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Abstract

We provide multiplicity results for the periodic problem associated with Hamilto-
nian systems coupling a system having a Poincaré—Birkhoff twist-type structure with
a system presenting some asymmetric nonlinearities, with possible one-sided super-
linear growth. We investigate nonresonance, simple resonance and double resonance
situations, by implementing some kind of Landesman-Lazer conditions.
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1 Introduction

We consider the periodic problem associated with a system of the type

q’ = apH(tsCI» p) +apP(taQ1 p7 M)9
p = _8qH(t1 q, p) - aqP(tv q, psu)s (S)
i'i+g(tau) = _aMP(t7q’p’u)’

where all the involved functions are continuous and 7'-periodic in ¢.
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We will assume a Poincaré—Birkhoff setting for the planar system

g=0yH(t.q.p), p=—09H{ q,p), )]

while for the scalar equation
ii+gt,u)=0 2)

the nonlinearity g will have an asymmetric behaviour combined with some Landesman—
Lazer conditions.

In order to better understand our results, let us first present some historical premises.
Concerning system (1), a modern version of the Poincaré-Birkhoff Theorem reads as
follow, see [20].

Theorem 1 Assume the Hamiltonian function 'H to be 25 -periodic in q. If there exist
a < b such that all the solutions of (1) starting with p(0) € [a, b] are defined on
[0, T and satisfy

p(0)=a = q(T)—4q(0) <0,

p(0)=b = q(T)—4q(0) >0,

then there are at least two geometrically distinct T -periodic solutions such that p(0) €
Ja, b[.

Since we assumed the 27 -periodicity in ¢ of the Hamiltonian function H, the 7'-
periodic solutions can be collected in equivalence classes made of those solutions
whose g-components differ by an integer multiple of 2. We say that two T -periodic
solutions are geometrically distinct if they do not belong to the same equivalence class.

Recently, there have been several generalizations of this theorem both in the planar
case and in higher dimensions. In particular, system (1) has been coupled with some
systems presenting different types of behaviours. In [14] the case of a linear nonreso-
nant system was considered, while in [3] resonance with respect to one eigenvalue was
addressed assuming an Ahmad-Lazer—Paul condition. In [11, 17] the possibility of
dealing with lower and upper solutions has been tackled, and in [18, 19] the coupling
with some isochronous oscillators has been faced.

As a particular case of an isochronous system, let us mention the classical asym-
metric oscillator

i+ put —vu" =0, 3)
where u* = max{=u, 0}. It is well known, since the pioneering works by Fu¢ik [21]
and Dancer [4, 5], that equation (3) has nontrivial T -periodic solutions if and only if
the couple (i, v) belongs to the so-called Fucik spectrum

=%,

jeN

where
%o = {(1,v) e R?: v = 0},
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and, for j > 1,

b4 T T
%.:{(Mav)eR2:M>O,U>O,——}——:—.}_
: VIS

The set X then contains the two axes and an infinite number of curves ¢; having a
vertical asymptote 1 = 7x; and a horizontal one v =v; withw; =v; = (jm/ T)2.
Assume that the function g in (2) satisfies a linear growth assumption

o Iu . Iu
v < hmme < hmsupM <v,
u—>—00 u U— —00 u

t,u . t,u
u1 < liminf 8(t.u) < lim sup 8, u)
u—+00 u u——+00 u

= p2,

uniformly in ¢ € [0, T], for some positive constants (1, (2, vi, and vo. In [7], it
was proved that if the rectangle R = [u1, u2] x [v1, v2] does not intersect the Fucik
spectrum X, then equation (2) has at least one 7 -periodic solution. This is a typical
nonresonance situation. See also [6, 22, 31] for related results.

When the set R N X consists of only one or both the vertices (@1, v1) and (u2, v2)
of the rectangle, some additional assumptions are needed. In [8, 9, 12], the so-called
double resonance situation has been treated by assuming some Landesman—Lazer
conditions on both sides (cf. [23, 24]), thus obtaining the existence of a T -periodic
solution. (See also [2, 28] for an in-depth analysis on the Landesman—Lazer condition.)

The possibility of treating the case of an unbounded rectangle of the type R =
[1e1, +00[x[v1, v2] at a positive distance from the Fucik spectrum ¥ was first faced
by Fabry and Habets in [10] (see also [29]).

Usually, the proofs in the above quoted papers mainly rely on the use of some
topological degree arguments. Typically, a homotopy with some nonresonant system
needs to be constructed, and one has to find a priori bounds for the corresponding 7 -
periodic problems. The Leray—Schauder degree theory can then be applied to obtain
the existence of a solution. In this paper we propose a different approach. The strategy
of the proofs is to wisely modify the original system so to be able to apply a suitable
version of the Poincaré—Birkhoff Theorem. Then, we provide some a priori bounds
so to ensure that the T'-periodic solutions of the modified system are indeed solutions
of the original one. In this way, we obtain our multiplicity results by combining
assumptions of Poincaré-Birkhoff twist-type for equation (1) with the resonant/non-
resonant assumptions we have mentioned above for the scalar equation (2).

The paper is organized as follows. In Sect.2 we state our main results, focusing
our attention on the case when (1) is a planar system and (2) is a scalar second order
equation. The results are then extended to the higher dimensional setting in Sect. 4,
where we also mention some other possible generalizations. The detailed proofs of
the statements are carried out in Sect. 3.
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2 Main results

Let us start by listing all our results related to system (). The proofs will be postponed
to the next section. Here are our main assumptions.
We first need some periodicity for the Hamiltonian function H.

Al. The function H(t, g, p) is 2w -periodic in q.
We now introduce the twist assumption, adapted to our setting (cf. [11, 18, 19]).
A2.There are a < b such that, for every C I_function{ : [0, T] — R, all the solutions

(g, p) of the system

q = 8,DH(tsqs p)+8pP(tvqs pvu(t))9
Ia = _aqH(ts q, p) - 8qP(t7 q, pvu(t))s

starting with p(0) € [a, b], are defined on [0, 7] and satisfy

4)
p0)=b — q(T)—¢q0) >0.

{p(0) —a = q(1)—q(0) <0,
Notice that the inequalities in (4) could also be reversed. Finally, a periodicity and
boundedness condition is assumed for the coupling function.

A3. The function P(¢, g, p, u) is 2w -periodic in g and has a bounded gradient with
respect to (¢, p, u). In particular, there exists a constant 77 such that

|8MP(t7q7pvu)| qu forevery (tqupau)'

In order to state our results we distinguish two different situations: the case when
the function g has an asymptotically linear growth and the case when it could have
a one-sided superlinear growth. In Fig. 1 we depict the settings considered in each of
the statements given below, showing the positions of the rectangle R defined in the
Introduction with respect to the Fu¢ik spectrum.

2.1 Asymptotically linear growth

Here we assume the following linear growth assumption.

A4. There exist some positive constants i1, 2, vi, and vy for which

.. t,u . t,u
v1 < liminf gt u) < limsup 8t u) <,
u— —00 u U—>—00 u

t,u . t,u
n1 < liminf UL < lim sup 8t )
u—+00 u u——+00 u

=2,

uniformly in ¢ € [0, T'].
Let us state our main results in this setting. We start with a nonresonance situation.
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Fig.1 The Fucik curves and a v
sketch of the situation faced in
each statement Th.6T
Th. 5
Th. 4
Th. 2
Th.3 Th. 6

Theorem 2 (Nonresonance) Let A1 — A4 hold true, and assume that there exists a
positive integer N such that

T

b4 b4
_—— + _ JEE—
N +1 JH2 1)2 J L
Then there are at least two geometrically distinct T -periodic solutions of system (S),
with p(0) €la, b[.

&)

=z~

M

We now consider the situation of simple resonance from below.

Theorem 3 (Simple resonance from below) Let A1 — A4 hold true, and assume that
there exists a positive integer N such that

T T n T T T T
ES V2o T S N
Moreover, assume the existence of a constant C such that

gt,u) <viu+C ifu<0,

. (6)
git,u)>pu—C  ifu=>0.
If for every non-zero function w such that i + wyw™ — viw™ = 0 one has
/ lim sup (g(t,u) — vm)w(t) dt
{w<0} u——00
+/ lim inf (g(t u) — i w(t)dt > m/ |lw(t)|dt, @)
{w>0} u——+00

then the same conclusion of Theorem 2 holds.
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As usual, we have used the notation
fw<0}={rel[0, T]: w) <0},

and similarly for {w > 0}. Symmetrically, we can consider the situation of simple
resonance from above.

Theorem 4 (Simple resonance from above) Let A1 — A4 hold true, and assume that
there exists a positive integer N such that

T —_—

T +7T < T T
N+1  Jma v~ Jim f

Moreover, assume the existence of a constant C such that

ZINI

g, u) =zvou—-C  ifu=<0,

8
gt,u) <pou+C  ifu=0. ®)

If for every non-zero function v such that v + v — vyv~ = 0 one has

/ lim sup (vzu — g(t, u))v(t) dt
{

v<0} u—>—00

—i—/ lim inf (uzu —g(t, u) v(t)dt > m/ lv(t)|dt, O]
{

v>0} 4—>+0o0
then the same conclusion of Theorem 2 holds.
Finally, a double resonance situation is treated.

Theorem 5 (Double resonance) Let A1 — A3 hold true. Assume that there exist a

positive integer N and positive constants (L1, (2, V1, V2, and C such that conditions (6)
and (8) hold, and

T T T T T T (10)

N+1 J_ Nl J_ N
If for every non-zero function w such that i + pyw™ — viw™ = 0 one has (7) and
for every non-zero function v such that v + puov™ — vov™ = 0 one has (9), then the

same conclusion of Theorem 2 holds.

It will be sufficient to provide the proof of Theorem 5, since Theorems 2, 3, and 4
follow as direct consequences. Indeed, if e.g. we focus our attention on the values j]
and v; in hypothesis (5), it is possible to find € > 0 such that

T T T

+ =—.
Jur—e  Jvy—e N
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Setting (i1 = u1 — € and V; = v — €, then

lim (f)lu —g(z, u)) = o0, lim (g(t, u) — ;llu) = 400,

U——00 u——+00

uniformly in 7. So we easily verify that (7) holds. Concerning the constants @, and
vy, we can similarly implement the same argument.

2.2 One-sided superlinear growth

We now assume the following growth condition.

AS. There exist some positive constants i1, vi, and v, satisfying

:, , ¢
oy < timinf £ < limsup 809 <y,
u—>—00 u U—>—00 u
g(t,u)

u1 < liminf ,
u— 400 u

uniformly in ¢ € [0, T].
Let us state our main results in this setting.

Theorem 6 (Nonresonance) Let A1 — A3 and A5 hold true, and assume that there
exists a positive integer N such that

T T T
— +

N+1 v Jur Y

Then the same conclusion of Theorem 2 holds.

Y

Z|

As a consequence of the previous statement we have the following.

Corollary 7 Let A1 — A3 hold true. Assume that there are two constants vo > vy > 0
and a positive integer N such that

z, . t,
V1 §liminfM < hmsupM <,
u——00 u U—> —00 u
ty
im 849 o, (12)

u— 400 u

uniformly int € [0, T, and

N \? (N+ Drm 2
(_> <v1§V2<(—) .
T T

Then the same conclusion of Theorem 2 holds.
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Indeed, by (12), it is easy to find a sufficiently large constant ;¢ so to apply Theo-
rem 6.

Clearly enough, a symmetrical version of Theorem 6 can be stated exchanging the
roles of 41 and v. It is depicted in Fig. 1 as Th. 67.

2.3 Some examples

As a possible example of application we propose a system coupling a pendulum-type
equation with a perturbed harmonic oscillator

G+ Asing = 0,P(t,q,u),

13
i+ put —vu~ +h(u) = 9,P(t,q,u), 4

where A, u, v are positive,
T T T

p— + — =

VE v N
for a certain positive integer N, and the function P(¢, g, u) is T-periodic in ¢ and
continuously differentiable in (¢, ). We assume the existence of the finite limits

lim_h(u) = h(—00) lim _hu) = h(+00).

In particular, % is bounded, hence (6) holds, with g(u) = puu™ — vu™ + h(u).
As a consequence of Theorem 3 with 41 = up = n and vi = v, = v, we have the
following.

Corollary 8 If P(t, q, u) is 2w -periodic in q, it has a bounded gradient with respect
to (g, u), and there exists a constant m such that

h — h(—
[0, P(t,q,u)| <m < (oo n (Zoo)u , forevery (t,q,u) € R3, (14)
w4+

then system (13) has at least two geometrically distinct T -periodic solutions.

Proof It can be seen that the nontrivial solutions of the differential equation w +
uwT — vw = 0 are of the type w(t) = c ¢(t — 0) withc > 0 and 6 € [0, %], where
¢ : R — Risthe %—periodic function such that

L sin (71 ifrefo. 2],
p=1" _ .
psn(v (- 59) e[ 5).
Then, condition (7) becomes
h(—00) ¢ () dt 4+ h(400) ¢ (1) dt > m/ | (1) dt . (15)
{9p<0} {¢p>0}
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/%@)dt / Sy di =

condition (15) becomes

Noting that

2 2 _ (2 2
—h(—00) NZ +h(+o0) N= >m N[ =+ 2 ),
v % Voo

which is equivalent to (14). Hence Theorem 3 applies. O

As an application of Theorem 6 we suggest the following system

{q + Asing =9,P(t,q,u), (16)

i+ put —vu 4+ et sinu| +hu) = 9,P(t, q,u),

where now the positive constants p, v satisfy

T b4 7t+7'[ T
—_— < —=< —=F =< —,
N+1 v Jon v N

for a certain positive integer N. As above we assume that A > 0, & is bounded, and
the function P(¢, g, u) is T-periodic in ¢ and continuously differentiable in (g, u). In
this case vi = vo = v, U1 = W,

gu) = T 4 et | sinu| 4+ h(u),

g(u)

and so lim sup &= = +o00.

u——+00

Corollary9 If P(t, q, u) is 27 -periodic in g and has a bounded gradient with respect
to (q, u), then system (16) has at least two geometrically distinct T -periodic solutions.
3 Proofs

The proofs of Theorems 5 and 6 are based on a result by the first author and Ullah (see
[18, Theorem 1.1 and Corollary 3.3]), which we recall for the reader’s convenience.

Theorem 10 Let A1 — A3 hold true for the system

g =09,H(t,q,p)+0,P(t,q,p,u),
l.7=_aqH(t’q’P)_aqP(tyun,u), (17)
i+ xiut — xoum = —09,P(t,q, p,u).
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2886 A.Fonda et al.

Moreover, assume that x1 > 0, xo» > 0, and

T

L X1 X2 ¢N.
T X1+ X2

Then there are at least two geometrically distinct T -periodic solutions of system (17),
with p(0) €]a, b[.

The strategy of our proofs is as follows. We first modify system (S) and apply
Theorem 10 so to obtain two periodic solutions of the modified system. Then, we
prove that such periodic solutions are indeed solutions of the original system.

3.1 Proof of Theorem 5
First note that, as a consequence of (6) and (8), defining the continuous functions

max {1, min{g(tu’”), pa} ) ifu

max{u1, min{g(z, 1), ua}} ifu

v

&nm={

A

IA
|

E(f» 0 = max {vl, @in {#, vz} } %fu
max{vy, min{g(t, —1), va}} ifu

\
|

we can write

g(t,u) = E(t, wut — Z(t, wu~ + h(t,u),
with
i SC(tu) < po, vy < C(tu) < v,

for some bounded continuous function A (z, u).
We modify system (5) as follows. For any p > 1, we define

8ot u) = Cp(t, wyu™ — Cp(t, wyu™ + h(t,u), (18)
where
LGt u) if jul < p,
Loty =4 (o + 1= [uDs(t,u) + (ul — p) S (w1 +12) ifp <lul <p+1,
Tur + o) iflul=p+1,

@ Springer



An extension of the Poincaré-Birkhoff... 2887

and
LGt u) if Jul < p,
Sp(t,u) = (p+ 1 —[ul)g@, u) + (|ul —P)%(Vl +w) ifp<|u<p+1,
%(\)1~|—U2) iflul >p+1.

Note that, by construction, we have

1 S 8ot u) <o, v S Ep(t,u) < v,

for every (¢, u) and for every p > 1.
The modified system we are going to consider is

Gg=03,H(t,q.p)+3,P(t,q,p,u),
p':—BqH(t,q,p)—8qP(t,q,p,u), (S,O)
i+ gpt,u)=—0,P(t,q,p,u).

The following proposition has a central role in the proof of Theorem 5.

Proposition 11 There exists a constant p > 1 such that, for all p > p, every T-
periodic solution (q, p, u) of (S,) satisfies ||ulloo < p.

Proof Assume by contradiction that for every positive integer m there is a p,, > m and
a T-periodic solution (g, Pm, Um) of (Sp,,) suchthat |uy, || > m.Letw,, = ﬁ
Then, wy, is T-periodic and satisfies

h(t’ ”umHoowm)

[t ]l oo

; 19)

Wiy +/’(\m(t)w;? - ’\C/m(t)w; +

i _auP(t, Gms P ||tm|looWm)

[ttm oo

where

Ron (1) = Cp,, (1. |t loown (1) and Koy (1) = &, (1. |1t oo win (1)).

Notice that @1 < K, (t) < o and vy < K, (1) < 1.

From the differential equation (19) and the properties of k,,, K, and £, the sequence
(wm)m is bounded in W22(0, T); therefore there exists a function w such that, up to
a subsequence, w,, — w in C L([0, T]). Since the sequences (K;)m and (K ), are
bounded, we can suppose that, up to a subsequence, they converge weakly in L2(0, T)
to some functions ¥ and ¥, respectively with u; < £(t) < up and vy < K(1) < vy,
almost everywhere on [0, T']. So, ||w||cc = 1, and passing to the weak limit in (19),
it solves

W4+cOwT —k@Ow” =0.
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By [8, Lemma 3] either

k() =pyae.on{w >0} and K(r) =v; ae.on{w < 0},
or

k() =prae.on{w >0} and K(r) = ae. on{w < 0}.

Let us consider the first case, the second one being treated similarly. So,

W4 pwt —vw™ =0. (20)

The nontrivial solution (w(z), w(¢)) of (20) makes exactly N rotations around the
origin as ¢ varies from O to 7'. This is also true for (wy, (t), wy,(t)), if m is large
enough, and so also for (u, (1), it,,; (¢)).

We now write (u,,, i,,) in the following modified polar coordinates:

1 .
rmcosBy,, ifu, >0,
Up = Vl'U“l Uy = Ty SN Gy,
TrmCOSQm, ifu, <0,
Vi

We compute the derivatives

wuz, + i
UmUm — Uy,
viuZ, + i

lf—“m”m —m w0,

ifu, <0.

Since the couple (uy,, it,,) performs N rotations around the origin in the interval
[0, T'], we have

7N _/ [Epm<r,um)um+h(r,um)+auP<t G- P ) Yt + 112,
V1 {1 >0} wiud, + i,

B / (@, (2. ttm) — 120t + 1t ) + 0 Pt G P ) Jt
{1, >0} H/lu + Lt
+ meas({u,, > 0}),

where meas denotes the Lebesgue measure. Similarly,

TN _/ [(E,Om (t, um) — Vl)um +h(t, um) + 0uP(t, Gms Pms “m)]um
«/W {um <0}

v1u +u

+ meas({u,, < 0}).
So, setting

b (1, tm) 2= (Cppy (1 ttm) — g1 )ty — (S (8, ) — 1 )ity 4 (L, ),
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summing the above two identities and using (10), we get

/T [bm(ta Um) + 0y P, gms Pm> um)]um -0
0 p(um)? + i (u)? + i, '
Recalling that w,, = IIMunllloo , we have
/T [bm(t» Um) + 0 P&, gm, Pm, um)]wm —0
0 p(wi)? + vi (wa)? + 03, '

Since 1 (wH()? + vi(w ()% + w(t)? is positive and constant in ¢, and
dim (1 (w)® + vi(wy)? + i) = () + o) + 0’

uniformly in [0, T'], by Fatou’s Lemma,

/Tliminf [bm(t7 Um) + 0u P, Gm, pm, um)]wm <o.
0

m 1 (win)? + i (wi)? + 02,
So, it has to be
T
/ ]iminf[bm(tv Um) + 0u P, qm> P> um)]wm <0.
0 m

Then,

T T
/ liminf by, (¢, u,y)w,, 5%/ |lw(t)| dt,
0 m 0

so equivalently

T
/ liminf [gp,, (¢, um (1)) — (i} (1) — viug, (1)) Jwn (1) dt
0 m
T
gm/ lw(t)|dt. (21)
0

Let us now fix t € [0, T'] such that w(¢) < 0; so w,, () < 0 and u,,(t) < 0, for
sufficiently large m. We claim that

lim inf [V, (1) = gp,, (1. tm (1))] = liminf [viu — g(2, u)]. (22)

In order to prove this, we consider some different cases.
Case 1. If |uy (t)| < pm then, recalling the definition of g, in (18), we have

Vit (1) — gp,, (8, Uy (1)) = Vit (1) — g2, up (1)),
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2890 A.Fonda et al.

and we easily conclude, since u,, () — —oo.
Case 2a. If |u,, (t)| > pm + 1 and v| < vy then, since & is bounded and u,,(t) —
—00, we get

lim [vitm (1) = gp,, (1. tm (1)) ] = Hm [252 0, (1) = (2, um ()] =

Case 2b. 1f |ty (£)| > pp + 1 and v; = vy, the identities ¢ (7, u) = C,, (t, u) = vy
hold and we simply have

Vit (£) = 8y (s U (1)) = Vit (1) — g(t, U (1)).

So, (22) follows also in this case.
Case 3. If py, < |lum(®)| < pm + 1 we get

Vit (1) = &y, (&, i (1)) = [V1 = (8 st (1) |t (£) — (2, 10 (1))
> [ — min {(t, um (), 252 um (1) = h(t, um (1)) .

If min {Z (7, um (1)), 232} = (1, un (1)) we have
Vit (1) = gp, (s U (1)) > Vi (1) — g1, um (1)),

otherwise we get

V1 (1) = &p,, (8t (1)) = 25721, (1) — h(t, 1 (1)),
and we can apply one of the previous arguments.

The claim is thus proved.
From (22) we deduce, for every t € [0, T'] with w(?) < 0,

tim inf [g,,, (1, 1ot (1)) = (111650) = vty (0) [ (1)

> lim inf (vlu —g(z, u))lw(t)| .
Uu——00

Similarly, if w(¢) > 0 for some ¢, then w,, (¢) > 0 and u,,(¢) > O for sufficiently large
m, and we can prove that

11mlnf[gp,,,(t et | oo win (1)) = (112t (1) = Vit (1)) Jwp (1)

> lim inf (8(r, ) — piu)w(@).
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Finally, by (21),

T
m[ lw(t)| dt
0

> / lim inf (vlu — g(t, u))|w(t)| dt +/ lim inf (g(t, u) — ,LLlu)w(t) dt,
{w {w

<O} Uu—>—0o0 >O} U— 400
a contradiction with (7), thus proving Proposition 11. O

Now we are ready to conclude the proof of Theorem 5. We fix p > p and notice
that g, can be written as

gp(t,u) = x1u" — xou™ + py(t,u),

where x| = %(M] + @2l X2 = %(vl + v3), and the function p, is bounded. By
applying Theorem 10 with P(t, g, p, u) replaced by

u
Py(t,q,p,u):=P(t,q, p,u) +/ DPo(t, s)ds,
0

we conclude that system (S,) has at least two geometrically distinct 7T-periodic solu-
tions, with p(0) € ]a, b[ . By Proposition 11, these solutions are indeed solutions of
the original system ().

The proof of Theorem 5 is thus completed. O

3.2 Proof of Theorem 6

Without loss of generality we can suitably modify the constants (1, v; and v, so to
have

wu—C <gt,u) <viu+0C ifu <0,
miu — C < g(t,u) ifu>0,

for a certain constant C > 0.
Similarly as in the previous proof, defining the continuous functions

E(f 0 = max {,ul, @} ifu>1,
’ max{u, g, D} ifu <1,
Z(f ) max{vl, min{@, vz}} ifu <—1,
,u) =
max{vy, min{g(t, —1), vp}} ifu > —1,

we can write
g(t,u) = ¢(t,wyu™ = S(t, wyu™ + h(t, ),
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with
w1 < &(t,u), v <¢(tu) <,

and A (¢, u) continuous and bounded.
For any p > 1, define

8ot u) = Cp(t, wu™ — Cp(t, wu™ + h(t,u),

where
c(t,u) if ul < p,
Cotou) =4 (o + 1= [uDZ(t,u) + (ul — p)u1 ifp <|ul <p+1,
M1 iflul =p+1,
and
£t u) if lu < p,
Lot u) =1 (o + 1= [uDZ . u) + (ul — p) 3w +v2) ifp <|ul <p+1
%(\)14—\)2) iflul >p+1.
Notice that R _
531 S Cp(t»u)a Vi S ;p(tau) S V2,

for every (¢, u) € [0, T] x R and p > 1. We now consider the modified system

g =0,H(t,q,p) +0,P(t,q, p,u),
p=—04H(t,q,p) — 94 P(t,q, p,u),
i+ gpt,u)=—0,P(t,q,p,u).

s

(S))

We first need an a priori bound for the minimum distance from the origin in the phase

plane.

Proposition 12 Therefxistconsmnts 0, R > 1suchthat, forall p > p, any T -peri
solution (q, p, u) of (S,) satisfies

min{u’(t) + #>@) : t € [0, T]} < R>.

odic

Proof Assume by contradiction that for every positive integer m there is a p,, > m
and a T'-periodic solution (g, pm, Um) of (Sy,,) such that min{u,%l + ﬂ,zn} > m?. We

introduce some modified polar coordinates

\/;_rmcosem if u,, >0,
Uy = 1/“ . Uy = Ty SING,, ,
——=Tm €080y ifu, <0,

N
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fori = 1 or 2, and observe that

U Um — U 2 .
A/ M ﬁ lfum>0,
/Lu +u
M Uy — .
= 2’" ifu, <O.
m

Let K,,, be the integer number of rotations performed by the T-periodic solution
(upm (1), iy (t)) around the origin as ¢ varies from O to 7.

Notice that

(h(t, um () + 0y P(t, g (1), pin (1), (1)) st (1)
w2, (1) 4 i (1)

(h(t, um(t))+8uP(t G (1), P (1), tm (1)) (1)
uZ, (1) 4 2, (1)

0 )

-0, i=1,2,

uniformly in¢ € [0, T'].
Let us fix £ > 0 such that

b4 b4
N|{—+— T —2¢, 23
<VM1+«/V1>< ‘ 2

integrating —6,, (¢) on {u,, > 0} and {u,, < 0}, respectively, we get for m large

- 2 )
t,
Kmf[ — \//-/L_l |:/ é‘p"l( um)l/l + Mm
{

1, >0} ,LL]M +u

+/ (h(t’ um) + 0u P, Gms P um))um
{um>0} piud, + 2,

\/M(meas ({um > O}) - 8) ,
4 2, 2
Kmﬂ = \/ﬁ |:/ ;pm (t um)u + Uy
{um, <0}

v]u +u

v

+/ (h(t9 Um) + 0y P(t, Gms Pm, um))um
{um <0}

v1u +u

> ﬁ(meas ({um < 0}) — 8).

Hence, we obtain
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so that from (23) we deduce K,, > N. Similarly, for sufficiently small € > 0 and
large m, we obtain

Cpm (ty Up)U2, + 12,

Knym = w»n / -
" [ (<0} V2U F i

+/ (h(t» um) + 0u P(t, Gms P> um))um
{1 <0) Vo, + iy,

< 4/\)2(1 —I—E) meas ({um < O})

(N+ D=

< —
T

< (N+ Dm.

meas ({um < O})

So, we get K, < N + 1.
Hence, ithastobe N < K,, < N + 1, a contradiction. O

We now prove an a priori estimate for ||u#|| -

Proposition 13 There exists a constant p > p such that, for all p > p, every T-
periodic solution (q, p, u) of (S,) satisfies ||ullooc < p.

Proof Let us choose ¢ satisfying

T
0<e<—(N+1)-—T,
A/ V2

and fix Ry > R such that

[h(t, u)+9,P(t,q.p, u)]u

e 2 2 2
oo 1 02 ifu”+v° > Ry. (24)

=

N ®

We consider a solution of (§p) such that u (t)2 +u (t)2 > R12 for every ¢ in an interval
[t1, ©2], with o — 71 < T. Moreover, we assume that the trajectory (u, v) = (u, 1)
performs K complete rotations around the origin in this interval. Introducing the
modified polar coordinates

u(t) = \/l_v_zr(t) cosO(t), u(t)=r()sinf@) ifu(t) <0,

K / Loty + i L M wu+ 8, P(t. q. p.wu
[r,oInu<0y  vou® +i? vou2 + 2

b/
<T+e<—=(N+1),
V2
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so that
K <N-+1. (25)

We will now construct a curve I which guides (u(¢), v(t)) = (u(t), tt(¢)) in the
phase plane. This curve will have the shape of a spiral performing N + 2 rotations
around the origin and will have image in {u? + v? > R12}, see Fig.2b in the case
N = 1. For this purpose, we define two continuous functions g1, g2 : R — R such
that

g1(u) < gp(t,u) + 0, P(t,q, p,u) < g2(u), (26)

and we denote by G| and G, the corresponding primitives. Notice that it is possible
to choose the functions gj and g2 so to have

lim Gi(u) = lim G(u) = +o0.
lu]—o00 |u|—o0

Letting
1
Hi(u,v) = Evz +Giw), i=12,

we can assume that the value R; introduced in (24) is large enough so to have that
any region {H;(u,v) < E}, with i = 1, 2, is star-shaped with respect to the origin,
whenever it contains the ball {u2 +2 < R%}. We choose (x1, 0), with x; > Ry, as
a starting point. The first rotation of I" is obtained by gluing together the following
level curves

L1 down = {(u, v) € R? : Hy(u, v) = Ha(x1,0), v < 0},
Liup = {(u,v) € R?: Hy(u,v) = Hi(£1,0), v >0},

where (&1, 0) is the intersection of £1 40y, With the negative x-semiaxis. Setting £1 =
L1,down U L1,4p We can choose x| sufficiently large so to have £| C {u2 +v2> Rlz},
cf. Figure 2a. Then, denoting by (x2, 0) the intersection of £ ,, with the positive x-
semiaxis, iterating the above procedure we can construct the set Lo = L2 gown U L2 up
as the second rotation of I" in the plane, by defining

L2 down = {(u,v) € R? : Hy(u,v) = Ha(x2,0), v <0},
Louwp = {(u,v) € R?: Hi(u,v) = Hi(§,0), v >0},
where (&2, 0) is the intersection of L2 g1, With the negative x-semiaxis.
Similarly we may construct £3, L4, ..., Ly42. The curve we are looking for is
I'=L1U---ULy4o. Finally, letus fix 5 > psotohave I' C {u®>+v? < $%}. Notice

that p > R;. 5
Given a solution (g, p, u) of (S,) we can compute

d
EHi(u(t), w(t)) = u(0)ii(r) + g (u(r))u(r)
= (1) (g (u(0) = g (1, u()) = 9 P(1,q (1), p(t), u())),
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J,up

3

a)

Fig.2 a) The construction of the set £ ;. b) The curve guiding the trajectories of system (Ep), in the case
N=1

so that, recalling (26), we get

%Hl(u(t), i) <0 ifu(t) >0,

j—tHz(u(t), i) <0 ifu@t) <0.

As a consequence, for any solution (g, p, u) of (§p), if (u(tg), u(tp)) € I' at a certain
to, then the trajectory (u(t), tt(¢t)) must cross I' “from the outside to the inside” at
t = ty (cf. Figure 2a).

Let us now assume by contradiction that there is a T-periodic solution (g, p, u)
of (§p), with o > p such that |u(t;)|] > p for a certain #; € [0, T]. Then, from
Proposition 12, we have the existence of 1, € [t] — T, t1] such that

u(t)? + () < R? < 5% < u(t)* + iu(ny)>.

Hence, the trajectory (u(t), u(¢)) must complete at least N + 1 complete rotations
guided by the curve I' in the interval [f2, #1], see Fig.2b. More precisely, we can find
an interval [y, 2], with 1) — 71 < T, such that

R% < u(t)2 + b't(t)2 < ,52, for every t € [11, 2],

and the solution performs exactly K = N + 1 rotations in the interval [, 72]. We
thus get a contradiction, since we proved in (25) that K < N + 1. Hence, the proof of
Proposition 13 is completed. O

Now fix p > p. We can conclude by the same argument as in the proof of Theorem 5.
Indeed, Theorem 10 applies with x; = 1 and x2 = %(vl + v7), so that system (§p)
has at least two geometrically distinct 7'-periodic solutions such that p(0) €la, b[.
By Proposition 13, these solutions are indeed solutions of the original system ().

The proof of Theorem 6 is thus concluded. O
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4 Further extensions and generalizations

1. Positively homogeneous planar systems. When trying to generalize our results one
could replace the scalar second order equation in system (.S) by a planar system whose
nonlinearity is controlled by two positively homogeneous Hamiltonian functions, like
in [12]. This problem will be discussed in [26].

2. The scalar p -Laplace operator. When the second order differential operator ii
is replaced by a scalar p-Laplacian operator %(mwﬂu) one could try to make use
of [19, Theorem 4.1] dealing with a planar system ruled by a (p, ¢)-homogeneous
Hamiltonian function. This will be the argument of a future investigation.

3. Higher order systems - I. We first remark that we can consider system (S) in higher
dimensions, i.€.,

q = VPH(tsqy p) +va(taQ1 p7 M)7
pz_qu(tstp)_qu(tvq,P,u), (SM)
ii+g(tau) = _BMP(tvqa P, u)5

with g = (q1,...,qm) and p = (p1, ..., pm). All the involved functions are con-
tinuous and 7T -periodic in ¢.
Assumptions A1 — A3 can be adapted as follows.

Al’. The function H(z, ¢, p) is 2 -periodic in ¢; forevery i € {1, ..., M}.
A?2'. Given the rectangle

D= [alvbl] X X [aM’bM]»

there exists an M-tupleo = (o1, ...,0n) € {—1, 1}M such that for every C !_function
U : [0, T] — R, all the solutions (g, p) of system

p = _qu(t9 q, p) - qu(tv q, pvu(t)) )
starting with p(0) € D, are defined on [0, T'] and, for every i € {1, ..., M},

{q’ =V, H(t, q. p) + V,P(t. q. p.U®))

pi(0)=a; =— 0i(qi(T)—¢qi(0) <0,
pi(0)=b; = 0i(qi(T)—qi(0)) > 0.

A3'. The function P(t, q, p, u) is 27 -periodic in g; for every index i € {1, ..., M},
and has a bounded gradient with respect to (g, p, u). In particular, there exists a
constant m such that

|auP(t’Qap7u)|§m7 forevery (t,517l7’u)~

In this new setting we can rephrase Theorem 5.
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Theorem 14 Let A1’ — A3’ hold true and assume that there exist a positive integer N
and some positive constants [L1, L2, V1, V2, and C such that (6), (8) and (10) hold. If
for every non-zero function w such that w + pw™ — viw™ = 0 one has (7) and for
every non-zero function v such that v + uovt — vav~ = 0 one has (9), then there are
at least M + 1 geometrically distinct T -periodic solutions of system (Syy), with p(0)
belonging to the interior of D.

In the same spirit Theorem 6 can be rewritten as follows.

Theorem 15 Let Al — A3 and A5 hold true. If there exist a positive integer N such
that (11) holds, then there are at least M+1 geometrically distinct T -periodic solutions
of system (Sy;), with p(0) belonging to the interior of D.

Condition A2’ can be replaced by some different types of twist conditions (see,
e.g., [13, 14]). We do not enter in such details for briefness.

4. Higher order systems - I1. Similar results can also be obtained for systems of the
type
G =VpH(t,q,p)+VpP(t,q, p,u),

p=-VyH(t,q,p) — V4P, q,p,u), (27
iij—l—gj(t,uj):—BujP(t,q,p,u), j=1,...,L,
where now u = (u1,...,ur). If the functions g; satisfy the assumptions of Theo-

rems 14 or 15, for some positive constants (1, j, 42, j, V1, j, V2, j, the same conclusions
hold. The proofs are still carried out by applying [18, Theorem 1.1]. Notice that the
integer N in (10) and (11) could depend upon j, as well.

5. Neumann boundary conditions. Similar results could be stated for Neumann-type
boundary value problems associated with (Syy), i.e.,

p0) =0=p(T), @) =0=u(T),

in the spirit of [15, 16, 19, 25]. It is worth to be noticed that, in this case, the twist con-
dition is unnecessary. We address the reader to [1, 27, 30] for related results involving
the Landesman—Lazer condition in this setting. We do not enter in details for briefness.
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