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Abstract

The search for maximal elements of preference relations has been recently related to the
optimization of one-way utilities on compact topological spaces. In this paper, we deepen
this study by referring to upper semicontinuous finite Richter—Peleg multi-utility repre-
sentations of preorders. We provide necessary and sufficient conditions for the existence
of representations of this kind and then, under the assumption of near-completeness, we
characterize the identification of all maximal elements by maximizing all functions in an
appropriate representation under compactness.
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1. Introduction

The search for maximal elements of binary relations, which usually represent individual
preferences, is an old problem which has been naturally related to suitable (semi)continuity
conditions, especially on compact spaces.

Such an approach was studied, for example, in the seminal papers by Bergstrom [1] and
Campbell and Walker [2]. However, a number of authors were concerned with the existence
of maximal elements of (possibly not transitive) preferences on topological spaces (see,
e.g., Quartieri [3], Alcantud [4], Bosi and Zuanon [5,6], Andrikopoulos and Sampanis [7],
Kukushin [8], Linares [9], Luc and Soubeyran [10], Mehta [11], Nosratabadi [12], Rodriguez-
Palmero and Garcfa-Lapresta [13], and Ward [14], among the others).

We just mention that, more recently, when the ground space is a compact subset of R" ,
the maximal elements are identified as the solutions to suitable variational inequalities (see,
e.g., Bueno et al. [15]).

Besides the existence of this, the problem arises of possibly representing the maximal
elements. This means that, for instance, the maximal elements are detected belonging to
the argmax of suitable (transfer) upper semicontinuous functions (see Tian and Zhou [16,17]),
exhibiting some relevant properties with respect to the binary relation, like that of being
order-preserving, or at least one-way utilities for its strict part.

As a matter of fact, the maximization of a preference order, possibly represented by
a utility function, constitutes an initial step toward formalizing the notion of purposive
behaviour. Indeed, an extension of this framework may require the consideration of multiple
preference orderings, where an alternative selected from a feasible set is obtained from
the simultaneous maximization of all admissible underlying preferences. When these
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orders represent agents’ rankings, the collection of selected alternatives coincides with the
Pareto-efficient outcomes. Alternatively, the individual preference orders can be interpreted
as possible preferences of a single agent. In this latter case, the choice set consists of the
possibilities which cannot be rebuffed regardless of which ranking ultimately materializes.
The arguments above highlight the central role of maximal elements with respect to the
preference relation (that is not complete, in general).

The main supporting result for the representability issue is the so called White Theorem
(see White [18]), according to which, if a preorder admits an order-preserving representa-
tion, then for every maximal element x there is an order-preserving representation, which
attains its maximum precisely at xq. Bosi and Zuanon [19] presented a generalization of
this result, which pledeges the existence of an order-preserving function, which is upper
semicontinuous and at the same time exhibits the above property for every maximal element.

In this paper, we shall primarily refer to preorders, which admit particular multi-
utility representations. The upper semicontinuous/continuous multi-utility representation of a
preorder was originally elaborated by Ok [20] and Evren and Ok [21]. The existence of a
countable collection of functions with the above property with respect to a preorder on a
topological space has been recently studied by Bosi et al. [22]. The case of a finite family of
functions was discussed by Kaminski [23] and more recently by Candeal [24,25].

Indeed, the problem concerning the existence of such multi-utility representations
is fundamental in the modelling of incomplete preferences. It is particularly relevant for
the analysis of behavioural phenomena such as intransitivity, multi-objective decisions,
and models of risk, uncertainty, and theory of games. Real-world applications arise in
collective decision-making contexts within representative and supranational institutions.
Examples include the accession process of new member states to the European Union and
the requirement of unanimous affirmative votes.

A different application concerns decision-making under myopia, where lasting conse-
quences of an alternative plan of action must be evaluated despite short-term biases (see,
for example, Bosi et al. [22]).

In this paper, we tackle the problem concerning the representation of the whole set of
the maximal elements relative to a preorder defined on a topological space by performing
the maximization of a finite number of upper semicontinuous real-valued functions. More
precisely, we concentrate our attention on a finite family U = {u, ..., u, } of functions,
which are all upper-semicontinuous, order-preserving, and at the same time fully represent
a preorder defined on some topological space.

This is the case when all functions are order-preserving with respect to the preorder, so
that their maximization leads to maximal elements. We analyze the upper semicontinuity
properties of preorders, which admit this kind of representation.

We show that not only X must be upper semiclosed (i.e., for every point x € X,
U<(x) = {u € X : x 3 u} is a closed set), but it must also be upper semicontinuous
(i-e., for every point x € X, L. (x) = {u € X | u < x} is an open set).

It is of particular interest to ensure the existence of a full description of this kind,
compatible with the general case of a nontotal preorder, which in addition has the property
that all the maximal elements can be captured by maximizing all the functions in the
representation. The interest in a finite representation is, so to say, of operational nature.

We provide necessary and sufficient conditions for the existence of representations
of this kind and then, under the assumption of near-completeness, we characterize the
identification of all maximal elements by maximizing all functions in an appropriate
representation under compactness.

Needless to say, the assumption of compactness is essential in order to guarantee
the existence of a maximum for each upper semicontinuous function. The description
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considered in this paper appears, in some sense, as the closest to the classical (upper
semicontinuous) utility representation of a total preorder.

2. Notation and Preliminary Results

In the sequel, =X stands for a reflexive binary relation on a set X. If X is also transitive,
then it is called a preorder.
The asymmetric part (or strict part) < of =, is described in this way:

x < yifand only if [(x S y) and not(y 3 x)] (x,y € X),
while the symmetric part ~ of 3 is described in the following way:

x ~yifandonlyif [(x S y) and (y 2 x)] (x,y € X).

Clearly, the symmetric part ~ of a preorder = is an equivalence relation.
The points x,y € X are defined to be incomparable (according to the binary
relation 3) if
not(x 3 y) and not(y 3 x).

In general, 3 is defined to be total (or complete) if x = y or else y 3 x holds true for
every choice of points x,y € X.
Define, for all points x € X,

Lix)={ueX|u=<x}, Ux(x)={veX|x=<uv},

Ls(x)={ueX|uZx} U<(x)={veX|xIv}

So, we have that L~ (x) and U~ (x) are the strict sections (respectively, lower and upper)
of = at the point x € X.

Aset D C X is said to be decreasing if L<(x) C D or increasing if U<(x) C D for each
xeD.

Definition 1. If =X is a reflexive binary relation on a set X, a function u : (X, 3) — (R, <) is
said to be

1. Isotonic or increasing if, for every x,y € X,

x Xy implies that u(x) < u(y);

2. A one-way utility for < if, for every x,y € X,

x <y implies that u(x) < u(y);
3. Order-preserving for 3 if it is at the same time increasing and a one-way utility for <;
4. Autility for 3 if, for every x,y € X,

x 2 yifand only if u(x) < u(y).

Notice that, in the case of a one-way utility u for <, if u(x) < u(y), then it occurs that
either x < y or else x and y are incomparable. If u is a utility for 3, then u(x) < u(y) clearly
implies that x < y. Order-preserving functions on (X, X) are also named Richter—Peleg
utilities for 3.
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Finally, we shall indicate with 7, the natural topology on R" and X, _ the quotient set
modulo of the equivalence ~.

We recall some concepts of upper/lower continuity already existing in the literature,
some of them appearing meanwhile classical.

Definition 2. Let = be a preorder on a topological space (X, T). Then 3 is called the following:

1. Upper, respectively lower, semiclosed if, for all x € X, U<(x), respectively L<(x), turns out
to be a closed subset of X ;

2. Upper, respectively lower, semicontinuous if, for all x € X, L<(x), respectively U~ (x), turns
out to be an open subset of X;

3. Continuous if it is both upper and lower semicontinuous;

4. Closed if = is closed as a subset of X x X endowed with the product topology T X T;

5. Weakly upper semicontinuous if for every pair (x,y) € < there exists some open decreasing
subset Oy, of X with the property that x € Oy and y € X\Oy,y;

6.  Weakly upper continuous if, given any every pair (x,y) € <, there is a set V (x) containing
x such that V(x) 3 y;

7. Transfer weakly upper continuous if, given every pair (x,y) € <, there is a point y' € X and
an open set V (x) which contains x and at the same time is such that V(x) 3 y/;

8. Partially upper continuous if we have that, when we indicate by | the set of all jumps in X|..,
| is countable and, given any pair

(x,y) €< \{(v,w) :v € '], w € [w'], ([¢'], [w]) € ]},

there is an open set V (x) which contains x and at the same time is such that V(x) 3 y;
9. Quasi upper semicontinuous if there is some upper semiclosed preorder < on (X, T)
with <C <.

Remark 1. It is straightforward to see that a reflexive binary relation is weakly upper semicontinu-
ous when it is either upper semicontinuous or upper semiclosed or else it has an upper semicontinuous
order-preserving function. It is easily seen that all the notions of upper semicontinuity coincide
when we deal with a total preorder 3.

Remark 2. Nosratabadi [12] showed that a preorder is transfer weakly upper continuous provided
that it is partially upper continuous and it is defined on a compact space .

Definition 3. An element x( € X is defined to be maximal for a binary relation 3 if xg < x is
false for every x € X (i.e., U< (xg) = D).

A preorder =, which is defined on a compact topological space (X, 7), has a maximal
element in case that it verifies any of the semicontinuity concepts of the above definition.
To be more precise, the sufficiency of

e  Upper semiclosedness was proven by Ward [14] (see also Evren and Ok [21]);

e  Upper semicontinuity was proved by Bergstrom [1];

e Weak upper semicontinuity by Bosi and Zuanon [5];

e Weak upper continuity and transfer weak upper continuity by Tian and Zhou [17];
e Partial upper continuity by Nosratabadi [12];

*  Quasi upper semicontinuity by Bosi and Zuanon [6].

Remark 3. Consider that, if an upper semicontinuous order-preserving function for a preorder
exists, then such a preorder is necessarily weakly upper semicontinuous. Upper semicontinuity
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or else upper semiclosedness is not implied by the existence of an upper semicontinuous order-
preserving representation.

Let us now introduce the fundamental definition of a finite multi-utility description.

Definition 4. A finite Richter—Peleg multi-utility representation of a preorder 3 on a set X is a
finite collection U = {uy, ..., un } of real-valued functions u; on X, such that, for all x,y € X,

1. x Zyifandonlyif u;(x) < u;(y), foreveryi € {1,..,n};

2. x <yifandonly if ui(x) < u;(y), for every i € {1,...,n}.

If only property 1 above holds true, then U = {uy, ..., u, } is said to be a finite multi-utility
representation of the preordered set (X, 3).

The following characterization of the existence of a finite Richter—Peleg multi-utility
representation holds true.

Proposition 1. A family U = {uy, ..., u, } of functions u; : (X, 3) — (R, <) is a finite Richter—
Peleg multi-utility representation of the preordered set (X, 3) if and only if the following properties
hold:

1. u;is an order-preserving function for =X for every index i € {1,...,n};
2. Forallx,y € X, if not(y =X x), then there is an index i € {1, ..., n} with u;(x) < u;(y).

Proof. Assume that U = {uj,...,u,} is a finite Richter—Peleg multi-utility representation
of 2. Then it is clear that every function u; is order-preserving, since it is increasing and,
whenever x < y, u;(x) < u;(y) for every indexi € {1,...,n}. Further, if not(y =< x), thenitis
not true that u;(y) < u;(x) foralli € {1,..,n}. Conversely, let U = {uy, ..., u, } be a family
of real-valued functions on (X, ), which satisfies conditions 1 and 2. Since condition 1
holds, it is clear that, for all x,y € X,

x 3y =ui(x) <u(y) foreveryie {1,..,n}.
In order to show that, forall x,y € X,
uj(x) <u;(y) foreveryie {1,...n} =x3y,
assume that not(x 3 y). Then by condition 2, u;(y) < u;(x) for some indexi. [J

Remark 4. Observe that, if U = {uy, ..., un} is a finite Richter—Peleg multi-utility representation,
then each function u; is order-preserving for = on X.

Remark 5. The interest in the existence of a (finite) Richter—Peleg multi-utility representation is
related to the obvious fact that the maximization (when possible) of any order-preserving function
leads to a maximal element for the preorder, and this is the case of every function in a representation
of this kind.

The concept of a multi-utility representation with the Richter—Peleg property is essentially a
folk idea among scholars. The terminology is due to the requirement according to which all
the functions are order-preserving, while order-preserving functions were first studied by
Richter [26] and Peleg [27]. This kind of representation was also studied by Minguzzi [28].
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Definition 5. If (X, T) is a topological space, and = is a preorder on (X, T), then a finite Richter—
Peleq multi-utility representation of 5 is called upper semicontinuous if each function u; is upper
semicontinuous.

3. Finite Multi-Utilities and Representation of Maximal Elements

It is well known that the prominent interest of multi-utilities is related to the fact that
they fully represent not necessarily total preorders. Needless to say, the finite Richter—
Peleg case is even more attractive for obvious reasons. Indeed, the maximization of any
order-preserving function for a preorder leads to a maximal element for the preorder itself.

We are now going to incorporate topological considerations in our treatment. The fol-
lowing theorem presents a characterization of an upper semicontinuous finite multi-utility
representation exhibiting the Richter—Peleg property.

Theorem 1. If =X is a preorder on a topological space (X, T), then we have that the following
conditions are equivalent:

1. There exists an upper semicontinuous finite Richter—Peleg multi-utility representation
U= {uy,..,un}of 5,

2. There exist exactly n total preorders 3; (i = 1, ..., n) with respective upper semicontinuous
utility functions u;, and the following properties are verified:

(ﬂ) i: ﬂ izx
i=1
0 <= =<

I
—_

3. There exist exactly n total preorders 3; (i =1, ..., n) satisfying
n
(©  Lz(x) = [\Lx,(x) for every x € X;
i=1

(d)  Li(x) = ()Lx(x) forevery x € X;
i=1

(e) L., (x) is an open set for each x € X and, for every i € {1,...,n}, there exists a
countable subset D; of X such that, for all x,y € X with x <; y, there is d; € D; with
X =i di 3i Y

Proof. 1 = 2. Let U = {uy,...,u,} be an upper semicontinuous finite Richter-Peleg multi-
utility representation of 3. Then, for every index i € {1,...,n}, consider the following
total preorder 3;:

x Zjyifand only if u;(x) < u;(y) (x,y € X).

We have that 3; is upper semicontinuous for all i € {1,...,n} since u; is upper
semicontinuous for all i € {1,...,n}. Therefore, this part of the proof directly follows from
Definition 4.

2 = 1. This part of the proof is perfectly analogous to the previous one.

2 & 3. It is immediate to check that condition (a) holds true if and only if it is the
case of condition (c), and condition (b) holds true if and only if it is the case of (d). Finally,
condition (e) is valid if and only if every total preorder =; has an upper semicontinuous
utility function u; (see, for example, Bosi and Sbaiz [29]). O

A corollary to Theorem 1 is in order now, which concerns the case of a second count-
able topological space (X, T) (i.e., (X, T) has a countable basis of open sets). We utilize the
famous Rader Theorem [30], which guarantees that every upper semicontinuous total pre-
order 3 admits an upper semicontinuous utility function, provided that it is defined on
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a second countable topological space (X, 7). For example, every separable metric space has
this property.

Corollary 1. If 3 is a preorder on a second countable topological space (X, T), then we have that
the following conditions are equivalent:

1.  There is a finite upper semicontinuous Richter—Peleg multi-utility representation
U={uy,..,un}of =;

2. There exist exactly n upper semicontinuous total preorders Z; (i =1, ..., n), and the following
properties are verified:

(a) ,_5: ﬂ ,_\<_,1/
i=1
b)) <= =i

Il
—

Proof. Just consider that, by the Rader theorem, every upper semicontinuous total preorder
=i admits an upper semicontinuous utility function u;, and then apply Theorem 1. [J

We are now going to use the previous considerations in order to represent all the
maximal elements of a preorder. Generally speaking, the collection of all maximal elements
for the binary relation 3 on the set X will be indicated by Xf/{

The following proposition presents the semicontinuity properties of a preorder which
has an upper semicontinuous finite Richter-Peleg multi-utility representation on an arbi-
trary topological space.

Proposition 2. Consider a preorder 3, which admits an upper semicontinuous finite Richter—Peleg
multi-utility representation U = {uy, ..., u,}. Then we have that

1. Zis upper semiclosed;
2. Zis upper semicontinuous.

Proof. Let = be a preorder with the indicated property.

In order to show that 3 is upper semiclosed, let any two points x,z € X be given,
such that z ¢ Ux(x). Then, since we have that not(x 3 z), there exists an index
i€ {1,...,n} suchthat u;(z) < u;(x), so that, since u; is an upper semicontinuous function,
-1
every w € ul-_l(] — o0, u;(x)[).

To prove that = is also upper semicontinuous, consider that, from Definition 4, we
have that

u; (] — oo, u;(x)[) is an open subset of X which contains z, and in addition w ¢ U<(x) for

Li(x)={zeX:z<x} = {ze€X:u(z) <u;(x)forallie{1,...,n}
= N w7 (-
i={1,..n}

is an open subset of X, since it is the intersection of finitely many open sets. So, the proof is
complete. [

Remark 6. Notice that, in the general case of a nontotal preorder, given any element x € X,
the complement of L~ (x) not only consists of all the elements in U< (x), but also of all the elements
which are incomparable with x.

With a view to the identification of all maximal elements of a preorder by using
the maximization of all the (upper semicontinuous) functions in a finite Richter-Peleg
multi-utility representation, we recall a concept which is known in the technical literature.
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The following definition was presented by Ok [20].

Definition 6. A preorder 3 defined on a set X is called near-complete if every collection A of
elements of X, such that any two elements of A are incomparable, is finite.

The notion of near-completeness is a little bit restrictive, while it is still compatible
with the case of a nontotal preorder, obviously.

Ok ([20], Theorem 3) proved that every near-complete upper semicontinuous preorder
= has an upper semicontinuous finite multi-utility representation, provided that =3 is
defined on a second countable topological space (X, 7). Observe that, in this case, there
exists an upper semicontinuous order-preserving function u for the preorder 3. Indeed,
if U= {uy,...,un} is an upper semicontinuous multi-utility representation for =3, then we
have that the function

n
U=y u
i=1

is an upper semicontinuous order-preserving function for .

To illustrate this fact, consider that u is increasing, since every function u; is increas-
ing. In addition, for every x,y € X, if x < y, then there exists some index 7 such that
u;(x) < u;(y), so that

1=

u(x) = ) ui(x) < ) ui(y) = u(y).

n
i i=1

I
—

Finally, the fact that the sum of upper semicontinuous functions is an upper semicon-
tinuous function is well known.

Therefore, since every upper semicontinuous function attains its maximum on a
compact space, and a point of maximum of any order-preserving function (when it exists)
is a maximal element, we have that, if (X, ) is compact, then Xf,[ is nonempty. Clearly,
when we deal with a compact metric space (in particular, any compact subset of R"), we have
that the space is also second countable.

Thus, the following result is in order now, which shows the representability of all the
maximal elements of a preorder by the maximization of the functions in a finite Richter—
Peleg upper semicontinuous multi-utility representation.

We need a generalization of the White theorem [18] to the upper semicontinuous case.
We recall that, as it was previously illustrated in the introduction, the White theorem
guarantees that, if there exists a maximal element x( for a preorder =, which at the same
time admits an order-preserving function u’, then there exists an order-preserving function
u which attains its maximum precisely at the point xg.

As regards the notation, if u is a real-valued function on a set X, then, as usual, we
denote by

argmaxu = {x € X | u(z) <u(x)forallz € X}

the (possibly empty) set of all the elements of X at which u attains its maximum.

Theorem 2. Let =X be a near-complete preorder on a compact topological space (X, T), and as-
sume that 3 has an upper semicontinuous finite Richter—Peleg multi-utility representation
U = {u),...,uy,}. Further, assume that [xo]~ = {u € X | u ~ x} is a closed subset of
X for each point xq € X;A Then there exists an upper semicontinuous finite Richter—Peleg
multi-utility representation U = {uq, ..., uy, }, with the property that

n
<
Xy = | Jarg max u;.
i=1
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Proof. Consider that, by near-completeness of 3, and using the obvious observation
. . . 3 R
according to which a point x belongs to X3; as soon as x ~ x for some xg € X3;, we have
3.
that there are k € N* and xy, ..., x; € Xj; with

By Bosi and Zuanon ([19], Theorem 3.2), for every x; € Xﬁ there is an upper semicon-
tinuous order-preserving function u; with the property that

arg max u; = [x|~,

where, obviously, [x;]~ = {z € X : z ~ x;}. If there is an upper semicontinuous fi-
nite Richter-Peleg multi-utility representation U = {u], ..., u},}, then it is immediate to
observe that

U= {uy,...,un} ={ul,...,up,}U{uy, ..., u}

is an upper semicontinuous finite Richter-Peleg multi-utility representation U = {uy, ..., u,}
such that
n
=<
X = Uarg max ;.
i=1

So the proof is complete. [

Remark 7. Consider that near-completeness is invoked in order to guarantee that all the maxi-
mal elements are “reached” in a suitable upper semicontinuous finite Richter—Peleg multi-utility
representation.

Remark 8. The assumption of compactness of the topological space is adopted in order to ensure
that every upper semicontinuous function attains its maximum, so that we can represent all the
maximal elements of a preorder under certain conditions.

We finish this paper by recalling the possibility of invoking a particular upper semi-
continuous representation of a total preorder on a compact subset of a metric space. Indeed,
the utility representation method 4 la Arrow—Hahn, as described for example by Gori and
Pianigiani [31], gives rise to a particular upper semicontinuous utility representation of an
upper semicontinuous total preorder on a metric space (X, d) (so, in particular, as far as we
are concerned, on a compact subset of R").

The following theorem holds and uses the fundamental consideration, according to
which any upper semicontinuous (not necessarily total) preorder can be extended by means
of an appropriate upper semicontinuous total preorder.

A preorder < is said to extend a preorder 3 on a set X if, for all points x,y € X,

x 3 yimplies that x Sy,
x < y implies that x < y.

Theorem 3. If = is an upper semicontinuous preorder on a compact metric space (X, d), then there
is an upper semicontinuous total preorder < extending 3, and, for every maximal element xg for <,
the following function uy, is an upper semicontinuous order-preserving function for 3:

Uxy(¥) = —d(x0,L<(x)) (x € X).

https://doi.org/10.3390/sym18010155
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Proof. From Bosi and Sbaiz ([29], Theorem 5.4), < admits an extension by a total upper
semicontinuous preorder <, which therefore has a utility representation of the form above
described by Gori and Pianigiani ([31], Theorem 2). Since uy, is a utility function for <,

and < extends 3, then it is immediate to check that 1y, is an order-preserving function
for 2. O

4. Conclusions

In this paper, we have considered the problem concerning the representation of all the
maximal elements of a preorder on a topological space by means of the maximization of
all functions in a finite collection of order-preserving functions, which fully represents the
given preorder (i.e., it is at the same time a multi-utility representation).

The upper semicontinuous case naturally comes into consideration, since it guarantees
the existence of maxima on compact spaces. Incidentally, we have investigated the upper
semicontinuity properties of a preorder admitting a representation of this kind.

However, the consideration of transfer upper semicontinuous functions, and therefore
representations, would guarantee a much more general approach. We are confident to
study these topics in a future paper.
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