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A B S T R A C T

Here, we explore the phase transitions triggered by the implementation of social distancing in a basic
spatiotemporal model of a qualitative SIS-type infectious disease. We consider human decisions made based on
spatiotemporal information regarding the disease spread. This information can be either local, nonlocal with
a finite range, or global in scope.

We show that nonlocal and global feedbacks, while resulting in the same spatially homogeneous equilibria,
lead to a dynamic behavior that is fundamentally distinct from what is observed when decisions are made based
on local information.

Various phenomena arise due to the nonlocal nature of the feedback: (i) Instabilization of Otherwise
Stable Homogeneous Equilibria; (ii) Nucleation/Invasion Phenomena; (iii) Onset of Standard and Generalized
Traveling Waves, which can incur in wave-pinning; iv) in case of Global Information Feedback, onset of locally
stable Far From Equilibrium Patterns that coexist with a locally stable disease-elimination equilibrium. Thus,
the nonlocal nature of the human behavior-related feedback introduces a rich array of dynamic behaviors and
patterns in the system.
1. Introduction

In contemporary societies, human behavior plays a key role in
influencing the spread and control of infectious diseases (IDs). This
influence is manifested through decisions related to vaccination and the
individual’s choice of the level of contagion risk, enacted with varying
degrees of social distancing [1,2]. This phenomenon has given rise
to a novel scientific discipline known as the behavioral epidemiology
of infectious diseases (BEID) [3,4]. If, at least locally, the spread
is constrained or effectively controlled (through vaccination and the
adoption of low-risk behaviors), then the prevalence of the disease is
low or even nonexistent. Conversely, if control measures are ineffective,
the disease remains endemic at relatively high levels. This scenario
makes it important to apply phase transition theory to Behavioral
Epidemiology of Infectious Diseases (BEID). For instance, the influence
of human behavior on vaccinations can lead to bistability in non-
extended systems [5], characterized by hysteresis bifurcations — a
phenomenon similar to first-order phase transitions [6]. Additionally,
other phase-transition-related phenomena have been identified [4,7].
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A fundamental aspect in comprehending the role of human behavior
in shaping infectious disease dynamics is that human decisions are
contingent upon the available information regarding disease spread. In
essence, the spread of infectious diseases feeds back on itself [2–4].

In contemporary times, individuals seldom make decisions solely
based on local information. Nonlocal information predominantly influ-
ences decision-making, with instances where only global (e.g., nation-
wide) information is taken into account. Presently, extensive literature
exists on the theory and application of phase transitions clearly showing
that global negative feedbacks play a crucial role in determining first-
order phase transitions and stationary symmetry breaking in various
spatially extended systems. This holds true for systems with infinite (in
practice, very large) size [8–12]. Notably, Curie–Weiss-like approxima-
tions [13–20] are also built on models incorporating a coupling that
is approximated as global. Remarkably, the biophysics literature on
the biology of cell polarization, particularly influenced by the works
of Gamba and colleagues [21–23], indicates that the occurrence of
permanent phase coexistence in phase transitions requires two essential
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‘ingredients’ [21–36]: the first is the onset of multistability, and the
second is the presence of a global coupling.

In the field of population dynamics, expressed through different ter-
minologies and objectives, the significance of nonlocal and global feed-
backs for bifurcations of far-from-equilibrium heterogeneous patterns
arising from spatially uniform equilibria has been emphasized [37–44].
This leads to the initiation of simple or complex traveling waves [39,
45–47], as well as standing waves through the phenomenon of wave-
pinning [48,49]

In light of these considerations, one may wonder if the modulation
of at-risk behaviors based on global or at least non-local information
about the spread of an infectious disease can induce phase transitions,
phase coexistence, and related phenomena, similar to mechanisms
observed in nucleation dynamics.

To explore this aspect, we propose a simple SIS epidemic model that
incorporates both human-to-human contagion and external infections.
The latter can arise from (i) contacts with other populations affected by
the disease, and (ii) vectors-to-human contagion (but not vice versa).
In this model, the first ‘ingredient’ is triggered by a negative feedback
mechanism driven by the reduction of at-risk behaviors in response
to information about the disease spread. The second ‘ingredient’ is
closely linked to the prevalent nature of global information in modern
societies, where behavioral decisions are primarily, if not entirely,
influenced by global information.

Our aim is to give a theoretical contribute to the investigation of
the mechanisms underlying the propagation and clustering of infectious
diseases [50–52].

2. A baseline ‘classical’ non-behavioral epidemic model

We will first consider a behavior-independent SIS epidemic model,
where 𝑆(𝑥, 𝑡), 𝐼(𝑥, 𝑡), and 𝑁(𝑥, 𝑡) = 𝑆(𝑥, 𝑡) + 𝐼(𝑥, 𝑡) represent the spatial
densities at time 𝑡 of susceptible and infectious subjects, as well as the
total population. The model incorporates the following features: (i) due
to humans-to-humans contagion internal to the population, there is a
nonlinear force of infection given by

𝐹𝑜𝐼(𝐼) = 𝐴
( 𝐼
𝑁

)𝐿

here 𝐿 > 1; and (ii) an additional infection rate, modeling the infec-
tions acquired through contacts with external populations, is modeled
as a flux with rate 𝜂𝑆 from susceptible to infectious subjects, with
𝜂 ≥ 0. This flux is mainly due to vectors-to-human contagion, but it
also considers possible cases resulting from interactions of susceptible
subjects with infectious subjects external to the target population;
(iii) The mobility of subjects is approximated with Fickian diffusion
having a constant diffusion coefficient 𝐷̂; (iv) The infectious subjects
have the same diffusion coefficient as the susceptible subjects; (v) The
population is assumed to be at equilibrium, as its birth rate equals its
death rate (𝜇), and the disease does not cause additional deaths. This
results in the following model:

𝜕𝑡𝑆 =𝜇𝑁 − 𝜇𝑆 − 𝜂𝑆 − 𝐴
( 𝐼
𝑁

)𝐿
𝑆 + 𝜃𝐼 + 𝐷̂∇2𝑆, (1)

𝜕𝑡𝐼 = + 𝜂𝑆 + 𝐴
( 𝐼
𝑁

)𝐿
𝑆 − (𝜇 + 𝜃)𝐼 + 𝐷̂∇2𝐼, (2)

where 𝜃 > 0 is the rate at which the infectious recover and return
susceptible, and 𝐴 > 0 tunes the strength of the infection rate.

Since 𝑁 = 𝑆 + 𝐼 it follows that (1)–(2) can be simplified as follows

𝑡𝑆 = − 𝜂𝑆 − 𝐴
( 𝐼
𝑁

)𝐿
𝑆 + (𝜇 + 𝜃)𝐼 + 𝐷̂∇2𝑆, (3)

𝜕𝑡𝐼 = + 𝜂𝑆 + 𝐴
( 𝐼
𝑁

)𝐿
𝑆 − (𝜇 + 𝜃)𝐼 + 𝐷̂∇2𝐼. (4)

We assume that the population moves within a domain 𝛺 = [0,𝐻] ⊂ R
or 𝛺 ⊂ R2, and that a no-flux condition holds ∇𝜑|𝜕𝛺 = 0. Although the
et 𝛺 is bounded, if we can express 𝐷 = 𝑑2 with  ≪ 𝐶, where 𝐶 is

ome characteristic length of 𝛺 (e.g., its diameter or the square root of

2 
ts measure), we can adimensionalize our model with respect to space
nd approximately consider the system dynamics in R𝑟, where 𝑟 = 1, 2.

The proposed model can be simplified since the dynamics of 𝑁(𝑥, 𝑡)
is governed by 𝜕𝑡𝑁 = 𝐷∇2𝑁 , i.e., the heat equation on a bounded
omain. Thus, at equilibrium, the density is constant and equal to the
verage value of the initial density:

(𝑥, 𝑡) = 𝑍 = 1
𝛺 ∫𝛺

𝑛(𝑥, 0)𝑑𝑥,

mplying that 𝑆(𝑥, 𝑡) = 𝑍−𝐼(𝑥, 𝑡). Thus, defining 𝜑 = 𝐼∕𝑍 and assuming
s time unit 1∕(𝜇+𝜃+𝜂), one gets the following non-dimensional model:

𝑡𝜑 = 𝐷∇2𝜑 + 𝜌 − 𝜑 + 𝐴0𝜑
𝐿(1 − 𝜑), (5)

here 𝜌 = (𝜂∕(𝜂+𝜇+𝜃)) ∈ [0, 1), 𝐴0 = 𝐴∕(𝜂+𝜇+𝜃) and 𝐷 is proportional
o the constant diffusion coefficient 𝐷̂ as follows: 𝐷 = 𝐷̂∕(𝜂 + 𝜇 + 𝜃)
i.e. its physical dimension is [𝑆𝑃𝐴𝐶𝐸]2).

Note that for 𝐿 = 2 the model (5) is formally identical to the spatio-
emporal Schlögl model [53], whose properties are well-known [53,
4].

. The role of the human behavior

We assume that the behavior of the subjects in the population
argeted by the disease depends on the information on the disease
pread, according to an risk-avoidance mechanism that is information-
ependent . This implies that the coefficient 𝐴0 must be multiplied
y a decreasing function of the available information on the disease
revalence, summarized in an information variable 𝑀(𝑥, 𝑡):

(𝑀) = 𝐴0ℎ(𝑀),

here ℎ(𝑀) is a continuous decreasing function ℎ′(𝑀) < 0 such that
(0) = 1. This yields

𝑡𝜑 = 𝐷∇2𝜑 + 𝐴(𝑀(𝑥, 𝑡))𝜑𝐿(1 − 𝜑) + 𝜌 − 𝜑. (6)

t is easy matter to proof (rigorously or by discretizing the space) that:
i) if 𝜑(𝑥, 0) ≥ 0 then 𝜑(𝑥, 𝑡) ≥ 0; (ii) if 0 ≤ 𝜑(𝑥, 0) ≤ 1 then also
≤ 𝜑(𝑥, 𝑡) ≤ 1.

Model (6) must be complemented (see below) by a model of the
nformation index 𝑀(𝑥, 𝑡) and by the specific function 𝐴(𝑀). For ex-
mple, in the application we will use:

(𝑀) = 𝐴0(1 − 𝑞𝑀)+,

ith 𝑞 > 0 (𝑞 = 0 corresponds to the case of absence of behav-
oral response), although many inferences only depend on qualitative
roperties of 𝐴(𝑀).

Note that, reading the Eq. (6) from the control theory viewpoint,
he role of human behavior can be read as a negative feedback (NFB):
𝑀 (𝜕𝑡𝜑) = 𝐴0ℎ′(𝑀)𝜑𝐿(1 − 𝜑) < 0.

As regards the modeling of𝑀(𝑥, 𝑡), we consider here three scenarios.
n the first scenario (referred to as: Case L), subjects take their decisions
ased on local information only:

= 𝜑(𝑥, 𝑡).

he second case (referred to as: Case G) models the opposite scenario
here agents are mainly informed by national mass media, which

eport data at global level. This yields:

(𝑡) = ⟨𝜑⟩ = 1
𝛺 ∫𝛺

𝜑(𝑥, 𝑡)𝑑𝑥.

Finally, in the third scenario the information is collected locally but not
pointwise, i.e.

𝑀(𝑥, 𝑡) = 𝐵(𝑥 − 𝑦)𝜑(𝑦, 𝑡)𝑑𝑦 = 𝐶𝑜𝑛𝑣(𝐵,𝜑),
∫𝛺
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where 𝐵(𝑧) is a symmetric convolution kernel, whose maximum is at
= 0, which is decreasing (or constant for small–medium |𝑧|) with 𝑧

nd such that

(𝑥) = ∫𝛺
𝐵(𝑥)𝑑𝑥 = 1.

n this semi-local scenario (referred to as Case SL), individuals in
osition 𝑥 have maximal information about the epidemic status at 𝑥
nd in the surrounding area, but their information concerning points
ar from 𝑥 degrades. The significance of information degradation has
een emphasized in [55]. Note that: (i) if 𝐵(𝑧) = 𝛿(𝑧) then one recovers
ase L; (ii) if 𝐵(𝑧) = 1∕𝑚𝑒𝑎𝑠𝑢𝑟𝑒(𝛺) then one recovers case G.

As far as the possible functional forms for 𝐵(𝑥) are concerned, if
= R𝑟 (𝑟 = 1, 2) is unbounded we can assume

(𝑥) =
( 𝑎
2𝜋

)𝑟∕2
𝑒−𝑎|𝑥|

2
.

The Fourier transform in R𝑟 (𝑟 = 1, 2) of the Gaussian kernel reads as
follows:

𝐵(𝜉) =
( 1
2

)𝑟∕2
𝑒−

𝜉2
4𝑎 .

lternatively, 𝐵(𝑥) can be null if |𝑥| is larger than a threshold. For
xample in R𝑟 (𝑟 = 1, 2):

(𝑥) = 𝐴(𝐻𝑒𝑎𝑣(𝐾 − |𝑥|)).

where 𝐻𝑒𝑎𝑣(𝑤) is the Heaviside function and

𝐴 = 1
𝜋𝑟−122−𝑟𝐾𝑟

,

hose Fourier transform in R𝑟 (𝑟 = 1, 2) reads as follows:

̂(𝜉) =

⎧

⎪

⎨

⎪

⎩

sin(𝐾𝜉)
𝐾𝜉 , if 𝑟 = 1
1

𝜋𝐾2
2𝜋𝐽1(𝐾|𝜉|)

|𝜉| , if 𝑟 = 2,

where 𝐽1(𝑢) is the first order Bessel function. For 𝛺 = [0,𝐻] we assume
that 𝐵(𝑧) is spatially periodic with period H.

The cases G and SL differ significantly from the case L since the
latter includes only local spatial coupling due to human movement
(indeed, the considered feedback is purely local), resulting in a ‘simple’
partial differential equation model. On the contrary, the two other
cases also include non-local coupling (equivalently: non-local negative
feedback), leading to integro-differential models.

In particular, Case G includes spatial global coupling, and as a conse-
quence, the information variable becomes a purely temporal function:
𝑀 =𝑀(𝑡).

It is interesting to note that in the literature, the following model
for Darwinian evolution has been proposed [41,44]:

𝜕𝑡𝜑 = 𝐷∇2𝜑 + 𝑎𝑊1𝑊2𝜑
2 − 𝛿𝜑, (7)

In the model (7) the spatial variables represent morphological traits
of the species, the diffusion models random mutations of the traits,
𝑎 is the baseline reproduction rate constant, and 𝛿 is the death rate
constant. 𝑊1(𝑧) = 1 − 𝑠1𝑧1 is a linearly decreasing function modeling
the mitigation of the reproduction rate constant due to a nonlocal
consumption of a first resource, so that 𝑧1 = Conv(𝜑 ∗ 𝛹1), and 𝑊2 =
1 − 𝑠2𝑧 is a second mitigation of the reproduction rate due to another
nonlocal (𝑧2 = Conv(𝜑 ∗ 𝛹2)) or to a global (𝑧2 = ⟨𝜑⟩) consumption of
a second resource. In the case 𝐿 = 2 and linear 𝐴(𝑀), our model could
be rewritten as follows:

𝜕𝑡𝜑 = 𝐷∇2𝜑 + 𝑎𝑊1(𝜑)𝑊2(𝑀)𝜑𝐿 − 𝜑 + 𝜌.

The differences with (7) are important: (i) the baseline growth rate can
be more than quadratic if 𝐿 > 2; (ii) the first resource in our model
is purely local (𝑊1(𝜑) = 1 − 𝜑); (iii) the consumption of the second
resource can be local, global, or non-local (depending on the cases 𝐿,
𝐺, or 𝑆𝐿); (iv) the consumption of the second resource in our case is
strictly positive and can be a general nonlinear decreasing function; (v)
there may be (if 𝜌 > 0) a constant (i.e., traits-independent) immigration

rate of individuals at a rate 𝜌.

3 
4. Unique vs multiple spatially homogeneous phases

The model described in Eq. (6), complemented by the information
model, can have uniform steady states (phases) that are independent of
the specific information model. All three information models illustrated
above admit spatially uniform equilibria of the form 𝑀𝑒 = 𝜑𝑒, where
𝜑𝑒 is one of the possible solutions of:

𝐴(𝜑)𝜑𝐿(1 − 𝜑) = 𝜑 − 𝜌.

As it can be seen: (i) in the absence of behavioral feedback, monos-
tability is only possible for sufficiently large 𝜌 (and/or very large 𝐴0),
but the presence of behavioral feedback can induce multiple equilibria;
(ii) for sufficiently small or zero 𝜌, there are three equilibria, but the
inclusion of behavioral feedback can lead to monostability.

Here, we will only consider the cases of monostability and bistabil-
ity in the presence of non-constant 𝐴(𝑀). In the case of bistability, we
will denote the three equilibria as 𝜑𝑙, 𝜑𝑢, and 𝜑𝑟, where 𝜑𝑙 < 𝜑𝑢 < 𝜑𝑟.

Let us start our numerical simulations with the following assump-
tions:

𝐴(𝑀) = 𝐴0(1 − 𝑞𝑀)+, (8)

The number of homogeneous steady-states is at most three and they are
positive real roots of the following equation

𝐴0(1 − 𝑞𝜑)+(1 − 𝜑)𝜑2 + 𝜌 − 𝜑 = 0.

Assuming 𝐴0 = 20 and 𝜌 = 0, a plot of homogeneous steady-states 𝜑𝑒(𝑞)
(< 1∕𝑞, of course) against the parameter 𝑞 is shown in the left panel of
Fig. 1, whereas in its right panel the same plot is done for 𝐴0 = 28. We
plotted in blue (red) the steady states 𝜑𝑒(𝑞) that are LAS (unstable) in
case of local feedback (𝑀 = 𝜑). Namely: (i) if 𝐴0 = 20 then there are
three equilibria provided that 0 < 𝑞 < 𝑞20 ≈ 4.45; (ii) if 𝐴0 = 28 then
there are three equilibria provided that 0 < 𝑞 < 𝑞28 ≈ 6.49.

In other words there is a threshold 𝑞𝐿 such that for 𝑞 > 𝑞𝐿 only
the null homogeneous equilibrium exists. Of course the threshold 𝑞𝐿
depends on 𝐴0.

5. Local feedback with unique uniform equilibrium: global stabil-
ity

In the case L, if 𝐴(𝜑) is such that the nonspatial system keeps a
unique endemic equilibrium 𝜑1 then the model will tend to a spatially
uniform globally attractive solution 𝜑1. Indeed, the model is of the
form [12,45]

𝜕𝑡𝜑 = −𝑉 ′(𝜑) +𝐷∇2𝜑, (9)

where

𝑉 (𝜑) = −𝜌𝜑 +
𝜑2

2
− ∫𝜑

𝐴0ℎ(𝑧)𝑧𝐿(1 − 𝑧)𝑑𝑧,

o which it is associated the free energy (or, if one prefers, the Liapunov
unctional)

[𝜑] = ∫𝛺

(

𝑉 (𝜑) + 𝐷
2
|∇𝜑|2

)

𝑑𝑥, (10)

implying that 𝜑(𝑥, 𝑡) = 𝜑𝑒 is globally attractive.

6. Local feedback with multiple uniform equilibria: traveling
waves and wave-pinning

In the case of bistability, in the following non-spatial model:

𝜑′(𝑡) = 𝐴(𝜑)𝜑𝐿(1 − 𝜑) + 𝜌 − 𝜑, (11)

here are two stable solutions, 𝜑𝑙 and 𝜑𝑟, corresponding to two minima
f 𝑉𝑏(𝜑), and one unstable intermediate solution 𝜑𝑢 ∈ (𝜑𝑙 , 𝜑𝑟) corre-

sponding to a local maximum of 𝑉 (𝜑). Of course, both the endemic

solutions and the potential energy will be functions of the parameter 𝜌.
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Fig. 1. Case of local feedback (𝑀 = 𝜑): bifurcation plot of feasible steady-states for a
range of values of 𝑞. In blue (red) the steady states 𝜑𝑒(𝑞) that are LAS (unstable) . In
both panels 𝜌 = 0. Left panel: 𝐴0 = 20; right panel: 𝐴0 = 28.

In the case L, it is immediate to verify that the equilibrium points
maintain the same stability properties as the non-spatial model.

As we mentioned in Section 2, if the diffusion coefficient 𝐷 is
much smaller than the diameter or some other characteristic scale of
𝛺, one can adimensionalize the space setting 𝑥new = 𝑥old∕

√

𝐷 and
approximate 𝛺 with R𝑟 (𝑟 = 1, 2). This, however, rules out the possibility
of investigating the case G.

Regarding the case L, we have the classical scenario of the so-called
’bistable case’ of the Fisher equation with traveling waves as well as
standing waves, though the onset of the mechanism of ‘wave-pinning’
requires that the Maxwell condition holds [12,47].

∫

𝜑𝑟

𝜑𝑙
𝐹 (𝜑)𝑑𝜑 = 0,

i.e.

𝑉 (𝜑𝑙) = 𝑉 (𝜑𝑟), (12)

where, the assumption ℎ(𝑀) = (1 − 𝑞𝑀)+ with 𝑞 > 0 yields

𝑉 (𝜑) = −𝜂𝜑 + (1 + 𝜂)
𝜑2

2
+𝐻𝑒𝑣

(

1
𝑞
− 𝜑

)

|

|

|

|

𝑧𝐿+1

𝐿 + 1
− (1 + 𝑞) 𝑧

𝐿+2

𝐿 + 2
+ 𝑞 𝑧

𝐿+3

𝐿 + 3
|

|

|

|

𝜑

1
𝑞

.

(13)

In the case of the absence of behavioral feedback (𝐴(𝑀) = 𝐴0), the
proposed model is an extension of the Schögl model (SM) introduced
in [53] (and is formally equivalent to it for 𝐿 = 2). The structure of
4 
phase transitions in the classical SM has been investigated in detail
in [54] since its traveling wave solutions are analytical. For our model,
in the absence of behavioral effects and 𝜌 = 0, the value of 𝐴0 fulfilling
the wave-pinning condition, denoted as 𝐴𝑊𝑃

0 , is determined by the
following system:

𝜑 = 𝐴𝑊𝑃
0

(

𝜑𝐿 − 𝜑𝐿+1
)

, (14)
𝜑2

2
= 𝐴𝑊𝑃

0

(

𝜑𝐿+1

𝐿 + 1
−
𝜑𝐿+2

𝐿 + 2

)

, (15)

where (since we want that 𝜑𝑟 > 0)

1 = 𝐴𝑊𝑃
0

(

𝜑𝐿−1 − 𝜑𝐿
)

, (16)
1
2
= 𝐴𝑊𝑃

0

(

𝜑𝐿−1

𝐿 + 1
−

𝜑𝐿

𝐿 + 2

)

. (17)

After some easy algebra, one gets:

𝜑𝑟 =
𝐿 − 1
𝐿 + 1

𝐿 + 2
𝐿

,

𝐴𝑊𝑃
0 (𝐿) =

(𝐿(𝐿 + 1))𝐿

2
1

((𝐿 + 2)(𝐿 − 1))𝐿−1
. (18)

Namely: for 𝐿 = 2 (SM) it is 𝐴𝑊𝑃
0 = 9∕2 and 𝜑3 = 2∕3, for 𝐿 = 3 it is

𝐴𝑊𝑃
0 = 8 × 27∕25 and 𝜑3 = 5∕6.

For example, for 𝐴0 = 28 and 𝑞 = 1, we find the following three
homogeneous steady-states 𝜑𝑙 = 0, 𝜑𝑢 ≈ 0.0386, 𝜑𝑟 ≈ 0.787. We show
in Fig. 2, that for 𝐷 = 1 then there exists a traveling wave joining the
homogeneous steady-states 𝜑𝑢 and 𝜑𝑟. The simulation is performed over
a spatial domain [−1500, 1500], no-flux boundary condition is used but
simulation is performed till 𝑡 = 500 such that the boundary condition
has no influence on the resulting pattern. Initial condition was taken as
𝜑(0, 𝑥) = 𝑢0(𝑥) where

𝑢0(𝑥) =
{

𝜑𝑟, 𝑥 < 0,
𝜑𝑢, 𝑥 > 0.

}

.

The simulation result remains invariant if we choose 𝑢0(𝑥) = 𝜑𝑙 for
𝑥 > 0. The initial condition used for the simulation is shown in the left
panel of Fig. 2.

Remark. Regarding case SL, it is more interesting than the previous
one, allowing for an analysis similar to that in [43].

7. Nonlocal information: impact on the stability of uniform equi-
libria

In cases G and SL, although the values of behavior-dependent uni-
form phases do not depend on the specific model of 𝑀(𝑥, 𝑡), their
stability critically depends on it. This is because the transmission model
is doubly coupled: at the local level through the Laplacian operator, and
at the non-local level (global when 𝑀(𝑥, 𝑡) =𝑀(𝑡) = ⟨𝜑⟩).

We rewrite our behavioral model as follows:

𝜕𝑡𝜑 = 𝐷∇2𝜑 + (1 − 𝜑)(𝑎(𝜑,𝑀) − 𝑏(𝜑)), (19)

where 𝑏(𝜑) = (𝜑 − 𝜌)∕(1 − 𝜑) is non negative and increasing, and
𝑎(𝜑,𝑀) = 𝜑𝐿𝐴(𝑀) is positive and such that 𝜕𝜑𝑎 > 0 and 𝜕𝑀𝑎 < 0.

Close to an equilibrium point 𝜑𝑒, setting 𝜑 = 𝜑𝑒+𝑤 and 𝑀 = 𝜑𝑒+𝑚,
the linearized equation reads

𝜕𝑡𝑤 = 𝐷∇2𝑤 + 𝛼𝑤 − 𝛾2𝑚, (20)

where −𝛾2 = 𝐴′(𝜑𝑒)𝜑𝐿𝑒 (1 − 𝜑𝑒) < 0 and

𝛼 = −1 + 𝐴(𝜑𝑒)
(

𝐿𝜑𝐿−1𝑒 (1 − 𝜑𝑒) − 𝜑𝐿𝑒
)

can be either positive or negative, depending from the location of the
equilibrium point.
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Fig. 2. Left panel: Initial condition used for the simulation. Right panel: Traveling wave joining 𝜑𝑙 and 𝜑𝑟 for 𝐷 = 1.
Fig. 3. Plot of 𝛼(𝑞, 𝐴0) (left panel) and of 𝛾2(𝑞, 𝐴0) versus 𝑞 for 𝐴0 = 20 (black) and for 𝐴0 = 28 (red).
Since the sign of the parameter 𝛼 is of importance, we will briefly
study it. Given 𝐴(𝑀) and since at 𝜑𝑒 it is 𝐴(𝜑𝑒)𝜑𝐿𝑒 (1 − 𝜑𝑒) = 𝜑𝑒 − 𝜌, it
follows that

𝛼 = −1 + (𝜑𝑒 − 𝜌)
( 𝐿
𝜑𝑒

− 1
1 − 𝜑𝑒

)

.

Thus, 𝛼 > 0 provided that:

𝜑2
𝑒 −

(

1 − 1
𝐿

+ 𝜌
(

1 + 1
𝐿

))

+ 𝜌 < 0.

If 𝜌 ≪ 1 then approximately one has 𝛼 > 0 provided that

𝜌 < 𝜑𝑒 < 1 − 1
𝐿
.

As we have seen in the local stability analysis, the sign of 𝛼 is funda-
mental for the behavior for both the case of Global and of semi-local
feedback. Since 𝜑𝑙 is in any case LAS, we will focus on 𝜑𝑟.

For 𝐴(𝑀) = 𝐴0(1 − 𝑞𝑀)+ with 𝐴0 = 28 we obtained that 𝛼(𝑞) is
negative for 𝑞 < 𝑞∗ and positive for 𝑞 > 𝑞∗, with 𝑞∗ ≈ 1.714. For 𝐴0 = 20
it is 𝑞∗ ≈ 1.6. In Fig. 3 we plotted 𝛼(𝑞;𝐴0) and 𝛾2(𝑞;𝐴0) versus 𝑞 for
𝐴0 = 20 and 𝐴0 = 28.

8. Global feedback: local stability of spatially uniform equilibria

In case of global information feedback (case G) we may express
𝑤(𝑥, 𝑡) in a Fourier series, which yields:

𝑤(𝑥, 𝑡) = 𝑐0(𝑡) +
∑

𝑐𝑗 (𝑡)𝜓𝑗 (𝑥),

𝑗

5 
where 𝜓𝑗 solves the quantized eigenvalue system [56]

𝐷∇2𝜓𝑗 = −𝜉2𝑗𝜓𝑗 ,

where 𝑗 = (1, 1),… in 𝛺 with Neumann conditions in 𝜕𝛺, and 𝑐0(𝑡) is
the spatially averaged valued of 𝜑. Thus in the case G

𝑚(𝑡) = 𝑐0(𝑡).

For example: (i) if 𝛺 = [0,𝐻] then 𝜉2𝑗 = (𝑗𝜋∕𝐻)2 and the eigen-
functions are 𝜓𝑗 (𝑥, 𝑡) = 𝑐𝑜𝑠(𝑗𝜋𝑥∕𝐻); (ii) if 𝛺 = [0,𝐻1][0,𝐻2] then
𝜉2𝑗 = ((𝜋∕𝐻)2)(𝑗1, 𝑗2) and the eigenfunctions are 𝜓𝑗 (𝑥1, 𝑥2, 𝑡) = 𝑐𝑜𝑠
(𝑗1𝜋𝑥1∕𝐻1)𝑐𝑜𝑠(𝑗2𝜋𝑥2∕𝐻2).

In the global coupling case G, the ODE corresponding to the mode
0 is nothing else that the ODE for the nonspatial problem:

𝑚′ = (𝛼 − 𝛾2)𝑚

thus at the ‘mode 0’ the stability of the equilibrium point does not
change w.r.t. the non-spatial dynamics. The equations for the other
modes read as follows

𝑐′𝑗 (𝑡) =
(

−𝐷𝜉2𝑗 + 𝛼
)

𝑐𝑗 .

Thus, if 𝛼 > 0 and for some modes

−𝐷𝜉2𝑗 + 𝛼 > 0, (21)

then an endemic equilibrium 𝜑𝑒 that was LAS under local information
becomes unstable since some of its oscillating modes are unstable.
Note that in the particular scenario where 𝐷 = 0, i.e., in the case
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Fig. 4. Traveling wave joining 𝜑𝑙 and 𝜑𝑟 for 𝐷 = 1 and 𝐾 = 5.
where agents do not move but the information they receive is globally
coupled, the constraints (21) hold.

The epidemiological implications are interesting. If 𝜌 = 0, the system
has a disease-free equilibrium point which is LAS. If under global
coupling the other equilibrium is destabilized (w.r.t. the case where
𝑀 = 𝜑), this means that the system has the disease-free phase that is
LAS and two uniform unstable states. If 𝜌 is small, the scenario does
not change, and again the two large uniform phases are unstable.

As we have shown in previous sections, in the case of bounded
𝛺, the steady state 𝜑𝑟 can be unstable. For example, by assuming
𝐷 = 1, 𝛺 = [0,𝐻], 𝐻 = 10, 𝐴0 = 28, we choose 𝑞 = 2.5 such that
𝛼(𝐴0, 𝑞) = 0.494055113166146 so that

𝛼(𝐴0, 𝑞) −𝐷𝑘2
𝜋2

𝐻2
> 0,

for 𝑘 = 1, 2. The nonzero steady state 𝜑𝑟 is thus unstable. Simulations
concerning the case of global feedback will be shown in later sections.

9. Semi-local feedback: onset of generalized traveling waves and
their wave-pinning

Denoting as 𝑐(𝜉, 𝑡) the Fourier Transform of 𝜑(𝑥, 𝑡) and with 𝐵(𝜉) the
Fourier Transform of 𝐵(𝑥) we get the following linearized equation:

𝜕𝑡𝑐(𝜉, 𝑡) = (−𝐷𝜉2 + 𝛼 − 𝛾2𝐵(𝜉))𝑐(𝜉, 𝑡), (22)

so that the associated eigenvalue is

𝜆(𝜉) = −𝐷𝜉2 + 𝛼 − 𝛾2𝐵(𝜉). (23)

Of course, since 𝐵(0) = 1, for 𝜉 = 0 it is 𝜆(0) < 0.
If 𝛼 > 0, for small 𝐷 and sufficiently large 𝜉 it can be

𝜆(𝜉) > 0,

so that the equilibrium is unstable and there is the onset of spatial
structures. This in particular occurs for 𝐷 = 0.

Le us now consider 𝛼 < 0. If for all 𝜉 it is 𝐵(𝜉) > 0 (as in the case of
Gaussian Kernel) then

𝜆(𝜉) < 0,

implying that the equilibrium is LAS.
On the contrary, if 𝐵(𝜉) can assume negative real values, e.g. as in

the case where 𝐵(𝑥) is non-null only in a bounded set, then for some
frequencies it can be 𝜆(𝜉) > 0. Thus, the equilibrium is unstable and
there is the onset of spatial structures.

In case of bounded 𝛺, denoting as {𝐵𝑗}𝑗=0,1,… the Fourier’s coeffi-
cients of the kernel 𝐵(.), where 𝐵 =< 𝐵 >= 1. One gets that: (i) the
0

6 
mode 0 remains LAS; (ii) for other modes the associated ODEs are as
follows:

𝑐′𝑗 (𝑡) =
(

−𝐷𝜉2𝑗 + 𝛼 − 𝛾
2𝐵𝑗

)

𝑐′𝑗 .

As a consequence, and not surprisingly, one can obtain inferences
similar to those concerning the case where 𝛺 is unbounded.

Summarizing, also the case SL yields the above scenario of the case
G with a small or null equilibrium that is LAS and two macroscopic
unstable equilibria.

For example, considering the case of top-hat kernel for 𝐵(𝑧) which
is defined by

𝐵(𝑧) =

{ 1
2𝐾 , |𝑧| ≤ 𝐾

0, |𝑧| > 𝐾

}

, (24)

and linearizing the model at 𝜑𝑟(𝑞;𝐴0)

𝜆 = −𝐷𝜉2 + 𝛼(𝑞) − 𝛾2(𝑞)
sin 𝜉𝐾
𝜉𝐾

≡ 𝜑(𝜉, 𝐾). (25)

The homogeneous steady-state is locally stable if 𝜑(𝜉, 𝐾) < 0 and it is
unstable otherwise. The bifurcation threshold can be obtained from the
equation 𝜑(𝜉, 𝐾) = 0.

Example. Here we start with parameter choice 𝐴0 = 28, 𝑞 = 1 and
𝜌 = 0. In case of local feedback, the homogeneous steady-state 𝜑𝑟 is
LAS. Now we are interested to check whether 𝜑𝑟 can be destabilized
under the above-specified kernel 𝐵(𝑧). The characteristic equation reads
as follows

𝜆(𝜉) = −𝐷𝜉2 − 2.694257368 − 3.694257367
sin 𝜉𝐾
𝜉𝐾

. (26)

Since the minimum 𝑠𝑚 of the function 𝑠𝑖𝑛𝑐(𝑦) = 𝑠𝑖𝑛(𝑦)∕𝑦 is 𝑠𝑚 ≈ −0.2172
one gets

𝜆(𝜉) < −𝐷𝜉2 − 1.8884 < 0. (27)

so that homogeneous steady-state is LAS. Numerical simulation reveals
traveling wave with some transients as shown in Fig. 4.

Example. To check the possibility of destabilization of positive homo-
geneous steady-state we now choose the following parametric values
(𝐴0, 𝑞) = (2, 1.5). For this choice, 𝜑𝑟 = 0.5327, and

𝜆(𝜉) = 𝜑(𝜉, 𝐾) = −𝐷𝜉2 − 0.14022
sin 𝜉𝐾
𝜉𝐾

.

Solving 𝜑(𝜉, 𝐾) = 0 for 𝐷 and substituting the resulting expression in
𝜕
𝜕𝜉𝜑(𝜉, 𝐾) = 0 we find

0.28044 + 11.93561
sin 𝜉𝐾

− 3.97853 cos 𝜉𝐾 = 0.

𝜉𝐾
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Fig. 5. Spatio-temporal patterns for 𝐷 = 0.05, 𝐾 = 5 (left panel) and 𝐾 = 10 (right panel).
Fig. 6. Plot of the initial condition used for simulation results presented at Fig. 5.

A generalized traveling wave, oscillatory in space but progressively
expanding in time, can be observed for a range of values of 𝐾 with
an appropriate choice of 𝐷. Spatial patterns for 𝐾 = 5 and 𝐾 = 10 are
presented in Fig. 5. Numerical simulations are conducted over a spatial
domain of [−200, 200] with 𝐷 set to 0.05. The initial condition used is
depicted in Fig. 6. A no-flux boundary condition is employed, and as
previously, the simulation is terminated before the spatial wave reaches
the boundary.

9.1. Semi-local feedback: transition from generalized traveling to small-
width standing waves

In the previous subsections, we observed the significance of the
magnitude of 𝑞 in destabilizing the homogeneous steady state 𝜑𝑟. It
is also noteworthy that the width of non-zero patches depends on the
magnitude of 𝐾.

Example. Now we can check the impact of the parameter 𝑞 on the
pattern formation. To check the effect of the magnitude of 𝑞 on the
resulting dynamics, we fix 𝐾 = 5, 𝐷 = 0.05 and 𝐴0 = 28. As initial
condition, we consider a 𝜑(0, 𝑥) in form of a small perturbation at the
center of the spatial domain. Namely we consider

𝜑(0, 𝑥) = 𝜑 + (𝜑 − 𝜑 )𝐻𝑒𝑣(5 − 𝑥),
𝑙 𝑟 𝑙

7 
(𝜑𝑢 = 0). We consider the following values for 𝑞: 𝑞 = 1.5, 2, 2.5, 3. Note
that 𝛼(1.5) = −0.323 whereas the other values for this parameter are
positive.

The related simulations are illustrated in Fig. 7. It is evident from
the figure that the branching of solutions ceases for 𝑞 ≥ 3. The resulting
pattern is a standing wave (or, if one prefers this other denomination,
a pulse).

This phenomenon holds for values of 𝑞 greater than about 2.73. It
is essential to note that the number of pulses depends on the width of
the initial perturbation. To illustrate this phenomenon, the resulting
patterns are presented for two distinct widths of a non-zero initial
condition centered in the domain. The number of pulses is influenced
by the width of the non-zero initial condition. In Fig. 8, two-pulse and
four-pulse solutions are presented alongside the initial distribution for
illustration. It is worthy to mention here that the pulses seem to be
slowly varying pulses.

To further illustrate this phenomenon, the maxima of 𝜑 over space
and time are plotted in Fig. 9. Depending on the initial condition, we
can find more pulses, and this pulse structure persists for 𝑞 = 5 as well.

Finally, the spatial density of the cumulative cases of the disease,
defined by

𝜎(𝑥, 𝑡) = ∫

𝑡

0
𝐴(𝑀(𝑥, 𝑧))𝜑(𝑥, 𝑧)𝐿(1 − 𝜑(𝑥, 𝑧))𝑑𝑧,

is shown Figs. 10 and 11 for two different values of 𝑞.

10. Non-uniform steady states for bounded 𝜴: stable spatial sym-
metry breaking

In the previous sections, for ’practically infinite’ domain 𝛺 we have
seen that non-uniform steady state solutions can exist for very small 𝐷
in the case where the feedback is of local nature (case L), or it is absent,
by means of the wave-pinning mechanism.

In case of bounded 𝛺 and non-small 𝐷, such non-uniform steady
states could also exist, however their stability strongly depends on 𝛺. In
particular, if the set 𝛺 is convex they are unstable, thus not observable,
as shown in [57,58] for classical Fisher-like scalar reaction–diffusion
equations

𝜕𝑡𝑢 = 𝐷∇2𝑢 + 𝑓 (𝑢). (28)

In case of bounded non-convex 𝛺, Lipniacki and colleagues showed
wave pinning can occur in non-convex domains [59].

In light of the discussions presented above and in the preceding
subsections, a significant consequence of the choice between a local



M. Banerjee et al. Physica D: Nonlinear Phenomena 469 (2024) 134316 
Fig. 7. Spatio-temporal patterns for 𝐾 = 5 and different values of 𝑞, 𝑞 = 1.5 (upper left); 𝑞 = 2 (upper right); 𝑞 = 1.5 (lower left); 𝑞 = 2 (lower right).
and global model of information, denoted as 𝑀(𝑥, 𝑡), could involve
the potential existence and local stability of spatial symmetry-breaking
solutions leading to far-from-equilibrium structures, specifically non-
uniform steady states (NUSS), particularly when 𝛺 is bounded. Such
symmetry-breaking solutions would coexist with uniform locally asymp-
totically stable (LAS) states and unstable uniform steady states.

To the best of our knowledge, within the application of phase
transition theory to model cell polarization, Gamba and coworkers were
pioneers in demonstrating that specific integro-differential equations
(with Neumann boundary conditions) of the form [21,22]

𝜕𝑡𝑢 = 𝐷∇2𝑢 + 𝑣(𝑢, 𝐽 ), (29)

𝐽 (𝑡) = ∫𝛺
𝑢(𝑥, 𝑡)𝑑𝑥, (30)

with 𝜕𝐽 𝑣 < 0 (note that our model can be transformed in the above by
a rescaling such that the measure of 𝛺 is one) can have [21–23,27] a
NUSS 𝑢𝑠𝑠(𝑥). This NUSS is such that:

𝐷∇2𝑢𝑠𝑠 + 𝑣(𝑢𝑠𝑠, 𝐵𝑠𝑠) = 0, (31)

𝐵𝑠𝑠 = ∫𝛺
𝑢𝑠𝑠(𝑥;𝐵𝑠𝑠)𝑑𝑥. (32)

The Edelstein-Keshet group [24,25,27] and other authors [32–36] high-
light that in the class of models described by (29)–(30), Non-Uniform
Steady States (NUSS) arise due to a ‘‘wave-pinning-like’’ mechanism.
This is attributed to the interplay between the following factors:
8 
1. Bistability [22]: The parameter-dependent parabolic equation
with Neumann boundary conditions,

𝜕𝑡𝑢 = 𝐷∇2𝑢 + 𝑣(𝑢;𝐾), (33)

where 𝐾 is a constant parameter, must allow the presence of
two distinct uniform phases, denoted as 𝑢1(𝐾) and 𝑢3(𝐾), corre-
sponding to the two minima of the potential associated with the
function 𝑣(𝑢;𝐾).

2. Global Self-Tuning [22,27]: As 𝜕𝐾𝑣(𝑢,𝐾) < 0, the system
(29)–(30) is endowed with a global negative feedback mecha-
nism. The variable 𝐽 (𝑡) in (30) serves as the control variable,
influencing the metastability degree of the system.

3. Wave Pinning [24,25,27]: If 𝐽 is considered a constant, specif-
ically 𝐽 = 𝐾, there must exist a 𝐾̂ such that the Maxwell
condition for wave pinning holds: 𝑉 (𝑢1; 𝐾̂) = 𝑉 (𝑢3; 𝐾̂).

It is noteworthy that the emergence of phase coexistence in the integro-
differential model (29)–(30) is non-trivial. This is distinct from nor-
mal partial differential equations (PDEs) where wave-pinning typi-
cally arises and is well-studied [12,47]. In standard cases, traveling
waves and stable wave pinning typically occur in unbounded domains,
whereas in cells the domain is of course bounded. The condition 4 ap-
pears to have been demonstrated through a semi-analytical approach,
in the absence of noise, for certain types of potential in [25]. Addition-
ally, for a model in spherical coordinates, a caricature model has been
analytically examined [29]. Robustness to intrinsic and extrinsic noises
has been considered in [26,34].
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Fig. 8. Two pulse and four pulse solution for 𝑞 = 3, 𝐾 = 5 and 𝜑(0, 𝑥) = 𝜑3 for |𝑥| < 10 (left panel) and for |𝑥| < 25 (right panel). Initial condition (blue curve) and final distribution
(red curve) at 𝑡 = 500 are presented at lower panel.
Fig. 9. Plot of maxima of 𝜑 against space and time.

11. Multiple NUSS, their physical and epidemiological determina-
tion and their local stability

An intriguing phenomenon that, to the best of our knowledge,
has not been previously emphasized is the potential coexistence of
multiple Non-Uniform Steady States (NUSS). In one dimension, this
is straightforward to observe: if 𝑢̂(𝑥) is a NUSS, then it can be easily
9 
Fig. 10. Plot of 𝜑(𝑥, 𝑡) and 𝜎(𝑥, 𝑡) against space and time for 𝑞 = 1.5.

shown that 𝑢̂(𝐻 − 𝑥) is also a NUSS, and other solutions are possible.
This implies that in 1D, no Globally Asymptotically Stable (GAS) NUSS
exist (and the same can be said for several symmetric multi-dimensional
cases). Further examples illustrating the coexistence of multiple NUSSs
will be discussed later on.

A straightforward approach to identify Non-Uniform Steady States
(NUSS) is, of course, to conduct long-term simulations. By running
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Fig. 11. Plot of 𝜑(𝑥, 𝑡) and 𝜎(𝑥, 𝑡) against space and time for 𝑞 = 3.

Fig. 12. Steady state NUSS obtained by setting 𝐴0 = 20 and 𝑞 = 𝑞𝑁𝑈𝑆𝑆 = 13.4937.

the system over extended periods, one can observe the emergence
and persistence of non-uniform patterns that indicate the existence of
NUSSs. By performing simulations of the model with ℎ(𝑀) = (1−𝑞𝑀)+,
𝐴0 = 20 and large 𝑞 > 𝑞20, i.e. 𝑞 lies in the range where only the
spatially homogeneous equilibrium 𝜑𝑙 = 0 exists, there is another far
from equilibrium solution that is LAS, and it is of the Bloch-like aka
‘mesa’ type [32]. Namely, for 𝑞20 < 𝑞 < 𝑞𝑁𝑈𝑆𝑆 = 13.4937 a NUSS
exists, whereas for 𝑞𝑁𝑈𝑆𝑆 > 13.4937 this NUSS disappear and the
state density tend to the null homogeneous equilibrium. Moreover, for
𝑞 = 𝑞𝑁𝑈𝑆𝑆 = 13.4937 the NUSS is not small (see Fig. 12) since it holds
that for 𝑥 = 𝐻 it is 𝑢𝑠𝑠 ≈ 0.178. Thus, very likely there is a first order
transition from multistability to monostability. The initial value used
for the simulation of Fig. 12 is:

𝑢0(𝑥) = 0.9
𝑥 −𝐻∕2
𝐻∕2

𝐻𝑒𝑎𝑣(𝑥 − 0.7𝐻).

This simple method has two limitations: (i) it does not allow the
identification of unstable NUSSs; (ii) the likelihood of discovering
Locally Asymptotically Stable NUSSs is highly dependent on their basin
of attraction, which resides in an infinite-dimensional space along with
all NUSSs.

The optimal approach is to directly determine NUSSs by solving
the elliptic steady-state nonlinear Partial Differential Equation (PDE),
which simplifies to a second-order nonlinear Ordinary Differential
Equation (ODE) if 𝛺 is an interval.

Depending on the nature of the analysis, whether it leans more
towards physical or epidemiological aspects, two distinct approaches
with different objectives can be formulated.
10 
In the first case, defining 𝐵𝑠𝑠 = 𝐴0(1−𝑞𝑀𝑠𝑠)+, we suppose that both
𝐴0 and 𝑞 are known. The algorithm simply numerically determines the
(in principle multiple) solutions of the compatibility equation:

𝑀𝑠𝑠 =
⟨

𝑢𝑠𝑠(𝑥;𝐵𝑠𝑠(𝑀𝑠𝑠))
⟩

,

or, equivalently, by setting

𝑀𝑠𝑠(𝐵𝑠𝑠) =
1
𝑞
(1 −

𝐵𝑠𝑠
𝐴0

)+,

the solutions of

𝑀𝑠𝑠(𝐵𝑠𝑠) =
⟨

𝑢𝑠𝑠(𝑥;𝐵𝑠𝑠)
⟩

.

Certainly, it is of paramount importance to evaluate the impact of hu-
man behavior, encapsulated in the parameter 𝑞. Therefore, the second
algorithm involves conducting a bifurcation analysis by systematically
varying the parameter 𝑞:

𝑀𝑠𝑠(𝐵𝑠𝑠; 𝑞) =
⟨

𝑢𝑠𝑠(𝑥;𝐵𝑠𝑠)
⟩

.

To initiate the process, the first step is to identify candidate Non-
Uniform Steady States (NUSS). In other words, given the values of 𝐿
and 𝐵𝑠𝑠, we need to find solutions, denoted as 𝑢𝑐 (𝑥), to the following
Boundary Value Problem:

𝐷𝑢′′𝑐 (𝑥) = +𝑢𝑐 (𝑥) − 𝐵𝑠𝑠𝑢𝐿𝑐 (𝑥)
(

1 − 𝑢𝑐 (𝑥)
)

, (34)

𝑢′𝑐 (0) = 𝑢′𝑐 (𝐿) = 0. (35)

The existence of these solutions depends on the value of 𝐵𝑠𝑠.
The steady boundary value problem (34)–(35) can be addressed

using the general-purpose shooting method, considering the unknown
value 𝑢0 = 𝑢(0) as a parameter. However, a more sophisticated alterna-
tive exists for similar problems [25,35,47,60,61]: the ‘spatial dynamics’
or ‘Energy Conservation Method’ [35,61]. This method is based on a
well-known physical analogy [47,60]:

1. If we interpret 𝑥 as the ‘temporal’ variable, then (34) can be
understood as a Newton equation for the motion of a point with
‘mass’ 𝐷 under a conservative ‘force’: 𝐷𝑢′′ = −𝑊 ′(𝑢) (where the
potential 𝑊 is 𝑊 (𝑢) = −𝑉 (𝑢)).

2. As a consequence, the ‘energy’ is conserved:

𝐷

(

𝑢′
)2

2
= 𝑊 (𝑢0) −𝑊 (𝑢). (36)

3. The BVP (34)–(35) formulates the problem in a way analogous to
determining periodic orbits of a point in a potential well (whose
existence depends on 𝐵𝑠𝑠). These orbits, which are solutions of
(36), must satisfy the condition that their ‘period’ is 𝐻∕𝑛 (𝑛 =
1, 2,… ):

𝐻
𝑛

= ±
√

𝐷
2 ∫

𝑢𝑟(𝑢𝑙 )

𝑢𝑙

𝑑𝑢
√

𝑊 (𝑢0) −𝑊 (𝑢)
, (37)

where 𝑢𝑟(𝑢𝑙) is determined by the condition

𝑊 (𝑢𝐻 ) = 𝑊 (𝑢0).

It is crucial to recognize that 𝑢𝑙 and 𝑢𝑟 are, respectively, larger and
smaller than the two points corresponding to the maxima of the ‘poten-
tial’ 𝑊 (𝑢). This is due to the fact that 𝐻 is finite. Connecting these two
maxima would require an infinite ‘time’ (𝐻 = +∞) since they represent
two equilibria of the ‘Newton’ equation [60]. In other words, the ‘orbit’
linking them is a heterocline [60].

Finally, it is straightforward to demonstrate that the consistency
equation 𝑀𝑠𝑠(𝐵𝑠𝑠) = ⟨𝑢𝑐 (𝑥;𝐵𝑠𝑠)⟩ can be expressed as follows:

𝑀𝑠𝑠 =
𝑛
√

𝐷
∫

𝑢𝐻 (𝑢0) 𝑢𝑑𝑢
√

. (38)

𝐻 2 𝑢0 𝑊 (𝑢0) −𝑊 (𝑢)
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Fig. 13. Global Feedback on a bounded 𝛺: Multiple NUSS (upper panels) and related ‘reversed’ potential energy 𝑊 (𝑢) (lower panels). Parameters: Left Panels: 𝐵𝑠𝑠 = 𝐴𝑊𝑃 (𝐿) = 9∕2;
right panels: 𝐵𝑠𝑠 = 5 > 𝐴𝑊𝑃 (𝐿).
11.1. Numerical simulations

To begin (refer to the right panels of Fig. 13), we applied both
the EC/FI method and the shooting method to the case where 𝐿 = 2,
𝐷 = 1, 𝛺 = [0,𝐻] with 𝐻 = 10. Specifically, we set 𝐵𝑠𝑠 to a ‘natural
candidate’: the value inducing wave-pinning in the case where 𝛺 is
(practically) unbounded, i.e., 𝐵𝑠𝑠 = 𝐴𝑊𝑃 (2) = 9∕2. For both 𝐴0 = 28
and 𝐴0 = 10, we obtained multiple candidate NUSSs, consisting of two
pairs of symmetric NUSSs: two monotone NUSSs and two ‘oscillating’
NUSSs. An important feature of these solutions is that they all share the
same average 𝑀𝑠𝑠 =𝑀≈1∕3, equal to the unstable uniform steady state.
Finally, the value of 𝑞 corresponding to the pair (𝐴0,𝑀𝑠𝑠) = (10,𝑀) is
𝑞 = 𝑞𝑑 ≈ 1.64975, and the one corresponding to the pair (𝐴0,𝑀𝑠𝑠) =
(28,𝑀∗) is 𝑞 = 𝑞𝑐 ≈ 2.517. In both cases, the largest uniform steady state
𝜑𝑟 is unstable. Regarding the local stability of these NUSSs, considering
the linearized system:

𝜕𝑡𝑤 = 𝐷∇2𝑤 + 𝑃 (𝑢𝑠𝑠(𝑥),𝑀𝑠𝑠)𝑤 +𝑄(𝑢𝑠𝑠(𝑥),𝑀𝑠𝑠) < 𝑤 >,

we numerically obtained the following results:

1. For the case (𝐴0, 𝑞) = (28, 𝑞𝑐 ), the two monotone solutions are
locally asymptotically stable (LAS) with 𝑀𝑎𝑥(𝑅𝑒(𝜆)) ≈ −0.55 <
0;

2. For the case (𝐴0, 𝑞) = (10, 𝑞𝑑 ), the NUSSs are LAS with
𝑀𝑎𝑥(𝑅𝑒(𝜆)) ≈ −0.401 < 0. In both cases, oscillating NUSSs are
unstable.

In summary, for both cases, we have 2 symmetric LAS NUSSs that
coexist with (i) two unstable ‘oscillating’ NUSSs; (ii) two unstable
uniform steady states (𝜑𝑟 and 𝜑𝑐), and (iii) one LAS uniform steady
state: 𝜑 = 0.
𝑙
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It is important to note that the choice of 𝐵𝑠𝑠 = 𝐴𝑊𝑃 (𝐿) = 9∕2 is
not mandatory. For example, for 𝐵𝑠𝑠 = 5 > 𝐴𝑊𝑃 (2) and 𝐴0 = 28, we
obtained the following results:

1. Multiple NUSSs are found: two Bloch-wall-like LAS NUSS (with
𝜆𝐵𝐿 = −0.88 < 0) and two ‘oscillating’ NUSSs.

2. In contrast to the previous case 𝐵𝑠𝑠 = 𝐴𝑊𝑃 (𝐿), the NUSSs have
different average values: the one for the Bloch-like solutions is
𝑀𝐵𝐿 ≈ 0.115 and the one for the ‘oscillating’ NUSSs is 𝑀𝑜𝑠𝑐 ≈
0.230 ≈ 2𝑀𝐵𝐿. This difference implies the 𝑞 parameter for the
Bloch-like solutions is 𝑞𝐵𝐿 ≈ 7.14 and the one for the ‘oscillating’
NUSSs is 𝑞𝑜𝑠𝑐 ≈ 3.57 ≈ (1∕2)𝑞𝐵𝐿.

Importantly, note that, similarly to the numerical simulations dis-
cussed at the start of this section, also the pair (28, 7.14) is such that
the nonspatial model is monostable (see the right panel of Fig. 1).
Thus: (i) It is confirmed that for the model in study, the onset of
phase coexistence does not require the presence of bistability. (ii) The
corresponding monotone LAS NUSSs coexist with the LAS null solution.

Finally, in Fig. 14, we plot for the pair (𝐴0, 𝑞) = (28, 𝑞𝑐 ) the consis-
tency equation 𝑀𝑠𝑠(𝐵𝑠𝑠) = ⟨𝑢𝑠𝑠(𝑥;𝐵𝑠𝑠)⟩. We begin by setting 𝑛 = 1. In
this scenario, for the pair (𝐴0, 𝑞) = (28.0, 𝑞𝑐 ), as depicted in the left panel
of Fig. 14, besides the trivial solution 𝑀 = 0, there can be two non-
null solutions. One corresponds to the case 𝐵𝑠𝑠 = 9∕2, which we have
illustrated earlier, and the second one corresponds to 𝑀𝑠𝑠 ≈ 0.012069,
implying 𝐵𝑠𝑠 ≈ 27.173868. However, this second compatible steady-
state solution is unstable, with 𝑀𝑎𝑥(𝑅𝑒(𝜆)) ≈ 1.13 > 0. As we increase
𝑞, the location of the non-uniform steady states (NUSS) changes, and
at a threshold 𝑞𝐺 ≈ 20.65 (see the right panel of Fig. 14), the only
intersection of the curves corresponds to the null and homogeneous
spatial equilibrium solution 𝜑 = 0.
𝑒
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Fig. 14. Compatibility equation: plot of 𝑀𝑠𝑠(𝐵𝑠𝑠) = ⟨𝑢𝑠𝑠(𝑥;𝐵𝑠𝑠)⟩. Left panel: plot corresponding to the pair (𝐴0 , 𝑞) = (28.0, 2.517): 3 intersection points, corresponding to the null
homogeneous equilibrium and to two pairs of possible and symmetric NUSSs; Right panel: plot corresponding to the pair (𝐴0 , 𝑞) = (28.0, 20.7): 1 intersection point, corresponding
to the null homogeneous equilibrium.
Similar results hold for the pair (𝐴0, 𝑞) = (10, 𝑞𝑑 ): the compatibility
graphs are similar, with one fixed point corresponding to 𝐵𝑠𝑠 = 9∕2 and
another larger fixed point corresponding to 𝐵𝑠𝑠 = 9.3471705. However,
the second fixed point, corresponding to a larger average value for the
steady-state solution, is unstable, with 𝑀𝑎𝑥(𝑅𝑒(𝜆)) ≈ 0.894324 > 0. The
compatibility equation and its associated graphs suggest the possible
onset of a first-order transition when varying 𝑞. This is indeed what
occurs, and the transition is at 𝑞 = 𝑞𝐺. For example, for 𝐴0 = 10, it
is 𝑞𝐺 ≈ 5.3. Note that, adopting the language of bifurcation theory,
this is a case of backward bifurcation (BB). BBs are a particular case
of hysteresis bifurcations where one of the equilibria is constant and
permanently locally asymptotically stable (in our case, 𝑀𝑠𝑠 = 0).

Setting 𝑛 = 2, which corresponds to oscillating solutions, we ob-
tained that (i) both for the pair (𝐴0, 𝑞) = (28.0, 𝑞𝑐 ) and for the pair
(𝐴0, 𝑞) = (10, 𝑞𝑑 ), the plots 𝑀(𝐵𝑠𝑠) = ⟨𝑢𝑠𝑠(𝑥, 𝐵𝑠𝑠)⟩ are qualitatively
similar to the ones we have seen above when illustrating the case 𝑛 = 1;
(ii) in all cases, the spatially oscillating NUSSs corresponding to the
solutions of the compatibility equation were unstable.

12. Global behavior and nucleation/critical aggregation

In the theory of first-order phase transitions, a well-known phe-
nomenon is the nucleation threshold [62,63]. This threshold represents
the minimum initial size of a nucleus (also termed a ‘germ’) of a
phase ‘B’ embedded in another phase ‘A’ so that the initial nucleus can
expand, reach equilibrium, and potentially coalesce with other nuclei.
Interestingly, the phenomenon of nucleation plays a crucial role in the-
oretical population biology, where it is known as ‘critical aggregation’,
and it is of primary importance in modeling species invasion [64,65].

Global coupling can have a significant impact on important prob-
lems in nucleation kinetics [9,11,21,22]. Consequently, one might won-
der if this also holds true for our epidemic model, where the nucleus
is represented by an initial cluster with a high density of infectious
individuals.

Indeed, by adopting the following initial condition:

𝜑(𝑥, 0) = 𝐻𝑒𝑎𝑣𝑖𝑠𝑖𝑑𝑒(𝑥 − 𝑎 + 𝑅) −𝐻(𝑥 − 𝑎 − 𝑅),

we searched for the minimal width 𝑅 such that the SBS arise in the case
G. By further setting 𝛺 = [0,𝐻], 𝐻 = 10, 𝐷 = 1, 𝐴0 = 28, 𝑞 = 𝑞𝑐 ≈ 2.517
and 𝑎 = 𝐻∕2, we obtained that for 0 ≤ 𝑅 < 𝑅𝑐 ≈ 0.05 there is extinction
of the disease: lim𝑡→+∞ 𝜑(𝑥, 𝑡) = 0, i.e. there is convergence towards a
homogeneous LAS equilibrium. Instead, for 𝑅 ≥ 𝑅𝑐 there is invasion:
𝜑(𝑥, 𝑡) tends to the decreasing NUSS depicted in the upper left panel of

Fig. 13.
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The presence or absence of nucleation is closely tied to the prop-
erties of the basins of attraction of the Non-Uniform Steady States
(NUSSs) and the homogeneous steady states in a model. Determining
these basins numerically can be challenging in a finite-dimensional
model and, in the general case, is not feasible for an infinite-dimensional
model. Consequently, we limited our analysis to simulating the system
under certain simple initial conditions.

Firstly, as illustrated earlier, we considered nucleus-type initial
conditions. Secondly, we examined initial conditions of the form:

𝜑(𝑥, 0) = 𝑍 ⋅ Heaviside(𝑥 − 5).

For values of 𝑍 greater than 0.05, all solutions converged to the same
increasing NUSS. This NUSS is depicted by the light blue curve in the
upper right panel of Fig. 13. For smaller values of the parameter 𝑍, the
solution tended towards zero.

13. Concluding remarks

We have introduced and explored a qualitative model in behavioral
epidemiology, integrating the concept of social distancing into a spatio-
temporal SIS epidemic model.As mentioned in the introduction, in
contemporary societies, the dynamics of social distancing are increas-
ingly influencing the spread and control of infectious diseases [1–4].
This means that the basic and also more sophisticated models devel-
oped in classical studies of mathematical epidemiology and relying
on the mass action law of statistical mechanics, are no longer suited
for the study of threatening infections in contemporary societies and,
at best, remain valid for trivial, non-dangerous, infections. Indeed,
as soon as a communicable infection poses a threat to individuals,
groups, or the society as a whole, and information about such threat
is communicated to people, behavior changes – in the form of risk-
avoidance or social distancing – will take place. Note that this is not
a new phenomenon. Historical instances of spontaneous and enforced
social distancing are reviewed in [66]. Modern times instances are
represented by the significant behavioral changes observed during the
Spanish flu pandemic [67]. However, it is especially in contemporary
times, that behavioral changes became main drivers of infectious dis-
eases thanks to the dramatic speed of information circulation. Dramatic
behavioral changes were observed in the USA homosexual commu-
nity in response to the early spread of HIV at the beginning of the
1980s [68]. In later phases of the HIV pandemic, in the absence
of vaccination and under poor diffusion of therapies in low income
countries, mass sexual behavior change has become the main control

tool of the HIV pandemic in Sub-Saharan Africa [69,70]. In the early
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2000s, important individual behavior changes were documented during
the threat brought by the 2003 SARS epidemics in Hong Kong and
Singapore [71]. Finally, during the current COVID-19 pandemic, both
government-enforced and spontaneous behavioral changes have repre-
sented a critical mitigation factors, especially in the epoch prior to the
arrival of vaccines [72]. Behavioral change and risk avoidance can be
implemented in a variety of ways [1–4,72]. For example, for respiratory
and other transmissible diseases, typical forms are represented by the
so-called social distancing measures such as e.g., avoiding crowds
and, more generally, reducing the number of social contacts, spatial
mobility and the number of daily activities such as (e.g., resorting to
homework or closing schools) [3,4,72]. Risk-avoidance can obviously
be implemented by adopting safe individual practices that have the
effect of reducing the transmission probability per contact, for example
(especially in case of severe epidemics) by wearing respiratory masks,
washing hands frequently and using environmental sanification [3,
4,72]. For sexually transmissible diseases, equivalent social distanc-
ing measures include reducing the number of sexual partners [68]
and practicing safe sex. Finally, during particularly severe outbreaks
e.g., the most severe phases of the current COVID-19 pandemic, both
spontaneous ‘stay-at-home’ and law-enforced confinements – the so
called generalized ‘lockdowns’ – have been important measures [72].
This said, no one such measures or spontaneous behavior changes
could be enacted in the absence of appropriate information allowing
individuals to form their perceptions of risks and consequently tune
their responses. This is why the information index𝑀 is the key driver of
the proposed model. The proposed model includes a nonlinear force of
infection and accounts for the potential of ‘external’ infections resulting
from contact with animal vectors or other populations affected by the
disease. In the absence of a behavioral response, the SIS model can be
formally regarded as an extension of the Schoegl model, known for its
rich and well-established spatiotemporal dynamics.

The influence of social distancing is depicted through a negative
feedback mechanism, which relies on spatiotemporal information sum-
marized by an information index denoted as 𝑀(𝑥, 𝑡). The characteristics
of the system vary significantly based on whether the information index
is local, non-local, or global in nature. Indeed, non-local and global
information indexes capture the influence of information spread at
different spatial scales and can alter the local pattern of infection
propagation.

If local feedback is employed, meaning citizens base their decisions
solely on local information, the system’s properties remain analogous to
those observed in the Schoegl model. These include multiple homoge-
neous and stable phases, or a unique homogeneous globally attractive
phase. Additionally, nucleation-induced processes occur, along with
dynamic phase transitions occurring by means of traveling waves.
Furthermore, unstable phase coexistence via wave pinning is observed.

Nevertheless, a novel effect linked to human behavior emerges: a
threshold value 𝑞𝐿 for the behavior tuning parameter 𝑞 is identified. If
𝑞 > 𝑞𝐿 – indicating a sharp behavioral response – the system exhibits
only the zero homogeneous solution. This implies that a sufficiently
large behavioral response has the capability to suppress the spread of
the disease.

Further phenomena are observed in the case of non-local feedback.
First, the largest spatially homogeneous equilibrium can became un-
stable. Additionally, in the semi-local scenario with an approximately
unbounded domain, the non-locality of information can result in the
disruption of spatial symmetry. This leads to the initiation of gener-
alized traveling waves and, in certain cases, the onset of ‘far from
equilibrium’ spatially oscillating standing waves. The width of these
standing waves is influenced by the width of the ‘germ’-like initial
condition. In the case of global feedback, wherein citizens rely solely
on information about the disease spread across the entire domain, we
have demonstrated the occurrence of additional ‘far from equilibrium’

structures. Specifically: (
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1. Pairs of symmetric and monotone Non-Uniform Steady States
(NUSSs) have been identified, which are locally stable and co-
exist with the LAS null equilibrium;

2. These NUSS solutions may emerge even for values of 𝑞 such that
the spatially uniform version of the model is monostable;

3. A threshold value 𝑞𝐺 for 𝑞 has been obtained, indicating that if
𝑞 > 𝑞𝐺, only the null homogeneous equilibrium is observed;

4. Remarkably, the threshold 𝑞𝐺 is greater than the threshold 𝑞𝐿
observed in the case of local feedback. This implies that global
feedback weakens the impact of the behavioral response because
a sharper reaction is needed to suppress the spread ;

5. Spatially oscillating steady states have been identified, though
they are unstable;

6. Additional pairs of symmetric Non-Uniform Steady States exist,
but they are also unstable.

In summary, with Global Feedback, the behavior tuning parameter can
induce far-from-equilibrium patterns characterized by a phase coexis-
tence between regions with a ‘small’ infectious density and regions with
a ‘large’ infectious density. Additionally, for sufficiently large values
of 𝑞 (indicating a substantial behavioral response), the propagation of
the disease is suppressed. However, achieving this suppression is more
challenging than in the case of purely local feedback, as evidenced by
the fact that 𝑞𝐺 > 𝑞𝐿.

Our model is subject to several limitations. Firstly, it is a determin-
stic model. While other models based on nonlocal/global feedbacks
ave exhibited robustness to intrinsic and extrinsic stochasticity, this
haracteristic needs to be demonstrated for our case. Secondly, human
obility is represented using Fickian diffusion, which is a relatively

oarse approximation of actual human movements. Lastly, it is im-
ortant to note that our model is qualitative. Therefore, we do not
laim it to be realistic as an epidemiological model. It serves more
s a qualitative representation than a precise illustration of real-world
pidemiological dynamics.
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Appendix. Properties the average prevalence ⟨𝝋⟩

It is easy matter to proof (rigorously of by discretizing the space)
hat: (i) if 𝜑(𝑥, 0) ≥ 0 then 𝜑(𝑥, 𝑡) ≥ 0; (ii) if 0 ≤ 𝜑(𝑥, 0) ≤ 1 than also
0 ≤ 𝜑(𝑥, 𝑡) ≤ 1. Moreover the average 𝜑̄(𝑡) = ⟨𝜑⟩ is bounded. Calculating
it yields
𝑑
𝑑𝑡
𝜑̄(𝑡) = 𝜌 − 𝜑̄(𝑡) + 1

𝛺 ∫ 𝐴(𝑀(𝑥, 𝑡))𝜑𝐿(𝑥, 𝑡)(1 − 𝜑(𝑥, 𝑡))𝑑𝑥 =

−𝜑̄(𝑡) + 1
𝛺 ∫ 𝐴(𝑀(𝑥, 𝑡))𝜑(𝑥, 𝑡)(𝜑𝐿−1(𝑥, 𝑡) − 𝜑𝐿(𝑥, 𝑡))𝑑𝑥.

Thus since 𝑀𝑎𝑥(𝑦𝐿−1 − 𝑦𝐿) = (1∕𝐿)(1 − 1∕𝐿)𝐿 it easily follows that

𝑑
𝑑𝑡
𝜑̄(𝑡) < 𝜌 − 𝜑̄(𝑡) + 𝜑̄(𝑡)𝐴0

(𝐿 − 1
𝐿

)𝐿 1
𝐿
.

As a consequence if

𝐴0 < 𝐿
(𝐿 − 1

𝐿

)−𝐿
(39)

then

lim
𝑡→+∞

𝜑̄(𝑡) ∈ (0, 𝜌).

Moreover rewriting
𝑑
𝑑𝑡
𝜑̄(𝑡) = −𝜑̄(𝑡) + 1

𝛺 ∫ 𝐴(𝑀(𝑥, 𝑡))(𝜑𝐿(𝑥, 𝑡) − 𝜑𝐿+1(𝑥, 𝑡))𝑑𝑥.

Thus since

𝑀𝑎𝑥(𝑦𝐿 − 𝑦𝐿+1) = 𝐿𝐿

(𝐿 + 1)(𝐿+1)

t easily follows that

𝑑
𝑑𝑡
𝜑̄(𝑡) < −𝜑̄(𝑡) + 𝐴0

𝐿𝐿

(𝐿 + 1)(𝐿+1)
.

hus

lim
→+∞

𝜑̄(𝑡) ≤ 𝜌 + 𝐴0
𝐿𝐿

(𝐿 + 1)(𝐿+1)

bserve that in the case L rewriting as
𝑑
𝑑𝑡
𝜑̄(𝑡) = 𝜌 − 𝜑̄(𝑡) + 𝐴0

1
𝛺 ∫ 𝜑(𝑥, 𝑡)ℎ(𝜑(𝑥, 𝑡))(𝜑𝐿−1(𝑥, 𝑡) − 𝜑𝐿(𝑥, 𝑡))𝑑𝑥

one straightforwardly obtains that

𝑑
𝑑𝑡
𝜑̄(𝑡) < 𝜌 − 𝜑̄(𝑡) + 𝜑̄(𝑡)𝐴0𝜔1

(𝐿 − 1
𝐿

)𝐿 1
𝐿
.

where 𝜔1 < 1 so that the condition (39) becomes

0 <
1
𝜔1
𝐿
(𝐿 − 1

𝐿

)−𝐿
(40)

Proceeding in a similar manner one gets the following asymptotic
bound

lim
𝑡→+∞

𝜑̄(𝑡) ≤ 𝜔2𝜌 + 𝐴0
𝐿𝐿

(𝐿 + 1)(𝐿+1)

here 𝜔2 < 1.
Finally, In the case G further properties hold. Indeed, in such a case

(𝑀(𝑥, 𝑡)) = 𝐴0ℎ(𝜑̄(𝑡))

hus it holds that:
𝑑 𝜑̄(𝑡) < 𝜌 + 𝜑̄(𝑡)

(

−1 + 𝜑̄(𝑡)𝐴(𝜑̄(𝑡))
(𝐿 − 1)𝐿 1

)

.

𝑑𝑡 𝐿 𝐿

14 
So that indicating with 𝑀𝑥 the unique solution of

1 −
𝜌
𝑀

= 𝐴(𝑀)
(𝐿 − 1

𝐿

)𝐿 1
𝐿

then

lim
𝑡→+∞

𝜑̄(𝑡) ≤𝑀𝑥

Similarly, it also holds that:

𝑑
𝑑𝑡
𝜑̄(𝑡) < 𝜌 − 𝜑̄(𝑡) + 𝐴(𝜑̄(𝑡)) 𝐿𝐿

(𝐿 + 1)(𝐿+1)
.

o that indicating with 𝑀𝑦 the unique solution of

− 𝜌 = 𝐴(𝑀) 𝐿𝐿

(𝐿 + 1)(𝐿+1)

nd taking into account the previous bound it follows that

lim
→+∞

𝜑̄(𝑡) ≤ 𝑚𝑖𝑛{𝑀𝑥,𝑀𝑦}
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