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Introduction and main results

Reconciling quantum mechanics with relativity remains one of the deepest open

problems in modern physics. Quantum theory superbly accounts for microscopic

phenomena, while general relativity governs spacetime and the dynamics of mas-

sive bodies; yet a unified, fully consistent framework is still missing. At the heart

of this tension lies the question of how quantum systems behave in gravitational

fields and how the longstanding measurement problem should be resolved.

A promising avenue toward the measurement problem is provided by collapse

models, which introduce stochastic and nonlinear modifications to Schrödinger

dynamics. These models trigger spontaneous wave-function reduction, ensuring

macroscopic localization while preserving agreement with quantum predictions

at microscopic scales. Among them, the Diósi–Penrose (DP) model is especially

compelling: it ties collapse to gravitational effects and thereby enables exper-

imental scrutiny of quantum–gravitational signatures. Because the DP model

departs from standard quantum mechanics, it yields testable consequences and

bounds on its characteristic length scale. Matter-wave interferometry, sponta-

neous radiation, and astrophysical constraints such as neutron-star heating al-

ready exclude sizeable parameter regions, though substantial gaps remain. Fur-

ther progress hinges on sharper theory and carefully designed experiments near

the quantum–classical threshold. Here we develop theoretical upper bounds on

the DP parameter by demanding that collapse be strong enough to suppress ob-

servable macroscopic superpositions.

In parallel, alternative scenarios posit that spacetime fluctuations induce gravi-

tational decoherence. Károlyházy’s original idea attributes limits on positional

measurements to stochastic metric fluctuations, which in turn degrade quan-

tum coherence. Early implementations faced difficulties—notably unrealistically

large radiation rates—but subsequent refinements based on generalized correla-

tion functions restore compatibility with experimental bounds. Part of this thesis

advances precisely these refinements.

These two lines of inquiry capture distinct mechanisms by which gravity might

alter quantum behavior: (i) classical, stochastic metric fluctuations that induce



2

decoherence while preserving linear, unitary dynamics (Károlyházy); and (ii) an

intrinsically non-unitary contribution that drives objective localization (DP). In

the first case, a “fuzzy” spacetime yields dephasing under a random gravita-

tional potential without solving the measurement problem. In the second, gravity

sources genuine collapse rather than mere loss of coherence from tracing out un-

observed degrees of freedom.

From a conceptual standpoint, it is important to distinguish between the two

broad classes of modifications of quantum dynamics that are often discussed in

connection with gravity: decoherence models and collapse models. Decoherence

models describe the emergence of classical behaviour as an effective process re-

sulting from the interaction between a quantum system and additional degrees

of freedom, typically treated as an environment. In this case, the fundamental

dynamics remain linear and unitary, and the apparent loss of coherence arises

from tracing out unobserved degrees of freedom. While decoherence success-

fully explains the suppression of interference effects and the stability of classical

states, it does not, by itself, provide a solution to the measurement problem, since

macroscopic superpositions remain valid solutions of the underlying equations

of motion.

Collapse models, on the other hand, introduce genuine modifications of quan-

tum mechanics by adding stochastic and nonlinear terms to the Schrödinger dy-

namics. These models aim to provide an objective mechanism for wave-function

reduction, ensuring definite outcomes in individual measurements and the ab-

sence of macroscopic superpositions. Within this framework, gravity has long

been considered a natural candidate for triggering collapse, both because of its

universal coupling to mass and because of the conceptual tension between quan-

tum superpositions and classical spacetime geometry. The DP model represents

one of the most prominent realizations of this idea, proposing a direct link be-

tween gravitational self-energy and the collapse rate of spatial superpositions.

The Károlyházy model is properly understood as a gravitational decoherence

model within this landscape. In this approach, spacetime is endowed with in-

trinsic stochastic fluctuations that induce dephasing in quantum systems, while

preserving linearity and the superposition principle. As such, the model does not

solve the measurement problem, but it provides a concrete and physically moti-

vated framework in which gravitational effects limit the coherence of quantum

states.
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This thesis explores both of these perspectives in a unified way. On the one hand,

we revisit and generalize the Károlyházy model, focusing on the role of space-

time correlations and on the phenomenological constraints arising from radia-

tion emission and energy conservation. On the other hand, we perform a de-

tailed analytical and numerical study of the DP collapse model, with the goal of

identifying robust theoretical bounds on its characteristic parameters, and clar-

ifying the dependence of the collapse dynamics on the mass and geometry of

the systems involved. By addressing gravitational decoherence and gravitational

collapse within the same work, we aim to clarify their conceptual differences, as-

sess their respective physical implications, and contribute to the broader effort of

understanding whether gravity can play a fundamental role in the emergence of

classicality.

Scope of this thesis. We develop and test both directions. On the decoherence side

(Károlyházy), we formulate a more general stochastic structure that satisfies the-

oretical consistency and the latest experimental constraints, thereby narrowing

the viable parameter window. On the collapse side (DP), we combine analytic

and numerical tools to map how the collapse time scales with mass, geometry,

and dimensionality; we also assess memory effects via non-Markovian general-

izations. Together, these results clarify when gravity could plausibly underpin

the emergence of classicality and where experiments should focus next.
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Outline

This thesis is organized as follows.

• In Chapter 1, we introduce the general framework of open quantum sys-

tems, decoherence, and collapse models. We present the conceptual and

mathematical background necessary to describe how classicality can emerge

from quantum dynamics, emphasizing the role of stochastic and nonlinear

modifications to the Schrödinger equation.

• In Chapter 2, we provide an overview of the relationship between quantum

mechanics and gravity, focusing on various approaches to gravitationally

induced decoherence. We discuss several semiclassical schemes, including

the Károlyházy model, the Schrödinger–Newton equation, and recent for-

mulations within Oppenheim’s framework, outlining their conceptual mo-

tivations and limitations.

• Chapter 3 is devoted to a detailed analysis of the Károlyházy model. After

revisiting its original formulation, we propose a generalized version based

on a modified spacetime correlation function. The consequences of this gen-

eralization are explored both theoretically and phenomenologically, leading

to updated predictions for radiation emission and energy violation, as well

as refined theoretical and experimental bounds on the model’s parameters.

• Chapter 4 focuses on the Diósi-Penrose model. We develop an analytic and

numerical study of the model’s master equation for the center of mass of

macroscopic systems, with particular emphasis on determining theoreti-

cal upper bounds on the characteristic parameter R0. We also investigate

the dependence of the collapse rate on system dimensionality and examine

non-Markovian generalizations of the DP dynamics.

• Finally, in Chapter 5 we summarize the main results, highlight the concep-

tual connections between gravitational decoherence and collapse models,

and discuss future directions for both theoretical developments and exper-

imental tests aimed at probing gravity-induced modifications of quantum

mechanics.
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Chapter 1

Open Quantum Systems: from

Decoherence to Collapse Models

1.1 Introduction

In quantum mechanics, the evolution of a physical system is described by its

quantum state, a mathematical object encoding all probabilistic information about

measurable observables via the Born rule. In idealized situations where a system

is perfectly isolated, its state evolves unitarily according to the Schrödinger equa-

tion, preserving the purity of the state. However, real physical systems are never

completely isolated: they constantly interact with their surroundings, exchang-

ing information and energy. The study of such systems, in which the environ-

ment cannot be neglected, falls under the framework of open quantum systems

[1–4]. The standard treatment of open quantum systems begins by considering

the system together with its environment as a single, isolated entity undergoing

unitary dynamics. However, the total number of degrees of freedom (system plus

environment) is typically enormous, often infinite, making it impossible to track

the full evolution explicitly. Since our interest lies in the behavior of the system

alone, one adopts a reduced description by averaging over the environmental de-

grees of freedom. The resulting dynamics of the system, influenced but not fully

determined by the environment, define the essence of an open quantum system.

A central phenomenon emerging from this framework is decoherence [5, 6], the

process by which a system loses quantum coherence with respect to a certain

basis. Physically, the origin of this loss of coherence is related to the interac-

tion between the system and a large (quantum) environment and/or classical

noise. When a system interacts with its surroundings, modeled, for example, as a

thermal bath, entanglement is generated between the system and environmental

degrees of freedom. Although the global evolution remains unitary, the system
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itself exhibits non-unitary behaviour, effectively losing information in a manner

analogous to energy dissipation in classical mechanics. This loss of coherence

underpins the emergence of classicality.

Despite the success of decoherence theory in explaining the quantum-to-classical

transition at the level of effective states, it does not resolve the well-known mea-

surement problem: the question of why specific outcomes are observed in indi-

vidual measurements rather than statistical mixtures [7]. To address this problem,

phenomenological frameworks known as collapse models have been developed

[8, 9]. They modify standard quantum dynamics to include both stochasticity and

nonlinearity in the Schrödinger evolution, effectively enforcing the collapse of

the wave function in macroscopic regimes. They are constructed to satisfy strin-

gent conditions. At microscopic scales, deviations from standard quantum me-

chanics must be negligible to remain consistent with experimental observations.

At macroscopic scales, the dynamics must ensure well-localized centers of mass

wave function, preventing the observation of superposition states and thereby

offering a solution to the measurement problem. Strikingly, collapse models ful-

fill both objectives: they offer a consistent framework that connects the quantum

and classical domains. For small systems, they retain the full predictive accuracy

of quantum mechanics, while for macroscopic systems they enforce classical-like

definiteness, thus providing a unified account of wave function dynamics across

all scales.

This Chapter explores the dynamics of open quantum systems, from the mecha-

nisms of decoherence to the theoretical structure and experimental implications

of collapse models. By understanding how environmental interactions and in-

trinsic modifications to quantum dynamics shape the evolution of physical sys-

tems, we gain insight into the profound question of how classical reality emerges

from the quantum substrate.

From a broader perspective, the theory of open quantum systems provides a uni-

fying language to describe a wide range of physical situations in which quan-

tum coherence is degraded, either effectively or fundamentally. In standard ap-

proaches, the reduced dynamics arises from tracing out environmental degrees

of freedom, leading—under suitable assumptions—to Markovian master equa-

tions of Lindblad type. More refined descriptions relax these assumptions and

give rise to non-Markovian dynamics, memory effects, colored noise, and time-

dependent generators. Such extensions are essential whenever the environment
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has a structured spectrum or long correlation times.

Within this framework, both decoherence models and collapse models can be in-

terpreted as specific realizations of open-system dynamics. Environmental deco-

herence corresponds to an effective reduced description of an underlying unitary

evolution. In collapse models, the role of the bath is played by a classical noise

field, to which the system is coupled through nonlinear terms in the dynamics.

Both approaches admit a master-equation formulation and can be analyzed using

the same mathematical tools developed for open quantum systems. This formal

overlap makes it possible to compare their physical predictions and to identify ex-

perimentally testable signatures that distinguish effective decoherence from gen-

uine collapse mechanisms.

In the following sections, we introduce the general formalism of open quantum

systems and show how decoherence and collapse models naturally fit within it.

This will provide the conceptual and mathematical groundwork for the gravita-

tional decoherence and collapse scenarios analyzed in the rest of the thesis.

1.2 Open Quantum Systems

In the following, we outline the general properties and features of open quantum

systems. For a more detailed exposition of the theory, we refer the reader to [1–5].

1.2.1 Reduced state and its evolution

In the study of open quantum systems [2], one typically considers the system of

interest S as coupled to an external environment E. The Hilbert space is thus

given by the tensor product H = HS ⊗HE . The total composite S + E is treated

as a closed system, whose dynamics are governed by the unitary time evolution

generated by the total Hamiltonian

Ĥ = ĤS + ĤE + Ĥ int, (1.1)

with the system and environment associated with ĤS and ĤE , respectively, and

where Ĥ int describes the interaction between system and environment. The com-

plete state of the composite is described by a density operator ρ̂SE(t), evolving
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according to the Liouville–von Neumann equation

iℏ
d

dt
ρ̂SE(t) = [Ĥ, ρ̂SE(t)]. (1.2)

Since our interest is solely in the system d.o.f., one introduces the reduced density

matrix by tracing over the environment

ρ̂S(t) = Tr(E)
[︁
ρ̂SE(t)

]︁
. (1.3)

This reduced state contains all accessible information about the system and pro-

vides the correct statistical predictions for any observable acting on HS . Its dy-

namics, however, is in general non-unitary, reflecting the influence of the envi-

ronment. To implement the partial trace explicitly, one chooses any orthonormal

basis {|ψ(E)
i ⟩} on the environmental Hilbert space. The reduced state is then ob-

tained as the sum

ρ̂S(t) =
∑︂
i

⟨ψ(E)
i | ρ̂SE(t) |ψ

(E)
i ⟩, (1.4)

which is independent of the basis choice and thus well defined.

The operator ρ̂S(t) inherits the defining properties of a quantum state: it is Hermi-

tian, linear, positive semidefinite, and normalized with unit trace Tr(S)
[︁
ρ̂S(t)

]︁
= 1.

The system’s time evolution can be represented as a reduced dynamical map Φ̂t

acting on the initial system state ρ̂S . Namely, this is constructed as

Φ̂t : ρ̂S ↦−→ ρ̂S(t) = Tr(E)
[︂
Û t ρ̂SE Û

†
t

]︂
, (1.5)

which departs from unitarity because tracing out the environment destroys re-

versibility. We note that the construction of the reduced dynamical map Φ̂t as a

map from system states ρ̂S to ρ̂S(t) is strictly valid only if the initial global state is

factorized, ρ̂SE = ρ̂S⊗ρ̂E , with a fixed environment state ρ̂E . In the general case of

correlated initial states, Û t followed by a partial trace defines a map from global

states to system states, but not a well-defined map acting solely on the system’s

density operators. Here Û(t) = T exp
(︂
− i

ℏ

∫︁ t

0
Ĥ(s) ds

)︂
is the global unitary evo-

lution generated by the total Hamiltonian Ĥ where T denote the time ordering

(which is not required if Ĥ is time independent). Operationally, Φ̂t results from
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the composition of the global unitary Û t followed by the environmental trace

ρ̂SE
Ût−−→ ρ̂SE(t) = Û tρ̂SEÛ

†
t

Tr(E)

−−−−→ ρ̂S(t) = Tr(E)
[︂
Û tρ̂SEÛ

†
t

]︂
, (1.6)

or equivalently

ρ̂SE
Tr(E)

−−−→ ρ̂S
Φ̂t−−→ ρ̂S(t) = Tr(E)

[︂
Û tρ̂SEÛ

†
t

]︂
. (1.7)

Both representations highlight that the reduced dynamics is induced by the sys-

tem–environment coupling rather than by an autonomous unitary on the sys-

tem’s Hilbert space HS . The reduced dynamical map admits a time-ordered ex-

ponential representation reading

Φ̂t[ · ] = T exp

(︃∫︂ t

0

dsLs

)︃
[ · ], (1.8)

where Ls the generator of the evolution. Differentiating this representation yields

the most important dynamical equation in the theory of the open quantum sys-

tem: the quantum master equation

d

dt
ρ̂S(t) = Lt[ρ̂S(t)] . (1.9)

Any map Φ̂t preserves the density-operator character of the state, related to the

probability interpretation we give to ρ̂S : its diagonal terms, taken in the eigenba-

sis of the measured observable, describe the probabilities of finding the system in

a particular state

Φ̂t[ρ̂S] ≥ 0,
(︁
Φ̂t[ρ̂S]

)︁†
= Φ̂t[ρ̂S], Tr(S)[ρ̂S] = 1. (1.10)

The off-diagonal terms represent quantum coherences between different basis

states, responsible for interference phenomena; their decay through decoherence

leads to the emergence of classical statistical mixtures.

Complete positivity

To ensure that these probabilistic and coherence properties of the density operator

are consistently preserved under time evolution, one requires the dynamical map

to satisfy a stronger condition than mere positivity, namely Complete Positivity
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(CP).

A linear map

Φ̂ : B(HS) → B(HS), (1.11)

is called positive if it maps positive operators to positive operators, i.e.

ρ̂ ≥ 0 ⇒ Φ̂(ρ̂) ≥ 0. (1.12)

It is called CP if positivity is preserved even when the map acts only on part of a

larger system, namely

1̂n ⊗ Φ̂ is positive ∀n ∈ N, (1.13)

where 1n identifies the identity operator acting on N -dimensional Hilbert space.

Physically, complete positivity guarantees that the evolution is valid even in the

presence of entanglement with an arbitrary ancilla, a necessary condition for the

consistency of open quantum system dynamics.

1.2.2 Lindblad equation

A central example of a generator L in Eq. (1.9) is the so-called Lindblad equation

[10, 11]. For anN -dimensional system, the most general time-independent, trace-

preserving CP generator reads

L[ρ̂S(t)] = − i

ℏ
[ĤS, ρ̂S(t)] +

N2−1∑︂
a,b=1

Kab

[︃
L̂aρ̂S(t)L̂

†
b −

1

2
{L̂

†
bL̂a, ρ̂S(t)}

]︃
, (1.14)

where ĤS is the system Hamiltonian, L̂a are the Lindblad (noise) operators, and

Kab are the entries of the Kossakowski matrix. The first term describes the free

coherent evolution with respect to the system Hamiltonian ĤS , as it is isolated.

Dissipation, diffusion, and decoherence originate from the dissipator (the last

term).

The Lindblad master equation provides the most general form of a Markovian,

time-homogeneous, and completely positive quantum dynamical semigroup. Its

validity relies on a number of physical assumptions concerning the interaction

between system and environment. In particular, the coupling between the sys-

tem and the environment is assumed to be sufficiently weak so that correlations
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built up during the evolution remain negligible. Moreover, the environmental

degrees of freedom are characterized by a very short correlation time compared

to the typical timescales of the system dynamics, allowing one to neglect mem-

ory effects and to approximate the environment as being continuously reset to a

stationary state.

Under these conditions, the reduced dynamics of the system become Markovian,

in the sense that the future evolution depends only on the instantaneous state of

the system and not on its past history. This property leads to a dynamical map

that satisfies the semigroup composition law and admits a generator of Lindblad

form. Deviations from these assumptions generally result in non-Markovian dy-

namics, which cannot be captured by a time-independent Lindblad equation and

typically require memory kernels or time-dependent generators.

An important feature of Lindblad dynamics is that it admits a stochastic represen-

tation in terms of quantum trajectories. In this picture, the master equation can

be obtained by averaging over stochastic evolutions of the system state, driven

by classical noise processes. When the environment is characterized by delta-

correlated fluctuations, the corresponding unravelings involve Gaussian white-

noise terms, leading to stochastic Schrödinger equations. This connection pro-

vides a natural bridge between the theory of open quantum systems and collapse

models, where white-noise stochastic dynamics is postulated at a fundamental

level.

1.3 Decoherence

Decoherence corresponds to the loss of quantum coherence, often interpreted as

the transfer of information from a system to its environment.

However, if the system is not perfectly isolated, for instance, during a measure-

ment, coherence is shared with the environment and appears to degrade over

time. This process is known as quantum decoherence or environmental deco-

herence. The coherence is not truly lost; rather, it becomes distributed among

many degrees of freedom in the environment, similar to how energy appears to

be “lost” to friction in classical mechanics while actually being converted into

heat in the surroundings.
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1.3.1 Concise overview

Decoherence is the process by which interference terms in the reduced state of a

quantum system are suppressed as a consequence of its coupling to external de-

grees of freedom. Let us pursue a purely quantum mechanical account in terms of

von Neumann measurement scheme and entanglement [5, 12]. This description

will become the basis for our description of the process of decoherence, where

the environment will assume the role of the which-path detector.

In order to illustrate the mechanism of decoherence, we present a simple but

insightful example. This scenario allows us to explicitly show how the loss of

coherence arises due to the interaction between a quantum system and its en-

vironment. Let us consider a particle prepared in a superposition of two wave

packets, one propagating to the right and the other to the left

|ψ⟩ = |R⟩+ |L⟩√
2

. (1.15)

Assume that a gas particle is localized along the rightward path, initially in the

state |ϕ⟩. Before any interaction takes place, the joint state of the system is

|Ψi⟩ = |ψ⟩ |ϕ⟩, (1.16)

whereas after the interaction it evolves into

|Ψf⟩ =
|R, ϕs⟩+ |L, ϕ⟩√

2
, (1.17)

with |ϕs⟩ denoting the scattered state of the gas particle.

The initial density matrix ρ̂i of the system, expressed in the {|R⟩, |L⟩} basis, is

given by

ρ̂i = Trg
[︁
|Ψi⟩⟨Ψi|

]︁
= |ψ⟩⟨ψ| =

= 1
2

(︁
|R⟩⟨R|+ |R⟩⟨L|+ |L⟩⟨R|+ |L⟩⟨L|

)︁
−→ 1

2

(︄
1 1

1 1

)︄
.

(1.18)

The arrow simply indicates the transition from the explicit operator form of the

density matrix to its matrix representation in the {|R⟩, |L⟩} basis. At the end of

the process, the final density matrix ρ̂f of the system in the same basis takes the
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form

ρ̂f = Trg
[︁
|Ψf⟩⟨Ψf |

]︁
=

= 1
2

(︂
|R⟩⟨R|+ |R⟩⟨L| ⟨ϕ|ϕs⟩+ |L⟩⟨R| ⟨ϕs|ϕ⟩+ |L⟩⟨L|

)︂
−→ 1

2

(︄
1 ⟨ϕ|ϕs⟩

⟨ϕs|ϕ⟩ 1

)︄
.

(1.19)

In general,
⃓⃓
⟨ϕs|ϕ⟩

⃓⃓
< 1 underlying the coherence reduction. Moreover, if instead

of a single gas particle there are n such particles, the overlap scales as ⟨ϕs|ϕ⟩n,

which is even closer to zero. As the off-diagonal elements tend to vanish, quan-

tum coherences are lost, and consequently, the interference effects disappear.

1.4 Measurement Problem

The theory of Quantum Mechanics is based on the following set of rules [13]

1. The state of a quantum system is described by a vector in Hilbert space.

2. The state evolves according to the Schrödinger equation. A fundamental

property of the Schrödinger equation is linearity: the linear combination of

two solutions is a new solution. This is the quantum superposition princi-

ple.

3. Physical quantities are represented by specific self-adjoint operators. Their

(real) eigenvalue represent the possible outcomes of measurements of those

quantities.

4. In a measurement, outcomes are random and distributed according to the

Born rule |⟨an|ψ⟩|2, where |an⟩ is the eigenstate corresponding to the eigen-

values that has been observed when the system is in the state. After the

measurement, the wave function collapses into the eigenstate correspond-

ing to the eigenvalues that have been obtained. This is the von Neumann

projection postulate.

It is evident that this set of rules contains an ambiguity [7, 14–17]. There is nothing

fundamentally wrong with having two distinct types of evolution—Schrödinger

and collapse. The issue lies in the theory’s ambiguity regarding when each should

be applied. When left undisturbed, a quantum system evolves according to the

Schrödinger equation, possibly forming superpositions; yet, when a measure-

ment is performed, it undergoes a random collapse. From a phenomenological
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standpoint, this seems reasonable: in the first case the system is isolated, while in

the second, it interacts with a measuring apparatus. The difficulty, however, lies

in the fact that quantum theory is not intended to be merely phenomenological,

but rather a fundamental account of nature. If the dualism between “isolated”

and “measured” systems is taken seriously as a fundamental aspect of nature,

then the distinction between the two is not merely a practical or epistemic one,

but must correspond to a genuine physical property of reality: that is, nature itself

would make an objective distinction between the two situations. But the justifi-

cation for such a distinction is far from obvious: measuring devices themselves

are composed of atoms, which are quantum in nature. Consequently, they too

should admit a quantum-mechanical description. If consistently applied to a sys-

tem including the measurement apparatus, the Schrödinger equation predicts the

unitary evolution of the combined system. Due to its linearity, microscopic super-

positions become entangled with the apparatus degrees of freedom, giving rise

to macroscopic superpositions as illustrated by Schrödinger’s famous cat para-

dox [14]. However, this unitary evolution does not account for the emergence

of definite outcomes in individual measurements: instead of selecting a single re-

sult, it predicts a superposition of macroscopically distinct states of the apparatus.

This mismatch between the linear, deterministic evolution of the quantum state

and the definite outcomes observed in experiments constitutes the measurement

problem in quantum mechanics.

1.5 Collapse models

The measurement problem in quantum mechanics finds a potential resolution

in collapse models (CM). CM are phenomenological approaches developed to

describe the quantum-to-classical transition, i.e. the passage from the micro-

scopic regime, where quantum mechanics provides an accurate description, to

the macroscopic regime, in which physical systems are never observed in super-

position states. CM modify standard quantum dynamics in two key ways. First,

they introduce a nonlinearity into Schrödinger’s equation to enforce wave func-

tion collapse. Second, they incorporate stochasticity, a necessary feature, as de-

terministic nonlinear evolution would permit superluminal communication via

entangled systems [18, 19].
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Beyond these foundational aspects, CM must satisfy critical constraints. At mi-

croscopic scales, deviations from standard quantum mechanics must remain un-

detectable to preserve agreement with experiments. Conversely, at macroscopic

scales, the dynamics must ensure a well-localized center of mass wave function,

eliminating quantum superpositions and thus addressing the measurement prob-

lem.

Remarkably, these models achieve both requirements [8, 9], bridging the quan-

tum and classical domains. They maintain the accuracy of quantum predictions

for small systems while enforcing collapse in large systems, providing a unified

framework for wave function behavior across all scales.

1.5.1 The general structure of collapse equations

At the core of CM lies a fundamental proposition: the wave function collapse is

spontaneously there in nature, and not some ad-hoc postulate introduced when

a measurement happens. In the most studied CM, the Continuous Spontaneous

Localization model and the Diósi–Penrose model, the collapse emerges as a con-

tinuous process, driven by interaction with an external noise field. This dynamics

is mathematically described through stochastic differential equations, a formula-

tion that is not arbitrary but rather uniquely determined by fundamental con-

straints.

While the physical origin of the collapse mechanism remains unknown, render-

ing these models phenomenological, their theoretical consistency is exceptional.

To date, no alternative approach has been shown to introduce nonlinearity into

quantum mechanics without conflicting with relativistic causality or probabil-

ity conservation. Thus, despite their provisional nature, CM currently offer the

only mathematically rigorous framework known for unifying quantum dynamics

with objective wave function reduction [20].

First of all, we summarize the general features of collapse equations. The dynam-

ics is represented by a stochastic Schrödinger equation, valid only in the Marko-

vian case, of the form [21]

d|ϕt⟩ =
[︂
− i

ℏ
Ĥdt+

√
γ

N∑︂
i=1

(Âi − ⟨Âi⟩t)dWi,t −
γ

2

N∑︂
i=1

(Âi − ⟨Âi⟩t)2dt
]︂
|ϕt⟩, (1.20)
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where Ĥ is the standard quantum hamiltonian of the system, Âi are a set of com-

muting self-adjoint operators, Wi,t are N independent standard Wiener processes

(a noise without drift and with no memory [22]), ⟨Âi⟩t ≡ ⟨ψt|Âi|ψt⟩ is the standard

quantum expectation of Âi, and γ is a positive constant which sets the strength

of the collapse process. The presence of terms ⟨Âi⟩t introduces nonlinearity to

the dynamics, which are necessary in order to suppress quantum superpositions.

The Wiener process Wi,t adds stochasticity; hence, the collapse occurs randomly,

and it can be shown that it happens in agreement with the Born rule. While the

first term on the equation’s right hand side represents standard Schrödinger evo-

lution, the remaining two govern wave function collapse. The several collapse

models that have been proposed so far differ from each other basically only by

the choice of the localizing operators, and the characteristics of the noises W .

To clarify the collapse mechanism and its connection to operators Âi, we exam-

ine Eq. (1.20) without the Hamiltonian term. This analysis reveals that all initial

states evolve toward the (common) eigenstates of Âi [21]. The reduction prop-

erties of Eq. (1.20) can easily be verified by computing the time evolution of the

variance VÂ(t) ≡ ⟨Â
2
⟩t − ⟨Â⟩2t of an operator Â that commutes with all the oper-

ators Âi. As shown for example in [23], by using standard Itô calculus rules, one

gets for the average value E[VÂ(t)] the following equation

E[VÂ(t)] = VÂ(0)− 4γ
N∑︂
i=1

∫︂ t

0

dsE
[︁
C2

Â,Âi
(s)
]︁
, (1.21)

where CÂ,Âi
(t) ≡ ⟨(Â− ⟨Â⟩t)(Âi − ⟨Âi⟩t)⟩t is the correlation between the operator

Â and Âi. Given that VÂ(t) must remain positive for all times t and the second

term on the right-hand side of Eq. (1.21) is always negative, it necessarily follows

that CÂ,Âi
(t) → 0 as t → ∞ for any i. Therefore, if we choose Â as one of the

operators Âi, this implies that its variance VÂi
(t) = CÂi,Âi

(t) goes to zero for large

enough times. This means that any initial state |ϕ0⟩ converges asymptotically to

one of the common eigenstates of the operators Âi.
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1.5.2 The master equation

We derive now the master equation related to Eq. (1.20). Using here the Itô prod-

uct rule, we have

d(|ϕt⟩⟨ϕt|) = (d|ϕt⟩)⟨ϕt|+ |ϕt⟩(d⟨ϕt|) + (d|ϕt⟩(d⟨ϕt|) =

=
[︂
− i

ℏ
Ĥdt +

√
γ

N∑︂
i=1

(Âi − ⟨Âi⟩t)dWi,t −
γ

2

N∑︂
i=1

(Âi − ⟨Âi⟩t)2dt
]︂
|ϕt⟩⟨ϕt|

+ |ϕt⟩⟨ϕt|
[︂ i
ℏ
Ĥdt+

√
γ

N∑︂
i=1

(Âi − ⟨Âi⟩t)dWi,t −
γ

2

N∑︂
i=1

(Âi − ⟨Âi⟩t)2dt
]︂
|ϕt⟩⟨ϕt|

+ γ
N∑︂
i=1

(Âi − ⟨Âi⟩t)|ϕt⟩⟨ϕt|(Âi − ⟨Âi⟩t)dt. (1.22)

It can be shown that through a direct calculation all the terms involving ⟨Âi⟩t and

⟨Âi⟩2t multiplied with dt cancel each other, and the expectation value of the terms

containing dWi,t is zero.

Therefore, the equation for the density matrix ρ̂(t) = E[|ϕt⟩⟨ϕt|] becomes

dρ̂(t)

dt
=
i

ℏ
[ρ̂(t), Ĥ]− γ

2

N∑︂
i=1

{Â
2

i ρ̂(t) + ρ̂(t)Â
2

i − 2Âiρ̂(t)Âi}. (1.23)

If we rewrite the second term in a more compact way, we obtain

L[ρ̂(t)] = − i

ℏ
[Ĥ, ρ̂(t)] +

N∑︂
i=1

γ

[︃
Âiρ̂(t)Âi −

1

2
{ÂiÂi, ρ̂(t)}

]︃
, (1.24)

which is precisely of a Lindblad form discussed above in Eq. (1.14). For simplic-

ity, throughout this Chapter we restrict ourselves to the Markovian (white-noise)

case, which already captures the essential structure of collapse models. Non-

Markovian generalizations, involving colored noise and memory effects, will be

discussed only when required, in particular in Section 4.4.

1.5.3 The Continuous Spontaneous Localization model

The Continuous Spontaneous Localization (CSL) model, which was formulated

by Ghirardi, Rimini, and Pearle in 1990 [23]. In the CSL model, the collapse is

continuous in time, described by a stochastic differential equation of the same
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form as those used in the theory of continuous measurements. The wave function

is subject to a continuous spontaneous collapse, driven by a family of Wiener

processes W (x, t), one for each point of space x, which is of the form introduced

in Eq. (1.20).

The collapse equation for the wave function reads

d|ψt⟩ =
[︃
− i

ℏ
Ĥ dt+

√︃
γ

m0

∫︂
dx
(︁
M̂(x)− ⟨M̂(x)⟩t

)︁
dWt(x)

− γ

2m2
0

∫︂
dx
(︁
M̂(x)− ⟨M̂(x)⟩t

)︁2
dt

]︃
|ψt⟩,

(1.25)

where continuous label x corresponding positions in space. We see that Eq. (1.25)

is of the same form of Eq. (1.20) above, with the discrete index j replaced by the

continuos variables x. The collapse operators are chosen in order to satisfy the

following requirements:

1. A macroscopic object must be well localized in space;

2. The model should be able to describe systems of identical particles.

Both conditions lead to the choice of a continuous set of operators M̂(x), one for

each point of space x

M̂(x) =
∑︂
j,s

mj

∫︂
dy g(x− y) ψ̂

†
j(y, s) ψ̂j(y, s), (1.26)

where mj is the mass of the particles of the j-th kind. Here, ψ̂
†
j(y, s) and ψ̂j(y, s)

are respectively the creation and annihilation operators of a particle of type j in

the point y with spin s and

g(x− y) =
1(︁√

2π rC
)︁3 exp(︃−(x− y)2

2r2C

)︃
, (1.27)

is a Gaussian smearing function where the parameter rC describes the length-

scale above which the collapse is more effective. The Wiener increments associ-

ated with different points in space are independent, so we have E[ dWt(x) ] = 0

and E[ dWt(y) dWt(y) ] = δ(x− y) dt.

In the CSL model, the amplified rate depends on the distance between the par-

ticles composing the system with respect to rC . Two limiting cases are relevant
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[24]: one can show that when rC is much smaller than the distance between the

particles, one gets λ ≃ Nλ; on the other hand, when rC is much larger than the

size of the system, one gets a quadratic amplification in the number of particles

λ ≃ N2λ.

This amplification mechanism is a key feature of the CSL model, as it ensures the

emergence of classical behaviour for macroscopic objects while leaving micro-

scopic systems essentially unaffected. Physically, the amplification arises because

the collapse noise couples to the mass density of the system: when many parti-

cles are present, their individual contributions to the localization process add up,

leading to a much faster suppression of spatial superpositions.

As a representative example, consider a rigid macroscopic body whose linear

size is much smaller than the correlation length rC . In this regime, all parti-

cles are effectively localized by the same noise realization, and the collapse rate

scales quadratically with the total mass (or equivalently with the number of con-

stituents), leading to an extremely fast localization of the center-of-mass wave

function. In contrast, for extended or dilute systems whose size exceeds rC , dif-

ferent parts of the system experience approximately independent noise contribu-

tions. In this case, the amplification becomes linear in the number of particles,

and the collapse acts locally on each constituent. This ensures that spatial super-

positions of macroscopic objects are dynamically suppressed on very short time

scales.

On the other hand, microscopic systems such as atoms or small molecules ex-

hibit negligible deviations from standard quantum mechanics, while mesoscopic

systems interpolate smoothly between the microscopic and macroscopic regimes.

This mass-dependent amplification mechanism lies at the heart of the empirical

viability of the CSL model, allowing it to reconcile the persistence of quantum

coherence at small scales, with the absence of macroscopic superpositions in ev-

eryday life experience.

1.5.4 The Diósi–Penrose model

In the present Subsection, we introduce only the essential elements of the model,

while a detailed and comprehensive analysis will be presented in Chapter 4.
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The Diósi–Penrose model falls within the class of models of spontaneous wave

function collapse, and it is specified by setting the correlation function of the noise

equal to the Newtonian gravitational potential. The model was first proposed by

Diósi [25, 26], and later revived by Penrose [27], based on independent arguments

on the behavior of spacetime in the presence of quantum superpositions.

Namely, the dynamical equation for the wave function in this model reads [26]

d|ψ(t)⟩ =

[︄
− i

ℏ
Ĥ dt+

√︃
G

ℏ

∫︂
dr (µ̂(r)− ⟨µ̂(r)⟩t) dWt(r)

− G

2ℏ

∫︂
dr dr′

(µ̂(r)− ⟨µ̂(r)⟩t)(µ̂(r′)− ⟨µ̂(r′)⟩t)
|r− r′|

]︄
|ψ(t)⟩,

(1.28)

where µ̂(r) is mass density operator, and the Wiener processes have correlation

E
[︁
dWt(r) dWt(r

′)
]︁
= 1/|r− r′| dt.

The corresponding master equation describing the time evolution for the statis-

tical operator ρ̂(t) of a generic particles system under the DP dynamics is given

by
dρ̂(t)

dt
= − i

ℏ
[︁
Ĥ, ρ̂(t)

]︁
+D[ρ̂(t)], (1.29)

where Ĥ is the standard Hamiltonian and

D[ρ̂(t)] = −4πG

ℏ

∫︂
dr

∫︂
dr′

1

|r− r′|
[︁
µ̂(r′),

[︁
µ̂(r), ρ̂(t)

]︁]︁
, (1.30)

describes the DP non-unitary term. This term is responsible for the collapse,

whose strength is determined by the Newtonian interaction (with G being the

gravitational constant) and by the mass density operator µ̂(r) of the system.

To determine how fast the model collapses in space, one can neglect the Hamil-

tonian evolution and look at the dynamics of the off-diagonal elements in the

position basis, which reads

⟨x|ρ̂(t)|y⟩ = ⟨x|ρ̂(0)|y⟩ e−t/τ , (1.31)

where we introduced the time of decay τ defined as

τ−1 =
G

2ℏ

∫︂
dr

∫︂
dr′
[︁
µ(r− x)− µ(r− y)

]︁[︁
µ(r′ − x)− µ(r′ − y)

]︁
|r− r′|

, (1.32)
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where µ(r) is the mass density of the system. If one considers a point-like par-

ticle, i.e. µ(x) = mδ(x), the integral in Eq. (1.32) diverges, predicting an instan-

taneous collapse regardless of how small the particle’s mass is. This is clearly in

contradiction with observations. To avoid such standard divergences, that occur

when dealing with point-like masses, the mass density is smeared over a width

R0, which is the only free parameter of the DP model. Specifically, by assuming

for convenience that the mass density as well as the smearing are of a Gaussian

form [28], for a system of N distinguishable particles of radius Ri, mass mi and

of position operator x̂i, one has

µ̂(r) =
N∑︂
i=1

mi

(2πR2
eff,i)

3/2
e
− (r−x̂i)

2

2R2
eff,i , (1.33)

where Reff,i =
√︁
R2

0 +R2
i is the effective radius of the particle. In the point-like

particle limit, Reff,i reduces to R0.

To conclude, Eq. (1.32) indicates that objects with large masses collapse faster

compared to small ones: to give an estimation [24], the time of decay for a proton

is τ ≃ 106 years, while for a dust of grain (assumed to be spherical) with a radius

of 10µm and a mass of 10−12 kg one gets τ ≃ 10−8s.

While this provides only a rough estimation of the collapse time τ and its de-

pendence on mass, in Chapter 4 we will carry out a more detailed analysis to

determine the collapse time τ for rigid bodies and to examine how it depends on

their geometry.
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Chapter 2

Quantum Mechanics, Gravity, and

the Challenge of Unification

2.1 Introduction

Quantum Mechanics (QM) and General Relativity (GR) stand as the two founda-

tional pillars of modern physics. While QM governs the behavior of microscopic

systems—atoms, molecules, and fundamental particles—GR provides an elegant

and accurate description of the macroscopic world, including massive bodies and

spacetime itself. Despite their unparalleled successes in their respective domains,

a fully consistent unification of these two theories remains an open challenge. Un-

derstanding how gravity influences quantum systems [29–31], or how quantum

behavior persists under gravitational interaction, lies at the heart of this unre-

solved tension.

Historically, the dominant approach to unification has focused on quantizing

gravity [32–36]. In this framework, one aims to describe gravitational interac-

tions in the same language as quantum field theory, ultimately leading to a the-

ory of Quantum Gravity (QG). While notable progress has been made, such as

string theory and loop quantum gravity, no single proposal has yet emerged as

a complete and experimentally verified theory. This situation is compounded

by the fact that experimental access to quantum-gravitational effects is extremely

limited, particularly at the Planck scale, where these phenomena are expected to

be most prominent [33–35, 37]. In recent years, attention has increasingly shifted

from the inaccessible high-energy Planck regime toward low-energy, table-top ex-

periments designed to probe the interplay between QM and gravitation [38–41].

These efforts seek to determine whether gravitational effects can induce measur-

able deviations from standard quantum predictions at scales within experimental

reach.



Chapter 2. Quantum Mechanics, Gravity, and the Challenge of Unification 25

2.2 Gravitational Decoherence

An alternative approach to quantizing gravity is the idea of retaining a classical

description of the gravitational field while modifying quantum theory itself. In

this framework, rather than directly quantizing space-time, one introduces mod-

ifications to the standard quantum dynamics to accommodate general relativity.

As Penrose phrased it, the goal of such strategies is to achieve a “gravitization

of QM” [42], rather than a quantization of gravity. A notable motivation for this

perspective is that departures from conventional quantum mechanics have been

proposed independently of gravitational considerations, primarily to address the

measurement problem [7, 14–17].

One of the key concepts emerging in this context is gravitational decoherence [43–

46]. If gravity is a quantum field, then gravitational degrees of freedom may act

as an environment, introducing fluctuations that decohere quantum states. This

is analogous to standard open quantum systems, where interactions with the en-

vironment cause the system to lose its quantum coherence. In this picture, tracing

over the quantum gravitational field leads to a modified, non-unitary evolution

for the system, thus effectively acting as a source of decoherence. Alternatively,

if gravity is fundamentally classical, several of the proposed models expect the

existance of stochastic fluctuations in the spacetime metric, which also induce de-

coherence [47–49]. Some approaches even interpret gravitational interactions as

a form of continuous measurement, where classical gravity effectively "monitors"

the quantum system and induces a collapse-like behaviour [39].

In the following Subsections, we present specific realizations of this ideas, in-

cluding the Károlyházy model [50–52], the Schrödinger–Newton equation [32],

the Kafri-Taylor- Milburn (KTM) approach [53], the Tilloy–Diósi (TD) model [54],

and the semi-classical schemes discussed by Oppenheimer and collaborators [55],

all of which aim to maintain a classical gravitational field while allowing for con-

sistent quantum dynamics. The list also includes the DP model [25–27, 42, 56], al-

ready introduced above in Chapter 1, and that will be further discussed in Chap-

ter 4.

2.2.1 The Károlyházy model

In the present Subsection, we introduce only the essential elements of the model,

while a detailed and comprehensive analysis will be presented in Chapter 3.
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Károlyházy’s model is based on the assumption that spacetime is fuzzy below

a specific scale, and this fuzziness causes a lack of quantum coherence in space

(and time) for material systems, which is stronger the larger the systems.

The key idea is that lengths and times cannot be measured with arbitrary preci-

sion, given that measuring devices are made of atoms and therefore are ultimately

quantum and must obey the Heisenberg uncertainty principle. Thus, there is a

fundamental uncertainty in the structure of spacetime. By using the uncertainty

principle and some basic (albeit a bit heuristic) arguments, he arrives at the fol-

lowing relation for the best precision with which a length s can be measured

∆s3 = l2ps, (2.1)

with lp =
√︁

ℏG/c3 being the Planck length. So spacetime is undetermined be-

yond some scale, according to Károlyházy. The model assumes the validity of the

Schrödinger equation, supplemented by a random gravitational potential with a

specific correlation function. As such, although often quoted as a collapse model,

it is not: here, the superposition principle remains valid and macroscopic su-

perpositions are still solutions of the equations of motion. The model does not

represent a resolution of the quantum measurement problem. It is, however, in-

teresting since it shows that when quantum systems couple to gravity, even if

gravity is treated classically, intrinsic fluctuations can exist, which cause decoher-

ence, preventing full control of the quantum state of the system.

2.2.2 The Schrödinger–Newton equation

The Schrödinger–Newton (SN) equation was first introduced in [32]. It is a non-

linear modification of the Schrödinger equation that incorporates a non-linear

potential, as the Newtonian gravitational potential, and uses |ψ2| as mass density.

The inclusion of a self-interaction term represents a fundamental alteration of

quantum mechanics. The SN equation can be derived from semiclassical gravity

in the weak coupling and non relativistic regimes [57, 58].

In semiclassical gravity, the dynamical equations governing spacetime are based

on the Einstein equations of general relativity,

Gµν =
8πG

c4
Tµν , (2.2)
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which relate the geometry of spacetime, encoded in the Einstein tensor Gµν , to its

matter and energy content, described by the energy-momentum tensor Tµν . The

Einstein tensor is constructed from the spacetime metric and its derivatives and

accounts for the local curvature of spacetime, while Tµν acts as the source of the

gravitational field.

Within the semiclassical framework, matter fields are treated quantum mechani-

cally, whereas gravity remains classical. As a consequence, the energy-momentum

tensor is promoted to a quantum operator T̂ µν acting on the Hilbert space of the

matter fields. The coupling between quantum matter and classical geometry is

implemented by replacing the classical source term with the expectation value of

this operator in a given quantum state |ψ⟩,

Gµν =
8πG

c4
⟨ψ|T̂ µν |ψ⟩. (2.3)

In this formulation, the spacetime geometry responds to the average distribution

of energy and momentum associated with the quantum state of matter, while

gravitational degrees of freedom are not quantized.

In the weak field limit, one can expand the metric around flat spacetime gµν =

ηµν + hµν with |hµν | ≪ |ηµν |; in the non-relativistic limit, the only relevant compo-

nent of the metric is g00. Then, Eq. (2.3) reduces to [59]

∇2h00 = −8πG

c4
⟨ψ|T̂ 00|ψ⟩. (2.4)

The interaction between gravity and matter is described by the Hamiltonian ĤI =

−1
2

∫︁
dxhµνT̂

µν
. By considering only the relevant ′00′ component, and given that

T̂
00

= µ̂c2 with the mass density µ̂ =
∑︁

j mjψ̂
†
jψ̂j , (the sum runs over the different

kinds of particles composing the system, and ψ̂
†
jψ̂j is the number density operator

for particles of type j), and using the solution of the Poisson Eq. (2.4), one gets

ĤI = −G
∫︂

dx

∫︂
dx′ ⟨ψ|µ̂(x′)|ψ⟩

|x− x′|
µ̂(x). (2.5)

When this potential is added into the Schrödinger equation, one obtains the SN

equation, which for one particle is

iℏ
d

dt
ψt(x, t) =

[︃
− ℏ2

2m
∇2 −Gm2

∫︂
d3y

|ψt(y, t)|2

|x− y|

]︃
ψt(x, t). (2.6)
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The second term on the right-hand side represents a Newtonian gravitational self-

attraction between different parts of the wave function. For a free particle, this

contribution counteracts the indefinite spreading of the wave function induced

by the kinetic term. The two effects eventually balance, leading the wave func-

tion to asymptotically attain a finite width. While negligible for microscopic sys-

tems on typical timescales, the effect becomes increasingly significant for larger

masses.

The SN equation is non-linear and deterministic, which raises a serious issue,

since such a dynamics have been shown to permit faster-than-light signalling

[18]. In the specific case of the SN equation, this was explicitly demonstrated in

[59]. We will not delve into this topic further, as it lies beyond the scope of the

present work, but the interested reader can find a detailed discussion in [59].

2.2.3 The KTM model

The model proposed by Kafri, Taylor, and Milburn (KTM) [53] is based on the

idea of implementing Newtonian gravity through a hybrid classical-quantum dy-

namics based on a continuous measurement and feedback protocol. The model

considers two massesm1 andm2, each confined in a harmonic potential with trap-

ping frequencies, respectively ω1 and ω2. The two masses interact via the Newto-

nian gravitational potential. The distance d between the masses is supposed to be

much larger than the spread of the position of the wave function of each particle,

so the Newtonian potential can be approximated by a linear potential, leading to

the effective one-dimensional Hamiltonian

Ĥ = Ĥ0 +K x̂1x̂2, Ĥ0 =
2∑︂

j=1

(︄
p̂2j
2mj

+ 1
2
mjω

2
j x̂

2
j

)︄
, (2.7)

where ω̃2
j = ω2

j −K/mj and K = 2Gm1m2/d
3.

The first assumption of the KTM model is that each particle undergoes a continu-

ous measurement of its position [60]. The measurement records rj(t) are random

variables with mean ⟨x̂j(t)⟩ and fluctuations proportional to white noises wj(t)

rj(t) = ⟨x̂j(t)⟩+
√
γj wj(t), (2.8)
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where the parameters γj , which at this stage are arbitrary, control the informa-

tion associated to the outcome of the continuous measurement. Next, the mea-

surement records are used as a feedback to generate an hybrid classical-quantum

(linearized) Newtonian interaction in place of the standard quantum interaction

K x̂1x̂2 −→ K
(︁
r1(t) x̂2 + r2(t) x̂1

)︁
. (2.9)

This is why one speaks of a continuous measurement and feedback protocol [60–

62].

The continuous position measurement perturbs the dynamics of the two par-

ticles, leading to decoherence through measurement backaction and feedback-

induced noise. In the framework introduced by KTM, decoherence is quantified

by the noise terms appearing in the unconditional master equation, in particu-

lar by the coefficients of the double-commutator terms that govern momentum

diffusion and spatial decoherence.

KTM showed that, for a fixed gravitational coupling strength K, the total de-

coherence rate arising from the combined effects of continuous measurement

and classical feedback is minimized when the measurement strengths are cho-

sen as γj = 2K. This choice optimally balances measurement backaction against

feedback-induced noise, yielding the smallest possible additional decoherence

compatible with reproducing the correct Newtonian interaction. As a result, the

measurement strength is directly linked to the gravitational coupling. The corre-

sponding evolution for the wave function is given by [63]

d|ψ(t)⟩ =

{︄
− i

ℏ
Ĥ0 dt−

2∑︂
j,k=1
j ̸=k

[︄
i

ℏ
Kx̂jrk(t) +

Kx̂2j
4ℏ

]︄
dt

+
2∑︂

j=1

[︄
− K

4ℏ
(x̂j − ⟨x̂j(t)⟩)2 dt+

√︃
K

2ℏ
(x̂j − ⟨x̂j(t)⟩) dWj(t)

]︄

−
2∑︂

j,k=1
j ̸=k

i

2ℏ
Kx̂j (x̂k − ⟨x̂k(t)⟩) dt

}︄
|ψ(t)⟩, (2.10)

where the first term on the right-hand-side is the standard Hamiltonian term Ĥ0

of Eq. (2.7) (without the gravitational part), the second term corresponds to the

feedback contribution, the third and fourth term to the continuous measurement,
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while the last term is the Itô term arising from their combined effect. As one can

see, this is a stochastic and highly non-linear equation, where the gravitational

interaction can barely be recognized. Yet, the corresponding master equation,

when an average over the noise is taken, is

dρ̂(t)

dt
= − i

ℏ
[︁
Ĥ0 +Kx̂1x̂2, ρ̂(t)

]︁
− K

2ℏ

2∑︂
j=1

[︁
x̂j, [x̂j, ρ̂(t)]

]︁
. (2.11)

This is a Lindblad equation in which the linearized gravitational interaction ap-

pears in the unitary part of the evolution as a conventional quantum interac-

tion. Consequently, while the wave function dynamics follows a hybrid classi-

cal–quantum evolution, the master equation describes a fully quantum evolution

since the classical and non-linear contributions are averaged out. The trade-off is

the presence of a Lindblad term, which accounts for position decoherence.

2.2.4 The Tilloy–Diósi model

The Tilloy-Diósi (TD) model [54] has several connections to the models intro-

duced in the previous Subsections: it was proposed as a solution to the faster-

than-light signalling problem in semi-classical gravity discussed in Subsection

2.2.2. It introduces a feedback mechanism similar to that used in the KTM model

presented in Subsection 2.2.3. In an appropriate limit, its master equation reduces

to that of the DP model of Subsection 1.5.4.

The main issue with the non-linear SN Eq. (2.6) is that it is fully deterministic.

To address this, Tilloy and Diósi introduce stochastic terms into the dynamics.

They replace the gravitational source ⟨ψ|ρ̂(r)|ψ⟩ with ⟨ψ|ρ̂(r)|ψ⟩ +
∫︁
ds γ−1(r −

s) δρt(s), where γ−1 is the inverse of the kernel γ, satisfying
∫︁
ds γ(r − s) γ−1(s −

r′) = δ(r − r′), and δρt(s) is a stochastic fluctuation resulting from a continuous

measurement of the mass density at spacetime point (t, s), with zero mean and

correlation E[δρt(s) δρt′(s′)] = γ(s − s′) δ(t − t′). By using a similar continuous

measurement and feedback mechanism as in the KTM model, now generalized to

measurements at each spacetime point, they obtain a non-trivial stochastic non-

linear evolution for the wave function |ψt⟩, generalizing Eq. (2.10) to the full

Newtonian potential [63]. Averaging over the noise then gives a Lindblad-type
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master equation

dρ̂(t)

dt
= − i

ℏ
[︁
Ĥ + V̂ NEW, ρ̂(t)

]︁
−
∫︂

ds drD(r− s)
[︁
ρ̂(s), [ρ̂(r), ρ̂(t)]

]︁
, (2.12)

where V̂ NEW is the standard Newtonian potential and

D(r− s) =
γ(r− s)

8ℏ2
+
G2

2

∫︂
dr′
∫︂

ds′
γ−1(r′ − s′)

|r− r′| |s− s′|
, (2.13)

acts as the decoherence kernel. Following the same reasoning as in the KTM

model, the function γ(r−s) can be chosen so as to minimize the total decoherence

rate induced by the measurement–feedback scheme, quantified by the strength

of the double-commutator term in the unconditional master equation, under the

constraint that the effective interaction reproduces the Newtonian potential. This

optimization leads to γ(r− s) = 2ℏG/|r− s|. With this choice, the Lindblad term

in Eq. (2.12) reduces to that of Eq. (1.29) in the DP model. Although the decoher-

ence term is identical to that of the DP model, the TD model has the important

advantage of naturally incorporating the Newtonian interaction, which in the DP

model is introduced by hand into the Hamiltonian.

As a final remark, it is important to emphasize that, contrary to intuition, the

TD model does not reduce to the KTM model in the linearized gravity limit, as

shown in [63]. This difference arises due to the noise sources associated with

the measurements having a fundamentally different structure in the two models:

in the KTM model, the noises are attached to the particles, whereas in the TD

model, there is a noise at every point in spacetime, independent of the particle

positions. This broader perspective is necessary to properly account for the full

gravitational potential, as discussed in [63].

2.2.5 Semiclassical Schemes in Oppenheim’s Framework

In order to overcome the inconsistencies of the standard semi-classical Einstein

equation

Gµν =
8πG

c4
⟨T̂ µν⟩, (2.14)

which leads to pathological predictions when quantum fluctuations are large

[64], Oppenheim and collaborators constructed a general hybrid dynamics for
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classical-quantum (CQ) systems [55]. The state of the composite system is de-

scribed by a density operator ρ̂(z, t), a positive operator on the Hilbert space de-

pending on the classical phase–space coordinate z = (q,p), normalized such that∫︂
dz tr ρ̂(z, t) = 1. (2.15)

The evolution is governed by a completely positive, trace-preserving master equa-

tion, which in its most general form (under the assumption of a joint Markovian

dynamics) reads

∂tρ̂(z, t) = −i
[︁
Ĥ(z), ρ̂(z, t)

]︁
+ λαβ(z)

(︂
L̂αρ̂(z, t)L̂

†
β − 1

2
{L̂

†
βL̂α, ρ̂(z, t)}

)︂
+

∫︂
dz′Wαβ(z|z′) L̂αρ̂(z

′, t)L̂
†
β − 1

2
Wαβ(z) {L̂

†
βL̂α, ρ̂(z, t)}+, (2.16)

where L̂α are Lindblad operators, λαβ(z) and Wαβ(z|z′) are positive-semidefinite

kernels ensuring complete positivity, and

Wαβ(z) =

∫︂
dz′Wαβ(z

′|z)

encodes classical outflow rates. In particular, the coefficients Wαβ(z
′|z) represent

the transition rates from the classical state z to z′, while Wαβ(z) quantifies the

total outflow rate, i.e., the probability per unit time for the system to leave config-

uration z towards any other, thereby ensuring probability conservation and the

complete positivity of the dynamics.

Moreover, Oppenheim and collaborators analyse the standard non-relativistic

limit using the Wigner representation of a single quantum system [65]. For a

state ρ̂, the Wigner function is defined as

W (q, p) = tr
[︂
Âq,p ρ̂

]︂
, (2.17)

where the Wigner kernel can be compactly written as

Âq,p =
1

2πℏ

∫︂
dy e−ipy/ℏ |q + y/2⟩⟨q − y/2| , (2.18)

and is standard in phase-space quantum mechanics [66, 67]. AlthoughW (q, p) is a

quasi-probability distribution that can take negative values, its dynamics reduces

to a classical form in the ℏ → 0 limit. Expanding the unitary evolution to lowest
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order in ℏ yields the Liouville equation

∂W

∂t
= {H,W}, (2.19)

where {·, ·} denotes the Poisson bracket and H is the classical Hamiltonian func-

tion of (q,p), distinct from the quantum Hamiltonian Ĥ(z) in the hybrid master

equation. This equation governs the evolution of classical probability distribu-

tions in phase space and represents the emergence of classical mechanics from

quantum theory in the ℏ → 0 limit. While consistent for a single system, the

authors show that this procedure fails for subsystems, where entanglement with

other degrees of freedom prevents a fully classical description.

Such effective classical limits can also be interpreted within the broader frame-

work of measurement and feedback dynamics. In this picture, classicality emerges

since the subsystem is continuously ”monitored” by its environment, with the

resulting back-action providing the feedback that stabilises a classical trajectory.

This perspective connects the present analysis with other hybrid classical-quantum

models, including the continuous measurement approaches developed by Tilloy

and Diósi [54].
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Chapter 3

The Károlyházy model

This chapter is based on the results presented in L. Figurato et al., New Journal of

Physics, 26 (1), 013001 (2024) [68], which elaborates the data that were available

until 2024.

3.1 Introduction

One of the first proposals for gravitational decoherence was formulated by Károly-

házy [50]. He suggested that there is a fundamental limitation in the precision

with which a length can be measured using a quantum probe. He interpreted this

limit as arising due to what he called, with a bit of humor, spacetime haziness,

i.e. stochastic fluctuations of the spacetime metric, which prevent measurements

from being too sharply defined. A first consequence of these fluctuations is of

course decoherence in space, which has been well studied in the literature [50–

52, 69]. Another, less-known, consequence of spacetime haziness is that charged

particles, being accelerated by the metric fluctuations, emit radiation. Diósi and

Lukács computed the expected photon emission rate for the Károlyházy model,

showing that it is incompatible with observations [70, 71]. The model was thus

ruled out. The same effect was used to bound the parameters of models of spon-

taneous wave function collapse [21, 72–77] , and led to the exclusion of some of

them [78].

Károlyházy’s original paper resorted to an additional ingredient, besides space-

time fluctuations: it assumed that these fluctuations have the form of gravita-

tional waves. This assumption constrains the correlation function of the fluc-

tuations, which is ultimately responsible for predicting a large photon emission

rate from matter, which in turn is excluded by experimental evidence. Yet, grav-

itational waves are not necessary to implement Károlyházy’s goal of explaining

why there is a fundamental limitation to position measurements; spacetime fluc-

tuations alone, with a more general correlation function, suffice.
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In this chapter we explore the possibility of generalizing Károlyházy’s model by

considering a larger class of correlation functions for the gravitational fluctua-

tions, showing that compatibility with current experimental evidence can be re-

stored.

3.2 A brief review of the Károlyházy model

The genesis of Károlyházy’s model [50, 51] lies in the attempt to answer the

following question: with what precision can a time-like length s = cT in flat

spacetime, where T is the proper time in the Minkowski metric, be measured

using a quantum probe obeying the uncertainty principle? By combining the

uncertainty principle together with the requirement that the mass of the system

is small enough to guarantee that its Schwarzschild radius Rs is smaller than

the uncertainty in the position measurements ∆x, Károlyházy provided an ar-

gument as to why there is a minimum uncertainty ∆s in the inferred length s.

More precisely [50], he imagined (Figure 3.1) a coordinate system in flat space

and tried to "materialize" a segment of its temporal axis by the narrowest possi-

ble tube formed by a standing wave function. Let the width of the wave function

be ∆x0 at the bottom of the segment. From the uncertainty principle we have

∆x0M∆v = ℏ where ∆v is the velocity spread and M is the mass concentrated

within the wave function, the corresponding ∆x at the top of the segment will

be ∆x = ∆vT = [ℏ/(Mc∆x0)]cT , where cT is the length of the segment. He

regarded ∆x0 and ∆x as the measures of the indefiniteness of the length of the

segment. The minimum total uncertainty for a given cT = s is obtained by setting

∆x = ∆x0. This uncertainty diminishes with increasing mass. The value of M is

ultimately limited by the requirement that its Schwarzschild radiusRs = 2GM/c2

should not be greater than ∆x, and M is expressed from ∆x ≈ (G/c2)M , where

G is the gravitational constant.

Using these ingredients, we can write the following relation

∆x =
ℏTc

Mc∆x0
, (3.1)

and since the minimum total uncertainty for a given cT = s is obtained by setting

∆x = ∆x0, we have

∆x2 =
ℏTc
Mc

. (3.2)
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Figure 3.1: The coordinate system in flat space imagined by Károlyházy in which he
tried to "materialize" a segment of its temporal axis by the narrowest possible tube
formed by a standing wave function. Let the width of the wave function be ∆x0 at
the bottom of the segment. From the uncertainty principle we have ∆x0M∆v = ℏ
where ∆v is the velocity spread and M is the mass concentrated within the wave
function, the corresponding ∆x at the top of the segment will be ∆x = ∆vT =
(ℏ/Mc∆x0)cT , where cT is the length of the segment. He regarded ∆x0 and ∆x as
the measures of the indefiniteness of the length of the segment. The minimum total

uncertainty for a given cT = s is obtained by setting ∆x = ∆x0.

For the condition on the Schwarzschild radius on M , we have that

M =
∆xc2

G
, (3.3)

from which

∆x3 =
ℏGTc
c3

. (3.4)

Now we have to make it clear that for Károlyházy, the wave function evolves only

in time and not in space since he considers ∆s = c∆t, which holds only under this

assumption. So, given this condition, we can replace ∆x with ∆s, which leads to

∆s3 =
ℏG
c3
s, (3.5)

from which we finally obtain for the minimum ∆s the relation 1

∆s3 = l2ps, (3.6)

1There is a typo in the original work of Károlyházy [50] which, however, it does not propagate
through the rest of the text: in his Eq. (3.1) the power of s is 3/2 while the correct power is 2/3,
required for having consistent dimensions on both sides of the equation.
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with lp =
√︁

ℏG/c3 being the Planck length [50]. Károlyházy accounted for this un-

certainty by assuming that spacetime fluctuates around the flat Minkowski met-

ric ηµν . The total metric gµν is then given by (gµν)β(x, t) = ηµν(x, t) + (hµν)β(x, t),

where ηµν(x, t) is the flat Minkowski metric and (hµν)β(x, t) is the ensemble of

fluctuating metrics with β labelling the different realizations of the fluctuations.

Then, the proper length s between two fixed points in space is defined as the

average of the lengths sβ corresponding to the different realizations of the fluctu-

ations. Their average is

s = E[sβ] = cT, (3.7)

where E[...] denotes the average over the stochastic metric and the uncertainty ∆s

on this length is given by

∆s =
√︂

E(sβ − s)2, (3.8)

The relation in Eq. (3.6) clearly limits the kind of possible stochastic metrics.

Károlyházy’s analysis proceeds by considering non-relativistic dynamics and weak

gravitational fields. It implies that only the component g00 of the metric is rele-

vant for the dynamics, and that the fluctuations around the Minkowski metric

can be written as

(g00)β(x, t) = 1 + γβ(x, t), (3.9)

where we introduced γβ(x, t) := (h00)β(x, t), which is the ensemble of fluctuating

metrics (the temporal gravitational perturbation) with β labelling the different

realizations of the fluctuations, and it measures how much the g00 component of

the metric deviates from the flat (Minkowskian) value. For each realization of the

stochastic metric β, the line element is given by

sβ =

∫︂ T

0

√︂
(g00)βcdt =

∫︂ T

0

√︂
1 + γβ(x, t)cdt ≃ c

∫︂ T

0

(︂
1 +

1

2
γβ(x, t)

)︂
dt. (3.10)

In order to obtain Eq. (3.7), it follows that E[γβ(x, t)] = 0. Moreover, when the

latter expression is replaced in Eq. (3.8), one gets

∆s2 =
c2

4
E
(︂∫︂ T

0

γβ(x, t)dt
)︂2
, (3.11)

and when imposing the constraint derived by Károlyházy in Eq. (3.6), we have

∆s2 = l4/3p s2/3. (3.12)
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By comparing the latter two expressions, we obtain the relation

c2

4
E
(︂∫︂ T

0

γβ(x, t)dt
)︂2

= l4/3p s2/3. (3.13)

Note that in Eq. (3.11) one considers the correlation functions at the same point in

space, i.e. x = x′ because Károlyházy defines the proper length as s = cT , hence

assuming that the probe is not moving in space [50, 52].

Károlyházy assumed that γβ satisfies the wave equation

1

c2
∂2γβ(x, t)

∂t2
−∇2

xγβ(x, t) = 0. (3.14)

This implies that the Fourier expansion of the γβ is of the form

γβ(x, t) =
1√
l3

∑︂
k

[︂
cβ(k)e

i(k·x−ωkt) + c∗β(k)e
−i(k·x−ωkt)

]︂
, (3.15)

with ωk = |k|c, and cβ(k), c
∗
β(k) are coefficients. Here, in order to work with

normalized plane waves of discrete momentum k, we confined the system in a

box with side l, which we will later take to infinity. Károlyházy further assumed

that the different modes are independent and that the correlation depends only

by a function F (k) of the modulus of k = |k| of the wave vector, namely

E[cβ(k)c
∗
β(k

′)] = δk,k′F (k), (3.16)

where the correlations of the coefficients are given by [79]

⟨cβ(k)⟩ = 0, ⟨c2β(k)⟩ = 0, ⟨cβ(k)c∗β(k)⟩ = δk,k′
(︁
F (k)

)︁2
. (3.17)

At this point, we must make an important clarification: Károlyházy suggested

that the model should be considered meaningless for distances smaller than a

cutoff λc = 10−15 m [50]. This seems reasonable considering that the model was

derived in the non-relativistic regime; we would otherwise belong to a regime in

which relativistic effects would come into play. Given this caveat, by replacing

the Fourier expansion Eq. (3.15) in Eq. (3.11), we obtain

∆s2 =
c2

4
E

⎡⎣(︄∫︂ T

0

1√
l3

∑︂
k

(︂
cβ(k) e

i(k·x−ωkt) + c∗β(k) e
−i(k·x−ωkt)

)︂
dt

)︄2
⎤⎦ . (3.18)



Chapter 3. The Károlyházy model 40

Using Eq. (3.16) with the correlations in Eq. (3.17) and taking the continuum limit

l → ∞, so by applying the box normalization 1/l3
∑︁

k → 1/(2π)3
∫︁
dk, it is then

shown that in order to recover the bound in Eq. (3.6), the function F (k) must be2

F (k) =
8π2

3Γ(1
3
)
l4/3p k−5/3. (3.19)

This cutoff implies that the power-law spectrum in Eq. (3.19) is not meant to

hold for arbitrarily large wave vectors, but only within its domain of validity

k ≤ 2π/λc, with F (k) vanishing for higher momenta. The cutoff is introduced to

regularize the integrals appearing in the model, which would otherwise diverge

due to the contribution of arbitrarily large wave vectors.

To summarize, in Karolyhazy’s model, matter is subject to spacetime fluctuations

with zero mean, and the correlation function is given by Eq. (3.16), with F (k)

given by Eq. (3.19). As we will see, these fluctuation induce decoherence in po-

sition, as described by Eq. (3.34) below. Models predicting position decoherence

are hard to test with interferometric experiments, but a possibility is given by

non interferometric experiments as those focused on the spontaneous radiation

emission and energy violation [77], as we will analyse in the Section 3.4.

3.3 Semiclassical derivation of the emission rate

We present the derivation of the formula for the radiation emission rate for a free

particle following the calculation performed by Diósi and Lukács in [70]. Many

of the equations introduced here will serve as a basis for the analysis that will be

carried out in the next sub-sections. This derivation is based on a semiclassical

approach that, whenever used in connection to spontaneous wavefunction col-

lapse models (which also impose a stochastic fluctuation), proved to be perfectly

consistent with the fully quantum mechanical calculation [75, 78, 80].

The starting point of the derivation of the formula for the radiation emission rate

for a free particle is the Larmor formula relating the total emitted power P to the

acceleration a of a charged particle. For a time average over the stochastic process,

a2 is to be interpreted as E[a2], with E[...] being the stochastic expectation. As just

said, the Larmor formula relating the total emitted power P to the acceleration a

2Compared to the article of Károlyházy [52], we have an extra multiplicative factor 8π2

3Γ( 1
3 )

,
which is necessary to satisfy the constraint given in Eq. (3.6) with the correct constants.
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of a charge is given by

P (t,x) =
e2

6πϵ0c3
E[a2(x, t)], (3.20)

where a(x, t) is the modulus of the acceleration at time t of a particle with charge

e, located in x. We are interested in computing the radiation emission rate dΓ(t)/dωk,

which gives the number of photons that are emitted per unit of time at a given

frequency ωk. The total emitted power is related to the radiation emission rate by

the relation

P (t) =

∫︂ +∞

0

dωk ℏωk
dΓ(t)

dωk

. (3.21)

In order to find the emission rate it is convenient to take the Fourier transform of

the acceleration

a(x, t) =
1

2π

∫︂ +∞

−∞
dω eiωta(x, ω), (3.22)

and insert it into the total radiation power in Eq. (3.20), obtaining

P (t,x) =
e2

6πϵ0c3
1

(2π)2

3∑︂
j=1

∫︂ +∞

−∞
dν

∫︂ +∞

−∞
dω ei(ν+ω)t E[aj(x, ω)aj(x, ν)]. (3.23)

We now specialize the calculation to the Károlyházy model. The effect of γβ per-

turbing the metric tensor component g00 is equivalent to introducing a random

potential [49, 70, 79]

Vβ(x, t) =
1

2
mc2γβ(x, t), (3.24)

into the Schrödinger equation. The corresponding acceleration is

a(x, t) = −1

2
c2∇xγβ(x, t), (3.25)

and its Fourier transform is (see Eq. (3.15))

a(x, ω) = − c2π√
l3

∑︂
k

ik
[︁
c(k)eik·xδ(ω + ωk)− c∗(k)e−ik·xδ(ω − ωk)

]︁
. (3.26)

By using Eq. (3.16), the integrand in Eq. (3.23) is porportional to

E[aj(x, ω)aj(x, ν)] =
c4π2

l3

[︄∑︂
k

k2jF (k) [δ(ω+ωk)δ(ν−ωk) + δ(ω−ωk)δ(ν+ωk)]

]︄
.

(3.27)
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By inserting the last equality in Eq. (3.23), integrating the Dirac-δ functions and

taking the limit l to ∞, one arrives at the following result

P (t) =
e2

3πϵ0c3
1

(2π)5

∫︂ +∞

−∞
dk c4π2k2F (k) =

e2c l
4/3
p

9πϵ0Γ
(︁
1
3

)︁ ∫︂ 2π
λc

0

dk k7/3, (3.28)

where in the second line we used Eq. (3.19) and integrated over the angular

variables. The emission rate can be found by comparing this equation to Eq.

(3.21), imposing the cutoff mentioned before k ≤ 2π/λc and expressing ω = kc.

This leads to
dΓ(t)

dωk

=
e2l

4/3
p

9πϵ0Γ
(︁
1
3

)︁
c7/3ℏ

ω
4/3
k . (3.29)

As already discussed in [70], the Károlyházy model predicts a large amount of

radiation emitted due to the spacetime fluctuations, in disagreement with obser-

vations. To see this, we compare the predicted emission rate to the data in [76]

used to set the strongest bounds on the Continuous Spontaneous Localization

(CSL) [9, 23, 81, 82] and Diósi-Penrose (DP) [25–27] parameters. A direct compar-

ison of Eq. (3.29) with the data in [76] requires a detailed statistical analysis that

goes beyond the purpose of this thesis. Instead, we set an upper bound on the

experimentally measured emission rate by taking the formula for the emission in

the CSL model considered in Eq. (2) of [76], namely

dΓ(E)

dE
= Af ×

ℏλ
4π2ϵ0m2

0c
3r2CE

, (3.30)

where Af = NGeNee
2 is a charge-dependent amplification factor, and apply it to

the case we are considering for a single particle with charge e.3 As already said

in Chapter 1, the CSL model has two phenomenological parameters: the collapse

rate λ, which sets the strength of the collapse, and the correlation length rC , which

set the spatial scale of the collapse. The radiation emission rate depends on the

ratio λ/r2C , which is bounded to λ/r2C ≤ 5.39 × 10−1s−1m−2, for details see [76].

3We want to stress that there is no exact mapping between CSL and Károlyházy. Both models
induce small stochastic accelerations of charged particles, which lead to electromagnetic emis-
sion scaling similarly with the particle charge and acceleration, allowing an order-of-magnitude
comparison with the X-ray emission data in [76] that set the strongest bounds on CSL and DP
parameters. So what is usually done is to treat the Károlyházy stochastic acceleration as “equiva-
lent” to a CSL-type stochastic process and use the same formula to estimate the radiation.
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Figure 3.2: Comparison between the radiation emission rate predicted by Károly-
házy’s model in Eq. (3.29) (blue line) and the upper bound on the rate inferred by
the experimental data shown in Eq. (3.31) (orange line).The shaded area indicates

the values of radiation emission rate that are excluded by the experiment in [76].

We take as values for the CSL parameters those given by this bound. Then we get

dΓ(t)

dωk

⃓⃓⃓
exp

≤ e2ℏλ
4π2ϵ0m2

0c
3r2Cωk

=
5.09× 10−35 s−1

ωk

. (3.31)

In Figure 3.2 we compare the radiation emission rate from a particle of charge e, as

predicted by the Károlyházy model, with the experimentally observed rate found

using Eq. (3.31). Károlyházy’s predictions are more than 13 orders of magnitude

larger than the observed radiation rate.

3.4 Generalization and predictions

As discussed in the previous Section, the Károlyházy model predicts a large

amount of radiation emitted, which is in contrast with observations. At the core

of Károlyházy’s idea lies the assumption that the stochastic metric should repro-

duce Eq. (3.6). However, in formulating his model, Károlyházy further assumed

that the metric fluctuations should satisfy a wave equation and therefore be of the

form given in Eq. (3.15). This leads to a correlation function for the fluctuations

γβ reading,

f(x,x′, t, t′) = E[γβ(x, t)γβ(x
′, t′)], (3.32)
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that is highly non-Markovian and where the spatial and temporal dependencies

are not factorized [49], see Eq. (3.9).

One might wonder if, by considering a factorised correlation function in the

Károlyházy model, the predicted radiation emission rate might be smaller. We

will answer this question by tackling the problem in a more general way: we will

look for the general form of the correlation function, which still satisfies the con-

straint in Eq. (3.13), and then we will consider the experimental consequences. In

particular, we will relax the hypothesis that the wave equation in Eq. (3.14) must

be fulfilled.

By relaxing the expansion in plane waves, we assume only that the correlation

function of the fluctuations γβ(x, t) be translational covariant in space and time

and symmetric under time reversal, i.e.

f(x,x′, t, t′) = g(x− x′, 0, t− t′, 0). (3.33)

We start from the master equation [79]

dρ̂(t)

dt
=− i

ℏ

[︂
Ĥ, ρ̂(t)

]︂
−
(︃
c2

2ℏ

)︃2 ∫︂ +∞

−∞
dx

∫︂ +∞

−∞
dx′

∫︂ t

0

dt′g(x− x′, t− t′)×

×
[︂
ρ̂(x),

[︂
e

i
ℏ Ĥ(t′−t)µ̂(x′)e−

i
ℏ Ĥ(t′−t), µ̂(t)

]︂]︂
, (3.34)

where we relaxed the requirement that the correlation function must depend on

(t− t′) and we considered a not necessarily point-like mass density for the parti-

cles, namely the corresponding mass density operator is

µ̂(x) =
∑︂
i

miµ(x− q̂i), (3.35)

with mi being the mass of the i-th particle and µ(x − q̂i) describing the shape of

the mass density.

As mentioned earlier, we want to consider factorized correlation functions to test

whether the predicted radiation emission rate might be lower. We look for the

general form of correlation function, which satisfies the constraint in Eq. (3.13),

but contemporarily relax the constraint in Eq. (3.14) must be fulfilled.
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By using Eq. (3.11) one gets the condition∫︂ T

0

dt′
∫︂ T

0

dt g(0, t− t′) = 4
(︂ lp
c

)︂ 4
3
T

2
3 . (3.36)

We rewrite its left-hand side by performing the change of variables τ = t− t′ and

τ+ = t+ t′. We obtain∫︂ T

0

dt

∫︂ T

0

dt′ g(0, |t− t′|) = 1

2

∫︂ T

0

dτ

∫︂ 2T−τ

τ

dτ+ [g(0, τ) + g(0, τ)] =

= 2

∫︂ T

0

dτ (T − τ) g(0, τ).

We derive both sides of Eq. (3.36) with respect to T

d

dT

{︃
2

∫︂ T

0

dτ (T − τ) g(0, τ)

}︃
=

d

dT

[︂
4
(︂ lp
c

)︂ 4
3
T

2
3

]︂
, (3.37)

so we have ∫︂ T

0

g(0, τ)dτ =
4

3

(︂ lp
c

)︂ 4
3
T− 1

3 . (3.38)

We derive one more time, thus obtaining

d

dT

[︂4
3

(︂ lp
c

)︂ 4
3
T− 1

3

]︂
, (3.39)

and

g(0, T ) = −4

9

(︂ lp
c

)︂ 4
3
T− 4

3 . (3.40)

The fact that the correlation in Eq. (3.40) is not proportional to a Dirac delta δ(T )

implies that the Károlyházy model is necessarily non-Markovian. This is reflected

in the predicted emitted rate in Eq. (3.29), which does not have dependence 1/ω

typical of the Markovian models, see for example Eq. (3.31) or [73, 74]. Note that

the non-Markovianity is present also for the original Károlyházy’s proposal, see

the master Eq. (6) in [49], which is clearly not-Markovian. Let us now introduce

the Fourier transform of the correlation function g(y, |τ |)

g̃(k, ω) :=

∫︂ +∞

−∞
dy

∫︂ +∞

−∞
dτe−i(k·y+ωτ)g(y, τ). (3.41)

This implies that

g(0, τ) =
1

(2π)4

∫︂ +∞

−∞
dω eiωτf(ω), (3.42)
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where we defined

f(ω) :=

∫︂ +∞

−∞
dk g̃(k, ω). (3.43)

By comparing Eq. (3.40) with Eq. (3.42) we obtain that

f(ω) = (2π)3
4
√
3

3

(︂ lp
c

)︂ 4
3
Γ
(︂2
3

)︂
ω

1
3 . (3.44)

To summarize, we showed that given a correlation function of the form g(0, τ),

and its Fourier transform g̃(k, ω), the Károlyházy condition in Eq. (3.6) corre-

sponds to the condition in Eq. (3.44) with f(ω) defined in Eq. (3.43).

The next task is to compute the constraints on the correlation function given by

experimental data. We will consider two scenarios: radiation emission, as dis-

cussed before, and violation of energy conservation, both induced by the gravi-

tational noise.

3.4.1 Radiation emission rate

Starting with radiation emission, given in Eq. (3.23), which is true in general and

that, for the sake of convenience, we report here

P (t) =
e2

6πϵ0c3
1

(2π)2

3∑︂
j=1

∫︂ +∞

−∞
dν

∫︂ +∞

−∞
dω ei(ν+ω)t E[aj(x, ω)aj(x, ν)], (3.45)

we need to compute the correlations E[ai(x, ω)aj(x, ν)]. We follow the same step

as done in Section 3.3 but now the correlations be used are those in Eq. (3.33).

As before, we consider the general factorized form of correlation function g(y, τ).

We use the same step done in Eq. (3.41-3.43), relating the correlation function to

the acceleration with Eq. (3.26) and we obtain the expression for the correlations

E[ai(x, ω)aj(x, ν)] =
c4

4(2π)2
δ(ω + ν)

∫︂ +∞

−∞
dk kikj g̃(k, ω). (3.46)

By substituting this in Eq. (3.45), we arrive at the radiation emission rate in terms

of g̃(k, ω)

P (t) =
e2c

12(2π)5ϵ0

∫︂ +∞

−∞
dk

∫︂ +∞

−∞
dω k2g̃(k, ω). (3.47)
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The corresponding emission rate can be found by comparing this equation to Eq.

(3.21), leading to

dΓ(t)

dω
=

e2c

6(2π)5ϵ0

1

ℏω

∫︂ +∞

−∞
dk k2g̃(k, ω), (3.48)

where the factor 6 in place of the factor 12 in the denominator is due to the fact

that the integral in Eq. (3.21) goes from 0 to +∞, while that in Eq. (3.47) goes

from −∞ to +∞. This is the radiation emission rate for a generic correlation

function of the form introduced in Eq. (3.33). Any function g̃(k, ω) is allowed, as

long as it satisfies the relation in Eq. (3.44) with f(ω) given by Eq. (3.43) and, at

the same time, it predicts a radiation emission rate compatible with experimental

bounds [76]. Considering the data in [76] (namely, the bound λ/r2C ≤ 5.39 ×
10−1s−1m−2), which currently sets the strongest bound on the radiation emission

rate, one arrives at the bound∫︂ +∞

−∞
dk k2g̃(k, ω) ≤ 3.6× 10−46 s

m2
, (3.49)

for all the frequencies ω corresponding to the energies considered in the experi-

ment, which are in the range of [1-1000] KeV.

3.4.2 Energy violation

We next consider energy violation. All collapse models and decoherence models

imposing position spread [83] predict a change of the kinetic energy of a system

due to the interaction with the noise inducing the diffusion [83]. This effect is

present also in the Károlyházy model, where the random fluctuations of the met-

ric induce diffusion in momentum. Several experiments based on this energy

increase have been considered for the CSL model, ranging from optomechanical

devices [84, 85], to cold atoms [77], to thermal emission from planetary systems

[86]. Recently, strong bounds have been set by studying the residual heat leak ex-

periments performed in ultra-low temperature cryostats for both the CSL model

[87, 88] as well as the DP model [89]. Here we extend this analysis to the Károly-

házy model. As can be understood from the experiments carried out so far, one

of the most efficient strategy to analyse the energy violation is the study of the

heating rate of a crystal per unit of mass, which we derive below. We derive it

following closely the derivation done in [87] for the CSL model when applied to
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a crystal. An alternative derivation, which resort to a perturbative approach, can

be found in [88].

We start by rewriting the master equation. In particular, we Fourier expand the

mass density operator, thus obtaining

µ̂(x) =
1

(2π)3

∫︂
dk
∑︂
i

miµ̃(k)e
ik·(x−q̂i) =

m0

(2π)3

∫︂
dk eik·xµ̃(k)L̂(k), (3.50)

where we used the definitions for the Fourier and the anti-Fourier transforms

µ̃(k) :=

∫︂
dx µ(x)e−ik·x, µ(x) =

1

(2π)3

∫︂
dk µ̃(k)eik·x, (3.51)

and where

L̂(k) :=
∑︂
i

mi

m0

e−ik·q̂i . (3.52)

By replacing Eq. (3.50) in the Eq. (3.34) and carrying on the integrals, one gets

dρ̂(t)

dt
=− i

ℏ

[︂
Ĥ, ρ̂(t)

]︂
−
(︃
c2

2ℏ

)︃2
m2

0

(2π)3

∫︂
dk

∫︂ t

0

dt′ h̃(k, t− t′)

×
[︂
L̂
†
(k),

[︂
e

i
ℏ Ĥ(t′−t)L̂(k)e−

i
ℏ Ĥ(t′−t), ρ̂(t)

]︂]︂
,

(3.53)

where we introduced

h̃(k, t− t′) := |µ̃(k)|2g̃(k, t− t′), (3.54)

and

g̃(k, t− t′) =

∫︂
dx g(x, t− t′)e−ik·x. (3.55)

Given the master equation in Eq. (3.53), one can associate a corresponding unitary

unravelling, i.e., a stochastic Schrödinger equation whose ensemble average over

the noise reproduces the same reduced dynamics. In this picture, each realization

of the noise w(t,k) generates a possible stochastic trajectory |ψ(t)⟩ for the system

state, and the statistical properties of the noise are chosen such that the mean over

all trajectories recover the master equation (3.53). This This construction makes

explicit the connection between the abstract master equation and individual sys-

tem evolutions, as is common in collapse and decoherence models. This is given
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by a stochastic Schrödinger equation of the form

iℏ
d|ψ(t)⟩

dt
=
[︂
Ĥ + V̂ (t)

]︂
|ψ(t)⟩, (3.56)

where

V̂ (t) = −ℏ
∫︂

dk

(2π)3
w(t,k)L̂(k), (3.57)

with w(t,k) being a noise with zero average and correlation

E [w(t,k)w(t′,k′)] = (2π)3
m2

0c
4

4ℏ2
h̃(−k, t− t′)δ(k + k′). (3.58)

Note that the requirement V̂ (t) being Hermitian implies that w(t,k) = w∗(t,−k).

Equation (3.57) should be compared to the stochastic potential induced by the

CSL model shown in Eq. (4) of [87], namely

V̂ (t) = −ℏ
∫︂

dk

(2π)3
e−r2ck

2/2 ξ(t,k)L̂(k), (3.59)

where ξ(t,k) = dW (t,k)/dt is a complex Gaussian noise field where W (t,k) is a

Wiener process. We see that the two models are identical as long as one replaces

e−r2Ck2/2ξ(t,k) −→ w(t,k), (3.60)

with the correlation of the w(t,k) given in Eq. (3.58).

Given a three-dimensional crystal, we want to obtain the total energy at time t

and we use the notation of [87], which we briefly summarize here. We adopt

the labeling of atoms within a primitive cell, a convention commonly used in

solid-state textbooks, see for example [90]. A primitive cell is defined by three

primitive vectors a1, a2, a3 forming a parallelepiped. The i-th primitive cell is

located at the i-th lattice site, with position vector Ri, commonly referred to as the

lattice vector of the i-th site. Each Ri can be expressed as Ri =
∑︁3

l=1 nilal, where

nil are integers. Atoms within each primitive cell are indexed by Greek letters

ν, κ, ranging from 1 to r, where r is the number of atoms in a primitive cell.

Greek indices α, β denote Cartesian components (α, β = 1, 2, 3). To specify the

positions of atoms within a primitive cell, a set of basis vectors dν is introduced,

pointing from the origin of the cell to the ν-th atom. The equilibrium position

of the ν-th atom in the i-th primitive cell is Ri + dν . Thus, the α-th component
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of the instantaneous position operator for the ν-th atom in the i-th primitive cell

can be expressed as the sum of a classical equilibrium position and a quantum

displacement

x̂α,iν = Rα,i + dα,ν + ûα,iν , (3.61)

where the quantum displacement operator ûiν can be written in terms of phonon

creation and annihilation operators of crystal phonons [91], namely where the

first sum is performed over the mode in the first Brillouin zone (BZ),

ûα,iν =
∑︂
k∈BZ

3r∑︂
s=1

(︂ ℏ
2NMνωks

)︂1/2
[ϵ(s)α,ν(k)e

ik·Riâks +H.c.], (3.62)

where N is the total number of primitive cells, Mν is the mass of the ν-th atom,

and ϵ
(s)
α,ν are normalized vectors that describe the direction in which the ν-th atom

moves. Finally, the total energy at time t is given by

E
[︂
Ĥ(t)

]︂
=
∑︂
k∈BZ

3r∑︂
s=1

ℏωksE
[︂
â†ks(t)âks(t)

]︂
, (3.63)

where the second sum runs over the 3r vibrational branches of the crystal, which

include the acoustic branches, corresponding to collective modes in which neigh-

boring atoms oscillate approximately in phase and whose frequency vanishes as

k → 0, and the optical branches, corresponding to modes in which neighboring

atoms oscillate out of phase and typically have a finite frequency at k = 0, and

âks(t) and â†ks(t) are, respectively, the phonons annihilation and creation opera-

tors evolved in the Heisenberg picture at time t. Having established the connec-

tion in Eq. (3.60) between our model and the CSL model studied in [87], we can

directly take the solution for âks(t) in [87] and use the replacement in Eq. (3.60).

So, we get

âks(t) = e−iωkstâks + i

∫︂
dk̃

(2π)3

∫︂ t

0

dt′e−iωks(t−t′)w(k̃, t′)
∑︂
i,ν

mν

m0

e−ik̃·(Ri+dν)ηiν;ks(k̃),

(3.64)

where

ηiν;ks(k̃) = −i
(︃

ℏ
2Nmνωks

)︃ 1
2 ∑︂

α

k̃αϵ
(s)∗
α,ν (k)e

−ik·Ri . (3.65)
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Inserting Eq. (3.64) in Eq. (3.63), using Eq. (3.58) and carrying out the calculation

we obtain

E
[︂
Ĥ(t)

]︂
= Ĥ +

m2
0c

4

4ℏ2
∑︂
k∈BZ

3r∑︂
s=1

ℏωks

∫︂
dk̃

(2π)3

∫︂ t

0

dt′
∫︂ t

0

dt′eiωks(t
′−t′′)h̃(k̃, t′′ − t′)

×

(︄∑︂
j,κ

mκ

m0

eik̃·(Rj+dκ)η∗jκ;ks(k̃)
∑︂
i,ν

mν

m0

e−ik̃·(Ri+dν)ηiν;ks(k̃)

)︄
. (3.66)

By replacing the definition in Eq. (3.65) and using
∑︁

k∈BZ = N
VBZ

∫︁
BZ

dk, we get4

E
[︂
Ĥ(t)

]︂
= Ĥ+

m2
0c

4

4ℏ2
ℏ2

2VBZ

∑︂
κ,ν

√
mκmν

m2
0

∫︂
dk̃

(2π)3
eik̃·(dκ−dν)

∫︂
BZ

dk
∑︂
i,j

ei(k̃+k)·(Rj−Ri)

×
3r∑︂
s=1

∫︂ t

0

dt′
∫︂ t

0

dt′eiωks(t
′−t′′)h̃(k̃, t′′ − t′)

(︄∑︂
α,β

k̃βk̃αϵ
(s)∗
α,ν (k)ϵ

(s)
β,κ(k)

)︄
. (3.67)

We proceed by using [87]∫︂ t

0

dt1

∫︂ t

0

dt2 e
−iωks(t2−t1)f(t2 − t1) =

∫︂ ∞

−∞

dω

2π
γ(ω)

∫︂ t

0

dt1 e
i(ωks−ω)t1

∫︂ t

0

dt2 e
i(ωks−ω)t2

=

∫︂ ∞

−∞

dω

2π
γ(ω)

∫︂ t/2

−t/2

dt1 e
i(ωks−ω)t1

∫︂ t/2

−t/2

dt2 e
i(ωks−ω)t2

=

∫︂ ∞

−∞

dω

2π
γ(ω)[2πδ(t)(ωks − ω)]2,

(3.68)

where γ(ω) is the collapse noise spectrum (also called collapse noise spectral den-

sity), 2πδ(t)(ω) =
∫︁ t/2

−t/2
dt′ e−iωt′ . Since δ(t)(ωks − ω) has its maximum at ωks =

ω and falls rapidly to zero elsewhere, to a first approximation one can replace

[δ(t)(ωks − ω)]2 ≈ δ(t)(ωks − ω)δ(t)(0) = (t/2π)δ(t)(ωks − ω). Also, when ωkst ≫ 1,

one can approximate δ(t)(ωks − ω) ≈ δ(ωks − ω) (see Refs. [92–94]). Introducing

these approximations into the above equations yields∫︂ t

0

dt1

∫︂ t

0

dt2e
−iωks(t2−t1)h̃(k̃, t2 − t1) ≈ tH̃(k̃, ωks), (3.69)

4See Eq. (1.2.13) in [91], which is different from the one reported in [87] but necessary to obtain
the correct result.
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where we introduced H̃(k̃, ω), such that

H̃(k̃, ω) =

∫︂ +∞

−∞
dt h̃(k̃, t)e−iωt, (3.70)

obtaining

E
[︂
Ĥ(t)

]︂
= Ĥ+

m2
0c

4

4ℏ2
ℏ2t
2VBZ

∑︂
κ,ν

√
mκmν

m2
0

∫︂
dk̃

(2π)3
eik̃·(dκ−dν)

∫︂
BZ

dk
∑︂
i,j

ei(k̃+k)·(Rj−Ri)

×
3r∑︂
s=1

H̃(k̃, ωks)
∑︂
α,β

k̃βk̃αϵ
(s)∗
α,ν (k)ϵ

(s)
β,κ(k). (3.71)

Note that, in Eq. (3.71), the k̃ integration is over all momentum space, while k is

confined inside the first Brillouin zone. Since the lattice constant is usually of the

order a ∼ 10−10 - 10−9 m, we have VBZ ∼ 1029 - 1033 m−3. The volume in which

important k̃ are inside is Vc ∼ (2π/RK)
3 ∼ 1023 m−3 (note RK ∼ 10−7 m). This

implies that the important k̃ are well inside the first Brillouin zone. So we now

assume that there is a cutoff in H̃(k, ωks) with respect to k. Namely, there exists

a characteristic length RK such that only the modes with k ≤ 1/RK are relevant.

When RK ≥ a ∼ 10−10 − 10−9 m (as we said, the typical lattice distances), all

relevant k’s are within the first Brillouin zone. Therefore, we can safely use the

following summation relation (see Eq.(A.9b) of [91])

∑︂
i

ei(k̃+k)·Ri = VBZδ(k̃ + k), (3.72)

which implies ∑︂
i,j

ei(k̃+k)·(Rj−Ri) = VBZδ(k̃ + k)N. (3.73)

Then, we get

E
[︂
Ĥ(t)

]︂
=Ĥ+

m2
0c

4

4ℏ2
ℏ2tN
2

1

m2
0

∫︂
dk

(2π)3

3r∑︂
s=1

H̃(−k, ωks)

⃓⃓⃓⃓
⃓∑︂

κ

∑︂
β

√
mκkβϵ

(s)
β,κ(k)e

−ik·dκ

⃓⃓⃓⃓
⃓
2

.

(3.74)

Again due to the cutoff in H̃ , we can approximate e−ik·dκ ≃ 1. In addition, for

rc ≫ a, one can safely use the long-wave limit (see Ref. [95], Sec. 4.3.3) where,

to leading order in a/rC , we replaced e
(s)
α,ν(k) ≈ e

(s)
α,ν(0). In the long-wave limit,

the optical branches (denoted by sO) obey
∑︁

ν

√
Mν e

(sO)
α,ν (0) = 0, where M =
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N
∑︁

κmκ is the total mass of the crystal. For the acoustic branches (denoted by

sA), we have e
(sA)
ν (0)/

√
Mν = (

∑︁
κMκ)

−1/2. Accordingly, to leading order in a/rC ,

the above equation is dominated only by the longitudinal acoustic branch, which

simplifies the formula to

E
[︂
Ĥ(t)

]︂
= Ĥ +

c4

8
Mt

∫︂
dk

(2π)3
H̃(k, ωkLA)k

2, (3.75)

where ωkLA = |k|vs denotes the linear dispersion relation of the longitudinal

acoustic (LA) branch, with vs the sound velocity in the crystal. As discussed

above, in the long-wavelength regime relevant here, the energy contribution is

dominated by this branch, while transverse acoustic and optical branches give

subleading corrections. Moreover, we performed the change of variables k →
−k, which leaves the integral invariant due to the isotropy of the integrand. The

corresponding heating rate per unit mass is then obtained by taking the time

derivative of the energy expectation value and dividing by the total mass M .

Since the first term in Eq. (3.75) is time independent, only the second term con-

tributes to the heating rate, leading to

dE(t)

dMdt
=
c4

8

∫︂ +∞

−∞

dk

(2π)3
H̃(k, |k|vs)k2, (3.76)

which appears just the derivative of the second term of Eq. (3.75), since the first

one is time-independent. In general, given the definitions above, one can see that

H̃(k, ω) = |µ̃(k)|2g̃(k, ω). (3.77)

For point-like mass densities, which are those we are interested in, µ̃(k) = 1 and

H̃(k, ω) = g̃(k, ω). In this case, Eq. (3.76) reduces to

dE(t)

dMdt
=
c4

8

∫︂ +∞

−∞

dk

(2π)3
g̃(k, |k|vs)k2. (3.78)

In deriving Eq. (3.78) it was assumed that the correlation function H̃(k, ω) has a

cutoff in k at k = |k| ≤ 1/a. Following [89], in which strong bounds have been

set by analyzing spontaneous heating of matter at low temperatures, namely by

studying the residual heat leak experiments performed in ultra-low temperature

cryostats for the DP model, and by considering the cryostat described by Gloos
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et al. [96], one can safely assume dE(t)
dMdt

≤ 10 pW/Kg, which implies

∫︂ +∞

−∞
dk g̃(k, |k|vs)k2 ≤ 2.5× 10−42 s

m2
, (3.79)

assuming vs = 4000 m/s, which is the speed of sound in copper at low tempera-

tures.

So we have shown that any function of the form g(x− x′, t− t′) that satisfies the

experimental bounds given in [89] and [96], and is based on the crystal heating

described by Eq. (3.79), is a valid correlation function g̃(k, ω), with a cutoff at

|k| ≤ kmax = 109 m−1.

3.5 A possible choice of the correlation function

In this Section, we go back to our initial question: is it possible that, by consid-

ering a factorised correlation function satisfying the constraint in Eq. (3.6), we

can obtain a radiation emission rate compatible with experimental data? We now

show that the answer to the question is positive.

Let us assume that the correlation function is of the factorized form

g(y, τ) = u(y)v(τ). (3.80)

Then, Eq. (3.40) imposes

v(τ) = −4

9

(︂ lp
c

)︂ 4
3 1

u(0)
τ−

4
3 . (3.81)

We now specify the form of the spatial correlation function u(y). It is reasonable

to expect that fluctuations related to points in space at relatively small distances

are larger compared to those between faraway points. Keeping this in mind, and

inspired by the correlation function of the CSL model [23], we consider the spatial

correlation function

u(y) = e
− y2

R2
K , (3.82)

where spatial correlation length RK is a free parameter.
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3.5.1 Radiation emission rate

The radiation emission rate depends on the Fourier transform g̃(k, ω) of g, which

is also factorized, i.e. g̃(k, ω) = ũ(k)ṽ(ω) with ṽ(ω) derived from Eq. (3.44),

namely

ṽ(ω) =

∫︂ +∞

−∞
dτ e−iωτv(τ) =

4Γ
(︁
2
3

)︁ (︂ lp
c

)︂4/3
√
3u(0)

ω
1
3 . (3.83)

Then, the radiation emission rate in Eq. (3.48) becomes

dΓ(t)

dω
=

e2c

48π5ϵ0ℏ
Γ
(︁
2
3

)︁
√
3

(︃
lp
c

)︃ 4
3

∫︁ +∞
−∞ dk k2ũ(k)

u(0)
ω− 2

3 . (3.84)

Also the corresponding bound of Eq. (3.49) depends on the Fourier transform

g̃(k, ω), so it becomes

4Γ
(︁
2
3

)︁ (︂ lp
c

)︂4/3
√
3

|ω|
1
3

u(0)

∫︂ +∞

−∞
dk k2ũ(k) ≤ 3.6× 10−46 s

m2
, (3.85)

which should be fulfilled for the values of ω considered in the experiments, which

range from [1017 − 1020] Hz, corresponding to energies of the emitted photons in

the range [1-1000] KeV. This is clearly possible with an appropriate choice of the

function ũ.

For the specific choice of spatial correlation function as in Eq. (3.82), the bound

from radiation emission in Eq. (3.85), considering photons with frequency of

ω = 1018 − 1019 Hz (which are the ones providing the strongest bound [76]),

implies that

RK ≥ 0.11 m. (3.86)

So, we proved that by requiring the decoherence to be compatible with experi-

mental data, this is the range of values allowed for the parameter RK .

3.5.2 Heating in a crystal

Regarding the heating in a crystal, the condition in Eq. (3.79) becomes

4Γ
(︁
2
3

)︁ (︂ ℓp
c

)︂4/3
v
1/3
s

√
3u(0)

∫︂ +∞

−∞
dk ũ(k)k

7
3 ≤ 2.5× 10−42 s

m2
. (3.87)
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By imposing the form of u(y) shown in Eq. (3.82), we find that the bound on RK

is

RK ≥ 1.8× 10−5 m, (3.88)

which is a weaker bound compared to that in Eq. (3.86).

3.5.3 Theoretical bound

Although the Károlyházy model is a decoherence model, it was proposed with

the idea that it would be sufficient to explain the quantum to classical transi-

tion. We now know that this is not the case, and an actual spontaneous wave

function collapse dynamics (which differs from the decoherence one) is needed.

Nevertheless, one might be interested in understanding the minimal required ac-

tion of the Károlyházy model to actually impose a decay of the interferences in a

macroscopic superposition. As we will see, this translates into a theoretical upper

bound onRK , contrary to the lower bounds that come from experiments. Follow-

ing the analysis performed in [97] for the CSL model, we require the Károlyházy

effect to be strong enough to guarantee that a single-layered graphene disk of the

size of 10 µm (roughly the smallest visible length by human eye) decohere in the

time t = 0.01 s (about the smallest time resolution of the human eye).

In order to compute the decoherence effects, we start by considering the master

equation (3.34). We set Ĥ = 0, since we are considering free particles and big

systems (Ĥ = p̂2/2M becomes negligible in this way), and we are interested in

estimating only the spatial decoherence. We write the master equation for the ma-

trix element ρ̂(a, b, t) := ⟨a|ρ̂(t)|b⟩, where |a⟩ := |a1, ...,aN⟩ and |b⟩ := |b1, ..., bN⟩

dρ̂(a, b, t)

dt
=−

(︃
c2

2ℏ

)︃2∫︂ t

0

dt′
∑︂
i,j

mimj [g(ai − aj, t− t′)−g(ai − bj, t− t′)−

−g(bi − aj, t− t′) +g(bi − bj, t− t′)] ρ̂(a, b, t).

(3.89)

If we now specialize to a factorized correlation function of the form in Eq. (3.80),

the above master equation becomes

dρ̂(a, b, t)

dt
=

[︄
−
(︃
c2

2ℏ

)︃2(︃∫︂ t

0

dt′v(t− t′)

)︃
F (a, b)

]︄
ρ̂(a, b, t), (3.90)
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where we defined

F (a, b) :=
∑︂
i,j

mimj (u(ai − aj)− u(ai − bj)− u(bi − aj) + u(bi − bj)) . (3.91)

The solution of Eq. (3.90) is

ρ̂(a, b, t) = ρ̂(a, b, 0) exp

[︄
−
(︃
c2

2ℏ

)︃2
(︄∫︂ t

0

dt′
∫︂ t′

0

dt′′v(t′ − t′′)

)︄
F (a, b)

]︄
, (3.92)

with the time integrals giving the factor

∫︂ t

0

dt′
∫︂ t′

0

dt′′v(t′ − t′′) =
2π
(︂

ℓp
c

)︂4/3
πu(0)

t2/3, (3.93)

if we consider v(t) as in Eq. (3.81). To compute F (a, b), we consider the spatial

correlation function in Eq. (3.82). Keeping into account the bound in Eq. (3.86),

and that we are considering a disk with radius 10 µm and a superposition dis-

tance d = 10 µm, we have that RK ≥ 0.11 m ≫ |ai − bj|. Then, all Gaussian

correlations can be Taylor expanded in the second order in y2/R2
K , obtaining

F (a, b) ≃ − 1

R2
K

∑︂
i,j

mimj

(︁
(ai − aj)

2 − (ai − bj)
2 − (bi − aj)

2 + (bi − bj)
2
)︁
=

=
2

R2
K

∑︂
i,j

mimj(ai − bi) · (aj − bj). (3.94)

Taking into consideration that the disk is a rigid body and the superposition dis-

tance is d, we have bi = ai + d. Then, Eq. (3.94) further simplifies to

F (a, b) =
2M2d2

R2
K

, (3.95)

with M = 2.4× 10−16 kg being the mass of the graphene disk. By replacing these

results in Eq. (3.92) and requiring the absolute value of the exponent to be larger

than 10 (since e−10 is an arbitrary yet representative example of a sufficiently small

number), so that the off diagonal elements are negligible, we obtain

RK ≤ 1.98 m. (3.96)

In summary, as shown in Figure 3.3, we proved that by requiring the decoherence
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10-3 10-2 10-1 100 101 102

RK

Figure 3.3: Exclusion plot for parameter RK . The coloured areas correspond to
excluded values of RK obtained by requiring the decoherence to be compatible with

experimental data and also being effective in decohering macroscopic systems.

to be compatible with experimental data and also being effective in decohering

macroscopic systems, the range of values allowed for the parameter RK is

0.11 m ≤ RK ≤ 1.98 m. (3.97)

Therefore, there is about one order of magnitude room for the parameter RK to

make the decoherence strong enough, while being compatible with experimental

data.

The above analysis shows that, by relaxing the requirement that the fluctuation

of the spacetime metric γβ must fulfill the wave equation, it is possible to find

models which comply with Károlyházy’s condition in Eq. (3.6) and are, at the

same time, compatible with experimental observations.

3.6 Summary

We reconsidered a proposal by Károlyházy on spacetime fluctuations [50, 51] as

a possible source of decoherence in space. The original proposal was ruled out

since it predicts a large amount of radiation emission rate from charged particles

interacting with the stochastic gravitational background.

We considered generalizations of the Károlyházy model, where the constrain in

Eq. (3.6) is still fulfilled, while the assumption that the stochastic metrics satis-

fies the wave equation [c.f. Eq. (3.14)] is relaxed. Our analysis shows that any

function of the form g(x− x′, |t− t′|) that satisfies

(i) the Károlyházy’s condition

∫︂ +∞

−∞
dk g̃(k, |ω|) = (2π)3

4
√
3

3

(︂ lp
c

)︂ 4
3 |ω|

1
3Γ
(︂2
3

)︂
; (3.98)
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(ii) the experimental radiation emission bound∫︂ +∞

−∞
dk k2g̃(k, |ω|) ≤ 3.6× 10−46 s

m2
, (3.99)

for the values of ω considered in the experiments [76], which range from [1017 −
1020] Hz;

(iii) the experimental bound based on the heating of a crystal [89, 96]∫︂ +∞

−∞
dk k2g̃(k, |k|vs) ≤ 2.5× 10−42 s

m2
, (3.100)

where vs = 4000 m/s is the speed of sound in copper at low temperatures, is a

valid correlation function g̃(k, ω), with a cutoff at |k| ≤ kmax = 109 m−1.

We provided one example of correlation function which fulfills these conditions.

In particular, for a factorized correlation function of the form g(y, |τ |) = u(y)v(|τ |),
with u(y) = exp[−y2/R2

K ] and the form of v(|τ |) being fixed by the condition set

by Károlyházy, we showed that the allowed range of values for the parameterRK

is

0.11 m ≤ RK ≤ 1.98 m. (3.101)

This represents a narrowing of the admissible parameter interval.

3.7 Update

It is worth noting that, following the recent work published in pre-print by Aprile

et al. [98], the value of the parameter λ/r2C has been revised by two orders of

magnitude, from λ/r2C = 5.39× 10−1s−1m−2 to λ/r2C = 4.4× 10−3s−1m−2. This re-

sult consequently changes all the quantities depending on the ratio λ/r2C and the

boundary on the Károlyházy model. In particular, change the radiation emission

rate in Eq. (3.31) (see Figure 3.4). It becomes

dΓ(t)

dωk

⃓⃓⃓
exp

=
4.15× 10−37 s−1

ωk

; (3.102)
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Figure 3.4: Comparison between the radiation emission rate predicted by Károly-
házy’s model in Eq. (3.29) (blue line), the upper bound on the rate inferred by the
experimental data in Eq. (3.31) (orange line) and the upper bound on the rate in-
ferred by the experimental data considering the update value of λ/r2C in Eq. (3.102)
(green line). The shaded area indicates the values of radiation emission rate that are

excluded by the experiment in [98].

the experimental radiation emission bound in Eq. (3.49) (Eq. (3.99) in the Sum-

mary), which becomes∫︂ +∞

−∞
dk k2g̃(k, |ω|) ≤ 2.93× 10−48 s

m2
; (3.103)

and the allowed range of values for the parameter RK in Eq. (3.97) (Eq. (3.101) in

the Summary), which becomes

1.23 m ≤ RK ≤ 1.98 m, (3.104)

and in turn results in the Figure (3.5).



Old

Update

10-3 10-2 10-1 100 101 102

RK

Figure 3.5: Exclusion plot for parameter RK . The coloured areas correspond to
excluded values of RK . The blue area corresponds to excluded values of RK given
in Eq. (3.97), considering the old value of the parameter λ/r2C . The purple area
corresponds to excluded values of RK given in Eq. (3.104), considering the update

value of the parameter λ/r2C .
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Chapter 4

The Diósi–Penrose model

This chapter is based on the results presented in L. Figurato et al., New Journal of

Physics, 26 (11), 113004 (2024) [99], which elaborates the data that were available

until 2024.

4.1 Introduction

In this Chapter, we focus on the Diósi-Penrose model (DP) [25–27, 42, 56], which

was already introduced in Chapter 2. In particular, we focus on a specific aspect

of the model: that it should guarantee the localization of macroscopic objects. We

refer to [100–104] for developments and further analysis.

As discussed in Chapter 2, the DP model relates a spontaneous collapse to gravity.

As the mass of the quantum system increases and its associated gravitational

field strengthens, the likelihood of spatial superposition of collapsing into well-

localized states increases. The model is parametrized in terms of a free parameter

R0 having the dimensions of a length, and which smears the mass distribution of

point particles.

The DP model makes different predictions compared to QM, hence it can be

tested, resulting in experimental bounds on R0. The idea behind setting the

bound is as follows: various experiments are analyzed, and since no deviations

from standard quantum mechanics are observed within a certain confidence level,

we can safely conclude that the collapse predicted by the DP model, if it exists,

is weaker than a certain threshold. This results in a series of lower bounds on

R0, since the smaller the value of R0, the stronger the collapse affecting the wave

function. Several experiments have been considered: matter-wave interferome-

try [105], neutron star heating [106], gravitational waves detector [107], heat leak-

age in experiments with ultralow temperature cryostats [89], and spontaneous
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emission of photons from atoms of Germanium crystals [76, 78]. Currently (with-

out considering the recent work published in pre-print by Aprile et al. [98]), the

strongest bound is R0 ≳ 4× 10−10 m [76].

Here we investigate possible theoretical upper bounds on R0, which comes from

the requirement that the collapse dynamics needs to serve its main purpose of

justifying why we do not see macroscopic quantum superpositions, thus solving

the quantum measurement problem. A similar analysis was already performed

for the Continuous Spontaneous Localization (CSL) model in [28, 77]. The bound

is then obtained by requiring that the model should collapse quantum superposi-

tions of any macroscopic object before we can potentially see them. Clearly there

is a lot of ambiguity in this request, given that the macroscopic domain cannot

be defined precisely. We can try to remove part of this ambiguity by sharpening

the request as follows: a collapse model explains classicality of the macroscopic

world if a delocalized state of the smallest object, that can be directly seen by the

human eye, collapses within its perception time. If this happens, the quantum

state of any larger object will collapse even faster, and classicality is secured.

Our analysis will show that the DP model, strictly speaking, does not satisfy this

requirement when applied to a single-layer graphene [108], with a side length of

L = 25µm corresponding to about the smallest space resolution of the eye [109].

Therefore, it does not guarantee classicality. However, we will also show that the

collapse becomes rapidly effective as soon as the mass of the object increases.

4.2 Diósi-Penrose equation for the center of mass of

the system

Since we are dealing with a crystal (single-layer graphene), which is a rigid sys-

tem, we can simplify the problem by reducing it to the study of its center of mass

(CM). We start by deriving the DP master equation (ME) for the CM of the system.

We start from the ME of the DP model in Eq. (1.30), now for N particles, which

we report here for convenience

D[ρ̂(t)] = −4πG

ℏ

∫︂
dr

∫︂
dr′ 1

|r − r′|
[︁
µ̂(r′),

[︁
µ̂(r), ρ̂(t)

]︁]︁
. (4.1)
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To avoid the standard divergences that occur when dealing with point-like masses,

the mass density operator µ̂(r) is smeared over a width R0, which is the only free

parameter of the DP model. Specifically, by assuming for convenience that the

mass density as well as the smearing are of a Gaussian form [28], for a system of

N distinguishable particles of radius Ri, mass mi and of position operator x̂i, one

obtains

µ̂(r) =
N∑︂
i=1

mi

(2πR2
eff,i)

3/2
e
− (r−x̂i)

2

2R2
eff,i , (4.2)

where Reff,i =
√︁
R2

0 +R2
i is the effective radius of the particle. In the limit of a

point-like particle, Reff,i reduces to R0. Under the assumption of a rigid body, we

can rewrite every position operator x̂i (i = 1, . . . , N ) of each i-th particle as

x̂i = x̂+ x
(0)
i , (4.3)

where x̂ is the position operator of the CM, and x
(0)
i is the classical displacement

of the particle with respect to it. We substitute Eq. (4.3) in Eq. (4.2) and merge the

latter with Eq. (4.1), where for the sake of simplicity we take all Reff,i = Reff to be

equal. By tracing over the internal degrees of freedom, one gets

D [ρ̂CM(t)] = −4πG

ℏ

∫︂
dr

∫︂
dr′ 1

|r − r′|
[µ̂CM(r

′), [µ̂CM(r), ρ̂CM]] , (4.4)

where µ̂CM(r) is the mass density of the CM, which reads

µ̂CM(r) =
N∑︂
i=1

mi

(2πR2
eff)

3/2
e
−

(x̂+x
(0)
i

−r)2

2R2
eff . (4.5)

This can be rewritten in a more convenient form in the momentum space

µ̂CM(r) =
N∑︂
i=1

mi

(2π)3

∫︂
dq e−iq·(x̂+x

(0)
i −r)e−R2

effq
2/2, (4.6)

and the dissipator in Eq. (4.4) becomes

D [ρ̂CM(t)] = −4πG

ℏ

∫︂
dr

∫︂
dr′ 1

|r − r′|

N∑︂
i,j=1

mimj

(2π)6
×

×
∫︂

dq

∫︂
dk e−R2

eff(q
2+k2)/2e−iq·(x(0)

i −r′)e−ik·(x(0)
j −r)

[︁
e−iq·x̂,

[︁
e−ik·x̂, ρ̂CM(t)

]︁]︁
.

(4.7)
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We can simplify this expression by using the following identity

1

|r − r′|
=

1

2π2

∫︂
dp

e−ip·(r−r′)

p2
, (4.8)

and straightforward calculations lead to the following ME of the CM of the sys-

tem (here we reintroduce the unitary part of the ME for completeness)

dρ̂CM(t)

dt
= − i

ℏ
[︁
ĤCM, ρ̂CM(t)

]︁
+

∫︂
dpF (p)

(︁
eip·x̂ρ̂CM(t)e

−ip·x̂ − ρ̂CM(t)
)︁
, (4.9)

where we expressed

F (p) =
4G

πℏ

N∑︂
i,j=1

mimj
e−R2

effp
2

p2
eip·(x

(0)
i −x

(0)
j ), (4.10)

which is the form factor accounting for the dimension and shape of the system.

We now want to study the evolution of the matrix elements in the position basis

of ρ̂CM(t). Under the assumption that we can neglect the free evolution ĤCM, when

represented in the position basis, the CM density matrix evolves according to

⟨x|ρ̂CM(t)|y⟩ ≃ ⟨x|ρ̂CM(0)|y⟩ exp [−t/τ(x− y)] , (4.11)

with τ(d) = ℏ/∆E(d), where

∆E(d) = −8πG

∫︂
dr

∫︂
dr′ µCM(r) [µCM(r

′ + d)− µCM(r
′)]

|r − r′|
, (4.12)

quantifies, in the Newtonian limit, the difference between the space-time curva-

tures generated by two well localised configurations superimposed at a distance

d = |d|. The explicit derivation of Eq. (4.11) and a detailed discussion of the va-

lidity of the approximation where we neglect the free Hamiltonian, is shown in

Subsection 4.2.1 and 4.2.3 respectively.

4.2.1 Explicit derivation of ∆E(d)

We now merge Eq. (4.12) with the explicit form of µ(r) = ⟨x|µ̂(r)|x⟩ in Eq. (4.6),

in which we assume that the N particles have the same mass m (a reasonable as-

sumption, given that the system we will consider will consist of identical carbon

atoms) and using the Fourier transform of the Coulomb potential in Eq. (4.8), we
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obtain

∆E(d) = −
N∑︂

i,j=1

[Jij(d,k)− Jij(0,k)] , (4.13)

where rij = xi − xj and

Jij(d,k) :=

∫︂
dk

1

k2
Iij(d,k). (4.14)

Hence we get, defining aij := d+ rij

Jij(d,k) =
4Gm2

π

∫︂
dk

1

k2
e−k2R2

eff+ik·aij =
4Gm2

π

∫︂ 2π

0

dϕ

∫︂ π

0

dθ sin(θ)

∫︂ ∞

0

dk e−k2R2
eff+ikaijcosθ

= 8Gm2

∫︂ 1

−1

dx

∫︂ ∞

0

dk e−k2R2
eff+ikaijx =

8πGm2

aij
erf

(︃
aij
2Reff

)︃
.

(4.15)

We substitute the latter equation into Eq. (4.13), and we finally obtain

∆E(d) = 8πGm2

N∑︂
i,j=1

(︄
erf
(︂

rij
2Reff

)︂
rij

−
erf
(︂

|d−rij |
2Reff

)︂
|d− rij|

)︄
, (4.16)

with rij = |rij|.

4.2.2 Analytic solution of the equation for the center of mass

We want now to compute the analytic solution of the ME for the CM. We assume

that the system’s CM is free (i.e. ĤCM = p̂2/2M , with M =
∑︁

imi). We will show

in the next Subsection that, for suitably short times and large superposition dis-

tances, one can neglect the Hamiltonian contribution to the dynamics (ĤCM → 0).

To solve the ME for the CM, it is convenient to introduce the characteristic func-

tion χ [110, 111], which is defined as

χ(ν,µ, t) = Tr
[︁
ρ̂CM(t)e

i
ℏ (ν·x̂+µ·p̂)]︁. (4.17)

Thus, given the ME in Eq. (4.9) for a free particle, one finds that the characteristic

function satisfies the following equation

d

dt
χ(ν,µ, t) =

1

M
ν · ∇µχ(ν,µ, t) +

1

ℏ
(E(µ)− E(0))χ(ν,µ, t), (4.18)
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where

E(µ) = ℏ
∫︂

dp F (p)eiµ·p. (4.19)

The solution to Eq. (4.18) is given by [111]

χ(ν,µ, t) = χ0(ν,µ+ ν t
M
, t) exp

[︃
1
ℏ

∫︂ t

0

dτ
(︁
E(µ+ ν τ

M
)− E(0)

)︁]︃
, (4.20)

where χ0(ν,µ, t) satisfies

d

dt
χ0(ν,µ, t) =

1

M
ν · ∇µχ0(ν,µ, t), (4.21)

and it corresponds to the characteristic function for the Hamiltonian dynamics

only, in agreement with the standard quantum mechanical predictions.

To reconstruct the matrix elements of ρ̂CM(t), one employs [111]

⟨x|ρ̂CM(t)|y⟩ =
1

(2πℏ)3

∫︂
dν e−

i
2ℏν·(x+y)χ(ν,x− y, t). (4.22)

We can express ⟨x|ρ̂CM(t)|y⟩ in terms of the matrix elements of ρ̂QM
CM(t), which is

the statistical operator corresponding to the quantum dynamical evolution (that

related to χ0 alone). Such a relation reads

⟨x|ρ̂CM(t)|y⟩ =
1

(2πℏ)3

∫︂
dν

∫︂
dz e

i
ℏν·z ⟨z + x|ρ̂QM

CM(t)|z + y⟩×

× exp

[︃
1
ℏ

∫︂ t

0

dτ
(︂
E
(︂
ν
τ

M
+ x− y

)︂
− E(0)

)︂]︃
. (4.23)

Under the assumption that we can neglect the free evolution ĤCM, we take in the

latter equation the limit as M → ∞. Indeed we assumed that the system’s CM

is free so ĤCM = p̂2/2M and, as we said before, we will show in Subsection 4.2.3

that, for suitably short times and large superposition distances, one can neglect

the Hamiltonian contribution to the dynamics so ĤCM → 0 and M → ∞. Then,

we have ⟨z + x|ρ̂QM
CM(t)|z + y⟩ = ⟨z + x|ρ̂CM(0)|z + y⟩, and Eq. (4.23) reduces to

⟨x|ρ̂CM(t)|y⟩ ≃ ⟨x|ρ̂CM(0)|y⟩ exp [−t[E(x− y)− E(0)]/ℏ] , (4.24)

which is, namely, Eq. (4.11) with τ(d) = ℏ/∆E(d) and d = x− y, where

∆E(d) = −8πG

∫︂
dr

∫︂
dr′ µ(r) [µ(r

′ + d)− µ(r′)]

|r − r′|
, (4.25)
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is exactly Eq. (4.12), andE(d) is defined as in Eq. (4.19) which, using F (p) defined

in Eq. (4.10), takes the explicit form of

E(d) = 8πG
N∑︂

i,j=1

mimj

erf

(︃
|x(0)

i −x
(0)
j +d|

2Reff

)︃
|x(0)

i − x
(0)
j + d|

, (4.26)

which is, namely, that given in Eqs. (4.16).

4.2.3 Neglecting the free evolution ĤCM in the Diósi-Penrose mas-

ter equation

In the following, as mentioned before, we investigate the conditions under which

one can safely neglect the free evolution when studying the dynamics of the CM

of a system in the DP model. We aim to study what happens in a superposition

of the form «here »plus «there », and we choose a superposition of two Gaussian

states as they are relatively well-behaved and analytically tractable. Specifically,

we focus on the matrix element of Eq. (4.23) for the case of an initial state ψ(x, 0)

being in a superposition of two equal Gaussians centered in ±d/2. Hence, we

have

ψ(x, 0) =
1

N

[︂
e−

1
2σ2 (x−d/2)2 + e−

1
2σ2 (x+d/2)2

]︂
, (4.27)

where

N =

[︃
2(
√
πσ)3

(︃
1 + e−

d2

4σ2

)︃]︃1/2
, (4.28)

is the corresponding normalization constant, d = |d|, and σ is the Gaussian

spread. The free, quantum mechanical evolution of the CM, where ĤCM = p̂2/2M ,

leads to the following expression for the state at a time t

ψ(x, t) =
1

N

⎛⎝ σ√︂
σ2 + itℏ

M

⎞⎠3(︄
e
− (x+d/2)2

2(σ2+ iℏt
M ) + e

− (x−d/2)2

2(σ2+ iℏt
M )

)︄
. (4.29)

We now focus on the matrix element ⟨−d/2|ρ̂CM(t)|d/2⟩, which measures the co-

herence between the two wave packets. Due to the spatial decoherence induced

by the DP model, we expect this term to decay. Our goal is to understand un-

der which conditions this decay factor can be computed, with negligible error, by

neglecting the quantum mechanical evolution, i.e. by setting ĤCM = 0.
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From Eq. (4.29), we can directly calculate the matrix element for the density op-

erator in the standard quantum mechanical case as

⟨x|ρ̂QM
CM(t)|y⟩ = ψ∗(x, t)ψ(y, t)

=
1

N 2

σ6

(︄
e
− (x+d/2)2

2(σ2− iℏt
M ) + e

− (x−d/2)2

2(σ2− iℏt
M )

)︄(︄
e
− (y+d/2)2

2(σ2+ iℏt
M ) + e

− (y−d/2)2

2(σ2+ iℏt
M )

)︄
(︁
σ4 + ( ht

M
)2
)︁3/2 ,

(4.30)

which can then be inserted in Eq. (4.23). After integrating over z, we obtain

⟨−d/2|ρ̂CM(t)|d/2⟩ = K1 +K2 +K3, (4.31)

where

Kj =

∫︂
dν e−ν2F(d/2,ν)Gj(d/2,ν) (4.32)

and where we defined

G1(d/2,ν) = 1,

G2(d/2,ν) = exp

(︃
−d

2

σ2

)︃
exp

⎛⎝− 2ℏt
Mσ2

ν · d√︂
1 +

(︁ ℏt
Mσ2

)︁2
⎞⎠ ,

G3(d/2,ν) = exp

(︃
− d2

4σ2

)︃
exp

⎛⎝− ℏt
Mσ2

ν · d√︂
1 +

(︁ ℏt
Mσ2

)︁2
⎞⎠× 2 cos

⎛⎝ 1

σ

ν · d√︂
1 +

(︁ ℏt
Mσ2

)︁2
⎞⎠ ,

F(d/2,ν) =
1

π3/2N 2
[︂
1 +

(︁ ℏt
Mσ2

)︁2]︂3/2×
× exp

⎡⎣∫︂ t

0

dτ

ℏ

⎛⎝E
⎛⎝d+ 2σ

τ

t

ν√︂
1 +

(︁
Mσ2

ℏt

)︁2
⎞⎠− E(0)

⎞⎠⎤⎦ .
(4.33)

We notice that, the exponential factor in Eq. (4.32) limits the main contributions

to Kj to the vectors ν such that |ν| ≤ 1. Moreover, for d≫ σ, we can approximate

the argument in the exponential of F(d/2,ν) in Eq. (4.33) as (E(d)−E(0))t, which

is possible since ν is limited. These two approximations allow to easily compute
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Kj , which read

K1 =
1

N 2

(︄
1

1 +
(︁ ℏt
Mσ2

)︁2
)︄3/2

exp

[︃
(E(d)− E(0))

t

ℏ

]︃
,

K2 = exp

[︃
−d

2

σ2

(︃
1− t2ℏ2

M2σ4 + t2ℏ2

)︃]︃
K1,

K3 = 2 exp

(︃
− d2

4σ2

2M2σ4

M2σ4 + t2ℏ2

)︃
cos

(︃
Mσ2tℏ

M2σ4 + t2ℏ2
d2

2σ2

)︃
K1.

(4.34)

For small times, satisfying ℏt ≪ Mσ2, we see that the expressions for Ki reduce

to
K1 =

1

N 2
exp

[︂
E(d)− E(0))

t

ℏ

]︂
,

K2 = e−
d2

σ2K1,

K3 = 2e−
d2

2σ2K1,

(4.35)

and therefore

⟨−d/2|ρ̂CM(t)|d/2⟩ =
1

N 2

(︃
1 + e−

d2

2σ2

)︃2

exp

[︃
(E(d)− E(0))

t

ℏ

]︃
, (4.36)

which is the expression that one would have obtained if the evolution due to the

Hamiltonian ĤCM is neglected. Indeed, in such a case, one has that Eq. (4.18)

changes in
d

dt
χ(ν,µ, t) ≃ E(µ)− E(0)

ℏ
χ(ν,µ, t), (4.37)

whose trivial solution is

χ(ν,µ, t) ≃ χ(ν,µ, 0) exp
[︂E(µ)− E(0)

ℏ
t
]︂
. (4.38)

Correspondingly, Eq. (4.23) changes in

⟨x|ρ̂CM(t)|y⟩ ≃ ⟨x|ρ̂QM
CM(0)|y⟩ exp

[︂E(x− y)− E(0)

ℏ
t
]︂
, (4.39)

where

⟨x|ρ̂QM
CM(0)|y⟩ = ψ∗(x, 0)ψ(y, 0). (4.40)

The trivial substitution of the latter expression in Eq. (4.39), and setting x = −d/2

and y = d/2, and the use of Eq. (4.27), leads to Eq. (4.36). Thus, under the

assumptions of suitably short times satisfying ℏt≪Mσ2 and large superposition
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distances d ≫ σ, we can safely neglect the evolution due to ĤCM in the Diósi-

Penrose model. Since the systems we will consider in our analysis satisfy these

conditions, we will be able to use the approximate expression given in Eq. (4.39),

as done in Eq. (4.11).

To summarise, in this subsection we have analysed under which conditions the

free center-of-mass Hamiltonian ĤCM can be neglected in the Diósi–Penrose mas-

ter equation. By comparing the characteristic timescale of the unitary spreading

induced by ĤCM with the localization timescale generated by the DP dissipator,

we have shown that, for sufficiently massive and extended systems, the collapse

dynamics dominate over the free evolution. This allows one to consistently ne-

glect the Hamiltonian contribution when estimating the collapse time and the

suppression of spatial superpositions. This approximation will be adopted in the

following sections, where it significantly simplifies both the analytical and nu-

merical treatment of the model while preserving the relevant physical behaviour.

4.3 Application

We now fix the system of interest that will be used to quantify the theoretical up-

per bound onR0. Our choice is to focus on the smallest object that is visible by the

human eye. In particular, we consider a single-layer graphene sheet [108], with

a side length of L = 25µm corresponding to about the smallest space resolution

of the eye [109]. For the sake of simplicity, one can take the system as having a

square shape, corresponding to a total number of carbon atoms N = 2 × 1010.

We assume that the CM of the system is prepared in a spatial superposition of

two wavepackets of width σ at a superposition distance d = |d|, with σ ≪ d,

where d has been fixed to d = 4L = 100µm. This value is such that the two

spatial configurations are distinguishable (namely, d > L and d > σ), which is

the requirement to have an actual cat state. Our goal is to compute the collapse

time τ(d) = ℏ/∆E(d) of this superposition and require it to be shorter than the

resolution time of the human eye, τobs = 0.01 s [109].

We can quantify τ(d) by explicitly evaluating the sum in Eq. (4.16), which in-

volves the calculation of the term

S =
N∑︂
i=1

N∑︂
j=1

f(rij, R0,d), (4.41)
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where i and j run across all the N lattice sites and f(rij, R0,d) is a function that

depends on the distance rij between the sites i and j. In this form, the evaluation

of Eq. (4.41) requires the sum of N2 terms. Given the large systems considered

here (N ∼ 1010), a direct evaluation of this sum is not feasible on a personal

computer or even on a dedicated computer facility. However, as we just said,

since the summed terms in Eq. (4.41) depend only on the relative distance rij , we

can rewrite the double sum in Eq. (4.16) as a single weighted sum. Namely,

S =
∑︂
r∈D

ω(r)f(r, R0,d), (4.42)

where ω(r) is the number of atoms at a distance r within the domain D, which

accounts for every possible distance among the atoms in the considered system.

Consequently, the calculation is greatly simplified once the atoms are considered

to be in a periodic lattice, and thus r becomes a function of primitive vectors ai

and lattice index ni. For a two-dimensional lattice with primitive vectors a1 and

a2 and respectively N1 and N2 sites along these directions (where N1N2 = N ), the

domain is given by

D = {n1a1 + n2a2, where ni ∈ [−(Ni − 1), (Ni − 1)] } , (4.43)

and we make it clear that the set is not related to the number of sites, but to the

number of possible distances, which is greater than the number of sites. Specifi-

cally, it is approximately twice the number of sites in each direction. The weights

instead read

ω(n1, n2) = (N1 − |n1|)(N2 − |n2|). (4.44)

This expression takes edge effects into account. Moreover, as a check, using small

values of N , it was numerically verified that Eq. (4.42) is correct by computing

S using this equation and the original double sum in Eq. (4.41). The two terms

being equal up to machine precision, that is, with a relative error on the order of

10−8, which corresponds to the typical error when using single-precision floating-

point numbers. Thus, Eq. (4.42) becomes

S =

N1−1∑︂
n1=−(N1−1)

N2−1∑︂
n2=−(N2−1)

ω(n1, n2)f(n1a1 + n2a2, R0,d), (4.45)

which involves the sum of (2N1 − 1)(2N2 − 1) ∼ 4N1N2 = 4N terms. A speedup
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from a quadratic to a linear scaling in N is obtained, which is significant for N ∼
1010. To be quantitative, as shown in the next Subsection, the evaluation of the

sum for N = 2 × 1010 takes around 5 minutes on a personal laptop by using

Eq. (4.45), while it would take around 13000 centuries by using Eq. (4.41).

In the next Subsection, we derive explicitly the expressions in Eq. (4.43) and

Eq. (4.44), and extend this approach to a more general lattice. The expression

in Eq. (4.45), and thus τ(d), is computed numerically for different values of R0

and N , and by accounting for the actual geometry of the graphene lattice.

4.3.1 Algorithm for the numerical calculation

In this Subsection, we develop precise calculations for our system, i.e. a plate

made of a single layer of graphene. We consider a general two-dimensional lat-

a
1

a
2

b
1

b
2

a = |a
1
| = |a

2
|

Figure 4.1: Graphical representation of the graphene lattice that was employed for
the numerical summation. The lattice vectors are a1 = a(1, 0) and a2 = a( 12 ,

√
3
2 ).

For each cell, we have two carbon atoms, which are identified by d1 = (0, 0) and
d2 = a( 12 ,

√
3
6 ).

tice, with primitive vectors a1 and a2, and basis dα, with α = 1, . . . , K being

the index of the particles in the unit cell. For instance, the graphene is a two-

dimensional lattice with primitive vectors a1 = a (1, 0), a2 = a
(︂

1
2
,
√
3
2

)︂
, and basis

d1 = (0, 0), d2 = a
(︂

1
2
,
√
3
6

)︂
, where a = 2.46Å is the lattice step [112] (see Figure

4.1). Each site of the lattice can be written as a linear combination of the primitive
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vectors with integer coefficients, xi,α = ni
1a1 + ni

2a2+dα, with ni
1, n

i
2 ∈ Z. There-

fore, also the distance between two sites can be written as a linear combination of

the primitive vectors. Namely

rijαβ = xi,α − xj,β = nij
1 a1 + nij

2 a2 + (dα − dβ), with nij
1 , n

ij
2 ∈ Z, (4.46)

where nij
1 = ni

1 − nj
1, and nij

2 = ni
2 − nj

2. Then, the distance between two lattice

sites can be written as a function of two integers n1 = nij
1 , n2 = nij

2 and a vector

cγ = dα − dβ . Namely, we have

r(n1, n2, γ) = n1a1 + n2a2 + cγ, (4.47)

with n1, n2 ∈ Z and

cγ ∈ Db = {dα − dβ | α, β = 1, . . . , K}. (4.48)

Suppose that the lattice is finite, with N1 and N2 cells along the first and the sec-

ond primitive vectors, respectively. In this case, the coefficients for the position

of the i-th site are ni
1 ∈ [0, N1 − 1] and ni

2 ∈ [0, N2 − 1]. Similarly, the coefficients

that define the distance between the sites are nij
1 = (ni

1 − nj
1) ∈ [−N1 + 1, N1 − 1]

and nij
2 = (ni

2−n
j
2) ∈ [−N2+1, N2−1]. As a result, the set of all possible distances

between the lattice sites is

D = {r(n1, n2, γ) | ni ∈ [−Ni + 1, Ni − 1], cγ ∈ Db}, (4.49)

where the form of r(n1, n2, γ) is defined in Eq. (4.47).

The weights ω(r) are given by the number of pairs of lattice cells connected by

the vector r. The explicit value can be computed by accounting that the distance

r(n1, n2, γ) links two cells that are separated by niai along the i-th direction. Since

the lattice is finite, there are Ni − |ni| pairs of cells at such separation. Therefore,

we have

ω(n1, n2, γ) = ωγ(N1 − |n1|)(N2 − |n2|), (4.50)

where ωγ is the number of pairs of atoms in the same cell that are cγ apart. For

example, for a lattice with a single atom per unit cell there is only one basis vector

d1 = (0, 0) and only one possible (null) distance between atoms in the same cell.

Thus, Db = {c1 = (0, 0)} and ω1 = 1. Conversely, for the graphene plate, which is
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the case of interest, one has d1 = (0, 0) and d2 = a(1
2
,
√
3
6
). According to Eq. (4.48),

we have

Db = {c1 = d1 − d1, c2 = d1 − d2, c3 = d2 − d1, c4 = d2 − d2},

= {c1 = (0, 0), c2 = −a(1
2
,
√
3
6
), c3 = a(1

2
,
√
3
6
), c4 = (0, 0)}.

(4.51)

Since c4 = c1, we can neglect c4 and count twice c1. Then, we find ω1 = 2 and

ω2 = ω3 = 1.

By considering the explicit form of the weights, Eq. (4.42) becomes

S =

N1−1∑︂
n1=−N1+1

N2−1∑︂
n2=−N2+1

∑︂
cγ∈Db

ωγ(N1−|n1|)(N2−|n2|) × f(r(n1, n2, γ), R0,d). (4.52)

Such an expression involves the sum of

(2N1 − 1)(2N2 − 1)[1 +K(K − 1)] ≃ 4N1N2[1 +K(K − 1)] = 4
[1 +K(K − 1)]

K
N

(4.53)

terms, where we used that the total number of atoms is given by the product of

the number of cells per direction times the number of atoms per cell, i.e. N =

N1N2K. These expressions are valid for any two-dimensional lattice, and can be

easily generalized to higher dimensions.

As shown by Eq. (4.53), the sum involves a number of terms that scales linearly

with the number of atoms, as expected. Figure 4.2 provides the comparison

of the execution time for the numerical summation when employing Eq. (4.53)

(blue dots) and Eq. (4.41) (red dots), for R0 = 1Å and d = 106 Å, showing the

numerical advantage of Eq. (4.53). For the summation we employed a simple

in-house python code with numba just-in-time compiler [113] on a personal lap-

top with Intel processor i7-8750H. We extensively verified that the results of the

two sums coincide to the same value, up to the machine precision for the system

with N≤ 2× 105 particles. Moreover, since the evaluation of Eq. (4.53) as com-

pared to Eq. (4.41) involves approximately N additional terms, the accumulation

of rounding errors during the computation renders the result obtained from Eq.

(4.53) less accurate than that obtained from Eq. (4.41).

To summarise, in this subsection we have introduced the numerical algorithm

used to evaluate the DP-induced energy variation ∆E(d) for extended systems.
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Figure 4.2: Execution time for the numerical summation as a function of the number
of particles N for a plate of graphene. Each point corresponds to a single evalua-
tion Eq. (4.53) (blue dots and fitted line) and Eq. (4.41) (red dots and fitted line).
The purple and orange lines provide the scaling laws for Eq. (4.53) and Eq. (4.41),

respectively.

Starting from the discretized form of the mass density, we have outlined the pro-

cedure employed to compute the gravitational self-energy difference associated

with spatial superpositions at separation d. The algorithm provides a flexible

framework that can be applied to different geometries and dimensionalities, and

constitutes the basis for the numerical results presented in the following subsec-

tion. In particular, it allows us to systematically explore the dependence of ∆E(d)

on the system parameters and to identify the emergence of characteristic regimes

such as saturation plateaus.

4.3.2 Results

Figure 4.3 shows the value of τ(d), the time it takes the superposition to col-

lapse according to the DP model, compared with the minimum human eye time

resolution τobs. The gray region indicates the values of R0 that are excluded ex-

perimentally. When d < L, we can observe that the collapse loses strength for

all values of R0 (the plateau in the left side), while when R0 > L, the collapse

becomes stronger for larger values of the superposition distance d (the increase

on the right side). According to the analysis, the chosen graphene plate (corre-

sponding to the green lineN ∼ 1010) collapses on a timescale that is two orders of
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τ
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Figure 4.3: τ(d) as a function of R0 for different sizes (equivalently, number of
atoms) of a graphene square plate. The plate is assumed to be in a superposition
of two localized states at a distance |d| = 4L. The red dashed line indicates τobs.
Values of R0 for which τ(d) > τobs do not guarantee classicality. We also report the

values that are currently experimentally excluded (gray shaded region) [76].

magnitude larger than τobs, for any value of R0. This means that the model does

not collapse the plate fast enough with respect to the resolution time of the hu-

man eye. The analysis also shows that, to make the collapse time shorter than τobs,

one should take τobs ∼ 3 s, which is clearly a too long time for requiring a macro-

scopic object to localize. A natural question is what happens if the superposition

distance d = |d| changes. Figure 4.4 reports τ(d) for different values of d, while

keeping the size of the system fixed (L = 25µm and N = 2×1010). With respect to

the case studied in Fig. 4.3 where d = 4L = 100µm (green line in Fig. 4.4), we see

that the collapse effect becomes stronger for larger values of d but only for values

of R0 > L. Conversely, for smaller values of d, the collapse effect loses strength

for all values of R0. In all cases, the collapse is not fast enough to occur before

τobs. Therefore our result is robust against changes in the delocalization distance.

The next relevant question is how the collapse time τ(d) changes when modifying

the system. We first checked what happens when increasing the size of the plate.

Fig. 4.3 shows that τ(d) becomes smaller than τobs when the system length L is

about ten times larger than the resolution distance of the human eye (L = 246µm,

purple line in Fig. 4.3). In this case, we obtain an upper bound on R0 at 10−4 m (=

106 Å).
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Figure 4.4: τ(d) as a function of R0 for different values of the superposition distance
d, for a graphene square plate with N = 2 × 1010 atoms (length L = 25µm). The
value of d = 4L = 106 Å (green line) corresponds to that studied in Fig. 4.3 (green

line). The gray region is excluded experimentally.

Next, we study what happens when the system has a three dimensional structure.

Specifically, we consider a cubic system made of stacked layers of graphene of

length L and require again that the DP dynamics collapses it on the time-scale

τobs = 0.01 s. The analysis is analogous to that performed in the two-dimensional

case, and the results are shown in Fig. 4.5. In particular, we see that a system

with L ≃ 1µm is sufficiently large to collapse within τobs for R0 ≲ 103 Å. We

estimate that for an object of L ≃ 10µm, such as that considered in Ref. [114],

the collapse takes place much faster (with τ(d) ≃ 6× 10−8 s at the plateau) and is

smaller than τobs for all values of R0 ≲ 5 × 106 Å. Such an estimation is provided

by analytical calculations since the numerical approach is impractical for such

a large number of atoms N ∼ 1014. Specifically, we will quantify in the next

Subsection the dimensionality dependence of the plateau of τ(d). We checked

that the theoretical estimates match the numerical ones for smaller N .

The reason why a three-dimensional system collapses much more effectively com-

pared to the case of a plate considered above is that, for the same length L, one

has many more atoms involved, ∼ (L/a)3 vs ∼ (L/a)2, where a is the lattice step.

Moreover, when taking the same number of atoms, the atoms are packed much

more densely in a cube than in a plate, and this makes the collapse strength grow
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Figure 4.5: τ(d) as a function of R0 for different numbers of atoms N (and thus
length L) of a cubic graphene system in a superposition of two states at distance
|d| = 4L. The dashed curve provides an estimate of τ(d). The gray region is ex-

cluded experimentally.

much faster.

4.3.3 Analytical study of the behaviour of ∆E(d)

We verified the numerical computation with analytical estimations of the be-

haviour of ∆E(d). We remind this quantity is related to the collapse time τ(d)

by the relation τ(d) = ℏ/∆E(d), hence to study ∆E(d) is equivalent of studying

τ(d). We study the behaviour of ∆E(d) for a crystal of N atoms of mass m in

the case of a two-dimensional crystal with a monoatomic square lattice with the

same lattice step a, and with crystal’s sides of approximately the same length L.

Accordingly L ∼
√
Na. One can trivially generalize to the case of different length

sides. Specifically, we analyze the case of a spatial superposition of the form in

Eq. (4.27), where the two branches of the superposition are well separated with re-

spect to L. Hence, the length hierarchy is given by a ≪ L ≪ d. With this setting,

the vectors rij can only take discrete values, namely rij = a
(︁
ni
x − nj

x, n
i
y − nj

y

)︁
,

where ni
k ∈ Z.

In the following, we analyse analytically the behaviour of ∆E(d) in Eq. (4.16) for

different values ofReff. Specifically, we provide the contributions to the sum from
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the first and second term in the square bracket. Namely, these are

S1 =
N∑︂

i,j=1

erf
(︂

rij
2Reff

)︂
rij

,

S2 =
N∑︂

i,j=1

erf
(︂

|d+rij |
2Reff

)︂
|d+ rij|

,

(4.54)

so that ∆E(d) = 8πGm2(S1 − S2). The analytical expressions will be then com-

pared with those obtained numerically.

Analytical estimation of the first contribution to the sum S1

The first contribution to the sum S1 is analysed in four different intervals of in-

terest: Reff ≤ a, a ≤ Reff ≤ L, L ≤ Reff ≤ d and d ≤ Reff. We split the sum in S1 in

two contributions: the sum of the terms with i = j and the sum where i ̸= j.

When i = j, we have rii = 0 and thus the corresponding sum reads

N∑︂
i=1

erf
(︂

rii
2Reff

)︂
rii

−→
rii→0

N∑︂
i=1

1√
πReff

, (4.55)

and we have

S1 =
N√
πReff

+
N∑︂

i,j=1
i ̸=j

erf
(︂

rij
2Reff

)︂
rij

, (4.56)

which we will study below.

First interval: Reff ≤ a

Consider the case Reff ≤ a. For all terms with i ̸= j, we have that rij ≥ a. Indeed,

the minimal value of rij = a is attained for the first nearest neighbor atoms. This

impliesReff ≤ rij . In particular, we can divide the contributions to the sum in two

cases ⎧⎨⎩for 1 ≤ rij
Reff

≤ 4, 1
2
< erf

(︂
rij
2Reff

)︂
< 1,

for 4 ≤ rij
Reff
, erf

(︂
rij
2Reff

)︂
∼ 1.

(4.57)

Since Reff ≤ a, the error function rapidly saturates to unity already at interatomic

distances. As a result, except for a negligible fraction of nearest–neighbour pairs,
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all terms in the sum contribute with approximately the same weight. This allows

us to bound the sum by treating the distance–dependent factor as constant. The

associated error scales as O(N), while the total sum scales as O(N2). We can then

employ these to set an upper and lower bound on the sum by approximating that

all the terms weight the same independently of the value of rij . We have then

N∑︂
i,j=1
i ̸=j

1

2

1

rij
≤

N∑︂
i,j=1
i ̸=j

erf
(︂

rij
2Reff

)︂
rij

≤
N∑︂

i,j=1
i ̸=j

1

rij
. (4.58)

Then, both limits depend on the same sum, which can be rewritten as

N∑︂
i,j=1
i ̸=j

1

rij
=

N∑︂
i,j=1
i ̸=j

1

a
√︂

(ni
x − nj

x)2 + (ni
y − nj

y)2
, (4.59)

where ni
k ∈ [−

√
N/2,

√
N/2]. We first fix the i-th particle as that at the center of

the lattice with ni
x = ni

y = 0 and sum over j. This term provides an upper bound

on the other contributions of the i-sum, since fixing the i-th atom to any other in

the lattice would provide a smaller contribution. Then, the corresponding vector

rij = a(−nj
x,−nj

y) has a length of rij = a
√︂
(nj

x)2 + (nj
y)2. We obtain

N∑︂
i,j=1
i ̸=j

1

rij
≤

N∑︂
i=1

√
N/2∑︂

nj
x,n

j
y=−

√
N/2

(nj
x,n

j
y )̸=(0,0)

1

a
√︂
(nj

x)2 + (nj
y)2

=
N

a

√
N/2∑︂

nj
x,n

j
y=−

√
N/2

(nj
x,n

j
y )̸=(0,0)

1√︂
(nj

x)2 + (nj
y)2

.

(4.60)

The contribution on right hand side of Eq. (4.60) can be approximated with the

following integral

N

a

∫︂ √
N/2

−
√
N/2

dx

∫︂ √
N/2

−
√
N/2

dy
1√︁

x2 + y2
=
η+N

√
N

a
, (4.61)

where η+ = 2 ln(3 + 2
√
2) ≃ 3.5.

Similarly, if we fix the i-th atom to the corner of the lattice, we provide a lower

bound. The corresponding vector rij = a(−
√
N/2−nj

x,−
√
N/2−nj

y) has a length
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of rij = a
√︂

(
√
N/2 + nj

x)2 + (
√
N/2 + nj

y)2. Thus, we have

N∑︂
i,j=1
i ̸=j

1

rij
≥

N∑︂
i=1

√
N/2∑︂

nj
x,n

j
y=−

√
N/2

(nj
x,n

j
y) ̸=(0,0)

1

a
√︂
(
√
N/2 + nj

x)2 + (
√
N/2 + nj

y)2
. (4.62)

Similarly as done before, we can approximate the sum to an integral, which reads

N

a

∫︂ √
N/2

−
√
N/2

dx

∫︂ √
N/2

−
√
N/2

dy
1√︂

(
√
N/2 + x)2 + (

√
N/2 + y)2

=
2η−N

√
N

a
, (4.63)

where η− = arcsinh(1) ≃ 0.9. By merging the inequality in Eq. (4.58) with those

in Eq. (4.60) and Eq. (4.62), we find the bounds on Eq. (4.56) being

N√
πReff

+
η−N

√
N

a
≤ S1 ≤

N√
πReff

+
η+N

√
N

a
. (4.64)

Specifically, for

Reff ≲
a

η+
√
πN

, (4.65)

the first contribution is stronger and corresponds to a behaviour going as ∼ R−1
eff .

Conversely, for larger values of Reff (but still within the first interval, Reff < a),

the first term in Eq. (4.64) is negligible with respect to the second one, which is

independent from Reff.

Second interval: a ≤ Reff ≤ L

In the second interval, a ≤ Reff ≤ L, we have that rij can be comparable with Reff.

Namely, for i ̸= j, we have a ≤ rij ≤
√
2L. Due to the comparable interval of rij

and Reff, we have several edge effects that make the analytical estimation more

difficult. One can approximate fairly enough the error function to

erf
(︂x
2

)︂
≃

⎧⎨⎩ x√
π
, x ≤ 2,

1, x ≥ 2.
(4.66)

The piecewise approximation in Eq. (4.66) is justified in the regime a ≤ Reff ≤ L,

where the smearing length is larger than the lattice spacing, and the error func-

tion varies smoothly over interatomic distances. Since the number of contributing
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pairs is dominated by separations rij ≫ Reff, the precise shape of the crossover

region around rij ≃ 2Reff has a negligible impact on the overall sum. The approx-

imation therefore, captures the correct scaling and provides reliable bounds up to

numerical factors of order unity. Based on all this, we divide the sum in terms for

which rij ≤ 2Reff and terms for which rij ≥ 2Reff.

For rij ≤ 2Reff,
erf
(︂

rij
2Reff

)︂
rij

≃ 1√
πReff

, (4.67)

and, given the i-th atom, there are roughly (2Reff/a)
2 atoms j that are at most

at a distance 2Reff. Thus, the contribution to the second term in Eq. (4.56) for

rij ≤ 2Reff can be evaluated to

N∑︂
i,j=1

i ̸=j, rij≤2Reff

erf
(︂

rij
2Reff

)︂
rij

≃ N ×
(︃
2Reff

a

)︃2
1√
πReff

= 4N
Reff√
πa2

. (4.68)

For rij ≥ 2Reff,
erf
(︂

rij
2Reff

)︂
rij

≃ 1

rij
. (4.69)

Then, the corresponding contribution to the sum can be rewritten as

N∑︂
i,j=1

i ̸=j, rij≥2Reff

erf
(︂

rij
2Reff

)︂
rij

≃
N∑︂

i,j=1
i ̸=j

1

rij
−

N∑︂
i,j=1

i ̸=j, rij≤2Reff

1

rij
, (4.70)

where the upper and lower bounds to the first sum are respectively given by

Eq. (4.60) and Eq. (4.62). Also the second term can be bounded. A lower bound

is given by setting all the rij to the maximum distance being 2Reff, namely

N∑︂
i,j=1

i ̸=j, rij≤2Reff

1

rij
≥

N∑︂
i,j=1

i ̸=j, rij≤2Reff

1

2Reff
= N ×

(︃
2Reff

a

)︃2
1

2Reff
=

4NReff

a2
. (4.71)

An upper bound is instead obtained by fixing the i-th atom to the center of the

lattice, and approximating the sum over j to an integral in spherical coordinates.
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Namely,

N∑︂
i,j=1

i ̸=j, rij≤2Reff

1

rij
≤ 2πN

a
FG

∫︂ 2Reff
a

1

dr =
2πN

a
FG

(︃
2Reff

a
− 1

)︃
, (4.72)

where FG is a geometrical factor accounting for couples of atoms (i, j) that are

counted in the sum but do not pertain to the lattice (indeed, one can have that

2Reff = L ≥
√
2L being the maximum distance rij), and accounts for the ratio

of the area of a square lattice of length 2Reff with the span of the considered rij ,

namely that of a planar toric lattice of internal radius a and external radius 2Reff:

FG =
L2

L2 + 4LReff + πR2
eff

4R2
eff

π(4R2
eff − a2)

. (4.73)

By summing the contributions from Eq. (4.68) and Eq. (4.70), we find that Eq. (4.56)

is bounded as follows

N√
πReff

+
η−N

√
N

a
+

4NReff√
πa2

− 2πN

a
FG

(︃
2Reff

a
− 1

)︃
≤ S1 ≤

≤ N√
πReff

+
η+N

√
N

a
+

4NReff

a2

(︃
1√
π
− 1

)︃
. (4.74)

Specifically, for small values of Reff ≳ a the main contribution comes from the

second term, i.e. η±N
√
N/a, being independent from Reff. For large values of

Reff ≲ L, the third and fourth terms become the dominant ones. In particular, a

change in the Reff dependence of S1 appears from values of

Reff ≳
η±N

√
Nπa

4
. (4.75)

Third interval: L ≤ Reff ≤ d

In this regime rij ≤ Reff for rij ≤ L. However, one also has distances such that

L ≤ rij ≤
√
2L for which one can have rij ≥ Reff. Nevertheless, we have that

√
2L < L ≤ 2Reff, which implies that rij ≤

√
2L < 2Reff. Consequently, we can

employ the small distance approximation in Eq. (4.66) for all rij , and Eq. (4.56)

becomes

S1 ≃
N√
πReff

+
N∑︂

i,j=1
i ̸=j

1√
πReff

, (4.76)
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where there are N(N − 1) terms in the sum. This gives

S1 ≃
N2

√
πReff

, (4.77)

whose behaviour with respect to Reff is the same in the entire interval.

Fourth interval: d ≤ Reff

For the last interval, similar considerations are applied and the terms of the sum

are approximated to their small distance limit. Consequently, we obtain

S1 ≃
N2

√
πReff

, (4.78)

exactly as in the third interval.

Analytical estimation of the second contribution to the sum S2

For the second contribution to the sum [cf. Eq. (4.54)], one needs to compare Reff

with |d+ rij|. Considering |d| > L, we have the following bounds on |d+ rij|:

d− L ≤ |d+ rij| ≤ d+ L, (4.79)

The second contribution is analysed in three different intervals of interest: Reff ≤
(d− L)/2, (d− L)/2 ≤ Reff ≤ (d+ L)/2, and (d+ L)/2 ≤ Reff.

First interval: Reff ≤ (d− L)/2

In this interval, we have Reff ≤ (d−L)/2 ≤ |d+ rij|/2. Thus, we can safely apply

the long distance approximation in Eq. (4.66) to S2 in Eq. (4.54), thus obtaining

S2 ≃
N∑︂

i,j=1

1

|d+ rij|
. (4.80)

By applying the bounds in Eq. (4.79), we can derive an upper and lower bound

to S2, which read
N2

d+ L
≤ S2 ≤

N2

d− L
, (4.81)

where the N2 factor follows trivially.
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Second interval: (d− L)/2 ≤ Reff ≤ (d+ L)/2

In the second interval, (d − L)/2 ≤ Reff ≤ (d + L)/2. Thus, by combining the

definition of the interval with Eq. (4.79), we obtain

d− L

d+ L
≤ |d+ rij|

2Reff
≤ d+ L

d− L
. (4.82)

Since the terms of the sum in S2 are monotonically decreasing with respect to
|d+rij |
2Reff

, for each of them we have

1

2Reff

erf
(︁
d+L
d−L

)︁
d+L
d−L

≤
erf
(︂

|d+rij |
2Reff

)︂
|d+ rij|

≤ 1

2Reff

erf
(︁
d−L
d+L

)︁
d−L
d+L

. (4.83)

It follows that
ϵ−N

2

2Reff
≤ S2 ≤

ϵ+N
2

2Reff
, (4.84)

where

ϵ± =
erf
[︂(︁

d−L
d+2L

)︁±1
]︂

(︁
d−L
d+2L

)︁±1 , (4.85)

which can be quantified once fixed the ratio between L and d. For example, for

d = 4L, we have ϵ− ≃ 0.5 and ϵ+ ≃ 1.

Third interval: (d+ L)/2 ≤ Reff

In this interval, Reff ≥ (d+ L)/2 ≥ |d+ rij|/2. So we can apply the short distance

approximation in Eq. (4.66), which trivially gives

S2 ≃
N2

√
πReff

. (4.86)

Both contributions

The sum of the two contributions to ∆E(d) = 8πGm2(S1 − S2) can be computed

case by case depending on the value of Reff compared to the other lengths in-

volved. There are a total of six different intervals. Notably, when bounds are

involved, one should account that min(∆E(d)) = 8πGm2(min(S1)−max(S2)) and

max(∆E(d)) = 8πGm2(max(S1)−min(S2)). The intervals and the corresponding

equations to be used are reported in Tab. 4.1. In particular, for (d+L)/2 ≤ Reff ≤ d

and d ≤ Reff, we have that the dominant contributions cancel, namely S1−S2 ≃ 0.
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For these intervals, one needs to consider also second order terms of the expan-

sion. These give

∆E(d) ≃ 8πGm2

N∑︂
i,j=1

(︃
−

r2ij
12
√
πR3

eff
+

|d+ rij|2

12
√
πR3

eff

)︃
=

2

3

√
πGm2

N∑︂
i,j=1

d2 + 2 rij · d
R3

eff
.

(4.87)

However, since rij = −rji for all i and j, then
∑︁N

i,j=1 rij = 0, and one obtains

∆E(d) ≃ 2

3

√
πGm2N2 d

2

R3
eff
. (4.88)

Table 4.1 summarises the analytical study of ∆E(d), which is graphically reported

in Fig. 4.6, where it was compared with the numerical evaluation of the sum.

Finally, a last comment is due: ∆E(d) is a monotonically decreasing function of

Reff, and this can be employed to estimate its values in those intervals where an

analytical estimation is hard to obtain. In particular, we exploited this for Reff just

below L and around (d − L)/2, to approximate the behaviour of ∆E(d) with the

black dashed line in Fig. 4.6.

To summarise, in this subsection we have provided an analytical understanding

of the behaviour of ∆E(d) observed in the numerical analysis. By studying the

asymptotic limits of small and large separations, we have shown that the DP en-

ergy variation initially grows with d and eventually reaches a saturation value,

giving rise to the plateau structure observed numerically. The analytical expres-

sions derived here clarify the physical origin of this behaviour and make explicit

the role played by the system geometry and mass distribution. These results not

only validate the numerical findings but also provide a transparent interpretation

of the relevant length scales governing the collapse dynamics.

4.3.4 Plateau dependence on the dimensionality

Here, we quantify the dimensionality dependence of the plateau of τ(d), and thus

∆E(d), for Reff ∼ a. The reason for choosing this value is that it is of the order

of the current lower bounds on R0 given by radiation emission from Germanium

experiments [76, 78] (note that for both protons and nucleons Reff ≃ R0 when R0

is of order of Å or larger). For the sake of simplicity, we assume our system to

be a sphere in D ≥ 2 dimensions. Namely, this corresponds to a disk for D = 2

and a sphere for D = 3 both of radius L/2. For Reff ∼ a, S2 can be safely bounded
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Interval for Reff Value or bounds on
∆E(d)

8πGm2
= S1 − S2 = ∆S

Reff ≤ a
N√
πReff

+
η−N

√
N

a
− N2

d− L
≤ ∆S ≤

N√
πReff

+
η+N

√
N

a
− N2

d+ L

a ≤ Reff ≤ L
N√
πReff

+
η−N

√
N

a
− N2

d− L
+

4NReff√
πa2

−
2πN

a
FG

(︂
2Reff
a − 1

)︂
≤ ∆S ≤

N√
πReff

+
η+N

√
N

a
− N2

d+ L
+

4NReff

a2

(︂
1√
π
− 1
)︂

L ≤ Reff ≤ d−L
2

N2

√
πReff

− N2

d− L
≤ ∆S ≤ N2

√
πReff

− N2

d+ 2L

d−L
2 ≤ Reff ≤ d+2L

2

N2

√
πReff

− ϵ+N
2

2Reff
≤ ∆S ≤ N2

√
πReff

− ϵ−N
2

2Reff

d+2L
2 ≤ Reff ≤ d ∆S =

N2d2

12
√
πR3

eff

d ≤ Reff ∆S =
N2d2

12
√
πR3

eff

Table 4.1: Summary of the analytical dependence of ∆E(d) on Reff across different
intervals.

with Eq. (4.81), which is independent from the dimensionality of the problem and

from Reff as expected for the plateau. Conversely, from Eq. (4.56) we have

S1 =
N√
πa

+
N∑︂

i,j=1
i ̸=j

erf
(︁ rij
2a

)︁
rij

. (4.89)

Since, independently from the dimensionality of the problem, Eq. (4.58) still holds,

one only needs to evaluate

N∑︂
i,j=1
i ̸=j

1

rij
=

N∑︂
i,j=1
i ̸=j

1

a
(︂∑︁D

k=1(n
i
k − nj

k)
2
)︂1

2

. (4.90)
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Figure 4.6: Analytical upper (red line) and lower (blue line) bounds for ∆E as a
function of Reff. For comparison, we reported the exact values computed numeri-
cally (orange dots). The dashed black line provides a better estimation of the lower
bound for values of Reff ≃ L and (d−L)/2 by exploiting the monotonicity of ∆E(d).
The vertical arrows correspond to the values of Reff equal to a, L, and (d−L)/2 (from
left to right). An inset zooms into the plateau region to highlight the tightness of
the analytical bounds around the numerical values. The values of the parameters

are: a = 1.0Å, N = 1010, L = 105 Å and d = 50L = 5× 106 Å.

By following the reasoning described above, we estimate the latter with its upper

bound (see Eq. (4.60), which provided a very good estimate for S1 for Reff ≃ a):

N∑︂
i,j=1
i ̸=j

1

rij
≲
N

a

∑︂
{nj

k}
D
k=1∈SD

1(︂∑︁D
k=1(n

j
k)

2
)︂1

2

. (4.91)

This is the generalization of Eq. (4.60) to D dimensions, with

SD = {nj
k | 0 < | a(nj

1, . . . , n
j
D)| < L/2 } , (4.92)

identifying a D-dimensional sphere on which the lattice is defined. Such an ex-

pression can be simply approximated to a 1/r integral in D dimensions, i.e.

N

a
ΩD

∫︂ ND/2

0

dx xD−1 1

x
=
N

a

2πD/2

Γ(D/2)

N
D−1
D

2D−1(D − 1)
, (4.93)
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where ΩD = 2πD/2/Γ(D/2) is the D-dimensional full angle. Correspondingly, for

Reff ≃ a, one obtains

∆E(d) ≃ 8πGm2

a

πD/2

Γ(D/2)

N
2D−1

D

2D−2(D − 1)
, (4.94)

which is plotted in Fig. 4.7 with the orange and purple lines for D = 3 and D = 2

dimensions respectively. For comparison, we report the numerical estimations of

∆E(d).

To summarise, here we have investigated how the saturation value of ∆E(d) de-

pends on the effective dimensionality of the system. By comparing one, two, and

three-dimensional configurations, we have shown that the existence and mag-

nitude of the plateau are strongly influenced by dimensionality, reflecting the

different scaling properties of the gravitational self-energy. To summarise, here

we have investigated how the saturation value of ∆E(d) depends on the effective

dimensionality of the system. By comparing one-, two-, and three-dimensional

configurations, we have shown that the existence and magnitude of the plateau

are strongly influenced by dimensionality, reflecting the different scaling proper-

ties of the gravitational self-energy. In particular, when specializing to realistic

cases with D = 1, 2, 3 and fixing the same linear size L, it becomes clear that

a three-dimensional object (e.g., a cube) collapses significantly faster than a two-

dimensional plate or a one-dimensional line. This analysis highlights that dimen-

sionality is not a merely technical aspect, but a crucial physical ingredient in de-

termining the strength of the DP collapse. These results are particularly relevant

when deriving bounds on the DP parameter R0 for realistic experimental setups.

This analysis highlights that dimensionality is not a merely technical aspect, but a

crucial physical ingredient in determining the strength of the DP collapse. These

results are particularly relevant when deriving bounds on the DP parameter R0

for realistic experimental setups.

4.4 Non-Markovian generalizations of the DP model

As anticipated in Chapter 1, non-Markovian collapse models arise when the as-

sumption of white noise is relaxed, leading to memory effects in the dynamics.

Last, in this Section we introduce such generalizations only in the context of the
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Figure 4.7: ∆E as a function of N for different two- and three-dimensional systems
and comparison with the analytical behaviours. We numerically computed and
compared the two- and three-dimensional cases. For the two-dimensional case, we
took a sheet of graphene (blue dots) and a sheet of a material with a simple cubic
lattice (blue squares). For the three dimensional case, we considered a cubic stack
of graphene sheets (red dots) and a cube of material with a simple cubic lattice (red
squares). The corresponding lines are obtained from Eq. (4.94) for the simple cubic
lattice, while are instead fitted for the case of graphene with the same dependence
from N as in Eq. (4.94). The values of the parameters are: a = 1.0Å, d = 5 × 106 Å
and m = 2.0×10−26 kg for the simple cubic data and d = 1×106 Å for the graphene

one. In all cases, we fixed Reff = 1Å.

DP model, where they play a concrete physical role. We study how robust the pre-

vious analysis is with respect to physically-motivated modifications of the model.

Specifically, in the standard DP model, as anticipated in Subsection 1.5.4, one as-

sumes the noise responsible for the collapse to be white, with a Dirac-delta as

the two-time correlation function. Assuming that the collapse dynamics have a

physical origin, a more realistic, colored noise should be considered. The latter

will be characterised by a non-trivial two-time correlation function f(t). Details

in the derivation of the colored collapse dynamics can be found in the literature

[21, 115, 116]. Here we report the corresponding dissipator D[ρ̂(t)] approximated

to the second-order expansion in the noise, which reads

D[ρ̂CM(t)] =−8πG

ℏ

∫︂ t

0

ds

∫︂
dr

∫︂
dr′f(t− s)

|r − r′|
×
[︁
µ̂(r′),

[︁
e
i
ℏ ĤN (s−t)µ̂(r)e−

i
ℏ ĤN (s−t), ρ̂CM(t)

]︁]︁
,

(4.95)
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and substitutes that in Eq. (4.1). One recovers the standard DP model when

f(t − s) = δ(t − s). Along the lines of the previous analysis, we can neglect

the Hamiltonian evolution and we find that the CM density matrix evolves as in

Eq. (4.11) with a time-dependent timescale τ(d, t) reading

τ(d, t) =
ℏ

∆E(d)

t

g(t)
, (4.96)

where g(t) = 2
∫︁ t

0
ds
∫︁ s

0
ds′ f(s− s′) and ∆E(d) as in Eq. (4.16).

An already considered and physically reasonable choice for the two-time corre-

lation [117, 118] is f(t) = ΩCe
−ΩC|t|/2, which leads to

g(t > 0) = t

[︃
1− 1

ΩCt

(︁
1− e−ΩCt

)︁]︃
, (4.97)

where the frequency cutoff ΩC becomes a further parameter of the DP model. In

the limit of ΩC → ∞, one recovers the standard, white noise DP model, with

g(t) = t. It is clear from Eq. (4.97) that one has g(t) < t for all finite values of

ΩC > 0. Consequently, the time of collapse in the colored version of the model,

given by τ(d, t) in Eq. (4.96) is always larger than that of the standard DP model.

Therefore, classicality takes longer to be achieved. Although one could make

different choices of f(t), the physically motivated ones should decay in time and

we do not expect qualitative differences in the result. In summary, including

physically motivated non-Markovian effects tends to increase the collapse time

τ(d).

4.5 Conclusions

The DP model finds a unique place in our efforts to understand of the quan-

tum/gravity interplay. It proposes a path in merging the two theories, a quan-

tum theory of gravity, by assuming that the latter is responsible for the collapse

of the wave function. The model has been and is still subject to experimental

verification, with different platforms. In this work we studied how effective the

DP collapse is in predicting the emergence of a macroscopic classical world from

an underlying quantum structure. The conclusion is that not all macroscopic ob-

jects collapse effectively, meaning that there are some objects that do not collapse

within the perception time of the human eye, although they can be directly seen
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by it. If its size increases by a couple of orders of magnitude in length or thick-

ness, the collapse becomes fast enough.

Our analysis, therefore, shows that the quantum-to-classical transition in the DP

model occurs roughly at the border (1010−1012 atoms) between what we consider

meso and macro. In this region, the collapse is roughly independent from R0 for

a large range of values (1− 106 Å). This is relevant since the existence of R0 seems

artificial, and in fact, in the past, ways to removed it were proposed [25, 42, 56],

which however were not successful [28, 78]. It will be interesting to see whether

this boundary set by the gravitational collapse of the wavefunction is more than

a coincidence.

To fully test this boundary up to R0 = 106 Å, experiments should be considerably

developed. The most promising experiments are the so-called non-interferometric

ones [77], which are based on the detection of diffusive effects due to the col-

lapse. To date, the strongest bound R0 ≳ 4Å is set by experiments searching

for collapse-induced radiation emission from a Germanium crystal [76]. Since

the predicted radiation emission rate is proportional to R−3
0 , an improvement of

the bound on R0 of six orders of magnitude (required to close the gap between

experiments and theory) requires 18 orders of magnitude improvement on the

sensitivity. While the expected radiation emission rate can be increased by con-

sidering photons at lower energies (order of a few keV) [119] rather than those

considered in [76], it is not obvious how to fill such a large gap. Clearly, this rea-

soning does not hold if one rigidly focuses on the plate configuration; in that case,

the model would already be ruled out. If, instead, as suggested by Penrose him-

self [56], one relaxes the requirement to consider a three-dimensional object, the

corresponding bound shifts by approximately six orders of magnitude. Notably,

a preprint work by Aprile et al. [98] improves the bound on R0 by five orders

of magnitude, leading to R0 > 4.5 × 10−10 m [4.4 × 10−10 m] at 90% C.L. [95%

C.L.]. Nevertheless, the gap remains quite large. Another type of experiments

that might be relevant are based on the detection of spontaneous heating, which

set a lower bound R0 ≳ 4.6 × 10−2 Å [89]. This bound is two orders of magni-

tude lower than that from radiation, but it has the merit of being more robust to

possible non-Markovian generalizations of the DP model. However, also in this

case, the predicted increase is proportional to R−3
0 , requiring an improvement in

sensitivity of 24 orders of magnitude to reach the upper bound.
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Chapter 5

Conclusions

The investigation presented in this thesis addressed the interplay between quan-

tum mechanics and gravity through the lens of collapse models and gravitation-

ally induced decoherence. Despite the remarkable predictive power of quantum

theory and the geometric elegance of general relativity, a fully consistent frame-

work unifying the two remains elusive. One of the key open questions is how the

quantum–to–classical transition arises and whether gravity itself might play an

active role in this process.

Within this broader context, we have focused on two complementary approaches:

the Diósi-Penrose model and the Károlyházy model. Although conceptually dis-

tinct, both share the central idea that gravitational phenomena may induce devi-

ations from standard quantum mechanics. The DP model attributes the sponta-

neous collapse of the wave function to the gravitational self-energy of superpo-

sitions, while the Károlyházy model connects decoherence to stochastic fluctua-

tions of the spacetime metric.

In the first part of the thesis, we reviewed the foundations of open quantum sys-

tems and collapse dynamics, providing the theoretical framework necessary to

describe the emergence of classicality. We then analyzed the Károlyházy model,

extending its formulation by relaxing the constraint that metric fluctuations sat-

isfy a wave equation. This generalization led to a class of admissible correlation

functions consistent with both theoretical conditions and experimental bounds.

The resulting allowed range for the model’s characteristic parameter RK (valid

for a Gaussian spatial correlation function and updated to 1.23m ≤ RK ≤ 1.98m)

represents a narrowing of the admissible parameter interval. This work shows

that, with appropriate assumptions on the stochastic structure of spacetime, Károly-

házy’s original intuition can be reconciled with current observations.

The second part focused on the DP model, investigating its capability to account
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for the quantum-to-classical transition. Through analytical and numerical analy-

ses, we found that the collapse becomes effective at the mesoscopic–macroscopic

boundary, corresponding to systems containing 1010–1012 atoms. Interestingly, in

this regime, the collapse time is nearly independent of the parameter R0 across

several orders of magnitude. This finding suggests that the specific value of R0

may be less critical to the emergence of classicality than previously assumed. We

also explored non-Markovian generalizations of the DP model, showing that in-

cluding physically motivated memory effects tends to increase the collapse time,

thereby delaying the onset of classical behavior.

From an experimental standpoint, we discussed current and future efforts to con-

strain the parameter space of collapse models. In particular, non-interferometric

tests based on spontaneous radiation or heating of crystalline systems provide

the most stringent bounds on R0. However, bridging the remaining gap between

theory and experiment will require several orders of magnitude improvement in

sensitivity. Notably, recent results by Aprile et al. [98] have already strength-

ened the existing limits, demonstrating the rapid progress in this field. Still, as

discussed in this work, a rigid interpretation based solely on planar geometries

would already exclude the model, while a relaxation toward three-dimensional

objects, consistent with Penrose’s argument [56], shifts the relevant bounds by

approximately six orders of magnitude.

Overall, the results obtained in this thesis contribute to clarifying the domain of

validity of gravitational collapse models and to identifying the theoretical and

experimental challenges that remain open. Both the DP and Károlyházy models

illustrate that gravity could provide a natural mechanism for wave-function re-

duction, although their ultimate physical interpretation still awaits experimental

confirmation. The theoretical developments presented here lay the groundwork

for future refinements, and the experimental progress expected in the coming

years will be crucial to determine whether gravity indeed plays a role in the emer-

gence of classicality from the quantum world.
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