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Abstract

Understanding the structure and dynamics of amorphous materials remains one of
the major challenges in statistical physics. These di!culties stem from the com-
plexity of their configurational landscapes, which gives rise to collective phenomena
and extremely slow dynamics. In recent years, advances in machine learning and
non-equilibrium algorithms have provided promising tools to tackle these challenges.
In this thesis, we contribute to this growing e"ort by developing a set of algorithmic
strategies to enhance sampling of complex landscapes and to optimise selected struc-
tural properties. We begin by introducing a general framework for adaptive Monte
Carlo sampling inspired by policy gradient methods in reinforcement learning. This
Policy-guided Monte Carlo approach dynamically adjusts the proposal distribution
in the Metropolis–Hastings algorithm to maximise sampling e!ciency. We demon-
strate its application to paradigmatic models of glass-forming mixtures, where it
can accelerate convergence in specific cases. We then explore a more expressive,
though less general, approach to sampling built upon flow-based generative models.
In particular, we extend the recent stochastic interpolants framework to particle
systems, adapting it to their geometric constraints and underlying symmetries. We
assess the limitations of current architectures in generating accurate samples for
representative models of complex fluids. Moving beyond equilibrium sampling,
we employ non-equilibrium algorithms to optimise targeted structural properties
of disordered solids. Specifically, we generate hyperuniform configurations and
samples exhibiting a high degree of local order. We then assess the stability of
these configurations and find that neither feature correlates with better glasses,
challenging recent claims in the literature. We believe this work o"ers a new set of
advanced algorithmic tools to tackle key computational challenges related to the
high-dimensional landscapes of disordered and complex systems.

Keywords: Enhanced sampling, high-dimensional optimisation, disordered sys-
tems, adaptive Monte Carlo, generative models.
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Introduction

The physical properties of amorphous materials pose deep conceptual challenges
for condensed matter physics [1, 2]. At the same time, standard computational
approaches struggle with modelling and simulating these systems [3]. Amor-
phous materials include atomic and molecular supercooled liquids [4–6], structural
glasses [3], colloidal suspensions [7, 8], emulsions [9], foams [10], and granular
assemblies [11, 12]. Unlike crystalline solids, these systems explore complex, rugged
energy landscapes, where local minima are separated by barriers with a broad
distribution of heights [13]. While liquids are disordered yet ergodic and can freely
explore configuration space, amorphous solids remain trapped within a restricted
subset of metastable states for times exceeding the observation time window. The
transition between these two physical states is a long-standing open problem in
condensed matter physics. Theoretical descriptions are elusive due to the absence
of a broken-symmetry phase, while numerical simulations are hindered by the
slow physical processes associated with rare collective rearrangements and barrier
crossing [1, 2, 13].

This thesis is about tools to tackle these issues. It combines theoretically
grounded algorithms with practical implementations and examines the physical
consequences of their results. The methodological and the phenomenological
aspects coexist throughout the manuscript: while some sections are more formal
and mathematically dense, others take a more physical perspective, interpreting
the results through the lens of statistical mechanics. We believe these two aspects
are complementary: rigorous formulations are necessary for stating general results,
while physical applications to simplified models of amorphous materials provide a
better understanding of the problem at hand.

At the heart of the problem lies the complex energy landscape of amorphous
materials. When the system is at equilibrium, this complexity translates into
a highly multimodal Boltzmann distribution, which sampling algorithms must
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Introduction

explore e!ciently to estimate physical observables accurately. Similarly, optimis-
ing selected properties by searching for global minima in the same landscape is
hindered by the presence of multiple local minima. A broad class of stochastic
algorithms has been developed to deal with such high-dimensional landscapes [14–
16]. Among them, Monte Carlo methods aim to compute averages with respect to
a target probability distribution by generating representative configurations [17],
while gradient-based optimisation algorithms exploit stochasticity to explore the
landscape more e!ciently [18].

Importance sampling (IS) and Markov chain Monte Carlo (MCMC) are among
the most widely used Monte Carlo approaches. In IS, one draws independent
samples from an auxiliary distribution and reweights them to recover averages over
the target one. Choosing the auxiliary distribution is however far from trivial and
can be nearly as di!cult as sampling from the target itself: the auxiliary distribution
must approximate the target closely enough to ensure that reweighting produces
accurate estimates with a reasonable number of samples. MCMC methods, instead,
generate a stochastic sequence of configurations whose stationary distribution
coincides with the target one [19]. If the chain is ergodic, i.e., able to explore
the configuration state space without getting trapped, its samples can be used to
compute averages with respect to the target distribution, even though they are
not independent. As choosing the auxiliary distribution is crucial in importance
sampling, so is designing an appropriate update rule, or transition kernel, to
ensure convergence to the correct target distribution. The Metropolis-Hastings
(MH) algorithm [20, 21] is, by far, the most popular MCMC kernel. It prescribes
a specific way to construct an update rule that leads to the correct stationary
distribution by splitting each update into a proposal and an acceptance step. The
MH algorithm is extremely general, but its e!ciency depends crucially on the choice
of the proposal distribution: local proposals are simple and computationally cheap
in high-dimensional settings, yet they may fail to explore multimodal configuration
spaces e!ciently, leading to slow convergence and poor sampling. The search for
an optimal proposal, potentially adapted on the fly, has long been a central theme
in stochastic simulations [22–24].

In recent years, deep learning has opened new perspectives [25]. Instead of
relying on local moves, one may attempt to learn a global approximation of the
target distribution using generative models. Among these methods, normalising
flows (NFs) are particularly well-suited for the task: they learn an invertible map
that transforms a simple base distribution into an approximation of a complex target
distribution, while simultaneously providing access to the corresponding probability
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density [26–28]. However, training NFs is often computationally expensive, which
has so far limited their applicability to relatively small physical systems [29]. Recent
developments based on flow-matching techniques have significantly reduced this
cost [30, 31], enabling the training of large models that now form the backbone
of modern generative artificial intelligence for images [32], videos [33], and even
weather prediction [34]. Physical systems, however, require some special care. Exact
sampling of the Boltzmann distribution is required to obtain correct observables,
whereas in tasks such as image generation, “good enough” is often su!cient. This
key di"erence explains why generative models still struggle to sample physical
systems accurately, despite their remarkable success in other domains. Learning
good approximations of the Boltzmann distribution remains extremely challenging,
but incorporating prior knowledge, such as symmetries or geometric constraints, has
recently led to remarkable progress, allowing NFs to be trained on moderately large
physical systems [35–37]. This is a rapidly evolving field, with new architectures
and training algorithms being proposed constantly.

Disordered systems and amorphous materials are known to be a very hard
benchmark for all these approaches [38–40]. Despite decades of e"orts, no general
solution exists for e!ciently sampling their equilibrium properties, and the problem
remains open. In this work, we take a step in this direction by developing general
methods with solid theoretical grounds. Their current applicability is still rather
limited, but we believe their generality provides a solid foundation for future
advances toward systematic approaches to sampling and optimisation of systems
with rugged energy landscapes.

The manuscript is organised as follows:

• Chapter 1 introduces the necessary background on Monte Carlo methods
and generative models, presenting the definitions and theoretical results that
will be used throughout the thesis.

• Chapter 2 reviews the phenomenology of glassy behaviour in amorphous
materials and introduces the models and numerical techniques we employed
to simulate them.

• Chapter 3 presents a generalisation of the Policy-guided Monte Carlo (PGMC)
framework, originally introduced by Bojesen [41], to general configuration
spaces. PGMC is an adaptive MCMC method inspired by reinforcement
learning, in which the proposal distribution within the MH algorithm is adapted
on the fly to maximise a chosen reward. After developing the theoretical
formulation, we demonstrate its application to glass-forming mixtures, where

3
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simple moves are optimised to accelerate convergence. This chapter is based
on the published article Policy-Guided Monte Carlo on General State Spaces:
Application to Glass-Forming Mixtures, written with Riccardo Rende and
Daniele Coslovich [42].

• Chapter 4 introduces Equivariant Riemannian Stochastic Interpolants (eRSI),
a flow-based generative model specifically designed for multicomponent parti-
cle systems with periodic boundary conditions. eRSI combines Riemannian
stochastic interpolants [43] with equivariant flows [44] to construct an approx-
imation of the Boltzmann distribution that preserves the relevant symmetries
and geometric constraints. This chapter is based on the article Riemannian
Stochastic Interpolants for Amorphous Particle Systems, written with Louis
Grenioux, Giulio Biroli, Ludovic Berthier, and Marylou Gabrié [45], which is
currently under review.

• Chapter 5 explores methods to optimise selected structural quantities in
disordered solids [46, 47]. We examine the physical connection between
structurally optimised configurations and glass stability, contradicting recent
claims [48–51]. The chapter is based on unpublished work.

4



Chapter 1

Preliminaries

We begin by reviewing some fundamental concepts and tools on which this thesis
is built. We adopt a general formalism based on measure-theoretic probability
and Riemannian geometry. Readers less familiar with these notions may simply
interpret expressions such as P (dx) and K(x, dx→) in the more familiar forms
p(x) dx and k(x→|x) dx→, and think of the underlying space as the Euclidean domain
Rd, where geodesics are straight lines. Appendix A provides a brief overview of this
mathematical background. We first introduce Monte Carlo methods [14], which
form the foundation of all algorithms discussed in this thesis, following closely the
presentation given by Robert and Casella [17]. Specifically, we focus on importance
sampling (IS) [52] and Markov chain Monte Carlo (MCMC) [20]. We then discuss
the Metropolis–Hastings algorithm [53], a popular MCMC method at the core of
both the adaptive Monte Carlo framework developed in Chapter 3 and one of the
optimisation algorithms described in Chapter 5. Finally, we introduce continuous
normalising flows [54] and stochastic interpolants [31], which we extensively use in
Chapter 4 to construct a generative model for particle systems.

1.1 Monte Carlo methods
Many problems in statistical physics can be expressed as the calculation of expec-
tations with respect to a probability measure [17]. Let (X, E , P ) be a probability
space and h : X ↑ R be an integrable measurable function, we are interested in
quantities of the form

EP [h] =
∫

X
h(x) P (dx) < ↓ . (1.1)

5



Preliminaries

In low dimension, deterministic quadrature methods may approximate such integrals
e"ectively. In high-dimensional settings, or when P is only specified up to a
normalising constant, these methods become impractical: the number of function
evaluations typically grows exponentially with dimension. The key idea of Monte
Carlo methods is to replace the integral by an empirical average built from random
samples:

µ̂n = 1
n

n∑

k=1
h(Xk), Xk ↔ P . (1.2)

The quantity µ̂n is an unbiased estimator of EP [h], i.e. E[µ̂n] = EP [h]. Moreover,
if the samples Xk are independent and identically distributed (i.i.d.), the strong
law of large numbers ensures that µ̂n converges almost surely to EP [h] as n ↑ ↓
(see Definition A.1.17). If h ↗ L2 (X, E , P ), then the central limit theorem states
that the fluctuations of µ̂n around EP [h] are asymptotically normal with variance

Var [µ̂n] = Var [h]
n

= 1
n
EP

î
(h ↘ EP [h])2ó . (1.3)

An unbiased estimator of Var [µ̂n] is the empirical variance

ω̂2
n = 1

n ↘ 1

n∑

k=1
(h(Xk) ↘ µ̂n)2 , (1.4)

which allows one to easily estimate confidence intervals.
The apparent simplicity of the method relies on the strong assumption that we

can draw i.i.d. samples from P . In practice, this is rarely the case. There are two
widely used strategies to address this issue:

• Importance sampling (IS): sample from an auxiliary distribution and
reweight to recover expectations under P .

• Markov chain Monte Carlo (MCMC): construct a Markov chain with
invariant distribution P and use its correlated samples to form the estimator.

We discuss these two strategies in more detail in the following sections, as each
method introduced in this thesis relies on one of them. More specifically, IS is used
to reweight samples from generative models in Chapter 4 and for Umbrella Sampling
in Chapter 5, while MCMC forms the basis of the adaptive Monte Carlo framework
described in Chapter 3 and one of the optimisation algorithms in Chapter 5.

6



1.1 – Monte Carlo methods

1.1.1 Importance sampling
Suppose that drawing i.i.d. samples from P is not feasible, but that we can sample
from another probability distribution Q defined on the same measurable space
(X, E). If P is absolutely continuous with respect to Q (see Definition A.1.8), the
Radon–Nikodym derivative w = dP/ dQ is well defined, and we can rewrite (1.1)
as

EP [h] = EQ [h w] . (1.5)

Provided that h w ↗ L1 (X, E , Q), the importance sampling estimator

µ̂IS
n = 1

n

n∑

k=1
h(Xk) w(Xk), Xk ↔ Q , (1.6)

is an unbiased estimator of EP [h] and, if the samples are i.i.d., it converges almost
surely to EP [h] as n ↑ ↓.

x
−10 −5 0 5 100.0

0.2
0.4 p(x)

q(x)
w(Xk)

Figure 1.1: Importance sampling. The target distribution P is a Gaussian with mean
µP = 0 and standard deviation ωP = 1, whose density p(x) is shown in black. The
proposal distribution Q is a Gaussian with mean µQ = 3 and standard deviation ωQ = 2,
with density q(x) shown in blue. Samples {Xk} drawn from Q are reweighted by the
importance weights w(x) = p(x)/q(x), illustrated as red stems.

Importantly, the variance of µ̂IS
n depends on the choice of Q and it is bounded if

and only if h w ↗ L2 (X, E , Q). If this condition fails, the variance is infinite and
the estimator, though unbiased, is useless: a few samples with large weights can
dominate and the sequence µ̂IS

n can have uncontrolled jumps [17].

7



Preliminaries

Example 1.1.1 (Infinite variance). Suppose P = N (0,1), Q = N (0, ω2) and
h = 1. Then

w(x) = dP

dQ
(x) = ω exp

Å1 ↘ ω2

2ω2 x2
ã

,

and
EQ

[
w2] = ω2

≃
2ω2 ↘ 1

,

which is finite if and only if ω2 > 1/2. That is, even if Q and P are equivalent for
any ω > 0, Q must be “wide enough” to yield a useful estimator.

E!ective sample size

Even when the variance is finite, it may still be large if the importance weights w
fluctuate strongly. A convenient way to measure this e"ect is the e!ective sample
size (ESS):

ESS(n) = (∑n
k=1 w (Xk))2

∑n
k=1 w2 (Xk) , Xk ↔ Q i.i.d. (1.7)

Intuitively, the ESS measures how many equally-weighted, independent samples
from P would provide approximately the same variance as the weighted estimator.
From the law of large numbers, ESS(n) ↑ n/EQ [w2] almost surely as n ↑ ↓.

Example 1.1.2 (Poor sampling). Suppose P = N (0,1), Q = N (µ,1) and h = 1.
Then

w(x) = dP

dQ
(x) = exp

Å
↘µx + µ2

2

ã
,

and
EQ

[
w2] = exp

(
µ2) .

So, for large n, ESS(n) ↔ n exp (↘µ2), which means that estimating expectations
in Eq. (1.1) using samples from Q requires a number of samples that grows
exponentially with µ2.

Self-normalised importance sampling

Often P is only known up to a constant: P = Z↑1P̃ with unknown normalising
constant Z > 0. In that case importance weights can still be defined as

w(x) = dP̃

dQ
(x), (1.8)

8



1.1 – Monte Carlo methods

but the corresponding estimator

µ̂SNIS
n =

∑n
k=1 h(Xk) w(Xk)

∑n
k=1 w(Xk) (1.9)

is biased for finite n, i.e. EP

[
µ̂SNIS

n

]
/= EP [h]. However, µ̂SNIS

n is consistent, in the
sense that if h w ↗ L1 (X, E , Q) and w ↗ L1 (X, E , Q), then µ̂SNIS

n ↑ EP [h] almost
surely as n ↑ ↓.

1.1.2 Markov Chain Monte Carlo

Choosing an e"ective proposal distribution for IS becomes increasingly di!cult
in high dimensions: regions of significant target probability may be missed, while
importance weights concentrate on a small fraction of samples. In such cases, the
e"ective sample size vanishes and IS becomes impractical. An alternative idea is to
build a sequence of dependent random variables, a Markov chain, whose long time
behaviour follows the target distribution [19]. Although the samples generated
in this way are no longer independent, classical limit theorems, such as the law
of large numbers and central limit theorem, extend to this setting under specific
conditions. This strategy thus bypasses the need to draw i.i.d. samples from a
given distribution.

Definition 1.1.1. A stochastic process (Xt)t↓0 on a measurable space (X, E) is
a Markov chain with transition kernel K and initial distribution P0 if for any
t ⇐ 0 and measurable sets A0, . . . , At ↗ E , the joint distribution PX of (X0, . . . , Xt)
satisfies

PX (A0, . . . , At) =
∫

A0↔···↔At

K (xt↑1, dxt) · · · K (x0, dx1) P0 (dx0) . (1.10)

Intuitively, a Markov chain is a random walk through the state space in which
each step is determined only by the current position. The transition kernel K(x, A)
specifies the local rule that tells how to jump from state x to a new state x→ within
A (see Definition A.1.12). The Markov property formalises this by stating that the
conditional distribution of the future depends only on the present and not on the
past [19, Proposition 3.4.3]: for any bounded measurable h,

E
[
h (Xt) | (Xs)s<t

]
= E [h (Xt) | Xt↑1] . (1.11)

9
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t
0 200 400 600 800

x

−2
−1

0
1
2

X0
X1 X2 X3 X4 X5 X6

X7
X8 X9

Figure 1.2: A Markov chain. Starting from an initial state X0, the chain evolves
according to the transition kernel K. After an initial transient, the samples follow the
target distribution P , whose density is shown on the right.

Irreducibility, recurrence and aperiodicity

To understand the long time behaviour of Markov chains and, most importantly,
their convergence to an invariant distribution, it is necessary to introduce a few
properties. We will only recall the most essential notions needed to determine
whether the chain can reach all the relevant parts of the state space, whether it
keeps coming back, and whether it avoids being trapped in a cycle. These ideas are
formalised by the notions of irreducibility, recurrence, and aperiodicity, respectively
(see [19] for a more complete treatement). We denote by Kt the t-th iteration of
the kernel K, defined recursively as

Kt(x, A) :=
∫

X
Kt↑1(y, A) K(x, dy), ⇒A ↗ E . (1.12)

We also denote the law of Xt by

Pt(A) :=
∫

X
Kt(x, A) P0(dx) (1.13)

=
∫

X
Kt↑1(x, A) Pt↑1(dx), ⇒A ↗ E . (1.14)

A Markov chain (Xt) is time homogeneous if the transition kernel K does not depend
on t. Given a set A, we call εA the number of passage of the chain in A. Given a
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measure µ, a Markov chain is said to be µ-irreducible if for any A such that µ(A) > 0
and any x ↗ X, there exists t > 0 such that Kt(x, A) > 0. A chain is recurrent if
it is µ-irreducible and, for every A such that µ(A) > 0, E [εA | X0 = x] = ↓, for
every x ↗ A. A chain is Harris recurrent if it is µ-irreducible and, for every A such
that µ(A) > 0, εA = ↓ almost surely. A µ-irreducible chain is aperiodic if there
exists a set A with µ(A) > 0 such that for all x ↗ A,

gdc
{

t > 0 : Kt(x, A) > 0
}

= 1. (1.15)

Invariant measure, reversibility and detailed balance

A ω-finite measure is invariant for a Markov chain (Xt) with transition kernel K if
for any measurable set A ↗ E ,

∫

X
K(x, A) µ(dx) = µ(A) . (1.16)

An invariant measure describes the long term behaviour of the chain: if Xt ↔ µ,
then Xs ↔ µ for any s > t. For this reason, a Markov chain with invariant measure
µ is called a stationary Markov chain. The goal of MCMC methods is precisely
to construct a Markov chain whose invariant measure coincides with the target
distribution P .

Theorem 1.1.1 (Existence of invariant measure). If (Xt) is time homogeneous
and recurrent, then there exists an invariant measure µ, which is unique up to a
multiplicative constant.

Proof. See [19, Theorem 10.0.1].

There is a stronger condition, often easier to verify in practice, which guarantees
invariance automatically: a stationary Markov chain is reversible with respect to µ
if for any measurable sets A, B ↗ E ,

∫

A
K(x, B) µ(dx) =

∫

B
K(x, A) µ(dx) . (1.17)

This condition is also known as detailed balance. Intuitively, it means that the
probability flow from A to B is exactly balanced by the reverse flow from B to
A. For this reason, reversibility is often interpreted as a microscopic definition of
equilibrium. Note that reversibility implies stationarity with respect to µ (take
B = X in (1.17)), but the converse is not true in general. Most classical MCMC
algorithms, such as Metropolis–Hastings, are designed to build a transition kernel
that satisfies detailed balance with respect to the target distribution P .
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Ergodicity and convergence

For building a MCMC algorithm, it is not enough to ensure that the target
distribution P is invariant for the chain. We also need to ensure that the distribution
of (Xt) converges to P . It turns out this can be guaranteed under specific conditions.

Theorem 1.1.2 (Convergence of Markov chains). If (Xt) is time homogeneous,
Harris recurrent and aperiodic with invariant measure µ, then, for any initial
distribution P0, the law Pt of Xt converges to µ in total variation as t ↑ ↓.

Proof. See [19, Theorem 13.3.3].

A chain that is Harris recurrent and aperiodic is called ergodic.
The convergence in total variation (see Definition A.1.15) ensures that the

distribution of a single state Xt approaches the invariant measure µ. However, in
practice we never observe an entire distribution, only one trajectory (Xt). For Monte
Carlo estimation, what matters is the behaviour of empirical averages computed
along this trajectory. In the i.i.d. case, the law of large numbers guarantees that
empirical averages converge almost surely to the expectation, and the central
limit theorem describes their fluctuations. These results can be extended to the
dependent and not stationary samples of Markov chains under suitable conditions
in what are known as ergodic theorems: they ensure that the MCMC estimator
remains consistent and asymptotically normal despite correlations. These results
are the justification for using Markov chains in Monte Carlo sampling. Here, we
only state the equivalent of the strong law of large numbers.

Theorem 1.1.3 (Strong law of large numbers for Markov chains). Let (Xt) be
a time homogeneous Markov chain with invariant probability measure P and h ↗
L1 (X, E , P ). Then

1
n

n∑

k=1
h (Xk) ↘↑ EP [h] (1.18)

almost surely, if and only if (Xt) is Harris recurrent.

Proof. See [19, Theorem 17.1.7].

1.1.3 Handling multimodal distributions
While IS and MCMC are powerful in theory, both methods struggle when applied
to multimodal distributions. We are particularly interested in such cases, since
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multimodality naturally arises from the complex energy landscapes of amorphous
systems (see Chapter 2). For IS, a simple proposal distribution with support over
the entire state space is highly ine!cient: most of the sampling e"ort is wasted in
low–probability regions, and in high dimensions this ine!ciency grows exponentially.
Designing an ad hoc proposal that avoids this problem and remains easy to sample
from can be just as hard as solving the original problem. For standard MCMC, the
di!culty comes from local updates: they allow e!cient exploration within a single
mode, but make it extremely unlikely to cross the barriers that separate di"erent
modes. As a result, di"erent chains may become trapped in di"erent regions, and
the combined average may fail to reproduce the correct relative weights of the
modes.

Example 1.1.3 (Gaussian mixture). Consider a Gaussian mixture with two
separated components, one much taller than the other. An IS scheme with a broad
proposal that covers both modes is technically valid, but in practice most samples
fall in regions where the target density is negligible, leading to a waste of resources.
Conversely, a local MCMC chain initialised near one of the modes will typically
remain confined there. Even running several independent chains does not solve
the problem: some chains explore the smaller mode, others the larger one, but the
relative frequencies will not match the true ones (see Fig. 1.3).

x
−2 −1 0 1 2

p(x)

01
23

Importance Sampling

x
−2 −1 0 1 2

MCMC

Figure 1.3: Sampling a bimodal distribution. Left: IS with a broad proposal (blue)
wastes most samples in low-probability regions. The target density is shown in black,
and reweighted samples are shown in red. Right: multiple MCMC chains, all initialised
at x = 0, get trapped in di!erent modes, leading to incorrect relative weights.

This example highlights the limitations of standard IS and MCMC for complex
distributions, and motivates the development of more advanced techniques. We
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will return to this issue in later chapters, where we explore strategies that can, at
least in part, address these challenges.

1.2 The Metropolis-Hastings algorithm
We now present the most popular and widely used MCMC algorithm: the Metropo-
lis–Hastings (MH) algorithm [20, 21]. Originally introduced in 1953, it has since
become a milestone of computational physics and modern statistics, with applica-
tions ranging from statistical mechanics to Bayesian inference. Here, we present
the algorithm in its most general formulation, which can be applied to discrete,
continuous, or mixed probability distributions. This version, due to Green [55], is
sometimes referred to as the Metropolis–Hastings–Green algorithm. Green also
introduced the idea of state-dependent mixing, which we will not consider here.
For a general overview of the algorithm, we refer to Ref. [53, Chapter 1]. Working
with the general formulation will be necessary to state the theoretical results of
Chapter 3 in full generality.

The basic idea of the MH algorithm is to construct a Markov chain that satisfies
detailed balance with respect to the target distribution P . To this end, the
transition kernel K is built in two steps:

• Proposal step: given the current state x, propose a new state x→ ↔ Q(x, ·),
where Q is the proposal kernel.

• Acceptance step: accept the proposed state x→ with probability

ϑ(x, x→) = min {1, h(x, x→)} , (1.19)

where

h(x, x→) =






P (dx→) Q (x→, dx)
P (dx) Q (x, dx→) , if P (dx→)Q(x→, dx)↔P (dx)Q(x, dx→)

0, otherwise
(1.20)

is the Hastings ratio.

The resulting transition kernel from a state x ↗ X to any state x→ ↗ dx→ is then

K(x, dx→) := Q (x, dx→) ϑ (x, x→) + ϖ (x, dx→)
∫

X
(1 ↘ ϑ (x, x→→)) Q (x, dx→→) , (1.21)

where ϖ is the Dirac kernel (see Example A.1.4). The first term corresponds to the
case where the proposal from x to a state x→ ↗ dx→ is accepted, while the second
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term accounts for the case where x ↗ dx→ and the proposal is rejected, so that x
stays in dx→.

The key property of the MH algorithm is that, by construction, the resulting
transition kernel K satisfies detailed balance with respect to the target distribution
P . Before stating the result, three remarks are in order:

• The acceptance probability (1.19) can be generalised by replacing P with
a measure P̃ such that P = Z↑1P̃ for some unknown normalising constant
Z > 0. This is particularly useful when P is only known up to a constant, as
often happens in statistical physics and Bayesian statistics. To simplify the
notation, we will always assume that P is a probability distribution, but all
results extend trivially to this more general case.

• In typical statistical physics applications, the target distribution has the
Boltzmann form P (dx) ⇑ exp (↘U(x)/(kBT )) dx. If, in addition, the proposal
kernel Q is symmetric, Q(x, dx→) = Q(x→, dx), the Hastings ratio simplifies
to h(x, x→) = exp

(
↘(U(x→) ↘ U(x)) /(kBT )

)
, and the acceptance probability

reduces to the original Metropolis algorithm [20].

• The Radon–Nikodym derivative in the first case of (1.20) is well defined
only if the measure P (dx)Q(x, dx→) is absolutely continuous with respect to
P (dx→)Q(x→, dx). This might not be the case in general. However, it can
be shown that there exists a symmetric set R such that these two measures
are equivalent (see Definition A.1.8) on R, and mutually singular on Rc [56,
Proposition 1]. In order for the algorithm to work, ϑ must be set to zero
almost everywhere on Rc.

1.2.1 Reversibility and convergence
Theorem 1.2.1 (Metropolis-Hastings-Green). Given a proposal kernel Q, the
transition kernel (1.21) is reversible with respect to P .

Proof. See [56, Theorem 2].

This result is remarkably general: for any proposal kernel Q, the MH algorithm
automatically gives a Markov chain that satisfies detailed balance with respect
to P , which is therefore an invariant distribution of the chain. This (partially)
removes the need to design an ad hoc transition kernel K tailored to each problem.
However, reversibility alone is not enough. It guarantees that P is a stationary
distribution of the chain, but not that the chain will actually converge to P from
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an arbitrary initial condition, nor that convergence will occur within a reasonable
time. These properties depend, unsurprisingly, on the specific choice of Q.

Theorem 1.2.2 (Convergence of Metropolis-Hastings). Let (Xt) be a Markov chain
generated by the MH algorithm with proposal kernel Q. If (Xt) is time-homogeneous
and P -irreducible, then (1.18) holds almost surely for any h ↗ L1 (X, E , P ). If, in
addition, (Xt) is aperiodic, then it is ergodic and the law Pt of Xt converges to P
in total variation as t ↑ ↓, for any initial distribution.

Proof. It follows from [17, Lemma 7.3] together with Theorems 1.1.2 and 1.1.3.

The key assumption here is P -irreducibility, which is the property of the chain
of eventually reaching any region of the state space where P assigns positive
probability. A su!cient condition ensuring P -irreducibility is that Q can reach
a neighbourhood of every point with uniformly positive probability and that its
support is symmetric [17, Lemma 7.6]. Under such conditions, the MH chain is
both irreducible and aperiodic, and hence ergodic.

While these properties ensure convergence in the asymptotic sense, they still
provide no information about the rate of convergence. In practice, the e!ciency
of the MH algorithm crucially depends on the choice of the proposal kernel Q.
An e"ective proposal must balance two goals: it should generate moves that are
accepted with reasonable probability, yet these moves must be substantial enough
to escape local regions of high probability and allow mixing between di"erent
modes. The design of such proposals is an art in itself, which lies at the core of
many modern extensions of MH.

1.2.2 Adaptive versions
The idea of tuning the proposal kernel Q to improve the performance of the
Metropolis–Hastings algorithm is almost as old as the algorithm itself [22, 57–59].
Adaptive versions of MH (and, more generally, of MCMC) build on the idea of
adjusting the proposal distribution on the fly, based on the past history of the chain,
in order to achieve some notion of optimality. This notion can be, for example,
the acceptance rate, the e"ective sample size, the asymptotic variance of the MC
estimator. Here we briefly outline the main ideas behind these methods, specifically
focusing on adaptive MH algorithms. For a more complete review of adaptive
MCMC methods, see the tutorial by Andrieu and Thoms in Ref. [24].

To formalise the concept, consider a family of proposal kernels {Qω} parametrised
by ϱ ↗ Rp. The key property of the MH algorithm is that, for any fixed ϱ, the

16



1.2 – The Metropolis-Hastings algorithm

corresponding kernel Kω (1.21) satisfies detailed balance with respect to the target
distribution P , and thus P is an invariant measure of the chain. However, as soon
as ϱ is allowed to vary with time, the ergodicity properties of the chain may be
lost [60].
Example 1.2.1 (Variance collapse). Consider X = R, P = N (0,1), and Qω(x, ·) =
N (x, eω), ϱ ↗ R. Suppose that the adaptation rule depends on the average
acceptance rate

J(ϱ) = E x↗P
x→↗Qω

[
ϑ(x, x→)

]
,

and that ϱt+1 is updated according to a stochastic approximation rule [15]
ϱt+1 = ϱt ↘ εt

(
J(ϱt) ↘ Jε

)
,

where Jε is a target acceptance rate (typically 0.234 for random–walk MH in high
dimensions [58]) and εt > 0 is a step size. For each fixed ϱ, P is an invariant
distribution and Kω satisfies detailed balance. However, for arbitrary values of εt,
ϱt may decrease indefinitely, so that the proposal variance shrinks to zero and the
chain e"ectively freezes. The resulting process is then non-ergodic, even though
each Kω is individually ergodic.

It turns out that, under suitable conditions, the convergence of adaptive MCMC
methods can be guaranteed.
Theorem 1.2.3 (Roberts-Rosenthal). Let (Kωt)t↓0, ϱt ↗ Rp, be a family of MH
kernels with common invariant distribution P . Assume the following conditions
hold:

i. For any ς > 0, there exists N such that
sup
A↘E

{
KN

ω (x, A) ↘ P (A)
}

⇓ ς , (1.22)

for all x ↗ X and ϱ ↗ Rp.

ii.
sup
x↘X
A↘E

{
Kωt+1 (x, A) ↘ Kωt (x, A)

}
↘↘↘↑
t≃⇐

0 . (1.23)

Then the adaptive chain with transition kernel Kωt is ergodic.
Proof. See [23, Theorem 1].

These conditions are known as simultaneous uniform ergodicity and diminishing
adaptation, respectively. They essentially require that the algorithm keeps the chain
away from “bad” regions of parameter space and that the updates to ϱ become
slower and slower over time.
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Modern implementations

In the last two decades, adaptive MH methods have evolved from the tuning of a
few scalar hyperparameters to the optimisation of proposal kernels based on deep
neural networks. Early work focused on adjusting simple statistical quantities. In
2007, Pasarica and Gelman [61] proposed to optimise the variance of a Gaussian
proposal kernel by maximising the expected squared jump distance, e"ectively
reducing the correlation between consecutive samples. As already mentioned,
Andrieu and Thoms [24] later unified these ideas within the framework of stochastic
approximation [15]. More recently, automatic di"erentiation [62] has made it
possible to compute gradients of arbitrarily complex functions, thereby enabling the
optimisation of parameters of more expressive proposal distributions. For example,
Christiansen et al. [63] applied this idea to Hamiltonian Monte Carlo (HMC),
optimising the integration step size by di"erentiating through short molecular-
dynamics trajectories.

Another line of work has been the connection between adaptive MCMC and the
classical reinforcement learning (RL) problem [64]. In this context, the proposal
distribution is interpreted as a policy that guides an agent in selecting transitions to
maximise a reward related to sampling e!ciency. A particularly relevant example
for this thesis is the work of Bojesen [41], who introduced the Policy-Guided Monte
Carlo (PGMC) framework to learn proposals via policy-gradient methods in discrete
systems. Later, Zhao et al. [65] applied this framework to spin-ice models, using
neural networks to represent more complex proposals. While the original PGMC
formulation was limited to discrete spaces and made simplifying assumptions, we
will revisit this approach in Chapter 3, presenting a corrected and generalised
version that can be applied to arbitrary state spaces. A related contribution by
Wang et al. [66] maps adaptive MH into a “true” RL problem, where the current
state of the chain and the proposal are interpreted as a single coupled state. This
formulation makes it possible to apply standard RL algorithms directly.

A complementary line of research has explored the use of generative models to
learn complex proposal distributions from data. These models are built to generate
samples from a distribution that approximates the target one, which can be used
to construct e!cient proposals [67]. Pioneering examples include the Boltzmann
generators of Noé et al. [29] and the flow-based samplers of Albergo et al. [68],
later improved by Gabrié et al. [69] (see also Section 1.3). These ideas have been
recently extented to conditional proposals [70] and to generative models trained
with flow matching [71]. We will return to several of these ideas and compare them
with our formulation of PGMC in Chapter 3.
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1.3 Continuous normalising flows
Normalising flows (NFs) are generative models that construct complex probability
distributions by transforming a simple base distribution through an invertible
map [26, 27]. They can be used not only to sample from such distributions but
also to evaluate their density at any point in the state space. Although NFs were
popularised in machine learning for generating images, audio, and text [28], their
ability to directly evaluate probability densities makes them particularly suitable
in statistical physics and Bayesian inference, where one needs to approximate a
target distribution P known only up to a normalising constant [29, 68]. Such
approximations can then be employed as proposal distributions in importance
sampling or MCMC algorithms. In this section we briefly review the main ideas
underlying NFs, focusing on continuous normalising flows (CNFs) introduced
by Chen et al. [54], which will later provide the foundation for our equivariant
Riemannian stochastic interpolants (eRSI) framework discussed in Chapter 4.

NFs work by transforming a simple base distribution Q0 on a space X that is easy
to sample from into a more complex distribution Q via a di"eomorphism ! : X ↑ X.
The resulting distribution Q is defined as the pushforward !#Q0 of Q0 through
! (see Definition A.1.4). Sampling from Q is then straightforward: one simply
draws x0 ↔ Q0 and computes x = !(x0), so that x ↔ Q by construction. The
distribution Q naturally depends on the choice of the map !. In practice, to build
a generative model that samples from an approximation of P , ! is parametrised
by a set of parameters ϱ ↗ Rp to obtain a family of distributions Qω = !ω#Q0.
The parameters are then optimised to make Qω close to P , typically by minimising
the Kullback–Leibler divergence between Qω and P . The main challenge in this
approach is to design a flexible yet tractable family of di"eomorphisms !ω.

1.3.1 Neural ODEs
Continuous normalising flows (CNFs) provide an elegant way to construct such
di"eomorphisms as solutions of an ordinary di"erential equation (ODE). Originally
introduced by Chen et al. [54] for the Euclidean space X = RD and later extended
to Riemannian manifolds by Mathieu et al. [72], CNFs define a time-dependent
vector field v : [0,1] ⇔ X ↑ TX and consider the ODE

dx

dt
= v (t, x) , (1.24)

with initial condition x(0) = x0 ↔ Q0. Since v is a vector tangent to the manifold at
each point, the solution x(t) remains on the manifold for all times [73]. Under mild
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regularity conditions on v, this ODE admits a unique solution for all t ↗ [0,1] [74].
The pushforward distribution Q of x(1) is then the result of transporting Q0 through
! : x0 ↑ x(1).

x
−1 0 1 2q 0(x) 0.00.20.4

q(x) 0.00.51.0
t 0.00.51.0

Figure 1.4: Continuous normalising flow. Bottom: density q0(x) of an uniform base
distribution Q0 (black), together with samples x0 ↔ Q0 (blue). Middle: time-dependent
vector field v(t, x) = tx2 defining the continuous flow ! that transports samples from Q0
to the target distribution. Top: density q(x) of the pushforward distribution Q (black),
with the corresponding transported samples x = !(x0) (red).

Note that the time-dependent map !t : x0 ↑ x(t), t ↗ [0,1], defines a family of
di"eomorphisms, with !0 = Id and !1 = !. The following theorem shows how the
distribution of the samples evolves with time.

Theorem 1.3.1 (Transport equation). Let Qt = !t#Q0 be the distribution of
x(t) on the Riemannian manifold (X, g). Assume Qt and Q0 have densities q :
[0,1] ⇔ X ↑ R+ and q0 : X ↑ R+ with respect to the volume measure induced by g.
Then q satisfies the transport equation

φq

φt
+ divg (v q) = 0 , (1.25)

with initial condition q(0, x) = q0(x).

Proof. See [72, Proposition 2].

The transport equation (1.25) is a continuity equation that describes the con-
servation of probability mass along the flow generated by the vector field v. Note
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that the divergence operator divg depends on the metric g of the manifold X [72].
The density of the full pushforward Q is then simply given by q(x) = q(1, x).

To generate new samples from Q, one simply draws x0 ↔ Q0 and solves the
ODE (1.24) forward in time up to t = 1. This can be useful when one only needs
to sample from Q, without computing the corresponding density. As a consequence
of Theorem 1.3.1, CNFs also allow one to compute the density of the generated
sample x by solving the coupled ODE

d
dt

Ç
x

log q

å
=
Ç

v (t, x(t))
↘divg

(
v (t, x(t))

)
å

, (1.26)

with initial condition
Ç

x(0)
log q(0, x)

å
=
Ç

x0
log q0(x0)

å
. (1.27)

The ODE can also be solved backwards in time, which allows one to compute x0
and log q from x and therefore to evaluate the density of Q at any point.

In practice, the divergence term divg(v) must be evaluated many times during
the ODE integration, which can be computationally expensive. To reduce this cost,
Grathwohl et al. [75] proposed to use Hutchinson’s stochastic trace estimator [76].

1.3.2 Kullback–Leibler training
Up to this point we only described how to construct a CNF given a vector field
v, without yet specifying how to choose v to target a specific distribution. To
construct a generative model that approximates a given target distribution P , one
needs to determine a suitable v such that the resulting distribution Q is “close”
to P , in some sense. A common approach in machine learning is to parametrise
v by a set of parameters ϱ ↗ Rp, and to learn these parameters by minimising a
loss function that measures the discrepancy between Qω and P . Provided that
Qω ↖ P , a natural choice for this loss function is the (direct) Kullback–Leibler
(KL) divergence of P with respect to Qω,

DKL (P↙Qω) := Ex↗P

ï
log P (dx)

Qω(dx)

ò
. (1.28)

When P and Qω have densities p and qω respectively, the KL divergence can be
rewritten as

DKL (P↙Qω) = C ↘ Ex↗P [log qω(x)] , (1.29)
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where C is a constant indepentend of ϱ. Minimising (1.29) is therefore equivalent
to maximising the likelihood of the data under Qω, a procedure commonly referred
to as maximum likelihood training. In practice, the expectation over P can be
estimated with Eq. (1.2) using samples from P .

This measure is particularly useful when one only has access to data without
knowing the explicit form of P , which is often the case in generative artificial
intelligence for text, audio and images. However, in computational physics and
Bayesian inference, the goal is precisely to generate samples from an approximation
of P which is known up to a normalising constant but hard to sample. Yet, even
in these cases, samples from P may be available from other expensive methods,
such as molecular dynamics or Monte Carlo simulations (see Section 2.4). Once
properly trained, the NF can then be used to generate new uncorrelated samples
from Qω ∝ P at a much cheaper cost.

A practical alternative when samples from P are not available is to use the
reverse KL divergence

DKL (Qω↙P ) := Ex↗Qω

ï
log Qω(dx)

P (dx)

ò
, (1.30)

provided that P ↖ Qω [68]. When P is only known up to a normalising constant,
P = Z↑1P̃ , this expression can be rewritten as

DKL (Qω↙P ) = log Z + Ex↗Qω
[log qω(x) ↘ log p̃(x)] . (1.31)

Training with reverse KL divergence is sometimes referred to as energy-based
training. Note that log Z is a constant independent of ϱ, so minimising (1.31) is
equivalent to minimising the second term, which requires samples from Qω that can
be generated by the NF itself. The problem with the expression written in this form
is that the expectation depends on ϱ through Qω. Di"erentiating with respect to ϱ
for gradient descent would require to di"erentiate through the sampling procedure,
which is in general not straightforward. We will return to this point in Chapter 3,
where the same problem comes up in a di"erent context. Here, we can avoid this
issue with the reparametrisation trick [77], which allows to rewrite the expectation
over Qω as one over the base distribution Q0 using the definition of pushforward:

DKL (Qω↙P ) = log Z + Ex0↗Q0 [log qω (!(x0)) ↘ log p̃ (!(x0))] . (1.32)

Despite its appeal, reverse KL training is known to be mode-seeking: it may
concentrate on a subset of the modes of P rather than covering its full support,
which can limit its e"ectiveness in complex energy landscapes [78]. When both
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samples from P and the unnormalised density p̃ are available, one can also consider
a hybrid loss function that combines both direct and reverse KL divergences [29].

Although KL training is conceptually simple and has been widely used, its
implementation for CNFs can be computationally costly. Each gradient descent
step for both Eq. (1.29) and Eq. (1.32) requires evaluating the density qω, which
in turn involves solving the coupled ODE (1.26) and repeatedly computing the
divergence term divg(v). This cost grows quickly with the dimension of the state
space X, even without considering the number of parameters in vω. Moreover,
computing gradients of qω requires di"erentiating through the numerical ODE
solver. A naive approach would require storing all intermediate states of the
ODE, leading to prohibitive memory costs. A possible solution to this problem
is the adjoint sensitivity method [79], which computes gradients by integrating
an auxiliary ODE backwards in time (see Ref. [54, Appendix B] for a modern
derivation). However, this method can su"er from numerical instability and is not
always straightforward to implement in practice. These di!culties have motivated
the search for alternative training algorithm that do not require explicit evaluation
of the model density.

1.3.3 Stochastic interpolants
Recently, Lipman et al. [30] and Albergo et al. [80] independently proposed flow
matching and stochastic interpolants as alternative training methods for CNFs. The
two frameworks are closely related and share the same underlying idea: instead of
minimising a divergence between P and Qω, they directly learn the vector field vω

by matching it to a target field vε that transports samples from Q0 to P . These
methods were later generalised to Riemannian manifolds by Chen and Lipman [81]
with Riemannian flow matching, and by Wu et al. [43] with Riemannian geodesic
interpolants. In what follows, we introduce the main ideas behind these frameworks,
focusing on the stochastic interpolants formulation, which we find conceptually
more elegant. We focus on the Riemannian setting without the additional noise
variable in the interpolation process, which is su!cient for the applications discussed
in Chapter 4. For a complete overview of stochastic interpolants (in Euclidean
space), we refer the reader to Ref. [31].

The ODE (1.24) defines a stochastic process x(t) with law Qt satisfying the
transport equation (1.25). Among all possible velocity fields v that transport Q0
to Q1 = Q, there is an optimal one, denoted vε, that transports Q0 exactly to
Q1 = P . The corresponding process xε(t), with law Qε

t , then satisfies Qε
1 = P . The

idea of stochastic interpolants is to construct a di!erent stochastic process X(t)
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whose law Qt coincides with that of xε(t), while being defined in a way that allows
expressing the associated velocity field vε in Eq. (1.25) as a conditional expectation
over the coupling of Q0 and P . This additional step allows to approximate vε by
minimising a simple mean-squared error loss function, without ever evaluating the
density of Qω. Since the laws of X(t) and xε(t) coincide, the learned field vω can
then be used in the ODE (1.24) to generate new samples from Qω ∝ P . We now
formalise these ideas.

Definition 1.3.1. Given two probability distributions Q0 and Q1 on a Riemannian
manifold (X, g), a stochastic interpolant between Q0 and Q1 is a stochastic process
X : [0,1] ⇔ ” ↑ X defined as

X(t) = I (t, X0, X1) , t ↗ [0,1] , (X0, X1) ↔ ↼ , (1.33)

where I : [0,1] ⇔ X ⇔ X ↑ X is a twice-di"erentiable measurable map such that
I (0, X0, X1) = X0 and I (1, X0, X1) = X1, and where ↼ (dX0, dX1) is a coupling
of Q0 and Q1 satisfying ↼ (dX0, X) = Q0 (dX0) and ↼ (X, dX1) = Q1 (dX1).

In other words, a stochastic interpolant is a process that bridges two dis-
tributions Q0 and Q1. The pair (X0, X1) is drawn from a coupling ↼ whose
marginals are Q0 and Q1. A simple example is the independent coupling
↼ (dX0, dX1) = Q0 (dX0) Q1 (dX1). The interpolation path I between X0 and
X1 can be chosen arbitrarily. In Euclidean space, a natural choice is the linear
interpolation I (t, X0, X1) = (1 ↘ t)X0 + tX1. In practice, it is often beneficial
to choose the interpolation path as short as possible [82]. A natural choice on
Riemannian manifolds is the geodesic between X0 and X1 (see Section A.2.1).
Following Wu et al. [43], the corresponding interpolant can be written using the
exponential and logarithmic maps (Definition A.2.3) as

I (t, X0, X1) = expX0

(
t logX0(X1)

)
. (1.34)

Naturally, the geodesic interpolant reduces to the linear interpolation in Euclidean
space.

Note that, unlike the process x(t) defined by Eq. (1.24), the process X(t) in
Eq. (1.33) cannot be used directly as a generative model to sample from Q1, since
it requires samples from Q1 to be defined in the first place. Nevertheless, the two
processes are closely related, as stated by the following theorem.

Theorem 1.3.2 (Velocity field). Let X(t) be a stochastic interpolant between Q0
and Q1 as in Definition 1.3.1, and let Qt denote the law of X(t). Assume that
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Qt, Q0, and Q1 have densities q : [0,1] ⇔ X ↑ R+, q0 : X ↑ R+, and q1 : X ↑ R+

with respect to the volume measure induced by g. Then q satisfies the transport
equation (1.25) with velocity field

v (t, x) = E(X0,X1)↗ϑ

ï
φI

φt
(t, X0, X1) | X(t) = x

ò
, (1.35)

provided that v is integrable.

Proof. See [43, Theorem 2]

Intuitively, Eq. (1.35) states that the velocity field at time t and position x is
given by the average velocity of all interpolation paths between X0 and X1 that
pass through x at time t (see Fig. 1.5).

Figure 1.5: Stochastic interpolant. Samples X0 ↔ Q0 (blue) are coupled to samples
X1 ↔ Q1 (red) and connected by straight interpolation paths I(t, X0, X1) (thin black
lines). The corresponding velocity field v(t, x) at position x and time t (purple point) is
obtained as the average velocity of all interpolation paths passing through x at time t
(purple arrow).

Theorem 1.3.2 states that the law of the stochastic interpolant X(t) coincides
with that of a CNF x(t) whose velocity field is given by Eq. (1.35). If one has
access to samples from Q0 and Q1 = P , the target velocity field vε(t, x) can
be estimated at any point x and time t by sampling from the coupling ↼ and
computing the conditional expectation (1.35). The field vε can then be used in
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the ODE (1.24) to generate new samples from Qω ∝ P . In practice, however,
computing the conditional expectation in Eq. (1.35) for every x and t is infeasible.
A more practical approach is to learn an approximation vω of vε by minimising a
mean-squared error loss, as formalised by the following theorem.

Theorem 1.3.3 (Quadratic loss). The velocity field v defined in Eq. (1.35) is the
unique minimiser of the loss function

L [v̂] =
∫ 1

0
E(X0,X1)↗ϑ

ï1
2 ↙v̂(t, x(t))↙2

x(t) ↘ g

Å
φI

φt
(t, X0, X1) , v̂(t, x(t))

ãò
dt . (1.36)

Proof. See [31, Theorem 2.7] with the loss function in [43, Equation 12].

This loss function can be minimised using stochastic gradient descent with
v̂ = vω, by drawing samples from the coupling ↼ and evaluating the time derivative
of the interpolant on those samples. Although less direct, this approach avoids any
evaluation of the density qω in the training process, making it considerably more
e!cient than KL training. Once learned, the velocity field vω can be used in the
ODE (1.24) to generate new samples from Qω ∝ P , or in the coupled ODE (1.26)
to also evaluate the corresponding density.

1.3.4 Incorporating symmetries
Regardless of the training algorithm, CNFs provide a general framework to approx-
imate a target distribution P . When the target distribution is complex, however,
learning an accurate approximation may require a very expressive vector field vω,
which corresponds to a large number of parameters and training data. However,
this “search” can be made more e!cient by incorporating prior knowledge about
the target distribution into the CNF architecture. In statistical physics, proba-
bility distributions often exhibit symmetries, which means that samples related
by certain transformations are equally likely. In many systems these symmetries
are known a priori, and the corresponding transformations that leave P invariant
can be explicitly written down. These transformations are usually isometries of
the underlying space X, i.e., maps that preserve the distance of the corresponding
manifold where the system lives. While it is generally not possible to exactly
guess the right velocity field v that transports Q0 to P , it turns out there is a
way to build v so that the resulting CNF distribution Q automatically inherits the
symmetries of P . This is the idea behind equivariant flows developed by Köhler et
al. [44, 83] and later generalised to Riemannian manifolds by Katsman et al. [36].
This framework allows to build CNFs that “search” in a much smaller space of
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possible distributions, without wasting resources on learning distributions that
are surely not compatible with the target one. When applied to physical systems,
incorporating symmetries into CNFs can significantly improve both training and
sampling e!ciency [35, 44, 84]. In this section, we formalise these ideas following
Katsman et al. [36].

First of all, we need to define what it means for a distribution and a vector
field to be “symmetric” with respect to a group of isometries. Let (X, g) be a
Riemannian manifold and let G be a group of isometries acting on X. With a slight
abuse of notation, we denote both a group element as h ↗ G and the action of such
element on a point x ↗ X as h(x).

Definition 1.3.2. A probability measure P on X is said to be G-invariant if

h#P = P, ⇒ h ↗ G . (1.37)

If P has density p with respect to the volume measure induced by g, P is
G-invariant if p ′ h = p for all h ↗ G.

Definition 1.3.3. A di"eomorphism ! : X ↑ X is said to be G-equivariant if
! ′ h = h ′ !, for all h ↗ G.

Definition 1.3.4. A vector field v : X ↑ TX is said to be G-equivariant if
v ′ h = dh ′ v, for all h ↗ G, where dh : TX ↑ TX is the di"erential of h (see
Definition A.2.4).

In other words, a G-invariant measure is unchanged under the action of any
group element, while a G-equivariant di"eomorphism or vector field commutes with
such actions. Using these definitions, the following results show how to construct
CNFs that respect the symmetries of a target distribution in two steps.

Theorem 1.3.4 (Equivariant flow to invariant distribution). Let Q0 be a probability
measure with density q0 on (X, g) and let ! : X ↑ X be a di!eomorphism. If Q0
is G-invariant and ! is G-equivariant, then the pushforward Q = !#Q0 is also
G-invariant.

Proof. See [36, Theorem 3].

The previous result applies to any normalising flow defined by a di"eomorphism
!. The next result shows how to construct such an equivariant di"eomorphism for
CNFs, which are defined by their time-dependent vector field v.
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Theorem 1.3.5 (Equivariant field to equivariant flow). Let v : [0,1] ⇔ X ↑ TX be
a time-dependent vector field and let !t : X ↑ X be the corresponding flow defined
by the ODE (1.24). If v (t, ·) is G-equivariant for all t ↗ [0,1], then !t is also
G-equivariant for all t ↗ [0,1].

Proof. See [36, Theorem 2].

In practice, to construct a CNF whose distribution Q is G-invariant, one needs:

• a G-invariant base distribution Q0 (for example, a uniform distribution on X),

• a parameterisation of the velocity field vω that is G-equivariant for all t ↗ [0,1].

We will build on these ingredients to develop the equivariant Riemannian
stochastic interpolants (eRSI) framework in Chapter 4.
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Chapter 2

Amorphous materials and
glass transition

Amorphous materials are condensed systems that lack the periodic long-range order
characteristic of crystals. They are found everywhere in nature and technology,
ranging from simple liquids [85] to structural glasses [3], colloids [7, 8], foams [10],
and granular materials [11, 12]. These systems are all structurally disordered, yet
they can exhibit very di"erent dynamic behaviours. Simple liquids, for instance,
are disordered but ergodic: their particles explore configuration space e!ciently,
and equilibrium statistical mechanics can successfully predict their properties [85].
Amorphous solids, such as structural glasses, are e"ectively non-ergodic on ex-
perimental timescales and display ageing and memory e"ects, which pose further
theoretical challenges [1].

A particularly important class of amorphous materials are glassy systems.
Broadly speaking, we call a system “glassy” when it combines structural dis-
order with extremely slow relaxation [86, 87]. When control parameters such as
temperature or pressure are varied, the dynamics of glassy systems becomes so
slow that equilibration is practically impossible. This behaviour is observed in
a wide range of materials in and out of equilibrium, from molecular liquids to
colloids and granular media. Despite decades of research, the microscopic origin
of this behaviour remains one of the major open problems in condensed matter
physics [88].

In this chapter, we review essential concepts from the physics of amorphous
materials focusing on the phenomenology of glass-forming liquids and the glass
transition [2]. We then discuss how their properties can be studied through computer
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simulations, introducing some common models used to represent these systems, the
physical observables of interest, and the relevant simulation techniques [3].

2.1 Phenomenology
When a liquid is cooled from a temperature T0 above its melting point Tm, three
distinct regimes emerge as the temperature decreases (see Fig. 2.1). For T > Tm,
the system is an equilibrium liquid, whose thermodynamic properties are described
by standard statistical mechanics. Below Tm, the thermodynamically stable phase
is the crystal. However, if the cooling rate is high enough, crystallisation can often
be avoided. In this case, the liquid remains disordered and enters a metastable state
known as a supercooled liquid. In the supercooled regime, the static thermodynamic
quantities, such as energy or enthalpy, follow their equilibrium liquid extrapolation
(see Fig. 2.1). The dynamics, however, change dramatically: the viscosity and the
structural relaxation time increase by many orders of magnitude upon cooling.
In this regime, the liquid is said to exhibit glassy dynamics. At su!ciently low
temperatures, around the glass transition temperature Tg, the system’s relaxation
time becomes so large that equilibrium can no longer be achieved on experimental
timescales and the system behaves as an amorphous solid: we have obtained a
glass. Below Tg, the system continues to slowly relax towards equilibrium, and
its macroscopic properties depend on its thermal history. This phenomenon is
known as ageing. Note that Tg does not coincide with a true thermodynamic
phase transition: it marks a crossover that depends on the cooling rate, with faster
cooling leading to higher Tg values.

2.1.1 Kinetic fragility
The dramatic slowing down observed in liquids that can be supercooled without
crystallising, commonly referred to as glass-forming liquids, can be quantified by
measuring their structural relaxation time ↽ϖ as a function of temperature. Such
measurements can be performed, for instance, with light scattering, dielectric
spectroscopy, and rheology. A typical way to represent the results is the Angell
plot [4, 90], which shows ↽ϖ versus the inverse temperature 1/T normalised by Tg

(see Fig. 2.2). In this plot, glass-forming liquids can be broadly classified into two
categories. Strong liquids exhibit an Arrhenius temperature dependence,

↽ϖ = ↽0 exp
Å

Ea

kBT

ã
, (2.1)
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Figure 2.1: Enthalpy–temperature diagram of a glass-forming liquid. Above the
melting temperature Tm, the system is a liquid, while below Tm the crystal is the
thermodynamically stable phase. Upon su"ciently fast cooling, crystallisation can be
avoided and the liquid enters a metastable supercooled regime (shaded area). With
further cooling, the system falls out of equilibrium around the glass transition temperature
Tg and becomes an amorphous solid (glass). Slower cooling rates produce glasses with
lower enthalpy. Reprinted from Ref. [89].

where Ea is a constant activation energy, kB the Boltzmann constant, and ↽0 a
microscopic timescale. Their slowing down arises from local, thermally activated
processes. In contrast, fragile liquids display a super-Arrhenius increase of the relax-
ation time, often described by empirical forms such as the Vogel–Fulcher–Tammann
(VFT) law,

↽ϖ = ↽0 exp
Å

DT0
T ↘ TVFT

ã
, (2.2)

where D > 0 is a dimensionless parameter and TVFT is the temperature at which
the extrapolated relaxation time would diverge. Within this phenomenology, fragile
liquids behave as if their e"ective activation energy increases upon cooling. This
observation can be explained by the growing importance of cooperative relaxation
processes, although the precise microscopic origin of this behaviour remains the
subject of ongoing debate, with several theoretical scenarios having been proposed [1,
91–96]. On a practical level, this enormous increase in relaxation times makes it
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extremely di!cult to probe the equilibrium properties of glass-forming liquids at
low temperatures. Direct experimental access to the hypothetical thermodynamic
transition is therefore impossible in practice, as the equilibration times exceed any
realistic observation time.

Figure 2.2: Angell plot. Structural relaxation time εϖ versus inverse temperature
1/T normalised by Tg for several glass-forming liquids. Strong liquids (e.g. SiO2) show
Arrhenius behaviour, appearing as straight lines, while fragile liquids (e.g. CuZr) exhibit
a super-Arrhenius increase of εϖ. Reprinted from Ref. [97].

2.1.2 The onset temperature
Up to this point, we have remained somewhat vague about the precise temperature
at which a liquid begins to display glassy dynamics. Such temperature is commonly
referred to as the onset temperature To [13]. Below To, the liquid no longer behaves
as a simple fluid: structural relaxation becomes increasingly sluggish, and the
relaxation time ↽ϖ follows a super-Arrhenius temperature dependence in fragile
liquids. Naively, one may expect To to be around the melting temperature Tm.
In this section, we address the delicate question of whether the onset of glassy
dynamics is actually related to thermodynamic metastability.

Before doing so, a technical clarification is needed. Glass-forming liquids are
often multicomponent mixtures containing particles of di"erent types. For such
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systems, the temperature at which crystallisation begins upon cooling (the freezing
temperature Tf) and the temperature at which melting starts upon heating (the
melting temperature Tm) generally di"er, with Tf ⇐ Tm [98]. In monocomponent
systems, these two temperatures coincide. Below Tf , the liquid phase is metastable
with respect to the crystal (in monocomponent systems), or to coexistence between
crystal and liquid (in multicomponent systems). A connection between the onset
temperature and metastability has then to be investigated through the relation be-
tween To and Tf . Several theoretical approaches have explored a possible connection
between To and Tf (often improperly identified with Tm) [99, 100]. A correlation
between the two would support–although not prove–the idea that the emergence
of slow dynamics is somehow tied to the existence of a thermodynamically more
stable phase. However, metastability is not a necessary condition to observe glassy
dynamics: for instance, in liquid silica one finds To > Tm [101]. Nonetheless, in
several models and experiments, To and Tm appear to follow similar trends [102,
103].

In our recent work [104], we addressed this issue through numerical simulations of
a model glass-former [105], starting from a precise definition of To (see Section 2.3.2).
Our results demonstrated that To is not directly related to the freezing temperature
Tf : a liquid can be metastable without being glassy (see Fig. 2.3). Interestingly,
however, our data also show that To roughly follows the melting line Tm. Whether
this correspondence reflects a physical connection or is merely coincidental remains
unclear at present. A possible way to clarify this issue would be to investigate the
presence of crystalline precursors in the metastable liquid, which remains an open
direction for future research.

2.1.3 Stability
As discussed above, not all glasses are equal: their properties depend sensitively on
their preparation history. Glasses formed by slower cooling reach lower energy (or
enthalpy) at fixed temperature and pressure and are typically characterised by a
lower fictive temperature, i.e. the temperature at which the glass structure would be
in equilibrium, often associated with a lower apparent glass transition temperature
Tg. These glasses are more stable in the sense that they are more resistant to
melting: when heated, a more stable glass melts at a higher temperature, compared
to a less stable one. This enhanced stability has been shown to originate from a
density di"erence between di"erent glasses [107]: denser glasses must expand in
order for the growing fluid phase to fill up the space, which slows down the melting
process.
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Figure 2.3: Temperature–composition diagram of a model glass-former [105]. The onset
temperature To (red symbols) is compared to the freezing (thick solid line) and melting
(thin solid line) temperatures as a function of composition, inferred from Ref. [106].
Reprinted from Ref. [104].

Glass stability can be measured by slowly heating a glass and monitoring its
enthalpy (or volume) as it transforms into the liquid state. The relation between
enthalpy and temperature in equilibrium is known as the equation of state (EOS).
Below the glass transition, the system falls out of equilibrium, yet one can still
measure an e"ective relation between enthalpy and temperature, the glass equation
of state. Unlike the equilibrium EOS, the glass EOS depends on the preparation
protocol: better aged glasses lie at lower enthalpies and follow a distinct EOS. When
heated, the glass EOS eventually merges with the liquid EOS at a temperature
that depends on the glass stability (see Fig. 2.4).

Waiting for long times will eventually produce more stable glasses, but it is a slow
and ine!cient process. In physical vapour deposition [108], molecules are slowly
deposited onto a substrate maintained at constant temperature. The resulting
glasses can be extremely stable, with properties equivalent to those expected for
glasses aged for thousands of years. For this reason, vapour-deposited glasses are
often called ultrastable glasses.
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Figure 2.4: Mean-field phase diagram of a model glass-former. The black line denotes
the equilibrium liquid equation of state, while the black square marks the dynamical glass
transition temperature Td. Coloured lines represent glass equations of state associated
with di!erent preparation temperatures. Adapted from Ref. [109].

2.2 Modelling amorphous materials
Both analytical approaches and computer simulations of amorphous materials rely
on physical models capturing the essential ingredients of the real systems, while
remaining simple enough to handle computationally [85, 110]. Classical models
describe these systems as a collection of N interacting particles kept at constant
temperature T and constant volume V (NV T ensemble) or constant pressure P
(NPT ensemble) by appropriate reservoirs. Knowing the potential energy U of
the system, equilibrium statistical mechanics provides a framework to compute its
thermodynamic properties. In the NV T ensemble, the probability of a microstate
x is given by the Boltzmann distribution

P (dx) = 1
Z

exp
Å

↘U(x)
kBT

ã
dx , (2.3)

where x represents the state of the system, dx is a reference measure, kB is the
Boltzmann constant and Z is the partition function ensuring proper normalisation.
In the NPT ensemble, the potential energy is replaced by the enthalpy H(x, P ) =
U(x) + PV (x), where V (x) is the volume of the system in state x. Note that x
is an abstract representation of the state, which typically includes the positions
r = (⇀r1, . . . ,⇀rN) of the particles, as well as their chemical species s = (s1, . . . , sN).
The particle momenta are usually integrated out, so they do not appear explicitly
in the configurational description [85]. The model of an amorphous material is

35



Amorphous materials and glass transition

therefore fully specified by the choice of the state space X and the potential energy
function U : X ↑ R.

2.2.1 Periodic boundary conditions

The aim of many particle-based simulations of condensed-matter systems is to
describe properties in the thermodynamic limit, corresponding to a very large
number of particles, N ∝ 1023. In practice, however, computational resources
restrict simulations to much smaller systems, typically with N ∝ 103–106 particles.
To minimise surface e"ects and mimic bulk behaviour, simulations commonly
employ periodic boundary conditions (PBCs) [111]. Under PBCs, the simulation
box is periodically replicated along each Cartesian direction, so that when a
particle leaves the box through one face, it re-enters through the opposite face.
This approach does not remove finite-size e"ects completely, but e"ectively removes
surface e"ects and allows one to estimate bulk properties with a finite number of
particles.

Figure 2.5: Periodic boundary conditions. Particles are enclosed in a simulation box
that is periodically replicated along each Cartesian direction. Reprinted from Ref. [112].

Mathematically, modelling a system with PBC corresponds to embedding it
on a flat torus, which is a Riemannian manifold defined as the quotient space
ML = Rd/LZd, where L is the side of the box and d is the spatial dimension (see
Appendix A.2). The corresponding distance between two particles i and j is the
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nearest image distance

dML (⇀ri,⇀rj) = min
ϱk↘Zd

∥∥∥⇀ri ↘ ⇀rj + L⇀k
∥∥∥ . (2.4)

When considering N particles in a d-dimensional box with PBC, the state space of
their positions is then MN

L .

2.2.2 Constraining the composition
Models of amorphous materials often include multiple chemical species to prevent
crystallisation and improve glass-forming ability. We represent the set of species as a
finite set S, typically S = {1, . . . , S}, where S is the number of species. In practice,
S usually takes values between one and three, while for polydisperse systems S = N .
The full state space of the system is then the product manifold X = SN ⇔ MN

L .
We denote a configuration as x = (s, r) ↗ X, where s = (s1, . . . , sN ) ↗ SN specifies
the chemical species and r = (⇀r1, . . . ,⇀rN) ↗ MN

L the particle positions.
If the species are allowed to vary freely–say, at fixed total volume–the simulation

corresponds to a semi-grand-canonical ensemble, in which the number of particles
of each species can fluctuate [110]. In most cases, however, one is interested in
systems with a fixed composition c = {Ns}s↘S , where the number of particles
Ns of each species is constrained. Particle species can still change, but the total
number of particles of each species remains constant. The corresponding Boltzmann
distribution is then

Pc (ds, dr) = 1
Zc

exp
Å

↘U (s, r)
kBT

ãÇ∏

ϖ↘S
ϖ∑

i
ςε(si) (Nϖ)

å
↽(ds) dr , (2.5)

where ↽(ds) is the counting measure and the product of Kronecker deltas enforces
the composition constraint by fixing the number of particles of each species ϖ∑

i
ςε(si).

Note that Eq. (2.5) can still be written as proportional to an exponential by taking
the logarithm of the product of Kronecker deltas.

2.2.3 Interaction models
Once the state space is defined, the next step in building the model is to specify
the potential energy function U and the composition c. In real materials, the
potential energy arises from interactions among all particles, including many-body
contributions. Dealing with such interactions in a simulation of glassy dynamics
is computationally di!cult, so most models approximate the energy by a sum of
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pairwise interactions that depend only on the distance between two particles and
their species

U(x) =
∑

i<j

u (si, sj, dML (⇀ri,⇀rj)) , (2.6)

where u is the pair potential between particles i and j. Once a pair potential is
chosen, the remaining decisions concern the particle composition and the func-
tional form of u. Below, we describe several commonly used models for studying
amorphous materials and glassy dynamics, focusing on those relevant to this thesis.

Hard spheres

The hard-sphere model is one of the simplest and most e!cient models for simulating
simple liquids [85]. Particles are represented as impenetrable spheres of diameter
ωsi that interact only via excluded-volume. The diameter ωsi is determined by the
species si of particle i. A common choice is a binary mixture with diameters ω1
and ω2, and a size ratio ω2/ω1 = 1.4. The pair potential at nearest image distance
r is

u (si, sj, r) =
{

↓, r < ωsisj

0, r ⇐ ωsisj

, (2.7)

where ωsisj =
(
ωsi + ωsj

)
/2 is the contact distance between particles i and j.

Harmonic spheres

The harmonic-sphere model is a soft generalisation of hard spheres, where particles
are allowed to overlap at a finite energy cost [113, 114]. The interaction potential is
again defined through the species-dependent diameters ωsi and through a sti"ness
parameter ⇁ > 0:

u (si, sj, r) =






φ
2

(
1 ↘ r

↼sisj

)2
, r < ωsisj

0, r ⇐ ωsisj

. (2.8)

Inverse power law

The inverse-power-law (IPL) model is another soft-sphere system, in which particles
interact via a purely repulsive potential that decays as a power law [115, 116]. In
this model, particles do not have well-defined diameters. Instead, their interactions
are governed by a matrix of characteristic length scales ωsisj , an energy scale ⇁ > 0,
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and an integer exponent p. The pair potential reads

u (si, sj, r) =
{

⇁
Ä↼sisj

r

äp
+ C0, r < rc

sisj

0, r ⇐ rc
sisj

, (2.9)

where rc
sisj

is a species-dependent cuto" distance, and C0 is a shift constant ensuring
continuity at rc. A common choice is p = 12, which reproduces the repulsive part
of the Lennard-Jones potential.

Kob-Andersen

The Kob–Andersen (KA) model extends the standard Lennard-Jones potential to
binary mixtures and was designed to suppress crystallisation [105]. The potential
depends on the matrices of energy scales ⇁sisj and length scales ωsisj . The pair
potential is

u (si, sj, r) =





⇁sisj

(Ä↼sisj

r

ä12
↘
Ä↼sisj

r

ä6)
+ C0, r < rc

sisj

0, r ⇐ rc
sisj

, (2.10)

where the cuto" distance rc
sisj

is typically set to 2.5ωsisj , and C0 is again a shift
constant ensuring continuity at rc. In some implementations, additional terms are
introduced to make the first and second derivatives continuous at the cuto".

2.2.4 Symmetries
Since the potential energy in Eq. (2.6) depends only on the particle species and
interparticle distances, the Boltzmann distribution in Eq. (2.5) is invariant under
isometries, i.e. transformations that preserve the distance dML (see Definition 1.3.2).
In other words, certain transformations of the system leave the Hamiltonian–and
therefore the distribution–unchanged. As a consequence, configurations related
by such transformations have the same probability. Identifying the symmetry
group of a given distribution is particularly important when designing algorithms
to approximate it e!ciently (see Section 1.3.4). For instance, as discussed in
Section 1.3.4, normalising flows can be designed to respect the symmetries of
the target distribution, which reduces the space of possible distributions and
significantly improves e!ciency. In Appendix C.2, we show that both distributions
in Eq. (2.3) and Eq. (2.5) are invariant under the following transformations:

• Particle permutations, which simultaneously permute species and positions.
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Amorphous materials and glass transition

• Translations, which shift all coordinates by the same vector, wrapping
positions back into the simulation box.

• Box symmetries, which combine axis permutations and sign flips along the
coordinate axes.

These invariances are illustrated in Fig. 2.6. Note that while particle systems in
Euclidean space, such as single molecules or confined clusters, may exhibit full
rotational invariance, systems under PBCs keep only the discrete symmetries of
the simulation box. For su!ciently large systems with interaction cuto" rc < L/2,
however, rotational invariance is e"ectively recovered at the level of the Hamiltonian,
since particle pairs cannot feel the box boundaries.
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Figure 2.6: Symmetries of particle systems under periodic boundary conditions.
Reprinted from Ref. [45].

2.3 Relevant observables
We now introduce several physical quantities that are commonly used to characterise
amorphous materials [85, 110, 111]. These observables will also serve as benchmarks
to assess the performance and physical accuracy of the methods discussed in this
thesis. Broadly speaking, we distinguish between static and dynamical quantities.
Static observables depend on ensemble averages over individual configurations,
whereas dynamical observables measure correlations between configurations sepa-
rated by a time interval. As a result, dynamical observables generally depend on
the choice of microscopic dynamics used to generate the trajectories.

2.3.1 Static quantities
Static quantities describe the structure of amorphous materials. They provide
information on the spatial organisation of particles and can also serve as metrics to
compare configurations generated by di"erent algorithms with reference data.
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Radial distribution function

The radial distribution function g(r) quantifies correlations of the density profile

ρ(⇀r) :=
∑

i

ϖ (⇀r ↘ ⇀ri) . (2.11)

For a system of N particles in d dimensions and number density ρ, it is defined as

g(r) := 1
NρSd↑1(r) E

[
∑

i

∑

j /=i

ϖ
(
r ↘ dML(⇀ri,⇀rj)

)
]

, (2.12)

where Sd↑1(r) is the surface area of the (d ↘ 1)-dimensional sphere of radius r, and
d(⇀ri,⇀rj) denotes the appropriate distance between particles i and j. In amorphous
systems, g(r) exhibits damped oscillations that converge to 1 at large distances,
reflecting the absence of long-range order (see Fig. 2.7(a)). In crystals, g(r) shows
sharp peaks at lattice spacings, before converging to 1 at large distances due to
spherical averaging.

For discrete multicomponent mixtures, it is useful to introduce the partial radial
distribution function gϖ↽ which measures correlations between particles of species
ϑ and β:

gϖ↽(r) := 1
Nρxϖx↽Sd↑1(r) E




∑

i↘ϖ

∑

j↘↽
j /=i

ϖ (r ↘ dML (⇀ri,⇀rj))



 , (2.13)

where xϖ denotes the fraction of particles of species ϑ.

Structure factors and hyperuniformity

The structure factor S(q) contains essentially the same information as g(r), but
expressed in Fourier space. It is directly accessible in experiments by measuring
the scattering of probe particles in the sample. S(q) quantifies density correlations
at a given wavevector of magnitude q of the Fourier components of the microscopic
density field

ρ(⇀q) :=
∑

i

exp (↘i ⇀q · ⇀ri) . (2.14)

It is defined as

S(q) := 1
N

E [ρ (⇀q) ρ (↘⇀q)] (2.15)

= 1
N

E

ñ
∑

i

∑

j

exp
(
i ⇀q · (⇀ri ↘ ⇀rj)

)
ô

, (2.16)
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Figure 2.7: Structural characterisation of a two-dimensional multicomponent particle
system. (a) Radial distribution function g(r), showing the probability of finding a particle
at a distance r from a reference particle. (b) Structure factor S(q), reflecting the Fourier-
space correlations of particle positions.

and it is a real number by symmetry of the sum.
The structure factor is useful to characterise hyperuniformity [46, 117], a struc-

tural property characterised by an anomalous suppression of density fluctuations
at large scales [46, 117]. For equilibrium systems, the variance of the number
of particles in a spherical observation window of radius R scales as the volume
of the window, Var (NR) ↔ Rd. This directly translates into a positive constant
structure factor at small wavevectors q ↑ 0. In hyperuniform systems, density fluc-
tuations are suppressed, leading to a scaling of the variance slower than the volume,
Var (NR) ↔ Rd↑ϖ, and to a structure factor that vanishes at small wavevectors as
S(q) ↔ qϖ, with ϑ > 0 (see Fig. 2.8). Hyperuniformity is observed in a variety of
systems. The simplest example is the perfect crystal, in which density fluctuations
scale with the boundary of the spherical region, i.e. ϑ = 1 [46]. Other examples
include jammed packings [46, 118, 119], biased ensembles [120], driven particle
models [121–126], and biological systems [127].

As with g(r), one can define partial structure factors Sϖ↽(q) for multicomponent
systems:

Sϖ↽(q) := 1
N

E

ñ
∑

i↘ϖ

∑

j↘↽

exp
(
i ⇀q · (⇀ri ↘ ⇀rj)

)
ô

. (2.17)

In kinetically arrested systems, i.e. systems in which structural relaxation is
e"ectively frozen on the timescales of observation, such as crystals and glasses,
density fluctuations can be decomposed into ρ (⇀q) = E [ρ (⇀q)] ↘ ϖρ (⇀q), i.e. a
“backbone” contribution coming from the average density profile, and a fluctuating
part ϖρ (⇀q) around the average profile. The structure factor can then be decomposed
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Figure 2.8: Scaling of number fluctuations within a disk of increasing radius. For an
ideal gas (left), the variance of the number of points scales proportionally to the disk
area. In hyperuniform systems (right), number fluctuations grow more slowly than the
area. Crystalline systems (centre) are a particular case of hyperuniform systems where
fluctuations scale with the disk perimeter. Reprinted from Ref. [117].

as S(q) = S0(q) + Sς(q) [128], where

S0(q) := 1
N

E [ρ (⇀q)]E [ρ (↘⇀q)] (2.18)

Sς(q) := 1
N

E [ϖρ (⇀q) ϖρ (↘⇀q)] . (2.19)

In liquids, S0(q) = 0 by translational invariance, while in arrested states it captures
the fluctuations of the averaged particle positions. In crystals, S0 has Bragg peaks
at reciprocal lattice vectors ⇀G [129], while in glasses it produces an amorphous
background [130].

For binary mixtures, it is often useful to analyse concentration fluctuations
separately from total density fluctuations. This is captured by the concentra-
tion–concentration structure factor [131],

SCC(q) := x2
B SAA(q) + x2

A SBB(q) ↘ 2xAxB SAB(q) , (2.20)

which isolates spatial variations in the local composition. While S(q) probes
density correlations, SCC(q) measures how the relative abundance of the two
species fluctuates across di"erent length scales, making it a sensitive indicator of
emerging chemical ordering and phase separation.

In multicomponent systems, the total structure factor does not distinguish by
itself between number density and composition fluctuations. To isolate fluctuations
of the total density field it is convenient to combine the partial structure factors
into a single quantity known as the q-dependent compressibility [119]. In the simple
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case of a binary mixture with species A and B, it reads

▷(q) = SAA(q)SBB(q) ↘ S2
AB(q)

x2
ASBB(q) + x2

BSAA(q) ↘ 2xAxBSAB(q) . (2.21)

At small q, ▷(q) measures large-scale density fluctuations and is directly related
to the isothermal compressibility in the limit q ↑ 0. It is particularly useful for
identifying hyperuniformity in multicomponent systems, where density fluctuations
vanish at large length scales as ▷(q) ↔ qϖ, while S(q) remains finite due to
composition fluctuations [119]. As with S(q), one can decompose ▷ into a backbone
and a fluctuating part as ▷(q) = ▷0(q) + ▷ς(q).

Local order parameter

Tong and Tanaka [132] introduced a local order parameter # to quantify the degree
of local structural order in glass-forming liquids. It quantifies the deviation of local
configurations from an ideal, densely packed arrangement. The construction relies
on a Voronoi tessellation to identify neighbours of each particle o. For each pair of
neighbouring particles (i, j) of o that are also neighbours of each other, the triplet
(o, i, j) defines a Delaunay triangle. Let ϱ1

ij be the angle at vertex o between ⇀roi and
⇀roj in the actual configuration (see Fig. 2.9(a)), and ϱ2

ij the corresponding angle in
an ideal packing of hard spheres (see Fig. 2.9(b)). The per-particle #o is defined as

#o := 1
No

∑

⇒i,j⇑

ϱ1
ij ↘ ϱ2

ij

 , (2.22)

where ∞i, j∈ denotes neighbouring pairs of neighbours of o, and No their total
number. The global order parameter is obtained by averaging over all particles:

# := 1
N

∑

o

#o . (2.23)

A smaller # indicates more locally ordered packings.

2.3.2 Dynamical quantities
Dynamical observables probe the evolution of configurations over time and are
particularly useful to characterise the performance of an algorithm. They are
expressed as two-time correlation functions that involve pairs of configurations
separated by a time interval t. Unlike static quantities, their behaviour depends
in general on the underlying dynamics. Although one may think that the only
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Figure 2.9: Definition of the local order parameter ”. (a) Local configuration of a
central particle o (orange) and its neighbours (blue). (b) Ideal configuration with three
particles in contact. Reprinted from Ref. [132].

physical dynamics are those derived by Newton’s equations (see Section 2.4.1),
one can still define correlation functions for other sampling method such as Monte
Carlo, even if the corresponding dynamics are unphysical (see Section 2.4.2). If an
algorithm generates configurations that decorrelate faster according to two-time
correlation functions, it explores configuration space more e!ciently.

Mean square displacement

The simplest and most common dynamical observable is the mean-square displace-
ment (MSD), which quantifies how far particles move, on average, over a time
interval t. It is defined as

$2(t) := 1
N

E

ñ
∑

i

↙⇀ri(t) ↘ ⇀ri(0)↙2
ô

. (2.24)

Note that the distance is Euclidean rather than the nearest-image distance, since
the goal is to measure the distance travelled by each particle. The behaviour of
the MSD as a function of time reveals important information about the system’s
dynamics. For Newtonian dynamics, particles move ballistically at very short times,
leading to a quadratic growth $2(t) ↔ t2. At long times, di"usion dominates,
corresponding to $2(t) ↔ t. In glassy systems, an intermediate plateau appears as
particles become temporarily trapped in cages formed by their neighbours. The
plateau grows as the system approaches the glass transition and, at Tg, it becomes
as long as the accessible observation timescale (see Fig. 2.10(a)).
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Self-intermediate scattering function

Another widely used dynamical observable is the self-intermediate scattering func-
tion,

Fs(q, t) := 1
N

E

ñ
∑

i

exp
(
i ⇀q · (⇀ri(t) ↘ ⇀ri(0))

)
ô

. (2.25)

which probes the motion of individual particles at a characteristic length scale 2◁/q.
It is usually measured at a wavevector qε corresponding to the first peak of the
structure factor, which roughly corresponds to the typical interparticle distance.

In liquids, Fs(q, t) decays exponentially from 1 to 0 as particles lose memory of
their initial positions. In glassy systems, the decay becomes non-exponential and
exhibits a two-step relaxation. At short times, Fs rapidly decays to a plateau due
to ballistic motion, a process known as β-relaxation. The plateau corresponds to
the caging regime observed in the MSD, where particles are temporarily trapped
by their neighbours. The final decay from the plateau to zero is called ϑ-relaxation
and corresponds to the structural rearrangements due to particles exiting their
cages (see Fig. 2.10(b)). For this reason, the ϑ-relaxation time ↽ϖ introduced in
Section 2.1 is typically defined by Fs(qε, ↽ϖ) = 1/e.

The change in behaviour of Fs(q, t) from a single exponential decay in liquids to
a two-step decay in glassy systems can be used to precisely determine the onset
temperature To introduced in Section 2.1.2. Indeed, it can be identified with the
temperature below which Fs(q, t) develops a rising inflection point. This is precisely
the definition we propose in Ref. [104].

t
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Δ2 (t) 100102104 (a)

t
100 102 104 106 108

F s
(q⋆ ,t)

0.0
0.5
1.0 (b)

Figure 2.10: Two-times correlation functions. (a) Mean square displacement #2(t) at
di!erent temperatures. (b) Corresponding self-intermediate scattering function Fs(qε, t).
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2.4 Simulation methods
Developing accurate theoretical descriptions of amorphous materials remains one
of the open challenges in condensed-matter physics. While mean-field models in
the limit of infinite dimension can be solved exactly [133], in finite dimensions the
Boltzmann distribution is intractable and the partition function cannot be evaluated
analytically. As a result, most theoretical descriptions of the glass transition in finite
dimensions remain phenomenological [1]. For these reasons, numerical simulations
play a crucial role in advancing our understanding of amorphous materials [3].
Their strength lies in providing microscopic information at machine precision in a
controlled environment, which is di!cult to achieve in experiments.

Simulations of interacting particle systems typically consists in generating
a sequence of configurations {x(k)}K

k=1 distributed according to the Boltzmann
measure (2.5). These configurations are then used to estimate ensemble averages of
physical observables via Monte Carlo integration (see Chapter 1.1). A wide variety of
algorithms have been developed for this purpose, including nonequilibrium sampling
schemes [134–136]. Other approaches, such as simulations of vapour deposition [137],
aim instead to reproduce specific experimental preparation protocols and do not
sample the Boltzmann distribution directly. However, the two most widely used
approaches remain molecular dynamics (MD) and Markov chain Monte Carlo
(MCMC) [110, 111]. In this section, we briefly review both methods in the context
of amorphous materials, as they provide the starting point for the computational
methods developed in this thesis.

2.4.1 Molecular dynamics
In molecular dynamics (MD), the trajectories of all particles are obtained by
numerically integrating Newton’s equations of motion for all particles subject to
the potential energy function U . This corresponds to solving the system of coupled
di"erential equations

mi
d2⇀ri

dt2 = ↘→ϱriU(s, r) , (2.26)

starting from initial conditions (s, r(0)) and (s, v(0)), where v = dr/ dt are the
particle velocities and mi the masses. These equations are typically integrated
using finite-di"erence methods such as the velocity-Verlet algorithm [110].

MD may feel like the most natural simulation method, as it directly mimics a
realistic microscopic dynamics. It can therefore be used to compute dynamical
observables that can be compared directly with experimental data.
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Since Newton’s equations conserve the total energy, MD samples the microcanon-
ical (NV E) ensemble rather than the canonical (NV T ) ensemble defined by the
Boltzmann distribution (2.5). To sample the canonical ensemble, one introduces a
thermostat to mimic the e"ect of a thermal bath. Similarly, coupling the system to
a barostat allows one to sample the isothermal–isobaric (NPT ) ensemble.

2.4.2 MCMC for particle systems
Markov chain Monte Carlo methods are an alternative way to sample configura-
tions from the Boltzmann distribution. We have already introduced their general
principles in Chapter 1.1.2. Here we focus on specific applications to particle
systems and on the most common transition kernels used in this context. In the
physics literature, these simulations are often referred to simply as “Monte Carlo
simulations”.

The most common MCMC method for particle systems is the Metropolis–Hastings
algorithm introduced in Section 1.2. It is defined by a proposal kernel Q(x, dx→),
which in turns determines the transition kernel K(x, dx→) of the Markov chain
through the acceptance step (1.19). In simulations of physical systems, individual
proposals are usually referred to as moves, as they represent local or global modifi-
cations of the current configuration, e.g. by flipping a spin or displacing a particle.
Below we review two of the most widely used moves in MCMC simulations of
particle systems.

Single-particle displacements

The most common move in MCMC for particle systems is the single-particle
displacement. A particle i is chosen uniformly at random and displaced by a
small random vector sampled uniformly within a cube of side ω centred at the
origin. While this move is simple to describe in words and to implement, writing
its proposal kernel is not completely trivial. Indeed, it cannot be expressed as a
density with respect to the Lebesgue measure, as it involves a discrete choice of the
particle to move and updates only one variable at a time. Formally, the proposal
kernel reads

Q (x, dx→) = 1
N ωd

∑

i

1!ϑ(ϱri)(⇀r →
i ) d⇀r →

i


∏

j /=i

ϖ
(
⇀rj, d⇀r →

j

)
Ç

∏

j

ϖ
(
sj, ds→

j

)
å

, (2.27)

where $↼ (⇀ri) is hypercube of side ω centered in ⇀ri. In words, the kernel selects
one particle uniformly, displaces it within a cube of side ω, and leaves all other
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particles and species unchanged.
A useful variant is the Gaussian displacement, where the new position of particle

i is sampled from a d-dimensional normal distribution centred at ⇀ri with covariance
matrix ω2Id. The kernel for this move is

Q (x, dx→) = 1
N (2◁ω2)d/2

∑

i

exp
Ç

↘dML (⇀r →
i ,⇀ri)2

2ω2

å
d⇀r →

i ⇔

⇔


∏

j /=i

ϖ
(
⇀rj, d⇀r →

j

)
Ç

∏

j

ϖ
(
sj, ds→

j

)
å

, (2.28)

where dML is the nearest image distance. We will use this version in Chapter 3,
where we will need transition kernels with unbounded support. Single-particle
displacements are straightforward to implement and computationally inexpensive,
since only the interaction terms involving the moved particle need to be recomputed
when evaluating the acceptance probability. However, they become ine!cient at
high densities, where large moves are frequently rejected due to particle overlaps.
Interestingly, their glassy dynamics resembles that of molecular dynamics in the
di"usive regime [138], with particles exploring configuration space through an
accumulation of small, local displacements.

Swap moves

In multicomponent systems, one can also introduce swap moves, where the species
of two particles i and j are exchanged while keeping their positions fixed [139]. The
proposal kernel for a swap move between species ϑ and β is

Q (x, dx→) =
∑

i↘ϖ

∑

j↘↽

1
NϖN↽

ϖ (sj, ds→
i) ϖ

(
si, ds→

j

)
⇔

⇔


∏

k /=i,j

ϖ (sk, ds→
k)
 Ç

∏

k

ϖ (⇀rk, d⇀r →
k)
å

. (2.29)

This proposal also involves discrete choices and cannot be expressed as a continuous
density.

The idea behind the swap is to introduce non-local updates that can help
particles escape local cages and accelerate structural relaxation. For swap moves to
be e"ective, particle sizes must be su!ciently similar to give a reasonable acceptance
rate, while the model itself must remain robust against crystallisation when sampling
becomes more e!cient. In a breakthrough study, Ninarello et al. [140] showed that
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by combining suitably designed models with swap moves, equilibration times could
be reduced by many orders of magnitude. The relaxation time at the estimated
glass transition temperature for MD and conventional displacement moves can be
as large as 1010 times longer than with swap moves. This work made it possible
to equilibrate glass-forming liquids at temperatures well below the experimental
glass transition, which lead to significant advances in our understanding of these
systems over the past decade [5, 141–143]. Recent work [144] indicates that the
combination of swap moves with other enhanced sampling methods may enable the
equilibration of glasses down to zero temperature in two dimensions. Even more
recently, swap moves have been generalised to molecular glasses via the so-called
flip move, enabling equilibration of molecular systems below Tg as well [145].

Despite their success, swap-based algorithms are only applicable to a limited class
of models. In particular, they perform poorly in systems such as the Kob–Andersen
mixture, where the swap acceptance is practically zero. This limitation motivates
the development of more general methods capable of accelerating sampling in a
broader range of models. In the following chapters, we aim to contribute to this
e"ort.
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Chapter 3

Policy-guided Monte Carlo
on general state spaces

Yes, it does respect detailed balance.

Policy-guided Monte Carlo (PGMC) is an adaptive version of the Metropolis-
Hastings (MH) algorithm built on a formalism inspired by reinforcement learning.
Originally introduced by Bojesen [41] for discrete systems, it showed an improvement
in sampling e!ciency on the Kagome lattice Ising model, and was later applied to
spin-ice systems [65], where it successfully learned non-local updates. In Ref. [42],
we extended the method to arbitrary state spaces using a fully measure-theoretic
formalism, allowing to deal with discrete, continuous, and mixed variables. This
formulation also clarified and formalised several aspects of the original algorithm,
for instance the expression of the transition kernel and the nature of chain policies.
Our initial motivation was to apply the method to glass-forming mixtures, where
the state space combines continuous (particle positions) and discrete (species)
degrees of freedom. The process led us to develop a general and rigorous framework
applicable to a broad class of systems, including statistical inference problems
and algorithms involving dimensional changing kernels [55]. After establishing the
formalism, we applied PGMC to models of glass-forming mixtures, using simple,
physically motivated moves depending on a few parameters. The method was
capable of e!ciently learning optimal parameters for these moves which led to
improved sampling performance up to two orders of magnitude.
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In this chapter, we present the work of Ref. [42] and further extend the formula-
tion of the algorithm to arbitrary reward functions. This extension is an original
contribution of this thesis. We start by introducing the general formulation of
PGMC, building on its analogy with the classical reinforcement learning problem,
and then move to our main theoretical result, which generalises the policy-gradient
theorem [64]. We then present the results obtained for the additive soft-sphere
and the Kob–Andersen mixtures, assessing the performance and limitations of the
designed moves through various metrics. We conclude with a high-level discus-
sion of the method, including the di"erences with the original formulation and
possible directions for future research. As part of this work, in collaboration with
Romain Simon, we developed Arianna.jl, a general-purpose Julia implementation
of PGMC released as an open-source package [146] (see Appendix E.1). Although
its use has so far been limited to proof-of-concept studies, we believe that PGMC,
possibly with the support of Arianna.jl, holds the potential to become a general
tool for enhancing sampling e!ciency across a wide range of applications.

This chapter is based on the article Policy-Guided Monte Carlo on General
State Spaces: Application to Glass-Forming Mixtures, written in collaboration with
Riccardo Rende and Daniele Coslovich [42].

3.1 Theoretical framework
As discussed in Section 1.2, provided that the proposal distribution Q guarantees
ergodicity, the condition of detailed balance ensures that the MH algorithm eventu-
ally samples the desired distribution P . This leaves great freedom in the choice
of the specific form of the proposal distribution. The general goal of adaptive
MC methods, including PGMC, is to find an optimal proposal distribution that
maximises some measure of the sampling e!ciency of the Markov chain. As noted
by Bojesen, Reinforcement learning (RL) provides a natural language to formalise
this optimisation problem [64]. In RL, an agent interacts with an environment by
performing actions that modify its state. The agent follows a policy, a probability
distribution over actions conditioned on the current state, and receives a reward
quantifying the quality of each transition. The objective is to learn a policy that
maximises the expected cumulative reward. This setup defines a Markov decision
process (MDP) characterised by the tuple (X, A, p, r), where X denotes the state
space, A the space of possible actions, p(x→|x, a) is a transition probability, and
r(x, a, x→) the reward function. Usually, the policy is denoted by ◁(a|x), and the
goal is to find the optimal policy ◁⇓ that maximises the expected reward J [◁].
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Unlike in supervised learning, the agent does not rely on labelled data but learns
directly from experience, adjusting its policy according to the observed rewards.
Most RL formulations consider episodic tasks, in which the agent repeatedly inter-
acts with the environment over finite trajectories. However, a more natural setup
for Markov chains is that of continuing tasks, where the process has no terminal
state and evolves indefinitely. In this case, the objective is to maximise the expected
reward averaged over the stationary distribution of the process, or equivalently, the
time averaged reward along an infinite trajectory. This corresponds precisely to
the adaptive MH algorithms described in Section 1.2.2, where the goal is to find a
proposal distribution that maximises the sampling e!ciency of the Markov chain
in steady state.

3.1.1 Defining the problem
PGMC builds upon the analogy with RL by viewing a proposal step as an action
taken by an agent to modify the configuration of a system. The policy corresponds
to the proposal distribution Q(x, dx→), while the acceptance term in Eq. (1.19)
plays the role of the dynamical rule p (x→|x, a) determining the next state once the
action has been chosen. In PGMC, we identify an action a with a move x ↑ x→,
aligning our notation more closely with that of traditional MCMC simulations.
Each proposed transition x ↑ x→ can then be associated with a reward r(x, x→) that
quantifies its performance. A natural choice is to set the reward to a measure of
inverse correlation between states x and x→, but other choices depending on the
type of move are also possible.

Assuming r : X ⇔ X ↑ R is measurable and integrable, the objective function of
PGMC is defined as the expected reward per step in the stationary regime of the
Markov chain:

J [Q] := E x↗P
x→↗K

[r (x, x→)] . (3.1)

The objective depends on the policy Q through the transition kernel K defined
in Eq. (1.21). Note that estimating J [Q] requires sampling from both the target
distribution P and the transition kernel K, which is not straightforward due to
the diagonal term in Eq. (1.21). In Proposition B.1.1, we provide an alternative
expression for J [Q] that only involves sampling from P and Q:

J [Q] = Ex↗P
x→↗Q

[(
r (x, x→) ↘ r (x, x)

)
ϑ (x, x→)

]
+ Ex↗P [r (x, x)] . (3.2)

This result generalises our previous finding in Ref. [42], which was limited to reward
functions such that r(x, x) = 0 for all x ↗ X.
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Our goal is to find a policy Qε that maximises the objective in Eq. (3.1). Since
searching for an optimal policy in the space of all possible proposal distributions
is intractable, we restrict our search to a parametric family of policies {Qω}, with
ϱ ↗ # ∋ Rp, as is common in adaptive MCMC methods. The optimisation problem
then reduces to finding the parameters ϱε that maximise the objective

J (ϱ) = E x↗P
x→↗Qω

[(
r (x, x→) ↘ r (x, x)

)
ϑω (x, x→)

]
, (3.3)

where we ignored the second term in Eq. (3.2), since it is independent of ϱ.
There are various ways to search for the optimal parameters ϱε. A naive

approach is to perform a grid search over the parameter space, evaluating the
performance of each candidate policy by running a full MCMC simulation waiting
for convergence to the stationary distribution. This method is clearly ine!cient, as
it requires a large number of costly simulations. A more e"ective strategy is to use
gradient-based optimisation methods, which iteratively update the parameters in
the direction of the gradient of the objective function →Jω. In practice, starting
from an initial guess ϱ0, we generate a Markov chain using the policy Qω0 , estimate
the gradient →ωJ from the samples collected along the trajectory, and update the
parameters according to the stochastic gradient ascent procedure

ϱt+1 = ϱt + εt
‘→ωJ(ϱt) , (3.4)

where εt > 0 is the learning rate at iteration t, and ‘→ωJ(ϱ) is an estimator of the
true gradient →ωJ (ϱ). Then, we repeat the process using the updated parameters
ϱt+1, and so on, until convergence. In order to use Eq. (3.4), we need to estimate
the gradient of J . Note that while Eq. 3.2 allows to express J as an average over
Qω and P , which can be easily estimated with Monte Carlo, estimating →ωJ is
not straightforward. This is precisely the idea behind the policy-gradient theorem
in RL [64], which provides an expression for →ωJ that can be estimated from
samples generated by the current policy. In the next section, we present our main
theoretical result, which generalises the policy-gradient theorem to PGMC, where
the transition kernel includes the acceptance step of the MH algorithm which
depends on the policy itself.

3.1.2 Estimating →ϑJ

Why is estimating the gradient of the objective function J challenging? There are
two main reasons. First, the integration measure Qω in Eq. (3.3) depends on the
parameters themselves, which prevents us from di"erentiating the integral naively.
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Second, even if we introduce a density qω(x→|x) with respect to a fixed reference
measure µ and bring the derivative inside the integral, we would obtain terms
involving →ωqω that cannot be sampled directly using Qω. These di!culties are
familiar in RL and appear as well in other machine learning contexts, such as
energy-based training of normalising flows, variational autoencoders, or variational
quantum Monte Carlo [29, 77, 147, 148].

If we aim at deriving a general expression for the gradient of J that can be
estimated using only samples drawn from the current policy Qω we need to address
these two problems. The first di!culty is resolved by Lemma B.2.1, which allows
us to rewrite J as an expectation with respect to a fixed measure Qω0 . In a PGMC
simulation, this measure can be interpreted as the proposal distribution at the
current parameter values ϱ = ϱt, which remains fixed during the estimation of the
gradient. Once the measure no longer depends on ϱ, the derivative may be brought
inside the integral under mild regularity assumptions. This leads to the following
Theorem, which is our main theoretical result for PGMC.

Theorem 3.1.1 (Policy-guided Monte Carlo gradient estimation). Let J be the
objective function defined in Eq. (3.3), ϱ0 ↗ #, and ↼ω0 : E △ E ↑ R be the measure
defined as ↼ω0 (dx, dx→) = Qω0 (x, dx→) P (dx). Assume

i. There exists a neighbourhood Uω0 ∋ # of ϱ0 such that Qω ↖ Qω0 for all ϱ ↗ Uω0.
Let Lω : Uω0 ⇔ X2 ↑ R be the map defined as

Lω (x, x→) := Qω (x, dx→)
Qω0 (x, dx→) . (3.5)

ii. For ↼ω0-almost every (x, x→), the map ϱ ↑ ϑω (x, x→) Lω (x, x→) is di!erentiable
for all ϱ ↗ Uω0.

iii. There exists g ↗ L1 (X ⇔ X, E △ E , ↼ω0) such that

sup
ω↘Uω0

∥∥∥→ω

(
ϑω (x, x→) Lω (x, x→)

)∥∥∥ ⇓ g (x, x→) ↼ω0-almost everywhere.

Then, J is di!erentiable in Uω0, and its gradient is

→ωJ (ϱ) = E x↗P
x→↗Qω0

[(
r(x, x→) ↘ r(x, x)

)
ϑω0(x, x→) ⇔

⇔
(
H(hω0(x, x→) ↘ 1) →ωLω(x, x→) + H(1 ↘ hω0(x, x→)) →ωLω(x→, x)

)]
, (3.6)

where h is the Hastings ratio defined in Eq. (1.20) and H is the Heaviside function.
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Proof. See Appendix B.2

The main assumption is that the proposal distributions Qω are mutually abso-
lutely continuous in a neighbourhood of the current parameters ϱ0, which allows
us to express Qω in terms of Qω0 through the Radon-Nikodym derivative Lω and
to perform importance sampling of Qω using Qω0 as a proposal. In practice, this
condition can be thought of as requiring that the support of Qω does not change
abruptly when ϱ varies around ϱ0, for instance by changing the range of a uniform
proposal. The other assumptions are standard regularity conditions ensuring the
di"erentiability of the relevant functions and allowing to exchange di"erentiation
and integration. Moreover, Corollary B.2.2 states that if Qω admits a density qω

with respect to a common dominating measure µ, then the gradient of J at ϱ = ϱ0
can be expressed as

→ωJ (ϱ0) = E x↗P
x→↗Qω0

[(
r(x, x→) ↘ r(x, x)

)
ϑω0(x, x→) ⇔

⇔
(
H(hω0(x, x→) ↘ 1) sω0(x, x→) + H(1 ↘ hω0(x, x→)) sω0(x→, x)

)]
, (3.7)

where sω (x, x→) := →ω log qω (x→|x) is the so-called score function.
The proof in Appendix B.2 relies on standard likelihood-ratio arguments [149]

widely used in RL and related fields, followed by an application of the score-function
identity [147]. The result may be viewed as a measure-theoretic generalisation
of the policy-gradient theorem for continuing tasks, extended to the case where
the transition probability (usually written as p(x→|x, a)) depends explicitly on ϱ.
Importantly, Theorem 3.1.1 applies to any proposal distribution Qω, without the
need to assume the existence of a density with respect to a fixed reference measure.
It also extends and further formalises the result of Ref. [42], which was limited to
reward functions such that r(x, x) = 0.

3.1.3 PGMC in practice

We now have all the ingredients required to implement PGMC in a practical
simulation. Let us summarise what we have achieved so far. Starting from a
parametric family of proposal distributions (policies) Qω and a reward function
r(x, x→), we introduced in Eq.(3.3) the objective function J(ϱ), which represents the
expected reward per step of the Markov chain generated by the Metropolis–Hastings
algorithm using Qω as proposal distribution. Since the goal is to adapt Qω in the
direction that increases J(ϱ), according to the stochastic gradient ascent rule in

56



3.1 – Theoretical framework

Eq.(3.4), we derived in Eq. (3.7) an expression for →ωJ(ϱ) that can be estimated
directly from samples generated using the current policy Qω0 .

Starting from a standard MH algorithm, incorporating PGMC is conceptually
simple. In a conventional MH simulation, when designing a move, one must specify
a method for sampling new states, given a fixed policy Q. The system then evolves
by drawing successive states from Q and accepting them with probability ϑ. The
di"erence that sets PGMC apart from MH is the integration of an optimisation
step at regular time intervals. In practice, at each optimisation step, a set of M
configurations is drawn from the standard MH procedure given by a fixed policy Qω0

and the corresponding acceptance step. These can correspond to the last M states
of the Markov chain or to samples from independent chains, or a combination of
both. The latter strategy is often preferred to reduce correlations between samples,
but it requires running multiple synchronised chains in parallel. Note that, as
long as the Markov chain has not converged to the stationary distribution, the
samples used to estimate the gradient will not be exactly distributed according to P .
However, as long as the chain is su!ciently close to equilibrium, the bias introduced
by this approximation should be small and the estimate should get better and
better as the optimisation proceeds [41]. Then, for each of these M configurations,
a set of M → new configurations is proposed according to the current policy Qω0 (see
Fig. 3.1). The resulting MM → pairs (xm, x→

n) are then used to compute a Monte
Carlo estimate of the gradient →ωJ(ϱ0) in Eq. (3.7), which is given by

‘→ωJ(ϱ0) = 1
MM →

M∑

m=1

M →∑

n=1

(
r(xm, x→

n) ↘ r(xm, xm)
)
ϑω0(xm, x→

n) ⇔

⇔
(
H(hω0(xm, x→

n) ↘ 1) sω0(xm, x→
n) + H(1 ↘ hω0(xm, x→

n)) sω0(x→
n, xm)

)
. (3.8)

Using this estimate in Eq. (3.4), we update the parameters ϱ of the policy Qω.
The updated policy is then used to continue the MH simulation until the next
optimisation step, and so on.

This procedure, currently limited to the case where r(x, x) = 0, is the one
implemented in Arianna.jl [146], our open-source Julia package for Monte Carlo
simulations. The implementation is modular and flexible, allowing one to easily de-
fine custom policies, reward functions, and optimisation methods (see Appendix E.1
for details).
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Figure 3.1: Schematic representation of the sampling procedure in PGMC. Three
independent Markov chains are run in parallel using the MH kernel Kω0 associated
with the current policy Qω0 (blue circles). To estimate the gradient of the objective
function J(ϑ) at ϑ = ϑ0, for each of the M = 9 configurations xm, a set of M → = 2 new
configurations x→

n is proposed according to Qω0 (orange circles). The resulting MM → pairs
(xm, x→

n) are then used to compute a Monte Carlo estimate of the gradient in Eq. (3.8).

3.1.4 Reversibility and convergence

A remark is in order regarding the e"ect of adaptation on the Markov chain. The
fact that the proposal distribution Qω gets adapted during the simulation makes
the Markov chain non-homogeneous, but this does not a"ect reversibility and the
existence of P as a stationary distribution. Indeed, configurations sampled directly
from Qω to estimate the gradient are then discarded and do not contribute to the
actual sampling of the target distribution. Sampling is performed instead through
the standard MH algorithm, where even though the proposal distribution changes
over time, the acceptance probability depends on the current policy, ensuring that
detailed balance with respect to P is always satisfied (see Theorem 1.2.1). This
guarantees that if the chain starts from a configuration drawn from P , it will
remain distributed according to P at all times.

In practice, of course, the chain is initialised from an arbitrary configuration
and must be equilibrated before the samples are representative of P . For a fixed
proposal distribution Qω, Theorem 1.2.2 guarantees convergence to P provided
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that the chain is ergodic. Since the chain in PGMC is nonhomogeneous, the same
theorem does not apply directly and convergence to P is not guaranteed a priori.
For instance, the pathological behaviour seen in Example 1.2.1 can be reproduced
in PGMC by setting r(x, x→) = 1 ↘ ϖ (x ↘ x→), which could lead to a continuous
decrease of the proposal variance violating the simultaneous uniform ergodicity
condition (see Theorem 1.2.3).

Such pathologies, however, can be avoided by designing reward functions and
policy families that respect the conditions of Theorem 1.2.3. When this is the case,
convergence to P is guaranteed despite adaptation. In practice, once the parameters
ϱ have converged to an approximate optimum ϱε, continuing to adapt them is
unnecessary and would only increase the computational cost of the simulation.
A natural strategy is therefore to consider the initial part of the simulation as a
training phase, after which adaptation is switched o" and the simulation proceeds
with a standard MH chain using the learned proposal Qωϖ , which is expected to
exhibit improved e!ciency compared to the initial policy.

3.1.5 Optimisation methods

We now return to the update rule in Eq.(3.4) and discuss how to choose the
learning rate εt [15, 18]. A constant learning rate, εt = ε, leads to what is known
in reinforcement learning as vanilla policy gradient (VPG). This simple choice
often works surprisingly well, but more sophisticated methods have been developed
to improve stability and convergence. We review here three common families of
strategies to improve the basic update rule in Eq. (3.4), all of which can be combined
in di"erent ways. All these methods are currently implemented in Arianna.jl.

Baseline policy gradient

Stochastic gradient estimates such as Eq.(3.8) often su"er from high variance, which
may slow down convergence or lead to unstable parameter updates [150]. A classical
remedy is to subtract a baseline from the gradient estimate, i.e. a zero-mean term
that reduces variance without introducing bias. In RL, these approaches are known
as baseline policy gradients (BLPG) [64]. Since fluctuations usually come from the
score term, a common baseline is a term proportional to the score function itself.

To apply this idea to PGMC, we define the baseline bω : X ⇔ X ↑ Rp as

bω (x, x→) := J (ϱ) sω (x, x→) . (3.9)
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Since
E x↗P

x→↗Qω0

[bω0 (x, x→)] = 0 (3.10)

(see Proposition B.3.2), then

‘→ωJ
BL

(ϱ0) = ‘→ωJ(ϱ0) ↘
J

MM →

M∑

m=1

M →∑

n=1
sω0(xm, x→

n) (3.11)

is an unbiased estimator of →ωJ (ϱ0), which is expected to exhibit lower variance
than the original estimate. In BLPG, we simply replace ‘→ωJ with ‘→ωJ

BL
in

Eq. (3.4). The formulation BLPG for PGMC is an original contribution of this
thesis.

Natural policy gradient

In VPG, the update rule (3.4) can be interpreted as maximising a linear approx-
imation of the average reward J centred around the current parameter values
ϱt, while simultaneously penalising large steps in parameter space. In fact, the
update rule in Eq. (3.4) can be seen as the solution of the constrained optimisation
problem where we look for the parameters ϱt+1 that maximise the first-order Taylor
expansion of J around ϱt under the constraint that ↙ϱt+1 ↘ ϱt↙2 stays small [18].
Although this idea is simple and e"ective, it does not take into account the geometry
of the policy space, which may lead to sub-optimal convergence rates [151–153].
These limitations led to the development of natural policy gradient (NPG) methods,
which replace the Euclidean distance with an approximation of the Kullback-Leibler
divergence between the old and new policies [152]. This means that the size of the
steps is not taken uniformly in all directions of the parameter space, but rather
according to how much the policy changes. In Proposition B.3.3, we apply a similar
procedure to that of [152] to show that the KL divergence between two policies
Qω0 and Qω averaged over P can be approximated to second order as

D (ϱ) := Ex↗P [DKL (Qω0↙Qω)] (3.12)

= 1
2 (ϱ ↘ ϱ0)T F (ϱ0) (ϱ ↘ ϱ0) + o

Ä
↙ϱ ↘ ϱ0↙2ä , (3.13)

where
F (ϱ) = E x↗P

x→↗Qω

î
sω (x, x→) sω (x, x→)T

ó
(3.14)

is the Fisher information matrix of the policy Qω. Since the score is already
required by PGMC, the Fisher information matrix can be estimated from the same

60



3.2 – Application to glass-forming mixtures

samples used to estimate →ωJ at a minimal computational cost as

F (ϱ) = 1
MM →

M∑

m=1

M →∑

n=1
sω(xm, x→

n) sω(xm, x→
n)T . (3.15)

In practice, estimating the Fisher information matrix reliably generally requires
more samples than estimating →ωJ alone, and the benefits of natural gradients are
most apparent when M and M → are su!ciently large for F to be reasonably well
conditioned (see Section 3.2.4). NPG consists in replacing the Euclidean distance
↙ϱ ↘ ϱ0↙ of VPG with the Fisher metric (ϱ ↘ ϱ0)T F (ϱ0) (ϱ ↘ ϱ0), which is the
natural information-geometric metric in the space of probability distributions [154].
Solving the resulting constrained optimisation problem and fixing a constant
learning rate leads to the update rule

ϱt+1 = ϱt + ε F ↑1(ϱt)‘→ωJ(ϱt) . (3.16)

Note that NPG can be combined with BLPG by replacing ‘→ωJ with ‘→ωJ
BL

in the
above equation.

Adaptive stepsize

Another common issue with stochastic gradient methods is the choice of the learning
rate scheduling εt. If εt is too large, the updates may overshoot the optimum and
lead to divergence, while if it is too small, convergence may be very slow. To address
this problem, various adaptive learning rate methods have been developed [155].
A relatively simple approach is that of chosing the learning rate at each step so
that the considered metric (either Euclidean or Fisher) between the old and new
parameters is kept below a certain threshold ⇁ > 0 [18, 153]. For a generic metric
defined by a positive definite matrix G (ϱt), this leads to the update rule

ϱt+1 = ϱt +
!

⇁

‘→ωJ(ϱt)T G↑1(ϱt)‘→ωJ(ϱt)
G↑1(ϱt)‘→ωJ(ϱt) . (3.17)

For VPG, G is simply the identity matrix, while for NPG it is the Fisher information
matrix F . We call these versions of VPG and NPG with adaptive learning rate
adaptive policy gradient (APG) and adaptive natural policy gradient (ANPG),
respectively.

3.2 Application to glass-forming mixtures
The original motivation for extending PGMC to general state spaces was to apply
it to glass-forming mixtures, where the state space combines continuous (particle
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positions) and discrete (species) degrees of freedom. As discussed in Chapter 2,
most conventional simulation methods struggle to e!ciently sample these systems
at low temperatures. While modern implementations of adaptive MCMC methods
and other related machine learning methods [29, 156] have shown very good results
for di"erent physical systems, even in the proximity of phase transitions [157], it is
now acknowledged that glassy systems remain a major challenge that provides a
hard benchmark for enhanced sampling techniques [38, 158]. In the following, we
will focus on the simple models of glass-forming liquids described in Section 2.2.3,
in which particles interact through a pairwise potential and a suitable mismatch
between particle sizes frustrates the nucleation of the stable crystalline phase.
We mostly focus on systems for which the swap move (see Section 2.4.2) does
not provide any speedup due to the large size di"erence between species, which
dramatically reduces the acceptance rate. As described in the previous sections, the
PGMC method is very general and allows us to optimise virtually any parametrised
move. The challenge lies in designing suitable rewards and policies for e!cient
sampling of configuration space. Below, we present the results obtained from simple
moves based on single-particle displacements and particle swaps, whose number of
parameters remains small (in the range 1–6).

3.2.1 Simulation details
We consider three-dimensional systems composed of N = 216 particles in a cubic
box with periodic boundary conditions at constant temperature T in the canonical
(NV T ) ensemble. As discussed in Section 2.2, we specify the state of the system
as x = (s, r), where s ↗ SN are the particle species and r ↗ MN

L their positions
embedded in the d-dimensional manifold ML specified by the simulation box. We
focus on three discrete mixture models based on the interaction models described in
Section 2.2.3: two di"erent binary mixtures [105, 115] composed of NA particles of
type A and NB particles of type B, as well as a ternary mixture [159] that includes
NC particles of type C. All these glass-forming mixtures are also fairly robust
against crystallization, at least in the temperature range accessible to conventional
simulations. In each of the three models, we truncate and shift the potential at a
cuto" distance rc

ϖ↽ = 2.5ωϖ↽, with ϑ, β ↗ {A, B, C}.
The soft sphere model [115] is a 50:50 mixture with NA = NB = 108. The pair

potential is given by the inverse power law in Eq. (2.9), with ⇁ = 1.0, ωAA = 1.0,
ωAB = ωBA = 1.2, ωBB = 1.4, and exponent n = 12. The number density is fixed to
ρ = 0.5342. We found that the onset of glassy dynamics occurs around T ∝ 0.25
for this model. Note that the size ratio of this mixture is larger than the one used
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in earlier simulation studies employing the swap MC method [139, 140].
We then considered the binary Kob–Andersen mixture [105] composed of NA =

173 and NB = 43 particles at density ρ = 1.2. The interaction is given by the
Lennard-Jones potential in Eq. (2.10) with parameters ⇁AA = 1.0, ⇁AB = ⇁BA = 1.5,
⇁BB = 0.5, ωAA = 1.0, ωAB = ωBA = 0.8, and ωBB = 0.88. The onset of glassy
dynamics occurs around T ∝ 1.0 [13].

Finally, we also study a variant of the Kob–Andersen mixture [159] characterized
by three chemical species with NA = 144, and NB = NC = 36 at density ρ = 1.2.
The interaction parameters of the additional C species interpolate between those
of the A and B species of the original Kob–Andersen mixture. Namely, particles
interact again with the Lennard-Jones potential in Eq. (2.10), where the interaction
parameters for particles A and B are the same as in the original Kob–Andersen
model, while ⇁AC = ⇁CA = 1.25, ⇁BC = ⇁CB = 1.0, ⇁CC = 0.75, ωAC = ωCA = 0.9,
ωBC = ωCB = 0.84 and ωCC = 0.94. Thanks to this modification, the model can
be simulated e!ciently using the swap MC algorithm even below the so-called
mode-coupling crossover temperature, which is around 0.34 [159]. However, swap
MC simulations struggle to equilibrate the system below T ∝ 0.3.

We perform simulations that combine several moves in the same run, such as the
displacement of a single particle and the swap of two particles of di"erent species.
Each move is independently associated with a reward r and a policy Qω, which
corresponds to a specific parameterization of the proposal distribution. We also
assign to each move a weight, which quantifies the probability of performing that
type of move at each MC step. For the sake of simplicity, we fix these weights at
the beginning of the simulation, and we optimise each policy independently. In
a single MH step, once a type of move has been chosen, a transition x ↑ x→ is
proposed according to the policy Qω, and it is accepted with probability ϑω.

We perform a PGMC optimisation step for each move at every MH sweep
(corresponding to N MH steps), which defines our time unit. In order to estimate
→ωJ at each optimisation step, we employ the sampling strategy presented in
Section 3.1.3. For this application, instead of running multiple chains in parallels
or accumulating samples over time, we start from configuration xt and we draw
M samples from Kω (xt, ·) by performing M independent MH sweeps. Although
this approach is less e!cient than running multiple chains in parallel because the
samples are discarded in the end, it is straightforward to implement. Then, for
each of these M samples {xm}, we draw M → samples {xn} from Qωt (xm, ·). This
process yields a total of MM → samples for estimating →ωJ . The choice of M and
M → depends on the temperature and on the specific optimisation algorithm used to
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update the parameters. In practice, we tuned the values of M , M →, and the learning
rate ε so that the parameters converged in roughly the same amount of time as a
standard MC simulation for data production. Typically M, M → ↗ [5, 15] for VPG
and M, M → ↗ [20, 50] for NPG. Once convergence is achieved, we perform standard
MC simulations to compute the relevant structural and dynamical quantities,
performing standard consistency checks; see Section 3.2.4. The code used for these
simulations was as an early prototype of the Arianna.jl and ParticlesMC.jl

packages described in Appendix E. Analysis of the simulation data was carried
out with atooms-postprocessing available at https://framagit.org/atooms/

postprocessing. The data supporting this study are available on Zenodo at
https://zenodo.org/records/11396665.

3.2.2 Designing moves
In order to apply PGMC to glass-forming mixtures, we need to define suitable
moves, policies and rewards. In practice, as in the standard MH algorithm, this
amounts to defining how to sample the proposal distribution Qω starting from the
current state, and how to evaluate its density qω with respect to a reference measure
that can be used to compute the acceptance probability ϑω and the score function sω.
The only additional ingredient required by PGMC is the reward function r(x, x→),
which quantifies the quality of each proposed move.

Gaussian displacements

To illustrate PGMC for glass-forming mixtures in the simplest possible case, consider
the displacement of a single particle i as described in Section 2.4.2. Because of
assumption i. in Theorem 3.1.1, which requires local absolute continuity of the
proposal distributions, we consider the Gaussian proposal defined in Eq. (2.28),
which displaces particle i from its current position ⇀ri to a new position ⇀r→

i according
to a normal distribution with variance ω2. To optimise this move, we consider
the family of policies {Q↼} defined by Eq. (2.28), where the standard deviation
ω > 0 is the parameter to be optimised. Since the proposal kernel Q↼ updates only
the position of a single particle i, it does not have a density with respect to the
Lebesgue measure on the full configuration space X. However, since Q↼ is a sum of
N mutually singular measures (one for each particle), we can define a density qi

↼

on the marginal distribution of the position of particle i as

qi
↼ (⇀r →

i |x) = 1
N (2◁ω2)3/2 exp

Ç
↘dML (⇀r →

i ,⇀ri)2

2ω2

å
. (3.18)
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In practice, this corresponds exactly to the standard way in which single-particle
displacements are proposed in MCMC simulations of particle systems, even if the
underlying measure-theoretic structure is not usually made explicit [110].

We set the reward to

r (x, x→) =
∑

i

dML (⇀r →
i ,⇀ri)2 , (3.19)

so that small displacements (which are always accepted but ine!cient) are dis-
couraged. This is equivalent to minimising the lag-one autocorrelation among
configurations [61, 63]. Figure 3.2 illustrates how the algorithm converges to the
optimal value of ω for the soft sphere mixture. In particular, panel (a) shows
the evolution of ω during optimisations at di"erent temperatures, ranging from
the normal liquid (T = 5) to the moderately glassy regime (T = 0.2). The con-
verged value ωε corresponds to a maximum of the expected reward J ; see panel
(b). We note, however, that minimising short-time correlations does not ensure a
faster exploration of configuration space at long times. To quantify the latter, we
compute instead the mean square displacement $2 defined in Eq. (2.24), and the
corresponding di"usion coe!cient

D := lim
t≃⇐

$2(t)
6t

. (3.20)

As a reference, we obtained D from several independent MC simulations using
fixed values of ω. In Fig. 3.2(c), we see that the maximum of the expected reward
is indeed very close to the maximum of the di"usion coe!cient D(ω). This shows,
quite strikingly, that optimising the e!ciency of the individual MH step also
maximises the long time di"usion, possibly thanks to a coupling between short and
long-time dynamics.

Biased displacements

Displacement moves can be improved by encoding information on the local envi-
ronment around a particle directly into the policy. This is a generalization of the
so-called biased moves, well-known in standard MC methods [110]. As a natural
extension of Eq. (3.18), we thus consider the following biased displacement: the
proposed position ⇀r →

i is drawn from a Gaussian distribution whose mean includes a
bias term aligned with the local force ⇀fi(x) acting on particle i,

qi
↼,⇀ (⇀r →

i |x) = 1
N (2◁ω2)3/2 exp

Ñ
↘

dML

Ä
⇀r →

i ,⇀ri ↘ 0ω2 ⇀fi(x)/T
ä2

2ω2

é
. (3.21)

65



Policy-guided Monte Carlo on general state spaces

𝜎0.05 0.10 0.15 0.20

t 100102104 (a)

J 0.0010.0030.005 (b)
D 10−610−510−4 (c)

T = 0.20.250.5
Figure 3.2: Parameter optimisation for Gaussian displacements. (a) Time evolution of
ω during a PGMC simulation for three selected temperatures. (b) Expected reward J as
a function of ω obtained from standard MC simulations. (c) Di!usion coe"cient D as a
function of ω obtained from standard MC simulations. The dashed lines in panels (b)
and (c) indicate the optimal parameters identified by PGMC in panel (a). Adapted from
Ref. [42].

This is a reformulation in the PGMC framework of the “smart Monte Carlo”
algorithm proposed by Rossky et al. [160], the only di"erence being the inclusion
of the parameter 0 to adjust the amount of bias. Such a policy incorporates more
detailed information about the current state x of the system and leads to better
performance compared to simple displacements. This is illustrated in the top panels
of Fig. 3.3, for both the soft sphere and Kob–Andersen models for temperatures
below the onset of glassy dynamics. The expected rewards of biased displacements
are about a factor 2 larger than those of simple displacements, irrespective of
temperature.

Biased swaps

Despite their remarkable e"ectiveness in equilibrating polydisperse systems [140],
swap moves are inadequate for most binary mixtures. As already mentioned, the
crux is that binary mixtures with a size ratio close to unity can be simulated
e!ciently with swap moves [139], but also have a strong tendency to crystallise
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Normal SwapBiased SwapSoft Swap
Figure 3.3: Reward comparison. Average rewards J as a function of 1/T for displacement
moves (panels (a) and (b)) and swap moves (panels (c) and (d)). Left and right panels
display results for the soft sphere and Kob-Andersen models, respectively. Adapted from
Ref. [42].

around the mode-coupling crossover temperature. By contrast, mixtures with a
larger size ratio or non-additive interactions, such as the ones used in this work,
are more robust against crystallisation, but the energy cost of enlarging the smaller
particle dramatically suppresses the acceptance of swap moves; see Section 3.2.4.
In the standard implementation of the swap move, the particle pairs are uniformly
sampled from all the possible NANB/2 pairs; see Eq. (2.29).

One possible strategy to improve the method is to incorporate information
about the local structure into the pair selection, identifying those pairs whose swap
is more likely to be accepted. A sketch of such a biased swap move is shown in
Fig. 3.4(a). As a simple test of this idea, we check whether the local energy can
be used to identify the most favorable pairs to swap. Figure 3.5 shows a scatter
plot of pairs of local potential energies (ui(x), uj(x)), with particles i and j of
species A and B, respectively. For each model, we consider equilibrium samples
from MC simulations close to the respective onset temperature. We colour-code
each pair according to the acceptance of the swap in the absence of bias, i.e.,
log ϑ = min {0, ↘ (U (x→) ↘ U (x)) /T}. In the soft sphere mixture, we observe a
systematic increase in acceptance as eA decreases: pairs with low local energy of the
small particle have a higher probability of being swapped. In the Kob–Andersen
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mixture, the typical acceptance is lower by several orders of magnitude, and,
crucially, it is not easy to identify the pairs with a larger log ϑ just by looking at
their potential energies: the pairs with the highest probability of being swapped do
not clearly lie at the boundaries of the energy distribution. These results indicate
that introducing a simple bias on the local energy could make a more e"ective
swap move for the soft sphere, much less so for the Kob–Andersen mixture.

(a) (b)

Figure 3.4: Sketches of (a) biased and (b) soft swap moves. In panel (a), the colour
code indicates the probability of selecting the particle, with darker blue indicating higher
probability; the arrow connects the particles whose swap is attempted. In panel (b), we
show the additional biased displacements, indicated by the arrows, attempted after the
swap. Reprinted from Ref. [42].

The PGMC method provides a natural framework for designing a move that
exploits this information. We thus introduce a biased swap, in which particles i ↗ A
and j ↗ B are chosen from a categorical distribution with a bias linked to their
respective local energies. Given the sensitivity of the acceptance to local energy, a
natural parametrisation for the proposal density of such a move restricted to the
marginal distribution of species for particles i and j is

qij
ωA,ωB (si, sj|x) = exp (ϱAui(x))

∑
k↘A exp (ϱAuk(x))

exp (ϱBuj(x))
∑

k↘B exp (ϱBuk(x)) . (3.22)

The two parameters ϱA and ϱB control the sign and strength of the bias. To promote
those swaps that are more likely to be accepted, we maximise the acceptance of the
move and set the reward to r (x, x→) = 1 ↘ ϖ (x ↘ x→). Note that the computational
complexity of the move is O (N) unless the swap is restricted to a finite subset of
(possibly neighboring) pairs. This is due to the fact that sampling a categorical
distribution with Nc categories takes O (log Nc) with binary search, but evaluating
the normalisation factor in Eq. (3.21) requires O (Nc) operations. In principle,

68



3.2 – Application to glass-forming mixtures

this additional overhead could be mitigated by implementing a cache to store the
normalisation factor. However, with each policy update, such a cache would have
to be completely recalculated.

uA

2 4 6

u B 468
Soft Spheres(a)

uA

−15 −10 −5−12−9−6 Kob-Andersen(b)

t
100 101 102 103

𝜃(t) −20−100 (c)
t

100 101 102 1030.00.51.01.52.0 (d)

log𝛼−200−150−100−50

𝜃A𝜃B

Figure 3.5: Biased swaps. Upper panels: scatter plot of the local energies (eA, eB) of
pairs of particles before a normal swap from representative configurations at T = 0.3 and
T = 0.8 in (a) the soft sphere and (b) Kob-Andersen models, respectively. The points are
colour-coded by the acceptance log ϖ of the attempted normal swap. In the soft sphere
mixture, we observe a systematic increase in acceptance as eA decreases: pairs with low
local energy of the small particle have a higher probability of being swapped. In the
Kob–Andersen mixture, the typical acceptance is lower by several orders of magnitude,
and, crucially, it is not easy to identify the pairs with a larger log ϖ just by looking at their
potential energies: the pairs with the highest probability of being swapped do not clearly
lie at the boundaries of the energy distribution. These results indicate that introducing
a simple bias on the local energy could make a more e!ective swap move for the soft
sphere, much less so for the Kob–Andersen mixture. Lower panels: time evolution of ϑA
and ϑB during a PGMC simulation for (c) soft sphere and (d) Kob-Andersen models.
Adapted from Ref. [42].

The results for the optimisation of the parameters ϱA and ϱB are shown in
Figs. 3.5(c) and 3.5(d). At least for the soft sphere model, the values of optimal
parameters confirm our physical intuition: the gradient of log ϑ in Fig. 3.5(a)
indicates that it is favorable to swap pairs in which the A-particle has low energy,
and indeed we find ϱA < 0 and |ϱA| > |ϱB|. Note that it would be ine!cient for
the algorithm to just make ϱA as small as possible; the optimal value results from
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the balance between the weights of the forward and inverse moves within Eq. 1.19.
The optimised parameters for the Kob–Andersen mixture are instead both positive,
which probably reflects the di!culty of finding an e"ective bias for this model. As
we shall see below, in fact, biased swap moves are ine!cient for this model; see
Section 3.2.4. More sophisticated approaches may be required to enhance swap
moves in the Kob–Andersen mixture.

Soft swaps

The primary source of energy cost in a swap move is due to the enlargement of the
smaller particle; see Section 3.2.4. A potential strategy to mitigate this issue is to
lower the local energy of such a particle, thereby reducing the energy di"erence
between the two states. We thus introduce a composite MC move, where the
two swapped particles undergo a biased displacement right after the swap. These
displacements occur prior to the acceptance evaluation and potentially allow the
system to tunnel between energy barriers. To sample such a composite move,
particles i ↗ A and j ↗ B are again chosen from a categorical distribution, as in
the biased swap move. Then, the two particles are independently shifted to new
positions ⇀r →

i and ⇀r →
j as in the biased displacement move. A sketch of the additional

step involved in such a soft swap move is shown in Fig. 3.4(b). The expected
rewards J obtained for soft swaps are shown in Fig. 3.3(d). Compared to biased
swaps, soft swaps provide no improvement for the Kob–Andersen mixture. We
observe instead a marginal increase in J for the soft sphere mixture with respect
to biased swaps. Such a di"erence may be deemed negligible when simulating
glassy liquids, where large speed-ups are needed in order to achieve equilibrium at
low temperatures. Nevertheless, this result shows that the PGMC framework can
be used to implement complex moves in a constructive way, building on physical
intuition as well.

3.2.3 Performance assessment
To compare the performance of the policies described in the previous sections, we
consider standard time-dependent correlation functions used to quantify structural
relaxation in glass-forming liquids [161] (see Section 2.3.2). In particular, we
compute the self-intermediate scattering function Fs(qε, t) defined in Eq. (2.25) at
a wavevector qε corresponding to the first peak of the static structure factor S(q)
defined in Eq (2.16). From Fs(q, t), we extract the structural relaxation time ↽ϖ as
Fs(qε, ↽ϖ) = 1/e.
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3.2 – Application to glass-forming mixtures

In Fig. 3.6, we present Fs(q, t) obtained from MH simulations of the soft sphere
and Kob–Andersen mixture using simple displacements, simple displacements
combined with swaps, and simple displacements combined with biased swaps.
When combining displacements and swap moves, we set the probability of selecting
a swap among the possible moves to pswap = 0.1. Each simulation is performed
using the optimal parameters obtained in a preliminary PGMC simulation. From
the figure, we recognise the typical features of glassy dynamics: below the onset
temperature To, the correlation functions develop a plateau due to the cage e"ect
of the neighboring particles. The results for the soft sphere mixture illustrate well
the e"ectiveness of the PGMC framework. At the lowest temperature, T = 0.155,
neither simple displacements nor normal swaps can equilibrate this model. This
can be appreciated by the fact that the plateau in Fs (qε, t) stretches beyond the
observation time scale of our simulations. However, simulations with soft swaps
(and biased swaps, not shown) allow the correlation function to relax below 1/e
even at this temperature.
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0.5
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Figure 3.6: Glassy dynamics. Comparison of self intermediate scattering functions
Fs(qε, t) for selected temperatures in the soft sphere (top panels) and Kob-Andersen
models (bottom panels). Adapted from Ref. [42].

Biased and soft swaps are, by contrast, of little use for the Kob–Andersen
mixture. As shown in the bottom panels of Fig. 3.6, the decay of Fs(qε, t) occurs
on similar time scales irrespective of the simulation method. In the Kob–Andersen
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mixture, in fact, swap moves have negligible acceptance probabilities, and neither
biased nor soft swaps can promote their acceptance. For this mixture, a small
performance improvement can be achieved by introducing biased displacements;
see below.

To provide a more quantitative evaluation of the performance, we show in Fig. 3.7
the temperature dependence of the structural relaxation times ↽ϖ for all the policies.
For the soft sphere model, the performance of biased and soft swaps is nearly
identical. Below the onset temperature To, these improved swap moves provide
a substantial reduction in structural relaxation times compared to displacement
moves and normal swaps. At the temperatures at which all these methods can
achieve equilibrium, we estimate the speed-up of biased and soft swaps to be
about two orders of magnitude. To estimate the speed-up at lower temperatures,
we extrapolate the ↽ϖ obtained from displacements and normal swaps using the
parabolic law [162]

↽ϖ(T ) = ↽0 exp
ñ
J2
Å 1

T
↘ 1

To

ã2ô
, (3.23)

fitted in the range of temperatures below the onset temperature. At the lowest
temperature at which biased and soft swaps can fully equilibrate the system, i.e.,
T = 0.16, we estimate that the speed-up is still about 2 orders of magnitude. While
this result is less spectacular than the one achieved by normal swaps in polydis-
perse particle models close to the laboratory glass transition temperature [140,
163] it is nonetheless a significant achievement. These configurations could be
used, for instance, as starting points to study the equilibrium dynamics of this
mixture below the mode-coupling crossover temperature [164]. The results for the
Kob–Andersen mixture in panel (b) show instead that none of the swap moves brings
any performance improvement over simple displacements. For this model, biased
displacements nonetheless provide a speed-up of about a factor of 2, irrespective of
temperature.

The physical interpretation of the above results is that biased swaps are e"ective
in mixtures for which the acceptance of normal swaps is non-negligible, at least
close to the onset temperature. In such systems, swap MC will eventually become
ine!cient upon cooling [140], as the standard Metropolis acceptance rate drops with
decreasing temperature. Introducing an energy bias raises acceptance and shifts
the numerical glass transition to a lower temperature. To illustrate these ideas and
corroborate our results, we consider a ternary variant of the Kob–Andersen mixture,
which has been equilibrated successfully using normal swap MC even below the
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Figure 3.7: Assessing Performance. Structural relaxation time εϖ for all policies in (a)
soft sphere and (b) Kob-Andersen models. The dashed line in panel (a) indicates a fit to
Eq. (3.23). In panel (a), the symbols for simple and biased displacements lie almost on
top of each other, as do those for biased and soft swaps. In panel (b), the symbols for all
moves except bias displacements lie almost on top of each other. Adapted from Ref. [42].

mode-coupling crossover temperature. We simulate the model around the lowest
temperature at which normal swap MC achieves equilibration, T = 0.28. In Fig. 3.8,
we show Fs(qε, t) obtained for this model with all the available policies. We see
that biased swaps reduce the relaxation times by almost an order of magnitude
around this temperature. Biased swaps are thus a potential candidate to push
simulations of this model close to experimental time scales.

Finally, to take into account the di"erent computational costs of the policies, we
also evaluated the typical wall time necessary to carry out a single move. Although
the timing depends, in general, on implementation details and hardware, the ratios
between wall times of di"erent moves are fairly robust and can be estimated from the
number of single-particle energy evaluations. We found that the overhead required
by complex policies does not severely impact the performance of our PGMC code:
biased displacements take about 1.15 times as long as simple displacements, while
biased swaps take ∝1.4 times as long as normal swaps. Soft swaps are more costly
as they take about twice as long as biased swaps. Focusing on the soft sphere
model at T = 0.16, we found that biased (soft) swaps achieve an e"ective speed-up
in the range of 90–100 (60–70), compared to normal swaps.
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Figure 3.8: Ternary Kob-Andersen. Self intermediate scattering functions Fs(qε, t)
obtained from MH simulations for all policies in the ternary variant of the Kob-Andersen
mixture at (a) T = 0.3 and (b) T = 0.28. The horizontal dashed line is drawn at 1/e.
In both panels, the lines for simple and biased displacements lie almost on top of each
other, as do those for biased and soft swaps. Adapted from Ref. [42].

3.2.4 Additional results

We conclude this section by presenting some additional results that further illustrate
the properties of the PGMC method when applied to glass-forming mixtures.
Specifically, we compare the performances of some of the optimisation algorithms
described in Section 3.1.5, and we present various consistency checks to validate
our implementation. Finally, to better understand the di"erence in performance of
swap moves in the two models, we carry out a mean field analysis of their energy
cost.

Comparison of optimisation algorithms

We compare the VPG, NPG and ANPG optimisation methods described in Sec-
tion 3.1.5 for the soft sphere model in the normal liquid regime (T = 5) and
slightly below the onset temperature (T = 0.225) in Fig. 3.9. Since ANPG requires
tuning a di"erent parameter ⇁ compared to the learning rate ε of the other two
methods, we adjusted ⇁ so that ANPG and NPG had similar parameter variance
once convergence was achieved at T = 0.5. For VPG and NPG, we set ε = 0.1,
while for ANPG, we used ⇁ = 10↑4. It is clear that ANPG leads to significantly
faster convergence at low temperatures compared to VPG and NPG. Nevertheless,
we point out that estimating F (ϱ) requires a higher number of samples compared
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to that needed for estimating →ωJ(ϱ). We used M, M → ↗ [5, 15] for VPG and
M, M → ↗ [20, 50] for NPG and APG.

𝜃 A(t) −8−6−4−20 T = 0.5
(a) −30−20−100 T = 0.225

(b)

t
100 101 102 103

𝜃 B(t) 0.00.51.01.5 (c)
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4 (d)

10010110210310−610−2102

10010110210310−610−3100

VPGNPGANPG

Figure 3.9: Optimisation methods. Overview of VPG (green), NPG (red), and ANPG
(violet) at high temperature (left panels) and around the onset temperature (right panels)
for the soft sphere model using biased swaps. Panels (a) and (b) show the time evolution
of the parameter ϑA, while panels (c) and (d) the one of ϑB. The insets in panels (b)
and (d) display the absolute value of the two parameters in log-log scale. Adapted from
Ref. [42].

Consistency checks

As a consistency check, we verify that detailed balance is preserved in our MC
simulations by comparing in Fig. 3.10 the potential energy distributions for all
the policies. Any discrepancies in these distributions would suggest an incorrect
implementation of certain moves. All the policies yield overlapping energy distri-
bution histograms in both models, indicating that each move samples the correct
distribution.

Finally, we also made sure that the systems did not crystallise or phase separate
at low temperatures by inspecting the relevant structure factors. In particular,
we compute the total structure factor S(q) in Eq. (2.16) and the average concen-
tration–concentration structure factoe SCC(q) in Eq. (2.20) for trajectories. In
Fig. 3.11, we show representative results for the soft sphere model at the lowest
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Figure 3.10: Potential energy distributions. (a) Soft sphere model at T = 0.25. (b)
Kob-Andersen model at T = 0.8. Adapted from Ref. [42].

temperature, T = 0.155: there are no signs of crystallisation or phase separation in
the shape of SCC(q) and S(q).
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Figure 3.11: Structure factors. (a) Concentration-concentration structure factor SCC(q)
and (b) total structure factor S(q) at T = 0.155 in the soft sphere model for Biased
Swaps and Soft Swaps. Adapted from Ref. [42].

Energy cost of swap moves

To better understand the di"erence of swap acceptance rates between the soft
spheres and Kob-Andersen models, we carry out a spatially resolved analysis of the
energy cost associated with a swap move. We consider the swap between a particle
of species A and a particle of species B. To simplify the analysis, we consider only
the average energy change due to such a swap. Before the swap, the corresponding
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average single-particle energies of the two particles are uA and uB, respectively,
with

uϖ =
∑

↽

4◁ρxϖx↽

∫ ⇐

0
r2gϖ↽(r)uϖ↽(r) dr , (3.24)

where gϖ↽(r) are the partial pair correlation function for particles of species ϑ and
β defined in Eq. (2.13).

The corresponding average single-particle energies after the swap are denoted
by u→

A and u→
B, and the average energy di"erence due to the swap is $uϖ = u→

ϖ ↘ uϖ,
with ϑ = A, B. Since the particle positions remain the same when attempting the
swap, we can write the average energy change for the particle of species ϑ as

$uϖ =
∑

↽

4◁ρ
∫ ⇐

0
xϖx↽gϖ↽(r)

(
uϖ→↽(r) ↘ uϖ→ϖ(r)

)
dr , (3.25)

where ϑ, ϑ→ are the species before and after the swap, respectively. The total
average energy cost due to a swap is then as $u = $uA + $uB.

To get some insight into the contributions to $u, we inspect the integrands
ϖuϖ (r) in Eq. (3.25) as a function of r using the actual gϖ↽(r) obtained from
equilibrium configurations. In Fig. 3.12 we plot the two terms ϖuA and ϖuB,
normalised by the temperature, for our two benchmark models close to the onset
temperature. From the di"erent sign of the integrands, we recognise that, as
expected, what hinders particle swaps is the energy cost of expanding the small
particle (A for soft spheres, B for the Kob-Andersen model). In the soft sphere
model, the energy change due to shrinking a particle is always negative and has
largest contributions from particles at a distance of about 1.4, which corresponds
to the most favorable distance between A and B species. By contrast, the energy
change of the A-particles in the Kob-Andersen mixture has both positive and
negative contributions, and the latter are negligible compared to large energy cost
of ϖuB. The di"erence in acceptance rates between the two models likely reflect the
discrepancies seen in Fig. 3.12. Our analysis also suggests that it may be possible
to build a more e!cient biased swap by targeting those small particles whose local
environments have an excess of large particles in correspondence to the minima
of ϖuϖ, i.e., r ∝ 1.4 for the soft sphere model and r ∝ 1 for the Kob-Andersen
mixture. However, we expect the improvement to be negligible in this latter model,
due to the overall much lower acceptance rates.
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Figure 3.12: Energy cost of swap moves. Integrands ϱuϖ(r) of Eq. (3.25) divided by T
for (a) the soft sphere model at T = 0.3 and (b) the Kob-Andersen model at T = 0.8.
Adapted from Ref. [42].

3.3 Discussion and perspectives
In this chapter, we have formally extended the PGMC method [41] to deal with
a general state space, comprising, for instance, both continuous and discrete
degrees of freedom. By recasting the adaptive MH as a reinforcement learning
problem and working directly with the measure-theoretic formulation of MH, PGMC
provides a general and flexible framework for constructing parametrised moves.
The generalisation of the policy-gradient theorem [64] in Theorem 3.1.1, together
with the explicit gradient estimators derived from it, establishes a solid theoretical
foundation for the method.

Compared to the original formulation of PGMC [41], our generalisation allows
one to design moves acting on both continuous and discrete variables, and it
corrects ambiguities in the treatment of the MH kernel that become problematic
when r(x, x) /= 0. The original work by Bojesen also introduced the notion of
“chain policies”, where multiple moves are combined into a single one. However,
determining the proposal density for these composite moves is not trivial due to
the many pathways through which the system could transition between two states
when multiple random moves are combined. This issue can, at least in principle, be
resolved by imposing path-wise detailed balance [165, 166], but it remains unclear
how to construct chain policies that simultaneously modify di"erent degrees of
freedom—e.g positions and spins—in a consistent way. For this reason, while the
original PGMC algorithm relied on short trajectories to estimate gradients, our
version of PGMC employs single transitions x ↑ x→. Note that collective moves
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remain possible in our approach, but only when the transition probability between
consecutive states can be written explicitly, independently of the specific path.

Adaptive MCMC methods generally fall into two categories. On the one hand,
classical methods focus on optimising a handful of parameters of simple, general-
purpose proposal distributions such as Gaussian random walks [24]. On the other
hand, modern machine learning approaches based on generative models aim at
generating entirely new configurations from scratch using deep neural networks
trained to approximate the target distribution [29]. PGMC lies in between these
two paradigms. While compatible with both viewpoints, it is particularly well
suited for optimising user-designed moves built on physical intuition that would be
di!cult to tune by hand. The e!ciency of this approach depends on the ability
to desing ad hoc parametric moves whose performance can be improved through
optimisation.

Our applications to glass-forming mixtures illustrate both the potential and the
limitations of this approach. We have shown that a simple set of biased moves
based on elementary particle swaps increase the sampling e!ciency by two orders of
magnitude in a mixture of additive soft spheres, for which simple displacement and
swap moves become soon inadequate when lowering the temperature. By contrast,
the same moves achieved essentially no speed-up in the well-studied Kob–Andersen
mixture. In this model, we found a ⇔2 speed-up with biased displacements, which
is, however, insu!cient in the context of glass transition studies [3].

Many variants of the biased moves used here can be adapted to other glass-
forming mixtures. For instance, one could design a biased swap move for poly-
disperse systems that discourages swaps when the particle radii are too close. In
systems where local energies are not relevant, such as hard spheres, alternative local
descriptors could be used [132]. In principle, one could consider complex parameter-
isations relating the moves’ parameters to the local structure, e.g., through neural
networks that learn a better local descriptor. Nevertheless, we believe it is unlikely
that these more complex parameterisations could significantly speed up simulations:
when moves are fundamentally local, performance is largerly determined by the
their design.

Extensions to other types of moves are also natural. PGMC can be used
to optimise “flips” in molecular liquids [145], bond-switching moves in network
glasses [167], or any proposal for which a tractable density can be written down.
The modularity of the framework also makes it suitable for problems beyond glassy
liquids. Potential applications include lattice models, Bayesian inference on high-
dimensional spaces, and simulations involving dimensional-changing kernels. The
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implementation provided through Arianna.jl o"ers a flexible platform to explore
these possibilities in full generality, bridging conventional MCMC methods and
modern di"erentiable programming.

Of course, these ideas can be pushed in more ambitious directions. The PGMC
framework allows to design composite moves that combine multiple elementary
updates, such as the soft swap described in this chapter. A promising direction
involves implementing more complex collective moves in which multiple degrees of
freedom are updated simultaneously [136, 168, 169]. PGMC could provide a tool
to build such collective moves autonomously using more flexible policies with a
large number of parameters. Generative models already provide powerful building
blocks for such proposals [29, 68, 69, 156]. Auto-regressive networks or normalising
flows, in particular, could provide arbitrarily complex policies that can be directly
sampled. The PGMC reward naturally guides their training toward conditional
updates on selected variables, which can be especially beneficial for acceptance
rates. Implementing these ideas in the PGMC framework represents an interesting
extension to be explored in future work.
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Chapter 4

Equivariant Riemannian
Stochastic Interpolants

“I believe this project is somehow
cursed.”

Equivariant Riemannian Stochastic Interpolants (eRSI) are flow-based generative
models specifically designed to sample multicomponent particle systems with
periodic boundary conditions (PBCs). This approach is in some sense orthogonal to
the one presented in Chapter 3, where we improved a MCMC algorithm that, in the
infinite-time limit, samples the exact Boltzmann distribution. Generative models,
by contrast, sample approximately the target distribution. For this approximation
to be useful in statistical physics, the models must provide exact likelihoods for the
generated configurations, so that unbiased estimators of thermodynamic observables
can be obtained through importance sampling or by using the generative model
as a proposal mechanism in MCMC algorithms [29, 69]. Instead of relying on a
dynamical process to reach equilibrium, these methods learn a direct transformation
from a simple reference measure to an approximation of the equilibrium distribution.
In doing so, they produce independent samples, which is particularly relevant for
systems with slow dynamics where MCMC samples are highly correlated.

Generative models have recently shown great promise in the context of molecu-
lar simulations [29, 68, 156], ranging from biomolecules [170–172] to crystals [37,
173–175]. Much less work, however, has targeted glassy systems. Continuous nor-
malising flows (CNFs) trained with maximum likelihood can in principle model the
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equilibrium distribution exactly, but their training cost grows rapidly with system
size [158]. Di"usion-based models, by contrast, e!ciently generate visually realistic
amorphous configurations but lack tractable likelihoods [176]. As a consequence,
they cannot be used to compute unbiased thermodynamic observables.

The eRSI framework combines the scalability of Riemannian flow matching [43,
81] with the symmetry-preserving properties of equivariant flows [35, 36, 44].
Combining these ideas so that they can be applied to particle systems is not
straightforward and requires some care. First, under PBCs, the configuration
space has a toroidal structure (see Section 2.2.1), so we must design interpolation
paths and velocity fields that respect these geometric constraints. Second, since
the Boltzmann distribution in Eq. (2.5) has characteristic symmetries, we must
ensure that the generative model shares these symmetries to avoid ine!ciencies in
learning unphysical distributions (see Section 1.3.4). By doing so, we provide an
original theoretical contribution: unlike prior works applying very similar methods
to crystalline systems [37, 174], we formally state and prove the conditions on
the interpolation path that guarantee equivariance of the optimal velocity field
and invariance of the optimal density at all times. Third, the parametric velocity
field used to approximate the optimal one must be designed to satisfy the required
equivariance properties while remaining expressive and e!ciently learnable. We
achieve this by adapting the graph neural network of [84] so that it respects the
full set of symmetries relevant for multicomponent particle systems under PBCs.

We emphasise that a crucial feature of our method is the availability of exact
likelihoods. This requirement is often irrelevant in generative modelling for images
and text, and is sometimes overlooked in physical applications. Yet, it is essential
for computing unbiased thermodynamic observables. Notably, di"usion-based
models on the toroidal manifolds [173, 177–179] do not provide exact likelihoods.

To validate our framework, we apply it to representative amorphous systems
in two dimensions and benchmark it against symmetry- and geometry-agnostic
baselines. Our approach yields higher quality generations than these baselines,
both at the level of individual configurations and of averaged physical observables,
while also exhibiting better scalability with system size

This chapter is based on the article Riemannian Stochastic Interpolants for
Amorphous Particle Systems, written in collaboration with Louis Grenioux, Giulio
Biroli, Ludovic Berthier, and Marylou Gabrié [45].
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4.1 Theoretical framework
We begin by presenting the theoretical framework underlying eRSI. It builds
directly on stochastic interpolants (SI) (see Section 1.3.3) and equivariant flows (see
Section 1.3.4). The main di"erence is the requirement that the interpolation paths
are equivariant under the symmetries of the target distribution. The motivation
for this constraint will become clear shortly.

Recall that the idea of SI is to learn a velocity field that transports samples from
a simple reference distribution to a target distribution using observed data [31, 80].
Once learned, this velocity field defines a continuous normalising flow (CNF) that
can be used to generate new samples from an approximation of the target. The
quality of this approximation naturally depends on how accurately the velocity
field is learned.

Our goal is to use the SI framework to sample from the Boltzmann distribution in
Eq. (2.5) for multicomponent particle systems with PBCs. This requires addressing
three challenges. First, as discussed in Section 1.3.4, incorporating symmetries in
generative models of physical sysmtes is crucial to improve their e!ciency. Although
symmetries have been included in various families of normalising flows [44, 83, 84,
180, 181], even in Riemannian settings [36], their role within the SI framework (and
flow-matching approaches more broadly) has not been systematically addressed.
This is the origin of the “equivariant” aspect of eRSI. Second, the configuration
space of these systems is a non-Euclidean manifold due to the PBCs (Section 2.2.1).
Interpolation paths and velocity fields must therefore remain compatible with this
geometric structure [43, 81]. This is the “Riemannian” part of eRSI. Third, we
must design a parametric architecture that approximates the optimal velocity field
while respecting the required equivariance properties. In this section, we address
these three points in turn.

4.1.1 Symmetries in stochastic interpolants
As noted in Section 1.3.4, imposing invariances in CNFs reduces to ensuring that
the parametrised velocity field v̂ω is equivariant under the symmetries of the target
distribution. In the SI framework, however, there is an additional requirement: v̂ω

is trained to approximate the optimal velocity field vε defined by the interpolation
path (see Theorem 1.3.2). Hence, for the mean-squared loss in Eq. (1.36) to be
meaningful, the optimal velocity field itself must be equivariant at all times. This
ensures that v̂ω is regressed onto a target sharing the same symmetry. It turns
out that this property can be guaranteed by choosing an appropriate interpolation
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path.

Definition 4.1.1. An interpolation path I : [0,1] ⇔ X ⇔ X ↑ X is said to be
G-equivariant with respect to a group G if for all g ↗ G, t ↗ [0,1], and x0, x1 ↗ X
it holds that I (t, g (x0) , g (x1)) = g (I (t, x0, x1)).

Theorem 4.1.1. Let G be an isometry group of X, and let x(t) be the stochastic
interpolant defined by the interpolation path I : [0,1]⇔X⇔X ↑ X and the coupling ↼
between Q0 and Q1. If ↼ is G-invariant and I is a G-equivariant, then the optimal
velocity field vε defined in Eq. (1.35) is G-equivariant for all t ↗ [0,1].

Proof. See Appendix C.1

We emphasise that this result holds for any isometry group G. To our knowledge,
the equivariance of the optimal velocity field in SI—and, more generally, in flow-
matching frameworks—had not been discussed before. Theorem 4.1.1 thus extends
the theory of equivariant flows developed by Köhler et al. [44] and Katsman et
al. [36] to the SI framework. A direct consequence is that the marginal distribution
qt of the stochastic interpolant is G-invariant for all t ↗ [0,1] (see Proposition C.1.2).
Since the law of the optimal CNF coincides with that of the stochastic interpolant
(see Theorem 1.3.2), the density of the optimal CNF is likewise G-invariant at all
times.

In practice, to ensure that vε is equivariant, one must construct an equivariant
interpolation path and a G-invariant base distribution Q0. The target distribution
Q1 is invariant by construction, since the symmetries are precisely those we aim
to model. When using a non-trivial coupling ↼ one must likewise ensure that ↼
is invariant. Interestngly, when ↼ is chosen as the optimal transport coupling [82]
between two invariant distributions Q0 and Q1, then Ref. [35, Theorem 1] ensures
that ↼ is itself invariant.

4.1.2 Definining the interpolant
The first step in eRSI is to define a suitable stochastic interpolant between a base
distribution Q0 and a target distribution Q1 (see Definition 1.3.1). Since the goal is
to sample from the Boltzmann distribution in Eq. (2.5), we obviously set Q1 = P .
In practice, samples from P are provided by equilibrium configurations obtained
with other simulation methods (see Section 4.2). For the base distribution Q0,
we choose the uniform distribution on the configuration space X, implemented by
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drawing a random permutation of the species and sampling positions uniformly in
the simulation box. For now, we keep ↼ as a general coupling between Q0 and Q1.

The next step is to specify the interpolation path I between samples from Q0
and Q1. Since the configuration space X of amorphous systems is a Riemannian
manifold, paths must remain entirely within the simulation box. These paths
should also be as short as possible to reduce the complexity of the learning task [35,
43, 81, 82]. Following Ref. [43] and Section 1.3.3, a natural choice is the geodesic
connecting x0 and x1 on X.

Recall from Section 2.2 that X decomposes as X = SN ⇔ MN
L , i.e. a product

manifold of the species space SN and the position space MN
L . The species space is

Euclidean, so the geodesic path is the linear interpolation between s0 and s1. The
position space MN

L , instead, is the product of N flat tori of side L, where geodesics
are given by the exponential and logarithmic maps of Example A.2.2. The geodesic
interpolation path is therefore

I (t, x0, x1) =

Ñ
(1 ↘ t) s0 + ts1Å

r0 + t

ÅÅ
r1 ↘ r0 + L

2

ã
% L ↘ L

2

ãã
% L

é
, (4.1)

where %L denotes the modulo operation with respect to the box side L applied
component-wise. This path remains on X by construction and is twice di"erentiable
with respect to its arguments almost everywhere under ↼, thereby satisfying
the requirements of Definition 1.3.1. In Proposition C.3.1 we show that this
interpolation path is equivariant with respect to the symmetries of the Boltzmann
distribution, satisfying the conditions of Theorem 4.1.1. Combined with the
invariance of Q0, this implies that the optimal velocity field vε is equivariant for
all times. Proposition C.3.2 gives the explicit form of vε:

vε(t, x) = E(x0,x1)↗ϑ




s0 ↘ s1ÅÅ

r1 ↘ r0 + L

2

ã
% L ↘ L

2

ã
% L


x(t) = I(t, x0, x1)



 . (4.2)

This is the target onto which the parametrised velocity field v̂ω is regressed during
training.

Fixing the species

While the species are elements of a discrete set (with |S| = N for continuously
polydisperse systems), we can still define continuous interpolation paths in the
embedding Euclidean space. The important point is that the interpolation path
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must start and end at valid species vectors, i.e. s0, s1 ↗ SN . A simple choice
that we adopt here is to keep the species fixed along the interpolation path, i.e.
s0 = s1 = s̃. This choice is particularly convenient when combined with an optimal
transport coupling (see next paragraph), as it allows to match particles only within
the same species, thereby reducing transport distances significantly. In practice,
we order s such that particles of the same species are contiguous, and we match
particles only within each group. Since the position distribution is uniform, this
ordering does not a"ect the positional part of the base distribution Q0.

Optimal transport coupling

A simple choice of coupling ↼ is the independent coupling, where X0 ↔ Q0 and
X1 ↔ Q1 independently. However, as noted in Ref. [31, 82], a better option is to
construct an approximation of the optimal transport (OT) coupling between Q0
and Q1. Following Refs. [35, 182–184], we can obtain such approximation by solving
a linear assignment problem between samples from Q0 and samples from Q1. Given
two configurations x0 = (s̃, r0) and x1 = (s̃, r1) with identical species s̃, each is
partitioned by species, and within each group the Hungarian algorithm [185] is
applied using the nearest image distance (A.20) as cost. In practice, this procedure
finds the optimal permutation of particle indices in x1 that minimises the total
distance to the particles in x0, e"ectively mapping each initial particle to its closest
counterpart in the target configuration. This OT coupling, consistent with the
permutation invariance, shortens particle transport paths significantly. Note that
Ref. [35] also accounts for other invariances in their solution of the OT problem,
such as rotations and translations. We do not consider these here, although doing
so would be possible in principle.

4.1.3 Architecture
In order to model vε, which is GX-equivariant by Theorem 4.1.1, we need to
design a parametric velocity field v̂ω : [0,1] ⇔ X ↑ TX that is also GX-equivariant.
As commonly done in the literature of modern generative models of particle
systems [37, 84, 177] we parametrise v̂ω with an equivariant graph neural network
(GNN). The idea of GNNs is that a particle configuration can be seen as a graph
whose nodes represent particles and whose edges carry information such as relative
displacements or distances from other particles. A GNN processes this graph by
iteratively passing “messages” along edges and updating each particle’s latent state
based on information from its neighbours. GNNs can be designed to be equivariant
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to translations, rotations, and permutations of particles by carefully defining how
messages are computed and aggregated [84]. Here, we adapt the E(n)-equivariant
GNN architecture of Satorras et al. [84] to instead respect the symmetry group GX
of multicomponent particle systems with PBCs.

First, note that v̂ω can be decomposed into a species part and a positional part
as v̂ω = (v̂s

ω , v̂r
ω ). Since the species are fixed along the interpolation path, we set

v̂s
ω = 0N . For the positional part v̂r

ω , we adapt the GNN of [84] by replacing the
update of particle positions at each layer with an update that is aware of PBCs. In
practice, the network constructs K + 1 layers of a fully-connected graph connecting
all particles. At each layer k, each node has a position variable ⇀Rk

i ↗ ML and a
feature variable Hk

i ↗ R2 encoding additional information. At layer k = 0, the
position variables are initialised to the input positions, i.e. ⇀R0

i = ⇀ri, while the
feature variables are initialised to embed time and particle species, i.e H0

i = (t, si).
The GNN architecture then iterates from layer k to layer k + 1 as follows

Mk
ij = 1̂e

Ä
Hk

i , Hk
j , dML (⇀ri,⇀rj)2ä (4.3)

P k
i =

∑

j /=i

Mk
ij ▽ 1̂m

(
Mk

ij

)
(4.4)

Hk+1
i = 1̂h

(
Hk

i , P k
i

)
(4.5)

⇀Rk+1
i =

Ü

⇀Rk
i +

∑

j /=i

ÅÅ
⇀Rk

i ↘ ⇀Rk
j + L

2

ã
% L ↘ L

2

ã
% L

dML (⇀ri,⇀rj) + 1
⇀̂1d

(
Mk

ij

)

ê

% L , (4.6)

where 1̂e : R5 ↑ Rn, 1̂m : Rn ↑ Rn, 1̂h : Rn+2 ↑ R2, ⇀̂1d : Rn ↑ Rd are neural
networks, and n is the embedding dimension of the GNN. Basically, Eq. (4.6)
updates the position variables by aggregating contributions from neighbouring
particles, weighted by a function of their pairwise distance. After K layers, we set
RK

ω :=
Ä

⇀RK
1 , . . . , ⇀RK

N

ä
and define the positional part of the velocity field as

v̂r
ω (t, x) =

ÅÅ
RK

ω ↘ r + L

2

ã
% L ↘ L

2

ã
% L . (4.7)

The full velocity field is then v̂ω (t, x) = (0N , v̂r
ω (t, x)). The parameters ϱ of the

model are all the weights of the neural networks 1̂e, 1̂m, 1̂h, and ⇀̂1d.
In Proposition C.3.3, we show that this architecture is indeed GX-equivariant.

This can be visually seen in Fig. 4.1, where we show that applying a box-symmetry
transformation g ↗ GX to the input configuration results in the same transformation
applied to the output velocity field.
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Figure 4.1: Equivariance of v̂ω. Two trajectories of particle configurations generated by
the CNF defined by the velocity field v̂ω in Eq. (4.7). The intermediate configurations
are related by the same box-symmetry transformation applied to the initial configuration.
Reprinted from Ref. [45].

4.1.4 eRSI in practice
We now have all the elements to train a generative model within the eRSI frame-
work. First of all, note that any SI method requires existing data from the target
distribution Q1 to learn the velocity field. This may seem counter-intuitive, as the
goal is precisely that of generating new samples from the Boltzmann distribution.
However, the idea is that generating new samples from a trained generative model
is much cheaper than using traditional simulation methods such as MCMC or
molecular dynamics.

Training the eRSI model consists in learning the velocity field vε in Eq. (4.2) using
the loss function in Eq. (1.36). Since species remain fixed along the interpolation
path, only the positional component of the velocity field must be learned. In our
setting, since the Riemannian metric for the flat torus coincides with the Euclidean
one, the loss can be rewritten as

L (ϱ) =
∫ 1

0
E(x0,x1)↗ϑ

ñ∥∥∥∥∥v̂r
ω (t, x(t)) ↘

ÅÅ
r1 ↘ r0 + L

2

ã
% L ↘ L

2

ã
% L

∥∥∥∥∥

2ô
dt . (4.8)

Assuming we have access to samples from Q0 (cheap) and from Q1 (expensive),
training proceeds as follows. We iteratively draw batches of M pairs (x0, x1) from
the coupling ↼ between Q0 and Q1. Next, we sample a batch of M time steps
t uniformly in [0,1] and estimate the loss in Eq. (4.8) over the batch via Monte
Carlo integration. We then compute the gradient of the loss with respect to the
parameters ϱ by automatic di"erentiation, and update the parameters via stochastic
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gradient descent. The process is repeated until convergence, leading to a trained
velocity field v̂r

ω . Note that since v̂ω is equivariant by construction and since the
optimal velocity field vε is equivariant by Theorem 4.1.1, we regress an equivariant
model onto an equivariant target, something that was not guaranteed in prior
works [37, 174].

Once the model is trained, as explained in Section 1.3.3, we can use the learned
velocity field v̂r

ω to define a CNF that approximately transports samples from Q0
to Q1. This will be our generative model for the Boltzmann distribution (2.5).
Since the learned velocity field is equivariant, the resulting CNF will also be
equivariant, thereby ensuring that the generated distribution Q̂1 respects the
relevant symmetries. The resulting distribution, however, remains an approximation
and would lead to biased estimates of thermodynamic observables. To correct for
this, we evaluate the exact density of generated samples by integrating the coupled
ODE (1.26). This enables exact importance sampling (see Section 1.1.1), which
provides unbiased estimates. While density evaluation substantially increases the
computational cost of sample generation, it is not merely a numerical refinement but
a necessary prerequisite for the correct evaluation of thermodynamic observables.
Note that since the loss in Eq. (4.8) does not require computing likelihoods, the
training cost remains very low. Evaluating densities for all the samples in the
training set would instead be prohibitive, while only evaluating it for generated
samples is manageable, at least for moderate system sizes.

4.2 Application to glass-forming mixtures
We now apply the eRSI framework to two representative glass-forming mixtures: a
binary inverse power-law mixture [186] and a ternary version of the Kob–Andersen
mixture [144, 158, 187]. By comparing eRSI against both symmetry- and geometry-
agnostic baselines, we demonstrate that incorporating symmetries and geometric
constraints significantly improves the quality of the generated configurations, both
at the level of individual realisations and of ensemble-averaged observables.

4.2.1 Simulation details
We consider two-dimensional systems composed of N = 10 and N = 44 particles
in a square box with PBCs at constant temperature T in the canonical (NV T )
ensemble.

The first model (IPL) [186] is a 50:50 mixture interacting via the inverse power
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law (2.9), with ⇁ = 1.0, ωAA = 1.0, ωAB = ωBA = 1.2, ωBB = 1.4, and exponent
n = 12. The potential is truncated and shifted at a cuto" distance rc

ϖ↽ = 2.5ωϖ↽,
with ϑ, β ↗ {A, B}. The number density is fixed to ρ = 0.5 and the temperature
to T = 0.1, corresponding to a dense fluid state.

The second model (KA) [144] is a (5/11, 3/11, 3/11) ternary version of the Kob-
Andersen mixture introduced for e!cient simulations with the swap MC algorithm
(see Section 2.4.2). The interaction is given by the Lennard-Jones potential in
Eq. (2.10), with ⇁AA = 1.0, ⇁AB = ⇁BA = 1.5, ⇁AC = ⇁CA = 0.75, ⇁BB = 0.5,
⇁BC = ⇁CB = 1.5, ⇁CC = 0.75, ωAA = 1.0, ωAB = ωBA = 0.8, ωAC = ωCA = 0.9,
ωBB = 0.88, ωBC = ωCB = 0.8, and ωCC = 0.94. The potential is adjusted to ensure
continuity and di"erentiability up to second order at a cuto" distance rc

ϖ↽ = 2.5ωϖ↽,
with ϑ, β ↗ {A, B, C}. The number density is fixed at ρ = 1.192075, and we
consider two temperatures, T = 1.0 (fluid) and T = 0.32 (moderately glassy).

We generate the training datasets with the Metropolis–Hastings (MH) algorithm
(see Section 1.2) implemented in ParticlesMC.jl (see Appendix E.2). Starting
from particles uniformly distributed in the box, we perform Gaussian displacements
(see Section 2.4.2) with standard deviation 0.065, obtained using Policy-guided
Monte Carlo (see Chapter 3) with the reward in Eq. (3.19). We define a MH sweep
(our unit of time) as N attempted moves. For the IPL model and for the KA
model at temperature T = 1.0, we run 100 independent chains, each initialised
from a di"erent random configuration, for 104 MH sweeps to reach equilibrium. In
this time scale, the potential energy rapidly relaxes to a steady value, and the self-
intermediate scattering function (2.25) decays to zero, confirming that the system is
equilibrated. From these equilibrated configurations, each chain is then propagated
for an additional 107 MH sweeps, storing one configuration every 104 steps. For the
KA model at temperature T = 0.32, we also include swap moves (see Section 2.4.2)
with weight pswap = 0.2 to accelerate equilibration. We run 100 independent chains
for 5⇔104 MH sweeps to reach equilibrium, followed by 5⇔107 MH sweeps for data
collection, storing one configuration every 5 ⇔ 104 steps. Both procedures yield a
total of 105 uncorrelated equilibrium configurations, which we use as training data.
The datasets are available on Zenodo at https://zenodo.org/records/17966995.

For the IPL model, we compare the eRSI framework introduced with the
two following ablations: (i) equivariant flow matching (eFM) [35], which applies
standard flow matching with an E(n)-equivariant GNN [84] respecting permutation-
translation-rotation symmetries in RNd but ignoring PBCs; and (ii) Riemannian
stochastic interpolants (RSI), which accounts for torus geometry but lacks the
invariances of Section 2.2.4 using a simple multi-layer perceptron to learn the
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velocity field. For a a fair comparison, the number of trainable parameters of all
architectures is taken equal and all models are trained for the same number of
epochs.

In our implementation of the velocity field in Eq. (4.7), 1̂e and 1̂h are K-layer
multi-layer perceptrons (MLPs) with width n and SiLU activations, while 1̂m is
a 2-layer MLP with width n and SiLU activations. Species are embedded using
one-hot encoding. For K = 3, n = 32, the network has a total of approximately 22k
trainable parameters. For eFM, we adopt the GNN architecture of Ref. [84] using
the same hyperparameters as in eRSI. For RSI, the configuration is fed directly into
a 3-layer MLP with width 64, yielding a comparable parameter count to the GNN
models. To account for PBCs, inputs are projected onto the manifold following
Ref. [81, Equation 26].

We train the models for 1000 epochs on datasets of size 105, with batch sizes
of 2048 samples for N = 10 and 1024 for N = 44. We employ the Adam op-
timiser [188], with hyperparameters selected via validation loss among learning
rates {10↑5, 5 ⇔ 10↑5, 10↑4, 5 ⇔ 10↑4, 10↑3, 5 ⇔ 10↑3} and with or without gradi-
ent clipping at 2.0 [189]. We report the hyperparameters in Table 4.1. For the
non-equivariant RSI baseline, we tested additional data augmentation using random
actions of GX, but we found no improvement.

After training, we generate new configurations by solving the coupled ODE (1.26)
with the order 5 Dormand-Prince-Shampine-Runge-Kutta [190] method (dopri5)
from torchdiffeq [191], with absolute and relative tolerances set to 10↑5. We
evaluate divergences in likelihood computations exactly via automatic di"erentiation.
The code for these simulations is part of the learndiffeq library available at
https://github.com/h2o64/learndiffeq.

4.2.2 Framework comparison
We begin by comparing RSI, eFM and eRSI on the IPL system with N = 10 and
N = 44 particles. We consider (i) the average potential energy U = E [U(x)], (ii)
the specific heat cV =

Ä
E [U(x)2] ↘ E [U(x)]2

ä
/(NT 2), probing energy fluctuations

and known to be harder to recover than average energies [158, 192], and (iii) the
radial distribution function g(r) defined in Eq. (2.12). We evaluate these metrics
on the generated configurations (x ↔ Q̂1) and, in the case of the IPL model, on
configurations reweighted via importance sampling (x ↔ P ) using Eq. (1.9). For
comparison, we also report reference values extracted from the training dataset
generated with MCMC simulations.

Figure 4.2 presents results for the small system with N = 10 particles. RSI fails
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Table 4.1: Learning rates (LR) and gradient clipping (GC) for each model and system
size. Architectures are described by the number of GNN layers K and width n.

N Model K n LR GC

10

eRSI 3 32 1 ⇔ 10↑4 2.0
eRSI 4 64 5 ⇔ 10↑5 –
eRSI 5 128 1 ⇔ 10↑5 2.0
eFM 3 32 5 ⇔ 10↑3 2.0
RSI 3 64 5 ⇔ 10↑4 2.0

44

eRSI 3 32 5 ⇔ 10↑3 2.0
eRSI 4 64 1 ⇔ 10↑3 2.0
eRSI 5 128 1 ⇔ 10↑3 2.0
eFM 3 32 1 ⇔ 10↑3 2.0
RSI 3 64 5 ⇔ 10↑5 2.0

to capture meaningful structure, as indicated by the flat g(r). In contrast, eFM
performs better: U and cV can be recovered through reweighting, along with a noisy
estimate of g(r). eRSI achieves even stronger performance: U and cV converge to
the target with fewer samples, and the estimate of g(r) is more accurate.

We repeat the analysis for N = 44, with results shown in Fig. 4.3. Here, eFM
fails: both cV and U estimators stabilise away from the ground truth (sampling was
stopped at R = 8 ⇔ 103 due to limited computational resources). By contrast, eRSI
produces U and cV that converge rapidly to the target, together with an accurate
g(r). For g(r), we also include the poor estimates obtained without reweighting
(dotted lines), highlighting both the importance of reweighting and the need for
models that can handle it accurately.

Examples of configurations generated by the di"erent models for N = 44 are
shown in Fig. 4.4, alongside typical configurations from P . RSI fails to move
particles, producing configurations that remain close to the uniform base distri-
bution, which is consistent with its poor performance. We attempted augmenting
the training data with random actions from GX to help the RSI model learn the
invariances, but this did not improve performance. eFM generates more realistic
configurations, but many particle overlaps occur near the box edges because PBCs
are ignored. These overlaps cause three issues: (i) averages obtained without
reweigthing display unphysical characteristics, as a much higher value of g(r < 1),
(ii) many configurations are discarded during reweighting, as configurations with
close particle pairs receive zero weight in the IS estimator (thus requiring a large
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Figure 4.2: Results for N = 10 particles. (a) Mean potential energy U and (b) specific
heat cV as a function of the number of generated samples R for RSI, eFM, and eRSI.
(c–e) Radial distribution function g(r) for the three models, showing target, direct model,
and reweighted estimates. RSI fails completely, eFM partially recovers observables, and
eRSI performs best. Adapted from Ref. [45].
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Figure 4.3: Results for N = 44 particles. (a) Mean potential energy U and (b) specific
heat cV as a function of the number of generated samples R for RSI, eFM, and eRSI.
(c) Radial distribution function g(r) for eRSI averaged over 1.8 ⇔ 106 samples. RSI and
eFM deviate, due to collapsed states (RSI) or boundary overlaps (eFM). RSI samples
are of too poor quality to produce cV estimates. Only eRSI remains consistent with the
target distribution. Adapted from Ref. [45].

number of samples to obtain accurate estimation), and (iii) the likelihood of over-
laps at the boundaries increases with system size, limiting the scalability of the
eFM model. By contrast, configurations produced by eRSI correctly incorporate
periodic boundary conditions and do not su"er from this problem. We include
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additional samples from the training set and generated by eRSI in Fig. 4.5.

p� samples eFM samples RSI samples eRSI samples

Figure 4.4: Samples from di!erent frameworks. Configurations generated from P are
compared to the ones obtained from di!erent generative models on the IPL system with
N = 44. eFM generates unphysical particle overlaps near boundaries, RSI produces
random configurations, while eRSI generates visually plausible samples. Reprinted from
Ref. [45].

eRSI model samples Dataset samples

eRSI model samples Dataset samples

Figure 4.5: Additional samples for the IPL system with N = 10 (top rows) and N = 44
(bottom rows). Adapted from Ref. [45].

4.2.3 E!ective sample size
A central di!culty in reweighting is that the e"ective sample size (ESS) defined in
Eq. (1.7) can be extremely low in high dimensions. In our simulations, we observe a
behaviour akin to Example 1.1.2, where the ESS decays approximately as 1/R over
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a broad range of sample sizes R, before eventually stabilising to a finite plateau
only at large R. This behaviour implies that, at small R, the ESS is essentially
uninformative: estimating it reliably requires a number of samples that may itself
exceed the plateau value.

For N = 10, Fig. 4.6 shows that the crossover scale R̄ at which the ESS departs
from the 1/R trend is strongly model-dependent. For RSI, no such crossover is
observed: the ESS remains proportional to 1/R throughout. For eFM, R̄ ∝ 104,
while for eRSI it is significantly smaller, R̄ ∝ 103. To explain this phenomenon,
we compare the energy distributions of samples from the three models with that
of the target, shown in the bottom panels of Fig. 4.6. For clarity, we discard
configurations with energies larger than twice the maximum observed in the target
dataset. The discarded fraction is 100% for RSI, about 84% for eFM, and about
3% for eRSI. For small R, the two densities p(U) (target) and q(U) (model) overlap
poorly: q(U) is concentrated at higher energies and only begins to penetrate the
region of significant p(U) weight from the right tail. As R increases, rare samples
from this region appear with very small q(U) but relatively large p(U), producing
very large reweighting factors. A few such configurations dominate the averages,
driving the 1/R behaviour of the ESS. Once R exceeds R̄, q(U) has infiltrated
su!ciently deep into the bulk of p(U) so that ratios p(U)/q(U) are less extreme,
and the ESS stabilises to a plateau.

We repeat the analysis for N = 44 in Fig. 4.7, using up to R = 8 ⇔ 103 samples
for RSI and eFM and up to R = 106 samples for eRSI. The results are qualitatively
the same, although eFM samples are significantly worse due to overlaps at the
boundaries (see Fig. 4.4).

4.2.4 Additional results
We conclude this section by examining how network size, training set size, and
temperature a"ect eRSI performance. While limited computational resources
prevented us from performing an exhaustive hyperparameter search, the results
presented below provide useful insights into the behaviour of eRSI under di"erent
conditions and leave room for further improvement.

Network size dependence

Figure 4.8 shows the e"ect of network size on the IPL system with N = 44. Larger
models (∝580k parameters vs. 22k for the smallest) achieve substantially higher
fidelity and are expected to reweight observables with far fewer samples. This
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2 4 6 8 10p(U) 10−410−310−210−1100

U
2 4 6 8 10

U
2 4 6 8 10

R = 102 1029 10493 100364 1024000
Figure 4.6: E!ective sample size for N = 10 particles. The top panels show the
normalised ESS as a function of the number of samples R. This metric reflects the
proportion of samples e!ectively contributing to expectation estimates and provides an
upper bound on the estimator variance. The bottom panels compare histograms of the
target energy U for samples generated by each model (coloured lines) and for training
samples (grey line). Adapted from Ref. [45].

gain, however, comes at the cost of a ∝ 2.5⇔ slower training and a ∝ 10⇔ slower
sampling on an NVIDIA A100 GPU.

Dataset size dependence

Figure 4.9 shows that increasing the training dataset size consistently improves
model quality, with larger datasets yielding energy and structural statistics closer
to the target distribution. Generating these datasets, especially for larger systems
at low temperatures, can be computationally expensive, so the trade-o" between
dataset size and model performance needs to be balanced based on available
resources.

Temperature dependence

Finally, Fig. 4.10 shows results for the KA model at temperatures T = 1.0 and
T = 0.32 with N = 44 particles. At T = 0.34, the system is in the glassy regime
and sampling with molecular dynamics or standard MCMC methods becomes
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Figure 4.7: E!ective sample size and target energy for N = 44 particles. Adapted from
Ref. [45].
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Target n = 32, K = 3 n = 64, K = 4 n = 128, K = 5
Figure 4.8: Network size dependence. Variants of the EGNN architecture in Eq. (4.7)
with K ↗ {3, 4, 5} and hidden feature size n ↗ {32,64,128}. (a) Energy distribution
from 8192 generated samples per model. (b) Corresponding radial distribution functions.
Larger architectures yield improved fidelity to the target distribution. Adapted from
Ref. [45].

challenging [158]. A reference training set can still be generated using swap MC
(see Section 2.4.2).

Example configurations generated by eRSI at both temperatures are shown
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Target 105 training samples 104 training samples
Figure 4.9: Dataset size dependence. Comparison between eRSI model trained on 104

and 105 samples. (a) Energy distribution of 8192 generated samples. (b): corresponding
radial distribution functions. Larger datasets yield notably improved fidelity in both
metrics. Adapted from Ref. [45].

in Fig. 4.11. eRSI successfully generates visually convincing configurations and
captures meaningful structural features at both temperatures, indicating that
reweighting could be e"ective even in the glassy regime.

4.3 Discussion and perspectives
In this chapter, we introduced eRSI, a framework that formally combines stochastic
interpolants, equivariant generative models, and Riemannian geometry. Our main
theoretical contribution is the identification of precise conditions on the interpolation
path that guarantee equivariance of the optimal velocity field and invariance of
the marginal densities at all times. This result, proved in Theorem 4.1.1, extends
the theory of equivariant flows [35, 36, 44] to stochastic interpolants on general
geometries and provides a practical recipe to train symmetry-preserving generative
models with a flow matching objective.

Building on this foundation, we designed an interpolation path, an optimal
transport coupling, and an equivariant graph neural network architecture tailored
to multicomponent particle systems with periodic boundary conditions, respect-
ing both geometric constraints and physical symmetries. Similar work has been
recently done on crystalline materials [37, 174], but these methods focus on gen-
erative modelling from samples drawn from an unknown distribution. In that
context, success is typically assessed by visual or structural fidelity to the training

98



4.3 – Discussion and perspectives

p(U)
0.000.010.020.030.040.050.06 (a)

g(r)

01
23 (b)

U
−100 −50 0 50

p(U)

0.000.050.100.15 (c)

r
0 1 2 3

g(r)
01
23 (d)

Target T = 1.0 T = 0.32
Figure 4.10: Temperature dependence in the KA model. The left panels show histograms
of the potential energy evaluated on 8192 samples from the model, while the right panels
display the corresponding radial distribution functions. Result are shown at T = 1.0 (top
row) and T = 0.32 (bottom row). Adapted from Ref. [45].

configurations, making the task substantially easier than sampling exactly from
a target Boltzmann distribution. Crucially, compared to similar di"usion-based
methods [173, 176–179], our framework allows one to compute exact likelihoods
of generated samples, enabling unbiased importance sampling of thermodynamic
observables. On the other hand, compared to previous work with the same goal
on amorphous materials [158], our training objective does not require computing
likelihoods during training, greatly reducing computational cost and allowing for
more expressive architectures.

Our numerical results on two representative glass-forming mixtures show the ben-
efits of incorporating geometry and symmetry into generative modelling. Compared
to ablations that ignore either geometry or symmetry, eRSI generates configurations
of high visual and structural fidelity, while providing accurate estimates of both
average observables and higher-order fluctuations when combined with importance
sampling. Importantly, by exposing how inaccuracies manifest through the energy
distribution and the e"ective sample size, our simulations also clarify the role of
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eRSI model samples Dataset samples

eRSI model samples Dataset samples

Figure 4.11: Samples for the KA system with N = 44. Configurations generated by
the eRSI model (left) and reference dataset samples (right), shown at T = 1.0 (top rows)
and T = 0.32 (bottom rows). Adapted from Ref. [45].

reweighting: visually plausible samples do not guarantee accurate physical averages,
and reliable likelihood estimation remains essential.

The framework opens several promising research directions. The main long-
term goal is to lift the reliance on pre-existing equilibrium samples and train the
generative model directly from knowledge of the potential energy function. Recent
advances on energy-based training for di"usion models [193–195] suggest that this is
feasible, but they do not address how to debias or reweight samples from the learned
flow. Establishing that reweighting continues to work for stochastic interpolants
in sample-free regimes would provide a foundation for implementing adaptive
strategies previously used for normalising flows and autoregressive samplers [69,
156, 196, 197].

A second direction concerns scalability. The present implementation of eRSI
focuses on generating full configurations, which limits its applicability to large
systems. While generating samples from the trained model is relatively cheap,
evaluating likelihoods remains costly due to the need to compute the divergence
term in the coupled ODE (1.26). A recent work by Rheman et al. [198] proposes
an e!cient method to tackle this problem. From a complementary perspective, a
natural next step is to move towards conditional updates, where the generative
model updates local patches of the system given their environment. Such approaches
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promise significantly improved scaling with system size and integrate well with
adaptive training [70, 199–201].
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Chapter 5

How to control the stability
of glasses

“Equilibrium is so 20th century.”

In recent years, advances in experimental techniques and computer simulations
have made it possible to produce ultrastable glasses [89, 108, 202], i.e. amorphous
solids whose kinetic stability exceeds the one obtained through conventional cooling
protocols (see Section 2.1.3). Ultrastability manifests in “better” physical properties
such as higher density [203], lower enthalpy [204], and an enhanced resistance to
crystallisation [205] and melting [202, 206, 207].

Di"erent approaches have been developed to produce ultrastable glasses in
simulations. A natural route is to simulate the physical vapour deposition process
employed in experiments directly [137, 208]. However, despite its conceptual appeal,
simulated vapour deposition remains severely limited by accessible timescales. A
major breakthrough came with the introduction of the swap Monte Carlo algorithm
(see Section 2.4.2), which allows the simulation of ultrastable glasses in thermal
equilibrium [107, 140, 159]. Swap moves accelerate equilibration by several orders
of magnitude, making it possible to reach extremely low temperatures while still
sampling the canonical ensemble within the familiar framework of standard MCMC
simulations.

More recently, several heuristic nonequilibrium protocols have been shown to
generate exceptionally stable configurations [48–50, 209–211]. These methods di"er
fundamentally from swap MC and the other algorithms described in the previous
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chapters: rather than sampling the Boltzmann distribution at low temperature,
they aim at directly generating configurations with target structural properties
that are believed to correlate with glass stability. For instance, Refs. [48, 51]
focused on optimising hyperuniformity, while Ref. [49] targeted local structural
order, and Ref. [50] aimed at reducing local stress. In all these cases, the resulting
configurations showed remarkable kinetic stability, which seems to suggest a link
between structure and stability.

However, a closer look reveals a subtle but crucial feature shared by all these
nonequilibrum algorithms: they rely on dynamic adjustments of the particle
diameters, a mechanism closely related to swap MC and known to enhance stability
on its own. This raises a natural question: is the exceptional stability of these
optimised glasses truly caused by the targeted structural properties, or is it simply
a consequence of diameter dynamics that closely mimics the e"ect of swap moves?

To disentangle these interpretations, we introduce computational methods that
optimise physical quantities while keeping the particle diameters fixed. Specifically,
we develop stochastic algorithms that generate hard disk configurations with
enhanced hyperuniformity (as in Refs. [48, 51]) or enhanced local order (as in
Ref. [49]), and show that they produce configurations whose structural properties are
strongly optimised relative to their bulk equilibrium values. We then evaluate the
kinetic stability of these configurations by measuring their glass equation of state (see
Section 2.1.3). We find that, despite being optimised, these “ideal” configurations
are not more stable than conventional glassy states. This demonstrates that these
structural quantities are not causally responsible for stability, challenging the
interpretations recently proposed in the literature.

5.1 Optimisation algorithms
To generate configurations with optimised structural properties while keeping
the diameters fixed, we develop algorithms that directly target the quantities of
interest. Following previous works, we focus on two structural properties that have
been proposed to correlate with glass stability: hyperuniformity and local order
parameter (see Section 2.3.1) In contrast with the sampling methods discussed
earlier in the thesis, the stochastic algorithms developed here aim only at optimising
these structural quantities, without targeting the Boltzmann distribution. The
resulting configurations are thus sampled from nonequilibrium ensembles whose
underlying distribution can be unknown.

The two optimisation procedures we use rely on very di"erent mechanisms. We
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enhance hyperuniformity (see Section 2.3.1) by using nonequilibrium dynamics with
an absorbing transition, belonging to the class of random organisation models [121–
124, 212–214]. For local order, instead, we employ a biased Monte Carlo scheme [110,
134, 215–218] typically used in umbrella sampling [219, 220], where a biasing
potential favours configurations with high local order parameter # (see Eq. (2.22)).
We describe the two approaches in the following sections.

5.1.1 Conserved biased random organisation
Random organisation models describe particle systems evolving through discrete
nonequilibrium dynamics driven by random displacements of overlapping par-
ticles [122–124, 212, 213] (see Appendix D.1). Originally introduced to model
periodically sheared suspensions [212, 221], these models are known to generate
hyperuniform configurations in di"erent physical regimes, depending on the specific
details of the dynamics [122, 123, 213, 214, 222, 223]. This makes them natural
candidates for generating “more hyperuniform” amorphous configurations than
those found in equilibrium. We quantify the degree hyperuniformity by measuring
the structure factor at small wavevectors, S(q ↑ 0), and aim to reduced its value
relative to that of bulk equilibrium configurations [48].

To this end, we employ the conserved biased random organisation (CBRO)
model [123, 124], which has been shown to generate hyperuniform configurations
in both dilute [123] and crystalline [124] systems. The dynamics proceed as follows.
Starting from an initial configuration x, at each discrete time step t, any pair
of overlapping particles is displaced along the line connecting the two centers
by opposite vectors ⇀ϖ and ↘⇀ϖ of the same amplitude ϖ drawn uniformly in the
interval [0, ⇁] (see Fig. 5.1). If a particle overlaps with multiple neighbours, its
total displacement is the sum of the individual contributions. By construction, this
dynamical rule conserves the centre of mass [123, 223].

As long as the density and maximal kick’s size ⇁ are su!ciently large, these
dynamics do not reach an absorbing configuration and instead converge to a
nonequilibrium steady state. In this regime, centre-of-mass conservation ensures
that the fluctuating component of the structure factor Sς(q) (see Eq. (2.19)),
vanishes as q2 at small q (see Appendix D.1.4). In liquids, the backbone contribution
S0(q) (see Eq. (2.18)) vanishes at low q by translational invariance, while in crystals
it vanishes everywhere except at Bragg peaks. Thus in both cases the total structure
factor follows S(q) ↔ q2, corresponding to hyperuniform scaling with exponent
ϑ = 2 [123, 124].

However, in amorphous solids, S0(q) remains finite at small q, preventing the
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Figure 5.1: CBRO dynamics. At each time step, pairs of overlapping particles (red)
are displaced in opposite directions by the same random amount.

total structure factor S(q) from exhibiting true hyperuniform scaling, even if Sς(q)
does [128]. When applying CBRO to an amorphous configuration, we thus expect
Sς(q) to vanish at small q, while the total structure factor saturates at a finite
(yet smaller) value determined by S0(q ↑ 0) (see Section 5.2.3). Since CBRO
removes the fluctuating contribution, it is expected to produce configurations with
enhanced hyperuniformity compared to the initial equilibrium state. We will use
this protocol to generate such configurations in Section 5.2.

5.1.2 Biased Monte Carlo
In order to produce configurations with enhanced local order, we adopt a more
direct approach. A common strategy to explore configurations associated with rare
or atypical values of a given observable is to alter the statistical weight so that
those regions of phase space become accessible. This is the principle behind biased
Monte Carlo (BMC) [110, 217] and umbrella sampling [219]. In these approaches,
the usual Boltzmann distribution P (dx) (Eq. (2.3)) is “tilted” with an additional
potential V (O(x)) that depends on the observable of interest O(x). Sampling is
then performed according to the modified measure

P (dx) := 1
Z

exp
Å

↘U(x) + V (O(x))
kBT

ã
. (5.1)

Since this biased measure is known explicitly (up to normalisation), unbiased
estimates of equilbirium averages can be reconstructed via importance sampling
(see Section 1.1.1). This is precisely the essence of umbrella sampling [219, 220].
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Although recovering equilibrium averages is not our main objective here, the
reweighting procedure provides a quantitative measure of how atypical the generated
configurations are. Note that this contrasts with the CBRO protocol, where the
underlying sampling distribution is unknown. To favour configurations with high
local order, we choose the biasing potential V⇀(#(x)) = 0#2(x), where #(x) is the
local order parameter defined in Eq. (2.22), and 0 ⇐ 0 controls the strength of the
bias.

In principle, we could sample from P using any algorithm described in Section 1.1,
for instance a standard MH algorithm based on single particle displacements (see
Section 2.4.2). However, this would require recalculating #(x) at each step, which is
computationally expensive due to the Voronoi tessellation [132, 224]. To overcome
this issue, following Refs. [215, 218], we adopt the following procedure. Starting
from a configuration x, we first generate a trial configuration x→ by running a short
MH trajectory targeting the unbiased Boltzmann distribution P . Then, we accept
the trial configuration x→ with probability

ϑ (x, x→) = min
ß

1, exp
Å

↘V⇀ (#(x→)) ↘ V⇀ (#(x))
kBT

ã™
. (5.2)

In Corollary D.2.2, we show that the resulting transition kernel satisfies detailed
balance with respect to the biased distribution P . This result is general: it provides
a recipe for sampling any target distribution P when the proposal kernel is reversible
with respect to another distribution P . In the BMC case, this strategy allows us
to sample from P (dx) while e!ciently exploring configuration space and without
the need to recalculate #(x) at each step. Once the Markov chain targeting P (dx)
has converged, it can sample configurations corresponding to atypical equilibrium
states that would be essentially inaccessible without the bias.

5.2 Application to glass-forming mixtures
We now test the optimisation algorithms developed in the previous sections on a
standard model glass former. Our goal is to show concretely that it is possible
to generate configurations with strongly enhanced structural properties without
obtaining glasses that are kinetically more stable. To this end, we apply the
optimisation algorithms for hyperuniformity and local order to a two-dimensional
hard disk mixture for which swap MC is ine!cient. We show that both methods
successfully produce configurations with enhanced structural properties compared
to bulk equilibrium states, reaching values that would be essentially inaccessible
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in conventional equilibrium simulations. Finally, we measure their glass equation
of state (see Section 2.1.3) and compare it to that of glasses prepared through
standard equilibrium protocols, showing that the optimised configurations exhibit
no signs of enhanced kinetic stability.

5.2.1 Simulation details
We consider a two-dimensional system of N = 200 and N = 1000 particles in a
square box of side L, with periodic boundary conditions. The model is a 65 : 35
binary mixture of hard disks with diameter ratio ωB/ωA = 1.4 (see Eq. (2.7)). This
composition prevents crystallisation, while the large size ratio renders swap Monte
Carlo ine!cient [225, 226].

We first generate equilibrium configurations using the MH algorithm targeting
the isothermal–isobaric (NPT ) ensemble (see Section 2.2). At each pressure P ,
we measure the packing fraction 1 =

(
◁

∑
i ω2

si

)
/ (4L2), which is a dimensionless

quantity proportional to the density. It is also convenient to express the pressure in
dimensionless form through the compressibility factor Z = P/ (ρkBT ). Throughout
this section, we work with kBT = 1 and ωA = 1. For each value of Z, we run MH
simulations until steady state is reached and record both static and dynamical
observables to characterise the resulting configurations.

Starting from these equilibrium configurations, we apply the optimisation al-
gorithms introduced in Section 5.1 to produce configurations with enhanced hy-
peruniformity and local order. For hyperuniformity, we take three equilibrium
configurations with N = 1000 at di"erent values of Z and use them as initial con-
ditions for the CBRO dynamics described in Section 5.1.1. Since CBRO requires
at least one overlap to start, we begin by giving each particle a small random
displacement of maximum amplitude 0.1. We then evolve the system at fixed
⇁ until a steady state is reached. To keep rearrangements minimal, we choose
⇁ ↗ [0.18, 0.23] and verify that the mean square displacement (see Eq. (2.24)) at
the end of the simulation remains below 0.5. The resulting configurations in steady
state contain particle overlaps. To restore a valid hard disk configuration without
significantly altering the hyperuniform structure obtained during the dynamics,
we quench ⇁ to a small value ⇁ = 0.02, which rapidly drives the system into an
absorbing state with no overlaps. We performed these simulations with the code
available at https://framagit.org/leonardogalliano/random-organisation,
originally developed for Ref. [124].

To generate configurations with enhanced local order, we perform biased Monte
Carlo (BMC) simulations as described in Section 5.1.2. We take three equilibrium
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configurations with N = 200 at di"erent values of Z as initial conditions, and apply
a biasing potential with strength up to 0 = 5 ⇔ 105. To sample from the biased
distribution (Eq. (5.1)), we use the two-step procedure described in Section 5.1.2,
where trial configurations are generated through short NV T MH trajectories of
n MH sweeps targeting the unbiased Boltzmann distribution. We run the BMC
simulation for the largest 0 until # has nearly converged. We performed these
simulations using a custom branch of the ParticlesMC.jl package (see Section E.2),
specifically extended to support biased sampling in the NPT ensemble.

After generating bulk, hyperuniform, and locally ordered configurations, we
compare their glass equation of state (EOS) along isobars (see Section 2.1.3).
Each configuration is quenched to high compressibility factors Z using NPT MH
simulations and evolved until steady state. We then record the average packing
fraction E[1] as a function of Z. As discussed in Section 2.1.3, the glass EOS can
be used to assess kinetic stability, since more stable glasses show systematically
higher packing fractions at fixed pressure [107, 225].

5.2.2 Bulk properties
We begin by characterising the dynamics of the hard disk mixture at di"erent
values of the compressibility factor Z using standard NPT simulations. Fig-
ure 5.2(a) shows the evolution of the self-intermediate scattering function Fs(qε, t)
(see Eq. (2.25)) at the wavevector qε corresponding to the first peak of the structure
factor S(q). As Z increases, Fs(qε, t) develops the familiar two-step relaxation
characteristic of glassy dynamics, with an increasingly pronounced plateau at
intermediate times.

We extract the structural relaxation time from Fs(qε, ↽ϖ) = 1/e and show its
evolution in Fig. 5.2(b). Since Z ↔ P/T , this representation is analogous to an
Arrhenius plot of ↽ϖ versus inverse temperature for systems with soft interactions
(see Section 2.1). As expected for a glass-forming system, ↽ϖ grows rapidly with Z,
spanning several orders of magnitude in the considered range. The onset of slow
dynamics occurs around Zo ∝ 20, while equilibration becomes increasingly di!cult
above Zg ∝ 27. This narrow window is where we can reliably generate equilib-
rium glassy configurations that we use as initial conditions for the optimisation
algorithms.

To provide a reference for the optimised properties, we measure the degree
of hyperuniformity and local order of these bulk equilibrium configurations. Fig-
ure 5.3(a) shows the q-dependent compressibility ▷(q) (see Eq. (2.21)) for N = 1000
at di"erent values of Z. As discussed in Section 2.3.1, ▷(q) is the relevant measure
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Figure 5.2: Glassy dynamics. (a) Self-intermediate scattering function Fs(qε, t) at
di!erent values of compressibility factor Z measured from NPT simulations. (b) Relax-
ation time εϖ as a function of Z. Both quantities display the typical signatures of glassy
dynamics as Z increases.

of density fluctuations in a multicomponent system. In equilibrium, ▷(q) reaches a
finite limit as q ↑ 0, with only a weak dependence on Z over the relevant range.
This limiting value provides a reference level of density fluctuations that we seek
to reduce using the CBRO dynamics.

Figure 5.3(b) shows the average local order parameter E[#] (see Eq. (2.22)) and
its standard deviation as functions of Z for N = 200. We find that E[#] slightly
decreases with Z, indicating that local order varies only weakly with compression
in this regime. In particular, while the structural relaxation time ↽ϖ grows by
roughly four orders of magnitude over this range (see Fig. 5.2(b)), E[#] decreases
by only about 20%. These equilibrium values will serve as a benchmark to assess
the e"ectiveness of the BMC algorithm in producing configurations with enhanced
local order.

Finally, Fig. 5.4 shows the equation of state (EOS) Z = Z(1) along isobars.
Following Ref. [107], we plot the dimensionless “volume” v = 1/E[1] as a function
of 1/Z ↔ T/P , in analogy with the commonly used representation of the average
potential energy E[U ] versus temperature in systems with continuous interactions
(see Section 2.1.3). In the regime where the system can be equilibrated (Z < Zg),
the curve corresponds to the liquid EOS and is independent of the preparation
protocol. Above Zg, the system falls out of equilibrium, but we can nonetheless
follow the EOS by quenching configurations to higher pressures. This produces the
glass EOS [107], which depends on the state before the quench. This behaviour
is illustrated in the left region of Fig. 5.4, where we report glass EOS curves
obtained by quenching equilibrium configurations prepared at di"erent initial Z.
Configurations equilibrated at larger Z yield glasses with systematically higher
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Figure 5.3: Bulk properties. (a) q-dependent compressibility ς(q) at di!erent values of
compressibility factor Z in an equilibrium system of N = 1000 particles. (b) Average local
order parameter E[”] as functions of Z in an equilibrium system of N = 200 particles.
The shaded area indicates the standard deviation of ” across di!erent configurations.

packing fractions at fixed pressure, reflecting their enhanced kinetic stability [107,
225].
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Figure 5.4: Equation of state in the 1/φ versus 1/Z representation. The equilibrium
equation of state for the fluid ends near the computational glass transition Zg ∝ 27
(vertical line). We show three equations of state three glasses of di!erent stabilities.

5.2.3 Optimised structural properties
We now apply the optimisation procedures introduced in Section 5.1 to selected
equilibrium configurations of the hard-disk mixture. Starting from three initial
states at di"erent compressibility factors Z, we generate configurations with en-
hanced hyperuniformity using the CBRO dynamics, and with enhanced local order
using the BMC algorithm.
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Hyperuniformity

Figure 5.5(a) shows the q-dependent compressibility ▷(q) measured in the steady
state of the CBRO dynamics starting from the three initial configurations. At small
wavevectors, ▷(q) is strongly reduced relative to its equilibrium value, showing that
long-wavelength density fluctuations are e!ciently suppressed by the dynamics. As
expected, the curves eventually deviate from the ideal q2 scaling because of the
backbone contribution ▷0(q ↑ 0) (see Appendix D.1.4). The smallest accessible
wavevector qmin provides a practical measure of the achieved hyperuniformity. In
our system, we find ▷(qmin) ∝ 5 ⇔ 10↑4, which is far below the equilibrium values
(see Fig. 5.5(b))

A naive extrapolation of the equilibrium data suggests that reaching comparable
▷ values through conventional NPT simualtions would require compressibility
factors Z > 35, corresponding to relaxation times many orders of magnitude larger
than those that can be equilibrated in practice (see Fig. 5.2(b)). The configurations
produced by CBRO are therefore atypical and significantly more hyperuniform
than any accessible equilibrium configuration.

q
10−1 100 101

𝜒(q) 10−310−210−1100

(a)
Z

18 20 22 24

𝜒(q min) 0.0000.0020.0040.006
(b)

Z0 = 16.83322.8528.84 EquilibriumOptimised
Figure 5.5: Optimising hyperuniformity. (a) q-dependent compressibility ς(q) measured
in the steady state of the CBRO dynamics starting from three equilibrium configurations
at di!erent compressibility factors Z. (b) Comparison of the minimum value of ς(q) for
optimised (red dashed line) and equilibrium (blue) configurations. The minimum value
of ς(q) achieved at small q is significantly lower than the equilibrium values.

Local order parameter

Figure 5.6(a) shows the evolution of the local order parameter # during a BMC
simulation with a bias strength 0 = 5 ⇔ 105, using one MH sweep per trial move.
All the three trajectories display a significant decrease in # relative to their initial
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equilibrium values, confirming that BMC e"ectively favours configurations with
high local order.

A comparison with the equilibrium curve in Fig. 5.6(b) again indicates that
reaching similar values of # by equilibrium compression alone would require Z > 35,
well beyond our equilibration window. Although the absolute variations in # remain
moderate compared with the values reported in Ref. [49], where optimisation is
driven by diameter dynamics, a direct quantitative comparison is di!cult because
the systems and reference states di"er. Nevertheless, the configurations produced
here remain clearly atypical with respect to equilibrium sampling (see Section 5.2.4).

t
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Θ

0.080.100.120.14 (a)

Z
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(b)Z0 = 14.66423.02929.174

Figure 5.6: Optimising local order. (a) Evolution of the local order parameter ”
during BMC simulations with bias strength ↼ = 5 ⇔ 105, starting from three equilibrium
configurations at di!erent compressibility factors Z. (b) Comparison of the final values
of ” (dashed lines) with the equilibrium values.

Assessing stability

We now turn to our main objective and test whether the structural optimisation
achieved by CBRO or BMC has any impact on kinetic stability. Figure 5.7 shows
the glass EOS obtained by quenching both the initial equilibrium configurations
and the optimised configurations to high compressibility factors Z.

In all cases, the glass EOS of the optimised configurations coincides with
that of the corresponding equilibrium states from which they were generated.
Configurations prepared at the same initial Z therefore lie in the same basin of
attraction in the density landscape, independently of the optimisation protocol.
These results demonstrate that enhancing hyperuniformity or local order alone
does not lead to increased kinetic stability, challenging the proposed causal links
between these structural properties and glass stability.
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Figure 5.7: Glass equation of state of optimised configurations. The curves obtained from
quenching equilibrium configurations are compared with (a) configurations with enhanced
hyperuniformity and (b) configurations with enhanced local order. Hyperuniform and
locally ordered configurations are not more stable than bulk ones.

5.2.4 Additional results

We conclude this section with two complementary analyses related to the optimisa-
tion of local order. First, we take advantage of the fact that the biased distribution
in Eq. (5.1) is known explicitly and use umbrella sampling to reconstruct equi-
librium averages. Then, we show that a simple gradient-based algorithm can
also generate configurations with reduced #, provided that overlaps are carefully
considered.

Umbrella sampling

To assess the validity of the BMC algorithm for enhancing local order, we measure
# in the steady state of biased simulations for several values of the bias strength 0.
Figure 5.8(a) shows the corresponding histograms. As 0 increases, the distribution
shifts towards lower # and becomes narrower, indicating that the bias e!ciently
suppresses both the mean and fluctuations of the order parameter.

Since the sampling distribution P is known (up to normalisation), these simula-
tions can be used in umbrella sampling to recover equilibrium averages. Applying
the reweighting procedure described in Section 1.1.1, we reconstruct the equilibrium
distribution of # by combining samples drawn at di"erent values of 0, with weights
w(x) = exp (0#2(x)). Figure 5.8(b) shows the resulting equilibrium histogram,
which follows the one obtained from unbiased simulations. This agreement confirms
that the reweighting procedure is reliable and that the BMC simulations correctly
sample the biased ensembles.
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The equilibrium histogram also quantifies how atypical the optimised config-
urations are. Already for 0 = 7500, which is far below the values used in the
optimisation runs in Section 5.2.3, the reweighted equilibrium density extends down
to values of order 10↑20, showing that such configurations lie deep in the tails of
the equilibrium distribution and are exceptionally rare.
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P̃ (Θ)

0
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100 (a)

Θ0.125 0.150 0.175
P(Θ) 10−2010−1510−1010−5100 (b)𝜆 = 0.0 1000.0 2000.0 3000.0 5000.0 7500.0

Figure 5.8: Umbrella sampling. (a) Histograms of the local order parameter ” measured
in biased simulations at di!erent values of the bias strength ↼. (b) Reconstructed
equilibrium histogram of ” obtained by reweighting the biased samples using umbrella
sampling.

Gradient-based optimisation

Finally, we show that local order can also be enhanced using a direct optimisation
approach based on gradient descent. Note that a naive gradient descent on
# immediately creates particle overlaps, which correspond to invalid hard disk
configurations. Attempting to remove the overlaps at the end of the optimisation
simply restores # to its typical equilibrium value.

To overcome this issue, we employ a cyclic procedure that alternates between
small gradient descent steps on # [18] and relaxation steps that minimise the
harmonic potential in Eq. (2.8) using the FIRE algorithm [227], thereby removing
overlaps. The tricky part is choosing the step sizes and the relative frequency of
the two protocols. Too large gradient steps would create many overlaps that cannot
be removed easily, while too small steps would make the optimisation ine!cient.

Figure 5.9(a) shows the evolution of #(t) during the optimisation cycle, and
Fig. 5.9(b) reports the corresponding fraction f(t) of overlapping particles. As
expected, # decreases during the descent steps while f increases. Then, the FIRE
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relaxation e"ectively eliminates overlaps, bringing f back to zero, but also slightly
increasing #. Iterating this process yields hard disk configurations with values
of # comparable to those obtained with the BMC algorithm, although the latter
remains more general and easier to control.

t
100 101 102 103 104 105 106

Θ(t) 0.080.090.10
(a)

t
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f(t)
0.00.20.40.60.8

(b)
Figure 5.9: Gradient-based optimisation of ”. (a) Evolution of ” during optimisation
cycles alternating gradient descent steps and FIRE relaxations to remove overlaps.
(b) Corresponding fraction of overlapping particles f . Valid hard disk configurations
corresponds to f = 0.

5.3 Discussion and perspectives
The results of this chapter clearly show that optimising structural quantities such
as hyperuniformity and local order without diameter dynamics does not lead to
enhanced kinetic stability. Therefore, these quantities cannot be considered causally
responsible for glass stability. The two optimisation algorithms used in this work
successfully produce configurations with highly atypical structural properties, as
confirmed either by naive extrapolation or through umbrella sampling for local
order. Yet, despite these strongly optimised structural signatures, the glass equation
of state of the resulting configurations remains indistinguishable from that of the
initial equilibrium states. As in conventional glass preparations, the stability is
determined entirely by initial state and shows no dependence on the optimisation
protocol applied afterwards.

The crucial point is that both algorithms are designed to produce optimised
configurations while keeping them in the same basin of attraction as their equilib-
rium starting points, with minimal rearrangements. This is fundamentally di"erent
from previous works based on diameters dynamics [48–51], which is known to
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greatly facilitate exploration of configuration space and access to deeper minima
associated with enhanced stability [5, 140, 159, 228–230]. Our work thus confirms
that diameter dynamics is solely responsible for the improved stability observed
in these previous studies, and that their results simply stem from the statistical
correlation between target quantities and stability. In other words, while more
stable glasses display improved structural properties, the reverse implication does
not hold: optimising such properties alone does not necessarily produce more stable
glasses.

While these algorithms are well suited for isolating the role of specific structural
quantities, they remain inherently local and are therefore constrained by the rugged
structure of the configuration landscape. A natural extension is the development of
general optimisation frameworks capable of targeting arbitrary structural features
across di"erent models. For instance, reinforcement learning approaches [64]
similar to the ones discussed in Chapter 3 could be adapted to learn policies that
generate configurations with desired properties. A di"erent route is to move towards
evolutionary strategies, where ensembles of configurations evolve under selection
rules designed to favour specific properties [16, 231, 232]. More broadly, these
ideas naturally lead to the field of inverse design, where the objective is to identify
interactions and preparation protocols that yield configurations with prescribed
properties [233, 234]. From these perspectives, the challenge is not only to optimise
a given structural quantity, but to identify which features of the energy landscape
can be modified to produce more stable amorphous configurations.
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Conclusion

This thesis presents a series of algorithmic tools for enhanced sampling and struc-
tural optimisation in the complex energy landscapes of amorphous materials.
Throughout the manuscript, we explore both the theoretical foundations and the
practical implementation of these methods, with the goal of clarifying their poten-
tial, their generality, and their intrinsic limitations. Addressing theory and practice
in parallel is crucial, as their interplay provides a comprehensive understanding of
the algorithms’ capabilities and of their applicability to physically relevant systems.

Chapters 1 and 2 established the necessary background by reviewing Monte
Carlo methods, generative models, and the phenomenology of glassy systems. This
provided a unified language for sampling and optimisation in high-dimensional
configuration spaces, where equilibrium properties, dynamics, and optimisation
tasks are governed by the same underlying landscape.

In Chapter 3, we generalised the Policy-guided Monte Carlo (PGMC) frame-
work [41] to arbitrary state spaces [42]. By reformulating the adaptation prob-
lem within the Metropolis–Hastings algorithm from a measure-theoretic and
reinforcement-learning perspective, we derived a policy-gradient theorem valid
for general transition kernels and constructed explicit gradient estimators to op-
timise proposal distributions on the fly. Applications to glass-forming mixtures
illustrated both the promise and the intrinsic limitations of optimising local, physi-
cally motivated moves: while substantial speed-ups can be achieved in some cases,
performance ultimately remains constrained by the locality of the updates and by
the structure of the energy landscape itself. The associated implementations in
Arianna.jl and ParticlesMC.jl provide flexible platforms for extending these
ideas to other models and fields.

Chapter 4 addressed a complementary strategy based on generative modelling.
We introduced Equivariant Riemannian Stochastic Interpolants (eRSI), a framework
combining equivariant flows [83] and Riemannian flow matching [81] to approxi-
mate Boltzmann distributions for multicomponent particle systems with periodic
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boundary conditions. Our main theoretical result identified su!cient conditions
under which equivariance is preserved along the interpolation path, extending
existing results on equivariant flows to the stochastic interpolant framework. Simu-
lations showed that incorporating geometry and symmetry is essential to obtain
physically meaningful samples and accurate thermodynamic observables. At the
same time, our results highlighted the role of likelihood estimation and reweighting:
visually plausible configurations alone are not su!cient, and debiasing remains a
key challenge for generative approaches in statistical mechanics.

In Chapter 5, we shifted the focus from sampling to optimisation of target
structural properties. We introduced specific algorithms to enhance hyperunifor-
mity [46] and local order [132] in particle configurations without relying on diameter
dynamics, thereby isolating the e"ect of these properties in the optimisation process.
Crucially, we demonstrated that these features do not causally enhance glass sta-
bility: although the resulting configurations display strongly atypical values of the
target properties, their kinetic stability remains unchanged compared to the initial
configurations. This analysis clarifies recent claims in the literature [48–51] and
supports the conclusion that enhanced stability arises from the ability to explore
deeper regions of configuration space, rather than from the optimisation of specific
structural metrics alone. More broadly, the chapter highlights the limitations of
local optimisation schemes and points toward more general inverse-design strategies.

Taken together, the results of this thesis show that no single algorithmic paradigm
provides a universal solution to the challenges posed by amorphous materials. Lo-
cal adaptive updates, global generative models, and nonequilibrium optimisation
methods each capture di"erent aspects of the problem, and their e"ectiveness is
ultimately constrained by the same underlying complexity. The main contribu-
tion of this work is to formalise, extend, and combine these approaches within
a theoretically grounded framework, while providing concrete implementations
that demonstrate their performance in realistic settings under computational and
physical constraints. Although many challenges remain and universal solutions are
currently out of reach, the frameworks developed here provide a solid foundation
for future e"orts to design algorithms that are both rigorous and practical, paving
the way toward a systematic understanding and exploration of complex energy
landscapes.
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Appendix A

Mathematical background

In this appendix we provide a brief overview of basic mathematical notions needed
to understand the content of the thesis. We decided to include them here as they
may sound unfamiliar to some reader.

A.1 Measure-theoretic probability
Measure-theoretic probability provides a rigorous foundation for probability theory.
Unlike the “elementary” approach, it does not require separating discrete and
continuous random variables, but instead treats everything at an abstract level.
Our aim in this section is to give all the ingredients needed to understand the
language used in the thesis, without overwhelming the reader. We will also try to
draw parallels with the more familiar language of probability used in statistical
physics. This is summarised in Table A.1. This section is largely based on Refs. [235,
236].

A.1.1 Some measure theory
Measure theory assigns a consistent notion of “size” to sets. This idea extends
naturally from lengths of intervals, to areas and volumes, and eventually to the
probabilities of events. To get there, we first need to introduce the basic language.

Definition A.1.1. A measurable space is a pair (X, %), where X is a set and % is
a ω-algebra on X, i.e. a collection of subsets of X that satisfies:

(i) X ↗ %,
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(ii) if A ↗ %, then Ac ↗ %,

(iii) if A1, A2, . . . ↗ %, then ⋃⇐
i=1 Ai ↗ %.

Elements of % are called measurable sets. These are the sets to which we will later
assign a probability. Importantly, not every subset of X needs to be measurable, but
one can usually construct a ω-algebra large enough to contain the sets of interest.
Given a collection C of subsets of X, we denote by ω(C) the ω-algebra generated by
C, i.e. the smallest ω-algebra containing C.

Definition A.1.2. A measure µ on a measurable space (X, %) is a function
µ : % ↑ [0, ↓] such that if A1, A2, . . . ↗ % are pairwise disjoint, then

µ

Ç
⇐⋃

i=1
Ai

å
=

⇐∑

i=1
µ (Ai) . (A.1)

The triple (X, %, µ) is called a measure space.

A measure is called finite if µ(X) < ↓, and ω-finite if X can be written as a
countable union of sets of finite measure. Measures generalise the intuitive notion
of size: depending on the context, µ(A) may represent the length of an interval, the
volume of a region, or the probability of an event. It is important to remember that
a measure is a set function: it assigns sizes to measurable sets, not to individual
points. This distinction is often a source of confusion in probability, where one
informally reasons in terms of probability density functions.

Example A.1.1. Consider the measurable space (N, 2N). A common measure on
this space is the counting measure ↽ : 2N ↑ [0, ↓], that assigns to each subset A of
N its cardinality, i.e. ↽(A) = |A|. For real numbers R, it can be shown that there
exists a ω-algebra %⇀ ̸ 2R of measurable sets and a measure 0 : %⇀ ↑ [0, ↓] called
Lebesgue measure that assigns to each interval (a, b] its length, i.e. 0 ((a, b]) = b↘a.
However, not all subsets of R are measurable [237]. Sometimes we denote the
Lebesgue measure simply as dx. Given a measurable set (X, %) and a point x0 ↗ X,
another common measure is the Dirac kernel ϖ (x0, ·) : % ↑ {0,1} defined as
ϖ (x0, A) = 1A (x0).

Measurable functions

Measures allow us to assign sizes to sets. The next step is to extend this notion to
functions, which will lead us to integration.
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Definition A.1.3. Given two measurable spaces (X1, %1) and (X2, %2), a function
h : X1 ↑ X2 is measurable if h↑1(B) ↗ %1 for every B ↗ %2.

Example A.1.2. For a set A ̸ X, the indicator function 1A : X ↑ {0,1} is
measurable if and only if A is measurable. On the real line, consider (R, B), where
B is the Borel ω-algebra (the one generated by all open sets). Every continuous
function f : R ↑ R is measurable, since the preimage of an open set under f is
open.

Given a measurable function h : X1 ↑ X2, we call ω(h) the ω-algebra generated
by h, that is the smallest ω-algebra on X1 that makes h measurable.

Definition A.1.4. The pushforward of µ by h is the measure h#µ : %2 ↑ [0, ↓]
defined as

h#µ(B) = µ
(
h↑1(B)

)
, ⇒B ↗ %2 . (A.2)

The pushforward h#µ describes how the mass distributed according to µ on X1
is transported to X2 by the map h. The pushforward can be used to equip (X2, %2)
with its own measure.

Abstract integration

Measure theory provides an abstract notion of integration that generalises sums
and Riemann integrals. We build this definition step by step.

Definition A.1.5. A function s : X ↑ R is a nonnegative simple function if it can
be written as

s(x) =
n∑

i=1
ai1Ai(x) , (A.3)

where ai ⇐ 0 and Ai ↗ %. The set of all nonnegative simple functions is denoted
by S+.

Definition A.1.6. Let µ be a finite measure on (X, %) and s ↗ S+. The Lebesgue
integral of s with respect to µ is defined as

∫

X
s(x) µ(dx) :=

n∑

i=1
aiµ(Ai) . (A.4)

Definition A.1.7. Let µ be a finite measure on (X, %) and h : X ↑ [0, ↓) be a
nonnegative measurable function. The Lebesgue integral of h with respect to µ is
defined as ∫

X
h(x) µ(dx) := sup

s↘S+, s⇔h

∫

X
s(x) µ(dx)


. (A.5)
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The Lebesgue integral can be infinite. We say that h is p-integrable, and we
write h ↗ Lp (X, %, µ), if the Lebesbgue integral of |h|p with respect to µ is finite.

If h can take both positive and negative values, we write h = h+ ↘ h↑, where
h+ and h↑ are nonnegative, and define

∫

X
h(x) µ(dx) :=

∫

X
h+(x) µ(dx) ↘

∫

X
h↑(x) µ(dx) , (A.6)

provided both terms on the right-hand side are finite.
Integrals can be localised to subsets A ̸ X via

∫

A
h(x) µ(dx) :=

∫

X
h(x)1A(x) µ(dx) . (A.7)

The change of variables formula extends naturally to the Lebesgue integral:
given a measurable function g : X1 ↑ X2 and a measurable function h : X2 ↑ R,

∫

X1
h
(
g (x1)

)
µ (dx1) =

∫

X2
h (x2) (g#µ) (dx2) . (A.8)

Derivative of a measure

So far, measures have looked independent. In practice, many measures are related,
and it is useful to describe one in terms of another.

Definition A.1.8. Let µ and ↼ be two measures on the measurable space (X, %).
We say ↼ is absolutely continuous with respect to µ, written ↼ ↖ µ, if µ(A) = 0
implies ↼(A) = 0. If both ↼ ↖ µ and µ ↖ ↼, we say µ and ↼ are equivalent and we
write µ ↔ ↼.

Definition A.1.9. Two measures µ and ↼ on (X, %) are mutually singular, written
µ ⊥ ↼, if there exists a measurable set A such that µ(A) = 0 and ↼(Ac) = 0.

Theorem A.1.1 (Radon–Nikodym). Let µ and ↼ be two ω-finite measures on
(X, %). There exists a measurable function f : X ↑ [0, ↓) such that

↼(A) =
∫

A
f(x) µ(dx), ⇒A ↗ % , (A.9)

if and only if ↼ ↖ µ.

Proof. See [237, Theorem 6.10].

The function f is unique up to a µ-null set and is called the Radon–Nikodym
derivative of ↼ with respect to µ, denoted f = dϑ

dµ .
Every ω-finite measure ↼ can be decomposed relative to µ as ↼ = ↼a + ↼s, where

↼a ↖ µ and ↼s ⊥ µ. This is the Lebesgue decomposition of ↼ with respect to µ, and
it is unique.
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A.1.2 Probability language
We will see that all the work we did above in defining concepts in measure theory
can be directly translated into more familiar probability terms.

Definition A.1.10. Given a measurable space (”, F), a measure P such that
P (”) = 1 is called a probability measure and the triple (”, F , P ) is called a
probability space.

We change notation from (X, %, µ) to (”, F , P ) to stress the di"erence. In
standard probability, the set ” is usually called the outcome space, while elements
of F are called events.

Example A.1.3 (Coin toss). Consider the toss of two coins. In this case the
outcome space is given by all possible combinations ” = {HH, HT, TH, TT} and
we can take the ω-algebra to be the power set F = 2”. A reasonable choice of
P is that of a function P : F ↑ [0,1] that maps each singleton {xx} into 1/4.
The other combinations follow from the definition of measure as P (A1 ∀ A2) =
P (A1) + P (A2), for all A1, A2 ↗ F .

Example A.1.4 (Particle systems). Consider a particle system in thermal equilib-
rium. In this case the outcame space ” is the high-dimensional phase space of all
possible configurations. An event A ↗ F can be a region of such phase space, i.e.
a set of specific configurations. A suitable probability measure is the Boltzmann
measure, that assigns to each region A the probability of finding the system within
A.

In probability language a measurable function X : ” ↑ E between (”, F) and
(E, E) is called a random variable. Intuitively, the random variable X maps the
abstract outcomes 2 ↗ ” to more “concrete” values in E (usually E = Rn). The
pushforward X#P : E ↑ [0, ↓) of a probability measure P on (”, F) by X is
called probability distribution of X and it is usually denoted as PX . We then say
that X is distributed according to PX and write X ↔ PX . In statistical physics,
this notation has an operational interpretation: the distribution PX specifies the
ensemble, and sampling from it corresponds to realising typical configurations of
the physical system according to its statistical weights. At this level it is important
to distinguish between the underlying probability measure P on (”, F) and the
induced distribution PX on (E, E). In practice, however, one typically works
directly with PX , since it is the object that encodes the statistics of the observable
values of X.
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Definition A.1.11. Given a probability space (”, F , P ) and an integrable random
variable X : ” ↑ R, the expectation of X is defined as

E[X] :=
∫

”
X(2) P (d2) . (A.10)

It is common to make explicit the distribution of 2 in the expectation notation:
E⇁↗P [X] := E[X]. This is particularly convenient when dealing with multiple
random variables.

In many applications, it is convenient to describe conditional distributions or
stochastic transitions directly.

Definition A.1.12. A transition kernel is a function K : ” ⇔ F ↑ [0,1] such that
for each fixed 2 ↗ ”, K(2, ·) is a probability measure on (”, F), and for each fixed
A ↗ F , K(·, A) is measurable.

Intuitively, K(2, A) specifies a rule for moving from a state 2 to any new state
2→ ↗ A.

Definition A.1.13. Given a probability space (”, F , P ), a measurable space
(E, E) and a random variable X : ” ↑ E, let h : E ↑ R be an integrable random
variable from (E, E) to (R, B). The conditional expectation of h with respect to X
is a random variable G : E ↑ R such that, for every bounded measurable function
3 : E ↑ R, ∫

E
3(x) G(x) PX (dx) =

∫

”
3(X(2)) h(2) P (d2) . (A.11)

We write E [h | X] := G.

We can also define the conditional expectation of h with respect to an event
A ↗ F by taking X : ” ↑ {0,1} defined as X(2) = 1A(2). Then we set

E [h | X ↗ A] := G(1) = 1
P (A)

∫

A
h(2) P (d2) . (A.12)

Finally, we can define probability densities, which are nothing but Radon-
Nikodym derivatives of a probability measure. Given a measurable space (”, F , P )
and a measure µ that dominates P , we say that p = dP

dµ is the density of P with
respect to µ. The most common situation is when µ is a reference measure such as
the Lebesgue measure 0 on Rn or the counting measure ↽ on a finite or countable
set. In these cases, the density p is the familiar probability density function or
probability mass function, respectively.

As promised, we summarise the correspondence between measure theory and
probability terminology in Table A.1.
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Measure theory Probability

Abstract space X Outcome space ”
Sigma-algebra % Set of events F
Measure µ Probability P

Measurable function h Random variable X

Integral
∫

X h(x) µ(dx) Expectation E[X]
Radon-Nikodym derivative dµ

dϑ Probability density p

Table A.1: Correspondence between measure theory and probability terminology.

A.1.3 Equivalence and convergence
We conclude this section by defining some useful notions for comparing measures
and random variables. At the very end we also state two important theorems about
exchanging limits and integrals.

Definition A.1.14. Given a measure space (X, %, µ), we say that a property
holds µ-almost everywhere if the set of points where it fails has measure zero.

Definition A.1.15. Let (X, %) be a measurable metric space and µn, µ finite
measures on it. We say that

• µn converges weakly to µ if
∫

X
h(x) µn(dx) ↑

∫

X
h(x) µ(dx) ,

for all bounded continuous functions h : X ↑ R.

• µn converges setwise to µ if

µn(A) ↑ µ(A), ⇒A ↗ % .

• µn converges in total variation to µ if

sup
A↘#

|µn(A) ↘ µ(A)| ↑ 0 .

Convergence in total variation implies convergence setwise, which in turn implies
weak convergence.
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Definition A.1.16. Given a probability space (”, F , P ) and a measurable space
(E, E), we say that two random variables X1, X2 : ” ↑ E are

• Equal in distribution if PX1 = PX2 .

• Equal almost surely if X1 = X2 P -almost everywhere.

• Pointwise equal if X1(2) = X2(2) for all 2 ↗ ”.

Definition A.1.17. Given a probability space (”, F , P ) and a measurable space
(E, E) equipped with a distance d : E ⇔ E ↑ [0, ↓], let (Xn)⇐

n=1 and X be random
variables from (”, F) to (E, E). We say that

• Xn converges in distribution (or weakly, or in law) to X if PXn converges
weakly to PX .

• Xn converges in probability to X if, for all ς > 0,

lim
n≃⇐

P (d (Xn, X) > ς) = 0 .

• Xn converges almost surely to X if Xn ↑ X P -almost everywhere.

Almost sure convergence implies convergence in probability, which in turn implies
convergence in distribution.

Theorem A.1.2 (Monotone convergence). Let µ be a ω-finite measure on (X, %)
and (hn)⇐

n=1 be a sequence of nonnegative measurable functions such that hn+1 ⇐ hn

µ-almost everywhere for all n. Let h = limn≃⇐ hn. Then h is measurable and
∫

X
hn(x) µ(dx) ↑

∫

X
h(x) µ(dx) . (A.13)

Proof. See [237, Theorem 1.26].

Theorem A.1.3 (Dominated convergence). Let µ be a ω-finite measure on (X, %),
and let g : X ↑ R be integrable. Suppose (hn)⇐

n=1 is a sequence of measurable
functions such that |hn(x)| ⇓ g(x) µ-almost everywhere for all n. If h = limn≃⇐ hn

exists pointwise, then h is integrable and
∫

X
hn(x) µ(dx) ↑

∫

X
h(x) µ(dx) . (A.14)

Proof. See [237, Theorem 1.34].
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Corollary A.1.4 (Di"erentiation under integral sign). Let µ be a ω-finite measure
on (X, %), and let I ̸ R be an open interval. Suppose h : X ⇔ I ↑ R is such that
for all t ↗ I, the function h(·, t) is measurable and for all x ↗ X, the function h(x, ·)
is di!erentiable. If there exists an integrable function g : X ↑ [0, ↓) such that

∣∣∣∣∣
φ

φt
h(x, t)

∣∣∣∣∣ ⇓ g(x) , (A.15)

for all x ↗ X and t ↗ I, then the function H : I ↑ R defined as

H(t) =
∫

X
h(x, t) µ(dx) , (A.16)

is di!erentiable and
d
dt

H(t) =
∫

X

φ

φt
h(x, t) µ(dx) . (A.17)

Proof. See [238, Theorem 2.27].

A.2 Riemannian geometry
When dealing with particle systems, one rarely works in Euclidean space. Instead,
these systems are usually simulated with periodic boundary conditions (PBCs), to
reduce boundary e"ects. This means that the true configuration space is not Rd

but a flat (hyper)torus, obtained by identifying opposite sides of a box of length L.
Geometry then matters: distances, interpolation paths, or even the simple notion of
moving a particle must be defined in a way that respects the underlying manifold.

To handle such situations in a rigorous way, we need a few concepts from
Riemannian geometry, which studies properties of non Euclidean spaces [239]. The
purpose of this section is to introduce the essential notions needed in this thesis:
manifolds and tangent spaces, metrics, geodesics, exponential and logarithmic
maps, di"erential operators and probability measures on manifolds. These notions
will allow us to generalise familiar operations from Euclidean space to spaces with
more complex geometry.

A.2.1 Basic concepts
Definition A.2.1. A smooth d-dimensional manifold M is a topological space
such that for every point x ↗ M there exists an open neighbourhood U ̸ M and
a homeomorphism (called a chart) 3 : U ↑ V ̸ Rd. An atlas is a collection of
charts that cover M, and it is said to be smooth if the transition maps between
overlapping charts are smooth.
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In other words, a manifold is a space that looks locally like Rd, even if its global
structure may di"er. Charts are a way to assign coordinates to points in M, and
an atlas ensures that these coordinates are smoothly compatible across overlapping
regions.

At each point x ↗ M, the tangent space TxM is the d-dimensional vector space
that contains all possible directions in which one can move from x. The disjoint
union of all tangent spaces is called the tangent bundle, denoted TM = ⊔

x↘M TxM.
For the flat torus, the tangent space TxM is simply Rd.

Definition A.2.2. A Riemannian metric on M is a smoothly varying inner product
gx : TxM ⇔ TxM ↑ R defined on each tangent space. The pair (M, g) is called a
Riemannian manifold.

The Riemannian metric is essential to measure angles, lengths and volumes
on a manifold. It induces a norm ↙v↙x =


gx(v, v) for v ↗ TxM and a volume

element dVol(x) =


|G(x)| 0(dx), where G(x) is the matrix representation of gx

in coordinates and 0 is the Lebesbgue measure. On the flat torus with side length
L, the metric is the same as the Euclidean metric, so distances and volumes are
computed exactly as in Rd, but with coordinates wrapped modulo L.

With a metric, we can define the notion of length of a curve 4 : [0,1] ↑ M as

L(4) =
∫ 1

0
↙4→(t)↙γ(t) dt . (A.18)

The shortest curves between two points are called geodesics. In Euclidean space
these are straight lines, while on the torus they are straight lines “wrapped around”
periodically. Since geodesics, they induce a global distance dM(x, y) on the manifold.

Definition A.2.3. Given x ↗ M and v ↗ TxM, the exponential map expx :
TxM ↑ M is defined by expx(v) = 4(1), where 4 is the unique geodesic starting
at x with initial velocity v. Conversely, for y ↗ M su!ciently close to x, the
logarithmic map logx : M ↑ TxM gives the tangent vector v such that expx(v) = y.

Using these maps, the geodesic connecting x to y can be written explicitly as

4(t) = expx

(
t logx(y)

)
, t ↗ [0,1] . (A.19)

The exponential map tells how to move on a “straight” line at constant velocity
v, while the logarithmic map gives the initial velocity needed to reach y from x
along a geodesic.

Proposition A.2.1. Let (M, g) be a Riemannian manifold, and let x, y ↗ M.
Then the following properties hold
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(i) dM(x, y) = ↙logx(y)↙x,

(ii) logx(y) = ↘1
2 →xd2

M(x, y),

(iii) There exists a neighborhood Ux ̸ M of x such that for all y ↗ Ux and all
v ↗ TxM su"ciently small, expx (logx(y)) = y and logx (expx(v)) = v.

Proof. See [239, Chapter 5].

Example A.2.1 (Euclidean space). In Euclidean space Rd, geodesics are straight
lines, so the global distance is dM(x, y) = ↙x ↘ y↙ and the exponential map is simply
vector addition: expx(v) = x+v. That is, starting at x and moving in the direction
v for unit “time” lands us at x + v. The logarithmic map is just the di"erence:
given two points x, y ↗ Rd, the unique tangent vector v such that x + v = y is
logx(y) = y ↘ x. The geodesic connecting x to y is then 4(t) = (1 ↘ t)x + ty, which
is the equation of a straight line from x to y.

Example A.2.2 (Flat torus). On the flat torus, the situation is similar but moving
along a straight line may wrap around the domain. The global distance is the
nearest image distance, given by

dM(x, y) = min
k↘Zd

↙(y + kL) ↘ x↙ . (A.20)

The exponential map on the torus is still given by addition, but followed by
wrapping the result back into the fundamental domain, that is

expx(v) = (x + v) % L . (A.21)

The logarithmic map selects the shortest displacement vector from x to y, accounting
for all possible “wrapped” paths due to periodicity. This means that, among all
vectors connecting x to periodic images of y, we pick the one with minimal norm.
This logarithmic map can be written as

logx(y) =
Å

y ↘ x + L

2

ã
% L ↘ L

2 . (A.22)

A.2.2 Di!erential operators
Before defining operators such as the gradient or divergence, we first need a notion of
di"erentiation that works intrinsically on a manifold, without relying on coordinates.
In Euclidean space, all tangent spaces can be identified with Rd, but this is not
the case on a general manifold.
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Definition A.2.4. Let f : M ↑ N be a smooth map. The di!erential of f at
x ↗ M, is the linear map dfx : TxM ↑ Tf(x)N defined by

dfx(v) = d
dt

f(4(t))

t=0

, (A.23)

where 4 is any smooth curve with 4(0) = x and 4→(0) = v.

Intuitively, dfx is the best linear approximation of f near x, mapping tangent
vectors at x to tangent vectors at f(x). In local coordinates, if f is represented by
its components fϖ(x1, . . . , xd), then

(dfx)ϖ
i = φfϖ

φxi
(x) , (A.24)

so that dfx coincides with the Jacobian matrix of f . Applying the di"erential to a
tangent vector v = TxM is then simply matrix-vector multiplication:

dfx(v)ϖ = φfϖ

φxi
(x) vi . (A.25)

For a function f : R ↑ R in Euclidean space, applying the di"erential dfx to
a vector v coincides with the usual directional derivative v · →f . The di"erential
can be used to define the gradient of a smooth function f : M ↑ R is the vector
→f(x) ↗ TxM satisfying

gx(→f(x), v) = dfx(v), ⇒v ↗ TxM . (A.26)

To di"erentiate a vector field v : M ↑ TM, one cannot take a simple di"erence
between v(x) and v(y), because they belong to di"erent tangent spaces. To compare
them, we first need a way to “transport” vectors from one tangent space to another
in a consistent manner. This is the Levi–Civita connection, usually denoted by →.
It tells us how to di"erentiate vector fields along curves on the manifold. In local
coordinates {xi} with metric tensor G = (gij), we introduce the Christo!el symbols
of the metric,

&i
jk := 1

2 gi-
(
φjgk- + φkgj- ↘ φ-gjk

)
, (A.27)

which describe how the basis vectors change from point to point on the manifold.

Definition A.2.5. Given two vector fields v, w ↗ TM the covariant derivative
→vw is defined as

(→vw)i = vjφjw
i + &i

jkvjwk . (A.28)
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The covariant derivative →vw describes the rate of change of w in the direction
v. We can use this notion to define the divergence of a vector field as the trace of
the covariant derivative. In local coordinates

divg(v) = 1
|G|

φi

Ä
|G| vi

ä
. (A.29)

This reduces to the usual Euclidean divergence when G is the identity. On the flat
torus, where the metric is constant, we recover divg(v) = → · v.

A.2.3 Probability measures on manifolds
Finally, we need to generalise probability to manifolds [240]. The Riemannian metric
induces a canonical measure Vol on M, called the Riemannian volume measure,
with local density


|G(x)| relative to the Lebesgue measure in coordinates. A

probability distribution P on M is then a probability measure absolutely continuous
with respect to Vol, with density p = dP

dVol .
On the flat torus, the Riemannian volume is just the uniform measure obtained

by wrapping Lebesgue measure on the fundamental domain. Thus, probability
densities on the torus look very similar to those in Rd, but are defined modulo L.
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Appendix B

Supplementary material for
Chapter 3

B.1 Objective function

Proposition B.1.1. The objective function J defined in Eq. (3.1) can be expressed
as

J [Q] = Ex↗P
x→↗Q

[(
r (x, x→) ↘ r (x, x)

)
ϑ (x, x→)

]
+ Ex↗P [r (x, x)] . (B.1)

Proof.

J [Q] = E x↗P
x→↗K

[r (x, x→)]

=
∫

X2
r (x, x→) K (x, dx→) P (dx)

=
∫

X2
r (x, x→) ϑ (x, x→) Q (x, dx→) P (dx) +

+
∫

X3
r (x, x→) ϖ (x, dx→) (1 ↘ ϑ (x, x→→)) Q (x, dx→→) P (dx) ,

where we used the definition of the transition kernel K in Eq. (1.21). Let us denote
the two terms above by J1[Q] and J2[Q] respectively. The second term J2 can be
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simplified using the properties of the Dirac kernel:

J2[Q] =
∫

X3
r (x, x→) ϖ (x, dx→) (1 ↘ ϑ (x, x→→)) Q (x, dx→→) P (dx)

=
∫

X2
r (x, x) (1 ↘ ϑ (x, x→→)) Q (x, dx→→) P (dx)

=
∫

X2
r (x, x) Q (x, dx→→) P (dx) ↘

∫

X2
r (x, x) ϑ (x, x→→) Q (x, dx→→) P (dx)

=
∫

X
r (x, x) P (dx) ↘

∫

X2
r (x, x) ϑ (x, x→→) Q (x, dx→→) P (dx) ,

where we used the normalisation of Q in the last step. Renaming the dummy
variable x→→ as x→ and combining the two terms, we obtain

J [Q] = J1[Q] + J2[Q]

=
∫

X2

(
r (x, x→) ↘ r (x, x)

)
ϑ (x, x→) Q (x, dx→) P (dx) +

∫

X
r (x, x) P (dx)

= Ex↗P
x→↗Q

[(
r (x, x→) ↘ r (x, x)

)
ϑ (x, x→)

]
+ Ex↗P [r (x, x)] .

Note that if the reward function satisfies r(x, x) = 0 for all x ↗ X, then
Proposition B.1.1 reduces to the expression derived in Ref. [42, Equation 9].

B.2 Gradient derivation
Lemma B.2.1. Let J be the objective function defined in Eq. (3.3). Assume there
exists a neighbourhood Uω0 ∋ # of ϱ0 such that Qω ↖ Qω0 for all ϱ ↗ Uω0 and let

Lω (x, x→) := Qω (x, dx→)
Qω0 (x, dx→) . (B.2)

Then, J can be expressed as

J (ϱ) = E x↗P
x→↗Qω0

[(
r (x, x→) ↘ r (x, x)

)
ϑω (x, x→) Lω (x, x→)

]
, (B.3)

for all ϱ ↗ Uω0.

Proof. Let ϱ ↗ Uω0 . By importance sampling,

J (ϱ) = E x↗P
x→↗Qω

[(
r (x, x→) ↘ r (x, x)

)
ϑω (x, x→)

]

=
∫

X2

(
r (x, x→) ↘ r (x, x)

)
ϑω (x, x→) Qω (x, dx→) P (dx)

=
∫

X2

(
r (x, x→) ↘ r (x, x)

)
ϑω (x, x→) Lω (x, x→) Qω0 (x, dx→) P (dx)

= E x↗P
x→↗Qω0

[(
r (x, x→) ↘ r (x, x)

)
ϑω (x, x→) Lω (x, x→)

]
.
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Theorem 3.1.1 (Policy-guided Monte Carlo gradient estimation). Let J be the
objective function defined in Eq. (3.3), ϱ0 ↗ #, and ↼ω0 : E △ E ↑ R be the measure
defined as ↼ω0 (dx, dx→) = Qω0 (x, dx→) P (dx). Assume

i. There exists a neighbourhood Uω0 ∋ # of ϱ0 such that Qω ↖ Qω0 for all ϱ ↗ Uω0.
Let Lω : Uω0 ⇔ X2 ↑ R be the map defined as

Lω (x, x→) := Qω (x, dx→)
Qω0 (x, dx→) . (3.5)

ii. For ↼ω0-almost every (x, x→), the map ϱ ↑ ϑω (x, x→) Lω (x, x→) is di!erentiable
for all ϱ ↗ Uω0.

iii. There exists g ↗ L1 (X ⇔ X, E △ E , ↼ω0) such that

sup
ω↘Uω0

∥∥∥→ω

(
ϑω (x, x→) Lω (x, x→)

)∥∥∥ ⇓ g (x, x→) ↼ω0-almost everywhere.

Then, J is di!erentiable in Uω0, and its gradient is

→ωJ (ϱ) = E x↗P
x→↗Qω0

[(
r(x, x→) ↘ r(x, x)

)
ϑω0(x, x→) ⇔

⇔
(
H(hω0(x, x→) ↘ 1) →ωLω(x, x→) + H(1 ↘ hω0(x, x→)) →ωLω(x→, x)

)]
, (3.6)

where h is the Hastings ratio defined in Eq. (1.20) and H is the Heaviside function.
Proof. By Lemma B.2.1, for all ϱ ↗ Uω0 ,

J (ϱ) = E x↗P
x→↗Qω0

[(
r (x, x→) ↘ r (x, x)

)
ϑω (x, x→) Lω (x, x→)

]
.

By assumptions ii.-iii. and Corollary A.1.4, we can exchange the derivative and
the integral to obtain

→ωJ (ϱ) = E x↗P
x→↗Qω0

[(
r (x, x→) ↘ r (x, x)

)
→ω

(
ϑω (x, x→) Lω (x, x→)

)]
.

On the symmetric set R ∋ X2 where P (dx→) Qω (x→, dx) ↔ P (dx) Qω (x, dx→), the
Hastings ratio (1.20) can be rewritten as

hω (x, x→) = P (dx→) Qω (x→, dx)
P (dx) Qω (x, dx→)

=
P (dx→) Qω(x→,dx)

Qω0 (x→,dx)Qω0 (x→, dx)

P (dx) Qω(x,dx→)
Qω0 (x,dx→)Qω0 (x, dx→)

= P (dx→) Lω (x→, x) Qω0 (x→, dx)
P (dx) Lω (x, x→) Qω0 (x, dx→)

= Lω (x→, x)
Lω (x, x→) hω0 (x, x→) .
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Since hω (x, x→) = 0 for all (x, x→) ↗ Rc, the acceptance probability ϑω can be
expressed as

ϑω (x, x→) = min {1, hω (x, x→)}

=
{

1, hω (x, x→) ⇐ 1
hω (x, x→) , hω (x, x→) < 1

=






1, hω (x, x→) ⇐ 1
Lω (x→, x)
Lω (x, x→) hω0 (x, x→) , hω (x, x→) < 1

.

Then,

→ω

(
ϑω (x, x→) Lω (x, x→)

)
=

{
→ωLω (x, x→) , hω (x, x→) ⇐ 1
hω0 (x, x→) →ωLω (x, x→) , hω (x, x→) < 1

=
{

ϑω0 (x, x→) →ωLω (x, x→) , hω (x, x→) ⇐ 1
ϑω0 (x, x→) →ωLω (x, x→) , hω (x, x→) < 1

= ϑω0(x, x→)
(
H(hω0(x, x→) ↘ 1) →ωLω(x, x→) +

+ H(1 ↘ hω0(x, x→)) →ωLω(x→, x)
)

.

Inserting this expression into →ωJ gives Eq. (3.6).

Corollary B.2.2. In the settings of Theorem 3.1.1, if Qω admits a density qω with
respect to a common dominating measure µ for all ϱ ↗ Uω0, let

sω (x, x→) := →ω log qω (x→|x) .

Then, the gradient of J at ϱ = ϱ0 can be expressed as

→ωJ (ϱ0) = E x↗P
x→↗Qω0

[(
r(x, x→) ↘ r(x, x)

)
ϑω0(x, x→) ⇔

⇔
(
H(hω0(x, x→) ↘ 1) sω0(x, x→) + H(1 ↘ hω0(x, x→)) sω0(x→, x)

)]
. (B.4)

Proof. Since Qω admits a density qω, for all ϱ ↗ Uω0 ,

Lω (x, x→) = qω (x→|x)
qω0 (x→|x) .

Thus,
→ωLω (x, x→) = →ωqω (x→|x)

qω0 (x→|x) ,

142



B.3 – Optimisation methods

and evaluating at ϱ = ϱ0 gives

→ωLω0 (x, x→) = →ωqω0 (x→|x)
qω0 (x→|x)

= sω0 (x, x→) .

Similarly,
→ωLω0 (x→, x) = sω0 (x→, x) .

Inserting these expressions into Eq. (3.6) for ϱ = ϱ0 gives Eq. (B.4).

B.3 Optimisation methods
Lemma B.3.1. Assume the map ϱ ↑ Lω ↗ Cn (Uω0), ↼0-almost everywhere, and
that there exists gn ↗ L1 (X ⇔ X, E △ E , ↼ω0) such that

sup
ω↘Uω0

↙φn
ω Lω (x, x→)↙ ⇓ gn (x, x→) ↼ω0-almost everywhere.

Then,
E x↗P

x→↗Qω0

[φn
ω Lω (x, x→)] = 0 . (B.5)

Proof. By corollary A.1.4, we can exchange the derivative and the integral to obtain

E x↗P
x→↗Qω0

[φn
ω Lω (x, x→)] =

∫

X2
→ωLω (x, x→) Qω0 (x, dx→) P (dx)

= φn
ω

∫

X2
Lω (x, x→) Qω0 (x, dx→) P (dx)

= φn
ω

∫

X2
Qω (x, dx→) P (dx)

= φn
ω 1

= 0 .

Proposition B.3.2. Assume Lω satisfies the assumptions of Lemma B.3.1 with
n = 1. Let

bω (x, x→) := J (ϱ) sω (x, x→) . (B.6)

Then,
E x↗P

x→↗Qω0

[bω0 (x, x→)] = 0 . (B.7)
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Proof. Since sω0 (x, x→) = →ωLω0 (x, x→) (see the proof of Corollary B.2.2), by
Lemma B.3.1 with n = 1,

E x↗P
x→↗Qω0

[bω0 (x, x→)] = J (ϱ0)E x↗P
x→↗Qω0

[sω0 (x, x→)]

= J (ϱ0)E x↗P
x→↗Qω0

[→ωLω0 (x, x→)]

= 0 .

Proposition B.3.3. Let

D (ϱ) := Ex↗P [DKL (Qω0↙Qω)] (B.8)

be the average KL divergence between the policy Qω0 and Qω. Assume

i. There exists a neighbourhood Uω0 ∋ # of ϱ0 such that Qω ↔ Qω0 for all ϱ ↗ Uω0.

ii. Lω satisfies the assumptions of Lemma B.3.1 with n = 2.

Then
D (ϱ) = 1

2 (ϱ ↘ ϱ0)T F (ϱ0) (ϱ ↘ ϱ0) + o
Ä
↙ϱ ↘ ϱ0↙2ä , (B.9)

where
F (ϱ0) = E x↗P

x→↗Qω0

î
sω0 (x, x→) sω0 (x, x→)T

ó
. (B.10)

Proof. By assumption i., for all ϱ ↗ Uω0 ,

D (ϱ) = E x↗P
x→↗Qω0

ï
log Qω0 (x, dx→)

Qω (x, dx→)

ò

= E x↗P
x→↗Qω0

[↘ log Lω (x, x→)] .

Since Lω0 (x, x→) = 1 for ↼ω0-almost every (x, x→), then D (ϱ0) = 0. By assumptions
ii. and Corollary A.1.4, we can exchange the derivative and the integral to obtain

→ωD (ϱ) = ↘E x↗P
x→↗Qω0

[→ω log Lω (x, x→)]

= ↘E x↗P
x→↗Qω0

ï→ωLω (x, x→)
Lω (x, x→)

ò
.

By Lemma B.3.1 with n = 1, →ωD (ϱ0) = 0. By assumptions ii. and Corollary A.1.4,

φ2
ωiωj

D (ϱ) = ↘E x↗P
x→↗Qω0

î
φ2

ωiωj
log Lω (x, x→)

ó

= ↘E x↗P
x→↗Qω0

ñ
φ2

ωiωj
Lω (x, x→)

Lω (x, x→) ↘
φωiLω (x, x→) φωj Lω (x, x→)

L2
ω (x, x→)

ô
.
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By Lemma B.3.1 with n = 2, the first term vanishes at ϱ = ϱ0, and evaluating at
ϱ = ϱ0 gives

φ2
ωiωj

D (ϱ0) = E x↗P
x→↗Qω0

[
φωiLω0 (x, x→) φωj Lω0 (x, x→)

]

= E x↗P
x→↗Qω0

[sω0,i (x, x→) sω0,j (x, x→)]

= Fij (ϱ0) .

Inserting D (ϱ0), →ωD (ϱ0), and φ2
ωiωj

D (ϱ0) into the Taylor expansion of D (ϱ)
around ϱ0 gives (B.9).
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Appendix C

Supplementary material for
Chapter 4

C.1 Equivariance of the optimal velocity field
Lemma C.1.1. Let G be an isometry group acting on X. For any g ↗ G, any
y ↗ X and any test function 3 ↗ C⇐(X),

∫

X
3(x) ϖg(y) (g(x)) dx =

∫

X
3(x) ϖy(x) dx . (C.1)

Proof. Make the change of variable u = g(x), since g is a group element,

x = g↑1(u), dx =
∣∣∣det

(
dg↑1

u

)∣∣∣ du .

Since g is an isometry, the di"erential dgu is orthogonal for every u ↗ X. Conse-
quently dg↑1

u is also orthogonal and |det (dg↑1
u )| = 1 for every u ↗ X. Thus,

∫

X
3(x) ϖg(y) (g(x)) dx =

∫

X
3
(
g↑1(u)

)
ϖg(y) (u) du

= 3
(
g↑1 (g(y))

)

= 3(y)

=
∫

X
3(x) ϖy (x) dx.

Proposition C.1.2. Let G be an isometry group of X, and let x(t) be the stochastic
interpolant defined by the interpolation path I : [0,1]⇔X⇔X ↑ X and the coupling ↼
between Q0 and Q1. If ↼ is G-invariant and I is a G-equivariant, then the marginal
densities qt = q (t, ·) of x(t) are G-invariant for all t ↗ [0,1].
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Proof. The marginal density qt can be expressed as

qt(x) =
∫

X2
ϖI(t,x0,x1)(x) ↼ (dx0, dx1) .

Let g ↗ G,
qt (g(x)) =

∫

X2
ϖI(t,x0,x1) (g(x)) ↼ (dx0, dx1) .

Make the change of variable x0 = g (u0), x1 = g (u1). Using Eq. (A.8), the
G-invariance of ↼ and the G-equivariance of I,

qt (g(x)) =
∫

X2
ϖI(t,g(u0),g(u1)) (g(x)) (g ⇔ g)#↼ (du0, du1)

=
∫

X2
ϖI(t,g(u0),g(u1)) (g(x)) ↼ (du0, du1)

=
∫

X2
ϖg(I(t,u0,u1)) (g(x)) ↼ (du0, du1) .

Finally, using Lemma C.1.1

qt (g(x)) =
∫

X2
ϖI(t,u0,u1) (x) ↼ (du0, du1)

= qt(x) .

Lemma C.1.3. Let I : [0,1] ⇔ X ⇔ X ↑ X be a time-di!erentiable interpolation
path. If I is G-equivariant, then for any g ↗ G, any t ↗ [0,1] and any x0, x1 ↗ X,

φI

φt
(t, g (x0) , g (x1)) = dgI(t,x0,x1)

Å
φI

φt
(t, x0, x1)

ã
. (C.2)

Proof. Let g ↗ G, t ↗ [0,1] and x0, x1 ↗ X. Using the equivariance of I and the
chain rule,

φI

φt
(t, g (x0) , g (x1)) = φ

φt
g (I (t, x0, x1))

= dgI(t,x0,x1)

Å
φI

φt
(t, x0, x1)

ã
.

Theorem 4.1.1. Let G be an isometry group of X, and let x(t) be the stochastic
interpolant defined by the interpolation path I : [0,1]⇔X⇔X ↑ X and the coupling ↼
between Q0 and Q1. If ↼ is G-invariant and I is a G-equivariant, then the optimal
velocity field vε defined in Eq. (1.35) is G-equivariant for all t ↗ [0,1].
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Proof. The optimal velocity field vε can be expressed as

vε (t, x) = E(X0,X1)↗ϑ

ï
φI

φt
(t, X0, X1) | X(t) = x

ò

= 1
qt(x)

∫

X2

φI

φt
(t, x0, x1) ϖI(t,x0,x1)(x) ↼ (dx0, dx1) .

Since qt is G-invariant (Proposition C.1.2), we need to show that the integral

I(x) =
∫

X2

φI

φt
(t, x0, x1) ϖI(t,x0,x1)(x) ↼ (dx0, dx1)

is a G-equivariant vector field. Let g ↗ G,

I (g(x)) =
∫

X2

φI

φt
(t, x0, x1) ϖI(t,x0,x1) (g(x)) ↼ (dx0, dx1) .

Make the change of variable x0 = g (u0), x1 = g (u1). Using Eq. (A.8), the G-
invariance of ↼, the G-equivariance of I, Lemma C.1.1, Lemma C.1.3, the definition
of the delta function and the linearity of the di"erential operator,

I (g(x)) =
∫

X2

φI

φt
(t, g (u0) , g (u1)) ϖI(t,g(u0),g(u1)) (g(x)) (g ⇔ g)#↼ (du0, du1)

=
∫

X2

φI

φt
(t, g (u0) , g (u1)) ϖI(t,g(u0),g(u1)) (g(x)) ↼ (du0, du1)

=
∫

X2

φI

φt
(t, g (u0) , g (u1)) ϖg(I(t,u0,u1)) (g(x)) ↼ (du0, du1)

=
∫

X2

φI

φt
(t, g (u0) , g (u1)) ϖI(t,u0,u1) (x) ↼ (du0, du1)

=
∫

X2
dgI(t,u0,u1)

Å
φI

φt
(t, u0, u1)

ã
ϖI(t,u0,u1) (x) ↼ (du0, du1)

=
∫

X2
dgx

Å
φI

φt
(t, u0, u1)

ã
ϖI(t,u0,u1) (x) ↼ (du0, du1)

= dgx

Å∫

X2

φI

φt
(t, u0, u1) ϖI(t,u0,u1) (x) ↼ (du0, du1)

ã

= dgx (I(x)) .

C.2 Invariances of the target distribution
In this section we show that set of symmetries introduced in Section 2.2.4 form a
group. We then show that both distributions in Eq. (2.3) and Eq. (2.5) are invariant
under the action of such group.
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Definition C.2.1. Let X = SN ⇔ MN
L be the state space of a glass forming system

with N particles in a box of side L with periodic boundary conditions. We define
the isometry group of X as the set GX of transformations g↼, gu, gM : X ↑ X defined
by

g↼ (s, r) =
Ç(

s↼(1), . . . , s↼(N)
)

(
⇀r↼(1), . . . ,⇀r↼(N)

)
å

(C.3)

gϱu (s, r) =
Ç

s
(r + 1N △ ⇀u) % L

å
(C.4)

gM (s, r) =
Ç

s(
(IN △ M) r

)
% L

å
, (C.5)

where ω ↗ SN is a permutation of N elements, ⇀u ↗ Rd is a translation vector,
M ↗ B(d) is a signed permutation hyperoctahedral group, and % L denotes the
modulo operation with respect to L applied component-wise.

Lemma C.2.1. Let ω ↗ SN , with corresponding permutation matrix A↼ ↗ ZN↔N ,
⇀u ↗ Rd, and M ↗ B(d). Then any transformation g ↗ GX can be decomposed as
g(x) = (gs(x), gr(x)), where gs : X ↑ SN and gr : X ↑ MN

L are defined by

gs (s, r) := A↼s

gr (s, r) := (A↼ △ Id) wM,ϱu,L (r) ,

and

wM,ϱu,L(r) :=
Å(

(IN △ M) r + 1N △ ⇀u
)

% L

ã
. (C.6)

Proof. The result directly comes from combining Eqs. (C.3), (C.4) and (C.5).

Lemma C.2.2. Let ω ↗ SN , with corresponding permutation matrix A↼ ↗ ZN↔N ,
⇀u ↗ Rd, and M ↗ B(d). Then any transformation g ↗ GX can be decomposed as
g = fL ′ hA,b, where fL : X ↑ X and hA,b : X ↑ X are defined as

fL (s, r) =
Ç

s
r % L

å
(C.7)

hA,b (s, r) = A

Ç
s
r

å
+ b , (C.8)
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C.2 – Invariances of the target distribution

with

A =
Ç

A↼ 0
0 (A↼ △ Id) (IN △ M)

å
↗ ZN(d+1)↔N(d+1) (C.9)

b =
Ç

0
1N △ ⇀u

å
↗ RN(d+1) . (C.10)

Proof. From Lemma C.2.1,

gs (s, r) = A↼s

gr (s, r) = (A↼ △ Id)
Å(

(IN △ M) r + 1N △ ⇀u
)

% L

ã
.

Then, since particle permutations commute with the modulo operation,

gr (s, r) =
(

(A↼ △ Id) (IN △ M) r + 1N △ ⇀u
)

% L .

Combining these two expressions with Eqs. (C.9) and (C.10), gives the desired
result.

Lemma C.2.3. Let r1, r2 ↗ RNd, then

((r1 % L) + r2) % L = (r1 + r2) % L . (C.11)

Proof. Since r1 = (r1 % L) + k1L, where k1 ↗ ZNd, then

((r1 % L) + r2) % L = (r1 + r2 ↘ k1) % L

= (r1 + r2) % L .

Lemma C.2.4. Let y ↗ R and ⇁ ↗ {↘1, +1}, then (⇁y) % L = (⇁ (y % L)) % L.

Proof. If ⇁ = 1 this is obviously true. If ⇁ = ↘1, we are trying to prove that

(↘y) % L = (↘ (y % L)) % L .

By definition, we have

(↘y) % L = ↘y ↘
↘y

L


L ,

(↘ (y % L)) % L = ↘y ↘
(↘y

L
+ k


↘ k

)
L ,

where k = ∃y/L¬. Using the fact that for any x ↗ R and n ↗ N,

∃x + n¬ ↘ n = ∃x¬ ,

we get the intended result.
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Lemma C.2.5. Let M ↗ B(d) and ⇀r ↗ Rd, then (M⇀r) % L = (M [⇀r % L]) % L.

Proof. For any M ↗ B(d), there exist ⇁ ↗ {↘1,1}d and ω ↗ Sd such that for all
i, j ↗ [[1, d]], Mi,j = ⇁(i)ϖ↼(i),j. For all i ↗ [[1, d]], we have

((M⇀r) % L)i =
(
⇁(i)⇀r↼(i)

)
% L, (M [⇀r % L])i = ⇁(i) [⇀r % L]↼(i) .

Use Lemma C.2.4 on each coordinate to conclude.

Lemma C.2.6. For all a ↗ R, ↘∃ a
L + 1

2¬ = argmink↘Z |a + kL| holds.

Proof. By definition,  a

L


L ⇓ a ⇓

( a

L


+ 1

)
L ,

which means that

kε = argmin
k↘Z

|a + kL| ↗


↘
 a

L


, ↘

( a

L


+ 1

)
.

Case 1: kε = ↘∃a/L¬ This means that a/L is closer to ∃a/L¬ than to ∃a/L¬ + 1
which implies that a/L + 1/2 is also closer to ∃a/L¬ which means that

 a

L


=
õ

a

L
+ 1

2

û
,

and that kε = ↘∃a/L + 1/2¬.
Case 2: kε = ↘(∃a/L¬ + 1) This means that a/L is closer to ∃a/L¬ + 1 than to

∃a/L¬ which implies that a/L + 1/2 is also closer to ∃a/L¬ + 1 which means that
 a

L


+ 1 =

õ
a

L
+ 1

2

û
,

and that kε = ↘∃a/L + 1/2¬.

Lemma C.2.7. Let f : Rk ↑ R+ be defined for all x ↗ Rk as

f(x) =
k∑

i=1
fi(xi), fi : R ↑ R+ .

Then the minimum of f decomposes as

argmin
x↘Rk

f(x) = argmin
x1↘R

f1(x) ⇔ . . . ⇔ argmin
xk↘R

fk(x) .
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Proof. Suppose that there exist x̄ ↗ argminx↘Rk f(x) and x̄ /↗ argminx1↘R f1(x) ⇔
. . . ⇔ argminxk↘R fk(x).
Then there exists i ↗ {1, . . . , k} such that x̄i /↗ argminxi↘R fi(x). Let x̂i ↗
argminxi↘R fi(x), then x̂ ↗ Rk defined as

x̂j =
{

x̄j if j /= i

x̂i otherwise
.

Then f(x̂) ⇓ f(x̄) which contradicts the assumptions. This gives the left-right
inclusion, and the right-left one is trivial.

Lemma C.2.8. Let ⇀r1,⇀r2 ↗ ML, the nearest image distance dML can be written as

dML (⇀r1,⇀r2) =
∥∥∥logϱr1(⇀r2)

∥∥∥, for any ⇀r1,⇀r2 ↗ ML . (C.12)

Proof. We can write the log map as logϱr1(⇀r2) = ⇀r2 ↘ ⇀r1 + ⇀k12L, where

⇀k12 := ↘
ú

⇀r2 ↘ ⇀r1 + L
2

L

ü

= ↘
õ

⇀r2 ↘ ⇀r1
L

+ 1
2

û
.

Moreover,

dML (⇀r1,⇀r2) = min
ϱk↘Zd

∥∥∥⇀r1 ↘ ⇀r2 + ⇀kL
∥∥∥

= min
ϱk↘Zd

∥∥∥⇀r2 ↘ ⇀r1 + ⇀kL
∥∥∥

= min
ϱk↘Zd

∥∥∥⇀r2 ↘ ⇀r1 + ⇀kL
∥∥∥

2
,

which implies that

dML (⇀r1,⇀r2) = min
ϱk↘Zd

d∑

i=1
(r2i ↘ r1i + kiL)2 .

Using Lemma C.2.6 and the monotonicity of the square root on R+, we have that
for all i ↗ [[1, d]],

argmin
k↘Z

(r2i ↘ r1i + kL)2 = k12i .

By Lemma C.2.7, this implies that

argmin
ϱk↘Zd

d∑

i=1
(r2i ↘ r1i + kiL)2 = ⇀k12 ,
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leading to

dML (⇀r1,⇀r2) =
∥∥∥⇀r2 ↘ ⇀r1 + ⇀k12L

∥∥∥

=
∥∥∥logϱr1(⇀r2)

∥∥∥ .

Lemma C.2.9. For any ⇀r1,⇀r2 ↗ ML, the logarithmic map on the flat torus can be
written

logϱr1 (⇀r2) = L

2◁
atan2

Å
sin
Å2◁

L
(⇀r1 ↘ ⇀r2)

ã
, cos

Å2◁

L
(⇀r1 ↘ ⇀r2)

ãã
. (C.13)

Proof. For any ⇀r1,⇀r2 ↗ ML, using

arctan tan ϑ = ϑ ↘ ◁

õ
ϑ

◁
+ 1

2

û

and
tan ϑ = sin 2ϑ

1 + cos 2ϑ

we get

logϱr1 (⇀r2) =
Å

⇀r2 ↘ ⇀r1 + L

2

ã
% L ↘ L

2

= ⇀r2 ↘ ⇀r1 ↘ L

ú
⇀r2 ↘ ⇀r1 + L

2
L

ü

= L

◁
arctan

(
tan

(◁

L
(⇀r2 ↘ ⇀r1)

))

= L

◁
arctan

Ç
sin

(2▷
L (⇀r2 ↘ ⇀r1)

)

1 + cos
(2▷

L (⇀r2 ↘ ⇀r1)
)
å

= L

2◁
atan2

Å
sin
Å2◁

L
(⇀r1 ↘ ⇀r2)

ã
, cos
Å2◁

L
(⇀r1 ↘ ⇀r2)

ãã
.

Lemma C.2.10. Let ⇀r1,⇀r2 ↗ ML. For any M ↗ B(d),

log(Mϱr1) % L((M⇀r2) % L) = M logϱr1(⇀r2) , (C.14)

holds.

Proof. Let x, y ↗ [0, L], using Lemma C.2.9

log(↑x) % L((↘y) % L) = L

◁
arctan

Ç
sin

(2▷
L ((↘y) % L ↘ (↘x) % L)

)

1 + cos
(2▷

L ((↘y) % L ↘ (↘x) % L)
)
å

.
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By definition, there exists k, k→ ↗ Z such that

(↘x) % L = ↘x + kL, and (↘y) % L = ↘y + k→L .

This leads to
2◁

L
((↘y) % L ↘ (↘x) % L) = 2◁

L
([↘y + k→L] ↘ [↘x + kL]) ,

= ↘2◁

L
(y ↘ x) + 2◁ (k ↘ k→)  

↘Z

.

Using the periodicity of the sine and cosine in the above formula, we get

log(↑x) % L((↘y) % L) = L

◁
arctan

Ç
↘ sin

(2▷
L (y ↘ x)

)

1 + cos
(2▷

L (y ↘ x)
)
å

= ↘ logx(y) .

Let M ↗ B(d) and ⇀r1,⇀r2 ↗ ML. By definition, for all i ↗ [[1, d]], (M⇀r1)i = ⇁i(⇀r1)↼(i).
Moreover, using the previous result,

[
log(Mϱr1) % L((M⇀r2) % L)

]
i

= log[(Mϱr1) % L]i([(M⇀r2) % L]i)
= log((Mϱr1)i) % L(((M⇀r2)i) % L)
= log(φi(ϱr1)ϑ(i)) % L(

(
⇁i(⇀r2)↼(i)

)
% L)

= ⇁i log(ϱr1)ϑ(i)
((⇀r2)↼(i))

= [M logϱr1(⇀r2)]i .

Lemma C.2.11. Let ⇀r1,⇀r2 ↗ ML. For any M ↗ B(d) and ⇀u ↗ Rd,

log(Mϱr1+ϱu) % L ((M⇀r2 + ⇀u) % L) = M logϱr1 (⇀r2) . (C.15)

Proof. Applying Lemma C.2.3 twice, we get

log(ϱr1+ϱu) % L ((⇀r2 + ⇀u) % L) =
Å

(⇀r2 + ⇀u) % L ↘ (⇀r2 + ⇀u) % L + L

2

ã
% L ↘ L

2

=
Å

⇀r2 + ⇀u ↘ ⇀r2 ↘ ⇀u + L

2

ã
% L ↘ L

2
= logϱr1 % L (⇀r2 % L) .

Using Lemma C.2.10 with M⇀r1 ↗ ML and M⇀r2 ↗ ML we can conclude.
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Lemma C.2.12. Let ⇀r,⇀v ↗ Rd, M ↗ B(d) and ⇀u ↗ Rd then

exp(Mϱr+ϱu) % L (M⇀v) = (M expϱr (⇀v) + ⇀u) % L . (C.16)

Proof. From Lemma C.2.3,

exp(Mϱr+ϱu) % L (M⇀v) =
(
exp(Mϱr) % L M⇀v + ⇀u

)
% L .

Moreover, since the signed permutation matrix M is characterisde by a permutation
ω and a vector ⇀⇁ ↗ {↘1, 1}d, for all i ↗ [[1, d]]

[M (⇀r + ⇀v)]i = ⇁i

(
r↼(i) + v↼(i)

)
.

Using Lemma C.2.3 and Lemma C.2.4, we get
[
exp(Mϱr) % L (M⇀v)

]
i

=
(
⇁i(r↼(i) + v↼(i))

)
% L

=
(
⇁i

[(
r↼(i) + v↼(i)

)
% L

])
% L .

Additionally,

[(M expϱr (⇀v)) % L]i =
(
⇁i

[(
r↼(i) + v↼(i)

)
% L

])
% L ,

which proves that exp(Mϱr) % L (M⇀v) = (M expϱr (⇀v)) % L. Inserting this expression
into the first equation and using Lemma C.2.3 we get

exp(Mϱr+ϱu) % L (M⇀v) = ((M expϱr (⇀v)) % L + ⇀u) % L

= (M expϱr (⇀v) + ⇀u) % L .

Lemma C.2.13. Let g ↗ GX be decomposed as in Lemma C.2.2, then dgx = A for
almost every x ↗ X.

Proof. Let x ↗ X, by the chain rule

dgx = dfL,hA,b(x) dhA,b,x .

The modulo has unit derivative (except from jump points, which have measure
zero), thus dfL,hA,b(x) = IN(d+1) almost everywhere. Since hA,b is a!ne, dhA,b,x = A
for all x ↗ X, which concludes the proof.

Proposition C.2.14. The set GX in Definition C.2.1 is a group under function
composition.
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Proof. The identity is in GX as it is a special case of the invariances. Let g1, g2 ↗ GX
we can decompose them as g1 = fL′hA1,b1 and g2 = fL′hA2,b2 where A1 (respectively
A2) can be decomposed into A1

↼, M1 (respectively A2
↼, M2) and b1 (respectively b2)

into b1 = 1N △ c1 (respectively b2 = 1N △ c2). Using both Lemmas C.2.5 and C.2.3,
g1 ′ g2 can be written for any x ↗ GX as

(g1 ′ g2)(x) =

= fL

ñÇ
A↼1A↼2 0

0 (A↼1A↼2 △ Id) (IN △ M1M2)

å
x +

(
1N △ (c1 + M1c2)

)
ô

,

which shows, by C.2.2, that g1 ′ g2 ↗ GX. Finally, let g ↗ GX be written under the
same decomposition, using Lemmas C.2.5 and C.2.3 again, we have for any x ↗ GX

g↑1(x) = fL

ñÇ
A↼↑1 0

0 (IN △ M↑1)(A↼↑1 △ Id)

å
x ↘ (1N △ c)

ô

= fL

ñÇ
A↼↑1 0

0 (A↼↑1 △ Id)(IN △ M↑1)

å
x +

(
1N △ (↘c)

)
ô

.

which shows, by Lemma C.2.2, that g↑1 ↗ GX.

Proposition C.2.15. The Boltzmann distribution in Eq. (2.3) and the Boltzmann
distribution with fixed composition in Eq. (2.5) are invariant under the action of
the group GX defined in Definition C.2.1. Moreover, GX is an isometry group of X.

Proof. The invariance with respect to permutations g↼ trivially comes from the
invariance of the sums. For translations gϱu and box-symmetries gM , we need to
show that for all x1 = (s1, r1) , x2 = (s2, r2) ↗ X, and for all g = (gs, gr) ↗ GX, the
nearest image distance is invariant. Using Lemma C.2.8, the distance can be written
as the norm of the logarithmic map, which is equivariant as per Lemma C.2.11.
Using the fact that the scaling matrix is always orthogonal, we get the result.

C.3 Model’s equivariance
Proposition C.3.1. The interpolant in Eq. 4.1 is GX-equivariant.

Proof. Let g ↗ GX, t ↗ [0,1], x0, x1 ↗ X and write

I (t, x0, x1) =
Ç

Is
L(t, x0, x1)

Ir
L(t, x0, x1)

å
.
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Then, using the decomposition of g of Lemma C.2.1,

Is (t, g(x0), g(x1)) = (1 ↘ t)A↼s0 + tA↼s1

= A↼Is (t, x0, x1) .

Moreover, for every i ↗ [[1, N ]], using Lemma C.2.11 and Lemma C.2.12

[Ir (t, g(x0), g(x1))]i = expwM,ϱu,L(ϱr0ϑ(i))
(

t logwM,ϱu,L(ϱr0ϑ(i))
(
wM,ϱu,L

(
⇀r1↼(i)

)))

= expwM,ϱu,L(ϱr0ϑ(i))
Ä
tM logϱr0ϑ(i)

(⇀r1↼i)
ä

=
Ä
M expϱr0ϑi

Ä
t logϱr0ϑ(i)

(
⇀r1↼(i)

)ä
+ ⇀u
ä

% L

= [wM,ϱu,L (Ir(t, x0, x1))]↼(i) .

Using Lemma C.2.1 we can conclude.

Proposition C.3.2. Let x(t) be the stochastic interpolant defined by the interpola-
tion path in Eq. (4.1) and the coupling ↼ between Q0 and Q1. The optimal velocity
field is

v⇓(t, x)=E(x0,x1)↗ϑ




s0 ↘ s1ÅÅ

r1 ↘ r0 + L

2

ã
% L ↘ L

2

ã
% L


x(t) = I(t, x0, x1)



 . (C.17)

Proof. Let t ↗ [0,1] and x0, x1 ↗ GX, write

I (t, x0, x1) =
Ç

Is
L(t, x0, x1)

Ir
L(t, x0, x1)

å
.

Then
φIs

φt
(t, x0, x1) = s1 ↘ s0 ,

and,
φIr

φt
(t, x0, x1) =

ÅÅ
r1 ↘ r0 + L

2

ã
% L ↘ L

2

ã
% L .

Using the definition of vε in Eq. (1.35) we can conclude.

Proposition C.3.3. The velocity field in Eq. (4.7) is GX-equivariant.

Proof. Let t ↗ [0,1] and x ↗ X. Define 5k(t, x) := (5s
k(t, x), 5r

k(t, x)), &k(t, x) := Hk

and ’k(t, x) := Mk. We start by showing by induction on k ↗ N that for all g ↗ GX
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and i, j ↗ [[1, N ]],

5k(t, g(x)) = g(5k(t, x)) ,

[&k(t, g(x))]i = [&k(t, x)]↼(i) ,

[’k(t, g(x))]ij = [’k(t, x)]↼(i)↼(j) ,

Let g(x) = (gs(x), gr(x)) as in Lemma C.2.1. At k = 0, we have 50(t, g(x)) =
g(x) = g(50(t, x)) and for all i ↗ [[1, N ]]

[&0(t, g(x))]i = (t, [gs(x)]i)
=

(
t, s↼(i)

)

= [&0(t, x)]↼(i) .

Moreover, for all i, j ↗ [[1, N ]]

[’0(t, g(x))]ij =

= 1̂e

Ä
[&0(t, g(x))]i, [&0(t, g(x))]j, dML

Ä
[wM,ϱu,L(r)]↼(i), [wM,ϱu,L(r)]↼(j)

ää
.

Using the statement on &0 and Proposition C.2.15 we get

[’0(t, g(x))]ij = 1̂e

Ä
[&0(t, x)]↼(i) , [&0(t, x)]↼(j) , dML

(
⇀r↼(i),⇀r↼(j)

)ä

= [’0(t, x)]↼(i)↼(j) .

Let k ↗ N, assume the hypotesis holds at step k. Then, using the permutation
invariance of the sum, for all i ↗ [[1, N ]],

[&k+1(t, g(x))]i = 1̂h


[&k(t, g(x))]i,

∑

i /=j

1̂m ([5k(t, g(x))]ij) [5k(t, g(x))]ij



= 1̂h


[&k(t, x)]↼(i),

∑

i /=j

1̂m

(
[5k(t, x)]↼(i)↼(j)

)
[5k(t, x)]↼(i)↼(j)



= [&k+1(t, x)]↼(i) .

Similarly,
[’k+1(t, g(x))]ij = [’k+1(t, x)]↼(i)↼(j) ,

and

5s
k+1(t, g(x)) = gs(x)

= gs (5s
k(t, x)) .
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For the position update:

[
5r

k+1(t, g(x))
]

i
=

= exp[◁r
k(t,g(x))]

i


∑

i /=j

log[◁r
k(t,g(x))]

j

[5r
k(t, g(x))]i

dML

Ä
[gr(x)]i, [gr(x)]j

ä
+ 1

1d

(
[’k(t, x)]↼(i)↼(j)

)


.

Using the induction hypothesis and Lemma C.2.11,

log[◁r
k(t,g(x))]

j

[5r
k(t, g(x))]i = log[gr(◁k(t,x))]j [gr(5k(t, x))]i

= log[wM,ϱu,L(◁r
k(t,x))]

ϑ(j)
[wM,ϱu,L(5r

k(t, x))]↼(i)

= M log[◁r
k(t,x)]

ϑ(j)
[5r

k(t, x)]↼(i) .

Using Lemma C.2.12,

[
5r

k+1(t, g(x))
]

i
=

=

Ñ
Mexp[◁r

k(t,x)]
ϑ(i)

Ñ
∑

i /=j

log[◁r
k(t,x)]

ϑ(j)
[5r

k(t, x)]↼(i)

dML

(
⇀r↼(i),⇀r↼(j)

)
+1

1d([’k(t, x)]↼(i)↼(j))

é
+ ⇀u

é
% L

and using Proposition C.2.15 and the permutation invariance of the sum,
[
5r

k+1(t, g(x))
]

i
=

[(
M

[
5r

k+1 (t, g(x))
]

i
+ ⇀u

)
% L

]
↼(i)

= gr
[
5r

k+1 (t, x)
]

i
,

which proves the recursion. Finally, using Lemma C.2.11 for the velocity field we
get

v̂(t, g(x)) =


0N¶
log[gr(R)]i [5r

K(t, g(x))]i
©N

i=1



=


0N¶
M log[R]ϑ(i)

[5r
K(t, x)]↼(i)

©N

i=1



= A v̂(t, x) .

Since dgx = A by Lemma C.2.13, we can conclude.

160



Appendix D

Supplementary material for
Chapter 5

D.1 Random organisation

Random organisation models were introduced as minimal dynamical descriptions of
the experimentally observed transition between reversible and irreversible motion
in periodically driven suspensions [122, 212, 221]. The dynamics are deliberately
simple: at each discrete time step t, overlapping particles are randomly displaced
according to a model-specific dynamical rule, and the dynamics are iterated until
the system either reaches a stationary steady state or no overlapping pairs are left.
Their simplicity has made random organisation models particularly attractive in
recent years [121–124, 126, 212–214, 241, 242].

Two complementary aspects make random organisation models interesting.
First, they are a paradigmatic example of nonequilibrium systems undergoing an
absorbing phase transition between an active phase, where overlapping particles
persist indefinitely, and an absorbing phase, where the system eventually reaches a
configuration without overlaps [122, 243, 244] (see Section D.1.2). Second, they
represent perhaps the simplest framework for generating hyperuniform states [121,
222, 223, 245] (see Section D.1.4). In this Appendix, we briefly review the main
models and phenomenology of random organisation.
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D.1.1 Models
Depending on the specific dynamical rules, severals variants of random organisation
models exist in the literature [122, 123, 126, 213]. Here, we focus on three
representative cases.

In the model introduced by Tjhung and Berthier [122], overlapping particles
at a given packing fraction 1 are independently displaced by a random vector ⇀ϖi,
whose direction is chosen uniformly on the unit circle and whose magnitude is
drawn uniformly from the interval [0, ⇁].

Wilken et al. [213] proposed a variant of these dynamics known as biased random
organisation (BRO), in which overlapping particles are displaced along the line
connecting their centres, with a random magnitude in [0, ⇁] sampled independently
for each particle. This modification does not change the nature of the absorbing
phase transition, but shifts the critical packing fraction 1c to substantially higher
values [213].

Finally, in the conserved biased random organisation (CBRO) model of Hexner
and Levine [123], overlapping pairs are also displaced along the line connecting their
centres as in BRO, but the random magnitude in [0, ⇁] is the same for both particles
in the pair. This rule enforces local conservation of the centre of mass, which
makes the model hyperuniform throughout the active phase in both dilute [123]
and crystalline [124] systems. It also suppresses long-wavelength vibrational modes,
allowing for long-range order in two dimensions [124].

D.1.2 Absorbing transition
Absorbing phase transitions are nonequilibrium phenomena in which the system
can become trapped in a completely frozen state when a control parameter ap-
proaches a critical threshold [243, 244]. Similar to equilibrium phase transitions,
they are characterised by universality classes, defined by critical exponents and
scaling functions that depend only on general features of the dynamics, such as
dimensionality and the symmetries of the order parameter. In random organisation
models, this transition separates a phase in which particles overlap indefinitely
(active phase) from a phase in which the system eventually reaches a configuration
without overlaps (absorbing phase) [122]. The order parameter is the activity f ,
defined as the fraction of overlapping particles in the system. All the random or-
ganisation variants described above are believed to belong to the conserved directed
percolation (CDP) universality class [122, 124, 213, 241], characterised by critical
exponents that di"er from standard directed percolation (DP) due to the presence
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of a conserved density field coupled to the order parameter [243]. Nonetheless, the
precise nature of the transition remains under debate [222, 245–247]. In Fig. D.1,
we present our numerical results for the CBRO model in two dimensions, showing
the measured critical exponents for the activity f , the susceptibility associated to
the fluctuations of the activity ▷, and the relaxation time ↽r [124].

Figure D.1: Conserved directed percolation universality class. (a) The time dependence
of the activity starting from a fully ordered structure reveals a critical packing fraction
φc. (b) Critical scaling of the average activity for three system sizes. (c) Diverging
fluctuations of the activity at steady state. (d) Critical scaling of the relaxation time
starting from an ordered configuration in the absorbing (blue) and active (red) phases.
Reprinted from Ref. [124].

D.1.3 Glass transition

Apart from a recent study [242], most works on random organisation have focused
on monodisperse systems that crystallise at high density, while mixtures have
typically been used only to avoid crystallisation, without examining the resulting
glassy behaviour. In work currently in preparation, we study the interplay between
random organisation and glassy dynamics in a binary mixture. We summarise
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the main results here, since the model we use is the same as the one employed in
Chapter 5 to enhance hyperuniformity in selected configurations.

Specifically, we consider a two-dimensional model of N particles in a square box
of side L with periodic boundary conditions. To suppress crystallisation, we use a
bidisperse mixture in which 65% of the particles (type A) have diameter ω, and the
remaining 35% (type B) have diameter 1.4ω. We employ CBRO dynamics, with
packing fraction 1 = (∑

i ◁ω2
i ) /(4L2) and maximal displacement amplitude ⇁ as

control parameters.

In contrast to the monodisperse case [124], we find that this bidisperse model
displays glassy behaviour at large 1. To characterise its dynamics, we start from
random configurations and run the dynamics at di"erent values of 1 and ⇁ until
the activity f(t) reaches a steady state. We then measure the mean-squared
displacement (Eq.(2.24)) and the self-intermediate scattering function (Eq.(2.25))
in the steady state. The results at fixed 1 = 0.8 for various ⇁ in the active phase
are shown in Fig. D.2(a-b). As ⇁ decreases, the dynamics become significantly
slower: the MSD develops a plateau at intermediate times, and the self-intermediate
scattering function follows a two-step decay typical of glassy systems, with an
increasingly pronounced plateau.

We extract the structural relaxation time ↽ϖ from the condition Fs(qε, ↽ϖ) = 1/e,
and show its evolution with ⇁ in Fig. D.2(c). The relaxation time crosses over from
Arrhenius to super-Arrhenius behaviour as ⇁ decreases, signalling a dynamical glass
transition characterised by two-step relaxation. We emphasise that, for all values
of ⇁ shown, the steady-state activity lies in the range [0.88, 0.96], meaning that the
system is well within the active phase and far from the absorbing transition. The
observed slowing down is therefore a consequence of caging and collective particle
rearrangements, and is not related to the critical slowing down associated with the
absorbing transition.

Figure D.2(d) summarises the dynamical regimes in the (⇁, 1) plane. At su!-
ciently low 1 and ⇁, the system enters the absorbing phase. We locate the transition
line separating the absorbing and active phases by monitoring the evolution of f(t)
across the parameter space, starting from random initial conditions: the transition
is identified as the boundary between points where f(t) relaxes to zero within the
simulation time window and those where it remains finite. Above this critical line
lies the active phase, which separates into an active liquid at large ⇁ and an active
glass with slow dynamics at small ⇁. The crossover between these two regimes is
marked by an iso-↽ϖ line corresponding to ↽ϖ = 105.
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Figure D.2: Glass transition in CBRO. (a) Mean-squared displacement #2(t) in the
steady state for various ↽ at fixed φ = 0.8. (b) Corresponding self-intermediate scattering
function Fs(qε, t). (c) Structural relaxation time εϖ as a function of ↽ at fixed φ = 0.8.
(d) Phase diagram in the (↽, φ) plane, showing the absorbing phase, active liquid, and
active glass regions.

D.1.4 Hyperuniformity

The emergence of hyperuniformity in random organisation models is subtle, as
di"erent variants suppress long-wavelength density fluctuations through distinct
physical mechanisms. In practice, one can identify three separate sources of
hyperuniformity. Exactly at the absorbing transition each model described above
shows suppressed long-wavelength fluctuations as S(q) ↔ qϖ, when q ↑ 0. However,
the exact value of ϑ is currently debated. It was long thought to fall within the
CDP universality class with ϑ ∝ 0.45 [124, 213, 222], consistent with a recent
mapping to the quenched Edwards–Wilkinson model [246]. Even more recent
renormalisation group calculations [247] suggest a distinction between dynamics
that conserve the centre of mass and those that do not, which would imply two
slightly di"erent (and numerically extremely hard to disentangle) values of ϑ.
Although well established, this form of hyperuniformity is challenging to observe
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numerically because it requires tuning exactly to the critical point. This is the
main reason why we do not rely on this mechanism in Chapter 5 to enhance
hyperuniformity in selected configurations.

A second source of hyperuniformity is related to jamming transition appearing
at the (⇁ ↑ 0, 1 ↑ 1J) critical point in the BRO model [213, 241], which is even
harder to tune numerically. It has been argued that this jamming transition is
fundamentally di"erent from the mean-field one, with critical behaviour instead
controlled by random organisation itself. Regarding hyperuniformity, Refs. [213,
241] both report ϑ ∝ 0.45 in two dimensions. That said, the exponent ϑ at jamming
is known to heavily depend on the preparation protocol [248–251], so these results
should be interpreted with care.

Finally, CBRO introduces a third source of hyperuniformity. The centre-of-mass
conservation imposed by the dynamics generates a locally anticorrelated noise that
suppresses density fluctuations throughout the whole active phase [123, 124, 252,
253]. This mechanism has been shown to produce hyperuniform configurations in
dilute [123] and crystalline systems [124], with a characteristic exponent ϑ = 2.
However, even this type of hyperuniformity requires some care, particularly when
dealing with kinetically arrested systems such as crystals and glasses [128]. Because
the suppression of fluctuations originates from the dynamics, it a"ects only the
fluctuating component ϖρ of the density field, and not the part associated with
the average particle positions that forms the backbone of the solid. In crystals
this backbone is trivially hyperuniform, since S(q) /= 0 only at Bragg peaks,
whereas in glasses it reflects the underlying disordered structure and is generically
not hyperuniform. As a result, CBRO glasses are not fully hyperuniform: their
backbone contribution remains finite at low q and the resulting total structure
factor does not vanish (see Fig. D.3).

We present a minimal coarse-grained model that captures this mechanism in
the following Example.

Example D.1.1 (Centre-of-mass conservation and hyperuniformity). Consider
the modifield Model B dynamics for the scalar field 1 : R+ ⇔ Rd ↑ R

φ1

φt
(t,⇀r) = &→2 ϖF

ϖ1
+

≃
2D →2ε(t,⇀r) ,

where & > 0 is a damping coe!cient, D ⇐ 0, F is a free-energy functional, and ε
is white noise satisfying

E [ε (t,⇀r)] = 0
E [ε (t,⇀r) ε (t→,⇀r →)] = ϖ (t ↘ t→) ϖ (⇀r ↘ ⇀r →) ,
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q
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𝜒𝜒0𝜒𝛿

Figure D.3: Hyperuniformity in CBRO glasses. Total (blue), backbone (orange) and
fluctuating (green) contributions to the q-dependent compressibility ς(q) for a CBRO
glass at φ = 0.8 and ↽ = 0.2. The backbone contribution ς0 is approximated by
computing the compressibility of the average particle positions, which shares the same
low-q behaviour [128]. ς0 remains finite as q ↑ 0 due to the disordered structure. The
fluctuating part ςς vanishes as q2 due to the centre-of-mass conservation of CBRO
dynamics. The resulting total compressibility ς remains finite at low q.

with the expectation taken over the noise distribution. Compared to standard
Model B dynamics, where the stochastic term comes from a divergence [254, 255],
here the (nonequilibrium) noise enters through a Laplacian. This modification
enforces conservation of the centre of mass [123, 252, 253].

To model a solid vibrating around a reference configuration 10, we choose the
quadratic free-energy functional

F [1] =
∫

Rd

(
K (1 ↘ 10)2 + 6 ↙→1↙2) d⇀r ,

where K > 0 is an elastic coe!cient and 6 > 0 is a sti"ness parameter. This form
of F leads to the linear stochastic di"erential equation

φ1

φt
(t,⇀r) = &→2

(
K
(
1(t,⇀r) ↘ 10(⇀r)

)
↘ 6→21(t,⇀r)

)
+

≃
2D →2ε(t,⇀r) .
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Introducing Fourier transforms

1̂(t, ⇀q) =
∫

Rd
1(t,⇀r) exp (i⇀q · ⇀r) d⇀r

ε̂(t, ⇀q) =
∫

Rd
ε(t,⇀r) exp (i⇀q · ⇀r) d⇀r

1̂0(⇀q) =
∫

Rd
10(⇀r) exp (i⇀q · ⇀r) d⇀r ,

the equation becomes

φ1̂

φt
(t, ⇀q) + &

(
K + 6q2) q21̂(t, ⇀q) = &Kq21̂0(⇀q) ↘

≃
2Dq2ε̂(t, ⇀q) .

Taking the expectation of the stationary state solution gives

E
î
1̂(⇀q)
ó

= K

K + 6q2 1̂0(⇀q)

↔ 1̂0(⇀q), as q ↑ 0 ,

which shows that the average profile reproduces the reference configuration at long
wavelengths. The backbone contribution to the structure factor (Eq. (2.18)) is then

S0(⇀q) = 1
N

E
î
1̂(⇀q)
ó
E
î
1̂(↘⇀q)

ó

= K2

N (K + 6q2)2

1̂0(⇀q)

2

↔
1̂0(⇀q)


2

, as q ↑ 0 .

In crystals, 1̂0 is nonzero only at Bragg peaks, so S0(q) = 0 at small q and the
backbone is trivially hyperuniform. In glasses, however, 1̂0 does not vanish at small
q, so S0 approaches a constant and is not hyperuniform.

To extract fluctuations around the average progile, we set ϖ1̂ = 1̂ ↘E[1̂], so that
the fluctuating contribution to the structure factor (Eq. (2.19)) is

Sς(⇀q) = 1
N

E
î
ϖ1̂(⇀q) ϖ1̂(↘⇀q)

ó

= D q2

N& (K + 6q2)
↔ q2, as q ↑ 0 ,

so the fluctuating component is always hyperuniform with exponent ϑ = 2, inde-
pendent of the reference configuration.
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The total structure factor S = S0 + Sς is therefore hyperuniform in crystals
(consistent with Ref. [124]), but not in glasses, where S0 dominates at low q. In
liquids, the backbone term vanishes by translational invariance, and this dynamics
indeed predicts S(q) ↔ q2 at small q, consistent with Ref [123].

D.2 Reversibility of biased Monte Carlo

In this Appendix, we show that the MCMC scheme introduced in Ref. [215] and
described in Section 5.1.2, which we use to sample from the biased distribution
P defined in Eq. (5.1), indeed satisfies detailed balance with respect to P . The
algorithm resembles standard MH, except that the proposal configuration is gener-
ated by running a short MCMC trajectory targeting the equilibrium Boltzmann
distribution P of Eq. (2.3). At this stage it remains to clarify why the acceptance
probability in Eq. (5.2) involves only the biasing potential V , with no explicit
dependence on the underlying energy U or on the detailed form of the proposal
kernel Q. To clarify this point, we adopt a broader perspective. We show that, for
an MH algorithm targeting a generic distribution P , whenever the proposal kernel
Q is reversible with respect to another measure µ, the Hastings ratio acquires a
particularly simple form: it involves only P and µ, and is entirely independent of
the specific details of Q.

Theorem D.2.1 (Hastings ratio for reversible proposals). Let (X, E) be a measur-
able space, P and µ two probability measures on (X, E), and Q : X ⇔ E ↑ R+ a
Markov kernel. Consider the Metropolis–Hastings algorithm to sample from P using
Q as proposal distribution. If Q is reversible with respect to µ, then the Hastings
ratio defined in Eq. (1.20) simplifies to

h(x, x→) =






P (dx→) µ (dx)
P (dx) µ (dx→) , if P (dx→)Q(x→, dx)↔P (dx)Q(x, dx→)

0, otherwise
. (D.1)

Proof. Let R be the set where P (dx→) Q (x→, dx) ↔ P (dx) Q (x, dx→). On Rc, the
Hastings ratio is zero by definition. Conversely, using the reversibility of Q with
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respect to µ, for almost every (x, x→) ↗ R,

h (x, x→) = P (dx→) Q (x→, dx)
P (dx) Q (x, dx→)

= P (dx→) Q (x→, dx)
P (dx) Q (x, dx→)

Q (x, dx→) µ (dx)
Q (x→, dx) µ (dx→)

= P (dx→) µ (dx)
P (dx) µ (dx→) .

Corollary D.2.2 (Hastings ratio for biased Monte Carlo). In the settings of
Theorem D.2.1, if P is absolutely continuous with respect to µ with Radon–Nikodym
derivative f = dP/ dµ, then the Hastings ratio in Eq. (D.1) simplifies to

h(x, x→) =






f (x→)
f (x) , if P (dx→)Q(x→, dx)↔P (dx)Q(x, dx→)

0, otherwise
. (D.2)

Proof. Since P is absolutely continuous with respec to µ, then

P (dx) = f (x) µ (dx) .

Let R be the set where P (dx→) Q (x→, dx) ↔ P (dx) Q (x, dx→). For almost every
(x, x→) ↗ R, using Theorem D.2.1,

h (x, x→) = P (dx→) µ (dx)
P (dx) µ (dx→)

= f (x→) µ (dx→) µ (dx)
f (x) µ (dx) µ (dx→)

= f (x→)
f (x) .

To see that these general results accounts for the simplification observed in
Eq. (5.2), note that running a short MCMC trajectory targeting the Boltzmann
distribution P defines a proposal kernel Q that is reversible with respect to P
itself. Therefore, in the BMC scheme, we can identify P = P and µ = P in
Corollary D.2.2, so that f(x) ⇑ exp

(
↘ β V⇀ (#(x))

)
. Equation (5.2) then follows

directly from Eq. (D.2).
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Numerical implementations

The development of the Policy-guided Monte Carlo (PGMC) framework
(see Chapter 3) led to the creation of two open-source Julia packages:
Arianna.jl and ParticlesMC.jl. These packages were written in collabora-
tion with Romain Simon and are available on GitHub at https://github.com/

TheDisorderedOrganization. Our motivation was to provide a flexible framework
for CPU-based MCMC simulations of physical systems: many research groups end
up “reinventing the wheel” when it comes implementing MCMC algorithms for
each new model. Both packages are written in Julia [256], which we think o"ers
the best balance between performance, ease of use, and flexibility.

Although designed with PGMC in mind, these packages are not restricted to it.
They were used, for instance, to generate the training data in Chapter 4 and to
implement the biased sampling scheme in Chapter 5. They remain under active
development, and further features are planned. Below is an overview of the two
packages.

E.1 Arianna.jl

Arianna.jl [146] is a Julia package for running (adaptive) MCMC simulations
of physical systems. Existing MCMC software roughly falls into two categories.
Packages aimed at computational statistics usually o"er a broad set of algorithms,
but they tend to be di!cult to customise for physical systems, where one often
needs a lot of control to implement domain-specific kernels. Conversely, packages
developed within physics communities are frequently tailored to specific models
or applications, which limits their extensibility. As a result, researchers often
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reimplement the same update rules and data storage each time a new model is
studied, a procedure that is both time-consuming and error-prone. Arianna.jl is
intended to bridge this gap by providing a lightweight and extensible framework for
system-agnostic MCMC algorithms, while handling the technical parts of simulation
e!ciencly.

Figure E.1: Arianna.jl logo.

E.1.1 Main features
Main features of Arianna.jl include:

• General MCMC engine: A minimal framework that provides the essential
components for MCMC sampling. Users define their system and transition
kernel in a physics-oriented manner.

• Extensible algorithms: Built-in support for Metropolis–Hastings and Policy-
guided Monte Carlo, with a structure that makes it easy to implement addi-
tional methods.

• Parallel execution: Support for synchronised chains on multiple CPU cores.

• Simple user interface: Simulations can be set up with a small amount of
code while exposing the key parameters of each algorithm.

• Flexible data management: Simulation trajectories can be stored in custom
formats, and users can attach callbacks to compute or record quantities during
runtime.

• Documentation: Comprehensive documentation and examples are
available at https://thedisorderedorganization.github.io/Arianna.

jl/stable/.

• Consistency checking: A built-in linter tool inspects user-defined systems
and transition kernels, helping catch missing definitions or inconsistencies
before running simulations.
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E.1.2 Design strategy

Under the hood, Arianna.jl runs, at each step, a set of algorithms that operate
on (possibly parallel) systems by performing actions that depend only on the
current state of the system. Each algorithm has its own scheduler, which specifies
at which steps of the simulation’s “internal clock” it should be executed. This
borad definition of algorithm allows to use the same framework to implement,
for instance, di"erent transition kernels, adaptive schemes such as PGMC, user-
designed callbacks at specific times, data-management routines, and even molecular
dynamics integrators. To keep this level of abstraction, Arianna.jl relies heavily
on Julia’s multiple dispatch system [256], which replaces class-based methods with
functions having specialised methods for di"erent combinations of argument types.

Despite its generality, the package is designed designed primarily for MCMC
simulations of physical systems. To this end, as a core feature, it includes a general
implementation of the Metropolis-Hastings algorithm that can be customised by
defining a few essential methods for the system at hand. Following a physics-
oriented approach, a transition kernel is defined by a move which combines the
action of updating the current state of the system with the policy (i.e. proposal
distribution) that specifies how to sample the action and how to evaluate its
probability density. Multiple moves (e.g. displacements and swaps) with specific
weights can be combined to build a composite transition kernel. Arianna.jl then
handles proposing, accepting or rejecting moves, and updating the system e!ciently.

Performance considerations guided several design choices. The system is mutable,
and only the parts a"ected by a move are updated. This keeps large-system
simulations fast on CPU, although it limits direct GPU support. As a consequence,
the package is well suited for PGMC with a relatively small number of parameters,
but not for policies based on large generative models.

Another important design choice is the support for multiple synchronised chains
running in parallel on di"erent CPU cores. While traditional MCMC simulations
rarely require such synchronisation (and the overhead is often not justified), it
becomes essential for certain techniques such as parallel tempering. PGMC also
benefits from parallel chains, which can be used to obtain more stable gradient
estimates before each policy update. Naturally, users can also run completely
independent simulations, which is often preferred in high-performance computing
(HPC) environments. While in conventional MCMC simulations this is often
avoided as there is no need to syncronise multiple chains and single core simulations
are easier to deal with in HPC cluster (also adds overhead), this feature is crucial
in some applications such as parallel tempering. PGMC also benefits from parallel
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chains, as they can be used to get a better estimate of gradients before each update.
Of course users can run independent simulations.

Since the resulting interface is quite abstract, the package includes a few simple
example systems. The intention, however, is that Arianna.jl serves as a foundation
upon which more specialised code can be built. Our own ParticlesMC.jl package
is an example of this.

E.2 ParticlesMC.jl
ParticlesMC.jl is a Julia package built on top of Arianna.jl for MCMC simu-
lations of atomic and molecular particle systems. It is designed to be both e!cient
and straightforward to use, with a particular focus on classical liquids and glass-
forming systems. Although it is not yet a registered package, it is available on
GitHub at https://github.com/TheDisorderedOrganization/ParticlesMC.

Despite the large community working on computer simulations of liquids, most
general-purpose software targets molecular dynamics rather than MCMC. However,
for glass-forming systems, where conventional dynamics slows down dramatically at
low temperature, MCMC can equilibrate systems e!ciently through non-physical
moves [140] (see Section 2.4.2). To the best of our knowledge, no general-purpose
MCMC package currently provides an e!cient and user-friendly framework for
particle systems with custom moves. ParticlesMC.jl was developed to fill this
gap by providing the essential components (e.g. interaction potentials, neighbour
lists, data structures) needed to set up and run MCMC simulations of particle
systems with minimal code.

Figure E.2: ParticlesMC.jl logo.

E.2.1 Main features
Main features of ParticlesMC.jl include:

• Support for atomic and molecular systems: High-performance data
structures, neighbour lists, and interaction potentials.
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• State-of-the-art moves: Implementation of transition kernels widely used in
glass-forming mixtures, including single-particle displacements, particle swaps,
molecular flips, and intramolecular swaps for polymeric systems.

• General ensembles (experimental): Support for both NVT and NPT
ensembles by internally adapting the target distribution.

• Arianna features: Inherits all features of Arianna.jl, including support
for PGMC, parallel chains, and flexible data management.

• Flexible execution: Simulations can be run from scripts or via a command-
line interface, which integrates naturally with HPC workflows.

• Thorough testing: New features are tested both at the code level and at
the physical level, for instance by verifying detailed balance and checking that
the correct distribution is sampled.

E.2.2 Design strategy
The idea behind ParticlesMC.jl was to provide a package that avoids “reinventing
the wheel” every time the interaction model changes, the spatial dimensionality is
modified, or a new move is introduced. At the same time, the implementation had
to remain fast. In particle systems, MCMC moves typically act on a small subset
of the degrees of freedom (e.g., a single particle). To implement these e!ciently,
repeated computations must be avoided and only the relevant parts of the system
should be updated. ParticlesMC.jl relies on Julia’s in-place operations to handle
these updates e!ciently under the hood while keeping the interface simple.

The package aims to handle the range of systems commonly used in the study
of liquids and glasses. Soft vs. hard spheres, discrete vs. continuous polydispersity,
and atomic vs. molecular systems often require di"erent implementations and are
usually handled by separate codes. ParticlesMC.jl is flexible enough to treat
these cases within a single framework without rewriting everything from scratch.
As with Arianna.jl, Julia’s multiple dispatch system [256] plays an essential role,
keeping types abstract types while while still allowing specialised implmentations
to maximise performance.

Through Arianna.jl, the package inherits the ability to specify custom target
distributions. This makes it possible, for example, to perform simulations in the
NPT ensemble, or to target biased distribution for umbrella sampling. Annealing
procedures are also being developed as an experimental feature.
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For large systems, evaluating interaction potentials can be the main source of
computational cost. Neighbour lists are therefore crucial [110, 111], but they can be
di!cult to implement correctly and are a common source of errors. ParticlesMC.jl

provides several neighbour-list implementations and can, in some cases, choose an
appropriate one automatically (currently experimental).

Interaction potentials are a core component to any particle simula-
tion. ParticlesMC.jl includes common pair potentials (inverse-power-law,
Lennard–Jones, Weeks–Chandler–Andersen) and predefined models corresponding
to mixtures frequently used in studies of glass-forming liquids. These built-in
models are meant as temporary conveniences, and may be moved to an external
package in future versions to simplify maintenance and increase flexibility.

Finally, the package is designed to be easy to use in both local and HPC
environments. Simulations can be launched through simple command-line TOML
files specifying the system and algorithm parameters.
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