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ABSTRACT

Open systems that are strongly coupled to their environments generally mani-
fest memory effects in their irreversible evolution, such as revivals of distances or
divergences, which can be interpreted as backflows of information from the envi-
ronment. This interpretation is universal for both classical and quantum systems.
For instance, we shall study how, by reducing a Markovian quantum evolution to a
fixed commutative subalgebra, one generally obtains a non-Markovian classical dy-
namics experiencing backflow of information. The latter is assisted by coherences
built up by the quantum evolution which effectively act as an environment for the
classical subalgebra. We shall demonstrate that this effect can be driven by a dissipa-
tive dynamics, yet capable of building enough coherence with respect to a suitable
basis. Conversely, there exist memory effects with no classical counterpart. This
is the case of backflow of information superactivating in bipartite systems whose
subsystems do not exhibit revivals when observed individually. Nonetheless, such
phenomenon can be assisted by a classical memory, as occurs in a sufficiently cor-
related Markov spin chain acting as a collisional environment. In this framework,
the physical origin of the superactivation effect is investigated through the study of
system—environment correlations. Generally, though, it is quite a hard task to infer
the mechanisms behind information flows from the reduced dynamics, since the
latter only represents the one-time marginal of an underlying multi-time quantum
stochastic process. A possible way out of this problem is proposed by investigating
system—environment information flows in terms of the Alicki-Lindblad—Fannes
dynamical entropy, which extends the classical entropy of Kolmogorov and Sinai
to quantum dynamical systems. After introducing the appropriate symbolic con-
struction in presence of an external environment, exact results are provided in the
framework of collisional models. The interpretation of the open-system dynamical
entropy is then discussed in the state purification scheme known as GNS construc-
tion, whereby further interesting connections emerge with the superactivation of
memory effects.
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Introduction

The richness of quantum mechanics often emerges in attempts to extend well-established and
useful notions from classical physics to the non-commutative context. In doing so, often, not
a single possibility, but rather a multiplicity of non-equivalent ones arise. The theory of non-
Markovian quantum processes — namely, processes influenced by memory eftects — is one in-
stance in which this feature is particularly evident.

A stochastic process can generally be reconstructed by multiple observations of an experi-
mentally accessible system of interest. In the framework of gpen systems, the latter is part of a
larger compound, possibly made of infinite degrees of freedom, that globally evolves reversibly.
'The so-called reduced dynamics, resulting from the elimination of the environment degrees of
freedom, is irreversible and generally affected by noise and, in the quantum case, decoherence,
with information being dissipated to the surrounding environment.

Classically, a memoryless stochastic process is clearly identified by the Markov property, ex-
pressing that the future evolution is independent of its past. The study of quantum Markovianity
has a long history, stemming from earlier pioneering works on stochastic processes [1-3] and
open systems [4-7]. The advances in quantum information theory and other rapidly evolving
quantum technologies — among them quantum computation, cryptography, and communica-
tion — continue to fuel interest in open systems, together with experimental progress that made
it possible to control single and strongly interacting degrees of freedom. In recent years, par-
ticular interest has been renewed to study open systems beyond the Markovian regime, with
the aim of characterizing and quantifying memory effects from several points of view. Roughly
speaking, indeed, Markovian behaviour amounts to information being unidirectionally dissi-
pated into the environment. Conversely, memory effects represent reversals of such flow of
information, so that, in principle, they could help in contrasting the detrimental effects of
dissipation that are omnipresent in the majority of applications. Many attempts in exploiting
non-Markovianity as a resource were already discussed in several works (see e.g. [8-10] and
reviews [11, 12]).

Alongside the well-defined notion of Markovianity in classical stochastic processes, a whole
hierarchy of non-equivalent concepts to characterize quantum Markovianity has thus emerged
over recent years [13]. Comprehensive reviews of the progress in the field, with focus on differ-
ent perspectives and proposals, can be found in [12, 14-19]. The emergent point of view in [14],
that we shall also adopt in this work, is that quantum Markovianity should be understood, for all
practical purposes, as a highly context-dependent concept. For example, if the coupling with the
environment is weak, a standard procedure is to perform systematic Markovian approximations
in order to obtain the reduced dynamics of the system, resulting in a semigroup of completely
positive and trace-preserving maps [6, 20]. Mathematically, such an evolution has been fully
characterized in the celebrated result of Gorini, Kossakowski, Sudarshan [4] and Lindblad [5].
Notably, the weak-coupling regime constrains not only the reduced dynamics of the system, but



much more, in that one can reconstruct the full multi-time statistics of the quantum stochastic
process out of the dynamical map [21-23]. 'This is the so-called Quantum Regression regime,
which offers a very strong characterization of Markovianity and that reduces to the familiar
definition for classical systems. On the other hand, beyond the weak-coupling limit, different
notions along the aforementioned hierarchy come useful to characterize memory effects, and
the most appropriate one could well be context-dependent. It is though essential to clarify and
deepen the understanding of the different aspects of non-Markovian behaviour, as well as the
sources of discrepancy with respect to the classical regime.

This thesis revolves around three main lines, having as common object of investigation the
information flow between system and environment, with particular emphasis on the interplay
of its classical and quantum aspects. As we shall see, in treating memory effects, most concep-
tual ideas and mathematical structures can be framed in a universal way in both quantum and
classical regimes.

Memory effects often emerge as properties of the reduced dynamics of the open system,
such as revivals of distances or divergences, which are typically interpreted as a backflow of
information (shortly, BFI) previously stored in the environment during earlier stages of the
evolution [24], and that are due to the loss of the so-called divisibility of the dynamics [25, 26].
'This kind of approaches offers a legitimate intrinsic characterization of Markovianity in terms
of the dynamical map that might be sufficient in several problems [12, 14]. For instance, in
Chapter 3, we shall see that a quantum dynamics that does not exhibit BFI on its own can dis-
play it when restricted to a suitable commutative subalgebra. This effect is due to the ability of
the quantum dynamics to build up coherence, but, as will be demonstrated, it can also be driven
by a genuinely irreversible evolution. In Chapter 4, we will focus on another type of memory
effect emerging in the reduced dynamics; this time, however, with no classical analogue. In-
deed, it may occur that two dynamically independent parties, which do not exhibit BFI when
observed independently, do show it when jointly considered. We call this phenomenon super-
activation of backflow of information (SBFI in the following). We shall first extensively study
such effect from the point view of the dynamical map and highlight its quantum character,
which is somewhat hidden since no quantum entanglement is needed.

'The reduced dynamics of open systems represents only the one-time marginal of a stochastic
process. In particular, the physical mechanisms underlying memory effects, as those governing
the SBFT effect, cannot be fully appreciated from it. At least some information about the full
system-environment evolution is required for this purpose. The extraction of the full multi-time
statistics of the process involves a sequence of repeated measurements that are intertwined with
the system-environment dynamics. In a non-commutative context, though, observations do
not commute with the dynamics nor leave the quantum state invariant. Thus, they would them-
selves generally affect the dynamics and, accordingly, would be somewhat indistinguishable
from it. This is a ubiquitous feature of quantum mechanics. An analogue situation is encoun-
tered when trying to generalize a fundamental concept of classical ergodic theory like that of
dynamical coarse-graining to the quantum scenario. Classically, due to the finite precision of
measurements, one effectively performs a partition of the phase-space, resulting in a symbolic
description of the dynamics. In this context, the Kolmogorov-Sinai dynamical entropy (KS en-
tropy for short) provides an estimate of the predictability of the dynamics or, equivalently, of
the average amount of information extractable per time step through repeated observations that
do not interfere with the system dynamics.

Many inequivalent proposals to extend the KS entropy to the non-commutative setting
have been put forward. Roughly speaking, they differ in answering the basic question whether
measurements or not should be explicitly considered in extracting information. We shall be
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particularly interested in the proposal by Alicki, Lindblad and Fannes (ALF entropy) which
provides a quantum counterpart to the KS entropy in that the partitioning of the phase space
is replaced by positive operator-valued measurements. Thus, in such approach, measurements
enter actively into the game. The germ of the Alicki-Fannes construction can be found in the
pioneering work of Lindblad [7], which was in fact concerned with non-Markovian processes
and their entropy. Most later applications of ALF entropy, however, focused on reversible dy-
namical systems in the context of quantum chaos [27-30]. One of the main goals of this thesis
is to adapt-back the ALF to the open system scenarios and exploit it in the investigation of
system-environment information flows.

The work is divided in two Parts: the first one consists in two Chapters devoted to review
the necessary mathematical tools for the subsequent developments. The second Part consists of
three Chapters that include the main findings of the research work underlying the thesis.

In Chapter 1, the so-called algebraic approach [27, 31] to quantum dynamical systems is
reviewed. This powerful approach allows to treat, within the same formalism, quantum and clas-
sical dynamical systems, made of either finite or infinite degrees of freedom. The proper tool
to deal with irreversible behaviour in quantum systems are positive and completely positive
maps, whose essential properties are also reviewed in this Chapter. Finally, symbolic models
for both classical and quantum systems will be discussed together with the definition of dynam-
ical entropy of Kolmogorov and Sinai and that of Alicki, Lindblad and Fannes, which will be
illustrated by paradigmatic examples.

In Chapter 2, the dynamics of open systems is properly framed within the algebraic ap-
proach. First, the focus will be put on quantum dynamical maps beyond the Markovian regime.
Here, we shall stress the role that positive maps, whose usefulness usually emerges as entangle-
ment witnesses, play in characterizing the non-contractive behaviour of non-Markovian evolu-
tions. This usually amounts in revivals of distances and divergences that is identified as backflow
of information. Furthermore, symbolic models for open quantum systems will be introduced.
'The multi-time statistics of the open system is encoded through a quantum many-body state.
In this context the proper characterization of Markovianity is provided by the Quantum Re-
gression regime, which we examine in detail.

In Chapter 3, the aforementioned classical reduction of quantum dynamical maps will be
discussed through several examples in the single qubit case. A highly-constrained family of
maps will be constructed so to find a purely dissipative evolution showing BFT in its classical
reductions.

Chapter 4 will be devoted to the study of SBFI both from the abstract perspective of the
quantum dynamical map and from the physical perspective of a concrete collisional model. In-
terestingly, this purely quantum effect can be assisted by a classical memory, such as a classical
Markov chain collisional environment, whereby it is triggered by sufficiently strong correlations
between first-neighboring spins. The collisional approach to open quantum systems is reformu-
lated through the algebraic approach appropriate for many-body physics. This treatment, on
the one hand, facilitates the investigation of the SBFI phenomenon through the evaluation
of system—environment correlations. Moreover, this framework is well-suited to broaden the
perspective of the reduced dynamics to the full multi-time statistics of the process.

Chapter 5 is devoted to the study of non-Markovianity and BFI by incorporating the infor-
mation contained in multi-time correlation functions. This information is eventually encoded
in the gpen-system ALF entropy. Some exact results are obtained within the collisional model
framework. Their interpretation is then discussed through the state-purification scheme pro-
vided by the so-called GNS representation; in the latter, moreover, interesting connections to
the SBFT effect appear.
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CHAPTER

Quantum Dynamical Systems

A unifying way to deal with both classical or quantum dynamical systems, made of either finite
or infinite degrees of freedom, is offered by the so-called algebraic approach typical of many-
body physics.

1.1 Algebraic tools

The aim of this Section is to provide a concise review of the necessary definitions and algebraic
tools required for the subsequent Chapters, without attempting an exhaustive treatment. For
comprehensive sources on operator algebras and the algebraic approach to quantum mechanics
of infinite degrees of freedom, we refer to [31-33].

Definition 1.1. A4 Banach *—algebm A, namely a Banach algebra endowed with an anti-linear
involution A 5 X — X',

xXH' =X, AX+p) =2x"+uy",  xy)'=v'x", (1.1)
is called a C"-algebra if
IX*X| = 1X12,  (C*~property). (1.2)
A is called unital if it possesses an identity 1 4 such that 1 4 X = X1 4 = X, forall X € A.

C’-algebra postulate. Quantum systems are described by a quantum probability space (A, w),
formed by (i) a unital C*-algebra A, whose self-adjoint elements are the observables of the
quantum system and (7i) a state @ : A — C, namely a positive semi-definite and normalized
functional on A,

w(A)>0, VYA=X'X,XeA, (1.3)
w(ly)=1. (1.4

For X = X' € A, w(X) is interpreted as the expectation of the observable X when the system
is in the state w.




1. Quantum Dynamical Systems

1.1.1 Subalgebras
Definition 1.2. 4 subalgebra B C A is called a *-subalgebra of A if it is closed with respect to the

involution and contains 1 4 .
Let now A C B(H), a subalgebra of the bounded operators on a Hilbert space H.
Definition 1.3. Given a C*-algebra A C B(H), the *~subalgebra
A ={XeBH):[AX]=0,VAec A} (1.5)

is called the commutant of A.

The bicommutant A” is the commutant of A'. If A = A”, A is a called a von Neumann algebra.
If A C A, A is called Abelian.

If A = A, A is called maximally Abelian. If A" = {al 4, a € C}, A is called irreducible.

Example 1.1.

1. Let A = My(C), the algebra of d x d matrix. It is a C*-algebra with respect to the matrix norm.
Moreover, A’ = {al,}, so that A is non-Abelian and irreducible. Since A” = A, A is a von
Neumann algebra. All states on My(C) can be written as density matrices

w(X)=Tr(pX), Tr(p)=1, p>0. (1.6)

2. Let A = (Y, a;P;, o € C} C My(C) be a “~subalgebra of My(C), where P; are orthogonal
rank-1 projectors such that PiP; = 6;P;, i = 1,...,d. Then, A" = A = A”, so that A is
reducible and a maximally Abelian subalgebra (MASA) of My(C).

Remark 1.1. The algebra of d x d matrices can also be given the structure of a Hilbert space when en-
dowed with the Hilbert-Schmidt scalar product Tr(X +Y) of two matrices X, Y . One can always choose
d* =1 traceless operators F;,i =1, ... a’-1 that, along with Fy = ILd/\/E,form a Hilbert-Schmidt
orthonormal basis, Tr(F;er) = 6,-]-, iL,j=0,.., d’-1. Then, every matrix can be decomposed along
such basis, Mg(C) 3 X = xo1 + ), x;F;, where x; = Tr(F,-JrX). The d* — 1 matrices spanning the
traceless subspace can be always chosen to be Hermitian, F; = F;L - In fact, given a set of matrix units
{Ejk};'i,kzl € My(C), Ej = | i Xk|, that constitute themselves a Hilbert-Schmidt basis, take

%(Ejk—i_Ekj)' IS]<de;
Gy = ﬁ(Ejk—Ekj): 1<k<j<d, (1.7)
T (X1 Bu = o1 » L<j=k=d-1.

The d* — 1 Hermitian matrices in (1.7) are traceless, normalized, and mutually orthogonal; together
with Ggg = 1,/ Vd they form n orthonormal basis. For d = 2 they yield the (normalized) Pauli
matrices {0, | N2)2_ with

0 1 0 —i 1 0
O'0:]]-21 O~1:<1 0)l GZZ(I- O)l 03:(0 _1)l (18)

while for d = 3 they correspond to the (normalized) Gell-Mann matrices. In the qubit case, d = 2,

the state-space can be given a particularly simple form, since every density matrix can be written in

the Bloch form "
+r-o
p=ltre (1.9



1.1. Algebraic tools

where v is the so-called Bloch vector of p, ||v|| < 1. Every pure state, namely a rank-1 projector
P, with Bloch vector r, || || = 1, is then sufficient to select a MASA of M, (C), since the only other
orthogonal projector isP_, = 1, — P,.

1.1.2  Quantum spin chains

'The following example helps to appreciate the necessity of refining the notion of states as posi-
tive normalized expectation functionals over a C*-algebra [34].

Example 1.2. Consider a finite chain of N qubits, each in a Gibbs state
(k) 3 e—ﬁUa

The state of N such qubits, localized from site a to site a + N, is naturally described by the density

matrix
(a+k) N-1 (u+k)

[a a+N] N 503 —ﬂ Yk=o0 03 ( )
. 1.11
® 2 cosh(p (e—ﬁ Tilo 03 )

[1Nl‘

Note that, as N — oo, ||p | == 0: this signals the fact that the state of infinitely many

independent spins, each in the state (1.10), cannot be described by a single density matrix.

We now give a sense to the expression (1.11) in the framework of algebraic quantum spin
chains, which are prototypical infinite systems. They are described by the algebra of quasi-local
observables, constructed as follows [31].

1. Consider first strictly local algebras
b
Al#b] - ® A® (1.12)
k=a

built, for the sake of simplicity, out of a same matrix algebra AW = M p(C). Local algebras
which are supported by intervals [a b] of integers a < k < b, are generated by tensor

products of the form X l[[a b]] ® fea tk , ) where the upper index refers to the site at which
the operator X;_is located. These local operators can be embedded within the infinite chain
as1."" !l ®X[_u b]] ® 11! where 1771 = = ;7L 1% and 1+t = ®ph 1 By omitting

the 1dent1tles of the embeddings, one then introduces the algebra of local observables,
Aloe = U Aleb] (1.13)
a<b

Physically speaking, experimentally accessible operators belong to local algebras. Neverthe-
less, to accommodate observables emerging in the thermodynamic limit, one needs to con-
sider the so-called quasi-local algebra A obtained by taking the norm closure,

=
A = Alee (1.14)

In the following, we shall also denote such algebra as A = MZ(C).



1. Quantum Dynamical Systems

2. States on the quantum spin chain are fully specified by their restriction to local algebras
Al*Y | where they can be represented by a consistent set of density matrices pl**] € Al*?]]

w (A[“'b]) - Tr(p[“’h]A[“’h]) ) (1.15)
where Al*?] ¢ Alb] Consistency means that the following condition holds:
Tr, (p[”’b]) = p[a'b_ll V sites a,b, (1.16)

where Tr; defines the partial trace over the k-th site. Vice versa, a family of density matrices
p[“’h] e Alob] gives rise to a state w over the chain if (1.16) holds, for all a < b. Such states
are called focally normal [31]. In Example 1.2, one thus defines an expectation wg A—-C

on the infinite spin chain MZ(C) := ®]::x) M, (C). Expectations of local observables are
then obtained from density matrices (1.11) through

wg (Al NT) = T (pg M Al N (1.17)

whence defining a locally normal state wg.

1.1.3 'The GNS construction

The C"-algebraic structure of the observables results to be somewhat more fundamental than
the familiar Hilbert space formulation of quantum mechanics. This fact is particularly evident
when dealing with infinite systems, whereby inequivalent representations of the algebra might
arise (and so, different Hilbert spaces), that are identified with distinct phases. Nevertheless,
one retrieves the Hilbert space formulation from the abstract algebraic one through the con-
struction by Gelfand, Naimark and Segal (GNS construction). For an exhaustive treatment of
the following results, together with their proofs, we refer to [31] and [32].

Definition 1.4. A *homomorphism is a map a : A — B such that
a(AX +pY)=Aa(X)+palY), ApuecC,
a(XY) = a(X)a(Y), a(X")=aX),

Definition 1.5. A representation (H, 1) of a C*-algebra A is given by a Hilbert space H and a
*homomorphism 1t © A — B(H), B(H) being the C*-algebra of bounded operators on 'H.

Definition 1.6. Let (H, 1) be a representation of A. A vector |QY) is called cyclic if the linear

subspace

(A) Q) == {r(X)|Q): X € A} (1.18)
is norm dense in H. (H, 1t) is then called a cyclic representation for A.

Remark 1.2. 4 wector |Q)) is cyclic for a the *~subalgebra T(A) if and only if it is separating for
7' (A), namely '(X) Q) =0 = X =0.

Theorem 1.1 (Gelfand, Naimark, Segal). Lez (A, w) be a quantum probability space. Then, there
exist a Hilbert space H,,, a representation 7, © A — B(H,,) and a cyclic vector |C,) such that

w(X) = (Q, I, (X)|Q,), VXedA (1.19)

10



1.1. Algebraic tools

'The cyclic representation (H,,, 17, |€3,,)) is called GNS representation and is unique up to
an isomorphism.

Proposition 1.2. Let (H, 0, |QY)) be a triple such that w(X) = (Q|n(X)|Q) VX € A. Then,
there exists a unitary operator U © H — H,,, uut = ]le, utu = 1y, such that

Un,(X)U =n(X), Xe A, UIQ=1]Q,), U'Q,)=1Q). (1.20)

Example 1.3. Consider a finite level system whose state is described by an invertible density matrix
My(C)sp =) rolaXal,0 <r, <1,s0that the state is faithful, namely Tr (pX+X) =0 =
X = 0. The GNS construction is then achieved through a state purification. Indeed by means of the
Hilbert-Schmidt scalar product Tt (X+Y) = (X|Y) operators X € My(C) are readily identified as

wvectors in C° ® C*. One introduces representations
n(X)|Y) =|XY), T'(X)Y) = |YX), (1.21)

By wectorizing operators as |X) = ), 8 Xap |oc ® B) the above representations are factor representa-
tions,
n(X)=X®1y,, (X)=1,®X, (1.22)

where <a|§‘[5> = (a|X|B). Then, for all X € M,(C),

Tr(pX) :Tr(\/ﬁX \/5) = <\/5|71(X)|\/5>, (1.23)
and the GNS-vector is identified with

[VP) =) Vialaga)ecC!ec’, (1.24)

that provides a so-called purification of p. Moreover, for all X € My(C),

(Vo|x'x @ 14|Vp) = (Vp|la ® X"X|yp) = Tr(pX'X) =0 & X =0.
so that (1.24) is both cyclic and separating for 7(A) and the commutant representation 10’ (A).

Remark 1.3. Given two C*-algebras A, and A,, there generally exist multiple norms to complete
their algebraic tensor product Ay ® A, to a C*-algebra, thus making the tensor product of C"-algebras
a delicate matter. Nevertheless, in all the concrete instances that we shall encounter in the following
Chapters, one of the parties, say, A;, is a so-called nuclear C *—algebm, Jfor which the C *—norm on the
tensor product A} ® A, is unique. Nuclear algebras include: the algebra of d x d matrices M;(C),
the one of bounded operators on a Hilbert space B(H), and that of quasi-local observables obtained as
inductive limit of finite dimensional algebras as in Section 1.1.2. The next result helps in determining
the GNS representation of C" ~tensor products endowed with product states [32].

Proposition 1.3. Consider quantum probability spaces (A, wy), (B, wg) and associated GNS rep-
resentations (Ha, 04, |Qa)), (Hp, 15, |Qp)). Let then A ® B be a C'~tensor product (with re-
spect to a suitable norm). Then, the GNS triple for (A ® B, w, ® wp) is unitarily equivalent to
(HA ® HB, T4 ® Tg, |QA ® QB))

11



1. Quantum Dynamical Systems

Proof. Let w = wy ® wp and let (H,,, 11, |, )) be the GNS triple associated to (A ® B, w).
Fora € A and b € B, one has

Q1 (a®b)|Q,) = w(a®Db) = wala)wg(b) = (Qalma(a)Qs) (Qp|7p(0) 2p)
<QA®QB|T(A®7IB(a®b)|QA®QB> . (125)

One then defines an operator V : 114 @ 1ig(A @ B) [QQ4 ® Qp) — 7, (A ® B) |Q,,) such that
Vi, ® p(C) 1Qu ® Qp) = 7,(C) 1Q,), CeA®B.

Accordingly, (1.25) ensures that V is a well defined isometry. By density of 114 ® 1t3(A ®
B)1Q4®Qp) in Hy ® Hp and of 1t,,(A ® B) Q) in H,,, V can be extended to a unitary
operator H, ® Hg — H,, such that V+T(A ® 15(C)V =1, (C) forall C € A ® B. O

1.2 Closed Dynamical Systems

A quantum probability space (A, w) only specifies the kinematics of a quantum system. We
now come to the description of the dynamics. Reversible dynamics is given by an one-parameter

group of automorphisms of the algebra ©; : 4 — A,
0,00, =0,,,. (1.26)

The latter specifies the evolution of observables in the Heisenberg picture. Equivalently, one
can let evolve the states in the Schrodinger picture according to

wr— w = wo®,, (1.27)

ensuring that expectations of observables agree in both pictures. In the following, we shall
consider both continuous and discrete-time families, namely t either in R or Z. To fix the
ideas, let us focus for the moment on a discrete-time group of automorphisms, namely ©; =
@', t € Z. The triple (A, w, ©) defines a discrete-time quantum dynamical system.

Often, one refers to a time-invariant state @ o ® = w. Other states can be obtained by
suitable perturbations of the invariant one.

Example 1.4. Consider the quantum spin chain introduced in Section 1.1.2, described by the quasi-
local algebra A = Mdz (C) and a locally normal state w. It is turned into a shift dynamical system
(A, w,0) by endowing it with the right shift on the quasi-local algebra A, namely the automorphism
c:A—- A acting on local observables as

o(x® - oXx)=x"e - ox "

la

(1.28)

w is shift-invariant, namely w o 0 = w, if and only if Tr, p[“’b] = p[“”'b] = p[“'b_ll, Given such

a stationary state, consider the von Neumann entropy of the n-site local density matrix,
S, = S(p[l’”]), (1.29)

where S(p) = —Trplogp. Then, from stationarity and strong subadditivity of the von Neumann
entropy, one proves the existence of the mean entropy rate [35],

S, :=lim % =1im(S,.1 — S,), (1.30)

12



1.2. Closed Dynamical Systems

where both limits are achieved by the infimum of the decreasing and bounded sequences S, [n and
Spi1 — Sy Notice that for a classically stationary source the quantity S,y — S, corresponds to the
conditional Shannon entropy of the source.

Fixing an invariant state proves convenient, as in the following important

Proposition1.4. Lez (A, w, ©) be a discrete dynamical system with time-invariant state = wo©
and (Hy,, 70, |Qy,)) the associated GNS representation. Then, there exists a unique unitary operator
U, : H, — H,, implementing the automorphism ©

Ul (X)U, =7,(0(X)), XecA, (1.31)
Ui 1Q0) = Uy 10,) = 1Q,) - (1.32)
Proof From O-invariance of the state, one has
(Qo |7, (X)1Q,) = 0(X) = 0(0(X)) =(Qy |7, °OX)|Q,), XeA.

Thus, triples (H,,, 70, Q) and (H,, 17, 0 O, |Q,)) must be unitary equivalent by Proposi-
tion 1.2, namely, there exists a unitary operator U, : H, — H,, such that

Urr, (X)U, =m,00(X), XeA. (1.33)
and UJ, 1Q,) = U, 1Q,) = Q). m

When the automorphism © is implemented unitarily one says that there exists a covariant
representation of the quantum dynamical system (A, w, ©). The following example illustrates
how to concretely achieve such representation for finite-level systems.

Example 1.5. Consider the finite-level system (M4(C), p, ©) of Example 1.3, p > 0 with © an
automorphism of My(C) that leaves p invariant ©(A) = vtav, Vo v = p. The GNS implemen-
tation of © is then achieved by taking

U=veVv, (a|V|By :=(a|V |). (1.34)

Indeed,

Un(A) Vp) = Y VR ViAla)e V' lay= ) yiaViAla)(alV |8 @ |6)
a a,p
=) ViApVIp @[y =V AV e1,|yp) = n(O(4)) |yp) . (1.35)
B

and, setting A = 1, ut |\/ﬁ> = Up |\/5> = |\/ﬁ> Let us evaluate U in two concrete instances.

1. LetV = ™ withH = Y h, |&), that is H andV are diagonal in the basis (|}, that appear
in (1.34). Then, V. =V andU =V @ V",
2. Consider instead the unitary “shift” operator on a basis {la)}ih
d-1

V=Y laXa+1], V'ia)=la+1), (1.36)

=0

1)
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1. Quantum Dynamical Systems

(where the sum mod d is intended) and p = %, which is the only density matrix left invariant
by V. Then, (a|V |ﬁ) = Oaps1 0 that V.=V and U =V @ V. Accordingly, the maximally
entangled state |sz””) = \/LH Yo la ® @) is left invariant by the action ofU+, since

d-1 d-1
Ut i) = % ; vHayeVia) = % ; la+1y@la+1)=[p) . (137)

Remark 1.4. If{®©,}; is a (strongly) continuous one-parameter family of automorphisms, its GNS
implementation with respect to an invariant state is achieved through a unigue Hamiltonian, namely
a self-adjoint operator H on 'H, such that

U, (X)1Q,) := 71,(0,(X)) 1Q,), U, = e,

Then, the family {U.}; forms a (strongly) continuous group in 70(A)” [27].

1.3 Classical dynamical systems: dynamical shifts

'This Section is devoted to an essential review of basic ideas from classical ergodic theory, such
as the coarse-graining of the phase-space through a suitable discretization and the concept of
dynamical entropy [36-38]. Here, we aim to catch fwo birds with one stone: on the one hand,
through the study of shift dynamical systems, we shall review the classical definition of Marko-
vianity and its algebraic formulation in terms of classical spin chains. On the other hand, we
prepare the ground for extending the procedure of dynamical coarse-graining to quantum sys-
tems, which will be treated in Section 1.5.

Classical dynamical systems are typically identified by (1) a probability space (X, X, y) con-
sisting of a measurable space X, a so-called X-algebra ¥ and a probability measure y and (2)
an invertible measure-preserving map 7 : X — X

H(A) = u(T(A) = w(T'(A)), AeX. (1.38)

Remark 1.5. Measure-theoretical dynamical systems can be given an algebraic description by the
triple (L7 (X), w,, Or) where:

1. the (maximally Abelian) C"-algebra of observables is given by the so-called essentially bounded
Sunctions Ly (X) on (X, p);

2.L7(X) > f o w,lf) = Le dp(x) f (x) defines a state on L] (X);

3.07(f) = f(T ' (x)) defines the automorphic dynamics on the algebra.

In the following Section, we shall mostly deal with a phase-space with finitely many states.
'The corresponding dynamical systems admit an algebraic description via classical spin chains.
From an operational standpoint, this corresponds to the typical situation arising through a
coarse-grained description of the dynamics, owing to the finite precision with which measure-
ments can be performed.

1.3.1 Symbolic models

Consider a finite partition of the phase-space. The latter consists in a finite collection P =

{Pl}yj of atoms, namely subsets P; C X such that Ulﬂ P, = X, ﬂ,lg P, = . Given two

14



1.3. Classical dynamical systems: dynamical shifts

ot

-3

FIGURE 1.1: The phase-space X is partitioned in 8 atoms. The trajectory of a point x € ¥, namely x —
T 7' (x) = 7 *(x) = T 3(x), is encoded by the symbolic sequence 6, 4, 3, 8.

partitions P and Q, one defines their coarsest refinement as a new partition P V Q = {P; N

Q]_}IPI,IQI_ When the time evolution is taken into account, one considers time-refinements

i,j=1
n-1
P =\/T7(P), (1.39)
k=0
whose atoms read
P" 5 PY =P, NT'(P,)N..nT"™((P, ). (1.40)

The time-refined partition allows one to extract out of (X, y, 7) a symbolic model by the fol-
lowing ingredients:

1. apou-1] := 4o --- a,_; in (1.40) are sequences of symbols belonging to a p-letter alphabet,
a; € {1,..., p}, where we set p := |P|, that correspond to trajectories in the phase-space
(see Figure 1.1).

2. Qf := {ay}rez , is the collection of all possible strings over the p-letter alphabet. The latter

is endowed with the X-algebra generated by the so-called cylinder sets

[i,j] . P
Cul[l]’]] = [k[l,]] . ki =4a;... ,k] = aj}, i< ] . (141)

3. 0y is the shift on sequences
07(a[0,n-1]) = 0z(A[1,n) -

4. Ttp a probability measure fully specified by the local marginals

on-1] _

05" = {pagy |, where pa,, ) = g (Pl )- (1.42)

Alo,n-1]

'The so obtained dynamical system (Q?, Ttp, 07) provides a coarse-grained description of the
original dynamical system (X, y, 7).

15



1. Quantum Dynamical Systems

Definition 1.7. A stochastic process 7‘[7[;0'71_1] = [pa[o ., 1]] , 1 > 1, is a Markov process if
alo,n-1]
n—-1
pﬁﬁ}ﬂ—(f]faabxhk——w)p%, (1.43)
k=1

where T (k, k — 1) := [T, (k, k — 1)],p are stochastic matrices,

Tk k—1)>0, ZTab(k,k—l) =1. (1.44)

The Markov process is called homogeneous if T(k,k —1) =T(1,0) = T.
Remark 1.6.
1. The Markov property (1.43) can be equivalently defined through conditional probabilities

[0,n]
(n|n-1...0) . p“[On]
aylan-y...a0 [0,n-1]
Ao,n-1]

by the fact that the probability of the n-th symbol conditioned on all the previous ones depends only
on the n — 1-th symbol,

(nln-1...0) _ _(n|n-1) _

anlan—IH-aO - anlun—l T T Anfn— (n’ = 1) '

Non-homogeneous Markov processes will be reprised in Section 1.3.3

2. A stationary Markov process is necessarily homogeneous. Moreover, a necessary and sufficient con-
dition for the homogenous probability distribution to be stationary is } ;, T yppy = Pa» namely the
probability vector with components p, is an eigenvector of the stochastic matrix T . In such case, the
probability distribution reads

n—1

0,n-1

Pagony = dﬁJ—( YAMme (1.45)
k=0

and is thus independent of the interval considered.

3. The two conditions in (1.44) ensure that probability vectors are mapped into probability vectors.
Moreover, T is a stochastic matrix if and only if it contracts the y-norm |Tx ||y < ||x]|{, where

Il = X ;]

1.3.2 Kolmogorov-Sinai dynamical entropy

A partition P represents the collection of outcomes of an experiment. Then, the Shannon en-

tropy of the partition
[P

Z 1(P;) log (P (1.46)

is a measure of the expected uncertainty about the outcomes or, equivalently, the information
gained by performing the experiment. It is maximal for equiprobable partitions and, in such

16



1.3. Classical dynamical systems: dynamical shifts

case, equals log(|P|). Refinement P V Q then represents the compound experiment obtained
by performing P and Q simultaneously. Accordingly, the time-refinement (1.39) represents
repetitions of the same experiment at subsequent instants of time. Thus, the Shannon entropy
rate

1
M)y ._ (n)
(T, P") = lim ~ H, (P"), (1.47)

which is well defined as a limit [36], can be interpreted as the time-average of the information
content of experiment P. To get a quantity which is representative of the information content
of the evolution, one optimizes (1.47) over all possible partitions of the phase-space, so to get
a partition-independent quantity:

biN(T) = sup b, (7, P<">) . (1.48)
PCXx

'The latter is the so-called Kolmogorov—Sinai dynamical entropy (shortly, KS entropy) and de-
pends only on the dynamics 7 and on the initial probability measure p. It is also referred to
as the Kolmogorov—Sinai invariant, since isomorphic dynamical systems share the same KS
entropy [37].

Remark 1.7. The KS entropy can be viewed as a measure of the degree of instability of a given dynam-
ics on phase-space. Indeed, under certain assumptions, the existence of positive Lyapunov exponents

can be ascertained directly by means of a positive KS entropy through the so-called Pesin formula [39].

Remark 1.8. Practically speaking, one should be able to devise an experiment P that max-
imises (1.48). The Kolmogorov-Sinai theorem [36] establishes that the maximum is achieved for gen-
erating partitions, namely those generating the full ¥ -algebra.

It is instructive to review the KS entropy of some paradigmatic, and oppositely behaving,
classical dynamical systems. For an exhaustive treatment of these examples, as well as many

others, see [37, 40, 41].
Example 1.6.

1. Rotation on the unit circle. Let X be the interval [0,1) and W be the Lebesgue measure. Let
T(x) =x+a modl. Ifa = p/q,p,q € IN, T is periodic with period q. Then the time
refinement has no more than |P|? elements. Then, since the entropy of a partition cannot exceed

the log of its cardinality,

ln (P™) < L1og(1P)) 2 0.
n n

If a is irrational, take the partition P of [0, 1) in two intervals P, = [0,1/2), p, = [1/2,1),
which is generating for the Borel Y.-algebra obtained from the open subsets of [0,1). Inductively,
one sees that time-refinements P™ consistin a partition of [0, 1) into 2n segments. 1t is trivially
true forn = 1. Assume that it is true for n = m: then one has to determine the intersection of 2m

segments in P with T_(m+1)(77).' the atoms of the latter have (distinct) end points T_(mﬂ)(O)

and T_(mﬂ)(%), generating 2 more segments. The total intersection consists then of 2(m + 1)
segments. Hence,

1 n
~H (P™) <

n—o0

log(2n) — 0. (1.49)

| =

Forall o € R, then, one has hﬁs (7)=0.
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1. Quantum Dynamical Systems

2. Markov shifts. Tuke the shift dynamical system described by sequences of symbols in Q?, equipped
with the Markov distribution (1.45). Choose the partition made of simple cylinder sets:

(0) . .
CiO = {{k]}] . ko = lo} .

Via the action of the shift, they generate the full Y.-algebra of cylinders. A typical element of the
time-refinement is then the cylinder set

n-1
[0n-1] _

chmt ﬂa;cjf) = {{k;}; ko = dgs v sy = iy )

j=0

which has measure Pijgpny Then, exploiting compatibility and stationarity of the Markov distri-
bution, the KS§ entropy reads

hf‘fs (UZ) == Z pilo',,_ll log(pi[o,,,_ll) == ZP]TZJ IOg Tl] .
i[o,n—l] ij

Note that, for T; j = P the Markov shift reduces fo the so-called Bernoulli shift, describing an
independent and identically distributed source, with entropy W0, =-Y i P log p;.

3. Baker’s map. Let X = [0,1) x [0, 1) endowed with the Lebesgue measure and the invertible
transformation

(1.50)

N[= N =

Then, by writing X and Y in binary digits, X = .ag0_1a_, ... and Y = 410,05 ..., a, by €
{0, 1}, the action of T translates into the shift on doubly infinite sequences

e 0_p0_100a:4, ...

in {0, 1}2. One indeed proves that the dynamical system (X, T, y) is isomorphic to the Bernoulli

shift on {0, 1Y with py = p, = 1/2 [40]. Due to invariance of the KS entropy, Example 1.6.2
thus yields h,(T) = log(2) for the entropy of the Baker’s map.

Remark 1.9. Example 1.6.1 is a paradigmatic instance of regular motion, for either periodic (o
rational) or quasi-periodic rotations (« irrational), having zero KS entropy. In fact, all systems with
[finite spectrum have zero entropy [36]. On the other hand, the Bakers map of Example 1.6.3 is a
prototype of chaotic dynamical system, as witnessed by its positive entropy. In fact, two nearby initial
conditions lying in the same atom of the partition — though indistinguishable from the coarse-grained
picture — evolve into exponentially separated trajectories. In this sense, information about the initial
condition is lost irretrievably. We stress that this “irreversible” behaviour is due to the coarse-graining
procedure: indeed, if one had full control over the fine-grain structure of the evolution, there would be
no uncertainty about the future [42, 43].

1.3.2.1 Classical spin chains

An algebraic description of the symbolic dynamics (Q?, 07, 1) can be given in terms of classical
spin chains. This is done by associating to each symbol a € {1, ..., p} a rank-one projector
I1, = |aXal. This selects a MASA D,(C) of p x p diagonal matrices spanned by T,)0_,,
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1.3. Classical dynamical systems: dynamical shifts

I1,1T, = o,,I1, whose elements are of the form A = Z«Z:l a;I1; . Then, as in Section 1.1.2,
one constructs Abelian strictly local algebras plebl = ®::a(D|p|(C))k. Their union D =
Ut DI can be closed to give the quasi-local Abelian C*-algebra D = Df. We can endow

the latter with a locally normal state

wp (A1) = Tr(p7[)0,n—l]A[O,n—1]) ) [On 1] _ Z Pags L?O"j]] , (1.51)
Alo,n-1]
where HL,[,]J] = ®i:i Hak. The spectrum of local density matrices p7[)0’n_1] amounts to sta-

tionary probability distribution 717[3 "1 defined in (1.42). Shift invariance of 77 translates into

translational invariance of wp under the tensor shift o introduced in (1.28).

Remark 1.10. Consider a shift dynamical systems (Q?, T(,07) and its algebraic rendering
(D, wp, 0) constructed as above. Then, one proves that KS entropy of the shift on symbols corresponds
to the mean Shannon entropy of wp [44], namely

bi'0)=6,, &, =lim - H( [0””)=11§1%s(p7[§"”‘”). (1.52)

where

0,n—1
H [ " ] Z p“[on 1] logpaon 1] °

Ao,n-1]

An indirect proof will be provided in Section 1.5.

1.3.3 Time-inhomogeneous Markov chains

Consider now a non-shift invariant state w on the half-chain Dg\l, defined through localized
density matrices

Pt = ) ki T (1.53)
alo,n-1]
with p[o 1] satisfying the Markov property (1.43). Interpreting again # as the discrete time

-1]

var1able and letting X = } | x; I, one evaluates,

1. 010 g X0 Z( y p[gom,l) o, = (2 [x)

Ap-1 \do---Ap—2

-1 0,n-1 1) . . . . .
where p,(fnli] ) = Yagay, pl[l[(,';_ll], and p"") is the one-time marginal evolving according to

p"V =T(m-1,n-2)...T(2,1)T(1,0)p'? . (1.54)
which yields,
p(n) _ T(n,m)p(m) >0, T(T’Z,WI) = ]_[ T(k,k — l), n>m. (155)
k=m+1
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1. Quantum Dynamical Systems

Equivalently, let

_ 1 _
P = Y b=t -, (1.56)
pi

o d1--ip_2

be the conditional probability of the n — 1-th symbol conditioned on the 0-th one, defining
a stochastic matrix T(n — 1). Interpreting # as the time variable, the latter maps one-time
marginals from time 0 to time n — 1,

ply,] lenllo I’l—l plo

Accordingly, by (1.55), one recovers the so-called Chapman-Kolmogorov equation,

T(n)=T(n,m)T(m), n>m. (1.57)

1.3.4 Classical divisibility

The Chapman-Kolmogorov equation represents only a necessary condition for the process
pa[on ' to be Markovian [45, 46].

n-1]

Example 1.7. Letn = 3 and consider the process described by the probability distribution

[0,2] (2]1,0) (1]0)
Pagaa, = puzlalao pul lag p“o ’

defined on binary alphabet, a, € {0, 1}. In particular, we choose p((JO) = pﬁo) = 1/2 and conditional
probabilities

0 1 1(1 1
L(lillﬂ()) = Talﬂo(]-) = 5 - |+X+| 5( 1) ’ (158)
and
(2]10) T,,a,(1), a, = 0,
a3|azag = 0 _ (159)
266‘12“1 + (1 - Ze)Tuzal(l) ag = 1.

. 2|10 . .
Hence, since p‘(lzll a f)lo depends on ay, the process is non-Markovian for 0 < € <1 /2. Nevertheless,

one computes

1
Tazao(z) = E Sl T(z) = |+X+| .
Moreover, define the transition matrix
Yy PorlaytaPos anPo 1 l+e, l-¢
Ta2a1(2 1) - ”2|“1“10|0a1|”° : = 66‘42“1 +(1 _6)5 = T(Z, 1) = 2 ]12 + To'l )
L, Pay Pty

(1.60)

so that

T(2,1)T(1) = |[+X+| =T(2)

namely, the Chapman Kolmogorov equation is satisfied.
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1.3. Classical dynamical systems: dynamical shifts

Definition 1.8. Let T;;(n) := p;lnjlo) be the stochastic matrix defined from conditional probabilities

p;lr}lo). A process is P-divisible if, for all n > m > 0, there exists a stochastic matrix T (n, m) such
that
T(n) =T(n,m)T(m), n>m. (1.61)

Remark 1.11. If T(n) is an invertible matrix for all n, the intertwining matrix is uniquely deter-
mined by matrix inversion, T (n, m) = T(n) T(m)_l. Of course, the resulting matrix T (n, m) need
not be stochastic, since the inverse of a positive-entrywise matrix is not generally positive-entrywise.
1t follows from (1.57) that a Markov process is P-divisible. Therefore, if T (n, m) fails to be stochastic,
one can conclude that the process is non-Markovian. On the other hand, as in Example 1.7, there exist
processes that are P-divisible but non-Markovian.

1.3.5 Divisibility in continuous time

'The definition of P-divisibility easily extends to continuous-time processes. In such case, 1-time
probability vectors evolve according to a 1-parameter family of stochastic matrices {T (t)};5,

p—p"=T@t)p. (1.62)
If T(t) is invertible for all t > 0, one can define propagators by T(t,s) = T(t)T(s) ™", so that
T(t) =T(t,s)T(s), t>s5>0. (1.63)
Furthermore, one can find a time-local master equation,
T(t) = L(t)T(t), TO)=1, (1.64)

where L(t) = T(t)T(t)" is the generator of the family {T(t)};5,. The formal solution for the
two parameter family of propagators T(t, s), t > s is found through the Dyson series,

Uk—1
s

¢ =] t Uy
T(t,s) = T ehsdlt) = q 4 ZJ du, J du, ... J duy L(uy)L(uy) ... L(ug), (1.65)
k=1vS §

and T(t) = T(t,0). As in Definition 1.8, but with continuous time, the process is called P-
divisible if T (¢, s) is a stochastic matrix for all t > s > 0. Generators of P-divisible families can
be characterized as follows [47].

Proposition 1.5 (Kolmogorov). L(t) = [L;;(t)];; is the generator of a P-divisible family if and only
if
Lyt)20, i=j, ) Li=0, t>0. (1.66)
i

Proof: The “only if” part follows from the first order expansion of T(t + €, t), as in (1.65), for
O<ex1,
T(t+e,t)=1+eL(t)+ O(e?).

If T(t + €, t) is stochastic, its entries read
Tjj(t+e,t) =&, +€eLj(t)+O(e’) = Ly(t)>0 if i=j.
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Conversely, conditions (1.66) imply that the matrix
1+al(s), a>0,s>0, (1.67)

is stochastic for & sufficiently small. Hence, for fixed s > 0,
t n
t— T,(t) := L) lim(ﬂ + ;L(s)) , (1.68)
n

is a semigroup of stochastic matrices, since the product of stochastic matrices is stochastic.
Finally, consider a sequence of partitions of the interval [s, t],

t=ty 2ty >... 2ty =s, with limsup (¢ —t,_1) =0,
N

that allows one to express the Dyson series as a time-ordered matrix product [48, Theorem

1.4.3],

0
t
dulL .
T(t,s) = T ek = h;,nk];[ Tan (), Ot = thar — -
=N-1

Since Ty_y, (tx) is stochastic for all t > t; and all k = 0, ..., N — 1, and the set of stochastic
matrices in M, (C) is compact, it follows that T(t, s) is stochastic. O

If T(t) is an invertible matrix for all # > 0, one can equivalently characterize P-divisibility

in terms of the distinguishability between two time-evolving probability vectors. Consider the
weighted difference between a pair of probability vectors p, q

oup.gq)=pp-1-pq, o<u<t, (1.69)

'Then, the Kolmogorov distance between p and q, when picked with a-priori biases y and 1 —p,
respectively, amounts to the £;-norm of the vector (1.69):

[, a)ll, = ) Iileup. )] (1.70)
i
Proposition 1.6. Let T (t) be invertible. Then, the process is P-divisible if and only if
d
E”T(t)éﬂ(p,q)”l <0, (1.71)
Jforallt > 0, all probability vectors p, q and weights 0 < p < 1.

Proof. First, note that any vector x € R is proportional to the weighted difference of two
probability vectors p, q (1.69),

X = aéﬂ(p, q), a>0. (1.72)

Then, let x be a vector in R? and consider its time-evolution under a P-divisible stochastic
evolution x; := T(t)x. Then, P-divisibility implies that one can decompose the dynamics by
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1.4. Quantum irreversibility

entrywise-positive propagators T (t, s), so that

lxlly = IT#®)xl, = 1T )%, =

Y Tijlt,s)x;(s)
ij

1

< Z(ZTUU,s))Mj(sn = Ixl,
]

1

where the last equality follows from ), T;;(t,s) = 1. Hence, (1.71) follows. When T (¢) is an
invertible matrix, the converse implication is easily proved. O

1.4 Quantum irreversibility

In order to include in the description of quantum dynamical systems those affected by an irre-
versible dynamics, it is necessary to introduce the concepts of positive and completely positive
maps between operator algebras.

Definition 1.9. Lez A, B be C* algebras and A : A — B be a linear map.
A is called positive ifA[XJrX] >0forallX € A.
A is called unital if A[1 4] = 1.

Remark 1.12. A linear map on the algebra of observables A © A — B describes a transformation
in the Heisenberg picture. One can then canonically associate a dual action in the Schrédinger picture;
namely, given a state w . B — C

w(A[X]) = Afw](X), XeB. (1.73)

If A = B(H), the C *—algebm of bounded operators on 'H, states are described by density matrices
within the trace class operators of B(H). Then, the dual A of a linear map A : B(H) — B(H) on
trace-class operators is defined through the relation

Tr (p A[X]) = Tr (A*[p] X) . (1.74)

From the latter, one deduces that A\ is unital if and only if its dual A} is trace preserving, namely
Tr (Ai[p]) =Tr(p), Vp. Moreover, A is positive if and only if/\t is.

1.4.1 Positive maps as contractions

A very important feature of positive maps is contractivity: the physical consequences of this
fact will emerge later on (see Section 2.1.3). For the following developments, it will suffice to
consider contractivity over matrix algebras A = B = M,;(C). For a more general formulation
for positive maps on operator algebras, see [49].

Proposition 1.7 (Choi). Ler A : My(C) — M,(C) being a positive, unital map. Then, for all
normal matrices X € My(C), X'x = xx°,

AXTX] > AIXTA[X], (1.75)
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1. Quantum Dynamical Systems

Proof. Since X is normal, we can consider its spectral decomposition, X =}, x; [xXx|;, x; € C,
and consider the block-matrix

X'x x\_ X2 x;
(X'I' ]ld)_Z( X 1 ®|xixxi|r

1
1

2
. . .. . . X; X; . 2
which is positive, since the submatrix (l )é' 1’) has eigenvalues 1 + |x;|” and 0. Then,
i

(Ajﬁiﬁ] Aﬁq) _ Z (|x_| a;,-) ® AllxXx],
is again positive and (1.75) follows. O
Proposition 1.8. Ler A = M;(C). A unital map A is a contraction in the matrix (uniform) norm,
IAIXIE < IX0, VX € My(C). (1.76)
if and only if it is positive.
Remark 1.13. Recall that the matrix norm, | X || = supyy_, | X [)[| and the trace norm

X1, =Te(1X1), |X]:= VXTX,
are dual norms [50], namely

1Yl = sup [Tr(YX)| and ||X|| = sup |Tr(YX)].
IX)=1 Yl =1

Therefore,
ITr (Y AIX])] < max{[|Y [l |ALX]IL [|ASYT] 1K1, (1.77)

Jfrom which one deduces that A\ contracts the uniform norm if and only if’ A} contracts the trace norm.

Proof of Proposition 1.8. Suppose that A is positive and unital. Consider first a unitary matrix
U which is, in particular, normal

Utu=uU' =1, = 1, =AlUU] > A[lUTA[U] = |A[U]I <1, (1.78)

thanks to inequality (1.75). Then, to verify contractivity, it suffices to consider X, | X| = 1.

Since its singular values are between 0 and 1, every such matrix can be written as the average

of two unitaries U and V: X = v+v

. Accordingly, one has:

=1=|XI. (179

A = | AV < AV I U1 1V

Conversely, let
wnplX] = Tr (AY[|pXp[1X) , (o) = 1.

Note that, from duality and the assumed contractivity,
|wong[X1] = KAIX][@)] < IAIXTI < IX].
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1.4. Quantum irreversibility

But A is unital, so that

[ATIEXENN, = max JonyX]] = 1= Tr(Af[¢Xe]).- (1.80)

Thus, wp ¢ s a state, that is Ai[|(j)X¢|] > 0, yielding positivity of A* (and of its dual) due to
the arbitrariness of ¢. O

In order to check for contractivity of the trace norm, one might as well restrict to Hermitian
matrices [51].

Corollary 1.1. Let A} be trace and Hermiticity preserving. Then, it is positive if and only if it

contracts the trace-norm of Hermitian matrices.

Progf. 'The only if part follows from Proposition 1.8 and Remark 1.13. Suppose that A} con-

tracts the trace norm of Hermitian matrices. Then, for X > 0,

”AI[X]”1 < X[, = Tr(X) = Tr(A'[X]) = A*>0. O

1.4.2 Completely positive maps

Positivity could be seen as a minimal mathematical requirement in order to preserve the consis-
tency in the probabilistic description of quantum mechanics when describing general operations
on quantum states. On the other hand, when dealing with compound systems, one realizes that
positivity is not enough, due to the existence of quantum entanglement.

Definition 1.10. 4 linear map A : A — B is k-positive if the lifted map A®idy : A®M(C) —
B ® My (C) is positive. A is completely positive (CP) if it is k-positive for allk € IN.

Remark 1.14. Complete positivity essentially amounts to the robustness of quantum operations
against tensor products. This is crucial in order to guarantee the physical consistency of the description

due to the presence of quantum entanglement. For the sake of simplicity, consider My(C) ® My(C)
and take a bipartite density matrix of the form

psep:Z/\ipi®0i' OS/\lﬁl, Z/\i:].. (1.81)

Then, take two positive maps A and A and evaluate the action of their tensor product on (1.81),

A®Alpey] = ) A Alp] @ Alo], (1.82)

which is positive, being the convex mixture of positive matrices A[p;] ®A|o;]. States (1.81) are called
separable. A/] states in M;(C) ® My (C) which are not in the form (1.81) are called entangled. Ler
now T be the transposition map on M,(C),

T [(? Z)] - (Z 2) : (1.83)
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1. Quantum Dynamical Systems

which is a positive map. Then, consider the lifting T @ id, : M,(C) ® M,(C) — M,(C) ® M,(C)
and its action on the projector P = |1,bf)><l/)f)| onto fully symmetric maximally entangled state

|9y = (00) +11))/V2,

1 00 1 1 000
1o 0 0 O 1o 0 1 0
@ _ * 4 p - =
PP=210 0 0 o — T®MPYI=210 | o (1.84)
1 00 1 00 0 1

The latter matrix has a negative eigenvalue, so that T ® id, cannot be positive; therefore, T is not
completely positive. Notably, the second tensor power T®T, which is the transposition map on M, (C)®
M, (C) = My(C), is again a positive map. The previous arguments show that the necessity of complete
positivity is due to the existence of quantum entanglement and, in this sense, represents its dynamical
counterpart.

Complete positivity becomes relevant only in a fully quantum mechanical setting. That is,
if either the domain or the range of A are commutative algebras, complete positivity coincides
with simple positivity.

Proposition 1.9 (Stinespring). Let A : A — B be a positive map. If either A or B is Abelian, A
is completely positive.

Remark 1.15. I turns out that to extend (1.75) to all X € My(C), positivity is not enough: indeed,
one needs the stronger requirement of 2-positivity so to fulfil the so-called Schwarz inequality,

AIX'X] > AIXNAIX], X e My(C). (1.85)
Remark 1.16. Consider the C* algebra A @ M, (C), whose elements can be written as

X=Y xgE, xPeca, (1.86)
7

}fj_:lo is a system of matrix units in M, (C). Suppose that X > 0. Then, it can be always

X=v'y = Z ZW“Y‘”‘) ®Ej . (1.87)
i jk

waere {E;
written as

Hence, X > 0 iff it is the sum of elementary elements of the formY ,; =} ik Y]J-rYk ® Ej. Moreover,
let TC be a faithful representation of A on a Hilbert space H. Then, take |p) € H and let |p) =
Y T0(Zy) |¢) ®lk)e H® Cd,for some fixed Zy in A. Hence,

0 < (Plr@id (X)) = Y (¢|m(Z)m(XD)r(2)) ) = ($| 7 |#) -
i

ZZiXW)Zj
ij

Thus, positivity of X is equivalent to that sz,-]- Zl«X(ij)Zj Jorall Z; € A. Consider now a map
A A — A. The action of \ on a elementary element of A reads

A®idy[Y,] = XA[Y,TY].] ®E,;, (1.88)
i
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1.4. Quantum irreversibility

so that, complete positivity of A is equivalent to the condition

d-1
ZZ}A[YJYj]ijo, VZ,Y, €A i=0,...,d-1. (1.89)
ij=0

Example 1.8. Endomorphisms © : A — A, namely linear maps such that ©(XY) = O(X)0(Y),

are completely positive maps, since

d-1 d-1 d-1
Zz,.* ey,)z; = sz oh Z@(Yj)zj >0.
ij=0 i=0 j=0

Example 1.9. 4 positive, unital map T : A — B, where A, B are unital C*-algebras and B C A,
is called a conditional expectation if [52]

[[CAB]=CI[AlB, A€ A, B CeB. (1.90)

Conditional expectations are instances of completely positive maps. Indeed, let T be a conditional ex-

pectation for arbitrary A; € A and B; € B,

d-1 d-1 t
) BIT[AfA)IB; = ) T[BlAfAB)] = r[( ZA,.B,.) ZA].BJ] >0. (1.91)
ij ij i j

since I is positive. An immediate example of conditional expectation is obtained by lifting a state to

M;(C)® A — My(C),
idj@w(X®A) =w(A)X, XeMy(C),Aec A, (1.92)
Jfor which (1.90) can be easily checked.

In principle, complete positivity amounts to check positivity of all liftings A ® idy, k €
IN. Luckily, for maps from M;(C) to a C*-algebra A, complete positivity is equivalent to d-
positivity [53]. Furthermore, it is sufficient to check positivity of just one operator in My (.A).

Theorem 1.10 (Choi). A map A : My(C) — A is completely positive if and only if’

d
) E;®E,

ij=1

d

ij=1

A®M;(C) > A®id,

namely, if and only if [A[E,-j]] is positive in My(A).

For A = M,(C), the previous result amounts to check for positivity of the d* x d* Choi
matrix A®idy[PY"], with P{" being the projector onto the fully symmetric maximally entangled
state ") = d-1? Zflz_ol li ®1).

The most general structure of completely positive maps between bounded operators is given
by the so-called Kraus-Stinespring form.

Theorem 1.11. A linear map A : B(H) — B(K) is completely positive if and only if it can be

written as

A[X] = ZF;XPa ) (1.94)
a
where the sum, if infinite, converges strongly. If H = Cd, the sum can be limited to d* terms.
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1. Quantum Dynamical Systems

1.4.3 Quantum measurements

Measurements in quantum mechanics are a paradigmatic instance of irreversible evolution,
mapping pure states into statistical mixtures.

¥

Definition 1.11 (Operational partition of unity). 4 finite subset X = {X,},—1 € A is called a

operational partition of unity (OPU) if

| X

ZX:[Xa =14. (1.95)
a=1

where |X| is the cardinality of X .

We then naturally associate a CP unital map X* to the OPU X by identifying X,, as its

Kraus operators,

Xfp]=) XipX,.

The dual X in the Schrédinger picture corresponds to a so-called positive operator-valued
measurement (POVM) of quantum information theory. ‘There, one is usually interested in
finite-level systems; let us then focus for the moment on A = M;(C). Consider the OPU
P = (I} made of orthogonal projections, IT,IT, = 9,,I1,. The latter corresponds to
so-called projective measurement,

|P|
P,pP
]P = = ’ ’_ a a ’_ ' ‘
p ;PapPa ;papa, b=y Pe=Telp) (1.96)

which is itself a projector on My(C), Po P = IP.

Remark 1.17. The OPU P made of orthogonal projectors P,, a = 1 ...|P| selects an Abelian " -
subalgebra of My(C). If P, = |aXa| are one-dimensional projectors, so that |P| = d, P identifies
a MASA of My(C). In particular, the map P provides a conditional expectation from My(C) onto
such MASA. Indeed, by letting A = ) ; a;11; and B = ), b,I1; and X € My(C),

P[AXB] = Z(ilAXBli} liXi| = Za,.b,. (i|X|i) iXi| = AP[X]B. (1.97)

1

Being orthogonal, measuring the projectors P, has a straightforward interpretation as the
perfectly distinguishable positions of a pointer on a grade; it is less so in the case of measure-
ments described by a generic OPU X' = {X,},; in such a case sorting out the labels a associated
with generically non-orthogonal components X, requires the dilation to a larger Hilbert space.
'This can be seen by means of the following simple model of measurement. Let |0) be a fixed

vector in €' and define the isometry V : C? ® |0) —» € @ C"I,

|X]

Vip)eloy= ) X,[p)®@la) . (1.98)

p =Vp®|oXo| v = ZXapXZ ®laxbl, Trp =Xp]. (1.99)
a,b
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1.4. Quantum irreversibility

'The isometry V' provides a Stinespring-like dilation of the map X and can be extended to a

unitary on the whole ' Cm, so that (1.99) can be seen as a joint evolution of system and
measurement apparatus [54]. Performing then a projective measurement IP, with P, = |aXa|,
on the apparatus (which does not influence the state of the system) yields,

id; ® P[p’] = Zxapxg ® |aXal. (1.100)

Thus, measuring the projectors 1 ® |aXa|, the post-measurement state of the system reads

X, pX1
Tr(pX1X,)’

’

Pa =

with probability p, := Tr ( pX, X ) 'The non-selective version of the measurement corresponds

indeed to the action of the CPTP map p — X[p] = Tr,(p’).

1.4.3.1 Coarse-grained density matrix: entropy exchange
Suppose to trace away from (1.99) the degrees of freedom of the apparatus, instead:

| X
p[X]:=p} = Try(p) = ) Tr(pXiX,)laXb| - (1.101)

ab=1

Since the partial trace is a completely positive map, p [X'] is a bona-fide density matrix and we
shall refer to it as coarse-grained density matrix associated to the OPU X. The latter is a cor-
relation matrix, its diagonal entries being the outcome probabilities p,, while the off-diagonal
terms are cross-correlations containing further information provided by the measurement. In
fact, the von Neumann entropy of a density matrix is always less or equal to the Shannon en-
tropy of its diagonal,

S(lX]) < H ({pa]z'l) ) (1.102)

the inequality being saturated when the OPU X is made of orthogonal projections. The quan-
tity S(p[X]) is sometimes called entropy exchange [54, 55]. It represents the entropy increase
in the apparatus, initially in the pure state |0) (0| and thus at zero entropy, due to the mea-
surement process that sends it into the mixed state p[X]. When the state p of the system is
pure, so is the compound state p” in (1.102) emerging from the measuring unitary interaction;
then, S(p[X']) equals the entropy growth in the system, S(X[p]), due to the non-selective mea-
surement process p — X[p] that sent a pure state into a statistical mixture. We now show,
following [56], that the entropy gained by the measurement apparatus is at least as large as
the information gained during the measurement. Recalling the definition of quantum relative

entropy S(pllo) = Tr(p (logp —log 0)), consider
5("lp1 ® p2) = S(X[p]) + S(p[X]) = S(p), (1.103)

where we used the fact that S(p’) = S(p). Further, consider the action of the full decoherence
map P on the second party,

X +
X,pX
ide Plp Z Pafa®laXal, oo = %, (1.104)
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1. Quantum Dynamical Systems

so that
S(id® P[p’]lid ® P[p] ® p3]) = S(X[p]) - Zp,, (). (1.105)

Hence, due to the monotonicity of the relative entropy under CPTP maps, the difference

S(id@P[p'][id® Plp; ® p51) = S (¢l pi ® p3) = Zpa p2) = S(pl X)) <

or, equivalently,

- Zpas(p;) < S(p[X]). (1.106)

On the left-hand side, one has the average information gain about the state p when the mea-
surement associated with X’ is performed. Hence, the entropy exchange S(p[X]) provides an
universal upper bound for the average information gain.

Remark 1.18. An alternative expression for S(p[X']) is given by

S(p[X]) = S(X®idy [|[vVeXvel]) » (1.107)

where |\/ﬁ> is a purification of p (see Example 1.3); the proofis reported in Appendix C.1. Let now
p > 0 be an invertible density matrix and consider the CPTP map

Flo] = Tr (o) p = Z\/ER,.].(; ViR = Zpijanj, Fyj= iRy,  (1.108)
ij ij

corresponding to the OPU F = {F,'j}?jzl, | F| = d>. Clearly, Flp) = p. We now show that [57]

o S(elX) = S(eLF), (1.109)

where the the maximization is constrained to the OPUs that leave p invariant. It suffices to consider
the positive trace-preserving map (CPTP) map X associated to the OPU X and evaluate

0<s(Xeid[|voXvelllp®p)
- SO )Xo i o)
S(p[X]) +28(p) = =S(p[X]) + S (F&id, [|voXvP|]) »
yielding S(p[X']) < S(p[F)), for all OPUs X . The second to last equality was obtained by exploiting
the invariance p = X[p|, while the last equality follows from IF ® id, [l\/ﬁx\/ﬁu = p®p. Hence,

among those partitions that leave p invariant, the maximal entropy exchange is obtained by (1.108).

1.5 Quantum symbolic models

As seen in 1.3.2, the Kolmogorov-Sinai entropy measures the optimal rate of information pro-
vided by the symbolic dynamics arising from a coarse-graining of the classical phase-space.
There have been many attempts to a non-commutative extension of the KS entropy. For a
comparative discussion of the different quantum dynamical entropies see [38, 58]. Among the
different proposals, two most prominent ones are that by Connes, Narnhofer and Thirring [59]
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and Alicki, Lindblad and Fannes. They provide inequivalent extensions to the KS entropy to the
quantum setting, since they yield different results for different dynamical systems. In the fol-
lowing, we shall exclusively treat the proposal by Alicki and Fannes [27, 60, 61], based on earlier
pioneering work by Lindblad [7, 57]. The Alicki-Lindblad-Fannes dynamical entropy (ALF
for short) provides a quantum counterpart to the KS entropy in that the coarse-graining of the
phase-space is replaced by POVM-measurements at successive time-steps of the Schrédinger

dynamics. Let (A, ©, w) be a discrete-time quantum dynamical system, with ©® : A — A
an automorphism of A and @ a ®-invariant state. Consider then an OPU X = {Xa},ljill,

X . . . .
Zl | X!X, = 1. As discussed in Section 1.4.3, the latter corresponds to nothing but a
POVM measurement in the language of quantum information. As for classical partitions (see

Section 1.3.1), given two OPUs X and )/, one defines their refinement as the OPU

Xo) = (X, Y, W (1.110)

a=1,b=1

In fact, property (1.95) is easily checked. Since we shall be now interested in the dynamics, we
define the time evolution of an OPU X as

O(X) = (O(X, )L . (1.111)

Finally, the time-refinement of X after n steps of the dynamics is the refinement of time evolu-
tions of X’ under iterates of ©,

N =@ (X)o...0(X) o X = {X,(,")} ) (1.112)

where a = aya, -+ a,_; defines the symbolic sequence and the time-refined OPU elements
read

L= 0" (X, ) e O(X,,) Xy, - (1.113)

As shown in Section 1.4.3 for finite-level systems, given a state w and the OPU X' = {Xa}!ill ,
one associates the coarse-grained density matrix

|X]
plX]= ) @ (XiX,)laXbl € My (C), (1.114)

a,b=1

{|a>}l£|1 being the standard basis of C*!. Accordingly, vectors |a[01n_1]> =lay)® - ®la, ;)

.. ®n-1 . . . . .
form a basis in (Cm) so that the coarse-grained density matrices associated with the n-
step refinements read

p[X(”)] = Za)(Xl(,nH Xt(l”)) |a[0,n_1]><b[0,n_1]| S Ml[/oy’ril](c) (1115)

Their matrix elements are the multi-time correlation functions

P[ ] b (Xb Xa )

- w(x}] (XF) -+ @ (X)X, ) ©2(X,)0(X, )X,y ). (1116)

An-1
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Remark 1.19. Using that ©(XY) = ©(X)O(Y), one can recast (1.116) in a “nested” fashion
p[X(n)]a b s w (XZOG (le © (XZZ 0 (Xgn—lxan—l ) Xaz ) Xal ) Xao ) ’ (1117>

Furthermore, one passes from the Heisenberg to the Schrédinger picture by introducing the following
dual maps on the space of states of the system: w — E:, [w] and w — O w] such that

EL[0](X) = o(Xf X X,), ©o]X) = »(©[X])
Then, one can rewrite

P[], =By, 0O 0, 0OF o, [w](T). (L.118)

The diagonal entries of p [X (")] are then the probabilities of sequences of selective measurements of the
various OPU’ terms followed by the one-step reversible dynamics.

The density matrices p[X™"] € Mg?’n_ll((ﬂ), n > 1 form a consistent family in the sense
that Tr,_; (p[X(”)]) = p[X(”_l)] € Mg?’n_z]((ﬂ). 'They thus define a state wy on the quantum
spin half-chain M generated by the nested strictly local algebras MS([?'H_I](C) through the

expectations
wy (YO ) = Tr (p[x™ Y1)y e M (@),

Remark 1.20. The previous construction provides a coarse-grained description of quantum dynamical
system (A, ©, w) by means of a symbolic model (M%(C), 0, wy) on the half-chain M|H;| (C) with
the shift-dynamics o. If

wo® =w woX=w,

namely if both the dynamics and the measurement leave w invariant, the state wy is shift invariant.
On the other hand, in the quantum mechanical framework, one can bhardly only restrict to OPUs that
leave w invariant [60]. Then, if the reference state w is only O-invariant and not invariant under
the OPU, w(X}Y)) = w(Y), wy will not generally be shift-invariant, wy # wy o 0.

1.5.1 ALF entropy

Since p[X (")] is a well-defined density matrix living in Mllff'ln _1](C), one can consider its von

Neumann entropy rate
1
h,(©,X) = limsup;S(p[X(")]) , S(p) = -Tr(plogp) . (1.119)
The lim sup is taken since, due to lack of shift-invariance (Remark 1.20), the limit of the ratio

in (1.119) could not exist.

Definition 1.12. The Alicki-Lindblad-Fannes dynamical entropy (ALF) associated to the dynamical
system (A, ©, w) is defined by

hE©):= sup b, (0, X). (1.120)

where maximization is over a reference subalgebra B C A.
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1.5. Quantum symbolic models

In principle, the ALF entropy thus depends on the choice of a subalgebra B of physically
admissible OPUs. In applications to reversible dynamical systems, e.g. for studying quantum
chaos, B is typically assumed to be globally ©-invariant, @(8) = B, and dense in A [27].
We shall relax these assumptions on B in Chapter 5 when adapting Definition 1.12 to the
framework of open quantum systems.

Remark 1.21. A germ of the above construction can be found in [57], where the definition of the
entropy was however limited to OPUs leaving the state w invariant. As discussed in Remark 1.20,
such an assumption, together with w 00 = w, guarantees the shift-invariance of wy and the existence
of (1.119) as a limit. However, it is generally deemed too restrictive in the quantum setting (this was

noted by Lindblad himself [57], see also the discussion in [60]).

Remark 1.22. In the case where the algebraic setting is commutative the ALF entropy reduces to
the KS one. Let B, C L;o(.'{) the " -subalgebra made of characteristic functions of measurable subsets
of X. Given a partition P = (P;}; of X, the associated characteristic functions Xp, form a OPU
Xp = {xp,}i in By. Then, ©(xp,) = Xr-1(p,) and, by performing the time-refinement, one obtains
[p[Xgl)”ij = y(P,-[o n—l])éij' The corresponding von Neumann entropy rate exists as a limit and,
maximizing over By, one concludes that hf" (©7) = h’IfS(T). This argument can been further refined
so that the KS entropy actually corresponds to the ALF one also when the optimization is not restricted
to By but is allowed on the full L;o(.'f) [62].

Let us recall the following useful bound that holds whenever we can express w(A) =
Tr(pA) for some p (with p possibly depending on A, as for locally-normal states).

Proposition1.12. Ler A € A and w(A) = Tr (pA) for some density matrix p and let X = {Xa}jill
be a OPU. Then,

SplX]) < Slp) +SX]p]). (1.121)

Progf. As in the measurement model of Section 1.4.3, consider a dilation of p to the global
state p” of system and apparatus as in (1.99). Let then pj ;) = Try(q)(p’) be the marginals of p”.
Then, since p and p” have the same von-Neumann entropy, by invoking the triangle inequality

S(0') 2 |(0%) — S(p3)] [54], one has
S(p) =[S (p[X]) - S(X[p])|,
that implies (1.121). O

Example 1.10. Consider the finite-level dynamical system (M;(C), p, ©) with ©[X] = UtXU €
M(C). Then, the refined partition elements X,(,n) will all belong to My(C). Hence, for alln € IN,

th(ln)pxt(ln)‘l'
a

Thus, dividing by n both sides of the previous inequality and taking the limit n — oo of the r.h.s.,
one deduces that the ALF entropy of a finite reversible dynamical system is zero. "Ihis represents the
quantum analogue of classical dynamical systems with discrete spectrum that have zero KS entropy, as
the rotations on the circle from Example 1.6.1.

S(p[X(")]) < Sp) + S < S(p) + logd.
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1. Quantum Dynamical Systems

Consider the shift dynamical system of Example (1.4), namely a stationary quantum spin
chain described on the quasi local algebra M% generated by the single-site matrix algebra
A® = Mp(C), k € Z, and equipped with a shift-invariant state. One considers as a refer-
ence subalgebra that of local observables B = A a5 defined in (1.13), which is dense M%.
The ALF entropy of the shift o, derived in [60], is a paradigmatic result as illustrates the typi-
cal strategy for computing the ALF entropy in many concrete cases. We shall now review this
result in the following

Proposition 1.13. The ALF entropy of the shift for a quantum spin chain is given by
1A (0) = &, +log(D), (1.122)
where &, is the mean von Neumann entropy of the chain (1.30).

Proof: Let X be any partition in AP®. Due to translational invariance of w, it is no restriction
0 .

to consider elements X, to be finitely supported in [0, j], j € IN, namely X[ il e Al The

time-refinement X" , ) due to the iterated action of the shift n—1 times, will consist in operators

~,[,0'j +n_1], thus supported by intervals [0, j + # — 1]. Hence, the elements of the coarse-grained

density matrix will read
w (X,(,HHX;(:")) _ Tr(p[O,j+n—1] X"[bo,j+n—l]+§[(l),j+n—l]) )

Hence, by Proposition 1.12,

S p[X(n)]) < S( [0.j+n~ 1] Z}?[OJH‘ 1] _[0,j+n~ l]X[0]+n 1]+

IA

S (P71} + (j + n) log(D).

Then, dividing both sides by n and taking lim sup, one deduces hﬁlec < &, + log(D). The

aa’

VD

. N T 0 . o .
E,,» being matrix units localized in M g )(C). The time-refined partition consists of elements

and

equality is achieved by taking the partition £ = {Eﬂﬂ'}fujlo C Mp(C), with E,, =

By =o" YEY ). oEXE, _D‘"/2®Euka : (1.123)

’
aa Ap-1ap-1

'The entries of the corresponding coarse-grained density matrix read

n-1
(n) - - e (ot
(BB = 0o Qe B8 |- s e Eum) |
k=0
(1.124)
'The coarse-grained density matrix can be then written in terms of the same matrix units E,,,
p[EW] =) w(Fy Fu) laaXbb'| ; (1.125)
aa’
bb’
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1.5. Quantum symbolic models

then, by substituting (1.124) into (1.125) ,

[ ")] D~ ZE““®ZTr ®Ea bﬁ [0,n— 1])®E’h’= ]Il)D: p[O,n—l]’

Ibf
so that ~
p [5(’”]) = nlog(D) + S (pl*"~) .
Dividing by 7 and taking the limit yields the result. O

Remark 1.23. Tbe termlog(D) in the dynamical entropy of the shift is a correction of genuinely quan-

tum origin due to the disturbance generated by the measurements. In fact, when the maximization is

restricted to the quasi Abelian local algebra D, generated by minimal projectors (T2, (see Sec-
tion 1.3.2.1), such term disappears. Consider, without loss of generality, a partition consisting of local

0,j .. . . .
operators X£ i _ Zk[u ; x5 ng W its time-refinement under the shift will consist of operators

kio,j)
>[0,j+n-1 0,j+n-1 .. .
,[1 jen-1] Zk ,‘: HL 4 .+n ]. Note that the OPU condition translates into
[0,j+n-1] [0,j+n~1] [0,j+n-1]

Fa  =a _
Z,xk[o,jm—l]xk[n,jmq] =1. (1126)

a

Hence, we can recast

0 [X(n)] _ ZTr (p[0:j+n—l]5("[’011'+n—1]+§‘[l]'+n—1]) |la)b|
ab

=b ~a [0,j+n-1] )
Z Z Ko ponr) Ko jun-s LT (p pr— ]

ab k[o,j+n—1]
= Z pk[o,jm—l] |\Pk[0,j+n—1]><\y
k[O,j+n—1]
where |\Ilk[0,j+n—1]> =), ~z[0]+" il |a) are normalized vectors due to (1.126). Consequently, one has

$(e[*]) < H (P

Dividing by n and taking the lim sup on both sides, and then the supremum of the L.hb.s, yields

hgloc S Gw
The upper bound, which is the KS entropy of the shift (see Remark 1.10), is saturated by taking the
projective partition (P;}; localized at site 0.
1.5.2 Operational interpretation of ALF entropy

If a time-invariant state @ c® = w is considered, the physical interpretation of hff’,(@) is neatly
obtained in the GNS representation as an alternating sequence of measurement processes and
reversible one-step dynamics. This possibility already emerged in Remark 1.19; however, there

this interpretation was only possible for the diagonal entries of p[ X (")]. Asseenin Section1.1.3,
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1. Quantum Dynamical Systems

observables X € A can conveniently be represented by bounded operators 7., (X) € B(H,,)
acting on the GNS Hilbert space H,, equipped with a cyclic state vector |Q,,). Moreover, the
automorphism © is unitarily implemented by a unitary operator U,, through (1.33). At the
level of the GNS representation one then constructs a suitable pure-state dilation as in the
model of measurement of Section 1.4.3,

> 7t (X8) 10X 720 (X") " ® [ 10,001 XBpo,0m1) | - (1.127)
ab

Since the marginals of a pure state have the same entropy, the von Neumann entropy of the
coarse-grained density matrix is then the same as [28, 38],

S(p[A™]) = S (U, © X,.) T XO ). (1.128)

where U} [, (X)] = Ul i (X)U,, = 7, (O[X]) is the unitary implementation of the dynam-
ics in the GNS representation while X, is the CPTP map

Xol1:= ) m(X) - (X" (1.129)

'The detailed derivation of (1.128) is reported in Appendix C.1 and its structure supports the
interpretation of the ALF entropy, like that of the classical KS entropy, as the maximal infor-
mation per time-step extracted from repeated measurements on the system intertwined with
the time evolution. Only, measurements and dynamics do not commute.

Moreover, following the model of measurement process described in Section 1.4.3, (1.127)
can be then interpreted as a dilation of the POVM process (U, o X,, )n where the apparatus is
explicitly taken into account. The only difference is that, now, multiple copies of the apparatus
are considered due to the repeated measurements. Accordingly, (1.128) can be also seen as the
entropy exchange with the apparatus due to iterated measurements.
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CHAPTER 2 -

Open Quantum Systems

In the theory of open quantum systems, one is usually interested in the irreversible dynamics
generated by the interaction of the system of interest S with an environment E. The latter, in
principle, might comprehend infinitely many degrees of freedom. From now on, we shall always
consider finite-level open systems described by a matrix algebra Ag = M,;(C), coupled to an
environment E described by an algebra Ag so that the compound observables of system and
environment are self-adjoint elements of the algebra

./4 = "45 ®AE . (21)

Moreover, we shall also assume that, at = 0, system and environment can be prepared in-
dependently and thus are in a tensor product state ws ® wg, with wg being described by a
density matrix pg. Finally, the system-environment reversible evolution will be given by a one-
parameter group of “-automorphisms {©;};, ©; : A — A, ©, 0 O, = O,,,. In the first part of
the Chapter, we shall mostly focus on continuous-time groups yielding a continuous reduced
dynamics. Later on, it will be convenient to pass to a discrete-time description, i.e. t = n € IN
when dealing with collisional models (Section 2.1.4) or when focussing on the symbolic dy-
namics extracted by repeatedly probing the open system (Section 2.2).

2.1 Reduced dynamics

The assumption of a tensor product initial state of system and environment ensures that the
so-called reduced dynamics of the system can be described by means of a linear, completely
positive map

Af[Xs] = ids ® wp(0,[Xs ® 1£]). (2.2)
It is obtained through the conditional expectation idg ® wg : As ® Ap — Ajg,
ids ® wp(Xs ® Xg) = wp(Xg) Xs,

by focussing on the observables of the open system, only. For the sake of later convenience, let
us prove complete positivity of (2.2) also when ©) is replaced by means of a CPU map.

Proposition 2.1. Let A*[Xs] = ids ® wg (T [Xs ® 1)), with T being a completely positive unital
map on Ag ® Ag. Then, NV is completely positive and unital.
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2. Open Quantum Systems

Proof. Unitality is readily verified, since
AHlg] = ids ® wp (T[1s ® 1)) = w(lp)ls = 1.

Complete positivity of I' implies that, for all X;, Y; € A,

0< ZY?F[X,.*Xj ®1]Y;.
ij

Then, since idg ® wg is a conditional expectation (see Example 1.9),

0 < ids®wE(ZY,-+l"[Xi+Xj®]lE]Yj) ZyjidseawE (P[XX; @ 14])Y,
ij ij
= Y YIAXXY.
ij

Complete positivity of A} is then ensured, as discussed in Remark 1.16. O

The state evolution in the Schrédinger picture is equivalently described by a CPTP map
Ay, acting on d x d density matrices, and obtained by duality

Tr (Adps]Xs) = ws(Af[Xs]) - (2.3)

'The so-obtained maps A;, t > 0 constitute a continuous 1-parameter family {A;};,, whose
evolution is generally governed by a highly complicated memory kernel equation

t

A, = J dsK; oA,  Apg=idg. 2.4)
0

The latter encodes the fact that the reduced evolution is affected by memory effects, arising
from the coupling with the environment. If the coupling between system and environment is
particularly weak, a series of systematic approximations known as weak coupling limit [6, 20],
leads to a much more feasible time-local master equation

Ay =LoA,, Ao = idy, (2.5)

with £ being the generator. The formal solution of (2.5) is simply given by the exponential
A, = ¢'* and the evolution evolves according a semigroup law, A; = A, o Ay with A, =
¢! The structure of £ is fully determined by the celebrated theorem by Gorini, Kossakowski,
Sudarshan [4] and Lindblad [5]. On the other hand, in many situations, a time-local master
equation can be obtained also in the non-Markovian regime, allowing for an alternative form

of the evolution law (2.4) [63].

2.1.1 Generators

Suppose that the dynamics A, is algebraically invertible, i.e. there exists a linear map A,;0A; ' =
A;' o A, = id,. Ttis then always possible to define a time-dependent generator

t

L =A oA = j dsK, o0 Ajo A, (2.6)
0
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2.1. Reduced dynamics

and recast (2.4) as a time-local master equation
A, =L oA, Ay =idy. (2.7)

As in Remark 1.1, fix a reference set of d° matrices, F, = 1/Vd and {Fk}fial C M,(C),
k =1,...,d> — 1 such that Tr (F;Fk) = 0ji, thus forming an Hilbert-Schmidt orthonormal

basis. Then, assuming trace and Hermiticity preservation of the evolution, the generator (2.6)
can be always expressed in the canonical form

Li[p] = ~i[H(t),p] + Di[p], (2.8)

with H(t) = H +(t) being a time-dependent Hamiltonian, while D is the dissipator, encoding
effects of noise and decoherence,

n*-1
1
D,p] = ZKij(t) (FiPF;r— E{F;Fi:p}) , (2.9)
ij=1
where coefficients Kj;(t) = K_],(t) form the Hermitian, time-dependent (d* — 1) x (d* - 1)

matrix K(t) = [K;;(t)] known as Kossakowski matrix.

2.1.1.1 Positive and completely positive semigroups

Consider a constant generator £; = L, yielding a semigroup composition law

A=A oA, A =", Vixs, (2.10)
and suppose to relax the request of complete positivity to simple positivity. The structure of
generators of positive semigroups is not generally under control. Nevertheless, a partial char-
acterization is provided by a non-commutative extension of conditions (1.66), first proved by
Kossakowski in [51]. Given the usefulness of this property in Chapter 3, we include a concise

proof.

Theorem 2.2 (Kossakowski). Lez £ : My(C) — M;(C) be a Hermiticity preserving linear map.
Then, the following are equivalent

1. et is positive and trace-preserving for allt > 0;

2. L fulfils Kossakowski conditions:

Tr(PLP)) 20, ) Tr(PL[P)]) =0, (2.11)

Jfor all choices of a MASA spanned by rank-one projectors P = {Pi}le, Y, Pi=1,
Proof 1. = 2. follows by the following expansion around t = 0,
0 < Tr(Pe'“[P,]) = t Tr (P,L[P,]) + O(£), izj.
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2. Open Quantum Systems

Similarly, letting 0 = Tr (L[P;]) = X, Tr (P;£[P;]) yields the second of (2.11). We now prove
2. = 1. For what concerns trace-preservation, one has for p = Z]. ri |r]-><rj|

Tr (L[p)) = Zr]- ZTr(|r,.><ri| LllrXri|) =0, (2.12)
j i

due to the second condition in (2.11). We now show that the first condition in (2.11) implies
positivity of the map
(idy —al)”,

for sufficiently small & > 0, that is,
0<Y — A:=(id;—al)'[Y]>0, a sufficiently small.

Since £ preserves Hermiticity, A is surely Hermitian, so that we can consider its spectral de-

.. d .
composition A =) ,_, a; |a;Xa;|, a; € R. Moreover, one can always decompose it as
+
A=A"=A,-A, A, >0, AA_=0.
Consider then

H7=Zlai>(ai|, I_={ielN:1<i<mn,a <0},

iel_
that projects onto the support of A_ and estimate

0< Tr(ILY) = Tr(I(idy — aL)[A]))
= -Tr(A)-aTr(ILL[A,]) +aTr(TLL[A])

<-Tr(Al)+aTr(TLLL[A_]) = -Tr(A) + & Z ;| Tr(laj)<aj|£[|ai>(ai|])

ijel_
<-Tr(A)+a ) ol Tr(laNalLlla)al]) = a ) ) lail Tr (la;)a,|L[la;)a]))
ijel_ iel_ j=i
izjf
<-Tr(A)+a ) ol Tr(la)ayLla)al])
izjel_

Setting then L;; := Tr(|a;){(a;|L[|a;){a;|]), one has

lgl1-a Y L,|<o0. (2.13)
T 1-a ¥ 1

iel_ jriel;

Thus, it suffices to take
-1

“<(?ﬁf‘ ) Lﬁ) ’

j=iel

so to have, from (2.13),
4,=0,Viel — A=A, >0.
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2.1. Reduced dynamics

This proves that the map (id; — a£)™" is positive. Since the composition of PTP maps is PTP,
by invoking the formula [31, Theorem 3.1.10]

e = lim (idd - %c) , (2.14)

-1

one gets positivity ad trace-preservation of e'“ by that of (idg — £L) O

Assuming that £ is instead the generator of a completely positive map, namely a physi-
cally legitimate evolution, one can fully control its structure as proved by Gorini, Kossakowski,
Sudarshan [4] for finite-level systems, and by Lindblad [5] for bounded generators on B(H).

Theorem 2.3 (GKLS). L is the generator of a semigroup of completely positive and trace-preserving
maps if and only if the Kossakowski matrix K = [K;;] is positive semidefinite.

Remark 2.1. Equivalently, in the Heisenberg picture, LF generates a semigroup of CP unital maps
if and only if
. 1
LX) = i[H,p] + $'lp] - 5(¢'[1], ) @.15)

Jfor some completely positive map (pi. The structure (2.15) for generators of CP unital maps can be fur-
ther generalized to semigroups on von Neumann algebras [64, 65]. Note also that, in (2.15), if ¢ were
only positive, then (2.15) would generate a semigroup of positive maps; however, this would provide
only a sufficient condition for L to generate a positive map. Finally, note also that, for semigroups, the

¥
generator of the dual evolution corresponds to the dual of the generator, (et’c) = exp(tﬁi).

2.1.1.2 Quantum divisible processes

If £; carries an explicit time-dependence, the semigroup composition law (2.10) fails to hold.
Nonetheless, invertibility ensures that one can uniquely define a two-parameter family of inzer-
twiners Ay g = Ay o AY', so that a two-parameter semigroup law holds,

A=A oA, (2.16)

The formal solution for A, ; is then given by the Dyson series,

0 t Uq Up_q
Ape =14+ ZJ duIJ du, j dug L, oL, 0oL, . (2.17)
k=1 S s s

Remark 2.2. Note that, in the Heisenberg picture, propagators defined in the Schrodinger picture
through (2.16) compose in a time-reversed fashion,

A =AoA,,  A,=AToAL (2.18)
Nothing prohibits one to define different propagators in the Heisenberg dynamics as
Af=Al o AL, Ay = Afo Al

The consequences of such definition and its physical interpretation were recently explored in [66]. More-
over, from the Dyson expansion one realizes that, differently to the case of semigroups, the generator

of Af is not generally given by ,Cf . We shall explore in depth this fact in Chapter 3.
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2. Open Quantum Systems

As a consequence of the Wigner theorem, A;" is never a positive map unless the evolution is
unitary; accordingly, propagators A; ; = A; o A;! are, in general, not even positive. In analogy
with one-parameter families of stochastic matrices described in Section 1.3, one calls such
dynamics divisible and P-divisible if A, ¢ are positive maps for all t > s. On the other hand, in
the non-commutative case, one can devise a much richer hierarchy of divisibility degrees of the
evolution [67].

Definition 2.1. The quantum process described by the dynamical map N, is called k-divisible if A,
are k-positive and trace-preserving for all t > s > 0. In particular, the evolution is called (C)P-
divisible if intertwiners \; s are (completely) positive and trace-preserving.

Remark 2.3. In absence of more information about the underlying system-environment interaction
other than that provided by the dynamical map \,, one cannot do but identify Markovian behaviour
with CP-divisibility that, in this sense, represents an intrinsic definition of Markovianity [14]. It
is a quantum wversion of the notion of classical P-divisibility (see Definition 1.8 and Section 1.3.5).
However, as we shall see in Section 2.2.1, if the full multi-time statistics of the quantum process is
at hand, one can refine the notion of quantum Markovianity by identifying it with the so-called
Quantum Regression regime. The latter provides a non-commutative extension to Definition (4.43).

A partial characterization of generators of P-divisible evolutions can be given by time-
dependent Kossakowski conditions, generalizing Proposition 2.2.

Proposition 2.4. A Hermiticity preserving linear map L, . My(C) — My(C) such that
Tr (L[X]) = 0 for all X € My(C), is the generator of a P-divisible evolution if and only if

Tr(P,L[P]) > 0, (2.19)

Jfor all choices of MASAs spanned by rank-one projectors P = {P,-}?zl, Y. P =1,

Proof. 'The “only if” part follows again from the positivity of A, ;, since for all t > 0
1
Tr (Pl,Cf[P]]) = lirr(l) ETI‘ (PiAt+€,t[Pj]) 2 0, i E = j. (2.20)

[ldur

For the “if” part, rewrite 7 _e “ by splitting the interval [s, t] as

t=ty >ty > ... 2t =s, with limsup (f —t,_;) =0,
N

and then invoking the time-splitting formula as done in the proof of Proposition 1.5,

0
At,s = 111{11'1 ]_[ Eétk Ly , 6fk =gy — - (221)
k=N-1
Since Tr (P;L, [P;]) = 0 forall i = j, t — "™ s a positive map for all £ > t, by
Proposition 2.2. Positivity of A; ¢ follows from noting that the composition of positive maps is
positive and that the set of positive maps is closed (for finite level systems, the closure is with
respect to the norm topology on the space of linear maps of M;(C) onto itself) [68]. O

Remark 2.4. Iz is easy to see that condition (2.19) is equivalent to Tt (P L,[Q]) > 0 for all projectors
P, Q (not necessarily of rank-1) such that PQ = 0.
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2.1. Reduced dynamics

Note that, since A;;—o = A;, P-divisibility is sufficient for simple positivity, but not for
complete positivity of the evolution. General conditions for £; to generate a completely posi-
tive evolution are not known. On the other hand, the stronger requirement of CP-divisibility
(which is sufficient for complete positivity) is fully under control due to a straightforward time-
dependent generalization of the GKLS theorem 2.3.

Proposition 2.5. A generator L, in the canonical form (2.8) gives rise to a CP-divisible evolution if
and only if the time-dependent Kossakowski matrix K(t) is positive semidefinite for allt > 0.

2.1.2 Unital evolutions

Unitality of the evolution, namely the preservation of the identity A;[1,] = 14, helps in char-
acterizing generators of P-divisible maps. First, let us consider a necessary condition for P-
divisibility.

Proposition 2.6. Let A; : My(C) — M;(C) be P-divisible and unital with generator as in (2.8).
Consider a Hilbert-Schmidt basis of Hermitian operators {F, }izz_ol such that

F, = Fo=F}, Tr(FFs) =684, ap=0..,d-1.

1
\/E ’
Then, the (d* — 1) x (d* — 1) real symmetric matrix

L)+ L(t)

_Zs(t) = - 2 )

Lop(t) = Tr(ELlF)), ap=1,..,d°-1, (222)
is positive semidefinite for allt > 0.

Progf. For the positive, unital intertwiners Ay, . , inequality (1.75) yields, for all s, e > 0,

AueslX*] 2 (AqueolX)? - VX =X
Taking € <« 1 and expanding up to order € one has

0 < Ages[X?] = (Agres[X])? = e(L[X7] = XL[X] - LIX]X) + O(€?),
so the generators must satisfy

LJX?] - XL[X]+ L[X]X >0, VX=X, (2.23)
for all s > 0. By taking the trace,
—Tr(XL[X]) = -Tr(X £X]) 20, ¥X =X, (2.24)

where we defined the self-dual part of the generator as

i
£ % , (2.25)
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L being the dual of £,. Any hermitian matrix X can be expanded along the orthonormal basis

2
in Remark 1.1as X = X' = x,1, + Z?:I_l x;E;, with x; € R,i = 0,...,d*> — 1. Using trace
preservation and unitality, one recasts (2.24) as

d*-1
_Tr(xﬁ;d[x]) = Zx,- ijr(Fl- (—ES ;[:Si)[Fj])

i,j=1
= <x

for all real vectors x € RY ', Then (2.26) implies that the real symmetric matrix L£5(s) is
positive semidefinite. O

L(s)+ L (s)
2

x> - <x‘—zs(s)|x> >0. (2.26)

Example 2.1. For unital qubit evolutions, P-divisibility can be fully controlled in terms of the gen-
erator. We can decompose the time-dependent density matrix along the Pauli matrices,

1,+r -0

At[p] = ) » r € R’ ’

where the Bloch vector 1, evolves according to a linear transformation K(t) € M;(R):

~ ~ 1
t‘t =A(l’)1‘, Al](t) = ETr(O'lAt[O]]) » 1,] = 1, 2,3. (2.27)

Accordingly, the time-local master equation (2.7) transforms into the matrix equation

At)=L(HOAE),  A(0)=1. (2.28)

— t =
whose formal solution is given by A(t) = Tbefodsus) . Necessary and sufficient conditions for P-
divisibility are given by (2.19). Recalling that in d = 2, MASAs are spanned any rank-1 projectors
and its orthogonal complement, 1, — P, P-divisibility is equivalent to

0<Te((ly = PILIP] = ~Tr(PLIPD) = -3 Y 1o Te(oii o)
ij
L(t)+L'(t)

2

r> , (2.29)

Thus, for one qubit, condition

M,(R) 5 —L25(t) = —w >0, (2.30)

is not only necessary, but also sufficient for P-divisibility. The simplest case is that of Pauli generators,

3
Lipl=1 ) A" opo - p), (231)
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2.1. Reduced dynamics

withy > 0 and o, k = 1,2,3 the Pauli matrices. The generator is of the form (2.8) with no
Hamiltonian contribution, d = 2, F, = o}/ \/E and diagonal, time-dependent Kossakowski matrix
given by the so-called rates )/t(k). The generators are diagonal along the Pauli basis at all times,

Li[o;] = —I‘t(i)oi I‘t(i) =1 (%(j) + yt(k)) , jzk,jk=i. (2.32)

In particular, L, commute at different times. Then, time ordering drops and the dynamical map is

t
given by simple exponentiation: Ay = ejo dsLs

. Its Pauli spectrum reads, accordingly,
. . t (i)
Ailoi] = /\t(l)ffi: At(l) = e hd (2.33)

Note that A,(l) > 0 so that continuous-time Pauli evolutions are always invertible. The matrix repre-
sentations of the map and generator are diagonal,

Ly(t) = _rt(i) ij» Xz’j(t) = /\t(i) 0ij (2.34)
and necessary and sufficient conditions for P-divisibility follow from (2.30) [69]
>0, i=1,23. (2.35)

Evidently, )/t(k) >0,k=1,2,31is necessary and sufficient for I\, to be CP-divisible. This condition
is recast in terms of the spectrum of the generator in the well-known form

L(t) <

N[ =

3
er(t), i=1,2,3. (2.36)
j=1
In the course of the previous example, in particular, we showed that for unital qubit dynam-
ics, P-divisibility is fully controlled by the matrix £(t).
Proposition 2.7. Let £, : M,(C) — M,(C), £;[1,] = 0 be the generator of a unital dynamics A,.
Then, N, is P-divisible if and only if —L°(t) > 0 for allt > 0.

2.1.3 Backflow of information

Classical P-divisibility has been given an operational interpretation in Proposition 1.6; namely,
P-divisible evolutions contract the Kolmogorov distance between probability vectors. The non-
commutative counterpart is as follows [26].

Proposition 2.8. Let A, be a P-divisible. Then,
d
3 AX <0, 120, (2.37)
forall X = xte My(C). Similarly, if A, is CP-divisible,
d
E”At®idd[X]”1 <0, t>0, (2.38)

forall X = X" e My(C) ® My(C). Moreover, if \; is invertible, (2.37) and (2.38) are sufficient
Jfor P and CP-divisibility, respectively.
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2. Open Quantum Systems

Remark 2.5. If A; is not invertible, condition (2.37) does not generally imply P-divisibility of the
evolution (a counterexample has been provided in [70]). On the other hand, invertibility condition
can be substantially relaxed in order for (2.38) to imply CP-divisibility [71] and, in particular, (2.38)
does always imply CP-divisibility for d = 2 [72].

Note that every Hermitian matrix X = X ¥ can be written as
X = AA,(ps,0s), A>0, (2.39)
where A, (ps, 05) is the so-called Helstrom matrix,
A, (ps,05) := pps — (1 —p)og, where 0<pu <1, (2.40)

and where pg, 05 are system density matrices. The physical interpretation of Proposition 2.8
then results in the so-called Breuer-Laine-Piilo approach (BLP) introduced in [24] (see
also [12, 18, 73]), that we now review. One identifies the amount of information initially con-
tained in the open system with the Helstrom distinguishability of a pair of density matrices,
namely the quantity

D”(ps; GS) = ||Ay(PS;OS)||1 =: Iﬁ:O(pSiOS;”L) ’ (241)

representing the bias in probability of distinguishing two density matrices p and o in a one-
shot experiment [50]. In this scheme, y, 1 — p are the a-priori probabilities in picking one state
from the Helstrom ensemble:

Ex = {(p, ps); (1 — p, 05)} . (2.42)

For y = 1/2 one recovers the trace distance D(ps, 05) := D, ,(ps,05) = ||p5 —0g ||1/2. The
dynamics A; will evolve (2.41) into the distance of time-evolving states

I/ (ps, 035 1) = ||At[Ap(pS'OS)]||1 . (2.43)

Therefore, (2.37) represents the monotonically decreasing distinguishability between any pair
of states and is thus interpreted as an outward flow of information from the open system to-
wards the environment. Conversely, an increase of the internal information, namely a revival/
of the two-state distinguishability, is interpreted as backflow of information (BFI) from the en-
vironment to the open system.

Remark 2.6. The BFI interpretation, which involves the degrees of freedom of the environment, is
also supported by the following observations [12, 74, 75].

1. Assume that the environment is described by a Hilbert space Hg, and its state can be taken as
a density operator pg. Let then psg(t) = UtSE[pS ® pgl, where Z/ItSE describes the joint system-

environment unitary evolution, so that the distinguishability of two system-environment states is
constant and one defines accordingly an “external information” relative to two states pg and og of
a quantum System S as

& (ps, 053 1) = [ U [Aulps,05) @ pe]|| =T (ps, 055 )
= ||A,4(Ps'05) ® PE ||1 - I ps, 055 1) = Iy — I/ (ps, 053 ) > 0. (2.44)
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2.1. Reduced dynamics

where, in the first equality, the unitary invariance of trace-norm was used. Ihe time derivative on

both sides of (2.44) yields
&l (ps, 055 1) = =L (ps, 053 1) - (2.45)

Hence, to a decrease (increase) of internal information, corresponds an increase (decrease) of the
external one.

2. The difference of the internal information at different times,
AZ{ (ps, 055 1) := I/ (ps, 055 1) = I3 (ps, 053 1) » t>2s20, (2.46)

can be upper-bounded by means of trace distances involving the marginal density matrices ps(t) =

Trg pse(t), pe(t) = Trg pse(t). Namely,

AT (ps, 053 ) < 24 D(psg(s), ps(s) ® pe(s)) + 2(1 = )D(0s(s), 05(s) ® 0g(s))
+ 2 minfy, 1 — u}D(pg(s), oe(s)) . (2.47)

Occurrence of BFI means that the Lh.s. must be strictly positive for some s > 0; accordingly, at
least one of the terms on the r.h.s. has to be strictly positive. Thus, at the time s when the revival
occurs, information had to be stored in (1) either the system-environment correlations or (2) in
the changes of the reduced state of the environment. These are sometimes referred fo as ‘precursors
of non-Markovianity” [76]. This argument supports the general interpretation that, in order for
BFI to occur, information can be stored temporarily in either the environment reduced state or
in the system-environment correlations and then released back to the open system at later times.
Note these are just necessary conditions inferred from from the reduced dynamics. We shall argue
in Chapters 4 and 5 that a more detailed description of the microscopic mechanisms underlying
backflow of information cannot be achieved through the dynamical map only.

2.1.3.1 Contractivity for unital maps

P-divisibility regulates the monotonic behaviour in time of several other distances or diver-
gences, such as the quantum relative entropy [77] or regularized entropic divergences [78, 79].
Note that, if A, is a CPTP, P-divisible unital evolution it will contract the matrix norm by
Proposition (1.8). The latter is a special special case of a more general contractivity property
involving the so-called Schatten p-norms,

IXI, = Te(1XP)? , pel,c). (2.48)

For p = 1 one retrieves the trace norm, for p = 2 the Hilbert-Schmidt norm and for p — oo
to the operator norm || X[, = || X||. One can then embody the Banach space of linear maps
A : M;(C) - M,(C) with the induced p-norms

1Al = sup JAX]I, - (2.49)
1X1,=1

Then, consider the following non-commutative Riesz-Thorin interpolation [80],

IAN, -, < IAN - 1A T oo - (2.50)

As a consequence of Proposition 1.8 and Remark 1.13, for positive, unital and trace-preserving
maps [|[All;—; = Al o_o = 1; hence they also contract the p-norms, p € [1, 00] [81, 82]. In
the context of dynamical maps, one has the following
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2. Open Quantum Systems

Proposition 2.9. If A; is P-divisible and unital, then for p € [1, o],

d

SIAIX]L, <0, VX € My(C), (2.51)
and allt > 0.
Progf. 'The intertwiners A;  are positive, trace preserving and unital maps for all t >
s > 0, Therefore, (2.50) yields ||At,s||p7p < ||At,s||171||/\t,5||00700 = 1, so that

”At[X]”p = ”At,s OAS[X]HP < ”At,s”p_p ”AS[X]HP = ||AS[X]||p O

Out of the Schatten p-norms one defines the quantum Rényi p-entropies

Sp(p) = 1[9 log (Tr (p?)) = log(”p”p), pe(l,00). (2.52)

p
1 1-p
Then, we have the following [77, 83, 84]
Proposition 2.10. For a P-divisible, unital map

%SP(At[p]) >0, pe(l,co). (2.53)

In particular, the limit p — 1* yields the monotonicity of the von Neumann entropy under a P-
divisible, unital evolution.

Progf. If A, is a P-divisible, unital map, then

Sp(At,s OAs[p]) = 1 fp log(”At,s OAs[p]”p) 2 1

E w1, ) (It )|

> L tog |Adpll, ) = S,(ade),

forallt > s > 0, as a consequence of Proposition (2.9). O

Remark 2.7. Among the many quantifiers that can be used to monitor information flow, one can
consider the quantum mutual information between the system S and some inert ancilla A fo witness
lack of CP-divisibility [85]. Consider now A to be a purifying ancilla of S and evaluate the quantum

mutual information

Z(A @idg[|vpXVP|D) : = S(A ®idg[|VPXVP[IIA, @idalp @ p]) =
= S(p) + S(Alp]) = S (Ar @ ida[[VPXVPI]) = S(p) + S(A[p]) = S (p[X1])
with the notation of Remark 1.18. Evidently, such quantity is monotonically decreasing for CP-
divisible evolutions. The difference S(A[p]) — S (p[/l’t]) appears in the literature as coherent in-

tormation of p through A, and is used to express the quantum data processing inequality [50]. Such
concept was recently rediscussed in the context of multi-time non-Markovianity in [86].
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2.1. Reduced dynamics

2.1.4 Collisional models

As introduced in Section 2.1.3, memory effects are often defined and witnessed in terms of the
system reduced dynamics. Nevertheless, in order to better understand their physical roots, the
dynamical map is hardly a sufficient tool on its own. Practically speaking, one needs access to
at least partial information about either the system—environment interaction or, as we shall see
in the following Section, about the multi-time statistics of the underlying quantum stochas-
tic process. On the other hand, using standard derivation techniques, it is far from trivial to
envisage a microscopic model that (1) allows one to interpret memory effects emerging in the
reduced dynamics through a few meaningful physical parameters of the bath or of the system—
environment interaction, and that (2) microscopically realizes certain mathematical properties
that naturally arise at the level of the dynamical map.

A very convenient way-out is offered by the so-called co/lisional approach to open quantum
systems [87, 88]. It will come useful to treat collisional models in a fully algebraic fashion as
discrete-time dynamical system (Ag ® Ag, ©, ws ® wg) given by

i. a finite-level system with observables in Ag = M,;(C) endowed with a normal state
ws(+) =Tr(ps-);

ii. a spin-chain environment E described by the quasi-local algebra of observables A ob-
tained as an inductive sequence of local algebras A[ “h] ® fea .AE , constructed from

. . . k
the same single-site matrix algebra A}E '=M p(C) as in Section 1.1.2. The environment
state is given by a locally normal state wg specified by a consistent set of density matrices

wp (AF) = Te (pk ¥ aletl) ALt ¢ et (2.54)

that we assume to be shift-invariant,

Tr,.. (P1[3 ah+1]) Tr., (p}[g—a,b+l]) p}[E ab]

. . . . . 0 ..
iii. the system-environment interaction described by an automorphism @ : Ay ® A(E ) acting
non-trivially only on the system S and on a fixed site of the chain, that we conventionally

identify with the (0)-th one. The action of ® is then lifted to the full algebra Ag ® Ag

by extending its action to local observables A[_u'h] 5 Almb) = Zi[_a,,,] ai[fa,b]AE[_—i,’f:]] where
E[__(: f]] ® e ' in the following way

@[XS®A ®..®A ®...®Al‘f)]=AZ"’@...®<I>[XS®A§;’)]®...®A§?.

iv. the collisional dynamics is finally described by a discrete, one-parameter group of auto-
morphisms

0,=0" with ©=(d;®0)oD, (2.55)
where o is the right shift (1.28) on Ag.

In Chapter 4, we shall also consider a slight modification of the above scheme, whereby the
coupling automorphism @ will be replaced by a CPU map, so as to describe a dissipative cou-

pling between Ag and .A,(SO). In summary, the algebraic setting just presented accommodates a
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FIGURE 2.1: One step © of the algebraic collisional dynamics: (a) @ acts on the algebra of the system Ag

and on the 0-th site of the chain. (b) An operator A 1ocalized in Al[g_a’b], is then translated to the
right in (c) by the shift automorphism o.

collisional model with a correlated multi-partite environment [89-91], where the system and
the chain ancilla at site k = 0 may either interact reversibly or be instantaneously immersed in
the same dissipative environment before the shift is applied. The algebraic framework for the
collisional model described above is illustrated in Figure 2.1. The maps ©,, in (2.55) give the
dynamics of operators in the Heisenberg picture. In the Schrédinger picture, an initial state
ws ® wg on Ag ® Ar evolves at discrete time # into

wég =ws®wgo0B,, (2.56)

which is itself a locally normal state, whose restrictions to local algebras .At[g_a'b] yield density

matrices ng)_ ab] such that
o (Xs® AF™) = Tr (Q, ) Xs @ AL . (2.57)
By setting X5 = 1, one obtains the reduced state of the environment after # iterations as
(n) (n)
O = Trs (4 ,y) » (2.59)
On the other hand, the marginal obtained by restricting to the algebra Ag ® 1 reads

Tr QX5 ) = ws (wg 0 ©,(Xs ® 1)) = ws(AL[Xs)). (2.59)
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2.2. Symbolic dynamics of Open Quantum Systems

Hence, in the collisional context, the system’s reduced dynamics in the Schrédinger picture
is described by a discrete, one-parameter family of CPTP maps {A,},cn obtained by duality,
Tr (A, [ps]Xs) = Tr(psAL[Xs]). Proposition 2.1 ensures complete positivity of A,, either if
the interaction @ is taken as an automorphism or a general CPU map, due to the assumed
factorization of the initial state wg ® wg.

Quantum non-Markovianity and experiments

In this Section, we briefly overview recent experimental applications concerning non-
Markovian evolutions. Here, we do not aim to be complete; rather, we give a hint on how
recent advancements in applications drive the need for a better understanding of quantum non-
Markovianity and of the intricate hierarchy of concepts underlying it. On the other hand, the
use of new quantum devices might also help to understand complex open dynamics and pro-
vide a platform to simulate the results of this thesis, that will be discussed in Chapters 3-5.
Excellent reviews concerning the role of non-Markovianity in applications can be found in [11,
19, 92]. In the realm of quantum information theory, quantum non-Markovianity could be
advantageous in certain specific tasks, essentially due to backflow of information (see for exam-
ple [8, 93, 94]). Understanding non-Markovian dissipation is also of central importance due
to the advancements on quantum platforms and real hardware. In particular, the role of non-
Markovian noise in near-term quantum devices, especially in relation to error correction and
recoverability, appears to become a promising research direction, still largely unexplored [95,
96]. Many works have been devoted to simulating open systems in the non-Markovian regime.
In particular, in [97], weakly non-Markovian evolutions, a jargon for P-divisible but not CP-
divisible dynamics, were experimentally realized through a fully optical setup. Such platforms
could be an optimal playground for the maps introduced in the following Chapters, especially
in Chapter 4, as well as for the simulation of collisional models [91].

2.2 Symbolic dynamics of Open Quantum Systems

The fact that the reduced dynamics of the open system alone is insufficient to describe the
mechanisms underlying memory effects, such as backflow of information, should not come as
a surprise: the dynamical map encodes only the one-time marginal of a richer stochastic process,
in full analogy with classical one-time probability marginals evolved by a family of stochastic
matrices, as discussed in Section 1.3.

'The proper quantum extension of non-Markovian stochastic processes, including the multi-
time statistics, is rooted in a long history dating back to pioneering works [1, 3, 7] and still much
debated in recent years. In particular, including the multi-time statistics in the description in-
volves repeated quantum measurements that interfere with the dynamics and generally change
the quantum state [12, 27, 98]. Among the most recent proposals concerning such operational
approach, particularly prominent ones include the so-called process tensor formalism [15, 99,
100], quantum channels with memory [101, 102] and quantum combs (see [98, 103] and ref-
erences therein), conditional past-future independence [104, 105] and temporal entanglement
(see the recent work [106]). In most of them, a shared idea is to map multi-time correlations
into spatial ones encoded in a quantum many-body state. For an overview of these recent de-
velopments, see also [92].

With a similar aim, in this Section we shall obtain a symbolic description of open dynam-
ical systems, including multi-time correlations, by exploiting the machinery developed in Sec-
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tion 1.5. This approach naturally leads to a non-commutative extension of the classical charac-
terization of Markovian processes, as we shall see in Proposition 2.11.

Remark 2.8. Ifone wants to generalize the construction of the coarse grained density matrix (1.115)
beyond automorphisms, namely to replace © by a generic CPU map A on A, the main problem is
that the family of operators {A[X,]} ,Ijill does not form an OPUj indeed, from the Schwartz inequal-
ity (1.85),

|X] |X]

ZA[X,J*A[XA < ZA[X:XQ] =1. (2.60)

a=1

Newertheless, consider the nested form (1.117) of the coarse grained density matrix and replace the
automorphism © with a CPU map A; then,

p [X(n)]a,b = w(X;oA[XglA[XZZ o A[XG X, ] Xaz]Xal ]X%) , n>1, (2.61)

yield a compatible family of legitimate density matrices, Tr,_; (p[X (")]) = p[X D1 We shall
reprise (2.61) in Section 2.2.1, where it will emerge as the coarse-grained density matrix of an open
system undergoing a Markovian dynamics, in the sense specified by the so-called Quantum Regression
Jformula. The latter will provide a natural non-commutative extension of the Markov condition (1.45).

'The environmental degrees of freedom are typically neither accessible nor under control.
Hence, information can be only gathered from the open system. In the context of the quantum
symbolic dynamics introduced in Section 1.5, experimental inaccessibility of the environment
translates into identifying physically admissible OPUs with those of the open quantum system:

XCB, B=As=M/C). (2.62)

Remark 2.9. Differently from many applications of the ALF-entropy fo quantum chaotic systems,
the reference subalgebra B = Ag is neither dense nor ©-invariant in Ag ® Ag (rather, we can think
of it as a subalgebra of some O-invariant subalgebra By C Ag ® Ag).

Let us slightly generalize the construction of Section 1.5 to allow for time-inhomogeneous
families of automorphisms {0,,},, more general than groups, namely discrete families admitting
a two-parameter composition law

0,=0,°0,,, Vn>m, (2.63)

Propagators can be defined as ©,, ,, = 0, 0©,, since ©,, are invertible maps and their inverse
are automorphisms. Indeed, for arbitrary A, B, by setting A’ = 0, (A) and B’ = ©,/(B),

©, (AB) = ©,,(0,,(A")8,,(B)) = ©,, °©,,(A'B') = A'B’ = ©,,(A)0,, (B).

Then, time-refinements of the OPU X’ are naturally introduced, keeping the same notation of
Section 1.5, as

X 3 X =0, (X, ) Oua (Ko ) ©05(X,,) 0, (Xg ) X,y - (264)

An—2
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2.2. Symbolic dynamics of Open Quantum Systems

'The coarse grained density matrix is defined, accordingly, from time-refinements of OPUs in

AS as

(m)t

0s [M“’] = W5 ® wE(Xb Xf,")) = w5 ® a)E(XZO ®1;0,(Xf ®1;)... (2.65)

ab

@,,_2()91-"72 ® ]]-E)®n—1 (XZWJX

An-1

©1;:)0,(X, . ®1;)...0,(X, ®15)X,, ® 15) .

Using (2.63), we can further recast (2.65) in the nested form
(n) _ t t
05 [X ] = ws® wE(Xho ® 1 ®I(Xh1 ®1g ... (2.66)

Oy Xh L, 1O, (XY, X, ®1E) X

Ap-1 An-2

®1g)... X, ®]1£)Xao ®]1E).

The label S in the coarse-grained density matrix pg [X (")] stresses that we are only measuring
the finite-level open system S. The dynamical entropies defined through the entropy rates of
these coarse-grained density matrices will be the main object of investigation of Chapter 5.

2.2.1 Quantum Regression-Markovianity

By having access to the multi-time statistics of the system plus environment dynamics, one can
substantially refine the definition of Markovian behaviour by identifying it with the so-called
Quantum Regression condition (QR) [107], that we now review (see also [22, 23]). QR is a
statement about multi-time correlations when measuring observables of the open system only.
Let then {Ag}iZy € Ag, n > 1 and define

A" =0, (A, ®1)...0,(A, ®1p)A, @1 € As® Ap, (2.67)
and evaluate the multi-time correlation functions
ws ® wg (B""A™) = (2.68)

= ws ®wE(Bg ®1 O, (Bl ®1g)... 0, (Bj_1A, ®1F)...0, (A4, ®15) Ag ®11E).

Definition 2.2. Consider the triple (As @ Ag, Ws ® wg, ©), with W being described by a generic
density matrix of the system. The open dynamical system satisfies Quantum Regression (QR) if, for

arbitrary {Ag)i=o, {Biizo in A, n > 1,
@5 ® wE(g<m+ Zﬂn)) = @ (Bg Al [BI A;l[ e N [Bh Ay ] ]AI]AO), (2.69)

with Afm_l, n € IN completely positive, unital maps.

As emphasized in Remark 2.3, the notion of quantum Markovianity should be regarded as
context-dependent. Whenever the multi-time statistics of the process is at hand, as we shall
consider in the remainder of the present Chapter and especially in Chapter 5, one can refine
the notion of Markovianity in the following way.
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Definition 2.3. An open quantum dynamical system is QR-Markovian if it satisfies OR.
Remark 2.10.

1. The QR condition at n = 1 identifies \ as the reduced dynamics of' S that comes from the auto-
morphism Oy on S + E through the elimination of the environment degrees of freedom. Indeed, let
s be a generic state of the system (and, in particular, generally not time-invariant). Then, setting
Ay=By=1

@5 ® wp(©, (Bl A, ® 1) ) = @i AL[B] Al]) ,

andvarying freely ws one gets that \ describes the reduced dynamics of S in the Heisenberg picture
(compare (2.2)). Moreover, let n = 3 and set By = Ay = By = A} = 1 so that

@5 ® wg (O, (B; A, ® nE) ) = @s(A] o AL, [B] Az)).-

Again, by comparison with (2.2), one gets the composition law Al o AE’I = AL In the same wvein,
one identifies the maps Afn,m with completely positive and unital propagators, in the Heisenberg
picture, from time-step m to time-step n. Actually, formula (2.69) makes sense only if the maps
A,ﬂ,m are completely positive and unital. Hence, QR-Markovianity implies CP-divisibility. We
can summarize the various concepts of non-Markovianity that we have so far encountered by the

Jfollowing chain of implications:
OR-Markovianity = CP-divisibility = P-divisibility = No BFI.

2. Notably, QR holds in the weak coupling limit, where Af,,n_l = eLi = A" is a CP unital map
and L' is the Davies generator in the Heisenberg picture [6]. Essentially, the QR follows from the
Born-Markov approximation wg o ©" — A, ® wg. This fact, along with the validity of QR in
the singular coupling limit as well, were rigorously proved by Diimcke [21]. Interesting cases in
which QR holds beyond the above mentioned limits were investigated in [108, 109].

Let us consider the algebraic formulation of classical stochastic processes through spin
chains on Df,\l(([:), introduced in Section 1.3.2.1. QR-Markovianity then extends to the non-
commutative setting the structure of classical multi-time correlation functions pertaining to
Markovian processes.

Proposition 2.11. Consider a stochastic process 0 (on-1] — { pl[[(;':l__lll]}, algebraically described by a

classical spin chain endowed with a locally normal state w. The process is Markovian if and only if; for
alln > 0 and all {Ay){Zg, Ay € D,(C),

n-1
a)( ® A,‘j‘)) = Tr (p“”AO Al [Al AL, [A2 N [A,H]”) ) (2.70)
k=0

where p(o) =), pl(»o)l—li ana’Ailk_l : D,(C) — D,(C) are (completely) positive unital maps.

b

Proof. Consider the n-point correlation function for a general collection of operators {A; }¢—o,

k
Ak = Zi al( )Hi‘

n-1
o| Qat') =

k=0

= ) plrilalrll, (2.71)

i[O,n—l] i[O,n—l]

n-1
0,n-1 (k)
p[ n ]®Ak
k=0

i[O,n—l]
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[o,n-1] _  (n-1)
- Zn 1

w((nX_l)A,ﬁ")) Zp,o a\! ZT (1,0)a ZT ~Ln-2a"". 272
k=0 i

in—1

0 . . .
where a; a;o ) If the process is Markovian we can write

Then, set

A AL [A] = Z ZT,] (k,k = 1) Tr (TLA) |TT; . (2.73)

By recursion, one checks that (2.72) is also equal to (2.70). First, let n = 3. Exploiting commu-
tativity, rewrite

Tr(p<°>AOA§[A1A;1[A2]]):Za("’a ai) Tr (p 'L, AL[IT,, AL, [T, 1T, 1T, )
- Zd 'afaf)) Tr (V11 )Tr(nioAﬁ[nil])Tr(nilA;l[niZ])

igiyiy
§ plo 10 § Tzozl E sz

Now, we suppose that equality holds for n — 1 and prove it holds for n. Letting gn_l =
A1 AL 1 [A,], we have

Tr(P(O A [A AZI[AZ An 1,n— Z[En—l]]])
Zp,o a\’ ZT (1,0)a ZT% g m=1n-2a"" (2.74)

where

1n1

= Tr (I, Ay Aboa[A]) = ) al Val Te (1L, T, AL, (T, )

ln 1 In 1
]nfli

ln] ZT, i, (mn=1).

By plugging the latter into (2.74), one gets the result. The converse is also true. Suppose
that (2.70) holds for arbitrary A; and a CP unital maps Ai’kfl. Define then stochastic ma-
trices

T}k, k - ) = Tr (TLAL ., [T1]) - (2.75)
Upon choosing Ay =11, k=0,. — 1, one gets
[on-1] _ (0)
foma] = naina (M= 1,n=2) T (1,0)p; ",
so that the probability distribution is Markovian. O

Remark 2.11. The previous result provides an alternative characterization of classical Markov pro-
cesses in terms of multi-time correlations of classical observables. For stationary processes, in particular,
one can reconstruct all n-point multi-time correlation functions from the knowledge of the transition
stochastic matrix T of the process.
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2. Open Quantum Systems

Note that, for quantum systems, CP-divisibility — as well as the stronger semigroup property
— constitutes only a necessary condition for QR-Markovianity [3, 110, 111]. This fact represents
the quantum analogue of those classical non-Markovian processes that are P-divisible and sat-
isfy the Chapman-Kolmogorov equation (1.57), as illustrated in Example 1.7. A concrete case
in which CP-divisibility occurs without QR will be discussed in Chapter 5.

Note that, in the QR formula (2.69), operators A; and By are general and need not come
from an OPU. We now show how to determine whether QR holds or not through a partition

specific coarse-grained density matrix. In this regard, consider the OPU F C Ay, already
discussed in Remark 1.18,

"T = {Faa’}Za’:li Faa’ = \/E IraXru’l ’ (276)

where r, > 0, |r,) are the eigenvalues, respectively, eigenvectors of a density matrix ps. Recall
that the associated CPTP map Flp] =}, Faa,pF;u, = Tr (p) ps leaves pg invariant: F[pg] =
ps- Then, since we assumed wsg = ws ® wg, it follows that

wsp(F[Xs] ® Xg) = Tr(psXs) wg(Xg) = wse(Xs ® Xg) .

Remarkably, the structure of the coarse-grained matrices pg []: (”)] can be controlled. Moreover,
they allow one to discriminate QR-Markovianity, recovering the result of Lindblad [7].

Theorem 2.12. With respect to a time-invariant state ws ® wg, consider the CPU map T
Mf’" (C) —» M?"(C), defined by the conditional expectaz‘ionl.'

n—-1 n-1
& R Aot
k=0 k=0

where (1) the operator ®:;; Ay has been embedded into the quasi local algebra M, dz (C) by localizing

n

]—[(91‘,]._1 o0 ®idp)

j=1

T . @7

L= Wg

it within the interval [0, n — 1), (2) automorphisms Oy _, act non-trivially only on M;O)(C) ®Ag
and (3) o is the right shift on Mdz (C). Then, the system coarse-grained density matrix with respect to
the OPU F is given, up to a rearrangement of tensor factors, by

Ps [}—(Ml)] =pPs®pPs ® (Tn ®id[‘\/@><\/@

where T, is the CPTP map dual of T} Furthermore, the QR condition holds if and only if

]) (2.78)

T, = ®Ak,k_1 . (2.79)
k=1

We provide an independent and self-contained proof in Appendix D.2, using the formalism
of quantum spin chains.

Remark 2.12. The interaction-shift automorphism appearing in (2.77) is characteristic of the colli-
sional approach of Section 2.1.4, wherein the open system S iteratively interacts with a new site of
a spin-chain environment. In (2.77) the emerging picture is, in a sense, dual, in that it is the same
environment E that interacts with a fresh copy of the system at each time step.
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2.2. Symbolic dynamics of Open Quantum Systems

AT VoA A " e e AY 9Al e 0 AV @AV e A @ -
®
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FIGURE 2.2: Dynamical system underlying the construction of the map (2.77). (a) Intertwiners ©; ;_, act,
at each tick of time, only on the 0-th copy of the system Aéo) = M;O)(C) and on the algebra of the
environment. (b) An operator, initially localized in Aé’“"’], is then translated to the right in (c) by the

shift automorphism o on the open chain. Note the similarity with the algebraic collisional model of

Figure 2.1.

Remark 2.13. The above approach to quantum non-Markovian stochastic processes is due to Lind-
blad, that first presented it in [7, 112], though without the concept of OPU (the latter was only in-
troduced in a more general context [57] and then fully developed in the coarse-graining procedure
discussed in Section 1.5 by Alicki and Fannes [60]). In particular, the map T, emerging from suitable
invariant OPUs is essentially equivalent to the so-called process tensor developed in [15, 99, 100],
and applied successfully in several problems [111, 113, 114]. Analogously to dynamical maps, it can
be tomographically reconstructed [115] and used to compute all possible multi-time correlation func-
tions (see also Appendix D.2). In the condensed-matter literature, a similar object appears as influence
matrix, see e.g. the recent work [106].

From now on, we go back to the simpler case of one-parameter groups of automorphisms
on Ag ® Ag, namely ©, = 0", 0,,,, = 0, 00,,. In such case, the QR condition is only

compatible with a semigroup reduced dynamics.

Proposition 2.13. Suppose that the QR condition (2.69) holds and let ws ® wg be a O-invariant
state, with ws represented by a faithful density matrix pg > 0. Then,

Appr=A=A,  ¥Ynz0. (2.80)

"There is no ambiguity in the definition of the C*-tensor product of MdZ (C) with Ag since the former is the
inductive limit of nuclear C*-algebras, which is itself nuclear (see Remark 1.3)
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2. Open Quantum Systems

Proof. 'The full proof of (2.80), carried out by induction, is reported in Appendix D.1. Here,
we prove it for n = 2. Suppose that QR hold and consider

PP = 5. (i (P O (P o) P ) 250
= ws (Ehay AL [Fh oy ASs [Fl iy Fasey | Favat | Faosy) - (2.82)

where F is the OPU in (2.76) that leaves ws invariant. pg[F®'] is a density matrix acting on

2 2 2
C" @ C" ® C* . Consider then the marginal density matrix obtained from by tracing over
the first Hilbert space from expression (2.81). This amounts to setting a, = by, 49 = bg and to
summing over 4, and ag. Due to invariance of the state under © and IF (compare Remark 1.20),

(sz P[}—(S)]) = Zws ® wg (P20a5®1 (leh; ©3, (szbgpaza;) Pala;) Faoa{))

agay

+ + + +
= Ws @ W (Fblb; ©5, (szb;FW;) Fula;) = ws ® we(Fy,p ©4 (szb;Faza;) Foa)-

, ,
ayay,by by

where, in the last equality, we used the group assumption: @,, = ©; = 0. Thus, we have
Tr; (p[f (3)]) = plF @ Taking instead the partial trace over the first Hilbert space from

expression (2.82), we have

(TrI P[]'—(a)])ulu;,blb; = ZTf(PS F;ro,a{,/\ﬁ [F;rl,b; AL, I:F;Zb;Fazu’z:I Falag] Faoa[’))

ag,ag

=Tr (Al o Flps] Fyp; Ass [lebgpaﬂ;] Fala’l) = Tr(Ps Fj oy Asy [szb’zpuzu;] FW;);

where, in the last equality, we used invariance of ps under IF and A;. Then, Tr; (p [.7: (3)]) =
P [f(2)] yields

TY(PS F;rlbg A [nghgpuza;] Foa ) = Tf(Ps PZIb; A [szb;Fazu;] Foa ) .
Taking a, = b,, a] = b}, yields, in particular

Tay o VFayToy (g | Ao [ra, Krv, [ Ty = Ty rag VFaiToy Crag | Ao fra, Ko, [ Tl )
which implies A, ; = A;. O
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CHAPTER 3 -

Classical reduction of quantum
dynamical maps

In Chapter 2, we discussed the standard interpretation of distinguishability revivals in open
quantum systems as a backflow of information. The latter, though, is not a quantum phe-
nomenon per se: an analogous interpretation can be carried out for classical systems in terms of
revivals of Kolmogorov distinguishability (see Proposition 1.6). In fact, the focus of this Chap-
ter will be on classical memory effects arising from suitable reductions of legitimate quantum
evolutions. In the following Sections, we shall concentrate on the MASAs of a matrix algebra
A = M,(C), selected by projective OPUs, namely sets P = Py, consisting of minimal rank-
1 projectors P;, with P; Py = 0 and Z?zl P; = 1. For the sake of simplicity, we shall identify
with the same symbol P both the OPU and the associated MASA. Consider then a quantum
dynamical map on M,;(C); a classical stochastic process can be naturally extracted out of it by
restricting the quantum evolution to a MASA P. We will investigate the properties inherited
by such classical reduction; in particular, P-divisibility of the quantum evolution might be lost
in the reduction procedure, thereby yielding a classical backflow of information arising from a
quantum dynamics that does not exhibit it on its own.

3.1 Classical reductions: dynamics vs. generators

Let us consider a quantum evolution described by a one-parameter family of CPTP maps
{A¢}ts0, the latter being governed by a time-local master-equation as in (2.7). In order to extract
a classical dynamics out of a quantum one, one can follow two natural prescriptions:

i. Reduce the generator of the quantum evolution £, = A, o A;' by considering the d x d real
matrix

Kij(t) := Tr (PL[P))) 3.1)

and study the one-parameter family of dxd stochastic matrices {D(t)};,( solving the classical
master equation

D(t) = K(t) D(t). (3.2)
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3. Classical reduction of quantum dynamical maps

ii. Reduce the quantum dynamics itself by considering the stochastic matrix T'(¢) with entries
T;;(t) = Tr (P;A([P)]) . (3.3)
If the so-obtained matrix T'(¢) is invertible, one can then write the master equation
T(t) = L(t)T(t), (3.4)
with time-local generator L(t) := T(t) T~ (t).

The two different points of view yield different classical dynamics that are discussed in the
following. In particular, regarding the property of P-divisibility, the following question naturally
emerges:

Given a P-divisible dynamics {\\;}15, are their classical reductions P-divisible? Q)

By prescription 7., namely by reducing the quantum generator, the answer to the previous Ques-
tion is straightforward, in that quantum P-divisibility is equivalent to classical P-divisibility, as
a consequence of Proposition 2.2.

Corollary 3.1. Lezr L; be the generator of a CPTP dynamical map {N\;}so. Then {A}y5¢ is P-
divisible if and only if the d x d matrix defined by K;;(t) = Tr (P,[t[Pj]) generates a classical

P-divisible dynamics for any choice of MASA'P = (P, of M (C).

Conversely, as we shall see, by reducing the dynamical map one has the peculiar eftect that
a P-divisible quantum dynamics need not give rise to classically reduced P-divisible dynamics.

Remark 3.1. The reduction procedure ii., namely the reduction of the dynamical map, is somewhat
dual to the so-called embeddability problem of a given classical stochastic matrix info a Markovian
quantum evolution, that may give rise to some quantum advantage [116, 117].

3.1.1 Dynamics vs. generators: physical interpretation

'The physical interpretation of the stochastic dynamics {T ()}, defined through (3.3), becomes

clearer by considering the map
d
P[X]= ) PXP, (3.5)
i=1

which, as discussed in Remark 1.17, can be seen as a conditional expectation from M;(C) to

the MASA generated by P. Given any state w(-) = Tr (p ) on M;(C), consider
wr ::a)OIPOAfOIP::wO(AltP)t, (3.6)

which acts initially on observables in P, then lets them evolve with Af, and finally projects them
again on P with the left-most IP. Equivalently, moving by duality to the Schrédinger picture,
we have

o' (X) =Tr(Af[p]X), AT :=PoA,oP, 3.7)

where Aip acts initially on diagonal matrices, turns them into non-diagonal ones at time ¢ and,
finally, the developed coherences are suppressed by the left-most IP. Explicitly, one gets:

d
AFlp) = ) Tult) Tr(Pip) Py, (3.8)

k=1
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3.1. Classical reductions: dynamics vs. generators

with T (¢) as in (3.3). Practically speaking, in this approach, at each instant of time, the quantum
dynamics is preceded and followed by two projective measurements specified by the OPU P.

Remark 3.2. Note the similarity between the construction (3.6) for the classical reduction AltP and
that for the reduced dynamics \; of an open system in (2.2). Indeed, one defines A} in the Heisenberg
picture by three steps; namely, (1) by restricting to the algebra of the system, then (2) by letting evolve
an operator in Ag under the automorphism ©, that does not leave Ag invariant and (3) finally, by
acting with the conditional expectation wg from As ® Ay — Ag. For the classical reduction, instead,
(1) one first restricts to the MASA P via the right-most conditional expectation IP in (3.6), then (2)
lets the system evolve under the CPU evolution Ny, that does not leave P invariant, and finally, (3)

applies the conditional expectation P : My(C) — P to obtain the classical reduction (Af)i.

To compare the classical reduction (3.7) with the one obtained from (3.1), for sake of
simplicity we restrict to the case when the quantum dynamics A; is a semigroup with time-

independent generator £: A; = ¢'“.Then, let N > 1 and consider

PN N t ]PiN t\
Wy’ Zsz(IPOAf/NOIP) =a)01P0(id+ﬁ(£ )) °1P+O((N))’ (3.9)
N>1

~ a)o]Po(etLIP)io]P, ([:]P)i :=PoLtoP. (3.10)

Passing again to the dual in the Schrodinger picture, one has

d
LPlp] =PoLoPlp] = ) Ky Tr(Pip) P, (3.11)
j k=1
so that
Poe't oP[p] = Z Dj(t) Tr (P p) P, (3.12)
j k=1

where K(t) = K is the matrix defined in (3.1) and D(t) = ¢'¥. From the previous argument,
therefore, the classical reduction of the quantum generator physically amounts to letting the
quantum dynamics to act in between iterated projective measurements separated by smaller and
smaller time intervals.

Remark 3.3. Notice that, for N > 1 ande = t/N,
N N
(IPOAS OIP) [P] = ]Z T1]N o ]2]1( ) Tr(pp ) ZJ’[T(G) ]ij Tr(ppj) P
i,jN 1,

On the other hand, in the semi-group case, from (3.1) and (3.3), with L, = L and K(t) = K, it
Jollows that T (€) = 1 + € K = D(e); therefore,

F N
Jim T(—) = D(t) = T(t) .

N-+oo N

The origin of the discrepancy is the fact that the family of matrices T(t) is not a semigroup; indeed, if
T (t) is forced to be a semigroup, so that T(t + €) = T(€)T (t), then one has T (t) = D(t).
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3. Classical reduction of quantum dynamical maps

3.2 Classical reductions and P-divisibility

Differently from what occurs when reducing generators, when the reduction via the dynamical
map (3.3) is adopted, the relation between P-divisibility of A, and that of its classical reduc-
tion T(t) becomes non-trivial and, in particular, classical P-divisibility may be lost. The rest
of this Chapter is devoted to classical processes of the type (3.3), analysing in detail instances
when P-divisibility is either preserved or lost through the reduction procedure. The physical
meaning of such a loss of P-divisibility by classical reductions is clarified through the following
Section 3.2.1, where we develop a general interpretation of the effect in terms of BFI.

Remark 3.4. Notice that, from (3.3), when the matricesT (t) are invertible, the classical intertwiners
are given by T(t,s) = TH)T(s)". In general, they have no simple connection fo the quantum inter-
twiners Ay 5 = Ay oA A particular case is when the dynamics Ay is of the kind Ay ;P = P A, (P,
with P as in (3.5), so that one can identify a stochastic propagator as Ty (t,s) = Tr (PiAt,s[Pk]).
Such maps are a subset of the so-called non-coherence-generating-and-detecting dynamics considered
in [98] to characterize the classicality of a Markovian process.

3.2.1 Coherence-assisted backflow of information

'The goal of this Section is to interpret memory effects emerging in the stochastic dynamics (3.3)
obtained by classically reducing a P-divisible quantum evolution A;. In the BLP approach
described in Section 2.1.3, the Holevo-Helstrom distinguishability is interpreted as “internal
information” of a quantum system as embodied by two states p and o under the dynamics A;:

Itq(P' osp) = ”At[Au(p' 0)”

> where A, (p,0) =pp —(1-p)o. (3.13)
Restricting to the classical subalgebra, the Helstrom matrix encodes the vector 6,(p,q) =
up — (1 —p)q, with p, q probability vectors, and its trace norm reduces to the Kolmogorov dis-
tance (1.70). Let us now consider a Helstrom matrix A, (pp, 04) within the MASA P, namely
with p, = ), p;P; and oy = }_; q;P;. Although the chosen density matrices p,,, 0, commute
and are incoherent classical states with respect to P, the dynamics A; takes them out of the
commutative algebra P and generates non-vanishing coherences, while the classical reduction
to P eliminates them. Accordingly, the classical internal information of the classical reduction
to P of the quantum dynamics reads

I (p, q; ) = ||T(t)5ﬂ(p'q)”1 = ”I[)"At[Aﬂ(pp'aq)]”l . (3.14)

Letus then introduce the difference between the quantum and classical internal information
relative to two classical states:

Ci(p, a; 1) = Z{(0p, Pg5 1) — I (P, @5 1)
= [|AdAL(pp, ]|, = [P o ALA,(pp, o], - (3.15)

Since P is a contraction, the quantity C;(p, q; i) is positive; moreover, it allows to decompose
the quantum internal information of two quantumly evolving classical states as sum of two
contributions:

I pp 05 1) = I (p, 4 1) + Colp, g5 1) - (3.16)
Note the analogy with definition (2.44) of “external information” in the open system setting. It
is thus appropriate to name C,(p, q; u) coberent internal information. P-divisibility of A, implies
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3.2. Classical reductions and P-divisibility

that Itq(pp, 0q #) monotonically decreases in time, namely the information contained in the
system leaks towards the environment and never comes back. Hence, fort > s > 0,

o m) +Cp. g p) <0, g 1) + Colp, g5 1) - (3.17)
Then, letting
AT (p g5 1) =L p, a5 ) ~ L (p. a5 ), (3.18)
be the variation of the classical internal information (3.17) can be equivalently recast as
AL (p, @ 1) S Cop, a3 1) = Colp, @5 1) (3.19)
WEe are then ready to state the following

Proposition 3.1. Let A; be P-divisible and consider the variation of the classical internal informa-
tion (3.18) between times s and t > s. The latter can be upper-bounded by

AT (p, a3 1) < pCT (Aslpp]) + (1= 1) CT (Aslpg)) s (3.20)

where C denotes the so-called €,-norm of coherence of a density matrix [118, 119],

Clip)y=)_ (el

i%jf

, (3.21)

with respect to the MASA generated by P = {|iXi|i}?:1.
Progf. From (3.19), since C;(p, q; 4) > 0, we have
AT{(p g 1) < Colp, a5 ) -

Let then IP* := id — IP and apply twice the triangle inequality, so to get

Cs(p, a5 1) < IPHAA,(p, )]l
S ”H)LAs[pp]Hl + (1 _l’l) ”H)lAs[pq]”l . (322)

Noting that |||iXj]| , = 1, with i}, |j) belonging to the reference orthonormal basis, one ap-
plies the triangle inequality once again to the r.h.s. of (3.22) so to obtain

AZF(p, @ 1) < p P Ap, 1l + (1 = p) IPAlpg ]l
< CT(Alpy)) + (1= ) CT (Aqlp,)) - O

Remark 3.5. The quantities C P(A, [pp]) and C P(A, (g ) measure the amount of coberence produced
by the dynamics at time s acting on the diagonal states p, and pg. In analogy with (2.47), from (3.20),

we can thus interpret the revival of the classical internal information, AItCi( P, q; 1) > 0, berween
times s andt > s as a classical BFI, which can occur only if a certain degree of quantum coberence has
been built up fo time s in the quantumly evolving classical states. Hence, in the classical reduction of
the quantum evolution of pairs of commuting quantum states, quantum coberences play an informa-
tion storing role as the environment does in the quantum scenario, as emerges by comparing the r.h.s

of (3.20) and (2.47).
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3. Classical reduction of quantum dynamical maps

3.3  Unital qubit dynamics

We now delve into the question (Q), namely whether P-divisibility of the quantum process
is inherited by its classical reduction obtained through (3.3). In particular, for time-local evo-
lutions as in (2.8), we shall argue that this problem becomes particularly relevant for purely
dissipative dynamics, namely those not containing commutators with Hamiltonians in their
generators, which would typically provide non-P-divisible classical processes.

In what follows, we will mostly focus on unital qubit dynamics, namely A;[1,] = 1,,
for which the P-divisibility of both A, and its classical reduction T (¢) is analytically tractable.
Indeed, as shown in Proposition 2.7, P-divisibility of A; is equivalent to the condition

~L3(t) = - >0, (3.23)
where Z,-]-(t) =Tr (Oiﬁt[aj]) is the 3 x 3 Bloch representation of the generator £; (see Exam-
ple 2.1).

On the other hand, let Py, P, = 1, — P, be two orthogonal projectors generating a maxi-
mally Abelian subalgebra P C M,(C). The 2 x 2 stochastic matrix T(¢) obtained from A; by
means of (3.3) then reads

mi=(, Lo T TmO) T = TemadmD 629

so that it is fully determined by one real function 0 < Ty(¢) < 1. In the Bloch representation,
P, is identified by means of a unit real vector r € R?, P, = (1+r-0)/2. Then, the bistochasticity
condition is recast as

0 < Toolt) = Tr (PoAu[Po)) = 5 + 5 {rIAWIF) < 1, (3.25)

where K(t) is the 3 x 3 Bloch representation of A;. If Ty (t) = 1/2, T(t) is invertible and one
computes the classical generator as

L(t) = T(t)T(t)™"

Too(t) (1 _1), (3.26)

T Mt - 1\-1 1

By means of Kolmogorov conditions found in Proposition 1.5, L(t) generates a P-divisible
classical process if and only if

Too(t)
=00 <, Vi>0. .
ft Toelt) =1 = 0 0 (3.27)

Taking the derivative of (3.25) and recalling that /N\(t) = L(t)A(t), one recasts (3.27) as

L (rZWAWIn _

fi= 5 RO Yt >0. (3.28)

Remark 3.6. Let d = 2 and suppose that T (t) satisfies a time-local master equation with generator
L(t). Consider the classical 2-Renyi entropy

H,(t) = ~log (pIT"()T(t)Ip) , (3.29)
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3.3. Unital qubit dynamics

where p is a probability vector. Then, H,(t) grows monotonically if and only if’

%(pITT(t)T(t)Iw = 2{pIT"()L*()T(t)lp) < O,
where L3(t) = (L(t) + L(t))/2. In particular, if T(t) is bistockastic, L°(t) = L(t) and Loo(t) =
Li1(t) = =Ly = —Lq¢(t) so that
2(pIT" ()L ()T (1) p) = Loo(t)(2Too(t) = 1)*(po = p1).
Therefore, if T(t) is P-divisible, Loo(t) is necessarily negative, so that H,(t) grows monotonically.

Example 3.1. Further characterization of P-divisibility of classical reductions of qubit unital evolu-
tions can be done as follows. Consider two basis of C? related by

=5 Ll il - S (3.30)

and let P be the map that causes full decoherence with respect to basis {| &)} . Moreover, choose p to be
diagonal in such basis,

p = Bo [0X0] + 71 [TXT| = PP, + P Pr(joxag+ o)),

Then, consider the evolution

PenePlol=) |3 tIAlellp -1 | jaxal (3:31)
ij

[24

= Po(t) [OXO[ + (1) [TXT

)

where, ) )
~ + ~ -
o) = —=t, Bit)=—",  i=2ReOIAfp]I).  (3.32)
On the other hand, from the Lh.s. of (3.31) one has
pt)=Tmp,  Tup(t) = (@l A [|BXBI] 1E) - (3.33)

Comparing (3.33) and (3.32),
¢ = Polt) — Pa(t) = (2T00(t) g = ¢ = 2T00(t)co-

Assuming now that T(t) is invertible, we have

d
fi = 2alog|ct|.

In particular, the sign of f; is controlled by the monotonicity of |c;| The latter, from (3.32),isa  function
of the coherences of the state with respect to the {|i)}; basis.

We now study the behaviour of f; under two paradigmatic examples of oppositely behaving
dynamics. The first one is a purely unitary qubit rotation which cannot give rise to a classically
P-divisible process, while the second is that of a purely dissipative Pauli dynamics for which
P-divisibility of the dynamics is equivalent to that of its classical reduction.
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3. Classical reduction of quantum dynamical maps

Unitary qubit dynamics Consider the qubit Hamiltonian H = 1/2w - 0, w € R®, and the
evolution U [p] = U, p UT, U, = e7™ The classical reduction of its generator £[-] = —i[H , - ]
to any commutative subalgebra P C M, (C) vanishes. Indeed, Tr (PHQ) = ;Tr (PQH) = 0.

However, the Bloch representation of U, acts as 3 x 3 rotation matrix U (t) = 't with generator

_ 0 —u; u,
AC = w u3 0 _ul » (3.34)
—U, Uy 0
where w = ||w| and u = (w;, w,, w;)/@ € R? is a unit vector. Since L3 = -w’L = L,

one rewrites ]
— ~ i ) ~ _ ) ~
) = =14 @D 7 °°j(‘" )7,

(3.35)

w
Also, (r|Z|r) =0, (1’|Z2 |r) = - |r) ||*. Given a projector with Bloch vector r, with 6
the angle between the latter and #, one has || £ |r) || = w sin(0) and

Too(t) = Tr (Po Uy [Py]) = %(1 + (rlth|r)) = %(1 + cos?(0) + cos(wt) sin®(0)) ,

so that (3.28) is rewritten as follows,

f= W sin(wt) sin”(0) . (3.36)

2 cos2(6) + cos(wt) sin®(0)

Thus, the sign of f; changes for all 8 € (0, 7), unless & = 0,7 (when |r) corresponds to
an cigenstate of H) yielding f; = 0. Notice that the denominator in f; is the determinant of
the classical stochastic matrix T (#) which is thus invertible if cos(26) > 0, namely, if 6 €
(0, 7t/4) U (37t/4, 7). In this case, classical P-divisibility breaks when T, (¢) becomes positive.
As described in Section 3.2.1, such loss of P-divisibility for an invertible classical reduction T'(t)
can be interpreted in terms of coherence-assisted BFI.

Pauli dynamics Consider the Pauli generator

3
1
Lflp] = 3 ;Vk(t)(akpak - p)- 3.37)
. P ,P1 _ .11 . . _ J’tdSLSP .
Notice that [£;, £;'] = 0, yielding the exponential solution A; = e/®" . As seen in Exam-

ple 2.1, the Bloch representation is a diagonal matrix

— . . '
ol =-1"s;, 1= ¥Y, (3.38)
k=i
so that necessary and sufficient conditions for P-divisibility easily follow from (3.23),
>0, k=1,23. (3.39)

X(t) is also diagonal, with strictly positive eigenvalues
. . t
A= A8y, AP = e hoTo
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3.3. Unital qubit dynamics

so that

;= LOEWAOIn 10N
T2 GAplry 2 LAmn?

<0 (3.40)

forallr, [[r|| = 1. Thus, A, is P-divisible if and only if T(¢) is P-divisible for all choices of the
reference MASA. Adding a Hamiltonian to a Pauli generator l:tp as in (3.37) may generally
lead to a positive f;, so that the process T'(t) is not P-divisible. Indeed, consider

Llp] = —ilo,, p] + L [p], (3.41)

and take, for the sake of simplicity, I (t) = I,(¢) = I'(t), so that the Hamiltonian generator
commutes with the Pauli one. Hence, the evolution will have the form

A =U o AP = A@t) =Ut)AP(t). (3.42)

Using (3.28) and (3.35), it follows that f, = ftp + ﬁH, where ftP is as in (3.40) and always
negative, while ﬁH is as in (3.36) and generally oscillates between positive and negative values.
In particular, P-divisibility is lost due to the divergence of the £ for some r. On the other

hand, for those  that lead to an invertible T(¢), ﬁH is bounded, so that f; can stay negative for

all times for large enough Pauli rates Ft(i).

'The previous examples suggest that the presence of the commutator in the generator is in gen-
eral responsible for the loss of P-divisibility for the classically reduced process defined by (3.3),
while the classical reduction of Pauli dynamics preserves P-divisibility. Therefore, in order to
study which P-divisible quantum dynamics A; give certainly rise to classically divisible pro-
cesses defined by (3.3), one better focus upon purely dissipative generators. Let us express the
canonical form (2.9) of the dissipator of a qubit evolution in the Pauli basis, with dissipative
part

1y 1
Dilp] = ) ZKij(t) (UiPUj - E[Oj Ui,p}) . (3.43)
ij=1

Moreover, imposing that the generated dynamics is unital helps in controlling the purely dissi-
pative nature of the evolution.

Lemma 3.2. Consider a qubit dynamics with generator L, with dissipative part as in (3.43). Then,
the dynamics is unital if and only if the Kossakowski matrix K(t) is real and symmetric, so that D,
can be written in the diagonal form

Dlpl= 5 Y n @0 pal) -p), (3.4

with respect to a set of (generally time dependent) Pauli matrices {0:(t)}i-. Moreover, the unital
dynamics is purely dissipative, namely L; = D, if and only if the Bloch-representation of the generator
is a real symmetric matrix, L(t) = L7 (t) = L3(t).

Proof. Let us recall that A, is unital if and only if £;[1] = 0 forall # > 0. Indeed, if A, is
unital, 0 = A[1] = £; o A[1] = L;[1]; conversely, if the generator kills the identity at all
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3. Classical reduction of quantum dynamical maps

times, unitality follows from the Dyson series (2.17). Hence, in the qubit case, plugging the
identity into (3.43) A, is unital iff

3

ZKij(t)[Ui'Uj] =0, (3.45)

ij=1

which is satisfied iff Kj;(t) = Kj;(t) = K_,](t) Then, the real symmetric Kossakowski matrix

K(t) can be diagonalized by means of an orthogonal transformation,

K(t) = O(t)yy(H)O®)",  p(t) = diagly (1), y2(t), p5(1)} -

Therefore, O(+)O" (t) = OT(HO(t) = 1 guarantees that the matrices 0;(t) = Z]. Oji(t)o;
satisfy the Pauli algebra. Moreover, the Bloch representation of the dissipative part D; of the
generator reads

Z)/k ) [Tx (0i0k(t)0;04 (1)) — 28] = Dyilt) (3.46)

where the second equality follows from the cyclicity of the trace. Thus, an anti-symmetric con-
tribution to the matrix representation of the full generator £(t) can only come from the com-
mutator with the Hamiltonian. It follows that the unital dynamics is purely dissipative, namely

that £(t) = D(t), if and only if L(t) = L (t). O
Remark 3.7.
1. Ay iscalled self-dual if A; = AL A being its dual in the Heisenberg picture obtained through (2.3).

Note that a self-dual evolution is necessarily unital, while the reverse is obviously not true. When
Ay is a qubit dynamical map, going to the Bloch representation, one then has that self-duality is
equivalent to K(t) = XT(t). On the other hand, if the generator L, of the qubit dynamics A\, is self~
dual, L, = L}, it must be purely dissipative, L, = D;, and \; unital. Indeed, L,;[1] = Li[1]=0
yields a symmetric Kossakowski matrix which in turn implies the absence of the commutator with
a Hamiltonian. The unitality of I\, then follows from its Dyson expansion. Moreover, in the qubit
case, Lemma 3.2 implies that a purely dissipative generator of a unital dynamics is necessarily self-
dual. In the following Section 3.4, we shall provide a concrete qubit construction for a non self-dual
unital dynamics arising from a self~dual generator.

t
2. Ifthe solution is of the exponential form A, = eh Aot self-duality of the generator implies that of
Ay In fact,

‘ . t = 1 00 1 t t
A%:(gjodﬂs) (ZE(I dS[:) ) ZFJ\ dSl"'J dSk([,le"‘oﬁsk)i
0 k=0 0 0
k
R I A [fasch
Z k' dsk dsl £51 = Z F dS L:S = eJo .
k=0 = \WO

From Lemma 3.2 follows that if A, is unital and purely dissipative, L (t) is real symmetric

and then, from (3.23), P-divisibility of A; becomes equivalent to —Z(t) > 0. Having noted
that, the fact that the P-divisibility of Pauli dynamics is preserved by their classical reductions
can be generalized to self-dual qubit dynamics with self-dual generators.
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3.3. Unital qubit dynamics

Proposition 3.3. Ler A, = Af be a self-dual, purely dissipative, invertible qubit dynamics. Then,
N, is P-divisible if and only if all its classical reductions are P-divisible.

Progf. One has to check when (3.28) holds. Since A, = Af, this implies that their Bloch

representations satisfy

Alt) = A"(1). (3.47)

Also, the assumed pure dissipativeness of A, entails that the generator itself is self-dual, £; = Ll

so that £'(t) = L(t) (see Lemma 3.2). Then, taking the time derivative of both members
of (3.47), one gets

A(t) = LIOHA() = AL, (3.48)

or, equivalently, [A(t), K( t)] = 0.The invertibility of A; means that none of the real eigenvalues
of A(t) = AT(t) can change sign with varying t. Since, A(f = 0) = 1 all of them must remain
positive. Therefore, one can consistently express the generator as a logarithmic derivative:

T = AOA@D™ = KA = &

" log A(t) . (3.49)

—~ t, =
Thus, A(t) = eh35L0) without time-ordering; furthermore,

. <n A(t) (—Z(t)) A(t) n>
fi=5 <n‘7\,(t)‘n> <0. (3.50)

‘Then, from Proposition 2.7, the dynamics A, is P-divisible iff —£(¢) > 0, that is equivalent to
fi <0 and so to P-divisibility of T'(t). O

Remark 3.8. The assumptions in Proposition 3.3 lead to a proper exponential solution K(t) =

t o~
eIOdSL(S) without asking for commuting generators at different times as for Pauli maps. Indeed, a

sufficient condition for the exponential to solve X(t) = Z(t)X(t) is that [Z(t) , J; ds Z(s)] =0 for

allt > 0 (notice that, from the power series of the exponential, (3.48) also follows). As an example,
consider a generator of a unital dynamics of the form

-1 cost O
cost -1 0 0<t<m
~ 0 0 -2
L£() = 100
—(O 2 0) <t
0 0 1

Z(t) andZ(S) do not commute when 0 < s < 10 andt > T, while they do when either 0 < s,t <1
orS,t > Tt; on the other hand, since

t —t sint 0
j ds L(s) =[sint —t 0
0 0 0 -2t
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3. Classical reduction of quantum dynamical maps

when 0 <t < 1 and, whent > 7,

t 1 0 0 1 00
J- dsL(s)=-m|0 1 0)—(1‘—7‘()(0 2 0)
0 0 0 2 0 0 1

the condition Z(t), tds Z(S) =0, forallt > 0, that avoids time-ordering is fulfilled. Moreover,
0 g

L(t) is symmetric (self-dual generator), so that the dynamics is purely dissipative. The exponential so-

lution then entails the self-duality of the map. —L(t) > 0 finally assures P-divisibility of the generated
dynamics, so that all the hypothesis of Proposition 3.3 are matched.

3.4 A class of orthogonally covariant dynamics

In the previous Section, we saw that quantum P-divisibility is not preserved under classical
reductions of qubit unitary evolutions with a constant Hamiltonian, whereas it is preserved
when classically reducing some paradigmatic examples of purely dissipative generators. On the
other hand, in Section 3.2.1, we showed that, in order for classical BFI to emerge, it is necessary
that the quantum P-divisible evolution builds up sufficient coherence. We shall now see that this
mechanism can also be driven by pure dissipation: namely, P-divisibility of purely dissipative
quantum evolutions can be lost in the reduction procedure, thus triggering classical BFI. In the
context of qubit unital maps, this scenario will translate into the mathematical condition of a
self-dual generator, giving rise to a non-self dual dynamics with non-trivial time ordering. To
find such instance, it proves convenient to study the following family of maps,

1

q)(A'/"ﬂ)[P] = Z AyEijpEji + AEgopEq; + AE11pEg + HE 10 Ego + HEgop Eqy, (3.51)
i,j=0

where E;; = |iXj| are the matrix units in the eigenbasis of 03, 05 [0) = [0}, 05 |1) = —|1).

These maps depend parametrically on a triple (A, A, p), given by a 2 x 2 matrix A = [A;;] and

coefficients A, y € C. They were studied in the d-dimensional case in [120]. In particular, the
tollowing group composition law holds,

AN o AN — AN AN+’ Aprp) (3.52)
Moreover, if 4 = 0, maps QA0 satisfy the diagonal unitary-covariance property

q)(A,/\,O)[UXU"'] — U(I)(A’/\,O)[X]U+ , U — ZeiejEii .
i

A0 are conjugate diagonal unitary-covariant, namely

Conversely, if A = 0, the maps ol
OUOMUXUT] = UOWOMX]UT.

Lastly, if both A, p are different from zero, the only symmetry left is with respect to rotations
around the z axis, corresponding to the diagonal orthogonal covariance

o4M[0X0™] = 09 HH[X]OT,
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3.4. A class of orthogonally covariant dynamics

where O = ), 0,E;;, 0; € {—1, 1}. Consider a time-dependent family of Hermiticity and trace-
preserving maps within the above class, A; = QAOAH) Then, A(t) is to be taken real and of
the form A;;(t) € Rand }_; A;;(t) = 1, so that

| @ 1-0b,
A(t) - (1 _ at bt ) ’ at' bt € IR . (353)

Asking that A;_, = id, yields Ay = 1, y4y = 0 and g, = 1; whereas positivity can be proved to
be equivalent to [120]

A;i(t) >0, [l + || < Vab, + (1 -a)1-b,). (3.54)

so that A(t) has to be a stochastic matrix. On the other hand, the conditions for complete
positivity can be obtained by imposing positivity of the associated Choi matrix (1.93), leading
to the stronger necessary and sufficient conditions

(Al < Vaiby, |ﬂt| <V -a)1-b). (3.55)

Recently, Schwartz-positivity (1.85) for maps within this class has also been fully character-
ized [121]. Sufficient conditions for complete positivity in terms of the generator for this class
of maps were also investigated in [122]. We shall now characterize the divisibility properties
of the dynamics within class (3.51). Due to the composition property (3.52), the generator

L, = A, o A7 will itself be of the type £, = @™ \yith B(t) of the form

o]
=
=
=
Il
.
~
—
=
S
=
=
=

L
Il

A AG)
(V—(t) -y, (t))’ (3.56)

where y_(t), y,(t) are related to a;, b; via

(1 -by) + bya by +b,(1 - ay)

y-(t) = Gb -1 Ve (t) = Taib -1
and [;, m; are related to A, p; via
I = —M_; RTUR LT ST A (3.57)
Al = [ Ael” = [
It is convenient to introduce time-dependent “transversal” and “longitudinal” rates,

Lo(f) i= —Re(l,),  T(t) := () + y.(t), (3.58)
and let also w(t) := — Im(l,). Notice that Ty (#) only depends on the absolute values of J, and
Pt

Tr (t) 1A ol (3.59)

2 |At|2 - |l4t|2 ’

(C)P-divisibility of the dynamics can be then fully characterized from the generator as follows.
Proposition 3.4. Let £, = QB o tpe generator of an evolution N\, = QUADAM) oy,
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3. Classical reduction of quantum dynamical maps

1. A, is P-divisible if and only if

7(t) >0, (3.60)
£ ()~ T4 4 V070 = I G.61)

2. N is CP-divisible if and only if’

() >0, )y ()= |ml?, (3.62)
Ir(t) > FLT(t) . (3.63)

Though in a different form, this result has already been obtained in [123]; in Appendix A.1
we report the proof, since it is somewhat simpler than in the quoted reference. Notice that
condition (3.63) is the time-dependent version of the celebrated constraint between relaxation
rates already discussed in seminal paper [4], which has been recently proved to be universal for

all completely positive dynamical semigroups [124, 125].
Remark 3.9. The Bloch representation of \; leads to the following dynamics of the Bloch vector:

n, = Alt)n+u,, u, =(0,0,a, - b,), (3.64)
with
_ Re(A; + py)  Im(A — py) 0
A(t) = | =Im(A + ) Re(A; — ) 0 .
0 0 a+b, -1

The block diagonal structure of X(t ) makes evident the orthogonal covariance of the map with respect
to orthogonal transformations diagonal in the 03 basis. The generator can also be rewritten in GKLS
Jform as in (3.43), with Hamiltonian

H(t) = 5. (3.65)

Furthermore, letting x(t) = —Re(my), n(t) = —Im(my) and 6(t) = (y,(t) — y_(t))/2, the

Kossakowski matrix can be written as
WO ety pt)+
K(t) = |n(t)—id(t) L2 4i(t) 0
0 Tp(t) — L

Notice that CP-divisibility conditions can be then read off asking for K(t) > 0. If A, is also unital,
A(t) has to be bistochastic, thus a, = b, and

7/+(t) = 7/—(t)
so that the P-divisibility conditions simplify to
I(t) >0, I > |m,|. (3.66)

Indeed, the generator L(t) will also be block-diagonal, and the conditions (3.66) follow from —(L(t) +

L(t)) > 0. On the other hand, the conditions for CP-divisibility in the unital case simplify to
> |m,|. (3.67)
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3.4. A class of orthogonally covariant dynamics

3.4.1 Non-self dual dynamics from self-dual generator

We now turn to the construction of a class of maps that fulfils the requirements listed at the
beginning of Section 3.4; namely, we want a unital map which (1) is P-divisible, (2) arises
from a self-dual generator but (3) is not itself self-dual. These requirements are not compatible
with the exponential form, as discussed in Remark 3.7. The construction will then serve to a
construct a purely dissipative evolution whose classical reductions are not P-divisible.

Step 1: Non Self-dual dynamics. From the general form (3.51), the dual of ®““**) acts on
a matrix X € M,(C) as

(@A) [X] = ) AuEyXEj; + XEqoXEyy + AEy XEgo + EooX Exy + HE1 X Egg -
ij

Then, self-duality corresponds to A = A" and A € R. For imposing lack of self-duality of the
map A, it is sufficient to choose A; = QUADALH)  ieh A= A e W= |;4t |ei6’, 0,0, € R
and ¢; = 0.

Step 2: Pure dissipativity. For qubit unital dynamics, purely dissipative generator is equiv-
alent to £, = £}, as shown in Lemma 3.2. The generator belongs itself to the class (3.51),
L = QBOIm) Hence, L, = L} ifand only if y, (t) = y_(t), implying unitality of the gener-
ated dynamics, and

I, = =Ip(t), w(t)=0, (3.68)
namely, [, is real. Then, (3.57) and (3.68) imply the following relation between the phases and
the moduli of A, and p; of A, = @ADAum)
|2

@M = Ol (3.69)

Notice that this fixes ¢, = 0.
Step 3: Quantum P-divisibility. We now further impose P-divisibility of the generated

dynamics. Let us define

& = A+ |I/‘t , hy = 1A - |/"t , (3.70)
with 0 < by, < g, o = o = 1. Then, (3.59) can be recast as
1 d,(gh) & ht
L - __ =_of __t 71
) 2 gh 2g,  2h° 3.7

which must be positive for P-divisibility. Substituting (3.70) and the dissipativity (3.69) into
the second of (3.57), one recasts |m;| as

8t hy _H.e'gt_ht

2g,  2h ' &+ h

Taking the square of the inequality I'+(t) > |m,|, the following necessary and sufficient condi-
tions for P-divisibility can be finally found,

|9|z<gt—ht)2< &@_ (3.72)
' S+th) T ah

From (3.71) and (3.72) one deduces, in particular, that g, h, must be monotonically decreasing.
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3. Classical reduction of quantum dynamical maps

Example 3.2. Let f > 0 and define A, = @AW Anp) by

|A| = e *cosh(t), ¢ =Ptanh’(t), (3.73)
|| = e sinh(t), 0, = 3p tanh(t), (3.74)
a, =b, = e cosh(t), (3.75)

corresponding to the positive and monotonically decreasing functions hy = e g = et Asone easily
checks, (3.55) are satisfied and the map is thus completely positive. On the other hand, the self-dual

generator is given by

L=-Tp(t)=-2, m =1+ 120 (3.76)
I, (t
v, (t) = y_(t) = % =1, (3.77)

wherer; = 3B(1 — tanh2(t)) tanh(t). Notice that

It
|mt|:\/1+r321:£,

2

so the dynamics is CP-divisible iff B = 0. On the other hand, the P-divisibility condition (3.72)
reduces to rtz < 3. Since 1, reaches a maximum onﬁ/\/g, the dynamics is P-divisible iff p < 3/2.

3.4.2 Loss of classical P-divisibility out of pure dissipation

'The construction of the previous Section provides a good candidate to investigate the presence
of coherence-assisted BFI in its classical reductions. For the class A; = QABAM) clearly, there
exists a preferred basis to perform the classical reduction, namely {Eq, E;;}. For this choice of
MASA, the classical map T () coincides with A(t), whose P-divisibility is necessary to ensure
that of A, (see (3.60)).

We shall now see that choosing a different basis generally breaks P-divisibility of T'(¢), even
for purely dissipative generators built in Section 3.4.1. Moreover, for a suitable basis, this can
occur with T'(t) being invertible for all £ > 0. A classical reduction of A; = QADAH) builds
upon fixing a rank-1 projector P, = ) P,(,l] )E,-j and considering

i,j=0,1
Too(t) = Tr (PnAt[Pn])
- ZA,-j(t) WP+ 2Re(A)|PYV1? + 2 Re (u(PL)?) (3.78)
ij

which is sufficient to construct T(t) in the unital case. Expressing # in polar coordinates, n =
(sin(x) cos(&), sin(x) sin(&), cos(x)), (3.78) can be then recast as

Toolt) = %(1 +(2a, — 1) cos®(x) + | A;] cos(q) sin®(x) + |/4t| sin(x) cos(6, + 2&)). (3.79)

As we already noted, for x = 0, P = E, Too(t) = 4y, yielding a P-divisible process. Consid-
ering instead x = 71/2, one has

Too(t) = %(1 + | A ] cos(qy) + |y,| cos(0; + 2€)). (3.80)
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FIGURE 3.1: Plot of To(#) from Example 3.2, with = 3/2 and & = 71t/4 corresponding to the Bloch
vector (V2/2, ¥2/2, 0) which defines the reference classical basis.
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FIGURE 32: Global maximum of f; as defined in (3.27), for the classical reduction of the map of Ex-
ample 3.2, with § = 1.64 and reference classical algebra defined by the projector P, with n =
(cos(&),sin(&),0) and & = 7t/8. Numerically, it is checked that f; reaches a maximum of —0.006, so that
£ < 0 forall t and T(¢) is P-divisible. In the inset, the non-monotonic behaviour of Z,!(P,,, P_,; 1/2) is
displayed, corresponding to BFI that thus involves only the coherences w.r.t. such basis.

Recalling that P-divisibility of the classical reduction amounts to checking condition (3.27), let
& = 1 /4 and consider the map of Example 3.2,

2Too(t) — 1 = e > cosh(t) cos(p tanh’(t)) — e % sinh(f) sin(3p tanh(t)) . (3.81)

Choosing 8 = 3/2, (3.72) saturates for some t. Noting that 0 < ¢ < 7t/2and 0 < 0 <
371t/2, so that sin(6;) < 0 ¥t > artanh(27/9), one can verify that 2Ty, (t) — 1 > 0, Vt > 0.
Thus, T'(¢) is invertible. Nevertheless, as displayed in Fig. 3.1, it is not monotonically decreasing,
since Tyo(t) can become positive. Hence, f; also becomes positive implying that T (t) is not P-
divisible.

Remark 3.10. Our previous considerations focussed on checking when P-divisibility of a purely dis-
sipative qubit dynamical map is inherited by its classical reduction and found that in some cases it can
be lost, namely the classical reduction can become non P-divisible. We now like to comment that the
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3. Classical reduction of quantum dynamical maps

contrary can also occur; namely, the classical reduction of a non P-divisible purely dissipative qubit
dynamics can become P-divisible. In Fig. 3.2, an instance of such behaviour is shown by the maps of
Example 3.2 for a suitable x > 32 for which A, is not P-divisible. Interestingly, the corresponding
backflow of information can be witnessed by suitable orthogonal projections P, such that

1 —_

S SIALP, Pl = IR >0,

Jor somet > 0, as shown by the non-monotonic behaviour afItq(P,,, P_;1/2) = ||X(t)n | i the
inset of Fig. 3.2. Nevertheless, the stochastic process T (t) defined through the subalgebra P, gener-
ated by them is P-divisible. 'Ihis means that, unlike the quantum dynamics it originates from, such
aT(t) cannot exhibit classical backflow of information. The orthogonal projections P, provide clas-
sical probabilities and, concerning information backflow, they are concrete instances of the following
bebaviour. Suppose that there exist Op: Pq in a commutative subalgebra P, that is classical probability
distributions, andt > s > O such that

Itq(Pp; Pqiﬂ) > Isq(Pp: Pq} ’/l)
= I'p.gu+Cp.an >IN p.an +Cp.gp). (3.82)

In addition, suppose that the classical dynamics T(t), obtained by restricting the quantum dynamics
A, on the same subalgebra P, is P-divisible, yielding thus

G -Cp.an>Ip au) - (p,gsn) 2 0. (3.83)

Therefore, the backflow of information from the environment to the open system only affects the coherent
contribution to I, and cannot be witnessed by the classical reduced map.

'This Chapter was devoted to studying whether and how the divisibility properties of time-
dependent, non-Markovian qubit quantum dynamics are inherited by their classical reduc-
tions. The investigation was carried out by classically reducing the dynamics and then studying
the generator of the classical reduction. In Section 3.2.1, we have argued that the lack of P-
divisibility in classical reductions can be ascribed to information being created by the quantum
dynamics, stored in the quantum coherences, and then released back into the classical compo-
nent of the dynamics. In addition, for P-divisible and unital qubit dynamics we showed that
(1) the Hamiltonian contributions to the time-dependent quantum generators generally give
rise to qubit quantum dynamics with non-P-divisible classical reductions; (2) purely dissipative,
self-dual dynamics always have P-divisible classical reductions, while (3) purely dissipative, non-
self-dual dynamics may give rise to non-P-divisible classical reductions. Though this behaviour
is somewhat typical of unitary quantum dynamics, it can also emerge from purely dissipative
quantum evolutions due to the presence of a non-trivially time-ordered Dyson expansion.
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CHAPTER

Superactivation of memory effects

In the previous Chapter, we investigated the classical backflow of information arising from
a quantum P-divisible evolution. Throughout this Chapter, instead, we shall consider mem-
ory effects that have no classical counterpart as those emerging from a P-divisible but not
CP-divisible dynamical map A;, sometimes referred to as weakly non-Markovian [97]. From
Proposition 2.8 and the subsequent discussion, P-divisible maps display no BFI — that is, no
distinguishability revivals — when considered independently. On the other hand, lack of CP-
divisibility implies that this behaviour is not stable under tensorization. It is particularly inter-
esting to investigate whether memory effects can activate in non-trivial dilations of A, through
tensor products of the type A; ® Kt. Rather than tensoring with an inert (and uncontrollable)
ancilla, such dynamics represent the clear physical scenario of two copies of the system inde-
pendently evolving in their own environments. Of course, the two subsystems are dynamically
independent but, in general, statistically coupled due to possible correlations — be they classical
or quantum — in the initial state. We are thus interested in the situation in which each subsys-
tem, taken individually, exhibits no memory effects, such as BFI, at the level of its dynamical
map, whereas the bipartite system does. This phenomenon has no classical analogue. Indeed,
consider a P-divisible stochastic evolution T'(¢) on d-dimensional probability vectors; it does
not display revivals of the £;-norm as proved in Proposition 1.6, namely

IT(t)xl, < IT(s)xll,, Yt=s>0,YxeR.

Moreover, the tensor product of two P-divisible stochastic evolutions T () ® T(t)is always P-
divisible, since positivity and complete positivity coincide for mappings on commutative alge-
bras (Proposition 1.9). Explicitly, under such dynamics, the ¢; -norm of a time-evolving vector
x = {x;} € R? x R? cannot increase in time. Indeed, since for all t > s > 0 we can define
stochastic propagators T (¢, s)

IT®) &T(t)x|, = Z (4.1)

i

< ;(ZTik(t,S)) (Z"fﬂ(t,s)) [xw(s)] < ;lxkl(s” = |T(s) @ T(s) x|
! i

ZTik(t;S) ~jl(ti $)Xk1(s)
Kl

1’
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4. Superactivation of memory effects

where, in the first inequality, the triangle inequality was used together with the fact that the
propagator is positive entry-wise, whereas in the second inequality, conservation of probability
was used.

4.1 Superactivation of Backflow of Information

Central to our study will be the case of two dynamically independent parties evolving in iden-
tical copies of the same environment. Mathematically, this corresponds to the second tensor
power A; ® A;. In the continuous-time setting, necessary and sufficient conditions for its P-

divisibility were derived in [126].

Theorem 4.1. Let {A}5 be a one-parameter family of dynamical maps obeying the time-local mas-
ter equation (2.7). Then, Ny ® A, is P-divisible if and only if \; is CP-divisible.

Remark 4.1. The previous result, crucially, relies on time-continuity and on the existence of a time-
local generator. In fact, the second tensor power of a positive map may be positive even when the map
itself is not completely positive. As noted in Remark 1.14, the transposition provides such an instance.
In Section 4.2 we shall see that, actually, Theorem 4.1 does not hold for the discrete-time dynamics
arising from a concrete collisional model.

The rest of this Chapter is devoted to the study of memory effects superactivating whenever
A, is only P but not CP-divisible. In fact, a straightforward consequence of Theorem (4.1) and
Proposition 2.8 is the following,

d
a”[\t[Ay(pslﬁs)]”] <0, Vt>0, VAy(pSlGS)
A, P-divisible, = (4.2)
t CP-divisibl, d
no 1visible Jt > 0, Ay(p5+s,0-5+s) . a”At®At[Ay(pS+S’OS+S)]||1 > 0,
where A " (-, -) indicates the Helstrom matrix introduced in (2.40). We shall refer to such revivals,

occurring only for the bipartite system, as superactivation of backflow of information (SBFI). As
evident from (4.1), this effect has no classical counterpart.

Example 4.1. As an example of P but not CP-divisible evolution, consider the Pauli dynamics (2.31)
and pick time-dependent rates

%(1) = )/t(z) =1, %(3) =sin(wt), w € R, n>0. (4.3)

Since %(3) becomes negative, the evolution cannot be CP-divisible (Proposition 2.5). The spectrum of
the generator is then given by

IV =12 = g1 +sin(wt)) = T(t), T =2y, (4.4)

which are positive functions of time, thus guaranteeing P-divisibility. Since the map is P-divisible
but not CP-divisible, it exhibits SBFI when the second-tensor power is considered. The spectrum of
the map is obtained through (2.32) and reads

1—cos(w t)

AV =A@ Z T 2y, A = ey (4.5)
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4.1. Superactivation of Backflow of Information

Notice that (4.4) ensures that the dynamics is positive. To check whether the maps A, represent a
physically legitimate evolution — namely, whether they are completely positive — note that they can be
recast as

T+p+2A 1- 1+p—2A
Al = =204 =P 0, 4 ppon) + o0y, (46)

Being conveniently expressed in Kraus-Stinespring form, I\, is completely positive iff all the coefficients
of (4.6) are positive, so the only relevant condition is

Ltp >2) & el +e1'>2 ¢~ (1meos(@t) 4.7)

Ifw > 0, the right-hand side of the second inequality above is always smaller than or equal to 2, and
thus complete positivity is guaranteed. Instead, for w < 0, expanding both sides around t = 0 shows
that (4.7) is violated when 1 < |w|. At fixed |w|, complete positivity is ensured for 1) sufficiently
large.

Determining conditions for P-divisibility of tensor products of different maps is, perhaps
surprisingly, much more difficult than in the case of tensor powers. A detailed discussion of
this topic can be found in [127]. Here, we restrict ourselves to the (albeit instructive) case of
two different Pauli evolutions. The next result provides necessary and sufficient conditions for
P-divisibility of general tensor products A; ; ® A, ; of two Pauli maps, generated by (2.31). The
proof can be found in [127].

Proposition 4.2. Let A, ;, a = 1,2 be Pauli CPTP maps with time-local generators L, ; of the

Jorm (2.31), specified by time dependent rates {%i] )t}]s»zl, a =1, 2. Their tensor product, A1 ; ® A\, ,
is P-divisible if and only if (1) both A\, ; and A, ; are P-divisible, namely

Yyl >0, vez0,Vizj, (4.8)
and (2)

Wy >0, Viz0,Vij=1,23. (4.9)

Remark 4.2. If A, ; is not CP-divisible, Ay ; ® A, ; is not P-divisible and (4.9) further implies
that one cannot restore P-divisibility of Ay y ® A, with N, being a small perturbation of A, ;. In

Jact, If A, ; is not CP divisible, Vl(f(t) < 0 for some k andt > 0. Then, letting )/z(i) = )/l(ﬁ) +€ 5t(k),
€ < 1, yields

(k) (k) (k) (k)
Ve ¥V =20 t€6 <0,
50 (4.9) is not satisfied. In practice, this means that to cancel SBFI affecting Ay ® Ay by changing the

dynamics of the second party, one in general has to seek a generator of the second-party evolution which

is sufficiently strong (this holds generally; see [127] for further details on the d-dimensional case).

The following example illustrates how it is possible to restore global P-divisibility with a
suitable variation of the second dynamical map.

Example 4.2. Take A, ;, o = 1,2 as in Example 4.1, where 7/0(3:) = ysin(w,t), and w, = —wy.
Both dynamics are P-divisible but not CP-divisible fW’%St) (t) become negative. Nevertheless, 7/3(1 ) (t)+
)/3(2)(1?) = 0. Both conditions (4.8) and (4.9) are satisfied, so that A, ; ® N, is P-divisible.
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4. Superactivation of memory effects

4.1.1 Quantum signature of SBFI

SBFI, defined as in (4.2) is a memory effect with no classical counterpart (compare (4.1)). On
the other hand, as we shall argue in the following, its quantum character is somewhat hidden,
in that the states belonging to the Helstrom ensemble needed not be entangled in order to
witness the effect. The goal of this Section is to expose the quantumness of SBFI by means of a
necessary condition, derived in the form of an inequality in the same vein of (2.47) and (3.20).
SBFI was defined in terms of revivals of the bipartite Helstrom distinguishability, namely there
exists bipartite states pg,s, 0545, 0 < p# < 1 such that

AD,(ps.s, 051551, 5) 1= [|Ar ® Ad[A, (0515, 05:5)]]|, = [|As ® A[AL(Psis, s.5)] ||, (4.10)

assumes a strictly positive value at some t > s > 0. The quantum character of SBFI can be
assessed by a suitable measure of the quantum correlations present in the Helstrom ensemble:

En(t) = {(; psss(t)), (1 — p;05,5(1))}, Ps+s(t) = Ar ® Ag[psys] .

As we shall see in Example 4.3, ps, 5(¢) and 05, 5(t), need not be entangled for SBFI to occur.
The quantumness of a single-party ensemble £ = {(y;, p;)} has been identified with the
possibility of simultaneously diagonalizing it [128, 129]. Equivalently, the ensemble can be

encoded into a quantum-classical state
X = Zl‘iPz‘®|iXi| (4.11)
7

and one can measure the ensemble quantumness in terms of the quantum correlations as left-
sided quantum discord in )(g [129, 130]. Among the variety of available discord measures
[131], we shall consider the so-called measurement induced geometric measure of quantum
correlations defined in the trace norm by

where P[X] = ), P;XP; is a projective measurement associated to the OPU P = {P;};, P; =
|iXi| being orthonormal rank-1 projectors. If £ is an ensemble of bipartite states, one rather
focuses on finding a simultaneous diagonalization on a set of rank-1 projections of the type
(P! ® sz }ij- Accordingly, in [132] the following measure of bipartite “ensemble quantumness
of correlations” was introduced:

Qp,or,)(x) = min ) i D(p, Py ®Palp), (4.12)

with the density matrix )(g now encoding the bipartite ensemble by means of an additional
classical register.
'The next result connects the bipartite quantumness of correlations of the Helstrom ensem-

ble, as defined by (4.12), to the quantity (4.10) exposing SBFI.

Proposition 4.3. Given a dynamics Ay @ Ny with A, P-divisible, the variation of the Helstrom
distinguishability can be bounded as follows

AD,(t,5) < 2 | Ar])} Qo (x7(5)) (4.13)
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4.1. Superactivation of Backflow of Information

where
XEH(S) = ”lAs ®As[pS+S] ® |OXO| + (1 - M)As ®AS[US+S] ® |1><1| )
while || - ||, denotes the diamond norm of a map, |All, = |[A®idyl;_;-

Proof. Let us fix {|p, )}, with |p,) = |p} ®p]-2), {Ip)}, {|p]2>}] being arbitrary local orthonor-

mal basis, from which one has a corresponding orthonormal set of rank-1 projectors {P; ®P]-2 bije
Accordingly, a completely decohering map with respect to such basis is described by a (bi)local

projective measurement:
P, ®P,[X]= ) P/ ®P?X P P}
1 2 i j i j-
7
Then, for t > s > 0 both in discrete and continuous time, considering the Helstrom matrix

at time £, Ay ® A([A,(Psss, Os.s)], via the triangle inequality and the contractivity of A ; and
P, ® IP,, one estimates

[(Ars @A) o (P @ P)[AG], < ) 167G [Anal P, AP
ij

<P, ®IP2[A”(5)]||1 < [A,Gs)] (4.14)

1’

where 5;¢j(s) =(p! ® P]'Z|A,4(5)|Pil ® pf) Recalling the induced trace norm of a map defined
in (2.49), the Helstrom matrix norm can be upper-bounded as follows

||/\,‘S ® At,s[A]l(s)] ” 1

= ”l‘ Ay ® At,s[PS+S(5) -P;® IPZ[PS+S(5)]]
—(I=-pA;® At,s[OS+S(S) -P,® IPz[USJrS(S)]] A ®N 0P ® IP2[A;4(5)]”1
gy ||At,s ® At,s[PS+S(5) -P;® IPz[PS+S(5)]]”1
+(1—p) ||At,s ® At,s[US+S(5) -P;® IPz[US+S(5)]] ||1 + ”At,s ®As0lP; ® IPZ[Ay(S)]Hl'

Using (4.14) and the fact that [AQ Al|, < ||A||i, we then have

AD, (Psys,Os4s5t,5) < A s ||<2> (ﬂ||Ps+s(5) -Ip, ®1132[PS+5(5)]||1

+ (1= )los,s(s) = P, @ Py[os,s(s)]l, ) -

Since IP; , are arbitrary, one can tighten the latter inequality by minimizing over the projective
measurements. One then finally obtains the following upper-bound for AD,(t, s),

AD,(t,5) < 2| A Qurgrs (X5 (5)),

where the quantumness of the Helstrom ensemble Ey(s) = {(#; psys(s)), (1 — p;05,5(5))},
encoded in the quantum-classical state

X5 (s) = 1 psis(s)10X0] + (1 = ) 0s.5(s) @ 11X1]
is measured by the (left-sided) quantum correlations of )(EH (s) [132]:

1
(s) = 5 min (p]ps.s(s) - Py @ Py[ps.s(s)]]),

Q[R@P’ } (x 2 P,®P,

+ (1= @)l os,s(s) = Py @ Py[0g,s(9)]l, ). O
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4. Superactivation of memory effects

If SBFTI triggers at time s, i.e. ADﬂ(S +¢€,s) > 0, then the quantumness of correlations
of the ensemble Ey(s) = {(#, psis(s)); (1 — p, 05,5(s))} has to be strictly positive, that is, the
state )(gH () must possess non zero quantum discord. Thus, with the same reasoning as in (2.47)
and (3.20), the quantumness of the Helstrom ensemble represents a precursor of SBFI [76]. In

particular, the condition Qup, gp,|( x (t)) > 0 does not imply that the states are entangled, as
we explicitly show in the following and similarly noted in [133, 134].

Example 4.3. Consider again a P-divisible Pauli evolution as in Example 4.1 fully specified by the

spectrum of its generator
Liog] = -T,(t)o,, a=1,2,3.
where Ty (t) > 0 ensures P-divisibility. Further, let T1(t) = I,(t) = I(t) so that /\t(l) = /\,(2) =
t t
A =e JodsT6) g /\t(s) == ¢ JodsTas), CP-divisibility amounts to the further constraint

2T(t) > T4 (t). (4.15)

In particular, for Pauli maps, lack of P-divisibility of \; s ® N s can be witnessed by the maximally
entangled state pY

el(s el;5(s)

As+e,s ®As+e,s[Pf)] = P-(f) - T) (01 ® 01 — 0y ®02) - 03 ®0; + o(ez); (416>

which has, for € < 1, only one negative eigenvalue equal to x_(s) = (2I'(s) — I5(s))/2. Then,
||AS+6'S ®AS+€IS[PL2)]||1 =Tr(PY) +2|x_(s)| = 1 +|2[(s) = Tx(s)| > 1 = ||Pf)||1.
Now, we argue that there exists a Helstrom matrix
Ay =ppr — (1= p)pa, (4.17)
with py, P, separable, such that Ay ® A[A,] = aP 5o that, for some € > 0
[Avse ® Avec A = @ Avecs ® AuseslPEN], > @ P2, = A, @ AJA]]..  (418)

Consider the isotropic state
]14 (2)
pﬂ:(l—a)z+aP+, 0<ac<l. (4.19)

By inspection of the spectrum of its partial transpose, p, is separable iff a < 1/3. The preimage of . P

can be then rewritten as

1-al,
a 4

1
A B NPT = AT @ A (o] - (4.20)

Recall that As_1 ®AS_1 only guarantees Hermiticity, but not, in general, positivity preservation. Nev-
ertheless, for sufficiently small a, AT @A (pa] is a separable state by being sufficiently close to the

separable state 1 4] 4. Explicitly, by expressing the isotropic state as p, = % (]1 s+a Z?zl 0; ® (I,-T) ,
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4.1. Superactivation of Backflow of Information

one deduces that its preimage under AT A s

o) = A @A pa] = (]l4 +ad (0, ® 0, — 0, ®0,) + s 203 ® 03) (4.21)
%(ﬂ%+1) 0 0 P
B 0 -2 0 0
- 0 0 Hi-2) 0 ’
o 0 0 i(’%ﬂ)

For bipartite systems of two-qubits, a state is separable if and only if its partial transposition is posi-
tive [68]. The partial transpose of (4.21) then reads:

P+ 0 0 0
0 1 _a _a_ 0
Tidy[p’] = Uowl A ) (4.22)
0 0 a(l-@) o
0 0 0 1)
Then, p;) is a separable state if both (4.21) and (4.22) are positive; namely, if
2a (2a\°(1 u
a a Hs 2
l=—+|=]| |(=-=|=0 < us. 4.23
o) [ )=o esn “

Hence, it suffices to suitably choose s > 0 and, accordingly, a < ptsz /2 so that (4.23) is satisfied and pg
is a separable state. In such case, SBFI is witnessed by the image at time s of the initial Helstrom matrix
A, = ,uap,? -(1- ya)%, with Y, = 1/(2 — a). Its constituent states remain separable throughout
the entire evolution due fo factorization of the dynamics. SBFI occurs only if in the Helstrom ensemble
the quantity (4.12) is positive at time s. Since 14/ 4 is fully incoberent with respect to any basis, the
ensemble quantumness of correlations at time s reduces to

Qr,ery) (X7(5)) = pu(a) min, o~ Py ® Pa[py]l, >0,

corresponding to a geometric measure of quantum discord in the isotropic state [131].

4.1.2 Entropic SBFI

For unital evolutions, it makes sense to study the superactivation phenomenon from the point
of view of Renyi p-entropies (2.52). We could in fact expect to find a P-divisible but not CP-
divisible dynamics for which the entropy of one party always grows monotonically (see Propo-
sition 2.10), while the entropy of two identically-evolving copies experiences a decrease in time.
In other words, for A; P-divisible and unital, the SBFT effect we seek is rephrased, in entropic
terms, as:

d d
S(At[ps])ZO, VtZO,VpS, Ht*>0,p5+s:_

1o i t:t*sp(At ® A¢[ps.s]) < 0.

(4.24)
First, we show that (4.24) is never the case for p = 2, corresponding to S,(p) = —log Tt (pz),
which is a standard measure of the purity of p.
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4. Superactivation of memory effects

Proposition4.4. Let A, : My(C) — M(C) be a P-divisible unital map. Then for all X € M;(C),
d 2
a”At(XJAt[X]H2 <0, t>0. (4.25)
Progf. Consider first the case of A;. For any X € M,;(C), and setting X; = A;[X], one has

SIALXII = Te( LX) + Te (X!, 1,) (4.26)

= Te (L + LHIXTIX,) = 2 Tr (LXTIX,)

where £ is the self-dual part of the generator £ o = (£, +L])/2. Recall that, for second tensor
powers,

%At@)At = (£t®idd+idd®£t)°(At®At)’

so that, for Y € M,;(C) ® M,;(C),
d 2 sd . . sd
G 1M @ALYIIE = 2T (£ @idgo A @ A[Y]) + 2 Tr idg © L 0 A, ® A[Y])

Then, setting Y, := A, ® A,[Y], one can decompose Y, along the orthonormal Hermitian basis
3

of matrices F, ® F4, (see Remark 1.1): Y, = 2o p=0 ytaﬁFa ® Fg. Plugging the latter into (4.26)
we get

2

d2

—
S
—

d —a s
FIA @AY =2 yfyf‘ﬂ Tr (F, L, ])

=1

52

™

d*-1 d*-1

+2Z Zy v Tr (FL9[F,]), (4.27)

a=0 B,v=1

where the inner sums run from 1 to d* — 1 since, by assumption, £,[1,] = 0 and Tr (£,[F,]) =
0. Then, recalling the matrix representation (2.22) of £ and defining vectors |yt(2 #) > =

yt ) yﬁz, e, yfd _1) € Cdz_l, one recasts (4.27) as

d?-1

||At®At[X I5 = zz (v

P« (o

since, by Proposition 2.6, P-divisibility of A; implies positive semi-definiteness of —Zs(t). O

Bls?)) <o,

'The previous result also extends to higher tensor powers A‘?k, k € IN. Hence, SBFI never
manifests in revivals of the purity. Conversely, as we argue in the following Section, it is possible
to detect it through the von Neumann entropy.
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4.1. Superactivation of Backflow of Information

4.1.3 von Neumann entropy and SBFI for Pauli dynamics

We shall now construct a class of qubit evolutions exhibiting SBFI as witnessed by (4.24) in
the limit p — 17, corresponding to the von Neumann entropy, S(p) = — Tt (p log(p)).

Consider again the Pauli map from Example 4.3 and the isotropic state (4.19). First, let us
investigate the action of A; ® id, on p,:

1
A ®idy[p,] = 1 (Ly+al (o ®0;—0,®0,) +ap 05 ®03)
1+ap 0 0 2a\
1 0 1-apy, 0 0
T4 0 0 l-aw O (4.28)
2a\ 0 0 1+apy
Accordingly, the eigenvalues read
1- 1 +2A
=10 e AR (429)
so that
. 1-a 1-a 1+a(p —2A 1+a(p —2A)
SIA, @idylp,) =~ 1 tog 1) - LA 2N pop 12 AU =20
B 1+a(p +2X) log(l +a(p + 2)\t)). (4:30)
4 4
Its derivative is
d . aTs(t) (1 +ap - 2/\t))(1 +a(p + 2/\t))
—S(A = 1
dtS( t®1dd[pu]) 4 og (1 _ al‘t)Z
. al(t)A 1+a(pu +2X4) 431)

2 Blram-24)

Assume that I'(t) = 0 and T3(¢) > O for some t = ¢t > 0. Notice that such an assumption is
compatible with a P-divisible evolution but not with a CP-divisible one due to (4.15). Then,
(4.31) becomes negative if

(1 +ap.)’ —4a’ A% < (1 —ap.)?, (4.32)

which yields a sufficient condition for entropy SBFI

S(A, ®idy[p,]) < 0. (4.33)

t=t*

A2 dt
One can find a similar condition for the second tensor power A; ® A;. The von Neumann
entropy in this case reads

1—au? 1—ap?\ 1+a(u?—-2M} 1+a(u’ —2M}7
1+a(p! +2A7) 1+a(y’ +27})
_ A log 0 , (4.34)
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FIGURE 4.1: First derivative in time of the Renyi entropy S, (A, ®A[p,]) for 1 < p < 2.The initial isotropic
state p, is considered for a = 1/5 < 1/3, so that A, ® A,[p,] is separable for all t > 0. The evolution
A; is that of Examples 4.1 and 4.4, with § = 2, w = —1. The neighbourhood of t* = 1t/2, at which
the generator has a zero in the spectrum, I'(t* = 7t/2) = 0, is displayed. SBFT is indicated by a negative
derivative of the p-entropy, which is never observed for p = 2. Instead values of p < 2, including p — 1
corresponding to the von Neumann entropy, can exhibit entropy SBFI while their one-qubit counterparts
monotonically increase.

Taking the derivative, one finds as sufficient condition

2
* M d
r(t)IO, a>/\:& :a

S(A ® Ayp]) < 0. (4.35)

t=t*

Example 4.4. Consider the Pauli dynamics of Example 4.1 which is P-divisible and unital so that
S (At[p]) increases monotonically. On the other hand, the map is not CP-divisible. Moreover, we
choose w < 0 so that,

I(t) = (1 - sin(w]t), r(t* 7T):o

" 2wl

and
—-2nt"
M e _ 2
22 T2 t*—2 1 (1—cos(wt*)) =e k<l
S emmt2g

Thus, in order to witness SBFI by means of the von Neumann entropy, it suffices to choose the initial
isotropic state p, with

21
el <g<1.

Recall that complete positivity depends on the ratio 1)/ |w| (see (4.7)). In particular, let = 2 and
w = —1, so that complete positivity of A, is guaranteed (condition (4.7) is satisfied) and

M

C = el = 0™t % 0.018.
A2

88



4.2. SBFI in a classical Markov environment

Hence, it is sufficient to select a > et Jfor the von Neumann entropy to exhibit SBFI. Notice that the
effect can still be observed even for a < 1/3, that is, when the initial isotropic state p, is separable
and its image under Ny ® A, remains separable for all times.

In Fig. 4.1 we compare the 2-entropy, measuring the purity, and the von Neumann entropy for
the case of the two-qubit tensor power Ny ® N, for the evolution in Example 4.1 along with other
Renyi p-entropies.

4.2 SBFI in a classical Markov environment

Up until now, we have studied SBFI from the phenomenological point of view of the dynamical
map. In order to gain a better understanding of the microscopic origin of this eftect, we shall
now analyse its emergence through a concrete collisional model. In this context, we shall inves-
tigate the SBFI effect by directly examining the properties of the bipartite system-environment
state, and, in particular of its correlations. In Chapter 5, we shall revisit the same collisional
model and interpret the activation and superactivation of memory effects through a more re-
fined approach.

In particular, we seek for a microscopic realization in which P and CP-divisibility of the
emergent dynamical map can be controlled by some meaningful parameter of the model. In
order to achieve this, we shall study in detail the evolution of a system coupled to a suitably
parametrized classical spin chain environment. Later, we will double the system, so to consider
two statistically coupled qubits S = S; + S,, each independently interacting with its own colli-
sional classical environment, with compound reduced dynamics A, ® A,,. Then, we will be able
to evaluate their bipartite system-environment correlations through their mutual information.

Let us consider the algebraic rendering of collisional models introduced in Section 2.1.4,
where we now choose the environment E as a commutative chain with at each site the same

commutative algebra A = Dp(C) spanned by 1-dimensional orthogonal projections {l_[i},-z_ol,

Z,?:_Ol IT; =1, as in the coarse-grained dynamics of Section 1.3.2.1. 'Then, any shift invariant
state is described by locally normal states

—-a, —a, _’h —-a, —-a, —a,
wp(Ag ™) = Tr(p™AE™) o™ =) i, T e AP, (436)

i[-a,b]
if-ab]

.. ®l-ab] _ b (k) . [-a,b]
where the projections Hi[—u,b] = ®k=—a [T, " generate the commutative subalgebras A ",

and the probabilities Pian) satisfy ) ; Picaprr) = Pioa)
stationarity. Choose also the coupling map @ to be

= Zib“ Piiapon) due to the assumed

D-1
P[Xs @AL' = ) ilXs] @ TLALT, (437)
i=0

the maps ¢; being completely positive and unital, ¢;[1] = 1. Then, its extension to the whole
tensor product Ag ® Ag gives the step-1 dynamics

D—
0,[Xs® 4] = (ids ®0) e D[Xs ® A\ = ) [ Xs] @11 Al T (4.38)

i=0

—
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4. Superactivation of memory effects

Let us now evaluate the marginals (2.59) and (2.58) of S and E, respectively. First, note that
D[l ® Al(-:)] =1s® AE:). As a consequence, the environment is stationary,

—-a,b —-a,b —-a,b
ws ® wp(0,[1s @ AL™)) = ws @ wp(Is @ AF™) = Q") =pi ™ (439

The reduced state of S instead reads Q(Sn) = A,[ps], where the discrete-time dynamical map
A, is as follows.

Proposition 4.5. The reduced dynamics arising by collisional coupling (4.38) of the system S to a
classical spin chain in a state specified by (4.36) consists of a discrete-time family of CPTP maps,

An[pS] = Zpi[l,n]q)ii[l,n][p\g] = Qgﬂ) 4 ii[l,n] = ¢lf4 (p’il : (440)

if1,n]

with ¢ the CPTP map dual to the CPU map ¢, in (4.37), Tt (ps¢[Xs]) = Tr (¢f[ps]Xs). On
the other hand,

=k, n>1 (4.41)

namely, the environment state is stationary.

A detailed proof is reported in Appendix B.1. A factorized state wsp = ws®@wg on Ag® Ag

is represented on Ag ® Aga’h] by a factorized density matrix Qg_, ;) = ps ® pl[{a'b] and shows
no correlations between system and collisional environment. Evidently, due to the dynamical
coupling (4.37), correlations will develop between S and E under the action of ©,,. Given
a bipartite density matrix p4p, a general measure of the correlations — be them classical or
quantum — between A and B is provided by the mutual information

Iap = S(pa) + S(pg) — S(pap) 2 0, (4.42)

where S(p) = —Trplogp is the von Neumann entropy and p, p are the marginals of p4p.

Remark 4.3. 1,5 > 0 since S(pap) < S(pa)+ S(pp), while equality holds if only if psp = pa ® Pp-
Moreover, in the commutative setting, the von Neumann entropy becomes the Shannon entropy and
I s reduces to the classical mutual information.

For the rest of the Chapter, we shall take the environment E as classical Markov chain:
namely, we assume that the probability distribution p; = satisfies
[-a,b]

pi[*a,b] = Tibihfl Tib—l ipp " Ti—u+1iu pi—a <443)

. . d . . .1
for some stochastic matrix T = [T};], T;; > 0, Y ._. T;; = 1 with stationary probability vector
ij ij i=1 1 ij yp

p,pi =0, Zj:l pi =1, Tp = p so that Trup,[sa'b] = p,[;ﬂ'b] = p)[sa'h_ll and shift-invariance of
the environment state is ensured, that is p,[su'b] = p,[gam’bml foralln € IN.
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4.2. SBFI in a classical Markov environment

4.2.1 Pauli dynamics

To ultimately be able to control the divisibility properties of the dynamical map A,, let the
subsystem be a qubit (d = 2), and choose the dimension of the classical spins as D = d’> =4
dimensional. Furthermore, we parametrize the Markov transition matrix T in (4.43) as

A -A
T=|P PTA P P 4.44
p p-A p+A p (449
r r r r
with positive parameters such that
1
OSASPSE, Po+2p+r=1, (4.45)

and with invariant probability vector p = (p,, p, p,t). Furthermore, the four maps ¢;,i =
0, ..., 3 are taken as Pauli maps:

) ) 0 ) N
¢k[q1] _ I"}(gj)ajr V(()]) _ Vl(< ) _ 1, /"Iij) _ (Pl ik , (4.46)

forj # 0,k # 0 with ¢ areal parameter. From (4.40), the unital one-qubit evolution A,, results
in a Pauli map itself, with

() (7) (7)
Aol = Moy, A=) py i “447)

i[1,n]

where ;4;[]‘1)’”] =T, ;/Li(lf). Then, we set A, = A, ,_10A,_; with interwiners A, ,,_; = A, oA,
and

/\(]')
M
/\(j) a

n-1

An,n—l [Uj] = (448)

Accordingly, when A = 0, it follows that T; ;i = Pi for all j so that the probabilities factorize,
b
pi[,a,h] = nkz_a pik, and

3
[-a.b] (-a) (b) () (j)
pE=pE @ ®pp . P :sz‘ni :
i=0

and, from (4.40), it also follows that such an uncorrelated environment yields a CPTP discrete-

time semigroup A, = A", where A[ps] = Z?:o pi dFlps].

On the contrary, if A > 0, the mutual information in (4.42) with p, = p,(sk), O = p,(skﬂ)

and pyp = p,[ak’kﬂ] yields

1+Q A
Ik,k+1:4p2(10g2_h( 2 ))I QE;;
and h(x) = —xlogx — (1 —x)log(1 — x) decreases for 1/2 < x < 1. Due to the stationarity of
the Markov process, Iy ;. is site independent and the correlations between any two successive
environment sites increase with 0 < A < p. Furthermore, for A > 0 the dynamical map A,, is
no longer a semigroup and the evolution is governed by the following
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4. Superactivation of memory effects

Proposition 4.6. Choosing the maps @y as in (4.46) and the transition matrix as in (4.44), the
spectrum of the dynamics A\,

() (7 (7 :
An[aj] = /\n] Oj ) /\n] = Zpi[lm] l’li[ll’n] ’ ] = 0’ 1’ 2’ 3 ’
i[1,n]

satisfies the following recurrences

AW =, =1 =(p+7)(1 - @)y + pA(L - @) iA] (1+ @A77, (4.49)
j=0
A =[1-2p(1 - )] AY, . (4.50)
Proof: Due to the form of the transition matrix,
Po Po Po Po 00 00
S ]
ror r r 0 0 0
summing over the index i, in (4.47) yields
A = AV A A - ) B, vi=0,1,2,3, (4.51)

where, forn > 1

(/) () (7) (/) (/) ()
n 1 =po t+ p(”{ +I"2 ) + T’II/I3] ’ Bn]—l = Z (Tlinle’llj _TZinle’lZ] )pi[1,n—z] I/li[JLn—Z] ’

i[l,n—l]

(4.52)
with p;o = 1, T;y = p; and B( = 0. Then, summing over #,_, in the expression for Bn )1, one
gets

B =p(w - )AL + A + i) B, (4.53)
and, iterating,
B, = p < ) A+ A )AL 4 0 7 ) B
O Oy N 400 ke ()"
=p(w'-w) Y WA (i) (4.54)
k=0

where we set /\(()j) = 1. Since Iu;o) =1forj=0,1,2,3, from (4.45) it follows that Ailj_)l =
Po+2p+r=1and Bff,)l = 0so that A} = 1 for all n € N. On the other hand, the choice
of the other coefficients ]/t,ij Vin (4.46) gives

Al = potpl+g)+rp,  BYY =sp(l-¢ ZA,}M"“(H@”“, (4.55)

k=0
Aff_)l =po+2pp+r, Bff_)l =0. (4.56)
Since py + 2p +r = 1 the expressions in (4.49) and (4.50) follow. O
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4.2. SBFI in a classical Markov environment

We shall now study the model for two distinct choices of ¢ in (4.46), corresponding respec-
tively to (1) a unitary coupling, discussed in Section 4.2.2, for which the solution of (4.49) can
be analytically computed and (2) a dissipative coupling, presented in Section 4.2.3, for which
the natural stroboscopic limit of collisional models [87, 89, 135] is analytically available and
allows one to compare the continuous-time scenario with the discrete-time one.

4.2.2  Unitary coupling

Set @ = —1; then, ¢ [X] = 0, X0y and the map (4.37) becomes a “controlled-unitary” typical
of collisional models [136, 137]. In this scenario, the interaction between the system S and the
environment E is described by means of a unitary matrix U, = e 787 Lk %@k for 5 duration

T=m/2g: P[X] = U;;/zg X Upyyag- Only j = n — 2 contributes to the sum in (4.49), namely
MWD =@ =2+ Al +aparly, (4.57)

and in Appendix B.2, the recurrence relations (4.57) and (4.50) are shown to yield

n n
A, = A0 = (BW'A A ) (BW»A  Apr ) . (Bpm —Apr ) (Ap,r - Bp,,,A)
" 2B, 2 25, 2

AP = (1 -4p), (4.58)

A, =1-2(p+r), B, a =Ajr +16pA. (4.59)

Let A,, > 0 so that A, > 0. The type of divisibility of the reduced dynamics depends on the

environment correlations as follows.

where we set

Proposition 4.7.

i. N, is CP-divisible if and only if’

T
<—, (4.60)
Apr — 2p
ii. N, is P-divisible if and only if
A ro 1
<—+-, (4.61)
Ap,, 2p 2
iii. N, ® A, is P-divisible if and only if
A 1 1-+41-4p(1-2
< 1 pl=2p) (4.62)
Apr 2p 2 4p

For the proof, see Appendix B.2. A plot of the above conditions for fixed values of 7 is
displayed in Figure 4.2. Notice that the strength of the environmental correlations A governs the
divisibility degree of the reduced dynamics, in that i. = §ii. = ii.; on the other hand, iii. = i.
(see Remark 4.4 below). To illustrate how the intensity of the environmental correlations relates
to the emergence of SBFI, consider r = 0 so that 2A < A, ; and, by ii., A,, is guaranteed to
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4. Superactivation of memory effects

1.0f; 1.0f} ]
0.8F 0.87 i
0.61 0.6 :
= =
< <
0.4F 04+ i
0.21 0.2 |
0.0k : : : s ] 0.0k . . . . ]
00 01 02 03 04 05 00 01 02 03 04 05
p p

FIGURE 4.2: Divisibility regions for the discrete-time Pauli dynamics A, obtained from the unitary coupling
with a Markov chain. The regions are determined by (4.60), (4.61) and (4.62); they are displayed for fixed
values of ¥ = 0 and r = 0.001 as a function of p € [0,1/1] and A/p € [0, 1].

be P-divisible. Then, the discrete-time intertwiners A,, ,, are contractive and forbid BFI for a
single qubit.

We now consider p << 1 and proceed with a perturbative analysis. Given any X = X' e
M,(C), one has that (see Appendix B.2 for details) up to second order in p,

A X1, = 1X1, = =Ky p + K>(A) p* + 0(p?),

with K; > 0 and K,(A) > 0 and no discrete-time dependence. Therefore, possible environ-
ment correlations (A # 0) contribute with a positive second order term in the small parameter
p; this latter cannot counteract the negative, correlation independent first order term which
then makes the maps A, ,_; contractive for all time-steps 7 in the regime 0 < A < p <« 1,
thus concretely showing why there cannot be BFI for one qubit: the single qubit state distin-
guishability can never increase in time.

On the other hand, considering now two qubits, again setting ¥ = 0, at leading order in
0 < p < 1, condition (4.62) implies A/p = Q < 1/2. Therefore, if Q > 1/2, A, , 1 ®
A, ,—1 cannot be positive and is thus not contractive. Moreover, being A, ® A, invertible,
the collisional dynamics of two qubits certainly exhibits SBFI. Also, the lack of positivity of
A1 ®A,, ,_q for Q > 1/2 is easily seen by acting on totally symmetric projector P”. Indeed,
as shown in Appendix B.2,

1Awn1 ® A [P, = [P, = 4p* (2Q-1) >0,
hence A, ,,_; ® A, ,,_; is non-contractive.
Remark 4.4. Unlike A; @ A, in continuous time, in discrete time \,, ® A,, can be P-divisible even
iff A, is not CP-divisible. Indeed, Theorem 4.1 relies upon the existence of time-local generators. Thus,
even if \,, is not CP-divisible, N, ® A, need not automatically display SBFI. However, as we saw

above, in our case SBFI is triggered by sufficiently strong environment correlations that help to violate
the inequality (4.62).
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4.2. SBFI in a classical Markov environment

4.2.2.1 Two-qubit System—Environment correlations: unitary case

We now study the single and two qubit information flows from and into the collisional environ-
ment by means of the system-environment correlations as quantified by the mutual information.
As we are interested in the discrete-time behaviour of correlations between open system S and

subalgebras Aj[s_u'b], we focus upon the following time-dependent mutual information:

() (n)
180 5 = S(Q) + S(Q, ) - S(Q4L,) (4.63)
with the notation of Section 2.1.4. We consider the latter as a faithful quantifier of the system-

. . . . n . . . .
chain correlations: an increase/decrease with n of I é[z ab] would signal increasing/decreasing
correlations between system and environment.

First, we restrict the system-environment state at discrete-time 7, w;’;) ,on alocal observable

Xs® A,[;m’b], a,b € IN. One thus retrieves the evolved local system-environment density
matrix given by (see (B.27) in Appendix B.3)

- b]
5[ ab] = E Pk (Pk g PS]® k[a,,+1 0 (4.64)
k(_ni1b)

In Appendix B.3, it is shown that the mutual information (4.63) for the above density ma-
trix (4.64) takes the form

I(S? ab) = (An[pS]) - Zpk[m] S ((Plt[m] [pS]) .

K1,n)

Note that the previous expression depends only on # and not on the size of the portion of the
chain considered. Taking now into account two independent qubits coupled to identical chains,
the maximal mutual information of their local density matrix reads

()
Iele = S(A @ Aylpses) = ) Pi P S04, @0k, psis]) - (469
i) K[1,n]

In the case under consideration, the unital maps ¢); are unitary; thus (4.65) yields

I((;Jrs = S(A, ® Ay[psis]) — Spsss) s (4.66)

in particular, the variation of the mutual information between two discrete-times # > m reduces
to checking the behaviour of two-qubit entropy:

AL, = S(Ay ® Aulpsis]) = S(Aw ® Alps.s)). (4.67)

Let us recall that the von Neumann entropy increases under PTP unital maps; thus, when the
unital single-qubit reduced dynamics is P-divisible, Al érgm) > 0. On the other hand, moving
to two qubits, choose as a concrete instance

1 1 1-2 1
r=0, ;<p<z, A=—"Pop< (4.68)

so that A, is P-divisible with (4.61) being saturated and the Pauli eigenvalues (4.58) at the
first two successive discrete-time steps satisfy A; = A, = A, = 1 — 2p. Further, choosing
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4. Superactivation of memory effects

p = 1/4+¢€, € < 1, one can perform a perturbative study and show that the two-qubit
completely symmetric projector ps, s = P witnesses a decrease of the two-qubit von Neumann

entropy (details can be found in Appendix B.5),

2,1)

4
ALY, = —4log(§) e? <0, (4.69)
hence a decrease of system-environment correlations between the first and the second collision.

4.2.3 Dissipative coupling: stroboscopic limit

Let us now take @ = e 7, T > 0 so that ¢, = id, and
o=, L[X]=y (X -X), k=1,2,3. (4.70)

In such case, our model is analogous to a collisional model in which the qubit Ag and the
ancilla .A,(SO) undergo a joint dissipative evolution Xg ® Ag)) — e™Xs ® A,(EO)] for a time 7,
before the shift on the chain is applied (the form of the the GKLS generator IL is reported in
Appendix B.4). The Markov chain correlations then contribute with memory effects on top of
this Markovian semigroup dynamics.

'This choice proves particularly convenient for retrieving a continuous-time dissipative dy-
namics and thereby for comparing BFI and SBFI within such a continuous framework. The
technique employed is the so-called stroboscopic limit defined by t — 0, n — oo, nt —  [89,

135]. Choosing A = ¢™*"/2, p — 1/2 and, straightforwardly, /\t(3) = ¢ 2" while the other

two Pauli eigenvalues are both equal to the solution A; of the integro-differential equation

t

A=y +y° f ds e =) ) (4.71)
0
which yields (see Appendix B.4)
A = e*<r+%)f[cosh (Kt)+ o sinh (K1) |, (4.72)

where K = 4/x2 + 4y2 /2. We thus obtain a family of P-divisible Pauli dynamical maps, with
generator £;[p] = 1 Z?:l )/,(i)(o,-po,- — p) and rates

Vt(l) = Vt(Z) =Y, (4.73)
2 2
W= 4 , (4.74)

VK2 + 42 coth (%sz + 4;/2) +x

with %(3) being negative at all times.

4.2.3.1 'Two-qubit System—Environment correlations: dissipative case

Let us consider the case A = 1/2 and p = 1/2. Notice that such case corresponds to k¥ = 0
and %(3) = —y tanh()’t), namely to the well known “eternally” non-Markovian evolution firstly
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= 1 = 0.001 u = 0.05 u=0.07
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FIGURE 4.3: System-chain mutual information for the state p)((l ) with fixed wm=m=v=1/4v=i/8at
different values of real u. For u = 0.001, the behaviour is compared with that of the trace norm of the

Helstrom matrix between A, @A, [pg)] and A, @A, [p)(;)], with bias y = 0.52, p)(;) being in the form (4.76)
w.r.t.the computational basis and defined by parameters y; = p; = 1/2,v' = 0,u’ = 1/8,v" = 0. One

easily sees that the marginals of p)((1 ) are the maximally mixed state 1,/2.

discussed in [138]. In such case, only two sequences i; ,,) have non-vanishing probabilities and
thus contribute to (4.40), namely 1 = 111 ... and 2 = 222 ... with probabilities p; = p, =
1/2. Accordingly, the continuous-time limit of (4.65) reads

1 ) .
I((;LS)E = S(A; ® Ay[psys]) — 1 ZS(etL’ ®e"[ps,s]). (4.75)

i,j=1,2

Notice that, unlike in the unitary case, each of the entropies in the second term now grows in
. . . s . 0 .

time due to the joint unital dissipative evolution of Ag and Aé ) that mixes them. We study
t L . . .

I ((SLS)E picking ps, s of X-shape with respect to the eigenvectors of the matrix 07 ® 0;:

w O 0 u

m [0 v v 0

PXT10 2 1—(+m+v) 0 (4.76)
“ 0 0 22

In Appendix B.5, its decomposition in terms of the Pauli matrix tensor products {0; ®0;};; is re-
ported, from which the time-evolving states entering (4.75) can be easily inferred. In Figure 4.3,
we display the system-chain mutual information when the system is initialized in a state of the
class (4.76), which displays a growth and collapse of correlations. We also compare such be-

haviour with that of ”At ® At[A”(p)((l), p)(f))]
basis.

'Thus, the system-chain correlations can undergo a decrease for a certain time interval, de-
spite the stationarity of the environment.

» where p;? ' has X shape in the computational

Remark 4.5. As discussed in Remark 2.6.2, the information lost by the system and subjected to BFI is
generally thought to be stored either in system-environment correlations or in changes of the environ-
mental state (notice that in our Example, the environment is stationary (4.39)) [12, 75]. In Fig.4.3

the mutual information I étg of (4.75) is plotted for X states with p, , = v = 1/4. As for the max-
imally entangled state state Pf) considered in (4.69), these states have maximally mixed marginals.
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4. Superactivation of memory effects

For a state ps, s with maximally mixed marginals, using trace preservation and factorization, one

shows that
1

Tr](z)(At ®At[PS+S]) = At[Trl(2)(pS+S)] = 72 .

Similarly, one checks that the one-qubit local density matrix (4.64), obtained by tracing over one of
the two open systems together with its own environment, reduces to

0 _ Ly [-ab] ) _
QS[—a,b] = 7 ®pE — ISE =0. (477)
For such states, the bipartite correlations have a non-monotonic behaviour in time, while the qubit-
chain marginals are uncorrelated at all times due to (4.77). Thus, in such case, the information is

temporarily stored non-locally in the system-environment correlations.

In this Chapter, we studied several aspects of SBFI both from the phenomenological per-
spective of the dynamical map and from the point of view of a concrete collisional model. In
Section 4.1, we discussed SBFI in terms of entropies. All Renyi p-entropies decrease under
P-divisible evolutions for p € (1, 00). Nevertheless P-divisible, not CP-divisible dynamics may
display a decrease in the Renyi p-entropies when coupled to an identical copy of themselves,
since the compound dynamics necessarily loses P-divisibility. Alas, this is never the case for
the Renyi 2-entropy, a standard measure of the purity of a state. On the other hand, we con-
structed a class of Pauli dynamical maps for which SBFI is witnessed by the Renyi p-entropies
with 1 < p < 2 and by the von Neumann entropy (p — 17). Interestingly, a sufficient con-
dition for that is to consider time-dependent Pauli generators with a zero eigenvalue in their
spectrum at some given instant of time so to be at the border of P-divisibility. Furthermore, no
entanglement is needed at any time of the evolution in order to witness the effect.

In Section 4.2 we studied SBFI both in the discrete and continuous-time regimes for an
open system of two qubits, each coupled to a classical Markov chain. The emergence of bipar-
tite memory effects has been investigated by means of the system-chain mutual information
of local density matrices obtained through the algebraic approach. Growths and collapses of
correlations have been detected for both unitary and dissipative collisions: in the former case,
the mutual information is simply the systems entropy up to a constant. Then, one proceeds
similarly as done in Section 4.1.3. In the dissipative case, instead, the mutual information has
the form of a Jensen-Shannon divergence. The non-monotonicity of the aforementioned quan-
tities provides a clear-cut physical interpretation in terms of system-environment correlations.
Interestingly, although information might be stored in and released through classical correla-
tions, SBFI has no classical counterpart. Its quantum character, while not manifest through
entanglement of the states involved, is exposed by the quantumness of the bipartite Helstrom
ensemble.
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CHAPTER 5 -

Quantum dynamical entropy and
non-Markovianity

In Chapter 1, we emphasized the interpretation of the ALF entropy as the information gained
per time step about the dynamical system through iterated measurements, in analogy with its
classical counterpart, the KS entropy. Despite the earlier approach by Lindblad concerned irre-
versible processes [7], the vast majority of applications of ALF entropy have been developed in
the context of reversible systems displaying chaotic behaviour [27]. After having adapted the
framework of symbolic models to the study of open systems in Section 2.2, we now turn to
the discussion of their dynamical entropy. Since the ALF entropy encodes information about
the full multi-time statistics of the process, we aim to exploit it for the study of the system—
environment exchange of information, with the goal of better understanding the mechanisms
underlying memory effects. Moreover, these results can be compared with properties of the
reduced dynamics, such as divisibility and information revivals, which were the focus of Chap-
ters 3 and 4. In particular, the concrete example of a collisional model presented in Section 4.2
allows for an exact computation of the open-system ALF entropy and its interpretation in terms
of the parameters of the model. Finally, we move to investigate the dynamics in the GNS rep-
resentation: in this context, further connections emerge between the ALF entropy and the
superactivation of memory effects in the reduced dynamics.

5.1 Open-system ALF entropy

Consider the triple (As ® Ag, ws ® wg, ®), where the joint system-environment evolution
consists in a discrete one-parameter group of automorphisms that leave wg ® wg invariant,
with pg a faithful density matrix. As in Section 2.2, by means of repeated measurements, the
Alicki-Fannes procedure allows to extract a symbolic model of the dynamics which, in the
open-system setting, takes the form of a coarse-grained density matrix of the type

Ps [X(”)]a L= s (x3""x8") (5.1)

= Wg ®(A)E(XZO ®]1E @(XZ] ® ]lE) @ﬂ—] (X;rnilXan_l ®]1£) @()(a1 ®]1E)Xa0 ®]1E)
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5. Quantum dynamical entropy and non-Markovianity

where the OPU X is constrained to be a subset of Ag due to the inaccessibility of the envi-
ronment. In other words, the entries of (5.1) are the multi-time correlation functions obtained
from measuring the open system, only. As in Section 1.5, to the density matrix (5.1) there
naturally correspond entropy rates

hs(®, X) := by, (0, &) = limnsup %S (ps [X(")]) , X C As. (5.2)

Then, one maximizes over all physically admissible OPUs, namely, over the POVM measure-
ments of the open system (B = Ag) obtaining the gpen-system ALF entropy:

bs(®) = sup bs(®,X). (5.3)
X CAg

When the state wg corresponds to a faithful density matrix ps > 0, the GNS representation
associated with the state wsp = ws@wg is the tensor product (Hs @ Hg, s @11, \/ﬁ>® [QE))
of the GNS representations of S and E, respectively (see Proposition 1.3). Here, |\/@ > is the
canonical purification of pg as in Example 1.3. If ws ® wg is also invariant under the global
automorphism ©, the latter can be implemented unitarily

Udms ® 15(Xs ® Xp) WE@ QE) 1= 15 @ E(O(Xs ® Xg)) W@@ QE)/
Ub[ms ® mp(Xs ® Xp)] : = Upms @ 15(Xs ® Xp)Ug = 715 ® 1(O(X5 ® X)),
Ue | Vps ® Q) = [ps ® Q) . (5.4)
'Then, by (1.128), the entropy of ps [X (m) ] can be equivalently computed in the GNS represen-

tation as the entropy of

(Ug o (X®ids ®idg))" [ |vPs X VPs| ® 1QeX Q| ] (5.5)
x|
where  My(C) 3 Y — X[Y] = ZX“ Y X!

is the CPTP map associated to the OPU X as in Section 1.4.3 and Appendix C.1. Notice that,
in (5.5), measurements act non-trivially only on the first party of the purified open system.

Remark 5.1. Following the general discussion of Section 1.5, we can then interpret H5(©) as the
entropy production rate due to the discrete semigroup evolution (5.5), that describes repeated measure-
ments on S intertwining the S + E unitary evolution: it quantifies the maximal rate of information
about the dynamics that is extractable by measurements on the open system S only.

5.1.1 ALF entropy in the Quantum Regression regime

Let us first consider the open system symbolic dynamics in the Quantum Regression regime.
Since we are assuming a group automorphism ©, = ©" and an invariant state ws ® wg, ws
being described by a faithful density matrix ps > 0, Proposition 2.13 establishes that the entries
of the coarse-grained density matrix (5.1) in the QR regime become, foralln > 1,

0s [X(”’] = ws(xgo A*[xgl A*[ e NXE X, ] ]X] X) (5.6)

ab

where A = A;. In this scenario, it is instructive to compare the behaviour of the ALF entropy
under reversible and non-reversible dynamics.

100



5.2. Dynamical entropy and collisional models

Finite, closed system. Let S be a closed system not interacting with its environment, namely
O(Xs ® Xg) = O5(Xs) ® Op(Xg),
with ©4(Xs) = Ui XsUs, USUg = UsU$ = 1, and O being automorphisms of Ag and Ag,
respectively. The coarse-grained density matrix (5.1) then becomes
ps[X"],, = Tr(ps X3, Os(X], ... Os(Xj X,,) - Xo) Xg ) - (5.7)
so that QR holds trivially, but for a reversible dynamics. Then, as explained in Example 1.10,
hs(®) =0 for a finite-level closed system S. (5.8)
Finite, open system. One can determine whether the QR property holds from partition-

specific entropy rates, as already noted in [7]. We refer again to the OPU introduced in Re-
mark 1.18 and used in Theorem 2.12:

F = {Fa,a’}‘ai,a':ll Fa,a’ = \/E Iraxra’l € AS ’ (59)

where r, and |r,) are the eigenvalues, respectively, eigenvectors of pg; the above OPU thus
leaves wg ® wg invariant.

Corollary 5.1. The entropy rate associated with the OPU F is bounded from above by:
hs(®, F) < S(A®idd[|\/p_5><\/@|]). (5.10)

Furthermore, the inequality saturates to an equality if and only if T, = ®Z:1 A, where T, was
defined in (2.78), or, equivalently, if and only if QR condition holds.

The proofiis reported in Appendix D.3. Suppose that QR-Markovianity holds. Then, (5.10)

saturates to an equality and

hs(©®) > hs(©,F) = S(A®idy[ |[vesXvps|]) » (5.11)

which are strictly positive quantities unless A is an isometry, A[X] = VXV', V'V = 1. Thus,
for finite quantum systems, the dynamical entropy vanishes in all reversible dynamical settings,
while it is strictly positive for an irreversible QR-Markovian one.

5.2 Dynamical entropy and collisional models

We now aim to investigate the behaviour of the open-system ALF entropy beyond the QR
regime, in which memory effects are expected to play a significant role in the dynamics. We
shall refer again to the collisional framework introduced in Section 2.1.4. Within this scheme,
we first show that the open-system dynamical entropy h5(®) cannot exceed the dynamical
entropy of the shift on the quantum spin chain Ag, which provides the environment of the
finite open quantum system S and was computed in Example 1.13.

Proposition 5.1. Let ws ® wg be a O-invariant state. Then,
hs(®) < G, + log(D), (5.12)

where &, is the mean von Neumann entropy of the chain (1.30).
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5. Quantum dynamical entropy and non-Markovianity

Proof. With respect to a ©-invariant state, one proceeds as in Example 1.13. After n steps of

the dynamics the algebra of the system is mapped into the local algebras Ag ® AE'”], due to
the action of the shift,
0"(As®1) C As® Al (5.13)

Accordingly, time-refinements of OPU elements initially pertaining only to the system, X, €
Ag consist of operators

Xi= 0M(X, ®1p)...0(X, ®1p)X, ® 15,
which are localized Ag ® .A,[Sl'"]. Accordingly, the correlation matrix reads:
P [X("“)]a , = @WSE ()?z[,l'nh )7,[11’"]) = TI(QS[I,n] X, 5(‘,[,1'"]) ,
(1,1]

with Qg ) = ps ® pél'n] e M,;(C)® My, '(C). Hence, from Proposition 1.12, together with
the fact that S(Qg(y) = S(ps) + S(pr ") and

S| X Qg X < log(dD™,
a

the following upper bound ensues:

S(e [X(”)]) < S(ps) + S(pp"") < log(d) + nlog(D).

Dividing by n and taking the lim sup on both sides, and maximizing over all OPUs on the
left-hand side, yields inequality (5.12). O

Remark 5.2. Consider the quantum mutual information

L(wg) := S + S(pi!) = S(pE" M) = S, = (Spa1 = Su)s

quantifying the correlations between n sites of the spin chain and subsequent one. From (1.30), the
large n limit yields
Jop = lirrln I(wg) =5 -6, 20, (5.14)

where the inequality saturates to an equality for a Bernoulli source. Thus, the stronger the correlations
in (5.14), namely the lower the mean entropy of the environment, the tighter the bound in (5.12) on
the maximal entropy production of the open system S.

5.2.1 Classical coupling

In Chapter 4, we discussed a particular case of a collisional model with a classical environment,
described by an Abelian spin chain algebra endowed with a shift-invariant state, and repeatedly
interacting with the system through a CP unital map ® taken as a “classical control” (4.37). We
shall now focus again on this class of collisional models, whereby the coupling map is given by
the automorphism

D
—-a,b -a,b
O[Xs@ AL "] = ) gl[Xslo ALY, §i[Xs] = UIXsUy, UUL = UU, = 14,
k=1
(5.15)
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5.2. Dynamical entropy and collisional models

with X5 € Ag and A,[E_a'b] e A@b 1 Proposition 4.5, we showed that the reduced dynamics
of the system after n collisions is governed by the CPTP evolution

— i
Au = Z Pijy, Pijy (5.16)

i[1,n]

with (j)f[ = (j)fn qﬁi . We first show that the coarse-grained density matrices obey a convex

decomposition similar to that of the dynamical map (5.16).

Structure of the coarse-grained density matrix Basing on the collisional model with a classi-
cal environment of Section 4.2, the coarse-grained density matrix takes the form

Ps [X(nﬂ)] - Z Piyy Ps [X"[Ln]] ’ (.17)

if1,n]

where ij; ,,) = i ... i, and indexed coarse-grained density matrices
PS [Xi[l,n] ]a b = ws (XZO ¢i{1} [Xgl ](Pi[l,z] [ng ] o (Pi[l,n] [X;nxﬂn] e ¢i[1,2] [Xﬂl ](i)i{l} [Xﬂl ]Xao ) 4
- ws(XZ(,@l [XZI ¢, [Xb; ey, [XZnXun] X]X]X) (5.18)

with respect to the automorphisms ¢i[1 0= ¢i, 0 -++ o ¢y, and with

Xy = {(Xi[l,n])a}u , (Xi[l,n] )a = iy [ Xa, 1 i [Xay 1Koy s
forming a OPU in Ajg.

Proof. Consider X, € Ag; then,

o1x, o151~ Y fu X, Jo T

b
1 2
O’X, ®1s] = )y, o, [X,, ] 0TI @T1,
klsz

so that the refined partition after the first two time steps after consists of operators

1 2
O°[X,, @ 1£]O[X,, @ 1p]X,, @ p = )y, o e, [Xay I, [Xo, 1Xe, @ T @ TT
kq .k,

Thus, one has

X,(I"H) =0"[X,, ®1f]...0[X, ®1]X, ® 1

= Z (Pk[]‘n] [Xan ](Pk[l,n—l] [Xa,,,l] cee (Pk{l} [Xlll ]X(ZO ® ® H](<]]) : <519)
j=1

K(1n]

103



5. Quantum dynamical entropy and non-Markovianity

The elements of the coarse-grained density matrix are
t
WsE (X,(,"“) x4y Z’Pk[1 " wS(Xb(,(Pkl [X5,1 - gy (X5, Xa ) - iy [Xa, 1X ao)
kyn

Notice that for fixed i[; ,,| the set [X,-[1 o a} , with
4 a

Md(C) E] 1[1 ka (Pl[] K] [ ] .. (Pi[m] [Xuz ](Pil [Xal ]Xuo

forms an OPU. Indeed, the maps ¢;, , are automorphisms: ¢; x% = (i, [X])" and
Pi, o [XY] = i, [X] i, [Y]- In the case k = 2, for example,

leh 2], @ 1[1 2], @ ZX (Pl][ a, (f’z[l 2] ZX a, (pi] [Xal ]Xuo
Ao,y
ty t
ZX ¢, ZX o | Xa, = ZX%X% = 1. O
Ao
Remark 5.3. If the classical chain represents a Bernoulli process, Piiw = ]_[;Ll Pk;» the col-
lisional environment is_fully uncorrelated and the reduced dynamics is a semigroup, A, = Af,

Ay =) 4 Pk Pi. Furthermore, QR holds. For example, after two iterations of the dynamics,

Ps [Xm]u,b = Z, Dk, Pk, Ws (X;o(i)kl [X;rl (l)kz [XZZX‘Q]X“I] X“O)

kz’kl
Xy, Z}’k1 P, [XZI ZPk2¢k2 [XZZXQZ]Xal]
3 k2

= wg (X;OAI [XILAI [ngxaz]xﬂl]X%) ’

:a)s

so that, by just knowing A, one can compute the full coarse-grained density matrix.

Upper and lower bounds to the ALF entropy ~ Given the convex combination (5.17), the von
Neumann entropy of the mixture (5.17) can be then bounded from above by

S(pS[X(M)]) [M] Zp‘[m ps[ 1[11«1])

i[1,n)

H (n[l’"]) +2 log(d), (5.20)

IA

IA

where Proposition 1.12 was used. Dividing by # and taking the limsup of both sides of (5.20),
and taking the supremum on the Lh.s., one gets that the dynamical entropy of the open system
is upper-bounded by the KS entropy of the chain,

bs(©) < lim %H(n[l'”]) = G,, - (5.21)

We now show that the latter inequality can be saturated.
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5.2. Dynamical entropy and collisional models

Proposition 5.2. Consider a d-level system collisionally interacting with a classical stationary spin

chain through (5.15). With respect to the invariant state 1,/ d ® wg and the OPU F defined in (5.9),

the coarse-grained density matrix takes the form
]ld n ]ld n
4\ / — A\ [ — , 5.
] >< J (5.22)

. ®[1 It ®[1 l.
with "II‘ Z pt[l r 1[1 n]“ ) 1[1 n]" ® (Plk ) ¢lk =

1h n)

1, 1 ,
Ps [f(””’] = f@f@ T, ®id;

Moreover, if the unitaries in (5.15) are such that Tr (U;Uk) = doj,

b5(©) = hs(O, F) = lim %H (r"") = &,,, (5.23)

that is, the ALF entropy of the system is equal to the mean Shannon entropy of the chain.

Progf. From its definition (2.78) in Theorem 2.12, the map T? reads

®A ®A o1,

Note that in the one-step automorphism © o 05 ® idg the shift appears twice: the right-most

"ﬂ'*i

= (Lﬁg( () ° 0g ® 1(1E

), with O =idg® o0 D.

one, 0g, acts on the chain MdZ (C) of infinite copies of the open system (as in Theorem (2.12)),
while o, is the collisional shift on the spin chain environment. Then, let us first evaluate

n—-1 n-2
R al" ot =Xl e) ¢, A% o0,
o k=0 in

where IT; is localized in the first site of the environment chain due to the action of 0. The
second iteration leads to

®A '@ 1| =

‘®Ak "o ) ¢, 08 [akeal e o

7n 1ln

(@00'5 ®ldE)

(@005 ®1dE

Hence, after n iterations:

n-1
(

AVl (5.24)

[1,n]

®[1,n]
=) ¢

if1n)

F\"A

(@005 ®idg)"

k=0
Acting on the latter with the conditional expectation wg, we get

n-1

(k) ®[1,n] [1 n] ®[1,n]
® A Z‘f’l[] ] ® '[1 Zp’llnl ¢'[1 ]
k=0

if1,n) i[1,n)

T,

®
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5. Quantum dynamical entropy and non-Markovianity

With respect to the tracial state ps = 1,/d, the coarse-grained density matrix then reads:
me)] _ La &n
ps |7 ]:—®—®T®1dd |

L pl Yl ), (5.25)

O ‘\/ > TN ki © kpua)

Ki1,n)

where

and where T,, is the dual of T}, in the Schrédinger picture, namely the map

1, 1,
T” - Zpi[lf"] (I)"?[i[,n]n]:t Y f[bl[ n]"]i ® ¢lk ] (Plk - (526)

if1,n]

We now prove (5.23). First, by setting

¢i[1,n1> (®k 1 lk) ®1g"
- n]><1’b[l 8 ] - Z Piy lpi[nn]X‘/’in,n] ,

if1,n]

[1 n]> one has

T, ®id" [ (5.27)

Y; > are normalized,
[1,n]

#)J[rl n]xlzb[l )

gbi[l n]> form an orthonormal basis in (E?", that is,

when (5.27) is the spectral decomposition of T, ® id?" [ lpJ[rl’n]Xl/)J[rl’"]
equality holds if and only if the unitary operators U} satisfy the orthogonality relations

In particular, since the vector states

S(p [}'("“)]) S(ps) + S (T, ®1d§”[

] < 25(ps) + H (n"1) , (5.28)

with equality holding if and only if

]. Equivalently, the

Tr (U}Uk) =d 5. (5.29)
In such case, dividing both sides of (5.28) by # + 1 and taking the limit, one gets
1
hs(®, F) = lim —H (r") = &, , (5.30)
that, along with (5.21), implies (5.23). O

Markov chain environment Choose 7/} = { Pijy }i[ |3 the stationary Markov distribu-
4 1,n

tion,
n
pi[lml = l_[ Tik iy Piy s (531)
k=2

defined by the stochastic matrix T;; > 0, with ), T}; = 1, Zj T;; pj = p;- The mean entropy

rate of the Markov source is equal to the two-site conditional entropy of the chain,

- ZPJ' T, log(T;;) = H(xW) - I(="; =), (5.32)
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5.2. Dynamical entropy and collisional models

where

(e 7@y = H(xW) + Hx®) - HxM), (5.33)

denotes the mutual information between the first two subsequent sites of the classical chain.
Because of stationarity, the latter quantity does not depend on where the chosen pair is located
along the chain and measures the correlations between any two subsequent sites. Then, one
sees that the entropy rate decreases with increasing correlations between subsequent sites. As
we investigate in the following example, one can also easily construct a process with Uy as
in (5.29) and for which T;; € {0, 1}, so that h5(®) = &,, = 0, as one would have for a

reversible evolution.

Example 5.1. Consider the Pauli evolution of Section 4.2.2, obtained by taking ¢y [ - | = oy - 0y and
the environment as a stationary Markov chain with transition matrix T as in (4.44). The dynamical
map N, through its Pauli spectrum (4.58), depends parametrically on the triple (p,r, A). By tuning
A and keeping fixed the other parameters, conditions (4.60)—(4.62) found in Proposition 4.7 establish
that one can change the divisibility degree of the dynamics by increasing the correlations of the envi-
ronment. Indeed, by increasing A, one  first loses CP-divisibility, then the P-divisibility of the second
tensor power N,y ® A, and finally the P-divisibility of the one qubit dynamics N\, Notice that, for
the single qubit, only in the latter case one can detect BFI as distinguishability revivals for one qubit.
In this context, the map T, in (5.22) becomes a n-qubit Pauli channel,

n
_ [1,n] [1,1] (1] . _
T,[X] = Z Pify 01 Oy Xoi[m] , Oty = ®0,»k . (5.34)
i[l,n] k=1
Notice that it is self dual: T,, = T}, Vectors
) = g @ L"), k=0,...,3, (5.35)

Jform the Bell basis, so that, from their orthogonality, the dynamical entropy of the system equals the
entropy rate of the Markov source. WithT parametrized as in (4.44), one gets

(p+A)+n(p-A)

5(©) = n(po) + 1(r) +2(2p H1=20m(p)),  (536)

2
where y(x) = —x logx, 1(0) := 0. The associated two-site mutual information reads
1 A
1) = 2p(2n(p) = 1(p + ) = p = ) = 4p? (log2 (5 + 1)), 697

where h(x) 1= n(x) + n(1 = x), 0 < x < 1 is the Shannon binary entropy, which is a decreasing
Sunction of x for 1/2 < x < 1. Therefore, the two-site correlations increase with A and are maximal
at p = A. Correspondingly, the system’s dynamical entropy (5.36) is a monotonically decreasing func-
tion of the chain correlations A. Consider A = p = 1/2, namely the parameters for which the two
site correlations (5.37) are maximal. From (5.36), then, sincet = p, = 0, one has

p=A=% = h5(@)=0, (5.38)

as one would have for a closed finite system. It is instructive to study the dynamical map N\, in the
same regime. By settingp = A = 1/2 in (4.59) one gets Ao =0, B 1 = 2. Accordingly, the
spectrum of \,, follows from (4.58):

A, = # ® _ -1y, (5.39)
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5. Quantum dynamical entropy and non-Markovianity

1.30

T T T T

1.25]

hs(©)

1.20

1.15/

FIGURE 5.1: Open-system dynamical entropy (5.36) as a function of A/p for fixed values r = 0.1 and
p = 0.25. The colored regions correspond to different divisibility degrees of the reduced dynamics A,,.
For A/p — 1, A, is not P-divisible and shows distinguishability revivals; in the pink region, A, becomes
P-divisible and does not show revivals, though they can superactivate for A, ® A,,. The latter becomes
P-divisible in the red region, while in the dark-red region A/p <« 1, CP-divisibility is achieved.

corresponding to the dynamical map

A, = id, mneven, A, = M (5.40)
A, mnodd, 2

Note that the dynamics is not algebraically invertible since Ay, ., = 0. Nevertheless, we can explicitly
study the contractivity of the trace norm under A,. In particular, the trace norm is always contractive
between step 2m and 2m + 1,

[ A2m1 [XTN = 1A XM, = 1A XTI, - 1X1, <0, (5.41)
since Ay is CPTP. Between steps 2m — 1 and 2m, instead, we have the converse inequality:
1A [ XMy = 1A [ XM, = 1XT = 1A (XTI, 20, (5.42)

50 that the trace norm always revives at odd times, exposing backflow of information.

Remark 5.4.

1. Remarkably, the dynamical map (5.40) experiences an extreme backflow of information since the
trace norm revives after each odd time, while the dynamical entropy is zero, as one would have for
a reversible evolution (see (5.8)). This means that asymptotically, no new information can be gath-
ered by further probing the open system. The occurrence of a low, possibly zero, entropy production
Jor a dissipative system is compatible with the interpretation of information having flown back to
the open system. Such an interpretation can be generalized through inequality (5.12): for a strongly
correlated environment, we expect the system dynamics to be affected by strong memory effects. In
Figure 5.1, we compare the behaviour of the open-system dynamical entropy as a function of the
strength of the chain correlations with the divisibility degree of the reduced dynamics.
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5.2. Dynamical entropy and collisional models

2. When the classical environment is a Markov process we can write the coarse-grained density matrix
as (compare with Remark 5.3)

PS [X(s)]a,h = Z Tizil pil Ws (X;o (Pil [Xgl ](Pil (Piz [ng X“Z](Pil [Xal ]X‘Zo) :

iriy

For the concrete case of T; ;. as in (4.44), we have
ps[X?)], , = ws(Xik A, [xljl/\l [XZZX%]Xal]XaO)
#p A (05X, X5, i, — )X, Xe, 0 Xe, 1)
s (X, X0, s = ) X0, X, 102 X0, 1))

Thus A signals the deviation of the evolution from the QR (and semigroup) regime. In particular,
the reduced dynamics can be P or even CP-divisible for A > O (compare Proposition 4.7) while
OR does not hold.

3. A natural generalization of Example 5.1 to a d-level system is obtained by choosing D = d* and
unitaries in (5.15) as the discrete Weyl operators,

d-1
Uy =Y o®latkikl, —w=e™", (5.43)
k=0
which are unitary and satisfy Tr (U;}b Uc‘d) =d 8,:0p4-

5.2.2 Reduced Dynamics in the GNS representation

As already emphasized in Section 1.5.2, the ALF entropy has a natural interpretation in the
GNS representation. We shall now explicitly consider the GNS construction for the collisional
model of Section 5.2.1. With respect to the product invariant state wgg = 1/d ® wg, the
GNS representation can be taken as a tensor product 7tg ® 7. For the finite-level system S, as
illustrated in Example 1.3, the representation is given by

ns(A)=A®1,;, Ti(A)=1,0A, AecMyC). (5.44)

and |Qg) = [p”) = ):?=1 i ® i) /Vd (the conjugation in (5.44) is with respect to the standard
basis). The tensor shift on the chain is implemented by the unitary operator defined by

b b
US e (T30 10g) 1= e (T ) 1), URIQE) = Uy Q) = 1Q) . (5.45)
We then implement unitarily the automorphism © by the operator
U 7i5(A)s(B) ® g (Tng) ) |94 @ Q)
o T S £\ a0 | [P+ E

= Z UlAe@U,BeUln (T [l @ Q) . (5.46)
k
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5. Quantum dynamical entropy and non-Markovianity

Notice that in (5.46), the action on 7t5(.Ag) is such that the GNS cyclic vector is invariant;
namely,

U [0 © Q) = ZUk o U, [ @ Ulm, (1) 10

2

where we used the fact that, along with (5.45), V@V [P = |pi?) for any unitary V € My(C).
Also, it suffices to define Ug only on 7tg(Ag). Indeed, because the environment is a classical
chain, this latter dense subalgebra is contained in its commutant 7tz (Ag). By taking the adjoint
with respect to the scalar product in the GNS Hilbert space, the action of Ug can be also
inferred,

= 9"y @ Uing 1Qp) = [ ® Q) , (5.47)

Ue 1ts(A)1§(B) ® g (IMes! ) |4 © Q)
:ZUkAQbU_kE@nE(H U, e () [0l © Q) (5.48)
k

from which it also follows that Ug |1} ® Q) = |1,b(d’ ® Q). By acting on local operators as

in (5.46) and (5.48), one checks explicitly that U@U@ = Uzra Ug = 1. Moreover, the automor-
phism © is correctly implemented. Indeed, from (5.46),

Ub ms(A) & 7z (st ) Ue [94” ® Q)

= ZU,iAU,@Uk Uy @ Ud g (T ) 1,0 1, @ U, |94 © Q)

=1,®1,0U! Z UfAU, ® 1@ (P T ) | 1,0 1, 0 U, |9 ® Q)

=g @Uims @1 (@ (ASTI N )) 12 ® Uy [ © Q)
=5 @7 (00 @ (ABTI)) [0 © Q) = 715 @ 7 (© (A @ Ty )) [l ® Q).
We now consider the following expectation,
(P ® Qp | 15 (V) U (A)g(B)Uomts (X) [ ® Q)
By applying (5.48), we have
(0 ® Op | s (Y)U S5 (A)s (B)U g (X) |9 @ Q)

—t =

= ZTr b ® P IA®BIX ® 1,PL"Y @ 14) (Ol (TT,) Q)
k

=Te|A®B () pdf®d, | X0 1,PYY ®1,] (5.49)

k
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5.2. Dynamical entropy and collisional models

Similarly,
<¢(d) ® QE| 15(Y, ) UGTs(Y,)Ubms(A)1s(B)Ue s (X,)Ugms(X,) |1Pf) ® QE)

—t —t —— —
Z (WY, Ul YUl AU, X,U, X, ® U, Uy, BU, Uy, [9)
ky ka1,

(Qp | U e () U 70 (T T YU 7 (T YU, 102 )
— —t —t
=) b Te(40B 4, 03, [%. ) 0, [x PO,V
kik,
where we used that
(Qe U (U (M T e (10 ) U, Q) = 72 (0110 (11T 1))
= ﬂE(Hkl)Hk2 )511 KOk = Phiky Ok Oy ks -

Therefore, when we consider the evolution intertwined by measurements on the open system
as appears in the coarse-grained density matrix, we get

(4 © Q| (X! @1id, @idg) 0 Ub) [res(A)§(B)] [94" © Q) (5.50)

- —t —t
= ) Pk Te[4B 6, ©F, oXwidjo- g, ®F, o Xoidy[PV]).
Ky ky

Accordingly, the reduced state of the GNS projector pY evolving under the unitary evolution
and iterated measurements, is described by the following CPTP map X : M, (C)®M,(C) —
M,;(C) ® My(C),

—
Z Pry.. ke \ Py, OX ®¢k o((i)’fl oX)@(j)k] . (5.51)
By choosing X = id;, one is left with
id _ 1 —f _
rn - kZ’ pkll'"] (Pk[l,n] ® (Pk[]',,] 4 ¢k[1,n] - ¢k1 O 0 (i)kn ’ (552)
[1,n]

which is the intrinsic reduced evolution in the GNS space, having traced away the environment
degrees of freedom. Formally, (5.52) corresponds to the joint evolution of two subsystems evolv-
ing in a common environment. Notice that the partial trace over the commutant gives,

Try (TAX@Y]) = ) pi,,, bhy [XITH(Y) = A [Tr (Y) X] = A, [Trp (X @)
K1,n)

Hence, consistently, r,"f is a CP dilation of the reduced dynamics of the system A,,.

Remark 5.5. Notice that, in general, the existence of I‘i‘ , defined through

(Vs ® Q| 750! ((XF @iy ® idp) 0 Ub ) [ms(A)ei(B)] 75(X) |yPs © Qi)
= Tr([X[X ® 14 |vpsXvps| X @ 1,]A®B) (5.53)
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5. Quantum dynamical entropy and non-Markovianity

is guaranteed by the choice of a reference state of the form ws ® wg. As follows from Proposition 1.3,
indeed, the GNS triple can be identified with (1. ® 1, Hs ® H, [£/ps ® Qg)). Then, factorization

of the S + E cyclic vector, along with complete positivity of (X:c ®id; ® idE) o U:E_), ensures complete
positivity of F,f( .

5.2.3 Pauli GNS reduced dynamics

We now consider, as in Section 4.2.1 and Example 5.1, the environment to be a classical Markov
chain

Prpy, = Tk k-1 -+ Thok, Pi, »
and take the open quantum system to be a qubit, d = 2, with the environment consisting of

a one-dimensional lattice of classical four-level systems, D = d? = 4. Furthermore, we shall
choose the stochastic matrix T as in (4.44), while setting Uy = 0y, k = 0, ..., 3. Accordingly,

T4 : M,(C) — M,(C) defined in (5.52) becomes a two-qubit Pauli map, namely for all > 0

it is diagonal in the Pauli matrices
id _ A (@p) —
Fn[(fa@aﬁ]—yn 0, ®0g, a,p=0,...,3. (5.54)
'The spectrum of r}f follows a similar rule than that of A,

2

i = (po+ ™ + ™)+ s P Ap (™ = ) 2 (559)
_ (@p) (@p) ._ (a) (B) . .

where ¢y ® Pi[o, ® 03] = . "0, ® 0, . 1= iy - The formal solution of (5.55) is

then the same as that of (4.57). Accordingly, the 16 eigenvalues )/y(,a’ﬁ ) are associated to their
respective eigenvectors 0, ® 0y according to the following 4 X 4 matrix

1A, A, AP

(3)
. (a,p) /\n 1 An /\n
G, = = . 5.56

n [Vn ] A, /\,(13) 1 A, ( )

AP A, A, 1

Note that all the Bell-diagonal states, which are linear combinations of 0, ® 0,, as well as
the GNS reduced initial state P\*), are invariant under I'9. The spectrum of the intertwining

. 4 -l
propagators I’;flln,l =Tido (I‘;d,l) is determined multiplicatively,

(a,B)
1—‘;lc,lnfl [Oa ® Oﬁ] = r(lTlm Oy ® 0B, (5.57)
n-1
and given by
3
1 /\n n-1 /\r(l,r)l—l /\it r)t—l
, Ay 1 A2 A
Gn,n—l = [/\ifnﬁ—)l:l — /\n,n 1 /\(3) n,ln 1 /\n,n 1 , (558)
r)l—l n,n—1 n,n—1
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5.2. Dynamical entropy and collisional models

3 . o . .
where A, ,_1, /\L’,),,l are the eigenvalues of A, ,, ;. Then, as derived in Appendix D.4, the action
id
of I;’ can be recast as

LiX]=) 40,80, X0,®0,, X €M(C)®M,(C), (5.59)
o
with
g = l(1+2/\ + A7) g = g2 = 1(1_A(3)) g = 1(1+2A —A“’)
n 4 n n 7 n n 4 n 7 n 4 n n .

We now aim at characterizing the divisibility properties of the GNS discrete dynamics r,"f‘.

Proposition 5.3. Suppose that I, : My(C) — M (C) is a Pauli map acting as

3
T,[X] = Z 390, ®0,X0,®0,, XeM(C)®M,(T), (5.60)
a=0
and let
3
A,[Z] = Zq,‘f)oﬂz%, Z € M,(C), (5.61)
a=0

so that Tryp ol = A, o Tryy. Then, following conditions are equivalent
i. A, is CP-divisible;
ii. T, is P-divisible;
i, T, is CP-divisible.

Proof: Take X € My(C) and let Y = I,[X]. The partial trace of X over the second qubit reads,

Try(X) = Try (T [Y]) (5.62)
but also
Try(X) = A, o A, Trp(X) = A Tryp(5,[X]) = A, Tryg(Y), (5.63)
Hence, forall Y € M,(C)
Ay Try(Y) = Ty (1Y) (5.64)

and, applying A,,, m > n, to both sides, yields
Am,n TrH(Y) = TrH(rm,n [Y]) , mzn. (5.65)

Intertwiners of Pauli maps are Pauli maps, so that

3
I‘n,n—l [X] = Z %(fr)z—ﬁa ® UaXUa ® 0y, (566)
a=0
and
TrH (rn,n—l [X]) = An,n—l [TrH X] ’ Yn >1 ’ (567)
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5. Quantum dynamical entropy and non-Markovianity

with

3
My(C€) 3 Z — Ay [Z]= ) ain100Z 0. (5.69)
a=0

Positivity of T, ,,_;, n > 1, is expressed by the condition
Tr(QT,,1[P]) >0, VYP,Q2>0, (5.69)

where P, Q can be chosen as projectors in M(C). Pick separable projectors

P=Q=lx+l@loNo], |ey=10ED (5.70)
V2
with g3 |0) = |0), 03 |1) = —|1). One readily finds
Tt (QT,ua[P]) = gy 2 0. (5.71)
‘The choice
P = [+X+|®[0X0] , Q= |-X-I®|0X0], PQ=0, (5.72)
yields instead the condition
Tt (QT,ua[P]) = gy 2 0. (5.73)
Similarly, one finds qfff,l,l >0,a=0,...,3,so that ii. = i = iii. Clearly, iii. = ii. O

Remark 5.6. The map I‘i,d represents the open dynamics in the GNS representation, involving the
commutant of the system. It provides a dilation of the one-qubit evolution \, that exhibits memory
effects not detectable at the level of \,) itself. This is reminiscent of the superactivation phenomenon
studied in Chapter 4 through dilations of the form N\, ® N, although here the two parties are dy-
namically coupled. In fact, suppose to select A for which A\, is P-divisible but not CP-divisible. Then,
the evolution of the system does not display backflow of information in the sense of revivals of the trace
norm. On the other hand, in the same regime, the two-qubit dilation I‘,iqd cannot be P-divisible due to
Proposition 5.3. Hence, there exist X € My(C) and n > m € N such that

||r,;d[x1||1 > ||r;,:‘[x1||1. (5.74)

Note that the commutant is involved in evaluating the entropy production rate of (5.5) obtained
through the GNS construction.

In this Chapter, we computed the ALF entropy for a finite open system coupled to a sta-
tionary classical chain yielding a random unitary reduced dynamics. The open-system entropy
equals the mean entropy rate of the environment. This result has a simple but clear information-
theoretical interpretation: the ALF entropy measures the average amount of information that
can be extracted by probing the open system alone. Such an information rate decreases as the
environment becomes more correlated, namely, the measurements become progressively less
informative. Such decrease of entropy production is compatible with the interpretation of in-
formation having flown back to the open system. In the qubit case, this physical effect has been
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5.2. Dynamical entropy and collisional models

compared to the memory effects present in the qubit reduced dynamics, which are likewise
governed by the strength of environmental correlations. In a more general scenario of a system
coupled to a quantum spin chain, the above interpretation is supported by an upper bound to
the ALF entropy of the open system by the mean entropy of the environment (plus a quantum
correction). For a stationary chain, the more the chain is correlated, the tighter is such bound.

The ALF entropy, obtained from the open-system multi-time correlation functions, is
neatly interpreted when going to the GNS representation. For quantum systems, this involves
a purifying ancillary system. Accordingly, we studied the GNS reduced dynamics obtained by
tracing away the environment for the model of Section 5.2.1. Interestingly, the GNS dilation
is affected by memory effects that are not present in the reduced dynamics. In particular, it can
show superactivation of backflow of information, as it typically occurs when a tensor product
dilation of the reduced dynamics is considered.
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Outlook

Non-Markovian evolutions could be intuitively placed in between two opposite points down a
line: that of a reversible, unitary dynamics and that of an irreversible, Markovian one. In the
latter case, in fact, the noisy and decohering effects — that are, in most situations, detrimental
to any practical application — account for information being irretrievably dissipated outside
the degrees of freedom of the system of interest. On the other hand, typical features of non-
Markovian open dynamics, such as the possibility of increasing coherence and distinguishability
of states, typically interpreted as backflow of information, are in marked contrast with this
behaviour. In the body of the thesis, we discussed several such features which are typically
emergent in the reduced dynamics of the open system. In at least two cases, as we shall now
review, we could also explicitly mimic some features typical of unitary evolutions through pure
non-Markovian noise.

In Chapter 3, we studied how the property of P-divisibility can be lost when classically
reducing a quantum dynamical map, namely when restricting it to an algebra of commutative
observables. In such a case, classical backflow of information arises, provided that enough coher-
ence has been developed by the quantum dynamics. This effect typically occurs when classically
reducing unitary evolutions; however, the same effect can be retrieved by non-Markovian noise
describing pure dissipation. The usual role of the environment in the open system context, here,
is instead taken by coherences of the quantum evolution with respect to a given MASA, as
emerged from the discussion of Section 3.2.1. There, we could clearly relate the loss of classical
P-divisibility with the gain in coherence with respect to a suitable basis. The dynamics that can
achieve such an effect through pure dissipation are, in the context of a single qubit, rather non-
trivial and involve several constraints. We could fulfil them all through the characterization of
a large class of orthogonally covariant dynamics. A natural extension of the work presented
in Chapter 3 would involve reductions of quantum dynamical maps onto Abelian subalgebras
that are though not maximally Abelian. The product of such reductions would result in maps
on block-diagonal matrices, that will thus retain some quantum character due to the partial
loss of coherence. Note that these kinds of hybrid dynamics have recently attracted, especially
in the Markovian regime, a certain interest in quite different contexts [139, 140] (see also the
recent work [141]).

Much of the thesis was devoted to the study of the SBFI effect as prototype of a mem-
ory effect with no classical counterpart though, as in our case, it can be assisted by a classical
memory as in the coupling with a classical Markov chain. In Chapter 4, we adopted a “brute
force” approach in explicitly evaluating the bipartite system-environment correlations in both
discrete and continuous time in order to trace back SBFI to the features of a concrete interac-
tion model. There, we saw that system-environment correlations undergo a growth and collapse
between subsequent collisions. This result has a clear-cut information theoretical interpretation
in our model. Of course, the assumption of the controlled-type of interaction much simplifies

117



the form of the system-environment mutual information. The interpretation of the memory
effects arising from such class of interactions is still actively debated (see [142, 143] and, more
recently, [144]).

Another instance of a non-Markovian dynamics mimicking the behaviour of a reversible
one has been encountered in Chapter 5. There, we showed how the dynamical entropy of an
open system might decrease with increasing correlations in the underlying environment. As a
limiting case, we have also seen that one can achieve zero entropy production, as one would
have for a closed system, without the dynamics being reversible (see Example 5.1). Though the
dynamical entropy involves the asymptotic behaviour of the evolution, while revivals charac-
terizing BFT are usually a transient, the result in our model is fully compatible with a return
of information from the environment to the open system. Indeed, in our model, the infor-
mation per time step gained about the dynamics is decreasing with increasing correlations. In
other words, the measurements become less and less informative. A natural direction for fur-
ther investigation would be to generalize our results to the more physically palatable case of a
genuinely quantum spin chain environment. Certainly, such task looks more challenging as far
as an analytic treatment of the coarse-grained dynamics is concerned. In this regard, the upper
bound (5.12) provides a preliminary result, in that the maximal entropy production rate of the
system is upper-bounded by the mean entropy of the environment, which is itself a decreasing
function of the correlations. Symbolic models for open quantum systems, similarly to other
existing approaches [15, 98], naturally lead to a description of the multi-time statistics of the
system of interest as a quantum many-body state. Characterizing the correlations present in this
emergent state would be relevant, for instance, in view of recent efforts to identify genuinely
quantum memories [145-147].

In Chapter 5, moreover, a signature of SBFI has been seen through the joint-system envi-
ronment GNS evolution. It would then also be interesting to check whether Proposition 5.3
holds in more general situations. Another direction for further investigation would avoid the
GNS representation of the environment and rather ask for the covariant implementation of dy-
namical maps, within the GNS setting, as a one parameter family of contractions [148]. Indeed,
such operators could not contract between intermediate stages of the evolution.

As a further outlook of this thesis, it could be very interesting to investigate potential ap-
plications of SBFI in a quantum information framework. Indeed, the presence of backflow of
information could be helpful in some applications to contrast the detrimental effects of dissipa-
tion. SBFI then suggests that coupling systems might increase the non-Markovianity and, ac-
cordingly, the related beneficial effects (see also the recent work [149]) . Weak non-Markovian
dynamics, of the kind responsible for the SBFI effect, were reproduced in a fully optical setup
in [97]. Quantum optical frameworks are also optimal to simulate collisional models with cor-
related environments, as those treated in Chapters 4 and 5 (see [87, 91]).

'The main goal of this thesis was to investigate concepts such as P-divisibility and backflow
of information which, together with the unifying notion of dynamical entropy, arise quite nat-
urally in both classical and quantum dynamical systems. Although based on a rather specific
example, the concrete analysis of the collisional model of Section 4.2 — from the perspective of
the dynamical map (Chapter 4) as well as that of multi-time statistics (Chapter 5) — allowed us
to compare these two viewpoints and thereby better appreciate the context-dependent nature
of quantum non-Markovianity. In particular, the open-system dynamical entropy appears to be
a promising tool for gaining more physically grounded insights into the system-environment
exchange of information.
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APPENDIX A -

Orthogonally covariant qubit maps

A.1 Proof of Proposition 3.4

LetP = |¢X¢| be a generic 2 x 2 projector, with |1p> = (wy, wy) = (wyq, |w2|e_i%), wy, Q€
R, |w1|2 +'|u)2|2 = 1 and let Q be its orthogonal complement Q = 1, — P. Letting also
m, = |m,|e'™, one has

Tr(QL[P]) = ZB” )QiiPj; + 11Py1 Q1o + I, 1P10Qo1 + M P10Q10 + M Po1 Qo1
ij

4 4 I
= Ol 5yl + 2050 - D Py
2wy  cos(i - Q). (A

For the sufficiency part, let p,(t) > 0 and
Vi(t)y_(t) = |my| 2 0.
Then,

Tr(QLIP)) = (Vy- (Ol = (O, ) + 2(L 1) - FLT“) VY Oy-(0)[w | wa |

— 2 |my| cos(x — Q) w; |*[w,|?
> (Vr-Olw, I = Vs @®lwa]?) + 268w, 2w, |* > 0.

so that P-divisibility follows from Proposition 2.4 and Remark 2.4. To prove the necessity part,
first notice that, asking for Tr(QL;[P]) = 0 the choices w; = 1, and w, = 1 imply that
7. (t) = 0. Choose instead, for fixed t > 0,

Vi (t) 2 .
|lw,y|” = ———F——,

AOESVAOK Ve (6) + (1)

2
lwy|” =
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A. Orthogonally covariant qubit maps

and Q) = x; so that, from (A.1),
0 < Tr(QL[P]) = 2G(t)[wy | |w,’,

which implies (3.61). For what concerns CP-divisibility, a necessary and sufficient condition
for £, to be in the GKSL form for all ¢ > 0 is [150, 151]

Y, =(1,-P;)L, ®id,[P5](1,-P;) >0, (A.2)
Noting that
2Tp(£)-Ty (£) 27 (t)-Ty (1)
2 0 0 -Zrhl
|l 0 me om0
! 0 my () 0
2Tr(1)-Ty (£) 2T (t)-TL(t)
~ Akl hi 0 0 A L)
which is positive iff conditions (3.62) and (3.63) are verified. O
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APPENDIX B -

Collisional model with Markov
chain environment

B.1 Reduced dynamics

It suffices to consider tensor product elements of the local algebra A};a'b], supported by the
interval of integers —a < j < b, that are denoted by multi-indices ij_g ) = i_gi_g4q *** ip as
follows:

b
®[-a,b (-a) (-a+1) (b) (k)
A[ , ] = Ai—au ®Ai—au+l ® - ®Aib = ® Aik 4

![-a,b]
k=-a

where the upper index in A,(l]: ! indicates the site k at which the operator A; is located. Recall
the CPU map ©,, = (0 o ®)" describing the collisional dynamics, with @ as in (4.37). Then,

O; acts on the algebra Ag ® Aé_a,b] as follows:

d-
o, [xsea; oAl el W = ) gixsea el Al T eal ™! (B.1)

[1,b] [1,b]

;.a

k=0

Iterating, one gets

l-ab]] _ ®l-a+n,0] o r7(1) 4(1) (1)
e [XS@A‘[ b] ] - kZ'(I)k[L"] [X5]®Ai[—a,—nl ®Hk1 Aifn+lnk1 ®
(1]
oIy AT @ AP

(B.2)
where we set (j)k[m] = @1 o ¢k2 0.0 (Pkn'

B.1.1 System S reduced dynamics

The reduced dynamics A, of the states of the open system S at discrete time # in (2.59) is
obtained by restricting the compound state ws ® wg ° O, to the system S algebra Ag ® 1.
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B. Collisional model with Markov chain environment

Using (B.2) one gets

O.Xs® 1] = ), [Xs]® @ : (B.3)

kp1n]

'Then, by evaluating the latter on the state wg ® wg, where ws is represented by a density matrix
ps and wg is as in (4.36)

=Tr ,

w5 ® wg (0,[Xs ® 1¢]) = Tr D Puyy i, [os1Xs

k1,1

Ps Z Py Py [ X5 ]

k1,n]

where (P’i[l,n] = (j),fn 0.0 q’),fl with (j),f, the dual map of ¢,. Hence, in the Schrodinger picture,

A, —Zp,w . (B.4)

if1,n)

the dynamical map reads

B.1.2 Environment E reduced dynamics

The single site operators A; belong to the commutative algebra generated by the orthogonal

projectors H;k); then, ZZ;(I) [T A;IT; = A;. Therefore, due to the assumed unitality of the CP
maps ¢y, from (B.2) it follows that

o []ls ®A;®[ ab]] Z 1 ®A®[ a+n 0] ®HkI)A1 n+11—[§<1) & ®1—[;<n)A ®A;®[n+1 Jb+n]
[-a,b] £ 1 1 n [1,b]
[1,n]
_ ]15®A®[ a+n,0] ®Alll+1 ® - ®A Ai[:]ﬂ Jb+n]
_ ®[-a,b]
=1;®0" [Ai[_a’h] ]. (B.5)

Since the environment state is shift-invariant by construction, it follows that the environment
state is stationary:

ws ® wg °@n(]15 ®AE) = wyg ®a)E(]ls ®AE) = a)E(AE) .

B.2 Reduced dynamics in the unitary case

'The unitary case correspond to choosing @ = —1 in (4.46). Then, only j = n — 2 contributes
to the sum in (4.49) so that:

A= -2+ AL, +4parl?,, e=1,2. (B.6)

The general solutions of (B.6) can be found with the ansatz /\if) = x/\,(,g_)l forallm > 2, by
means of the roots x* of [152]

P(x) =x*—A,, x + 4pA, A, =1-2(p+r). (B.7)
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B.2. Reduced dynamics in the unitary case

'The general solution will thus have the form A8 = c, x} + c_x", with the constants c,
fixed by the initial conditions /\((,g) =1 and /\ié) = A, . The eigenvalues A% then read

n n

10 _ B+Ap: (Apr+Boia 4 By = Apr (Apr = Bpra - ¢=1,2, (BS)

n = = My - 1, ) .
2B, 2 2B, 2

W= (- ap) (B.9)
where we set B, » = \JAj, + 16 pA ,. From the multiplicative action of the Pauli maps A,

on the Pauli matrices, one deduces that A,, is a convex combination of two discrete-time semi-
groups:

B +A B -A 3 )
Ay = Ry S gr g x)= ) gl TroX) o, where
prA prA i=0
A,, £B, A
pl? = RS gl =1, g = 1-ap. (B.10)

It will be sufficient to consider the case A,, > 0, namely r < 1/2 — p. If p = 1/4, then

/\,(1] ) and A, We can thus compute the intertwining maps A, ,_; = A, o AL, between two
Bysa+Ap, Bpa—A

2 2

pr, pr

subsequent collisions. Setting y := =: 0 > 0, these maps are of

Pauli type with eigenvalues
/\n ~ ,}/n+1 + (_1)11 6n+1
R SV T

1 2 3
A1 = /\1(1,7)1—1 = Ar(t,r)l—l = /\r(t,‘r)l—l =1-4p. (BI11)

The P-divisibility of the discrete family of Pauli maps A,,, that is the contractivity of the inter-
/\r(ll,)n—l‘ < 1,i =1,2,3. In order to show

twining maps A, ,,_;, is equivalent to asking that
this, we first prove that

A1 > A Yn>2. (B.12)
To see this, let [0,1] 3 x = /y. For even n = 2k > 2,
1+Xn+1
/\n,n—l = ')/ W ) (B13)
monotonically decreases with n. Instead, forodd n = 2k + 1 > 2,
1= xn+1
/\n,n—l = )/ W )y (B14)
increases with 7; nevertheless,
_ ntl 42
Awpt 12X 1=x (B.15)

A 1+x" 1+x3

Notice thatpy = 1-r—2p > 0andr > 0imply 0 < p < 1/2, so that

M| = 1= 4p| < 1.

From (B.11) and the previous discussion, one checks when |/\2,1| <1

—Ap 1 e A <L+l. (B.16)
1-2(p+r) 2

0< A, =1-2(p+r)+ <
2,1 A, " 2p
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B. Collisional model with Markov chain environment

Conditions for the complete positivity of A, ,_; are obtained by asking for the positivity Choi
matrix A, ,_; ®id,[P{"]. The eigenvalues are easily computed to be: E; (1) = p, twice degenerate
and

1 1-2 Ain—

Ea(n) =g (1+ Ay +24,0) = —5 5 + 221 (B17)
1 1-2 P -

Ey(n) =3(1+ Ay = 24,,) = — £ = 22 (B.18)

From0<p<1/2and A,, ; > 0 it follows that E;(n) > 0. Further, (B.12) implies E;(n) >
E;(2); then the positivity of E5(n) is ensured by

8pA20<=> A SL.
A 2p

1+ A% -2, = 4r — (B.19)

pr pr

We now consider the positivity of A, ,_; ® A, ,_;. Since A, ,,_; are Pauli maps, then A, ,,_; ®
Ay is positive if and only if A7 ,_; is completely positive [153], that is if and only if the
Choi matrix A} ,_; ® 1[P{] > 0. Recasting

. 1
P‘f}:—(11®]1+01®01—02®"2+03®03):Z(

1+o0; o +i02)
4

o, —io, 1-o03
yields

An,n—l ® An,n—l [P-(:)] = Aft,n—l ® ]l[Pf)]

1+ (A),)? 0 0 242,
1 0 1-(Apy)? 0 0
= — n= . B.20
4 0 0 1-(A) ) 0 (8.20)
242, 0 0 1+ (A0)?

Then, from 0 < p < 1/2 it follows that A, ,_; ® A, ,,_; is completely positive iff

1+(1-4p)> = 2(As) > 0. (B.21)

Moreover, since A, ,,_; > A, ; > 0, we get the inequality

2

) +2PAp,r(A)—<p2+rpo>so, (B.22)

A

4p2 (AA
D

pr

where we recall that p, = 1 —2p—r. Equation (B.22) then gives the condition for P-divisibility

of A, ® A,
1-+/1-4p(1-2
A r, 1 Vi-4p(l - 2p) (B.23)

Apr —2p 2 4p

To see explicitly how the environmental correlations relate to the lack of BFI for one qubit
and super-activation of BFI for two qubits, let us consider ¥ = 0 and p << 1 andlet A = Q p.
From (B.8) and (B.9), one sees that

Aynt =1-2p+4Qp>+0(p®), AV, =1-4p, (B.24)
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B.3. Local system-chain density matrices and mutual information

for all n > 2. Notice that the eigenvalues of X = xt = X + Z?:l x;0; in M,(C) are

+ ||x]||. Then, [|X||; = 2x, = TrX ifxo > |lx|l, otherwise || X]l; = 2|lx||. Let us as-
sume Tr(X) = 2x, > Oandset Y = A,, [X], its eigenvalues being x, + |v|, with
Y = (Ayp1 X0 Ay X Ao_1x3). Thus, [V, = (X[, = 2% if xo > [|y]], otherwise
Yjg,=2 ||y || 'Then, expanding up to the second order in p one finds

[9]7 = 117 - 2p (263 +x3) +22)) + 4p%(QU<E +22) +23) + O(p) . (B25)

Therefore, for x, < ||;u||, xo < |Ix]|| so that |[Y|l; < |Ix|| = I X|l; and contractivity ensues.
Indeed that a Q-dependent, positive contribution in (B.25) only appears at second order in p
and is dominated by a strictly negative contribution, thus preventing BFI for one qubit. Also,
notice that up to second order in p there is no dependence on the successive discrete-time steps
nandn— 1.

Instead, let us consider the case of two qubits and consider the trace normof Z := A, , 1 ®
A,,_1[PY] in the same small p regime. From (B.20) one sees that the eigenvalues of Z are

1 - (A®)% > 0 twice degenerate and
1+(A®)? 4217, >0,  1+@A%)?-227 .

If the latter is positive it follows that | Z]|; = 1 = ||P;r ||1; otherwise, if2/\,2m_1 >1+ (/\L?,Ll)z,
which for small p occurs whenever Q > 1/2,

1Z1 =2 (1= (AP)) + 427, = 1+4p°(2Q - 1)

becomes larger than 1 for Q > 1/2. Therefore, unlike for a single qubit, for two qubits the
leading correction is a term of order 2 in p; this becomes positive for sufficiently correlated
sites in the Markov chain environment in which case A, ,,_; ® A,, ,_; ceases to be contractive.

B.3 Local system-chain density matrices and mutual informa-
tion
Let us consider again the local algebra .AE_“ b] supported by the integers 0 < a < b whose

elements are linear combinations of tensor products A, [[ " b] . Each single-site operator belongs
a,

to the commutative algebra A = D;(C) generated by the orthogonal projections I, 0 < k <

. d-1
d — 1 and is thus of the form A; = Y k=0 ,’;’1_[ . 'Then,
k k b
®[-a,b] _ Z [~ab] 77[-a,b] —a b _ ® [-ab] _ l_[ K
Ai[—a,h] - ai[—a,b] Hk[—a,b] ’ k[ ] H ’ ai[l—a,h] = di -
k[—u,b] I=—a I=—a
The dynamics (B.2) thus gives
k[—a b] [—a+n,n+b]
®l-ab] Kant Tiap) P X1 @ Tl v Osnsa
0, [Xs@ AL , (B.26)
k[fa b] [1 n+b)
Z’k[—nn,b] i[_a,b] (P"[ -n+1,0] [XS] ®I1 T n>a
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B. Collisional model with Markov chain environment

where ¢k[—n+1,0] = (Pk—n-H oo (Pko :
Let us now consider the discrete-time evolution of local density matrices that is obtained

by duality:
wg ® wy 0O, [xs ® A[E_“'h]] = Tr(Q, , Xs ® A;™") .

Using the shift invariance of the environment state wg one gets:

ki-ap) 1
L <
Zk[—u,b] Prian%i_ap) Tr (¢k[—n+1,0] [ps] XS) n=a,

W ® wy 0O, [XS ® A?’[‘“"’]]

1[-a,b]

ka1 1
Z’k[—n+1,h] pk[—n+1,b] ai[_u,h] Tr (¢k[—n+1,o] [pS] XS) n>a.

‘Therefore, the local density matrices at discrete time-step #, Q(Sn[l ab)’ read

1 [~ab]
Zk[—a,b] Pk ¢k[fn+1,0] los]® Hk[—a,b] nsa,

ng)—a,h] = [ . (B.27)
s —n+1,
Zk[-m,b] T ¢k[—n+1,0] [PS] ® Hk[—n+1,b] n>a.

To quantify the system-chain correlations, we compute the mutual information
(n) () (1) (n) .
I (Q;E%b]) =S (QS” ) +S (Q[iu,b]) =S (QST—u,b]) ’ (B.28)

relative to the evolved local density matrices Q(Srfl ab] (B.27) and their marginals Q(sn), respec-

tively QE?L’H that are obtained by performing the trace over Ag, respectively Ag. Using the
notation in (4.36), they read

(n)
OF = ) Py BhrylPs]) (B.29)
k[—n+1,o]
(-ab] _ _[-ab]
(n) Zk[—u,b] pk[—u,h] Hk[fa'b] - pE n S a,
Qloy = . (B.30)
Z’k[fnﬂ,b] Prii g Hk[-na:l,h] =ee nza.

Notice that (B.29) follows since

azn= Z Z Pri_ap) = Phispiro) -

(g, -n) K[1,0)

Furthermore, by relabelling the indices in the right-hand side of (B.29), one obtains Q(Sn) =
A, [ps] with A, as in (B.4). Since the contributing operators in (B.27) are all orthogonal, one
gets
—-a,b
(n) S (pl[5 ]) * Z’k[—nﬂ,o] pk[an,O] S ((Plt[—n-%-l,o]) n<a,
S(QY ) = (B.31)

S (pl[f_m—l,b]) + Z'k[—n+1,0] pk[—n+l;0] S (¢Ii[—n+1,0] [pS]) n>a.
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B.4. Stroboscopic limit

Therefore, by relabelling the summation indices, the mutual information simplifies to

I (Qg{)—a+1,b]) = S(Aulps]) - Z Pkiin S (q)i[m] [Ps]) =I5 - (B.32)
k(1)

Notice that the right-hand side of (B.32) only depends on # and not on the specific local sub-

algebra Aé_a'b]. 'The previous result can be easily extended to two qubits, each evolving in the
same collisional environment, and equipped with initial state wg, s ® wg,p where ws, g corre-
sponds to a two-qubit density matrix pg, g, while wg,r = wg ® wg since the two environments
are independent. One then analogously derives a qubit-qubit-environment mutual information
as

(n) . 1 1
I(;+S)(E+E) = S(An ® An[Ps+s]) - Z pl[l,n]pk[l,n] S (qbl[ml ® (Pk[l,n] [Ps+s]) .
U n) K n)

B.4 Stroboscopic limit

Let us consider Pauli maps as in (4.70) of the form ¢ = ¢™™ and Q = e~2?". This choice

corresponds to the case in which the system, identified by Ag, and the chain ancilla at site (0),
described by A,(EO), are dissipatively coupled for a time T through the following GKLS generator,

3
1
L[Os ® O yZ(o@H ) 05 ® O (oi®n,.)—§[112®Hi,os®og°’}), (B.33)

i=0

which satisfies IL[Og ® I';] = £;[Og] ® I1;. The reduced dynamics will be of the Pauli type,

with spectrum /\y(,i) obeying the recurrences (4.49) and (4.50). In the so-called stroboscopic limit
typical of collision models, one takes

-0, n— oo, nt —t, (B.34)

and expands (4.50) at first order in T obtaining

S 0 LU [y L | (B.35)

On the other hand, denoting by A, the other two equal Pauli eigenvalues and expanding (4.49)
up to order 7 yield the following finite-difference equation:

n-2
=2 +r)yd +2pY° ) TN (1 —yT)" T, (B.36)

j=0

An B /\nfl
T

-

—-KT

Choosing A = ET , the stroboscopic limit (B.34) and the constraints (4.45) yield p —
1/2,r — 0 and turn (B.36) into the integro-differential equation

t

A=-vA+y° j ds e =) ) (B.37)
0
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B. Collisional model with Markov chain environment

'The latter is readily solvable through its Laplace transform /f\; = fom dt e7** \,, with the initial
condition A;_y = 1, yielding:

1 —(k +2y) £ K2+ 492
A, = ZrrTy with simple poles at  z, = ( 7) Y <0.

22+ z(k +2y) + kY >

(B.38)
Therefore, for a > z,, one gets
1 oo ~ x 1 x sinh (Lt4/x2 + 47/2

et [ o) )

270 J oo 2 m

(B.39)
By inspection of the Choi matrix of A;, namely A, ® id,[P?], one realizes that complete
positivity requires

1+A% 21, >0,
which is checked to be always satisfied.

(B.40)

B.5

In the case of a unitary coupling between system and collisional environment, the variation

Details about the Mutual information

of the system-chain mutual information reduces to the variation of the von Neumann entropy
in discrete time as in (4.67). As considered in the main text, the choice (4.68) together with
p = 1/4 + € yield the following Pauli eigenvalues at discrete-time steps 1, respectively 2:
A=A, = % — 2¢, respectively /\{3) = —4e, /\f) = 16€°.

Since € is taken as a small perturbative parameter, it follows that the intertwiner A, ; is a
positive map. Indeed, the corresponding Pauli eigenvalues satisfy

A2

/\2,1 = /\_1

()
=1, |A§31)|= 22 lo4e<.
’ A§3)

Then, consider the first two time-step dynamics of two-qubit totally symmetric state P\":

1+4€? - 1(1-4e)?
, . 1 _ 1 . .
A, ®A[PP] = _ 3T %€ e _ (B.41)
1(1-4e)’ 1+4e’
1+64e! . 1(1-4e)’
(2) %—6454 N
Ay ® A[PY'] = 1 _ g4et (B.42)
. Z —_— 6 4
2 1
+(1—4e) 3 +64e

By evaluating the spectrum of the two states and expanding the von Neumann entropies of the
two above states (B.41) up to second order in €, one gets

_ 201log(2) - 31og(3)
- 8

S(A, ® A2[Pf)]) = 20 Iog(2)8_ 3log(3)

S(A; ® A [PY])
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B.5. Details about the Mutual information

Their difference coincides with the variation of the system-chain correlations and is given, up
to order €2, by

4
AL (PE) = (A, © A[PE) = S(Ay @ Ay [P) = ~4 o5 Je* + O(e?) < 0.

Let us now compute the quantum mutual information for the case p = 1/2, A = 1/2,
corresponding to master equation rates ; = 1, yt(3) = —tanh(t) and Pauli eigenvalues

A = e cosh(t), /\t(s) = ¢~ Notice that, with these choices, the stochastic matrix T in (4.44)
takes a particularly simple form:

0 0 0 O
11 2 0 1
T = 5110 2 1) (B.43)
0 0 00O
so that the only non-zero probabilities p;,  correspond to the sequences iy ,) = 111--- =1

and ify ,,) = 222 -+ = 2. Accordingly, only two CPTP unital semigroups ¢i[1,n] contribute in
(4.40),

A, = @ (B.44)

with equal, time-independent weights p; = p, = 1/2. In the continuous-time limit, ¢, and
¢, are the Pauli maps defined by

Prlor] =1, Proy] =7, Pros] =7,
(]")2[01] = 6—21‘ ’ (PZ[OZ] =1, ¢2[U3] = €_2t .

Notice that for other choices of T, in the stroboscopic limit, the weights Pigy would generally

(B.45)

become functions of time as well. In the special case of (B.43), the mutual information as
function of t reads

1
I52(ps) = SN @ AlpsisD = 3 ) S(h® ylpsas))- (B.46)
i,j=1,2

The non-monotonic behaviour of the system-chain mutual information (B.46) has been in-
spected numerically by means of the following family of X states,

1

o) = (1= (=20 + )0 @ 1, + (1 -2, + V)1, ® 0,
—(1=2(py + )01 ® 07 — 2 Re(u — v)0, @ 0,
+2Re(u +v)o3 ® 05 + 2 Im(u + v)o, ® 03 + 2 Im(u — v)o; @ 0, }, (B.47)

having the X shape when written in the basis of 0; ® 0, which can be obtained from the
standard one by applying the matrix V@ V,V = (0; + 03)/ V2. The positivity condition are
then readily obtained and read

0<p,pu, <1 0<v<1=(y+p), (B.48)
lu| < Vi pa [v| < \/V(l —— -V, (B.49)
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B. Collisional model with Markov chain environment

Setting @, = e' cosh(t) and f, = e, the states in (B.46) read

1
A, ®At[p§g)] = Z{]l4 -(1=-2(p +v))ayoy @1y + (1 = 2(pp + V)1, ® 0y
—(1=2(py + ,”2))06‘2(71 ® 0y - 2Re(u - v)af 0, ® 0

+2Re(u +v)pl0os ® 03 + 2Im(u + v)a, f,0, ® 03 + 2 Im(u — v)a, fi03 ® 05},
1
@1 ® P1fpy'] = Z{La— (1 =201 +)or @ T, + (1= 2, +v) 1, @ 0y
—(1=2(py + pp))0y ® 0 — 2 Re(u — v) 0, ® 0,
—  +2Re(u +v)plo; ® 03 + 2Im(u + v)p’0, ® 03 + 2 Im(u — v)plos ® 05},
1
®,® B[py’] = 7 {1y~ (1 =200 +V))for @1 + (1 =20 + V)L @0y
—(1—-2(p + yz))ﬁf(fl ®0; —2Re(u —v)o, ® 0,
+2Re(u +v)pl0os ® 05 + 2 Im(u + v)Bi0, ® 03 + 2 Im(u — v)fi05 ® 05},

1
D, ® <I>2[p)(;)] = 4—1{114 —(1-2(p +v)oy ®1L, + (1 = 2(p, +v))B 1, Q@ 0y

—(1-2(p + yz))ﬁf(fl ®0; —2Re(u —v)B0, @ 0,
+2Re(u +v)plo; ® 03 + 2 Im(u + v) 0, ® 03 + 2 Im(u — v) 05 ® 02} ,

1
0, ® q)l[Pg)] = 1{14 —(1=2(p +v)por ® 1y + (1 =2(p, +v))1, ® 0y

= (1= 2(p + pp))proy ® 07 — 2 Re(u - v)Bi0, ® 0,
+2Re(u +v)ploy ® 03 + 2 Im(u + v)B0, ® 03 + 2 Im(u — v)Blo3 ® 0, .
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APPENDIX C -

Coarse-graining and ALF entropy

C.1 Entropy exchange and the GNS construction

We now derive equation (1.128). For a generic partition &', let {|a>}‘|;i|1 be a basis of C*! and
define, similarly as in the model of measurement of Section 1.4.3, an isometry V : H,,®|0) —

H, @ C"!

| X
VIO @10) = ) 7,(X,) Q) ® la) . (C1)
The projector onto |(,,) ® |0) is then mapped into the pure state
| X
Y] = V 10, XQu ® 10XV = Y 70,(X,) 10,XQ0 | 7 (X,) @ laXbl . (C2)
ab=1
The marginals of |1 X yield
Tr (X)) = ) o (XX, )laXb] = p[X], (C3)
ab
and
Tru([9XP]) = ) 70(X0) 10X Q0| 7(X0)" =2 X, [1Q, X0l (C4)

The marginals (C.3) and (C.4) of the pure state |)X1| have the same spectrum, multiplicities

included, a part from the zero eigenvalue; thus, they have the same von Neumann entropy,
S(P[X]) =S (Xw“QmXQw”) .

For example, take X € A = M,(C), so that w(-) = Tr(p-) and the GNS representation is
achieved through Q) = |\/ﬁ> and 71,(X) = X ® 1 (see Example 1.3). Then,

| X
X, = X®idy, where X][p] = ZXapX;L,
a=1
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C. Coarse-graining and ALF entropy

so that
S(p[X]) = S(X@idd [|\/5><\/5|] ) (C.5)

From the latter expression, it is also evident how the entropy exchange discussed in Section 1.4.3
does depend on the chosen OPU, but not on its specific Kraus representation.

C.2 ALF entropy as multi-time entropy exchange

Repeating the same steps for the time-refined OPU X", one dilates to a pure state
Y mu(X)10,) @ lajo,.1)
a
and considers the corresponding projector

n n t
Zn ) |QwXQ | 72, ( b) ®|a[0,n71]><b[0,n71]|- (C.6)

Its marginals have thus the same entropy:

S(p[x™ Zn )10 XD | 700 (XS] (C.7)

From (1.113),

o (X&) 194) = 71,(0"7 (X, ) - 70 (O(Xg, )7(Xa, ) 190,
= (U "1,(X,, UL (UL UL, (X, ) U, (X,,) Q)
= (U (Upro(X,, ) o UoT(Xa))) 1Q0)

so that

Zn 10X 70, (X)) = (UE)" o (U, 0 X,)" [IQ,XQ,1]. (C8)

From (C.7), by the invariance of the von Neumann entropy under unitary maps, one has

S(p[r™]) = S (U, o X,)" [ 120X ). (C.9)
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APPENDIX D -

Symbolic models for Open Systems

D.1 Proof of Proposition 2.13.

We need to prove that

Ak,k—l = Al =: A, Vk>1. (Dl)

In the main text, we showed that the latter holds for k = 2: A, ; = A. Now, suppose (D.1)
holds for k = n — 1. Choose again the OPU, made of operators

F = {Fa,a’}Za’:l , Faa’ = \/a |ra><ra’| € -AS , (DZ)

where 0 < r, < 1, |r,),a = 1,...,d are the eigenvalues, respectively, the eigenvectors of ps,
so that this OPU leaves wg invariant. Due to the assumed invariance of the wg ® wg under
both © and IF, the state wy on the half-spin chain defined through the coarse-grained density

matrices pg [.7: ("H)], n > 1 is invariant under the shift to the right. On the other hand, explicit
evaluation of p [}" ("H)] yields

n

p[}'(”“)] = Z 6bnanru,,6h[,u{,ra6 l_[ Vo, "o, (Vu,;|Ak,k—1 [|ruk_1 Xrbk_l |] |rb;>
b 1

agby...ayby, k=
apby...apb),

|ra0ra6 ranraﬁXrbor% rh,, l’b;ll . (D3)

Shift invariance means that Tr; p []—"(”H)] =p [f(”)]. Here, Tr; denotes the trace on the first

two tensor factors in (D.3), this amounts to setting 4, = b, and a4y = bj and then summing
over a,, ay. Consider thus the entries
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D. Symbolic models for Open Systems

TrI (p[f(n+l)])a,aiu,,u£,...b,aianb;, = r"n Zr“{) <r“'1 | Al [pS] |rh’1>

’

ap

n
l_[ Ve, oy (ra,;| Ap -1 [ |7ak_, X”bk_l |] |Vb,;>
k=2

n—

1
= ra,, ru’l ]_[ v ruk_lrbk_l <ra,'(| A [ |rak_1 Xrbk_l |] |rb,’(> <ru£, | An,n—l [ |ran_1 Xrbn_l |] |rb{,> .

k=2

The latter must be equal to

n
(n) - [Pa——
p[]: ]ﬂlﬂiﬂnﬂhmbﬂiﬂnbh =Ta, T I_[ LM <ral’(|A [ |rak_1 thk_1 |] |rh,’(> 4
k=2

which yields

(gl Ner [ 1o, Xro, ] ey = ag | A 7, X, 1] 17y -

and consequently, A, , ; = A.

D.2 Proof of Theorem 2.12.

D.2.1 Proofof (2.78)

We need to recast system coarse-grained matrix ps []:("H)] for the OPU F (2.76) (see also
Remark 1.18) in the form

Ps [f(nﬂ)] =ps®ps® (Tn ®id H\/@X\/PéE

By definition,

T [ X 4 (D.4)
k=0

:wE

n-1
| @ on
k=0

_ wE(®1 (Ag°> ®0,,(4®...0,,.4(45" ® ]1E)))). (D.5)

where we set
n

Q% .= ]—[ (0,4 °0®ids), (D.6)

j=1

and o denotes the shift on MdZ (€). From (D.4), T, is manifestly completely positive and
unital. Notice that T;[Ay] = wg (@1 (Aéo) ® ]lE)) = A;[Aq]. Moreover, for sake of brevity,
the positioning (upper indices) of system operators along the S-chain in (D.5) has been chosen
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D.2. Proof of Theorem 2.12.

in accordance with how many times the shift has acted after the automorphism © made the
0-th site system operators interact with the environment; indeed,

Opp1o(0® idE)[Aff"’ ®...® A,([_ll’] =AC®..©0,,. (A ®1).
'Then, the action of the automorphism, ©,, ,,_; (Ai,o_)l ® ]lE) = A) @ By, is such that
0 @ide[AT" @ ©0,,. (4 0 1))| = AT @ @A), 0 AL @ By
=A@ 9 AL, ©0,,.4(A)) ®idg).
One thus gets
. . - -1
(Ou-1n2 0 (0 ®idp)) 0 (1 0 (0 ® 1dE))[A£, Q.. ® AfH’]
—n+2 (0) 1 .
_ Az) n+2) R ® ®n—1,n—2(An—2 ® ®n,n—1(An—1 ® 1CIE)) :
The elements of the coarse-grained density matrix with respect to the partition (5.9) read

0s []:(m—l)]

ab
=ws ® wE(FZObg ® 10, (Pglb; ®Ug ... 0,y (Fh i Fapay ® 1g) - Fooy ® ]1E) Fagay ® ]15)
n-1
l_[*”amrbm
m=0

+
= run 6“nbnr“66“6176 TI‘ (Rﬂobo C‘)E(gl (Rblb{ ® ]lE

O, 1 (RE ® 1) o Ry @ﬂE))), (D.7)

with multi-indices a = (ay4y, ... a,4,), b = (boby, ..., byb;,) and where R, = |r,Xrp| are the
matrix units corresponding to the eigenbasis of ps; they satisfy

R:z.b = Ry, Rapy Reg = e Ry - (D.8)
We shall now obtain another expression for (D.7) in terms of the CPU map (D.4). To this

end, we split the proof in several steps.

Step 1.  Firstly, we introduce a state functional Q‘SZZ : Mdz(([:) ® MdZ(C) — C on the
doubled S-chain, whose local restrictions are the purified vector states corresponding to the
tensor products of the system S state; namely,

Q?Z (X[u,a+n]) — <\/@

X[u,u+n]

pgzm> , X[a,a+n] c Mg[ialn](C) ®]\/It[ia,n]((]:) )

n

‘ /pg@n> — Z /ra[l’n] Tagun) ®ra[1,n]> , Tapm = Tap» (D.9)
A[1,n] k=1
and consider the compound dynamical system
(M7 (C) © MF(C) ® Ap, OF ® wp, ©;7F), (D.10)

n

where @%ZE = ]_[ (Opx_1 ®idz o0 ® 0 ®idg)
k=1
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D. Symbolic models for Open Systems

Introducing the operators

2 e, zip = zlgzZln (D.11)

n-1

A= @t A @R o

I=0

the definition in (D.5) of the CPU map T yields

0% @ wy (@ZZE (z" ”®11E)) 0f” (14 [z ez 1) . (D.13)

Step2. Since Z E{l'_l] is supported by the double chain sites —n < j < —1, the action of the
n-th power of the shift 0 ® o, makes the operator T}, [ZE"’_I]] ® Z}[Qo'n_” supported by the

interval [0, n — 1]. Then, in the Schrodinger picture, using the dual T, one can rewrite the
expectation in the right hand side of (D.13) as

0f” (1} [zl M e 2" M) =

0,n-1 0,n-1
ot ]><\/p§.®[ "

On the other hand, the left hand side of (ID.13) reads

=Tty (Tn ®idj" [

] zir g Z,E"'"‘”) . (D.14)

QZZ ®wE(®ZZE (Z[—n 1] ®]1E)) QZZ ®wE(®ZE (ZL n,-1] ®]1£) ®Z[On 1])

®[0,n—1 ®[0,n—1
:<\/Ps[ ! WE VPS[ ]>-

By explicitly using the spectral form of the vector state in (B.7), one gets

(@Z‘E (Z{‘""” ® 1) ) @z

QZZ® E(®ZZE (Z[—n 1]®]1£)) _

n=1
-y I_[ ,—Tr(®le (GZE 7 ”®115)))T RY) 7o
1[on 1] m=0 p=0
][0 n-1]
Usi . [o,n-1] . . S (p) l0n-1] 7
sing the expression for Zp in (D.12) yields Tr Rz-p i Z 6ip 4 6]‘,,1},,’
p=0 p=0

that

sz®w (®ZZE (Z[ n,-1] ]115)) -

n-1
I—[ A /ramrbm X
m=0

(D.15)

n-1
XTr[O,n—l] ®Rt(lll)b[wE(®l bl ®®2 1( a(llz' ®®1’l,7l—l (R:(b' ®]].E))))
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D.2. Proof of Theorem 2.12.

Step 3. ‘The trace over the local sub-algebras M?”(C) in (D.15) can be converted into a trace
over the single algebra M;(C) at time-step 0; namely,

0% wE(®ZZE (z[‘” e 1g) ) = (D.16)

n-1

( aobowE(@1(Rb b @1 ©y, (

m:O

- G)n—l,n—z(R;;rn,lb;,,1 ®1g G)n,n—l(RZ;,bL, @1g)R,, a  ® ]1)5) )Ralai ® ]1’5)) ) ’

This a fact is a consequence of the following equality,

n—-1

Tr[o,n-11(® szl,)h,@l . b, ®®21( a(1b>, ®®m_l(Ra(h, ®E))))
1=0

~ Tr ( Ry, ©1 (R ® 1 Oy (RE 4y @ 105 5 -

. ®n—l,n—2(RZn_1b;,_l ® ]lE®n,n—1(RZ:1b,’1 ® E)Ru,,_lu;,,l ® ]lE) Ruzu; ® ]lE)Rula; ® ]lE)) ) ’
(D.17)

that holds for any environment operator E and which can be proved by recursion. Indeed, the
equality is true for n = 1; assume it holds for up to n = k and consider its left hand side for
n=k+1:

®Rab®1( . b,®®21( s © O (R ® Op i (R, ®E))))

k+1
(D.18)

Note that, expanding with respect to the system matrix units, one can always cast the action of

TI'[O k]

the automorphism Oy, x on M;O)(C) ® Ag as

,+ b,+
®k+1,k(R A E) = Z’Rii ®E?]k et ) (D19)

1

. . . ka1 bk . . .
with suitable environment operators Efj"” ! and then shift k times to the right the system
operators, so that:

’ h’
®k+1,k(R ZRU ®Eiﬂ][<+1 kel (DZO)

’
Uy 1bk+1

Tracing over the site k then yields

agby “ap by, bray

Try, (R(k) R o E) Eohobia
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Plugging this result in the expression (D.18), it becomes

1=0

Trio- 1](®Rmbl@1 i ®0, (R . @O (RY iy ®E“:;;bkﬂ)))). (D.21)

By the recursion assumption, this expression equals
Tr (Ruo,,O@l (RZI b @1 Oy, (- (D.22)

+ t U1 b
- @k—1,k—2(th,,b,;_l ® ]lE®k,k—1(Ra,’(b,’( ®E, " I)Rak_la,’(ﬂ ® ]115) )Rula; ® ]ls))-

hkak
The proof of equality (D.17) is concluded by using (D.19) with E = 1 and by observing that

ap 1 bi,
Ry @ Byt = R 4, ®]lE®k+1k(Rak b

bay

® g )Ry ® I - (D.23)

1

Step4. Putting together the equalities (D.13), (D.14) and (D.16) one gets

v

m=0

( aohowf(®1(Rb y, @1 Oy, (szb’ ®10; 2(

. ®n—1,n—2(RZ,,,1 bl _y ®1g ®n,n—1 (RZ;,b,Q ® ]IE)Ran_la;,_l ® ]lE) Raza; ® ]IE)Rala{ ® ]IE)) )

®[0,n-1] ®[0,n—1]
\/Ps ! ><\/Ps !

Plugging this relation in (D.7), one gets

n
- +(k—
[, =t s, Teaon| R 0 QR
k=1
\/p@[On 1]><\/p®[0n 1]

Finally, a more convenient spectrally equivalent expression for the coarse-grained matrix

= Tr[_nl_l] (Tn ® ld?n

] zb g Z,[f'”‘”) . (D.24)

T, ®1d§m [

]) (23)

Ps []: ("H)] can be obtained by unitarily swapping factors so that

Os []:(nﬂ)] = Z Ps [f(nﬂ)]a’b Ry, ® Ryp, ® ®Rakb’n Ve ®Ra1bl » (D26)

ab

so that, by substituting (D.25) into the latter, one obtains

n ®n
Ps Ps

Ps [f(nﬂ)] = ps®ps ® (Tn ®idg" [

)]
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D.2.2 QR regime.
Finally, we prove that

QR & T, = ®Ak,k_1.
k=1

Consider generic operators {Ag};-, and {By};—o in M,;(C) and evaluate

n-1

tk t +
Z Tr[l,nl]( ® Rik(jk) T, [Bl Ry, A1®ByR;,;, A, ®
k=1

i[l,n—l] ’ j[l,n—l]
Z®BIL R A ® BZAn]) (D.27)

= ) T 1]( ®R,k]k (@1(BR A ®0,,(BIR}) A, ...

i[1,n-1]» J{1,n-1]

®n 1,n— Z(B-rrl lenj) lAn 1 ®®nn l(B An 1) E)))))
= wE((al(BI ®1£0,1 (B} @15 ...0,, 1 (BIA, ®1;)... A, ®1;)A ® nE)). (D.28)

Similarly to (D.17), we used the fact that, for a generic operator Z gg =).R

® leb7 Wlth
the system part localized in M fik)(C),

ZB" IicJi Ak ® T ’ka ZSE ZBk i ji Ak ® Zlk]k

ik jk 133

_Bk®]lE ZleJk ®Z’€<]k

iJk

A®ly =Bl zZ5" A e1;.

In particular, if T,, = ®k Ay x_1, (D.27) is also equal to

-1
Y Tr[l,n_l]((nX)R;‘;) AL [BIRY) A @ AL [BIR]) Ar] @

i[l,n—l]l j[l,n—l] k=1

In-1Jn-1

@A [BLRYD A, l]mm[BzA;"-“])
(D.29)

= A*I[BI Aill[B;r e At a[Bro A [BLAL] Ay | ...AZ]AI}, (D.30)
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so that, by equating (D.28) and (D.30), one obtains the QR condition. Conversely, choose
By = ngb;{ and A; = Ruka;(, k=1,...,nin (D.28) and (D.27). Then, consider

Tr (Raobo@l(R;rlb; ®1:0,, (Rzlh; ®1Lg - @)n,n—l(Ran;Ra,,u,, ® ]115)
Ra2a2 ® ]lE)Rala; ® ]lE))

n-1 n
(k)
_ Tr[o,n_l](®zeb;uk 146 Run
k=0 =1

and, choosing the same operators in (D.30) and (D.29),

) , (D.31)

T (RaoboAI [Ri oAt [ Ry At [ R, Ry, |+ Ragay | Ry ])

= Trjo,n- 1](®thak ® Abjs ®Rb1a,’ (D.32)
I=1
If QR holds, (D.31) and (D.32) are equal. This implies that T,, = ®;:1 Apgr- O

D.3 Proof of Corollary 5.1

Consider again the dynamical system (D.10) as in the Proof of Theorem 2.78, now for a group
of automorphisms ©,, = ©". Note that setting A,_; = 1, in (D.5),

TiA)®...0A,,01,]=T_[A,®..0A4,,]01,, (D.33)
yields
0F @ (T ®id]"[4,® .. 8 4, , 81,8 A;® ... ® A, ®1,])
| n-2 n-2
i Te (T oid?" || |ol 1]><\/p£0,n1] )®Ak®Al
n-2
= Tr_y,—) | T, 1®1d?n 1[\/ [0.n= 2]><\/ [0n=2] ]@Ak
1=0
from which
Tr, (T ®idy" \/ [0,n= ”><\/ (o.n- ” =T, ,®id}"" \/p§°'”‘2]><\/p§°'”‘2] . (D.34)
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On the other hand, one also notices that
n-1

]ld ® ® Ak
k=1

= wE(G)(A(ll) ®..0(A" " ® nE))) =T (A ®...04,].

Tr{o}(ps T ) C w5 ® wE(@(ﬂy s0(As. (A7 @ 1E))))

Hence,

OF @y (T} ®id]" 1y ® A, ... ® A, ® 1,8 A{ ® ... ® 4),_,])
\ n-1 n-1
1,n-1 1,n-1 ’
\/Pg ! ]><\/P£ ]Tr{o}(Psmﬁ ]ld®®Ak )®®Al
k=1 =1

\/pél’"‘”><\/p£1’"‘” T, 0id" '[4,0...04,04,8... ®A;])

1,n-1 1,n-1
Vel ]><\/p£ !
From which, one has
\/pé@[o,n—l]><\/p§®[0,n—l] D LT, id®"! [ \/p?[l,n-1]><\/p?[1,n-1] ] ‘
(D.35)

We can now prove (5.10). By exploiting subadditivity of the von Neumann entropy along

with (D.34) and (D.35),
S(p[F"]) = 2S(ps) + S (Tl"n ®idg" [ \/@X\/@ ])

< 2S(ps) +n S(T; ®idy[|vos X vos|]) (D.36)
=2 S(ps) + n S(A ®idy[|vos X vos|]) -
so that dividing both sides of the inequality by # and taking the limit,

tim ——S(ps [F"*7]) < S(A ®id[| Vi X v [). (D37)

Equality is achieved in (D.36), and consequently in (D.37), if and only if

T, = (gl)qu = (%)A, (D.38)

corresponding to the QR regime by Theorem 2.12 and Proposition 2.13. O

= Tr[l,n—l]

= Tr[l,n—l](

. ®n-1
= Tr[—n+1,—1] (Tn—l ® 1d;1®n [

A1®...®AH®A§®...®A,’1),

Tr[—n}(Tn ® id;l@n [

D.4 Two-qubit Pauli maps

A one qubit Pauli map has a spectral decomposition

3
Z A9 Tr (0, X) 0, (D.39)

a=0

A[X] =

N =
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and can be equivalently rewritten as
3 3
AlX] = Zq(‘”%x%, Zq“” =1. (D.40)
a=0 a=0

'The spectrum 1@ and the coefficients q(a) are related by a linear transformation
13
-7 Y HepA?, (D.41)
af=0

given by an Hadamard matrix H, H,p = Tr (o, 0304 O'ﬁ). Complete positivity of A is equivalent
to g > 0. Similarly, a two-qubit Pauli map is defined by its spectral decomposition

3
1
I[X] = ZZ “’gTr (0, ® 0pX) 0, ® 0, (D.42)
ﬁ:
and can be recast in the form
3 3
Mx]=) q“Po,@0pXo, @05, ) q“P=1, (D.43)
af=0 af=0

where the matrices describing the spectrum G := [)/(a’ﬁ 1, respectively the coeflicients Q :=
[q(“’ﬁ 1] are similar and related through the Hadamard transformation,

HGH

= D.44
Q=" (D.44)
Suppose now that the spectrum has the special form
1A AB
A1 A® )
G = , D.45
AA® (D.45)
PLCD R R |
'Then, using (D.44), the matrix coeflicients is diagonal,
1+A% 422 0 0 0
1 0 1-20 0 0
= [gl@P] = 2 D.46
Q:=19""1=7 0 0 1-a® 0 ’ (D.46)
0 0 0 1+A% -2

whence (D.43) has the form

3
[[X] = Z q(“'“)aa ®0,X0,®0,.
a=0
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