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In this Supplemental Material document we provide technical details on the experiment and data analysis, including:
A. Suppression of unwanted modulation by an iris; B. Filtering for the extraction of the motional z-component;
C. Extraction of phase space information from experimental data and simulations; D. Calibration of amplitude of
motion; E. Extraction of mass from Lorentzian fitting; F. Optical potential modelling & accessing non-linearities; G.
Relaxation time after squeezing pulses by gas collisions; H. Estimation on the quality of coherent expansion; and I.

The model for the quantum simulation.

A. SUPPRESSION OF UNWANTED MODULATION BY AN IRIS

The particle’s position is detected by arranging for the interference between the Rayleigh scattered light from the
particle and a reference light wave. The intensity of the interference signal is detected by a photodiode and converted
into an electrical signal in Volts. In experiments where the incident laser power is kept constant, the stray light is not
a problem as it is a constant background. However, the signal can be contaminated by the addition of laser power
modulation through the squeezing pulses S(t). An iris is aligned on top of the parabolic mirror to avoid this issue [cf.
Fig. . This is accomplished by blocking the portion of the incident light that would have been directed towards
the detector by reflecting off the flat edge of the mirror. With this simple solution, only light scattered from the
particle is recollimated by the parabolic mirror and able to reach the detector. With the iris in place, a comparison
of results for detected light from experiments with and without a trapped particle shows that the signal coming from

the particle is five orders of magnitude stronger than the residual stray light retro-reflected by the mirror.
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FIG. S1. Iris preventing corruption of the particle’s signal by blocking unwanted portions of the trapping laser from reaching
the detector.
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FIG. S2. Band-pass filter function (red line) applied to extract the z-component of the power spectral density (PSD) of the
detected signal (blue line).

B. FILTERING FOR THE EXTRACTION OF THE MOTIONAL z-COMPONENT

Here we describe how we extract the x-component of the particle’s motion by filtering. This has to be done with
care, as it is well-known that filtering may strongly affect a signal. The time domain signal of the photodiode contains
information about particle’s motion in all three spatial axes of motion. The time domain signal is then converted
into a power spectra density (PSD) in the frequency domain (see Ref. [I] for details). The z,y, z-motions appear
at different frequencies and can be isolated. We isolate the z-component of the total signal from the raw signal in
post processing using a discrete band pass filter, the filter function of which is shown in Fig. We ensure that the
filtered signal is not affected by the filter function. We achieve the best results by using a band-pass filter of order 1

with 2kHz bandwidth around the central frequency w, /27, as seen by the red curve in Fig.
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FIG. S3. Transient time for a impulse to be attenuated by the filter. The blue line is the unit impulse response generated by the
rapid change of the filter function. The goal is to identify filter setting which minimise the ring-down time of the unit impulse
after applying the filter function. The green line is the corresponding attenuation of the filter and is used to evaluate such
decay time. Our benchmark value of -80 dB attenuation is marked as red line. The black dot is a marker when the targeted
attenuation has been achieved, which is after seven oscillations of the particle trapped in our experiment.

The effect of an abrupt change of the filter function applied to the time-domain signal can be evaluated by checking
the attenuation of a unit impulse response, U(t —tg) for a pulse applied at time ty. Unit impulse response is measured
on a dB-power scale. The attenuation of the unit impulse response given by A = 201log;, |U(t —1to)] is used to evaluate
the distortion requirement. Our set target is to achieve attenuation below -80 dB and to minimize the transient
time for the impulse to attenuate to this level. For the filter used in the experiment the transient time is 94.53 us
which corresponds to about seven periods of the particle’s oscillation and is represented by the black point in Fig. [S3]
This consideration is relevant since the squeezing pulses S(¢) can work as a unit impulse and unfavorably affect the

processed signal.

Using the iris, the transient time of the filter is not a concern since there is not an appreciable impulse disturbing
the filter to begin with. Nonetheless it is possible to witness a small filter ring down effect on Fig. 2H in the main text
by the experimental curve in blue colour which is slightly off centered and pushed to the right hand side if compared
to the simulated curve in red. We conclude that this remaining effect is tolerable and the physics of our engineered

bi-modal state is still clearly visible and at expected values of bi-modality Ap.
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FIG. S4. Gaussian distribution from a thermal state as reconstructed from experimental data. This example shows outliers
(black dots) which we explain with build up form random collision with background gas molecules or other momentum imparting
effects in the experiment. As we discuss in the main text, such outliers are considered to explain the 12% deviation between
experiments and simulation when extracting the bi-modality value Ap

C. EXTRACTION OF PHASE SPACE INFORMATION FROM EXPERIMENTAL DATA AND
SIMULATIONS

Here we describe how we extract the = and p values from the experimental signal and from simulations to form
the phase-space distributions of motion. For the experiment, the phase space distribution of the particle’s motion is
constructed by subjecting the trapped particle to 689 repetitions of the sequence of 55 pulses in a single pulse train as
shown green line in Fig. 1B in the main text. The detected light signal is proportional to the oscillation of the particle
in the trap and is converted into a position measurement in units of nm versus time (see Sec. D of this Supplemental
Material for the calibration method used). Our position trajectory is then acquired with different initial conditions
for each of the 689 repeats as we start from a thermal state to begin with. The measurements are of sufficiently low
noise to allow the velocity to be deduced by numerical differentiation from the position data. A scatter-plot frame
is generated with all acquired x, p-coordinates at each time step of evaluation to generate the shown phase space
distributions. We do not apply any further data analysis such as certain transformations used for Wigner function
reconstruction or similar phase space tomography techniques [2]. We are fully aware that our technique is not fit to
show any quantum feature in the distributions as those x and p values would have to be measured independently and
simultaneous, as the very heart of any non-classical feature is in the x — p-correlations. While we would miss any
genuine quantum feature in our data by our present technique, we however are fit to demonstrate the non-Gaussian
nature of classical motional states for the present experiment. Fig. [S4]is an example of an extracted phase space plot

for a thermal state which was used as an initial state before the squeezing pulse protocol was applied.



For our classical simulations, x and p as a function of time are readily available through numerical integration of
the equation of motion, being Eq. (1) in the main text. In order to mimic the experimentally available thermal state
we sample the initial conditions for each simulation run from the Gaussian thermal distribution. Then a scatter plot

of the phase space is produced in a similar way as the experimental one.
D.CALIBRATION OF AMPLITUDE OF MOTION

Here we describe how we calibrate the detected signal. The particle’s position is imprinted into the intensity
modulation of the light incident to the photodiode detector (PD) which converts the initial intensity into an electronic
voltage signal V' in units [V]. We operate in the linear regime of detector response and assume that the photo-voltage
is proportional to the incident laser light intensity. In order to convert the PD signal and extract directly position
information in units of [m], we use the conversion factor « in units [m/V]. Using the equipartition theorem for a
particle described as a one-dimensional harmonic oscillator (HO) in equilibrium with its thermal environment at
temperature T, which is taken to be at room temperature, the thermal energy k5T'/2 is equal to the mean mechanical

energy of the HO with one degree of freedom, mw?2{(aV))?/2. The conversion factor is then given by

[ Kpr
o= 2 (V) (S1)

where kp is Boltzmann’s constant, m and w, are mass and oscillation frequency of the HO, respectively.
In order to ensure we are within the regime of thermal equilibrium between particle’s motion and background gas
environment, so that Eq. (S1) can be utilized, we conduct a reference experiment within the well-damped regime of

harmonic oscillator motion at 5 mbar of background gas pressure, as explained in the main text. Figs. 1&2 in the

main text make use of the applied conversion.
E. EXTRACTION OF MASS FROM LORENTZIAN FITTING

Here we describe how to extract parameters of the trapped particle from the measured signal. In order to extract
an average radius of the (presumed) spherical particle, we fit to the experimental power spectral density (PSD) the

following function [3]

Ay 2 foy
PSDy = ?(fQ_fg)Q_FfLYQ’

(52)
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FIG. S5. Experimental translational PSDs and their fits. The blue circles are the PSD of experimental data and the red line
is a fit of equation a) The PSD and fit of the particle motion along the laser axis z, along the polarization direction z of
the electric field (b) and along a direction y perpendicular to the first two (c).

where A; is the area under the PSD curve, fy = wp/27 is the central peak oscillation frequency, v = I'/2x is the

damping factor in unit [Hz] and f denotes the frequency axis. The radius of the particle is:

s [P )
V2rp, V NakpT v’

where p,, is the particle mass density, P and M are the pressure and molar mass of the air surrounding the particle,

and N4 and kg are Avogadro’s number and Boltzmann’s constant. T is the temperature of the gas surrounding the
particle (20° C), and with which the latter’s centre of mass motion is assumed to be in thermal equilibrium. By fitting
equation [S2] to the PSD of the experimental time trace of the particle, which was taken at a pressure of 5 mbar, we
extract the three damping factorsﬂ v1 = 1519.5 Hz, v = 1431.8 Hz and ~3 = 1477.2 Hz and corresponding radii:
ry = 223 nm, ro = 237 nm and r3 = 229 nm.

Assuminﬁ a density of 1800 kg/m?, we use the average of the three radii (ravg= 230 nm) to calculate the mass of

the particle, and obtain a value m = 9 x10717 kg.

F. OPTICAL POTENTIAL MODELLING & ACCESSING NON-LINEARITIES

Here we describe the modelling of the optical potential relevant for our non-linear squeezing protocol. Off-resonant
laser light is focused to a diffraction limited focal beam waist in which a silica nanoparticle is trapped by the optical
dipole force. We ignore to first approximation the effect of light pressure by the optical scattering force on the particle

which ever so slightly pushes the particle away from the focal point in this optical tweezer-type trap. The dominating

1 The frequency of the third peak is very close to the second harmonic of the first peak, which can affect the apparent width of the peak
to which we fit, and with it the extracted particle radius.

2 This value is given by the manufacturer, Corpuscular. Density measurements on three separate microspheres, performed by [4], revealed
values of 1550, 1554 and 1562 kg/m? for microspheres of radii 2.348, 2.345 and 2.355 um. Consequently, the density of the particle
analysed here could be lower than 1800 kg/m?. Having a different density does not alter the results and conclusions of our paper.
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FIG. S6. Illustration of simulated optical potentials from sharp Gaussian to softer ones (black to yellow lines). The spatial
dimension of the potential is given in units of beam waist in the focal point wy.

optical force, the gradient force, acting in the direction of the electric field F, intensity gradient for a spherical

Rayleigh particle of polarizability « is given by [5],

2N, T

Fyraa(r) = i <

(S4)

Cc

n?—1 oI
nz2+2) oz’

with n,, the refractive index of the medium and n, = n,/n,, the relative refractive index, while n,, the refractive index
of silica. The intensity gradient of the focused laser distributes in all spatial directions, however and, as explained in
the main text, here we are only concerned with the z-motion of the trapped particle. Eq. is used for simulating
the classical dynamics of a silica nanoparticle trapped in the laser focal spot. Assuming that the light-focusing high
numerical aperture (NA=1) parabolic mirror generates a trapping field approximated by a Gaussian beam [6][7]. The

optical potential is proportional to the beam intensity,

Ul(r,z) « Io(%)Q exp ( — vv227fz))’ (S5)

Where wy is the beam waist and the power, P, relates to the optical intensity and Iy = 2P /mwg. The optical potential
U(r, z) forms the energetic landscape explored by the oscillating particle, and this will offer access to Duffing non-
linearities arising from z* deviations from the otherwise z2-trapping potential for large motional amplitudes away
from the trap center, as described in [§].

We find the best agreement between experiment and simulation for those softened potentials. In one hand, soft
potentials offer more room in nonlinear stretch in between harmonic and free sections, this is where the state can be
affected. In the other hand, sharp potentials offer a narrower nonlinear section, expanding the state to reach the thin

nonlinear section makes the particle prone to being lost. The softness of the optical potential has a direct effect on
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FIG. S7. Time trace of oscillating particle before during and after application of squeezing pulses: A) the short time scale
showing the build up of the amplitude of the oscillator, and B) the long timescale of ring down after pulse sequence has been
completed by background gas collision damping. This is relevant for allowing sufficient time between individual pulse trains
and for repetitions to generate an ensemble with sufficient statistical significance.

how much non-linearities affect the motion and is a tuning parameter for the state preparation protocol. In general,
the potential landscape U(r, z) can be much more complex and include much-loved double-well potentials. We find
that, by using the squeezing protocol, already the single-well non-linearity can lead to a significant non-Gaussianity
in the motion of the trapped particle.

However, we expect small deviation of the real potential in the experiment from the ideal Gaussian potential to
give rise to the observed difference between experimental data and simulations in the bimodiality measure Ap for the
achieved non-Gaussian state, as discussed in the main text. Strong focusing mirrors may break the Gaussian beam
paraxial approximation and produce softer potentials in the real experimental setting, as illustrated by the yellow

curves in Fig. [S6]

G. RELAXATION TIME AFTER SQUEEZING PULSES BY GAS COLLISIONS

Here we discuss the relaxation due to gas collisions of the prepared multimodal state. There is the collapse of the
multimode state on a fast scale and its subsequent thermal relaxation on a longer time scale. The Fig.[STA shows the
state first being created (pink curve) with oscillations evidencing its bilateral symmetry. After its creation the state

begins to collapse, as seen in the purple curve, losing its bilateral structure and becoming circularly symmetric. This



all happens within a time scale on the order of 0.1 ms.

In Fig. [S7B, on a longer time scale, the state doesn’t show oscillations and as such is already unimodal and
circularly symmetric. It presents asymptotic decay, shrinking its spread towards the thermal state. The half life and
the exponential time constant are estimated as being 14 ms and 20 ms, respectively. We also note that the plot
confirms that the particle’s motion is stable at thermal state, o¢"™a = 124.8nm before the squeezing pulses are

applied at t < 0.

H. ESTIMATION ON THE QUALITY OF COHERENT EXPANSION

Here we consider the expansion protocol by inverting the system potential and examine the purity of the system
after the expansion, following the idea in Ref. [9]. As mentioned in the main text, we assume the protocol is performed
in a low-pressure, cryogenic environment, thus the system dynamics is only affected by the photon recoil noise. The

expansion protocol is taken by inverting the system potential such that

R H2 1
= g~ g
_hw ~ o 5o
=7 (- %2), (S6)

where we note & = zoX, p = poP’ with z¢ = h/2mw, pg = \/hmw/2 and X, P are the dimensionless quadrature

operators satisfying [X' , }5} = 4. The system dynamics follows the master equation

H(t) = — 5[ Hep, p(0)] = A[2, [2, 5],

= _7[ﬁep’ﬁ(t)] - F[X’ [XvﬁHv (S7)

where A is the photon recoil constant in the main text and I' = Az3 is the photon recoil rate. Under the process of
Eqgs. 7 both position and momentum variances of the system expands while the system loses coherence over
time. This system dynamics can be solved analytically given the initial state being a Gaussian, from which we can
infer the trade-off between the expansion and the decoherence.

We move into the Gaussian picture and define the covariance matrix (CM) O of the system by

B (X?) (XP + PX) /2 (10
o0 = (x5 ity p i ) md 00= (1), (58)

where we assume the system is initially in the ground state. The dynamics by Eq. (S7) generates the following
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FIG. S8. The estimation of the expansion protocol. A) the purity of the system under different decoherence rate I'/w and
expansion rate zeta (or equivalently the number of oscillations wt). Here blue color represents pure states while red color
represents mixed states. B) the purity of the system after ¢ = 100 times expansion, given the size of the levitated nanoparticle
R and the trap frequency w.

equation of motion on the CM of the system,

O11 = wOq2,
w

) cosh(wt) + L sinh(wt) — Tt L cosh(wt) + sinh(wt) — L
O99 = wWO1o + 2T, with solution o(t) = .

L cosh(wt) + sinh(wt) — & cosh(wt) + L sinh(wt) + I't

O = w(O11 + BO22)/2,
(S9)

We see the CM of the system depends on two dimensionless values wt and T'/w (I't = wt x I'/w). Having the CM of
system O(t), we can define the expansion rate { = 1/011(t) and the purity of the system P = 1/4/det O(t) [10] given
different values of wt and I'/w, as shown in Fig. . From the figure, we see that, in order to achieve ¢ = 100 times

coherent expansion (P > 0.9), we need the decoherence ratio I'/w a2 1075 and wt 2 10 oscillations.

Here we translate the above conditions into the relevant ones in a levitating nanoparticle experiment, namely the
particle radius R and the trap frequency w. We see that the expansion rate ( = \/m, such that to achieve
¢ = 100 times expansion we need wt ~ arccosh 1002 ~ 9.9 oscillations. On the other hand, the estimation of the
decoherence constant A is given by Eq. (7) in the main text, from which we can get I'/w = Ax2/w with x¢ being the
zero-point fluctuation. We show the results in Fig. and give the following estimations. To achieve purity P > 0.75,
we need to levitate a nanoparticle of R = 7nm at trap frequency w/27 = 100kHz or R = 6 nm at w/27 = 80kHz. To
achieve purity P > 0.9, we need to levitate a nanoparticle of R = 6nm at trap frequency w/27 = 150kHz, R = 5nm

at w/2m = 110kHz or R = 4nm at w/2m = 80kHz. Based on this we give the estimated setting in the main text.



11

I. THE MODEL FOR THE QUANTUM SIMULATION

Here we consider an experiment where a silica nanoparticle of radius R = 4 nm is trapped by a optical beam, which
forms a potential of an inverted Gaussian shape as described by Eq. (6) in the main text. This Gaussian potential
can be approximated in the low-energy region by a quadratic potential of frequency w/27 = 80kHz with Uy /hw ~ 10°
energy levels. It is very challenging to run simulations of such a vast system with standard computers. Thus, we
perform a phenomenological study and consider a system of a smaller size. The future quantum experiment and the
phenomenological study are considered relatable under the assumption of the high-quality coherent expansion in Sec.
H). We believe similar results to quantum experiment can be obtained by suitably rescaling the relevant quantities

used in the study of this smaller system.
Here we consider the system Hamiltonian given by Eq. (6) in the main text with 100 energy levels, which we write
here for convenience

n2

Haim (t) = 2% — S(t)Upe 2%/, (S10)
and we consider a dimensionless model with h = w = m = 1, & = (a + a')/v/2 and p = —i(a — a')/v/2 where a
and a' are the ladder operators for the harmonica oscillator system approximated in the low-energy region. We take
the control function S(t) from Eq. (4) in the main text, the energy levels Up/hw = 100, and simulate the dynamics
under the decoherence noise by Eq. with I'/w = 107°. This nonlinear dynamics is simulated in the quantum
model built in Refs. [I1], [12], which captures well all quantum effects in the low-energy sector of the Hilbert space, and
has been used to assess the out-of-equilibrium thermodynamics of quantum-controlled evolution in the non-Gaussian

regime.

We demonstrate the dynamics of the systems in terms of their Wigner distributions in the main text. Quantum
states of the system could give rise to the negativity of the Wigner function N(t), a feature that can be used to
quantitatively characterize non-classicality. The negativity N(t) is defined by Eq. (7) in the main text. We show the
increment of the negativity AN (t) = N(t) — N(0), which quantifies the negativity induced by the nonlinear squeezing

protocol. We see that the protocol drives the system to states whose negative Wigner function significantly increases.

To complement the study in the main text, here we show the effects of the protocol given different initial blurred
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FIG. S9. The effects of the nonlinear squeezing protocol on different initial states. Panel A shows the population distributions
of the initial states. Panel B shows the Wigner distributions of the system after oscillation time wt = 2 4+ 3/4. Panel C shows
the increment negativity AN of the system over 3 oscillations.

Fock states. The blurred Fock state is defined as

1 huw
e
Prp = Z HEZO exp ( |n — k| . ) |n) (n|,

hw 1+ e—ﬁw/kBT _ e—(k-‘rl)ﬁw/kBT
—|n — k| =
kT

with Z = i exp

n=0

1 — e~ w/ksT ’ (Sll)

and we take the states centered at the Fock states |n = 10), |n = 20) and |n = 30) with hw/kgT = 0.5 (Piy,) and
fw/kpT = 1.5 (Phign). Their population distributions are shown in Fig. . After the oscillation time wt = 2+ 3/4,
the Wigner distributions of the resulting states are shown in Fig. [S9B. In each figure, from the separation of the peaks
(blue regions) we can see that all states show bimodal distributions. We note that due to the different sizes of the
initial states, the optimal time to demonstrate the bimodal distribution is based on the specific setup. Finally, the
increment negativity AN (t) for different initial states are shown by Fig. . We observe the increment negativity
for n = 20 and n = 30. This suggests that, to demonstrate the increment negativity, one needs states whose sizes are

close to the spread of the potential.
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