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Abstract
We investigate a phenomenon known as Superactivation of Backflowof Information (SBFI); namely,
the fact that the tensor product of a non-Markovian dynamics with itself exhibits Backflowof
Information (BFI) from environment to system even if the single dynamics does not. Such an effect is
witnessed by the non-monotonic behaviour of theHelstromnorm and emerges in the open dynamics
of two independent, but statistically coupled, parties.We physically interpret SBFI bymeans of the
discrete-time non-Markovian dynamics of two open qubits collisionally coupled to an environment
described by a classicalMarkov chain. In such a scenario, SBFI can be ascribed to the decrease of the
qubit-qubit-environment correlations in favour of those of the two qubits, only.We further prove
that the samemechanism at the roots of SBFI also holds in a suitable continuous-time limit.We also
show that SBFI does not require entanglement to bewitnessed, but only the quantumness of the
Helstrom ensemble.

1. Introduction

Much study has recently been devoted to open quantum systems beyond the so-calledMarkovian regime [1],
whenmemory effects, for instance due to strong coupling to the environment, cannot be neglected. In contrast
to the classical case,many non-equivalent concepts of quantumnon-Markovianity have been put forward,
forming an intricate hierarchy [2]. In particular, for a one-parameter family { }Lt t 0 of completely positive and
trace preserving (CPTP)maps, non-Markovianity can be characterized according to twomajor approaches,
involving either theDivisibility of the dynamics or the notion of Information Flow. An open dynamics { }Lt t 0 is
divisible if, for all t� s� 0, there exists an intertwinermapΛt,s such thatΛt=Λt,sΛs. Then,Λt is said to be (C)P-
divisible if allΛt,s are (C)PTPmaps.Markovianity has often been identifiedwithCP-divisibility [3, 4].

Instead, the so-called BLP approach [5] identifiesMarkovianity with themonotonic decrease in time of the

distinguishability of generic states ρ andσ, namely∂t||Λt[Δμ(ρ,σ)]||1� 0, where ∣∣ ∣∣ ( )†=X X XTr1 denotes
the trace-norm,whileΔμ(ρ,σ)=μρ− (1−μ)σ is the so-calledHelstrommatrix,μ= 1/2 retrieving the trace
distance ||ρ−σ||1/2. A revival of state distinguishability, signalled by∂t||Λt[Δμ(ρ,σ)]||1> 0, for some t> 0, is
then interpreted as Backflowof Information (BFI) from the environment to the system. Though a full-fledged
microscopic characterization is stillmissing, BFI is usually associatedwith information stored in the formof
system-environment correlations orwith changes in the environmental state [6–10].

It is known that P-divisible families { }Lt t 0 cannot support BFI since themapsΛt,s are contractive [11, 12].
On the other hand, if themapsΛt are invertible, P-divisible, but not CP-divisible, then themapsΛt⊗Λt cannot
be P-divisible and thus showBFI at the level of a bipartite system even if the single systemdynamics does not
[13, 14].We call such a phenomenon Superactivation of Backflowof Information (SBFI).

If onewants to access the actualflows of information, if any, between system and environment, possibly at
the roots of BFI and SBFI, sticking to the reduced dynamics of the systemonly is useless. Rather, a certain degree
of control over the compound system-environment dynamics is needed. As such, themicroscopic physical
mechanisms behind BFI are necessarily heavilymodel-dependent and still debated. For instance, when a
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classical environment acts as a control on the quantumopen system,while in [15–17] the BFI seems not to be
associated to an actualflowof information, it is instead so in [10]. Different points of view also appear regarding
the discrimination of classical vs quantum effects behind the flows of information, in particular when trying to
identify genuinely quantummemories [18, 19].

Collisionalmodels, though providing a discrete-time description, appear a suitable tool for assessing
emergingmemory effects from the system-environment dynamics [20–24]. In the following, we therefore
investigate the physics of SBFI in a discrete-time dissipative dynamicsΛn⊗Λn, n� 0, of two qubits that we
obtain bymeans of a collisionalmodel. An algebraic approach typical of quantumMarkovChains [25]will allow
us to explain the emergence of SBFI in terms of the strength of the environment correlations and to describe it by
means of the time-behaviour of themutual information between the open system and the classicalMarkov chain
as its environment. The results are as follows:

1. for two qubits collisionally and unitarily interacting with a Markov chain environment, SBFI appears if
successive chain sites are sufficiently correlated, in which case, themutual information decreases in discrete-
timewithout changes in theMarkov chain state. This shows that part of the information shared by the two-
qubit and the collisional environment is released to the two-qubits. Such a result benefits from the algebraic
approach to the collisionalmodels developed in the followingwhich provides a general context where to
accommodate correlated environments as for instance those treated in [23, 24, 26, 27].

2. A suitable continuous-time limit of the discrete-time qubit dynamics is obtained by means of a non-unitary
dynamical coupling between system and classical chain. Also in this case themutual information shows a
non-monotonic behaviour confirming the interpretation of the SBFI as a loss of correlations between system
and environment to the advantage of the open system.

3. Finally, we show that the general non-classical resource needed for the emergence of SBFI is solely the
quantumness of theHelstrom ensemble, with no need of entanglement.

2.Markov chain environment

As emphasized in the Introduction, we interpret the collisional scenario within an algebraic quantum spin chain
approach.We choose the environment E to consist of an infinite spin chain, each site k supporting a same d× d
matrix algebra: ( ) =E

k . Local algebras [ ] ( )
[ ]

= Ä-
=--i

a b
k a
b

i
k,

a b k,
  , supported by intervals [− a, b] of integers−a�

j� b, are generated by tensor products of the form [ ] ( )
[ ]

= Ä-
=--

A Ai
a b

j a
b

i
j,

a b j,
, where the upper index ( j) indicates

the site at which the operator Aij
is located. These local operators can be embeddedwithin the infinite chain as

] [ ] [
[ ]
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AiE
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1  . In the following, for sake of

simplicity, wewill omit the infinite tensor products ]- -
E

a 1 and [ +
E
b 1 . The collisional environment will then be

described by the quasi-local (C*) algebra E obtained by the so-called inductive limit of the local algebras [28].
Further, states over the chain are all positive, normalized linear expectations w :E E  , ( )w = 1E  .

When restricted to the local algebras, these expectations are represented by densitymatrices [ ] [ ]r Î- -a b
E

a b, ,
such that:
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E
a b, , , gives rise to a state

ωE over the chain if, for all−a� b, [ ] [ ]r r=- - -Trb
a b a b, , 1 , where Trk defines the partial trace over the k-th site.

Environment correlations are present over the subset [− a, b]whenever the densitymatrix ρ[− a, b] does not
factorize.Moreover, if [ ] [ ] [ ]r r r= =-

- - + - -Tr a E
a b

E
a b

E
a b, 1, , 1 , then the stateωE is invariant ,ωE oΘ=ωE, under
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Wecouple such a chain to a system S described by afinite dimensional algebra ( )ℓ= MS  , with a state
(expectation over S ) given by a densitymatrix ( ) ( )r w r= ÎO O O, Tr ,S S S S S S S . As depicted infigure 1, the

SE coupling is constructed as follows. LetΦ be a completely positive unital (CPU)map from ( )Ä E
0  onto

itself. Its action easily extends to the full algebra ÄS E  :
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The dynamics on the compound algebra ÄS E  at discrete time n is then given by

( ) ( )F º Q F . 4n
n

ThemapsΦn give the dynamics of operators in theHeisenberg picture; in the Schrödinger picture, an initial state
ωSE on ÄS E  evolves at discrete time n into

 ( )( )w w= F . 5SE
n

SE n

Local restrictions to local algebras [ ]-
E

a b, yield densitymatrices [ ]
( )W -S a b
n

, such that

( ) ( ) ( )[ ]
( ) [ ] [ ]wW Ä = F Ä-

- -O A O ATr , 6S a b
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S E
a b
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,
, ,

withmarginal states
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E
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,
, ,

for all ÎOS S and [ ] [ ]Î- -AE
a b

E
a b, , .

A factorized stateωSE=ωS⊗ωE on ÄS E  is represented on [ ]Ä -
S E

a b,  by a factorized densitymatrix

[ ]
[ ]r rW = Ä-
-

S a b S E
a b

,
, and shows no correlations between system and collisional environment. Evidently, due

to the dynamical coupling (3), correlationsmight develop between S andEunder the action ofΦn.Within the
proposed algebraic setting, these correlations can be assessed by themutual information. For a generic bipartite
systemA+Bwith state ρAB andmarginals ρA,B themutual information is given by:

( ) ( ) ( ) ( )r r r= + -S S S 0, 9AB A B AB 

where ( )r r r= -S Tr log is the vonNeumann entropy. Indeed, S(ρAB)� S(ρA)+ S(ρB), while equality holds if
only if ρAB= ρA⊗ ρB.

Aswe are interested in the discrete-time behaviour of correlations between open system S and sub-algebras
[ ]-
E

a b, , we shall focus upon the following time-dependentmutual information
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Furthermore, the probability vector p= (p1,K, pd) is chosen such thatTp= p; then,
[ ] [ ] [ ]r r r= =+ -Tra E
a b

E
a b

E
a b, 1, , 1 and shift-invariance of the environment state is ensured, that is

[ ] [ ]r r= + +
E
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E
a n b n, , for all În .

Figure 1. Scheme of themodel for one party. TheCPTPmapΦ acts non-trivially only on the algebras of the system and of the 0th site
of the chain, whileΘ denotes the right shift on the chain.
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Finally, let system and environment interact at site 0 through themap

[ ] [ ] ( )( ) ( )å fF Ä = Ä P P
=

-

O A O A , 13S i
i

d

i S i i i
0

0

1
0

0 0

themapsfi being completely positive and unital, [ ]f =i  . Then, as proved in appendix A, its extension to the
whole tensor product ÄS E  gives the step-1 dynamics

[ ] [ ]

[ ] ( )

( ) ( )

( ) ( ) ( )å f

F Ä = Q F Ä

= Ä P P
=

-

O A O A

O A . 14

S i S i

i

d

i S i i i

1
0 0

0

1
1 1 1

0 0

0

Furthermore, if themapsfi are invertible,Φ is an automorphism of the algebra ÄS E  ; namelyΦ[AB]=Φ

[A]Φ[B] for all Î ÄA B, S E  .
In summary, the algebraic setting just presented accommodates a collisionalmodel within a correlated

multi-partite classical environment [23, 24], where system and ancilla at site k= 0may either interact reversibly
or be instantaneously immersed in the same dissipative environment before the shift is applied.

Notice that [ ]( ) ( )F Ä = ÄA AS i S i
0 0

0 0
  . As a consequence, the environment is stationary,

( [ ]) ( ) ( )[ ] [ ]w wF Ä = ÄA A . 15SE n S E
a b

SE S E
a b, , 

Therefore, in the following, we focus upon the discrete-time reduced dynamics of the states of S, r rL :n S Sn
.

It is obtained from restricting to the system S,

( [ ]) ( [ ] ) ( )w rF Ä = LO OTr . 16SE n S E n S S

We summarize the results concerning the reduced dynamics of system and environment in the following

Proposition 1.The reduced dynamics arising by collisional coupling (14) of the system to a classical spin chain in a
state specified by (11) and (12) consists of a discrete-time family of CPTPmaps,

[ ] ≔ [ ] ( )‡ ( ) ‡ ‡ ‡

[ ]
[ ] [ ] [ ]år f r f f fL = W =p , . 17

i
i i in S S S

n
i i
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with ‡fi the CPTPmap dual to the CPUmapfi in (13): ( [ ]) ( [ ] )‡r f f r=O OTr TrS i S i s S . On the other hand, the
environment state is stationary,

( )[ ]
( ) [ ]rW =-

- . 18a b
n

E
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,
,

The proof is reported in appendix A. The collisionmodel naturally provides a discrete-time dynamics. In
discrete-time, the notion of divisibility is naturally drawn from continuous-time:Λn is (C)Pdivisible if it can be
written asΛn=Λn,mΛm" În m ,  with L = L L-

n m n m,
1 a (C)PTPmap.

2.1. Concrete collisionalmodel
To investigate the physics behind the phenomenon of SBFI, we now consider two statistically coupled parties
S= S1+ S2, each independently interacting with its ownMarkov-chain environment, with compound reduced
dynamicsΛn⊗Λn. Thus ( ) ( )= ÄM MS 2 2  , while theMarkov chain is chosen to consist of diagonal 4× 4
matrices, ( )( ) = DE

k
4  , andfi to be unital Paulimaps:
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for j≠ 0, k≠ 0withj a real parameter, whereσj, j= 1, 2, 3, are the Paulimatrices, while s =0 . From (17), also
Λn results a unital Paulimap; indeed,
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ThemapsΛn are invertible; then,Λn=Λn,n−1oΛn−1 with L = L L- -
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Let theMarkov transitionT in (12) be

( )=
+ D - D
- D + D
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p p p p

p p p p

p p p p
r r r r

22
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with positive parameters such that

( )D + + =p p p r0
1

2
, 2 1, 230  

andwith invariant probability vector p= (p0, p, p, r).WhenΔ= 0, it follows thatTij= pi, for all j so that the
probabilities factorize,
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i
i i

j,

0
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Further, from (17), it follows that such an uncorrelated environment yields a reduced dynamics which is a CPTP
discrete-time semigroup L = Ln

n, where [ ] [ ]‡r f rL = å = pS i i i S0
3 .

On the contrary, ifΔ> 0, themutual information in (9)with ( )r r=A E
k , ( )r r= +

B E
k 1 and [ ]r r= +

AB E
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and ( ) ( ) ( )= - - - -h x x x x xlog 1 log 1 decreases for 1/2� x� 1.Due to the stationarity of theMarkov
process, +k k, 1 is site independent and the correlations between any two successive environment sites increase
with 0�Δ� p. Furthermore, forΔ> 0 the dynamicalmapΛn is no longer a semigroup and the evolution is
governed by the following

Proposition 2.Choosing themapsfk as in (19) and the transitionmatrix as in (22), the spectrum of the dynamics
Λn,
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Proof.Due to the formof the transitionmatrix,
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wherewe set ( )l = 1j
0 . Since ( )m = 1j

0 for j= 0, 1, 2, 3, from (23) it follows that ( ) = + + =-A p p r2 1n
j

1 0 and
( ) =-B 0n

j
1 so that ( )l = 1n

0 for all În . On the other hand, the choice of the other coefficients ( )mk
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=

-
- - - -A p p r B p1 , 1 1 , 30n n

k

n

k
n k n k

1
1,2

0 1
1,2

0

2
1,2 2 2

( )( ) ( )j= + + =- -A p p r B2 0. 31n n1
3

0 1
3

Since p0+ 2p+ r= 1 the expressions in (24) and (25) follow. ,

We shall now study themodel for two distinct choices ofj in (19), corresponding respectively to (1) a
unitary coupling, discussed in Section 2.1.1, for which the solution of (24) can be analytically computed and (2) a
dissipative coupling, presented in section 2.1.2, for which the natural stroboscopic limit of collisionalmodels
[20, 23, 29] is analytically available and allows one to compare the continuous-time scenariowith the discrete-
time one.

2.1.1. Unitary case
Setj=− 1; then,fk[X]=σkXσk and themap (13) becomes a ‘controlled-unitary’ typical of collisionalmodels
[26, 27]. In this scenario, the interaction between system S and the environment E is described bymeans of a
unitarymatrix =t

t s- å ÄPU e ig k k k for a duration τ=π/2g : [ ] †
/ /F = p pX U X Ug g2 2 . Only j= n− 2 contributes

to the sum in (24) and inAppendix B, the recurrence relations (24) and (25) are shown to yield

( ) ( )( )

l
b a

b
b a b a

b
a b

l

=
+ +

+
- -

= - p

2 2 2 2
,

1 4 , 32

n

n n

n
n3

⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

wherewe set

( ) ( )a b aº - + º + Dp r p1 2 , 16 . 332

Letα> 0 so that ( )l > 0n
1,2 . The type of divisibility of the reduced dynamics depends on the environment

correlations as follows.

Proposition 3.

(i) Λn is P-divisible if and only if

( )a aD +p r p2 , 34

(ii) Λn is CP-divisible if and only if

( )aDp r2 , 35

(iii) Λn⊗Λn is P-divisible if and only if

( ) ( ( ) ) ( )a
a

D + - + - -p r p p p2
2

1 1 4 1 2 . 36

For the proof, see Appendix B.Notice the strength of the environmental correlationsΔ governs the
divisibility degree of the reduced dynamics, in that (ii)⇒ (iii)⇒ (i); on the other hand, (iii) (ii) (see Remark 1
below).

To illustrate how the intensity of the environmental correlations relates to the emergence of SBFI, consider
r= 0 so that 2Δ�α and, by (i),Λn is guaranteed to be P-divisible. Then, the discrete-time intertwinersΛn,m are
contractive and forbids BFI for a single qubit.

Then, we consider p= 1 and proceedwith a perturbative analysis. Given any ( )†= ÎX X M2  , one has
that (see Appendix B for details) up to second order in p,
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∣∣ [ ]∣∣ ∣∣ ∣∣ ( ) ( )L - = - + D +- X X K p K p o p ,n n, 1 1 1 1 2
2 2

withK1� 0 andK2(Δ)> 0 and no discrete-time dependence. Therefore, possible environment correlations
(Δ≠ 0) contributewith a positive second order term in the small parameter p; this latter cannot counteract the
negative, correlation independent first order termwhich thenmakes themapsΛn,n−1 contractive for all time-
steps n in the regime 0�Δ� p= 1, thus concretely showingwhy there cannot be BFI for one qubit: the single
qubit state distinguishability can never increase in time.

On the other hand, considering now two qubits, again setting r= 0, at leading order in 0� p= 1, the
positivity condition (36) impliesΔ/p≡Q� 1/2. Therefore, ifQ> 1/2,Λn,n−1⊗Λn,n−1 cannot be positive and
is thus not contractive.Moreover, beingΛn⊗Λn invertible, the collisional dynamics of two qubits certainly
exhibits SBFI, namely increasing distinguishability as witnessed by a suitably constructed two-qubitHelstrom
statistical ensemble through the correspondingHelstrommatrix. Also, the lack of positivity ofΛn,n−1⊗Λn,n−1

forQ> 1/2 is easily seen by acting on totally symmetric projector +P2 . Indeed, as shown inAppendix B,

∣∣ [ ]∣∣ ∣∣ ∣∣ ( )L Ä L - = - >- -
+ +P P p Q4 2 1 0,n n n n, 1 , 1 2 1 2 1

2

henceΛn,n−1⊗Λn,n−1 is non-contractive, hence not Positive.

Remark 1.UnlikeΛt⊗Λt in continuous time, in discrete timeΛn⊗Λn can be P-divisible even ifΛn is not CP-
divisible. Indeed, themain result of [13] is based on the existence of time-local generators. Thus, even ifΛn is not
CP-divisible,Λn⊗Λnneed not automatically display SBFI.However, as we saw above, in our case SBFI is
triggered by sufficiently strong environment correlations that help to violate the inequality (36).

We now study the single and two qubit information flows fromand into the collisional environment by
means of the system-environment correlations as quantified by themutual information. For that we restrict the
system-environment state at discrete-time n, ( )wSE

n , on a local observable [ ]Ä - +O AS E
a b1, , Îa b, . One thus

retrieves the evolved local system-environment densitymatrix [ ]
( )W - +S a b
n

1, through (6), given by (see Appendix C
equation (C2))

[ ] ( )
ℓ

ℓ ℓ ℓ[ ]
( ) ‡ [ ]

[ ]
[ ] [ ] [ ]å f rW = Ä P-

-

- +

- - + - +
p . 37S a b

n
S

a b
,

,

n b

a b n n b

1,

, 1,0 1,

We shall then consider themutual information (10) relative to the compound state at discrete-time n (37) as a
faithful quantifier of the system-chain correlations. In Appendix C, equation (C7), it is shown that the latter
quantity takes the form

( [ ]) ( [ ])[ ]
( ) ‡

[ ]
[ ] [ ]år f r= L -- S p S .

i
i iS a b

n
n S S,

n

n n

1,

1, 1,


Note that the previous expression depends only on n and not on the size of the portion of the chain considered.
Taking into account, as above, two independent qubits coupled to identical chains, themaximalmutual
information of their local densitymatrix reads

( [ ]) ( [ ]) ( )( )
( )

‡

‡ ‡

[ ] [ ]
[ ] [ ] [ ] [ ]år f f r= L Ä L - Ä+ + +S p p S . 38

i k
i k i kS S E

n
n n S S S S

,n n

n n n n

1, 1,

1, 1, 1, 1,


In the case under consideration, the unitalmapsfi are unitary; thus (38) yields

( [ ]) ( ) ( )( )
( ) r r= L Ä L -+ + +S S ; 39S S E
n

n n S S S S

in particular, the variation of themutual information between two discrete-times n�m reduces to checking the
behaviour of two-qubit entropy:

( [ ]) ( [ ]) ( )( )
( ) r rD º L Ä L - L Ä L+ + +S S . 40S S E
n m

n n S S m m S S
,

Let us recall that the vonNeumann entropy increases under PTP unitalmaps [30–32]; thus, when the unital
single-qubit reduced dynamics is P-divisible, ( )D 0SE

n m,  . On the other hand,moving to two qubits, choose as
a concrete instance

( )= D =
-

r p
p

p0,
1

4

1

2
,

1 2

2

1

2
, 41   

so thatΛn is P-divisible with (34) being saturated and the Pauli eigenvalues (32) at thefirst two successive
discrete-time steps satisfyλ1=λ2=α= 1− 2p. Further, choosing p= 1/4+ ò, ò= 1, one can perform a
perturbative study and show that the two-qubit completely symmetric projector r =+

+PS S 2 witnesses a decrease
of the two-qubit vonNeumann entropy (details can be found inAppendix E),

( ) ( )( )
( ) /D = - <+ 4 log 4 3 0, 42S S E
2,1 2

hence a decrease of system environment correlations between thefirst and the second collision.
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2.1.2. Dissipative case and stroboscopic limit
Let us now takej= e−2 γτ, γ, τ> 0 so thatf0= id and for k≠ 0

[ ] ( ) ( )f g s s= = -te X X X, . 43k k k k
k 

In such case, ourmodel is analogous to a collisionalmodel inwhich the qubit S and the ancilla ( )
E
0 undergo a

joint dissipative evolution  [ ]( ) ( )Ä ÄtO O e O OS E S E
0 0 for a time τ, before the shift on the chain is applied (the

formof the theGKLS generator  is reported inAppendixD). TheMarkov chain correlations contribute with
memory effects on top of thisMarkovian semigroup dynamics and,moreover, it allows one to retrieve a
continuous-time dissipative dynamics and compare BFI and SBFIwithin such a continuous context. The
technique employed is the so-called stroboscopic limit defined by τ→ 0, n→∞, nτ→ t. ChoosingΔ= e−κτ/2,
p→ 1/2 and, straightforwardly, ( )l = g-et

t3 2 , while the other twoPauli eigenvalues are both equal to the solution
λt of the integro-differential equation

 ( )( )( )òl g l g l= - + k g- + -sed , 44t t

t
t s

s
2

0

which yields (see AppendixD)

( ) ( ) ( )( )l
k

= +g k- +e Kt
K

Ktcosh
2

sinh , 45t
t

2 ⎡
⎣

⎤
⎦

where /k gº +K 4 22 2 .We thus obtain a family of P-divisible Pauli dynamicalmaps, with generator

[ ] ( )( )r g s rs r= å -=t i t
i

i i
1

2 1
3 and rates

( )( ) ( )g g g= = , 46t t
1 2

( ) ( )( )g
g

k g k g k
= -

+ + +t

2

4 coth 4
, 47t

3
2

2 2 1

2
2 2

with ( )gt
3 being negative at all times.

System-environment correlations
Let us consider the caseΔ= 1/2 and p= 1/2.Notice that such case corresponds toκ= 0 and

( )( )g g g= - ttanht
3 , namely to thewell known ‘eternally’non-Markovian evolution firstly discussed in [33].
In such case, only two sequences i[1,n] have non-vanishing probabilities and thus contribute to (17), namely

1= 111K and 2= 222K with probabilities p1= p2= 1/2. Accordingly, the continuous-time limit of (38) reads

( [ ]) ( [ ]) ( )( )
( ) år r= L Ä L - Ä+ +

=
+S S e e

1

4
. 48S S E

t
t t S S

i j

t t
S S

, 1,2

i j  

Notice that, unlike in the unitary case, each of the entropies in the second termnow grows in time due to the
joint unital dissipative evolution of S and ( )

E
0 thatmixes them.

We study ( )
( )
+S S E

t picking ρS+S ofX-shapewith respect to the eigenvectors of thematrixσ1⊗σ1:

¯ ( )
¯

( )( )r

m
n

m m n
m

= - + +

u

v
v

u

0 0

0 0
0 1 0

0 0

. 49X
1

1

1 2

2

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

In Appendix E, its decomposition in terms of the Paulimatrix tensor products { }s sÄi j ij is reported, from
which the time-evolving states entering (48) can be easily inferred. Infigure 2, we display the system-chain
mutual informationwhen the system is initialized in a state of the class (49), which displays a growth and collapse
of correlations.We also compare such behaviourwith that of ∣∣ [ ( )]∣∣( ) ( )r rL Ä L Dm ,t t X X

1 3
1, where

( )rX
3 hasX shape

in the computational basis.
Thus, the system-chain correlations can undergo a decrease for a certain time interval, despite the

stationarity of the environment.

Remark 2.The information lost by the system and subjected to BFI is generally thought to be stored either in
system-environment correlations or in changes of the environmental state (notice that in our Example, the
environment is stationary (15)) [9, 34]. Infigure 2 themutual information ( )

SE
t of (48) is plotted for X states with

μ1,2= ν= 1/4. As for themaximally entangled state state +P2 considered in (42), these states havemaximally
mixedmarginals. For a state ρS+Swithmaximallymixedmarginals, using trace preservation and factorization,
one shows that
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( [ ]) [ ( )]( ) ( )r rL Ä L = L =+ +Tr Tr
2

.t t S S t S S1 2 1 2
2

Similarly, one checks that the one-qubit local densitymatrix (37), obtained by tracing over one of the two open
systems together with its own environment, reduces to

( )[ ]
( ) [ ] ( )rW = Ä  =-

-

2
0. 50S a b

t
E

a b
SE
t

,
2 , 



For such states, the bipartite correlations have a non-monotonic behaviour in time, while the qubit-chain
marginals are uncorrelated at all times due to (50). Thus, in such case, the information is temporarily stored
non-locally in the system-environment correlations.

3.Quantum signature of SBFI

SBFI is undoubtedly amemory effect with no classical counterpart, despite itmight arise from the coupling to a
classical collisional environment. The reason is that positivity and complete positivity coincide formappings on
commutative algebras. To illustrate this inmore detail recall that, in a commutative setting, theHelstrommatrix
takes the form

( ) ( ( ) ) ( )år s m mD = - -m p q P, 1 , 51S S
i

i i i

pi, qi being, respectively, the eigenvalues of ρS andσS andPi their common eigenprojectors. Thus, theHelstrom
distinguishability reduces to theℓ1-normof the vector ∣∣ ∣ ( )∣ ∣∣ℓm mñ - - ñp q1

1
, with ∣∣∣ ∣∣ ∣ ∣ℓñ = å =x xi

d
i11
. In the

case of a classical bipartite system, consider a real vector ∣ ∣ ∣ñ = å ñ Ä ñ Î Äx x i jij ij
d d  evolving into

|xt〉=T(t)⊗T(t)|x〉, under the action of a continuous-time P-divisible stochastic processT(t), such that for all
t� s� 0,T(t)=T(t, s)T(s), withT(t, s) a stochasticmatrix,Tik(t, s)� 0 and∑iTik(t, s)= 1. Under such dynamics,
theℓ1-normof a time-evolving vector ∣ { }ñ = Î ´x xij

d d  cannot increase in time,

∣∣ ( ) ( )∣ ∣∣ ∣ ( )ℓ¶ Ä ñ " ñ Î ´T t T t x x0, . 52t
d d

1   
Indeed,

||| || ( ) ( ) ( ) | ( ) | | ( ) | | ( ) |

| ( ) | ||| ||

ℓ

ℓ

å å åå

å

ñ =

= ñ

x T t s T t s x s T t s T t s x s

x s x

, , , ,

,

t
ij kl

ik jl kl
kl ij

ik jl kl

kl
kl s

1

1





for all t� s� 0. For quantum systems, as we have seen, the phenomenon of SBFI is witnessed by the quantity

( ) ∣∣ [ ( )]∣∣
∣∣ [ ( )]∣∣ ( )

t r s
r s

D + = L Ä L D
- L Ä L D

m t t m

m

+ + + +

+ +

D t t, : ,

, , 53

t t S S S S

t t S S S S

1

1

assuming a strictly positive value at some t, τ> 0, that is by revivals of the bipartiteHelstromdistinguishability.
The quantum character of such amemory effect can be assessed by the followingmeasure of the quantum
correlations present in theHelstrom ensemble ( ) {( ( )) ( ( ))}m r m s= -+ +t t t; , 1 ;H S S S S . The quantumness of
a single-party ensemble {( )}m r= ,i i has been identifiedwith the possibility of simultaneously diagonalizing it

Figure 2. System-chainmutual information for the state ( )rX
1 withfixedμ1=μ2= ν= 1/4, v= i/8 at different values of real u. For

u= 0.001, the behaviour is comparedwith that of the trace normof theHelstrommatrix between [ ]( )rL Ä Lt t X
1 and [ ]( )rL Ä Lt t X

3 ,
with biasμ= 0.52, ( )rX

3 being in the form (49)w.r.t.the computational basis and defined by parameters

/ /m m n= = = = =¢ ¢ ¢ ¢ ¢u v1 2, 0, 1 8, 01 2 . One easily sees that themarginals of ( )rX
1 are themaximallymixed state /22 .
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[35, 36]; equivalently, if the ensemble is encoded into a quantum–classical state ∣c m r= å Ä áii i i
 , one can

measure the ensemble quantumness in terms of the quantum correlations as left-sided quantumdiscord in c
[36, 37]. Among the variety of available discordmeasures [38], we shall consider the so-calledmeasurement
induced geometricmeasure of quantum correlations defined in the trace normby

( ) ≔ ( [ ]){ } r r rÄDmin , id ,




where [ ] = åX P XPi i i is a projectivemeasurement associated to { } ∣= = áP P i,i i i an orthonormal set of rank-1
projectors. If  is an ensemble of bipartite states, one rather focuses onfinding a simultaneous diagonalization
on a set of rank-1 projections of the type { }ÄP Pi j ij

1 2 . Accordingly, in [39] the followingmeasure of bipartite
‘ensemble quantumness of correlations’was introduced:

( ) ( [ ]) ( ){ } åc m r r= ÄÄ
Ä

Dmin , , 54
i

i i i
1 21 2

1 2
  

 
 

with c now encoding the bipartite ensemble bymeans of an additional classical register.
The next result connects the bipartite quantumness of correlations of theHelstrom ensemble, as defined by

(54), to the quantity (53) exposing SBFI.

Proposition 4.Given a dynamicsΛt⊗ΛtwithΛtP-divisible, the variation of theHelstrom distinguishability
ΔDμ(t+Δt, t) can be bounded as follows

( ) ∣∣ ∣∣ ( ( )) ( )◇ { }t cD + Lm t+ ÄD t t t, 2 , 55t t,
2 H1 2   

where ( ) ( ) ∣ ( ) ( ) ∣c mr m s= Ä á + - Ä á+ +t t t0 1 1S S S SH , while ||. ||◊ denotes the diamondnormof amap.

Proof. Let usfix {∣ }ña ap with ∣ ∣ ∣ñ = ñ Ä ñap p pi j
1 2 , {∣ }ñpi i

1 , {∣ }ñpj j
2 being arbitrary local orthonormal basis, from

which one has a corresponding orthonormal set of rank-1 projectors { }ÄP Pi j ij
1 2 . Accordingly, a completely

decoheringmapwith respect to such basis is described by a (bi)local projectivemeasurement:

[ ] åÄ = Ä ÄX P P XP P .
ij

i j i j1 2
1 2 1 2 

Then, for t> s> 0 both in discrete and continuous time, considering theHelstrommatrix at time t,
Λt⊗Λt[Δμ(ρS+S,σS+S)], via the triangle inequality and the contractivity ofΛt,s and Ä1 2  , one estimates

  ∣∣( ) ( )[ ( )]∣∣ ∣ ( )∣ ∣∣ [ ]∣∣ [ ]

∣∣ [ ( )]∣∣ ∣∣ ( )∣∣ ( )

å dL Ä L Ä D L L

Ä D D

m m

m m

s s P P

s s , 56

t s t s
ij

ij
t s i t s j, , 1 2 1 ,

1
1 ,

2
1

1 2 1 1

  

   
where ( ) ≔ ∣ ∣ ( )∣ ∣d á á D ñ ñm ms p p s p pij

i j i j
1 2 1 2 . Consider the induced trace norm and the diamond normof

( ) ( )L  ¢M M: d d  [40],

∣∣ ∣∣ {∣∣ [ ]∣∣ ∣∣ ∣∣ } ∣∣ ∣∣ ∣∣ ∣∣◇L = L L = L ÄX Xmax : 1 , id .d1 1 1 1
Then, the variation of theHelstrommatrix,

( ) ≔ ∣∣ [ ( )]∣∣ ∣∣ ( )∣∣D L Ä L D - Dm m mD t s s s, t s t s, , 1 1

can be upper-bounded as follows

 


 



( ) [ ( )] || ( ) ||
[ ( ) [ ( )]]

( ) [ ( ) [ ( )]] [ ( )]
|| ( ) ||
|| [ ( ) [ ( )]] ||
( ) || [ ( ) [ ( )]] ||
|| [ ( )] || || ( ) ||

m r r
m s s

m r r
m s s

D = L ÄL D - D

= L ÄL - Ä

- - L ÄL - Ä + L ÄL Ä D
- D

L ÄL - Ä
+ - L ÄL - Ä
+ L ÄL Ä D - D

m m m

m

m

m m

+ +

+ +

+ +

+ +

D t s s s

s s

s s s

s

s s

s s

s s

,

1

1

.

t s t s

t s t s S S S S

t s t s S S S S t s t s

t s t s S S S S

t s t s S S S S

t s t s

, , 1 1

, , 1 2

, , 1 2 , , 1 2 1

1

, , 1 2 1

, , 1 2 1

, , 1 2 1 1

 
   

  
 

 
Using (56) and the fact that ∣∣ ∣∣ ∣∣ ∣∣◇L Ä L L1

2 , we have

( ) ∣∣ ∣∣ ( ∣∣ ( ) [ ( )]∣∣
( )∣∣ ( ) [ ( )]∣∣ )

◇ m r r

m s s

D L - Ä

+ - - Ä
m + +

+ +

D t s s s

s s

,

1 .

t s S S S S

S S S S

,
2

1 2 1

1 2 1

  
 

Since 1,2 are arbitrary, one can tighten the latter inequality byminimizing over the projectivemeasurements.
One thenfinally obtains the following upper-bound forΔDμ(t, s),

( ) ∣∣ ∣∣ ( ( ))◇ { } cD Lm ÄD t s s, 2 ,t s,
2

1 2   
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where the quantumness of theHelstrom ensemble ( ) {( ( )) ( ( ))}m r m s= -+ +s s s; , 1 ;H S S S S , encoded in the
quantum–classical state

( ) ( ) ∣ ( ) ( ) ∣c m r m s= á + - Ä á+ +s s s0 1 1 ,S S S S


ismeasured by the (left-sided) quantum correlations of ( )c sH [39]:

( ( )) ( ∣∣ ( ) [ ( )]∣∣

( )∣∣ ( ) [ ( )]∣∣ )

{ } c m r r

m s s

= - Ä

+ - - Ä

Ä
Ä

+ +

+ +

s s s

s s

1

2
min

1 .

S S S S

S S S S

1 2
1

1 2
1

H1 2
1 2

 

 
 

 
 

,

Remark 3. If SBFI triggers at time t, i.e.ΔDμ(t+ τ, t)> 0, then the quantumness of correlations of the ensemble
( ) {( ( )) ( ( ))}m r m s= -+ +t t t, ; 1 ,H S S S S has to be strictly positive, that is, the state ( )c tH has to have a non

zero quantumdiscord. In this sense, theHelstrom ensemble quantumness is a ‘precursor’ of non-Markovianity
[41]. In particular, ( ( )){ } c >Ä t 0H1 2   does not imply that the states are entangled (as similarly noted in
[42, 43]; a simple construction in the Pauli case for a quantum ensemble triggering SBFI but not involving
entanglement is reported inAppendix F).

4. Conclusions

In this workwe studied the SBFI in an open systemof two qubits, each coupled to a classicalMarkov chain. The
assumptionsmade in the treatment of the environment and the interaction allowed for a full analytical
description of the systemdynamics and system-environment correlations. Notice that there is a structural
difficulty, both analytically and from the point of view of amicroscopic derivation, to devise dynamics that are
P-divisible but not CP-divisible. This reflects the lack of a general characterization of positivemaps versus
completely positive ones. Despite these general obstructions, the proposedmodel is sufficiently rich to provide a
dynamics with a neatmicroscopic origin of its degree of divisibility, and able to display the SBFI effect.

Both in the discrete and continuous-time regimes, we investigated the emergence of bipartitememory
effects bymeans of the system-chainmutual information of local densitymatrices obtained through an algebraic
approach. Growths and collapses of correlations have been detected for both unitary and dissipative collisions:
in the former case, themutual information is simply the system’s entropy up to a constant, while in the latter case
it has the formof a Jensen-Shannon divergence. Despite the ongoing debate regarding the physical nature of
Backflowof Information, especially in such kind of classical environments, the non-monotonicity of the
aforementioned quantities provides a clear-cut physical interpretation in terms of system-environment
correlations. Interestingly, despite informationmight be stored in and released through classical correlations,
SBFI has no classical counterpart; however, the quantum resource needed to trigger it is only the quantumness of
theHelstrom ensemble but not entanglement in its states.
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AppendixA. Reduced dynamics

As seen in themain text, tensor product elements of the local algebra [ ]-
E

a b, supported by the interval of integers
−a� j� b are denoted bymeans of themulti-indices i[−a,b]= i−ai−a+1L ib as follows:

[ ] ( ) ( ) ( ) ( )
[ ]

= Ä Ä Ä = ÄÄ - - - +

=-- - - +
A A A A A ,i

a b
i

a
i

a
i
b

k a

b

i
k, 1

a b a a b k, 1

where the upper index in ( )Ai
k

k
indicates the site k at which the operator Aik is located.

The collisional dynamicsΦn= (Θ oΦ)n comprises 1) the right shiftΘ on E such that

[ ][ ] [ ]
[ ] [ ]

Q =- - + +
- -

A A ,i i
a b a b, 1, 1
a b a b, ,
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and 2) the CPUmap on the bipartite algebra ÄS  of system S and chain ancilla at site 0 defined by:

[ ] [ ] ( )( ) ( ) ( ) ( )å fF Ä = Ä P P Î
=

-

O A O A A atsite, 0, A1S i
k

d

k S k i k i
0

0

1
0 0 0

0 0 0 

withfk completely positive, unitalmaps on the system algebra S .When extended to thewhole algebra
ÄS E  ,Φ yields

[ ] [ ] ( )[ ] ( ) [ ] [ ] ( ) ( ) ( ) [ ]
[ ] [ ] [ ] [ ]å fF Ä Ä Ä = Ä Ä P P ÄÄ - - Ä

=

-
Ä - + Ä +

- - - -
O A A A O A A A . A2i i i iS

a
i

b

k

d

k S
a

k i k
b

1
, 1 0 1,

0

1
1,0 1 1 1 2, 1

a b a b, 1 0 1, , 1 0 1,

Iterating the action ofΘ oΦ one gets

[ ] [ ]

( )

[ ] [ ] ( ) ( ) ( )

( ) ( ) ( ) [ ]

[ ]
[ ]

[ ] [ ]

[ ]

å fF Ä = Ä Ä P P Ä

ÄP P Ä

Ä - Ä - +

Ä + +

- - - - +
O A O A A

A A , A3

i
k

k in S
a b

S
a n

k i k

k
n

i
n

k
n

i
n b n

, ,0 1 1 1

1,

a b

n

n a n n

n n b

,

1,

1, , 1 1 1

0 1,

where k[a,b] denotes themulti-index kaka+1Kkb and    
[ ]

f f f fºk k k kn n1, 1 2
.

A.1. System S reduced dynamics
The reduced dynamicsΛn of the states of the open system S at discrete time n in (4) is obtained through (see (7)),

( ) ( )( ) wW = F ÄO OTr ;S
n

S SE n S E

namely by restricting the compound stateωSE oΦn to the system S algebra ÄS E  . Using (A3) one gets

[ ] [ ] ( )( )

[ ]

[ ]å fF Ä = Ä Ä P=O O . A4
k

kn S E S j
n

k
j

1

n

n j

1,

1,


Let us consider an initial factorized stateωS⊗ωEwhere the system stateωS is represented by a densitymatrix ρS,
while the restriction of the environment stateωE to the algebra spanned by the orthogonal projections

( )
[ ]P º Ä P=k j

n
k

j
1n j1,

gives rise to the densitymatrix
[ ] [ ] [ ]å Ppk k kn n n1, 1, 1,

. Then,

( [ ]) ( [ ]) ( [ ] )‡

[ ]
[ ] [ ]

[ ]
[ ] [ ]å åw w r f f rÄ F Ä = =O p O p OTr Tr ,

k
k k

k
k kS E n S E S S S S

n

n n

n

n n

1,

1, 1,

1,

1, 1,


where   ‡ ‡ ‡
[ ]

f fF =k k kn n1, 1
with ‡fki

the dualmap of fki
. Hence, in the Schrödinger picture, the dynamical

map reads

( )‡

[ ]
[ ] [ ]å fL = p . A5

i
i in

n

n n

1,

1, 1,

A.2. EnvironmentE reduced dynamics
The single site operatorsAi belong to the commutative algebra generated by the orthogonal projectors ( )P j

k ;

then,å P P ==
- A Ak

d
k i k i0

1 . Therefore, due to the assumed unitality of the CPmapsfk, from (A3) it follows that





[ ]

[ ] ( )

[ ] [ ] ( ) ( ) ( )

( ) ( ) ( ) [ ]

[ ] ( ) ( ) [ ]

[ ]

[ ]
[ ]

[ ]

[ ]

[ ] [ ]

[ ]

åF Ä = Ä Ä P P Ä

Ä P P Ä

= Ä Ä Ä Ä Ä

= Ä Q

Ä - Ä - +

Ä + +

Ä - + Ä + +

Ä -

- - - - +

- - - +

-

A A A

A A

A A A A

A . A6

i
k

i

i

i i

i

n S
a b

S
a n

k i k

k
n

i
n

k
n n b n

S
a n

i i
n n b n

S
n a b

, ,0 1 1 1

1,

,0 1 1,

,

a b

n

a n n

n n b

a n n b

a b

,

1,

, 1 1 1

0 1,

, 1 0 1,

,

 





Since the environment state is shift-invariant by construction, it follows that the environment state is stationary:

 ( ) ( ) ( )w w wF Ä = Ä = .SE n S E SE S E E E   

Appendix B.Λn in the unitary case

The unitary case correspond to choosingj=− 1 in (19). Then, only j= n− 2 contributes to the sum in (24) so
that:

ℓ( ( )) ( )ℓ ℓ ℓ( ) ( ) ( )l l l= - + + D =- -p r p1 2 4 , 1, 2. B1n n n1 2

The general solutions of (B1) can be foundwith the ansatz ℓ ℓ( ) ( )l l= -xn n 1 for all n� 2, bymeans of the roots x± of
[44]
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( ) ( ) ( )a a= - + D = - +P x x x p p r4 , 1 2 . B22

The general solutionwill thus have the form ℓ( )l = ++ + - -c x c xn
n n, with the constants c±fixed by the initial

conditions ℓ( )l = 10 and ℓ( )l a=1 . The eigenvalues ( )ln
1,2,3 then read

ℓ ( )ℓ( )l
b a

b
a b b a

b
a b

l b a=
+ +

+
- -

= = + D =p
2 2 2 2

: , 16 , 1, 2, B3n

n n

n
2⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠

( ) ( )( )l = - p1 4 . B4n
n3

From themultiplicative action of the PaulimapsΛn on the Paulimatrices, one deduces thatΛn is a convex
combination of two discrete-time semigroups:

[ ] ( ) ( )( )åb a
b

b a
b

y s sL =
+

Y +
-

Y Y =+ - 
=

X X where
2 2

, Tr , B5n
n n

i

i
i i

0

3

( )( ) ( ) ( )y
a b

y y=


= = -   p
2

, 1, 1 4 . B61,2 0 3

It will be sufficient to consider the caseα> 0, namely r< 1/2− p. If p≠ 1/4, then ( )ln
j andΛn.We can thus

compute the intertwiningmaps L = L L- -
-

n n n n, 1 1
1 between two subsequent collisions. Setting

≔g d> = >b a b a+ - : 0
2 2

, thesemaps are of Pauli typewith eigenvalues

≔ ( )
( )

( )( ) ( ) ( )l l l
l
l

g d
g d

l= = =
+ -
+ -

= -- - -
-

+ +

- - p
1

1
, 1 4 . B7n n n n n n

n

n

n n n

n n n n n, 1 , 1
1

, 1
2

1

1 1

1 , 1
3

The P-divisibility of the discrete family of PaulimapsΛn, that is the contractivity of the intertwiningmaps
Λn.n−1, is equivalent to asking that ∣ ∣( )l - 1n n

i
, 1  , i= 1, 2, 3. In order to show this, wefirst prove that

( )l l> " >- n 2. B8n n2,1 , 1

To see this, let [0, 1]å x≡ δ/γ. For even n= 2k> 2,

( )l g=
+
-

-

+x

x

1

1
, B9n n

n

n, 1

1

monotonically decreases with n. Instead, for odd n= 2k+ 1> 2,

( )l g=
-
+

-

+x

x

1

1
, B10n n

n

n, 1

1

increases with n; nevertheless,

( )l
l

=
-
+

-
+

-
+x

x

x

x

1

1

1

1
1. B11n n

n

n

, 1

2,1

1 2

3


Notice that p0= 1− r− 2p� 0 and r� 0 imply 0� p� 1/2, so that ∣ ∣ ∣ ∣( )l = -- p1 4 1n n, 1
3  . From (B7) and

the previous discussion, one checkswhen |λ2,1|�1:

( )
( )

( )l
a

= - + +
D

- +


D
+p r

p

p r

r

p
0 1 2

4

1 2
1

2

1

2
, B122,1  

whereαhas been defined in (B2).
Instead, the conditions for the complete positivity ofΛn,n−1 are obtained by asking for the positivity of the

eigenvalues of the 4× 4Choimatrix [ ]L Ä- +Pidn n, 1
2 , where +P2 projects onto the totally symmetric vector

∣ (∣ ∣ )Y ñ = ñ + ñ+ 00 112 1

2
. The eigenvalues are easily computed to be:E1(n)= p, twice degenerate and

( ) ( ) ( )( )l l
l

= + + =
-

+- -
-E n

p1

4
1 2

1 2

2 2
, B13n n n n

n n
2 , 1

3
, 1

, 1

( ) ( ) ( )( )l l
l

= + - =
-

-- -
-E n

p1

4
1 2

1 2

2 2
. B14n n n n

n n
3 , 1

3
, 1

, 1

From0� p� 1/2 andλn,n−1� 0 it follows thatE1(n)� 0. Further, (B8) implies E3(n)� E3(2); then the
positivity ofE3(n) is ensured by

( )( )l l
a a

+ - = -
D


D

r
p r

p
1 2 4

8
0

2
. B152,1

3
2,1  

Wenow consider the positivity ofΛn,n−1⊗Λn,n−1. SinceΛn,n−1 are Paulimaps, thenΛn,n−1⊗Λn,n−1 is positive
if and only if L -n n, 1

2 is completely positive [45], that is if and only if the Choimatrix [ ]L Ä- +P 0n n, 1
2 2  .

Recasting
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( )( ) s s s s s s
s s s

s s s
= Ä + Ä - Ä + Ä =

+ +
- -+P

i
i

1

4

1

4
2

1 1 2 2 3 3
3 1 2

1 2 3

⎛
⎝

⎞
⎠

 




yields

[ ] [ ]

( )

( )

( )

( )
( )

( ) ( )

( )

( )

( )

l l

l

l

l l

L Ä L = L Ä =

+

-

-

+

- - + - +

- -

-

-

- -

P P
1

4

1 0 0 2

0 1 0 0

0 0 1 0

2 0 0 1

.

B16

n n n n n n

n n n n

n n

n n

n n n n

, 1 , 1
2

, 1
2 2

, 1
3 2

, 1
2

, 1
3 2

, 1
3 2

, 1
2

, 1
3 2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟



Then, from0� p�1/2 it follows thatΛn,n−1⊗Λn,n−1 is completely positive iff

( ) ( ) ( )l+ - - -p1 1 4 2 0. B17n n
2

, 1
2 

Moreover, sinceλn,n−1�λ2,1� 0, we get the inequality

( ) ( )
a

a
a

D
+

D
- +p p p r p4 2 0, B182

2
2

0 ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

wherewe recall that p0= 1− 2p− r. equation (B18) then gives the condition for P-divisibility ofΛn⊗Λn,

( )
( )

a
D

+ -
- - -r

p

p p

p2

1

2

1 1 4 1 2

4
. B19

Clearly, (B15)⇒(B19)⇒(B12). On the other hand, (B19)(B15). This is in contrast to the case of continuous-
time dynamics with a time-local generator. Indeed, as proved in theorem1of [13], positiveΛt,s⊗Λt,s for all
t�s�0 are possible if and only ifΛt,s are completely positive.

To see explicitly how the environmental correlations relate to the lack of BFI for one qubit and super-
activation of BFI for two qubits, let us consider r= 0 and p= 1 and letΔ=Q p. From (B3) and (B4), one sees
that

( ) ( )( )l l= - + + = -- -p Qp O p p1 2 4 , 1 4 , B20n n n n, 1
2 3

, 1
3

for all n�2.Notice that the eigenvalues of † s= = + å =X X x xi i i0 1
3 in ( )M2  are x0± ||x||. Then,

∣∣ ∣∣ = =X x X2 Tr1 0 if x0� ||x||, otherwise ||X||1= 2||x||. Let us assume ( ) =X xTr 2 00  and set
Y=Λn,n−1[X], its eigenvalues being x0± ||y||, with ( )( )l l l= - - -y x x x, ,n n n n n n, 1 1 , 1 2 , 1

3
3 . Thus,

||Y||1= ||X||1= 2x0 if x0> ||y||, otherwise ||Y||1= 2||y||. Then, expanding up to the second order in p onefinds

∣∣ ∣∣ ∣∣ ∣∣ ( ( ) )) ( ( ) ) ( ) ( )= - + + + + + +y x p x x x p Q x x x O p2 2 4 . B212 2
1
2

2
2

3
2 2

1
2

2
2

3
2 3

Therefore, for x0�||y||, x0�||x|| so that ||Y||1�||x||= ||X||1 and contractivity ensues. Indeed that aQ-dependent,
positive contribution in (B21) only appears at second order in p and is dominated by a strictly negative
contribution, thus preventing BFI for one qubit. Also, notice that up to second order in p there is no dependence
on the successive discrete-time steps n and n− 1.

Instead, let us consider the case of two qubits and consider the trace normof ≔ [ ]L Ä L- -
+Z Pn n n n, 1 , 1 2 in

the same small p regime. From (B16) one sees that the eigenvalues ofZ are ( )( )l-1 03 2  twice degenerate
and

( ) ( )( ) ( )l l l l+ + + -- -1 2 0, 1 2 .n n n n
3 2

, 1
2 3 2

, 1
2

If the latter is positive it follows that ∣∣ ∣∣ ∣∣ ∣∣= = +Z P11 2 1; otherwise, if ( )( )l l> +- -2 1n n n n, 1
2

, 1
3 2, which for small

p occurs wheneverQ> 1/2,

∣∣ ∣∣ ( ( ) ) ( )( )l l= - + + --Z p Q2 1 4 1 4 2 1n n1
3 2

. 1
2 2

becomes larger than 1 forQ> 1/2. Therefore, unlike for a single qubit, for two qubits the leading correction is a
termof order 2 in p; this becomes positive for sufficiently correlated sites in theMarkov chain environment in
which caseΛn,n−1⊗Λn,n−1 ceases to be contractive.

AppendixC. Local system-chain densitymatrices andmutual information

Let us consider again the local algebra [ ]-
E

a b, supported by the integers 0� a� j� bwhose elements are linear
combinations of tensor products [ ]

[ ]
Ä -
-

Ai
a b,

a b,
. Each single-site operator belongs to the commutative algebra

( )= Dd  generated by the orthogonal projectionsΠj, 0� j� d− 1 and is thus of the form

ℓ
ℓ

ℓ
( ) ( )= å P=

-A ai
k d

i
k

0
1

k k k

k

k
. Then,
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ℓ

ℓ
ℓ ℓ

ℓ
ℓ

ℓ[ ] [ ] [ ] ( )
[ ]

[ ]
[ ]
[ ]

[ ] [ ] [ ]
[ ]å = P P º Ä P ºÄ - - -

=- =-
-

-

-

-

- - -

-A a a a, , .i i i
a b a b a b

k a

b
k

k a

b

i
, , ,

a b

a b

a b

a b

a b a b k a b

a b

k
k

,

,

,

,

, , 1 ,

,

The dynamics (A3) thus gives

[ ]

[ ]

[ ]
( )

ℓ

ℓ
ℓ ℓ

ℓ

ℓ
ℓ ℓ

[ ]

[ ]

[ ][ ]

[ ]
[ ]
[ ]

[ ] [ ]

[ ]
[ ]
[ ]

[ ] [ ]

å

å

f

f
F Ä =

Ä P ¼

Ä P ¼ >

Ä -

- + +

+-

-

-

-
- + -

- +

-

-
- + - +

O A

a O n a

a O n a

0

, C1i

i

i

n S
a b

S
a n n b

S
n b

,

,

1,
a b

a b

a b

a b

n a b

n b

a b

a b

n n b

,

,

,

,

1,0 ,

1,

,

,

1,0 1,

 ⎧

⎨
⎪

⎩
⎪

where   ℓ ℓ ℓ[ ]
f f fº

- + - +n n1,0 1 0
.

Let us now consider the discrete-time evolution of local densitymatrices that is obtained by duality:

 [ ] ( )[ ]
[ ]

( ) [ ]w wÄ F Ä = W Ä-
-

-O A O ATr .S E n S E
a b

S a b
n

S E
a b,

,
,

Using the shift invariance of the environment stateωE one gets:

 [ ]

( [ ] )

( [ ] )

ℓ
ℓ

ℓ
ℓ

ℓ
ℓ

ℓ
ℓ

[ ]

‡

‡[ ]

[ ]
[ ] [ ]

[ ]

[ ]

[ ]
[ ] [ ]

[ ]

[ ]

å

å
w w

f r

f r
Ä F Ä =

¼

¼ >

Ä -
-

-

- -

-

- +

- +

- + -

-

- +

O A

p a O n a

p a O n a

Tr

Tr
.i

i

i

S E n S
a b

S S

S S

,
a b

a b

a b a b

a b

n

n b

n b a b

a b

n

,

,

, ,

,

1,0

1,

1, ,

,

1,0

⎧

⎨
⎪

⎩
⎪

Therefore, the local densitymatrices at discrete time-step n, [ ]
( )W -S a b
n

, , read

[ ]

[ ]
( )

ℓ
ℓ ℓ ℓ

ℓ
ℓ ℓ ℓ

[ ]
( )

‡ [ ]

‡ [ ]

[ ]
[ ] [ ] [ ]

[ ]
[ ] [ ] [ ]

å

å

f r

f r
W =

Ä P ¼

Ä P ¼ >
-

-

- +

-

- - + -

- +

- + - + - +

p n a

p n a
. C2S a b

n

S
a b

S
n b

,

,

1,

a b

a b n a b

n b

n b n n b

,

, 1,0 ,

1,

1, 1,0 1,

⎧

⎨
⎪

⎩
⎪

To quantify the system-chain correlations, we compute themutual information

( ) ( ) ( ) ( ) ( )[ ]
( ) ( )

[ ]
( )

[ ]
( )W = W + W - W- - -S S S ; C3S a b

n
S
n

a b
n

S a b
n

, , ,

relative to the evolved local densitymatrices [ ]
( )W -S a b
n

, (C2) and theirmarginals ( )WS
n , respectively [ ]

( )W -a b
n

, that are
obtained by performing the trace over S , respectively E . Using the notation in (11), they read

[ ] ( )
ℓ

ℓ ℓ
( ) ‡

[ ]
[ ] [ ]å f rW =

- +

- + - +
p , C4S

n
S

n

n n

1,0

1,0 1,0

( )
ℓ

ℓ ℓ

ℓ
ℓ ℓ

[ ]
( )

[ ] [ ]

[ ] [ ]

[ ]
[ ] [ ]

[ ]
[ ] [ ]

å

å

r

r
W =

P = ¼

P = ¼
-

- -

- - +

-

- -

- +

- + - +

p n a

p n a
. C5a b

n

a b
E

a b

n b
E

n b
,

, ,

1 , 1,

a b

a b a b

n b

n b n b

,

, ,

1,

1, 1,





⎧

⎨
⎪

⎩
⎪

Notice that (C4) follows since

ℓ ℓ
ℓ ℓ

[ ] [ ]
[ ] [ ]å =

- -

- - +
a n p p .

;a n b

a b n

, 1,

, 1,0


Furthermore, by relabelling the indices in the right-hand side of (C4), one obtains [ ]( ) rW = LS
n

n S withΛn as
in (A5).

Since the contributing operators in (C2) are all orthogonal, one gets

( )

( ) ( )

( ) ( [ ])
( )

ℓ
ℓ ℓ

ℓ
ℓ ℓ

[ ]
( )

[ ] ‡

[ ] ‡

[ ]
[ ] [ ]

[ ]
[ ] [ ]

å

å

r f

r f r
W =

+ ¼

+ ¼ >
-

-

- +

- +

- + - +

- +

- + - +

S

S p S n a

S p S n a
. C6S a b

n

E
a b

E
n b

S

,

,

1,

n

n n

n

n n

1,0

1,0 1,0

1,0

1,0 1,0

⎧

⎨
⎪

⎩
⎪

Therefore, by relabeling the summation indices, themutual information simplifies to

( ) ( [ ]) ( [ ]) ( )
ℓ

ℓ ℓ[ ]
( ) ‡ ( )

[ ]

[ ]
[ ]år rW = L - F º- + S p S . C7S a b

n
n S S SE

n
1,

n

n
n

1,

1,
1,

 

Notice that the right-hand side of (C7) only depends on n and not on the specific local sub-algebra [ ]-
E

a b,
Analogously, for two qubits evolving in the same collisional environment, themutual information relative to an
initial stateωS+S⊗ωEwhereωS+S is an expectation corresponding to a two-qubit state ρS+S, one similarly derive
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≔ ( [ ]) ( [ ])
ℓ

ℓ ℓ
( ) ‡ ‡

[ ] [ ]
[ ] [ ] [ ] [ ]år f f rL Ä L - Ä+ +S p p S .

k
k kSE

n
n n S S S S

,n n

n n n n

1, 1,

1, 1, 1, 1,


AppendixD. Stroboscopic limit

Let us consider Paulimaps as in (43) of the form f = tek
k andj= e−2 γτ. This choice corresponds to the case in

which the system, identified by S , and the chain ancilla at site (0), described by ( )
E
0 , are dissipatively coupled

for a time τ through the followingGKLS generator,

[ ] ( ) ( ) { } ( )( ) ( ) ( )åg s sÄ = Ä P Ä Ä P - Ä P Ä
=

O O O O O O
1

2
, , D1S E

i
i i S E i i i S E

0

0

3
0

2
0 ⎛

⎝
⎞
⎠



which satisfies [ ] [ ]Ä P = Ä PO OS j j S j  . The reduced dynamics will be of the Pauli type, with spectrum ( )ln
i

obeying the recurrences (24) and (25). In the so-called stroboscopic limit typical of collisionmodels, one takes

( )t t  ¥ n n t0, , , D2

and expands (25) atfirst order in τ obtaining

 ( )
( ) ( )

( ) ( ) ( ) ( )l l
t

gl l gl l
-

= -  = -  = g-
-

-e2 2 . D3n n
n t t t

t
3

1
3

1
3 3 3 3 2

On the other hand, denoting byλn the other two equal Pauli eigenvalues and expanding (24) up to order τ yield
the followingfinite-difference equation:

( ) ( ) ( ) ( )ål l
t

gl g t gt l
-

= - + + D --
-

=

-
- - - -p r p2 2 2 1 . D4n n

n
j

n
n j n j

j
1

1
2

0

2
1 2

ChoosingD =
kt-

,e

2
the stroboscopic limit (D2) and the constraints (23) yield p→ 1/2, r→ 0 and turn (D4) into

the integro-differential equation

 ( )( )( )òl g l g l= - + k g- + -sed . D5t t

t
t s

s
2

0

The latter is readily solvable through its Laplace transform òl l=
~ +¥ -tedz

zt
t0
, with the initial condition

λt=0= 1, yielding:

( )
( )

( )l
k g

k g kg
k g k g

=
+ +

+ + +
=

- +  +~


z

z z
z

2
with simple poles at

2 4

2
0. D6z 2

2 2



Therefore, for a�z+, one gets

 ( )
( )( )òl

p
l k g

k k g

k g
= = + +

+

+
g k

- ¥

+ ¥
- +

i
ze e t

t1

2
d cosh

1

2
4

sinh 4

4
. D7t

a i

a i
zt

z
t

2 2 2

1

2
2 2

2 2

⎡

⎣

⎢
⎢

⎛
⎝

⎞
⎠

⎤

⎦

⎥
⎥

By inspection of theChoimatrix ofΛt, namely [ ]L Ä +Pidt 2 2 , one realizes that complete positivity requires

( )( )l l+ -1 2 0, D8t t
3 

which is checked to be always satisfied.

Remark 4. From (D3) and (D7), one derives that the dynamicalmapΛt can bewritten as a convex composition
of two-semigroups,

( ) ( )k

k g
L = + - = +

+
- +ae a e a1 , 0

1

2 2 4
1. D9t

t t

2 2
  

Notice that only -et is completely positive, while +et is only positive. Nevertheless,Λt is always completely
positive and P-divisible. Indeed, the contractivity of the the Pauli intertwinersΛt,s, as discussed inAppendix B
for the discrete-time case, is equivalent to requiring that the Pauli eigenvalues aremonotonically decreasing
functions of time,

  ( )( )l l0, 0 . D10t t
3 

This is verified since the Pauli spectrum evolves according to

  ( )( ) ( ) ( )l l l l= -G = -G, , D11t t t t t t
3 3 3
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where ( ) gG = 2 0t
3  and

( )g
g

k g k g k
G = -

+ + +t

2

4 coth 4
.t

2

2 2 1

2
2 2

The caseκ= 0 has already been discussed in themain text, while the positivity ofΓt forκ> 0 is equivalent to

( )g
k

k g
g
k

+ + +
t

1 1
2

coth
2

4
2

, D12
2

2 2 ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

which is clearly verified since ( )xcoth 1 for x� 0.

Appendix E.Details about theMutual information

In the case of a unitary coupling between system and collisional environment, the variation of the system-chain
mutual information reduces to the variation of the vonNeumann entropy in discrete time as in (40). As
considered in themain text, the choice (41) together with p= 1/4+ ò yield the following Pauli eigenvalues at
discrete-time steps 1, respectively 2: l l= = - 21 2

1

2
 , respectively ( )l = -41

3  , ( )l = 162
3 2 .

Since ò is taken as a small perturbative parameter, it follows that the intertwinerΛ2,1 is a positivemap.
Indeed, the corresponding Pauli eigenvalues satisfy

∣ ∣ ∣ ∣( )
( )

( )l
l
l

l
l
l

= = = = <1, 4 1.2,1
2

1
2,1
3 2

3

1
3



Then, consider thefirst two time-step dynamics of two-qubit totally symmetric state +P2 :

[ ]

· · ( )

· · ·

· · ·

( ) · ·

( )L Ä L =

+ -

-

-

- +

+P

4 1 4

4

4

1 4 4

E11 1 2

1

4
2 1

8
2

1

4
2

1

4
2

1

8
2 1

4
2

 





 

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

[ ]

· · ( )

· · ·

· · ·

( ) · ·

( )L Ä L =

+ -

-

-

- +

+P

64 1 4

64

64

1 4 64

. E22 2 2

1

4
4 1

8
2

1

4
4

1

4
4

1

8
2 1

4
4

 





 

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

By evaluating the spectrumof the two states and expanding the vonNeumann entropies of the two above states
(E1) up to second order in ò, one gets

( [ ]) ( ) ( ) ( ) ( ) ( ) ( )

( [ ]) ( ) ( ) ( ) ( ) ( )

L Ä L =
-

+ + - - +

L Ä L =
-

+ - + +

+

+

S P O

S P O

20 log 2 3 log 3

8
log 3 8 log 2 6 log 3

16

3
,

20 log 2 3 log 3

8
log 3 2 log 3

16

3
.

1 1 2
2 3

2 2 2
2 3

  

  

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

Their difference coincides with the variation of the system-chain correlations and is given, up to order ò2, by

( ) ( [ ]) ( [ ]) ( ) ( )( )D = L Ä L - L Ä L = - + <+ + +P S P S P O4 log
4

3
0 .SE

2,1
2 2 2 2 1 1 2

2 3 

Let us now compute the quantummutual information for the case p= 1/2,Δ= 1/2, corresponding tomaster
equation rates γt= 1, ( )( )g = - ttanht

3 and Pauli eigenvalues ( )l = -e tcosht
t , ( )l = -et

t3 2 . Notice that, with
these choices, the stochasticmatrixT in (22) takes a particularly simple form:

( )=T
1

2

0 0 0 0
1 2 0 1
1 0 2 1
0 0 0 0

, E3
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

so that the only non-zero probabilities
[ ]

pi n1,
correspond to the sequences i[1,n]= 111L≡ 1 and

i[1,n]= 222L≡ 2. Accordingly, only twoCPTPunital semigroups
[ ]

fi n1,
contribute in (17),

17

Phys. Scr. 100 (2025) 065115 FBenatti andGNichele



( )
f f

L =
+
2

, E41 2
t

with equal, time-independent weights p1= p2= 1/2. In the continuous-time limit,f1 andf2 are the Paulimaps
defined by

[ ]
[ ]

[ ]
[ ]

[ ]
[ ]

( ) ( )
f s
f s

f s
f s

f s
f s

=

=
=
=

=

=
-

- -

-e

e e

e

1,

,

,

1,
,

.
E5 E5

1

2

1

2

1

2
t

t t

t

1

1
2

2
2

2

3
2

3
2

Notice that for other choices ofT, in the stroboscopic limit, theweights
[ ]

pi n1,
would generally become functions

of time aswell. In the special case of (E3), themutual information as function of t reads

( ) ( )[ ]) ( [ ]) ( )( ) år r f f r= L Ä L - Ä+
=

+S S
1

4
. E6

1 2
SE
t

S t t S S
i j

i j S S
, ,



The non-monotonic behaviour of the system-chainmutual information (E6) has been inspected numerically by
means of the following family ofX states,

{ ( ( )) ( ( ))

( ( )) ( )
( ) ( ) ( ) } ( )

( )r m n s m n s

m m s s s s
s s s s s s

= - - + Ä + - + Ä

- - + Ä - - Ä
+ + Ä + + Ä + - Ä

u v

u v u v u v

1

4
1 2 1 2

1 2 2 Re

2 Re 2Im 2Im , E7

X
1

4 1 1 2 2 2 1

1 2 1 1 2 2

3 3 2 3 3 2

  

having theX shapewhenwritten in the basis ofσ1⊗σ1, which can be obtained from the standard one by
applying thematrixV⊗V, = s s+V

2
1 3 . The positivity condition are then readily obtained and read

( ) ∣ ∣ ∣ ∣ ( )m m n m m m m n m m n- + - - -u v0 , 1 0 1 , , 1 .1 2 1 2 1 2 1 2     
Setting ( )a = -e tcosht

t andβt= e−2 t, the states in (E6) read

[ ] { ( ( )) ( ( ))

( ( )) ( )
( ) ( ) ( ) }

[ ] { ( ( )) ( ( ))

( ( )) ( )
( ) ( ) ( ) }

[ ] { ( ( )) ( ( ))

( ( )) ( )
( ) ( ) ( ) }

[ ] { ( ( )) ( ( ))

( ( )) ( )
( ) ( ) ( ) }

[ ] { ( ( )) ( ( ))

( ( )) ( )
( ) ( ) ( ) }

( )

( )

( )

( )

( )

r m n a s m n a s

m m a s s a s s

b s s a b s s a b s s

r m n s m n s

m m s s b s s

b s s b s s b s s

r m n b s m n b s

m m b s s s s

b s s b s s b s s

r m n s m n b s

m m b s s b s s

b s s b s s b s s

r m n b s m n s

m m b s s b s s

b s s b s s b s s

L Ä L = - - + Ä + - + Ä

- - + Ä - - Ä

+ + Ä + + Ä + - Ä

F Ä F = - - + Ä + - + Ä

- - + Ä - - Ä

+ + Ä + + Ä + - Ä

F Ä F = - - + Ä + - + Ä

- - + Ä - - Ä

+ + Ä + + Ä + - Ä

F Ä F = - - + Ä + - + Ä

- + Ä - - Ä

+ + Ä + + Ä + - Ä

F Ä F = - - + Ä + - + Ä

- - + Ä - - Ä

+ + Ä + + Ä + - Ä

u v

u v u v u v

u v

u v u v u v

u v

u v u v u v

u v

u v u v u v

u v

u v u v u v

1

4
1 2 1 2

1 2 2Re

2Re 2Im 2Im ,
1

4
1 2 1 2

1 2 2Re

2Re 2Im 2Im ,
1

4
1 2 1 2

1 2 2Re

2 Re 2Im 2Im ,
1

4
1 2 1 2

1 2 2Re

2Re 2Im 2Im ,
1

4
1 2 1 2

1 2 2Re

2Re 2Im 2Im .

1 1

2 2

1 2

2 1

t t X t t

t t

t t t t t

X

t

t t t

X t t

t

t t t

X t

t t

t t t

X t

t t

t t t

1
4 1 1 2 2 2 1

1 2
2

1 1
2

2 2

2
3 3 2 3 3 2

1
4 1 1 2 2 2 1

1 2 1 1
2

2 2

2
3 3

2
2 3

2
3 2

1
4 1 1 2 2 2 1

1 2
2

1 1 2 2

2
3 3 2 3 3 2

1
4 1 1 2 2 2 1

1 2
2

1 1 2 2

2
3 3

2
2 3 3 2

1
4 1 1 2 2 2 1

1 2 1 1 2 2

2
3 3 2 3

2
3 2

  

  

  

  

  

Appendix F.QuantumHelstrom ensemblewithout entanglement

Consider the eternally non-Markovian evolutionΛt generated by Pauli rates ( ) ( )( )g g= = -t t1, tanht t
3 . The

symmetric projector +P2 always detects SBFI for Pauli second tensor powers and, for small ò> 0,

∣∣ [ ]∣∣ ( ) ∣∣ ∣∣ ( )L Ä L + >+ + + +P s P1 2 tanh . F1s s s s, ,
2

1
2

1 

for sufficiently small ò= s. Now,we argue that there exists aHelstrommatrix

( ) ( )mr m rD = - -m 1 , F21 2
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with ρ1, ρ2 separable, such that [ ] aL Ä L D =m +Ps s
2 so that

∣∣ [ ]∣∣ ∣∣ [ ]∣∣ ∣∣ ∣∣ ∣∣ [ ]∣∣ ( )a aL Ä L D = L Ä L > = L Ä L Dm m+ +P P . F3t t t s t s s s1 , ,
2

1
2

1 1

Consider the isotropic state

( ) ( )r = - + +a aP a1
4

, 0 1, F4a
4

2  

which is separable for a� 1/3. The preimage of +P2 is

[ ] [ ] ( )rL Ä L = L Ä L -
-- - + - -P

a

a

a

1 1

4
F5s s s s a

1 1
2

1 1 4

Recall that L Ä L- -
s s

1 1only guarantees hermiticity, but not, in general, positivity preservation. Nevertheless, for
sufficiently small a, [ ]rL Ä L- -

s s a
1 1 is separable by being sufficiently close to the separable state

4
4 . Explicitly, in

Fano form,

[ ( )] ( )r s s s s s s= + Ä - Ä + Äa
1

4
. F6a 4 1 1 2 2 3 3

Given the Pauli eigenvalues ( )l = -e tcosht
t , ( )l = -et

t3 2 , the algebraic inverse of ρa is

[ ]
( )

( ) ) ( )r s s s s s sL Ä L = + Ä - Ä + Ä- - a
e

s
e

1

4 cosh
. F7a a a

s
s1 1

4

2

2 1 1 2 2
4

3 3
⎡
⎣⎢

⎤
⎦⎥



Thematrix in (F7) is positive provided that 0� a� e−4 s. Fix for instance ( )= »s arctanh 0.551

2
. Then,

[ ] ( )r r= L Ä L =

+

-
-

+

- -

a

a
a

a

1

4

1 9 0 0

0 1 9 0 0
0 0 1 9 0

0 0 1 9

F8a s s a

a

a

0 1 1

9

2

9

2

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

is a physical state if a< 1/9. Its partial transpose is

[ ] ( )rÄ =

+
-

-

+

T

a

a

a

a

id
1

4

1 9 0 0 0

0 1 9 0

0 1 9 0

0 0 0 1 9

, F9a

a

a
0

9

2
9

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

which is positive for a�2/27≡ a*. Hence, for a� a*, one has awell defined separable state ra
0, such that

∣∣ [ ]∣∣ ∣∣ [ ]∣∣ ( )( ) ( )L Ä L D - L Ä L D >m m 0 F10t t a s s a1 1

for some t> s, where ( ) ( ( ))( ) m r mD = - -m a a1a a
0

4
4 , with ( )m =

-
a a

a1
, rr

0 separable. Since /44 is a fully
incoherent state with respect to every basis, the ensemble quantumness of correlations reduces to the geometric
measure of quantumdiscord of the isotropic state,

( ( )) ( ) ∣∣ [ ]∣∣{ } c m r r= - Ä >Ä
Ä

t a min 0.a a
1 2

11 2
1 2

  
 

 
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