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Figure 12. Left: Breakpoint distribution for a He initialization across a 3 layer network. Right: Delta-slope
distribution for a He initialization across a 3 layer network.
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Figure 13. ‘Spiky’ (orange) and standard initialization (blue), compared before training (left) and post-
training (right) using a deep network

5 APPENDIX
1 EXPERIMENTAL DETAILS

Breakpoint and delta-slope distributions at initialization. We first test our initialization theory against
real networks. We initialize fully-connected ReLU networks of varying depths, according to the popular
He initializations He et al. [2015]. Figure 12 shows experimentally measured densities of breakpoints and
delta-slopes. Our theory matches the experiments well. The main points to note are that: (i) breakpoints are
indeed more highly concentrated around the origin, and that (ii) as depth increases, delta-slopes have lower
variance and thus lead to even flatter initial functions.

A.1 Uniform Initialization

Trained on a shallow, 21 unit FC ReLLU network. Trained on function over the interval [-2,2]. Learning
rate = Se-5, trained via GD over 10000 epochs. Compared against pytorch default of He initialization.
Training data sampled uniformly every .01 of the target interval. Each experiment was run 5 times, with
results reported as mean + standard deviation. Breakpoints y values were taken from the original standard
initialization for the uniform initialization plus a small random noise term ~ A/(0,.01), making initial
condition within the target interval nearly identical.
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Function Shallow Spiky Shallow Deep Spiky Deep
Sine 42.95 £ 6.406 157.5+60.27 31.48 £7.078 122.0 £ 128.2
Arctan 0.013 £0.077 2.499 + 1.257 0.980 £ 0.936 32.570 &£ 26.100
Sawtooth 156.9 +12.45 150.1 +61.48 148.1 £8.755 198.0 £ 170.9
Cubic 3.608 £+ 1.683 136.7 £ 124.1 56.77 £9891 191.6 + 114.1
Quadratic  3.559 +4.553 150.6 £49.00 1.741 +1.296 46.02 £ 19.42
Exp .6509 4 .5928 181.1 £75.36 1.339+1.292 54.50 & 37.77

Table 3. Comparison of testing loss of various network shallow and deep networks with a standard vs
‘spiky’ initialization

A.2 Spiky Initialization

For a shallow ReLU network, we can test a ‘spiky’ initialization by exactly solving for network parameters
to generate a given arbitrary CPWL function. This network initialization is then compared against a standard
initialization, and trained against a smooth function with a small number of training datapoints. The results
of these experiments are shown in Table 3 and Figs. 10 and 13. Note that in a 1D input space we need
a small number of training datapoints to create a situation similar to that of the sparsity caused by high
dimensional input, and to allow for testing generalization between datapoints.

For a deep ReLLU network, it is more difficult to exactly solve for a ‘spiky’ initialization. Instead, we
train a network to approximate an arbitrary CPWL function, and call those trained network parameters the
‘spiky’ initialization. Once again, the ‘spiky’ initialization has near identical training performance, hitting
all datapoints, but has noticeably worse generalization performance.

Detailed Experimental Procedure. Shallow version trained on a 21 unit FC ReLU Network. Deep version
trained on a deep, 5-layer network with 4 hidden layers of width 8. In both cases, the ‘spiky’ initialization
was a 20 - breakpoint CPWL function, with y,, ~ Uniform(|—2, 2]). In the deep case, the spiky model
was initialized with the same weights as the non-spiky model, and then pre-trained for 10,000 epochs to
fit the CPWL. After that, gradient descent training proceeded on both models for 20,000 epochs, with all
training having learning rate 1e-4. Training data was 20 random points in the range [-2,2], while the testing
data (used to measure generalization) was spaced uniformly at every Ax = .01 of the target interval of the
target function.

In the shallow case, there was no pre-training, as the ‘spiky’ model was directly set to be equal to the
CPWL. In the shallow model, training occurred for 20,000 epochs. All experiment were run over 35 trials,
and values in table are reported as mean =+ standard deviation. Base shallow learning rate was le-4 using
gradient descent method, with learning rate divided by 5 for the spiky case due to the initialization method
generating larger weights. Despite differing learning rates, both models had similar training loss curves and
similar final training loss values, e.g. for sine, final training loss was .94 for spiky and 1.02 for standard.

Functions used were sin(z), arctan(z), a sawtooth function from [-2,2] with minimum value of -1 at the

endpoints, and 4 peaks of maximum value 1, cubic ﬂ—3 + % — %, quadratic %2, and exp(.5x) Note GD

was chosen due to the strong theoretical focus of this paper - similar results were obtained using ADAM
optimizer, in which case no differing learning rates were necessary.

A.3 Explaining the Need for Overparametrization

One possible explanation for why overparametrization is helpful is that it makes lonely partitions more
likely to occur at initialization and remain lonely at subsequent times, resulting in a lonely final partition
which can be trivially fit with O training loss. Figure 14 confirms the hypothesis above, for both our
custom uniform and standard He initializations. If gradient descent training on neural networks must be
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Figure 14. Percentage of datapoints which are in a lonely partition as a function of overparametrization
ratio % for both a standard (He) and uniform initializaion. Massive overparametrization leads w.h.p. to
lonely partitions.

overparametrized to succeed, it implies that GD is highly inefficient with its parameters, leading us to ask
the question: under what conditions will GD be successful?

Finally, we compare a standard He initialization vs our uniform initialization on a very small task. The
He initialization leads to lonely partitions, preventing it from achieving training loss near O for v = 100,
while the uniform initialization with all lonely partitions is able to do so. These results can be seen in our
Supplemental Videos.

A.4 Comparing Neural Network to Linear or Cubic Splines

In this section, we used a non-standard initialization in order to better compare with our theory. In
particular, we set w to randomly be plus or minus 1 with equal probability, b to be a uniform partition of
our x-range multiplied by the sign of w s.t. the breakpoints uniformly tile our x-range. v was multiplied by
0, leading to a perfectly flat initialization - note that as this is a shallow network, gradient can still flow
through this after the first gradient descent update. Networks had hidden size H = 1000, and N = 21
datapoints were chosen with x values uniformly spaced from [—2, 2], with an additional = datapoint at 3
and -3. y values for all datapoints were randomly chosen between [—2, 2] independently. Prior to training,
we constructed a linear interpolation of the data, as well as a natural cubic smoothing spline using the
R method smooth. spline. a modification took place once before training began. Training was done
using Adam, with a learning rate of 3e-5 for a < 1, otherwise learning rate was divided by 5 to ensure
that the networks had converged after 50,000 training epochs. The final neural network fit was compared
against the spline fits over a fine grid with a Ax of .01 from -2 to 2. We considered the extra datapoints
at + 3 to act as ‘pins’ providing boundary conditions - without these, the neural network fits would still
interpolate all interior datapoints, but potentially with different slopes through the first and last datapoints,
leading to a sub-optimal fit.
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Figure 15. Effect of «, using same experimental protocol as Table 2, zoomed in on a small area of a single
seed.

A.5 Supplemental Videos

We generate supplemental videos, using the settings in the above section at a fixed seed. We show both
the general lower learning rate, and a faster learning rate version when necessary to show certain dynamics
(i.e. for lower «). These videos are available at http://shorturl.at/tFWZ2.

A.6 Varying o

We look at a specific zoomed in portion of the trials above on a fixed seed, training to convergence, and
show the results in Figure 15. This gives an intuitive picture of what varying « does, with too low giving
an underfit, moderate giving a linear interpolation, and higher approaching the natural cubic spline.

2 PROOFS OF THEORETICAL RESULTS

B.1 Reparametrization from ReLU Network to Piecewise Linear Function

PROOF OF EQUATION (1):.
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This gives us Equation (1), as desired.

B.2 Random Initialization in Function Space

Lemma 3. Suppose (b;, w;, v;) are initialized independently with densities fg(b;), fw(w;), and fy (v;).
Then, the density of (Bi, 11i) is given by

FoaBon) = [ TG it fr () du

PROOF. Suppose (b;, w;,v;) are initialized i.i.d. from a distribution with density fg v (b;, w;, v;).
Then, we can derive the density of (;, 11;) by considering the invertible continuous transformation given
by (8, iy w) = g(bi, wi, v;) = (bi/wi, vilwi], w;), where g~ (B, pii, u) = (Biu, u, i /|ul). The density of
(Bi, pi, u) is given by fp arv (Biu, u, pi/|ul)|.J|, where J is the Jacobian determinant of g—!. Then, we
have J = —sgnw; and |J| = 1. The density of (61, p;) is then derived by integrating out the dummy
variable u: fg (5, i) f fB.wv (Biu, u, £2) du. If (b, w;, v;) are independent, this expands to

25 (i) fw (u) fr (&) du

B.3 Gaussian Initialization in Function

Theorem 1(a). Consider a fully connected ReLU neural net with scalar input and output, and a single
hidden layer of width H. Let the weights and biases be initialized randomly according to a zero-mean
Gaussian or Uniform distribution. Then, under an independent Gaussian initialization,

1 lily/op + 0%, 57
exp | —

pa.u(Bis i) = - - P
21oyy\/ 07 + 02, [3; b%vCw

PROOF. Starting with Lemma 3,

F5.0(Bo1) / (B fr () fr (22)

(ﬁu)2 3 i 1 _ (w/w)?
_ / 2 ¢ 2% du

0 /o \/ 27?0 2102

exp |: HA/ Ug+0w(6)2:|
oLoVow
(SymPY) = 271'01;\/0'5-1-0121;(5)2 w > 0
unknown otherwise

but the integrand is even in p, giving

lul\/oi+0%(B)? ]

exp |:_ OpOuOw

2mo, Og +02/(8)?
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Corollary 1(a). Consider the same setting as Theorem 1. In the case of an independent Gaussian
initialization,

00w
m (0557 +07)
1 | i
K
0 0) TO Oy 0 (Uva
e \ o3 + B - \pily/of + 02,32
p— X P

pup(kilBi) = Laplace | p1;; 0, oo P ;
/0-5_{_03)5? b0vO0w bOvO0w

where G0 (+|-) is the Meijer G-function and K, (+) is the modified Bessel function of the second kind.

ps(B:) = Cauchy <@; 0. @) _

1 20 ( M
pu(ﬂz‘) = G <402Z 2

2TO L0y

PROOF. Marginalizing out £ from the joint density in Sympy returns the desired fg(/3) from above.
Sympy cannot compute the other marginal, so we verify it by hand:

lul\/op+o0,82 \ul/op+o0,52
o0 exp |:_ Ub;vaw :| exp [ O'b(;b'vO'w }
fu(/u) = / dr = Yo /
-0 27a, /02 + O%UBQ Oy /(7 + o2 52

e {—MW]
(-2) i,
Ow WUU\UEU-; —o0 W
o' (B

from Gradshteyn and Ryzhik [2015], Eq. 3.462.20, we have

ds [Rea > 0,Reb > 0]

o0 exp(—a\/m>
Kofa) = | NI
n exp(—on/FFT )

(integrand is even in 3) = —

2 ) \/52—|-b2

dg [Rea > 0,Reb > 0]

el
OpOv0Ow

G 2@}
d

exp [ n
00w Ow 1
. / 5= Ky < |14 )

applying this with a = and b = oy,
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as desired. We can then use these densities to derive the conditional:

02+0120 2
/ag o2 (B)2exp {_ '““/alfg i ) ]

2000400

fu(MW) =

Ub 0‘1} Uw

o +a2(6)?

= Laplace | p;0,

B.4 Uniform Initialization in Function Space

Theorem 1(b). Consider a fully connected ReLU neural net with scalar input and output, and a single
hidden layer of width H. Let the weights and biases be initialized randomly according to a zero-mean
Gaussian or Uniform distribution. Then, under an independent Uniform initialization,

(Bi, i) = Llpl < min{%,aw,av}ﬂ min{& w} — i
Pa,u\Pis Hi A0y ty |ﬁz|7 w O

PROOF. Starting with Lemma 3,

a

fonBom) = [ Fa(Bu) fw(w) fur(ufu) du

/awln < Bu < ay——[—aw < u < aw]——[-av < p/u < a,]d

= —|—aQa u apl|l—||—a u a —Qa u a u

—aw 2ay b= =% 204, w="7-="v 2ay, v=H -
Gw 1 1 1

— [ /18] < u < ay/ 1Bl [ < u < aul s < ~lpl/fay V> [al/a] du
—aw ab 2aw 2awu

fw 1 : :
— [ gl min{a/|Blau} < w < —lufo v lulfa, < u < minfay/ |3 )]
aw O0b0way

< [li] < ayau/|81] du
_ Dl = avao/ I8 ™ ) a8, aw} < u < —lul/as V Jul/ay < u < minfay/|8] 0w }] du

86Lbawav —Quw
< apa,/|B f :
_ [[|N|4abab ;/| Il /0 Mlel/ay < u < min{ap/|B|, aw}] du
w™HY
< apa .
_ [[|M|4_abab ;/WH] (minf{ap/|B, aw} — |pl/av) [—away < 1 < away]
wYwv

as desired.
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Corollary 1(b). Consider the same setting as Theorem 1. In the case of an independent Uniform
initialization,

1 . ap 2
pﬁ(ﬂz’) = Aty ing (mm {m,aw})

H_awav < p; < awavﬂ Aoy Aoy

2ayay |/%|

pulps) =

[lp] < aymin{ay/|5il, aw}] (1 B |144] ) 7

pmﬂ(#iml) Tri(pi; ay min{ap/|Bil, aw}) = ay min{ay /| Bi, aw } ay minf{ay/|Bil, aw}

where Tri(-; a) is the symmetric triangular distribution with base |—a, a| and mode 0.

PROOF. Beginning with the marginal of 3;,

f5(8) = / Fo.n(Bo1) i
) /°° ] < ayan/|B]

(min{ap/[8], aw} — |pl/av) [-awas < p < away] dp

—00 4apyay
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1 away '
= Saraa /0 e < apay/|B|] (min{ay/|B], aw} — p/ay) dp
1 Qway ' .
= (/ [ < apay/|5]] mln{ab/|ﬁ|,aw}dy—/ [[Méabav/WH]u/avdu)
abawav 0
QQwaCZU (mln{ab/|6| aw}/ ,u < abav/|ﬁ|]] dﬁb — —/ M < abav/|ﬂ|]],udu>
L pmin{awayasan/|8])
2@ bAw Ay mln{ab/‘ﬁl aw}mln{awav, aba’v/’m} B &_U/O ,ud:u
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as desired. Then,

Fuli) = / Fsn(Bop) B
/°° il < ayan/IB]]

4apQqy,ay

—00
_[-away < p < ayay]
n 4apQyyay
' [—away < o < aya]
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o 4apQyyay

4apQy Qy
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4apQy Qy

apav /|l
-
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_ [Fawaw < p < awar]
4ap oy Qy

_ [raway < p < ayay] 5
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2 [ 15 < awon ] Gmindan5. 00} — Julfa) a5
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ap/B — |pl/ay dﬁ)

ab/aw aao /|1l
/ aw — |p|/ay dB +/ ap/B — ||/ ay dﬁ)
0 ab/aw
apay /|l apay /|
(ab/aw)(aw - |ﬂ‘/@v) + / ab/ﬁ ds — ‘M|/av dﬁ)
ay/aw ay/aw

[ apay /|

(ab/ 1) (@ — |1 fa0) + / L wysag

— (1l aw) (apan /1] — ap/aw)]
apay /|l

_ [[_awav <p< awav]] 9
4apQyyay

_ H_awav <p< awav]] %

4apQyyay

_ <u<
_ [—away < p < away] o

(<ab/aw><aw ~ |l/aw) + aplog () (e 1] — ab/aw>)

ab/aw
g B/l
ab/aw

apay /|1

2040y

_ [[_awav <p< awav]]

lo

ab/aw

Ay Ay

20,0y

g
)

Frontiers



Sahs et al.

as desired. We can then use these densities to derive the conditional:

lesizasan \G] (vpinfay/ |6, aw} — il fav) [—awas < i < away]

fupil Bi) =
wlail i) 4ablaw (min{ay/|;], aw})”
il =wao Bl awavspasontal (yinfa, /(8 % |, aw} — |l /av)
(min{ab/|5i|,&w})2

ay minfay/|Bi], aw} ay minfay/|fi, aw}

Remarks. Note that the marginal distribution on y; is the distribution of a product of two independent

random variables, and the marginal distribution on 3; is the distribution of the ratio of two random variables.

For the Gaussian case, the marginal distribution on j; is a symmetric distribution with variance o2¢2 and

excess Kurtosis of 6. For the Uniform case, the marginal distribution of (; is a symmetric distribution with

no finite higher moments. The marginal distribution of p; is a symmetric distribution with bounded support

81
50away

— 3. The conditional distribution of yx; given (; is a
(av min{ab6/|ﬁi|7aw})2

3 3
and variance QC“UT“” and excess Kurtosis of

symmetric distribution with bounded support and variance and excess Kurtosis of —%.

B.5 Roughness of Random Initialization

Theorem 2. Consider the initial roughness py under a Gaussian initialization. In the He initialization, we
have that the tail probability is given by

Plpo — E[po] > | < —+

where E[pg| = 4. In the Glorot initialization, we have that the tail probability is given by

1

1 A2(H+1)%?
128H

Plpo — E[po] > A] <

where E[pg] = % =0 (%)

PROOF. Using the moments of the delta-slope distribution computed in Theorem 1, Corollary 1, and
above, we can compute:

H H
Elpo] = Y E[pf] = Y Var[u] + E[w]* = Hojo,
i=1 i=1
H
Varlpo] = S Varlu?) = H Varl?] = H(Ed] - E[2P)
i=1

= H(9(o,0,) — okod) = 8Holod

Applying the two initializations, we have
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)
Elpy°] = Heps =4
44 1928
Varlph] = 8H g7 =
2 9 AH
E Glorot - H —
P = T T ( )
4 4 128 H
V. Glorot — 8H -0
arlpg™] (H+ 121+ H? (Hr1)p ( )

By applying Cantelli’s theorem, we get the stated tail probabilities.

B.6 Loss Surface in the Spline Parametrization

Theorem 3. The loss function E(QBDSO = (B,u,s)) is a continuous piecewise quadratic spline.
Furthermore, consider the evolution of the loss as we vary (3; along the x axis; this 1-dimensional slice
1 (Bi; B_;, 1, 8) is also a continuous piecewise quadratic spline in B; with knots at datapoints {x,})_,
Let p1(5;) (resp. p2(B;)) be the quadratic function equal to Z(ﬁi; B_;,u,s) for B; € [xp_1,xy] (resp.
[, Tni1]), which both have positive curvature, and let m; £ arg min p; (5;). Then, with measure 1, the
knots x,, fall into one of three types as shown in Figure 3:

-(Type I, Passthrough) m1, mo < T, or T, < mi,mo,

-(Type II, Repeller) mi < x, < my

-(Type 111, Attractor) ma < x, < mj.

PROOF. First, consider the following function:

(5, z(zm _8) —yn)

n=1

2

As a sum of squares of linear terms, this is clearly quadratic in (3, n). Then, note that the loss

(B, s Z (Z pi (x yn>

n=1

2

differs only in the addition of the (-),, operation, which converts each linear term to a continuous piecewise
linear term. Thus, / (+) is continuous piecewise quadratic in (3, u). Furthermore, holding p and s constant,
we still have the composition of a quadratic and piecewise linear function. In particular, the piecewise
linear terms have their knots at 3; = z,,, which are inherited by £(-).

Finally, because / (+) is of the form Z +, it has non-negative curvature everywhere, so m; and my are
well-defined for each knot. Then, we can analyze the loss surface under the various orderings of my, mo,
and z,,. We may ignore the case that m; = x,, as this is an event of measure 0. It is straightforward to
collect the remaining cases into the three types depicted in Figure 3.
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Theorem 4. Consider some arbitrary Oy such that there exists at least one neuron that is active on all
data. Then, 0y is a critical point of ((-) if and only if for all partitions X, the restriction f(-;0yy)|x, is
an Ordinary Least Squares (OLS) fit of the training data contained in ).

PROOF. Let 6 be as hypothesized. Then, 05y is a critical point of 1 (+) iff gg—l(\]‘l\)] o = 0. Expanding,

we have that the right hand sides of Equation (5) are all 0. Without loss of generality, assume there is no
i € [H] such that v; = w; = b; = 0. Simplifying under our assumptions, we get

The latter two lines can be written as

T
( € oA ) X =0,
NxH NxH Nx2 Hx2

where € is H copies of the N-dimensional vector €, a,; = [w;x,, + b; > 0] is the masking matrix that
selects the relevant €, for each neuron 7, and X = [1  X]. Because the columns of € are identical, we can
swap the dot and Hadamard products:

— . . . ~
where €' contains just 2 copies of €.

AT AT
Thus, 0%y is a critical point iff T is in the null space of A . We therefore proceed by analyzing A . The it

~T
row of A is given by 1;; let us assume that the rows are sorted by the corresponding /3;, and the columns
are sorted by the corresponding x,, value. Then, each row will be either consist of a block of Os and a block
of 1s. To illustrate this, consider an example with eight datapoints and five breakpoints:

S R S T

Bi T1 P T2 T3 Py Ty Tz Py e  fBs Ty Iy

where e denotes a datapoint, and } denotes a breakpoint, where the direction of the “flag” indicates the
facing s; (e.g. s1 = +1 so that neuron 1 is right-facing and therefore active on all data). Then, we have

11111111
10000000
~T
A,=10 0011111
11111000
00000011
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Using the all-1s vector corresponding to the neuron active on all data, we can then apply elementary row
operations to convert rows with leading 1s to have leading Os. In our example, this gives

11111111
ot
=10 00 111 11
000O0O0T1 11
0000O0TO0 11

Because the rows are sorted by breakpoint, and each row’s transition from Os to 1s happens at the index of
the first datapoint greater than that row’s corresponding breakpoint, there are exactly two cases: (i) row
© + 1 is equal to row ¢ (when the two breakpoints land between the same pair of datapoints), or (ii) row
¢ + 1 will have some additional Os corresponding to the datapoints between the two breakpoints. If we
iterate from the last row to the first and apply row-wise differences (i.e., subtracting row ¢ + 1 from row 7),
we get for case (i) a row of all Os, and for case (ii) a row which is 1 for each datapoint between the two
breakpoints:

10000000
o1 100000
=10 00110 00
00000T1O00
0000001 1

AT
In this form, each row of A is given by the piece indicator 1,, given by 1,,,, = [z, € [Bp, Bp+1)]-

. L .
Returning to our goal of proving A 1 = 0, we see that this now reduces to

(€p,1) =0 Vpe [H]
(€p,x) =0 Vpe [H],

which is exactly the condition that f(-; xN) |xp, = MpT +yp is an OLS fit of the data in piece p, for p € [H].
Note that there are P = H + 1 pieces, but by assuming that there is at least one breakpoint active on the
data (and thus outside the data), the “missing” piece is guaranteed to have no data in it, and thus vacuously
be an OLS fit. Finally, the condition (€,1) = 0 can be expressed as 25:1 (€p, 1) = 25:1 0=0.

Lemma 1. For any lonely partition 11, there are infinitely many parameter settings 0gpso that induce 11
and are global minima with Z(HBDSO) = 0. Furthermore, in the overparametrized regime H > cN for
some constant ¢ > 1, the total number of lonely partitions, and thus a lower bound on the total number of
global minima of € is ("1) = O(N°N).

PROOF. Note that each linear piece p has two degrees of freedom (slope and intercept). By way of
induction, start at (say) the left-most piece. If there is a datapoint in this piece, choose an arbitrary slope
and intercept that goes through it; otherwise, choose an arbitrary slope and intercept. At each subsequent
piece, we can use one degree of freedom to ensure continuity with the previous piece, and use one degree
of freedom to match the data (if there is any). Counting the number of lonely partitions reduces to counting
the number of possible ways of allocating N datapoints (balls) into  + 1 pieces (urns) with at most one
datapoint per piece.
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B.7 The Gradient and Hessian of the Loss ¢(6nn)

Theorem 5. Let 0* be a critical point of ((-) such that B} (0*) # x, for all i € [H| and for all n € [N].
Then the Hessian Hy(0%) is the positive semi-definite Gram matrix of the set of 3H + 1 vectors

B 2 {vix;, wix; + bili, v} U {1},

as shown in Equation (4). Thus, Hy(6%) is positive definite iff the vectors of this set are linearly independent.

PROOF. We begin by deriving the first and second derivatives of f:

of 0

= = Zvigb(wix +b;1) + b()l)

by~ by <i:1
=1

A H
a@yf; = (9?0 <Z vigzﬁ(wix + bil) + b()l)

= vi(b’(wix —+ bil) ®x
= 0;X ® [Jwix + bj1 > 0]

= ViX;

A H
% = a% (Z vigzﬁ(wix + bil) + b()l)

i=1
= ¢(wix + b;1)
= (wix + bil) © [[wix +b;1 > 0]]
= w;X; + b;j1;
of 0 (&
b b, (; vip{wix +bil) + 501)
= Uz‘(ﬁ/(’wiX + bz‘l)
= viJwix 4+ b;1 > 0]

= vil;
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0%t 0
0by0bg - 8_()01 =0 O2f P
f = iXi +0i1i) = 045 [Xi iX 4+ bi1) ® 6 (wix + b;
ot 0 1=0 Ow;Ov; 3wj(wx+b1) 0y [%i + (wix +b;1) © 6 (wix +
8wj8b0 N 8w]~ N = 5inz’
i S 2f 0
= v = — (wix; + b;1;) =0
8vj8b0 8Uj 0 6Uj0?}i (91)]' (w X )
o%f 0 92f o
T ob = o (wix; +bi1i) = 055 [Li iX + bi1) © 0 (wix + b;]
dbobg by Ob;0v; b (wixi + bile) = 0 [1i + (wix + b;1) © 6 (wix +
an 0 = 5ij1i
= —ux;, =0 0
8b08wi 3()0 o-f 0
¢ = —u1;, =0
o*f 9 5 5 , 18b08b¢ dbg
Fusdw, — du,; U T durx O o(wix F bl

= v;1; = (51‘]'1)7;1 ®0 (wix + bil) ®©1

— 5ijvixgi Ow;0b; ow;
82f 5 . = 51'3'?}11@',:
= L UX: = 8 X
ovjow;  Ovj o R o°f _ i’Uili = 0i1;
945 (%j@bi 81)]'
ot avx 0;X O d(wix + b;1) © Ig2f
s — . . . §
abjawi abj o ' ' ' 9b:9b = 8%1}1'12' = (51']'1}2‘1 ®0 (wix + bil) ®1
= 5ijvixi,: A J
o’ 0 ( +0i1;)=0 ) 5ij1i7:
= — (WX 1) —
81)081)2' 8b0 Wi e

where 1; — is the vector that selects datapoints x,, that equal 3;, i.e. 1(Z~7:)7n £ [wizy, + b; = 0], and

Xi— £x0 1, —. Next, we calculate the first and second derivatives of /. Let ¢ and v denote arbitrary
individual parameters.

0%
<e, awgp> (11)
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Collecting and expanding all of the above together into the Hessian matrix, we have

% ot ot foad
Ow;jow;  Ow;0v;  Ow;0b; Ow;0bg
% % % %t
A A avjawi 61)]‘6’01 avjabi avjabo
Hg = Hess(f) = 520 920 920 92y
8bj8wl 8bj61)1 8bj8bl abjabo
Fal 920 920 oadd
Obgow; 9byOv; 0byOb; 8[)3
<Uij, vixi) — <é, 5ijvix?i> <Uij, w;X; + bi1i> — (é, (5ijxi> <2)ij, Ui1i> — (é, (52‘jvili7:> <Uij, 1>
_ <’ijj+bj].j7 U¢Xi> - <é7 5ijxi> <ijj+bj1j7 wixi+bi1i> <ijj+bj1j, 'Ui1i> - <é, 5ij1i> cee <w]‘Xj+bj1j, 1>
(vjljwixi} — <é75ij'uixi$=> (vjlj,wixi +b;1;) — <é75ij1i> <vj1j,vi1¢) . <é7(5ij1i,=> <U]'1j,1>
<17Uixi> <17wixi +b¢1i> <1,U¢1i> <1,1>
If we assume that ; # x,, for all ¢ and n (which excludes a set of measure 0), we have
<1}ij, UiXi> <1)ij, w;X; + blll> — <é, 5in¢> <1}ij, Ui1i> <1}ij, 1>
_ <ijj—|—bj1j,UiX¢>—<é,5ini> <’u}ij+bj1j,wiXi+f)i1i> <ijj+bj1j7’Ui1i>—<é,(Sij1i> s <ijj+bj1j,]_>
<vj1j7vixi> (vjlj,wixi +bi1i>_<€75ij1i> <Uj1j7vi1i> <'Uj1j-,1>
<17UZ'XZ'> (Lwixi +bi1i> <17UZ‘1¢> <1,1>
At a critical point of ¢, we have (€;,x) = (€;,1) = 0, which yields further simplifications:
(UjX]', UZ'XZ'> <’U]'Xj, wWiX; + b¢1i> <’U]'Xj, Uili> <Uij, 1)
_ <ijj+bj1j, ViX;) (ijj-f—bjlj, wiX;+b;1;) <ijj+bj1j, vil;) - <ijj+bj1j, 1)
(vjlj,vixi> <Uj1j7wixi —|—bili> (vjlj,vi1i> <Uj1j71>
<1>Uz’Xi> (l,wixi +bi1i> <1,Ui1i> <1,1>

as desired.

Alternatively, we can start with Equation (11), and write

H/ =G - (é,Hf>,
where G is the Gram matrix, and H i is the Hessian of f (x; OnN) (With respect to Onn). Noting that H i
is a block diagonal matrix which has only zero entries at critical points unless 3; = x,, for some ¢ and n
yields the result.

Corollary 3. Let 6* be a critical point of ((-) such that its data partition is lonely, and either at least
one neuron is active on all data or there is at least one pair of oppositely-faced neurons in the same data
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gap, so that x € span(B). Then, ((6*) = 0 and H(6*) has exactly N non-zero eigenvalues, and thus
3H + 1 — N zero eigenvalues.

PROOF. We begin by observing that in general, each interior interval [z, z,+1) for n € [N — 1]
contributes at most two linearly independent feature vectors: x; and 1; for some 7. Let x,, and 1,, denote the
features of a right-facing neuron in the data gap (2,1, ). Under the assumptions that the data partition
is lonely and x € span(B), we have that x,, € span(B), for all n € [N] (for any data gap that only has a
left-facing neuron i, the feature x,, = x — x;). Taking pair-wise differences, we can construct the features
(0,...,0,2,,0,...,0), which form an orthogonal basis of R. Thus, any further features added to B do
not increase its span, and therefore must be linearly dependent on features already in B, and therefore
contribute only zero eigenvalues to Hy.

B.8 Gradient Flow Dynamics for Spline Parameters

Theorem 6. For a one hidden layer univariate ReLU network trained with gradient descent with respect to
the neural network parameters Oyy = {(w;, b;, v;) Z-Pil, the gradient flow dynamics of the function space
parameters Oppso = {(5i, ui)}gl are governed by the following laws:

Bi = ., [(€i(t), 1) +8i(t) (€i(t),x)] (12)
U}Z(t) t relevant residual lati
. Ui(t) 2 A
i = w?() [— (1 (29) ) (&:(0), )
+ Bi(t) (&), 1)] (13)
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PROOF. Computing the time derivatives of the BDSO parameters and using the loss gradients of the
loss with respect to the NN parameters gives us:

aé(GNN) A
0, vi(€;,X)
M) _ (e (i +bi1) ) = (&1, + bid) = wiley, ) + bufes, 1)
aE(GNN) B .
T vi(€;, 1)
dgit) _ d [ bi(t)
dt dt wi(t)
__wlhTg? — b2
w(t)?
()= — () (— )
a w;(t)?
% - e
a w;(t)?
_ wit)vi(t)(€i(t), 1) — bi(t)vi(t){ei(t), x)
wi(t)2
. Uz{t) <é1<t>7 wi(tﬂ - bZ(t)X>
_u(t) i (1) x
—wi(t) i (1)
v;(t) R
—wlt< & 1+ﬁz()>
relevant residuals
v;(t) A
= [ (€i(t), 1)  +Bi(t) (€i(t), x)]
wl(t) ~—— ~—
d,uz ( t) d net relevant residual correlation
—W;;
e At
Cdw, L du
T Ty
(%(QNN) . .(%(QNN)

T 0wl ! ! a'UZ'
= —v7(€&;,X) — w?{€&;,x) — w;b;(€;, 1)
—(v7 + w?) (€, x) — w;b; (&, 1)

] 2
_G+(Zg))@@mwﬁw®wm>

0

This completes the proof.
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B.9 Implicit Regularization

Lemma 2. Consider the dynamics of gradient flow on ((-) started from Oyn o (0) £ (awg, abg, vo = 0),
where w; # 0Yi € [H|. In the limit o« — oo, B(t) does not change, i.e. each breakpoint location is fixed.
In this case, the Oy model reduces to a (kernel) linear regression:

= ®(x;B)u ®)

where w € RY are the regression weights and P(x;B) € RN*H qre the nonlinear features i.e. ¢p; =

~ PROOF. First note that F(-;0nn) is a 2-homogeneous model, i.e. f(+; Ann) = A2f(-; Ann), and that
f(-;6nN,0(0)) = 0. Applying Theorem 2.2 of Chizat et al. [2019], we get that

sup || £(x; Ona(t) — F(x: Oana ()] = O(1/a),
t€[0,7)

where the linearized model

= R O f (x; ONN .o (0
e ) £ o B a0) + < LLLEC N eNN,a<o>>
NN,«
(x; 0NN,a(0))
- 0 a 0 «
< e NN,o — ONN, (0)>
£ ](\I; 9NNa — ONN,a(0))
3H><1

is the first order Taylor expansion of f (x; ONN,a) about OnN o (0), and 9NN7a(t) is the parameter trajectory
of gradient flow according to the linearized model.

Next, observe that ®nn is a matrix whose columns contain 3H feature vectors of the form vg ;x;, vg ;1;,
and wo ;x; + bo,;1; for each i € [H]. Plugging these in and expanding the product, we have

H H H

F(x; ) = > (voixi) (wi —woq) + Y (voila)(bi = boi) + > (wo,ix; + boils)(vi — vo:)

Plugging in our OxN,(0) we have vg ; = 0 Vi € [H], giving

I
M=

(wo,ix; + bo i1;)v;
1

.
I

wo,;0i(x; — Bo.ili)

|
M=

A

iy

X, B)u
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Theorem 7. Let u* be the converged n parameter after gradient flow on the BDSO model Equation (8)
starting from Wy = 0, with 3 held constant. Furthermore, suppose that the model perfectly interpolates the
training data {(0gpso) = 0. Then,

p* = argmin |[u3 s.t.y = (x; B)u.
u

PROOF. This proof follows the same proof strategy as the proof of Theorem 1 of Woodworth et al.
[2020]. First, we consider the dynamics of p(¢) under gradient flow:

. ol . 0e(t) .
t)=———=—(e(t), == ) = (e(t),®).
i) =~ = - (0.5 ) = e, @
Note that only the first term varies with time. Using this, we can integrate over time to get

W —uoc) =g+ [ (e, @par= ([T emare) 2 oo o) (14)

where we define r* £ e(t) dt.
0

Next, consider the convex optimization problem

argmin Q(p) s.t. Pp =y,
u

where ()(-) is some as-yet unspecified convex real-valued function. Then, the KKT conditions for this
problem are

Pu=y
IV st VuQ(ut) = <v*, vpf(u*)> — (v, ®). (15)

If we set v* = r*, then the right hand sides of Equations (14) and (15) are equal, implying that the left
hand sides are also equal:

VuQ(u") = u".

Integrating both sides with respect to each 1i;, we have

H H
QW =3 [ s = 3 50 o 3
=1 =1

F"(; 08pso) = p(x, +)pr(, +) — plz, —)pu(z, —)

Lemma 4. Let (Oppso. 1)1 £ ((pi b5 Bi, si.i )L )i be a sequence of width-H parameter settings such
that the breakpoints (3; )., are evenly spaced on the interval [a, b] for every H, imp o p1;. 11 = 0 for

every i, and 0ppso.co 2 lim o0 Oppso. 1 is well-defined. Let foo(;08Ds0.00) 2 limpr00 f (5 08pS0.11)-
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Then,

2 Fi(z
[ (@5 08pso.00) = 133100 #

where (,ui(l,)’ 1 )H is the sequence of delta- slopes corresponding to the unique sequence (51’(:5), u)H of
breakpoints that converge to x, and AP;(,) i = Bp N+1,H — Bp(i(x)),H-

PROOF. From Equation (1), we can derive

5 [x>Bi], si=1
f'(x; Uspso,n) = Z,Uz {[[33<ﬁz]] o1 (16)
/" (x; 08pso i) = Z pisio(x — Bi). (17)
i—1

For convenience, let 3, be the p' smallest 3;:
H
= Z ppspd (z
p=1

Multiplying each term by Ag” =1, we get

_ ZABp P“p(s (z— By)

Next, note from Equations (16) and (17) that the term s, 1, is exactly the change in f’ (+;0BDSO,H) at [p.
Plugging this in, we get:

5 - flo - 5)
App

H
=) AB, 3w = Bp)
p=1
Taking the H — oo limit, we note that the overall expression has the form of a Riemann sum, and the

bracketed expression is the definition of fgg(, UBDs0,0), and is well-defined because (1; 7))y — 0 by
hypothesis:

b
Mo, / fY(B,08Ds0,00)0(x — 3) df
= 2 (x,08DS0.00)

Corollary 4. Consider the setting of Theorem 7, with the additional assumption that the breakpoints are
uniformly spaced, and let H — oo. Then the learned function foo(x; w*, B) is the global minimizer of

ir}f /O; f"(z)*dx st y, = f(zn) Yo € [N],

As such, f (x; u*, B”) is a natural cubic smoothing spline with N degrees of freedom Ahlberg et al. [1967].
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PROOF. Take the limit as H — oo of each step in the proof of Theorem 7 that requires it. This amounts
to making the replacements

peHg=R" = u() e H=Ly(a,b)
<"'>7-lH = <’>'H
0 5

[ H —_—
ou  ou()
min — inf

o0
HWH/f%mx
— 00

For the last replacement, use Lemma 4 to see that minimizing

H
ulls = pf
=1

1 H
2
X — 15
Aﬂ; Z
H

(sifui)?
1

1

(sipui)?

AB;

I
M= &|-

1
“ZCMY
— \AB;

is equivalent to minimizing [ f"(x)? dz in the infinite width limit.

-
I




