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Model Uncertainty and Missing Data: An
Objective Bayesian Perspective

Gonzalo Garcia-Donato*®, Marfa Eugenia Castellanos!®, Stefano Cabras*®,
Alicia Quir6s®@®, and Anabel Forte

Abstract. The interplay between missing data and model uncertainty—two clas-
sic statistical problems—Ileads to primary questions that we formally address from
an objective Bayesian perspective. For the general regression problem, we discuss
the probabilistic justification of Rubin’s rules applied to the usual components
of Bayesian variable selection, arguing that prior predictive marginals should be
central to the pursued methodology. In the regression settings, we explore the
conditions of prior distributions that make the missing data mechanism ignorable,
provided that it is missing at random or completely at random. Moreover, when
comparing multiple linear models, we provide a complete methodology for deal-
ing with special cases, such as variable selection or uncertainty regarding model
errors. In numerous simulation experiments, we demonstrate that our method out-
performs or equals others, in consistently producing results close to those obtained
using the full dataset. In general, the difference increases with the percentage of
missing data and the correlation between the variables used for imputation. Fi-
nally, we summarize possible directions for future research.

Keywords: Bayes factor, g-priors, ignorability, objective prior distribution,
Rubin’s rules.

MSC2020 subject classifications: Primary 62C10; secondary 62D10.

1 Introduction

Model uncertainty is a broad term for situations where a true data-generative model
is assumed unknown. Paradigmatic model uncertainty problems include model choice,
hypothesis testing, variable selection (VS), and model averaging. From a Bayesian per-
spective, a formal tool for addressing such problems is the posterior distribution over
the model space. It assigns, conditionally on the data, the probability of each model and
constitutes a comprehensive tool that is the basis for addressing all types of questions
in model uncertainty scenarios.

Obtaining the posterior distribution, from straight probability arguments, entails
severe difficulties of quite a different nature, particularly from an objective perspective
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2 Model Uncertainty and Missing Data

(see Berger, 2006, for a detailed discussion of objectivism in Bayesian statistics). Many
of these challenges have to do with the conditions that prior distributions must satisfy
for the Bayes factors (BF) to be well-defined (Jeffreys, 1961; Kass and Raftery, 1995;
Berger and Pericchi, 2001), multiplicity issues (Scott and Berger, 2005), and numerical
problems (not only for the computation of the marginal distribution for each model but
also for sampling strategies when the model space is very large). Motivated by these,
the field of model uncertainty has received considerable attention in recent decades
and has acquired high levels of maturity (see Bayarri et al. (2012) for a pioneering
attempt to standardize good practices and Tadesse and Vanucci (2022) for a collection
of contemporaneous techniques in the field). Unfortunately, for problems with missing
data, many of the proposed solutions do not apply directly, and their bases must be
carefully reconsidered. A distinguished case is that of g-priors (Zellner, 1986), and the
enormous number of generalizations they inspired (see, for example, Liang et al., 2008,
for an extremely popular reference), which dependence on a complete fixed design matrix
makes them useless in the case of missing observations.

1.1 Goals and structure

In this study, we focus on deriving reliable objective posterior distributions for model
uncertainty with missing data in light of the standards in Bayarri et al. (2012) and
all the references there compiled. For this task, Section 2 presents the problem from a
broad perspective, emphasizing the interplay between Rubin’s rules and posterior model
probabilities.

The remainder of the article is organized as follows. Section 3 derives several equiv-
alent expressions for the prior predictive marginals (the key ingredients of the posterior
model probabilities and the BF) in regression models. We then establish the condi-
tions for the ignorability of the missing mechanism and propose numerical strategies for
marginal computation using simulation methods. We conclude this section with gen-
eral considerations regarding the assignment of objective prior distributions on model
parameters. Section 4 derives a complete methodology for VS in linear models with
Gaussian errors based on a new prior distribution that extends g-priors, in a way that
the dependence on the missed values of covariates is circumvented. Section 5 addresses
a non-nested situation that has received very little attention in the literature. The
considered linear models disagree on the distribution of errors, which we illustrate by
comparing the different forms of the error covariance matrix. Section 6 evaluates the
performance of the model uncertainty procedure and compares it with results obtained
with the fully observed dataset (oracle); listwise deletions and some procedures proposed
in the literature. To this purpose, we employ several simulated and real datasets with
varying levels of missing data, some of which have been included in the supplementary
material (Garcia-Donato et al., 2025) as extra experiments. Finally, Section 7 concludes
the paper by describing several directions for future research.

The Supplementary material is structured as follows. Section A provides a detailed
overview of the main notation used throughout the paper. Section B contains the proofs
of key theoretical results, including propositions and identities referenced in the paper.
Section C presents additional experiments designed to further illustrate the performance
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of the proposed methodology. Finally, Section D discusses the choice of prior distribu-
tions in the general modeling framework.

1.2 A brief review of the literature

Research on imputation methods per se is a classical topic in Bayesian literature on
missing data. Recent studies on this topic include those of Xu et al. (2016); Mostafa et al.
(2020); Gomez-Rubio (2020) and Afimann et al. (2023). Other projects have focused on
estimating a fixed model in the presence of missing data without considering model
uncertainty, such as Ibrahim et al. (2002) for generalized linear models, Erler et al.
(2016) for longitudinal models, and Erler (2019) for epidemiological modelling with
time-varying covariates.

Within model uncertainty problems, several Bayesian researchers have responded
to the difficulties of obtaining a sensible posterior distribution in the presence of miss-
ing data by proposing alternative criteria for model selection. This is the path taken
by Ibrahim et al. (2002), who introduced a new criterion similar to the Bayesian In-
formation Criterion (BIC), and Celeux et al. (2006) and Ibrahim et al. (2006), who
extended DIC for missing data models or when missing data were present. Cohen and
Berchenko (2021) proposed a normalized version of Akaike’s Informatio Criterion (AIC)
and BIC that allows the selection of variables without providing the full model uncer-
tainty quantification based on the model posterior distribution. Similarly, Daniels et al.
(2012) proposed a model choice measure based on a posterior predictive distribution.
However, these measures do not provide any uncertainty regarding the model selection
question and have complicated interpretability.

In the context of VS, methods based on the direct use of a posterior distribution
have been published by Yang et al. (2005), Bozigar et al. (2020), and Storlie et al.
(2020). The last two emphasize imputation methods with specific applications in mind.
By contrast, Yang et al. (2005) is more general and has developed a full methodology
to define and implement the computation of posterior distributions for VS with missing
data. These studies consist of excellent deployments of Bayesian machinery to impute
missing data. However, aspects that govern the essential properties of the resulting
methods in relation to their model uncertainty are essentially unnoticed. For instance,
vague priors are used—despite the many warnings advising against it—and there is no
discussion regarding multiplicity issues, thus increasing the chances of reporting false
positives, which could be inadvertently caused by a casual choice of initial probabilities
assigned over the model space. In Section 6, we reproduce the simulation experiment
in Yang et al. (2005) and show that their results are significantly outperformed by the
posterior distribution we derive.

One work that connects, in spirit, to ours is Hoijtink et al. (2019). These authors
argued that research on BF with missing data has received no attention in the literature
and proposed easily implementable strategies to combine software for multiple imputa-
tion and BF calculations. Their study is limited to Bayesian testing; hence, it is strictly
included in our study.
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2 Notation and posterior probabilities

2.1 Notation

Following the convention in Little and Rubin (2020), let d ¢y identify the available values
in a dataset and let d(;y denote the missed observations. In model uncertainty there
are several models under consideration, that we denote . This discrete parameter takes
values from the set of possible alternatives ' (also called the model space). The Bayesian
framework transforms the prior distribution p(«) into its posterior distribution based on
the available data, which is denoted by p(vy | d(p)). We adopt the I'-closed perspective
and assume that one of the models in the model space is the true model.

Regarding the remainder of the notation, the letter f denotes the density function
for unknown but potentially observable random variables and vectors. The distribution
of the parameters within each model, either a priori or a posteriori, is denoted as 7 and
the marginal distributions, where the parameters have been integrated out with respect
to m, are labeled m. The particular form of any of these functions under a given model
~ is identified by the corresponding sub-index, and, for instance, f is the form of f
proposed under model .

2.2 Rubin’s rules and model posterior probabilities

What has been termed “the key Bayesian motivation for multiple imputations” (Rubin,
1996, p.476) is a simple probabilistic identity that has greatly influenced the area of
statistical methods to handle missingness. In the context of model uncertainty, this can
be written as

p(v | dggy) = / p(v | oy doy) m(dgy) | dgoy) dd) (1)

where p(vy | d(gy,d(1)) is the posterior probability of v given the completed dataset and
m(d(y) | d(o)) is the posterior predictive distribution for dy).

This identity suggests a possible strategy for approximating p(v | d(y)) by creating
multiple imputations of the dataset and then reporting the mean of the model’s posterior
probabilities over the completed datasets. This procedure aligns with Rubin’s rules and
can be easily implemented with specific software for imputation (such as mice by van
Buuren and Groothuis-Oudshoorn, 2011) properly combined with software for posterior
model probabilities (such as BayesVarsel by Garcia-Donato and Forte, 2018). However,
a close examination of the posterior predictive distribution reveals that it depends on
the posterior probability of the model, that is

m(dq) [ d) =D ms(da) | de) p(y | d))- (2)
yel’

The fact that the target probability p(vy | d(p)) appears on both sides of Equation (1)
hampers the formulation of the mentioned strategies, a la Rubin’s rules, simply because
the distribution for imputation (2) is unknown. Unavoidably, a single model must be
used for the imputation step (consciously or unconsciously), leading to a methodology
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that is not endorsed by the probabilistic equation in (1). This is the basis of the “Impute
Then Select” method in Yang et al. (2005).

Alternatively, as is routinely performed in estimation problems, we can envisage
a Gibbs sampling algorithm where (v,d(;) | d(g)) are jointly drawn from their full
conditional distributions (v | d(1y,d(p)) and (dy | 7v,d(o)). This is the basis of the
method “Simultaneously Impute And Select” (SIAS) proposed in Yang et al. (2005).
Implementing such a strategy requires supplementing the main simulation algorithm
with embedded steps that sample the model-specific unknown parameters from their
posterior distributions. A complicating factor is that the model changes from iteration
to iteration, potentially resulting in a simulation scheme with poor mixing properties.
A theoretical formalization of this conjecture goes beyond the scope of this paper, but
provides a possible explanation for the clear inferiority of STAS shown in the numerical
study in Section 6.1.

The starting point of our research follows directly from the application of Bayes’

theorem:

m (d0))p(7) 3)
er My (deo))p(v')’
where m.,(dg)) is the density of the observations under model v (i.e. the normalizing
constant of model v posterior parameters or the integrated likelihood of model param-
eters with respect to their prior distribution) and p(y) is the prior probability of model
~. Obviously, (1) and (3) are equivalent, but the latter focuses on marginals—which
are key quantities in our research—and, in principle, does not have an interpretation in
terms of Rubin’s rules.

p(v 1 dwy) = S

3 Model choice in regression settings with missing data

3.1 Notation and first considerations

In a regression problem, the data consist of samples of size n of a dependent variable,
and k explanatory variables collected in corresponding vectors y and xi,...,x. We
assume that all variables are quantitative and denote z;;, 1 < i < n, 1 < j < k
the i-th component of vector ;. The case with qualitative regressors is discussed in
Section 7. To identify missing values, we introduce the binary matrix M = (M;;) of
dimension n x (k4 1). A value of M;; = 1 for j < k indicates that x;; is unavailable (to
the analyst), whereas M;; = 0 indicates that it is available. In this notation, column
k+1 of M represents the missingness of the response variable y. Following this (0)/(1)
notation, we denote x(g) = {z;; : M;; =0, for1 <i <n, 1 <j <k} and Yo) =
{yi + Mipy1 =0, for1 < i < n} and, similarly, ) = {z5; : M;; = 1, for1 <
i<mn, 1 <j<k}and yq) = {yi: Mip+1 =1, for1 < i < n}. The length of
Y(o) 1s labeled ng. The correspondence of this notation with the one introduced in the
previous—more general—section is d(g) = (y(o), x(0), M) and the non-observed, random
values as d(1) = (Y1), T(1))-

Additionally, we let X be the n x k matrix with entries z;; and X the matrix
with the same entries centered around their column means (i.e. with elements z;; —
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n~t 3" | ;). Without missing data and after data collection, , these matrices will be

known. In contrast, with missing data, some cells in X and/or X will remain random.

Finally, we define X,,, as the ng x k matrix with entries x;;, but only for those ¢ where

the dependent variable has been observed, and a similar notation for X, (the matrix
. . —1—n

with entries x5 —ng ™ 322y, L 20 Tij)-

In this setting, the competing models are indexed by « € I', where « is a binary
vector of dimension k. Each component of ~ takes the value 1 if the corresponding
covariate is included in the model, and 0 otherwise. The bold notation emphasizes its
vector nature. We then assume that models v € I' can be expressed as:

fv(y,$1,-~-733k,M|a7ﬂ-y>'/7"/’) = f‘Y(ylxla"'7wk7a7/8'y) (4)
X H f(@it, Tig, -, ik | V) (5)

=1
X f(M‘ya:Bh"'amkv’lp)' (6)

Notice that competing models only differ on (4), that is, on how the covariates
influence y. This conditional distribution is presented in a general manner to cover a
wide range of situations and, in particular, the two that will be treated in detail in
Section 4 (variable selection) and Section 5 (concerning competing models agreeing on
the relevant covariates but disagreeing on the density).

Regarding the regression parameters, we denote those appearing in all competing
models (if any) as « (e.g., the intercept) and those specific to « (such as the regression
parameter corresponding to an included variable) as B In this sense, we will refer to
the null model as the model that depends only on «, since none of the covariates are
included.

Notice that in the introduction of the models, we have opted for a nonstandard
notation in which all covariates appear in the conditioning. This does not necessarily
imply an effective dependence of y on all k covariates on all models in I" (usually certain
models in the model space will not depend on any covariate, e.g. a model with only the
intercept, and even certain covariates in the database will not appear in any competing
model). The reason for this additional complexity becomes clear when the missing data
problem develops. However, we anticipate that variables that do not appear in any
competing model for y may still be valuable in the imputation process (5).

Much of the literature assumes that the values of the covariates are known (either
because the data come from a designed experiment or as a simplification), in which
case, (5) won’t be considered. The marginal to be inserted in (3) would be

my(y | x1,...,xp) = /fv(y | x1, ., o By )Ty (e By | 2, )d e B ], (T7)

where ﬁv(a,ﬂ,\/ | @1,...,xk) is a prior based on a fixed design matrix; for example,
g-Zellner type priors (Zellner, 1986; Zellner and Siow, 1980; Bayarri et al., 2012; Liang
et al., 2008; Ferndndez et al., 2001), spike and slab priors (Ishwaran and Rao, 2005),
and non-local priors (Johnson and Rossell, 2010), among others.
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However, for the case with missing data, it is customary to consider the covariates
as random as it is explicitly assumed with (5) (sometimes referred to as the imputation
model). It plays a central role in dealing with missing data, and there is substantial
literature on imputation models to accommodate different types of variables, as we
mentioned in the introduction. Any of these can be used as desired without affecting
the methods in this paper, with the only condition of the existence of the mean vector

p=pw)=E{(z,...,z)" | v}, (8)
and the variance-covariance matrix
X=3%v)= E{[((fl,m yap)! — N)((xh k) — N)t | V}~ (9)

We will use a multivariate normal imputation model in the section devoted to experi-
ments.

Finally, to complete the probabilistic structure of the competing models, we must
specify how the missing observations occur. The generally accepted framework that we
adopt was introduced in Little and Rubin (2020) and assumes that originally data are
fully observed but some observations are hidden for the analyst. The process by which
some observations are hidden is unknown, which leads us to consider M as a random
matrix whose modeling is specified in (6) where 1 are the parameters governing the
missing mechanism.

For every model v € I'—defined in (4)—(6)—and given a prior distribution for the
unknown parameters 7~ (c, By Vs 1)), we can now proceed to obtain the posterior prob-
ability for each model using Equation (3) where

m~(d(0)) = M~ (Y(0) T(0), M) =
/f'y(y(o)ay(l) | Z0), x(1), @ By) f(@©): 1) | V)F(M | Y0y, Y1), T(0), T(1), %)

X 7T’y(a7 /nya v, w)d[a7 /B»'ya v, d"v m(l)a y(l)]
(10)

3.2 Ignorability of the missing data mechanism

We inspect the conditions under which Bayes factor, and hence the posterior probabil-
ities of models, remains unaffected by the specific form of the missing data mechanism

(6)-
According to van Buuren (2018), missing at random (MAR) holds if
f(M | y(O)vw(O)vy(l)vw(l)v¢) = f(M | y(o),w(o)ﬂ/’)a (11)

while missing completely at random (MCAR) holds if the distribution of M does not
depend on the observed data, i.e.

FM [ Y0y, ®0), Y1), 1), ) = f(M | ).

In the next result we prove that, under the MAR assumption (or the more restrictive
MCAR), the distribution of M is ignorable.
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Proposition 1. If we assume MAR, and for all 4 € " the prior distribution satisfies:

ﬂ-’)‘(aalg'\pyﬂ’lz]) :ﬂ-"/(avlg'y?y)ﬂ-("p)' (12)
then

mw(y(o),w(o),M) S8 my(@/(g),ﬂ?(o))» (13)
where

My (Y (0): T(0)) =

/f»y(y(()) | Z(0), (1), @, Bo) f(x0), Ty [ V)74 (2, By, v)d[e, By, v, T (1))
(14)

Proof. The proof can be found in Section B.1 of the Supplementary material. U

Note that missing values in the response, ¥y, do not affect the marginal but their
observed covariates still affect the marginal and thus the model selection problem.

Condition (12) requires that the parameters in the regression and imputation com-
ponents of the model are independent (a priori) of the parameters governing the missing
data mechanism. In what follows in this paper, we assume MAR and that this condition
holds. This combination exempts us from specifying (6) and 7(¢) in virtue of Propo-
sition 1. For a missing not at random mechanism, in which M depends on unobserved
data, the proposition does not hold, and a model for M would have to be specified. We
will revisit this hypothesis in the discussion in the concluding section.

3.3 A recognizable expression for marginals with missing data

Normally, procedures for dealing with missing data follow the logic of being extensions
of a complete data method, with missing values replaced by some type of imputation.
At first glance, the relevant marginal m-(y o), (o)) defined in (14), shows no evidence
of this logic. Next, we derived an equivalent expression interpreted in this manner.

Result 1. Up to a proportionality constant common to all models and factorizing (12)
as

Ty (@, By v, ) = Ty (@, By | V)T (V)7 (3h), (15)

an equivalent expression for (14) is
My (Y (0): T(0)) X /m.y(y(o) | 0y, Ty, V)T (T0), V| Z(0)) d[X(1), V] (16)
where 7(x (1), v | () is the posterior distribution of (z(y),v) given x (), and
m'Y(y(O) | m(0)7m(1)7’/) = /f')‘(y(o) | x(O)am(1)7a7/8'y)7T‘Y(a)/B~y | V)d[aaﬁ-y]' (17)
If model « has only common parameters, then the expression becomes:

M (Yo) | Z(0), ), V) = /f'y(y(o) | Z(0): (1), @)y (e | v)dar. (18)
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Proof. The proof can be found in Section B.2 of the Supplementary material. O

In Equation (17), m,—a function of v and @ (;)—is the “missing data” counterpart
of the corresponding marginal used in the full data case for the calculation of BF (cf.
Equation 7), that is m(y | 1,..., ;). Thus, Equation (16) states that My (Y 0 x(0))
is the expected value of such “missing data marginal” with respect to the posterior dis-
tribution 7(x (1), v | € (p)) (Which does not depend on « and that only involves observed
covariates).

For a generic model v with no missing data in the corresponding included covariates,
it is clear that m(y (o) | Z(0), ), v) = M4 (Yo | T(0), V). Therefore, after integrating
x (1) into Equation (16), a simpler expression for m- (y g, Z(0)) can be derived as

o (5 0y, T () X / (W0, | 20y, ) 7w | 2 (o)) o (19)

3.4 Computing the marginal by simulation

If a manageable expression for m,y(y(o) | (o), (1), V) is available, the marginal My (Y 0y
x(0)) can be approximated with a Monte Carlo-based routine, as follows:

Forj=1,...,J:

Step 1: Draw v ~ w(v | z(g)),

Step 2: Draw mgg ~ f(z) | ®0), v,

Step 3: Calculate ml) = m,,(y(o) | m(o),mg'i;?V(j))’

then compute m~ (Y, T(0)) ~ J~13 " mU). The implementation of Step 2 can be ap-
proached with standard augmented Gibbs schemes (see, for instance, Hoff, 2009).

In connection with the comment made about the possible poor mixing properties of
methods like STAS (Yang et al., 2005), note that in our approach the simulations are
conditional on a given model, so the possibility of poor mixing disappears.

3.5 Objective prior distributions on model parameters: general
considerations

The standard Bayesian method for addressing the absence of prior information uses
improper distributions. In estimation problems (the model is fixed), the impropriety of
priors does not imply any additional difficulty as long as the posterior is proper. There
is a large body of literature regarding which priors are best suited to different models
(consult the catalogue Yang and Berger, 1997). Many of these can be obtained with
mathematical rules (like Jeffreys’ priors or reference priors; see Kass and Wasserman,
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1996). We refer to such (objective for estimation and usually improper non-informative)
priors with the superindex V.

In the case of model uncertainty, the situation is quite different, and priors need to
be carefully specified. In the Supplementary material, Section D, we discuss in depth
about the structure of the prior, finally recommending:

Ty (e, B, v) = 7 () (V)7 (B | v, ), (20)

reducing to
M) (v) (21)

Ty (o, v) =7 ()7

for models with only common parameters. Above, the only ingredient that remains
unspecified is 7y (8., | v, &) which must be proper. We determine this distribution for
the two problems considered in this paper in the following sections.

4 Variable selection in the general linear model

4.1 Model comparison and Zellner’s g-prior

In variable selection, the standard notation used to index models identifies which co-
variates are active and which are not. We also follow this convention and define v (note
the bold symbol) as a k-dimensional binary vector. Then, for v # 0 let X, (and 7.,,
Xy nos X~.my) be the sub-matrix of X (respectively X, X,, and X,,) containing the
ky = Z?Zl ; columns corresponding to the ones in ~.

Let’s consider the problem of selecting between two models of the form (4)—(6) where
I ={0,v} with

fO(y | xlv"'amlﬂﬁ()ag) = Nn(y | 601702])

and
f’)‘(y | L1, amk760aga /87) = Nn(y | 501 +X’)’ 7702I)a

where 1 and I represent the vector of ones and the identity matrix with conformably di-
mensions. Notice here that the common parameters among all models are the intercept,
Bo, and the standard deviation, o, i.e. @ = (5p, 7).

For the traditional case where X was considered non-random (and obviously there
were no-missing values), Zellner (1986) proposed the prior Ny (8, |0, g0? [Yiyv]’l)
with g = n. This prior, that has been also called the unit information prior (Kass and
Wasserman, 1995), leads to a Bayes factor of My to My (see e.g. Liang et al., 2008):

(1 n n?—Z) S (1 n n) (ke (22)

where S is the residual sum of squared errors for ~.
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4.2 Imputation g’-prior

Definition 4.1. We define the imputation ¢’-prior as

71—’7(/3'7 | ﬂo,O’,V) - Nk-y(ﬁ'y | Oagl 02 2;—1)7 (23)

where Y., denotes the corresponding k. x k- block matrix from ¥—the variance co-
variance matrix of the covariates under the imputation model defined in (9).

The arguments that lead to the definition of the imputation g’-prior are elaborated
in Section 4.3.

The prior just introduced (despite the label ‘imputation’ in its name) does not
strictly require that the data are affected by missingness. It is conceived for when the
covariates are assumed to be random (a hypothesis that can arguably be considered
as more realistic than the standard one of a fixed design). In fact, g-Zellner prior can
be interpreted as an empirical version of the imputation ¢’-prior with ¢’ = 1, as the
variance-covariance matrix in the g-prior converges to that of the imputation ¢’-prior as
n grows. This limiting agreement justifies our conventional choice ¢’ = 1 that we use in
our numerical experiments. Alternatively, ¢’ can be seen as a hyperparameter—as in e.g.
Liang et al. (2008) or Bayarri et al. (2012)—with prior distribution g’ ~ 7(g’) leading
to an hyper-¢’ imputation prior. We leave the exploration of this further generalization
for a future research.

Proposition 2. The imputed ¢’-Bayes factor—corresponding to the prior under the
scheme (20), (21) and (23) and 7 (B8y,0) = o1 — Byo(Y(0y: T (0)) s

5 { So (no—1)/2
J— —t — —1=t
So — yfo)X‘Yﬂbo (Xv,noX'Yano + %E’Y‘Y) X%noy(o)
—t — _ I 71/2
x ‘X'v,noX%no E'y; + q }’ (24)

where the expectation is with respect to the posterior distribution 7V (

and Sy is ng — 1 times the sample variance of Y(0)-

1),V | @),

Proof. The proof can be found in Section B.3 of the Supplementary material. O

The imputed ¢’-Bayes factor generalizes the one obtained with g-Zellner prior to
the case where the covariates are considered random and data is fully observed. In fact,
for the complete data case, Zellner’s-g Bayes factor (cf. equation 22) can be seen as
an empirical version of Byo(Y (o), Z(0)). This interpretation holds because (24) reduces
to (22) if ¢’ = 1 and X, is replaced by its sample version n_1Yi/Y7 (for details,
see Result B.3 in Supplementary material, Section B.3). Asymptotically, the empirical
interpretation can be made empirical Bayes. This is because, under very mild conditions
on the prior 7V (v), the matrix n_lyiy,y and the posterior mean of 3., (with respect
to the posterior distribution 7V (v | )) asymptotically coincide.
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4.3 The construction of the imputation g’-prior

With respect to the common parameters (3p,0), as discussed in the Supplementary
material, the use of the same prior in both models is reasonable if these parameters rep-
resent similar magnitudes in both models requiring a reparameterization in the model.
In particular, we need to reparameterize the intercept to justify the assumption of a
similar meaning. The idea is to transfer the mean of « to the intercept such that it has
zero mean, as follows:

/801+X’767 = ﬁol—i_X’Y/B’y—’_ufy/B'yl_“fy/B'yl:(ﬁo+H't713'y)1+(X’7_1“'ty)ﬁ'y:
def

= Bi1+(Xy—1pl)B,,

where p = pu(v) = E{x | v} is the mean of x as obtained from the imputation model
(5) and p is the corresponding elements of p in model «. With this reparameterization,
the model = is redefined as:

vy ez, 55, By, 0) = Nauly | 51+ (Xy — 1u8) B4, 0°1). (25)

Now, the parameter 5 (in ) is the mean of y when the values of the covariates
coincide with their expectations, which aligns with the meaning of 3y in the null model
(which represents the mean of y regardless of the values of the covariates). This jus-
tifies using the same prior distribution (informative or objective) for Sy and 5j. Note
that this result is achieved when the columns of X, are centered with respect to their
expectations, which is the counterpart to centering with respect to their sample means,
as is routinely done in the literature.

The above argument is rather informal but was used in the early literature on
Bayesian testing, such as Jeffreys (1961) or Zellner and Siow (1980). More recently, Kass
and Raftery (1995) worked on formalizing the concept of common parameters with simi-
lar meanings. They reasoned that such an assumption is sensible when the common and
new parameters are orthogonal (i.e., the expected Fisher information matrix is block
diagonal). In this case, the common parameters represent the same quantities, opening
the possibility of using the same prior for both. When the covariates are random, the
expected Fisher information matrix, J, for the parameters involved in the regression
component of the model « (after the integration of y) is obtained over the imputation
model of the covariates. In particular,

1 n 19(Xy —1ptb) 0 "
I=5E{ (X —01uf,)t1 (Xy - lu%)(;(Xv —1pb) 20 = (193, 82),
n

(26)
where ¥ denotes the ky x k-, block diagonal from ¥ = ¥(v) = V(x | v) corresponding
to the active variables in . We conclude that 3., and (85, o) are orthogonal, and that if
70(Bo, o) is used for the null model, we can use my (55, 0) = m (85, o) for the alternative
model. Note that this orthogonality does not hold for the original parameterization
(Bo, o). In the absence of prior information, the obvious choice in this case is to use the
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reference priors mo(Bp,0 | v) = o' and 7 (8§,0 | v) = 07!, which do not depend on
the parameters of the distribution for the covariates, v.

Once we have established the prior for the common parameters, we now determine
the prior 7 (8., | 85,0,v). The extensive literature on g-priors agrees that we should
use a k,-multivariate normal density (perhaps mixed to obtain flat tails) centered at
zero and with a unitary covariance matrix. This matrix is defined as the block corre-
sponding to the inverse of the Fisher information matrix multiplied by sample size, n.
For a complete dataset, this route leads to the use of no? (7;?7)_1 (where X, has
columns centered around the sample mean), as proposed in Zellner and Siow (1980) and
unanimously followed in the related research (see Bayarri et al., 2012, and references
therein).

Mimicking this path in the case of missing data (or more in general for random
covariates) is straightforward because we now have the expected Fisher information
matrix. Furthermore, obtaining the inverse is rather simple because the matrix is block
diagonal as a consequence of reparameterization (cf. Equation 26), leading to n"—: E;}Y =
o? E;}/ Remarkably, the sample size does not enter in the expression leading to (23)
with ¢’ = 1, as proposed. Finally, putting it all together, we arrive at the prior

T (B5,0,8, |v)=0"" x Ny (B,]0,g'0°S)).

It is straightforward to prove that this prior, expressed in the original parameterization
of the model, leads to

777(60’0-; /37 | V) = U_lNk., (ﬂFy ‘ 0’91022;’1’)’

since the Jacobian corresponding to the change of variables {fo,0,8,} — {450,
B, }—where recall 85 = fo + p, B, —is 1.

4.4 Variable Selection

The basis for developing VS methods in the context of missing data is the two-model
selection problem described in Section 4.1. In VS, the goal is to find which of the
covariates {x1,...,zy} have a real effect on the response, y.

The list of possible models can be expressed using the binary parameter vector
~" = (71,.-.,7k), where 7; = 1 if the response depends on z; and zero otherwise. For
example, a model with only xs corresponds to v* = (0,1,0,...,0). The set of possible
models is denoted by T' and its cardinality is 2%, considering only the main effects.
The posterior probability of each model ~, as shown in Equation (3), depends on the
prior probabilities over the model space. Some objective prior proposals are uniform,
p(y) = 1/2F for 4 € T, or the hierarchical uniform prior discussed by Scott and Berger
(2010): p(y) x 1/(klfy),—recall ky = Ej ~;—, which is uniform in the model size. We
strongly recommend the last prior because it accounts for the multiplicity of comparisons
(Scott and Berger, 2010).
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The model posterior distribution p(y | Yy, ®(0)) is the main tool for quantify-
ing uncertainty in the VS problem and must be properly summarised to produce use-
ful reports. Rather than selecting a single model, as in the case of model compari-
son, the posterior distribution offers an enormous variety of ways to gain insight into
the primary question of measuring the effect of different covariates on the response.
Common summaries are the highest probability model and its probability; the pos-
terior inclusion probability of each individual variable, which for the jth covariate is
p(vi =11 Y)x) = Zwer:wzl (v | Y(0)s ®(0)), and the median probability model,
which includes covariates with inclusion probabilities larger than 0.5 (Barbieri et al.,
2021; Barbieri and Berger, 2004).

Finally, the posterior distribution provides straightforward access to (Bayesian)
Model Averaged estimations and predictions as described in Hoeting et al. (1999) or
Steel (2020).

5 Uncertainty on the distributions of the errors

Model comparison Let X; be an n x k; matrix containing certain subset of the co-
variates in X (possibly with missing cells). We consider the problem where competing
models agree on the covariates but differ in the density assumed for the errors. Conse-
quently, we have two candidate models of the form (4)—(6) where

— 16— X
(y Bo 1,31)

r={1,2
. , VE {1,2}

f’y(y ‘ "Bla"'amkalgmaaﬁl) =0 " h’y

and hi, he : R™ — IR are known (multivariate) probability density functions symmetric
about the origin (ie. hy(v) = h,(—v) for all v € IR"). In this problem, there is un-
certainty regarding the distribution of the errors (e.g., a multivariate normal versus a
multivariate Student’s t or, as in the accompanying example, testing a particular het-
eroscedastic form). This situation, assuming constant matrix X7, was studied in Berger
et al. (1998).

Following the arguments below, the priors we propose are
7 (Bo, By, 0, v) = 7 (Bo, By, o)™ (v) = o7 (v). (27)
From these, the imputation Bayes factor is the ratio of marginals

_ E{mi(y ) | @), ), v)}
E{ma(y o) | (o), ), V)}

312(y(o)7 z(0))

where both expectations are with respect to ﬂN(m(l), v | x)) and

Yoy — 180 — X1y

g

_ 1
m"/(y(O) |m(0)7m(1)7y):/0 o h'y ( > ;d[ﬂ(%ﬁha]v
for v = 1,2. Notice that, in this case, m, does not depend on v—only on x)—and
hence the expectation in (28) is with respect to the a posteriori predictive distribution

7TN(£L'(1) | :13(0)).
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The construction of the imputation prior. First notice that both competing models
share a common group of invariance. More concisely, they are group-invariant with re-
spect to transformations of type (see for example, Eaton, 1989): {y — cy+[1 X1]b, c €
R;be R™}.

The parameters [y, 8,0 have the same dimension and common meaning regarding
their roles within the aforementioned shared invariance structure. For instance, o acts
as a scale parameter in both models, whereas 3 is the location parameter. This provides
a justification for using the same prior 71 (8o, 81, 0) = m2(5o, B1,0). The common form
is taken to be ¢! because it is the right Haar measure associated with the said type
of invariance. Remarkably, this informal reasoning was supported by formal arguments
from Berger et al. (1998), who perhaps provided one of the most important results
for objective priors within model uncertainty. These authors showed that the assumed
symmetry of h.,, the right Haar density provides an exact predictive match (see also
Bayarri et al., 2012).

Note that the proposed prior (27) follows the general recommended scheme (21)
where the parameters £y, 8,0 and v play the role of common parameters and there
are no new parameters.

Example. In this example, we test for possible heteroscedasticity in the errors com-
paring
hi(e) = N,(e]0,I), ha(e) = N,(e|0,), (29)

where W is a known positive definite matrix. If there are no missing values for the
dependent variable, in Section B.4 of the Supplementary material we show that m (y |
x(0), (1), V), for v =1, 2, has a closed-form expression leading to

E{S; "R X)) (1 X))
E{S\;(n—kl_l)/2|(1 Xp)t0-1(1 X1)|71/2|\Ij|71/2}7

Bia(y,x(0)) = (30)

where
Sy = yt(\I/_l _ \11—1(1)(1)((1X1)t\11—1(1X1))‘1(1X1)t\1/—1)y

(sum of the squared errors when regressing U —'/2y with the columns ¥—'/2(1 X1)), and
-1
St =y (I - (LX) (LX) (1x1) (1)) w,

the sum of squared errors when regressing y with (1 X).

If y had missing observations, the expressions would be similar, replacing y with
Y(0) and n with ng and selecting the rows corresponding to the observed units in (1Xy)
and U.

6 Numerical experiments

We conducted several experiments to shed light on the implications of missing observa-
tions in model uncertainty problems. This study attempts to fill a gap in the literature
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where the evidence thus far is limited, especially from a Bayesian perspective. We per-
formed five experiments based on the general linear model but of quite a different nature,
ranging from highly controlled simulated cases to real datasets. The first four experi-
ments considered the uncertainty of the regressors, while the fifth experiment questioned
the structure of the error covariance. For comparisons, in all cases we have access to the
full dataset (before missingness occurs).

In all cases, we use a multivariate normal imputation model. That is, (5) is
(Ti1, Tizy - - Tik) |V ~ Ni(p,X)

where v = (i, ). Some of our experiments are based on real data with covariates far
from being normal (see Experiment E2 of Supplementary material), hence allowing to
analyze the effect of a bad imputation model in the posterior distribution. The reference
prior that corresponds to the multivariate normal distribution is derived in Chang and
Eaves (1990): 7% (u, X)) = |2~ *+D/2|T + 2% ¥ ~1~1/2, where * denotes the Hadamard
product (component by component). The corresponding posterior distribution has no
closed form, but it can be sampled easily using the simple rejection algorithm described
in Sun and Berger (2006).

Experiments 1, 2, E1 and E2 concern Section 4 and we refer to the oracle g-BF to
the Bayes factor (22)—corresponding to the g-prior with g = n—using the full dataset.
Similarly, the same Bayes factor applied to the dataset resulting after listwise deletion
is termed as listwise deletion g-BF. Finally, our proposed Bayes factor, which utilizes
all the available data by means of (24) is the imputed g'-Bayes factor.

The corresponding software can be found as a shiny application,' and the core code
is available on github? along with the other pieces of code mentioned below.

6.1 Experiment 1. Variable selection

In this section, we reproduce the simulated experiment of Yang et al. (2005) to compare
our results with STAS (see Section 2.2), which showed the best performance among the
methods compared in that paper. For a comprehensive comparative study, we added
the results for the full dataset (referred to as the oracle) and listwise deletion.

The experiment consisted of £ = 10 potential explanatory variables, z1,...,x10,
simulated independently of a multivariate normal, where the off-diagonal elements of the
correlation matrix were p € {0.1,0.5} (defining two different scenarios). This is combined
with two ignorable missing data mechanisms: the MCAR mechanism, where values are
randomly dropped from z;, j = 1,...,10 independently with a probability of either
5% or 10%, resulting in a global missing percentage (i.e., the proportion of individuals
with at least one missing value in any covariate) of 40% and 65%, respectively, and
an MAR, where z1, ..., x5 are fully observed, while amputation (i.e. the process where
missingness is induced in complete data) is performed over x;, j = 6, ..., 10, with the
same overall percentages of missing data as before, that is, 40% and 65%. For the latter

Ihttps://stefanocabras.shinyapps.io/mugmissing/
2https://github.com/scabras/mugmissing


https://stefanocabras.shinyapps.io/muqmissing/
https://github.com/scabras/muqmissing
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scenario, we use the ampute function from the mice package in R, considering different
missing patterns with 20% or 40% missing data for each variable to obtain the desired
global missing percentages.

The response variable y was simulated using the following linear regression model:
Yi = i1 + 2T + 2i6 + 2247 + &4, € ~ N(0,0% = 2.5),

where ¢ = 1,...,n = 100. For each combination of p € {0.1,0.5}, the overall percentage
of missingness (40%, 65%), and missing data mechanism (MCAR, MAR), 100 datasets
were simulated.

We calculated the posterior inclusion probabilities based on the oracle g-BF, listwise
deletion ¢g-BF, and imputed ¢’-BF, to which we appended the results reported in Yang
et al. (2005) corresponding to the STAS method. Following Yang et al. (2005) and for
comparison purposes, we also compute and adopt the same summary statistic, which
they call the signal-to-noise ratio (SNR) of the inclusion probabilities, to compare the
discriminatory power of the procedures, namely the ratio of the minimum inclusion
probability (the “signal”) for true covariates to the maximum for spurious predictors
(the “noise”):

min p(v =11 Y0y T(0))
true cov.=;€{1,2,6,7}
SNR = .
max p(v; =11 Y0, T©)

noise cov.=;e{3,4,5,8,9,10}

Table 1 shows the mean and standard deviation of each active variable’s posterior
inclusion probability and SNR for each combination of design elements. The conclusions
drawn from this table are as follows:

The first conclusion is that listwise deletion performs competently and clearly out-
performs SIAS. This is a surprising result, especially considering that this superiority
occurs in all cases, both in the ability to preserve the strength of the true signals and in
the discriminatory power (as measured by SNR). Furthermore, the differences between
the two approaches are generally substantial. When comparing imputation and deletion,
when the correlation between the covariates is small (p = 0.1), the two approaches be-
have similarly in terms of sensitivity (the ability to detect true positives). As p and the
percentage of missingness increase, imputation outperforms listwise deletion, justifying
the extra effort required in the procedure.

The imputation SNR, was considerably better than the other methods (persistent
in all cases and quite pronounced in some cases). Obviously, this is essentially a better
performance in terms of specificity (the ability to detect true negatives) simply because
the inclusion probabilities of signals are very close to one in the vast majority of cases. In
fact, a possible estimate for the average maximum inclusion probability of the spurious
variables can be obtained by dividing the minimum of the average inclusion probability
of the true signals by the SNR, implying that these estimates would be between 0.24 and
0.30 for the imputation ¢’-BF, 0.27 and 0.37 for deletion, while for SIAS, it falls within
the range 0.29 and 0.46. Compared with listwise deletion, this is also explained by the
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p=0.1 p=20.5

T To Tg r7 SNR T To Tg T7 SNR
oracle 1 1 1 1 3.8(.2) 1 1 1 1 4.8(.2)
40%-MCAR
Imputed 1 1 1 1 3.5(.2) 1 1 1 1 4.2(.2)
Deletion 1 1 1 1 33(.1) .99(.05) 1 .99(.06) 1 3.7(.2)
SIAS .92 .99 91 99 29 .80 .99 .80 .99 2.4
65%-MCAR
Imputed 1(.01) 1 1(.02) 1 34(.2) 1 1 1 1 3.9(.2)
Deletion .98(.06) 1 .95(.13) 1 2.6(.1) .86(.18) 1 .88(.18) 1(.02) 2.6(.1)
SIAS .88 .99 .88 99 3.0 et .99 .72 .99 2.3
40%-MAR
Imputed 1(.02) 1 1(.01) 1 3.5(.2) 1(.01) 1 1(.01) 1 3.9(.2)
Deletion 1 1 1(02) 1 3.0(1) .99(.05) 1 .99(.04) 1 3.7(.2)
SIAS .90 .99 .90 99 28 .88 .99 7 .99 2.1
65%-MAR

—_

Tmputed .99(.07) 93(14) 1 32(2) 99(.03) 1 .92(16) 1 3.1(.2)
Deletion .97(.08) 1 .97(.08) 1 2.6(2) 87(.18) 1 .88(.17) 1  2.5(.1)
SIAS 82 99 .8 .99 24 89 .99 .69 98 15

Table 1: Experiment 1. Mean posterior inclusion probabilities for the truly active vari-
ables and mean signal-to-noise ratio of the inclusion probabilities. The number in paren-
theses corresponds to the standard deviation, reported only when > 0.01. Values for
the STAS method are borrowed from Yang et al. (2005).

differences in the amount of sampling information used by each method. For example,
consider the MCAR case with 65% missing data. Out of the n x (k + 1) = 1100 total
observations used by the oracle, listwise deletion preserves 0.35 x 1100 = 385, whereas
the results based on imputation use 1100—0.1 x 1000 = 1000 (as the response variable is
not imputed). This corresponds to approximately 2.6 times more sampling information,
which, when accompanied by reliable imputations, leads to a substantial increase in
specificity and sensitivity simply because the sample size is much larger.

Experiment E1 of the Supplementary material, although considering a simpler de-
sign, aimed to analyze the performance of our method by confronting it with listwise
deletion in a more extreme case of the strength of the signal.

6.2 Experiment 2. The Ozone dataset

We consider VS problems from popular real-world datasets in this and in Experiments
E2 and E3 of the Supplementary material. The role of the distribution of the covari-
ates, which is unknown in this case, is the main difference from previous simulated
experiments. As a reminder, we assume a multivariate imputation model. Clearly, mis-
specification of this component does not affect listwise deletion procedures, but it is an
essential part of all imputation methods. This observation is important for understand-
ing the following results.
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The Ozone datasets previously used in Garcia-Donato and Martinez-Beneito (2013),
Casella and Moreno (2006), and Berger and Molina (2005) consisted of n = 178 mea-
surements of atmospheric ozone concentration, along with several covariates. From the
original 10 main effects, we only used seven with atmospheric relevance, which corre-
sponds to the main effects in the 0zone35 dataset from the BayesVarSel library in
R, named z4 to x19. An initial examination of the data suggests that the assumption
of normality is reasonable. For further details on these data, see Casella and Moreno
(2006).

We introduced MAR, missing values into variables xg to x19 by using the function
ampute from the mice package in R. The percentage of missing values per variable was
10, 20, or 30%, resulting in a mean overall percentage of missingness of approximately
37%, 60%, and 74%, respectively. For each of these percentages, we considered 1000
replications where the variability was caused by the removed observations (that changed
in the replicas). Figure 1 shows the variation in the inclusion probabilities for each
variable obtained with the different Bayes factors.

The potential of the imputed ¢’-BF to preserve the evidence is shown in Figure 1.
Its superiority over deletion was evident for all variables and levels of missingness. We
also observed that the imputed ¢’-BF was less sensitive to variations in the removed
observations, producing less variable results.

Experiment E2 of the Supplementary material uses the Boston dataset, which in-
cludes variables that do not follow the normality assumption. This experiment helped
us assess the performance of the proposed method under more challenging conditions
where some of the assumptions may not hold. Finally, Experiment E3 of the Supplemen-
tary material focused on comparing the distributions of errors to illustrate the methods
discussed in Section 5.

7 Conclusions and future Work

This study presents a comprehensive approach for addressing model uncertainty when
dealing with missing data in a regression framework. Through a series of experiments, we
demonstrated the effectiveness of our proposed imputed ¢’-prior methodology compared
to listwise deletion and the STAS proposal from Yang et al. (2005), particularly regarding
reduced variability and more accurate posterior inclusion probabilities. The proposed
method is fully automatic and does not depend on hyperparameters such as the penalty
parameter of lasso methods. Moreover, exploiting the analytical integration from the
closed-form output of the “completed” predictive distribution makes the method much
faster and more efficient than the alternative procedure of imputing and estimating the
model’s posterior probability. There are several directions for future research to further
enhance the applicability and robustness of our approach.

1. Large model spaces: Our experiments were conducted in relatively small model
spaces, which allowed for exhaustive enumeration. However, in many modern ap-
plications, large model spaces (i.e., large k) are common, such as those arising from
variable selection with many covariates. Adapting our approach to handle these



20

Model Uncertainty and Missing Data
1.004 L] L -
T ] !
0.754
0.50 4

NEN 1a7

®oe o
-

°

10

——m
e
¢

2
50751 e . - 5
3 H (] .
[<]
< ] ° ®
2 0.50- H S
S e
[72] L]
3 $ ' i
£ 0.25- ;
= =.
| | |
1.00 . " . o

0.754
°

€0

0.501

Pl
g;é LRSI RL L]

('3* x’7* xé’ xS’)" x1'0*

Figure 1: Boxplots of the inclusion probabilities for each variable using imputed ¢’-BF
(blue) and listwise deletion g-BF (green), when considering 10 (top), 20 (middle) or
30% (bottom) of missing values per variable, for Ozone dataset. The corresponding
oracle g-BF inclusion probabilities are depicted in red. The symbol * in variable names
explicitly indicates the variables with missing data.

situations would require the development of numerical algorithms, such as “miss-
ing data” adaptations of Gibbs sampling methods (Garcia-Donato and Martinez-
Beneito, 2013).

. Prior distribution for regression parameters: A central question in this study has

been the construction of objective prior distributions when the covariates are
assumed to be random. Although arguably more realistic than the fixed design
assumption, this perspective has barely received any attention in the literature
despite the broad potential interest in such inferential objects. In this study, we
followed Zellner (1986); Zellner and Siow (1980), in what has been called g-priors,
constructed based on the expected Fisher information matrix. We have derived
a new class of g-priors in which we have focused on fixed g, but extensions to
random hyperparameter (of the type in Liang et al., 2008) are straightforward.
The construction of priors following alternative procedures, assuming that the
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covariates are random, opens up areas for future research that would extend the
scope of non-local priors (Johnson and Rossell, 2010); modern spike and slab
formulations (Bai et al., 2021); intrinsic priors (Berger and Pericchi, 1996; Moreno
et al., 1998) or power expected posterior priors (Fouskakis and Ntzoufras, 2022),
to mention a few.

3. Other patterns of missingness: Our procedure can incorporate other missing data
patterns, making it possible, in principle, to test for different missing data mecha-
nisms. Further work in this direction is needed to understand how to separate the
comparison of the missing data mechanism from the models for observed variables,
response and covariates.

4. Qualitative covariates or factors: Our work assumes that the explanatory variables
are quantitative. For complete datasets, the problem of model selection with qual-
itative explanatory variables (factors) is treated in depth in Garcia-Donato and
Paulo (2022). Their approach only depends on Bayes factors and, at least concep-
tually, is directly applicable to the Bayes factors with missing data developed in
this paper. Obviously, putting into practice the resulting procedure entails difficul-
ties (like the joint imputation model or strategies to impute qualitative variables)
that are specific to the problem at hand and that may require additional insights.
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Model Uncertainty and Missing Data: An Objective Bayesian Perspective
(DOI: 10.1214/25-BA1531SUPP; .pdf). The Supplementary material is included in a
single pdf file containing four sections.

e Section A: Notation. Detailed description of the notation used throughout the
paper, including key symbols and definitions.

e Section B: Proofs. Proofs of key theoretical results, including Proposition 1, Result
1, Proposition 2, Result B.3 needed for the proof of the identity (21) and identity
(30).
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e Section C: Extra Experiments. Additional simulation experiments illustrating the
performance of the proposed methodology. Includes model selection analyses, ap-
plications to the Boston dataset, and comparisons of error distributions.

e Section D: Discussing priors for the general case. Discussion on the choice of prior
distributions in the general modeling framework, highlighting their implications
and applicability.
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Invited Discussion

Adam Igbal*, Emmanuel O. Ogundimu*, and F. Javier Rubiof

1 Comments

We congratulate the authors of Garcia-Donato et al. (2025) on their thought-provoking
contribution, which connects important topics such as objective Bayes, missing at ran-
dom data, and Bayesian variable selection. Our discussion focuses on potential exten-
sions to the missing not at random setting, particularly sample selection models with
missing outcomes and covariates.

MNAR and sample selection. A key feature of the authors’ framework is the
assumption of ignorability of the missingness mechanism, specifically when data are
missing completely at random (MCAR) or missing at random (MAR). In this set-
ting, the analysis does not depend on the missing outcomes. However, this justification
does not extend to situations where the data are missing not at random (MNAR).
Such cases can arise in various forms, and both parametric and nonparametric mod-
els have been proposed to address particular instances of MNAR (Linero and Daniels,
2018).

Sample selection bias arises when missingness in the outcome of interest is correlated
with the outcome itself, leading to non-randomly selected observations. Sample selection
models aim to correct for this bias, most notably the Heckman selection model (Heck-
man, 1979), which is specified as a two-equation system. Suppose y; is the outcome
variable of interest, modelled by a multiple linear regression model with covariates x;.
The Heckman model supplements this with a missingness process s; that is modelled
by a latent-index probit with covariates w;:

* T * T
yi =Bo+x; B+e s;=agt+w; a+tegy,

. 2
with the errors typically defined as (61”> ~ N ((8) , (U le)) . We fix Var(ez;) =

62,7; O’p
1 to identify the scale of the selection index. If p = 0, then the missingness of y}
is MAR conditional on (z;,w;); if p # 0, it is MNAR. The observed data consist of

{(yi,s:) 11 =1,...,n}, where

* if s, =1,
si=1{s; >0} and y;= Y 1 5
not observed if s; = 0.

Variable selection for sample selection models. The motivation for extending
variable selection to this context is twofold. First, the variables that are relevant in each
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individual process are not usually known a priori. Second, practical non-identifiability
(i.e., for specific data sets) may arise in the Heckman model when the same vari-
ables appear in both equations. Such issues often lead practitioners to include un-
necessary covariates or to exclude potentially relevant ones, which in turn may cause
overfitting, multicollinearity, and unstable parameter estimates (Sartori, 2003). Vari-
able selection can mitigate these problems by guiding practitioners in identifying the
most relevant variables. There has been recent progress in extending variable selec-
tion methods to Heckman selection models. Ogundimu (2022) applies the Adaptive
LASSO algorithm to sample selection models using a least squares approximation, ad-
ditionally showing an oracle property for this estimator. From the Bayesian perspec-
tive, Igbal et al. (2023) developed a closed-form Gibbs sampling algorithm to incor-
porate spike-and-slab priors, allowing for variable selection in sample selection models.
Of further interest is the work of Igbal et al. (2025), which develops Bayesian vari-
able selection under g-priors and non-local priors in the sample selection framework,
and shows that ignoring sample selection can lead to the inclusion of spurious vari-
ables if they explain the selection process. As the marginal likelihood for the Heck-
man model is unavailable in closed form, Laplace approximations are employed in its
place.

Missing covariates. To address missing covariates, Garcia-Donato et al. (2025)
adopt a general framework in which covariates are treated as random variables. Both
Igbal et al. (2023) and Igbal et al. (2025) assume fully observed covariates, so the ad-
vancements of Garcia-Donato et al. (2025) could be used to extend these works to set-
tings with missing covariates. Such extensions might take the form of outcomes modelled
through a Heckman-type framework with MAR covariates, or could consider MNAR
mechanisms for both outcomes and covariates.
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I congratulate the authors on producing a stimulating and inspiring paper. I was for-
tunate to discuss parts of this work as presented by Maria Eugenia Castellanos in an
invited session during the Objective Bayes Meeting in Santa Cruz, California, in 2022.
I was deeply saddened to learn of Maria Eugenia’s recent passing, and I offer my heart-
felt condolences to her family and coauthors. Her passing is a tremendous loss for the
Bayesian community.

Missing data are ubiquitous in all areas of human endeavor. Thus, Garcia-Donato
and coauthors’ objective Bayesian treatment of this subject is tremendously welcome.
Of course, they had to start somewhere, and naturally they decided to consider the cases
of missing at random (MAR) or missing completely at random (MCAR). I think the
general framework laid out in this paper may be useful for the development of objective
Bayesian methods for regression analysis of datasets with other types of missingness.

On another hand, practitioners wanting to apply the method proposed in this paper
should be aware of its limitations. Here, I am going to focus on limitations resulting
from two aspects of the proposed method: the MAR/MCAR assumptions, and the
assumption that the true model is among the models being considered.

1 The MAR and MCAR assumptions

The MAR and MCAR assumptions imply that observations with missing dependent
variables y(;) can be ignored. This is a simplifying assumption that may have severe
consequences for applications of the proposed method in cases when the MAR/MCAR
assumptions do not hold. Unfortunately, in several important practical problems the
missingness mechanism is not of the MAR or MCAR types.

Consider the following simple example that illustrates some of the difficulties with
the MAR or MCAR assumptions, and that may suggest a different path. Assume we
have two regressors, x1; and zg;, ¢ = 1,...,n, that are iid N (0, 1). Say that the depen-
dent variable is related only to x1; through the linear model y; = x1; +€;, with €1,...,n
iid N(0,1). In addition, all values of z1; and x4, are reported, thus the regressors have no
missing values. Further, because of some technical limitations, the measurement instru-
ment reports values of y; larger than 2 as missing values. Thus, the missingness mecha-
nism is such that if y; > 2 then y; is not observed and, in the notation of the paper under
discussion, M; p+1 = 1. Hence, P(M; p41 = 1ly;) = 1ify; > 2 and P(M; 41 = 1]y;) =0
otherwise. Therefore, P(M|y oy,X(0),¥(1),X1);%) = P(M|y),y1),%) and both the
MAR and MCAR conditions are violated. In this example, ignoring observations with
missing dependent variables y(;) may lead to potentially misleading inferences.
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An alternative to ignoring observations with missing dependent variables is, instead,
to investigate if missingness of dependent variables in the problem at hand can be
predicted with the observed covariates. In the case of the example above, P(M; ;41 =
a1, 22;) = 1 — ®(2 — x1;), where ® is the cumulative distribution function of the
standard normal distribution. Hence, modeling the conditional relationship between
M; 41 and the regressors using a probit regression may partially inform about the
missingness mechanism of dependent variables. This latter piece of information may
then be incorporated in a method for missing data that goes beyond the MAR and
MCAR assumptions.

The trouble with missing dependent variable data is that, more often than we
Bayesian statisticians would like, the missingness is due to someone deciding the data
points were not nice enough and deleting the data. Unfortunately, in that situation the
MAR and MCAR assumptions do not hold. Beyond dealing with missing data, modeling
the conditional relationship between M; ;1 and the regressors may provide information
that supports investigations of fraud in data collection or data reporting. For example,
say that in a given application data are being collected daily, but every month there
are three or four days where all the regressors are obtained but the dependent variable
is missing. Say that, incidentally, one of the regressors is a binary variable that mea-
sures something different than the missingness, but the dependent variable is missing
every time that binary regressor is equal to one. This relationship would possibly be
detected by a regression analysis of M; ;41 on the regressors, which could then support
an investigation of data collection and reporting fraud.

2 Is the true model among the models being
considered?

What if data on a regressor that is in the true model is missing for all observations?
Such a case would violate the key assumption in the method proposed by Garcia-Donato
and coauthors that the true model is among the models being considered. Among other
things, this latter assumption requires that all of the regressors present in the true model
are among the regressors being considered. While this is reasonable to assume when
the data come from experiments performed in a laboratory under strictly controlled
conditions, such assumption is likely to be violated when data are obtained under less
controlled conditions.

Consider for example a case where two genetic markers such as those considered in
genome-wide association studies (Doerge, 2002; Li et al., 2009; Williams et al., 2022;
Xu et al., 2023; Williams et al., 2023; Xu et al., 2025) are available for a sample of
subjects. The objective is to decide which genetic marker is a better predictor of a
continuous Gaussian phenotype of interest. But, unknown to the scientist conducting
the study, the actual genetic variant that is causal to the phenotype of interest is equally
distant from and — because of linkage disequilibrium — equally correlated to each of
the genetic markers. Hence, each of the genetic markers is an equally good proxy of
the causal genetic variant. A scientist would hope that an objective Bayesian approach
would indicate that the data equally supports each of the two genetic markers.
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Figure 1: Logarithm of Bayes factor of a model with one proxy regressor versus a model
with another equally good proxy regressor, as the sample size increases. Blue shade
indicates region where evidence in favor of one of the two models is not very strong.
Here, evidence in favor of one of the two models is undesirably very strong about 97%
of the time.

Unfortunately, a Bayes factor — computed with usual objective Bayes model se-
lection priors — to compare the two models would with high probability provide very
strong evidence for one of the two genetic markers. That is because, in terms of Kullback-
Leibler divergence, the two models would be equally distant from the true model, leading
to the M-open multiple optima (MOMO) paradox (Ferreira et al., 2024). Here is a simple
simulated example that illustrates the MOMO paradox. Consider a case with regressor
x4 =1,...,n, iid N(0,1), and dependent variable y; = fx; + €;, with ¢; g N(0,1).
However, the scientist does not observe x;. Instead, the scientist obtains observations
for two proxy variables x1; = x; + &1; and zg; = m; + &o;, with &; and &, iid N(0,1). To
check which of the proxies is better, the scientist obtains a sample of size n=10,000 and
uses a Bayes factor based on the Zellner-g prior to compare model M; : y; = Bx1; + €;
versus My : y; = Bxo; + €;. Figure 1 shows the logarithm of the Bayes factor of M;
versus M, as the sample size increases. Instead of converging to zero, because of the
MOMO paradox, the logarithm of the Bayes factor follows a random walk and stays in
the region of very strong evidence (Kass and Raftery, 1995) for one of the two models
about 97% of the time.

Luckily, for this particular regression problem there is an easy fix. Instead of com-
paring just M; and Ms, the scientist should compare all four possible models using
posterior probabilities. In that case, the posterior probability of the full model that
contains both proxies quickly converges to 1 indicating that a better model for the
dependent variable would combine both proxies.
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Pericchi G. Luis R.*

Discussion

This article is to be welcomed for its practical and theoretical contributions. The ideas
put forward may find use in a very different context, in addition to the practical problem
of model selection under the situation of missing observations. My questions are as
follows:

1. First Question: The use of equation (23), adds an interesting variability, moti-

vated by the missingness of the data. This may bring advantages even in traditional
cases where there is no missing data, but the regressors are not fixed and are not
designed. Have you considered this possibility?

. Second question: Related to the previous question, in prediction, Bayesian

Model Averaging (BMA) is the optimal predictor for the usual utility functions,
and this requires the posterior probabilities of the different models. But, a big
“but”, for which regressors? If it is a prediction and we cannot control the re-
gressors, as in economic and social data, for instance, then the regressors should
not be considered fixed. This is a substantive application well beyond the area of
traditional missing observations. The methods suggested here may prove useful in
the prediction of a future non-identical to the past.

. Third question: Assuming ¢’ = 1, seems to imply the use of a g-prior without

any mixing. Does this entail that there is “information inconsistency”, a type
of inconsistency when the sample size is fixed, but the non-centrality parameter
grows without a bound, as described in Berger and Pericchi (2001))?. Or the
methods of this article avoid it?

. Final Question: Can the assumptions of “Informative Missingness” versus “Non-

Informative Missingness” etc, be framed as a model selection problem in this
setup?
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Nadja Klein*@® and Nicolas Bianco*

We congratulate the authors for their contribution to the field of objective Bayes, tak-
ing up the important interplay between missing data and model uncertainty in lin-
ear regression problems. The proposed imputation g¢’-prior extends classical g-priors
(Zellner, 1986) to settings with incomplete covariates by incorporating the covariance
structure from the imputation model. This prior enables Bayesian variable selection
and model comparison under missingness, while maintaining the principles of objective
Bayes (Berger, 2006). Their framework offers a fully automatic, principled alternative
to existing imputation and selection methods, with demonstrable improvements in both
sensitivity and specificity across a range of simulated and real-data scenarios.

MNAR in spatial models. In this discussion, we aim to highlight the consequences
of missing data on variable selection in spatial regression models. The authors assume
that data are missing at random (MAR) or, more restrictively, missing completely at
random (MCAR), and that the prior distribution for the parameters governing the
missingness mechanism is independent of the prior for the remaining model parameters.
Under these assumptions, the authors establish in Proposition 1 that the distribution of
the missingness indicator matrix is ignorable. While MCAR is rarely plausible in spa-
tial applications, MAR may hold when missingness arises from known sampling designs,
such as administrative boundaries (Diggle et al., 2013). However, missing not at random
(MNAR) is often more realistic in spatial contexts (Banerjee et al., 2014), for instance,
when data are missing due to inaccessible terrain, ecologically sensitive areas, or mea-
surement limitations that correlate with the variable of interest (e.g., pollution levels
or ice depth in climate-vulnerable regions). In such cases, the assumptions underlying
Proposition 1 are violated. To explore the implications of this violation, we conduct the
following small simulation experiment examining how MNAR affects model uncertainty
through variable selection.

Simulation design. Let p = 10 covariates be generated from Gaussian processes (GPs)
X;(s) ~ GP(0,C(0)), where C(0) is an exponential covariance function, 0 = {n?, ¢},
with marginal variance n> = 1 and range ¢ = 1. The response variable is Y(s) =
X(s)" B+ e(s), where £(s) ~ N(0,1), and j is the same as in the authors’ paper, that
is, B = (1,2,0,0,0,1,2,0,0,0)". We generate 100 observations {s;, Y (s;), X (s;)}}%
where s; € [0,1]2. We consider a scenario without missing values in the response, while
we introduce MNAR by setting the covariate values X;(s) to missing if they exceed the
a-quantile of the empirical sample distribution, for a € {0.8,0.9}, for j =1,...,10.

Following the authors’ notation, we consider a data-imputation mechanism that ex-
ploits the properties of GPs to derive the posterior predictive distribution
p(X;,1)| X} (0)) of missing values given the observed values, which is an n;-dimensional
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Figure 1: Averages over 100 replicates are shown for SNRs and posterior probability of
the true model for the different methods (left) and distribution of the PIPs for each
covariate (right). Top and bottom panels refer to @ = 0.9,0.8, respectively. The true
model is vo = (1,1,0,0,0,1,1,0,0,0) . Higher SNR. values are preferable.
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Gaussian distribution with mean C10(0)Cqq' (0)X; o) and covariance Cy1(6) —
C10(0)Coo' (0)C1, (6).

We compare the variable selection performance based on the indicators v; for the
following models. (MO) is the data-complete model. (M1) uses the objective imputation
¢'-prior proposed by the authors. (M2) assumes knowledge of the values of 8 by centering
its prior around the true values and by treating ¢’ as a tuning parameter that we fix
at ¢’ = 0.05. (M3) informs the prior on the imputation mechanism such that imputed
values are above the respective a-quantile defined above. Finally, (M4) assumes an
informed prior p(y) 1/(1)7"7)1(])7 < 6), where p, = Z?Zl 7;. This gives zero prior
probability to models of size greater than six.

Results and conclusion. In Figure 1, we report the posterior inclusion probabilities
(PIPs) for each covariate, the signal-to-noise ratios (SNRs) of the PIPs as defined by
the authors, and the posterior probability of the true model. The figure shows that
subjective priors can help mitigate the effect of MNAR in spatial regression models.
This observation has also been made in other contexts (e.g., Zhu et al., 2014; Alkan
et al., 2017; Vera, 2023) and in non-Bayesian models via regularization (e.g., Tseng
and Chen, 2019). The main advantage is the reduction in false negatives for the first
and sixth covariate. This is even more evident when the percentage of missing values
increases (here from 10% to 20% missing covariate values). A subjective prior p() on
the model space in M4 seems to be the most effective specification in this scenario.
Based on this small simulation experiment, we believe that further investigation into
the impact of MNAR on variable selection in spatial models is a promising research
avenue.
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Christos Thomadakis*@® and Ioannis Ntzoufras™

Introduction We congratulate the authors on a substantial contribution to the
Bayesian model selection literature. They propose a fully Bayesian framework for vari-
able selection in linear models with missing values in both outcomes and covariates.
Their method combines a covariate imputation model with a family of candidate re-
gression models, under a missing at random (MAR) assumption, to derive posterior
model probabilities and marginal likelihoods in a coherent and efficient way. Notably,
they introduce the Imputation g’-Prior, which avoids dependence on incomplete de-
sign matrices and ensures intercept comparability across models. Their Monte Carlo
scheme for estimating marginal likelihoods appears to outperform existing strategies
such as “impute, then select” and “simultaneously impute and select” (SIAS) (Yang
et al., 2005).

A practical concern with the imputation model While the theoretical framework is
rigorous and resulting equations are valid, we raise a practical concern with its default
implementation: excluding the outcome variable Y from the covariate imputation model,
even when the missingness mechanism depends on observed Y, may induce bias in
estimating the covariate distribution in real-world applications (McGowan et al., 2024).
If Y is predictive of missing covariates and also informs their missingness probability,
omitting it from the imputation model may violate the practical MAR conditions (van
Buuren, 2018), rendering the mechanism effectively missing not at random (MNAR)
and possibly affecting posterior model probabilities and selection.

Simulation study We simulated data with covariates (X1, X2) ~ N(0,X), where
2.25 0.825 . . .

Y= 0.825 191 ) and outcome Y = 0.8X7 +¢, with ¢ ~ N(0, 1). Missingness was in-

troduced only in X; via a MAR mechanism dependent on Y: P(M; = 1| X;,X5,Y) =

P(M;=1]Y)=(1+e 1)1 leading to 46% missingness.

In this setting, the authors’ imputation model, which includes only covariates, im-
plicitly assumes a stronger MAR condition: P(M; =1 | X;,X3) = P(M; =1 | Xa),
since X5 is fully observed and X; may be missing in some units. However, under our
setup,

POy = 1] X1 X2) = [ PO =1 V)F(Y | X2)aY. 1)

which depends on the possibly unobserved X7, violating the previous condition and
making the mechanism effectively MNAR.

We compared three methods: (1) observed likelihood estimation, (2) MICE with only
X1, Xo, and (3) MICE with X3, X5, Y. Approaches (1) and (2), which omit Y, yielded
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biased estimates for F(X), Var(X;), and Cov(Xy, X5), even though the marginal co-
variate model was correctly specified and the mechanism was theoretically MAR. In
contrast, including Y (approach 3) produced nearly unbiased estimates (Table 1). These
differences stem from the mismatch between theoretical and practical assumptions. We
are worried about how these problems in the estimation could influence the proposed
implemented Bayesian variable selection methodology. Hence, it would be informative
to present results from simple simulation studies with different sample sizes (e.g., 100
and 500), where the probability of missing covariate data depends on observed Y’s.

The use of a single imputation model The authors assume a fixed specification for
the imputation model, using the full set of covariates. While this choice is justifiable and
may perform well asymptotically, it could introduce bias or instability in finite samples,
particularly if some covariates are weakly associated with those being imputed. On the
other hand, selecting a parsimonious imputation model through variable selection would
add considerable computational burden, especially in moderate- to high-dimensional
settings. A practical compromise might be to pre-specify the imputation model based on
external knowledge or a preliminary analysis, before applying the authors’ methodology.

Scalability and computation when the marginal likelihood is not available Another
concern is scalability. Even if the marginal likelihood of each candidate model is available
in closed form for pseudo-complete data, computation becomes burdensome when the
number of covariates is large, since the Monte Carlo scheme proposed in Section 3.4
must be implemented across 2P models. Moreover, once we move beyond normal models,
closed-form marginal likelihoods are rarely available. While Laplace approximations can
be effective for a broad class of models, it is unclear how the presence of missingness
affects their accuracy. A natural next step would therefore be to develop a Markov
chain Monte Carlo (MCMC)-based method that can handle such cases more efficiently.
It would also be valuable to hear the authors’ views on extensions to high-dimensional
settings and situations where the marginal likelihood is not available.

Computational details and comparison to SIAS The SIAS method (Yang et al.,
2005) appears to be a reasonable approach for handling missing data, and one might
therefore expect SIAS to perform equally well to the method proposed in this paper.
Nevertheless, the authors’ approach performs better, at least in the presented examples
and simulations. The authors attribute this to computational limitations arising from
the high dimensionality of the problem. However, they do not provide sufficient details
on computation times or the number of iterations required in their examples. A fairer
comparison would have been to report results under equal computational running times.
Another open question is whether the two methods yield the same results as the number
of iterations in STAS tends to infinity. Furthermore, SIAS might perform better than the
proposed method in scenarios with large p or in situations where the marginal likelihood
is not available. We would greatly value the authors’ insights on these issues.
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Concluding remarks We thank the authors for their rigorous contribution to objective
Bayesian model selection under missing data. Our remarks are intended to strengthen
the practical applicability of their method. We highlight the potential importance of
auxiliary variables such as Y in the imputation step, particularly under MAR mecha-
nisms that depend on the outcome. We also raise questions regarding the interaction
between model selection and imputation, computational details and scalability to high-
dimensional data. These topics could generate further research on the topic in the near
future.

Parameter E(Xy) E(X2) Var(X;) Var(Xs) Cov(X1, X5)
True 0.000 0.000 2.250 1.210 0.825
(1) Obs. Likelihood (GLS)* -0.587 -0.002 1.697 1.189 0.656
(2) MICE** (X7, X3) -0.586 -0.002 1.790 1.201 0.664
(3) MICE (X1, X»,Y) 0.001 -0.002 2326  1.201 0.821

* Mazimum observed likelihood estimates using gls() based on available data for each case;

** MICE: Multivariate Imputation by Chained Equations (R function mice).
Table 1: Estimated means, variances, and covariance of (X, X») across different impu-
tation strategies; results are based on 1000 simulated datasets with n = 100.
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1 Comments

We commend the authors of Garcfa-Donato et al. (2025) for their interesting publica-
tion, which provides a rigorous exploration of model uncertainty, variable selection, and
missing data from an objective Bayesian perspective, highlighting how principled prior
specification can lead to good performance in such challenging contexts.

Calibration of ¢’ One of the main contributions in Garcia-Donato et al. (2025) is the
definition of the imputation ¢'-prior, which connects classical prior constructions, such
as Zellner’s g-prior, with the imputation model. Intuitively, the presence of missing val-
ues in the covariates increases model uncertainty. The definition of the g’-prior is rooted
in its asymptotic connection to the g-prior, which, as noted by the authors, can be inter-
preted as an empirical version of the g’-prior. Under additional uncertainty (e.g., from
missing covariate values), a loss in the signal-to-noise ratio is expected in finite sam-
ples, potentially reducing the power to detect small effects or to distinguish them from
spurious variables. A natural question arises: how should this additional uncertainty be
incorporated into the choice of ¢’? The authors propose ¢’ = 1, which corresponds to
the limit of g = n, the choice used in the unit information g-prior. Given the logic of the
unit information prior and the notion of the fraction of missing information (Carpenter
et al., 2023), should reduced covariate information be incorporated into the calibration
of the ¢'-prior?

A simple way to operationalise this idea, in the fixed-g’ framework, is to incorporate
information about the proportion of missingness into the choice of ¢’. To do so, define
the G'-prior (8 | Bo,0,v) = Ni, (,8., | O,OQGZ,;;G), with

©(n,ne1 ) 2 0 0
0 o(n,ne) % ... 0
G/ = . . . . 3
0 0 e p(nymep)t/?

where n,; denotes the number of observed values for the jth variable; » is the total
sample size. For instance, ¢ may be specified so that 0 < ¢(n,n.;) < 1 for ng; < n,
while ¢(n,n) = 1. This approach incorporates information about the number of missing
values for each covariate by decreasing the value of the corresponding diagonal entry
(marginal variance), while preserving the correlation, thereby inducing less sparsity and
potentially aiding in the identification of small or moderate effects. In this framework,
it is straightforward to define a mixture of G’-priors by placing independent priors on
each diagonal element of G’, centred at the corresponding ¢ function.
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Forms of misspecification The illustrations (particularly, the Boston housing data)
show that a normal imputation model can lead to poorer performance if unsupported
by the data. This raises questions about the trade-off between the specification of the
regression and imputation models, which become increasingly difficult as the number
of covariates increases, and variable selection performance. Within a standard Bayesian
framework, Bayesian nonparametric models are natural, flexible choices to reduce mis-
specification of the imputation model but can be computationally demanding. The
Weighted Bayesian Bootstrap (Newton et al., 2021) offers a way to build hybrid meth-
ods using non-Bayesian models (such as tree-based or deep learning models) to alleviate
misspecification of the imputation model. Modular Bayesian inference cuts feedback
from (misspecified) parts of the model to avoid distorting inference in a trusted (well-
specified) part of the model. See Liu and Goudie (2025), and references within, for
recent work. Roeling and Nicholls (2020) discuss an application to missing data in net-
work autocorrelation models. Frazier and Nott (2025) discuss using generalized Bayes
for inference on the untrusted part of the model. This offers a way of controlling the ef-
fects of misspecification of the imputation model on variable selection. Alternatively, the
linear regression could be an approximation of the covariate-response relationship with
a simple interpretation leading to distortion of the estimated imputation model. The
use of modular methods would lead to something between the “Impute Then Select”
and “Simultaneously Impute And Select”.
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Contributed Discussion

Mark FJ Steel* and Gregor Zens'

1 Introduction

The authors are to be congratulated on tackling an often overlooked, yet very important,
problem. Indeed, model uncertainty is typically more pronounced when the number of
observations is limited and, thus, simply discarding incomplete data is far from an ideal
strategy. Surprisingly, the previous literature has rarely addressed model uncertainty
under missing data in a formal manner.

2 Imputation of the covariates

An important difference from the full-data approach is that we can no longer condition
on fully observed covariates, but must assume a specific imputation mechanism for
them. The authors use a joint multivariate Gaussian distribution for all covariates.
While the method shows some robustness in cases where data are not really Gaussian,
the multivariate normality assumption becomes quite implausible for highly skewed,
binary, categorical, or small-count covariates. This issue is mentioned in the concluding
section, but no clear avenues towards solving it are suggested. Since many real-world
problems feature non-Gaussian covariates, this limitation is highly relevant in practice.

Could we perhaps build upon the idea of latent Gaussian models (Rue et al., 2009;
Steel and Zens, 2025) to tackle this issue? In particular, assuming z; ~ N(u,3) for
an underlying p-variate latent variable with ¢ = 1,...,n, a covariate vector x; =
(Ti1,-- -, acl-p)—r could be imputed through either deterministic or stochastic mappings
from the latent space. Deterministic functions z;; = f;(2;;) can handle various covariate
types, for instance f;(z;;) = z;; for roughly normal covariates, f;(z;;) = I(z;; > 0) for bi-

nary (or binarized categorical) covariates, and f;(z;;) = jj_i (%H(zij > 0)+nl(z; < 0))
n

for skewed normal (as in Fernandez and Steel, 1998) covariates, where n > 0 is a

skewness parameter. Stochastic mappings specify conditional distributions, for example

xij | zij ~ P(exp(z;;)) for count-valued covariates.

Core components of the authors’ approach, such as those given in (8) or (9), may still
be computed in closed form in many cases. As an example, with one normal covariate
x;1 and one binary covariate x;o, a natural imputation mechanism uses

T 1 ot o
zi = (21, zi2) ~N(p, %) p= ; Y= E

H2 012
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with 099 = 1 being the typical probit normalization. Linking covariates via x;; = z;1
and x;0 = [(z;2 > 0) yields

2
E[mz] — (Nl) V[mz] _ ( o1 012 ¢<M2)> .
& o12¢(p2) w(1—)

where m = ®(us) and ¢, ® are the standard normal pdf and cdf. Similar expressions
likely exist for count and skew-normal data. Such expressions for the covariance matrix
could then directly be used in the imputation ¢’-prior on the regression coefficients in
(23). The posterior of (some elements of) g and 3 might be more diffuse than with
normally distributed covariates, but that merely reflects weaker likelihood information

for some covariates (e.g., binary ones). In any case, p and ¥ are nuisance parame-
ters.

3 Distributional uncertainty

In addition to variable selection, the authors investigate model uncertainty limited to
the error distribution specification. This leads to an improper uniform prior over all re-
gression coefficients (now common to all models). One query and a (somewhat nitpicky)
comment on this:

e In practical applications, both types of uncertainty likely occur simultaneously.
Since regression coefficients would then no longer be common to all models, would
the appropriate prior still be the one in (23)7

e One example mentioned is choosing between multivariate normal and multivariate
Student-t distributions. However, under priors like (27), the Bayes factor between
them collapses to a data-independent constant (see Rubio and Steel, 2018) because
the multivariate ¢ is just a single-scale scale-mixture of normals. In contrast, with
i.i.d. Student-t¢ errors (with observation-specific scale-mixture representation), the
Bayes factor is data-dependent and can meaningfully discriminate.

Finally, we wish to thank the authors for a wonderful and thought-provoking paper,
which we fully expect to inspire exciting new research directions.
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Steven N. MacEachern™

I commend the authors for producing a paper that addresses one of the core problems
in our discipline — namely how to create an effective regression modelling strategy when
the list of “active” variables is unknown and, specifically, how to effectively handle
uncertainty in which variables are active. The paper deals with this problem when some
of the data are missing. This partial missingness of observations (item nonresponse in
the words of survey sampling) is so common that we might well consider it to be more
standard than the setting where the data are said to be complete. The results in the
paper are nice. An additional strength of the paper is the extraordinary clarity of the
authors’ writing, including text, notation and mathematics.

Bayesian model averaging (BMA) has been a huge success for Bayesian statistics.
The basic setup for BMA matches the authors setup: there is a finite collection of po-
tential models, indexed by the model indicator, «v. For each model, there is a prior
distribution over the unknown parameters in the model, here a set of regression coeffi-
cients and a few additional parameters that might index the scale or shape of the error
distribution. These prior distributions consist of a mix of proper and improper portions
— improper on common parameters and proper on model-specific parameters. The au-
thors and BMA part ways when describing the goal of the analysis. BMA’s typical focus
is prediction while the authors’ primary interest is in determining which variables are
active. Both BMA and the authors rely on Bayes theorem, and both produce results that
are convincingly better than many other methods. Simply put, Bayes theorem works!

The success of BMA, is, in my mind, closely tied to results in decision theory. When
predictions are evaluated with squared error loss, one quickly passes from prediction
error to fitting error, and then to the error in estimating regression coefficients. The
old results on Stein estimation transfer to the regression problem. We have both the
admissibility of the Bayes estimator and the inadmissibility of such things as the least
squares estimator or the least squares estimator after selection of a single model. Av-
eraging over one’s uncertainty is effective;! ignoring the uncertainty, whether through
the device of fitting a model in a very large space or through model selection followed
by inference on a given model appears to be less effective. The advantages of averaging
are large enough, that, even if one has a relatively poor Bayesian model, one sees gains.

Decision theory provides less for us when it comes to identification of the active
variables. The traditional loss functions, of the 0/1 sort, are discontinuous. We know that
Bayesian methods (with proper prior distributions) produce admissible estimators for
both model selection (L(v,a) = I(y # a)) and for the selection of individual variables
(L(v,a) = 32, I(v; # a;)). The former loss function leads to the highest probability
model while the latter leads to Barbieri and Berger’s median probability model.
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Alternative loss functions directly assess the value of a variable in reducing prediction
error and also consider the cost of “purchasing” a predictor for future use (e.g., Miyawaki
and MacEachern (2023) and the references therein). These alternative loss functions
do two things: they move the model/variable selection problem closer to the model
averaging problem and they look at the decision problem through the lens of economics.
Rephrasing the problem with a loss that is tied to prediction highlights the role of the
distribution of the covariates. We might well make a different decision on whether a
variable has an important effect based on the distribution of future covariates. Along
with this, we might well make a different decision on which covariates to purchase.

The economic rephrasing of data collection raises an important question when com-
bined with the authors’ focus on missing data. The decision on whether to purchase a
specific covariate for a particular case may depend on the value of the other variables
for that case. Such case-specific decisions naturally produce missing data. That is, a
fully specified decision problem may tell us to produce a data set with missingness. For
some specifications, this will lead to data that are missing at random (MAR).

The authors’ approach the model/variable selection problem from an objective
Bayesian viewpoint, with modifications needed to handle missing data. My own pref-
erence for an analysis runs in the direction of actively modelling the data. To me, this
includes consideration of transformations of the variables (both response and potential
predictors), creation of new variables, and techniques to handle unusual patterns in the
data.

There are two main paths for an active analysis. One is to examine the entire data
set, searching for any patterns that might be present, and pursuing those with an
apparent effect that is substantially larger than noise. After roughing out the form of
the model, or a potential set of models, the model (meta-model) is supplemented with
the prior distribution. Here, a part of the effort would include building the model for the
missing data. Once all elements are in place, it’s on to Bayes theorem and the resulting
analysis. Although I often make use of this approach, I do feel the discomfort that comes
with using the single data set to form the potential models before proceeding with the
Bayesian analysis.

The second approach involves data splitting, where the analyst uses one portion
of the data (typically a randomly selected subset) to form the model, processes things
internally, and reports their partial posterior distribution. Bayes theorem is then applied
to the remainder of the data, taking us to the full-data posterior. For the ozone data,
I find substantial departures from linearity and normality and believe that we need to
construct a model as is done in Yu et al. (2011). As with beauty, it seems that normality
is in the eye of the beholder.

I believe that a well-trained analyst adds value by examining a data set and reacting
to patterns in it to create a better model, irrespective of whether the final analysis
is classical or Bayesian. Additional benefits follow from a careful description of the
loss. The authors’ framework appears to be fully compatible with this active-analyst
approach. It would be interesting to see whether active modelling, perhaps coupled with
objective Bayesian methods for the meta-model, improves predictions and identification
of active variables.
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Contributed Discussion
Leonardo Egidi*

1 Introduction

I would like to congratulate the authors on their impressive contribution to the Bayesian
model uncertainty framework in the presence of missing data. Quite surprisingly, the
literature still shows a serious gap regarding the use of effective (objective) Bayesian
tools to handle random missingness and to obtain reliable posterior distributions. In
variable selection problems, missing data significantly complicate the computational
steps: indeed, many prior proposals such as Zellner’s g-priors (Zellner, 1986) and their
extensions are not directly applicable, since they rely on a fixed design matrix. The main
novelty of the paper is to allow the covariates of a regression model to vary according to
a well-defined mechanism and, in this light, to retrieve valid tools such as Bayes factors
and posterior model probabilities.

Several aspects of the paper would be worth further discussion: I'-open perspective
where the true model does not exist or does not belong to the model space; applications
to Gaussian mixed-effects models; and connections between the imputed g’-Bayes factor
in Section 4.2 and leave-one-out cross-validation scores (Fong and Holmes, 2020). How-
ever, in the following section I take up one of the authors’ suggestions for future research
in the variable selection setting, namely the specification of the hyper-¢’ imputation
prior for ¢’ according to a full Bayes approach. The resulting imputed hyper-g’-Bayes
factor is less tractable than the variant in Proposition 2 of the paper; nonetheless, the
analysis below sheds light on the difficulties inherent in such a prior specification, and
may hopefully serve as a basis for future discussion.

2 Hyper-g prior for g’'?

Consider to be framed in a regression setting where the covariates are random and
specified through the Equations (5), (8), and (9) in the paper. Dealing with a fixed
value for ¢’ in Equation (23) - the authors used ¢’ = 1 in their numerical experiments -
yields a tractable imputed g’-Bayes factors and allows then to retrieve posterior model
probabilities. Many choices for the specification of g are given in the literature in the
classical context of deterministic covariates and with no missing data. Among the others,
Kass and Wasserman (1995) suggest the use of unit information priors by choosing
g = n, whereas Foster and George (1994) opt for ¢ = p? from a minimax perspective.
George and Foster (2000) show how to calibrate g using criteria such as the Akaike
Information Criterion (AIC) and Bayesian Information Criterion (BIC); empirical Bayes
methods are proposed by George and Foster (2000), Clyde and George (2000) and
Hansen and Yu (2001). Full Bayesian approaches treating g as a random component
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(Bayarri et al., 2012) lead instead to a variety of prior choices. Among these, hyper-g
priors were proposed by Liang et al. (2008) as a reliable extension of Zellner’s g-prior
(Zellner, 1986) and as an alternative to the Zellner—Siow prior (Zellner and Siow, 1980),
which can be viewed as a mixture of g-priors. The main advantage of the hyper-g prior
is that both the model’s marginal posterior distribution of g and the Bayes factor,
Byo (y(o), w(o)), are available in closed form.

We extend the prior setup detailed in the paper through Equations (20), (21), and
(23), by combining the imputation ¢’-prior in Equation (23) in the paper with an hyper-g
prior for ¢’ as follows - we refer to their Section 2.1 for the whole notation:

7 (By | B0 0,v) = N, (By | 0, ¢ 0* 532)
a—2 (@D

(g) = — (L+g¢)" "2 ¢ >0,

with a > 2 to ensure to deal with a proper prior distribution - see Liang et al. (2008)
for the related discussion on the choice of a. The purpose is to re-evaluate the imputed
g'-Bayes factor found in the Proposition 2, B (y(o),w(o)). According to the proof in
the Section B.3 of the supplementary material, the imputed (hyper) g’-Bayes factor is

ma (Y0 20) _ 5| W0 | 20, 20),v)
mo (Y(0): Z(0)) mo (Y(0) | (0): (1), V)

Byo(Y0), T(0)) = (ID)

where the expectation is with respect to the posterior z(), v | 2 _ the last identity
holds because my is a constant inside the expectation. Using Equations (17) and (18) in
the paper for the definition of m. (y(o) | Z(0), (1), 1/) and mg (y(o) | Z(0), (1), 1/)7 their
ratio m~/mg in the right side of Equation (II) can be determined as follows after some
algebraic manipulations:

(o=1 g — 2 (ng—1)

1 )
0 7 /0 g2 S, VA TR S(g) T T (L +g) T dg’, (1)

where Sy is no — 1 times the sample variance of ygy. The two functions A(g) = Xfy)?w +
iE.w and S(g) = So — b'A(g)~'b, with b = X!y, reduce to (1 + 1/¢')E,4 and

So — %;,SSR, with SSR = th;}/b, respectively, in the special Zellner’s g-prior case
where ¥, = )_(fy)_(.y. Then, the imputed hyper g'-Bayes factor Bo(y(o), @ (o)) in (II) is
the average of Equation (IIT) with respect to the posterior A | z(© . This quantity
should be computed numerically, since the integral in (III) does not admit a general
closed-form expression. One could attempt to approximate the integral using Laplace’s
method or other numerical integration techniques, such as quadrature rules - Gaussian

hypergeometric functions do not easily apply here as in Liang et al. (2008).

This small computation is intended to shed light on the challenges underlying the
implementation of the hyper-g prior, and it may encourage further research toward a
fully Bayesian (objective) approach to missing data scenarios.
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Yichen Ji*, Monica J. Alexander’, and Radu V. Craiu®

Introduction

We congratulate the authors (henceforth, GDCCQF) on their contribution to the liter-
ature on model selection with missing data. Our discussion was inspired by the require-
ment to estimate the joint distribution of the covariates, f(Xi,..., Xk|v), which is at
the core of their method. The problem of estimating a joint distribution is central to
modern statistics and its positive resolution has been known to impact other influential
methods such as the knockoff method (Candes et al., 2018), the study of imputation
efficiency in regression models (White and Carlin, 2010), or sample surveys (Gelman
et al., 1998).

Estimation of the joint distribution of covariates

Although GDCCQF use, for simplicity, a multivariate Gaussian to generate the covari-
ates and also to model their joint distribution, f(X7,...,Xg|v), real data can depart
from such an ideal setup in several ways. First, some covariates may have marginal
distributions that are not Gaussian or even continuous, thus falsifying the multivari-
ate Gaussian assumption. Second, the type of dependence captured by the Gaussian
distribution may differ substantially from the dependence patterns exhibited by f. For
example, it is well known that the tail dependence coefficients are zero for multivari-
ate Gaussian distributions, but not so for other multivariate laws (see Hua and Joe,
2011, and references therein). A general mathematical framework for such comparisons
is provided by the copula function which links the marginal and joint distributions
of a multivariate vector (Sklar, 1959; Genest and Rivest, 1993). Furthermore, copulas
have been increasingly used in the development of statistical methods for multivariate-
dependent data (e.g., Genest et al., 2007; Dissmann et al., 2013; Hasler et al., 2018;
Zimmerman et al., 2024; Pan et al., 2025). These developments are accompanied by
software packages (e.g., Hofert et al., 2020) or programs that make it easier to imple-
ment copula-based techniques.

A small numerical study

A copula formulation allows us to study empirically how the performance of GDCCQF’s
variable selection procedure is impacted when the marginals and the dependence struc-
ture of f are misspecified. The analysis produced by GDCCQF’s programs assumes

*Department of Statistical Sciences, University of Toronto, yc.ji@mail.utoronto.ca
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that f is a multivariate Gaussian distribution which is equivalent to a Gaussian cop-
ula model in which the marginals are all Gaussian. We considered data under three
simulation scenarios that vary the copula and the marginals as follows:

CG We used a multivariate Clayton copula in which the Kendall tau between each
pair of variables is 0.8, and all marginals are standard Gaussian. This copula
choice introduces a strong lower tail dependence, unlike the posited model, which
assumes that there is no tail dependence.

CL Same as CG but with marginal densities that are generalized Gaussian
g(x) o< exp(—|z|®), Yoz € R
and thus have lighter tails than the posited model.

CH Same as CL but with marginal densities that are mixtures of a standard Gaussian
(weight is 0.2) and an Exponential with parameter 2,

g(x) = 0.2¢(x) + 1.6 exp(—22)1 (>0} (), Vz € R,

where ¢ is the density of a standard normal, and 1{120}(33) is equal to one if z > 0
and is zero otherwise. This yields marginals with a heavier right tail than in the
posited model.

For all scenarios, each generated data set contained n = 300 observations, the number
of covariates under consideration was k = 10, with active covariates X1, Xs, X5, X7
having the corresponding regression coefficients, 1 = 1, 82 = 2, S = 1 and 7 = 2,
and the missing probability was set to p = 0.1 under a missing completely at random
(MCAR) scheme. We followed GDCCQF to produce nMC = 500 imputations. Each
scenario was independently replicated R = 500 times. Table 1 presents the false negative
(FN) and false positive (FP) rates for the three simulation scenarios when the data are
analyzed assuming a multivariate Gaussian distribution. We note that the impact on
the selection of active covariates seems to vary according to the size of their effect and
the missing patterns produced in each replicate. Given that the error rates are not very
high, we would need more replicates in order to see similar FP rates for all non-active
covariates.

Conclusion

The simulations suggest that misspecification of the dependence can alter the perfor-
mance of the method. Performance degradation is amplified when marginals are also
misspecified. More work is required to understand if the difference in tail dependence
between the Clayton copula and the Gaussian copula is responsible for these errors, or
other copulas more similar to the Gaussian, such as a t copula, can also wreak havoc.
Model misspecification is a well-known issue in Bayesian analysis, but in this case it
can be realistically addressed by considering copula models to fit f. Our contribution
to this discussion is not meant to be a criticism of GDCCQF’s method, but is rather
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Scenario Covariate
X1 Xz X3 Xy X5 Xe X7 Xg Xo  Xuo
CG 0 0 0.216 0 0.108 0.002 0 0.002 0.002 0
CL 0.120 0 0.11 0 0.11 0.548 0.01 0 0 0
CH 0.108 0 0.318 0.002 0.106 0.008 0 0.014 0.002 0.002

Table 1: Error rates for each variable in the three scenarios. For the active covariates
shown in bold, the error rates represent the fraction of false negatives, while for the
remaining inactive covariates the error rates represent the fraction of false positives.

aimed at stimulating the development of flexible estimation methods of multivariate
distributions when part of the data are missing. We thank GDCCQF for an inspiring
article that opens several directions for further study.
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Contributed Discussion

Joris Mulder*

Garcia-Donato et al. (2025) present a methodology for handling missing data in a model
selection problem using an objective Bayesian approach. The current comment discusses
an alternative, existing objective Bayesian method for this problem. First, rather than
using the g prior, O’'Hagan’s fractional Bayes factor (FBF; O’Hagan, 1995) is utilized
based on a minimal fraction.! Second, and more importantly due to the focus on missing
data, Rubin’s rules for multiple imputation can directly be used as the fractional Bayes
factor can be written as a Savage-Dickey density ratio for a variable selection problem.
This attractive property of a Savage-Dickey density ratio was shown by Hoijtink et al.
(2018). The use of (adjusted) fractional Bayes factors for a testing problem of a set of
predefined equality and/or one-sided constrained hypotheses in the case of missing data
was shown in Mulder and Gu (2022) and Mulder et al. (2021). The current comment
derives the methodology for a variable selection problem (which is a special case of
the above testing problem). Moreover, its implied behavior is illustrated in a numerical
experiment, showing competitive results as the method of Garcia-Donato et al. (2025).
Throughout this comment, the same notation is used as Garcia-Donato et al. (2025).

The FBF of a model v € I' against the full model where v, = 1 can be written
as a Savage-Dickey density ratio (e.g., Mulder and Gu, 2022; Dickey, 1971)

F (b) = m’y(d)/mw(db) _ ™jun (B~ =0[d) (1)

B = )
VY full m’yfu” (d)/m"/full (db) 7T’qu” (6-7 - 0|db)

where B_., denotes the vector of coefficients under the full model which are excluded in
model v, m. (d®) = [[ f+(d|By, @)’ (B, a)dBydax denotes the marginal likelihood of
model 7 when raising the likelihood to a fraction b, and the numerator (denominator) on
the right hand side denotes the marginal posterior (marginal fractional prior (e.g., Gilks,
1995)) under the full model evaluated at the null values of the excluded parameters,
i.e., B_y = 0. Thus, the FBF can be written as a ratio of a posterior and a fractional
prior quantity under the full model.

Hence, we can directly apply Rubin’s rules for multiple imputation under the full
model. For the posterior, this implies

/vauu (B—~ = 0|d(0), d(1)) M, (d(1)[d(0))dd (1)
= AVE[ny,,, (8- = 0|d(0),d))] (2)

where AVE] - | refers to the average based on repeated imputations drawn from the
posterior predictive distribution of missing data given the observed data under the full

7T’7full, (137'7 = O‘d(o))
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INote that the implied fractional prior has a similar covariance structure as the g prior (e.g., see
Mulder, 2014).
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Figure 1: Boxplots of the inclusion probabilities for each variable using FBFs after
list-wise deletion (green) and imputed FBFs via Savage-Dickey ratios (blue) when con-
sidering a proportion of 0.10 (left), 0.20 (middle), or 0.30 (right) of missing values per
variable, for the Ozone dataset. The inclusion probabilities based on the oracle FBF us-
ing the full dataset are depicted as red squares. The variable names with ‘*’ contained
missing observations.

model, m~,,,, (d¢1)|d( o)) (e.g., Rubin, 1996). For the fractional prior, we write

7T'qulz(/8—‘7 = 0|dl()0)) = /Tr'qull(IB_'Y = 0|(d(0)a d(l))b)mﬁfuzz(d(l)‘d(O))dd(l)
= AVE[ry,,, (8-~ = 0|(d(0),d(1))")]. (3)

Hence, similar as for the posterior quantity, the posterior predictive distribution based
on all observed data, d(q), is used to compute the fractional prior quantity. Note that
if a minimal fraction of the observed data would have been used in the predictive dis-
tribution, the imputed missing data would be unrealistically heterogeneous. Moreover,
by taking a fraction of the observed data and the missing data, i.e., my,,, (B—y =
0\(d(0),d(1))b), the fractional prior is again based on a fraction of the information in
the observed data, similar as in the fractional Bayes factor. This construction also al-
lows us to compute the posterior and fractional prior quantities using the same imputed
data under the full model using all observed data. Moreover, as the marginal posterior
and marginal fractional prior of B_. both have multivariate Student ¢ distributions
(e.g., Mulder and Gu, 2022), computation is straightforward. The R package BFpack
(Mulder et al., 2021) computes these quantities for fractional Bayes factors for any
equality /one-sided constrained model, which also includes the model «. Finally note
that by separately computing the numerator and denominator in (1) for the observed
data, the fractional Bayes factor is still coherent via this construction (see also O’Hagan,
1997).

I end this comment by illustrating the implied selection behavior of this method for
Experiment 2 of Garcia-Donato et al. (2025) using the 0zone35 dataset with 7 potential
predictors and the same missing data mechanisms. Inclusion probabilities were obtained
using FBFs after list-wise deletion and when using FBFs using the above methodology
for handling missing data. The R package BFpack was used for computing the posterior
probabilities for all 72 = 128 possible models from which the inclusion probabilities can
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be computed.? Figure 1 shows the boxplots of the inclusion probabilities for all predictors
based on proportions of missing values for the variables xg to x19 of 10%, 20%, or 30%
when using list-wise deletion (green plots) and the method discussed above (blue plots).
Similar as Garcia-Donato et al’s method, the proposed method is clearly superior over
list-wise deletion by better preserving the evidence. Moreover, the resulting inclusion
probabilities using this method are very similar as compared to Garcia-Donato et al’s
method (comparing Figure 1 here with Figure 1 of Garcia-Donato et al.).
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Contributed Discussion

Guido Consonni*@® and Dimitris Fouskakis’

We commend the Authors on their valuable contribution on the important topic of
missing data under model uncertainty. Their objective Bayes perspective is also welcome.
We found the paper very clear, highly readable and truly enjoyable!

Gaussian Graphical Imputation Model In their Conclusions the Authors briefly touch
the issue of model determination when the number of covariates k is very high. We also
address scalability to k& but focus on the imputation model.

In their experiments the Authors adopt the imputation model (z;1,Z;2,. .., Zik) |
v Ni(p, X), where X is symmetric and p.d. but otherwise unrestricted. When k& is
large, it is reasonable to assume that the dependence structure among the k base covari-
ates (z1,. .., xx) will exhibit some degree of sparsity. This fact can be leveraged through
an undirected graph G whose vertices are the {z;}’s. The corresponding graphical model
assumes that the joint distribution is such that x; is independent of x}, conditionally on
all other variables, if and only if there is no edge between them under G. In a Gaussian
Graphical Model this translates to 2, = 0 where Q = > is the precision matrix
(Lauritzen, 1996).

Let Mg denote the space of ¥ constrained by €2, = 0 whenever there is no edge
between x; and z;, in G. When G is decomposable, vertices can be arranged recur-
sively into a sequence of cliques C' € C and separators S € S. A convenient conjugate
class of priors for ¥ € Mg is the hyper-inverse Wishart (Dawid and Lauritzen, 1993),
written ¥ | G ~ HIWg(b, D), where b is a degrees-of-freedom hyper-parameter and
_ Hcgc p(EC“?,DC)
T llses p(Es|b,Ds)
where each marginal density is a standard Inverse-Wishart, so that in particular 3o ~

IW (b, D) and similarly for Xg.

D a s.p.d.matrix. The corresponding density is given by p(X | G)

For given GG, we can sample from the target posterior p(x(l), Xop X(O)) using the
required full conditionals. Regarding p, updating is standard under a normal prior with
a variance matrix proportional to X (or under a limiting flat prior). To update X,
notice first that X | p, X ~ HIWg(b+n, D+ > (x; — p)(x; — pu) ") . To update
3., at each iteration compute and cache clique scatter matrices, then draw =) using a
standard junction-tree sampler (Hgjsgaard et al., 2012).

To update the missing covariates, for each row ¢ in the data matrix X, let x; o be
the observed variables and x;; the missing ones. Then, using the precision matrix €2,
X1 | Xi0, 1ty E ~ Ny — Q7 Qio(xi.0— o), Q77') so that for each missing variable only
its neighbors in the graph G will appear in the expectation because of the zero-entries
in QlO'
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The previous structure highlights two forms of locality which arise under decompos-
able graphical models with an Hyper Inverse Wishart (HIW) prior: clique-wise updates
of ¥ and neighbor-based imputations of x; ;. These properties deliver scalability ad-
vantages especially for sparse graphs. However, to evaluate the posterior expectation of
functionals such as the imputed ¢’ Bayes factor of formula (24) -which only depends on
a subset of the data matrix and parameter- no automatic decoupling of such subset is
possible.

The above discussion is predicated on a specific decomposable graph G which is typ-
ically unknown. Useful Bayesian references for graph-structure learning are (Carvalho
and Scott, 2009) (which makes use of an objective version of the HIW) and (Rajaratnam
et al., 2008) (large k). Their implementation with missing data would require suitable
adaptations, and would represent an interesting line of research.

Use Imaginary Data to Construct the Prior Distribution for Regression Parameters
In the context of model uncertainty, one principled strategy for defining objective priors
is the use of imaginary training samples (Consonni et al., 2018). A prominent construc-
tion is the Fzpected Posterior Prior (EPP; (Pérez and Berger, 2002)). The idea is to
begin with default priors (often improper) and then generate imaginary data from a
common predictive distribution. For each competing model, the (proper) posterior dis-
tribution of the parameters is computed using the default prior and the generated data,
and the EPP is defined as the expectation of this posterior with respect to the predictive
distribution. In this way, one obtains compatible priors across models. Typically, EPP
methods rely on training samples of minimal size. An extension is given by the Power
Expected Posterior (PEP) prior (Fouskakis and Ntzoufras, 2022), in which a power pa-
rameter regulates the effective size and influence of the imaginary data. Exploring EPP
and PEP priors in the context of missing data could be fruitful, for example by gener-
ating random imaginary design matrices from a baseline imputation model and using
them to define the prior distribution of the regression coefficients.

Within the normal linear model, it was proved in (Fouskakis and Ntzoufras, 2022)
that the PEP prior (and the EPP), can be represented as a mixture of g-priors, like a
wide range of prior distributions (see for example (Fouskakis and Ntzoufras, 2022)).
This enhances computational tractability because posterior distributions and Bayes
factors are derived in closed form. In particular, when the reference model is the null
(intercept and no explanatory variables) and the imaginary covariates are the actual
ones, centred at their means, the PEP prior is a mixture of g-priors with ¢ following
a shifted generalized beta prime distribution. In principle this methodology could be
applied under the setup of missing data, deriving the imputation PEP prior, using
arguments similar to those in the paper, by replacing the sample variance-covariance
matrix with the corresponding parametric version of the imputation model. In this
context, an interesting topic to explore would be to find the corresponding PEP prior
or EPP after replacing in the mixture of g-priors the X7 X by the variance covariance
matrix of the covariates under the imputation model, as defined in the paper.
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Invited Discussion
Merlise A. Clyde*

1 Introduction

The article by Garcia-Donato and co-authors addresses the dual challenges of accounting
for model uncertainty and missing data within the Gaussian regression frameworks
from an objective Bayesian perspective. Through the use of an imputation g-prior that
replaces XZX,, in the covariance of 8, with ¥x_, the authors develop a coherent
approach to addressing the missing data problem and model uncertainty simultaneously
with random X, in the missing at random (MAR) or missing completely at random
(MCAR) settings, while still being computationally tractable.

Under the MCAR/MAR framework and assumptions on the prior distributions, one
of the key results that permits tractable computation is the expression for the marginal
distribution of Yps given Xops and ~y

m’y(Yobs | Xobs) :/ |:/ f(Yobs | XobSa Xmiss; «, /8’77 0-2’ 7)77(047 ﬂ’yy 02 ‘ v, 'y)d[a, ﬁ'ya 02]
X p(Xmiss | Xobs,V)ﬂ-(V | Xobs)d[xmiss>V]

where v = (u, X) are the hyper-parameters of the distribution of X. By replacing the
usual (X, — 1,%,)7 (X, — 1,%X,) in the g-prior with its expectation, 3., the inner
integral (the marginal likelihood under the complete data (Yobs, Xobs; Xmiss) conditional
on v) continues to be available in closed form due to conjugacy. The outer integral over
Xmiss and v is not tractable, but through the factorization of the posteriors, can be
approximated via Monte Carlo integration leading to a “Rao-Blackwellized” estimator.

V(j) ~ p(l/ | Xobs)
X(j) ~ p(Xmiss | Xobsa V(j))

miss
m(Yobs | Xob57 Xr(gi)ss’ v V(j)) = /f(YObs | Xobsa Xr(-f{i)ssa «, /8’17 027 7)

x (e, By, 0% | D, y)dlar, By, 0%)
J
N 1 X ,
m"/(Yobs ‘ Xobs) = j Zm(Yobs | X°b57xfgi)ssa77 V('j)).
J=1

This is similar in spirit to the Impute Then Select (ITS) approach of Yang et al.
(2005) although rather than using the same set of imputed Xiss,  across all models,
it appears that here new imputations are generated for each model — I would expect
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that using the same set of imputations across all models would reduce the Monte Carlo
error for estimating posterior model probabilities. Beyond the substantial difference in
choice of prior distributions, the implementation of ITS in Yang et al. (2005) does not
take advantage of collapsing the Gibbs sampler over a and B, which would lead to less
efficient estimators Liu et al. (1995); Ghosh and Clyde (2011).

2 Imputation g-Prior

For those who oppose g-priors on philosophical grounds because of the dependence on
the design matrix X, and potentially sample size n, the imputation g-prior may be more
palatable as it replaces the sample covariance of X, with the population parameter ¥ .
Under random sampling this is the limiting version of the g-prior with ¢ = n as n — oo,
satisfying the fourth criterion “Intrinsic Prior Consistency” of Bayarri et al. (2012).

The imputation g-prior of course could be used as the “real prior” with complete
data. The expression for the Bayes factor in (24) is still valid with no missing observa-
tions based on the hierarchical prior, however, there is no need to integrate over X niss
in this case. Because of the non-linearity in X, it was not clear to me that with complete
data, the imputation prior and usual g-prior would lead to the equivalent results in finite
samples, as there is uncertainty about X that should be propagated. There are com-
putational advantages, however, of the usual g-prior over the imputation g-prior with
complete data, which may limit its adoption in general even with random sampling.
An alternative approach is to continue using the usual g-prior based on the observed
Xobs and imputed X ;s instead of the imputation g-prior with or without missing data.
This would provide an avenue to handle transformations of X such as quadratic terms
and interactions. For example, in many analyses of the ozone data, linear, quadratic,
and two-way interactions are considered, e.g. (Casella and Moreno, 2006; Liang et al.,
2008). While joint normality may be appropriate for the linear terms, joint normality
is not appropriate for all variables in the design matrix. While this might preclude use
of the imputation g-prior, one could proceed with the imputation step as described for
the missing linear terms, and then use the completed X to construct the usual g-prior
for each model. A related approach is described in the context of multiple imputation
of missing covariates with non-linear and interactions by Seaman et al. (2012) who
compare ‘passive imputation’ of the non-linear and interaction terms with passive im-
putation with predictive matching (PMM), to ‘just another variable’ (JAV) imputation
where the non-linear and interaction terms are treated as additional variables in the
multivariate imputation model. When X is missing at random, JAV may be biased,
but this bias was generally less than for passive imputation and PMM. When quadratic
effects were pronounced, they found that JAV sometimes led to large bias and poor cov-
erage. For logistic regression, JAV’s performance was sometimes very poor, with PMM
generally improving on passive imputation, in terms of bias and coverage, but did not
eliminate the bias. Clearly more work is needed in this area to extend Bayesian Variable
Selection (BVS) and Bayesian Model Averaging methods to handle non-linearity and
interactions with missing data.
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3 Scalability to Large Model Spaces

Estimates of posterior model probabilities

My (Yobs | Xobs) ()
Z'yEG 1y (Yobs | Xobs)m(Y)

and marginal posterior inclusion probabilities are feasible for model spaces where enu-
meration is possible. However, for larger model spaces that preclude enumeration,
Markov chain Monte Carlo (MCMC) of some form will be necessary to sample models
with estimates of marginal posterior probabilities and inclusion probabilities based on
ergodic averages of . While one could iterate over J imputations of X,,;s and v for
each model to obtain more accurate estimates of the marginal likelihoods and Bayes fac-
tors used to accept proposals of 7, using the Monte Carlo averaged marginal likelihoods
and summing over sampled models will lead to biased estimates as the normalizing
constant in (1) is underestimated (Clyde and Ghosh, 2012). As with ITS, one could use
a two stage approach, by imputing J sets of Xiss and v and then running a standard
MCMC for M iterations to sample models given each imputed dataset, which has the
advantage of being parallelizable. Alternatively, one could embed the imputation step
within the MCMC similar to the Simultaneous Impute and Select (SIAS) algorithm of
Yang et al. (2005), but instead draw new imputations of Xss and v given Xops at each
iteration and accepting or rejecting the proposed 7, Xiss, ¥, where the imputation step
requires sampling v = (u, X), given Xops and generating Xiss conditional on p and
3 as before. If one is estimating posterior probabilities based on ergodic averages from
a MCMC, a question that arises is whether this is more efficient than proposing Xiss
given Yops, Xobs and v in a Gibbs step and then accepting/rejecting a proposed ~ given
the completed X and Y,ps in a Metropolis Hastings step. Using the information in Y gps
may lead to more informative proposals for the missing data, at the cost of potentially
slower mixing.

]5('7 | YobSaXobs) =

(1)

3.1 Objective Graphical Model Selection and g-Priors

For large p, sampling the full p X p covariance matrix 3 may be memory intensive and
computationally expensive depending on the rejection rate for proposing ¥; a concern
if 3 is nearly singular (Sun and Berger, 2007). One potential approach to reduce the
dimension of X is to consider selection in the covariance structure of X in addition to
the variables in the regression of Y on X. We define the vector

Y
_ +1
Z=| x4 e RP
X—~
where Y is a scalar, x are the elements of x where v; = 1 and x_ are the elements of x

where ; = 0. Then Z has a multivariate normal distribution implied by the conditional
distribution of ¥ | x, and the marginal distribution of x,

Hy Ly Yy, Yx_,
Z :| v, p, X~ N Hx., , X= 2x.,y Ex.,x_y 2x_y,x

Mx__y Z3x__\,y Xy Xy X_ Xy

-
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with conditional distribution of Y | x- given by

Y | D700 B N(H“Y\x,wg;‘x_y)
-1
MY\X.Y = Hy + ny-y 2:x_yx.y (X’Y - :ux-y)
SIREED YWD YD Y

O-y\x.,, YXy HXy Xy T XYY

and marginal distribution of x given by

Xy ~ N <( l‘l’x.y ) , ( Ex.,x.y EX‘YX—‘V >> .
X—v Hang Ex_.,x., Ex_.,x_.,

Under model v, Yyx__ = 0. While U§|x1 is generally treated as constant across models,
it does appear to depend on the model through ¥y and X, .

This may be viewed as a special case of model selection in Gaussian graphical models,
where the graph G is defined by edges between all pairs of variables in x (a fully
connected graph) and edges between Y and variables in x.,. By relaxing, the assumption
that x is fully connected, one could consider more general graphical models for Z leading
to more parsimonious models for large p (Jones et al., 2005). As with model specific
parameters in linear regression, neither improper or vague priors on ¥ are generally
allowable. In all but the smallest of problems, (X | G) must be a conjugate hyper-
inverse Wishart prior (HIW) (Dawid and Lauritzen, 1993; Giudici and Green, 1999)
for tractable computation of marginal likelihoods. Seeking well behaved objective priors
for graphical model selection, Carvalho and Scott (2009) developed a HIW g-prior,
3 ~ HIWg(gn,gZ*Z) constructed using fractional Bayes factors (O’Hagan, 1995).
Under this approach, some fraction, 0 < g < 1 of the likelihood is used for training an
improper prior on 3, where the resulting fractional prior is proportional to the improper
prior times the fractional likelihood. Integrating the remaining 1 — g fraction of the
likelihood with respect to the fractional prior leads to a fractional marginal likelihood.
They recommend the choice ¢ = 1/n based on minimal training samples leading to
the vector z having a marginal Cauchy distribution and prove that the resulting Bayes
Factors avoid the information paradox (Liang et al., 2008; Bayarri et al., 2012).

Focusing on the implied conditional regression for Y | X, implied by the graph
Carvalho and Scott (2009) prove the fractional prior for 3 induces a g-prior for 8, =
DI Yy

YXy Xy Xy

. Ol
B~ | Ui\x,\, ~N <B’y7 y{l} = (XfyX'y)_1> (2)
gn +p gRSSxA’
1o, ~Ga ( L0y I (3)

where ,8:, is the usual least squares estimate and RSSy_ is the residual sum of squares for
regression of Y on X and py = > ;. In the case where no selection in the covariance
structure of X is done, this provides an alternative justification of a g-prior using the
completed X.
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The general problem of objective graphical model selection with the HIW g-prior is
with missing data is an interesting direction to pursue. One potential approach under the

HIW g-prior is to initiate the chain at some draw of Zr(]?iis and iterate fori =1,..., M:

Propose G* ~ q(Gx | G)
Propose p*, 3" | G*, YA Zopbs from the joint posterior conditional

miss?

Propose Z7 ... | Zops, 1™, X", G* from the posterior conditional

Accept/Reject G*, u*, X", Z* . . based on the standard Metropolis Hastings ratio.

miss

Update G (i+1) s2(i4+1) 7 (+1)

miss

at iteration i + 1 to either the proposed values (Accept) or the previous values (Reject).
For complete data, we can collapse by integrating out (u, ). Other factorizations, ap-
proaches to collapse the conditional distributions or approximations for proposing Zmiss
given G could lead to more efficient sampling approaches that improve mixing. The
choice of improper prior in Carvalho and Scott (2009) leads to a computationally con-
venient fractional prior as a g-prior for graphical models. Further improvements, could
be achieved by adapting recent recommendations of Berger et al. (2020) for objective
priors on 3.
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Invited Discussion

Sebastian Arnold*® and Alexander Ly’

Congratulations to Garcia-Donato, Castellanos, Cabras, Quirds, and Forte (2025; hence-
forth, GCCQF) for their valuable work extending the Bayesian variable selection method-
ology to handle missing data, which significantly broadens its applicability to real-world
scenarios. The paper offers a valuable basis for further discussion and we are pleased by
the invitation to write this comment.

Our comment explores a further extension of the proposed methodology. Specifi-
cally, we consider the sequential setting where (potentially missing) data accumulate
over time, with the goal of continuously monitoring statistical evidence, as opposed to
assessing it only once data collection terminates. To this end, we replicated the first
setting of their Experiment 1 using data generated under the linear regression model

Yi = Ti1 + 2%50 + Tig + 2257 + €5, €5~ ./\/(0,0'2), where o2 = 2.5, (1)

where the four active variables x;1, 2, T;6, ;7 are correlated with 6 other covariates,
all jointly normally distributed. In each replication, 100 outcomes y € R and potential
covariates * € RP, where p = 10, were generated. As in the main text, 40% of the
covariates were made missing at random. Instead of running their R procedures only at
n = 100, we did so repeatedly at n = 19,20, ...,100, resulting in t = 1, ..., 82 imputed
covariate sets and posterior inclusion probabilities (the used imputation method needs
a minimum number of data points to run properly, and we could, thus, not track the
posterior probabilities for n < 19). As opposed to the original setting, we did decrease
the number of mice imputations from 500 to 50, but this did not qualitatively change
the reported results at n = 100.

1 Exploring sequential Bayesian variable selection

In the simulation study we applied the sequential procedure to 100 data sets, and
the top row of Figure 1 shows the result of the GCCQF procedure for simulation 19
and 76, respectively. The posterior inclusion probabilities of the active and inactive
covariates are depicted as green and brown curves, respectively. The top left panel shows
that the inclusion probabilities of the active covariates remained above 0.5 throughout,
but that the inactive covariates are 17 times misidentified as being active during data
collection. The top right panel shows 4 and 46 misidentifications of the active and
inactive covariates, respectively. To stabilise inference, we combined an initial approach
based on sequential model confidence sets (bottom row of Figure 1) with the GCCQF
procedure, yielding the results shown in the second row of Figure 1.
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Figure 1: Posterior inclusion probabilities of the active (green) and inactive (brown)
covariates over time for two runs of the simulation with respect to the sequential
application of GCCQF (top), the sequential model confidence sets, hence, SMCS-
based approach (bottom), and the mixture approach (middle), where o = 0.1 and
A =1/(8?%) ~ 0.3, for ¢ = 0.65 < 0. Thick lines indicate the active covariates x5 and
x7 with larger regression coefficients.

2 Sequential model confidence sets

In our study, we use sequential model confidence sets, as proposed by Arnold et al.
(2024), as a meta-algorithm for sequential model selection. This method compares the
m = 2P candidate models represented by binary vectors v* = (v1,...,7,) € {0,1}?,
i € [m]:={1,...,m}, based on their predictive performance. At time ¢ € N, we observe
y¢ and compute the loss of model i, denoted by L;; = €(3i+,y:), where §;, is the
model’s prediction and ¢ some negatively oriented loss function. The loss differences
diji = Liy — Lj <0, iff model ¢ outperforms model j at time ¢. Proposition 3.3 in
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Arnold et al. (2024) implies that, if (i) the data are generated by some model i* € [m]
under consideration, and (ii) the loss differences are conditionally sub-exponential with

tuning parameter A > 0, then the collection /\//Yt consisting of all models ¢ € [m] for
which the following holds

1 T
Ei’t_srlgm—lze}(p{)\ (Zdij»s> r/S} <1l/a, teN, (2)

VE) s=1

forms a so-called sequence of model confidence sets (SMCS) or simply sequential model
confidence sets (SMCSs) at level « € (0,1), which means that

PVE>1:i* € My) >1— o (3)

That is, the SMCS guarantees simultaneous coverage of the true data-generating model
+* for all times ¢ with high probability. Property (3) is equivalent to the statement that
the probability of the true model ever being excluded from the SMCS is at most «:

P(3t>1:i* ¢ My) < o (4)

This bound is known as Ville’s inequality and generally holds for exceedance probabil-
ities of E-processes, which are the key objects in safe anytime-valid inference, see for
instance Grinwald et al. (2024), Howard et al. (2021), and in simplified form Ly et al.
(2025). Inspired by the Bayesian variable selection approach advocated by the authors,

we can derive the SMCS-based inclusion probability of covariate k =1,...,p as
R e M, |vi=1
ngCS(’ykzl|$17y17"'7wtayt): ‘{ t|7k }|7 tEN (5)

[{i € My}

Raw counting results from M\t being a frequentist construct that either does, or does
not, contain the true data generating model. Under repeated use, this procedure is
expected to — at all times — cover the truth in 1 — a% of the cases, unlike Bayesian
posterior model probabilities, which represent gradually updated beliefs.

3 Exploring SMCS inclusion probabilities

Our initial attempt to use the predictions of each model assessed by the /5 loss fits
the general theory, but did unfortunately not yield the results we were searching for,
perhaps caused by sub-optimally chosen parameters A and a. Eventually, we used the
logarithm of the (imputed) GCCQF Bayes factors to score each model. In particular,
the “loss” at time t of model ¢ € [m] was computed as

1 mi(y17~-~7yt|391>~--733t)
Ly :=— log BF ; ;, where BF; ; := — . 6
ot m—l%:i 8Bt a0t Moy (Y1 - Yt | X1, 2y) (6)

The inclusion probabilities for the two simulation runs are depicted in the bottom row
of Figure 1. Compared to the sequential application of the GCCQF procedure, there
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is a significant reduction in both the fluctuations and number of crossings through the
critical threshold 0.5 (from 17 to 5 in the left, and from 50 to 9 in the right column). For
the simulation run on the right, this increase in stability came at no cost of accuracy at
n = 100, thus, ¢ = 82. However, the SMCS based inclusion probabilities do misclassify
71 and z¢ as inactive from about n = 98, thus, t = 80, onward in the left column. At
this time point about 256 models remain in My, and the results show that these weak
active covariates appear in exactly half of them.

To borrow strength from the Bayesian variable selection approach, we explored two
methods. The first simply sets the GCCQF posterior model probabilities for model
i € [m] at time t to zero, whenever i € M;. After renormalisation, we then qualita-
tively recovered the standard Bayesian variable selection approach, which suggests close
alignment of the posterior model probabilities and sequential model confidence sets. The
second method mixes the GCCQF and SMCS inclusions probabilities, where the last
one is proportionally weighted by |M,|/m, the relative number of surviving models at
time ¢. This implies that the posterior model probabilities will dominate once a signifi-
cant number of candidate models are removed from M;. The latter typically occurs for
large t, when the Bayesian inclusions probabilities are hopefully stabilised. The middle
row of Figure 1 shows that this mixed approach identifies the active coefficients more
accurately, while at the same time leading to more stable inference.

Method B1 B2 B3 Ba Bs Be B7 Bs Bo  Bro
GCCQF BVS 1.08 0.09 3.82 265 296 246 0.16 3.79 4.35 3.96
Mixed 0.47 0.05 0.88 0.74 0.63 0.82 0.15 098 1.29 0.93

SMCS based 046 0.05 0.8 0.66 0.7 0.75 0.15 0.87 1.02 0.94

Table 1: The average number of crossing of each covariate.

Method B P2 B Ba Bs Bs Br B Bo  Bro
GCCQF BVS 1 1 0.03 0.01 0.04 0.99 1 0.02 0.09 0.05
Mixed 098 1 0.04 010 002 097 1 025 0.19 o0.10
SMCS based 0.86 1 0.08 0.13 0.02 0.84 1 0.26 0.20 0.11

Table 2: The relative frequency of each covariate being included at time n = 100 (¢ = 82).

The stability improvements hold consistently across all 100 replicated data sets (Ta-
ble 1). While this gain in stability incurs minimal cost in identifying active covariates
(Table 2), it does increase the misclassification rate of inactive covariates as active. Fig-
ure 2 visualises the decrease in variability of the total number of crossings through the
critical value 0.5.

4 Concluding comments and further discussion

With this note we do not want to critique the contribution of GCCQF, but rather
highlight the many interesting challenges involved with sequential decision making. The
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Figure 2: The averaged total number of crossings through the critical value 0.5 for the
posterior inclusion probabilities (red) and the mixture approach (blue).

approach we took here was fully exploratory, as we honestly do not know what can
be reasonably expected from a sequential variable selection method. It is unrealistic
to demand such method to perfectly identify the (in)active covariates as (in)active as
soon as possible, and retain those classifications throughout. But what is realistic? The
increase in stability based on mixing the SMCS and GCCQF inclusion probabilities was
significant, but we do not know whether it is an optimal procedure. In fact, we do not
even know if our choice of A and « is optimal for our mixed procedure. The chosen A ~
0.3 works well for the underlying true 5, and we can make it adaptive to other 8s. For
instance, with a prior distribution, or using a prequential plugin approach. The role of «
requires more explorations and thought. It is also unclear whether the cost of increased
misclassification of inactive covariates, as shown in Table 2, is necessary. Furthermore, it
remains unclear how the theoretical guarantees of SMCS, derived in Arnold et al. (2024),
translate from the level of models to the derived inclusion probabilities (5). The use of
SMCSs, however, is not totally arbitrary as admissible anytime-valid inference should
rely on E-processes (Ramdas et al., 2020), and SMCSs provide a natural candidate for
sequential model selection. A central result in the theory of safe sequential inference
also suggests that (log) optimal procedures should be Bayesian in nature (Griinwald
et al., 2024; Larsson et al., 2025). Our meta-approach moves out of this realm, and we
wonder whether the authors can see avenues in making the approach Bayesian again.
Perhaps they suggest a different approach to sequential Bayesian variable selection over
our naive approach. And would an increase in the rate of misclassification of an inactive
covariate be worth the cost of more stable inference?
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