LIE BI-ALGEBRAS ON THE NON-COMMUTATIVE TORUS
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ABSTRACT. Infinitesimal symmetries of a classical mechanical system are usually described by
a Lie algebra acting on the phase space, preserving the Poisson brackets. We propose that a
quantum analogue is the action of a Lie bi-algebra on the associative *-algebra of observables.
The latter can be thought of as functions on some underlying non-commutative manifold. We
illustrate this for the non-commutative torus T2. Fhe canonical trace defines a Manin triple from
which a Lie bi-algebra can be constructed. In the special case of rational & = this Lie bi-algebra
is GL(N) = U(N) @ B(N), corresponding to unitary and upper triangular matrices.

The Lie bi-algebra has a remnant in the classical limit N — oo: the elements of U(N) tend to
real functions while B(N) tends to a space of complex analytic functions.
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1. INTRODUCTION

In the quantum theory the phase space cannot be a manifold in the usual sense, since momen-
tum and position cannot be simultaneously measured. The appropriate generalization needed
to describe the quantum phase space is non-commutative geometry. The algebra of quantum
observables is an associative algebra which tends in the classical limit to the Poisson algebra of
functions on the classical phase space; that is, a commutative algebra to order zero in k along

with a Poisson bracket that gives the correction of order k.

Topological properties of the manifold can be encoded into properties of the algebra of func-
tions on it, which then carry over to the non-commutative case, as properties of the quantum
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observable algebra. There is a well-developed K-theory of operator algebras [1]: familiar invari-
ants such as Chern numbers have non-commutative counterparts.

A third theme is that of symmetry. The continuous symmetries of a classical system form a
Lie group which acts on the classical phase space. In simple cases, this Lie group extends to the
quantum theory, with a representation on the Hilbert space of states. Sometimes, quantization
modifies the symmetry. For example, the symmetry of the quantum theory can be the central
extension of the classical one (the corresponding representation is a projective representation of
the classical symmetry). Such deformations are called “anomalies” in the physics literature. In
the most well-known case, the conformal anomaly leads to the Virasoro algebra [7]. In other examples
the quantum symmetry is a new Lie group, of which the classical limit is a Wigner contraction.

An even more general possibility is that the symmetries of the quantum theory do not form
a group at all. Instead, it is a “quantum group”. More precisely, it is a Hopf algebra with
an action (or co-action) on the algebra of quantum observables. Again, there is a classical
remnant of this phenomenon: there is a Poisson bracket on the group itself, such that the group
multiplication is a Poisson map [3]. Such a Poisson-Lie group A acts on the classical phase
space M, such that the induced co-action C(M) ¢pM) C(A)®s a Poisson map. If thePoisson
bracket on A is zero, this reduces to the familiar condition that the group action leave the Poisson
bracket on M invariant; the generating function f : M A of the infinitesimal action is the
“moment map”, valued in the dual A/ of the Lie algebra A of A. More generally, the moment
map is a function f : M — Al valued in a Lie group dual of A.

Infinitesimally, a Poisson-Lie group is a Lie bi-algebra. The infinitesimal group multiplications
give the Lie bracket as usual. In addition, the Poisson bracket on the group A becomes a co-
product on the Lie algebra A. The product and co-product must satisfy an infinitesimal version of
the condition that the group multiplication be a Poisson map.

These more general ideas about symmetries have not yet been fully utilized in physics, except
in the narrow context of integrable systems. They have emerged recently in the very chaotic case
of incompressible fluid mechanics [10] (Euler equation of an ideal fluid). It would be interesting
to have more examples of physical systems with quantum group or Lie bi-algebra symmetry.

We study the simplest case of a phase space: a two dimensional torus. The quantum geometryis
that of the non-commutative two-torus T2. MWe uncover a Lie bi-algebra hidden in T2 More

precisely, for the algebra of function on T?, that is the complex associative =algebra generated
by two unitary elements P, Q satisfying the relations

PQ = w QP, w = e¥Y, (1.1)

The commutator of two elements [F, G] = FG - GF yields a Lie algebra Ss. The canonical
invariant trace T on "];2 yields an invariant inner product

(F,G) =1(FG) (1.2)

for this Lie algebra. This inner product is not positive. In fact there are subspaces A and B on
which it vanishes such that Sy= A @ B; then A and B are dual to each other as vector spaces. That
is, (S5, A, B) is a Manin triple. Another point of view is that A has a co-product (themirror
image of the Lie bracket in B) which turns it into a Lie bi-algebra.

As ¥ -8 this complex associative -algebra tends to the Poisson algebra of complex-valued
functions on the torus T? with the bracket

OF 3G OF JF

- ——— 1.3
{F' G} dxl o0x> 0x2 O0x1 ( )

and identification P = ™, Q = e¥™2, We will see that this also is an (infinite dimensional)
Lie bi-algebra. The invariant trace tends to thf integral, yielding the invariant inner product
dx*dx?

< F, G) =Im FG

W. (1.4)



The classical limit of A is the sub-space of real-valued functions; the elements of the classical
limit of B are complex-valued functions on the torus allowing an analytic continuation to the
interior of the unit disc in the variable P (and satisfy a reality condition when independent
of P). This Lie bi-algebra (for the Poisson structure) is the classical remnant of the quantum group
symmetry of the non-commutative torus.

The physical meaning of AGSyis clear: it is the quantum counterpart to the Lie algebra of
canonical transformations. The corresponding group A is the familiar group of unitary transfor-
mations. The physical meaning of B (or equivalently, the co-product on A) remains somewhat
mysterious. The co-product is the structure that allows us to combine two representations of A
into a new one. In the simplest case (when the co-product is trivial) this is just the direct sum
of representations. The surprise is that there are more general ways of combining representa-
tions, given the co-product. Physically, this means that there are new ways of combining two
independent quantum systems to get a new ones, while preserving the invariance under unitary
transformations. This ought to be important in the context of quantum computation, where the
plan is to combine may small quantum systems to get a large processor.

What is the quantum group (Hopf algebra) associated to the Lie bi-algebra Ss ? Finite di-
mensional Lie bi-algebras can be exponentiated into quantum groups, as conjectured by Drinfeld
(and Jimbo) originally. There is no such general construction in the infinite dimensional cases. We
must approach this with a “regularization”: approximate the infinite dimensional algebraby a
sequence of finite dimensional ones, and then look at the limit as the dimension tends to infinity.
A prototype of this is the approximation of real (irrational) numbers by rational ones.

So we look at the the case of rational 9 = % (i.e., w is a primitive Nth root of unity). Then

we can impose the additional relations PY =1 = Q", giving a finite dimensional algebra.
There is then a simple explicit realization using clock-shift operators (j is taken modulo N)

P= i+l (jl, Q= i) (Ul (1.5)
j=1 j=1

If N =2 these are Pauli matrices (acting on “qubit” states), while for N = 3 they can be realized
in terms of Gell-Mann matrices (acting on “qutrit” states). More generally, the commutators of
P°Q’ close on the N 2-dimensional complex algebra gly ; in this basis, it is the “sine-algebra”.
There is a natural Lie bi-algebra structure on this g/y. That is, a splitting g/y = A Bito
sub-algebras A and B which are isotropic and dual to each other w.r.t. an invariant inner
product (a “Manin triple”). A natural choice is A = uy (anti-hermitian matrices) andB = sby
, consisting of upper triangular matrices with real entries along the diagonal. Itis known that this
Lie algebra is the infinitesimal version of the well-known [3] quantum group SL,(N ). There is
already a well developed representation theory of this Hopf algebra, which should have
interesting physical consequences.

The operators of the rational non-commutative torus defined in (1.5) appear, surprisingly,
in experimental realizations of “Qudit” processors [2]. It is possible that the non-commutative
torus provides an alternative model of quantum computation, instead of arrays of “qubits”.
Maintaining quantum coherence for many qubits is experimentally challenging. It might be easier
to use instead a smaller number of “Qudit” systems, each one a rational NC torus for some N >
2. Other intriguing connections between operators algebras and complexity theoryof computing
are also emerging recently, cf. [15].

Perhaps this theme plays out more generally: the analogue of diffeomorphisms for non-
commutative geometries could be quantum groups; that is, there is a Hopf algebra co-action
on the associative algebra of the non-commutative manifold. As a prototype of this, we recall
in Appendix B the co-action of the Taft-Hopf algebra on the non-commutative torus. In the
classical limit we don’t just get commutative algebras and Lie groups; there is in addition a Poisson
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bracket with a Lie bi-algebra of symmetries.



The non-commutative torus also gives us an example of how topological properties (via K-
theory) of the classical phase space lift to the quantum theory. It is well-known that Ko(T?) =
Z2; vector bundles on a torus are classified by a pair of integers which are the rank and Chern
number. This continues to be true in the non-commutative case: operator theoretic K-group
KO(TZ),is also Z2. For rational 9 this can be understood in terms of Morita equivalence of vector
bundles over T§ to those over T?, while for irrational & the classes can be realised in terms of
Heisenberg modules [12]. But for irrational & we have some additional structure. The trace on T?
embeds Z2 — R as a subgroup of the real numbers:

T:(r,m)>> r+mod.

In particular, it turns Ko(TZ)t,into an ordered group [13]. In the limit & — 0 the embedding
above is lost. Remarkably, Ko(T?) is still an ordered group with a non-archimedean order. We will
use such a lexicographic order in constructing a Lie bi-algebra structure for the Poisson algebra

on the classical commutative torus while for a corresponding Lie bi-algebra structure,
for the non-commutative torus we use the order of KOFTL?)' which is most natural for Tﬁ. In the

limit the latter ordering tends to the lexicographic one, as seen in Fig.1. The classical remnant
of non-commutative geometry contained in the Poisson algebras needs to be studied further.

2. MANIN TRIPLES AND LIE BI-ALGEBRAS
We recall the main definitions [3].
A Lie bi-algebra is a product T : A QA — A along with a co-product A:A—->AQRQA
M(Xa, Xb) = [Xa, Xp] = I"(’,bXd, A(Xg) = ACgXC QR Xq

satisfying antisymmetry, I = —-I'Y and A° = -A%?, the Jacobi and co-Jacobi identities
ab d

ba d
rdpe +M9re +rire =0 (2.1)
ab dc bc da ca db
AabAdc + AbcAda + AcaAdb =0 (22)
d e d e d e

and the compatibility condition that A be an infinitesimal automorphism of I':
[A (Xa), Xb] + [Xa, A (Xb)] = TG, A(XC).

The latter amounts to the condiﬁion that A is closed in the Lie algebra cohomology H*(A, AQA):
|

(0a)re = 1 Adesre A —aeoc -T7A¥=0 (2.3)
ad ¢ ac d

A more familiar way to state these conditions is that S = A @ B (where B is the dual vector
space of A) is itself a Lie algebra; in a basis X; € A and the dual basis X° € B we must have

[Xa, Xb] = rcbxc, [X°, XP] = A%®X,, (2.4)
a C

[X%, Xp] = [4,X7 = A0 Xq (2.5)

The Jacobi identities from the first line (2.4) are the conditions (2.1)-(2.2) above; the mixed
Jacobi identities give (2.3). The duality of A and B yield an invariant inner product on S:

a b b b
(Xa,Xb>=O=(X/X>l (XGIX>:50'

A Manin triple is a Lie algebra S along with Lie sub-algebras A, B such that S=A B as@ector
spaces; moreover S has an invariant inner product which vanishes when restricted to A orB (i.e.,
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A and B are isotropic sub-spaces). If S is finite dimensional, every Manin triple admits
[3] a basis satisfying (2.4)-(2.5); the notions of Manin triple and Lie bi-algebras are equivalent.

However, in the infinite dimensional case, we cannot rely on this theorem; we must explicitly
verify the commutation relations to obtain a Lie bi-algebra from a Manin triple.



Example 2.1. An example is the Lorentz Lie algebra SL(2, C) of traceless 2 2 matriges with complex
entries (but viewed as a real Lie algebra). There is an invariant inner product

(U,V) =Im Tr UV. (2.6)

The Lie subalgebra SU(2) of anti-hermitian traceless matrices is isotropic and can be chosen
as A. The complementary space B cannot be the space of hermitian matrices, as it is not a Lie
sub-algebra. Instead we can chose B to be SB(2, C), the Lie sub-algebra of traceless upper
triangular matrices with real entries along the diagonal. That is,

SL(2,C)=ADB

where
ia b
A=5U(2) = laeRbEC
-b -ia
a b
B=5B(2,0= laeRbEC
is @ Manin triple. A basis for A can be built out of Pauli matrices, X, = —zzou:
o -4 o -1 -0
X1 = i 2 +1
= 2 = 2
- 0 ’ XZ 5 0 ’ X3 0 12
which determines the dual basis for B:
X1 — 0o -2 , Xz — 0 2i , X3 — -1 0O
0 0 00 0 1

They satisfy

The structure constants ' are the familiar ones from angular momentum theory
1 3
— —r2 _
My =1=T5 =Ty,
along with
A3 =2 =13,

2 1
The remaining components of I, A are zero, unless related to these by anti-symmetry. Also, they

satisfy the compatible commutation relations (2.5) above.

Example 2.2. Next, consider the Lie algebra SL(3, C) of traceless 3 3 matrices with complex entries
(again, viewed as a real Lie algebra). The subalgebra SU (3) of anti-hermitian? traceless matrices
is again isotropic and is dual to S$B(3, C), the sub-algebra of upper triangular traceless matrices
with real entries along the diagonal, which is isotropic as well.

SL(3, C) = SU(3) D SB(3, C)

We take a basis of for SU(3) in terms of anti-hermitian Gell-Mann matrices [5], X, = —iAs:

0 -i 0 0 10 i 00
Xi1= -i 0 0], X=[01 0 0], Xs=[0 0 i 07,
0 0 O 0 0 O 0 00
0 0
0 0 il 00 -1 70 0 Of
Xa= 0 0 0 , Xs=0oo o0, xs= 0 0 -i |,
-0 0 10 0 0 -i 0

—
~
|



09 0 T - 0 0
0 0 -1
X7 = 0 1 0 , X8=V3DO =i OD,
0 0 2i

Iwe use a compromise between the physics and mathematical conventions for Lie algebras. For matrix
Lie algebras SU (N ), we use the mathematical convention that they consist of anti-hermitian matrices, whose
commutators are also anti-hermitian. This differs by a factor i from the physics convention [5]. In the classical
limit (Section 4), we use the physics convention that SU(N) elements tend to real functions on the torus.



A dual basis for g(ﬁ, Q) is woered out to Be :

0
0 -10 0 i 0 T 2100
xx=00 o0 d, x2x=0000d, x*=0 0 1b ,
0 0 O 00 O 0 08
0 1 0
00 _1 0 0 i 00 O
x*=p00 o1, x*=0oo0od, x=000 1,
00 0 000 00 O
I 0 i
_ 1
000 1 olo
xX=0oo il, x="+v.0o -100.
00O 23 0 0o 2

The bases are isotropic and dual to each other:
a b b b
(X, Xp) =0, (X ,X) =0, (Xe, X ) =6, abe{l,...,6 8}
The structure constants of the Gell-Mann matrices [Xo, Xp] = FapXc are well known: they are
completely antisymmetric in the three indices and explicitly given by Vv

M>3=2, T147=T1e5=T246=T257=T345=T376 =1, [Issg=Tle7g= 3.

As for the structure constants of the dual basis, [X% X°] = A®.X¢, the non zero ones are:
A3, = 7?3, = ASY, = A7l = AS25 = A27, = 1,

43 _ A53 _ aA36_  _ A37
A%, = A535 = A36g = N3

5/
V_
AB%, = N85 = N86g = NB7, = 3
2

and their antisymmetric ones in the two upper indices. They may be verified to satisfy the
compatibility condition [X% Xb] = T6a°X? = A"pXG.

Alternative bases can be constructed out of clock and shift matrices in (1.5), which allows
for a generalization to arbitrary dimension N iy the following. Let w = e?"/3, a third root of

unity, with 1+ w +w? =0, @ = w?, w-w? =i 3. Then, a basis for su(3) is give[n by:
2 0 0 i 00 0
Xo=i(Q+Q*)=ig0 -1 00, Xo=Q-@ [ 01 ,
0 0 -1 0 g ixl
0 O 0 s
011 N 0 1 -1
x,=ip+PH)=il1 010, x;=p-p2=0-1 0o 10,
110 1 -1 0
O O O O
0 w 1 N 0 w -1
X> = i(PQ+ w?P? 2 P’ = -w* 0 W’ ,
2 =il Q)=ilw 0 o, x=PQ-w 07 _o ob
1 w O
O , O O , [l
X =i(PQ+wP?Q) =ig & B &y, %=PQ?-wP2Q= ;-0 b
0 5 0 ) 0
1 w O 1 -w 0

One verifies directly that this basis is isotropic. These are not Gell-Mann matrices.
A dual basis for $B(3, C) can be found using Q and a matrix R = P — |2) ( O] satisfying

RQ=wQR, R*=0.
9

2A2 00 A
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011 0 -1 1
U , 1 x1 b )
= = 0 o0 Wl = - = O Q0
;R+R)= 00 o0 1@ | J(R-R) = o 6 -@
|
X
1 - 1
2 g 2 2 2 lDO“’ - - i(RQ_wzzz lDO w -
=" (RQ+w RQ) = 0 0 w , X =: RQ)= 0 0 -w |,
3. 00 o0 3 3.0 0 o
O O O O
. 1 0 w1 VEI ;0 -w 1
X°=3(RQ>+wR?Q)=30§ § @1 - - ‘18 8 -

3(RQ* w?R?Q) =3
Again one verifies that the basis is isotropic. As for cross pairings one verifies that

(X XB)Yy =B A B€{0,1,2301,23}
Oa

thus the bases are dual to each other.

3. THE RATIONAL NON-COMMUTATIVE TORUS
We are ready to generalise the construction above out of of clock and shift matrices.

3.1. Clock and shift matrices. Let w(= €™V ) be a primitive N -the root of unity. This

= ]
implies that ?’:61 w'™ = N§(m). Consider clock and shift matrices Q and P:

Q|m) =w" |m)  P“|m) =|m-k) (3.1)
and indices m,k=0,1,--- ,N - 1, defined modulo N. These matrices obey the relation
PQ = w QP,

are unitary, traceless and Q" = P’ = 1. We shall also need the truncated matrix
R=P-|N-1) (O]
which is a strictly upper triangular matrix such that:
RQ = wQR, RN =0.

The matrices
N N =1
ers =w 2P'Q° = w 2P w™ |m) ( m| (3.2)
m=0

generate the N%-dimensional complex algebra GLy. They close on the sine-algebra. Indeed,

1,.
— (3 Us—kr
€jk€rs = w2 U )ej+r,k+s

from which: T
lejk, ers] = 2isin N (js-kr)ejiri+s (3.3)
Also,
1o o _ 1 = - -
er,s:(UerQ sP r:wzs wmslm)(mlpr
m=0
=€-r-s

and
11



= (_1)5 €xrs, erN+s = ('1)rer,is = (34)

(S VES eN+r,N+s = (—:I.)N_‘—H—S €r,s,
— N-—r—s — N—r—s _*
s eN—-r,N—-s = (_1) €—r,—s = (_1) €rs

with their conjugated.
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We define ‘truncated’ matrices forO<a <N and b € Z, as follow

fap = w79PROQE = w297 " w" |n) (| (3.5)
n=a
~ 1 1
fa,b — wzabQ—bRN—a — wzﬂb w—bn |n) ( nl P(N—a) (36)
n=0
We may indeed define them also for a =0 and a = N observing from the above that
fob=¢€ob frup=0, Sob =0, fnb = (-1)°epp. (3.7)

When a /=0, /= N, fa» is the upper triangular part of eqs while fab is the upper triangular @t
ofeglb. One finds, for0O<a<N-1with0O=<N-a<N-1landb€Z,

JSo,—b =fo,b f~0,—b = fos (3.8)

fa,Nib = (_1)_afa,ib fa,Nib = (‘1)afc;,:rb
Fn—ap = (-1) 20 Fnap = (-1)Fa b

= fN—a,N—b = ('1)N+a_bfa,b

N—a,N—b = \~ T a,b- .
f (-1) N7y, (3.9)
Moreover,
— ., (as—br) _ .
fa,bfr,s =w fa+r,b+s =0 if a+r=N
2
f f = (_1)b+sw1(as—br)f =0 if a+rs<N (3.10)

abrs 2 a+r—N,b+s

The above imply:
i

Ufy.k, fab] = 2isin ﬁ(jb - ka) fj+ak+b =0 if j+a=N

~ T ~
[fS. ks fap] = -2isin N (b - ka) fa—jb—k
= —(-1)¥** 2i sin E/\(/b “ka)f Najeak—s =0 if a-j<0 (3.11)
Fiko fapl = (-1 2isin T (jb- ka) frea-niss =0 if j+asN.
N

3.2. The Cartan sub-algebra. The sub-algebra t of diagonal matrices with purely imaginary
entries is given as:

i X 2i A1 mb
Uo,p = VA (eop+egp) = V‘L cos(2t ) |m) ( m| (3.12)
N ’ m=0 N
%-1
~ * i . m_b
Uop = V%V(eo,b —egp) = VZN o sin(2n N ) |m) ( m| (3.13)

for b=0,1,---N - 1. Being Uon 5= —-Uop and Uon » = Uop, a basis of t is then given by

13



{Uolb/z=0/1/ } { ,b ',L} N =2L +
= =2

=1 1
(iHy iH;) = {Uop, 0,1,- 1} {U b,b—l , L} N =2L (3.14)

with cardinality N in both cases. One has H, =0 when N =2L.

Now tis the maximal abelian sub-algebra of Uy, the skew symmetric matrices, and h=t @ it
is the Cartan sub-algebra of GLy.

14



3.3. Upper-triangular matrices and Borel sub-algebra. Due to (3.7), we could also write

1 ~ I .
H, = %% (foo +fn,b) Hy = -‘v%—(fo,b - fnb). (3.15)

These diagonal matrices have real entries and are ‘diagonal upper triangular’ matrices. The
sub-algebra n. of strictly upper-triangular matrices is made of the matrices,

Ta’b = \/JIV (fg'b +f~a,b) -;-a,b = ‘\/N (fa,b 'f~a,b) 0<a<N. (3'16)

Owing to relations (3.8) not all matrices in (3.16) are independent (some of them may indeed
vanish). A basis for the strict upper triangular ones is given by}

775, T, (r,s) € {1, -+, L} x {0,1,+- , N -1} N =2L+1 (3.17)
¥

(145, s=1,---,L-1} {T-5, s=0,---,L} N =2L (3.18)

5 To5, (r,s) €{l,--+,L-1}x{0,1,---, N -1}

Note that both T-° and T“! vanish when N = 2L. The basis is of cardinality N(N - 1)in
both cases.

The (upper) Borel sub-algebra is then By = it @ n., with basis the union of (3.17), (3.18),
and real matrices (Hs, H;) as in (3.15) adding up to N> elements.

3.4. The anti-hermitian matrices. The sub-algebra uy of anti-hermitian matrices:
Urs = VAN (ers+ e’;,s) Urs = %N(er,s - er,*s) (3.19)
In particular we have
i * ~ 1 *
Uo,s = VAN (€o,s + €0,5) = iHs Uo,s = V’N—(eo,s ~eqs) = iHs

making up the maximal abelian N-dimensional sub-algebra t of uy.

Again, due to relations (3.4) of the matrices in (3.19) the independent ones are N(N - 1) in
number. A basis for the non-diagonal ones is given by )

Urs, Urs, (r,s) € {1+, L}y =< {0,1,+++, N -1} N=2L+1 (3.20)

Ur,s; L];,S; (rIS)E{ll.t.IL_l}x{olll...lN_1} }
{Us, s=1,-++,L-1} {U,s, s=0,---,L)} N =2L. (3.21)

Now both U, and U, vanish when N = 2L. The basis is of cardinality N(N - 1) in both
cases, adding to N2, the dimension of Uy, with the N diagonal ones in (3.14).
3.5. The Lie bi-algebra structure. From the above it follows that as real vector spaces
GLy = Uy © By (3.22)

Lemma 3.1. The subspaces Uy and By are isotropic and dual via the invariant pairing:

(X, Y) =ImTr(XY) (3.23)
the imaginary part of the trace of the product.
The invariance is just: ( [Z X],Y) +( X,[Z Y]) = 0. The explicit proof is in Appendix A

whereit is shown that both uy and by are isotropic and that the only non vanishing pairings
are

T Uy =1= T Uyp ab=01--,N-1. (3.24)



Thus, the basis (3.17), (3.18) for the strictly upper triangular matrices of by is dual to the basis
(3.20), (3.21) of anti-hermitian non diagonal matrices, while the basis (H», Hj) in (3.14) for the

real diagonal matrices is dual to the basis (iH», iH}) for the diagonal purely imaginary matrices.
The data (GLy, Uy, By) makes up a Manin triple and then [3, Prop. 1.3.4] a Lie bi-algebra.

4. THE CLASSICAL LIMIT N — oo

Consider the large N limit of the construction of the previous section. As for the commutation
relations (3.3), for large N with j, k, r, s fixed, one gets
2
ek, ers] ~ 'W (s -kr)ejrri+s

This goes to the usual Poisson structure on the torus
i

{ejw erst ~ E[ej,kz ersl. =-Us-kr)ejsriss (4.1)
k=0

N

and 27 is the analo%ue of k. Also, the limit of anti-hermitian matrices Un-_is the Lie algebra of
area preserving vector fields on the commutative torus. We shall next describe the Lie bi-algebra

structure on the (commutative) algebra C€=(T?) obtained in the limit.

4.1. The algebra. The (commutative) algebra €=(T?) of complex valued smooth functions
on the torus T?is made of all %ments of the form =

Q= @rmm eim1X1+m2X2 = Pm eimx (4 2)
1m: .
(my,m2)EZ? meZ2

with coefficients {¢mn} € S(Z?) a complex-valued Schwartz function on Z2. This means that

the sequence of complex numbers {@n, € C | (m, n) € Z?} decreases rapidly at ‘infinity’, that
is forany k=0,1,2,:--, one has bounded semi-norms

k
[ldl« = sup |@m:/| 1+|m|+]|r| " <oco. (4.3)
(m,n)€Z?

The algebra €=(T?) is a Poisson algebra with brackets:

{o, ¥} = 0190024 - 0200:¢
For the basis elements e, = e™* one gets:

{ew, em} = =k Am exim kAmM=kim; — kom: (4.4)

An invariant real valued inner product, the counterpart of (3.23), is given by
(0,) = Dot 1= e
|m<p' - (2m)?2  2i mezz((Ple’—m — Q-mPm). (4.5)

The sum is finite due to the condition (4.3) on the coefficients. The invariance means that

({n,o} &) +(@ {n ¢}) =0.

The inner product is non degenerate but is not positive definite. We use the inner product to
break the Poisson Lie algebra C=(T?), regarded as a real Lie algebra, as the sum of two real sub-
algebras which are isotropic and paired via the inner product. We seek a splitting of the kind in
(3.22) of a ‘real’ and ‘upper triangular’ parts (rather then a ‘purely imaginary’ part).

Start with the real Lie sub-algebra of real functions:
V4 = _ 4
A= o= (pmem|(,0;kn_(p_m

meZ2
This is isotropic:
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i z( mW-m — PmP-m) = 0.
(e ) =, mezz(p ¢

17



It is convenient to use the trigonometric basis for A. To avoid over-counting indices are re-
stricted, following a lexicographic ordering:

%(em+e7;,)*=cos(m-x) m >0,m€Z
Un= 1(eom *€om:) = cos(maxz) m>>0 (4.6)
p > ¢
0
1 m=0
Un= " -Yem-ep,) = sin(m-x) m >0,m€Z (4.7)
i
—2(€0m — € m, ) = sin(maxz) m; >0

Next, consider the real Lie sub-algebra of functions:
= ’
my =0,m €7 Ymem | ¢0,m2 = -00,-m,

So, B is made of functions on the torus that can be continued holomorphically to the disk in
the first variable, and ar%purely imaginary when averaged over xi:

B= y=

_ Y= S Ym z:{nl eimzxz’ 71 = eix1, |21| <1.
1=20,m>

The sub-algebra B is isotropic as well:

1 =
<.¢/ ‘/J> = ((PO,n L/JO,—n — @o,n ’JJO,—n) =0.
2i nezZ
A basis for B is given by:
0 2ien ni>0,n, €EZ
* (4.8)
T" = i(eon, ¥ €0n,) = 2icos(naxz) n,>0
- i n=20
(
Tn= Zen n1>0,n2€Z (4.9)
€o,n, ~ €§,p, = 2isin(naxz) n,=0

The basis (4.6) and (4.7) is dual to the basis (4.8) and (4.9) for the inner product (4.5) as it
can be checked directly. The only non vanishing paﬂ)rings areE'

(T, Un) =1= "T™ Uy . (4.10)

4.2. The commutation relations. Out of (4.4), we workout explicitly the commutation re-
lations of the generators U’s of the algebra A in (4.6) and (4.7), and of the generators T’s of

the algebra B in (4.8) and (4.9). Let m = (m1, m2), n = (ny, nz) be two elements in Z2.

4.2.1. The algebra A. Firstly: {Um, Un} = {Unm, U;} = {UmN, U,,i» =0, when m;=n,=0.
Then,

my >0, n >0 {Um, Un} = %m AN (-Umnan + Um—n) if mi>n
= 2m AN (-Um+n +Un—m) if m<m (4.11)
mi=n>0 {Um, Un} = %ml(nz - mz) (‘Um+n + Uom —n )2 if my>n,

= %ml(nz - mz) (—Um+n —+ U(),n —m )2 if m> < Noy. (4.12)

18



Relations (4.11) is valid also when either m; = 0 or n; = 0, but not both.
Next,

mi>0,n1>0 {Unm, L~I,,} = —lzm An (L~/m+,7 + L]m_n) if mi>n,

= -2 AN (Umsn - Un-m) if my<n: (4.13)
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m =n >0 {Um, Un} = 'l[nl(nz -m3) (Um+n + Uom —n )> if my>n,

= —l{nl(nz -m;y) (0m+n - OO,n -m ), if my<n, (4.14)
Relations (4.13) is valid also when either m; = 0 or n; = 0, but not both.
Finally,
m:i>0,n.1>0 {LNIm, LNI,,} = %m AN (Umnsn + Un-n) if mi>n.
= 2m A n (Unn + Un-m) if mi<n: (4.15)
mi=n>0 {l.Nlm, l.Nln} = %ml(nz -m2) (Um+n +Uom 5n ) if mz>n;
= 2ma(n2 = m2) (Umen + Uon ym ) if ma<no. (4.16)

Relations (4.15) is valid also when either m1 = 0 or n; = 0, but not both.

4.2.2. The algebra B. Firstly: {T™, T"} = {T™, T"} = {T™ T"} = 0 when m; = n; = 0.
Then,

m>0,n>0 {T",T°Y=2mAnTm™" (4.17)
m, >0,n, >0 {T©m2) T} = -m,n, (7:(”1'”2“”2) - 7:(”1'"2_'”2)). (4.18)
Next,

m>0,n>0 {T", Ty =-2mAnTm" (4.19)
m;>0,n >0  {T©m) TM = m,n, (T12+m2) _ nna=ma)) (4.20)
my>0,n >0  {TO™) Tn} = myp, (Tvr2+m2) 4 Tinm=m2)) (4.21)

Finally,
m>0,n>0 {T" T =-2mAnTm" (4.22)
my>0,n >0 {7:(0""2), 7~'”} = mani (7:(”1'”2””2) + 7:("1'”2_’”2)). (4.23)

4.3. The Lie bi-algebra structure. We indicate by I' the structure constants of the sub- algebra
A and by A those of the subalgebra B. The mixed commutators ought to be of the form

(7%, U} = T, T - AU,
Let m = (m1, m2), n = (n1, n;) be two elements in Z2.
* M >0,n1 >0,m1 fJ= Nni:

{T" , Un} =-imA n(6m+n - em—n)

m1 < n1: the admissible structure constants are

AMm rm , M
n n,n+m n,n-m
then
m +m m n—m m,n—m " —
I_n,n+an + rn,n—mT -NA Un-m = —Im/\n(é“m+n —Em—n)

n

m1y > n1: the admissible structure constants are

m rm
I_n,m+n' n,m-n
then
r +
e m =n,> m n,m+n
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Trn+n + rrr:’m—n Tm_n —
-imA
n(emsn
- em—n)
{'F’ , Un} = im1(m2 - nz)(em+n - eo,mz—nz)
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m> < ny: the admissible structure constants are

Am,(O, m—m:z) rm , rm

n n,n+m n,(0,n2—mo)
then
m +m m 0,n2— , (0,2 — o .
l—n,n+m L + T( " mZ)_Am( i mZ)U(O,n -m) = I’771("'72"72)(em+n‘30,m —-n)
(0,n2—m3) n 2 2 2 2

m> > ny: the admissible structure constants are

Am,(O, m—n2z) rm , rm

n n,m+n n,(0,mz2—nz)
then
m +n m 0,my— nm (0,m — " .
rn,m+nTm +r TOm2=nz)_ A Om nZ)U(O,m -n) = 'ml(mZ‘nZ)(em+n‘30,m —n)
(0,m2—n3) 2 2 2 2

e m =0,n1 >0:
0, i
{T(HDLL%}—_?"Z”ﬂEMymrm»'*ﬁ—nrﬂvﬂ?h_em,rm o ) €=n ,m - ),

the admissible structure constants are

AOm)(nunzkmz) — A(Om2)(nunz=m2)  F(Om2) rlom)
n n n,(ni,N2+m3) n,(Ny,nNn2—mo>)
then
|—(0,m2) Tun+ms 4 r(0m2) T,n2—m>
n,(ni,Na+ms) n,(n1,N2—mo)
“A fvo,mf),(m,rﬁmz) R _A(no,mz),(nl,nT—mz)gnynz_m2

= L""72"71(e(n ,m+n )Y €—n,—-m -n) " €n ,-m +n ) ~€(-n ,m -n ))

2 1 2 2 1 2 2 1 2 2 12 2
® M > 0, n, =0:
m
{T ,Un}=-i man(e(ml,m2+n2) — emy,my-n;)

the admissible structure constants are

m

Mo ,
(0,n2), (M1, m2+n3z) (0,n2), (M1, M2—n3)
then
1L,m2—nz _ _;
rm ML matna 4 rm ™ = -l man(e(m ,m +n ) “€m ,m -n )
(0, n2), (M1, ma2+nz) (0,n2), (M1, m2—n2) 12 2 12 2

All other commutators, {79, LNIb}, {7~"”, Uv}, {7~"’, ljlb}, go along the same lines.

5. THE NON-COMMUTATIVE TORUS
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5.1. The algebra. Let ¥ be a real number. The algebra As = C»(T?) of smooth functions on
the non-commutative torus T? is the associative algebra made up of #ll elements of the form,

9
a= = ammQ"P", (5.1)

(m,n)€Z?

with two generators Q and P that satisfy

P Q= e? QP. (5.2)

As in the commutative case, the coefficients {am.} € S(Z?) form a complex-valued Schwartz
function on Z2. The algebra As can be made into a x-algebra by defining an involution by

Qt:=Q*', Pt:=p-1, (5.3)
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so that Q and P are unitary. Heuristically, the non-commutative relation (5.2) of the torus is
the exponential of the Heisenberg commutation relation [x, x1] = i9/2r. The algebra As can
be represented as bounded operators on the Hilbert space H = L*(R) by

(Qf)(t) = e*™ £(t) (PF)(t) = f(t+0). (5.4)
getting the commutation relations (5.2).

From (5.2) one sees that Ay is commutative if and only if & is an integer, and one identifies
Ao with the algebra C=(T?) of complex-valued smooth functions on an ordinary square two-
torus T? with coordinate functions given by Q = e* and P = e*2, recovering then the Fourier
expansion (4.2) of any such a function.

When the deformation parameter is a rational number, & = M/N , with M and N positive
integers (taken to be relatively prime, say) also the algebra A is related to the algebra
C=(T?). More precisely, Ay is Morita equivalent to C=(T?), that is Ay is a twisted matrix
bundle over C»(T?) of Chern number M whose fibers are N x N complex matrix algebras. The
algebra Ay/n has a ‘huge’ center C(Anyn) which is generated by the elements Q" and PV . One
identifies C(Ap/n ) with the algebra C=(T?) = of the torus winding N times over itself, while
there are finite dimensional representations given as copies of those in (3.1).

279 |t is convenient to change basis to

Denote w =e
1
em = w—2MmpmigQm2 m = (my, my) € Z.

Then ét,, = é_,,,. From (5.4) they act on H = L?(R) as

(& f)t)=wim™ ez’“’"ztf(t+mlﬁ). (5.5)
m
These elements yield an infinite-dimensional Lie algebra (the sine-algebra). Indeed, one checks
e é =wikameg kAm=km -k m
k m 2 k+m 1 2 2 1
This implies
8kbm - Eméx = 2isin(mdk A m) éx+m. (5.6)

The sine-algebra has the role of the hamiltonian vector fields on T? for the canonical Poisson
structure. The above is indeed seen as the quantisation of the canonical Poisson structure on T2.
As a vector space As and C=(T?) are the same. With an abuse of notation on generators,én,
— em, the Poisson structure is recovered as
i
{ex, em} = T((ekem - emex) .

k~6=0
2n
- k l?k/\mek+m (57)

=—-kA m €k+m

with the identification k = 2it, in parallel with (4.1). This is just the Poisson structure (4.4).

5.2. The trace and the K-theory. On the algebra As there is a (unique if ¢ is irrational)
normalized, positive definite trace, T : As = C, given by

T( Um ém) := ao. (5.8)
meZ2

Then, for any a, b € Ag, one checks that
=

T(ab) = UOmb_m =t(ba). (5.9)

meZ2
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Also, t(1) = 1, t(ata) >0, for a /=0 and t(ata) = 0 if and only if a = 0 (the trace is faithful).
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This trace is invariant under the natural action of the commutative torus T? on As whose
infinitesimal form is generated by two commuting derivations 91, 0> acting as
01(P) = 2miP, 01(Q) =0, 01(P) =0, 01(Q)=2mriQ (5.10)
Invariance is just the statement that t(9d1(a)) = 0 = t(9d1(a)) for a € As.

A remarkable fact about the non-commutative two-torus algebra Ap is that it contains not
trivial projections. In fact it contains a representative projection for each equivalence classe in
the K-theory of the torus. The archetype of all such projections is the Powers-Rieffel projection
[11]. To construct it, observe first that there is an injective algebra homomorphism

p: C» St —— As,
flxa) = fme™™* —5p(f)=  fmQ" (5.11)
meZ meZ
From the commutation relations (5.2) it follows that if f(x1) is mapped to p(f), then Pp(f)P-!
is the image of the shifted function f(x: + 8). One now looks for projections of the form
pe = P-'p(g) + p(f) + p(g)P . (5.12)

In order that (5.12) defines a projection operator p?> = p, the functions f,g € C>(S') must
satisfy some conditions. These conditions are satisfied by the choice

0 smoothly increasing from Oto 1 0 <x1 = 1-0¢
f(X1)=[ 1 1-9 < x1 < O ,
l 1-f(x -0) 9 < x <1
0 0 0 <x3 < 0O
Q(X1)=D v . (5.13)

f(x1) = f(x1)? J < x1

IN
[

It is straighforward to check that the rank (i.e. the trace) of ps is just ¢. From (5.12) and the
expressions in (5.13) one finds
I

T(ps) = fo = dx f(x)=10. (5.14)
0

Furthermore, the monopole charge (i.e. first Chern number) of ps is 1. This is computed as the
index of a Fredholm operator [4] given by
clp)=—"Ttp (Opodp —Opdp)

1 9

27Ti v 19 20 29 19

1

_ 2 ]
=76 Axabd o, (5.15)

with the last equality following from expression (5.13) of the function f.

When § is irrational the projection ps, together with the trivial projection 1, generates the
Ko group. The trace on Ay gives a map

Z : Ko(Ay) —-—— Z+79,
rfll+mips] -— Tt(1)+mrt(ps) =r+m? (5.16)

which is an isomorphism of ordered groups [9]. The class m[ps] can be represented by a Powers-
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Rieffel projection in the algebra itself As with suitable functions in (5.12) of the kind (5.13). The
positive cone is the collection of (equivalence classes of) projections with non-negative trace,

K'fAo)= (rm)EZ?> - r+m9d 20" . (5.17)
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5.3. The splitting of the algebra as a Lie bi-algebra. We use the trace t to define a real
valued inner product on the algebra As:

1 =
(a,b) =Imt(ab) = (amb-m * b)) (5.18)
2i mez? —a

-m

This inner product is non degenerate but, as in the commutative case, it is not positive definite.

We shall denote S the non-commutative torus algebra As when thought of as a Lie algebra
with commutator (5.6). As before, we aim at using the inner product to break for a splitting
Ss=A @B into real sub-algebras which are isotropic and paired via the inner product. We seek a
splitting of a ‘purely imaginary part’ (anti-hermitian operators are closed for the commutator
while hermitian ones) and a ‘upper triangular’ part.

It is known [8, Thm. 3.11] that the ordered group (Ko(As), K}(As)) characterizes non-
commutative tori up to Rieffel-Morita equivalence: two non-commutative tori are Rieffel-Morita
equivalent if and only if their ordered Ko-groups are isomorphic. Algebras which are equivalent in
this sense are usually thought of as having the same geometry. It is then only proper to use the
order of the Ko-group to label natural bases of the sub-algebras A and B in the splittingSs=
A B. As m@ntioned, in the limit 0 0 the K-theeretical ordering tends to the lexicographic
ordering we used earlier for the Lie bi-algebra of the commutative torus.

Start with the real Lie sub-algebra of anti-hermitian:

4 z I 4

A= a= arnérnla* =-0-m ,
mezZ? m

which is clearly isotropic for the inner product (5.18). To avoid over counting, we use a real
basis of A labelled by the positive cone (5.17) of Ko(As). That is, if m = (my, m2) € Z we take

U,0) =i
Um=-;(ém+é;rn) mi+my3>0
Um = -2f&m - &) my+my% > 0. (5.19)

In the limit & — 0 this tends to the lexicographic ordering we used earlier, as illustrated in fig.1.

The dual real Lie sub-algebra B is the real span of the basis elements

7(0,0) — 1
Tn=2én n1+n219>0
T" =2i8,  ni+nd>0. (5.20)

For the inner product (5.18) the basis (5.19) is isotropic and is dual to the basis (5.20) which
is isotropic as well, as it can be checked directly. TBe only r’Em vanishing pairings are:

(T™, Un) =1= T Un . (5.21)

Next, we compute the structure constants of both the Lie algebras A and B starting from
the commutators (5.6). For m, n € Z, let us use the short notation

s(m, n) = sin(m9 m A n) (5.22)

(an odd function on each argument) and the convention m > n if and only if mi+m>8 > n1+n,0.

For the algebra A: [Xo, Xb] = X, the only non vanishing I"s are computed to be

r:_;n = _S(ml n)l rﬁTﬂ = ‘S(m, n), rr.):H:n = S(m, n)'
, m,n m,n
=" =s(m,n), ™" = -s(m, n), =" =s(m,n), for m>n,
m,n m,n m,n
rm-m=s(m, n), =™ = -s(m, n), =" =s(m,n), for m<n, (5.23)

m,n m, i m,n
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FIGURE 1. The squares represent elements of (m1, m,) Z%with m; +9m, <0, while
the disks represent the positive elements. In the limit & 0-this tends tothe

lexicographic ordering on Z2.

and their antisymmetric ones in the two lower indices.
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For the algebra B: [X% X°] = A?’X., the only non vanishing A’s are computed to be

4s(m, n),

AN

mtn

AT

m+n

=4s(m, n),

and their antisymmetric ones in the two upper indices.

AT
m-n

4s(m, n)

Finally, for the mixed compatible ones [X%, X;] = ngXd - A%X,, one computes

[T™, Un] = Crmen T+ T, T —
n ~ n—-m
rg:,m+n Tm+n 4 rrr:',n—m Tn—m_ pMmn-mg
0 N ~
m__ T m+n rm__ Tm-n
[T™, Un] = n,m+n n,m-n m,n—m
A,m+n n,n—m, U
d m___ gm+n o rm__ Tn-m_ AF: n—-m
0 . ~
rﬁ’7~ Tm+n 4 rﬁ'l~ Tm-—n
“m _ n,m+n n,m-n
[T ’ Un] = m,n—m
- [ i Un] n,m+n
¢ Z_ = 17

m>n

m<n

m<n

m=>n

(5.24)

(5.25)

(5.26)

(5.27)

n,m+n

n,m+n



0drm 7~'m+” +m___ 'f”‘m SFAY Un—-m m<n

n,n—-m
Tm+n + rm Tm_n :
528"
Tm+n 4 m ( ~g)
nn=m m>n
Tn—m _
N ’ -
,n—m,
Un-m
m<n

The above shows the Lie-bi-algebra structure of the non-commutative torus Ss = A @ B.
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APPENDIX A. THE PAIRINGS: RATIONAL CASE

We need the scalar product between E’s in (3.2) and F’s in (3.5), (3.6). One finds explicitly

1 =1
Tr(fupers) = 6(a-r)w 29~ G
n=a
: =
Tr(fas ers) = 6(a—-r) wzé(b_s) w-"b-3)

n=0

1 1
Tr(fa,b e,’s) = 5(0 + r) w—za(b+s) wn(b+s)

n=a
1 1
Tr(fanb eﬁ,s) =6(a+r) w 29(b+s) @ "(b+s)
n=0

> )
Putting these together, and using ';’:Bl w'™ = N§(m), we get:

Fora=r:
Tr(fos 67.,5 + fopers) = w~20(b=s) wnb=s) 4 y20a(b=s) w—n(b=s)
( n=a P
N
— ) s
w™alb=s) - a-1 w-"b-9) € iR
a-1 . ,n(b-s) La(b-s)
- 2 n=0 w +W:2 n=0
1 -1
~ 1 )
Tr(fopers-Sfapers) =w™ 20(b=s) w"(b=s) _ (o a(b—s) w—"nb=s)
( n=a =0
N -2a
w—la(b—s) a-1 wn(b—s) _ wlﬂ(b—s) a-1 w—n(b—s) eR
- n=0 2 n=0
Fora-r:
= 1 > . —1
Tl‘(fa,b €r,s +fa,b 6;5) = @~ 20(b+s) wnb+s) 4 ) 0(b+s) w—n(b+s)
( n=a =0
= N . > za—l w- ") € iR
w = a(b+s) _
a-1 .n(b+s) La(b+s)
- 2 n=0 w + w:2 =0
1 1 1 -1
Tr(fopers-fopers) = w™2(0%s) wn(b+s) _ (o alb+s) w—"n(b+s)
( n=a =0
N -2a s
= w_%a(b+s) a-1 wn(b+s) _ wlia(b"'s)
n=0
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-1 _
ol ynlbts) e R b J=-s

From (A.1) and (A.2) the pairing of a T*? (either without or with a tilde) and a 7*? (again either
without or with a tilde) is zero unless r=a or r = a. Then, on the one end, from (A.4)and (A.6),

for any s,
Tr(T%" Usgs) € R Tr(T%? Usqs) € R

and these lead for any s to
D E D N E
T%, Usas = T%, Usqs =0
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On the other end, from (A.3) we get

Tr(T%? Ugp) = i Tr(T** Uss) ER s /=b

THTo Ugp) =i Tr(T% Ugs) ER s /=b

that is the only non vanishing pairings are
D E D E
T Usp =1= T, Ugp (A.7)

In particular for the diagonal matrices, t and it are isotropic and dually paired with pairings:
( HA, IHB) =5A,B A =a,c"1, B =b,5 (A8)

with the ranges of the indices as in (3.14).

APPENDIX B. TAFT ALGEBRAS AND THEIR ACTION

Let w(= /N ) be a primitive N -the root of unity. The Taft algebra Ty, introduced in [14],
is a Hopf algebra which is neither commutative nor co-commutative. Firstly, Ty is the N%-
dimensional unital algebra generated by generators R, G subject to the relations:

RV=0, GV=1, RG-wGR=0.
It is a Hopf algebra with coproduct:
AR) =1 R+RQ G, AG) =GR G;

counit: g(R) := 0, &(G) := 1, and antipode: S(R) := -RG-!, S(Q) := G-'. The four
dimensional algebra T; is also known as the Sweedler algebra.

For any s € C, let As be the unital algebra generated by elements r, g with relations:
MN=s, g"=1, rg-wgr=0.

When s =1 this is just the algebra of rational non-commutative torus of Section 3.

The algebra As is a right Ty-comodule algebra, with coaction 6% : A; > As @ Twn defined by
S(r)=1QR+rQ®G, &(g) =g ® G. (B.1)

The algebra of corresponding coinvariant (invariant for the coaction) elements, that is elements
X € As such that 6%(x) = x @ 1 is just the algebra C. Moreover, the canonical map,

X AQA A QTy, xxQy) =K 1))

is an isomorphism. This states that the “coaction is free and transitive” and the extension
C = (As)™" As iIa non-commutative principal bundle over a point whosgxdIgebra of function
is the coinvariant algebra C. One also says that A; is a Ty-Galois object.

Contrary to the commutative case, these are not trivial. It is known (see [6], Prop. 2.17 and
Prop. 2.22) that any Tn-Galois object is isomorphic to As for some s € C and that any two
such Galois objects As and A; are isomorphic if and only if s = t. Thus the equivalence classes
of Ty-Galois objects are in bijective correspondence with the abelian group C. The translation
map of the coaction, T := (x=")j1g7y : Tn — As Q As, is given on generators by

1(G)=9g"®g, TR =1Qr-rg" Qg. (B.2)
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