that y < ¢t and y’ < v
respectively.

Let us abbreviate this last conclusion by (x:x).

Then we proceed by defining a relation <¢ on X by setting
SC=Su{)EXXX 1 yStIul.neXxX 1y S}

U{n,2)eXxX : tsziu{t,Z)eXxX : vsZ).

A
<

Since < is a preorder on X the definition of <¢ implies that <¢ is a
preorder on X. With the help of (x) and (xx) it follows, moreover, that
for every pair (x,y) €<¢ there exists some open <¢-decreasing subset
O of the form O, ,, or O, N O, of X, according to the two distinct
cases (%) and (), such that x € O and y € X \ O. Hence, 5¢ is a weakly
upper semicontinuous preorder on (X, ). Since < < <¢, this conclusion
contradicts the maximality of < and, therefore, proves that (O, C) is a
chain. As in the proof of Lemma 3.1 in Bosi and Herden (2002), the
chain (O, ©) induces the upper semicontinuous total preorder S on X.
The definition of (O, €) implies that << <. Hence, it follows from the
maximality of < that $=3q which, finally, implies that < is a total
preorder on X. Then, the proof of the theorem is finished. [J

The following theorem appears as an immediate consequence of the
previous Theorem 5.4, and proves that the problem of characterizing
completely useful topologies is equivalent to that of characterizing all
the topologies such that every upper semicontinuous and not neces-
sarily total preorder admits an upper semicontinuous order-preserving
function.
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Theorem 5.5. Lett be an arbitrary topology on a set X. Then the following
conditions are equivalent:

@) t is completely useful.

(ii) Every upper semicontinuous and not necessarily total preorder 3 on
(X, 1) admits an upper semicontinuous order-preserving function f :
X, 1,3) = (R, 1,4, ).

Now, in order to show that a completely useful topological space is
necessarily strongly useful we need some further definitions and results.
At first, we recall that, from Nachbin (1965), an ordered topological
space (X,t, <) is said to be a completely regular ordered topological space
if (X,r) is a Hausdorff space, and if, for every point x € X and
every decreasing (open) neighborhood O of x, there exists a continuous
isotone function f : (X,1,<) — ([0, 1],tna,,§) such that f(x) = 0 and
f&X\O)={1}.

Let (X,r) be an arbitrary topological space, and consider any set
F(X,t,R) := F of continuous real-valued functions on (X,7). Further,
let 7 (X,R) be the coarsest topology on X satisfying the property
that every function f € F remains being continuous. As in Bosi and
Zuanon (2021), two points x, y € X are considered as being equivalent if
f(x) = f(y) for all functions f € F. For two equivalent points x,y € X,
we write x ~ y. Consider that F induces a weakly continuous preorder
<r on (X,1) by setting

xIpy=VfeF, (f<f).

Then consider the quotient space (X |~ TF (X, R)|N) that is associated
to the equivalence relation ~.

Finally, denote by <. the quotient order that is induced by <.

Now the following proposition holds.

Proposition 5.6. (X|..3p..7p (X,R),.) is a completely regular ordered
topological space.

Proof. First we recall that a Hausdorff topology ¢ on a set X is
completely regular if and only if ¢ coincides with its weak topology,
i.e. the coarsest topology on X for which all continuous real-valued
functions f on X are continuous. This is a well known result in
general topology which may be found for instance in Cigler and Reichel
(1978). Let now F be any (nonempty) set of continuous real-valued
functions on X. Then the afore-quoted result implies that the Hausdorff
topology, that is associated with the coarsest topology on X for which
all functions f € F are continuous, has to be completely regular.
Because of the particular definition of <, the arguments that prove
that a Hausdorff space is completely regular if and only if # coincides
with its weak topology can be generalized and, thus, applied in our
situation. This means that in case that x is an interior point of some
(open) decreasing subset O of X [ there exists a continuous isotone
function f : (X|., 3. 7r X, R)).) - (10,11, <, 1,4/) such that f (x) =
0 and f (X|.\O) = {1}. Hence, we may omit the details of the proof
for the sake of brevity. [

The following proposition is an immediate consequence of
Theorem 3.2, and therefore its proof is omitted.

Proposition 5.7. If t is a completely useful topology on a set X, then
every topology t' on X, which is contained in t, is also completely useful.

Finally, the next theorem underlines the relevance of the con-
cepts that have been studied in this paper also if one is mainly in-
terested in continuous preorders and their continuous order-preserving
representations.

Theorem 5.8. Let (X,?) be a completely useful topological space. Then
(X, 1) is a strongly useful topological space.
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Proof. Let (X,7) be a completely useful topological space. Then, from
Proposition 5.7, we have that:

(X,1") is a completely useful topological space for every topology '
on X that is coarser than 7.

Let us abbreviate the previous observation by ().

We proceed by considering an arbitrarily weakly continuous pre-
order 5 on (X,1). If we are able to verify that there exists a continuous
order-preserving function f : (X,%,1) - (R,<,1,,), then the result
is proved. Therefore, we choose the set F of all continuous isotone
functions f : (X,%,1) — (R,S,t,,a,) in order to consider the topology
7 (X,R) on X. The definition of <, implies that SC <y and <C
<p. Hence, we may assume, without loss of generality, that X =
<Sp. With the help of (x) we may conclude that (X, (X,R)) is a
completely useful topological space. Because of the definition of ~,
it follows that the quotient space (X o TF (X ,]R)|~) is a completely
useful topological space. Since (X o T (X ,R)|~) is completely useful
and therefore, thanks to Theorem 5.5, is such that every upper semi-
continuous preorder admits an upper semicontinuous order-preserving
function, there exists an upper semicontinuous order-preserving func-
tion g (X)or SjrTr (X.R).) = (R, <.1,,). By considering, for
every rational number g, the open decreasing subsets g~! (]—c0, g[) of
X,. we, therefore, may conclude that there exists a countable family
{On},, <r Of open decreasing subsets O, of X,. such that for every
pair (x,y) E<|. there exists a natural number »n such that x € O,
and y € X.\ O,. Let now some n € N be arbitrarily chosen.
Then, Proposition 5.6 implies that for every point z € O, there
exists a continuous isotone function f, (X|N,5|~,1F (X, R)|N) N
(I0,1],<,1,4) such that f,(z) = 0 and f, (X,.\O,) = {1}. Since
(X 1o TF (X ,]R)|N) is completely useful, therefore it is hereditarily Lin-
delof. In addition, it follows that there exists a countable subset P, =
{z1.23,...,2,,...} of O,, which, without loss of generality, may be
assumed to be infinite, such that 0, = U 7o 1p = U fz‘k] [0,1D

z€0, Z€P,

or, equivalently, X|. \ O, = ﬂ fz_kl ({1}). Thanks to the previous

Z€EP,

z zikfzk and f := Z 2—1" f,- Then, the
ZyEP, neR
definition of f implies immediately that f : (X|N,5|N,TF (X, R)‘N) -
(R,<,1,4) is a continuous order-preserving function. Let, finally, = :
(X,77 (X,R)) > (X|N,TF (X,]R)|~) be the quotient map. Then fox :
(X,3,0) > (R, <, t,m,) is the desired continuous order-preserving func-
tion and the proof is complete. []

considerations, we set f, :=

Remark 5.9. Theorem 5.8 allows us to establish the following chain of
implications concerning topologies associated to continuous or upper
semicontinuous representability of (not necessarily total) preorders.
Indeed, as regards any topology of 7 on a set X, we have that:

t completely useful = ¢ strongly useful = ¢ useful.

At this point, in order to conclude this section, we present an
example of a strongly useful topology which is not completely useful.

Example 5.10. Let X be any uncountable set, and let # be the cofinite
topology on X (i.e., t consists of the empty set and all subsets Y of
X such that their complement is finite). Then, (X,¢) is an irreducible
topological space, in the sense that the intersection of any two disjoint
nonempty open subsets of X is nonempty. Since the constant functions
are the only continuous real-valued functions on X, and the only
weakly continuous total preorders on X are either the preorder 3:=~,
or the preorder 3=, where X is the incomparability relation on X
(i.e., for all x,y € X, x X y if and only if neither x < y nor y X x), we
have that ¢ is strongly useful. On the other hand, the set {X \ {x} : x €
X'} is an open cover of X, which does not admit a countable subcover.
Therefore, (X,?) is not a Lindelof space, and therefore it cannot be a
completely useful space, since it is not short (see the bi-implication (i)
< (iii) of Theorem 3.2).
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6. Conclusion

The structures of completely useful topologies (i.e., topologies such
that every upper semicontinuous total preorder is representable by
an upper semicontinuous utility function) have been determined, and
the relevance of these topologies in mathematical utility theory has
been discussed. The Souslin Hypothesis has been also incorporated, in
order to prove interesting and simple characterizations. Finally, various
interrelations between completely useful topologies and other types
of topologies, which are of interest in mathematical utility theory,
have been described. This paper contributes to a general theory, which
studies topological structures on a given set X, in order to guaran-
tee the existence of continuous or semicontinuous order-preserving
representations for (all) binary relations on X of a certain type.

The clarification of these topological structures is of interest not
only in Economics, but also in any theory which studies the interrela-
tions between order and topology. In a future paper, we shall consider
other kinds of binary relations, like interval orders and semiorders, which
are of particular interest in Economics, with respect to the identification
of general topological conditions guaranteeing their continuous or at
least upper semicontinuous representability.
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