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Abstract

n this paper we consider the generalized surface quasi-geostrophic a-SQG equations, in the "sublin-
earregime" a € (0,1) and we study the stability of vortex patches close to vortex discs. We shall prove that
for regular, Sobolev initial vortex patches e-close to a vortex disc, the solutions stay e-close to a vortex
disc for a time interval of order O(¢72). The proof is based on a paradifferential Birkhoff normal form
reduction, implemented in the case where the dispersion relation is sublinear.
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1 Presentation of the problem
In this paper we consider the generalized surface quasi-geostrophic @-SQG equations
0.0(1,0) +u(t,)-VO(£,0) =0, (1,{) eRxR? 0
6(0,0) =60 ) ’ '
with velocity field
1
u:=vi|D|I™?**9,  |D|:=(-A)2, a€l0,2). (1.2)

These class of active scalar equations have been introduced in and, for ¢ — 0, formally reduce to
the 2D-Euler equation in vorticity formulation (in this case 6 is the vorticity of the fluid). The case @ =1 is
the surface quasi-geostrophic (SQG) equation in which models the evolution of the temperature 6 for
atmospheric and oceanic flows.



We are interested in a particular class of solutions in which the initial data 6y in (I.1) is a characteristic
function of a sufficiently regular bounded subset D (0) c R?, i.e.

0o () =Tp(o) ). (1.3)

In the case a = 0 the celebrated Yudovich theorem [68] guarantees us that there exists a unique global weak
solution to which admits a well-defined generalized Lagrangian flow associated to velocity u. Yudovich’
theorem, though, says nothing on the persistence of regularity of the boundary of the deformed domain
D (t). The persistence of the regularity of the patch has been settled later on in the important works [25]
and [18].

In the case a > 0 there is no analogous of the Yudovich theorem, and the system composed of Egs.
and make sense only as a Contour Dynamic Equation (cf. [61, Section 8.3.1] for the case a = 0), hence
Xj (t,x)

if 8D (t) is paramentrized by the curve (¢,x) € [0, T] x T — X (t,x) = ( X (£,%)
2 (L,

) € R? the evolution of the
interface is given by evolutionary system
X (t,x) =S[X, X](t,x)
_ Ca p x) -4 (y) ) (t,x)eRxT, a€(0,1), (1.4)
S[pal=_pv. | ———=%
n lpo-a(y)|

where, denoting I" the Euler-Gamma function,

Cq = (1.5)
Equation describes the evolution of the a-SQG-sharp front problem. It is well-known (cf. [7,/43]) that
for any R > 0 the profile

R (x):= R( cosx )

sinx

is a stationary solution of Eq. (1.4) known as the Rankine vortex. Analogously as to [7] we thus study the
evolution of a patch whose profile is a radial perturbation of the Rankine vortex, thus transforming the
vector-valued system Eq. (1.4) into the scalar evolution equation (see [7, Section 1] for more detailed com-
putations)

—(l+h@) h(x)=S[A+R)y,1+h)y]X)-(-1L+h@x)y @) +h XY (x)

_Ca cos(x—y)[A+h) K (y)-(1+h(y))H ()] dy

o |+ h )2+ (1+ (7)) =20+ B (o) (1+ h(y)) cos (x - y)|* (1.6)
in (x—y) [0+ k() (1+ R (y)) + h' () K

L Ca sin (¥~ y) [+~ () (1+ R (y) + 7 0 1 (y)] ay.

2

o [(1+h(x))2+(1+h(y))2—2(1+h(x))(1+h(y))cos(x—y)]

1.1 Results of the manuscript

The local well-posedness issue for the Equation has been solved in [38] and recently improved in [39]
and assures us that initial data which are H? generate local-in-time solutions of Eq. . This indeed
can be translated to Eq. insuring that if hy € H? than there exists a T > 0 and a unique solution
heC ([0, T1; H?), of Eq. (L.6).

The aim of the present manuscript is to extend the local-existence result stated above via normal forms
methods such as in [7,,8}/10,/14}55], the result we prove is the following one:

Theorem 1.1 (Quadratic life-span). Let a € (0,1). There exists so > 0 such that for any s = sy, there are gy > 0,
cs,a > 0, Csq > 0 such that, for any hy in H® (T;R) satisfying | hollys < € < €9, the equation (1.6) with initial
condition h(0) = hy has a unique classical solution

heC([-Tsa Tsal; H (T;R) with — Tsq > Csq€ 2, (1.7)

satisfying | h ()| s < Cs,q €, forany t € [~ Tsq, Ts |-



Ideas of the proof Here we collect the main ingredients of the proof of Theorem[1.1]
Energy estimate The result in Theorem|[1.1]is a consequence of an energy estimate of the form

t
RO S5 1RO 125 + f 1@ [R@ 2 dr, s2 595 1 (1.8)
0

which, if || 2(0)|s < €, allows to control the norm || k(t)|s of the solution on the claimed time scale (I.7). A
quartic energy estimates of the form is possible only if there are no quadratic (in /) contributions in
(I.6). The equation indeed exhibits nontrivial quadratic contributions, in stark contrast to the sce-
narios involving perturbations of the half-space, as delineated in [28, Eq. (1.4)]. To remove the quadratic
contribution in the energy estimate a classical approach is to implement a normal form transformation.
However, since the equation is quasi-linear, the direct normal form approach gives an unbounded
transformation, rendering it ineffective for energy estimates due to the associated loss of derivative. Conse-
quently, the main effort in the manuscript is the construction of a novel nonlinear transformation, denoted
as ¥, which maps the Sobolev spaces H* onto itself for all s = sy > 1. The primary utility of this transfor-
mation is to redefine the variable of interest, ki, as g := Woh. Consequently, g satisfies a newly formulated
nonlinear evolution equation, notable for its absence of quadratic contributions, a feature imperative for
the derivation of (I.8). We construct ¥, using a para-differential normal form approach for quasi-linear
PDEs which we explain below.

The Hamiltonian unknown Defining f := h+ h{ allows us to transform into an Hamiltonian
quasi-linear PDE (cf. (2.5))
fi=0:VH(f), (1.9)

where the explicit for of the Hamiltonian is given in (2.6). Notice that the transformation i — f is bounded
and invertible in any Sobolev space and was first introduced in [13}/43]. It is important to notice that the
equation does not preserve the average of the unknown h, while such preservation is immediate for
the evolution equation in the unknown f, given in (1.9). There is a strict connection between preservation
of the average of f and incompressibility of the flow (I.2), we refer the interested reader to the introduction
of [7].

The linearized equation To study small solutions we first linearize around f = 0, obtaining
fi=Vo0xf~id(D)f, Vo€R, @) ~cqaldl*'¢, (1.10)

Notice that since f = h+h?/2 the linearization of Egs. and around zero are the same. The constant
transport operator V40, introduce a uniform translation (which correspond to a rotation of the patch). In
view of the translation invariance of the problem (see Eq. (2.9)), it does not play any role in our stability anal-
ysis. On the contrary the Fourier multiplier i (D) is a dispersive operator whose symbol is the dispersion
relation of the equation and play a crucial role in our paper. In other words, we can express the solutions of
the linearized equation in terms of the moving variable v(t, x) := f(¢t,x — V) using Fourier decom-
position, as

v(t,x)= Y vjel el (1.11)

jez\ {0}

thus suppressing the linear transport contribution in (1.10)
Property of the dispersion relation The explicit expression of @ (j) is quite involved (see 2:13)). It is
so remarkable that, to implement the normal form approach, only two basic property are needed:
1. Absence of three wave interactions: For any j, k € Z we have
lo(j+k)—a(j)-a)|=c>o0. (1.12)

The inequality in (I.12) was first proved in [7, Lemma 3.5] whose proof, notably, relies only on the
convexity of the disperion relation. The lower bound in (1.12) is the most basic property in normal
form theory and exclude possible resonant phenomena;



2. Pseudo-differential property: the function ¢ € R — w(¢) is a Fourier multiplier of order a € (0,1)
according to Definition[2.3} namely

G?d)(é)| <1€1%°P  forany eN.

This property is proved in [7, Lemma 3.1] and is used in the para-differential normal form reduction
(see the paragraph below) needed to compensate the loss of derivatives due to the quasi-linear nature

of (1.6).

Para-differential normal form The construction of the normal form transformation ¥ follows three
conceptual steps:

1. Paralinearization: The first step in our analysis is the para-linearization of the Hamiltonian equation
(L.9) obtaining an equation of the form

feriopP [V (fix) §+ (1+v(fix))da @ +7(f;2,8)] f=R(f) ], (1.13)

where V,v and @ are real, r is a symbol of order at most zero and R (f) is an regularizing operator (cf.
Definitions [3.1]and 8.9). This was first performed in [7, Theorem 4.1] and is here stated in Proposi-
tion[4.2}

2. Reduction of quadratic paradifferential terms up to smoothing remainder: this step is performed in
Proposition4.4jand is achieved via iterated conjugation by bounded flows generated by 1-homogeneous
paradifferential operators. Since a € (0,1) the para-differential reduction that we perform is com-
pletely different with respect to the one performed in [7] for the superlinear case a € (1,2). Instead
we perform a sub-linear reduction in the spirit of [10]. We describe roughly how the generic normal
form step works. If one has to normalize a quadratic term of the form Op®"W [r(f;x,¢)] [u] where
r(f;x, &) = Z#O rj (f)fjeij" is a simbol of order m < 1. Then one looks for a change of variables
of the form v = ®(f)[f] where ®(f) is the time one flow map associated to the linear vector field
iOpBW [g(f;x, 6)] where g(f;x,¢) = Z#o gj (f)fjeifx is a symbol of order m. Since w4 (&) is a symbol

of order a < 1, the commutator [d)a(D), OpBW [ g] ] is of order m — (1 — a) < m and hence, in the new
coordinates, the only quadratic term of order m is given by

0p®W [8:8(f;x,&) + r(f;x,6)] [v] =0p®W [g (0, f;x,&) + r(f;x,8)] [v].
If f solves (I.13), then 0, f = —id4 (D) f + O(f?), then we choose g in such a way that
g(-iwa (D) f;x,8) +r(f;x,8) =0

which can be done by defining

_ 3 ri(¢) ijx
g(f;x,8) = ];oid)a(j)f]e .
Contrarily to [10] in the present manuscript we have to take as well into consideration the fact that
the number of iterated conjugations is not fixed, but depends inversely on the quantity 1 — a thus
invalidating the procedure in the endpoint case a = 1. The conjugation procedure allows us to cancel
the 1-homogeneous (in f) terms in the symbol V (f;x) &+ (1 +v(f;x)) @q &) + 1 (f;x,¢) in (TI3), as
aresult, the residual bilinear contribution emanates solely from R ( f ) ;

3. Birkhoff Normal Form on the smoothing term: In this last step we need to cancel the only remain-
ing quadratic interactions, the ones stemming from the smoothing term R (f): this is the content of
Proposition Again, such result is achieved via a conjugation of a linear flow, Wy, (f), but this time
generated by a 1-homogeneous smoothing operator Q(f) (cf. Definition[3.9). To cancel the quadratic
contribution in R(f) the operator Q(f) have to solve the homological equation

Q(-iwa (D) f)+[Q(f), —iwa(D)] + Ri (f) =0

which is solvable thanks to the non-resonance condition (I.12). The loss of derivatives introduced by
the quasi-linear nature of the equation is compensated by the regularizing property of the generator.



Overview of the literature Theorem|L.1builds upon several important results that have been proved in the
past two decades in the context of quasi-linear hyperbolic PDEs. We divide such references thematically:

Foundational results The first local existence theory for Eq. has been proved in [64] in a C*° set-
ting and in [38] for finite regularity, which was lets extended in [24], we refer as well to [60]. The formation
and avoidance of singularities is a very active research field which has seen several improvement in the
recent past, cf. [39,/40,/47,58,/59].

Traveling waves The existence of traveling waves by means of bifurcation methods has been exten-
sively used in order to produce a large number of uniformly rotating structures, such as in [19-22,29-31}/41,
44,/48H52,/63]]. We refer to the introductions in [42,/43] for more references.

Quasi-periodic solutions Very recently quasi-periodic solutions for several patches configurations
have been constructed in [13,/42}/43, 45, 46,|53}|65,66] using techniques first developed in the context of
the water-waves equations in [4}5,/11},/12,/17}33}]37]. We refer as well to [6,/35}/36] for KAM results for 2D and
3D hydro-dynamical systems.

Normal forms for quasi-linear systems The application of normal forms energy methods has been
widely used in the past 10 years in order to extend lifespans for solutions of the water-waves and other
hydro-dynamical systems in [3}|8-10}/1416}23}32}34}/55H57,(67,|69]. Recently it was proved in [7] the first
normal-forms result for a-patches in the case a € (1, 2).

Further literature We mention that in the setting in which the patch is a small perturbation of the half
plane it is possible to construct global-in-time solutions,such as in [1}/2}28,/54], using dispersive techniques
that cannot be applied in the periodic setting. We want to highlight that in the half-plane patch setting,
contrary to Eq. (1.6), the nonlinear equation governing the perturbation of the half-plane lacks the quadratic
component (cf. |28}, Eq. (1.4)]).
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2 Background on the SQG patch problem as a contour equation

2.1 The Hamiltonian formalism

As explained in detail in [7, Section 3] the unknown £ of Eq. is not the good unknown in order to study
the problem at hand. Setting in fact

2
F6,20)= hit,x) + (Zm, 2.1)

we can recast Eq. lb as a Hamiltonian evolution equation. Let us denote with E, = E4(f), the pseudo-
energy of the patch defined as

E (t).:_lﬁ Oxy[\/m\/mcos(x—y)]
U earmetear(y) -2y 1727 @, /127 (y) cos (- y)]

The following result is proved in [43, Proposition 2.1]:

—dy dx. (2.2)
2



Proposition 2.1. Let a € (0,2). If h is a solution of Eq. (1.6) then the variable f defined in solves the
Hamiltonian equation

fr=0xVEq(f) 2.3)
where E, (f) is the pseudo-energy of the patch

Baf) e - ﬁ[ 0.y [VIT2I G \/1+2 (y)cos (x- )| s

S8 12y 1027 () -2y T 27 12 eos (- )]

with cq defined in (L5), and its L*-gradient VE, (f) is

e f 1+2f () + VT+2F () 9y [/1+2f (y)sin (x - y)
2(1-2) [1+2f (0 +1+2f (y) ~2y/T+2F (/1 +2f (y) cos (x - y)

Regarding the vortex patch equation in a rotating frame with angular velocity Q € R amounts to look for
solutions of of the form f (¢, x) = f (¢, x — Q) namely solving, renaming f simply as f,

VE, (f) =

dy. (2.4)

nR

fi=0xVHaq(f) (2.5)
where
Ho,o(f) = Ea (f) +QJ (f) (2.6)
and J (f) is the angular momentum
1 T
J()=5 ] fw?dr. 2.7)
The L?-gradient of J (f) is
VIi(f)=r. (2.8)

Remark 2.2 (Symmetries and conservation laws). The Hamiltonian evolution equation (2.5) has the fol-
lowing symmetries:

¢ The invariance by time translation implies that the energy E, (f) is a constant of motion;
e The invariance by space rotation, namely
Hyqotg=Hyq, VYOeER, tou():=u(-+0) (2.9)
implies that the angular momentum J (f) in is a constant of motion;

* The degeneracy of the Poisson structure 9, implies that the area

A(f)::frf(x)dx,

is also a constant of motion.

These are the only known conservation laws and they do not provide any control of the H?> norm required
for propagate the available local Cauchy theory.



2.2 Thelinear problem

Definition 2.3. Let m € R, we define the space of Fourier multipliers of order m, T o' as the space of smooth
functions from R to C of the form ¢ — a (£) such that

|0fa@)| < ceem?, VBN I¢] > 1/2.

We say that a is real-to-real if a (D) u is a real-valued function for any u real valued.
Remark 2.4. Notice that the real-to-real condition in Deﬁnitionimplies that a (§) = a(-¢).

Remark 2.5. Notice that, since preserves the average, we shall always work with functions with zero
average. Consequently we implicitly substistute functions ¢ — a(¢) that are not smooth in 0 with their
smooth modification ¢ — v (¢) a ({) where vy is a smooth bump function which is identically zero close to
zero and identically one for |{| = 1/4. This does not modify the action of the Fourier multiplier y (D) a (D)
once restricted onto spaces of zero-average functions.

The following result is a consequence of Lemma 3.1 and Remark 3.2 in [7]:

Lemma 2.6 (Linearization of VH, o around zero). Fora € (0,1)n(1,2), Q € R and Hy q, defined as in Eq. (2.6),
we have
dVHy o(0) =—-Le (ID)) -9, (2.10)

where
Ca 1 rG-a I (§+1¢1)
2(1-$)1-ar(1-9)r(g) ra-g+i)’
Ca 1 I'2-a
21-%)1-a 1“(1—%)2’

Ly (§):=Vq— (2.11)

Vg =

is a Fourier multiplier of order max {0, a — 1}. Additionally there exists a real Fourier multiplier m);_, of order

a — 3 such that
Ca IrG—-a) 1

20-9T(-Hr(H1-a

Lo (§)=Vq— €197+ m2 4 (©). (2.12)

Definition 2.7. We define the symbol of the linearized SQG equation as
{—wa(§)=¢ Lo (§) ER,

where L, is defined in Equation (2.11). We define also the dispersive part of w, () as

Ca I'G-a) 1

; = —Vgaé=-— a-1 * . 2.13
0 )= 00 O Vel =5y T ay @y Tog 1 M 4 (2.13)

Note that, since I'(r) > 0 for any r > 0, one has
wq (&) #0 forany ¢ #0. (2.14)

We use as well the following result, which is proved in [7] (see Lemma 3.5).

Lemma 2.8 (Absence of three wave interactions). Let « € (0,2). For any n, j, k € Z\ {0} satisfyingk = j+ n, it
results
|wa (k) - we (j) — wa (W] 2 04 (2) > 0. (2.15)



3 Functional setting

Along the paper we deal with real parameters

a
s=s>p=4—— 3.1
0>e=dr— 3.1

The values of s, so and p may vary from line to line while still being true the relation (3.1).

We expand a 27-periodic function u(x) in L?(T;C) in Fourier series as
ijx 1 —ijx
u(x) =Y uje’*,  uji=— | ux)eV*dx. (3.2)
jez 27 T

A function u(x) is real if and only if u; = u-j, for any j € Z. For any s € R we define the Sobolev space
H*(T;R) as the completion of C* (T;R) w.r.t. the

lulls = Nl s = (Z <j>23|u,-|2)2, (j):=max(1,]j]).

jez
We shall denote with
H®:= H*(T;R),
We define

1
Mou:= uoz—f u(x)dx
27 JT

the average of u and
Mopu:=(0d-Tp)u= ) uje’*. (3.3)
Jj#0

We define Hj the subspace of zero average functions of H®. Clearly Hg = L(z) with scalar product, for any
u,vel?
) 07

(ul| vy ::f u(x) v(x)dx. (3.4)
T

Given an interval I c R symmetric with respect to £ =0 and s € R, we denote with C (I ; Hg) the space of time
continuous functions with values in Hg endowed with the norm

sup llu(t, )l (3.5)
tel

We denote B;(I;€0),the ball of radius €9 > 0 in C(I, Hy).
Given a linear operator R(u)[-] acting on Lg we associate the linear operator defined by the relation

Rw[v]:=Rw) [v], VYv:T-—C. (3.6)

An operator R(u) is real if R(u) = R(u) for any u real.

3.1 Paradifferential calculus

We introduce paradifferential operators (Definition 3.4) following [8], with minor modifications due to the
fact that we deal with a scalar equation and not a system, and the fact that we consider operators acting on
Hj and not on homogenous spaces HS. In this way we will mainly rely on results in [8}/14].



3.1.1 Classes of symbols.

Roughly speaking the class I'}” contains symbols of order m which are linear with respect to u, whereas the
class I'Z!, contains non-homogeneous symbols of order m that vanish at degree at least 2 in u. We denote
Cy° (T; R) := Nser Hy the space of smooth function with zero average.

Definition 3.1 (Symbols). Let m € Rand ¢y > 0.

i) Homogeneous symbols. We denote by f{” the space of linear maps from C(‘)’o (T;R) to the space of C*
complex valued functions from T x R to C, (x,¢) — a(u; x,¢) of the form

aw;x,8)= Y aj©uje’’, 3.7)
jez\{o}

where a;(¢) are complex valued Fourier multipliers satisfying, for some p =0,
|0Fa; )| = Cplil* @™ P, Wjez\io), peN. (3.8)
We say that an homogeneous symbol is real-to-real if
aj©=a_j(-& 3.9)
We also denote by f(')” the space of constant coefficients symbols ¢ — a () which satisfy with j =1
and p=0.

ii) Non-homogeneous symbols. We denote by I'”’, [€o] the space of functions (u; x,{) — a(u; x,¢), defined
for u € By, (I;€0) for some sy > 0 large enough, with complex values, such that for any o = sp, there are
C>0,0<ep(0) <e€p and for any u € By, (I;€9(0)) N C(I;Hg) and any v, B € Ny with y < 0 — s¢, one has
the estimate

’|6?6§a(u;x,é)

m—p
120 =C© luells, lullo (3.10)

We say that a non-homogeneous symbol is real-to-real if

a(u; x,¢) = a(u; x,—¢). (3.11)

iii) Symbols. We denote by I'""[¢] the space of symbols
a(u; x,¢) = ay (; x,6) + a=2(u; X, §)

where a; is a homogeneous symbol in f"i” and a-; is a non-homogeneous symbol in I'”}, [€g]. A symbol
a is real-to-real if both a; and a-; are real-to-real.

Remark 3.2. « The class of homogeneous symbols fi“ coincides with the the same class defined in [7,/8,/14]
restricted onto real functions (see Remark 2.2 in [16], while the class of non-homogeneous symbols I'Z, [€o]
coincides with the restriction onto real functions of the class Fg,lo,z [eo] of non-homogeneous symbols in
[7,/8}14].

e If a(u; x,¢) is a homogeneous symbol in f{" then

where sp > % + U.
o If a(u; x,¢) is a symbol in I'"[eq] then 0 a(u; x,¢) € I [eo] and 0z a(u; x,¢) € " leol. If in addition
b(u; x,¢) is a symbol in rm leg]l then abe pmtn’ leol.

ofokaw; x| ... =CO" P luls, 0250, 1.BENo Y050 3.12)

We also define classes of functions in analogy with our classes of symbols.

Definition 3.3 (Functions). Let ¢y > 0. We denote by F, resp. Fx2leol, Fleol, the subspace of o, resp.
I, [eo], I°[eo], made of those real-to-real symbols which are independent of ¢.

Notice that the space of homogeneous and non-homogeneous functions are always real-valued.



3.1.2 Paradifferential quantization

Fix 0 < § <« 1 and consider a C*, even cut-off function y: R — [0, 1] such that

=4 Mel=1 €)= (5) (3.13)
2%V ifig=19, PTG '
If a(x,¢) is a smooth symbol we define its Weyl quantization as the operator acting on a 2n-periodic
function u(x) (written as in (3.2)) as

1 i+ k s

opV(@u=— (Z éz(j—k,]—) ﬁk) el* (3.14)
27 7 \kez 2

where a(k,¢) is the k-Fourier coefficient of the 27 —periodic function x — a(x, ¢).

Definition 3.4 (Bony-Weyl quantization). If a is a symbol in I'""[ey], we set

ay (; x,8) := ]ezzxa(@@)a](u &evr,  ajw = —f a(u; x,&)e ¥ dx.
and we define the Bony-Weyl quantization of a as
opBW(a(u; x,8)) := OpW(aX(u; x,8)). (3.15)
In view of (3.14), one has
k i+ k o
op®" (a(u; x,)v = gﬁz“;zm((] " k>) ( ]T) Dye” (3.16)

Moreover if a is a linear symbol in 1:{” then, since a;(u; <) = a;j(§)d; (see (3.7)), the expression (3.16) reduces
in this case to
j+k

k
BW(a(uxs‘))v——ZZx(s(] )j—k >

2T iGher TR

)u] cDpe*

Remark 3.5. ¢ The operator Op?" (a) maps functions with zero average in functions with zero average and
N3 0pBY [a] = Op®W [a] 17 .

« Definition[3.4)is independent of the cut-off functions y, up to smoothing operators (Definition|3.9).

o The action of Op2" (a) on the spaces H§ only depends on the values of the symbol a = a(u; x,¢) (or
a(u; t,x,¢)) for |¢] = 1. Therefore, we may identify two symbols a(u;t,x,¢) and b(u; ¢, x,¢) if they agree
for |{| = 1/2. In particular, whenever we encounter a symbol that is not smooth at £ = 0, such as, for ex-
ample, a = g(x)|¢ |"=1¢ for m € R\ {0}, or sgn (¢), we will consider its smoothed out version v (¢) a, where
w € C®(R;R) is an even and positive cut-off function satisfying

Y =0iflEl<g, w@=1iflE]>F, Ow@>0 Vée(§1). (3.17)

« Given a paradifferential operator A = Op®" [a(x, &)] it results
A=0p™ [a(x-9]|, AT=0p""(a(x,-), A"=0p""|ax )|, (3.18)

where AT is the transposed operator with respect to the real scalar product (u, v), := fv u(x) v(x)dx, and A*
denotes the adjoint operator with respect to the complex scalar product of L% in (3.4). It results A* = Al
* A paradifferential is symmetric (i.e. A= AT) if a(x,¢) = a(x,—¢&). A operator axOpBW(a(x, ¢)) is Hamil-
tonian if and only if
a(x,§) eR and a(x,§)=a(x,—&) 1is even in €. (3.19)

We now provide the action of a paradifferential operator on Sobolev spaces, cf. [8, Prop. 3.8], with minor
modifications due to the fact that the target spaces are Sobolev spaces of non-homogeneous type.

Proposition 3.6 (Action of a paradifferential operator). Let m € R.
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i) Leta;(u;x,é) € fi” a real-to-real symbol. There is sy > 0 such that for any s € R, there is a constant C > 0,
depending only on s and on (3.8) with =0, such that, for any u € Hg‘) and v € H®, one has

lop®™ (a1 (w;x,9)v|,_,, < Cllulls, IVl - (3.20)

ii) Leteg >0, asy inT7,[eo] a real-to-real symbol. There is sy > 0 such that for any s € R there are C > 0 and
€' € (0,€9] such that, for any u in By, (I;¢"),

100" (az2ui N || £ g3 sy < Cllul, - (3.21)

Class of m-Operators. We now define the class of m-Operators.

The class /\;l{” contains linear operators that loose m derivatives and depends linearly with respect to u,
while the class M, contains non-homogeneous operators which loose m derivatives, vanish at degree at
least 2 in u. The constant y in takes into account possible loss of derivatives in the “low" frequencies
which is traced by the parameter sy in the estimate for non-homogeneous operators.

Definition 3.7 (Classes of m-operators). Let m € Rand ¢ > 0.

i) Homogeneous m- operators. We denote by M{” the space of translation invariant, real, linear opera-
tors of the form
Mwv = M; i uj_rvrel™, (3.22)
j keZ\{0}

with coefficients M; i satisfying the following: there are u > 0, C > 0 such that
|Mj k| < Cmin{|j - k|, kI}" max{|j— k|, kl}®. (3.23)

and the reality condition
Mjx=M_j _, Vj,kezZ\0. (3.24)

ii) Non-homogeneous m-operators. We denote by M;"z [eo] the space of operators (u,v) — M(u)v de-
fined on By, (I;€0) x C (I; Hy") for some so > 0, which are linear in the variable v and such that the follow-
ingholds true. For any s = sy there are C > 0 and €¢(s) €]0, €[ such that for any u € B, (I;€9(s))NC (I; Hg),
any v € C(I; Hj), we have that

IM@)vlls—m < C(Ilullioll viis+lullslulslvig), (3.25)
and we require additionally the reality condition M (u) v = M (u) v (cf. (3.6)).
iii) m-Operators. We denote by M [¢y], the space of operators
Mwv=MWv+Ms(uv. (3.26)

where M is ahomogeneous m-operator in M}", and M>; is anon-homogeneous m-operator in M [eo].

Remark 3.8. Deﬁnition of m- operator is an adaptation of the one in [14]. Indeed, since the SQG sharp
front equation is real, scalar and average preserving, the two definitions coincide. In particular, setting
M(u) := HéM (Hé W)+, one can apply the theory developed in [14] without any changes.

Definition 3.9 (Smoothing operators). Let p = 0. A (—p)-operator R(u) belonging to M~P[e] is called a
smoothing operator. We also denote

7~2;p = /\;l;p, R_Pleo) := M_bleol, RPleol := M Pleo].

Remark 3.10. « The class of homogeneous smoothing operators 7~€1_9 coincides with the class 7@;9 defined
in [7,[8,14] (setting p = 0,1), while the class of non-homogeneous smoothing operators R;g[eg] coincides
with the class Rg‘g ,[€0] of non-homogeneous smoothing operators in [7,(8, 14].
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. Propositionimplies that, if a(u; x;€) is in I'" [eg] real-to-real, for some m € R, then OpBW(a(u; x;&))
defines a map in M™ [eg].

o If R(u) is a homogeneous smoothing remainder in 7@1_9 then

IR Vs Ssllullsllvils + lulls vl 3.27)

forany u,v e Hy.

« The combination of and implies that the composition of smoothing operators R; € R~ [¢]
and R, € R [eo] is a smoothing operator R R, in R;g leo].
3.1.3 Symbolic calculus.
The following result is proved in Proposition 3.12 in [8].
Proposition 3.11 (Composition of Bony-Weyl operators). Letp =0, m,m' € R, ¢y > 0. Consider a real-to-real
symbols a(u; x,&) e T [egl, b (u; x,&) € rm leo]l and m(&) € 1:6”’. Then

1
[op”" 1aw;x,6)1, 0p" (m(@)1] = < Op™* [0 m(©dxau;x, )] +Op°" [r (w;x,0)1 + Rlul, (3.28)
1
[0p”" 1aw;x,6)1, 0p" b (5%, 01 = - Op”" [{a, b} (5%, )]+ Op”™ [r=2 (1w, )] + Rez ], (3.29)

where:

* {a, b} is the Poisson bracket defined as

{a, b} (w;x,8) = 0sa(u; x,&) dxb(u; x, &) — dpa(u; x,&) deb(u; x,8) € T~ eg]; (3.30)

e r(u;x,¢) is a real-to-real symbol in pmm'=3 leo] while r=2(u; x,&) is a real-to-real non-homogeneous
symbol in FZ’ZH”’_?’ leol;

e R[u] is a smoothing remainder in R™€*"™+™ (o] while Rx, (u] is a non-homogeneous smoothing re-

. . —-o+m+m’
mainder in R>g leo] .

m

Moreover ifa € I'Z [eo] then the symbol r (u; x,¢) and the smoothing remainder R [u] in (3.28) are respectively

in Fg;m’_s leo] and R;g+m+m [eo].

Remark 3.12. In our application the Fourier multiplier (&) shall be the dispersion relation which is in in fg
with a € (0,1). In this case the symbol —d¢m(¢)dxa (u; x,€) in (3:28), which belongs to T~ 1% [¢], becomes
lower order with respect to a(u; x, ¢).

The following lemma, which is a consequence of Proposition 2.15 (items (i) and (iv)) in [14], shall be
use below.

Lemma 3.13. Let m,m',my€R, p =0, €9 >0, M(u) be a m-operator in M™[ey] and p(&) a symbol in f(r)"o .
Then:

1. Ifc(w) is a homogeneous symbol in ',
bi(w) :=c(-ip(D)u; x,8) and  b=»(u; x,¢) := c(M(u) u; X, )
are symbols respectively in f{"’ and 1“272/ leol;
2. If Q(u) is a homogeneous smoothing operator in 7@1_9,
Ri(u):= Q(=ip(D)u) and Rsz(u):= Q(M(u)u)

{0,mo} and R;;Hmax{(),m} leol;

are smoothing operators respectively in 7~21_9+max
3. IfR(u e R;g leo] and a (u; x,&) € T, [€], 0 > m then

o+m

R(w)o0p®" [a(u;x,6) e RZS ™™ [eo], Op®" [a(u; x,&) o R (1) e RZS™ [eo] .
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4 Para-differential reduction

Notation 4.1. From now on we denote with r (f;x,¢) = r1 (f;x,€) + =2 (f;x,¢) any symbol in the space
I [eo] with r1 (f;x,¢) € I and r=» (f; x, &) € T2, [eo] such that

P (f;x,&)=-r(f;x-¢). 4.1)
The explicit expression of r (f; x,¢) may vary from line to line.

The symbol r (f;x,¢) defined in Notation[4.1is such that the operator iOp?" [r (f; x,¢)] is real-to-real.

In this section we para-linearize the equation of motion and we reduce it to a cubic equation up to a
(already quadratic) smoothing remainder.

Proposition 4.2 (Paralinearization of the a-SQG patch equation). Leta € (0,1)u (1,2), Qe R, o> 0. There is
so >0 andeo > 0 such that for f € B (I;€0) the evolution equation (2.9) has the form

fi+0,00p"W [(1+v(f;x)) La @ +Q+V (f3x) + P(f;x,¢)] f=R(f) f. (4.2)
where:
i) Lg (&) is the real-to-real Fourier multiplier in fg’aX{O'“_” (cf. Deﬁnition, defined in Equation (2.11);
i) v(f;x) and V (f;x) are real functions in F [eo];
iii) P(f;x,¢) isa real-to-real symbol inT " [eo] (see Definition|3.1)),
iv) R is a smoothing operator in R ¢ [eo] (see Definition[3.7).

In particular, setting Q = =V, and noticing that v (f; x) € F [eol, Notation and after a harmless rela-
beling of V (f; x) we rewrite Eq. (4.2) as

feri0p"V [V (fix) ¢+ (1+v(fix) 0o @ +1(f;x.8)] f=R(f)[. (4.3)
Remark 4.3. In view of the second bullet in Remark[3.10} the equation[4.3|can be written as
fr=X(f)=-10D)f + Msqc (f) f, (4.4)

where Mgqc (f) is a real 1-operator in M [eg].

4.1 Paradifferential quadratic reduction
In the present section we suppress the quadratic components of the paradifferential term
opBY [(1+v(f;x) @a @+ V (f3x) E+7(F;%,6)], (4.5)

appearing in Equation (4.3). We will perform a reduction in decreasing order (up to order —p) in the linear
part (O(f)) of the equation (4:3). All said and done we prove the following result:

Proposition 4.4. Thereis g := po(a) > 0 such that for any p > pg there are sy, €9 > 0 such that for any solution
f € By, (I;€0) of @3), there exists a real-to-real invertible linear map B ( f) such that the following holds true:

(i) Boundedness: B(f) andB(f) ™" are bounded in Sobolev spaces, namely: for any s € R there is €y =€(s) €
(0,€0] such that for any f € B, (I;€,) and { € H;

IB(F)¢l +[B(A ¢ S 160 (4.6)
(ii) Conjugation: If f solves then z:=B(f) f solves
0,2 =—i0pP" [@q (©) + gs2 (f3%,8) + =2 (fix,8)| 2+ R(f) 2 4.7

where:
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* wy (&) e fg is the Fourier multiplier defined in Equation (2.13);
* g=2(f;x,€) is a non-homogeneous real, odd in &, symbol in 1";2 leol;
* r>2(f;x) is a non-homogeneous symbol in F>2 €ol satisfying @.1);
* R(f) is a real, smoothing operator in R "¢*€0[¢)].
Moreover the operatori OpBW [@g (&) + g=2 (f; %, &) + r=2 (f; x,&)] is real-to-real.

Notation 4.5. We denote with g=» (f; x, ¢) any real-valued, odd in ¢, symbol in the space T'L > l€0]. The explicit
values of g, may implicitly vary from line to line.

The symbol g (f;x,¢) defined in Notationis such that the operator iOp2"Y [g=2 (f; x, ¢)] is real-to-
real and L2-energy neutral.

The rest of the section is devoted to the proof of Proposition

The map linear map B (f) has the form

B(f) =0 ()™ o ()" Vo 0@ (f), Ni=Nipa)>0
for suitable transformations @ () )
Equation (A.4).

Step 1. (Reduction of the linear transport term)
We first construct @ ( f) to eliminate the linear component in the transport symbol

, j=0,..., N obtained iteratively as flows of paradifferential PDEs as in

V(f;x)E=Vi(f;x)E+ Vo (f;x) & 4.8)

in Equation (4.3). To do so we look for a transformation of the form @ (f) := @ (f) ,_, where @} (f) is the
unique solution of Eq. and generating symbol g is defined as in Eq. (A.1).
First of all, thanks to (A.5), the map ®© ( f) satisfies the estimate [.6). Then, the variable

wo =00 (f) f, (4.9)
solves (cf. Eq. (4.2))
9,10 = -i®® (f) op”" [V(f-x) E+(1+v(fix) o0 @+ 7 (fi2,8)] 0 () wo (4.102)
+0,09 (1)o@ ()" wo (4.10b)
+0O (RO ()" wo. (4.100)

We now compute each term in Eqs. (4.10a) to (4.10c).
We apply Proposition[A.2} Item[iland obtain that
E108) = ~i0p™" | Vi (f3x) ¢+ 14V (f33)) 60 @ + g2 (F56,8) + 7 (fi,6) | wo + R(f)wo,  (4.11)

where V; is the linear component of V (see (4.8)), the function V Ve J-" R and gs; is the quasilinear symbol
of Notation[4.5] We apply Proposition[A.2} (iii) and (ii) and obtaln

=i0p®" [B(~i@a(D)f;x) &+ G2 (f,x,€)] wo+R(f) wo,
=R(f) wo,

where we denote with R (f) a smoothing remainder in R €*![eg] which can change from line to line. Equa-
tion (4.10) is thus transformed into

dtwoz—iOpBW[(Vl(f;x)—,B( iwg (D) f; x))f+(1+v (f5 x))wa(€)+q>2(f x&)+r(f;x,¢ ] wo
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+R (f) wo.

In Fourier, we have the homological equation

0=V (f;x)-B(-iba D) fix)= Y. ((V);+ida(j)B;)fie'™

jez\ioy
so that, thanks to the non-degeneracy property (2.14), we can define

V)
Bji=——"=. (4.12)
idq (J)
Notice that since ¢ — @q (¢) is odd and V; is real valued the Fourier coefficients in Eq. (4.12) satisfy the reality
condition §; = f_;, hence we have that

(V1) . -
B(f;x):=- UL pelixe . 4.13)
jez\ioy 1 Wa (])
Finally, with the choice [.13), the equation for wy becomes
0wy =—i0Op”" [(1 +vi2 (f; x))a')a & +g=2(f;x.8)+r(f; x,é)] wo + R (f) wo. (4.14)

Step 2. (Reduction of the linear symbols of positive order) Next we find a transformation in order to elimi-
nate all the linear symbols of positive order in (4.14). To do so we shall prove the following inductive Lemma:

Lemma 4.6. For any n =0 there are n+ 1 real, bounded and invertible transformations

@ (£),..., 0" (f)
such that:
1. Boundedness: Forany j =0,...,n the map ®V (f) satisfies the bound ;

2. Conjugation: If f solves then

wy = 0" (f)o---0®Q (f) f (4.15)
solves
31wy =i 0pPY [g (&) + B (f5x,6) + ¢ (f3x,8) + 7 (f;x,f)] wa+R(f) wn.  (4.16)

where:

e w, &€ fg is the Fourier multiplier defined in Equation (2.13);
. bg”) is a homogeneous real symbol in T odd in &;

. q(z';) is a non-homogeneous real symbol as in Nomtion

e r(f;x) isasymbol as in Notation
* R(f) is a real, smoothing operator in R "€*€[eg] with oo = po(n) := n+1.

Proof. Initialization case: n = 0. For n = 0 the thesis is exactly the conclusion of Step 1 choosing the map
@ (f) ©) as in @9) and denoting the symbol

b (fix.8) =V (fix) 0§ e TT.

Notice that b§0) (f;x,¢) is real valued and odd in ¢, so that iOp5" [bgﬂ) (f;x, f)] is real-to-real.

Inductive step: We look for a transformation ®""*1 (f) to eliminate the linear symbol bi”) in (4.16) up to
lower order terms. We define ®"*V (f) := @ (f)l,=1 the time-1 flow of

0, (f) =10p""Y [g(f; x,€)| 0% (f), ®g(f)=1d,
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where g (f;x,¢) is the real, odd in &, symbol in T%"¢ defined by

g(f;x,8) = b (iv" (D) f;x,€). (4.17)
First of all, thanks to (A5), the map @1 ( f) satisfies the estimate (&.6). Then, the variable
w1 := O (f)wy, (4.18)

solves (cf. (4.16))
0wt = =19V (£) Op™" [0 ) + b (fix,8) + 413 (Fi,8) + 7 (f:,8)
+0,0"D (1) 0" (£)7 wpa (4.19b)
+@r+D (f)R(f)(D(rHl) (f)_l Wit (4.19¢)

We now compute each term in Egs. (4.19a) to (4.19c).
We apply Proposition[A.3} Item fand obtain that

= —i0p®" | g ) + b (f;x,&) + BV (3 %,8) + G2 (f3 x,€) + 1 (f3%,€)

"V ()7 wey  (4.19)

Wp+1+ R (f) Wn+1»

(4.20)
where g%V (f;x,€) € TL,leol, bV (f;x,¢) € T9 UV are real valued and odd in &, R(f) € R€[eo). We
apply Proposition[A.3} (iii) and obtain

(EI9) = i0p”" | g (~ita (D) £3%,6) + 3557 (£3,€) | st + R(f) wnn (4.21)

where 5](2”2'2) € Féz [eo], real and odd in ¢, and R (f) € R™[eo]. Finally, by Proposition (ii), we get
=R(f) wo (4.22)

where R (f) € R™€*@*1[¢y]. Note that the order of the smoothing operator above is —p + go(n) + 1 = —p +
eo(n+1). Defining

a3 (Fi%:8)1=a35" (£i5.8) + 457 (£i%.9)
and, summarizing all the contribution in (4.20), (4.21), (4.22) and noting that

b\ (f;x,¢) - g (~ide (D) f;x,8) =0,

we get
ditwnir = =1 0p"" (g @ + B (£3,8) + a5V (f36,6) + 1 (£36,6) | wier + R(F) i (4.23)
as claimed in (4.16). O
Choice of the number of iterative steps: We choose the number n, of iterative steps such that
N = —2
“Tl-a’

In this way we can include the symbol bin"‘) € f‘f_[n“ in (4.16) in the symbol r since a — ¢n, < 0. Relabeling

Vi= Wy, (4.24)
the equation for v becomes
0rv==10p"" [0a ) +gs2 (fix,8) + 7 (fix,8)| v+ R(f) v, (4.25)
with
d=2:= ql5" (4.26)

asin Notation r asin Notationand R(f) e R™"[eo] where
00:=Q0(ng) =ng +1 (4.27)

depends only on a. To prove Propositionit is now sufficient to eliminate the linear component, r; ( ix,¢ ),
of the symbol
r(f;x,8) =r(f;x8)+r=2(f;x8).

This is the content of the following iterative Lemma:
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Lemma 4.7 (Reduction of the linear symbol). For any n =0 there are n+ 1 bounded and invertible transfor-
mations

vO(f),..., ¥ ()

such that
1. Boundedness: Forany j =0,...,n the map ¥\ (f) satisfies the bound (&.6);

2. Conjugation: If f solves and v is the variable in then
V=Y (f)o-- 0¥ O (f)v (4.28)

solves

d,vp, =—-i0p®W a')a(f)+q22(f;x,£)+rl (f5x €)+r o (f &) | vn+R(f) vn (4.29)
where:

e wa(d)e fg‘ is the Fourier multiplier defined in (2.13);

. rl(”) is a homogeneous symbol in fl_”[ satisfying (4.1) where we denote with
l:=1-a>0; (4.30)

* g=2 isa symbol as in Notation[4.5

r>2 (f;x,€) is a non-homogeneous symbol in o >, [€o] satisfying @.1);

* R(f) is a smoothing operator in R™°"%[eq] with po given in (E27).

Proof. Initialization case: n = 0. It is sufficient to choose ¥ ( f) © = 1d since equation already has the
claimed form (4.37).

Inductive step: We look for a transformation ¥*1 ( f) to eliminate the linear symbol r(") in up to
lower order terms. We define W"*V (f) := ®F (f)|.=1 the time-1 flow of

0,05 (f) =0p”" [g(f;x,&)| Dy (f), @3 (f)=1d,
where
g(f;x,8)=r" (iog (D) f; x,¢) (4.31)

is a symbol in I'7" thanks to Lemma Then, by (A5), the map ¥"*V (f) satisfies the estimate (£.6).
Then, the variable
Uns1 =P (f) vy, (4.32)

solves (cf. ([4.37))

OrUps1 = — i@t (f) OpBW [d)a &)+ gs2 (f, X, f) + rl (f X, 6) + r(n) f; X, E)] @+ (f)—l Vool (4.332)
+0,0 D (f)cp(n+1) (f)_l Vsl (4.33b)
4 @n+D (f)R(f)q)(nH) (f)_l Unsl. (4.33¢)

We now compute each term in Egs. (4.33a) to (4.33c).
We apply Proposition[A.3} Item[iland obtain that

= —i0p®" | @q (&) + g=2 (fi %,8) + 1\ (fi%,8) + 1™V (£;%,6) + FV (£3%,6) | vner + R(f) vns,
(4.34)
where 73 (f;x,8) € T2, leo), r™* (f;x,&) e I77"*Y satisfying and R (f) € R™€[eo]. We apply Propo-

sition[A.3] (iii) and obtain

=iop®" [g(—id)a(D)f;x,g‘) 72 (f;x, é)] Vns1+R(f) Uns1 (4.35)
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P €19, leo) and R (f) € R[eo]. Finally, by Proposition (i), we get
=R(f) wo (4.36)

where 7

where R(f) € RO ¢,.
Note that the order of the smoothing operators remains unchanged.
Defining
rG TV (Fix0,8) = (Fi0,8) + 757 (f3,8)

and, summarizing all the contribution in (4.34), (4.35), (4.36) and noting that

" (f:x,€) - g (~i@a (D) f;x,8) =

we get
0rvni1 = —10p"YW [ag )+ "™V (£;x,6) + g3 (f;%,6) + 1 (f3%,€) | v + R(f) vna (4.37)
as claimed in (4.16). O

Choice of the number of iterative steps: We choose the number 714, of iterative steps such that

TaeZ T g

. . la 5—liap . . . .
In this way we can include the operator Op®" [r{n “’)] €R, "*¢ in @37) in the smoothing remainder r

since —¢7iq p < —p. Relabeling
Z:=UVp,, (4.38)

the equation for z becomes
0rz==i0p™" [0q (&) + g=2 (f3%,€) + =2 (f3x,€)] 2+ R(f) 2, (4.39)
which has the claimed form (4.7).

5 The normal form reduction for the smoothing remainder
In this section we eliminate, from the smoothing remainder

R(f)=Ri(f)+R=2(f), (5.1)

appearing in Equation (4.7) its linear (with respect to f) component up to a higher homogeneity smoothing
remainder.

Proposition 5.1. Leta € (0,1). There exists  := p (@), such that for any o = p there is sy > 0 such that for any
s = o, there ise_o(s) > 0 such that for any 0 < ¢p < e_o(s) and any real solution f € By, (I;€0) N C(I; Hg) of the
equation there exists a real invertible operator Wy (f;t) on Hj satisfying the following:

 Boundedness: foranys = s thereareC := Cs > 0 ande(s) € (0,€9), such that forany f, v € Bio(I; ()N
C(I; HY) and forany te I,

|woir (F50) 0|+ | Woir (500 0| < Cliwns+nf1sIvI) s 52

e Conjugation: Letz=B(f) f the auxiliary variable which solves ([&7), then the variable

g:=Yoir (f31)2=Yoir (f;1)B(f3 1) f (5.3)
solves the equation

0,8 +10p®" [@a O + =2 (f;%,6) + 22 (f3%,6) | g =R=2(f) & (5.4)

where
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Wg (&) € fg is the Fourier multiplier defined in Equation (2.13);

q=2 (f;x,€) is a symbol as in Notation[4.5};

r=2 (f;x,€) is a non-homogeneous symbol satisfying @1);

R=>»(f) is a real smoothing operator in R;g g [€o].

In view of (5.3), the bounds in and (4.6) imply in particular that for any s = sy, there exists C :=
Cs,a > 0 such that

cHrol=lgwl=clrml,, viel. (5.5

Proof. Notice that R; (f) in Eq. is a real homogenous smoothing operator in ﬁl—pwo , that we expand
(cf. (3.22)) as

Ri(flv= Y Rjrfi-kvke’™, RjxeC, (5.6)
n,k, jeZ\(0},
n+j=k
In order to remove R (f) we conjugate with the flow (cf. LemmalA.4)
0:05(f)=Q(N@G(f),  Pg(f)=1d, (5.7)
generated by the 1-homogenous smoothing operator
. —(R1)n Jk
Qf)v= Qnjkcfavje™, Qnjk 1= e (5.8)
(Dv= 2, Quirhnv " (0 () — o (k) — dra (- k)
n+j=k

which is well-defined by Lemma Notice that, since R; satisfies (3.24) (i.e. it is a real-to-real operator)
and wq ($) is odd, the coefficients Qy, j x satisfy (3.24) and thus Q (f) is real-to-real. We thus apply Proposi-
tion Items|[ijand[iiand obtain that

D) 0 (Op™" [da (&) + G2 (f3%,€) + 122 (f5 %,€)] + Ry (f) + Ra2 (f)) e @) !
=0p"W [@a (O) + g2 (f; %, &) + 122 (f3,6) |+ [Q(f) , da (D] + Ry (f) + RL, (),

where RL, (f) € RZ8"®" [¢o]. Next, by Proposition we obtain that

0:%q (f)o®o(f) " = ~1Q(ia (D) f) + B, (f),
where Riz (f) e R;gﬂmﬂ [€0]. We now prove that Q ( f) solves the homological equation
Q(-iwa(D)f)+[Q(f), —iwa(D)] + Ri (f) =0. (5.9)

Writing as

QA v=Y [Q(A)]Lvje™ with[Q(f)]]:= dnjkfu

k,jeZ\{0}

we see that the homological equation (5.9) amounts to

[Q-ida D H]L+[Q(f)]L (i0a) ~ide (7)) + [Ri ()] =0, forany jkez\{0},

and then, recalling (5.6), to gy, j k(@ (k) — ¢ (j) = @a(n)) + (1) 4, j,& = 0. This proves (5.9), and, as a conse-
quence, we conclude the proof of Proposition[5.1|setting

e=potl, \Pbir(f;t)::q)lQ(f;t).
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5.1 Energy estimates and proof of Theorem|1.1

The first step is to choose the parameters in Proposition In the statement of Proposition [5.1] we fix
o :=p(a). Then Proposition gives us So > 0. For any s = So there is 0 < e_o(s) where e_o(s) is defined in
Proposition|5.1

We perform a H;j energy estimate on Equation (5.4). First, using the equation (5.4) for the variable g and
the reality of the symbols @ (€) and g=2 (f;x, &), we get

% lll% =(i[op™™ (a2 (fix.6)] . 1D g | 1D1°g) + (IDI°g | i [0p™" 42 (£3.6)]  IDI &) 5.10)
+(IDI"B=2(f) g [ IDI"g) +(IDI°g | IDI*B=2 (f) &) (5.11)

where the bounded operator B» (f) := =1 0p®" [rs2 (f; x,€)] +R=2 (f) satisfies (cf. Notation[4.1Jand Egs.
and (3.25)) ,
|B=2 () &lls Ssa |1l Nl + 171, Nl 171

Next applying (3.28) to the Fourier multiplier m (¢) := [ 125 € fgs and the symbol a := g»; € 1“122 leo], to-
gether with Proposition[3.6, we get

EIDI+IEI01 Ssa |11, D815+ 171, 171 gl gl
hence, after an integration in time, we obtain the quartic energy estimate
t
lsol=lg@l;+Cis a)fo L£ N eI+ 17 Ol 1 (O Mg @l Mg, df, vo<e<T,

and, by (5.5), we deduce

t
||f(t)||§ség(s,a)(||f(0)||’j+f0 ||f(t’)||‘s‘dr’), Vo<t<T. (5.12)

The energy estimate (5.12), the equivalence | f | ~ I 2]l stemming from (1) and the local existence re-
sult in [38] (which amounts to a local existence result for the equation (4.2)), imply, by a standard bootstrap
argument, Theorem|[L.1] O
A Flows and conjugations

In this section we prove some abstract results about the conjugation of paradifferential operators and smooth-
ing remainders under flows, we shall refer continuously the reader to [8}|10}/14].

Let u € By, (I;€0), B € F1and g:= g (u,7; x,&) be a symbol of the form

B (u;x)

&) = — . 1 _
g(u,1;x,8) = T+ 75, (5 &i=b(u,T1;% <, eI [eol, 6=1, (A.D)
g (1; x,€) = Reg (1; x,&) ey, 5€(0,al, (A.2)

g (u;x,) er?, 5<0. A.3)

Notice that the symbols in Egs. and (A.3) are considered to be constant in 7 and linear with respect to u.
Consider the flow @5 (u), 7 € [-1,1] defined by

0,P% (1) =iG(u, 1) D% (1)
{ & £ G(u) :=0p®" [g(u,7;x,9)] . (A4)

®%w) =1d

We have the following.

20



Lemma A.1 (Linear flows). There are sy, €9 > 0 such that, for any u € B, (I;€0), the problem admits a
unique solution ®g(u). Moreover, for any s € R we have that ®g(u) € L (Hy) and there is a constant C(s) > 0
such that

”(I)é(u)w

s+ “@é(u)‘lw”s =Cllwls,

|| [@Q(u) —Id] w

o |[esaot-1d|w|  sc@iulg w45

forany w € Hy.

Proof. The result is classical and follows by standard energy estimate arguments. See, for example, Lemma

3.22 in [8]. Moreover, since the operator G(u) = Op®"Y [g(u, 7;x,¢)] satisfies IT; G(w) = G(w)ITg,, it is a stan-

dard fact that also its flow satisfies Hétbg,(u) = <I>g (u)Hol. As a consequence qbg(u) leaves invariant the space

H:. O
0

We set @, (u) := ®L (1) and its inverse ®, (1)} ;= @ (u)’ )
£ 8 & 8 T=-1

A.1 Conjugation by a flow generated by a real symbol of order one

We study the case in which g is as in Eq. . In such setting we recall (see [8]) that, given § € ]:'iR we can
define a path of diffeomorphism of T via the transformation

W (u,7;x) 1= x+1Bu;x) withinverse ¥! (u,7;y):= y+,5(u,r;y) where f € Fe]. (A.6)

We set also ¥ (u; x) := ¥ (u, 1; x).
The following are Egorov-type theorems for whose proof we refer the reader to |10, Lemmas A.4 and
A.5].

Proposition A.2 (Conjugations for a transport flow). Letm <1, o > 0,and let ®g(u) be the flow generated by
g as per LemmalA.]

i Space conjugation of a para-differential operator: Let a € ' [ey] and

a"™ (u;x,8) = a(u;,¢ 0,97 (u;y)) |y:\y(u;x) eT" [e]. (A7)
Then
D (1) 0 Op”Y [a(u;x,8)] 0 @g(w) ™' = OpPV [a(’") wx,8) +aly? (ux, f)] +R[u] 8
- OpPW [a(u;x,rf) +a (u;x,f)] +R[ul, '
where:

. a(zn; -2 (u;x,¢) and a(z";) (u; x,¢) are non-homogeneous symbols respectively in FZ’Z_Z leo] and FZ’Z leol;

* Rlu] is a smoothing operator in R;g [eo].

In addition:

)

(@) Ifa isreal then ag;’ is real;

b) If a(u;x,¢) = K{(u;x)f for some V € Fleg] (he~nce m = 1) then in Eq. agg*z) = 0 is nil and
a'"™ (u; x,&) = V (u; x) & for a suitable function V € F [eo].

ii Space conjugation of a smoothing remainder: If R(u) is a smoothing operator in R ™€ [eg] then

Dg (U)o R (u)oDg (1)™' = R(u) + R=p (),

whereR € R;SH l€ol;
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iii Conjugation of 0;: Ifu = f solution of Equation (4.4) then

0, D (f)@g ()" =i 0pPY [B(~i 0o (D) f;x) E+1Vsa (f3x) €]+ R(f),
where

* wqy (D) is the real Fourier multiplier defined in (2.13);
* V2o (f;x) is a real function in Fx eol;

* R(f) is a smoothing operator in R™€ [eo].
Proof. i Follows by Lemmas A4 and A5 in [10].

ii We first define the operator
PT(f) := @ () o R (1) o D ()"

Then @g (1) o R (u) o Dg (w)~! = P1(f) The operator P”(f) solves the Heisenberg equation
0-P*(f)=[G(f, D), P"(f)].
Moreover, by (A.5), (3.27) and (3.20), (3.21) we have

IP*(Hwlsro SsIflsllwls, + 1 fllslwlls, 1GUf,Dwls—1 Ss I fllslwlls, Vs = so.

Then
I(P' =R wl gyt S fo 1 G, PO wlyspy dT ScIFIZ Wl + 1 Fl I IsTwls,
iii Differentiating with respect to time, we get
00 (1) (1) = [ @4 1)@ ()] 00" [0,807, 755,01 05 () 2 (1) .

We claim that that

0:b(f,7;%) = B(=i0(D) f;%) + P=2(f,T;X),  Bs2(f,1;%) € Fiyleol.

Indeed, differentiating b(f (1), T; x) with respect to ¢ and using the equation for f (@.4), we get

0:b(f,7; %) = B(~i0(D) f;x) + B (Msqe (f)

(1+ 1B (f;x))? 1+ 7B (f;x))

then (A.12) follows from the fact that, using Lemma for each internal compositions,

BB X)) | el BX(A):)
(L+7Bx (f3x))? (1+7Bx (f5x))

B=2(f,7;%) := B (Msqc (f)

is a function in .7-" ~sl€0].

A.2 Conjugation by a flow generated by a real symbol of order 6 < «
We study the case in which g is as in Egs. (A.2) and (A.3).

[ﬁ (i) Bx (X (f)sx) | Ba(fi%) B(X(f)i%)|

(A.9)

(A.10)

(A.11)

(A.12)

Proposition A.3 (Conjugation by flows generated by symbols of order smaller than one). With the same
hypothesis of Proposition@ let a€ T [eo] and @y (u) be the flow generated by g as in Egs. (A.2) and (A.3 .

per LemmalA.1] One has the following conjugation rules
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i Space conjugation: [10, Lemma A.6]
Dg (1) o Op®W [ia (13 %, )] 0 Dg () ™' = 10" [a (%, &) + 122 (15, 8)] + Ro (W), (A.13)
Dy () 0 0pP" [—iw(©)] 0 g (1) ™! = OpPY [—iw(&) +iF (u;x, )] + R (w)
where:

* 122 (u; x,€) is a non-homogeneous symbol in 1"’2”2" [eol, with € :=1—a >0 (cfr. (4.30));
* R, (u) is a non-homogeneous smoothing remainder in R;g [eol;

o 7(u;x,&) isasymbolin ré-¢ leol;

* R(u) is a non-homogeneous smoothing remainder in R ™€ [ey];

Moreover:

e ifa(u; x,¢&) and g(u; x, &) are real valued (and odd in &) then r>2(u; x, &) and 7(u; x, &) are real valued
(and odd in &) as well;

e ifia(u; x,&) andig(u; x,&) are real-to real (cfr. Egs. and (3.11)) then ir=z(u; x,&) and iF (u; x, &)
are real-to-real as well.

ii Conjugation of smoothing operators: Given R € R™? [ey] we have that
D ()0 R (1) 0Py (1)~ = R(1) + Rea (1)

where R>»(u) € R;g+maX{O'5} leo]

iii Conjugation ofd;: Ifu = f solution of Equation then
0:®g (f) o ®q ()" = Op"" [ig (it (D) f3x,¢) + r=2] + Rz (£).

wherer=y is a symbolinT ‘;5[ [eo] and R>7 is a smoothing remainder in R;g [eo]l. Moreover if g is real then
Iy is real;

Proof. Ttemiis proved in [10, Lemma A.6]. We only need to verify the reality conditions Egs. and (3.11).

We prove such statement for (A.13) only, the proof for the latter being the same. Let M (u) := OpB w [irss (u; x,6)]+

R> (w), M () is indeed real-to-real, hence M () = XMW = opBW [i rEZ(u;x"c)_zrz(”;x'_f)] + a2 R (1),

Rop(W)+R>p (1)
2

hence with the relabeling irs (u; x, &) ~ i 224 _2@ Wit =8 and Ry (1) ~ we prove the desired

claim.
The proof of item ii is the same of the analogous item ii in Proposition To prove item iii we start

from and we set
8=2(f;x,6):=0:8(f;x,8) — g(—iw(D) f; x, ).

By (@4), one has g>2(f;x,&) = g (Msqe (f) f;x,¢), which belongs to F‘;Z [eo] thanks to Lemma

A.3 Conjugation by flows generated by linear smoothing operators

In this section we study the conjugation rules for the flow generated by a linear smoothing operator of the
form ®q(u) := dblo(u) where @, (1), 7 € [~1,1] are given by

0,0 (1) = Q(w) o Dy, (u), @ () =1d, Q) eR}®. (A.14)

We only state the properties with the flow @ (u). The proof follows from standard theory for linear ODEs in
Banach spaces.
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Lemma A.4. There exists so > 0 such that for any u € C(I; Hy") the problem (AT4) admit unique solution
d>6 (u). Moreover @6(u) —Id—1Q(u) is a p-smoothing operator in R;g [r] foranyr > 0. In particular @é’ (w)—
Id is in R™€[r] and for any s = s there is €y > 0 such that

”q>g(u)u

+|ogr an| <o+ vl i, (A.15)
N Q N
forany u e By (I;e0), and v € C(I; H*(T;R)) uniformly int € [-1,1].

Proof. First of all there exist sg > 0 such that Q(u) € L(H}, Hg) foranys=spand ue Hg (see (3.27)). Then the
well-posedness of (Dg(u), follows by standard ODE’s theory in Banach spaces (see also Lemma A.3 in [10]),

and Qg(u)‘l = ®5T(u) since the ODE is autonomous. Moreover one has the Taylor’s expansion

o) k
T _ 2 T k+2
(IDQ(u)—Id+TQ(u)+T k:o—(k"'z)!Q (u).

Applying iteratively (3.27) to the smoothing operator Q(u), we get that there is L; > 0 such that

k+2 k+2 k+2 k+1
Q" (wv| =L (Ilulls+ lvlls+lluls IIMIISIIUIISO).
s+o 0 0

Then, for any r > 0 and u € By, (I; 1), we deduce that

k
|ohw-1a-row)| <72 > LI 2 Yol lulg s ol
Q sto . fm e+t R
< e (lull3 Ivlls+ lulls, lulslvlg) (A.16)

which, in view of (3.25), proves that CDE,(u) —1Id - 7Q(u) is a p-smoothing operator in R;g [eg]. Then the
smoothing estimates in (A.16) and (3.27) for Q(u) imply (A.15) for any u € By, (I;€0) for a sufficiently small
€0 :=€q(s)>0. O

We set @ (u) := <I>10(u). Its inverse is given by @ () ™! = dDE(u) |T:_1.
Proposition A.5 (Conjugation by flows generated by smoothing operators). Let meR, p,0’ >0, Q(u) € 72;0
and let ®q(u) be the flow generated by Q as per Lemma Then the following holds:
i Space conjugation: Ifac T [e], then
®q(w) o OpPY [a(u;x,8)] 0 Do ()™ —OpBY [a (1;x, &) € RZE™H™Y (¢, (A.17)
Do(wow(D)oDow) ™ — (D) +[Q(f), w(D)]) e R2E™ [eo] (A.18)
ii Conjugation of smoothing operators: IfR € R leo], then
D (1) 0 R (1) o D)™ — R(w) € RIF™O ¢, (A.19)
iii Conjugation of 0;: If u = f solution of Equation then
0100 (f)o®o(f) ™" = Q(~idva (D) f) € R leo) - (A.20)
Proof. i We prove first. Denoting A () := Op3W [a (4; x, £)] we have indeed that
Do (u)o A(u)o®q ()™ = A(w) + R (w)
Ra():= A()o (@' () ~1d) + (o () ~ 1) 0 Aw) 0 Do (),

o+max{m,0

hence the fact that R4 (1) e R_; } [eo] follows from a repeated application of Lemma ‘ Item
and Remark(3.10} the last bullet.
We prove now (A.18). By a Taylor expansion we have that
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ii

iii

Do (1) ow(D) oD (u)

1
=w(D)+[QW,wD)] +f0 1-10G W [QwW), [Qw,wdD)]] 0y (W) dr. (A21)

It is immediate that [Q (v) , [Q (W), w(D)]] € R;gm [€0], next being CDéT (1) and <I)TQ (1) bounded opera-
tors in Sobolev spaces uniformly in |7] < 1 (cf. Eq. (A.15)) we obtain that the integral term in Eq. is
a smoothing operator in R;g [€0], this concludes the proof of (A.18).

Follows the same lines as in the proof of (A.17), with the exception that we have to use repeatedly Re-
mark(3.10} the last bullet, instead of Lemma Item[3]

Differentiating with respect to ¢ the equation (A.14) and using that f solves ({4.4), we get
1

0100 (oo (1) = [ p QX (1)o7 (1) dr.

0

Next, thanks to Lemma 3.13} we have that Q (X (f)) is a smoothing remainder in R~¢*![eg]. Moreover,
by (A.19) and (4.4) we have

1
fo 0 (A QX (f)) @y (f) dr = QX (f)) + Rea(f) = Q=i (D) f) + Q(Msge(f)) + Rz2(f)

where R, is in R;g[eo] and applying again Lemmato Q(Msqpe(f)) we get the claimed expansion
(A.20).
O
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