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Abstract

We prove logarithmic conditional stability up to the final time for backward-parabolic operators whose 
coefficients are Log-Lipschitz continuous in t and Lipschitz continuous in x. The result complements 
previous achievements of Del Santo and Prizzi (2009) and Del Santo, Jäh and Prizzi (2015), concerning 
conditional stability (of a type intermediate between Hölder and logarithmic), arbitrarily closed, but not up 
to the final time.

MSC: 35B30; 35K10; 35R25

Keywords: Backward parabolic equation; Conditional stability; Paramultiplication; Modulus of continuity

1. Introduction

In real world models, deterministic diffusion processes are often irreversible. Consider for 
example the heat equation
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∂tu = �u

2

with Cauchy data u(0, x) = u0(x). The forward initial value problem is well posed in an appro-
priate space of physically meaningful configurations, but the evolution has a strong regularizing 
effect, so when one tries to reconstruct an initial configuration u(0, x) from a final observation 
u(T , x) at a positive time T , one needs to impose regularity conditions on u(T , x), while in gen-
eral the backward problem with Cauchy data at T has no solution. However, in a physical context 
an observation at a final time T records the configuration resulting from an actual evolution, so 
the problem of existence is less relevant than that of uniqueness and sensitiveness to errors in 
measurements. In [22] John introduced the notion of well-behaved problem for ill-posed prob-
lems. According to John a problem is well-behaved if “only a fixed percentage of the significant 
digits need be lost in determining the solution from the data” [22, p. 552]. More precisely, a 
problem is well-behaved if its solutions in a space H depend Hölder continuously on the data 
belonging to a space K, provided the solutions satisfy a prescribed a priori bound. According 
to the literature, we call conditional stability any continuous dependence (possibly weaker than 
Hölder) which is subordinated to a prescribed a priori bound.

In this paper we carry on the investigation about conditional stability of backward solutions 
for a general parabolic equation. For ease of notation we reformulate the problem inverting the 
sign of the time variable, so we deal with (forward) solutions of the backward-parabolic equation

∂tu +
∑
i,j

∂xi
(aij (t, x)∂xj

u) = 0 (1.1)

on the strip [0, T ] × Rn. We assume throughout the paper that the matrix (aij )
n
i,j=1 is symmet-

ric and positive definite and that the coefficients aij ’s are at least Lipschitz continuous in x and 
Hölder continuous in t . These are the standard regularity assumptions which guarantee the (for-
ward) well posedness for forward-parabolic equations in Hs , 0 ≤ s ≤ 2 (see e.g. [2]). We denote 
by

H := C0([0, T ],L2(Rn)) ∩ C0([0, T ),H 1(Rn)) ∩ C1([0, T ),L2(Rn))

the space for admissible solutions of (1.1).
In [1] Agmon and Nirenberg proved, among other things, that the Cauchy problem for (1.1)

on the interval [0, T ] is well-behaved in the space H with data in L2(Rn) on each subinterval 
[0, T ′] with T ′ < T , provided the coefficients aij ’s are sufficiently smooth with respect to x
and Lipschitz continuous with respect to t . In order to achieve their result they developed the 
so called logarithmic convexity technique. The main step consists in proving that the function 
t �→ log‖u(t, ·)‖L2 is convex for every solution u ∈ H of (1.1). In the same year Glagoleva 
[17] obtained essentially the same result for a concrete operator like (1.1) with time independent 
coefficients. Her proof rests on energy estimates obtained through integration by parts. Some 
years later Hurd [19] developed the technique of Glagoleva to cover the case of a general equation 
of type (1.1), with coefficients depending Lipschitz continuously on time. The results of [1,17,19]
can be summarized as follows:

Theorem A. Assume the coefficients aij ’s are Lipschitz continuous with respect to t . For every 
T ′ ∈ (0, T ) and D > 0 there exist ρ > 0, 0 < δ < 1 and K > 0 such that, if u ∈ H is a solution 
of (1.1) on [0, T ] with ‖u(0, ·)‖L2 ≤ ρ and ‖u(t, ·)‖L2 ≤ D on [0, T ], then
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sup ‖u(t, ·)‖L2 ≤ K‖u(0, ·)‖δ
L2 .

3

t∈[0,T ′]

The constants ρ, K and δ depend only on T ′ and D, on the positivity constant of the matrix 
(aij )

n
i,j=1, on the L∞ norms of the coefficients aij ’s and of their spatial derivatives, and on the

Lipschitz constant of the coefficients aij ’s with respect to time.

As T ′ approaches T , the constant K above blows up, while δ decays to 0, so one cannot 
expect that solutions are well behaved up to the final time T . From the physical point of view, 
going back to the forward parabolic equation, this means that the reconstruction of the past from 
observations at the final time t = T worsens more and more as one gets closer to the initial time 
t = 0. Yet, as it was proved by various authors (e.g. Imanuvilov and Yamamoto [20], Yamamoto 
[27], Isakov [21]), some kind of conditional stability for the backward-parabolic equation (1.1)
up to the final time T can be recovered if one settles for integral estimates rather than pointwise 
estimates. Moreover, pointwise estimates can be recoverd by imposing stronger a priori bounds 
on the solutions. In any case, however, one doesn’t get Hölder dependence but only logarithmic 
dependence on data. The results of [20,27,21] can be summarized as follows:

Theorem B. Assume the coefficients aij ’s are Lipschitz continuous with respect to t . For every 
D > 0 there exist ρ > 0, 0 < δ ≤ 1 and K > 0 such that, if u ∈ H is a solution of (1.1) on [0, T ]
with ‖u(0, ·)‖L2 ≤ ρ and ‖u(t, ·)‖L2 ≤ D on [0, T ], then

T∫
0

‖u(t, ·)‖2
L2 dt ≤ K

1

| log‖u(0, ·)‖L2 |2δ
.

Moreover, if ‖u(t, ·)‖H 1 ≤ D on [0, T ], then

sup
t∈[0,T ]

‖u(t, ·)‖L2 ≤ K
1

| log‖u(0, ·)‖L2 |δ .

The constants ρ, K and δ depend only on D, on the positivity constant of the matrix (aij )
n
i,j=1, 

on the L∞ norms of the coefficients aij ’s and of their spatial derivatives, and on the Lipschitz 
constant of the coefficients aij ’s with respect to time.

In all the above mentioned results, Lipschitz continuity of the coefficients aij ’s with respect to 
time plays an essential role. The possibility of replacing Lipschitz continuity by simple continuity 
was ruled out by Miller [26] and more recently by Mandache [23]. They constructed examples of 
operators of the form (1.1) which do not enjoy the uniqueness property in H. In the example of 
Miller the coefficients aij ’s are Hölder continuous in time, while in the more refined example of 
Mandache the modulus of continuity μ̄ of the coefficients aij ’s with respect to time needs only to 
satisfy 

∫ 1
0 (1/μ̄(s))ds < +∞. On the other hand, in [9,11,12] it was proved that if μ̄ satisfies the

Osgood condition, i.e. 
∫ 1

0 (1/μ̄(s))ds = +∞, then equation (1.1) enjoys the uniqueness property
in H. Therefore it would be natural to conjecture that if the Osgood condition is satisfied, then 
the Cauchy problem for (1.1) is well-behaved in H with data in L2(Rn). Unfortunately this is 
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not true, as shown by a counterexample in [10]. Nevertheless if the coefficients aij ’s are Log-

4

Lipschitz continuous in time, it was shown in [10,8] that a weaker conditional stability result 
holds:

Theorem C. Assume the coefficients aij ’s are Log-Lipschitz continuous with respect to t . For 
every T ′ ∈ (0, T ) and D > 0 there exist ρ > 0, 0 < δ < 1 and K, N > 0 such that, if u ∈H is a 
solution of (1.1) on [0, T ] with ‖u(0, ·)‖L2 ≤ ρ and ‖u(t, ·)‖L2 ≤ D on [0, T ], then

sup
t∈[0,T ′]

‖u(t, ·)‖L2 ≤ Ke−N | log‖u(0,·)‖
L2 |δ .

The constants ρ, K , N and δ depend only on T ′ and D, on the positivity constant of the matrix 
(aij )

n
i,j=1, on the L∞ norms of the coefficients aij ’s and of their spatial derivatives, and on the 

Log-Lipschitz constant of the coefficients aij ’s with respect to time.

Moreover, in [5] a (very feeble) conditional stability result was proved even when the coeffi-
cients aij ’s are just Osgood continuous with respect to t , provided they depend only on time.

The proof of Theorem C relies on weighted energy estimates in the spirit of [17,19,20,27], but 
in order to overcome the obstructions created by the lack of time differentiability of the coeffi-
cients aij ’s it is necessary to introduce a weight function taylored on the modulus of continuity 
of the aij ’s (see Proposition 2.4), and a microlocal approximation procedure originally devel-
oped by Colombini and Lerner in [6] in the context of hyperbolic equations with Log-Lipschitz 
coefficients.

In this paper we shall exploit the same type of weighted energy estimates to extend Theo-
rem B to the case of parabolic equations whose coefficients are Log-Lipschitz continuous in time 
(Theorems 5.1 and 5.3). Our results can be summarized as follows:

Theorem D. Assume the coefficients aij ’s are Log-Lipschitz continuous with respect to t . For 
every D > 0 there exist ρ > 0, 0 < δ ≤ 1 and K > 0 such that, if u ∈ H is a solution of (1.1) on 
[0, T ] with ‖u(0, ·)‖L2 ≤ ρ and ‖u(t, ·)‖L2 ≤ D on [0, T ], then

T∫
0

‖u(t, ·)‖2
L2 dt ≤ K

1

| log‖u(0, ·)‖L2 |2δ
.

Moreover, if ‖u(t, ·)‖H 1 ≤ D on [0, T ], then

sup
t∈[0,T ]

‖u(t, ·)‖L2 ≤ K
1

| log‖u(0, ·)‖L2 |δ .

The constants ρ, K and δ depend only on D, on the positivity constant of the matrix (aij )
n
i,j=1, on 

the L∞ norms of the coefficients aij ’s and of their spatial derivatives, and on the Log-Lipschitz 
constant of the coefficients aij ’s with respect to time.

Our results therefore complement the achievements of [10,8], and en passant improve them 
in some crucial technical points related to the regularity of the coefficients aij ’s with respect to 
the x variable (see the discussion in the final part of section 2). Finally, in Section 6 we illustrate 
some applications of the main results.
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2. The weighted energy estimate

5

We consider the backward-parabolic equation

∂tu +
n∑

j,k=1

∂xj
(ajk(t, x)∂xk

u) = 0 (2.1)

on the strip [0, T ] ×Rn
x .

Hypothesis 2.1. We assume throughout the paper that:

• for all (t, x) ∈ [0, T ] ×Rn
x and for all j, k = 1, . . . , n,

ajk(t, x) = akj (t, x);

• there exists κ ∈ (0, 1) such that for all (t, x, ξ) ∈ [0, T ] ×Rn
x ×Rn

ξ ,

κ|ξ |2 ≤
n∑

j,k=1

ajk(t, x)ξj ξk ≤ 1

κ
|ξ |2; (2.2)

• for all j, k = 1, . . . , n, ajk ∈ Log Lip([0, T ], L∞(Rn
x)) ∩ L∞([0, T ], Lip(Rn

x)).

We set

ALL := sup
{ |ajk(t, x) − ajk(s, x)|

|t − s|(1 + | log |t − s||) | j, k = 1, . . . , n,

t, s ∈ [0, T ], x ∈Rn
x, 0 < |s − t | ≤ 1

}
,

A := sup{‖∂α
x ajk(t, ·)‖L∞ | |α| ≤ 1, t ∈ [0, T ]}.

Remark 2.2. By classical regularity theory for elliptic partial differential equations (see e.g. [16, 
Thms. 8.8 and 8.12]), for each t ∈ [0, T ] the operator

A(t)u := −
n∑

j,k=1

∂xj
(ajk(t, x)∂xk

u)

is self-adjoint and positive definite in L2(Rn), with domain H 2(Rn). Moreover the dependence 
on t of the operator A(t) is better than Hölder continuous, so one can apply the abstract theory 
of linear parabolic equations (see e.g. [2, Thm. 4.4.1]) and obtain well posedness of the forward
equation

∂tu −
n∑

j,k=1

∂xj
(ajk(t, x)∂xk

u) = 0
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in Hθ(Rn) for every 0 ≤ θ ≤ 2.

6

For s > 0, let μ(s) = s(1 + | log(s)|). For p ≥ 1, we define

ω(p) :=
1∫

1
p

1

μ(s)
ds = log(1 + logp).

The function ω : [1, +∞) → [0, +∞) is bijective and strictly increasing. For y ∈ (0, 1] and 
λ > 1, we set ψλ(y) = ω−1(−λ log(y)) = exp(y−λ − 1) and we define


λ(y) := −
1∫

y

ψλ(z)dz.

The function 
λ : (0, 1] → (−∞, 0] is bijective and strictly increasing; moreover, it satisfies

y
′′
λ(y) = −λ(
′

λ(y))2μ
( 1


′
λ(y)

) = −λ
′
λ(y)

(
1 + | log

( 1


′
λ(y)

)|). (2.3)

In the next lemma, we collect some properties of the functions ψλ and 
λ. The proof is left to 
the reader.

Lemma 2.3. Let ζ > 1. Then, for 0 < y ≤ 1/ζ ,

ψλ(ζy) = exp(ζ−λ − 1)(ψλ(y))ζ
−λ

.

Define �λ(y) := y
λ(1/y). Then the function �λ : [1, +∞) → (−∞, 0] is bijective and

lim
z→−∞−1

z
ψλ

( 1

�−1
λ (z)

) = +∞. �

We denote by

H := C0([0, T ],L2(Rn
x)) ∩ C0([0, T ),H 1(Rn

x)) ∩ C1([0, T ),L2(Rn
x))

the space for admissible solutions of (2.1).

Proposition 2.4 (Weighted energy estimate). Assume Hypothesis 2.1 is satisfied. There exists a 
constant α1 > 0 (depending only on ALL, A and κ) and, setting α := max{α1, T −1}, σ := 1

α
and 

τ := σ
4 , there exist constants λ̄ > 1, γ̄ > 0 and M > 0 (depending on ALL, A, κ and α, and 

hence on T ) such that, for all β ≥ σ + τ , λ ≥ λ̄ and γ ≥ γ̄ and whenever u ∈H is a solution of 
equation (2.1), the estimate
523
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s∫
2γ t −2β
λ

(
t+τ

)
2

7

0

e e β ‖u(t, ·)‖
H 1−αt dt

≤ Mγ
(
(s + τ)e2γ se

−2β
λ

(
s+τ
β

)
‖u(s, ·)‖2

H 1−αs

+τ
′
λ

(
τ

β

)
e
−2β
λ

(
τ
β

)
‖u(0, ·)‖2

L2

)
(2.4)

holds for all s ∈ [0, σ ].

Remark 2.5. If one would like to include lower order terms in (2.1), one has to suppose that the 
corresponding coefficients are L∞ with respect to t and also Lip with respect to x. The constants 
in Proposition 2.4 then will depend also on the norms of the coefficients of the lower order terms.

In [10] estimate (2.4) was used to deduce the following local conditional stability result:

Theorem 2.6 ([10, Thm.1]). Assume Hypothesis 2.1 is satisfied. Let α1, α and σ be as in Propo-
sition 2.4. Then there exist constants ρ, δ, K and N , such that, whenever u ∈ H is a solution of 
(2.1) with ‖u(0, ·)‖L2 ≤ ρ, the inequality

sup
t∈[0,σ/8]

‖u(t, ·)‖L2 ≤ K(1 + ‖u(σ, ·)‖L2) exp(−N(| log(‖u(0, ·)‖L2)|δ)

holds true. The constants ρ, δ, K and N depend on ALL, A, κ and α, and hence on T . �
The fact that α1 is independent of T and σ = min{α−1

1 , T } allows one to iterate the local result 
of Theorem 2.6 a finite number of times, and to obtain conditional stability in the large.

Theorem 2.7 ([10, Thm. 2]). Assume Hypothesis 2.1 is satisfied. Then for all T ′ ∈ (0, T ) and 
D > 0 there exist positive constants ρ′, δ′, K ′ and N ′, depending only on ALL, A, κ , T , T ′ and 
D, such that if u ∈H is a solution of (2.1) satisfying supt∈[0,T ] ‖u(t, ·)‖L2 ≤ D and ‖u(0, ·)‖L2 ≤
ρ′, the inequality

sup
t∈[0,T ′]

‖u(t, ·)‖L2 ≤ K ′ exp
( − N ′| log(‖u(0, ·)‖L2)|δ′)

holds true. �
Remark 2.8. Notice that, following Remark 2.2, it would be sufficient to impose an a-priory 
bound on ‖u(T , ·)‖L2 , which authomatically implies the a-priori bound for ‖u(t, ·)‖L2 , t ∈ [0, T ].

Estimate (2.4) was proved in [10] when the coefficients aij (t, x) are of class C2 with respect 
to x (in this case the constant A contains also the L∞ norm of the second order spatial derivitaves 
of the aij ’s). Actually, in [10] C2 regularity was imposed to overcome a technical difficulty in 
managing a commutator term appearing in the dyadic decomposition of equation (2.1). However, 
once estimate (2.4) is achieved, Theorems 2.6 and 2.7 follow directly from it, and the additional 
regularity in x of the aij ’s plays no role.
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The C2 requirement is somewhat “non natural”, since Lipschitz continuity in x of the aij ’s is 

8

sufficient in order that the domain of the operator − 
n∑

j,k=1
∂xj

(ajk(t, x)∂xk
) be H 2(Rn) (see [16, 

Thms. 8.8 and 8.12]).
In [8] a weaker version of estimate (2.4) was obtained by mean of Bony paraproducts (see 

[4]), when C2 regularity in x is replaced by the more natural Lipschitz regularity. In this weaker 
version of (2.4) the spaces L2 and H 1−αt were replaced by H−θ̄ and H 1−θ̄−αt respectively, 
where 0 < θ̄ < 1, and the estimate hold for s ∈ [0, 78σ ], where σ = (1 − θ̄ )/α ([8, Prop. 2.9]). 
Such weaker version of (2.4), together with some nontrivial modifications of the arguments in 
[10], led eventually to recover the continuity results of Theorems 2.6 and 2.7. However, the 
weaker weighted energy estimate of [8] turns out to be unfit for the pourpose of reaching any 
kind of stability up to the final time T , especially because in that version of the estimate one can 
not integrate up to s = σ in the left hand side of (2.4), but has to stop at s = σ ′ < σ . Therefore 
we shall go back to the strong weighted energy estimate (2.4) and demonstrate it in the Lipschitz 
continuous case, using some ideas contained in [8] and performing a more careful and precise 
analysis of some terms in the paramultiplication procedure.

3. Littlewood-Paley theory and Bony’s paraproduct

In this section, we review some elements of the Littlewood-Paley decomposition which we 
shall use throughout this paper to define Bony’s paraproduct. The proofs which are not contained 
in this section can be found in [10], [11] and [25].

Let χ ∈ C∞
0 (R) with 0 ≤ χ(s) ≤ 1 be an even function and such that χ(s) = 1 for |s| ≤ 11/10

and χ(s) = 0 for |s| ≥ 19/10. We now define χk(ξ) = χ(2−k|ξ |) for k ∈Z and ξ ∈ Rn
ξ . Denoting 

by F the Fourier-transform and by F−1 its inverse, we define the operators

S−1u = 0 and Sku = χk(Dx)u =F−1(χk(·)F(u)(·)), k ≥ 0,

�0u = S0u and �ku = Sku − Sk−1u, k ≥ 1.

We define

spec(u) := supp(F(u))

and we will use the abbreviation �ku = uk . For u ∈ S ′(Rn
x), we have

u = lim
k→+∞Sku =

∑
k≥0

�ku

in the sense of S ′(Rn
x).

We shall make use of the classical

Proposition 3.1 (Bernstein’s inequalities). Let u ∈ S ′(Rn
x). Then, for ν ≥ 1,

2ν−1‖uν‖L2 ≤ ‖∇xuν‖L2 ≤ 2ν+1‖uν‖L2 . (3.1)

The right inequality of (3.1) holds also for ν = 0. �

525
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In the following two propositions we recall the characterization of the classical Sobolev spaces 

9

and Lipschitz-continuous functions via Littlewood-Paley decomposition.

Proposition 3.2 ([7, Lemma 3.2]). Let θ ∈ R. Then a tempered distribution u ∈ S ′(Rn
x) belongs 

to Hθ(Rn
x) iff for all k ≥ 0, �ku ∈ L2(Rn

x) and

+∞∑
k=0

22kθ‖�ku‖2
L2 < +∞.

Moreover, there exists Cθ ≥ 1 such that for all u ∈ Hθ(Rn
x), we have

1

Cθ

‖u‖Hθ ≤
(+∞∑

k=0

22kθ‖�ku‖2
L2

) 1
2

≤ Cθ‖u‖Hθ .

The constant Cθ remains bounded for θ in compact subsets of R. �
Proposition 3.3 ([15, Lemma 3.2]). A function a ∈ L∞(Rn

x) belongs to Lip(Rn
x) iff

sup
k∈N0

‖∇x(Ska)‖L∞ < +∞.

Moreover, there exists a positive constant C such that if a ∈ Lip(Rn
x), then

‖�ka‖L∞ ≤ C2−k‖a‖Lip, and ‖∇x(Ska)‖L∞ ≤ C‖a‖Lip,

where ‖a‖Lip = ‖a‖L∞ + ‖∇‖L∞ . �
Let a ∈ L∞(Rn

x). Then, Bony’s paraproduct of a and u ∈ Hθ(Rn
x) is defined as

Tau =
∑
k≥3

Sk−3a�ku.

For the proof of our conditional stability result it is essential that Ta is a positive operator. Un-
fortunately, this is not implied by a(x) ≥ κ > 0. Therefore, we have to modify the paraproduct a 
little bit. Following [7, Sect. 3.3.] we introduce the operator

T m
a u = Sm−1aSm+2u +

∑
k≥m+3

Sk−3a�ku, (3.2)

where m ∈ N0; note T 0
a = Ta . As it will be shown below, the operator T m

a is a positive operator 
for positive a provided that m is sufficiently large. The next results were proved for Ta , but 
Lemma 3.10 in [7] guarantees that they hold also for T m

a .
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Proposition 3.4 ([25, Prop. 5.2.1 and Thms. 5.2.8 and 5.2.9]). Let m ∈ N \ {0} and let a ∈

10
L∞(Rn
x). Let θ ∈R.

Then T m
a maps Hθ into Hθ and there exists Cm,θ > 0 depending only on m and θ , such that, 

for all u ∈ Hθ ,

‖T m
a u‖Hθ ≤ Cm,θ‖a‖L∞ ‖u‖Hθ . (3.3)

The constant Cm,θ can be chosen independent of θ when θ belongs to a compact subset of R.
Let m ∈N \ {0} and let a ∈ Lip(Rn

x). Then

• a − T m
a maps L2 into H 1 and there exists C1 > 0 depending only on m, such that, for all 

u ∈ L2,

‖au − T m
a u‖H 1 ≤ C1‖a‖Lip ‖u‖L2; (3.4)

• for every i = 1, . . . , n, the mapping u �→ a∂xi
u − T m

a ∂xi
u extends from L2 to L2, and there 

exists C0 > 0 depending only on m, such that, for all u ∈ L2,

‖a∂xi
u − T m

a ∂xi
u‖L2 ≤ C0‖a‖Lip ‖u‖L2 . (3.5)

Corollary 3.5. Let θ ∈ [0, 1]. Then for every i = 1, . . . , n, the mapping u �→ a∂xi
u − T m

a ∂xi
u

extends from Hθ to Hθ , and for all u ∈ Hθ ,

‖a∂xi
u − T m

a ∂xi
u‖Hθ ≤ C0

1−θC1
θ‖a‖Lip ‖u‖Hθ . (3.6)

Proof. By Proposition 3.4 the operator (a − T m
a )∂xj

is continuous from H 0 to H 0 and from H 1

to H 1. The result follows by interpolation (see e.g. Theorems B.1, B.2 and B.7 in [24]). �
Next we state a positivity result for T m

a .

Proposition 3.6 ([7, Cor. 3.12]). Let a ∈ L∞(Rn
x) ∩ Lip(Rn

x) and suppose that a(x) ≥ κ > 0 for 
all x ∈ Rn

x . Then, there exists a constant m0 = m0(κ, ‖a‖Lip) such that

〈
T m

a u | u〉
L2 ≥ κ

2
‖u‖2

L2,

for all u ∈ L2(Rn
x) and m ≥ m0. A similar result is true for vector-valued functions if a is re-

placed by a positive symmetric matrix. �
The next proposition is needed since T m

a is not self-adjoint. However, the operator (T m
a −

(T m
a )∗)∂xj

is of order 0 and maps, if a is Lipschitz, L2 continuously into L2.

Proposition 3.7 ([7, Prop. 3.8 and 3.11] and [11, Prop. 3.8]). Let m ∈ N , a ∈ L∞(Rn
x) ∩

Lip(Rn
x). Then the mapping u �→ (T m

a − (T m
a )∗)∂xj

u extends from L2 to L2 and there exists 
a constant Cm > 0 such that for all u ∈ L2(Rn

x)

‖(T m
a − (T m

a )∗)∂xj
u‖L2 ≤ Cm‖a‖Lip‖u‖L2 . �
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We end this section with a property of the commutators [�k, T m
a ] which will be crucial in the 

11
proof of the weighted energy estimate.

Proposition 3.8 ([11, Prop. 3.7]). Let m ∈ N \{0}, let θ ∈R and let a ∈ Lip. Denote by [�k, T m
a ]

the commutator between �k and T m
a .

Then there exists Cm,θ depending only on m and θ such that for all u ∈ H 1−θ ,

(

+∞∑
k=0

2−2kθ‖∂xj
([�k,T

m
a ]∂xk

u)‖2
L2)

1
2 ≤ Cm,θ‖a‖Lip‖u‖H 1−θ . (3.7)

The constant Cm,θ can be chosen independent of θ when θ belongs to a compact subset of R. �
4. Proof of the weighted energy estimate

For ease of notation, we write the proof only in one space dimension. We divide the proof in 
several steps.

- Microlocalization and approximation

Let u ∈ H be a solution of (2.1) Let α ≥ T −1, σ = 1/α, τ = σ/4, γ > 0, λ > 1, β ≥ σ + τ . 

For t ∈ [0, σ ] define w(t, x) = eγ t e
−β
λ

(
t+τ
β

)
u(t, x). Then w satisfies

∂tw − γw + 
′
λ

(
t + τ

β

)
w + ∂x(a(t, x)∂xw) = 0.

Now we add and subtract ∂xT
m
a ∂xw, where T m

a is the paramultiplication operator defined in 
(3.2), with m ≥ m0(κ, A), according to the positivity result of Proposition 3.6. We obtain

∂tw − γw + 
′
λ

(
t + τ

β

)
w + ∂x(T

m
a ∂xw) + ∂x((a − T m

a )∂xw) = 0. (4.1)

We set uν = �νu, wν = �νw and vν = 2−αtνwν . Then the function vν satisfies

∂tvν = γ vν − 
′
λ

(
t + τ

β

)
vν − ∂x(T

m
a ∂xvν) − α log 2νvν

− 2−αtν∂x([�ν,T
m
a ]∂xw) − 2−αtν�ν∂x((a − T m

a )∂xw).

(4.2)

Now we make the scalar product of (4.2) with (t + τ)∂tvν in L2(Rx) and obtain
528



D. Casagrande, D. Del Santo and M. Prizzi Journal of Differential Equations 338 (2022) 518–550

(t + τ)‖∂tvν(t)‖2
L2 = γ (t + τ) 〈vν | ∂tvν(t)〉L2

12
− (t + τ)

〈

′

λ

(
t + τ

β

)
vν(t) | ∂tvν(t)

〉
L2

− (t + τ)
〈
∂x(T

m
a ∂xvν(t)) | ∂tvν(t)

〉
L2

− α log 2(t + τ)ν 〈vν(t) | ∂tvν(t)〉L2

− (t + τ)2−αtν
〈
∂x([�ν,T

m
a ]∂xw(t)) | ∂tvν(t)

〉
L2

− (t + τ)2−αtν
〈
�ν∂x((a − T m

a )∂xw(t)) | ∂tvν(t)
〉
L2 .

(4.3)

To proceed further, we need to regularize the coefficient a(t, x) with respect to t . We 
take a regular mollifier, i.e. an even, non-negative ρ ∈ C∞

0 (R) with supp(ρ) ⊆ [− 1
2 , 12 ] and ∫

R ρ(s)ds = 1. For ε ∈ (0, 1], we set

aε(t, x) = 1

ε

∫
R

a(s, x)ρ

(
t − s

ε

)
ds.

A straightforward computation shows that for all ε ∈ (0, 1], we have

aε(t, x) ≥ κ > 0 (4.4)

|aε(t, x) − a(t, x)| ≤ ALLε(| log ε| + 1) (4.5)

as well as

|∂taε(t, x)| ≤ ALL‖ρ′‖L1(R)(| log ε| + 1)

for all (t, x) ∈ [0, T ] ×Rx . From these properties of aε(t, x) and by Proposition 3.4, we imme-
diately get

Lemma 4.1. Let m ∈N0 and u ∈ L2(Rn
x). Then

‖(T m
a − T m

aε
)u‖L2 ≤ Cm,0ALLε(| log ε| + 1)‖u‖L2

and

‖T m
∂taε

u‖L2 ≤ Cm,0ALL‖ρ′‖L1(R)(| log ε| + 1)‖u‖L2 . �
We set

aν(t, x) := aε(t, x), with ε = 2−2ν .

We replace T m
a by T m

aν
+ T m

a − T m
aν

in the third term of the right hand side of (4.3) and we 
obtain
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(t + τ)‖∂tvν(t)‖2
L2 = γ (t + τ) 〈vν(t) | ∂tvν(t)〉L2

13
− (t + τ)

〈

′

λ

(
t + τ

β

)
vν(t) | ∂tvν(t)

〉
L2

− (t + τ)
〈
∂x(T

m
aν

∂xvν(t)) | ∂tvν(t)
〉
L2

− (t + τ)
〈
∂x((T

m
a − T m

aν
)∂xvν(t)) | ∂tvν(t)

〉
L2

− α log 2(t + τ)ν 〈vν(t) | ∂tvν(t)〉L2

− (t + τ)2−αtν
〈
∂x([�ν,T

m
a ]∂xw(t)) | ∂tvν(t)

〉
L2

− (t + τ)2−αtν
〈
�ν∂x((a − T m

a )∂xw(t)) | ∂tvν(t)
〉
L2 .

(4.6)

Now we replace ∂tvν(t) in the term

−α log 2(t + τ)ν 〈vν(t) | ∂tvν(t)〉L2

by the expression on the right hand side of (4.2) and we obtain

− α log 2(t + τ)ν 〈vν(t) | ∂tvν(t)〉L2 =
− αγ log 2(t + τ)ν‖vν(t)‖2

L2

+ α log 2(t + τ)
′
λ

(
t + τ

β

)
ν‖vν(t)‖2

L2

+ α log 2(t + τ)ν
〈
vν(t) | ∂xT

m
a ∂xvν(t)

〉
L2

+ α2(log 2)2(t + τ)ν2‖vν(t)‖2
L2

+ α log 2(t + τ)ν2−αtν
〈
vν(t) | ∂x

([�ν,T
m
a ]∂xw(t)

)〉
L2

+ α log 2(t + τ)ν2−αtν
〈
vν(t) | �ν∂x

(
(a − T m

a )∂xw(t)
)〉

L2 .

(4.7)

By (4.6) and (4.7), we obtain

(t + τ)‖∂tvν(t)‖2
L2 = γ (t + τ) 〈vν(t) | ∂tvν(t)〉L2

− (t + τ)
′
λ

(
t + τ

β

)
〈vν(t) | ∂tvν(t)〉L2

− (t + τ)
〈
∂x(T

m
aν

∂xvν(t)) | ∂tvν(t)
〉
L2

− (t + τ)
〈
∂x((T

m
a − T m

aν
)∂xvν(t)) | ∂tvν(t)

〉
L2

+ α log 2(t + τ)
′
λ

(
t + τ

β

)
ν‖vν(t)‖2

L2

+ α log 2(t + τ)ν
〈
vν(t) | ∂xT

m
a ∂xvν(t)

〉
L2

+ α2(log 2)2(t + τ)ν2‖vν(t)‖2
L2 − αγ log 2(t + τ)ν‖vν(t)‖2

L2

+ α log 2(t + τ)ν2−αtν
〈
vν(t) | ∂x

([�ν,T
m
a ]∂xw(t)

)〉
L2

+ α log 2(t + τ)ν2−αtν
〈
vν(t) | �ν∂x

(
(a − T m

a )∂xw(t)
)〉

L2
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− (t + τ)2−αtν
〈
∂x([�ν,T

m
a ]∂xw(t)) | ∂tvν(t)

〉
L2

14
− (t + τ)2−αtν
〈
�ν∂x((a − T m

a )∂xw(t)) | ∂tvν(t)
〉
L2 .

A straightforward computation using Leibniz derivation rule with respect to t yields

γ (t + τ) 〈vν(t) | ∂tvν(t)〉L2 = γ

2

d

dt

(
(t + τ)‖vν(t)‖2

L2

)
− γ

2
‖vν(t)‖2

L2

and

− (t + τ)
′
λ

(
t + τ

β

)
〈vν(t) | ∂tvν(t)〉L2 =

− 1

2

d

dt

(
(t + τ)
′

λ

(
t + τ

β

)
‖vν(t)‖2

L2

)
+ 1

2

t + τ

β

′′

λ

(
t + τ

β

)
‖vν(t)‖2

L2

+ 1

2

′

λ

(
t + τ

β

)
‖vν(t)‖2

L2(Rn)
.

Next we consider the term −(t + τ) 
〈
∂x(T

m
aν

∂xvν(t)) | ∂tvν(t)
〉
L2 . From (3.2) it can be seen 

that ∂tT
m
aν

= T m
∂t aν

+ T m
aν

∂t . A simple computation then shows that

−(t + τ)
〈
∂x(T

m
aν

∂xvν(t)) | ∂tvν(t)
〉
L2 = 1

2

d

dt

(
(t + τ)

〈
T m

aν
∂xvν(t) | ∂xvν(t)

〉
L2

)

− 1

2

〈
T m

aν
∂xvν(t) | ∂xvν(t)

〉
L2

− 1

2
(t + τ)

〈
T m

∂taν
∂xvν(t) | ∂xvν(t)

〉
L2

− 1

2
(t + τ)

〈
∂t ∂xvν(t) | ((T m

aν
)∗ − T m

aν
)∂xvν(t)

〉
L2 .

At the end we obtain the identity

(t + τ)‖∂tvν(t)‖2
L2 = γ

2

d

dt

(
(t + τ)‖vν(t)‖2

L2

)
− γ

2
‖vν(t)‖2

L2

− 1

2

d

dt

(
(t + τ)
′

λ

(
t + τ

β

)
‖vν(t)‖2

L2

)

+ 1

2

′

λ

(
t + τ

β

)
‖vν(t)‖2

L2 + 1

2

t + τ

β

′′

λ

(
t + τ

β

)
‖vν(t)‖2

L2

− (t + τ)
〈
∂x((T

m
a − T m

aν
)∂xvν(t)) | ∂tvν(t)

〉
L2

+ 1

2

d

dt

(
(t + τ)

〈
T m

aν
∂xvν(t) | ∂xvν(t)

〉
L2

)

− 1

2

〈
T m

aν
∂xvν(t) | ∂xvν(t)

〉
L2

− 1

2
(t + τ)

〈
T m

∂taν
∂xvν(t) | ∂xvν(t)

〉
L2
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− 1
(t + τ)

〈
∂t ∂xvν(t) | ((T m

a )∗ − T m
a )∂xvν(t)

〉
2

15
2 ν ν L

− αγ log 2(t + τ)ν‖vν(t)‖2
L2

+ α log 2(t + τ)
′
λ

(
t + τ

β

)
ν‖vν(t)‖2

L2

− α log 2(t + τ)ν
〈
∂xvν(t) | T m

a ∂xvν(t)
〉
L2

+ α2(log 2)2(t + τ)ν2‖vν(t)‖2
L2

+ α log 2(t + τ)ν2−αtν 〈vν(t) |Xν(t)〉L2

− (t + τ)2−αtν 〈Xν(t) | ∂tvν(t)〉L2 , (4.8)

where we have set

Xν(t) := (
∂x([�ν,T

m
a ]∂xw(t)) + �ν(∂x((a − T m

a )∂xw(t)))
)
.

- Estimates for ν = 0

In what follows, we denote by C(1), C(2), C(3), . . . positive constants which depend only on 
ALL, A and κ .

Setting ν = 0, we get from (4.8)

(t + τ)‖∂tv0(t)‖2
L2 = γ

2

d

dt

(
(t + τ)‖v0(t)‖2

L2

)
− γ

2
‖v0(t)‖2

L2

− 1

2

d

dt

(
(t + τ)
′

λ

(
t + τ

β

)
‖v0(t)‖2

L2

)

+ 1

2

′

λ

(
t + τ

β

)
‖v0(t)‖2

L2 + 1

2

t + τ

β

′′

λ

(
t + τ

β

)
‖v0(t)‖2

L2

− (t + τ)
〈
∂x((T

m
a − T m

a0
)∂xv0(t)) | ∂tv0(t)

〉
L2

+ 1

2

d

dt

(
(t + τ)

〈
T m

a0
∂xv0(t) | ∂xv0(t)

〉
L2

)

− 1

2

〈
T m

a0
∂xv0(t) | ∂xv0(t)

〉
L2 − 1

2
(t + τ)

〈
∂xv0(t)|T m

∂t a0
∂xv0(t)

〉
L2

− 1

2
(t + τ)

〈
∂t ∂xv0(t) | ((T m

a0
)∗ − T m

a0
)∂xv0(t)

〉
L2

− (t + τ) 〈X0(t) | ∂tv0(t)〉L2 .

By Proposition 3.6 we have

−1

2

〈
T m

a0
∂xv0(t) | ∂xv0(t)

〉
L2 ≤ −κ

8
‖v0(t)‖2

L2 .

Using Propositions 3.1, 3.4 and Lemma 4.1, for N1, N2 > 0, we get

|
〈
∂xv0(t) | T m

∂t a0
∂xv0(t)

〉
L2

| ≤ C(1)‖v0‖2
L2,
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| 〈T m
a−a ∂xv0(t) | ∂x∂tv0(t)

〉
2 | ≤ C(2)N1‖v0(t)‖2

2 + 1 ‖∂tv0(t)‖2
2 ,

16
0 L L N1
L

and

| 〈((T m
a0

)∗ − T m
a0

)∂xv0(t) | ∂t ∂xv0(t)
〉
L2 | ≤ C(3)N2‖v0(t)‖2

L2 + 1

N2
‖∂tv0(t)‖2

L2 .

Now, we choose N1 and N2 so large that

1

N1
+ 1

N2
− 1

2
< 0

and γ̄ so large that

−γ

4
+

(
C(1) + C(2)N1 + C(3)N2

)
(σ + τ) < 0

for γ ≥ γ̄ . With this choice, the term

C(1)(t + τ)‖v0(t)‖2
L2 + C(2)N1(t + τ)‖v0(t)‖2

L2 + C(3)N2(t + τ)‖v0(t)‖2
L2

is absorbed by − γ
4 ‖v0(t)‖2

L2 , and the term

1

N1
(t + τ)‖∂tv0(t)‖2

L2 + 1

N2
(t + τ)‖∂tv0(t)‖2

L2

is absorbed by − 1
2 (t + τ)‖∂tv0(t)‖2

L2 . Hence, we get

1

2
(t + τ)‖∂tv0(t)‖2

L2

≤ γ

2

d

dt

(
(t + τ)‖v0(t)‖2

L2

)
− γ

4
‖v0(t)‖2

L2 + 1

2

′

λ

(
t + τ

β

)
‖v0(t)‖2

L2

− κ

8
‖v0(t)‖2

L2 − 1

2

d

dt

(
(t + τ)
′

λ

(
t + τ

β

)
‖v0(t)‖2

L2

)

+ 1

2

t + τ

β

′′

λ

(
t + τ

β

)
‖v0(t)‖2

L2

+ 1

2

d

dt

(
(t + τ)

〈
T m

a0
∂xv0(t) | ∂xv0(t)

〉
L2

)
− (t + τ) 〈X0 | ∂tv0(t)〉L2 .

Further, we recall that 
 satisfies equation (2.3), i.e.

y
′′
λ(y) = −λ(
′

λ(y))2μ
( 1


′
λ(y)

)
= −λ
′

λ(y)

(
1 + | log

( 1


′
λ(y)

)
|
)

for λ > 1. From this, we see that
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1

′

(
t + τ

)
‖v0(t)‖2

2 + 1 t + τ

′′

(
t + τ

)
‖v0(t)‖2

2 < 0,

17
2 λ β L 2 β λ β L

and thus we get

γ

8
‖v0(t)‖2

L2 ≤ −1

2
(t + τ)‖∂tv0(t)‖2

L2 + γ

2

d

dt

(
(t + τ)‖v0(t)‖2

L2

)
− γ

8
‖v0(t)‖2

L2

− κ

8
‖v0(t)‖2

L2 + 1

2

d

dt

(
(t + τ)

〈
T m

a0
∂xv0(t) | ∂xv0

〉
L2

)

− (t + τ) 〈X0 | ∂tv0(t)〉L2 − 1

2

d

dt

(
(t + τ)
′

λ

(
t + τ

β

)
‖v0(t)‖2

L2

)
.

Integrating in t over [0, s] ⊆ [0, σ ], we obtain

γ

8

s∫
0

‖v0(t)‖2
L2dt ≤ (

γ

2
+ C(4))(s + τ)‖v0(s)‖2

L2 + 1

2
τ
′

λ

(
τ

β

)
‖v0(0)‖2

L2

− γ

8

s∫
0

‖v0(t)‖2
L2dt − κ

8

s∫
0

‖v0(t)‖2
L2dt

− 1

2

s∫
0

(t + τ)‖∂tv0(t)‖2
L2dt −

s∫
0

(t + τ) 〈X0(t) | ∂tv0(t)〉L2 dt,

where we have used the estimates

| 〈∂xv0(s)|T m
a0

∂xv0(s)
〉
L2 | ≤ 2C(4)‖v0(s)‖2

L2

and

〈
∂xv0(0)|T m

a0
∂xv0(0)

〉
L2 ≥ κ

2
‖∂xv0(0)‖2

L2 ,

which follow from Propositions 3.4 and 3.6 respectively.

- Estimates for ν ≥ 1

Now, we consider (4.8) for ν ≥ 1. From Lemma 4.1 and Proposition 3.7, for N3 and N4 > 0, 
we obtain

| 〈(T m
a − T m

aν
)∂xvν(t) | ∂x∂tvν(t)

〉
L2 |

≤ C(5)
a,mN3ν

2‖vν(t)‖2
L2 + 1

N3
‖∂tvν(t)‖2

L2

≤ C(5)
a,mN3ν22ν‖vν(t)‖2

L2 + 1

N3
‖∂tvν(t)‖2

L2

(4.9)

and
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| 〈∂xvν(t) | T m
∂taν

∂xvν(t)
〉
L2 | ≤ C(6)

a,mν22ν‖vν(t)‖2
L2 , (4.10)

18
as well as

| 〈((T m
aν

)∗ − T m
aν

)∂xvν(t) | ∂t ∂xvν(t)
〉
L2 | ≤ C(7)

a,mN422ν‖vν(t)‖2
L2 + 1

N4
‖∂tvν(t)‖2

L2 (4.11)

Using again the positivity estimate in Proposition 3.6 as well as Proposition 3.1, we obtain

− α log 2(t + τ)ν
〈
∂xvν(t) | T m

a ∂xvν(t)
〉
L2

≤ −α
κ log 2

4
(t + τ)ν22ν‖vν(t)‖2

L2 .
(4.12)

Now, we choose N3 and N4 so large that

1

N3
+ 1

N4
− 1

2
< 0,

and α1 large enough such that

−α1

4

κ log 2

4
+ N3C

(5)
a,m + C(6)

a,m + C(7)
a,mN4 < 0,

and we set α := max{T −1, α1}. With this choice, we get

γ

4
‖vν(t)‖2

L2 + 1

2
(t + τ)‖∂tvν(t)‖2

L2

≤ γ

2

d

dt

(
(t + τ)‖vν(t)‖2

L2

)
− γ

4
‖vν(t)‖2

L2

− 1

2

d

dt

(
(t + τ)
′

λ

(
t + τ

β

)
‖vν(t)‖2

L2

)

+ 1

2

′

λ

(
t + τ

β

)
‖vν(t)‖2

L2 + 1

2

t + τ

β

′′

λ

(
t + τ

β

)
‖vν(t)‖2

L2

+ 1

2

d

dt

(
(t + τ)

〈
T m

aν
∂xvν(t) | ∂xvν(t)

〉
L2

)

− αγ log 2(t + τ)ν‖vν(t)‖2
L2 − 1

2

〈
T m

aν
∂xvν(t) | ∂xvν(t)

〉
L2

+ α log 2(t + τ)
′
λ

(
t + τ

β

)
ν‖vν(t)‖2

L2

+ α2(log 2)2ν2(t + τ)‖vν(t)‖L2 − 3α

4

κ log 2

4
(t + τ)ν22ν‖vν(t)‖2

L2

+ α log 2ν2−αtν(t + τ) 〈vν(t) | Xν(t)〉L2

− (t + τ)2−αtν 〈Xν(t) | ∂tvν(t)〉L2 .

(4.13)

Since y
′′
λ(y) = −λ
′

λ(y)(1 + | log(
′
λ(y))|), if we take λ ≥ λ̄ > 2, we have
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1 t + τ

′′

(
t + τ

)
≤ −1


′
(

t + τ
)

,

19
4 β λ β 2 λ β

and hence, the term 1
2
′

λ

(
t+τ
β

)
‖vν(t)‖2

L2 in (4.13) is absorbed by the term

1
4

t+τ
β


′′
λ

(
t+τ
β

)
‖vν(t)‖2

L2 . Now we need to absorb

α log 2(t + τ)
′
λ

(
t + τ

β

)
ν‖vν(t)‖2

L2 . (4.14)

There are two terms in (4.13) that will help to achieve this. One is

−α

4

κ log 2

4
(t + τ)ν22ν‖vν(t)‖2

L2 (4.15)

and the other one is

1

4

t + τ

β

′′

λ

(
t + τ

β

)
‖vν(t)‖2

L2 . (4.16)

Let κ ′ = min{4 log 2, κ log 2
4 }. If ν ≥ 1

2 log 2 log
(

4 log 2
κ ′ 
′

λ

(
t+τ
β

))
, then

−α

4

κ log 2

4
ν22ν ≤ −α log 2
′

λ

(
t + τ

β

)
ν.

On the contrary, if ν < 1
2 log 2 log

(
4 log 2

κ ′ 
′
λ

(
t+τ
β

))
then

4 log 2

κ ′ 
′
λ

(
t + τ

β

)
> 22ν

and, hence, by (2.3), we obtain

1

4

t + τ

β

′′

λ

(
t + τ

β

)
= −1

4
λ

(

′

λ

(
t + τ

β

))2

μ

⎛
⎝ 1


′
λ

(
t+τ
β

)
⎞
⎠

≤ −1

4
λ

(

′

λ

(
t + τ

β

))2

μ

⎛
⎝ 1

4 log 2
κ ′ 
′

λ

(
t+τ
β

)
⎞
⎠

≤ −1

4
λ

κ ′

4 log 2

′

λ

(
t + τ

β

)(
1 + log

(
4 log 2

κ ′ 
′
λ

(
t + τ

β

)))

≤ −1

4
λ

κ ′

4 log 2

′

λ

(
t + τ

β

)
(1 + 2ν log 2)

≤ −λ
κ ′(1 + log 2)

16 log 2

′

λ

(
t + τ

β

)
ν,
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where we have used the fact that the function ε �→ ε(| log ε| + 1) is increasing. Consequently, if 

20
we choose λ ≥ λ̄ with

λ̄ ≥ 16α(log 2)2(σ + τ)

κ ′(1 + log 2)
,

we have

1

4

t + τ

β

′′

λ

(
t + τ

β

)
≤ −α log 2(t + τ)
′

λ

(
t + τ

β

)
ν

and hence, the term (4.14) is compensated by (4.15) and (4.16).
Now we consider the term

(t + τ)α2 log2(2)ν2‖vν(t)‖L2 . (4.17)

If ν ≥ 1
log 2 log

(
16α log 2

κ

)
=: ν̄1, then

−α

4

κ log 2

4
ν22ν + α2 log2(2)ν2 ≤ 0.

If ν ≤ ν̄1, then we choose a possibly larger γ̄ such that

γ

4
≥ α2 log2(2)ν̄2

1(σ + τ)

for all γ ≥ γ̄ . We obtain

−γ

4
+ α2 log2(2)ν2(t + τ) ≤ 0,

and, consequently, (4.17) is absorbed by

−α

4

κ log 2

4
(t + τ)ν22ν‖vν(t)‖2

L2 − γ

4
‖vν(t)‖2

L2 .

The term −αγ log 2(t + τ)ν‖vν(t)‖2
L2 can be neglected since it is negative. However, we stress 

here that it is a crucial term in order to achieve our energy estimate for an equation including also 
lower order terms. Recalling also Propositions 3.1 and 3.6, we obtain

1

2
(t + τ)‖∂tvν(t)‖2

L2 + γ

8
‖vν(t)‖2

L2

≤ γ

2

d

dt

(
(t + τ)‖vν(t)‖2

L2

)
− 1

2

d

dt

(
(t + τ)
′

λ

(
t + τ

β

)
‖vν(t)‖2

L2

)

+ 1

2

d

dt

(
(t + τ)

〈
T m

aν
∂xvν(t)|∂xvν(t)

〉
L2

)
− κ

8
22ν‖vν(t)‖2

L2
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− α κ log 2
(t + τ)ν22ν‖vν(t)‖2

2

21
4 4 L

+ α log 2ν2−αtν(t + τ) 〈vν(t) |Xν(t)〉L2

− (t + τ)2−αtν 〈Xν(t) | ∂tvν(t)〉L2 − γ

8
‖vν(t)‖2

L2 .

Integrating over [0, s] ⊆ [0, σ ], we get

κ

8

s∫
0

22ν‖vν(t)‖2
L2dt + γ

8

s∫
0

‖vν(t)‖2
L2dt

≤ 1

2
τ
′

λ

(
τ

β

)
‖vν(0)‖2

L2 +
(γ

2
+ C(4)22ν

)
(s + τ)‖vν(s)‖2

L2

− α

4

κ log 2

4

s∫
0

(t + τ)ν22ν‖vν(t)‖2
L2dt − γ

8

s∫
0

‖vν(t)‖2
L2dt

− 1

2

s∫
0

(t + τ)‖∂tvν(t)‖2
L2dt

−
s∫

0

(t + τ)2−αtν 〈Xν(t) | ∂tvν(t)〉L2 dt

+ α log 2

s∫
0

ν2−αtν(t + τ) 〈vν(t) |Xν(t)〉L2 dt,

where we have used the estimate

| 〈∂xvν(s) | T m
aν

∂xvν(s)
〉
L2 | ≤ C(4)22ν‖vν(s)‖2

L2 .

- End of the proof

Now we sum over ν and we obtain

κ

8

s∫
0

∑
ν≥0

22ν‖vν(t)‖2
L2dt + γ

8

s∫
0

∑
ν≥0

‖vν(t)‖2
L2dt

≤ 1

2
τ
′

λ

(
τ

β

)∑
ν≥0

‖vν(0)‖2
L2 − γ

8

s∫
0

∑
ν≥0

‖vν(t)‖2
L2dt

− 1

2

s∫
0

(t + τ)
∑
ν≥0

‖∂tvν(t)‖2
L2dt
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+ γ
(s + τ)

∑
‖vν(s)‖2

L2 + C(4)(s + τ)
∑

22ν‖vν(s)‖2
L2

22
2
ν≥0 ν≥0

− α

4

κ log 2

4

s∫
0

(t + τ)
∑
ν≥0

ν22ν‖vν(t)‖2
L2dt

−
s∫

0

(t + τ)
∑
ν≥0

2−αtν 〈Xν(t) | ∂tvν(t)〉L2 dt

+ α log 2

s∫
0

(t + τ)
∑
ν≥0

ν2−αtν 〈vν(t) | Xν(t)〉L2 dt.

Now we have

|
∑
ν≥0

2−αtν 〈Xν(t) | ∂tvν(t)〉L2 |

≤
∑
ν≥0

2−αtν | 〈∂x([�ν,T
m
a ]∂xw(t)) | ∂tvν(t)

〉
L2 |

+
∑
ν≥0

2−αtν | 〈�ν(∂x((a − T m
a )∂xw(t))) | ∂tvν(t)

〉
L2 |

≤
∑
ν≥0

2−αtν‖∂x([�ν,T
m
a ]∂xw(t))‖L2‖∂tvν(t)‖L2

+
∑
ν≥0

2−αtν‖�ν(∂x((a − T m
a )∂xw(t)))‖L2‖∂tvν(t)‖L2

≤
(∑

ν≥0

2−2αtν‖∂x([�ν,T
m
a ]∂xw(t))‖2

L2

) 1
2
(∑

ν≥0

‖∂tvν(t)‖2
L2

) 1
2

+
(∑

ν≥0

22(1−αt)ν‖�ν((a − T m
a )∂xw(t))‖2

L2

) 1
2
(∑

ν≥0

‖∂tvν(t)‖2
L2

) 1
2

By Corollary 3.5, Proposition 3.8 and Proposition 3.2 we get

|
∑
ν≥0

2−αtν 〈Xν(t) | ∂tvν(t)〉L2 | ≤ C(5)‖w(t)‖H 1−αt

(∑
ν≥0

‖∂tvν(t)‖2
L2

) 1
2

+ C(6)‖(a − T m
a )∂xw(t)‖H 1−αt

(∑
ν≥0

‖∂tvν(t)‖2
L2

) 1
2

≤ C(7)‖w(t)‖H 1−αt

(∑
ν≥0

‖∂tvν(t)‖2
L2

) 1
2
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≤ C(8)
(∑

22(1−αt)ν‖w (t)‖2
) 1

2
(∑

‖∂ v (t)‖2
) 1

2

23
ν≥0

ν L2

ν≥0

t ν L2

≤ C(9)
(∑

ν≥0

22ν‖vν(t)‖2
L2

) 1
2
(∑

ν≥0

‖∂tvν(t)‖2
L2

) 1
2

≤ C(10)
∑
ν≥0

22ν‖vν(t)‖2
L2 + 1

2

∑
ν≥0

‖∂tvν(t)‖2
L2 .

In the same way one can prove that

|
∑
ν≥0

ν2−αtν 〈Xν(t) | vν(t)〉L2 | ≤ C(11)
∑
ν≥0

22ν‖vν(t)‖2
L2 .

We thus obtain

κ

8

s∫
0

∑
ν≥0

22ν‖vν(t)‖2
L2dt + γ

8

s∫
0

∑
ν≥0

‖vν(t)‖2
L2dt

≤ 1

2
τ
′

λ

(
τ

β

)∑
ν≥0

‖vν(0)‖2
L2 − γ

8

s∫
0

∑
ν≥0

‖vν(t)‖2
L2dt

+ γ

2
(s + τ)

∑
ν≥0

‖vν(s)‖2
L2 + C(4)(s + τ)

∑
ν≥0

22ν‖vν(s)‖2
L2

− α

4

κ log 2

4

s∫
0

(t + τ)
∑
ν≥0

ν22ν‖vν(t)‖2
L2dt

+ C(12)

s∫
0

(t + τ)
∑
ν≥0

22ν‖vν(t)‖2
L2dt.

Now the term

C(12)

s∫
0

(t + τ)
∑
ν≥0

22ν‖vν(t)‖2
L2dt

can be absorbed by

−α

4

κ log 2

4

s∫
0

(t + τ)
∑
ν≥0

ν22ν‖vν(t)‖2
L2dt

for high frequencies, and by
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γ
s∫ ∑

2

24
−
8

0 ν≥0

‖vν(t)‖L2dt

for low frequencies by choosing γ̄ larger if necessary.
All in all, we finally obtain

κ

8

s∫
0

∑
ν≥0

22ν‖vν(t)‖2
L2dt + γ

8

s∫
0

∑
ν≥0

‖vν(t)‖2
L2dt

≤ 1

2
τ
′

λ

(
τ

β

)∑
ν≥0

‖vν(0)‖2
L2 + γ

2
(s + τ)

∑
ν≥0

‖vν(s)‖2
L2

+ C(4)(s + τ)
∑
ν≥0

22ν‖vν(s)‖2
L2 .

From this, going back to uν and using Proposition 3.2, the weighted energy estimate (2.4) fol-
lows. �
5. Conditional stability up to the final time

In this section we state and prove two global stability theorems for solutions of (2.1) up to 
the final time T . The first result gives a logarithmic type control of ‖u‖L2((0,T ),L2) in terms of 
‖u(0)‖L2 .

Theorem 5.1. Assume Hypothesis 2.1 is satisfied. Then for all D0 > 0 there exist positive con-
stants ρ′′, δ′′ and K ′′, depending only on ALL, A, κ , T and D0, such that if u ∈ H is a solution 
of (2.1) satisfying supt∈[0,T ] ‖u(t, ·)‖L2 ≤ D0 and ‖u(0, ·)‖L2 ≤ ρ′′, the inequality

‖u‖L2((0,T ),L2) ≤ K ′′ 1

| log‖u(0)‖L2 |δ′′

holds true.

Remark 5.2. Notice that, following Remark 2.2, it would be sufficient to impose an a-priory 
bound on ‖u(T , ·)‖L2 , which authomatically implies the a-priori bound for ‖u(t, ·)‖L2 , t ∈ [0, T ].

Proof of Theorem 5.1. First we observe that, due to Theorem 2.7, it is not restrictive to assume 
that α1 ≤ T −1. Indeed, if this is not the case we can take T ′, 0 < T ′ < T , such that T −T ′ < α−1

1 , 
and then in [0, T ′] we apply the pointwise estimate given by Theorem 2.7, so we just need to 
estimate 

∫ T

T ′ ‖u(t)‖2
L2 dt in terms of ‖u(T ′)‖L2 .

With such assumption we can apply Proposition 2.4 with α = 1/T , σ = T and τ = T/4 and 
we can find λ > 1, γ > 0 and M > 0 such that for all β ≥ T + τ = 5

4τ and whenever u ∈ H is a 
solution of equation (2.1), then
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T∫
t+τ

25
0

e2γ t e
−2β
λ(

β
)‖u(t, ·)‖2

H 1−αt dt

≤ Mγ((T + τ)e2γ T e
−2β
λ( T +τ

β
)‖u(T , ·)‖2

L2 + τ 
′
λ(

τ

β
)e

−2β
λ( τ
β
)‖u(0, ·)‖2

L2).

Now for any r ∈ (0, T ) we have

T −r∫
0

e2γ t e
−2β
λ( t+τ

β
)‖u(t, ·)‖2

L2 dt

≤ Mγ((T + τ)e2γ T e
−2β
λ( T +τ

β
)‖u(T , ·)‖2

L2 + τ 
′
λ(

τ

β
)e

−2β
λ( τ
β
)‖u(0, ·)‖2

L2),

where we have used the fact that ‖u(t, ·)‖L2 ≤ ‖u(t, ·)‖H 1−αt . Now, the function 
λ is increasing 
and consequently the function t �→ e−2β
λ((t+τ)/β) is decreasing. We deduce that

e
−2β
λ( T −r+τ

β
)

T −r∫
0

‖u(t, ·)‖2
L2 dt

≤ M ′
(

e
−2β
λ( T +τ

β
)‖u(T , ·)‖2

L2 + 
′
λ(

τ

β
)e

−2β
λ( τ
β
)‖u(0, ·)‖2

L2

)
,

where M ′ = Mγ 2T e2γ T . Then

T −r∫
0

‖u(t, ·)‖2
L2 dt ≤ M ′
′

λ(
τ

β
)
(
e

2β(
λ( T −r+τ
β

)−
λ( T +τ
β

))‖u(T , ·)‖2
L2

+ e
2β(
λ( T −r+τ

β
)−
λ( τ

β
))‖u(0, ·)‖2

L2

)
≤ M ′
′

λ(
τ

β
)e

2β(
λ( T −r+τ
β

)−
λ( T +τ
β

))
(
‖u(T , ·)‖2

L2

+ e
−2β
λ( τ

β
)‖u(0, ·)‖2

L2

)
,

where we used the fact that 
′
λ(

τ
β
) ≥ 1 and 
λ(

T +τ
β

) ≤ 0. We recall that the function 
λ is 
concave, so


λ(
T − r + τ

β
) − 
λ(

T + τ

β
) ≤ 
′

λ(
T + τ

β
)(

T − r + τ

β
− T + τ

β
) = −
′

λ(
T + τ

β
)
r

β
,

and then
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T −r∫
τ ′ T +τ

(
τ

)

26
0

‖u(t, ·)‖2
L2 dt ≤ M ′
′

λ(β
)e

−2r
λ(
β

) ‖u(T , ·)‖2
L2 + e

−2β
λ(
β
)‖u(0, ·)‖2

L2 .

By Lemma 2.3 we have that


′
λ(

T + τ

β
) = ψλ(

T + τ

τ

τ

β
) = exp

((T + τ

τ

)−λ − 1
)(

ψλ(
τ

β
)
)( T +τ

τ
)−λ

.

We remind that τ = T/4, so T +τ
τ

= 5, and


′
λ(

T + τ

β
) = N̄ψλ(

τ

β
)δ̄,

where δ̄ = 5−λ and N̄ = eδ̄−1. It follows that

T −r∫
0

‖u(t, ·)‖2
L2 dt ≤ M ′ψλ(

τ

β
)e

−2rN̄ψλ( τ
β
)δ̄
(
‖u(T , ·)‖2

L2 + e
−2β
λ( τ

β
)‖u(0, ·)‖2

L2

)
.

Now we observe that

ψλ(
τ

β
)e

−rN̄ψλ( τ
β
)δ̄ = r−1/δ̄r1/δ̄ψλ(

τ

β
)e

−rN̄ψλ( τ
β
)δ̄ ≤ CN̄,δ̄ r−1/δ̄

where

CN̄,δ̄ := sup
z≥0

ze−N̄zδ̄

.

Then

T −r∫
0

‖u(t, ·)‖2
L2 dt ≤ M ′CN̄,δ̄ r−1/δ̄e

−rN̄ψλ( τ
β
)δ̄
(
‖u(T , ·)‖2

L2 + e
−2β
λ( τ

β
)‖u(0, ·)‖2

L2

)
.

We choose now β in such a way that e−β
λ( τ
β
) = ‖u(0, ·)‖−1

L2 i.e.

β

τ

λ(

τ

β
) = 1

τ
log‖u(0, ·)‖L2 .

We obtain β = τ�−1
λ ( 1

τ
log‖u(0, ·)‖L2), where �λ(y) = y
λ(1/y). If ‖u(0, ·)‖L2 ≤ ρ̄ :=

eτ�λ(5), then β ≥ T + τ . We have then

T −r∫
0

‖u(t, ·)‖2
L2 dt ≤ M ′CN̄,δ̄ r−1/δ̄e

−rN̄ψλ( 1

�
−1
λ

( 1
τ log‖u(0,·)‖

L2 )
)δ̄(

‖u(T , ·)‖2
L2 + 1

)
.
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By Lemma 2.3 we have that

27
lim
z→−∞−1

z
ψλ

( 1

�−1
λ (z)

) = +∞,

so

ψλ

( 1

�−1
λ (z)

) ≥ |z|

if z < 0 and |z| is sufficiently large. It follows that there exists ρ̃ ≤ ρ̄ such that, if ‖u(0)‖L2 ≤ ρ̃, 
then

T −r∫
0

‖u(t, ·)‖2
L2 dt ≤ M ′CN̄,δ̄ r−1/δ̄e−rN̄( 1

τ
| log‖u(0,·)‖

L2 )|)δ̄(‖u(T , ·)‖2
L2 + 1

)
.

On the other hand,

T∫
T −r

‖u(t, ·)‖2
L2 dt ≤ D0r.

It follows that for all r > 0

T∫
0

‖u(t, ·)‖2
L2 dt ≤ M̄

(
r + r−1/δ̄e−rÑ(| log‖u(0,·)‖

L2 )|)δ̄),

where

M̄ = (M ′CN̄,δ̄ + 1)(D0 + 1) and Ñ = N̄

τ δ̄
.

Finally we choose

r = | log‖u(0)‖L2 |−δ̄/2,

so we get

T∫
0

‖u(t, ·)‖2
L2 dt ≤ M̄

( 1

| log‖u(0)‖L2 |δ̄/2
+ | log‖u(0)‖L2 |1/2e−Ñ(| log‖u(0,·)‖

L2 )|)δ̄/2
)

≤ M̄(1 + E
Ñ,δ̄

)
1

| log‖u(0)‖L2 |δ̄/2
,

where
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E
Ñ,δ̄

= sup z(1+δ̄)/2e−Ñzδ̄/2
.

28
z≥0

The proof is complete. �
Under a stronger a-priori bound on admissible solutions in [0, T ], namely assuming an a-

priori bound in H 1 rather than in L2, we can prove a pointwise stability estimate of logarithmic 
type up to the final time T .

Theorem 5.3. Assume Hypothesis 2.1 is satisfied. Then for all D1 > 0 there exist positive con-
stants ρ′′′, δ′′′ and K ′′′, depending only on ALL, A, κ , T and D1, such that if u ∈H is a solution 
of (2.1) satisfying supt∈[0,T ] ‖u(t, ·)‖H 1 ≤ D1 and ‖u(0, ·)‖L2 ≤ ρ′′′, the inequality

sup
t∈[0,T ]

‖u(t, ·)‖L2 ≤ K ′′′ 1

| log‖u(0, ·)‖L2 |δ′′′

holds true.

Remark 5.4. Notice that, following Remark 2.2, it would be sufficient to impose an a-priory 
bound on ‖u(T , ·)‖H 1 , which authomatically implies the a-priori bound for ‖u(t, ·)‖H 1 , t ∈
[0, T ].

Proof of Theorem 5.3. We begin by noticing that, since u solves (2.1), then

‖∂tu(t, ·)‖H−1 ≤ 1

κ
D1

It follows from Morrey’s inequality that

sup
t∈[0,T ]

‖u(t, ·)‖H−1 ≤ CT ‖u‖1/2
L2((0,T ),H−1)

‖u‖1/2
H 1((0,T ),H−1)

(for a direct simple proof see [3, proof of Thm. 8.8]). Then by Theorem 5.1 for ‖u(0)‖L2 ≤ ρ′′
we get

sup
t∈[0,T ]

‖u(t, ·)‖H−1 ≤ CT

(
1

κ
D1

)1/2 (
K ′′ 1

| log‖u(0)‖L2 |δ′′

)1/2

.

The conclusion follows observing that for each fixed t ∈ [0, T ] we have

‖u(t, ·)‖L2 ≤ ‖u(t, ·)‖1/2
H 1 ‖u(t, ·)‖1/2

H−1

≤ D
1/2
1 C

1/2
T

(
1

κ
D1

)1/4 (
K ′′ 1

| log‖u(0)‖L2 |δ′′

)1/4

. �
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6. Reconstruction of the initial condition for parabolic equations

29
In view of applications it is convenient to rephrase Theorem 5.3. Consider the (forward) 
parabolic equation

∂tu −
n∑

j,k=1

∂xj
(ajk(t, x)∂xk

u) = 0 (6.1)

on the strip [0, T ] ×Rn
x and assume Hypothesis 2.1 is satisfied. Then we have:

Corollary 6.1. Let D > 0. There exist positive constants ρD , δD and KD , depending only on 
ALL, A, κ , T and D, such that if u, v ∈ C0([0, T ], H 1) ∩ C1(]0, T ], L2) are solutions of (6.1)
satisfying ‖u(0, ·)‖H 1 ≤ D, ‖v(0, ·)‖H 1 ≤ D and ‖u(T , ·) − v(T , ·))‖L2 ≤ ρD , then the inequal-
ity

‖u(0, ·) − v(0, ·)‖L2 ≤ KD

1

| log‖u(T , ·) − v(T , ·)‖L2 |δD

holds true.

Corollary 6.1 can be exploited to reconstruct the initial condition of an unknown solution u(t)

of (6.1), provided we can measure with arbitrary accuracy its final configuration uT := u(T ). 
More precisely, suppose that for every θ > 0 we can perform a measurement vθ,T of uT such 
that

‖vθ,T − uT ‖L2 ≤ θ.

Moreover, suppose that we know a priori that ‖u(0)‖H 1 ≤ D for some D > 0. We are interested 
in finding a computable approximation of u(0). If it were possible to solve equation (6.1) back-
ward in time with final condition v(T ) = vθ,T , then by Corollary 6.1 we would get that v(0) is 
close to u(0), provided ‖v(0)‖H 1 ≤ D and vθ,T is sufficiently close to uT . However, equation 
(6.1) with final condition v(T ) = vθ,T in general has no solution, due to the regularizing effect of 
equation (6.1) forward in time, and to the fact that vθ,T does not possess any regularity, since it is 
the output of a measurement. There are various strategies to overcome this major obstruction. We 
mention the technique of quasi reversibility (see e.g. [13]), which consists in perturbing the equa-
tion to make it solvable backward in time, and the technique of Fourier truncation, which consists 
in approximating vθ,T with a very regular function obtained truncating its Fourier transform. We 
illustrate the second technique through an example inspired by [14] (see also [18]).

We consider the equation

∂tu −
n∑

j,k=1

ajk(t)∂xj
∂xk

u = 0 (6.2)

on the strip [0, T ] × Rn
x and assume that the coefficients ajk(t) are Log-Lipschitz continuous. 

Moreover, setting
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n∑

30
a(t, ξ) :=
j,k=1

ajk(t)ξj ξk,

we assume that

1

2
|ξ |2 ≤ a(t, ξ) ≤ 2|ξ |2, (t, ξ) ∈ [0, T ] ×Rn

ξ .

Denote by F the Fourier transform with respect to the x variable, and by F−1 its inverse. Let 
u ∈ C0([0, T ], H 1) ∩ C1(]0, T ], L2) be a solution of (6.2) and let û(t, ξ) := (Fu)(t, ξ). Then

∂t û(t, ξ) = −a(t, ξ)û(t, ξ).

We set

A(t, ξ) :=
t∫

0

a(s, ξ) ds,

and we observe that A(t, ξ) is increasing in t . Since u(0, ·) ∈ L2(Rn
x), we have the following 

explicit representation of û(t, ξ) and hence of u(t, x):

û(t, ξ) = e−A(t,ξ)û(0, ξ), (t, ξ) ∈ [0, T ] ×Rn
ξ .

On the other hand, if φT (ξ) is such that

eA(T ,ξ)φT (ξ) ∈ L2(Rn
ξ ), (6.3)

then (6.2) can be solved backward in time with final condition w(T ) = wT := F−1φT and the 
explicit solution is w(t, x) = (F−1φ)(t, x), where

φ(t, ξ) = eA(T ,ξ)−A(t,ξ)φT (ξ).

As above, suppose we know a priori that ‖u(0)‖H 1 ≤ D. Moreover, suppose that for every θ > 0
we can perform a measurement vθ,T of uT such that

‖vθ,T − uT ‖L2 ≤ θ.

Let ûT and v̂θ,T be the Fourier transform of uT and vθ,T . For R > 0 define:

ûT ,R(ξ) := χR(ξ)ûT (ξ) and v̂θ,T ,R(ξ) := χR(ξ)v̂θ,T (ξ)

where χR(ξ) is the characteristic function of the ball of radius R in Rn
ξ . Both ûT ,R and v̂θ,T ,R

satisfy (6.3) so we can solve (6.2) backward in time with data at T given by uT,R =F−1ûT ,R and 
vθ,T ,R = F−1v̂θ,T ,R . The explicit representations of the corresponding solutions are uR(t, x) :=
F−1(ûR)(t, x) and vθ,R(t, x) := F−1(v̂θ,R)(t, x), where
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ûR(t, ξ) = eA(T ,ξ)−A(t,ξ)ûT ,R(ξ)

31
and

v̂θ,R(t, ξ) = eA(T ,ξ)−A(t,ξ)v̂θ,T ,R(ξ).

It is straightforward to check that ‖uR(0)‖H1 ≤ D. Now we have

‖vθ,R(0)‖H 1 ≤ ‖uR(0)‖H 1 + ‖vθ,R(0) − uR(0)‖H 1

≤ D +
⎛
⎜⎝ ∫

|ξ |≤R

(1 + |ξ |2)e2A(T ,ξ)|v̂θ,T ,R(ξ) − ûT ,R(ξ)|2 dξ

⎞
⎟⎠

1
2

≤ D + (1 + R2)
1
2 e2T R2‖vθ,T − uT ‖L2 ≤ D + e(2T +1)R2

θ.

Moreover, we have

‖uT − vθ,T ,R‖L2 ≤ ‖ûT − ûT ,R‖L2 + ‖ûT ,R − v̂θ,T ,R‖L2

≤
⎛
⎜⎝ ∫

|ξ |≥R

|ûT (ξ)|2 dξ

⎞
⎟⎠

1
2

+
⎛
⎜⎝ ∫

|ξ |≤R

|ûT (ξ) − v̂θ,T (ξ)|2 dξ

⎞
⎟⎠

1
2

≤
⎛
⎜⎝ ∫

|ξ |≥R

(1 + |ξ |2)(1 + |ξ |2)−1e−2A(T ,ξ)|û(0, ξ)|2 dξ

⎞
⎟⎠

1
2

+ θ

≤ (1 + R2)−
1
2 e−(T /2)R2‖u(0)‖H 1 + θ ≤ e−(T /2)R2

D + θ

Now, assuming without loss of generality that θ < 1, we choose R(θ) := (2T + 1)−1/2| log θ |1/2

and we notice that R(θ) tends to +∞ as θ → 0. With this choice we have

‖vθ,R(0)‖H 1 ≤ D + 1

and

‖uT − vθ,T ,R‖L2 ≤ DθT/(4T +2) + θ ≤ (D + 1)θT/(4T +2).

Now let ρ = ρD+1, K = KD+1 and δ = δD+1 be the constants given by Corollary 6.1. Then for 
sufficiently small θ we have that

‖uT − vθ,T ,R‖L2 ≤ ρ.

Finally, by Corollary 6.1, we get
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‖u(0) − vθ,R(θ)(0)‖L2 ≤ K̃
1

,

32
| log θ |δ

where K̃ can be explicitly expressed in terms of T , D, K and δ. Therefore vθ,R(θ)(0) is the 
desired approximation of u(0) in L2.

Data availability

No data was used for the research described in the article.

References

[1] S. Agmon, L. Nirenberg, Properties of solutions of ordinary differential equations in Banach spaces, Commun. Pure 
Appl. Math. 16 (1963) 121–239.

[2] H. Amann, Linear and Quasilinear Parabolic Problems. Vol. I. Abstract Linear Theory, Monographs in Mathematics, 
vol. 89, Birkhäuser Boston, Inc., Boston, MA, 1995, xxxvi+335 pp.

[3] H. Brezis, Functional Analysis, Sobolev Spaces Ad Partial Differential Equations, Springer, New York, 2011, 
xiv+599 pp.

[4] Jean-Michel Bony, Calcul symbolique et propagation des singularités pour les équations aux dérivées partielles non 
linéaires, Ann. Sci. Éc. Norm. Supér. (4) 14 (2) (1981) 209–246.

[5] D. Casagrande, D. Del Santo, M. Prizzi, Conditional stability for backward parabolic operators with Osgood con-
tinuous coefficients, Ann. Mat. Pura Appl. (4) 199 (2) (2020) 479–508.

[6] F. Colombini, N. Lerner, Hyperbolic operators having non-Lipschitz coefficients, Duke Math. J. 77 (3) (1995) 
657–698.

[7] F. Colombini, G. Métivier, The Cauchy problem for wave equations with non-Lipschitz coefficients; application to 
unique continuation of solutions of some nonlinear wave equations, Ann. Sci. Éc. Norm. Supér. (4) 41 (2) (2008) 
177–220.

[8] D. Del Santo, Ch.P. Jäh, M. Prizzi, Conditional stability for backward parabolic equations with LogLipt×Lipx
coefficients, Nonlinear Anal. 121 (2015) 101–122.

[9] D. Del Santo, M. Prizzi, Backward uniqueness for parabolic operators whose coefficients are non-Lipschitz contin-
uous in time, J. Math. Pures Appl. (9) 84 (4) (2005) 471–491.

[10] D. Del Santo, M. Prizzi, Continuous dependence for backward parabolic operators with Log-Lipschitz coefficients, 
Math. Ann. 345 (1) (2009) 213–243.

[11] D. Del Santo, M. Prizzi, A new result on backward uniqueness for parabolic operators, Ann. Mat. Pura Appl. (4) 
194 (2) (2015) 387–403.

[12] D. Del Santo, M. Prizzi, On backward uniqueness for parabolic equations when Osgood continuity of the coefficients 
fails at one point, Ann. Mat. Pura Appl. 201 (4) (2022) 93–110.

[13] R.E. Ewing, The approximation of certain parabolic equations backward in time by Sobolev equations, SIAM J. 
Math. Anal. 6 (1975) 283–294.

[14] C.-L. Fu, X.-T. Xiong, Z. Qian, Fourier regularization for a backward heat equation, J. Math. Anal. Appl. 331 (1) 
(2007) 472–480.

[15] P. Gérard, J. Rauch, Propagation de la régularité locale de solutions d’équations hyperboliques non linéaires. 
(French) [Propagation of the local regularity of solutions of nonlinear hyperbolic equations], Ann. Inst. Fourier 
(Grenoble) 37 (3) (1987) 65–84.

[16] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Grundlehren der Mathematis-
chen Wissenschaften, vol. 224, Springer-Verlag, Berlin-New York, 1977, x+401 pp.

[17] R.Ja. Glagoleva, Continuous dependence on initial data of the solution to the first boundary value problem for 
parabolic equations with negative time (English. Russian original), Sov. Math. Dokl. 4 (1963) 13–17; translation 
from Dokl. Akad. Nauk SSSR 148 (1963) 20–23.

[18] D.N. Hào, A mollification method for ill-posed problems, Numer. Math. 68 (4) (1994) 469–506.
[19] A.E. Hurd, Backward continuous dependence for mixed parabolic problems, Duke Math. J. 34 (1967) 493–500.
[20] O.Yu. Imanuvilov, M. Yamamoto, Conditional stability in a backward parabolic system, Appl. Anal. 93 (10) (2014) 

2174–2198.
[21] V. Isakov, Inverse Problems for Partial Differential Equations, Applied Mathematical Sciences, vol. 127, Springer-

Verlag, New York, 1998, xii+284 pp.
549

http://refhub.elsevier.com/S0022-0396(22)00483-1/bibB0B044B58BECBFD42936E5FC144091E4s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibB0B044B58BECBFD42936E5FC144091E4s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib62A7557F30C6208E6FE8042B4230ADB1s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib62A7557F30C6208E6FE8042B4230ADB1s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibEE864AAEDE339ADB4427ABB99F0BF0B9s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibEE864AAEDE339ADB4427ABB99F0BF0B9s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib9D5ED678FE57BCCA610140957AFAB571s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib9D5ED678FE57BCCA610140957AFAB571s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib3C04E764CF12CCA267EA45649CABDE01s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib3C04E764CF12CCA267EA45649CABDE01s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib691F07BAEC711FE994E652BB24CB7364s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib691F07BAEC711FE994E652BB24CB7364s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib283A5A5348E1C2130893B110E5E7D2C0s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib283A5A5348E1C2130893B110E5E7D2C0s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib283A5A5348E1C2130893B110E5E7D2C0s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib454CAF6465BE731644E9EA7843274328s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib454CAF6465BE731644E9EA7843274328s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib52CBCFD16BFBB685DA721F1749AA0A06s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib52CBCFD16BFBB685DA721F1749AA0A06s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib46BFC487D358EFB8C23859D90EBD84ACs1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib46BFC487D358EFB8C23859D90EBD84ACs1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibE3A576BAAD34C2201B04E6A46736C0DFs1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibE3A576BAAD34C2201B04E6A46736C0DFs1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib47CDA566FCE84A0614169650E4E7F68Es1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib47CDA566FCE84A0614169650E4E7F68Es1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibDE06A0D790211C8DACBC89AD3C40E336s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibDE06A0D790211C8DACBC89AD3C40E336s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib2CAABE000D8A8728366C4D0C85160480s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib2CAABE000D8A8728366C4D0C85160480s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibF214A7D42E0DE5875D55189E01E2E187s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibF214A7D42E0DE5875D55189E01E2E187s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibF214A7D42E0DE5875D55189E01E2E187s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibFB900A2E945F4E46B6790617A968594Ds1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibFB900A2E945F4E46B6790617A968594Ds1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibBEB2A51D77812014EEBD5147679A06EBs1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibBEB2A51D77812014EEBD5147679A06EBs1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibBEB2A51D77812014EEBD5147679A06EBs1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib62501EBB94A5749EC1186E724A54A624s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibEA44872272024B6968B7EE270AB444EBs1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib327277375FF7660BDED798381144D6F0s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib327277375FF7660BDED798381144D6F0s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib7CDDDCD1466B6C6ACCFAE237F05DCE00s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib7CDDDCD1466B6C6ACCFAE237F05DCE00s1


D. Casagrande, D. Del Santo and M. Prizzi Journal of Differential Equations 338 (2022) 518–550

[22] F. John, Continuous dependence on data for solutions of partial differential equations with a prescribed bound, 

Commun. Pure Appl. Math. 13 (1960) 551–585.

[23] N. Mandache, On a counterexample concerning unique continuation for elliptic equations in divergence form with 
Hölder continuous coefficients, Math. Phys. Anal. Geom. 1 (3) (1998) 273–292.

[24] W. McLean, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge University Press, Cambridge, 
2000, xiv+357 pp.

[25] G. Métivier, Para-Differential Calculus and Applications to the Cauchy Problem for Nonlinear Systems, Centro di 
Ricerca Matematica Ennio de Giorgi (CRM) Series, vol. 5, Edizioni della Normale, Pisa, 2008.

[26] K. Miller, Nonunique continuation for uniformly parabolic and elliptic equations in self-adjoint divergence form 
with Hölder continuous coefficients, Arch. Ration. Mech. Anal. 54 (1974) 105–117.

[27] M. Yamamoto, Carleman estimates for parabolic equations and applications, Inverse Probl. 25 (12) (2009), 75 pp.
550
33

http://refhub.elsevier.com/S0022-0396(22)00483-1/bib3605C619FAD4DDFFA7301C766B8E858Ds1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib3605C619FAD4DDFFA7301C766B8E858Ds1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibCCCF4D0FCBA5AB5305EA79101C97FBC6s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibCCCF4D0FCBA5AB5305EA79101C97FBC6s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibE11CB309B6AB32107A8B3EA04F15FE89s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibE11CB309B6AB32107A8B3EA04F15FE89s1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib3908C9F42AE2E9BF640FE29CA0F3F7DEs1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bib3908C9F42AE2E9BF640FE29CA0F3F7DEs1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibBE85FC767F21F602E1DFF56726621C4As1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibBE85FC767F21F602E1DFF56726621C4As1
http://refhub.elsevier.com/S0022-0396(22)00483-1/bibA7408A30C69E6E2577B0D17C8814D80Es1

	Conditional stability up to the final time for backward-parabolic equations with Log-Lipschitz coefficients
	1 Introduction
	2 The weighted energy estimate
	3 Littlewood-Paley theory and Bony’s paraproduct
	4 Proof of the weighted energy estimate
	5 Conditional stability up to the final time
	6 Reconstruction of the initial condition for parabolic equations
	Data availability
	References




