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Abstract

We prove logarithmic conditional stability up to the final time for backward-parabolic operators whose
coefficients are Log-Lipschitz continuous in ¢ and Lipschitz continuous in x. The result complements
previous achievements of Del Santo and Prizzi (2009) and Del Santo, Jah and Prizzi (2015), concerning
conditional stability (of a type intermediate between Holder and logarithmic), arbitrarily closed, but not up
to the final time.
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1. Introduction

In real world models, deterministic diffusion processes are often irreversible. Consider for
example the heat equation
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o = Au

with Cauchy data u(0, x) = uo(x). The forward initial value problem is well posed in an appro-
priate space of physically meaningful configurations, but the evolution has a strong regularizing
effect, so when one tries to reconstruct an initial configuration u (0, x) from a final observation
u(T, x) at a positive time 7', one needs to impose regularity conditions on u#(7, x), while in gen-
eral the backward problem with Cauchy data at T has no solution. However, in a physical context
an observation at a final time T records the configuration resulting from an actual evolution, so
the problem of existence is less relevant than that of uniqueness and sensitiveness to errors in
measurements. In [22] John introduced the notion of well-behaved problem for ill-posed prob-
lems. According to John a problem is well-behaved if “only a fixed percentage of the significant
digits need be lost in determining the solution from the data” [22, p. 552]. More precisely, a
problem is well-behaved if its solutions in a space H depend Holder continuously on the data
belonging to a space K, provided the solutions satisfy a prescribed a priori bound. According
to the literature, we call conditional stability any continuous dependence (possibly weaker than
Holder) which is subordinated to a prescribed a priori bound.

In this paper we carry on the investigation about conditional stability of backward solutions
for a general parabolic equation. For ease of notation we reformulate the problem inverting the
sign of the time variable, so we deal with (forward) solutions of the backward-parabolic equation

e+ Y Oy, (aij(t, x)d,u) =0 (L.1)
ij

on the strip [0, T] x R". We assume throughout the paper that the matrix (g; j)ﬁ j=1 is symmet-
ric and positive definite and that the coefficients a;;’s are at least Lipschitz continuous in x and
Hoélder continuous in ¢. These are the standard regularity assumptions which guarantee the (for-
ward) well posedness for forward-parabolic equations in H*, 0 <s < 2 (see e.g. [2]). We denote
by

H =0, T1, L*(R™") n ([0, T), H' (R™)) N C'([0, T), L*>(R™))

the space for admissible solutions of (1.1).

In [1] Agmon and Nirenberg proved, among other things, that the Cauchy problem for (1.1)
on the interval [0, T'] is well-behaved in the space # with data in L?(R") on each subinterval
[0, T'] with T' < T, provided the coefficients a;;’s are sufficiently smooth with respect to x
and Lipschitz continuous with respect to ¢. In order to achieve their result they developed the
so called logarithmic convexity technique. The main step consists in proving that the function
t — log|lu(t,-)|l;2 is convex for every solution u € H of (1.1). In the same year Glagoleva
[17] obtained essentially the same result for a concrete operator like (1.1) with time independent
coefficients. Her proof rests on energy estimates obtained through integration by parts. Some
years later Hurd [19] developed the technique of Glagoleva to cover the case of a general equation
of type (1.1), with coefficients depending Lipschitz continuously on time. The results of [1,17,19]
can be summarized as follows:

Theorem A. Assume the coefficients a;;’s are Lipschitz continuous with respect to t. For every
T' € (0,T) and D > 0 there exist p > 0,0 <8 < 1 and K > 0 such that, if u € H is a solution
of (1.1) on [0, T] with |u(0, -)||;2 < p and |lu(t,)|;2 < D on [0, T], then



sup [lu(t, )2 < K[u0,)]3,.
te[0,T7]

The constants p, K and § depend only on T' and D, on the positivity constant of the matrix
(aij)} j=1> on the L™ norms of the coefficients a;;’s and of their spatial derivatives, and on the
Lipschitz constant of the coefficients a;;’s with respect to time.

As T’ approaches T, the constant K above blows up, while § decays to 0, so one cannot
expect that solutions are well behaved up to the final time 7. From the physical point of view,
going back to the forward parabolic equation, this means that the reconstruction of the past from
observations at the final time + = 7 worsens more and more as one gets closer to the initial time
t =0. Yet, as it was proved by various authors (e.g. Imanuvilov and Yamamoto [20], Yamamoto
[27], Isakov [21]), some kind of conditional stability for the backward-parabolic equation (1.1)
up to the final time T can be recovered if one settles for integral estimates rather than pointwise
estimates. Moreover, pointwise estimates can be recoverd by imposing stronger a priori bounds
on the solutions. In any case, however, one doesn’t get Holder dependence but only logarithmic
dependence on data. The results of [20,27,21] can be summarized as follows:

Theorem B. Assume the coefficients a;;’s are Lipschitz continuous with respect to t. For every
D > 0 there exist p >0, 0 <8 <1 and K > 0 such that, if u € H is a solution of (1.1) on [0, T]
with |u(0, ) |2 < p and |u(t,)|l;2 < D on [0, T], then

T
1
[tz ar <& 25.
J [Tog 140, )1 2]

Moreover, if |u(t, )|yt < D on [0, T], then

1
sup fu(t, Y <K—-——
1€]0.7] L |Tog [|u(0, )| ;213

The constants p, K and § depend only on D, on the positivity constant of the matrix (a; j)l’.'j:],
on the L™ norms of the coefficients a;;’s and of their spatial derivatives, and on the Lipschitz
constant of the coefficients a;;’s with respect to time.

In all the above mentioned results, Lipschitz continuity of the coefficients a;;’s with respect to
time plays an essential role. The possibility of replacing Lipschitz continuity by simple continuity
was ruled out by Miller [26] and more recently by Mandache [23]. They constructed examples of
operators of the form (1.1) which do not enjoy the uniqueness property in 4. In the example of
Miller the coefficients g;;’s are Holder continuous in time, while in the more refined example of
Mandache the modulus of continuity & of the coefficients a;;’s with respect to time needs only to

satisfy fol (1/4(s))ds < +o00. On the other hand, in [9,11,12] it was proved that if /& satisfies the
Osgood condition, i.e. fol (1//a(s))ds = 400, then equation (1.1) enjoys the uniqueness property
in H. Therefore it would be natural to conjecture that if the Osgood condition is satisfied, then
the Cauchy problem for (1.1) is well-behaved in A with data in L>(R"). Unfortunately this is



not true, as shown by a counterexample in [10]. Nevertheless if the coefficients a;;’s are Log-
Lipschitz continuous in time, it was shown in [10,8] that a weaker conditional stability result
holds:

Theorem C. Assume the coefficients a;;’s are Log-Lipschitz continuous with respect to t. For
every T’ € (0,T) and D > O there exist p > 0,0 <8 <1 and K, N > 0 such that, ifu € H is a
solution of (1.1) on [0, T] with |u(0, -)||;2 < p and |lu(t,)|l;2 < D on [0, T], then

3
sup lu(t, )|l2 < K e~ Nlogllu©,)121°

te[0,T']

The constants p, K, N and § depend only on T' and D, on the positivity constant of the matrix
(a; j);” j=1 on the L™ norms of the coefficients a;;’s and of their spatial derivatives, and on the
Log-Lipschitz constant of the coefficients a;;’s with respect to time.

Moreover, in [5] a (very feeble) conditional stability result was proved even when the coeffi-
cients a;;’s are just Osgood continuous with respect to ¢, provided they depend only on time.

The proof of Theorem C relies on weighted energy estimates in the spirit of [17,19,20,27], but
in order to overcome the obstructions created by the lack of time differentiability of the coeffi-
cients a;;’s it is necessary to introduce a weight function taylored on the modulus of continuity
of the a;;’s (see Proposition 2.4), and a microlocal approximation procedure originally devel-
oped by Colombini and Lerner in [6] in the context of hyperbolic equations with Log-Lipschitz
coefficients.

In this paper we shall exploit the same type of weighted energy estimates to extend Theo-
rem B to the case of parabolic equations whose coefficients are Log-Lipschitz continuous in time
(Theorems 5.1 and 5.3). Our results can be summarized as follows:

Theorem D. Assume the coefficients a;;’s are Log-Lipschitz continuous with respect to t. For
every D > (0 there exist p >0, 0 <6 <1 and K > 0 such that, if u € H is a solution of (1.1) on
[0, 7] with u(0, )| > < p and u(t, )l > < D on [0, T, then

1
[Tog (0, ) 21%

T
[z ar <&
0

Moreover, if |lu(¢, )| 1 < D on [0, T}, then

1
sup Jlu(t, )2 <K—m8— .
1€[0.T] L [Tog [l (0, -) || ;213

The constants p, K and § depend only on D, on the positivity constant of the matrix (a;;)! j=1on
the L™ norms of the coefficients a;;’s and of their spatial derivatives, and on the Log-Lipschitz

constant of the coefficients a;;’s with respect to time.

Our results therefore complement the achievements of [10,8], and en passant improve them
in some crucial technical points related to the regularity of the coefficients a;;’s with respect to
the x variable (see the discussion in the final part of section 2). Finally, in Section 6 we illustrate
some applications of the main results.



2. The weighted energy estimate
We consider the backward-parabolic equation
n
du+ Y By (@ji(t, x)dgu) =0 @2.1)
J-k=1
on the strip [0, T] x R%.
Hypothesis 2.1. We assume throughout the paper that:

o forall (#,x) €[0,T] x RY andforall j,k=1,...,n,

aji(t, x) = ay;(t, x);
e there exists « € (0, 1) such that for all (¢, x, &) € [0, T] x R? x Rg,

n

1
2 ) . Lie2.
k& < _Z aji(t, &6 < —[&1% (2.2)
J.k=1
e forall j,k=1,...,n,aj € LogLip([0, T], L>(R")) N L>([0, T], Lip(R")).

We set

lajrx(t, x) — ajr(s, x)|
[t —s|(1+ |log|t — s|)

ALLzzsup{ lj,k=1,...,n,

t,s€[0,T), x eR", 0<|s—t] < 1],
A :=sup{||oyaji(t, )= | le| <1, 1[0, T]}.

Remark 2.2. By classical regularity theory for elliptic partial differential equations (see e.g. [16,
Thms. 8.8 and 8.12]), for each ¢ € [0, T] the operator

Au = — Z dx; (@i (t, x)0y u)

Jk=1

is self-adjoint and positive definite in L2(R™), with domain HZ(R"). Moreover the dependence
on t of the operator A(¢) is better than Holder continuous, so one can apply the abstract theory
of linear parabolic equations (see e.g. [2, Thm. 4.4.1]) and obtain well posedness of the forward
equation

n
du — Z B, (@ji(t, )dxu) =0
jk=1



in HQ(R”) for every 0 <6 <?2.
For s > 0, let u(s) = s(1 + |log(s)|). For p > 1, we define
1

w(p):= / Lds =log(1 + log p).
u(s)

g

The function w : [1, +00) — [0, 4+00) is bijective and strictly increasing. For y € (0, 1] and
A>1, weset Y (y) = w_l(—klog(y)) = exp(y_A — 1) and we define

1
D,.(y) :=—/¢x(z)dz-

The function @, : (0, 1] — (—o0, 0] is bijective and strictly increasing; moreover, it satisfies

YL () = —r(@5 () 1 ( ) = =A@} (y)(1+ | log ( (2.3)

1
() <I>/A(y))|)'

In the next lemma, we collect some properties of the functions ¥, and ®,. The proof is left to
the reader.

Lemma 2.3. Let ¢ > 1. Then, for0 <y <1/¢,
Vi (£y) =exp@ ™ = DR ()

Define Ay (y) :=y®,(1/y). Then the function A, :[1, +00) — (—o0, 0] is bijective and

. 1I/f ( 1
m —-—
z—>—-00 Z )\ A}Tl(z)

) =+4o00. O
We denote by

H:= ([0, T1, L*(R%)) N C°([0, T), H' (R) N C' ([0, T), L*(R}))
the space for admissible solutions of (2.1).

Proposition 2.4 (Weighted energy estimate). Assume Hypothesis 2.1 is satisfied. There exists a
constant o1 > 0 (depending only on Apr, A and k) and, setting « := max{oy, T_l}, o= % and
T := %, there exist constants A>1,7>0and M > 0 (depending on Ary, A, k and «, and

hence on T) such that, for all B> o + 1, A > X and y > 7 and whenever u € H is a solution of
equation (2.1), the estimate



S
291 =280 (SF 2
/6 Ve ( g )llu(t, M- dt

0

_ st+T
< My (s + e 2595 5, 1

+T®) (%) %) o, )N, 24
holds for all s € [0, o].

Remark 2.5. If one would like to include lower order terms in (2.1), one has to suppose that the
corresponding coefficients are L with respect to 7 and also Lip with respect to x. The constants
in Proposition 2.4 then will depend also on the norms of the coefficients of the lower order terms.

In [10] estimate (2.4) was used to deduce the following local conditional stability result:

Theorem 2.6 ([ 10, Thm.1]). Assume Hypothesis 2.1 is satisfied. Let o1, o and o be as in Propo-
sition 2.4. Then there exist constants p, §, K and N, such that, whenever u € H is a solution of
(2.1) with ||u(0, ) || 2 < p, the inequality

Soup/g lu(t, )2 < KA+ [luo, ) 12) exp(—N (| log([[u(0, )l 12)I%)
t€[0,0/8]

holds true. The constants p, §, K and N depend on A, A, k and a, and henceon T. 0O

The fact that «1 is independent of T and o = min{ozf1 , T'} allows one to iterate the local result
of Theorem 2.6 a finite number of times, and to obtain conditional stability in the large.

Theorem 2.7 ([10, Thm. 2]). Assume Hypothesis 2.1 is satisfied. Then for all T' € (0, T) and
D > 0 there exist positive constants p', §', K’ and N’, depending only on Arr, A, k, T, T' and
D, such that if u € H is a solution of (2.1) satisfying sup,cjo 1 llu(, )| 2 < D and |u(0, )| 2 <
0/, the inequality

sup [lu(r, )2 < K exp (= N'[log(u(0, )ll;2)I%)
te[0,T7]

holds true. 0O

Remark 2.8. Notice that, following Remark 2.2, it would be sufficient to impose an a-priory
bound on |u(T, -)||; 2, which authomatically implies the a-priori bound for |[u(z, -)||;2, ¢ € [0, T].

Estimate (2.4) was proved in [10] when the coefficients a;; (¢, x) are of class C? with respect
to x (in this case the constant A contains also the L° norm of the second order spatial derivitaves
of the a;;’s). Actually, in [10] C 2 regularity was imposed to overcome a technical difficulty in
managing a commutator term appearing in the dyadic decomposition of equation (2.1). However,
once estimate (2.4) is achieved, Theorems 2.6 and 2.7 follow directly from it, and the additional
regularity in x of the a;;’s plays no role.



The C? requirement is somewhat “non natural”, since Lipschitz continuity in x of the a;;’s is
n
sufficient in order that the domain of the operator — %: 1 O, (ajk(t, x)dy,) be H Z(R™) (see [16,
Thms. 8.8 and 8.12]). !

In [8] a weaker version of estimate (2.4) was obtained by mean of Bony paraproducts (see
[4]), when C? regularity in x is replaced by the more natural Lipschitz regularity. In this weaker
version of (2.4) the spaces L? and H'!~*" were replaced by H~? and H'~~% respectively,
where 0 < 6 < 1, and the estimate hold for s € [0, %a], where o = (1 — 6)/a ([8, Prop. 2.9]).
Such weaker version of (2.4), together with some nontrivial modifications of the arguments in
[10], led eventually to recover the continuity results of Theorems 2.6 and 2.7. However, the
weaker weighted energy estimate of [8] turns out to be unfit for the pourpose of reaching any
kind of stability up to the final time T, especially because in that version of the estimate one can
not integrate up to s = o in the left hand side of (2.4), but has to stop at s = o’ < o. Therefore
we shall go back to the strong weighted energy estimate (2.4) and demonstrate it in the Lipschitz
continuous case, using some ideas contained in [8] and performing a more careful and precise
analysis of some terms in the paramultiplication procedure.

3. Littlewood-Paley theory and Bony’s paraproduct

In this section, we review some elements of the Littlewood-Paley decomposition which we
shall use throughout this paper to define Bony’s paraproduct. The proofs which are not contained
in this section can be found in [10], [11] and [25].

Let x € Cg°(R) with 0 < x(s) < 1 be an even function and such that x (s) = 1 for |s| < 11/10
and yx (s) = O for |s| > 19/10. We now define i (£) = x (27%|&|) fork € Z and £ € ]Rg. Denoting

by F the Fourier-transform and by F~! its inverse, we define the operators

S_ju=0and Sgu = xx(D)u =F ' (x (Y F@)(-)), k =0,

Aou = Sou and Agu = Sgu — Sg_qu, k> 1.
We define

spec(u) := supp(F (1))

and we will use the abbreviation Agu = uy. For u € §'(R”), we have

u= lim Sku:E Aru
k——+00
k>0

in the sense of S’ (R%).
We shall make use of the classical

Proposition 3.1 (Bernstein’s inequalities). Let u € S'(R%). Then, for v > 1,
2" Myl g2 < 1 Vattnll 2 <27 luy | 2. 3.1)

The right inequality of (3.1) holds also forv=0. 0O



In the following two propositions we recall the characterization of the classical Sobolev spaces
and Lipschitz-continuous functions via Littlewood-Paley decomposition.

Proposition 3.2 ([7, Lemma 3.2]). Let 6 € R. Then a tempered distribution u € S'(R%) belongs
to HYR") iff for all k > 0, Agu € L*(R") and

+00
> 22| A3, < +oo.
k=0

Moreover, there exists Co > 1 such that for all u € HY (R?), we have

1
+00

1 2
g lulle = (sznAkuniz) < Cyllull o
k=0

The constant Cg remains bounded for 6 in compact subsets of R. 0O

Proposition 3.3 ([15, Lemma 3.2]). A function a € L> (R") belongs to Lip(RY) iff

sup [V (Ska)llpe < +oo.
kGNo

Moreover; there exists a positive constant C such that if a € Lip(R?}), then

—k
[Akallre = C27 " lallLip,  and  [|Vx(Ska)llL> < CllallLip,
where |lallLip = llalle + [IVlize. O

Let a € L°°(R?). Then, Bony’s paraproduct of ¢ and u € H? (R?) is defined as

Tau = Z Sk—_3alAru.
k>3

For the proof of our conditional stability result it is essential that 7}, is a positive operator. Un-
fortunately, this is not implied by a(x) > k > 0. Therefore, we have to modify the paraproduct a
little bit. Following [7, Sect. 3.3.] we introduce the operator

T)'u=Sp_1aSmiat + Y Sczalpu, (3.2)
k>m+3

where m € Ny; note Ta0 = Ty,. As it will be shown below, the operator 7" is a positive operator
for positive a provided that m is sufficiently large. The next results were proved for 7, but
Lemma 3.10 in [7] guarantees that they hold also for 7.



Proposition 3.4 ([25, Prop. 5.2.1 and Thms. 5.2.8 and 5.2.9]). Let m € N \ {0} and let a €
L°°(R%). Let 0 e R.

Then T)" maps H ¢ into H? and there exists Cm.0 > 0 depending only on m and 6, such that,
forallu e H?,

175" ull go < CmpllaliLee llull o (3.3)

The constant Cy, g can be chosen independent of 0 when 6 belongs to a compact subset of R.
Let m € N\ {0} and let a € Lip(R%). Then

° a— T%m maps L* into H' and there exists C\ > 0 depending only on m, such that, for all
uel”

lau — T;"ull g1 < Cillalluip lull2; G4

e foreveryi =1, ..., n, the mapping u — ady,u — T)" 0y, u extends from L? to L?, and there
exists Co > 0 depending only on m, such that, for all u € L?,

ladgu — T, dx,ullp2 < CollallLip llull 2. (3.5)

Corollary 3.5. Let 0 € [0, 1]. Then for every i =1, ..., n, the mapping u — adgu — T, 0, u
extends from H? to HY, and for all u € H?,

ladyu — T g ull yo < Co' " C17NallLip lull o (3.6)

Proof. By Proposition 3.4 the operator (a — T,")dy; is continuous from H 0to HY and from H'
to H'. The result follows by interpolation (see e.g. Theorems B.1, B.2 and B.7 in [24]). O

Next we state a positivity result for 7).

Proposition 3.6 ([7, Cor. 3.12]). Let a € L*°(R") N Lip(R%) and suppose that a(x) > k > 0 for
all x € RY. Then, there exists a constant mo = mo(k, ||allLip) such that

K 2
<Tamu | M>Lz > EIIMIILZ,

forall u € L2(]Rﬁ) and m > mg. A similar result is true for vector-valued functions if a is re-
placed by a positive symmetric matrix. 0O

The next proposition is needed since T is not self-adjoint. However, the operator (7" —
(Tu’")*)axj is of order 0 and maps, if a is Lipschitz, L? continuously into L?.

Proposition 3.7 ([7, Prop. 3.8 and 3.11] and [11, Prop. 3.8]). Let m € N, a € L*(R}) N
Lip(R%). Then the mapping u — (T — (Ta’”)*)axju extends from L* to L* and there exists
a constant Cy, > 0 such that for all u € Lz(Rﬁ)

(T = (T, ") ull 2 < Cllalluipllull 2. O

10



We end this section with a property of the commutators [Ag, 7/*] which will be crucial in the
proof of the weighted energy estimate.

Proposition 3.8 ([ 11, Prop. 3.7]). Let m € N\ {0}, let 6 € R and let a € Lip. Denote by [Ay, T ]
the commutator between Ay and T)".
Then there exists Cy, 9 depending only on m and 6 such that for all u € H'=Y,

400

1
Q270 ((AK T, 10u)[72)% < ConpllallLiplluell g1-o. (.7
k=0

The constant Cp, g can be chosen independent of @ when 6 belongs to a compact subset of R. O
4. Proof of the weighted energy estimate

For ease of notation, we write the proof only in one space dimension. We divide the proof in
several steps.

- Microlocalization and approximation

Let u € H be a solution of (2.1) Let o Tl 0= l/a,t=0/4,y>0,A>1,8>0+T.

>
_ =T
For ¢ € [0, o] define w(r, x) = e”’e poa(h

>u(t, x). Then w satisfies

t
dw —yw + &} (%) w + 3, (a(t, x)d,w) = 0.

Now we add and subtract 0,7,"d,w, where T." is the paramultiplication operator defined in
(3.2), with m > mg(k, A), according to the positivity result of Proposition 3.6. We obtain

t+7
dhw—yw+ &} (T) w+ 0 (T 0xw) + 35 ((a — T)")dyw) =0. 4.1)

We set u, = Ayu, w, = A,w and v, =27%"w,. Then the function v, satisfies

t+t

0 vy =y vy —@;( )vv—ax(Tamaxvv)—(xlogZUUU

4.2)
— 27 ([Ay, TM0yw) — 279 Ay e (@ — T w).

Now we make the scalar product of (4.2) with (¢ + 7)d,v, in L>(R,) and obtain
11



(r+ T)”atvv(t)”%z =y +71) (|80 (D)2

, (t+T
-+ r)<<l>k (—) vy (1) | 8tvv(t)>
B L?

— (t + 1) (0 (T} 30y (1)) | 90 (1)), (4.3)
—alog2(t + 1)v (v, (t) | dvy(2)) 2

— (+ 027 (9 ([Ay, T 10, w (D) | d 0 (D)) 2

— (1 + D27 (A0 ((a — T w(1)) | vy (1)), -

To proceed further, we need to regularize the coefficient a(f,x) with respect to r. We
take a regular mollifier, i.e. an even, non-negative p € C;°(R) with supp(p) C [—%, %] and
Jr p(s)ds =1.For ¢ € (0, 1], we set

1 t—s
ag(t,x) = g/a(s,x)p (T) ds.
R

A straightforward computation shows that for all ¢ € (0, 1], we have

as.(t,x) >k >0 “4.4)
lag(t, x) —a(t,x)| < Arre(|loge| + 1) 4.5)

as well as

19rae(t, )| < Arpllo'll 1wy (I logel + 1)

for all (r,x) € [0, T] x R,. From these properties of a. (¢, x) and by Proposition 3.4, we imme-
diately get

Lemma 4.1. Let m € Ny and u € L>(R"). Then
(T = T, )ullp2 < CmoArre(lloge| + Dllull 2
and
I Tgr. el 2 < Cn0ALLlP | 1) (I Tog el + Dlull 2. O
We set
ay(t, x) :=ag(t, x), with e =272".

We replace T;" by T, + T;" — T," in the third term of the right hand side of (4.3) and we
obtain

12



(t+ D)2 =y +7) (v (1) | B0y (1)) 12
t+7

-+ f)<<1>& (T) vy (1) | 3zvv(t)>

— (t 1) (0 (T, 9,00 (1)) | By (1)),

— (40 (0 (T} = T)dxvy (1) | 300 (1)), 2
—alog2(t +1)v (v, () | 0,0, (1)) 2

— (t+ )27 (0 ([Ay, T} 10, w(®)) | 30y (1)), 2

— (t+ )27 (Aydc((a — T w(®)) | 3y (1)), -

L2

(4.6)

Now we replace 0;v,(¢) in the term
—alog2(t +t)v (v, () | vy (1)) 2
by the expression on the right hand side of (4.2) and we obtain

—alog2( +1)v (v, () | 9rvy(t)) 2 =
— ay log2(t + T)v[[v, ()7
t

+7
+alog2(t + 7)® ( 8 ) U||Uv(f)||iz

+alog2(t 4+ T)v (v, (1) | 0 T} 0500 (1)), » @D

+a?(log2)*(t + DV vy ()17,
+alog2(t + T)v27 " (v, (1) | 3 ([Av, T} 10w (D)), 2
+ alog2(t + T)v27" (v, (1) | A3y ((a — T 0, w(1))),2 -

By (4.6) and (4.7), we obtain

4+ DN (O72 =y + 1) (v (1) | dvy (1)) 12

, (t+T
- +0)d; (7) (Lo (1) | vy (1)) 12

— (1 +7) (0 (T," 0500 (1)) | 300 (1)), 2
— (40 (0 (T} = T xvu (1)) | dvu (1)),

t+
+alog2(t + 7)®} ( 5

f) ENGI

+alog2(t +1)v (v, (1) | 9T, 050, (1)) 2

+a(log2)* (1 + 1) [y (D117 — ey log 2t + D)l (17
+ alog2(t + )27 (v, (1) | 0x ([Av, T 10w (D)), 2
+alog2(t + )27 (v, (1) | Aydx((a — T w(1))),»

13



— (027 (3 ([Ay, T" 18w (@) | 90 (1))
—(+ 027 (A3 (@ = T w () | vy(1));2

A straightforward computation using Leibniz derivation rule with respect to ¢ yields

_vd

=22 (e + D12 ) = Sin 012,

y(t+71) (0 (1) | 800 (1)) 2

and

, (t+T
-+ (T) (o (0) [ vy (1)) 2 =

1d 1
‘Ed_<(’+ )cbk( ; >||Uv(f)||L2) ;;Tdfx( ; )Ilva)lle
1

t+t
+ 2'CI>)L ,3 ”UU(t)HLZ(Rn)

Next we consider the term — (¢t + 1) (8x(Ta”u’ 00y (1)) | B,UU(t))Lz. From (3.2) it can be seen
that 9, T;" = Ta’l"uU + 77 9;. A simple computation then shows that

1d
(4 ) (B (T 00,0 | 90 (0)] 2 = 52 (1 + T (T v (1) | 0 (), )

1 m
- E(Ta” Axvy(?) | axvv(t)>L2
1
= 5+ D (T3, 900 | 900 (0) 1
1
= 5D (000, (0 | (T5)" = T 3xvu () 1o

At the end we obtain the identity

t+ D@7, =

SRR

d
—(C+ DI 13:) = SOl

dt
1d +7
RN ((t+ )%( P )Ilvv(t)lle>
1
2

+7 lt+t " +7
T (T) w112, + 57@ (T) lou (1172

=+ ) (3 (T = T dxvu (1)) | 800 (D)) 2

1d
+§d_((t+7:)< vav(t) |ava(t))L2>

1
E(Tma vy (1) | Oy Uv(’))

1
= 5+ D (T3, 9@ | 900 (0)



- %(r + 1) (80500 (1) | (TJ* = T30y (1)),
—aylog2(t + vlv )3,

+alog2(t + 7)), (%) vl 0113
—alog2(t + T)v (0,0, (1) | T} 0,0,(1)),»
+a?(log2)*(t + DV vy ()17,

+alog2(t + T)v2™*" (v, (1) | Xy (1)) 2
—(+ 027X, (1) | vy (1) 12 (4.8)

where we have set

Xy (1) = (3 ([A, T" 1 w(1) + Ay (3x (@ — T w(1)))) -

- Estimates forv =0
In what follows, we denote by C O c® c® . positive constants which depend only on

ALL: A and k.
Setting v = 0, we get from (4.8)

(l‘i"’f)”atvo(t)”%z:%d (¢ + D013 ) = S}
1d +7
‘id_(“* )<I>A< ; >||Uo(t)|| )
1, (t+7 e+t _,(t+7
+§¢A(T)nvo<z)uy 25 @A(7>nvo<r>niz

— (1 + ) (3 (T = Ty dxvo()) | dv0(1)), 5

50 (@ D700 1 00(0) )

dt
-5 (T

NI»—* NI»—*

23000(0) o0 2 — 50+ 0) oI T Bevo(0) |
—5<r+r)(ataxvo<r>|(<n?;) — T,)3xv0(1)), >
— (1 + ) (Xo(1) | (1)) .2

By Proposition 3.6 we have

1 m K 2
=5 (T&0xv0®) [ 3:00(1) 2 = =5 0@ 175

Using Propositions 3.1, 3.4 and Lemma 4.1, for N1, N > 0, we get

{0000 1 Ty, 200 ) 1= € w0l

15



1
(T 4y 0xv0(0) | 0x0:v0(1)), 2 | < CP Nillvo )7 + N 10001172

and

1
(T = Tidxvo(t) | 3i0,v0(1),» | < CP Nallwo(@) |17, + Ena,vo(r)niz.

Now, we choose Ni and N7 so large that

and y so large that
—% + (c“) +CON + C(3)N2) (c+1)<0
for y > y. With this choice, the term
COt + D@72 + CONiE+ D)lvo@172 + CPNa(t + ) vo )17

is absorbed by — % [lvo(2) ||%2, and the term

1 1
Nt Dl w07, + s Dl v0(0)17

is absorbed by —%(t + 7)||0;vo(t) ||iz. Hence, we get

1
S+ D18 u0(0)II7

y d Y 1, (14T
=S ((r + r)uvo(r)uiz) = oI + 5@, <T) loo (113

1d
- Slv®IF. — 54 ((r +1)) (%) ||vo(r)||iz)

lt+71 4+t
+o— (T) lvo (113

2 8
+li((z+r)(T’"a vo(t) | dxvo(D)) )—(t+r)<2€ | rvo(1)) 12
2d[ aOXO x V0 L2 0 1o L=+

Further, we recall that @ satisfies equation (2.3), i.e.

YOIy = —/\(%(y))zu( ! ) =A@} (y) <1 + |log (;)I)
() @ (y)

for A > 1. From this, we see that

16



1 t+7 lt+1t t+t
5@ (T) o072 + 55— % (T) lwo@)13, <0,

and thus we get

y d

14 2 1 2 2 4 2
gllvo(t)lle < _E(t + Oldvo() 72 + > ((l + T)Ilvo(l)||L2> - gllvo(t)lle

K 1d "
= SI0®I2 + 5 2 (¢ + 1) (T 8ev00) | v, )
1d
—(t+1)(X | 0vo(t)) 2 — 3dr <(f + T)CDQL <I+TT> ||U0(t)||iz) .

Integrating in ¢ over [0, s] C [0, o], we obtain

N
1 T
% / oo ()1I3 2dt < (% + D)6+ D@72 + 57, (E) o0 (0)117
0

s N
Y K
-3 / lvo ()13 dt — 3 f oo ()13 »dt
0 0

1 N N
5 /(l + T)”atUO(t)”izdt - /(l + 1) (X (1) | dvo(2)) 2 dt,
0 0

where we have used the estimates
| {85 v0 ()| Ton 05 v0(s)) 2 | <2CP [wo(9) 117
and
3,00(0) [T 3,00 (0)). > =185 v0(0) 12
(0xv0(0)] a0 9x V0 ( ))L2 > 5” Vo (0) 17 2,

which follow from Propositions 3.4 and 3.6 respectively.

- Estimates for v > 1

Now, we consider (4.8) for v > 1. From Lemma 4.1 and Proposition 3.7, for N3 and N4 > 0,
we obtain

(T = T acv, (1) | 9,970, (1)),5 |

1
= Cin NV 0Ol + 10y Ol 4.9)
1
<€) N2 v, (0112, + o 13:vu (D11

and



{0xvu (@) | T, 200 (D)) 5 | < CO w2 wy ()72, (4.10)

as well as

(T = T3c0u() [ 33:0u(D),5 | < CO Na2 ()12, + 4||atvu(r>||iz @.11)

Using again the positivity estimate in Proposition 3.6 as well as Proposition 3.1, we obtain

—alog2(t + T)v (05w, (1) | T} 050y (1)),

/c log

4.12)
<- (t + 2% vy ()I3

Now, we choose N3 and N4 so large that

and « large enough such that

o klog?2
S L NS C ), + €O+ N <0,

and we set o := max{T’l, a1}. With this choice, we get

y 1
ZIv@I7: + 5@+ Do, (I

<22 (a4 o) - Lo,

di<(r+r)<1>/< ; )nvv(r)n )

,(t+T lt4+t _, (t+7
<I>A(T> lou (172 + 5 5 da( 5 )nvv(r)niz

& (DT 9001 00,02

+

+

l\)l>—‘ N = l\)|>—‘ &

(4.13)

1
—ay log2(t + 1)y (0172 = 5 (T2 xv (1) | B0, (1)

t+1

+o¢log2(t+r)<l>3»< )V||Uv(f)||iz

3 k1
+a10g 21+ Dl )2 — g

+alog2v2™" (1 + 1) (v (1) | X (1)) 12
— (+ 027X (1) | 9vu (1) 12

(t + 2™ lo, D172

Since y®} (y) = —A® (y)(1 + [log(®} (y))]), if we take A > A > 2, we have

18



lt+f¢x<t+r>§_l¢;<t+f)’
4 B B 2 B

and hence, the term %CD/(’”)HvU(t)H in (4.13) is absorbed by the term

%%@K(HT’) lvy ()17 ,. Now we need to absorb

r+7

alog2(t + r)CDQL <—) v||v,,(t)||iz. 4.14)

There are two terms in (4.13) that will help to achieve this. One is

aKlogZ
4

(t + w2 lo, (D117 (4.15)

and the other one is

e+,
" ¢(ﬁ )mmn (4.16)

Let ' = min{4log2, “92) 1f v > 57l log (12824 (147)), then

log?2 t
_Kos 2% < —q log 2 i V.
4 4 8

On the contrary, if v < 210g2 log (412‘?2@;(%) then

410g2q);( —; )>22U

K’

and, hence, by (2.3), we obtain

1t t 1 t 2 1
; +r®x< +T>=_Z’\<¢/x< +r>> "
B p p @, (44)
§—lk (q),A t—i—r
4 4log2q)/ t+r
1 ¢ 4log?2 t
< ——A— £ iy 1 +log og ol tr
4 4log?2 B

) (1+4+2vlog?2)

K'(1+1log2) , (t+1
<-X A v,
16log?2 B

19



where we have used the fact that the function & > &(|loge| + 1) is increasing. Consequently, if
we choose A > A with

2
- 16a(log2)“ (o + r)’
~  k/(1+1og2)

we have

%t;TCDK(I_; >< —alog2(t + 7)®), (t;T)v

and hence, the term (4.14) is compensated by (4.15) and (4.16).
Now we consider the term

(t + D) log> v, (1)l 2. (4.17)
10g2

Ifv>—log (%) =: vy, then

OlKlOgZ

i V2% + o log?(2)v? < 0.

If v < vy, then we choose a possibly larger y such that
14
12 >« log (2)1)l (o +1)
for all y > y. We obtain
— L+ log? @2 +1) <0,

and, consequently, (4.17) is absorbed by

o K10g2
4

14
(@t + D22 oy 12 = L@ 7.

The term —ay log2(t 4+ T)v||vy(7) ||i2 can be neglected since it is negative. However, we stress
here that it is a crucial term in order to achieve our energy estimate for an equation including also
lower order terms. Recalling also Propositions 3.1 and 3.6, we obtain

1 4
S+ D@7 + SO

1d +7
z(@+er0N )53 Qr+)¢k(fg>nwawﬁ>
1d
S (@ + D (T80l 0)),)

<

+

—gfwmawy



o /clog2
4
+ alog ZVZ_“"’(I + ) (v (@) | X (1)) 12

(t + 2 v, ()13,

— (D27 (X0 1800012 — SO

Integrating over [0, s] € [0, o], we get

s

A
K 14
S / 2% vy () 17,dt + 3 / low(@)13,dt
0

0

1
1) (%) s @13 + (£ +C92) s + Dl )1

t\.)

aklogZ

/ (1 + OV 0, ()2t — £ f v ()112d1
1 [ 2
-3 / (1 + D10, 0 ()12 d1
0

- /(; + )27 (X (1) | 8y (1)) 2 dt

N

+ alogZ/ V27t + 1) (0 (1) | Xy (1)) 2 dt,
0

where we have used the estimate

(3200 (5) | T 9,00 (5)) 5 | < CD22 [0, (5) 17

- End of the proof

Now we sum over v and we obtain

/ D 2P|y ()17dt + / > lou@)13dt

v>0 0 v=>0
1
<t ( )vav(anz /Z||vu(r>||L2dt
v>0 0 v=>0
——/(r+r>2||a,vu<t>|| 2t
v=>0
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- g(s +D D @I+ CP6+1)) 27 0,63,

v=>0 v=>0

o« klog?2
¢ f 1+ 1) Y 02 o, ()12, de

v>0

/ (40327 (X, (1) | Byu, () 2 d

v>0

+a10g2/(z+t)2v2 A (0, (1) | Xy (1)) 2 dt.

v>0

Now we have

1Y 27 (X (1) | vu(0)) g2 |

v=>0

= ZTWI (8 ([Aw, T 18x w (1)) | 300 (1)1 |

v>0
+ 327 (A (B (@ — T3 w(@))) | 8vu(0)) 2 |
v=>0
= 327D, T O) 21100 ()l 2
v>0
+ D27 A @ (@ = 3w 21200 (02
v>0
= (D270 (A, T8I ) (X o 012,)°
=0 v=>0
1 4
n (Zzz(haz)u”Av((a . Ta”’)axw(f))”i2> (Z ||8tvv(t)||Lz)2

v=>0 v=>0

By Corollary 3.5, Proposition 3.8 and Proposition 3.2 we get

Bl—

D270 [ 800 121 = €O w e (X 1001132

v>0 v>0

Nl—

+COll@ =T e (Y 180,012

v>0

[SE

< COw Ol (3 1000172

v>0



1
<c® ( Z 20—y ) ”L2> 2 (Z ||8,vv(l‘)||L2>

v>0 v>0

< c<9>(222“||vv<t)||iz)7(2 Ilatvv(f)lliz)%

V>0 v>0

1
= 10N 2wl + 5 D o012,

v>0 V>0

In the same way one can prove that

|y 027 (0 v )2 | < CUD Y 2 v, (0]l

v>0 v>0

‘We thus obtain

/ S22 0, ()t + L / S lou ()2 dr

v>0 v>0
< o ( ) S )12, — /Z oy ()12t
v>0 v>0

+ 26+ DY IO+ €D+ Y 2 o)1

v>0 v>0

log2
- /(r+r)2v22”||vv(r)|| i

v>0

C(12) /([ + 1) Z 221} [lvn(2) ”LZdt

v>0
Now the term
c2 /(t +1) )22 vy (0)113,dr
v>0

can be absorbed by

L« klog?2
= / (4 Y V2% o ()] 32dt

v>0

for high frequencies, and by

23



s

2 [ E ol

0 v>0

for low frequencies by choosing y larger if necessary.
All in all, we finally obtain

s N
K 14
g/222“||uu(z)||;alt+§/Z||vu(t)llizdt
0 0

v=>0 v=>0
< ro) (< > @12 + 26+ )12
2 B L7 9 L
v>0 v>0
+CY+1)) 27 0, (9113,
v=>0

From this, going back to u, and using Proposition 3.2, the weighted energy estimate (2.4) fol-
lows. O

5. Conditional stability up to the final time

In this section we state and prove two global stability theorems for solutions of (2.1) up to
the final time 7. The first result gives a logarithmic type control of [lull;2( 7y, 12 in terms of
(O]l 2-

Theorem 5.1. Assume Hypothesis 2.1 is satisfied. Then for all Dy > 0 there exist positive con-
stants p”, 8" and K", depending only on Ay 1, A, «, T and Dy, such that if u € H is a solution
of (2.1) satisfying sup, (o 71 lu(t, )l 2 < Do and ||u(0, -)|| ;2 < p", the inequality

1

lullz2qo.ry.r2) < K m—er—r
((0,7),L%) |Tog [|u(0) | 21°

holds true.

Remark 5.2. Notice that, following Remark 2.2, it would be sufficient to impose an a-priory
bound on ||u(T, -)||; 2, which authomatically implies the a-priori bound for |[u(¢, -)||;2, ¢ € [0, T].

Proof of Theorem 5.1. First we observe that, due to Theorem 2.7, it is not restrictive to assume
that ; < T~!. Indeed, if this is not the case we can take 7/,0 < T’ < T, such that T — T’ < ocl_l,
and then in [0, T'] we apply the pointwise estimate given by Theorem 2.7, so we just need to
estimate fTT, ||u(t)||i2 dr in terms of ||u(T")| ;2.

With such assumption we can apply Proposition 2.4 withoe =1/T,0 =T and t =T /4 and
wecanfind A > 1,y >0and M > Osuch thatforall > T + 7 = %r and whenever u € H is a
solution of equation (2.1), then

24



T

2yt —2Bd; (L) 2
/e”e BOCE ut, )21 di
0

_ L (It T, _ z
< My (T +0)eTe P50 (T, ~>||iz+rq>;(3>e 2910, 112,).

Now for any r € (0, T)) we have

~

—r

— 4T
e P e, 117, di

S—

_ T+t T, _ z
< My (T +0)e?Te PP (T, ')||%z+t¢ﬁ\(g)€ P20, 112,),

where we have used the fact that ||u(z, -)|| 2 < [lu(¢, -)|| 1-er . Now, the function @, is increasing
and consequently the function ¢ > e~ 2#®2((+7)/B) i decreasing. We deduce that

r

T—
_28® T—r+t
e ’/uu(r,-)uizdr
0

-2 T+t T, 2 T
SM/(e PO )||u<T,->||iz+d>;<E>e P20, ~>||iz),

where M’ = My2Te*T . Then

~

-r
T—r+t

T [ 28(® —@, (i
||u<t,->||izdtsM’¢;(B)(e PO =R (T, )12,

o

2 q;km,<p z
+ PO 0,113, )

T 28(d T—r+t —® T+t
e A N (TICPI
—28D z
+e 2P0, 912, ),

where we used the fact that @3\(%) > 1 and CID;L(%) < 0. We recall that the function @, is
concave, so

T—-r+rt T+t ,
o(—)— D ()
a( 5 ) a( 8 ) <D ( 5 )( 5 5

T+t T—r+r T+t T+t r
- ) =—®)( 5 )E,

and then
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r

T—

T, —2r (ix —280 (%
/ Jutt, )2 de = M@ (e (I )12, + PP 0, )12,
0

By Lemma 2.3 we have that

T+t T+ttt

q);\( B ) =Y ( . ﬂ):exp((T:‘T)—)»_1><¢A(%))(r)x'

We remind that T = T' /4, so % =5, and

T _ _
T Ry (5,

cD/
s B B

where § = 5 and N = 5~ It follows that

~

—r

S

T _orNum (L) _ z
(e, )7, dt < MY (e RO (T, 13 + e PP a0, 913 ).

Now we observe that

T —rNUs (Y 15 155, T —rNus (%) _1/5
U (Sye NG — 1/8,,1/8%(5)6 rNYi(§) <Cyjr 1/8
where
_nb
Cy 5:=supze Net
z>0
Then
T—r

_1/5 —rN LAY ) T
e, )2, de < M'Cyg 5r~ o NP (||u<T,~>||iz+e ’”’“ﬁ>||u<o,.>||iz).

o

We choose now § in such a way that e_ﬂ(b*(%) = [Ju(0, -)||Zz1 i.e.

'BCD,\(E

1
z ﬂ): ;logllu(O, M2

We obtain B = tA; ' (Llog u(0, )]l 2), where Ay (y) = y®u(1/y). If u(0, )2 < j :=
¢80 then B > T + t. We have then

~

o B Y (S R
e, )2 de < M'Cig gr= e ST RO (T )2, 4+ 1),

S
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By Lemma 2.3 we have that

1

lim —1¢ (——) =+
e T
SO
WA(AZI(Z))ZIZI

if z < 0 and |z| is sufficiently large. It follows that there exists 0 < p such that, if ||u(0)|;2 < p,
then

~

—r

—1/5 —rN(L . 5
llu(t, ')”izdth/C/{/,S” 1/86 rN(z[log [[u(0,)],2)1) (Ilu(T, ')||iZ+1>‘

o

On the other hand,
T
[tttz ar < por
T—r
It follows that for all » > 0
T -
/ e, )12 dt < M(r 4 /8 =N (llog Hu(O,-)HLz)I)a)’
0

where

M=MCgs+D(Do+1) and N=

Homl 2'

Finally we choose
r=|log |u(0)[| 2]~/
so we get

T
/ (e, )17 dr < M( + llog [lu(0)]] 2]/ 2e N 0B 101,20
0

| log [|u(0)|| 12|52

1

<M(+Eg)———
N9 og [lu(0)]l 21372

where



_ 1+8)/2 ,—NZ3/2
Eﬁ,’g_supz( V2= N
z>0

The proof is complete. O

Under a stronger a-priori bound on admissible solutions in [0, 7], namely assuming an a-
priori bound in H'! rather than in L?, we can prove a pointwise stability estimate of logarithmic
type up to the final time 7.

Theorem 5.3. Assume Hypothesis 2.1 is satisfied. Then for all Dy > 0 there exist positive con-
stants p", 8" and K", depending only on Ary, A, k, T and Dy, such that if u € H is a solution
of (2.1) satisfying sup,c(o 1 lu(t, )l g1 < Dy and |u(0, )|l 2 < p", the inequality

1
Sup ”M(l, ')||L2 S K/H 17
1€[0,T] |log [|u(0, -)[| ;2

holds true.

Remark 5.4. Notice that, following Remark 2.2, it would be sufficient to impose an a-priory
bound on ||u(T,-)| g1, which authomatically implies the a-priori bound for [lu(z,-)||g1, t €
[0, T].

Proof of Theorem 5.3. We begin by noticing that, since u solves (2.1), then

1
101 (t, )l g—1 < ;Dl

It follows from Morrey’s inequality that

1/2 1/2
sup. (e, )l < Crllul oz m-n 14 oy, 11
tel0,

(for a direct simple proof see [3, proof of Thm. 8.8]). Then by Theorem 5.1 for |u(0)|/;2 < p”
we get

1 1/2 1 172
sup futt. g =Cr (101) (K )
(€l0.7] " « [Tog (O[] 2 °

The conclusion follows observing that for each fixed ¢ € [0, T'] we have

1/2 1/2
e, 2 < e, T e, )12,

1 1/4 1 1/4
<Dp\*c)? (—D1> (K”—a,,) .
K [log [l (0}l ;2]
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6. Reconstruction of the initial condition for parabolic equations

In view of applications it is convenient to rephrase Theorem 5.3. Consider the (forward)
parabolic equation

n
i — D Oy, (ajn(t, X)dyu) =0 (6.1)
jok=1

on the strip [0, T'] x R” and assume Hypothesis 2.1 is satisfied. Then we have:

Corollary 6.1. Let D > 0. There exist positive constants pp, 8p and K p, depending only on
Arr, A, k, T and D, such that if u,v € co(0, T1, HH n clqo, T1, L?) are solutions of (6.1)
satisfying ||u(0, )|l < D, |v(0, )l g1 < D and ||u(T, ) —v(T, )12 < pp, then the inequal-
ity

1
11(0, ) — v(0, )2 < K
L =P og [u(T, ) = v(T, ) 12I°P

holds true.

Corollary 6.1 can be exploited to reconstruct the initial condition of an unknown solution u(¢)
of (6.1), provided we can measure with arbitrary accuracy its final configuration ur := u(T).
More precisely, suppose that for every 6 > 0 we can perform a measurement vy 7 of ur such
that

lve, 7 —urll 2 <6.

Moreover, suppose that we know a priori that |u(0)|| ;1 < D for some D > 0. We are interested
in finding a computable approximation of u(0). If it were possible to solve equation (6.1) back-
ward in time with final condition v(7T") = vg,r, then by Corollary 6.1 we would get that v(0) is
close to u(0), provided [|[v(0)||z1 < D and vy 7 is sufficiently close to u7. However, equation
(6.1) with final condition v(T') = vy, in general has no solution, due to the regularizing effect of
equation (6.1) forward in time, and to the fact that vy 7 does not possess any regularity, since it is
the output of a measurement. There are various strategies to overcome this major obstruction. We
mention the technique of quasi reversibility (see e.g. [13]), which consists in perturbing the equa-
tion to make it solvable backward in time, and the technique of Fourier truncation, which consists
in approximating vg, 7 with a very regular function obtained truncating its Fourier transform. We
illustrate the second technique through an example inspired by [14] (see also [18]).
We consider the equation

n
du— Y ajr(t)dy; g u =0 6.2)
jk=1

on the strip [0, T'] x R’} and assume that the coefficients a;(¢) are Log-Lipschitz continuous.
Moreover, setting
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a(t,&):= Y aj(t)§;é,

Jjk=1

we assume that
1 2 2 n

Denote by F the Fourier transform with respect to the x variable, and by F~! its inverse. Let
ueC%0,T1, HHNC'(0, T1, L?) be a solution of (6.2) and let &i(¢, &) := (Fu)(z, €). Then

dit(t,§) =—a(t,§)u(r,§).

We set
t
A(t, &) ::/a(s,f)ds,
0

and we observe that A(z, £) is increasing in . Since u(0, -) € L2(R’;), we have the following
explicit representation of i (¢, £) and hence of u(¢, x):

i, ) =e 1"9a(0,8), (1,8 €0, T] x RE.
On the other hand, if ¢7 (&) is such that
AT (&) e LARY), (6.3)

then (6.2) can be solved backward in time with final condition w(7T) = wr := F~'¢7 and the
explicit solution is w(z, x) = (F~'¢)(z, x), where

P(t, &) = ATHACD 4 ().

As above, suppose we know a priori that ||u(0) || ;1 < D. Moreover, suppose that for every 6 > 0
we can perform a measurement vg 7 of u7 such that

lvo,r —urll2 <6.

Let éi7 and 0g 7 be the Fourier transform of ur and vg 7. For R > 0 define:

iur,r(§) = xr&)ir (&) and Vg,1,r(E) = xr()Vo,1 (&)

where xg(£€) is the characteristic function of the ball of radius R in R’g. Both iéir g and 09 7.R
satisfy (6.3) so we can solve (6.2) backward in time with data at 7 given by ur g = F ’1ftT, g and
vo.T.R=F -1 Up. T, r- The explicit representations of the corresponding solutions are ug(f, x) :=
F~Yag)(t, x) and vg g (t, x) := F~'(Dg.)(t, x), where
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ig(t, &) = eATHACH 40 1 (8)

and

Do, R (1, 8) = eATHTACDG, 1 o (&),

It is straightforward to check that [lug(0)||z, < D. Now we have

v, R O)I 1 < [lur O) | g1 + llve, R (0) — ur (O) || 1

Bl—

<D+ /(1+|&|2>e“”f)|ﬁe,T,R(s>—aT,R(é)Fds
EI<R

1
<D+ (1+RH2TR Jug 1 —url 2 < D+ e@THDRg,

Moreover, we have

lur —vo, 7Rl 2 < lldr — i, Rl 2 + llitT,R — Vo,7,R | 12

2

< /Iﬁr(§)|2d$ + /mT(s)—ae,T(snzdé
£|>R £|<R

1

2

< f(1+|s|2)(1+|s|2>—1e—“”f>|ﬁ(o,5)|2ds +6
£|>R

B - 2 —(T/2)R?
<1+ R 2 TP Nu(O) | +6 < TPK D 106

Now, assuming without loss of generality that 6 < 1, we choose R(0) := 2T + I 10g9|]/2
and we notice that R(0) tends to +00 as & — 0. With this choice we have

lve,R(O)lr <D +1
and
lur —vo,7.&ll2 < DOT/WTH2 6 < (D + 1T/ T+,

Now let p = pp+1, K = Kp41 and § = §p41 be the constants given by Corollary 6.1. Then for
sufficiently small 6 we have that

lur —vo,1.RII 2 < p.

Finally, by Corollary 6.1, we get
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|
0) — Ol < K—,
(0) — vo,re)(O)ll 2 < o6’

where K can be explicitly expressed in terms of T, D, K and §. Therefore vg g(g)(0) is the
desired approximation of (0) in LZ.

Data availability
No data was used for the research described in the article.
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