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Abstract

We investigate a phenomenon known as Superactivation of Backflow of Information (SBFI); namely,
the fact that the tensor product of a non-Markovian dynamics with itself exhibits Backflow of
Information (BFI) from environment to system even if the single dynamics does not. Such an effect is
witnessed by the non-monotonic behaviour of the Helstrom norm and emerges in the open dynamics
of two independent, but statistically coupled, parties. We physically interpret SBFI by means of the
discrete-time non-Markovian dynamics of two open qubits collisionally coupled to an environment
described by a classical Markov chain. In such a scenario, SBFI can be ascribed to the decrease of the
qubit-qubit-environment correlations in favour of those of the two qubits, only. We further prove
that the same mechanism at the roots of SBFI also holds in a suitable continuous-time limit. We also
show that SBFI does not require entanglement to be witnessed, but only the quantumness of the
Helstrom ensemble.

1. Introduction

Much study has recently been devoted to open quantum systems beyond the so-called Markovian regime [1],
when memory effects, for instance due to strong coupling to the environment, cannot be neglected. In contrast
to the classical case, many non-equivalent concepts of quantum non-Markovianity have been put forward,
forming an intricate hierarchy [2]. In particular, for a one-parameter family { A, },> o of completely positive and
trace preserving (CPTP) maps, non-Markovianity can be characterized according to two major approaches,
involving either the Divisibility of the dynamics or the notion of Information Flow. An open dynamics { A} is
divisible if, for all £ > s > 0, there exists an intertwiner map A, such that A, = A, ;A. Then, A, is said to be (C)P-
divisible if all A, ;are (C)PTP maps. Markovianity has often been identified with CP-divisibility [3, 4].

Instead, the so-called BLP approach [5] identifies Markovianity with the monotonic decrease in time of the
distinguishability of generic states p and o, namely 0,||A[A (p, D)]||; < 0, where || X[}, = Tr(v/XX) denotes
the trace-norm, while A (p, 0) = 1p — (1 — p)o is the so-called Helstrom matrix, 1 = 1/2 retrieving the trace
distance ||p — ol|,/2. A revival of state distinguishability, signalled by 0,||[A[A,(p, ][, > 0, for some t > 0, is
then interpreted as Backflow of Information (BFI) from the environment to the system. Though a full-fledged
microscopic characterization is still missing, BFI is usually associated with information stored in the form of
system-environment correlations or with changes in the environmental state [6—10].

Itis known that P-divisible families { A; }; > o cannot support BFI since the maps A, ; are contractive [11, 12].
On the other hand, if the maps A, are invertible, P-divisible, but not CP-divisible, then the maps A;® A; cannot
be P-divisible and thus show BFI at the level of a bipartite system even if the single system dynamics does not
[13, 14]. We call such a phenomenon Superactivation of Backflow of Information (SBFI).

If one wants to access the actual flows of information, if any, between system and environment, possibly at
the roots of BFI and SBF], sticking to the reduced dynamics of the system only is useless. Rather, a certain degree
of control over the compound system-environment dynamics is needed. As such, the microscopic physical
mechanisms behind BFI are necessarily heavily model-dependent and still debated. For instance, when a
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classical environment acts as a control on the quantum open system, while in [15—17] the BFI seems not to be
associated to an actual flow of information, it is instead so in [ 10]. Different points of view also appear regarding
the discrimination of classical vs quantum effects behind the flows of information, in particular when trying to
identify genuinely quantum memories [18, 19].

Collisional models, though providing a discrete-time description, appear a suitable tool for assessing
emerging memory effects from the system-environment dynamics [20-24]. In the following, we therefore
investigate the physics of SBFI in a discrete-time dissipative dynamics A, ® A,,, n > 0, of two qubits that we
obtain by means of a collisional model. An algebraic approach typical of quantum Markov Chains [25] will allow
us to explain the emergence of SBFI in terms of the strength of the environment correlations and to describe it by
means of the time-behaviour of the mutual information between the open system and the classical Markov chain
asits environment. The results are as follows:

1. for two qubits collisionally and unitarily interacting with a Markov chain environment, SBFI appears if
successive chain sites are sufficiently correlated, in which case, the mutual information decreases in discrete-
time without changes in the Markov chain state. This shows that part of the information shared by the two-
qubit and the collisional environment is released to the two-qubits. Such a result benefits from the algebraic
approach to the collisional models developed in the following which provides a general context where to
accommodate correlated environments as for instance those treated in [23, 24, 26, 27].

2. A suitable continuous-time limit of the discrete-time qubit dynamics is obtained by means of a non-unitary
dynamical coupling between system and classical chain. Also in this case the mutual information shows a
non-monotonic behaviour confirming the interpretation of the SBFI as a loss of correlations between system
and environment to the advantage of the open system.

3. Finally, we show that the general non-classical resource needed for the emergence of SBFI is solely the
quantumness of the Helstrom ensemble, with no need of entanglement.

2. Markov chain environment

As emphasized in the Introduction, we interpret the collisional scenario within an algebraic quantum spin chain

approach. We choose the environment E to consist of an infinite spin chain, each site k supporting a same d x d

matrix algebra: A% = A. Local algebras AE;Z’Z;] =Qf__ aAE:‘), support.ed by intervals [ — a, b] of integers —a <

j < b, are generated by tensor products of the form A i[[*”l’]b] = ®l}:_aAi(,] ), where the upper index (j) indicates
—a,b i

the site at which the operator A; islocated. These local operators can be embedded within the infinite chain as

e Ai[[j:;]b] @ 141 where I;* ! = @a-1 1P and 171! = ®;c"‘:°‘é+1ﬂg‘). In the following, for sake of

simplicity, we will omit the infinite tensor products 1;°~ Y and Ii*1. The collisional environment will then be

described by the quasi-local (C*) algebra A obtained by the so-called inductive limit of the local algebras [28].

Further, states over the chain are all positive, normalized linear expectations wg: Ay — C, wg(l) = 1.
When restricted to the local algebras, these expectations are represented by density matrices pl=%t1 ¢ AL
such that:

b b
wi( © AF) = Tr(pp ™" ® AP, Q)

forall —a < band Ai(kk) € A atsite k. Vice versa, a family of density matrices pl=»?1 € AY, gives rise to a state
wg over the chain if, for all —a < b, Try, pl=*t = pl=®0=11 where Tr; defines the partial trace over the k-th site.
Environment correlations are present over the subset [ — a, b] whenever the density matrix p[7 1 does not

factorize. Moreover, if Tr_, p[E*“”’] = p[E*““’b] = p[E’”’h’ 1 then the state wy, is invariant , wg 0 © = wp, under
the shift to the right,

@(Ai(,_,,u)® ®Ai(l,h)) = AiE:“+1)® ®Ai(bb+1)' )

We couple such a chain to a system S described by a finite dimensional algebra As = M, (C), with a state
(expectation over A;) given by a density matrix pg, ws(Os) = Tr(pgOs), Os € As. As depicted in figure 1, the
SE coupling is constructed as follows. Let ® be a completely positive unital (CPU) map from As @ AL onto
itself. Its action easily extends to the full algebra Ag @ Ag:

P05 @ Al @ ALY @ Al = Al @ o[0s @ AP @ Al] ©)

by
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Ag
®

AV @ AP @ AP @ AP ® -0

o

Figure 1. Scheme of the model for one party. The CPTP map  acts non-trivially only on the algebras of the system and of the Oth site
of the chain, while © denotes the right shift on the chain.

The dynamics on the compound algebra As ® A at discrete time 7 is then given by
®, = (Qod)". 4)

The maps @, give the dynamics of operators in the Heisenberg picture; in the Schrodinger picture, an initial state
wsgon Ag @ Ap evolves at discrete time 7 into

w(s’g = wsg 0 O,,. (5)

Local restrictions to local algebras Al yield density matrices Q(S’flu p) Such that

Tr(Q(sn[)fu,b] Os ® AL ) = wep 0 @,(0s @ AL M, ©)

with marginal states
Tr(4 05) = weg © B,(0s @ 1), )
Tr(QEf)a)b] AP = Ggp 0 @, (15 @ AL, (8)

forall Og € Agand AL e AL,

A factorized state wsg = ws @ wgon Ag ® Ag isrepresented on Ag ® AE{“’b] by a factorized density matrix
Qsi_ap = ps @ p[];“’b] and shows no correlations between system and collisional environment. Evidently, due
to the dynamical coupling (3), correlations might develop between Sand E under the action of ®,,. Within the
proposed algebraic setting, these correlations can be assessed by the mutual information. For a generic bipartite
system A + Bwith state p4p and marginals p, 5 the mutual information is given by:

Zap = S(py) + S(pp) — S(pap) = 0, ®

where S(p) = —Trp log p is the von Neumann entropy. Indeed, S(pa5) < S(p4) + S(pp), while equality holds if
onlyif pap= pa ® pp.

As we are interested in the discrete-time behaviour of correlations between open system S and sub-algebras
A%, wwe shall focus upon the following time-dependent mutual information

TG 0 = SO + SO, ) — SEQ - (10)

Anincrease/decrease with nof 7 55”[)7“ y) would signal increasing/decreasing correlations between system and
environment.

Let the environment E be a commutative chain with at each site a same commutative algebra A = D;(C)
spanned by 1-dimensional orthogonal projections {I1; }f;ol, Ei; éHk = I.Itis turned into a Markov chain by
endowing it with a state wg, identified by the local density matrices:

p%—a,b] = Z Pig_ o I e A[Eia’h]’ an

H-ab)
-ab)
where the projections Hf?f‘}‘}‘ D=t Hg‘) generate the commutative sub-algebras A", and the
probabilities Pii o satisfy:

pi[—a,h] = ’Ehib—l Eb—lib—Z T;'—uﬂiu pi,‘, (12)

where p; > 0, Zlepi = 1, while T = [Tj}] satisfies Tj; > 0 and Zle T; = 1sothat Tr, p[g’h] = p[E“’b_”.
Furthermore, the probability vector p = (p1, ..., p4) is chosen such that Tp = p; then,
Tr, plot! = plat b — pleb=1and shift-invariance of the environment state is ensured, that is

plotl = platmbinlforalln € N.
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Finally, let system and environment interact at site 0 through the map

d—1
©[0s ® A1 = 37 ¢[0s] ® ILAD L, (13)
i=0

the maps ¢; being completely positive and unital, ¢,[1] = 1. Then, as proved in appendix A, its extension to the
whole tensor product As ® Ag gives the step-1 dynamics

[0s ® AV1=00P[0s® AV

d-1
= > ¢,[0s] @ MVALTIO. ”
i=0

Furthermore, if the maps ¢; are invertible, ® is an automorphism of the algebra A5 ® Ag; namely ®[AB] =P
[A]®[B]forall A, B ¢ As ® Ag.

In summary, the algebraic setting just presented accommodates a collisional model within a correlated
multi-partite classical environment [23, 24], where system and ancilla at site k = 0 may either interact reversibly
or be instantaneously immersed in the same dissipative environment before the shift is applied.

Notice that ®[ly ® AiE)O)] =Lk® Ai(oo). As a consequence, the environment is stationary,

wsg(Pu[ls @ ARP) = wep(ls @ AP, (15)

Therefore, in the following, we focus upon the discrete-time reduced dynamics of the states of S, A, pg — py .
Itis obtained from restricting to the system S,

wsg (P,[Os ® 1)) = Tr(A,[pg] Os). (16)
We summarize the results concerning the reduced dynamics of system and environment in the following

Proposition 1. The reduced dynamics arising by collisional coupling (14) of the system to a classical spin chain in a
state specified by (11) and (12) consists of a discrete-time family of CPTP maps,

Malpsl =3 p, ¢ [osl =0, ¢}

i1

— gt gt
. L (;51.” ¢i1’ (17)
1,n)

with gbfthe CPTP map dual to the CPU map &;in (13): Tr(pg¢;[Os]) = Tr((ﬁzF (0] Os). On the other hand, the
environtment state is stationary,

A = P50 (18)

The proofis reported in appendix A. The collision model naturally provides a discrete-time dynamics. In
discrete-time, the notion of divisibility is naturally drawn from continuous-time: A, is (C)P divisible if it can be
writtenas A, = A,,,, A,,¥ n > m € N,with A, ,, = A,A;,'a(C)PTP map.

2.1. Concrete collisional model

To investigate the physics behind the phenomenon of SBFI, we now consider two statistically coupled parties
S= 351+ S,, each independently interacting with its own Markov-chain environment, with compound reduced
dynamics A, ® A,,. Thus As = M (C) ® M,(C), while the Markov chain is chosen to consist of diagonal 4 x 4
matrices, A(é‘) = D,(C), and ¢; to be unital Pauli maps:

$lo) = pd o u =0 =1, ) = (19)

for j = 0, k = 0 with (> a real parameter, where o), j = 1, 2, 3, are the Pauli matrices, while 5, = 1. From (17), also
A, results a unital Pauli map; indeed,
Mol = XPaj, AP =>"p; (20)

. i’
1,0

where uf[]])] =TI, ugk]).

The maps A, areinvertible; then, A, =A,,,,_10A, _with A, ,_; = A,oA,! and
A

Zn
(7)
)‘n]—l

An,nfl[a-j] = 0j. 2D
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Let the Markov transition T'in (12) be

A p-—A
T— p p+ p p (22)
pp—Ap+tAp
r r r r
with positive parameters such that
0<A<p<%, bt Ar=1, (23)

and with invariant probability vector p = (po, p, p, ). When A = 0, it follows that T;; = p;, for all j so that the
probabilities factorize, Pi vy = Hi:% p;,and

3
b b j j
p[E a,b] _ pE a)® ® ( )’ p%l) — Zpl HE])
i=0

Further, from (17), it follows that such an uncorrelated environment yields a reduced dynamics which is a CPTP

discrete-time semigroup A, = A", where A[ps] = 327_ p; ¢i [ps]-
On the contrary, if A >0, the mutual information in (9) with p, = p¥, p, = p¥*Vand p,,; = pl*+1]
yields
Ik‘kJrl = 4p2(10g2 - h(l + Q)), = é)
2 p

and h(x) = —xlogx — (1 — x)log(1 — x) decreases for 1/2 < x < 1. Due to the stationarity of the Markov
process, Zy i1 is site independent and the correlations between any two successive environment sites increase
with 0 < A < p. Furthermore, for A > 0 the dynamical map A,, is no longer a semigroup and the evolution is
governed by the following

Proposition 2. Choosing the maps &y as in (19) and the transition matrix as in (22), the spectrum of the dynamics
Ay
Malojl = Xoy NP =30y 1) 5 §=0,1,2,3,
i)
satisfies the following recurrences
n—2
AP = =11 = (p+ 01— @A +p AU = ) 30 N [+ @) AP T72, (24)
j=0
AP =11=2p (1= @I MY, (25)

Proof. Due to the form of the transition matrix,

by Py Py Py 00 0 O
p p p P 01 =10
T= p p p P +Alo -1 1 of
ror o r r 00 0 0
summing over the index i,,in (20) yields
M = AP ND AW - 1B Vji=0,1,2,3, (26)
where, forn > 1
ALy =p + oW+ 1) + i B = 3 (e = Ty, 6 @)

U1,n—2]

with po = 1, Tjo=p;and Béj) = 0. Then, summingover i, , in the expression for B, (4 7, one gets
B =p (= i) N+ A + 1) B, (28)
and, iterating,
B(J) =p (,LL(]) (J)) (/\(J) + A (N(J) (J)) )\(J) )+ A2 (’u(J) + ’u(J))z BéJ;)S
D — ) A A D 4 iy, 29)
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wherewe set A’ = 1. Since ,ug.o) = 1forj=0,1,2,3,from (23)it follows that A | = Py +2p +r=1land
BY, = 0sothat A\ = 1forall n € N.On the other hand, the choice of the other coefficients chj) in (19) gives

n—2
AP =py+ p(L+ @) +rp,  BMY =2p(1 — ) > APP A2 4 gyrke?, (30)
k=0
AP =p,+2pp+r BY =0 (31)
Since py + 2p + r= 1 the expressions in (24) and (25) follow. O

We shall now study the model for two distinct choices of ¢ in (19), corresponding respectively to (1) a
unitary coupling, discussed in Section 2.1.1, for which the solution of (24) can be analytically computed and (2) a
dissipative coupling, presented in section 2.1.2, for which the natural stroboscopic limit of collisional models
[20, 23, 29] is analytically available and allows one to compare the continuous-time scenario with the discrete-
time one.

2.1.1. Unitary case

Set ¢ = — 1; then, ¢4[X] = 01 X0 and the map (13) becomes a ‘controlled-unitary’ typical of collisional models
[26,27]. In this scenario, the interaction between system S and the environment E is described by means of a
unitary matrix U, = e~ %72 %% for a duration 7= 71/2g: ®[X] = U;/ng Ur/2¢- Onlyj=n — 2 contributes
to the sum in (24) and in Appendix B, the recurrence relations (24) and (25) are shown to yield

) ()

AP = (1 — 4p), (32)

where we set

a=1-2(p+r), B=.Ja*+16pA. (33)

Leta > 0so that \"? > 0. The type of divisibility of the reduced dynamics depends on the environment
correlations as follows.

Proposition 3.

(i) A,is P-divisible if and only if

2pA < ra + pa, (34)

(ii) A, is CP-divisibleif and only if

2pA < ra, (35)

(iii) A, & Ay is P-divisible if and only if

A < alr+p) — %(1 + T 40— 2p)). (36)

For the proof, see Appendix B. Notice the strength of the environmental correlations A governs the
divisibility degree of the reduced dynamics, in that (ii)=> (iii) = (i); on the other hand, (iii) - (ii) (see Remark 1
below).

To illustrate how the intensity of the environmental correlations relates to the emergence of SBFI, consider
r=0sothat2A<«aand, by (i), A,, is guaranteed to be P-divisible. Then, the discrete-time intertwiners A, ,,, are
contractive and forbids BFI for a single qubit.

Then, we consider p < 1 and proceed with a perturbative analysis. Givenany X = X € M,(C), one has
that (see Appendix B for details) up to second order in p,

6
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A1 X1k — [IXIh = =K p + K(A) p? + o(p?),

with K; > 0and K5(A) > 0 and no discrete-time dependence. Therefore, possible environment correlations
(A = 0) contribute with a positive second order term in the small parameter p; this latter cannot counteract the
negative, correlation independent first order term which then makes the maps A,, ,,_; contractive for all time-
steps nin the regime 0 < A < p < 1, thus concretely showing why there cannot be BFI for one qubit: the single
qubit state distinguishability can never increase in time.

On the other hand, considering now two qubits, again setting r =0, at leading order in 0 < p <« 1, the
positivity condition (36) implies A/p = Q < 1/2. Therefore, if Q > 1/2,A,,,,_1 ® A,,,,_1 cannot be positive and
is thus not contractive. Moreover, being A, ® A, invertible, the collisional dynamics of two qubits certainly
exhibits SBFI, namely increasing distinguishability as witnessed by a suitably constructed two-qubit Helstrom
statistical ensemble through the corresponding Helstrom matrix. Also, the lack of positivity of A, ,, 1 ® A, ,_1
for Q > 1/2 s easily seen by acting on totally symmetric projector P;". Indeed, as shown in Appendix B,

”An,nfl ® An,nfl[PzJﬁ]Hl - ||P;||1 = 4P2 (2 Q - 1) > 0)
hence A,,,, 1 ® A,,,,_1is non-contractive, hence not Positive.

Remark 1. Unlike A; ® A,in continuous time, in discrete time A,, ® A,, can be P-divisible even if A,, is not CP-
divisible. Indeed, the main result of [ 13] is based on the existence of time-local generators. Thus, even if A, is not
CP-divisible, A, ® A, need not automatically display SBFI. However, as we saw above, in our case SBFI is
triggered by sufficiently strong environment correlations that help to violate the inequality (36).

We now study the single and two qubit information flows from and into the collisional environment by
means of the system-environment correlations as quantified by the mutual information. For that we restrict the
system-environment state at discrete-time #, w(S’fg), on alocal observable Og ® A,[{”“’b], a, b € N.Onethus
retrieves the evolved local system-environment density matrix Q(s”[)_ a1 1,5 through (6), given by (see Appendix C
equation (C2))

(1) - 3 [~a,b]
an[fa,h] - E pf[—a,b] ¢t;[,y,+1,o] [pS] ® Hf[ un\ Lol (37)

[ZE—
We shall then consider the mutual information (10) relative to the compound state at discrete-time n (37) as a
faithful quantifier of the system-chain correlations. In Appendix C, equation (C7), it is shown that the latter
quantity takes the form
Ifg"[),a,b] - S(An[ps]) - ZP,»“M S(¢i [pS])

. i)
11,n)
Note that the previous expression depends only on # and not on the size of the portion of the chain considered.
Taking into account, as above, two independent qubits coupled to identical chains, the maximal mutual
information of their local density matrix reads
Igg)JrS)E = S(Aﬂ ® Aﬂ[pSJrS]) - Z pin,n]pkn,nls((zSi ® ¢i|1,nl [P5+s])- (38)

. i1,
Fip,mpkpn,m

In the case under consideration, the unital maps ¢; are unitary; thus (38) yields
IEZL—S)E = S(An ® AulpsysD — S(psis)s (39)

in particular, the variation of the mutual information between two discrete-times # > m reduces to checking the
behaviour of two-qubit entropy:

ATEM = SNy @ Aalpsesh) — S @ Aplps, gD (40)

Let us recall that the von Neumann entropy increases under PTP unital maps [30-32]; thus, when the unital
single-qubit reduced dynamics is P-divisible, AZ (™ > 0. On the other hand, moving to two qubits, choose as
aconcrete instance
1 1 1-2 1

r=0, L <p<s A= 2P<p<5, (41)
so that A, is P-divisible with (34) being saturated and the Pauli eigenvalues (32) at the first two successive
discrete-time steps satisfy A\; = A, = a=1 — 2p. Further, choosing p = 1/4 4 ¢, ¢ < 1, one can perform a
perturbative study and show that the two-qubit completely symmetric projector pg, ¢ = P;” witnesses a decrease
of the two-qubit von Neumann entropy (details can be found in Appendix E),

ATV, = —4log(4/3) €2 < 0, (42)

hence a decrease of system environment correlations between the first and the second collision.

7
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2.1.2. Dissipative case and stroboscopic limit
Let us now take ¢ = e >, 7, 7> 050 that ¢y = id and for k = 0

¢ = e, Li[X] = v (ox Xop — X). (43)

In such case, our model is analogous to a collisional model in which the qubit A g and the ancilla AY undergo a
joint dissipative evolution Og @ O — e™“[Os @ O] for a time 7, before the shift on the chain is applied (the
form of the the GKLS generator L is reported in Appendix D). The Markov chain correlations contribute with
memory effects on top of this Markovian semigroup dynamics and, moreover, it allows one to retrieve a
continuous-time dissipative dynamics and compare BFI and SBFI within such a continuous context. The
technique employed is the so-called stroboscopic limit defined by 7 — 0, n — oo, nT — t. Choosing A =e~ /2,
p— 1/2and, straightforwardly, \¥ = e~2", while the other two Pauli eigenvalues are both equal to the solution
Arof the integro-differential equation

. t
o= =y h+ [ dse e (44)
0

which yields (see Appendix D)
A = Pl [cosh (Kt) + % sinh (Kt) ] , (45)

where K = /k? + 4% /2. We thus obtain a family of P-divisible Pauli dynamical maps, with generator
Lilpl = 35717\ (dipo; — p)and rates

D =A@

G _ _ 2y

~
t JK? + 49?% coth (%tw/fiz + 4’)/2) + K

1% =1, (46)

2

, (47)

with 7? ) being negative at all times.

System-environment correlations

Let us consider the case A = 1/2 and p = 1/2. Notice that such case corresponds to x = 0 and

753 ) = —~ tanh(7t), namely to the well known ‘eternally’ non-Markovian evolution firstly discussed in [33].
In such case, only two sequences i[; ,,; have non-vanishing probabilities and thus contribute to (17), namely

I=111... and 2=222... with probabilities p; = p, = 1/2. Accordingly, the continuous-time limit of (38) reads

1
IE?JrS)E =S\ @ Melpgis) — = D S @ e'bilpg, gD (48)
Pi=1,2

Notice that, unlike in the unitary case, each of the entropies in the second term now grows in time due to the
joint unital dissipative evolution of Ag and A that mixes them.
Westudy 7 EIS)+ s)r picking ps s of X-shape with respect to the eigenvectors of the matrix 0, ® o

w0 0 u
0 v % 0

(1) _

PXZ10 7 1—(u+p+v) 0 (49)
u 0 0 Iy

In Appendix E, its decomposition in terms of the Pauli matrix tensor products {0; ® o;};; is reported, from
which the time-evolving states entering (48) can be easily inferred. In figure 2, we display the system-chain
mutual information when the system is initialized in a state of the class (49), which displays a growth and collapse
of correlations. We also compare such behaviour with that of [|A; ® A, [A/,,(p(;), p(;))] ||;, where p()?) has X shape
in the computational basis.

Thus, the system-chain correlations can undergo a decrease for a certain time interval, despite the
stationarity of the environment.

Remark 2. The information lost by the system and subjected to BFI is generally thought to be stored either in
system-environment correlations or in changes of the environmental state (notice that in our Example, the
environment is stationary (15)) [9, 34]. In figure 2 the mutual information Z (Stg of (48) is plotted for X states with
1o =1v=1/4.Asfor the maximally entangled state state P;” considered in (42), these states have maximally
mixed marginals. For a state pg , s with maximally mixed marginals, using trace preservation and factorization,
one shows that
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Figure 2. System-chain mutual information for the state pg(l) with fixed p; = p, = v=1/4,v=1i/8 at different values of real u. For

1 =0.001, the behaviour is compared with that of the trace norm of the Helstrom matrix between A; ® At[p(}é)] and A, ® A, [/)3?)],
with bias = 0.52, p()?) being in the form (49) w.r.t.the computational basis and defined by parameters

,u; = ,LL,Z =1/2,v =0, u =1/8, v' = 0.Oneeasily sees that the marginals of pgy are the maximally mixed state /2.

1
Trig)(Ar @ Melps D) = Ml Triy(psis)] = ;2

Similarly, one checks that the one-qubit local density matrix (37), obtained by tracing over one of the two open
systems together with its own environment, reduces to

1

(£) _ 2 [—a,b] ® —

Ao = 5@ Py =T =0. (50)
For such states, the bipartite correlations have a non-monotonic behaviour in time, while the qubit-chain
marginals are uncorrelated at all times due to (50). Thus, in such case, the information is temporarily stored
non-locally in the system-environment correlations.

3. Quantum signature of SBFI

SBFIis undoubtedly a memory effect with no classical counterpart, despite it might arise from the coupling to a
classical collisional environment. The reason is that positivity and complete positivity coincide for mappings on
commutative algebras. To illustrate this in more detail recall that, in a commutative setting, the Helstrom matrix
takes the form

Aulps 05) = 3 (pp; — (1 = 1g) P, (51)

Di» q;being, respectively, the eigenvalues of psand osand P; their common eigenprojectors. Thus, the Helstrom
distinguishability reduces to the #;-norm of the vector ||| p) — (1 — 12)|q) |l with |[|x)|ls = 3% |xil. In the
case of a classical bipartite system, consider a real vector |x) = 3=, x;li) ® |j) € R? @ R? evolving into

|x:) = T(¢) ® T(¥)|x), under the action of a continuous-time P-divisible stochastic process T(#), such that for all
t2 s> 0, T(t) = T(t s) T(s), with T(t, s) a stochastic matrix, Ty(t, s) > 0and Y ;T (% s) = 1. Under such dynamics,
the #;-norm of a time-evolving vector |x) = {x;} € RY x R? cannot increase in time,

AT @ TE)x)ls <0, Vx) € R x R, (52)
Indeed,

)y = 37 |32 Tits ) Tt 9xu(0)| < STt Tt )] lxig(5)]
kl

ij K

< lekl(s)l = lllxg) ll4,
ki

forall # > s > 0. For quantum systems, as we have seen, the phenomenon of SBFI is witnessed by the quantity
AD,(t + 7, t):=|Arir @ A7 [Au(Psys Ts9)] I
— 1A ® At[Au(pS+53 as+ )1 (53)
assuming a strictly positive value at some t, 7 > 0, that is by revivals of the bipartite Helstrom distinguishability.
The quantum character of such a memory effect can be assessed by the following measure of the quantum

correlations present in the Helstrom ensemble & (t) = {(u; pg, 5(t)), (1 — 5 0s45(¢))}. The quantumness of
asingle-party ensemble & = {(1;, p;)} has been identified with the possibility of simultaneously diagonalizing it
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[35, 36]; equivalently, if the ensemble is encoded into a quantum~—classical state x¢ = . 1. p; ® (i|, one can
measure the ensemble quantumness in terms of the quantum correlations as left-sided quantum discord in ¢
[36, 37]. Among the variety of available discord measures [38], we shall consider the so-called measurement
induced geometric measure of quantum correlations defined in the trace norm by

Qpy(p) = mlgnD(p, P ® id[pD),

where P[X] = Y, P, XD, is a projective measurement associated to ={P,};, P, = (i|an orthonormal set of rank-1
projectors. If £ is an ensemble of bipartite states, one rather focuses on finding a simultaneous diagonalization
onaset of rank-1 projections of the type { B © P;};. Accordingly, in [39] the following measure of bipartite
‘ensemble quantumness of correlations’ was introduced:

Qper (XF) = Hﬁ%iﬂ?zz ; D(p;, Pt @ P2[p,]), (54)

with Y€ now encoding the bipartite ensemble by means of an additional classical register.
The next result connects the bipartite quantumness of correlations of the Helstrom ensemble, as defined by
(54), to the quantity (53) exposing SBFI.

Proposition 4. Given a dynamics A, & A, with A, P-divisible, the variation of the Helstrom distinguishability
AD,,(t + At, t) can be bounded as follows

AD,(t+ 7, 1) S 2Airellds Qurrapy (X (1)), (55)
where x % (t) = pps,s() @ (O14+(1 — p)osss(t) @ (1], while||. ||, denotes the diamond norm of a map.

Proof. Letus fix {|p, ) }o with |p,) = |p!) @ | pf), {1613 { p}z> }j being arbitrary local orthonormal basis, from

which one has a corresponding orthonormal set of rank-1 projectors { P! ® sz Jij- Accordingly, a completely
decohering map with respect to such basis is described by a (bi)local projective measurement:

P, @ B[X] =) P! ® P} XP] ® P;.
i

Then, for £ > s > 0 both in discrete and continuous time, considering the Helstrom matrix at time t,
A @ AJA, (ps+s 0s45)], via the triangle inequality and the contractivity of A, ;and P} ® P,, one estimates

l(As @ Ardo @@ PHIAIL < D165 AP [[Ans[Pi ]l
ij
<IP® PUAOIL < 1A (56)

where 67 (s) = (p!|( pj2|AN(s)| phI pf}.Consider the induced trace norm and the diamond norm of
A: My(C) — My (C)[40],
Al = max{[|AIXT[h: IXIh < 1}, [[Alle = 1A ® idalh.
Then, the variation of the Helstrom matrix,
AD,(t, 5) = [|Ars @ Ars[ApTTh = 1AL [k
can be upper-bounded as follows
AD, (1, 5) = [ At ;@A LA O] — N1ALG)IL
=|lu At,s®At,s[pS+s(5) — B®Py[ps, s(s)]]
— (1 = WA @A [0515(5) — Pi@Py[os, s()]] + As @A 0P QP [ A, (s)] [
— 1AL )1
< AL @A ps, 5(5) — PRPylps, ()11
+ (1 — @) 1A @A s[05+5(s) — Pi®Pa[os+5()11h
+ 1A @A OPRPA ()] — 1A, ().
Using (56) and the factthat ||[A @ A]|, < ||A||i>,wehave
AD, (1, 5) < Al (ullpsis(s) — B @ Palpg, (9]l
+(1 = Wllosss(s) — PL @ Pofogss$)1)-

Since P, ; are arbitrary, one can tighten the latter inequality by minimizing over the projective measurements.
One then finally obtains the following upper-bound for AD, (t, 5),

AD,(t, s) < 2|Andllzy Qprary (XE(9)),

10
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where the quantumness of the Helstrom ensemble &x(s) = {(u5 pg, 5(5))s (1 — w5 054.5(5))}, encoded in the
quantum-—classical state

XE(S) =K ,05+5(S) <0|+(1 — 1) os+5(5) @ <1|;

is measured by the (left-sided) quantum correlations of x (s) [39]:

1
Quprery (X1(5) = — min (ullps..5() — P @ P2pg, ()l

+ (1 = Wlloss(s) = P'@ Posis(9)]h)-
O

Remark 3. If SBFI triggers at time t,i.e. AD,(t + 7, t) > 0, then the quantumness of correlations of the ensemble
Eu(t) = {(i, ps,(t)); (1 — i, os,s(t))} hasto be strictly positive, that is, the state X% (t) has to have anon
zero quantum discord. In this sense, the Helstrom ensemble quantumness is a ‘precursor’ of non-Markovianity
[41]. In particular, Qpigp2)( X% (t)) > 0 does notimply that the states are entangled (as similarly noted in
[42,43]; a simple construction in the Pauli case for a quantum ensemble triggering SBFI but not involving
entanglement is reported in Appendix F).

4. Conclusions

In this work we studied the SBFI in an open system of two qubits, each coupled to a classical Markov chain. The
assumptions made in the treatment of the environment and the interaction allowed for a full analytical
description of the system dynamics and system-environment correlations. Notice that there is a structural
difficulty, both analytically and from the point of view of a microscopic derivation, to devise dynamics that are
P-divisible but not CP-divisible. This reflects the lack of a general characterization of positive maps versus
completely positive ones. Despite these general obstructions, the proposed model is sufficiently rich to provide a
dynamics with a neat microscopic origin of its degree of divisibility, and able to display the SBFI effect.

Both in the discrete and continuous-time regimes, we investigated the emergence of bipartite memory
effects by means of the system-chain mutual information of local density matrices obtained through an algebraic
approach. Growths and collapses of correlations have been detected for both unitary and dissipative collisions:
in the former case, the mutual information is simply the system’s entropy up to a constant, while in the latter case
it has the form of a Jensen-Shannon divergence. Despite the ongoing debate regarding the physical nature of
Backflow of Information, especially in such kind of classical environments, the non-monotonicity of the
aforementioned quantities provides a clear-cut physical interpretation in terms of system-environment
correlations. Interestingly, despite information might be stored in and released through classical correlations,
SBFI has no classical counterpart; however, the quantum resource needed to trigger it is only the quantumness of
the Helstrom ensemble but not entanglement in its states.
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Appendix A. Reduced dynamics

As seen in the main text, tensor product elements of the local algebra A **! supported by the interval of integers
—a <j < bare denoted by means of the multi-indices if_, ) =i_4i_,1 -+ i as follows:

b
APTaN — A0 @ AT ... @A = 8 AP,
=—a

Y—ab] a1

where the upper index in Ai(kk) indicates the site k at which the operator A;, islocated.
The collisional dynamics ®,, = (© o ®)” comprises 1) the right shift © on A such that

@[Al[[t:’;ji]] — A.[fa+l,h+1])

Y—a,b]

11
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and 2) the CPU map on the bipartite algebra .45 ® A of system S and chain ancilla at site 0 defined by:

d—1
P[0s @ A" = > ¢,[05] © MPAPTIY,  Aj, € A atsiteO, (A1)

with ¢ completely positive, unital maps on the system algebra .4 5. When extended to the whole algebra
As ® Ag, Pyields

-1
¢1[OS ® A®[ u,u ® A(O) ® A®[1 b]] — Z ¢k OS] ®A®[ u+10] ® H(l)A(l)H(l) ®A®[2b+l] (AZ)

2[1,) 21,

Iterating the action of © o ® one gets

— ’h .
0,05 @ AN = kz Or (0] @ AP0l @ IOAD g ...
[1,n]
®H(”)A(“) H(n) ® A®[n+1 b+n] (A3)

1,b]

n

where ki, ;) denotes the multi-index kk, ; ...k, and Dk = Pp0Pr,0 v © Dy

A.1. System S reduced dynamics
The reduced dynamics A, of the states of the open system S at discrete time 7 in (4) is obtained through (see (7)),

Tr(QY Os) = wsg 0 B,(Os @ lp);

namely by restricting the compound state wgg o ®,, to the system Salgebra Ag @ lg. Using (A3) one gets
D,[05 ® 1g] = Pk, [Os] @ ®;~’:1H§é). (A4)
ki,

Let us consider an initial factorized state ws ® wg where the system state wg is represented by a density matrix pg,
while the restriction of the environment state wg to the algebra spanned by the orthogonal projections
g, = @1, H(]) givesrise to the density matrix - = py  Tli, . Then,

ws @ wp(P[0s @ 1)) = Tr(ﬂsz Pryy ¢k[1 n][os]) = TT(Z Pk“ ¢ku Y [p5] Os),
ki, ki

where @in)n] = (;Si" 0 - ozﬁl with qﬁi the dual map of ¢, . Hence, in the Schrédinger picture, the dynamical
map reads

A - Zpl[l ul ¢.Ll (AS)

n
1,m)

A.2.Environment E reduced dynamics
The single site operators A; belong to the commutative algebra generated by the orthogonal projectors H;k);

then, Z‘,f; éHk A;IT; = A;. Therefore, due to the assumed unitality of the CP maps ¢y, from (A3) it follows that
®[—ably _ @[ a+n,0] W4
D,ls @ AP =3 i@ A @ OPALD IV @ -

—a,—n] l Lonti l
ki

® H(")A(n) H(n) ® A@[n+1 b+n]

Ty 1,b)

=li® A®[ a+n0]® A(l) ® ®A(")® A@[n+lb+n]

1,k
=1l ® @n[A®[ ab]] (A6)

U _q,b)

Since the environment state is shift-invariant by construction, it follows that the environment state is stationary:

wsg © D, (s @ Ap) = wsg(ls ® Ap) = wp(Ap).

Appendix B. A, in the unitary case

The unitary case correspond to choosing ¢ = — 11in (19). Then, only j = n — 2 contributes to the sum in (24) so
that:

MO =1 =20+ A, +4p AN, £=1,2 (B1)

The general solutions of (B1) can be found with the ansatz AY) = x\?, for all #n > 2, by means of the roots x™ of
[44]

12
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P(x) = x* — ax + 4pA, a=1-=2(p+r). (B2)

The general solution will thus have the form A = ¢, x{ + c_ x!, with the constants c,. fixed by the initial
conditions Ay = 1and \{") = «. The eigenvalues \(*>® then read

)\5:"): ﬁ+a(a+ﬂ)n+ ﬂ*a(a*ﬂ)n::)\m 8= ’a2+16pA, £ =1,2, (B3)

26 2 26 2
A9 = 1 — ap). (B4)

From the multiplicative action of the Pauli maps A,, on the Pauli matrices, one deduces that A,, is a convex
combination of two discrete-time semigroups:

—_— 3 -
A= B0 B0 g X = S O TraX) o where (BS)
23 23 i=0
+
w%”::ET;ﬁ, YO=1, ¢pP=1-4p (B6)

It will be sufficient to consider the case o > 0, namely r < 1/2 — p.If p = 1 /4, then A and A,,. We can thus

compute the intertwining maps A,,,, | = A, o A, !, between two subsequent collisions. Setting

7y = MTO > ﬁfTa = :0 > 0, these maps are of Pauli type with eigenvalues

by ,yn+1+ (71)71 6n+1

[ N € ) R ) B, n_o_ G 1 _

)‘n,flfl = >‘n,n71 - )‘n,nfl - /\ni1 - '7" + (—1)”_1 &1 > )‘n,n71 =1 4P- (B7)
The P-divisibility of the discrete family of Pauli maps A, that is the contractivity of the intertwining maps
A1, is equivalent to asking that |\’ || < 1,i= 1,2, 3.In order to show this, we first prove that

nn—1

)\2,1 > )\n,nfl Vn>2. (B8)
To see this, let [0, 1] > x= /. Foreven n =2k > 2,

1+xn+1
)\n,nfl =Y (B9)
1 —x"

monotonically decreases with n. Instead, for odd n =2k 41 > 2,

1 — xn+l
)\n,nfl =7 1 —I——x” 5 (BlO)
increases with #; nevertheless,
Min—1 1 — x"t1] — x2
> = < 1. B11
)\2’1 1 + x” 1 + x3 = ( )

Noticethatpy=1—r—2p>0andr > 0imply0 < p < 1/2, sothat|)\(3)

an_1l = |1 — 4p| < 1. From (B7)and
the previous discussion, one checks when | A, |<1:

48p o

0o y1=1-2 ——F K
2,1 (p+r)+1—2(p+r)

<L+l (B12)
2
where o has been defined in (B2).
Instead, the conditions for the complete positivity of A, ,,_ are obtained by asking for the positivity of the
eigenvalues of the 4 x 4 Choi matrix A,,,,_, ® id[P}], where P} projects onto the totally symmetric vector

[U3) = %(|00> + |11)). The eigenvalues are easily computed to be: E, (1) = p, twice degenerate and
1-2 Mo
Ea(m) = (1 + Ay + A ) = —— L 4 2002 (B13)
4 ’ 2 2
1 1 - 2p )\n n—1
Es(m)= -1+ X9 | —2X\,, )= — el Bl4
3(n) 4( 1 1) 5 5 (B14)
From0 < p < 1/2and )\, ,,_; > Oitfollows that E, (1) > 0. Further, (B8) implies E5(1) > E3(2); then the
positivity of E;(n) is ensured by
8p A
14+ A8 —2a, = 4r — 22 >0@é<i. (B15)
’ « o 2p

We now consider the positivity of A, ,_; ® A, ,,_;.Since A,, ,,_; are Paulimaps, then A,,,, 1 ® A,,,,_ is positive
ifand onlyif A}, _, is completely positive [45], that is if and only if the Choi matrix A, ,_; ® 1[P{] > 0.
Recasting

13
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Jl .
PO = (J1®Jl+01®01—02®02+03®03)_4( + 03 0—1+102)

—10’2 Jl—0'3

yields
L+ (Ao’ 0 0 2201
0 1— (9 )2 0 0
An,nfl & An,nfl[Pf)] - Afl,n,1 ® Jl[Pj(LZ)] - l ( b l)
0 0 1— (A, 0)? 0
2000 0 0 L+ D)
(B16)
Then, from 0 < p<1/2itfollowsthat A, , ; ® A, ,,_; is completely positive iff
14+ (1= 4p) = 2(\n 1)* > 0. (B17)
Moreover, since A, ,,_1=>A; 1 > 0, we get the inequality
2
4p2(é) +2p a(é) —(p*+rpy) <0, (B18)
Q «Q
where we recall that py = 1 — 2p — r. equation (B18) then gives the condition for P-divisibility of A, ® A,,,
1— 1 —4p(1 —2
Ao 1 1ot 49U -2 (B19)

o 2 2 4p

Clearly, (B15)=-(B19)=-(B12). On the other hand, (B19)=5-(B15). This is in contrast to the case of continuous-
time dynamics with a time-local generator. Indeed, as proved in theorem 1 of [13], positive A, ® A, for all
t>s>0are possible if and only if A, ; are completely positive.

To see explicitly how the environmental correlations relate to the lack of BFI for one qubit and super-
activation of BFI for two qubits, let us consider r =0 and p < 1 and let A = Q p. From (B3) and (B4), one sees
that

Apno1 =1 —2p + 4Qp* + O(p?), D) =1 4p, (B20)

forall n>2. Notice that the eigenvalues of X = X = x; + 3.7_, x;0;in My(C) are x, = ||x||. Then,

[IXIly = 2xg = TrX ifx, > ||x||, otherwise || X|[; = 2||x||. Let us assume Tr(X) = 2x, > 0and set
Y=A,,,,_1[X], its eigenvalues being x, £ ||y||, with y = (A, .- 1% Ain— 1% Aff},pq). Thus,

[1Y]]: = |1X]]1 = 2x0 if xo > ||y||, otherwise || Y]|; = 2||y||. Then, expanding up to the second order in p one finds

Iyl = 1%l = 2p @ + x3) + x3)) + 4p*(Qx7 + x3) + x5) + O(pY). (B21)

Therefore, for xo<||y||, xo<||x|| so that ||Y]|,<||x|| = || X]|, and contractivity ensues. Indeed that a Q-dependent,
positive contribution in (B21) only appears at second order in p and is dominated by a strictly negative
contribution, thus preventing BFI for one qubit. Also, notice that up to second order in p there is no dependence
on the successive discrete-time steps nand n — 1.

Instead, let us consider the case of two qubits and consider the tracenormof Z := A,,,,_1 ® A, ,_ [P, ]in
the same small p regime. From (B16) one sees that the eigenvalues of Zare 1 — (X¥)? > 0 twice degenerate
and

1+ (24200, >0, 1+ ()2 —2A7

If the latter is positive it follows that || Z]|, = 1 = ||P,||;; otherwise, if 2)\31,,,_1 > 1+ ()\(,13,)”_ % which for small
poccurs whenever Q > 1/2,

1ZIlh = 2(1 — QD)) + 4A7, = 1+ 4p*2Q — 1)

becomes larger than 1 for Q > 1/2. Therefore, unlike for a single qubit, for two qubits the leading correction is a
term of order 2 in p; this becomes positive for sufficiently correlated sites in the Markov chain environment in
which case A,,,,_; ® A, ,,_ ceases to be contractive.

Appendix C. Local system-chain density matrices and mutual information

Let us consider again the local algebra A}, %' supported by the integers 0 < a < j < bwhose elements are linear
combinations of tensor products A,%Z}”’h]. Each single-site operator belongs to the commutative algebra

A =Dy ((C) generated by the orthogonal projections IT;, 0 < j < d — 1 and is thus of the form

AP =50 alTI). Then,

14
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b
AQL=ab] _ S a 4= s TIL-abl - pilebl = ® H(k) gl = I1 al
= i
=—a

i _4p) B oy “an)’ Can) i1 qb]
fl—a,b

The dynamics (A3) thus gives

., )
Z [ blqbf[ 11+10][OS] H[ a+nn+b] ..0<n<a

‘[ a,b] ab]
P,[05 @ AP @b = e (C1)
n o > aftio, [0 @ T n>a
—ab) PhniglS sty
f[—n+1 b]

where ¢, =¢, O 0p,.
[—n+1,0] —n+1 0
Let us now consider the discrete-time evolution of local density matrices that is obtained by duality:

ws @ wg © B,[05 @ AL ] = Tr(QY ., Os @ Af M),

Using the shift invariance of the environment state wg one gets:

4
D Po i 0 TH(0, o] Os) .. on < a
®[ ab] Gt
ws ® LUEO@[OS(@A ] = .
Z Loy % ual:] Tr (¢ Ps] Os) ... n>a
t;[fnJrl,h]

Therefore, the local density matrices at discrete time-step #, Q(S”[la b read

S pa @ Il ® T < a
Q(Sn[) abl = e . (C2)
Z Py n+1b]¢f[ ,HU[P5]® [friill;] ... n>a
f[ n+1,b]
To quantify the system-chain correlations, we compute the mutual information
I(an[l“ b]) o S(Q(n)) + S(Q(n ]) - S(Qs[ a, b]); (C3)

relative to the evolved local density matrices Q(S’}la,b] (C2) and their marginals ", respectively Q(”)a p thatare
obtained by performing the trace over Ag, respectively Ag. Using the notation in (11), they read

(n) _ i
O = 37 PanPe .y lPsh (C4)
f[—rH»l,l)]
b b
prabj Zh]]_p[ﬂ] e o2 a
= Cab)
Han = It ) [—n+1,b] ’ (€3)
n, _ n
Z pf[n+1b n+lb]_pE enoza
i)

Notice that (C4) follows since

azn= Z pf[—a,b] = pf[—nJrl,OJ'
[ E— )

Furthermore, by relabelling the indices in the right-hand side of (C4), one obtains Qg") = Ay[pglwith A, as

in (A5).
Since the contributing operators in (C2) are all orthogonal, one gets
[—a,b]
S(pE )+fz pf[ n+1,0] (¢t’[ n+1o] e < a
SO ) = o : (C6)
Sl-a.bl [—n+1,b] P
S(pl; )+ > Pa iy S@p  LosD) .. n>a
Cloni1,0
Therefore, by relabeling the summation indices, the mutual information simplifies to
I(QS[ at1,0) = SAalpsh) — D Dot S((I)fn Losh) = I (C7)

fll n]

Notice that the right-hand side of (C7) only depends on 7 and not on the specific local sub-algebra AL *!
Analogously, for two qubits evolving in the same collisional environment, the mutual information relative to an
initial state wg. s ® wp where wg is an expectation corresponding to a two-qubit state ps, s, one similarly derive
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TG = S(An ® Aulpsysh) — > Py Pryg S(qﬁh,n] ® qﬁu,ﬂ] [ps.4D-
Cimpkin

Appendix D. Stroboscopic limit

Let us consider Pauli maps as in (43) of the form ¢, = e™“and ¢ = e 2T
which the system, identified by .4, and the chain ancilla at site (0), described by A, are dissipatively coupled
for a time 7 through the following GKLS generator,

. This choice corresponds to the case in

3
1
L[Os ® O] :vz((ai@ ) Os ® O (o; ® 1II;) — ~{k® I, Os® o}f)}), (D1)

i=0

which satisfies L[Os @ II;] = £;[Og] @ II;. The reduced dynamics will be of the Pauli type, with spectrum )\ff)

obeying the recurrences (24) and (25). In the so-called stroboscopic limit typical of collision models, one takes
T— 0, n — 00, nT — t, (D2)

and expands (25) at first order in 7 obtaining
A® _ \®)
n

1= @, = A% = A8 5 AP = e (D3)
-

On the other hand, denoting by ), the other two equal Pauli eigenvalues and expanding (24) up to order 7yield
the following finite-difference equation:

n—2
>\n - )‘n—l _ *2(}7 + 7)7)\n—1 + 2p ,72 Z T (2A)”*j*1(1 — 77-)"7j72>\j . (D4)

T j=0

Choosing A = %, the stroboscopic limit (D2) and the constraints (23) yield p — 1/2, r — 0 and turn (D4) into
the integro-differential equation

. t
Af:—yAt+VZJ‘dw*MWW*&V (D5)
0

The latter is readily solvable through its Laplace transform N = fo e dte=# \;, with the initial condition
Ai—o = 1, yielding:

T z+ K+ 7y
C 224 z(k+ 29) + Ky

Therefore, fora>z, , one gets

- 27) £ K2 + 472
_ (k + ’y)z K° + 4y <o. (D6)

with simple poles at  zy

(1
K sinh (5&//&2 + 472)

a+ioco - .
A= L dze?'), = e O3 cosh(ltwm2 + 472) + (D7)
271 Ja—ico 2 [k2 + 42
By inspection of the Choi matrix of A,, namely A; ® id,[P; ], one realizes that complete positivity requires
14+ X2 -2\ >0, (D8)

which is checked to be always satisfied.

Remark 4. From (D3) and (D7), one derives that the dynamical map A, can be written as a convex composition
of two-semigroups,

o <L (D9)

1

2 2K* + 497

Notice that only e'“- is completely positive, while e*“+ is only positive. Nevertheless, A, is always completely
positive and P-divisible. Indeed, the contractivity of the the Pauli intertwiners A, , as discussed in Appendix B
for the discrete-time case, is equivalent to requiring that the Pauli eigenvalues are monotonically decreasing
functions of time,

A =aett~ 4+ (1 —a)et, 0<a=

tL_

L<o,  A\P<o. (D10)

This is verified since the Pauli spectrum evolves according to

M=-T A, AP =-TP), (D11)
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where 1“53) =2y > 0and
2

2y
Li=v- :
JK? + 49? coth (%t«/lﬁz + 472) + K

The case k = 0 has already been discussed in the main text, while the positivity of I', for £ > 0 is equivalent to

2
1+ J1+ (Zl) coth(éa/ﬂz n 472) > (D12)
K K
which is clearly verified since coth(x) > 1forx > 0.

Appendix E. Details about the Mutual information

In the case of a unitary coupling between system and collisional environment, the variation of the system-chain
mutual information reduces to the variation of the von Neumann entropy in discrete time as in (40). As
considered in the main text, the choice (41) together with p = 1/4 + eyield the following Pauli eigenvalues at
discrete-time steps 1, respectively 2: \y = A, = % — 2¢, respectively A = —4¢, A\ = 1662

Since € is taken as a small perturbative parameter, it follows that the intertwiner A, ; is a positive map.
Indeed, the corresponding Pauli eigenvalues satisfy

A AP
T=L INI=1TE

>\2 1=
N ’ AP

| = 4e< 1.

Then, consider the first two time-step dynamics of two-qubit totally symmetric state P, :

1 2 1 _ 2
yiRa 4e 8(1 4¢)
. i — 4¢? .
A @ N[PS] = ) (E1)
. . — — 4¢?
4
I = 2 1 2
8(1 4¢) " + 4¢
L 4 L1 = 26)2
4 + 64¢ 8(l 4¢)
: T — 64ct - :
A ® M[P] = 1 \ ) (E2)
T — 2 1 4
8(1 4¢) yiRa 64¢

By evaluating the spectrum of the two states and expanding the von Neumann entropies of the two above states
(E1) up to second order in €, one gets

S ® Ay [P2+]) — 20log(2) ; 3log(3)

_ 20log(2) — 3log(3)
8

+ log(3) € + (810g(2) — 6log(3) — ?)62 + 0O(ed),

S(A; ® A [PS]) + log(3) € — (210g(3) + ?)62 + O(€d).

Their difference coincides with the variation of the system-chain correlations and is given, up to order ¢, by
4
ATGO(PS) = S(ha @ Mol PD) = S(hy & A[P]) = —4log()e? + O(e?) < 0.

Let us now compute the quantum mutual information for the case p =1/2, A = 1/2, corresponding to master

equation rates v, =1, 753) = —tanh(t) and Pauli eigenvalues \, = e~* cosh(t), A\ = e~2. Notice that, with
these choices, the stochastic matrix T'in (22) takes a particularly simple form:
00O0O0
111 2 01
T=— , E3
Sl1 021 (E3)
00O0O0
so that the only non-zero probabilities p - correspond to the sequences i ,;; = 111 --- = I and

if1,1 =222 --- = 2. Accordingly, only two CPTP unital semigroups ¢; = contributein (17),
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A= @, (E4)

with equal, time-independent weights p; = p, = 1/2. In the continuous-time limit, ¢; and ¢, are the Pauli maps
defined by

Ol =1, Giloa] =e*, ¢los] =e ", E5 E5
¢2[Ul] :672t> ¢2[UQ] :1, ¢2[0—3] :672t.( ) ( )

Notice that for other choices of T, in the stroboscopic limit, the weights p i1, Would generally become functions
of time as well. In the special case of (E3), the mutual information as function of f reads

1
IE(ps) = S @ A)lps,gl) — 7.2 S@0® gilpss. (E6)
ij=12
The non-monotonic behaviour of the system-chain mutual information (E6) has been inspected numerically by
means of the following family of X states,

M _

PV == (L~ (1= 20+ o ® L+ -2, + ML o

1
4
(1 =2(y + )1 ® 01— 2Re(u — ), @ o

+2Re(u +v)o3 @ o3+ 2Im(u + v)or, ® o3+ 2Im(u — v)ozs ® 0,}, (E7)

having the X shape when written in the basis of o; ® o, which can be obtained from the standard one by

applying the matrix V V, V = U]j; . The positivity condition are then readily obtained and read

0< pppys 1 O0<v < 1= (u+ 1y lul < iy, vl < \/V(l_ﬂl_ﬂz_y)-
Setting o, = e cosh(t) and 5, = e %', the states in (E6) read

1

A @ ApP1= Z{h =1 =2(u; + V) @ L+ (1 —=2(y + V), ® o
— (1= 2(y + p))ofor ® oy — 2Re(u — V)jo, @ 0
+ 2Re(u + v) Bl @ o3 + 2Im(u + VI B0y @ 03 + 2Im(u — v)a, Bi03 @ 03},
1

P ® ‘E[ng] = Z{h -0 =2 + )o@ L+ 1 =2y, + )L ® o
— (1= 2(y + 1)1 ® 01 — 2Re(u — v) 370, @ o
+ 2Re(u + v)Bios @ o3 + 2Im(u + v)Bioy ® o3 + 2Im(u — v)Bios @ 0y},
1

D, ® Bfp]= L= =2+ Bo® L+ (=20, + )AL o
— (1 =201 + ) Bio1 ® o1 — 2Re(u — )0, @
+ 2 Re(u + v)ﬁfog ® o3+ 2Im(u + v)Bio, @ o3+ 2Im(u — v)Bi03 @ 0y},
1

@ B lp1= Tl =20+ e ® L+ (=20, + )AL o
(1 = 2(p; + 1)) 8701 @ 01 — 2Re(u — ) B2 @ 0,
+ 2Re(u + v)ﬂf@ ® o3+ 2Im(u + v)ﬂfaz ® o3+ 2Im(u — v)Bios @ oz},
1

D, ® Pp{]= U= A= 200+ B ® b+ (1 =20+ LS o

= (1 =2(uy + p)) Bror @ o1 — 2Re(u — v) B0, ® 03
+ 2Re(u + v)ﬁfag ® o3+ 2Im(u + v)Bio, ® o3 + 2Im(u — v)ﬁfo'g ® o03}.

Appendix F. Quantum Helstrom ensemble without entanglement

Consider the eternally non-Markovian evolution A, generated by Pauli rates v, (t) = 1, fy(f ) = —tanh(t). The
symmetric projector P always detects SBFI for Pauli second tensor powers and, for small € > 0,

||AS+€,S ® AS+€,S[PJ,2»]||1 ~1 + 2e€ tanh(s) > ”PJZr”l (Fl)

for sufficiently small e < s. Now, we argue that there exists a Helstrom matrix
Ay = ppy— (1 = p)p,, (F2)
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with py, p; separable, such that A; ® AJ[A,] = 0szr so that

1A @ AdAIL = allAys @ AP > allPPll = (1A @ AJLA - (F3)
Consider the isotropic state
0, = (1 —a)%JraP;, 0 <a<l, (F4)
which is separable for a < 1/3. The preimage of P7 is
A AP = TA @ AT - 0 (F5)

Recall that A;' ® A; ' only guarantees hermiticity, but not, in general, positivity preservation. Nevertheless, for
sufficiently smalla, A;' ® A; '[p,]is separable by being sufficiently close to the separable state i—“. Explicitly, in

Fano form,
1
Pa = Z[h +a(o1® o — 0, ® 0y + 03 ® 03)]. (Fo)
Given the Pauli eigenvalues \, = e~* cosh(t), \¥ = e, the algebraic inverse of p,, is
) L 1 625
A; X A; [pu] = — Jl4 —+ 07(0'1 Ro— o0 0'2) + 6450'3 X 0'3) . (F7)
4 cosh?(s)
The matrix in (F7) is positive provided that 0 < a < e~ **. Fix for instance s = arctanh(%) =~ 0.55. Then,
1+9a 0 0 =
_ _ 1 0 1—"9a 0 0
PSZAsl@@AsI[Pu]:Z 0 0 1-9a 0 (F8)
= 0 0 149
is a physical state ifa < 1/9. Its partial transpose is
1+ 9a 0 0 0
0 1-9a % 0
. 0 _
T ®idlp,] = 0 %u 1—9 o | (F9)
0 0 0 1+ 9a
which is positive for a<2/27 = a*. Hence, for a < a*, one has a well defined separable state pg, such that
”At & At[Ap(a)]”l - ”As & AS[A;L(a)]Hl >0 (FlO)

forsomet > s, where A, ;) = u(a)pg -1 - ,u(a))%, with p(a) = ﬁ, p? separable. Since 1,/4 is a fully

incoherent state with respect to every basis, the ensemble quantumness of correlations reduces to the geometric
measure of quantum discord of the isotropic state,

Qeapy (XF (1) = u(a)ﬂgggzllpa - P'@ P’[p,]|h > 0.
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