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Abstract By studying the Raychaudhuri equation for the
gravitational force resulting from a string T-duality modified
propagator, we present an analysis of the geodesic compres-
sion beyond the conventional classical limit. The result is that
gravity on short length scales is subject to a screening effect
similar to the Debye screening in electrostatics, which pre-
vents the formation of curvature singularities. Using model-
independent arguments, we conclude that the conventional
attractive nature of gravity is only a low-energy effect.

1 Introduction

From the discovery of Cygnus X-1 in 1964 [1] to the more
recent detection of gravitational waves [2] and imaging
of event horizons [3], astronomical observations have con-
firmed the existence of black holes with increasing precision.
Despite the success of general relativity in predicting these
phenomena, since the 1960s many authors have tried to over-
come the problem of the curvature singularity for black hole
spacetimes by invoking a variety of short-scale non-classical
effects [4,5]. On the other hand, around the same years, Pen-
rose – first alone [6] and later in collaboration with Hawking
[7] – proved singularity theorems that left little room for the
existence of regular black hole solutions.

Over time, however, some cracks gradually formed in the
absolute belief in singularity theorems. For example, Wald
[8] and, more recently, Kerr [9] have pointed out that the
incompleteness of the geodesics is not in itself a sufficient
condition for the existence of a curvature singularity. Simi-
larly, Birrell and Davis pointed out in 1982 that in the pres-
ence of particle creation, the conservation of quantum stress
tensors requires the violation of energy conditions [10]. We
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also note here that since the years when these theorems were
proved, black hole physics has drastically changed both the-
oretically and experimentally. First, the violation of energy
conditions is no longer a theoretical speculation, but an exper-
imentally observed phenomenon [11]. Second, research in
quantum gravity has made great progress. For example, as
early as the 1980s, studies in string theory showed that black
holes represent the phase that matter assumes at energies
higher than the Planck scale [12–15]. In modern terms, this
black hole reinterpretation, also known as “classicalization”
[16–19] or “self-completeness” of gravity [20–23], manifests
itself as an exchange of length scales R → 1/R, similar to
the string T-duality [24,25]. The above two points lead the
present discussion to the third: black holes may not simply
be classical solutions of general relativity, as the growing
literature on regular black holes suggests [26].

In order to shed light on the nature of black holes and
ultimately on gravity itself, in this paper we aim to scrutinize
the Raychaudhuri equation with a black hole metric modi-
fied by string T-duality (for short, “string T-duality metric”)
[27]. The motivations for the proposed investigation can be
grouped as follows:

1. The Raychaudhuri equation is at the heart of the above
singularity theorems [28]; it provides insight into the
attractive nature of gravity.

2. The string T-duality metric is a real quantum-gravity cor-
rected metric [25]; this is in contrast to many regular black
hole models, where the connection to fundamental prin-
ciples is missing or not transparent [29–32].

3. The string T-duality metric has universal properties since
it depends on only one parameter, the string tension;
therefore the results of the proposed investigation will
be general in the sense that they hold within the whole
class of regular black holes.
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4. The string T-duality metric describes a neutral, static
spacetime; therefore it does not suffer from the Schwinger
instability of those regular metrics derived by coupling
some non-Maxwell electrodynamics theory to gravity
[33,34].

2 String T-duality metric

The string T-duality metric describes the gravitational field
generated by a mass M at the origin of the coordinates, under
conditions of spherical symmetry. In this case, the generic
line element is

ds2 = − f (r)dt2 + dr2

f (r)
+ r2dθ2 + r2 sin2 θdφ2, (1)

where f (r) must be determined by Einstein’s equations.
Following the original derivation [27], one starts by deter-

mining the static potential due to the virtual particle exchange
between the source M and a generic probe mass. In doing so,
one implements short scale quantum modifications using the
T-duality modified propagator proposed by Padmanabahn,
Spallucci and collaborators [35–38]. The resulting Newton-
Poisson equation no longer describes a point-like object. In
fact, the mass density ρ is distributed over a distance l0, the
so-called “zero point length”, with l0 = 2π

√
α′ where α′ is

the Regge slope. More importantly, the mass density is equal
to −T 0

0 , i.e. the 00-component of the energy-momentum ten-
sor, which goes into the r.h.s. of Einstein’s equations. So the
solution is

f (r) = 1 − 2Mr2

(r2 + l20)3/2
, (2)

after setting G = 1. In the limit r � l0 the spacetime tends to
the Schwarzschild geometry. For M > 3

√
3 l0/4 � 1.30 l0,

the horizon equation admits two solutions, an inner (Cauchy)
horizon r− and an outer event horizon r+. This means that
the global structure is drastically different from that in the
Schwarzschild case: Surfaces r = 0 become time-like. In the
limit of large masses M � l0 the Chauchy horizon goes to the
origin, while the event horizon approaches the Schwarzschild
value 2M . On the other hand, for M < 3

√
3 l0/4 there is no

horizon. Finally, for M = 3
√

3 l0/4 the two horizons merge
into a single degenerate horizon.

One of the most spectacular properties of the metric (2)
is that it is formally the Bardeen spacetime after replac-
ing the magnetic charge with the zero point length l0. This
means that the above line element enjoys the good properties
of the Bardeen solution – namely the absence of curvature
singularity – but it does not require the existence of mag-
netic monopoles. More importantly, it is not a transient state

Fig. 1 Modified Newtonian potential φ(r) (solid line) versus standard
Newtonian potential (dashed line) for a mass M = 5/

√
G with G = 1

because, unlike the Bardeen metric, it does not suffer from
Schwinger instability [39–41].

After these initial remarks, we introduce a modified New-
tonian potential from the relation f (r) = 1 + 2φ(r), with
φ(r) = −m(r)/r , where

m(r) = Mr3

(r2 + l20)3/2
(3)

is the cumulative mass distribution. From Fig. 1 we can see
that φ(r) is attractive only at large distances, i.e. r > 1.7 l0.
Conversely, in a region of size about l0 around the origin,
quantum fluctuations dominate and their mean value locally
forms a repulsive de Sitter core.

3 Geodesics in string T-duality metric

We start by recalling that for a generic observer xμ
s (τ )

in Schwarzschild coordinates, the four-velocity uμ
s ≡

dxμ
s (τ )/dτ is given by

uμ
s =

(
1

f (r)
,−√

1 − f (r), 0, 0

)
. (4)

Now consider a free-falling observer. For this purpose it is
convenient to introduce the Painlevé–Gullstrand coordinates
(T, r, θ, φ), where the new time coordinate is [42]

dT ≡ dts +
√

1 − f (r)

f (r)
dr ≡ dτ. (5)

As a result, the metric (1) becomes

ds2 = −dT 2 + (dr + v(r) dT )2 + r2d�2 , (6)

where v(r) = √
1 − f (r) and T are the radial velocity

and the proper time of a free-falling observer, respectively,
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assuming that the initial velocity vanishes at infinity. We also
note that there is no coordinate singularity at the horizon.

Consider the normalized vector fieldua = (1,−v(r), 0, 0),
namely the four-velocity in Painlevé–Gullstrand coordi-
nates and a smooth congruence of time-like geodesics
parametrized by the proper time τ . Then the Raychaudhuri
equation is

d	

dτ
= −1

3
	2 − σμνσ

μν + ωμνω
μν − Rμνu

μuν, (7)

where 	 is the volume expansion/contraction parameter
defined as 	 = ∇μuμ, σμν is the shear tensor describing
shape distortion without volume change, given by

σμν = (∇αu(μ

)
Pα

ν) − (	/3)Pμν (8)

where

Pμν = gμν + uμuν, (9)

is the projector operator [43]. Finally, the twist tensor ωμν

describes the rotation without volume change, but it vanishes
for locally hypersurface orthogonal geodesics and therefore
we will not consider it.

For the string T-duality metric (2), we obtain

	 = −3
√

2M(r2 + 2l20)

2(r2 + l20)7/4
< 0, (10)

which is negative and finite for any r . Similarly for the shear
tensor the non-zero components are

σ r
t = 3Mr3

(r2 + l20)5/2
(11)

σ r
r =

√
2Mr2

(r2 + l20)7/4
(12)

σθ
θ = σφ

φ = −
√

2Mr2

2(r2 + l20)7/4
. (13)

As a result we get

σμνσ
μν = 3Mr4

(r2 + l20)7/2
≥ 0, (14)

which is always finite, positive, and rapidly vanishing (∼ r4)
as r goes to zero. Finally it is straightforward to demonstrate
that

Rμν u
μuν = 3Ml20(3r2 − 2l20)

(r2 + l20)7/2
. (15)

We can see that due to the presence of l0 the geometric condi-
tion Rμνuμuν ≥ 0 can be violated in the region r <

√
2/3 l0,

but holds in the region r ≥ √
2/3 l0. From Einstein’s field

equations we get

Rμνu
μuν = 8π

(
Tμν − 1

2
Tgμν

)
uμuν = ρ +

∑
i

Pi ≥ 0,

(16)

where Tμνuμuν is the (positive definite) energy density of
matter as measured by an observer at 4-velocity ua , and
T = gμνTμν is the trace of the energy-momentum ten-
sor Tμ

ν = (−ρ, Pr , Pθ , Pφ). The above equation is better
known as the Strong Energy Condition (SEC). Its violation

in the regionr <

√
2
3 l0 results from the presence of stringy

effects encoded in the line elements(2). In principle, the vio-
lation of this condition could also occur in the absence of
quantum effects, but for the rest of the paper, we will con-
sider only the T-duality case or similar cases where the length
scale at which there is a departure from general relativity
arises from a quantum gravity formulation.

In the end, we find

d	

dτ
= −9Mr2

(
r2 + (10 l20)/3

)
2

(
r2 + l20

)7/2 ≤ 0, (17)

i.e. a result confirming the convergent character of the
geodesics with proper time. However, in contrast to the stan-
dard Schwarzschild result (whose compression rate is strictly
negative and divergent), in the case above d	/dτ does not
diverge at r = 0, but goes quadratically to zero. This fact can
be seen in Fig. 2, where the function d	/dτ decreases as the
radial coordinate decreases, reaching a minimum value at the
turning point rtp � 0.687 l0. A repulsive gravity character
sets in at smaller r , which means that by further decreas-
ing the radial coordinate, the function d	/dτ increases and
approaches zero.

The turning point rtp � 0.687 l0 represents the locus of
the transition between the outer Schwarzschild geometry and
the inner de Sitter geometry, similar to what Sakharov and
Gliner obtained with the Israel shell formalism [4,5]. How-
ever, in contrast to such attempts, the string T-duality metric
has the advantage of a smooth transition without the need to
manually impose some junction conditions between the two
geometries.

A closer look at (7) reveals other interesting aspects. First,
(7) contains only even functions. This is due to the fact that the
transformation r → −r produces a copy of the spacetime (2)
rather than a negative-mass universe. Second, in the short-
scale limit both Rμνuμuν and − 1

3	2 approach a constant
value, while σμνσ

μν vanishes rapidly, as already mentioned.
However, the l.h.s. of (7) does not become constant in this
limit. This can be explained by the fact that the contributions
of Rμνuμuν and − 1

3	2 surprisingly cancel. Indeed, one finds

− Rμνu
μuν = 
eff − 30M

l50
r2 + · · · , (18)
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Fig. 2 Plot of d	/dτ and 	 for M = 5/
√
G with G = 1

where 
eff = 6M/ l30 plays the role of an effective cosmo-
logical constant. Similarly

− 1

3
	2 = −
eff + 15M

l50
r2 + · · · . (19)

This behavior is in marked contrast to the Schwarzschild
case, which, due to its classical nature, is not able to describe
the appearance of a local de Sitter region of quantum origin.

To further examine time like geodesics, we divide (7) by
	2 and integrate over τ . The net result is

1

	(r)
− 1

	0
= τ

3
+ 2τ

(
r4 − 2l40 + 3l20r

2

3(r2 + 2l20)2

)
, (20)

where we have fixed the integration constant by using the
condition 	(τ = 0) = 	0. By using (10) we get for the
proper time

τ = − (r2 + 2l20)

r2

(
3(r2 + 2l20)

	0(3r2 + 10l20)
+

√
2(r2 + 2l20)7/4

√
M(3r2 + 10l20)

)
.

(21)

As a result, we get a positive proper time for some negative
initial compression 	0 < 0. In such a case, the limit r → 0
implies τ → ∞, i.e., future directed time-like geodesics are
complete. In other words, the existence of an initial trapped
surface does not necessarily imply that spacetime will col-
lapse into a curvature singularity. Quantum corrections coun-
teract the full collapse and remove any singular behavior.

Before proceeding, we recall that the present procedure
can be extended to a generic cumulative mass distribution
profile m(r) that satisfies regularity conditions at the origin,
specifically m(r) ∼ rα with α ≥ 3 as r → 0, and guaran-
tees the existence of a proper definition of the ADM mass at
infinity, namelym(r) → constant as r → ∞. In such a case,

we find

d	

dτ
= m′′(r)

r
− (m′(r)r)2 − m(r)(2m′(r)r − 9m(r))

2r3m(r)
.

(22)

In this way it is possible to show that the present results for
the string T-duality metric are model-independent features
that hold for the class of quantum-gravity modified black
hole metrics [44–48].

It is essential to note that any non-Schwarzschild black
hole metric exhibits a two-horizon configuration. In other
words, the Schwarzschild geometry represents an unstable
configuration in parameter space, where any modifications,
such as charge or angular momentum, can trigger the tran-
sition to a two-horizon geometry. The “zero point length”
parameter l0 is no exception. However, the local and global
behaviors of the manifold are independent concepts, and (22)
captures only the local behavior. This can be easily verified
by comparing the Reissner-Nordström geometry with the T-
duality metric, both of which exhibit similar global behaviors
(two horizons), yet their short-scale behaviors are drastically
different, i.e., divergent versus regular.

The case of null geodesics cannot change the conclusion
that spacetime is geodesically complete. This can be inferred
from the fact that the compression (10) and its evolution
equation (17) depend on the properties of the background
spacetime rather than on the nature of the propagating probe,
namely massive or massless. Nevertheless, we briefly sketch
the reasoning here.

We start by considering a simplified picture, namely the
two regions mentioned above, an inner de Sitter core for
r � l0 and an outer Schwarzschild geometry for r � l0.
We also assume that the transitions between the above two
occur on a spacetime layer, but its details are unimportant
for the present discussion. In short, the problem is reduced
to two known problems, namely the determination of the
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compression in the above geometries. Ultimately, geodesic
completeness is related to what happens near the origin, so
what happens at large distances is irrelevant, and the problem
reduces to studying the de Sitter core.

To this end, we recall that a spacetime of constant curva-
ture deforms wave propagation much like a mass term. For
example, the photon field wave operator is modified as

� −→ ∇α∇α − R (23)

where � is the flat space d’Alembert operator and R =
Rμν δμν , with Rμν ∼ 
eff δμν is the Ricci tensor. This
means that for photons the study of null geodesics becomes
equivalent to that of time-like geodesics.

For the scalar field, the situation is similar but not identical.
Since the scalar fields can be minimally coupled to gravity,
we have to rely on general results for null geodesics in de
Sitter space. In this context, we recall that null curves in de
Sitter space have been the subject of a large literature – see
for example [49–52]. Despite the presence of null lines and
points that cannot be connected, de Sitter space is said to be
geodesically complete [53, p. 126] (see also [54]).

4 Conclusions

The scrutiny of the Raychaudhuri equation reveals a sur-
prising new nature of gravity in the presence of T-duality
effects. While the convergent character of geodesics remains
unchanged (	 stays negative), the degree of convergence
d	/dτ is decisively affected by quantum gravity effects. At
short scales, gravity changes its character! Quantum gravity
is actually repulsive and weakens the geodesic compression,
while the conventional attractive character is just a large dis-
tance effect of the classical gravity regime. This attractive
character is spurious because it is not connected to the funda-
mental quantum nature of gravity, but rather results similarly
to the Debye screening in electrostatics. Instead of charge
carriers, the quantum vacuum acts like a polarizable medium
in the case of gravity and is responsible for the screening.
At large distances, the quantum vacuum “collapses” into the
classical vacuum and the attractive regime sets in. In case
of electric forces, the bare charge is actually larger (in mag-
nitude) than the dressed one; for gravity, however, the bare
quantum force is weaker, and also has a different sign!

Another important point is that the character of quantum
gravity cannot depend on the global properties of spacetime,
such as symmetries and other features of the classical grav-
ity regime. In fact, the attractive nature of quantum gravity
depends on the length scale l0, i.e., on local spacetime proper-
ties. This confirms that the genuine characteristic of quantum
gravity is the intrinsic loss of resolution at the Planck scale,
which remains unaffected regardless of the overall structure

of the metric at large distances. An illustrative example can
also be found in the regime of semiclassical gravity, where the
conformal anomaly of quantum fields is a purely geometric
local object arising from renormalization in curved space. It
does not depend on quantum states over the manifold, which
instead rely on global properties, such as the existence of a
suitable coordinate covering [10, p. 178].

Turning to the specifics of our analysis, (22) does not rely
on global properties, as it is sensitive to the short-distance
behavior of the manifold. This sensitivity is highlighted
by the scalar nature of the compression parameter 	. The
reasoning reinforces the idea that our conclusions can be
extended to other spacetimes without spherical symmetry,
which means that our results also hold for other spacetime
configurations, such as the state of the universe during the
Planck epoch.

Finally, we emphasize that the scenario outlined above is
general and model-independent. While alternative formula-
tions of quantum gravity may predict slightly different values
for some parameters, they cannot alter our conclusions: clas-
sical gravity gravitates, but quantum gravity antigravitates.
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