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ABSTRACT

Open systems that are strongly coupled to their environments generally mani-
fest memory effects in their irreversible evolution, such as revivals of distances or
divergences, which can be interpreted as backflows of information from the envi-
ronment. This interpretation is universal for both classical and quantum systems.
For instance, we shall study how, by reducing a Markovian quantum evolution to a
fixed commutative subalgebra, one generally obtains a non-Markovian classical dy-
namics experiencing backflow of information. The latter is assisted by coherences
built up by the quantum evolution which effectively act as an environment for the
classical subalgebra.We shall demonstrate that this effect can be driven by a dissipa-
tive dynamics, yet capable of building enough coherence with respect to a suitable
basis. Conversely, there exist memory effects with no classical counterpart. This
is the case of backflow of information superactivating in bipartite systems whose
subsystems do not exhibit revivals when observed individually. Nonetheless, such
phenomenon can be assisted by a classical memory, as occurs in a sufficiently cor-
related Markov spin chain acting as a collisional environment. In this framework,
the physical origin of the superactivation effect is investigated through the study of
system–environment correlations. Generally, though, it is quite a hard task to infer
the mechanisms behind information flows from the reduced dynamics, since the
latter only represents the one-time marginal of an underlying multi-time quantum
stochastic process. A possible way out of this problem is proposed by investigating
system–environment information flows in terms of the Alicki–Lindblad–Fannes
dynamical entropy, which extends the classical entropy of Kolmogorov and Sinai
to quantum dynamical systems. After introducing the appropriate symbolic con-
struction in presence of an external environment, exact results are provided in the
framework of collisional models. The interpretation of the open-system dynamical
entropy is then discussed in the state purification scheme known as GNS construc-
tion, whereby further interesting connections emerge with the superactivation of
memory effects.
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Introduction

The richness of quantum mechanics often emerges in attempts to extend well-established and
useful notions from classical physics to the non-commutative context. In doing so, often, not
a single possibility, but rather a multiplicity of non-equivalent ones arise. The theory of non-
Markovian quantum processes – namely, processes influenced by memory effects – is one in-
stance in which this feature is particularly evident.

A stochastic process can generally be reconstructed by multiple observations of an experi-
mentally accessible system of interest. In the framework of open systems, the latter is part of a
larger compound, possibly made of infinite degrees of freedom, that globally evolves reversibly.
The so-called reduced dynamics, resulting from the elimination of the environment degrees of
freedom, is irreversible and generally affected by noise and, in the quantum case, decoherence,
with information being dissipated to the surrounding environment.

Classically, a memoryless stochastic process is clearly identified by the Markov property, ex-
pressing that the future evolution is independent of its past.The study of quantumMarkovianity
has a long history, stemming from earlier pioneering works on stochastic processes [1–3] and
open systems [4–7]. The advances in quantum information theory and other rapidly evolving
quantum technologies – among them quantum computation, cryptography, and communica-
tion – continue to fuel interest in open systems, together with experimental progress that made
it possible to control single and strongly interacting degrees of freedom. In recent years, par-
ticular interest has been renewed to study open systems beyond the Markovian regime, with
the aim of characterizing and quantifying memory effects from several points of view. Roughly
speaking, indeed, Markovian behaviour amounts to information being unidirectionally dissi-
pated into the environment. Conversely, memory effects represent reversals of such flow of
information, so that, in principle, they could help in contrasting the detrimental effects of
dissipation that are omnipresent in the majority of applications. Many attempts in exploiting
non-Markovianity as a resource were already discussed in several works (see e.g. [8–10] and
reviews [11, 12]).

Alongside the well-defined notion of Markovianity in classical stochastic processes, a whole
hierarchy of non-equivalent concepts to characterize quantum Markovianity has thus emerged
over recent years [13]. Comprehensive reviews of the progress in the field, with focus on differ-
ent perspectives and proposals, can be found in [12, 14–19]. The emergent point of view in [14],
that we shall also adopt in this work, is that quantumMarkovianity should be understood, for all
practical purposes, as a highly context-dependent concept. For example, if the coupling with the
environment is weak, a standard procedure is to perform systematic Markovian approximations
in order to obtain the reduced dynamics of the system, resulting in a semigroup of completely
positive and trace-preserving maps [6, 20]. Mathematically, such an evolution has been fully
characterized in the celebrated result of Gorini, Kossakowski, Sudarshan [4] and Lindblad [5].
Notably, the weak-coupling regime constrains not only the reduced dynamics of the system, but
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much more, in that one can reconstruct the full multi-time statistics of the quantum stochastic
process out of the dynamical map [21–23]. This is the so-called Quantum Regression regime,
which offers a very strong characterization of Markovianity and that reduces to the familiar
definition for classical systems. On the other hand, beyond the weak-coupling limit, different
notions along the aforementioned hierarchy come useful to characterize memory effects, and
the most appropriate one could well be context-dependent. It is though essential to clarify and
deepen the understanding of the different aspects of non-Markovian behaviour, as well as the
sources of discrepancy with respect to the classical regime.

This thesis revolves around three main lines, having as common object of investigation the
information flow between system and environment, with particular emphasis on the interplay
of its classical and quantum aspects. As we shall see, in treating memory effects, most concep-
tual ideas and mathematical structures can be framed in a universal way in both quantum and
classical regimes.

Memory effects often emerge as properties of the reduced dynamics of the open system,
such as revivals of distances or divergences, which are typically interpreted as a backflow of
information (shortly, BFI) previously stored in the environment during earlier stages of the
evolution [24], and that are due to the loss of the so-called divisibility of the dynamics [25, 26].
This kind of approaches offers a legitimate intrinsic characterization of Markovianity in terms
of the dynamical map that might be sufficient in several problems [12, 14]. For instance, in
Chapter 3, we shall see that a quantum dynamics that does not exhibit BFI on its own can dis-
play it when restricted to a suitable commutative subalgebra. This effect is due to the ability of
the quantum dynamics to build up coherence, but, as will be demonstrated, it can also be driven
by a genuinely irreversible evolution. In Chapter 4, we will focus on another type of memory
effect emerging in the reduced dynamics; this time, however, with no classical analogue. In-
deed, it may occur that two dynamically independent parties, which do not exhibit BFI when
observed independently, do show it when jointly considered. We call this phenomenon super-
activation of backflow of information (SBFI in the following). We shall first extensively study
such effect from the point view of the dynamical map and highlight its quantum character,
which is somewhat hidden since no quantum entanglement is needed.

The reduced dynamics of open systems represents only the one-timemarginal of a stochastic
process. In particular, the physical mechanisms underlying memory effects, as those governing
the SBFI effect, cannot be fully appreciated from it. At least some information about the full
system-environment evolution is required for this purpose. The extraction of the full multi-time
statistics of the process involves a sequence of repeated measurements that are intertwined with
the system-environment dynamics. In a non-commutative context, though, observations do
not commute with the dynamics nor leave the quantum state invariant. Thus, they would them-
selves generally affect the dynamics and, accordingly, would be somewhat indistinguishable
from it. This is a ubiquitous feature of quantum mechanics. An analogue situation is encoun-
tered when trying to generalize a fundamental concept of classical ergodic theory like that of
dynamical coarse-graining to the quantum scenario. Classically, due to the finite precision of
measurements, one effectively performs a partition of the phase-space, resulting in a symbolic
description of the dynamics. In this context, the Kolmogorov-Sinai dynamical entropy (KS en-
tropy for short) provides an estimate of the predictability of the dynamics or, equivalently, of
the average amount of information extractable per time step through repeated observations that
do not interfere with the system dynamics.

Many inequivalent proposals to extend the KS entropy to the non-commutative setting
have been put forward. Roughly speaking, they differ in answering the basic question whether
measurements or not should be explicitly considered in extracting information. We shall be
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particularly interested in the proposal by Alicki, Lindblad and Fannes (ALF entropy) which
provides a quantum counterpart to the KS entropy in that the partitioning of the phase space
is replaced by positive operator-valued measurements. Thus, in such approach, measurements
enter actively into the game. The germ of the Alicki-Fannes construction can be found in the
pioneering work of Lindblad [7], which was in fact concerned with non-Markovian processes
and their entropy. Most later applications of ALF entropy, however, focused on reversible dy-
namical systems in the context of quantum chaos [27–30]. One of the main goals of this thesis
is to adapt-back the ALF to the open system scenarios and exploit it in the investigation of
system-environment information flows.

The work is divided in two Parts: the first one consists in two Chapters devoted to review
the necessary mathematical tools for the subsequent developments. The second Part consists of
three Chapters that include the main findings of the research work underlying the thesis.

In Chapter 1, the so-called algebraic approach [27, 31] to quantum dynamical systems is
reviewed. This powerful approach allows to treat, within the same formalism, quantum and clas-
sical dynamical systems, made of either finite or infinite degrees of freedom. The proper tool
to deal with irreversible behaviour in quantum systems are positive and completely positive
maps, whose essential properties are also reviewed in this Chapter. Finally, symbolic models
for both classical and quantum systems will be discussed together with the definition of dynam-
ical entropy of Kolmogorov and Sinai and that of Alicki, Lindblad and Fannes, which will be
illustrated by paradigmatic examples.

In Chapter 2, the dynamics of open systems is properly framed within the algebraic ap-
proach. First, the focus will be put on quantum dynamical maps beyond the Markovian regime.
Here, we shall stress the role that positive maps, whose usefulness usually emerges as entangle-
ment witnesses, play in characterizing the non-contractive behaviour of non-Markovian evolu-
tions. This usually amounts in revivals of distances and divergences that is identified as backflow
of information. Furthermore, symbolic models for open quantum systems will be introduced.
The multi-time statistics of the open system is encoded through a quantum many-body state.
In this context the proper characterization of Markovianity is provided by the Quantum Re-
gression regime, which we examine in detail.

In Chapter 3, the aforementioned classical reduction of quantum dynamical maps will be
discussed through several examples in the single qubit case. A highly-constrained family of
maps will be constructed so to find a purely dissipative evolution showing BFI in its classical
reductions.

Chapter 4 will be devoted to the study of SBFI both from the abstract perspective of the
quantum dynamical map and from the physical perspective of a concrete collisional model. In-
terestingly, this purely quantum effect can be assisted by a classical memory, such as a classical
Markov chain collisional environment, whereby it is triggered by sufficiently strong correlations
between first-neighboring spins. The collisional approach to open quantum systems is reformu-
lated through the algebraic approach appropriate for many-body physics. This treatment, on
the one hand, facilitates the investigation of the SBFI phenomenon through the evaluation
of system–environment correlations. Moreover, this framework is well-suited to broaden the
perspective of the reduced dynamics to the full multi-time statistics of the process.

Chapter 5 is devoted to the study of non-Markovianity and BFI by incorporating the infor-
mation contained in multi-time correlation functions. This information is eventually encoded
in the open-system ALF entropy. Some exact results are obtained within the collisional model
framework. Their interpretation is then discussed through the state-purification scheme pro-
vided by the so-called GNS representation; in the latter, moreover, interesting connections to
the SBFI effect appear.
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CHAPTER 1
QuantumDynamical Systems

A unifying way to deal with both classical or quantum dynamical systems, made of either finite
or infinite degrees of freedom, is offered by the so-called algebraic approach typical of many-
body physics.

1.1 Algebraic tools
The aim of this Section is to provide a concise review of the necessary definitions and algebraic
tools required for the subsequent Chapters, without attempting an exhaustive treatment. For
comprehensive sources on operator algebras and the algebraic approach to quantum mechanics
of infinite degrees of freedom, we refer to [31–33].

Definition 1.1. A Banach ∗-algebra 𝒜, namely a Banach algebra endowed with an anti-linear
involution 𝒜 ∋ 𝑋 ↦ 𝑋†,

(𝑋†)† = 𝑋, (𝜆𝑋 + 𝜇𝑌)† = 𝜆𝑋† + 𝜇 𝑌† , (𝑋𝑌)† = 𝑌†𝑋† , (1.1)

is called a 𝐶∗-algebra if
𝑋†𝑋 = ‖𝑋‖2 , (𝐶∗-property) . (1.2)

𝒜 is called unital if it possesses an identity 1𝒜 such that 1𝒜𝑋 = 𝑋1𝒜 = 𝑋, for all 𝑋 ∈ 𝒜.

𝑪∗-algebra postulate. Quantum systems are described by a quantum probability space (𝒜,𝜔),
formed by (i) a unital 𝐶∗-algebra 𝒜, whose self-adjoint elements are the observables of the
quantum system and (ii) a state 𝜔 ∶ 𝒜 → ℂ, namely a positive semi-definite and normalized
functional on 𝒜,

𝜔(𝐴) ≥ 0 , ∀𝐴 = 𝑋†𝑋 , 𝑋 ∈ 𝒜 , (1.3)
𝜔⒧1𝒜⒭ = 1 . (1.4)

For 𝑋 = 𝑋† ∈ 𝒜, 𝜔(𝑋) is interpreted as the expectation of the observable 𝑋 when the system
is in the state 𝜔.
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1. Quantum Dynamical Systems

1.1.1 Subalgebras
Definition 1.2. A subalgebra ℬ ⊆ 𝒜 is called a ∗-subalgebra of 𝒜 if it is closed with respect to the
involution and contains 1𝒜 .

Let now 𝒜 ⊆ ℬ(ℋ), a subalgebra of the bounded operators on a Hilbert space ℋ.

Definition 1.3. Given a 𝐶∗-algebra𝒜 ⊆ ℬ(ℋ), the *-subalgebra

𝒜′ = {𝑋 ∈ ℬ(ℋ) ∶ [𝐴, 𝑋] = 0, ∀ 𝐴 ∈ 𝒜} (1.5)

is called the commutant of𝒜.
The bicommutant 𝒜″ is the commutant of𝒜′. If𝒜 = 𝒜″,𝒜 is a called a von Neumann algebra.
If𝒜 ⊆ 𝒜′,𝒜 is called Abelian.
If𝒜 = 𝒜′,𝒜 is called maximally Abelian. If𝒜′ = {𝛼1𝒜, 𝛼 ∈ ℂ},𝒜 is called irreducible.

Example 1.1.

1. Let𝒜 = 𝑀𝑑(ℂ), the algebra of 𝑑 × 𝑑 matrix. It is a 𝐶∗-algebra with respect to the matrix norm.
Moreover, 𝒜′ = {𝛼1𝑑}, so that 𝒜 is non-Abelian and irreducible. Since 𝒜″ = 𝒜, 𝒜 is a von
Neumann algebra. All states on𝑀𝑑(ℂ) can be written as density matrices

𝜔(𝑋) = Tr (𝜌𝑋) , Tr (𝜌) = 1, 𝜌 ≥ 0 . (1.6)

2. Let 𝒜 = ∑𝑖 𝛼𝑖𝑃𝑖, 𝛼𝑖 ∈ ℂ ⊆ 𝑀𝑑(ℂ) be a ∗-subalgebra of 𝑀𝑑(ℂ), where 𝑃𝑖 are orthogonal
rank-1 projectors such that 𝑃𝑖𝑃𝑗 = 𝛿𝑖𝑗𝑃𝑖, 𝑖 = 1,… , 𝑑. Then, 𝒜′ = 𝒜 = 𝒜″, so that 𝒜 is
reducible and a maximally Abelian subalgebra (MASA) of𝑀𝑑(ℂ).

Remark 1.1. The algebra of 𝑑 ×𝑑 matrices can also be given the structure of a Hilbert space when en-
dowedwith theHilbert-Schmidt scalar productTr(𝑋†𝑌) of twomatrices𝑋, 𝑌. One can always choose
𝑑2−1 traceless operators 𝐹𝑖, 𝑖 = 1,…𝑑2−1 that, along with 𝐹0 = 1𝑑/√𝑑, form aHilbert-Schmidt
orthonormal basis,Tr(𝐹†

𝑖 𝐹𝑗) = 𝛿𝑖𝑗 , 𝑖, 𝑗 = 0,… , 𝑑2−1. Then, every matrix can be decomposed along
such basis, 𝑀𝑑(ℂ) ∋ 𝑋 = 𝑥01 + ∑𝑖 𝑥𝑖𝐹𝑖, where 𝑥𝑖 = Tr(𝐹†

𝑖 𝑋). The 𝑑2 − 1 matrices spanning the
traceless subspace can be always chosen to be Hermitian, 𝐹𝑖 = 𝐹†

𝑖 . In fact, given a set of matrix units
{𝐸𝑗𝑘}𝑑𝑗,𝑘=1 ∈ 𝑀𝑑(ℂ), 𝐸𝑗𝑘 = 𝑗⟩⟨𝑘, that constitute themselves a Hilbert-Schmidt basis, take

𝐺𝑗𝑘 =
⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪
⎩

1
√2 (𝐸𝑗𝑘 + 𝐸𝑘𝑗) , 1 ≤ 𝑗 < 𝑘 ≤ 𝑑 ,
1

√2𝑖 (𝐸𝑗𝑘 − 𝐸𝑘𝑗) , 1 ≤ 𝑘 < 𝑗 ≤ 𝑑 ,
1

𝑗(𝑗+1) ⒧∑
𝑗
𝑙=1 𝐸𝑙𝑙 − 𝑗𝐸𝑗+1,𝑗+1⒭ , 1 ≤ 𝑗 = 𝑘 ≤ 𝑑 − 1 .

(1.7)

The 𝑑2 − 1Hermitian matrices in (1.7) are traceless, normalized, and mutually orthogonal; together
with 𝐺𝑑𝑑 = 1𝑑/√𝑑 they form n orthonormal basis. For 𝑑 = 2 they yield the (normalized) Pauli
matrices {𝜎𝛼/√2}3𝛼=0 with

𝜎0 = 12 , 𝜎1 = ⒧0 1
1 0⒭ , 𝜎2 = ⒧0 −𝑖

𝑖 0 ⒭ , 𝜎3 = ⒧1 0
0 −1⒭ , (1.8)

while for 𝑑 = 3 they correspond to the (normalized) Gell-Mann matrices. In the qubit case, 𝑑 = 2,
the state-space can be given a particularly simple form, since every density matrix can be written in
the Bloch form

𝜌 = 12 + 𝒓 ⋅ 𝝈
2 (1.9)
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1.1. Algebraic tools

where 𝒓 is the so-called Bloch vector of 𝜌, ‖𝒓‖ ≤ 1. Every pure state, namely a rank-1 projector
𝑃𝒓 with Bloch vector 𝒓, ‖𝒓‖ = 1, is then sufficient to select a MASA of 𝑀2(ℂ), since the only other
orthogonal projector is 𝑃−𝒓 = 12 − 𝑃𝒓 .

1.1.2 Quantum spin chains
The following example helps to appreciate the necessity of refining the notion of states as posi-
tive normalized expectation functionals over a 𝐶∗-algebra [34].

Example 1.2. Consider a finite chain of𝑁 qubits, each in a Gibbs state

𝜌(𝑘)
𝛽 = 𝑒−𝛽𝜎3

2 cosh(𝛽) , 𝑘 ∈ [1,𝑁] . (1.10)

The state of 𝑁 such qubits, localized from site 𝑎 to site 𝑎 + 𝑁, is naturally described by the density
matrix

𝜌[𝑎,𝑎+𝑁]
𝛽 =

𝑁−1

𝑘=0

𝑒−𝛽𝜎
(𝑎+𝑘)
3

2 cosh(𝛽) =
𝑒−𝛽∑

𝑁−1
𝑘=0 𝜎(𝑎+𝑘)

3

Tr ⒧𝑒−𝛽∑𝑁
𝑘=0 𝜎3⒭

. (1.11)

Note that, as 𝑁 → ∞, 𝜌[1,𝑁]
𝛽  𝑁→∞−−−−−→ 0: this signals the fact that the state of infinitely many

independent spins, each in the state (1.10), cannot be described by a single density matrix.

We now give a sense to the expression (1.11) in the framework of algebraic quantum spin
chains, which are prototypical infinite systems. They are described by the algebra of quasi-local
observables, constructed as follows [31].

1. Consider first strictly local algebras

𝒜[𝑎,𝑏] ∶=
𝑏


𝑘=𝑎

𝒜(𝑘) (1.12)

built, for the sake of simplicity, out of a same matrix algebra 𝒜(𝑘) = 𝑀𝐷(ℂ). Local algebras
which are supported by intervals [𝑎, 𝑏] of integers 𝑎 ≤ 𝑘 ≤ 𝑏, are generated by tensor
products of the form 𝑋[𝑎,𝑏]

𝒊[𝑎,𝑏] = ⨂𝑏
𝑘=𝑎 𝑋

(𝑘)
𝑖𝑘 , where the upper index refers to the site at which

the operator 𝑋𝑖𝑘 is located. These local operators can be embedded within the infinite chain
as 1−𝑎−1]

𝐸 ⊗𝑋[−𝑎,𝑏]
𝒊[−𝑎,𝑏] ⊗1

[𝑏+1, where 1−𝑎−1] = ⊗−𝑎−1
𝑘=−∞1

(𝑘) and 1
[𝑏+1 = ⊗+∞

𝑘=𝑏+11
(𝑘). By omitting

the identities of the embeddings, one then introduces the algebra of local observables,

𝒜loc = 
𝑎≤𝑏

𝒜[𝑎,𝑏] . (1.13)

Physically speaking, experimentally accessible operators belong to local algebras. Neverthe-
less, to accommodate observables emerging in the thermodynamic limit, one needs to con-
sider the so-called quasi-local algebra 𝒜 obtained by taking the norm closure,

𝒜 = 𝒜loc
‖⋅‖

. (1.14)

In the following, we shall also denote such algebra as 𝒜 = 𝑀ℤ
𝐷 (ℂ).

9



1. Quantum Dynamical Systems

2. States on the quantum spin chain are fully specified by their restriction to local algebras
𝒜[𝑎,𝑏], where they can be represented by a consistent set of density matrices 𝜌[𝑎,𝑏] ∈ 𝒜[𝑎,𝑏],

𝜔 ⒧𝐴[𝑎,𝑏]⒭ = Tr ⒧𝜌[𝑎,𝑏]𝐴[𝑎,𝑏]⒭ , (1.15)

where 𝐴[𝑎,𝑏] ∈ 𝒜[𝑎,𝑏]. Consistency means that the following condition holds:

Tr𝑏 ⒧𝜌[𝑎,𝑏]⒭ = 𝜌[𝑎,𝑏−1] ∀ sites 𝑎, 𝑏 , (1.16)

where Tr𝑘 defines the partial trace over the 𝑘-th site. Vice versa, a family of density matrices
𝜌[𝑎,𝑏] ∈ 𝒜[𝑎,𝑏] gives rise to a state 𝜔 over the chain if (1.16) holds, for all 𝑎 ≤ 𝑏. Such states
are called locally normal [31]. In Example 1.2, one thus defines an expectation 𝜔𝛽 ∶ 𝒜 → ℂ
on the infinite spin chain 𝑀ℤ

2 (ℂ) ∶= ⨂+∞
𝑘=−∞ 𝑀2(ℂ). Expectations of local observables are

then obtained from density matrices (1.11) through

𝜔𝛽 ⒧𝐴[𝑎,𝑎+𝑁]⒭ = Tr ⒧𝜌[𝑎,𝑎+𝑁]
𝛽 𝐴[𝑎,𝑎+𝑁]⒭ , (1.17)

whence defining a locally normal state 𝜔𝛽.

1.1.3 TheGNS construction
The 𝐶∗-algebraic structure of the observables results to be somewhat more fundamental than
the familiar Hilbert space formulation of quantum mechanics. This fact is particularly evident
when dealing with infinite systems, whereby inequivalent representations of the algebra might
arise (and so, different Hilbert spaces), that are identified with distinct phases. Nevertheless,
one retrieves the Hilbert space formulation from the abstract algebraic one through the con-
struction by Gelfand, Naimark and Segal (GNS construction). For an exhaustive treatment of
the following results, together with their proofs, we refer to [31] and [32].

Definition 1.4. A *-homomorphism is a map 𝛼 ∶ 𝒜 → ℬ such that

𝛼(𝜆𝑋 + 𝜇𝑌) = 𝜆𝛼(𝑋) + 𝜇 𝛼(𝑌), 𝜆, 𝜇 ∈ ℂ ,
𝛼(𝑋𝑌) = 𝛼(𝑋)𝛼(𝑌) , 𝛼(𝑋†) = 𝛼(𝑋)†,

Definition 1.5. A representation (ℋ, 𝜋) of a 𝐶∗-algebra 𝒜 is given by a Hilbert space ℋ and a
*-homomorphism 𝜋 ∶ 𝒜 → ℬ(ℋ), ℬ(ℋ) being the 𝐶∗-algebra of bounded operators onℋ.

Definition 1.6. Let (ℋ, 𝜋) be a representation of 𝒜. A vector |Ω⟩ is called cyclic if the linear
subspace

𝜋(𝒜) |Ω⟩ ∶= {𝜋(𝑋) |Ω⟩ ∶ 𝑋 ∈ 𝒜} (1.18)

is norm dense inℋ. (ℋ, 𝜋) is then called a cyclic representation for𝒜.

Remark 1.2. A vector |Ω⟩ is cyclic for a the *-subalgebra 𝜋(𝒜) if and only if it is separating for
𝜋′(𝒜), namely 𝜋′(𝑋) |Ω⟩ = 0 ⟹ 𝑋 = 0.

Theorem 1.1 (Gelfand, Naimark, Segal). Let (𝒜,𝜔) be a quantum probability space. Then, there
exist a Hilbert spaceℋ𝜔, a representation 𝜋𝜔 ∶ 𝒜 → ℬ(ℋ𝜔) and a cyclic vector |Ω𝜔⟩ such that

𝜔(𝑋) = ⟨Ω𝜔|𝜋𝜔(𝑋)|Ω𝜔⟩ , ∀𝑋 ∈ 𝒜. (1.19)
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1.1. Algebraic tools

The cyclic representation (ℋ𝜔, 𝜋𝜔, |Ω𝜔⟩) is called GNS representation and is unique up to
an isomorphism.

Proposition 1.2. Let (ℋ, 𝜋, |Ω⟩) be a triple such that 𝜔(𝑋) = ⟨Ω|𝜋(𝑋)|Ω⟩ ∀𝑋 ∈ 𝒜. Then,
there exists a unitary operator𝑈 ∶ ℋ → ℋ𝜔,𝑈𝑈† = 1ℋ𝜔 , 𝑈

†𝑈 = 1ℋ, such that

𝑈†𝜋𝜔(𝑋)𝑈 = 𝜋(𝑋), 𝑋 ∈ 𝒜, 𝑈 |Ω⟩ = |Ω𝜔⟩ , 𝑈† |Ω𝜔⟩ = |Ω⟩ . (1.20)

Example 1.3. Consider a finite level system whose state is described by an invertible density matrix
𝑀𝑑(ℂ) ∋ 𝜌 = ∑𝛼 𝑟𝛼 |𝛼⟩⟨𝛼|, 0 < 𝑟𝛼 ≤ 1, so that the state is faithful, namelyTr ⒧𝜌𝑋†𝑋⒭ = 0 ⟹
𝑋 = 0. The GNS construction is then achieved through a state purification. Indeed by means of the
Hilbert-Schmidt scalar product Tr ⒧𝑋†𝑌⒭ = ⟨𝑋|𝑌⟩ operators 𝑋 ∈ 𝑀𝑑(ℂ) are readily identified as
vectors in ℂ𝑑 ⊗ ℂ𝑑 . One introduces representations

𝜋(𝑋) |𝑌⟩ = |𝑋𝑌⟩ , 𝜋′(𝑋) |𝑌⟩ = |𝑌𝑋⟩ , (1.21)

By vectorizing operators as |𝑋⟩ = ∑𝛼𝛽 𝑋𝛼𝛽 𝛼 ⊗ 𝛽⟩ the above representations are factor representa-
tions,

𝜋(𝑋) = 𝑋 ⊗ 1𝑑 , 𝜋′(𝑋) = 1𝑑 ⊗ 𝑋 , (1.22)

where 𝛼𝑋𝛽 ≡ ⟨𝛼𝑋|𝛽⟩. Then, for all 𝑋 ∈ 𝑀𝑑(ℂ),

Tr (𝜌𝑋) = Tr ⒧√𝜌 𝑋 √𝜌⒭ = √𝜌𝜋(𝑋)√𝜌 , (1.23)

and the GNS-vector is identified with

√𝜌 = 
𝛼

√𝑟𝛼 |𝛼 ⊗ 𝛼⟩ ∈ ℂ𝑑 ⊗ ℂ𝑑 , (1.24)

that provides a so-called purification of 𝜌. Moreover, for all 𝑋 ∈ 𝑀𝑑(ℂ),

√𝜌𝑋†𝑋 ⊗ 1𝑑√𝜌 = √𝜌1𝑑 ⊗ 𝑋†𝑋√𝜌 = Tr ⒧𝜌 𝑋†𝑋⒭ = 0 ⟺ 𝑋 = 0 .

so that (1.24) is both cyclic and separating for 𝜋(𝒜) and the commutant representation 𝜋′(𝒜).

Remark 1.3. Given two 𝐶∗-algebras 𝒜1 and 𝒜2, there generally exist multiple norms to complete
their algebraic tensor product𝒜1⊗𝒜2 to a𝐶∗-algebra, thus making the tensor product of𝐶∗-algebras
a delicate matter. Nevertheless, in all the concrete instances that we shall encounter in the following
Chapters, one of the parties, say,𝒜1, is a so-called nuclear𝐶∗-algebra, for which the𝐶∗-norm on the
tensor product 𝒜1 ⊗ 𝒜2 is unique. Nuclear algebras include: the algebra of 𝑑 × 𝑑 matrices 𝑀𝑑(ℂ),
the one of bounded operators on a Hilbert space ℬ(ℋ), and that of quasi-local observables obtained as
inductive limit of finite dimensional algebras as in Section 1.1.2. The next result helps in determining
the GNS representation of 𝐶∗-tensor products endowed with product states [32].

Proposition 1.3. Consider quantum probability spaces (𝒜,𝜔𝐴), (ℬ,𝜔𝐵) and associated GNS rep-
resentations (ℋ𝐴, 𝜋𝐴, |Ω𝐴⟩), (ℋ𝐵, 𝜋𝐵, |Ω𝐵⟩). Let then 𝒜 ⊗ ℬ be a 𝐶∗-tensor product (with re-
spect to a suitable norm). Then, the GNS triple for (𝒜 ⊗ ℬ,𝜔𝐴 ⊗ 𝜔𝐵) is unitarily equivalent to
(ℋ𝐴 ⊗ℋ𝐵, 𝜋𝐴 ⊗ 𝜋𝐵, |Ω𝐴 ⊗Ω𝐵⟩).
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Proof. Let 𝜔 = 𝜔𝐴 ⊗ 𝜔𝐵 and let (ℋ𝜔, 𝜋𝜔, |Ω𝜔⟩) be the GNS triple associated to (𝒜 ⊗ ℬ,𝜔).
For 𝑎 ∈ 𝒜 and 𝑏 ∈ ℬ, one has

⟨Ω𝜔|𝜋𝜔(𝑎 ⊗ 𝑏)|Ω𝜔⟩ = 𝜔(𝑎 ⊗ 𝑏) = 𝜔𝐴(𝑎)𝜔𝐵(𝑏) = ⟨Ω𝐴|𝜋𝐴(𝑎)Ω𝐴⟩ ⟨Ω𝐵|𝜋𝐵(𝑏)Ω𝐵⟩
= ⟨Ω𝐴 ⊗Ω𝐵|𝜋𝐴 ⊗ 𝜋𝐵(𝑎 ⊗ 𝑏)|Ω𝐴 ⊗Ω𝐵⟩ . (1.25)

One then defines an operator 𝑉 ∶ 𝜋𝐴 ⊗𝜋𝐵(𝒜 ⊗ ℬ) |Ω𝐴 ⊗Ω𝐵⟩ → 𝜋𝜔(𝒜 ⊗ ℬ) |Ω𝜔⟩ such that

𝑉𝜋𝐴 ⊗ 𝜋𝐵(𝐶) |Ω𝐴 ⊗Ω𝐵⟩ = 𝜋𝜔(𝐶) |Ω𝜔⟩ , 𝐶 ∈ 𝒜 ⊗ ℬ .

Accordingly, (1.25) ensures that 𝑉 is a well defined isometry. By density of 𝜋𝐴 ⊗ 𝜋𝐵(𝒜 ⊗
ℬ) |Ω𝐴 ⊗Ω𝐵⟩ in ℋ𝐴 ⊗ ℋ𝐵 and of 𝜋𝜔(𝒜 ⊗ ℬ) |Ω𝜔⟩ in ℋ𝜔, 𝑉 can be extended to a unitary
operator ℋ𝐴 ⊗ℋ𝐵 → ℋ𝜔 such that 𝑉†𝜋𝐴 ⊗ 𝜋𝐵(𝐶)𝑉 = 𝜋𝜔(𝐶) for all 𝐶 ∈ 𝒜 ⊗ ℬ.

1.2 Closed Dynamical Systems
A quantum probability space (𝒜,𝜔) only specifies the kinematics of a quantum system. We
now come to the description of the dynamics. Reversible dynamics is given by an one-parameter
group of automorphisms of the algebra Θ𝑡 ∶ 𝒜 → 𝒜,

Θ𝑡 ∘ Θ𝑠 = Θ𝑡+𝑠 . (1.26)

The latter specifies the evolution of observables in the Heisenberg picture. Equivalently, one
can let evolve the states in the Schrödinger picture according to

𝜔 ⟼ 𝜔𝑡 ∶= 𝜔 ∘ Θ𝑡 , (1.27)

ensuring that expectations of observables agree in both pictures. In the following, we shall
consider both continuous and discrete-time families, namely 𝑡 either in ℝ or ℤ. To fix the
ideas, let us focus for the moment on a discrete-time group of automorphisms, namely Θ𝑡 =
Θ𝑡, 𝑡 ∈ ℤ. The triple (𝒜,𝜔,Θ) defines a discrete-time quantum dynamical system.

Often, one refers to a time-invariant state 𝜔 ∘ Θ = 𝜔. Other states can be obtained by
suitable perturbations of the invariant one.

Example 1.4. Consider the quantum spin chain introduced in Section 1.1.2, described by the quasi-
local algebra 𝒜 = 𝑀ℤ

𝑑 (ℂ) and a locally normal state 𝜔. It is turned into a shift dynamical system
(𝒜,𝜔, 𝜎) by endowing it with the right shift on the quasi-local algebra𝒜, namely the automorphism
𝜎 ∶ 𝒜 → 𝒜 acting on local observables as

𝜎⒧𝑋(𝑎)
𝑖𝑎 ⊗⋯⊗ 𝑋(𝑏)

𝑖𝑏 ⒭ = 𝑋(𝑎+1)
𝑖𝑎 ⊗⋯⊗ 𝑋(𝑏+1)

𝑖𝑏 . (1.28)

𝜔 is shift-invariant, namely 𝜔 ∘ 𝜎 = 𝜔, if and only if Tr𝑎 𝜌[𝑎,𝑏] = 𝜌[𝑎+1,𝑏] = 𝜌[𝑎,𝑏−1]. Given such
a stationary state, consider the von Neumann entropy of the 𝑛-site local density matrix,

𝑆𝑛 ∶= 𝑆 ⒧𝜌[1,𝑛]⒭ , (1.29)

where 𝑆(𝜌) = −Tr 𝜌 log 𝜌. Then, from stationarity and strong subadditivity of the von Neumann
entropy, one proves the existence of the mean entropy rate [35],

𝔖𝜔 ∶= lim
𝑛

𝑆𝑛
𝑛 = lim

𝑛
(𝑆𝑛+1 − 𝑆𝑛) , (1.30)
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where both limits are achieved by the infimum of the decreasing and bounded sequences 𝑆𝑛/𝑛 and
𝑆𝑛+1 − 𝑆𝑛. Notice that for a classically stationary source the quantity 𝑆𝑛+1 − 𝑆𝑛 corresponds to the
conditional Shannon entropy of the source.

Fixing an invariant state proves convenient, as in the following important

Proposition 1.4. Let (𝒜,𝜔,Θ) be a discrete dynamical systemwith time-invariant state𝜔 = 𝜔∘Θ
and (ℋ𝜔, 𝜋𝜔, |Ω𝜔⟩) the associated GNS representation. Then, there exists a unique unitary operator
𝑈𝜔 ∶ ℋ𝜔 → ℋ𝜔 implementing the automorphismΘ

𝑈†
𝜔𝜋𝜔(𝑋)𝑈𝜔 = 𝜋𝜔(Θ(𝑋)) , 𝑋 ∈ 𝒜 , (1.31)
𝑈†

𝜔 |Ω𝜔⟩ = 𝑈𝜔 |Ω𝜔⟩ = |Ω𝜔⟩ . (1.32)

Proof. From Θ-invariance of the state, one has

⟨Ω𝜔|𝜋𝜔(𝑋)|Ω𝜔⟩ = 𝜔(𝑋) = 𝜔(Θ(𝑋)) = ⟨Ω𝜔|𝜋𝜔 ∘ Θ(𝑋)|Ω𝜔⟩ , 𝑋 ∈ 𝒜 .

Thus, triples (ℋ𝜔, 𝜋𝜔, |Ω𝜔⟩) and (ℋ𝜔, 𝜋𝜔 ∘ Θ, |Ω𝜔⟩) must be unitary equivalent by Proposi-
tion 1.2, namely, there exists a unitary operator 𝑈𝜔 ∶ ℋ𝜔 → ℋ𝜔 such that

𝑈†
𝜔𝜋𝜔(𝑋)𝑈𝜔 = 𝜋𝜔 ∘ Θ(𝑋) , 𝑋 ∈ 𝒜 . (1.33)

and 𝑈†
𝜔 |Ω𝜔⟩ = 𝑈𝜔 |Ω𝜔⟩ = |Ω𝜔⟩.

When the automorphism Θ is implemented unitarily one says that there exists a covariant
representation of the quantum dynamical system (𝒜,𝜔,Θ). The following example illustrates
how to concretely achieve such representation for finite-level systems.

Example 1.5. Consider the finite-level system (𝑀𝑑(ℂ), 𝜌,Θ) of Example 1.3, 𝜌 > 0 with Θ an
automorphism of𝑀𝑑(ℂ) that leaves 𝜌 invariantΘ(𝐴) = 𝑉†𝐴𝑉, 𝑉𝜌 𝑉† = 𝜌. The GNS implemen-
tation ofΘ is then achieved by taking

𝑈 = 𝑉 ⊗ 𝑉 , ⟨𝛼| 𝑉 𝛽⟩ ∶= ⟨𝛼| 𝑉 𝛽⟩ . (1.34)

Indeed,

𝑈†𝜋(𝐴) √𝜌 = 
𝛼

√𝑟𝛼 𝑉† 𝐴 |𝛼⟩ ⊗ 𝑉
†
|𝛼⟩ = 

𝛼,𝛽
√𝑟𝛼 𝑉†𝐴 |𝛼⟩ ⟨𝛼| 𝑉 𝛽⟩ ⊗ 𝛽⟩

= 
𝛽

𝑉†𝐴√𝜌 𝑉 𝛽⟩ ⊗ 𝛽⟩ = 𝑉† 𝐴𝑉 ⊗ 1𝑑 √𝜌 = 𝜋(Θ(𝐴)) √𝜌 . (1.35)

and, setting 𝐴 = 1𝑑 ,𝑈† √𝜌 = 𝑈𝜌 √𝜌 = √𝜌. Let us evaluate𝑈 in two concrete instances.

1. Let 𝑉 = 𝑒𝑖𝐻 with𝐻 = ∑𝛼 ℎ𝛼 |𝛼⟩, that is𝐻 and 𝑉 are diagonal in the basis {|𝛼⟩}𝛼 that appear
in (1.34). Then, 𝑉 = 𝑉† and𝑈 = 𝑉 ⊗ 𝑉†.

2. Consider instead the unitary “shift” operator on a basis {|𝛼⟩}𝑑−1𝛼=0

𝑉 =
𝑑−1


𝛼=0

|𝛼⟩ ⟨𝛼 + 1| , 𝑉† |𝛼⟩ = |𝛼 + 1⟩ , (1.36)
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1. Quantum Dynamical Systems

(where the sum mod 𝑑 is intended) and 𝜌 = 1
𝑑 , which is the only density matrix left invariant

by 𝑉. Then, ⟨𝛼| 𝑉 𝛽⟩ = 𝛿𝑎,𝑏+1 so that 𝑉 = 𝑉 and 𝑈 = 𝑉 ⊗ 𝑉. Accordingly, the maximally
entangled state 𝜓(𝑑)

+  = 1
√𝑑 ∑𝛼 |𝛼 ⊗ 𝛼⟩ is left invariant by the action of𝑈†, since

𝑈† 𝜓(𝑑)
+  = 1

√𝑑

𝑑−1


𝛼=0

𝑉† |𝛼⟩ ⊗ 𝑉† |𝛼⟩ = 1
√𝑑

𝑑−1


𝛼=0

|𝛼 + 1⟩ ⊗ |𝛼 + 1⟩ = 𝜓(𝑑)
+  . (1.37)

Remark 1.4. If {Θ𝑡}𝑡 is a (strongly) continuous one-parameter family of automorphisms, its GNS
implementation with respect to an invariant state is achieved through a uniqueHamiltonian, namely
a self-adjoint operator𝐻 onℋ𝜔 such that

𝑈†
𝑡 𝜋𝜔(𝑋) |Ω𝜔⟩ ∶= 𝜋𝜔(Θ𝑡(𝑋)) |Ω𝜔⟩ , 𝑈𝑡 = 𝑒−𝑖𝑡𝐻 .

Then, the family {𝑈𝑡}𝑡 forms a (strongly) continuous group in 𝜋(𝒜)″ [27].

1.3 Classical dynamical systems: dynamical shifts
This Section is devoted to an essential review of basic ideas from classical ergodic theory, such
as the coarse-graining of the phase-space through a suitable discretization and the concept of
dynamical entropy [36–38]. Here, we aim to catch two birds with one stone: on the one hand,
through the study of shift dynamical systems, we shall review the classical definition of Marko-
vianity and its algebraic formulation in terms of classical spin chains. On the other hand, we
prepare the ground for extending the procedure of dynamical coarse-graining to quantum sys-
tems, which will be treated in Section 1.5.

Classical dynamical systems are typically identified by (1) a probability space (𝔛, Σ, 𝜇) con-
sisting of a measurable space 𝔛, a so-called Σ-algebra Σ and a probability measure 𝜇 and (2)
an invertible measure-preserving map 𝒯 ∶ 𝔛 → 𝔛

𝜇(𝐴) = 𝜇(𝒯(𝐴)) = 𝜇(𝒯−1(𝐴)), 𝐴 ∈ 𝔛 . (1.38)

Remark 1.5. Measure-theoretical dynamical systems can be given an algebraic description by the
triple (𝐿∞

𝜇 (𝔛), 𝜔𝜇, Θ𝒯) where:
1. the (maximally Abelian) 𝐶∗-algebra of observables is given by the so-called essentially bounded
functions 𝐿∞

𝜇 (𝔛) on (𝔛, 𝜇);
2. 𝐿∞

𝜇 (𝔛) ∋ 𝑓 ↦ 𝜔𝜇(𝑓) = ∫𝔛 d𝜇(𝑥) 𝑓(𝑥) defines a state on 𝐿∞
𝜇 (𝔛);

3.Θ𝒯(𝑓) ∶= 𝑓(𝒯−1(𝑥)) defines the automorphic dynamics on the algebra.

In the following Section, we shall mostly deal with a phase-space with finitely many states.
The corresponding dynamical systems admit an algebraic description via classical spin chains.
From an operational standpoint, this corresponds to the typical situation arising through a
coarse-grained description of the dynamics, owing to the finite precision with which measure-
ments can be performed.

1.3.1 Symbolic models
Consider a finite partition of the phase-space. The latter consists in a finite collection 𝒫 =
{𝑃𝑖}

|𝒫|
𝑖=1 of atoms, namely subsets 𝑃𝑖 ⊆ 𝔛 such that ⋃|𝒫|

𝑖=1 𝑃𝑖 = 𝔛, ⋂|𝒫|
𝑖=1 𝑃𝑖 = Ø. Given two
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FIGURE 1.1: The phase-space 𝔛 is partitioned in 8 atoms. The trajectory of a point 𝑥 ∈ 𝔛, namely 𝑥 ↦
𝒯−1(𝑥) ↦ 𝒯−2(𝑥) ↦ 𝒯−3(𝑥), is encoded by the symbolic sequence 6, 4, 3, 8.

partitions 𝒫 and 𝒬, one defines their coarsest refinement as a new partition 𝒫 ∨ 𝒬 = {𝑃𝑖 ∩
𝑄𝑗}

|𝒫|,|𝒬|
𝑖,𝑗=1 . When the time evolution is taken into account, one considers time-refinements

𝒫(𝑛) =
𝑛−1


𝑘=0

𝒯−𝑗(𝒫) , (1.39)

whose atoms read

𝒫(𝑛) ∋ 𝑃(𝑛)
𝒂[0,𝑛−1] = 𝑃𝑎0 ∩ 𝒯−1(𝑃𝑎1) ∩… ∩𝒯−𝑛+1(𝑃𝑎𝑛−1) . (1.40)

The time-refined partition allows one to extract out of (𝔛, 𝜇,𝒯) a symbolic model by the fol-
lowing ingredients:

1. 𝒂[0,𝑛−1] ∶= 𝑎0 …𝑎𝑛−1 in (1.40) are sequences of symbols belonging to a 𝑝-letter alphabet,
𝑎𝑘 ∈ {1,… , 𝑝}, where we set 𝑝 ∶= |𝒫|, that correspond to trajectories in the phase-space
(see Figure 1.1).

2. Ωℤ
𝑝 ∶= {𝑎𝑘}𝑘∈ℤ , is the collection of all possible strings over the 𝑝-letter alphabet. The latter

is endowed with the Σ-algebra generated by the so-called cylinder sets

𝐶[𝑖,𝑗]
𝒂[𝑖,𝑗] = 𝒌[𝑖,𝑗] ∶ 𝑘𝑖 = 𝑎𝑖 …, 𝑘𝑗 = 𝑎𝑗 , 𝑖 ≤ 𝑗 . (1.41)

3. 𝜎ℤ is the shift on sequences

𝜎ℤ(𝒂[0,𝑛−1]) = 𝜎ℤ(𝒂[1,𝑛]) .

4. 𝜋𝒫 a probability measure fully specified by the local marginals

𝜋[0,𝑛−1]
𝒫 = 𝑝𝒂[0,𝑛−1]𝒂[0,𝑛−1]

where 𝑝𝒂[0,𝑛−1] ∶= 𝜇 ⒧𝑃(𝑛)
𝒂[0,𝑛−1]⒭ . (1.42)

The so obtained dynamical system (Ωℤ
𝑝 , 𝜋𝒫 , 𝜎ℤ) provides a coarse-grained description of the

original dynamical system (𝔛, 𝜇,𝒯).
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1. Quantum Dynamical Systems

Definition 1.7. A stochastic process 𝜋[0,𝑛−1]
𝒫 = 𝑝𝒂[0,𝑛−1]𝒂[0,𝑛−1]

, 𝑛 ≥ 1, is a Markov process if

𝑝[0,𝑛−1]
𝒂[0,𝑛−1] =

⎛
⎝

𝑛−1


𝑘=1

𝑇𝑎𝑘 𝑎𝑘−1(𝑘, 𝑘 − 1)⎞
⎠
𝑝𝑎0 , (1.43)

where 𝑇(𝑘, 𝑘 − 1) ∶= [𝑇𝑎𝑏(𝑘, 𝑘 − 1)]𝑎𝑏 are stochastic matrices,

𝑇𝑎𝑏(𝑘, 𝑘 − 1) ≥ 0, 
𝑎

𝑇𝑎𝑏(𝑘, 𝑘 − 1) = 1 . (1.44)

The Markov process is called homogeneous if 𝑇(𝑘, 𝑘 − 1) = 𝑇(1, 0) ≡ 𝑇.

Remark 1.6.

1. The Markov property (1.43) can be equivalently defined through conditional probabilities

𝑝(𝑛|𝑛−1…0)
𝑎𝑛|𝑎𝑛−1…𝑎0 ∶=

𝑝[0,𝑛]
𝒂[0,𝑛]

𝑝[0,𝑛−1]
𝒂[0,𝑛−1]

by the fact that the probability of the 𝑛-th symbol conditioned on all the previous ones depends only
on the 𝑛 − 1-th symbol,

𝑝(𝑛|𝑛−1…0)
𝑎𝑛|𝑎𝑛−1…𝑎0 = 𝑝(𝑛|𝑛−1)

𝑎𝑛|𝑎𝑛−1 =∶ 𝑇𝑎𝑛𝑎𝑛−1(𝑛, 𝑛 − 1) .

Non-homogeneous Markov processes will be reprised in Section 1.3.3

2. A stationary Markov process is necessarily homogeneous. Moreover, a necessary and sufficient con-
dition for the homogenous probability distribution to be stationary is∑𝑏 𝑇𝑎𝑏𝑝𝑏 = 𝑝𝑎 , namely the
probability vector with components 𝑝𝑎 is an eigenvector of the stochastic matrix 𝑇. In such case, the
probability distribution reads

𝑝𝒂[0,𝑛−1] ∶= 𝑝[0,𝑛−1]
𝒂[0,𝑛−1] =

⎛
⎝

𝑛−1


𝑘=0

𝑇𝑎𝑘 𝑎𝑘−1
⎞
⎠
𝑝𝑎0 , (1.45)

and is thus independent of the interval considered.

3. The two conditions in (1.44) ensure that probability vectors are mapped into probability vectors.
Moreover, 𝑇 is a stochastic matrix if and only if it contracts the ℓ1-norm ‖𝑇𝒙‖1 ≤ ‖𝒙‖1, where
‖𝒙‖1 = ∑𝑖 |𝑥𝑖|.

1.3.2 Kolmogorov-Sinai dynamical entropy
A partition 𝒫 represents the collection of outcomes of an experiment. Then, the Shannon en-
tropy of the partition

𝐻(𝒫) = −
|𝒫|


𝑖=1

𝜇(𝑃𝑖) log𝜇(𝑃𝑖) , (1.46)

is a measure of the expected uncertainty about the outcomes or, equivalently, the information
gained by performing the experiment. It is maximal for equiprobable partitions and, in such
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1.3. Classical dynamical systems: dynamical shifts

case, equals log(|𝒫|). Refinement 𝒫 ∨ 𝒬 then represents the compound experiment obtained
by performing 𝒫 and 𝒬 simultaneously. Accordingly, the time-refinement (1.39) represents
repetitions of the same experiment at subsequent instants of time. Thus, the Shannon entropy
rate

𝔥𝜇(𝒯,𝒫(𝑛)) ∶= lim
𝑛

1
𝑛 𝐻𝜇 ⒧𝒫(𝑛)⒭ , (1.47)

which is well defined as a limit [36], can be interpreted as the time-average of the information
content of experiment 𝒫. To get a quantity which is representative of the information content
of the evolution, one optimizes (1.47) over all possible partitions of the phase-space, so to get
a partition-independent quantity:

𝔥(𝐾𝑆)
𝜇 (𝒯) ∶= sup

𝒫⊆𝒳
𝔥𝜇 ⒧𝒯,𝒫(𝑛)⒭ . (1.48)

The latter is the so-called Kolmogorov–Sinai dynamical entropy (shortly, KS entropy) and de-
pends only on the dynamics 𝒯 and on the initial probability measure 𝜇. It is also referred to
as the Kolmogorov–Sinai invariant, since isomorphic dynamical systems share the same KS
entropy [37].

Remark 1.7. TheKS entropy can be viewed as a measure of the degree of instability of a given dynam-
ics on phase-space. Indeed, under certain assumptions, the existence of positive Lyapunov exponents
can be ascertained directly by means of a positive KS entropy through the so-called Pesin formula [39].

Remark 1.8. Practically speaking, one should be able to devise an experiment 𝒫 that max-
imises (1.48). The Kolmogorov-Sinai theorem [36] establishes that the maximum is achieved for gen-
erating partitions, namely those generating the full Σ-algebra.

It is instructive to review the KS entropy of some paradigmatic, and oppositely behaving,
classical dynamical systems. For an exhaustive treatment of these examples, as well as many
others, see [37, 40, 41].

Example 1.6.

1. Rotation on the unit circle. Let 𝔛 be the interval [0, 1) and 𝜇 be the Lebesgue measure. Let
𝒯(𝑥) = 𝑥 + 𝛼 mod 1. If 𝛼 = 𝑝/𝑞, 𝑝, 𝑞 ∈ ℕ, 𝒯 is periodic with period 𝑞. Then the time
refinement has no more than |𝒫|𝑞 elements. Then, since the entropy of a partition cannot exceed
the log of its cardinality,

1
𝑛𝐻 ⒧𝒫(𝑛)⒭ ≤ 𝑞

𝑛 log(|𝒫|) 𝑛→∞−−−−→ 0 .

If 𝛼 is irrational, take the partition 𝒫 of [0, 1) in two intervals 𝑃1 = [0, 1/2), 𝑃2 = [1/2, 1),
which is generating for the Borel Σ-algebra obtained from the open subsets of [0, 1). Inductively,
one sees that time-refinements 𝒫(𝑛) consist in a partition of [0, 1) into 2𝑛 segments. It is trivially
true for 𝑛 = 1. Assume that it is true for 𝑛 = 𝑚: then one has to determine the intersection of 2𝑚
segments in𝒫(𝑚) with𝒯−(𝑚+1)(𝒫): the atoms of the latter have (distinct) end points𝒯−(𝑚+1)(0)
and 𝒯−(𝑚+1)( 12 ), generating 2 more segments. The total intersection consists then of 2(𝑚 + 1)
segments. Hence,

1
𝑛𝐻 ⒧𝒫(𝑛)⒭ ≤ 1

𝑛 log(2𝑛) 𝑛→∞−−−−→ 0. (1.49)

For all 𝛼 ∈ ℝ, then, one has 𝔥𝐾𝑆
𝜇 (𝒯) = 0.
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2. Markov shifts. Take the shift dynamical system described by sequences of symbols inΩℤ
𝑝 , equipped

with the Markov distribution (1.45). Choose the partition made of simple cylinder sets:

𝐶(0)
𝑖0 = {𝑘𝑗}𝑗 ∶ 𝑘0 = 𝑖0 .

Via the action of the shift, they generate the full Σ-algebra of cylinders. A typical element of the
time-refinement is then the cylinder set

𝐶[0,𝑛−1]
𝒊[0,𝑛−1] =

𝑛−1


𝑗=0

𝜎−𝑗
ℤ 𝐶(0)

𝑖𝑗 = {𝑘𝑗}𝑗 ∶ 𝑘0 = 𝑖0,… , 𝑘𝑛−1 = 𝑖𝑛−1,

which has measure 𝑝𝒊[0,𝑛−1] . Then, exploiting compatibility and stationarity of the Markov distri-
bution, the KS entropy reads

ℎ𝐾𝑆𝜋 (𝜎ℤ) = − 
𝒊[0,𝑛−1]

𝑝𝒊[0,𝑛−1] log⒧𝑝𝒊[0,𝑛−1]⒭ = −
𝑖𝑗

𝑝𝑗𝑇𝑖𝑗 log𝑇𝑖𝑗 .

Note that, for 𝑇𝑖𝑗 = 𝑝𝑖, the Markov shift reduces to the so-called Bernoulli shift, describing an
independent and identically distributed source, with entropy ℎ𝐾𝑆𝜋 (𝜎ℤ) = −∑𝑗 𝑝𝑗 log 𝑝𝑗 .

3. Baker’s map. Let 𝔛 = [0, 1) × [0, 1) endowed with the Lebesgue measure and the invertible
transformation

𝒯(𝑥, 𝑦) = (2𝑥,
𝑦
2 ) 𝑥 < 1

2
(2𝑥 − 1, 𝑦2 + 1

2 ) 𝑥 ≥ 1
2
. (1.50)

Then, by writing 𝑥 and 𝑦 in binary digits, 𝑥 = .𝑎0𝑎−1𝑎−2 … and 𝑦 = .𝑎1𝑎2𝑎3 …, 𝑎𝑘 , 𝑏𝑘 ∈
{0, 1}, the action of𝒯 translates into the shift on doubly infinite sequences

…𝑎−2𝑎−1𝑎0𝑎1𝑎2 …

in {0, 1}ℤ. One indeed proves that the dynamical system (𝔛, 𝑇, 𝜇) is isomorphic to the Bernoulli
shift on {0, 1}ℤ with 𝑝0 = 𝑝1 = 1/2 [40]. Due to invariance of the KS entropy, Example 1.6.2
thus yields ℎ𝜇(𝑇) = log(2) for the entropy of the Baker’s map.

Remark 1.9. Example 1.6.1 is a paradigmatic instance of regular motion, for either periodic (𝛼
rational) or quasi-periodic rotations (𝛼 irrational), having zero KS entropy. In fact, all systems with
finite spectrum have zero entropy [36]. On the other hand, the Baker’s map of Example 1.6.3 is a
prototype of chaotic dynamical system, as witnessed by its positive entropy. In fact, two nearby initial
conditions lying in the same atom of the partition – though indistinguishable from the coarse-grained
picture – evolve into exponentially separated trajectories. In this sense, information about the initial
condition is lost irretrievably. We stress that this “irreversible” behaviour is due to the coarse-graining
procedure: indeed, if one had full control over the fine-grain structure of the evolution, there would be
no uncertainty about the future [42, 43].

1.3.2.1 Classical spin chains

An algebraic description of the symbolic dynamics (Ωℤ
𝑝 , 𝜎ℤ, 𝜋) can be given in terms of classical

spin chains. This is done by associating to each symbol 𝑎 ∈ {1,… , 𝑝} a rank-one projector
Π𝑎 = |𝑎⟩⟨𝑎|. This selects a MASA 𝐷𝑝(ℂ) of 𝑝 × 𝑝 diagonal matrices spanned by {Π𝑎}

𝑝
𝑎=1,
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Π𝑎Π𝑏 = 𝛿𝑎𝑏Π𝑎 whose elements are of the form 𝐴 = ∑𝑝
𝑎=1 𝑎𝑖Π𝑖 . Then, as in Section 1.1.2,

one constructs Abelian strictly local algebras 𝒟[𝑎,𝑏] = ⨂𝑏
𝑘=𝑎(𝐷|𝒫|(ℂ))𝑘 . Their union 𝒟loc =

⋃𝑎≤𝑏 𝒟
[𝑎,𝑏] can be closed to give the quasi-local Abelian 𝐶∗-algebra 𝒟 ≡ 𝐷ℤ

𝑝 . We can endow
the latter with a locally normal state

𝜔𝒫(𝐴[0,𝑛−1]) = Tr ⒧𝜌[0,𝑛−1]
𝒫 𝐴[0,𝑛−1]⒭ , 𝜌[0,𝑛−1]

𝒫 = 
𝒂[0,𝑛−1]

𝑝𝒂[0,𝑛−1] Π
[0,𝑛−1]
𝒂[0,𝑛−1] , (1.51)

where Π[𝑖,𝑗]
𝒂[𝑖,𝑗] ∶= ⨂𝑗

𝑘=𝑖 Π𝑎𝑘 . The spectrum of local density matrices 𝜌[0,𝑛−1]
𝒫 amounts to sta-

tionary probability distribution 𝜋[0,𝑛−1]
𝒫 defined in (1.42). Shift invariance of 𝜋 translates into

translational invariance of 𝜔𝒫 under the tensor shift 𝜎 introduced in (1.28).

Remark 1.10. Consider a shift dynamical systems (Ωℤ
𝑝 , 𝜋, 𝜎ℤ) and its algebraic rendering

(𝒟,𝜔𝒫 , 𝜎) constructed as above. Then, one proves that KS entropy of the shift on symbols corresponds
to the mean Shannon entropy of 𝜔𝒫 [44], namely

𝔥𝐾𝑆
𝜇 (𝜎) = 𝔖𝜔 , 𝔖𝜔 = lim

𝑛

1
𝑛 𝐻 ⒧𝜋[0,𝑛−1]

𝒫 ⒭ = lim
𝑛

1
𝑛 𝑆 ⒧𝜌[0,𝑛−1]

𝒫 ⒭ . (1.52)

where
𝐻 ⒧𝜋[0,𝑛−1]

𝒫 ⒭ = − 
𝒂[0,𝑛−1]

𝑝𝒂[0,𝑛−1] log 𝑝𝒂[0,𝑛−1] .

An indirect proof will be provided in Section 1.5.

1.3.3 Time-inhomogeneousMarkov chains
Consider now a non-shift invariant state 𝜔 on the half-chain 𝐷ℕ

𝑝 , defined through localized
density matrices

𝜌[0,𝑛−1] = 
𝒂[0,𝑛−1]

𝑝[0,𝑛−1]
𝒂[0,𝑛−1] Π

[0,𝑛−1]
𝒂[0,𝑛−1] , (1.53)

with 𝑝[0,𝑛−1]
𝒂[0,𝑛−1] satisfying the Markov property (1.43). Interpreting again 𝑛 as the discrete time

variable and letting 𝑋 = ∑𝑘 𝑥𝑘Π𝑘 , one evaluates,

𝜔(1(0) ⊗…⊗ 1
(𝑛−2) ⊗ 𝑋(𝑛−1)) = 

𝑎𝑛−1

⎛
⎝


𝑎0…𝑎𝑛−2

𝑝[0,𝑛−1]
𝒂[0,𝑛−1]

⎞
⎠
𝑥𝑎𝑛−1 = 𝒑(𝑛−1)𝑋

where 𝑝(𝑛−1)
𝑎𝑛−1 = ∑𝑎0…𝑎𝑛−2 𝑝

[0,𝑛−1]
𝒂[0,𝑛−1] , and 𝒑(𝑛−1) is the one-time marginal evolving according to

𝒑(𝑛−1) = 𝑇(𝑛 − 1, 𝑛 − 2)…𝑇(2, 1)𝑇(1, 0) 𝒑(0) . (1.54)

which yields,

𝒑(𝑛) = 𝑇(𝑛,𝑚) 𝒑(𝑚) ≥ 0, 𝑇(𝑛,𝑚) ∶=
𝑛


𝑘=𝑚+1

𝑇(𝑘, 𝑘 − 1) , 𝑛 ≥ 𝑚 . (1.55)
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Equivalently, let

𝑝(𝑛−1|0)
𝑖𝑛−1𝑖0 = 1

𝑝(0)
𝑖0


𝑖1…𝑖𝑛−2

𝑝[0,𝑛−1]
𝒊[0,𝑛−1] =∶ 𝑇𝑖𝑛−1𝑖0(𝑛 − 1) , (1.56)

be the conditional probability of the 𝑛 − 1-th symbol conditioned on the 0-th one, defining
a stochastic matrix 𝑇(𝑛 − 1). Interpreting 𝑛 as the time variable, the latter maps one-time
marginals from time 0 to time 𝑛 − 1,

𝑝(𝑛−1)
𝑖𝑛−1 = 

𝑖0

𝑇𝑖𝑛−1𝑖0(𝑛 − 1) 𝑝(0)
𝑖0 ,

Accordingly, by (1.55), one recovers the so-called Chapman-Kolmogorov equation,

𝑇(𝑛) = 𝑇(𝑛,𝑚) 𝑇(𝑚) , 𝑛 ≥ 𝑚 . (1.57)

1.3.4 Classical divisibility
The Chapman-Kolmogorov equation represents only a necessary condition for the process
𝑝[0,𝑛−1]
𝒂[0,𝑛−1] to be Markovian [45, 46].

Example 1.7. Let 𝑛 = 3 and consider the process described by the probability distribution

𝑝[0,2]
𝑎0𝑎1𝑎2 = 𝑝(2|1,0)

𝑎2|𝑎1𝑎0 𝑝
(1|0)
𝑎1|𝑎0 𝑝

(0)
𝑎0 ,

defined on binary alphabet, 𝑎𝑘 ∈ {0, 1}. In particular, we choose 𝑝(0)
0 = 𝑝(0)

1 = 1/2 and conditional
probabilities

𝑝(1|0)
𝑎1|𝑎0 = 𝑇𝑎1𝑎0(1) =

1
2 ⟹ 𝑇(1) = |+⟩⟨+| = 1

2 ⒧1 1
1 1⒭ , (1.58)

and

𝑝(2|10)
𝑎2|𝑎1𝑎0 = 𝑇𝑎2𝑎1(1) , 𝑎0 = 0,

2𝜖𝛿𝑎2𝑎1 + (1 − 2𝜖)𝑇𝑎2𝑎1(1) 𝑎0 = 1 .
(1.59)

Hence, since 𝑝(2|10)
𝑎2|𝑎1𝑎0 depends on 𝑎0, the process is non-Markovian for 0 < 𝜖 ≤ 1/2. Nevertheless,

one computes

𝑇𝑎2𝑎0(2) =
1
2 ⟹ 𝑇(2) = |+⟩⟨+| .

Moreover, define the transition matrix

𝑇𝑎2𝑎1(2, 1) ∶=
∑𝑎0 𝑝

(2|10)
𝑎2|𝑎1𝑎0𝑝

(1|0)
𝑎1|𝑎0𝑝

(0)
𝑎0

∑𝑏0 𝑝
(1|0)
𝑎1|𝑏0𝑝

(0)
𝑏0

= 𝜖𝛿𝑎2𝑎1 + (1−𝜖)12 ⟹ 𝑇(2, 1) = 1 + 𝜖
2 12 +

1 − 𝜖
2 𝜎1 ,

(1.60)
so that

𝑇(2, 1)𝑇(1) = |+⟩⟨+| = 𝑇(2) ,
namely, the Chapman Kolmogorov equation is satisfied.
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Definition 1.8. Let 𝑇𝑖𝑗(𝑛) ∶= 𝑝(𝑛|0)
𝑖|𝑗 be the stochastic matrix defined from conditional probabilities

𝑝(𝑛|0)
𝑖|𝑗 . A process is P-divisible if, for all 𝑛 ≥ 𝑚 ≥ 0, there exists a stochastic matrix 𝑇(𝑛,𝑚) such

that
𝑇(𝑛) = 𝑇(𝑛,𝑚) 𝑇(𝑚) , 𝑛 ≥ 𝑚 . (1.61)

Remark 1.11. If 𝑇(𝑛) is an invertible matrix for all 𝑛, the intertwining matrix is uniquely deter-
mined by matrix inversion, 𝑇(𝑛,𝑚) = 𝑇(𝑛) 𝑇(𝑚)−1. Of course, the resulting matrix 𝑇(𝑛,𝑚) need
not be stochastic, since the inverse of a positive-entrywise matrix is not generally positive-entrywise.
It follows from (1.57) that a Markov process is P-divisible. Therefore, if 𝑇(𝑛,𝑚) fails to be stochastic,
one can conclude that the process is non-Markovian. On the other hand, as in Example 1.7, there exist
processes that are P-divisible but non-Markovian.

1.3.5 Divisibility in continuous time
Thedefinition of P-divisibility easily extends to continuous-time processes. In such case, 1-time
probability vectors evolve according to a 1-parameter family of stochastic matrices {𝑇(𝑡)}𝑡≥0,

𝒑 ⟼ 𝒑(𝑡) ∶= 𝑇(𝑡)𝒑 . (1.62)

If 𝑇(𝑡) is invertible for all 𝑡 ≥ 0, one can define propagators by 𝑇(𝑡, 𝑠) = 𝑇(𝑡)𝑇(𝑠)−1, so that

𝑇(𝑡) = 𝑇(𝑡, 𝑠)𝑇(𝑠) , 𝑡 ≥ 𝑠 ≥ 0 . (1.63)

Furthermore, one can find a time-local master equation,

𝑇̇(𝑡) = 𝐿(𝑡) 𝑇(𝑡) , 𝑇(0) = 1 , (1.64)

where 𝐿(𝑡) = 𝑇̇(𝑡)𝑇(𝑡)−1 is the generator of the family {𝑇(𝑡)}𝑡≥0. The formal solution for the
two parameter family of propagators 𝑇(𝑡, 𝑠), 𝑡 ≥ 𝑠 is found through the Dyson series,

𝑇(𝑡, 𝑠) = 𝒯← 𝑒∫
𝑡
𝑠 d𝑢𝐿(𝑢) ≡ 1 +

∞


𝑘=1


𝑡

𝑠
d𝑢1 

𝑢1

𝑠
d𝑢2 …

𝑢𝑘−1

𝑠
d𝑢𝑘 𝐿(𝑢1)𝐿(𝑢2)…𝐿(𝑢𝑘) , (1.65)

and 𝑇(𝑡) = 𝑇(𝑡, 0). As in Definition 1.8, but with continuous time, the process is called P-
divisible if 𝑇(𝑡, 𝑠) is a stochastic matrix for all 𝑡 ≥ 𝑠 ≥ 0. Generators of P-divisible families can
be characterized as follows [47].

Proposition 1.5 (Kolmogorov). 𝐿(𝑡) = [𝐿𝑖𝑗(𝑡)]𝑖𝑗 is the generator of a P-divisible family if and only
if

𝐿𝑖𝑗 (𝑡) ≥ 0 , 𝑖 ≠ 𝑗 , 
𝑖

𝐿𝑖𝑗 (𝑡) = 0 , 𝑡 ≥ 0 . (1.66)

Proof. The “only if ” part follows from the first order expansion of 𝑇(𝑡 + 𝜖, 𝑡), as in (1.65), for
0 < 𝜖 ≪ 1,

𝑇(𝑡 + 𝜖, 𝑡) = 1 + 𝜖 𝐿(𝑡) + 𝑂(𝜖2) .

If 𝑇(𝑡 + 𝜖, 𝑡) is stochastic, its entries read

𝑇𝑖𝑗 (𝑡 + 𝜖, 𝑡) = 𝛿𝑖𝑗 + 𝜖 𝐿𝑖𝑗 (𝑡) + 𝑂(𝜖2) ⟹ 𝐿𝑖𝑗(𝑡) ≥ 0 if 𝑖 ≠ 𝑗 .
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1. Quantum Dynamical Systems

Conversely, conditions (1.66) imply that the matrix

1 + 𝛼 𝐿(𝑠) , 𝛼 > 0 , 𝑠 ≥ 0 , (1.67)

is stochastic for 𝛼 sufficiently small. Hence, for fixed 𝑠 ≥ 0,

𝑡 ⟼ 𝑇𝑠(𝑡) ∶= 𝑒𝑡𝐿(𝑠) = lim
𝑛

⒧1 + 𝑡
𝑛𝐿(𝑠)⒭

𝑛
, (1.68)

is a semigroup of stochastic matrices, since the product of stochastic matrices is stochastic.
Finally, consider a sequence of partitions of the interval [𝑠, 𝑡],

𝑡 ≡ 𝑡𝑁 ≥ 𝑡𝑁−1 ≥ … ≥ 𝑡0 ≡ 𝑠 , with lim sup
𝑁

(𝑡𝑘 − 𝑡𝑘−1) = 0 ,

that allows one to express the Dyson series as a time-ordered matrix product [48, Theorem
1.4.3],

𝑇(𝑡, 𝑠) = 𝒯← 𝑒∫
𝑡
𝑠 d𝑢𝐿(𝑢) = lim

𝑁

0


𝑘=𝑁−1

𝑇𝛿𝑡𝑘 (𝑡𝑘) , 𝛿𝑡𝑘 ≡ 𝑡𝑘+1 − 𝑡𝑘 .

Since 𝑇𝑡−𝑡𝑘 (𝑡𝑘) is stochastic for all 𝑡 ≥ 𝑡𝑘 and all 𝑘 = 0,… ,𝑁 − 1, and the set of stochastic
matrices in 𝑀𝑑(ℂ) is compact, it follows that 𝑇(𝑡, 𝑠) is stochastic.

If 𝑇(𝑡) is an invertible matrix for all 𝑡 ≥ 0, one can equivalently characterize P-divisibility
in terms of the distinguishability between two time-evolving probability vectors. Consider the
weighted difference between a pair of probability vectors 𝒑, 𝒒

𝜹𝜇(𝒑, 𝒒) = 𝜇 𝒑 − (1 − 𝜇) 𝒒 , 0 ≤ 𝜇 ≤ 1 , (1.69)

Then, the Kolmogorov distance between 𝒑 and 𝒒, when picked with a-priori biases 𝜇 and 1−𝜇,
respectively, amounts to the ℓ1-norm of the vector (1.69):

𝜹𝜇(𝒑, 𝒒)1 = 
𝑖

𝑖𝜹𝜇(𝒑, 𝒒) . (1.70)

Proposition 1.6. Let 𝑇(𝑡) be invertible. Then, the process is P-divisible if and only if

d
d𝑡 𝑇(𝑡)𝜹𝜇(𝒑, 𝒒)1 ≤ 0 , (1.71)

for all 𝑡 ≥ 0, all probability vectors 𝒑, 𝒒 and weights 0 ≤ 𝜇 ≤ 1.

Proof. First, note that any vector 𝒙 ∈ ℝ𝑑 is proportional to the weighted difference of two
probability vectors 𝒑, 𝒒 (1.69),

𝒙 = 𝛼𝜹𝜇(𝒑, 𝒒) , 𝛼 > 0 . (1.72)

Then, let 𝒙 be a vector in ℝ𝑑 and consider its time-evolution under a P-divisible stochastic
evolution 𝒙𝑡 ∶= 𝑇(𝑡)𝒙. Then, P-divisibility implies that one can decompose the dynamics by
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entrywise-positive propagators 𝑇(𝑡, 𝑠), so that

‖𝑥𝑡‖1 = ‖𝑇(𝑡)𝒙‖1 = ‖𝑇(𝑡, 𝑠)𝒙𝑠‖1 =



𝑖𝑗
𝑇𝑖𝑗 (𝑡, 𝑠)𝑥𝑗(𝑠)



1

≤ 
𝑗

⎛
⎝

𝑖

𝑇𝑖𝑗 (𝑡, 𝑠)⎞
⎠
|𝑥𝑗(𝑠)| = ‖𝒙𝑠‖1 ,

where the last equality follows from ∑𝑖 𝑇𝑖𝑗(𝑡, 𝑠) = 1. Hence, (1.71) follows. When 𝑇(𝑡) is an
invertible matrix, the converse implication is easily proved.

1.4 Quantum irreversibility
In order to include in the description of quantum dynamical systems those affected by an irre-
versible dynamics, it is necessary to introduce the concepts of positive and completely positive
maps between operator algebras.

Definition 1.9. Let𝒜,ℬ be 𝐶∗ algebras and Λ ∶ 𝒜 → ℬ be a linear map.
Λ is called positive ifΛ[𝑋†𝑋] ≥ 0 for all 𝑋 ∈ 𝒜.
Λ is called unital ifΛ[1𝒜] = 1ℬ .

Remark 1.12. A linear map on the algebra of observables Λ ∶ 𝒜 → ℬ describes a transformation
in the Heisenberg picture. One can then canonically associate a dual action in the Schrödinger picture;
namely, given a state 𝜔 ∶ ℬ → ℂ

𝜔(Λ[𝑋]) = Λ‡[𝜔](𝑋) , 𝑋 ∈ ℬ. (1.73)

If 𝒜 = ℬ(ℋ), the 𝐶∗-algebra of bounded operators on ℋ, states are described by density matrices
within the trace class operators of ℬ(ℋ). Then, the dual Λ‡ of a linear map Λ ∶ ℬ(ℋ) → ℬ(ℋ) on
trace-class operators is defined through the relation

Tr (𝜌 Λ[𝑋]) = Tr ⒧Λ‡[𝜌] 𝑋⒭ . (1.74)

From the latter, one deduces that Λ is unital if and only if its dual Λ‡ is trace preserving, namely
Tr ⒧Λ‡[𝜌]⒭ = Tr (𝜌) , ∀𝜌. Moreover,Λ is positive if and only ifΛ‡ is.

1.4.1 Positive maps as contractions
A very important feature of positive maps is contractivity: the physical consequences of this
fact will emerge later on (see Section 2.1.3). For the following developments, it will suffice to
consider contractivity over matrix algebras 𝒜 = ℬ = 𝑀𝑑(ℂ). For a more general formulation
for positive maps on operator algebras, see [49].

Proposition 1.7 (Choi). Let Λ ∶ 𝑀𝑑(ℂ) → 𝑀𝑑(ℂ) being a positive, unital map. Then, for all
normal matrices 𝑋 ∈ 𝑀𝑑(ℂ), 𝑋†𝑋 = 𝑋𝑋†,

Λ[𝑋†𝑋] ≥ Λ[𝑋†]Λ[𝑋] , (1.75)
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Proof. Since𝑋 is normal, we can consider its spectral decomposition,𝑋 = ∑𝑖 𝑥𝑖 |𝑥⟩⟨𝑥|𝑖, 𝑥𝑖 ∈ ℂ,
and consider the block-matrix

⒧𝑋
†𝑋 𝑋
𝑋†

1𝑑
⒭ = 

𝑖
⒧|𝑥𝑖|

2 𝑥𝑖
𝑥𝑖 1⒭ ⊗ |𝑥𝑖⟩⟨𝑥𝑖| ,

which is positive, since the submatrix ⒧|𝑥𝑖|
2 𝑥𝑖

𝑥𝑖 1⒭ has eigenvalues 1 + |𝑥𝑖|
2 and 0. Then,

⒧Λ[𝑋†𝑋] Λ[𝑋]
Λ[𝑋†] 1𝑑

⒭ = 
𝑖

⒧|𝑥𝑖|
2 𝑥𝑖

𝑥𝑖 1⒭ ⊗ Λ[|𝑥𝑖⟩⟨𝑥𝑖|] ,

is again positive and (1.75) follows.

Proposition 1.8. Let𝒜 = 𝑀𝑑(ℂ). A unital mapΛ is a contraction in the matrix (uniform) norm,

‖Λ[𝑋]‖ ≤ ‖𝑋‖ , ∀𝑋 ∈ 𝑀𝑑(ℂ) . (1.76)

if and only if it is positive.

Remark 1.13. Recall that the matrix norm, ‖𝑋‖ = sup𝜓=1 𝑋 𝜓⟩ and the trace norm

‖𝑋‖1 = Tr (|𝑋|) , |𝑋| ∶= √𝑋†𝑋 ,

are dual norms [50], namely

‖𝑌‖1 = sup
‖𝑋‖=1

|Tr (𝑌𝑋)| and ‖𝑋‖ = sup
‖𝑌‖1=1

|Tr (𝑌𝑋)| .

Therefore,
|Tr (𝑌Λ[𝑋])| ≤ max{‖𝑌‖1‖Λ[𝑋]‖, Λ‡[𝑌]1‖𝑋‖}, (1.77)

from which one deduces thatΛ contracts the uniform norm if and only ifΛ‡ contracts the trace norm.

Proof of Proposition 1.8. Suppose that Λ is positive and unital. Consider first a unitary matrix
𝑈 which is, in particular, normal

𝑈†𝑈 = 𝑈𝑈† = 1𝑑 ⟹ 1𝑑 = Λ[𝑈†𝑈] ≥ Λ[𝑈†]Λ[𝑈] ⟹ ‖Λ[𝑈]‖ ≤ 1 , (1.78)

thanks to inequality (1.75). Then, to verify contractivity, it suffices to consider 𝑋, ‖𝑋‖ = 1.
Since its singular values are between 0 and 1, every such matrix can be written as the average

of two unitaries 𝑈 and 𝑉: 𝑋 = 𝑈 + 𝑉
2 . Accordingly, one has:

‖Λ[𝑋]‖ = Λ[𝑈 + 𝑉]
2  ≤ ‖Λ[𝑈]‖ + ‖Λ[𝑉]‖

2 ≤ ‖𝑈‖ + ‖𝑉‖
2 = 1 = ‖𝑋‖. (1.79)

Conversely, let
𝜔Λ,𝜙[𝑋] ∶= Tr ⒧Λ‡[𝜙⟩⟨𝜙]𝑋⒭ , ⟨𝜙𝜙⟩ = 1.

Note that, from duality and the assumed contractivity,

𝜔Λ,𝜙[𝑋] = ⟨𝜙Λ[𝑋]𝜙⟩ ≤ ‖Λ[𝑋]‖ ≤ ‖𝑋‖.
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But Λ is unital, so that

Λ‡[𝜙⟩⟨𝜙]1 = max
‖𝑋‖=1

𝜔Λ,𝜙[𝑋] = 1 = Tr ⒧Λ‡[𝜙⟩⟨𝜙]⒭ . (1.80)

Thus, 𝜔Λ,𝜙 is a state, that is Λ‡[𝜙⟩⟨𝜙] ≥ 0, yielding positivity of Λ‡ (and of its dual) due to
the arbitrariness of 𝜙.

In order to check for contractivity of the trace norm, one might as well restrict to Hermitian
matrices [51].

Corollary 1.1. Let Λ‡ be trace and Hermiticity preserving. Then, it is positive if and only if it
contracts the trace-norm of Hermitian matrices.

Proof. The only if part follows from Proposition 1.8 and Remark 1.13. Suppose that Λ‡ con-
tracts the trace norm of Hermitian matrices. Then, for 𝑋 ≥ 0,

Λ‡[𝑋]1 ≤ ‖𝑋‖1 = Tr (𝑋) = Tr ⒧Λ‡[𝑋]⒭ ⟹ Λ‡ ≥ 0.

1.4.2 Completely positive maps
Positivity could be seen as a minimal mathematical requirement in order to preserve the consis-
tency in the probabilistic description of quantummechanics when describing general operations
on quantum states. On the other hand, when dealing with compound systems, one realizes that
positivity is not enough, due to the existence of quantum entanglement.

Definition 1.10. A linear mapΛ ∶ 𝒜 → ℬ is 𝑘-positive if the lifted mapΛ⊗ id𝑘 ∶ 𝒜⊗𝑀𝑘(ℂ) →
ℬ ⊗𝑀𝑘(ℂ) is positive.Λ is completely positive (CP) if it is 𝑘-positive for all 𝑘 ∈ ℕ.

Remark 1.14. Complete positivity essentially amounts to the robustness of quantum operations
against tensor products. This is crucial in order to guarantee the physical consistency of the description
due to the presence of quantum entanglement. For the sake of simplicity, consider 𝑀𝑑(ℂ) ⊗ 𝑀𝑑(ℂ)
and take a bipartite density matrix of the form

𝜌𝑠𝑒𝑝 = 
𝑖

𝜆𝑖 𝜌𝑖 ⊗ 𝜎𝑖 , 0 ≤ 𝜆𝑖 ≤ 1 , 
𝑖

𝜆𝑖 = 1 . (1.81)

Then, take two positive mapsΛ and Λ and evaluate the action of their tensor product on (1.81),

Λ ⊗ Λ[𝜌𝑠𝑒𝑝] = 
𝑖

𝜆𝑖 Λ[𝜌𝑖] ⊗ Λ[𝜎𝑖] , (1.82)

which is positive, being the convex mixture of positive matricesΛ[𝜌𝑖]⊗Λ[𝜎𝑖]. States (1.81) are called
separable. All states in𝑀𝑑(ℂ) ⊗𝑀𝑑(ℂ)which are not in the form (1.81) are called entangled. Let
now T be the transposition map on𝑀2(ℂ),

T ⒧𝑎 𝑏
𝑐 𝑑⒭ = ⒧𝑎 𝑐

𝑏 𝑑⒭ . (1.83)
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which is a positive map. Then, consider the lifting T ⊗ id2 ∶ 𝑀2(ℂ) ⊗𝑀2(ℂ) → 𝑀2(ℂ) ⊗𝑀2(ℂ)
and its action on the projector 𝑃 (2)

+ = 𝜓(2)
+ 𝜓(2)

+  onto fully symmetric maximally entangled state
𝜓(2)

+  = (|00⟩ + |11⟩)/√2,

𝑃 (2)
+ = 1

2
⎛⎜⎜⎜
⎝

1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

⎞⎟⎟⎟
⎠
⟼ T ⊗ id𝑑[𝑃 (2)

+ ] = 1
2
⎛⎜⎜⎜
⎝

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎞⎟⎟⎟
⎠
. (1.84)

The latter matrix has a negative eigenvalue, so that T ⊗ id2 cannot be positive; therefore, T is not
completely positive.Notably, the second tensor powerT⊗T, which is the transpositionmap on𝑀2(ℂ)⊗
𝑀2(ℂ) ≃ 𝑀4(ℂ), is again a positive map.The previous arguments show that the necessity of complete
positivity is due to the existence of quantum entanglement and, in this sense, represents its dynamical
counterpart.

Complete positivity becomes relevant only in a fully quantum mechanical setting. That is,
if either the domain or the range of Λ are commutative algebras, complete positivity coincides
with simple positivity.

Proposition 1.9 (Stinespring). Let Λ ∶ 𝒜 → ℬ be a positive map. If either 𝒜 or ℬ is Abelian, Λ
is completely positive.

Remark 1.15. It turns out that to extend (1.75) to all 𝑋 ∈ 𝑀𝑑(ℂ), positivity is not enough: indeed,
one needs the stronger requirement of 2-positivity so to fulfil the so-called Schwarz inequality,

Λ[𝑋†𝑋] ≥ Λ[𝑋†]Λ[𝑋] , 𝑋 ∈ 𝑀𝑑(ℂ) . (1.85)

Remark 1.16. Consider the 𝐶∗ algebra𝒜⊗𝑀𝑛(ℂ), whose elements can be written as

𝑋 = 
𝑖𝑗

𝑋(𝑖𝑗) ⊗ 𝐸𝑖𝑗 , 𝑋(𝑖𝑗) ∈ 𝒜 , (1.86)

where {𝐸𝑖𝑗 }𝑑−1𝑖𝑗=0 is a system of matrix units in 𝑀𝑛(ℂ). Suppose that 𝑋 ≥ 0. Then, it can be always
written as

𝑋 = 𝑌†𝑌 = 
𝑖


𝑗𝑘

𝑌(𝑖𝑗)† 𝑌(𝑖𝑘) ⊗ 𝐸𝑗𝑘 . (1.87)

Hence, 𝑋 ≥ 0 iff it is the sum of elementary elements of the form 𝑌𝑒𝑙 = ∑𝑗𝑘 𝑌
†
𝑗 𝑌𝑘 ⊗ 𝐸𝑗𝑘 . Moreover,

let 𝜋 be a faithful representation of 𝒜 on a Hilbert space ℋ. Then, take 𝜙⟩ ∈ ℋ and let 𝜓⟩ =
∑𝑘 𝜋(𝑍𝑘) 𝜙⟩ ⊗ |𝑘⟩ ∈ ℋ ⊗ ℂ𝑑 , for some fixed 𝑍𝑘 in𝒜. Hence,

0 ≤ ⟨𝜓𝜋 ⊗ id𝑑(𝑋)|𝜓⟩ = 
𝑖𝑗

⟨𝜙 𝜋(𝑍𝑖)𝜋(𝑋(𝑖𝑗))𝜋(𝑍𝑗) 𝜙⟩ = ⟨𝜙 𝜋 ⎛
⎝

𝑖𝑗

𝑍𝑖𝑋(𝑖𝑗)𝑍𝑗
⎞
⎠
𝜙⟩ .

Thus, positivity of 𝑋 is equivalent to that of ∑𝑖𝑗 𝑍𝑖𝑋(𝑖𝑗)𝑍𝑗 for all 𝑍𝑖 ∈ 𝒜. Consider now a map
Λ ∶ 𝒜 → 𝒜. The action ofΛ on a elementary element of𝒜 reads

Λ ⊗ id𝑑[𝑌𝑒𝑙] = 
𝑖𝑗

Λ[𝑌†
𝑖 𝑌𝑗 ] ⊗ 𝐸𝑖𝑗 , (1.88)
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so that, complete positivity ofΛ is equivalent to the condition
𝑑−1


𝑖𝑗=0

𝑍†
𝑖 Λ[𝑌†

𝑖 𝑌𝑗 ] 𝑍𝑗 ≥ 0 , ∀ 𝑍𝑖, 𝑌𝑖 ∈ 𝒜, 𝑖 = 0,… , 𝑑 − 1 . (1.89)

Example 1.8. EndomorphismsΘ ∶ 𝒜 → 𝒜, namely linear maps such thatΘ(𝑋𝑌) = Θ(𝑋)Θ(𝑌),
are completely positive maps, since

𝑑−1


𝑖𝑗=0

𝑍†
𝑖 Θ(𝑌†

𝑖 𝑌𝑗)𝑍𝑗 = ⎛
⎝

𝑑−1


𝑖=0

𝑍†
𝑖 Θ(𝑌†

𝑖 )⎞
⎠
⎛
⎝

𝑑−1


𝑗=0

Θ(𝑌𝑗)𝑍𝑗
⎞
⎠
≥ 0 .

Example 1.9. A positive, unital map Γ ∶ 𝒜 → ℬ, where𝒜,ℬ are unital 𝐶∗-algebras and ℬ ⊆ 𝒜,
is called a conditional expectation if [52]

Γ[𝐶𝐴𝐵] = 𝐶Γ[𝐴]𝐵, 𝐴 ∈ 𝒜, 𝐵, 𝐶 ∈ ℬ . (1.90)

Conditional expectations are instances of completely positive maps. Indeed, let Γ be a conditional ex-
pectation for arbitrary 𝐴𝑖 ∈ 𝒜 and 𝐵𝑖 ∈ ℬ,

𝑑−1


𝑖𝑗

𝐵†
𝑖 Γ[𝐴†

𝑖 𝐴𝑗 ]𝐵𝑗 =
𝑑−1


𝑖𝑗

Γ[𝐵†
𝑖 𝐴†

𝑖 𝐴𝑗𝐵𝑗 ] = Γ⒧
𝑖

𝐴𝑖𝐵𝑖⒭
†

𝑗

𝐴𝑗𝐵𝑗 ≥ 0 . (1.91)

since Γ is positive. An immediate example of conditional expectation is obtained by lifting a state to
𝑀𝑑(ℂ) ⊗ 𝒜 → 𝑀𝑑(ℂ),

id𝑑 ⊗ 𝜔(𝑋 ⊗ 𝐴) = 𝜔(𝐴)𝑋 , 𝑋 ∈ 𝑀𝑑(ℂ), 𝐴 ∈ 𝒜 , (1.92)

for which (1.90) can be easily checked.

In principle, complete positivity amounts to check positivity of all liftings Λ ⊗ id𝑘 , 𝑘 ∈
ℕ. Luckily, for maps from 𝑀𝑑(ℂ) to a 𝐶∗-algebra 𝒜, complete positivity is equivalent to 𝑑-
positivity [53]. Furthermore, it is sufficient to check positivity of just one operator in 𝑀𝑑(𝒜).

Theorem 1.10 (Choi). A mapΛ ∶ 𝑀𝑑(ℂ) → 𝒜 is completely positive if and only if

𝒜⊗𝑀𝑑(ℂ) ∋ Λ ⊗ id𝑑
⎡⎢
⎣

𝑑


𝑖𝑗=1

𝐸𝑖𝑗 ⊗ 𝐸𝑖𝑗
⎤⎥
⎦
=

𝑑


𝑖𝑗=1

Λ[𝐸𝑖𝑗 ] ⊗ 𝐸𝑖𝑗 ≥ 0 , (1.93)

namely, if and only if Λ[𝐸𝑖𝑗 ] is positive in𝑀𝑑(𝒜).

For 𝒜 = 𝑀𝑑(ℂ), the previous result amounts to check for positivity of the 𝑑2 × 𝑑2 Choi
matrixΛ⊗id𝑑[𝑃 (𝑑)

+ ], with 𝑃 (𝑑)
+ being the projector onto the fully symmetric maximally entangled

state 𝜓(𝑑)
+  = 𝑑−1/2 ∑𝑑−1

𝑖=0 |𝑖 ⊗ 𝑖⟩.
The most general structure of completely positive maps between bounded operators is given

by the so-called Kraus-Stinespring form.

Theorem 1.11. A linear map Λ ∶ ℬ(ℋ) → ℬ(𝒦) is completely positive if and only if it can be
written as

Λ[𝑋] = 
𝑎

𝐹†
𝑎𝑋𝐹𝑎 , (1.94)

where the sum, if infinite, converges strongly. Ifℋ = ℂ𝑑 , the sum can be limited to 𝑑2 terms.
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1.4.3 Quantummeasurements
Measurements in quantum mechanics are a paradigmatic instance of irreversible evolution,
mapping pure states into statistical mixtures.

Definition 1.11 (Operational partition of unity). A finite subset 𝒳 = {𝑋𝑎}
|𝒳|
𝑎=1 ⊆ 𝒜 is called a

operational partition of unity (OPU) if

|𝒳|


𝑎=1

𝑋†
𝑎𝑋𝑎 = 1𝒜 . (1.95)

where |𝒳| is the cardinality of𝒳.

We then naturally associate a CP unital map 𝕏‡ to the OPU 𝒳 by identifying 𝑋𝑎 as its
Kraus operators,

𝕏‡[𝜌] = 
𝑎

𝑋†
𝑎 𝜌 𝑋𝑎 .

The dual 𝕏 in the Schrödinger picture corresponds to a so-called positive operator-valued
measurement (POVM) of quantum information theory. There, one is usually interested in
finite-level systems; let us then focus for the moment on 𝒜 = 𝑀𝑑(ℂ). Consider the OPU
𝒫 = {Π𝑎}

|𝒫|
𝑎=1 made of orthogonal projections, Π𝑎Π𝑏 = 𝛿𝑎,𝑏Π𝑎. The latter corresponds to

so-called projective measurement,

ℙ𝜌 =
|𝒫|


𝑎=1

𝑃𝑎 𝜌 𝑃𝑎 = 
𝑎

𝑝𝑎 𝜌′
𝑎 , 𝜌′

𝑎 =
𝑃𝑎𝜌𝑃𝑎

Tr (𝑃𝑎𝜌)
, 𝑝′

𝑎 = Tr (𝑃𝑎𝜌) . (1.96)

which is itself a projector on 𝑀𝑑(ℂ), ℙ ∘ ℙ = ℙ.

Remark 1.17. The OPU 𝒫 made of orthogonal projectors 𝑃𝑎, 𝑎 = 1… |𝒫| selects an Abelian ∗-
subalgebra of 𝑀𝑑(ℂ). If 𝑃𝑎 = |𝑎⟩⟨𝑎| are one-dimensional projectors, so that |𝒫| = 𝑑, 𝒫 identifies
a MASA of 𝑀𝑑(ℂ). In particular, the map ℙ provides a conditional expectation from 𝑀𝑑(ℂ) onto
such MASA. Indeed, by letting 𝐴 = ∑𝑖 𝑎𝑖Π𝑖 and 𝐵 = ∑𝑖 𝑏𝑖Π𝑖 and 𝑋 ∈ 𝑀𝑑(ℂ),

ℙ[𝐴𝑋𝐵] = 
𝑖

⟨𝑖|𝐴𝑋𝐵|𝑖⟩ |𝑖⟩⟨𝑖| = 
𝑖

𝑎𝑖𝑏𝑖 ⟨𝑖|𝑋|𝑖⟩ |𝑖⟩⟨𝑖| = 𝐴ℙ[𝑋]𝐵 . (1.97)

Being orthogonal, measuring the projectors 𝑃𝑎 has a straightforward interpretation as the
perfectly distinguishable positions of a pointer on a grade; it is less so in the case of measure-
ments described by a generic OPU𝒳 = {𝑋𝑎}𝑎; in such a case sorting out the labels 𝑎 associated
with generically non-orthogonal components 𝑋𝑎 requires the dilation to a larger Hilbert space.
This can be seen by means of the following simple model of measurement. Let |0⟩ be a fixed
vector in ℂ|𝒳| and define the isometry 𝑉 ∶ ℂ𝑑 ⊗ |0⟩ → ℂ𝑑 ⊗ ℂ|𝒳|,

𝑉 𝜓⟩ ⊗ |0⟩ =
|𝒳|


𝑎=1

𝑋𝑎 𝜓⟩ ⊗ |𝑎⟩ . (1.98)

𝜌′ ∶= 𝑉𝜌 ⊗ |0⟩⟨0| 𝑉† = 
𝑎,𝑏

𝑋𝑎𝜌𝑋†
𝑏 ⊗ |𝑎⟩⟨𝑏| , Tr2 𝜌′ = 𝕏[𝜌] . (1.99)
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The isometry 𝑉 provides a Stinespring-like dilation of the map 𝕏 and can be extended to a
unitary on the whole ℂ𝑑 ⊗ ℂ|𝒳|, so that (1.99) can be seen as a joint evolution of system and
measurement apparatus [54]. Performing then a projective measurement ℙ, with 𝑃𝑎 = |𝑎⟩⟨𝑎|,
on the apparatus (which does not influence the state of the system) yields,

id𝑑 ⊗ ℙ[𝜌′] = 
𝑎

𝑋𝑎𝜌𝑋†
𝑎 ⊗ |𝑎⟩⟨𝑎| . (1.100)

Thus, measuring the projectors 1 ⊗ |𝑎⟩⟨𝑎|, the post-measurement state of the system reads

𝜌′
𝑎 =

𝑋𝑎𝜌𝑋†
𝑎

Tr ⒧𝜌𝑋†
𝑎𝑋𝑎⒭

,

with probability 𝑝𝑎 ∶= Tr ⒧𝜌𝑋†
𝑎𝑋𝑎⒭. The non-selective version of the measurement corresponds

indeed to the action of the CPTP map 𝜌 ↦ 𝕏[𝜌] = Tr2(𝜌′).

1.4.3.1 Coarse-grained density matrix: entropy exchange
Suppose to trace away from (1.99) the degrees of freedom of the apparatus, instead:

𝜌 [𝒳] ∶= 𝜌′
2 = Tr2(𝜌′) =

|𝒳|


𝑎𝑏=1

Tr ⒧𝜌𝑋†
𝑏𝑋𝑎⒭ |𝑎⟩⟨𝑏| . (1.101)

Since the partial trace is a completely positive map, 𝜌 [𝒳] is a bona-fide density matrix and we
shall refer to it as coarse-grained density matrix associated to the OPU 𝒳. The latter is a cor-
relation matrix, its diagonal entries being the outcome probabilities 𝑝𝑎, while the off-diagonal
terms are cross-correlations containing further information provided by the measurement. In
fact, the von Neumann entropy of a density matrix is always less or equal to the Shannon en-
tropy of its diagonal,

𝑆 (𝜌[𝒳]) ≤ 𝐻 ⒧𝑝𝑎
|𝒳|
𝑎=1⒭ , (1.102)

the inequality being saturated when the OPU 𝒳 is made of orthogonal projections. The quan-
tity 𝑆(𝜌[𝒳]) is sometimes called entropy exchange [54, 55]. It represents the entropy increase
in the apparatus, initially in the pure state |0⟩ ⟨0| and thus at zero entropy, due to the mea-
surement process that sends it into the mixed state 𝜌[𝒳]. When the state 𝜌 of the system is
pure, so is the compound state 𝜌′ in (1.102) emerging from the measuring unitary interaction;
then, 𝑆(𝜌[𝒳]) equals the entropy growth in the system, 𝑆(𝕏[𝜌]), due to the non-selective mea-
surement process 𝜌 ↦ 𝕏[𝜌] that sent a pure state into a statistical mixture. We now show,
following [56], that the entropy gained by the measurement apparatus is at least as large as
the information gained during the measurement. Recalling the definition of quantum relative
entropy 𝑆(𝜌‖𝜎) = Tr (𝜌 (log 𝜌 − log𝜎)), consider

𝑆(𝜌′‖𝜌′
1 ⊗ 𝜌′

2) = 𝑆(𝕏[𝜌]) + 𝑆(𝜌[𝒳]) − 𝑆(𝜌) , (1.103)

where we used the fact that 𝑆(𝜌′) = 𝑆(𝜌). Further, consider the action of the full decoherence
map ℙ on the second party,

id ⊗ ℙ[𝜌′] =
|𝒳|


𝑎=1

𝑝𝑎 𝜌′
𝑎 ⊗ |𝑎⟩⟨𝑎| , 𝜌′

𝑎 =
𝑋𝑎𝜌𝑋†

𝑎
𝑝𝑎

, (1.104)
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so that
𝑆(id ⊗ ℙ[𝜌′]‖id ⊗ ℙ[𝜌′

1 ⊗ 𝜌′
2]) = 𝑆(𝕏[𝜌]) −

𝑎
𝑝𝑎𝑆(𝜌′

𝑎) . (1.105)

Hence, due to the monotonicity of the relative entropy under CPTP maps, the difference

𝑆 (id ⊗ ℙ[𝜌′]id ⊗ ℙ[𝜌′
1 ⊗ 𝜌′

2]) − 𝑆 (𝜌′𝜌′
1 ⊗ 𝜌′

2) = 𝑆(𝜌) −
𝑎

𝑝𝑎𝑆(𝜌′
𝑎) − 𝑆(𝜌[𝒳]) ≤ 0 ,

or, equivalently,
𝑆(𝜌) −

𝑎
𝑝𝑎𝑆(𝜌′

𝑎) ≤ 𝑆(𝜌[𝒳]) . (1.106)

On the left-hand side, one has the average information gain about the state 𝜌 when the mea-
surement associated with 𝒳 is performed. Hence, the entropy exchange 𝑆(𝜌[𝒳]) provides an
universal upper bound for the average information gain.

Remark 1.18. An alternative expression for 𝑆(𝜌[𝒳]) is given by

𝑆(𝜌[𝒳]) = 𝑆 ⒧𝕏 ⊗ id𝑑 √𝜌√𝜌⒭ , (1.107)

where √𝜌 is a purification of 𝜌 (see Example 1.3); the proof is reported in Appendix C.1. Let now
𝜌 > 0 be an invertible density matrix and consider the CPTP map

𝔽[𝜎] = Tr (𝜎) 𝜌 = 
𝑖𝑗

√𝑟𝑖𝑅𝑖𝑗 𝜎 √𝑟𝑖𝑅†
𝑖𝑗 = 

𝑖𝑗
𝐹𝑖𝑗𝜎𝐹†

𝑖𝑗 , 𝐹𝑖𝑗 = √𝑟𝑖𝑅𝑖𝑗 , (1.108)

corresponding to the OPUℱ = {𝐹𝑖𝑗 }𝑑𝑖𝑗=1, |ℱ| = 𝑑2. Clearly, 𝔽[𝜌] = 𝜌. We now show that [57]

max
𝒳 ∶𝕏[𝜌]=𝜌

𝑆(𝜌[𝒳]) = 𝑆(𝜌[ℱ]) , (1.109)

where the the maximization is constrained to the OPUs that leave 𝜌 invariant. It suffices to consider
the positive trace-preserving map (CPTP) map𝕏 associated to the OPU𝒳 and evaluate

0 ≤ 𝑆 ⒧𝕏 ⊗ id𝑑 √𝜌√𝜌 ‖𝜌 ⊗ 𝜌⒭
= −𝑆 ⒧𝕏 ⊗ id𝑑 √𝜌√𝜌⒭ − Tr ⒧𝕏 ⊗ id𝑑 √𝜌√𝜌 log(𝜌 ⊗ 𝜌)⒭
= −𝑆(𝜌[𝒳]) + 2𝑆(𝜌) = −𝑆(𝜌[𝒳]) + 𝑆 ⒧𝔽 ⊗ id𝑑 √𝜌√𝜌⒭ ,

yielding 𝑆(𝜌[𝒳]) ≤ 𝑆(𝜌[ℱ]), for all OPUs𝒳. The second to last equality was obtained by exploiting
the invariance 𝜌 = 𝕏[𝜌], while the last equality follows from 𝔽⊗ id𝑑 √𝜌√𝜌 = 𝜌 ⊗𝜌. Hence,
among those partitions that leave 𝜌 invariant, the maximal entropy exchange is obtained by (1.108).

1.5 Quantum symbolic models
As seen in 1.3.2, the Kolmogorov-Sinai entropy measures the optimal rate of information pro-
vided by the symbolic dynamics arising from a coarse-graining of the classical phase-space.
There have been many attempts to a non-commutative extension of the KS entropy. For a
comparative discussion of the different quantum dynamical entropies see [38, 58]. Among the
different proposals, two most prominent ones are that by Connes, Narnhofer and Thirring [59]
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andAlicki, Lindblad and Fannes.They provide inequivalent extensions to the KS entropy to the
quantum setting, since they yield different results for different dynamical systems. In the fol-
lowing, we shall exclusively treat the proposal by Alicki and Fannes [27, 60, 61], based on earlier
pioneering work by Lindblad [7, 57]. The Alicki-Lindblad-Fannes dynamical entropy (ALF
for short) provides a quantum counterpart to the KS entropy in that the coarse-graining of the
phase-space is replaced by POVM-measurements at successive time-steps of the Schrödinger
dynamics. Let (𝒜,Θ,𝜔) be a discrete-time quantum dynamical system, with Θ ∶ 𝒜 → 𝒜
an automorphism of 𝒜 and 𝜔 a Θ-invariant state. Consider then an OPU 𝒳 = {𝑋𝑎}

|𝒳|
𝑎=1,

∑|𝒳|
𝑎=1 𝑋

†
𝑎𝑋𝑎 = 1𝒜. As discussed in Section 1.4.3, the latter corresponds to nothing but a

POVM measurement in the language of quantum information. As for classical partitions (see
Section 1.3.1), given two OPUs 𝒳 and 𝒴, one defines their refinement as the OPU

𝒳 ∘ 𝒴 ∶= {𝑋𝑎 𝑌𝑏}
|𝒳|, |𝒴|
𝑎=1, 𝑏=1 . (1.110)

In fact, property (1.95) is easily checked. Since we shall be now interested in the dynamics, we
define the time evolution of an OPU 𝒳 as

Θ(𝒳) = {Θ(𝑋𝑎)}
|𝒳|
𝑎=1 . (1.111)

Finally, the time-refinement of 𝒳 after 𝑛 steps of the dynamics is the refinement of time evolu-
tions of 𝒳 under iterates of Θ,

𝒳(𝑛) = Θ𝑛−1(𝒳) ∘ …Θ(𝒳) ∘ 𝒳 = 𝑋(𝑛)
𝒂 

𝒂
, (1.112)

where 𝒂 = 𝑎0𝑎1 ⋯𝑎𝑛−1 defines the symbolic sequence and the time-refined OPU elements
read

𝑋(𝑛)
𝒂 ∶= Θ𝑛−1(𝑋𝑎𝑛−1) … Θ(𝑋𝑎1) 𝑋𝑎0 . (1.113)

As shown in Section 1.4.3 for finite-level systems, given a state 𝜔 and the OPU 𝒳 = {𝑋𝑎}
|𝒳|
𝑎=1,

one associates the coarse-grained density matrix

𝜌[𝒳] =
|𝒳|


𝑎,𝑏=1

𝜔 ⒧𝑋†
𝑏𝑋𝑎 ⒭ |𝑎⟩⟨𝑏| ∈ 𝑀|𝒳|(ℂ) , (1.114)

{|𝑎⟩}|𝒳|
𝑎=1 being the standard basis of ℂ|𝒳|. Accordingly, vectors 𝒂[0,𝑛−1] = |𝑎0⟩ ⊗ ⋯ ⊗ |𝑎𝑛−1⟩

form a basis in ⒧ℂ|𝒳|⒭⊗𝑛−1 so that the coarse-grained density matrices associated with the 𝑛-
step refinements read

𝜌𝒳(𝑛) =
|𝒳|


𝒂,𝒃

𝜔 ⒧𝑋(𝑛)†
𝒃 𝑋(𝑛)

𝒂 ⒭ 𝒂[0,𝑛−1]𝒃[0,𝑛−1] ∈ 𝑀 [0,𝑛−1]
|𝒳| (ℂ) . (1.115)

Their matrix elements are the multi-time correlation functions

𝜌𝒳(𝑛)𝒂,𝒃 = 𝜔 ⒧𝑋(𝑛)†
𝒃 𝑋(𝑛)

𝒂 ⒭

= 𝜔 ⒧𝑋†
𝑏0Θ⒧𝑋†

𝑏1⒭Θ
2(𝑋†

𝑏2⒭⋯Θ𝑛−1⒧𝑋†
𝑏𝑛−1𝑋𝑎𝑛−1⒭⋯Θ2(𝑋𝑎2⒭Θ⒧𝑋𝑎1⒭𝑋𝑎0⒭ . (1.116)
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1. Quantum Dynamical Systems

Remark 1.19. Using thatΘ(𝑋𝑌) = Θ(𝑋)Θ(𝑌), one can recast (1.116) in a “nested” fashion

𝜌𝒳(𝑛)𝒂,𝒃 = 𝜔 ⒧𝑋†
𝑏0Θ⒧𝑋†

𝑏1Θ⒧𝑋†
𝑏2 ⋯Θ⒧𝑋†

𝑏𝑛−1𝑋𝑎𝑛−1⒭⋯𝑋𝑎2⒭ 𝑋𝑎1⒭ 𝑋𝑎0⒭ . (1.117)

Furthermore, one passes from the Heisenberg to the Schrödinger picture by introducing the following
dual maps on the space of states of the system: 𝜔 ↦ 𝔼‡

𝑎𝑏[𝜔] and 𝜔 ↦ Θ‡[𝜔] such that

𝔼‡
𝑎𝑏[𝜔](𝑋) = 𝜔(𝑋†

𝑏 𝑋 𝑋𝑎) , Θ‡[𝜔](𝑋) = 𝜔(Θ[𝑋]) .

Then, one can rewrite

𝜌𝒳(𝑛)𝒂,𝒃 = 𝔼𝑎𝑛−1𝑏𝑛−1 ∘ Θ
‡ ∘ ⋯𝔼‡

𝑎1𝑏1 ∘ Θ
‡ ∘ 𝔼‡

𝑎0𝑏0 [𝜔](1) . (1.118)

The diagonal entries of 𝜌𝒳(𝑛) are then the probabilities of sequences of selective measurements of the
various OPU’s terms followed by the one-step reversible dynamics.

The density matrices 𝜌[𝒳(𝑛)] ∈ 𝑀⊗[0,𝑛−1]
|𝒳| (ℂ), 𝑛 ≥ 1 form a consistent family in the sense

that Tr𝑛−1 ⒧𝜌[𝒳(𝑛)]⒭ = 𝜌[𝒳(𝑛−1)] ∈ 𝑀⊗[0,𝑛−2]
|𝒳| (ℂ). They thus define a state𝜔𝒳 on the quantum

spin half-chain ℳ generated by the nested strictly local algebras 𝑀⊗[0,𝑛−1]
|𝒳| (ℂ) through the

expectations

𝜔𝒳 ⒧𝑌[0,𝑛−1]⒭ = Tr ⒧𝜌[𝒳(𝑛)] 𝑌[0,𝑛−1]⒭ , 𝑌 ∈ 𝑀⊗[0,𝑛−1]
|𝒳| (ℂ) .

Remark 1.20. Theprevious construction provides a coarse-grained description of quantum dynamical
system (𝒜,Θ,𝜔) by means of a symbolic model (𝑀ℕ

|𝒳|(ℂ), 𝜎, 𝜔𝒳) on the half-chain 𝑀ℕ
|𝒳|(ℂ) with

the shift-dynamics 𝜎. If
𝜔 ∘ Θ = 𝜔 𝜔 ∘ 𝕏‡ = 𝜔 ,

namely if both the dynamics and the measurement leave 𝜔 invariant, the state 𝜔𝒳 is shift invariant.
On the other hand, in the quantum mechanical framework, one can hardly only restrict to OPUs that
leave 𝜔 invariant [60]. Then, if the reference state 𝜔 is only Θ-invariant and not invariant under
the OPU, 𝜔(𝕏‡[𝑌]) ≠ 𝜔(𝑌), 𝜔𝒳 will not generally be shift-invariant, 𝜔𝒳 ≠ 𝜔𝒳 ∘ 𝜎.

1.5.1 ALF entropy

Since 𝜌𝒳(𝑛) is a well-defined density matrix living in 𝑀 [0,𝑛−1]
|𝒳| (ℂ), one can consider its von

Neumann entropy rate

𝔥𝜔(Θ,𝒳) ∶= lim sup
𝑛

1
𝑛 𝑆 ⒧𝜌𝒳(𝑛)⒭ , 𝑆(𝜌) = −Tr (𝜌 log 𝜌) . (1.119)

The lim sup is taken since, due to lack of shift-invariance (Remark 1.20), the limit of the ratio
in (1.119) could not exist.

Definition 1.12. TheAlicki-Lindblad-Fannes dynamical entropy (ALF) associated to the dynamical
system (𝒜,Θ,𝜔) is defined by

𝔥ℬ
𝜔(Θ) ∶= sup

𝒳⊆ℬ
𝔥𝜔(Θ,𝒳) . (1.120)

where maximization is over a reference subalgebra ℬ ⊆ 𝒜.
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1.5. Quantum symbolic models

In principle, the ALF entropy thus depends on the choice of a subalgebra ℬ of physically
admissible OPUs. In applications to reversible dynamical systems, e.g. for studying quantum
chaos, ℬ is typically assumed to be globally Θ-invariant, Θ(ℬ) = ℬ, and dense in 𝒜 [27].
We shall relax these assumptions on ℬ in Chapter 5 when adapting Definition 1.12 to the
framework of open quantum systems.

Remark 1.21. A germ of the above construction can be found in [57], where the definition of the
entropy was however limited to OPUs leaving the state 𝜔 invariant. As discussed in Remark 1.20,
such an assumption, together with𝜔∘Θ = 𝜔, guarantees the shift-invariance of𝜔𝒳 and the existence
of (1.119) as a limit. However, it is generally deemed too restrictive in the quantum setting (this was
noted by Lindblad himself [57], see also the discussion in [60]).

Remark 1.22. In the case where the algebraic setting is commutative the ALF entropy reduces to
the KS one. Let ℬ0 ⊂ 𝐿∞

𝜇 (𝔛) the ∗-subalgebra made of characteristic functions of measurable subsets
of 𝒳. Given a partition 𝒫 = {𝑃𝑖}𝑖 of 𝔛, the associated characteristic functions 𝜒𝑃𝑖 form a OPU
𝒳𝒫 = {𝜒𝑃𝑖 }𝑖 in ℬ0. Then, Θ(𝜒𝑃𝑖 ) = 𝜒𝒯−1(𝑃𝑖) and, by performing the time-refinement, one obtains
[𝜌[𝒳(𝑛)

𝒫 ]]𝒊𝒋 = 𝜇(𝑃𝒊[0,𝑛−1])𝛿𝒊𝒋 . The corresponding von Neumann entropy rate exists as a limit and,
maximizing overℬ0, one concludes that 𝔥ℬ0

𝜇 (Θ𝒯) = 𝔥𝐾𝑆
𝜇 (𝒯). This argument can been further refined

so that the KS entropy actually corresponds to the ALF one also when the optimization is not restricted
to ℬ0 but is allowed on the full 𝐿∞

𝜇 (𝔛) [62].

Let us recall the following useful bound that holds whenever we can express 𝜔(𝐴) =
Tr (𝜌𝐴) for some 𝜌 (with 𝜌 possibly depending on 𝐴, as for locally-normal states).

Proposition1.12. Let𝐴 ∈ 𝒜 and𝜔(𝐴) = Tr (𝜌𝐴) for some densitymatrix𝜌 and let𝒳 = {𝑋𝑎}
|𝒳|
𝑎=1

be a OPU. Then,
𝑆 (𝜌 [𝒳]) ≤ 𝑆(𝜌) + 𝑆(𝕏[𝜌]) . (1.121)

Proof. As in the measurement model of Section 1.4.3, consider a dilation of 𝜌 to the global
state 𝜌′ of system and apparatus as in (1.99). Let then 𝜌′

1(2) = Tr2(1)(𝜌′) be the marginals of 𝜌′.
Then, since 𝜌 and 𝜌′ have the same von-Neumann entropy, by invoking the triangle inequality
𝑆(𝜌′) ≥ 𝑆(𝜌′

1) − 𝑆(𝜌′
2) [54], one has

𝑆(𝜌) ≥ 𝑆 (𝜌[𝒳]) − 𝑆(𝕏[𝜌]) ,

that implies (1.121).

Example 1.10. Consider the finite-level dynamical system (𝑀𝑑(ℂ), 𝜌,Θ)withΘ[𝑋] = 𝑈†𝑋𝑈 ∈
𝑀𝑑(ℂ). Then, the refined partition elements 𝑋(𝑛)

𝒂 will all belong to𝑀𝑑(ℂ). Hence, for all 𝑛 ∈ ℕ,

𝑆 ⒧𝜌 𝒳(𝑛)⒭ ≤ 𝑆(𝜌) + 𝑆 ⎛
⎝

𝒂

𝑋(𝑛)
𝒂 𝜌𝑋(𝑛)†

𝒂
⎞
⎠
≤ 𝑆(𝜌) + log 𝑑 .

Thus, dividing by 𝑛 both sides of the previous inequality and taking the limit 𝑛 → ∞ of the r.h.s.,
one deduces that the ALF entropy of a finite reversible dynamical system is zero. This represents the
quantum analogue of classical dynamical systems with discrete spectrum that have zero KS entropy, as
the rotations on the circle from Example 1.6.1.
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Consider the shift dynamical system of Example (1.4), namely a stationary quantum spin
chain described on the quasi local algebra 𝑀ℤ

𝐷 generated by the single-site matrix algebra
𝒜(𝑘) = 𝑀𝐷(ℂ), 𝑘 ∈ ℤ, and equipped with a shift-invariant state. One considers as a refer-
ence subalgebra that of local observables ℬ = 𝒜loc, as defined in (1.13), which is dense 𝑀ℤ

𝐷 .
The ALF entropy of the shift 𝜎, derived in [60], is a paradigmatic result as illustrates the typi-
cal strategy for computing the ALF entropy in many concrete cases. We shall now review this
result in the following

Proposition 1.13. The ALF entropy of the shift for a quantum spin chain is given by

ℎ𝒜
loc

𝜔 (𝜎) = 𝔖𝜔 + log(𝐷) , (1.122)

where 𝔖𝜔 is the mean von Neumann entropy of the chain (1.30).

Proof. Let 𝒳 be any partition in 𝒜loc. Due to translational invariance of 𝜔, it is no restriction
to consider elements 𝑋𝑎 to be finitely supported in [0, 𝑗], 𝑗 ∈ ℕ, namely 𝑋[0,𝑗]

𝑎 ∈ 𝒜[0,𝑗]. The
time-refinement𝒳(𝑛), due to the iterated action of the shift 𝑛−1 times, will consist in operators
𝑋[0,𝑗+𝑛−1]
𝒂 , thus supported by intervals [0, 𝑗 +𝑛−1]. Hence, the elements of the coarse-grained

density matrix will read

𝜔 ⒧𝑋(𝑛)†
𝒃 𝑋(𝑛)

𝒂 ⒭ = Tr ⒧𝜌[0,𝑗+𝑛−1] 𝑋[0,𝑗+𝑛−1]†
𝒃

𝑋0,𝑗+𝑛−1]
𝒂 ⒭ ,

Hence, by Proposition 1.12,

𝑆 ⒧𝜌 𝒳(𝑛)⒭ ≤ 𝑆 ⒧𝜌[0,𝑗+𝑛−1]⒭ + 𝑆 ⎛
⎝

𝒂

𝑋[0,𝑗+𝑛−1]
𝒂 𝜌[0,𝑗+𝑛−1]𝑋[0,𝑗+𝑛−1] †

𝒂
⎞
⎠

≤ 𝑆 ⒧𝜌[0,𝑗+𝑛−1]⒭ + (𝑗 + 𝑛) log(𝐷) .

Then, dividing both sides by 𝑛 and taking lim sup, one deduces 𝔥𝒜loc

𝜔 ≤ 𝔖𝜔 + log(𝐷). The

equality is achieved by taking the partition ℰ =  𝐸𝑎𝑎′
𝐷−1
𝑎𝑎′=0 ⊆ 𝑀𝐷(ℂ), with 𝐸𝑎𝑎′ =

𝐸𝑎𝑎′

√𝐷
and

𝐸𝑎𝑎′ being matrix units localized in 𝑀 (0)
𝐷 (ℂ). The time-refined partition consists of elements

𝐸(𝑛)
𝒂𝒂′ = 𝜎𝑛−1( 𝐸(0)

𝑎𝑛−1𝑎′𝑛−1)…𝜎( 𝐸(0)
𝑎1𝑎′1) 𝐸(0)

𝑎0𝑎′0 = 𝐷−𝑛/2
𝑛−1

𝑘=0

𝐸(𝑘)
𝑎𝑘𝑎′𝑘

. (1.123)

The entries of the corresponding coarse-grained density matrix read

𝜔 ⒧ 𝐸(𝑛)†
𝒃𝒃′

𝐸(𝑛)
𝒂,𝒂′⒭ = 𝐷−𝑛 Tr ⎛

⎝
𝜌[0,𝑛−1]

𝑛−1

𝑘=0

𝐸(𝑘)
𝑏′𝑘𝑏𝑘

𝑛−1

𝑙=0

𝐸(𝑙)
𝑎𝑙𝑎′𝑙

⎞
⎠
= 𝐷−𝑛𝛿𝒂𝒃 Tr ⎛

⎝
𝜌[0,𝑛−1]

𝑛−1

𝑘=0

𝐸(𝑘)†
𝑎′𝑘𝑏

′
𝑘
⎞
⎠
.

(1.124)
The coarse-grained density matrix can be then written in terms of the same matrix units 𝐸𝑎𝑎′ ,

𝜌  ℰ(𝑛) = 
𝒂𝒂′
𝒃𝒃′

𝜔 ⒧𝐹(𝑛)†
𝒃𝒃′ 𝐹

(𝑛)
𝒂𝒂′⒭ |𝒂𝒂′⟩⟨𝒃𝒃′| ; (1.125)
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then, by substituting (1.124) into (1.125) ,

𝜌  ℰ(𝑛) = 𝐷−𝑛 
𝒂

𝐸𝒂𝒂 ⊗
𝒂′𝒃′

Tr ⎛
⎝

𝑛−1

𝑘=0

𝐸(𝑘)†
𝑎′𝑘𝑏

′
𝑘
𝜌[0,𝑛−1]⎞

⎠

𝑛−1

𝑗=0

𝐸(𝑗)
𝑎′𝑗𝑏′𝑗

= 1𝐷𝑛

𝐷𝑛 ⊗ 𝜌[0,𝑛−1] ,

so that
𝑆 ⒧𝜌  ℰ(𝑛)⒭ = 𝑛 log(𝐷) + 𝑆 ⒧𝜌[0,𝑛−1]⒭ .

Dividing by 𝑛 and taking the limit yields the result.

Remark 1.23. The term log(𝐷) in the dynamical entropy of the shift is a correction of genuinely quan-
tum origin due to the disturbance generated by the measurements. In fact, when the maximization is
restricted to the quasi Abelian local algebra 𝒟loc, generated by minimal projectors {Π𝑖}𝐷𝑖=1 (see Sec-
tion 1.3.2.1), such term disappears. Consider, without loss of generality, a partition consisting of local
operators 𝑋[0,𝑗]

𝑎 = ∑𝒌[0,𝑗] 𝑥
𝑎
𝒌[0,𝑗]Π

[0,𝑗]
𝒌[0,𝑗] ; its time-refinement under the shift will consist of operators

𝑋[0,𝑗+𝑛−1]
𝒂 = ∑𝒌[0,𝑗+𝑛−1] 𝑥𝒂𝒌[0,𝑗+𝑛−1]Π

[0,𝑗+𝑛−1]
𝒌[0,𝑗+𝑛−1] . Note that the OPU condition translates into


𝒂

𝑥𝒂𝒌[0,𝑗+𝑛−1] 𝑥𝒂𝒌[0,𝑗+𝑛−1] = 1 . (1.126)

Hence, we can recast

𝜌 𝒳(𝑛) = 
𝒂𝒃

Tr ⒧𝜌[0,𝑗+𝑛−1]𝑋[0,𝑗+𝑛−1]†
𝒃

𝑋[𝑗+𝑛−1]
𝒂 ⒭ |𝒂⟩⟨𝒃|

= 
𝒂𝒃


𝒌[0,𝑗+𝑛−1]

𝑥𝒃𝒌[0,𝑗+𝑛−1] 𝑥𝒂𝒌[0,𝑗+𝑛−1] Tr ⒧𝜌[0,𝑗+𝑛−1]Π𝒌[0,𝑗+𝑛−1]⒭ |𝒂⟩⟨𝒃|

= 
𝒌[0,𝑗+𝑛−1]

𝑝𝒌[0,𝑗+𝑛−1] Ψ𝒌[0,𝑗+𝑛−1]Ψ𝒌[0,𝑗+𝑛−1]  ,

where Ψ𝒌[0,𝑗+𝑛−1] = ∑𝒂 𝑥𝒂𝒌[0,𝑗+𝑛−1] |𝒂⟩ are normalized vectors due to (1.126). Consequently, one has

𝑆 ⒧𝜌 𝒳(𝑛)⒭ ≤ 𝐻 ⒧𝑝𝒌[0,𝑗+𝑛−1]⒭ .

Dividing by 𝑛 and taking the lim sup on both sides, and then the supremum of the l.h.s, yields

𝔥𝒟loc

𝜔 ≤ 𝔖𝜔 .

The upper bound, which is the KS entropy of the shift (see Remark 1.10), is saturated by taking the
projective partition {𝑃𝑖}𝑖 localized at site 0.

1.5.2 Operational interpretation of ALF entropy
If a time-invariant state 𝜔 ∘Θ = 𝜔 is considered, the physical interpretation of 𝔥ℬ

𝜔(Θ) is neatly
obtained in the GNS representation as an alternating sequence of measurement processes and
reversible one-step dynamics. This possibility already emerged in Remark 1.19; however, there
this interpretationwas only possible for the diagonal entries of 𝜌𝒳(𝑛). As seen in Section 1.1.3,
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observables 𝑋 ∈ 𝒜 can conveniently be represented by bounded operators 𝜋𝜔(𝑋) ∈ 𝐵(ℋ𝜔)
acting on the GNS Hilbert space ℋ𝜔 equipped with a cyclic state vector |Ω𝜔⟩. Moreover, the
automorphism Θ is unitarily implemented by a unitary operator 𝑈𝜔 through (1.33). At the
level of the GNS representation one then constructs a suitable pure-state dilation as in the
model of measurement of Section 1.4.3,


𝒂,𝒃

𝜋𝜔 ⒧𝑋(𝑛)
𝒂 ⒭ |Ω𝜔⟩⟨Ω𝜔| 𝜋𝜔⒧𝑋

(𝑛)
𝒃 ⒭† ⊗ 𝒂[0,𝑛−1]𝒃[0,𝑛−1] . (1.127)

Since the marginals of a pure state have the same entropy, the von Neumann entropy of the
coarse-grained density matrix is then the same as [28, 38],

𝑆 ⒧𝜌𝒳(𝑛)⒭ = 𝑆 ⒧⒧𝕌𝜔 ∘ 𝕏𝜔⒭
𝑛[|Ω𝜔⟩⟨Ω𝜔|]⒭ . (1.128)

where 𝕌‡
𝜔[𝜋𝜔(𝑋)] = 𝑈†

𝜔𝜋𝜔(𝑋)𝑈𝜔 = 𝜋𝜔(Θ[𝑋]) is the unitary implementation of the dynam-
ics in the GNS representation while 𝕏𝜔 is the CPTP map

𝕏𝜔[ ⋅ ] ∶= 
𝑎

𝜋𝜔(𝑋𝑎) ⋅ 𝜋𝜔(𝑋𝑎)† . (1.129)

The detailed derivation of (1.128) is reported in Appendix C.1 and its structure supports the
interpretation of the ALF entropy, like that of the classical KS entropy, as the maximal infor-
mation per time-step extracted from repeated measurements on the system intertwined with
the time evolution. Only, measurements and dynamics do not commute.

Moreover, following the model of measurement process described in Section 1.4.3, (1.127)
can be then interpreted as a dilation of the POVM process ⒧𝕌𝜔 ∘𝕏𝜔⒭

𝑛
where the apparatus is

explicitly taken into account. The only difference is that, now, multiple copies of the apparatus
are considered due to the repeated measurements. Accordingly, (1.128) can be also seen as the
entropy exchange with the apparatus due to iterated measurements.
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CHAPTER 2
OpenQuantum Systems

In the theory of open quantum systems, one is usually interested in the irreversible dynamics
generated by the interaction of the system of interest 𝑆 with an environment 𝐸. The latter, in
principle, might comprehend infinitely many degrees of freedom. From now on, we shall always
consider finite-level open systems described by a matrix algebra 𝒜𝑆 = 𝑀𝑑(ℂ), coupled to an
environment 𝐸 described by an algebra 𝒜𝐸 so that the compound observables of system and
environment are self-adjoint elements of the algebra

𝒜 = 𝒜𝑆 ⊗𝒜𝐸 . (2.1)

Moreover, we shall also assume that, at 𝑡 = 0, system and environment can be prepared in-
dependently and thus are in a tensor product state 𝜔𝑆 ⊗ 𝜔𝐸, with 𝜔𝑆 being described by a
density matrix 𝜌𝑆. Finally, the system-environment reversible evolution will be given by a one-
parameter group of ∗-automorphisms {Θ𝑡}𝑡, Θ𝑡 ∶ 𝒜 → 𝒜, Θ𝑡 ∘ Θ𝑠 = Θ𝑡+𝑠 . In the first part of
the Chapter, we shall mostly focus on continuous-time groups yielding a continuous reduced
dynamics. Later on, it will be convenient to pass to a discrete-time description, i.e. 𝑡 = 𝑛 ∈ ℕ
when dealing with collisional models (Section 2.1.4) or when focussing on the symbolic dy-
namics extracted by repeatedly probing the open system (Section 2.2).

2.1 Reduced dynamics
The assumption of a tensor product initial state of system and environment ensures that the
so-called reduced dynamics of the system can be described by means of a linear, completely
positive map

Λ‡
𝑡[𝑋𝑆] ∶= id𝑆 ⊗ 𝜔𝐸⒧Θ𝑡[𝑋𝑆 ⊗ 1𝐸]⒭ . (2.2)

It is obtained through the conditional expectation id𝑆 ⊗ 𝜔𝐸 ∶ 𝒜𝑆 ⊗𝒜𝐸 → 𝒜𝑆,

id𝑆 ⊗ 𝜔𝐸(𝑋𝑆 ⊗ 𝑋𝐸) = 𝜔𝐸(𝑋𝐸) 𝑋𝑆 ,

by focussing on the observables of the open system, only. For the sake of later convenience, let
us prove complete positivity of (2.2) also when Θ𝑡 is replaced by means of a CPU map.

Proposition 2.1. LetΛ‡[𝑋𝑆] = id𝑆 ⊗𝜔𝐸 (Γ [𝑋𝑆 ⊗ 1𝐸]), with Γ being a completely positive unital
map on𝒜𝒮 ⊗𝒜𝐸 . Then, Λ‡ is completely positive and unital.
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2. Open Quantum Systems

Proof. Unitality is readily verified, since

Λ‡[1𝑆] = id𝑆 ⊗ 𝜔𝐸 (Γ [1𝑆 ⊗ 1𝐸]) = 𝜔(1𝐸)1𝑆 = 1𝑆 .

Complete positivity of Γ implies that, for all 𝑋𝑖, 𝑌𝑖 ∈ 𝒜𝑆,

0 ≤ 
𝑖𝑗

𝑌†
𝑖 Γ𝑋†

𝑖 𝑋𝑗 ⊗ 1𝐸 𝑌𝑗 .

Then, since id𝑆 ⊗ 𝜔𝐸 is a conditional expectation (see Example 1.9),

0 ≤ id𝑆 ⊗ 𝜔𝐸⒧
𝑖𝑗

𝑌†
𝑖 Γ 𝑋†

𝑖 𝑋𝑗 ⊗ 1𝐸 𝑌𝑗⒭ = 
𝑖𝑗

𝑌†
𝑖 id𝑆 ⊗ 𝜔𝐸 ⒧Γ [𝑋†

𝑖 𝑋𝑗 ⊗ 1𝐸]⒭ 𝑌𝑗

= 
𝑖𝑗

𝑌†
𝑖 Λ‡[𝑋†

𝑖 𝑋𝑗 ] 𝑌𝑗 .

Complete positivity of Λ‡ is then ensured, as discussed in Remark 1.16.

The state evolution in the Schrödinger picture is equivalently described by a CPTP map
Λ𝑡, acting on 𝑑 × 𝑑 density matrices, and obtained by duality

Tr (Λ𝑡[𝜌𝑆]𝑋𝑆) = 𝜔𝑆⒧Λ
‡
𝑡[𝑋𝑆]⒭ . (2.3)

The so-obtained maps Λ𝑡, 𝑡 ≥ 0 constitute a continuous 1-parameter family {Λ𝑡}𝑡≥0, whose
evolution is generally governed by a highly complicated memory kernel equation

Λ̇𝑡 = 
𝑡

0
d𝑠 𝐾𝑡,𝑠 ∘ Λ𝑠 , Λ𝑡=0 = id𝑑 . (2.4)

The latter encodes the fact that the reduced evolution is affected by memory effects, arising
from the coupling with the environment. If the coupling between system and environment is
particularly weak, a series of systematic approximations known as weak coupling limit [6, 20],
leads to a much more feasible time-local master equation

Λ̇𝑡 = ℒ ∘ Λ𝑡 , Λ𝑡=0 = id𝑑 , (2.5)

with ℒ being the generator. The formal solution of (2.5) is simply given by the exponential
Λ𝑡 = 𝑒𝑡ℒ and the evolution evolves according a semigroup law, Λ𝑡 = Λ𝑡−𝑠 ∘ Λ𝑠 with Λ𝑡−𝑠 =
𝑒(𝑡−𝑠)ℒ.The structure ofℒ is fully determined by the celebrated theorem byGorini, Kossakowski,
Sudarshan [4] and Lindblad [5]. On the other hand, in many situations, a time-local master
equation can be obtained also in the non-Markovian regime, allowing for an alternative form
of the evolution law (2.4) [63].

2.1.1 Generators
Suppose that the dynamicsΛ𝑡 is algebraically invertible, i.e. there exists a linear mapΛ𝑡 ∘Λ−1

𝑡 =
Λ−1

𝑡 ∘ Λ𝑡 = id𝑑 . It is then always possible to define a time-dependent generator

ℒ𝑡 ∶= Λ̇𝑡 ∘ Λ−1
𝑡 = 

𝑡

0
d𝑠 𝐾𝑡,𝑠 ∘ Λ𝑠 ∘ Λ−1

𝑡 , (2.6)
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2.1. Reduced dynamics

and recast (2.4) as a time-local master equation

Λ̇𝑡 = ℒ𝑡 ∘ Λ𝑡 , Λ𝑡=0 = id𝑑 . (2.7)

As in Remark 1.1, fix a reference set of 𝑑2 matrices, 𝐹0 = 1/√𝑑 and {𝐹𝑘}𝑑
2−1

𝑘=0 ⊂ 𝑀𝑑(ℂ),
𝑘 = 1,… , 𝑑2 − 1 such that Tr ⒧𝐹†

𝑗 𝐹𝑘⒭ = 𝛿𝑗𝑘 , thus forming an Hilbert-Schmidt orthonormal
basis. Then, assuming trace and Hermiticity preservation of the evolution, the generator (2.6)
can be always expressed in the canonical form

ℒ𝑡[𝜌] = −𝑖[𝐻(𝑡), 𝜌] + 𝒟𝑡[𝜌] , (2.8)

with 𝐻(𝑡) = 𝐻†(𝑡) being a time-dependent Hamiltonian, while 𝒟𝑡 is the dissipator, encoding
effects of noise and decoherence,

𝒟𝑡[𝜌] =
𝑛2−1


𝑖,𝑗=1

𝐾𝑖𝑗 (𝑡) ⒧𝐹𝑖𝜌𝐹†
𝑗 −

1
2{𝐹

†
𝑗 𝐹𝑖, 𝜌}⒭ , (2.9)

where coefficients 𝐾𝑖𝑗 (𝑡) = 𝐾𝑗𝑖(𝑡) form the Hermitian, time-dependent (𝑑2 − 1) × (𝑑2 − 1)
matrix 𝐾(𝑡) = [𝐾𝑖𝑗 (𝑡)] known as Kossakowski matrix.

2.1.1.1 Positive and completely positive semigroups
Consider a constant generator ℒ𝑡 = ℒ, yielding a semigroup composition law

Λ𝑡 = Λ𝑡−𝑠 ∘ Λ𝑠 , Λ𝑡−𝑠 = 𝑒(𝑡−𝑠)ℒ , ∀ 𝑡 ≥ 𝑠 , (2.10)

and suppose to relax the request of complete positivity to simple positivity. The structure of
generators of positive semigroups is not generally under control. Nevertheless, a partial char-
acterization is provided by a non-commutative extension of conditions (1.66), first proved by
Kossakowski in [51]. Given the usefulness of this property in Chapter 3, we include a concise
proof.

Theorem 2.2 (Kossakowski). Let ℒ ∶ 𝑀𝑑(ℂ) → 𝑀𝑑(ℂ) be a Hermiticity preserving linear map.
Then, the following are equivalent

1. 𝑒𝑡ℒ is positive and trace-preserving for all 𝑡 ≥ 0;

2. ℒ fulfils Kossakowski conditions:

Tr ⒧𝑃𝑖ℒ[𝑃𝑗 ]⒭ ≥ 0 , 
𝑖

Tr ⒧𝑃𝑖ℒ[𝑃𝑗 ]⒭ = 0 , (2.11)

for all choices of a MASA spanned by rank-one projectors 𝒫 = {𝑃𝑖}𝑑𝑖=1,∑𝑖 𝑃𝑖 = 1𝑑 ,

Proof. 1. ⟹ 2. follows by the following expansion around 𝑡 = 0,

0 ≤ Tr ⒧𝑃𝑖𝑒𝑡ℒ[𝑃𝑗 ]⒭ = 𝑡Tr ⒧𝑃𝑖ℒ[𝑃𝑗 ]⒭ + 𝑂(𝑡2) , 𝑖 ≠ 𝑗 .

39



2. Open Quantum Systems

Similarly, letting 0 = Tr ⒧ℒ[𝑃𝑗 ]⒭ = ∑𝑖 Tr ⒧𝑃𝑖ℒ[𝑃𝑗 ]⒭ yields the second of (2.11). We now prove
2. ⟹ 1. For what concerns trace-preservation, one has for 𝜌 = ∑𝑗 𝑟𝑗 𝑟𝑗𝑟𝑗 

Tr (ℒ[𝜌]) = 
𝑗

𝑟𝑗 
𝑖

Tr ⒧|𝑟𝑖⟩⟨𝑟𝑖| ℒ[𝑟𝑗𝑟𝑗 ]⒭ = 0 , (2.12)

due to the second condition in (2.11). We now show that the first condition in (2.11) implies
positivity of the map

(id𝑑 − 𝛼ℒ)−1 ,
for sufficiently small 𝛼 > 0, that is,

0 ≤ 𝑌 ⟼ 𝐴 ∶= (id𝑑 − 𝛼ℒ)−1[𝑌] ≥ 0 , 𝛼 sufficiently small.

Since ℒ preserves Hermiticity, 𝐴 is surely Hermitian, so that we can consider its spectral de-
composition 𝐴 = ∑𝑑

𝑖=1 𝑎𝑖 |𝑎𝑖⟩⟨𝑎𝑖|, 𝑎𝑖 ∈ ℝ. Moreover, one can always decompose it as

𝐴 = 𝐴† = 𝐴+ − 𝐴−, 𝐴± ≥ 0, 𝐴+𝐴− = 0 .

Consider then

Π− = 
𝑖∈𝐼−

|𝑎𝑖⟩⟨𝑎𝑖| , 𝐼− = {𝑖 ∈ ℕ ∶ 1 ≤ 𝑖 ≤ 𝑛, 𝑎𝑖 ≤ 0} ,

that projects onto the support of 𝐴− and estimate

0 ≤ Tr (Π−𝑌) = Tr ⒧Π−(id𝑑 − 𝛼ℒ)[𝐴])⒭
= −Tr (𝐴−) − 𝛼Tr (Π−ℒ[𝐴+]) + 𝛼Tr (Π−ℒ[𝐴−])

≤ −Tr (𝐴−) + 𝛼Tr (Π−ℒ[𝐴−]) = −Tr (𝐴−) + 𝛼
𝑖𝑗∈𝐼−

|𝑎𝑖|Tr ⒧|𝑎𝑗⟩⟨𝑎𝑗 |ℒ[|𝑎𝑖⟩⟨𝑎𝑖|]⒭

≤ −Tr (𝐴−) + 𝛼
𝑖𝑗∈𝐼−
𝑖≠𝑗

|𝑎𝑖|Tr ⒧|𝑎𝑗⟩⟨𝑎𝑗 |ℒ[|𝑎𝑖⟩⟨𝑎𝑖|]⒭ − 𝛼
𝑖∈𝐼−


𝑗≠𝑖

|𝑎𝑖|Tr ⒧|𝑎𝑖⟩⟨𝑎𝑖|ℒ[|𝑎𝑗⟩⟨𝑎𝑗 |]⒭

≤ −Tr (𝐴−) + 𝛼 
𝑖≠𝑗∈𝐼−

|𝑎𝑖|Tr ⒧|𝑎𝑗⟩⟨𝑎𝑗 |ℒ[|𝑎𝑖⟩⟨𝑎𝑖|]⒭ .

Setting then 𝐿𝑗𝑖 ∶= Tr ⒧|𝑎𝑗⟩⟨𝑎𝑗 |ℒ[|𝑎𝑖⟩⟨𝑎𝑖|]⒭, one has


𝑖∈𝐼−

|𝑎𝑖| ⎛
⎝
1 − 𝛼 

𝑗≠𝑖∈𝐼1

𝐿𝑗𝑖⎞
⎠
≤ 0 . (2.13)

Thus, it suffices to take

𝛼 < ⎛
⎝
max
𝑖∈𝐼1


𝑗≠𝑖∈𝐼1

𝐿𝑗𝑖⎞
⎠

−1

,

so to have, from (2.13),
𝑎𝑖 = 0 , ∀ 𝑖 ∈ 𝐼− ⟹ 𝐴 = 𝐴+ ≥ 0 .
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2.1. Reduced dynamics

This proves that the map (id𝑑 −𝛼ℒ)−1 is positive. Since the composition of PTP maps is PTP,
by invoking the formula [31, Theorem 3.1.10]

𝑒𝑡ℒ = lim
𝑛

⒧id𝑑 −
𝑡
𝑛ℒ⒭

−𝑛
, (2.14)

one gets positivity ad trace-preservation of 𝑒𝑡ℒ by that of ⒧id𝑑 − 𝑡
𝑛ℒ⒭

−1
.

Assuming that ℒ is instead the generator of a completely positive map, namely a physi-
cally legitimate evolution, one can fully control its structure as proved by Gorini, Kossakowski,
Sudarshan [4] for finite-level systems, and by Lindblad [5] for bounded generators on ℬ(ℋ).

Theorem 2.3 (GKLS). ℒ is the generator of a semigroup of completely positive and trace-preserving
maps if and only if the Kossakowski matrix 𝐾 = [𝐾𝑖𝑗 ] is positive semidefinite.

Remark 2.1. Equivalently, in the Heisenberg picture, ℒ‡ generates a semigroup of CP unital maps
if and only if

ℒ‡[𝑋] = 𝑖[𝐻, 𝜌] + 𝜙‡[𝜌] − 1
2𝜙

‡[1], 𝜌 (2.15)

for some completely positive map 𝜙‡. The structure (2.15) for generators of CP unital maps can be fur-
ther generalized to semigroups on vonNeumann algebras [64, 65]. Note also that, in (2.15), if𝜙were
only positive, then (2.15) would generate a semigroup of positive maps; however, this would provide
only a sufficient condition forℒ to generate a positive map. Finally, note also that, for semigroups, the
generator of the dual evolution corresponds to the dual of the generator, ⒧𝑒𝑡ℒ⒭

‡
= exp⒧𝑡ℒ‡⒭.

2.1.1.2 Quantum divisible processes
If ℒ𝑡 carries an explicit time-dependence, the semigroup composition law (2.10) fails to hold.
Nonetheless, invertibility ensures that one can uniquely define a two-parameter family of inter-
twiners Λ𝑡,𝑠 = Λ𝑡 ∘ Λ−1

𝑠 , so that a two-parameter semigroup law holds,

Λ𝑡 = Λ𝑡,𝑠 ∘ Λ𝑠 . (2.16)

The formal solution for Λ𝑡,𝑠 is then given by the Dyson series,

Λ𝑡,𝑠 = 1𝑑 +
∞


𝑘=1


𝑡

𝑠
d𝑢1 

𝑢1

𝑠
d𝑢2 ⋯

𝑢𝑘−1

𝑠
d𝑢𝑘 ℒ𝑢1 ∘ ℒ𝑢2 ∘ ⋯ ∘ ℒ𝑢𝑘 . (2.17)

Remark 2.2. Note that, in the Heisenberg picture, propagators defined in the Schrödinger picture
through (2.16) compose in a time-reversed fashion,

Λ‡
𝑡 = Λ‡

𝑠 ∘ Λ
‡
𝑡,𝑠 , Λ‡

𝑡,𝑠 = Λ‡−1
𝑠 ∘ Λ‡

𝑡 . (2.18)

Nothing prohibits one to define different propagators in the Heisenberg dynamics as

Λ‡
𝑡 = Λ‡

𝑡,𝑠 ∘ Λ‡
𝑠 , Λ𝑡,𝑠 = Λ‡

𝑡 ∘ Λ‡−1
𝑠 .

The consequences of such definition and its physical interpretationwere recently explored in [66].More-
over, from the Dyson expansion one realizes that, differently to the case of semigroups, the generator
ofΛ‡

𝑡 is not generally given by ℒ‡
𝑡 . We shall explore in depth this fact in Chapter 3.

41



2. Open Quantum Systems

As a consequence of theWigner theorem,Λ−1
𝑠 is never a positivemap unless the evolution is

unitary; accordingly, propagators Λ𝑡,𝑠 = Λ𝑡 ∘ Λ−1
𝑠 are, in general, not even positive. In analogy

with one-parameter families of stochastic matrices described in Section 1.3, one calls such
dynamics divisible and P-divisible if Λ𝑡,𝑠 are positive maps for all 𝑡 ≥ 𝑠. On the other hand, in
the non-commutative case, one can devise a much richer hierarchy of divisibility degrees of the
evolution [67].

Definition 2.1. The quantum process described by the dynamical mapΛ𝑡 is called 𝑘-divisible ifΛ𝑡,𝑠
are k-positive and trace-preserving for all 𝑡 ≥ 𝑠 ≥ 0. In particular, the evolution is called (C)P-
divisible if intertwinersΛ𝑡,𝑠 are (completely) positive and trace-preserving.

Remark 2.3. In absence of more information about the underlying system-environment interaction
other than that provided by the dynamical mapΛ𝑡, one cannot do but identify Markovian behaviour
with CP-divisibility that, in this sense, represents an intrinsic definition of Markovianity [14]. It
is a quantum version of the notion of classical P-divisibility (see Definition 1.8 and Section 1.3.5).
However, as we shall see in Section 2.2.1, if the full multi-time statistics of the quantum process is
at hand, one can refine the notion of quantum Markovianity by identifying it with the so-called
Quantum Regression regime. The latter provides a non-commutative extension to Definition (4.43).

A partial characterization of generators of P-divisible evolutions can be given by time-
dependent Kossakowski conditions, generalizing Proposition 2.2.

Proposition 2.4. A Hermiticity preserving linear map ℒ𝑡 ∶ 𝑀𝑑(ℂ) → 𝑀𝑑(ℂ) such that
Tr (ℒ𝑡[𝑋]) = 0 for all 𝑋 ∈ 𝑀𝑑(ℂ), is the generator of a P-divisible evolution if and only if

Tr ⒧𝑃𝑖ℒ𝑡[𝑃𝑗 ]⒭ ≥ 0 , (2.19)

for all choices of MASAs spanned by rank-one projectors 𝒫 = {𝑃𝑖}𝑑𝑖=1,∑𝑖 𝑃𝑖 = 1𝑑 .

Proof. The “only if ” part follows again from the positivity of Λ𝑡,𝑠 , since for all 𝑡 ≥ 0

Tr ⒧𝑃𝑖ℒ𝑡[𝑃𝑗 ]⒭ = lim
𝜖→0

1
𝜖Tr ⒧𝑃𝑖Λ𝑡+𝜖,𝑡[𝑃𝑗 ]⒭ ≥ 0 , 𝑖 ≠ 𝑗. (2.20)

For the “if ” part, rewrite 𝒯←𝑒∫
𝑡
𝑠 d𝑢ℒ𝑢 by splitting the interval [𝑠, 𝑡] as

𝑡 ≡ 𝑡𝑁 ≥ 𝑡𝑁−1 ≥ … ≥ 𝑡0 ≡ 𝑠 , with lim sup
𝑁

(𝑡𝑘 − 𝑡𝑘−1) = 0 ,

and then invoking the time-splitting formula as done in the proof of Proposition 1.5,

Λ𝑡,𝑠 = lim
𝑁

0


𝑘=𝑁−1

𝑒𝛿𝑡𝑘 ℒ𝑡𝑘 , 𝛿𝑡𝑘 ≡ 𝑡𝑘+1 − 𝑡𝑘 . (2.21)

Since Tr ⒧𝑃𝑖ℒ𝑡𝑘 [𝑃𝑗 ]⒭ ≥ 0 for all 𝑖 ≠ 𝑗, 𝑡 ↦ 𝑒(𝑡−𝑡𝑘 )ℒ𝑡𝑘 is a positive map for all 𝑡 ≥ 𝑡𝑘 , by
Proposition 2.2. Positivity of Λ𝑡,𝑠 follows from noting that the composition of positive maps is
positive and that the set of positive maps is closed (for finite level systems, the closure is with
respect to the norm topology on the space of linear maps of 𝑀𝑑(ℂ) onto itself ) [68].

Remark 2.4. It is easy to see that condition (2.19) is equivalent toTr (𝑃ℒ𝑡[𝑄]) ≥ 0 for all projectors
𝑃,𝑄 (not necessarily of rank-1) such that 𝑃𝑄 = 0.
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2.1. Reduced dynamics

Note that, since Λ𝑡,𝑠=0 = Λ𝑡, P-divisibility is sufficient for simple positivity, but not for
complete positivity of the evolution. General conditions for ℒ𝑡 to generate a completely posi-
tive evolution are not known. On the other hand, the stronger requirement of CP-divisibility
(which is sufficient for complete positivity) is fully under control due to a straightforward time-
dependent generalization of the GKLS theorem 2.3.

Proposition 2.5. A generator ℒ𝑡 in the canonical form (2.8) gives rise to a CP-divisible evolution if
and only if the time-dependent Kossakowski matrix 𝐾(𝑡) is positive semidefinite for all 𝑡 ≥ 0.

2.1.2 Unital evolutions
Unitality of the evolution, namely the preservation of the identity Λ𝑡[1𝑑] = 1𝑑 , helps in char-
acterizing generators of P-divisible maps. First, let us consider a necessary condition for P-
divisibility.

Proposition 2.6. Let Λ𝑡 ∶ 𝑀𝑑(ℂ) → 𝑀𝑑(ℂ) be P-divisible and unital with generator as in (2.8).
Consider a Hilbert-Schmidt basis of Hermitian operators {𝐹𝛼}𝑑

2−1
𝛼=0 such that

𝐹0 =
1

√𝑑
, 𝐹𝛼 = 𝐹†

𝛼 , Tr ⒧𝐹𝛼𝐹𝛽⒭ = 𝛿𝛼𝛽 , 𝛼, 𝛽 = 0… , 𝑑2 − 1 .

Then, the (𝑑2 − 1) × (𝑑2 − 1) real symmetric matrix

−ℒS(𝑡) = −
ℒ(𝑡) + ℒT(𝑡)

2 , ℒ𝛼𝛽(𝑡) = Tr ⒧𝐹𝛼ℒ𝑡[𝐹𝛽]⒭ , 𝛼, 𝛽 = 1,… , 𝑑2 − 1 , (2.22)

is positive semidefinite for all 𝑡 ≥ 0.

Proof. For the positive, unital intertwiners Λ𝑠+𝜖,𝑠 , inequality (1.75) yields, for all 𝑠, 𝜖 ≥ 0,

Λ𝑠+𝜖,𝑠[𝑋2] ≥ (Λ𝑠+𝜖,𝑠[𝑋])2 ∀ 𝑋 = 𝑋† .

Taking 𝜖 ≪ 1 and expanding up to order 𝜖 one has

0 ≤ Λ𝑠+𝜖,𝑠[𝑋2] − (Λ𝑠+𝜖,𝑠[𝑋])2 = 𝜖(ℒ𝑠[𝑋2] − 𝑋ℒ𝑠[𝑋] − ℒ𝑠[𝑋]𝑋) + 𝑂(𝜖2) ,

so the generators must satisfy

ℒ𝑠[𝑋2] − 𝑋ℒ𝑠[𝑋] + ℒ𝑠[𝑋]𝑋 ≥ 0 , ∀𝑋 = 𝑋† , (2.23)

for all 𝑠 ≥ 0. By taking the trace,

−Tr (𝑋ℒ𝑠[𝑋]) = −Tr ⒧𝑋 ℒsd
𝑠 [𝑋]⒭ ≥ 0 , ∀𝑋 = 𝑋† , (2.24)

where we defined the self-dual part of the generator as

ℒsd
𝑠 ∶= ℒ𝑠 + ℒ‡

𝑠
2 , (2.25)
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2. Open Quantum Systems

ℒ‡
𝑠 being the dual of ℒ𝑠 . Any hermitian matrix 𝑋 can be expanded along the orthonormal basis

in Remark 1.1 as 𝑋 = 𝑋† = 𝑥01𝑑 + ∑𝑑2−1
𝑖=1 𝑥𝑖𝐹𝑖, with 𝑥𝑖 ∈ ℝ, 𝑖 = 0,… , 𝑑2 − 1. Using trace

preservation and unitality, one recasts (2.24) as

−Tr ⒧𝑋ℒsd
𝑠 [𝑋]⒭ =

𝑑2−1


𝑖,𝑗=1

𝑥𝑖 𝑥𝑗 Tr ⒧𝐹𝑖 ⒧−
ℒ𝑠 + ℒ‡

𝑠
2 ⒭ [𝐹𝑗 ]⒭

= 𝒙−
ℒ(𝑠) + ℒT(𝑠)

2 𝒙 = 𝒙−ℒS(𝑠)𝒙 ≥ 0 . (2.26)

for all real vectors 𝒙 ∈ ℝ𝑑2−1. Then (2.26) implies that the real symmetric matrix ℒS(𝑠) is
positive semidefinite.

Example 2.1. For unital qubit evolutions, P-divisibility can be fully controlled in terms of the gen-
erator. We can decompose the time-dependent density matrix along the Pauli matrices,

Λ𝑡[𝜌] =
12 + 𝒓𝑡 ⋅ 𝝈

2 , 𝒓𝑡 ∈ ℝ3 ,

where the Bloch vector 𝒓𝑡 evolves according to a linear transformation Λ(𝑡) ∈ 𝑀3(ℝ):

𝒓𝑡 = Λ(𝑡) 𝒓 , Λ𝑖𝑗(𝑡) ∶=
1
2 Tr ⒧𝜎𝑖Λ𝑡[𝜎𝑗 ]⒭ , 𝑖, 𝑗 = 1, 2, 3 . (2.27)

Accordingly, the time-local master equation (2.7) transforms into the matrix equation

̇Λ(𝑡) = ℒ(𝑡) Λ(𝑡) , Λ(0) = 1 . (2.28)

whose formal solution is given by Λ(𝑡) = 𝒯←𝑒∫
𝑡
0d𝑠ℒ(𝑠). Necessary and sufficient conditions for P-

divisibility are given by (2.19). Recalling that in 𝑑 = 2, MASAs are spanned any rank-1 projectors
and its orthogonal complement, 12 − 𝑃, P-divisibility is equivalent to

0 ≤ Tr ((12 − 𝑃)ℒ𝑡[𝑃]) = −Tr (𝑃ℒ𝑡[𝑃]) = −14 
𝑖𝑗

𝑟𝑖 𝑟𝑗 Tr ⒧𝜎𝑖ℒ𝑡[𝜎𝑗 ]⒭

= −14 𝒓ℒ(𝑡)𝒓 = 1
4 𝒓−

ℒ(𝑡) + ℒT(𝑡)
2 𝒓 , (2.29)

Thus, for one qubit, condition

𝑀3(ℝ) ∋ −ℒS(𝑡) = −
ℒ(𝑡) + ℒT(𝑡)

2 ≥ 0 , (2.30)

is not only necessary, but also sufficient for P-divisibility. The simplest case is that of Pauli generators,

ℒ𝑡[𝜌] =
𝜂
2

3


𝑘=1

𝛾(𝑘)
𝑡 (𝜎𝑘 𝜌 𝜎𝑘 − 𝜌) , (2.31)
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with 𝜂 > 0 and 𝜎𝑘 , 𝑘 = 1, 2, 3 the Pauli matrices. The generator is of the form (2.8) with no
Hamiltonian contribution, 𝑑 = 2, 𝐹𝑘 = 𝜎𝑘/√2 and diagonal, time-dependent Kossakowski matrix
given by the so-called rates 𝛾(𝑘)

𝑡 . The generators are diagonal along the Pauli basis at all times,

ℒ𝑡[𝜎𝑖] = −Γ(𝑖)𝑡 𝜎𝑖 , Γ(𝑖)𝑡 ∶= 𝜂 ⒧𝛾(𝑗)
𝑡 + 𝛾(𝑘)

𝑡 ⒭ , 𝑗 ≠ 𝑘 , 𝑗, 𝑘 ≠ 𝑖 . (2.32)

In particular, ℒ𝑡 commute at different times. Then, time ordering drops and the dynamical map is

given by simple exponentiation:Λ𝑡 = 𝑒∫
𝑡
0d𝑠ℒ𝑠 . Its Pauli spectrum reads, accordingly,

Λ𝑡[𝜎𝑖] = 𝜆(𝑖)
𝑡 𝜎𝑖 , 𝜆(𝑖)

𝑡 = 𝑒−∫
𝑡
0d𝑠 Γ(𝑖)𝑠 . (2.33)

Note that 𝜆(𝑖)
𝑡 > 0 so that continuous-time Pauli evolutions are always invertible. The matrix repre-

sentations of the map and generator are diagonal,

ℒ𝑖𝑗(𝑡) = −Γ(𝑖)𝑡 𝛿𝑖𝑗 , Λ𝑖𝑗 (𝑡) = 𝜆(𝑖)
𝑡 𝛿𝑖𝑗 , (2.34)

and necessary and sufficient conditions for P-divisibility follow from (2.30) [69]

Γ(𝑖)𝑡 ≥ 0 , 𝑖 = 1, 2, 3 . (2.35)

Evidently, 𝛾(𝑘)
𝑡 ≥ 0, 𝑘 = 1, 2, 3 is necessary and sufficient for Λ𝑡 to be CP-divisible. This condition

is recast in terms of the spectrum of the generator in the well-known form

Γ𝑖(𝑡) ≤
1
2

3


𝑗=1

Γ𝑗(𝑡) , 𝑖 = 1, 2, 3 . (2.36)

In the course of the previous example, in particular, we showed that for unital qubit dynam-
ics, P-divisibility is fully controlled by the matrix ℒS(𝑡).

Proposition 2.7. Letℒ𝑡 ∶ 𝑀2(ℂ) → 𝑀2(ℂ),ℒ𝑡[12] = 0 be the generator of a unital dynamicsΛ𝑡.
Then,Λ𝑡 is P-divisible if and only if −ℒS(𝑡) ≥ 0 for all 𝑡 ≥ 0.

2.1.3 Backflow of information
Classical P-divisibility has been given an operational interpretation in Proposition 1.6; namely,
P-divisible evolutions contract the Kolmogorov distance between probability vectors. The non-
commutative counterpart is as follows [26].

Proposition 2.8. LetΛ𝑡 be a P-divisible. Then,

d
d𝑡 ‖Λ𝑡[𝑋]‖1 ≤ 0 , 𝑡 ≥ 0 , (2.37)

for all 𝑋 = 𝑋† ∈ 𝑀𝑑(ℂ). Similarly, ifΛ𝑡 is CP-divisible,

d
d𝑡 ‖Λ𝑡 ⊗ id𝑑[𝑋]‖1 ≤ 0 , 𝑡 ≥ 0 , (2.38)

for all 𝑋 = 𝑋† ∈ 𝑀𝑑(ℂ) ⊗ 𝑀𝑑(ℂ). Moreover, if Λ𝑡 is invertible, (2.37) and (2.38) are sufficient
for P and CP-divisibility, respectively.
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Remark 2.5. If Λ𝑡 is not invertible, condition (2.37) does not generally imply P-divisibility of the
evolution (a counterexample has been provided in [70]). On the other hand, invertibility condition
can be substantially relaxed in order for (2.38) to imply CP-divisibility [71] and, in particular, (2.38)
does always imply CP-divisibility for 𝑑 = 2 [72].

Note that every Hermitian matrix 𝑋 = 𝑋† can be written as

𝑋 = 𝜆Δ𝜇(𝜌𝑆, 𝜎𝑆), 𝜆 > 0 , (2.39)

where Δ𝜇(𝜌𝑆, 𝜎𝑆) is the so-called Helstrom matrix,

Δ𝜇(𝜌𝑆, 𝜎𝑆) ∶= 𝜇𝜌𝑆 − (1 − 𝜇)𝜎𝑆 , where 0 ≤ 𝜇 ≤ 1, (2.40)

and where 𝜌𝑆, 𝜎𝑆 are system density matrices. The physical interpretation of Proposition 2.8
then results in the so-called Breuer-Laine-Piilo approach (BLP) introduced in [24] (see
also [12, 18, 73]), that we now review. One identifies the amount of information initially con-
tained in the open system with the Helstrom distinguishability of a pair of density matrices,
namely the quantity

𝐷𝜇(𝜌𝑆, 𝜎𝑆) = Δ𝜇(𝜌𝑆, 𝜎𝑆)1 =∶ ℐ
𝑞
𝑡=0(𝜌𝑆, 𝜎𝑆; 𝜇) , (2.41)

representing the bias in probability of distinguishing two density matrices 𝜌 and 𝜎 in a one-
shot experiment [50]. In this scheme, 𝜇, 1−𝜇 are the a-priori probabilities in picking one state
from the Helstrom ensemble:

ℰ𝐻 = {(𝜇, 𝜌𝑆); (1 − 𝜇, 𝜎𝑆)} . (2.42)

For 𝜇 = 1/2 one recovers the trace distance 𝐷(𝜌𝑆, 𝜎𝑆) ∶= 𝐷1/2(𝜌𝑆, 𝜎𝑆) = 𝜌𝑆 − 𝜎𝑆1/2. The
dynamics Λ𝑡 will evolve (2.41) into the distance of time-evolving states

ℐ𝑞
𝑡 (𝜌𝑆, 𝜎𝑆; 𝜇) = Λ𝑡[Δ𝜇(𝜌𝑆, 𝜎𝑆)]1 . (2.43)

Therefore, (2.37) represents the monotonically decreasing distinguishability between any pair
of states and is thus interpreted as an outward flow of information from the open system to-
wards the environment. Conversely, an increase of the internal information, namely a revival
of the two-state distinguishability, is interpreted as backflow of information (BFI) from the en-
vironment to the open system.

Remark 2.6. The BFI interpretation, which involves the degrees of freedom of the environment, is
also supported by the following observations [12, 74, 75].

1. Assume that the environment is described by a Hilbert space ℋ𝐸 , and its state can be taken as
a density operator 𝜌𝐸 . Let then 𝜌𝑆𝐸(𝑡) = 𝒰𝑆𝐸

𝑡 [𝜌𝑆 ⊗ 𝜌𝐸], where 𝒰𝑆𝐸
𝑡 describes the joint system-

environment unitary evolution, so that the distinguishability of two system-environment states is
constant and one defines accordingly an “external information” relative to two states 𝜌𝑆 and 𝜎𝑆 of
a quantum system 𝑆 as

ℰ𝑞
𝑡 (𝜌𝑆, 𝜎𝑆; 𝜇) = 𝒰𝑆𝐸

𝑡 [Δ𝜇(𝜌𝑆, 𝜎𝑆) ⊗ 𝜌𝐸]1 − ℐ𝑞
𝑡 (𝜌𝑆, 𝜎𝑆; 𝜇)

= Δ𝜇(𝜌𝑆, 𝜎𝑆) ⊗ 𝜌𝐸1 − ℐ𝑞
𝑡 (𝜌𝑆, 𝜎𝑆; 𝜇) = ℐ𝑞

0 − ℐ𝑞
𝑡 (𝜌𝑆, 𝜎𝑆; 𝜇) ≥ 0 . (2.44)
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where, in the first equality, the unitary invariance of trace-norm was used. The time derivative on
both sides of (2.44) yields

̇ℰ𝑞
𝑡 (𝜌𝑆, 𝜎𝑆; 𝜇) = − ̇ℐ𝑞

𝑡 (𝜌𝑆, 𝜎𝑆; 𝜇) . (2.45)
Hence, to a decrease (increase) of internal information, corresponds an increase (decrease) of the
external one.

2. The difference of the internal information at different times,

Δℐ𝑞
𝑡,𝑠(𝜌𝑆, 𝜎𝑆; 𝜇) ∶= ℐ𝑞

𝑡 (𝜌𝑆, 𝜎𝑆; 𝜇) − ℐ𝑞
𝑠 (𝜌𝑆, 𝜎𝑆; 𝜇) , 𝑡 ≥ 𝑠 ≥ 0 , (2.46)

can be upper-bounded by means of trace distances involving the marginal density matrices 𝜌𝑆(𝑡) =
Tr𝐸 𝜌𝑆𝐸(𝑡), 𝜌𝐸(𝑡) = Tr𝑆 𝜌𝑆𝐸(𝑡). Namely,

Δℐ𝑞
𝑡,𝑠(𝜌𝑆, 𝜎𝑆; 𝜇) ≤ 2𝜇 𝐷(𝜌𝑆𝐸(𝑠), 𝜌𝑆(𝑠) ⊗ 𝜌𝐸(𝑠)) + 2(1 − 𝜇)𝐷(𝜎𝑆𝐸(𝑠), 𝜎𝑆(𝑠) ⊗ 𝜎𝐸(𝑠))

+ 2min{𝜇, 1 − 𝜇}𝐷(𝜌𝐸(𝑠), 𝜎𝐸(𝑠)) . (2.47)

Occurrence of BFI means that the l.h.s. must be strictly positive for some 𝑠 > 0; accordingly, at
least one of the terms on the r.h.s. has to be strictly positive. Thus, at the time 𝑠 when the revival
occurs, information had to be stored in (1) either the system-environment correlations or (2) in
the changes of the reduced state of the environment. These are sometimes referred to as “precursors
of non-Markovianity” [76]. This argument supports the general interpretation that, in order for
BFI to occur, information can be stored temporarily in either the environment reduced state or
in the system-environment correlations and then released back to the open system at later times.
Note these are just necessary conditions inferred from from the reduced dynamics. We shall argue
in Chapters 4 and 5 that a more detailed description of the microscopic mechanisms underlying
backflow of information cannot be achieved through the dynamical map only.

2.1.3.1 Contractivity for unital maps
P-divisibility regulates the monotonic behaviour in time of several other distances or diver-
gences, such as the quantum relative entropy [77] or regularized entropic divergences [78, 79].
Note that, if Λ𝑡 is a CPTP, P-divisible unital evolution it will contract the matrix norm by
Proposition (1.8). The latter is a special special case of a more general contractivity property
involving the so-called Schatten 𝑝-norms,

‖𝑋‖𝑝 = Tr ⒧|𝑋|𝑝⒭
1
𝑝 , 𝑝 ∈ [1,∞) . (2.48)

For 𝑝 = 1 one retrieves the trace norm, for 𝑝 = 2 the Hilbert-Schmidt norm and for 𝑝 → ∞
to the operator norm ‖𝑋‖∞ ≡ ‖𝑋‖. One can then embody the Banach space of linear maps
Λ ∶ 𝑀𝑑(ℂ) → 𝑀𝑑(ℂ) with the induced 𝑝-norms

‖Λ‖𝑝−𝑝 ∶= sup
‖𝑋‖𝑝=1

‖Λ[𝑋]‖𝑝 . (2.49)

Then, consider the following non-commutative Riesz-Thorin interpolation [80],

‖Λ‖𝑝−𝑝 ≤ ‖Λ‖1−1‖Λ‖∞−∞ . (2.50)

As a consequence of Proposition 1.8 and Remark 1.13, for positive, unital and trace-preserving
maps ‖Λ‖1−1 = ‖Λ‖∞−∞ = 1; hence they also contract the 𝑝-norms, 𝑝 ∈ [1,∞] [81, 82]. In
the context of dynamical maps, one has the following
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Proposition 2.9. IfΛ𝑡 is P-divisible and unital, then for 𝑝 ∈ [1,∞],

d
d𝑡 ‖Λ𝑡[𝑋]‖𝑝 ≤ 0 , ∀𝑋 ∈ 𝑀𝑑(ℂ) , (2.51)

and all 𝑡 ≥ 0.

Proof. The intertwiners Λ𝑡,𝑠 are positive, trace preserving and unital maps for all 𝑡 ≥
𝑠 ≥ 0, Therefore, (2.50) yields Λ𝑡,𝑠𝑝−𝑝 ≤ Λ𝑡,𝑠1−1Λ𝑡,𝑠∞−∞ = 1 , so that
‖Λ𝑡[𝑋]‖𝑝 = Λ𝑡,𝑠 ∘ Λ𝑠[𝑋]𝑝 ≤ Λ𝑡,𝑠𝑝−𝑝‖Λ𝑠[𝑋]‖𝑝 = ‖Λ𝑠[𝑋]‖𝑝 .

Out of the Schatten 𝑝-norms one defines the quantum Rényi 𝑝-entropies

𝑆𝑝(𝜌) =
1

1 − 𝑝 log (Tr (𝜌 𝑝)) = 𝑝
1 − 𝑝 log ⒧𝜌𝑝⒭ , 𝑝 ∈ (1,∞) . (2.52)

Then, we have the following [77, 83, 84]

Proposition 2.10. For a P-divisible, unital map

d
d𝑡 𝑆𝑝(Λ𝑡[𝜌]) ≥ 0 , 𝑝 ∈ (1,∞). (2.53)

In particular, the limit 𝑝 → 1+ yields the monotonicity of the von Neumann entropy under a P-
divisible, unital evolution.

Proof. If Λ𝑡 is a P-divisible, unital map, then

𝑆𝑝(Λ𝑡,𝑠 ∘ Λ𝑠[𝜌]) =
𝑝

1 − 𝑝 log ⒧Λ𝑡,𝑠 ∘ Λ𝑠[𝜌]𝑝⒭ ≥
𝑝

1 − 𝑝  log ⒧Λ𝑡,𝑠𝑝−𝑝⒭ + log ⒧Λ𝑠[𝜌]𝑝⒭

≥ 𝑝
1 − 𝑝 log ⒧Λ𝑠[𝜌]𝑝⒭ = 𝑆𝑝(Λ𝑠[𝜌]) ,

for all 𝑡 ≥ 𝑠 ≥ 0, as a consequence of Proposition (2.9).

Remark 2.7. Among the many quantifiers that can be used to monitor information flow, one can
consider the quantum mutual information between the system 𝑆 and some inert ancilla 𝐴 to witness
lack of CP-divisibility [85]. Consider now𝐴 to be a purifying ancilla of 𝑆 and evaluate the quantum
mutual information

ℐ(Λ𝑡 ⊗ id𝑑[√𝜌√𝜌]) ∶ = 𝑆(Λ𝑡 ⊗ idd[√𝜌√𝜌]‖Λ𝑡 ⊗ id𝑑[𝜌 ⊗ 𝜌]) =
= 𝑆(𝜌) + 𝑆(Λ𝑡[𝜌]) − 𝑆 ⒧Λ𝑡 ⊗ id𝑑[√𝜌√𝜌]⒭ = 𝑆(𝜌) + 𝑆(Λ𝑡[𝜌]) − 𝑆 ⒧𝜌𝒳𝑡⒭ ,

with the notation of Remark 1.18. Evidently, such quantity is monotonically decreasing for CP-
divisible evolutions. The difference 𝑆(Λ𝑡[𝜌]) − 𝑆(𝜌𝒳𝑡) appears in the literature as coherent in-
formation of 𝜌 through Λ𝑡 and is used to express the quantum data processing inequality [50]. Such
concept was recently rediscussed in the context of multi-time non-Markovianity in [86].
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2.1.4 Collisional models
As introduced in Section 2.1.3, memory effects are often defined and witnessed in terms of the
system reduced dynamics. Nevertheless, in order to better understand their physical roots, the
dynamical map is hardly a sufficient tool on its own. Practically speaking, one needs access to
at least partial information about either the system–environment interaction or, as we shall see
in the following Section, about the multi-time statistics of the underlying quantum stochas-
tic process. On the other hand, using standard derivation techniques, it is far from trivial to
envisage a microscopic model that (1) allows one to interpret memory effects emerging in the
reduced dynamics through a few meaningful physical parameters of the bath or of the system–
environment interaction, and that (2) microscopically realizes certain mathematical properties
that naturally arise at the level of the dynamical map.

A very convenient way-out is offered by the so-called collisional approach to open quantum
systems [87, 88]. It will come useful to treat collisional models in a fully algebraic fashion as
discrete-time dynamical system (𝒜𝑆 ⊗𝒜𝑆, Θ,𝜔𝑆 ⊗ 𝜔𝐸) given by

i. a finite-level system with observables in 𝒜𝑆 = 𝑀𝑑(ℂ) endowed with a normal state
𝜔𝑆( ⋅ ) = Tr (𝜌𝑆 ⋅ );

ii. a spin-chain environment 𝐸 described by the quasi-local algebra of observables 𝒜𝐸 ob-
tained as an inductive sequence of local algebras𝒜[−𝑎,𝑏]

𝐸 = ⨂𝑏
𝑘=−𝑎 𝒜

(𝑘)
𝐸 , constructed from

the same single-site matrix algebra 𝒜(𝑘)
𝐸 = 𝑀𝐷(ℂ) as in Section 1.1.2. The environment

state is given by a locally normal state 𝜔𝐸 specified by a consistent set of density matrices

𝜔𝐸 ⒧𝐴[−𝑎,𝑏]⒭ = Tr ⒧𝜌[−𝑎,𝑏]
𝐸 𝐴[𝑎,𝑏]⒭ , 𝐴[𝑎,𝑏] ∈ 𝒜[−𝑎,𝑏] (2.54)

that we assume to be shift-invariant,

Tr𝑏+1 ⒧𝜌
[−𝑎,𝑏+1]
𝐸 ⒭ = Tr−𝑎 ⒧𝜌

[−𝑎,𝑏+1]
𝐸 ⒭ = 𝜌[−𝑎,𝑏]

𝐸 .

iii. the system-environment interaction described by an automorphism Φ ∶ 𝒜𝑆 ⊗𝒜(0)
𝐸 acting

non-trivially only on the system 𝑆 and on a fixed site of the chain, that we conventionally
identify with the (0)-th one. The action of Φ is then lifted to the full algebra 𝒜𝑆 ⊗ 𝒜𝐸
by extending its action to local observables 𝒜[−𝑎,𝑏]

𝐸 ∋ 𝐴[−𝑎,𝑏] = ∑𝒊[−𝑎,𝑏] 𝑎𝒊[−𝑎,𝑏]𝐴
[−𝑎,𝑏]
𝒊[−𝑎,𝑏] where

𝐴[−𝑎,𝑏]
𝒊[−𝑎,𝑏] = ⨂𝑏

𝑘=−𝑎 𝐴
(𝑘)
𝑖𝑘 in the following way

Φ𝑋𝑆 ⊗ 𝐴(−𝑎)
𝑖−𝑎 ⊗…⊗ 𝐴(0)

𝑖0 ⊗…⊗ 𝐴(𝑏)
𝑖𝑏  = 𝐴(−𝑎)

𝑖−𝑎 ⊗…⊗Φ𝑋𝑆 ⊗ 𝐴(0)
𝑖0  ⊗… ⊗ 𝐴(𝑏)

𝑖𝑏 .

iv. the collisional dynamics is finally described by a discrete, one-parameter group of auto-
morphisms

Θ𝑛 = Θ𝑛 with Θ = (id𝑆 ⊗ 𝜎) ∘ Φ , (2.55)

where 𝜎 is the right shift (1.28) on 𝒜𝐸.

In Chapter 4, we shall also consider a slight modification of the above scheme, whereby the
coupling automorphism Φ will be replaced by a CPU map, so as to describe a dissipative cou-
pling between 𝒜𝑆 and 𝒜(0)

𝐸 . In summary, the algebraic setting just presented accommodates a
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(a) Φ

⋯⊗𝒜(−𝑎−1)
𝐸 ⊗𝒜(−𝑎)

𝐸 ⊗𝒜(−𝑎+1)
𝐸 ⊗⋯⊗

𝒜𝑆

⊗

𝒜(0)
𝐸 ⊗𝒜(1)

𝐸 ⊗⋯⊗𝒜(𝑏)
𝐸 ⊗𝒜(𝑏+1)

𝐸 ⊗𝒜(𝑏+2)
𝐸 ⊗⋯

(b)

𝒜(−𝑎)
𝐸 ⊗𝒜(−𝑎+1)

𝐸 ⊗⋯⊗ 𝒜(0)
𝐸 ⊗𝒜(1)

𝐸 ⊗⋯⊗𝒜(𝑏)
𝐸

𝒜𝑆

⊗

⋯⊗𝒜(−𝑎−1)
𝐸 ⊗ ⊗𝒜(𝑏+1)

𝐸 ⊗𝒜(𝑏+2)
𝐸 ⊗⋯

(c) id𝑆 ⊗ 𝜎

𝒜(−𝑎+1)
𝐸 ⊗⋯⊗ 𝒜(0)

𝐸 ⊗𝒜(1)
𝐸 ⊗⋯⊗𝒜(𝑏)

𝐸 ⊗𝒜(𝑏+1)
𝐸

𝒜𝑆

⊗

⋯⊗𝒜(−𝑎−1)
𝐸 ⊗𝒜(−𝑎)

𝐸 ⊗ ⊗𝒜(𝑏+2)
𝐸 ⊗⋯

FIGURE 2.1: One step Θ of the algebraic collisional dynamics: (a) Φ acts on the algebra of the system 𝒜𝑆
and on the 0-th site of the chain. (b) An operator 𝐴[−𝑎,𝑏], localized in 𝒜[−𝑎,𝑏]

𝐸 , is then translated to the
right in (c) by the shift automorphism 𝜎.

collisional model with a correlated multi-partite environment [89–91], where the system and
the chain ancilla at site 𝑘 = 0 may either interact reversibly or be instantaneously immersed in
the same dissipative environment before the shift is applied. The algebraic framework for the
collisional model described above is illustrated in Figure 2.1. The maps Θ𝑛 in (2.55) give the
dynamics of operators in the Heisenberg picture. In the Schrödinger picture, an initial state
𝜔𝑆 ⊗ 𝜔𝐸 on 𝒜𝑆 ⊗𝒜𝐸 evolves at discrete time 𝑛 into

𝜔(𝑛)
𝑆𝐸 = 𝜔𝑆 ⊗ 𝜔𝐸 ∘ Θ𝑛 , (2.56)

which is itself a locally normal state, whose restrictions to local algebras 𝒜[−𝑎,𝑏]
𝐸 yield density

matrices Ω(𝑛)
𝑆[−𝑎,𝑏] such that

𝜔(𝑛)
𝑆𝐸 ⒧𝑋𝑆 ⊗ 𝐴[−𝑎,𝑏]

𝐸 ⒭ = Tr ⒧Ω(𝑛)
𝑆[−𝑎,𝑏] 𝑋𝑆 ⊗ 𝐴[−𝑎,𝑏]

𝐸 ⒭ . (2.57)

By setting 𝑋𝑆 = 1𝑑 , one obtains the reduced state of the environment after 𝑛 iterations as

Ω(𝑛)
[−𝑎,𝑏] = Tr𝑆 ⒧Ω

(𝑛)
𝑆[−𝑎,𝑏]⒭ , (2.58)

On the other hand, the marginal obtained by restricting to the algebra 𝒜𝑆 ⊗ 1𝐸 reads

Tr ⒧Ω(𝑛)
𝑆 𝑋𝑆⒭ = 𝜔𝑆 ⒧𝜔𝐸 ∘ Θ𝑛⒧𝑋𝑆 ⊗ 1𝐸⒭⒭ = 𝜔𝑆(Λ‡

𝑛[𝑋𝑆]) . (2.59)
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2.2. Symbolic dynamics of Open Quantum Systems

Hence, in the collisional context, the system’s reduced dynamics in the Schrödinger picture
is described by a discrete, one-parameter family of CPTP maps {Λ𝑛}𝑛∈ℕ obtained by duality,
Tr (Λ𝑛[𝜌𝑆]𝑋𝑆) = Tr ⒧𝜌𝑆Λ‡

𝑛[𝑋𝑆]⒭. Proposition 2.1 ensures complete positivity of Λ𝑛 either if
the interaction Φ is taken as an automorphism or a general CPU map, due to the assumed
factorization of the initial state 𝜔𝑆 ⊗ 𝜔𝐸.

Quantum non-Markovianity and experiments
In this Section, we briefly overview recent experimental applications concerning non-
Markovian evolutions. Here, we do not aim to be complete; rather, we give a hint on how
recent advancements in applications drive the need for a better understanding of quantum non-
Markovianity and of the intricate hierarchy of concepts underlying it. On the other hand, the
use of new quantum devices might also help to understand complex open dynamics and pro-
vide a platform to simulate the results of this thesis, that will be discussed in Chapters 3-5.
Excellent reviews concerning the role of non-Markovianity in applications can be found in [11,
19, 92]. In the realm of quantum information theory, quantum non-Markovianity could be
advantageous in certain specific tasks, essentially due to backflow of information (see for exam-
ple [8, 93, 94]). Understanding non-Markovian dissipation is also of central importance due
to the advancements on quantum platforms and real hardware. In particular, the role of non-
Markovian noise in near-term quantum devices, especially in relation to error correction and
recoverability, appears to become a promising research direction, still largely unexplored [95,
96]. Many works have been devoted to simulating open systems in the non-Markovian regime.
In particular, in [97], weakly non-Markovian evolutions, a jargon for P-divisible but not CP-
divisible dynamics, were experimentally realized through a fully optical setup. Such platforms
could be an optimal playground for the maps introduced in the following Chapters, especially
in Chapter 4, as well as for the simulation of collisional models [91].

2.2 Symbolic dynamics of Open Quantum Systems
The fact that the reduced dynamics of the open system alone is insufficient to describe the
mechanisms underlying memory effects, such as backflow of information, should not come as
a surprise: the dynamical map encodes only the one-time marginal of a richer stochastic process,
in full analogy with classical one-time probability marginals evolved by a family of stochastic
matrices, as discussed in Section 1.3.

The proper quantum extension of non-Markovian stochastic processes, including the multi-
time statistics, is rooted in a long history dating back to pioneering works [1, 3, 7] and still much
debated in recent years. In particular, including the multi-time statistics in the description in-
volves repeated quantum measurements that interfere with the dynamics and generally change
the quantum state [12, 27, 98]. Among the most recent proposals concerning such operational
approach, particularly prominent ones include the so-called process tensor formalism [15, 99,
100], quantum channels with memory [101, 102] and quantum combs (see [98, 103] and ref-
erences therein), conditional past-future independence [104, 105] and temporal entanglement
(see the recent work [106]). In most of them, a shared idea is to map multi-time correlations
into spatial ones encoded in a quantum many-body state. For an overview of these recent de-
velopments, see also [92].

With a similar aim, in this Section we shall obtain a symbolic description of open dynam-
ical systems, including multi-time correlations, by exploiting the machinery developed in Sec-
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tion 1.5. This approach naturally leads to a non-commutative extension of the classical charac-
terization of Markovian processes, as we shall see in Proposition 2.11.

Remark 2.8. If one wants to generalize the construction of the coarse grained density matrix (1.115)
beyond automorphisms, namely to replace Θ by a generic CPU map Λ on 𝒜, the main problem is
that the family of operators {Λ[𝑋𝑎]}

|𝒳|
𝑎=1 does not form an OPU; indeed, from the Schwartz inequal-

ity (1.85),
|𝒳|


𝑎=1

Λ[𝑋𝑎]†Λ[𝑋𝑎] ≤
|𝒳|


𝑎=1

Λ[𝑋†
𝑎𝑋𝑎] = 1 . (2.60)

Nevertheless, consider the nested form (1.117) of the coarse grained density matrix and replace the
automorphismΘ with a CPU mapΛ; then,

𝜌 𝒳(𝑛)
𝒂,𝒃

= 𝜔 ⒧𝑋†
𝑏0Λ𝑋†

𝑏1Λ𝑋†
𝑏2 ⋯Λ𝑋†

𝑏𝑛−1𝑋𝑎𝑛−1⋯𝑋𝑎2𝑋𝑎1𝑋𝑎0⒭ , 𝑛 ≥ 1 , (2.61)

yield a compatible family of legitimate density matrices, Tr𝑛−1 ⒧𝜌[𝒳(𝑛)]⒭ = 𝜌[𝒳(𝑛−1)]. We shall
reprise (2.61) in Section 2.2.1, where it will emerge as the coarse-grained density matrix of an open
system undergoing aMarkovian dynamics, in the sense specified by the so-called Quantum Regression
formula.The latter will provide a natural non-commutative extension of theMarkov condition (1.45).

The environmental degrees of freedom are typically neither accessible nor under control.
Hence, information can be only gathered from the open system. In the context of the quantum
symbolic dynamics introduced in Section 1.5, experimental inaccessibility of the environment
translates into identifying physically admissible OPUs with those of the open quantum system:

𝒳 ⊆ ℬ , ℬ ≡ 𝒜𝑆 = 𝑀𝑑(ℂ) . (2.62)

Remark 2.9. Differently from many applications of the ALF-entropy to quantum chaotic systems,
the reference subalgebraℬ = 𝒜𝑆 is neither dense norΘ-invariant in𝒜𝑆 ⊗𝒜𝐸 (rather, we can think
of it as a subalgebra of someΘ-invariant subalgebra ℬ0 ⊆ 𝒜𝑆 ⊗𝒜𝐸).

Let us slightly generalize the construction of Section 1.5 to allow for time-inhomogeneous
families of automorphisms {Θ𝑛}𝑛 more general than groups, namely discrete families admitting
a two-parameter composition law

Θ𝑛 = Θ𝑚 ∘ Θ𝑚,𝑛 , ∀ 𝑛 ≥ 𝑚 , (2.63)

Propagators can be defined as Θ𝑚,𝑛 = Θ−1
𝑚 ∘Θ𝑛, since Θ𝑚 are invertible maps and their inverse

are automorphisms. Indeed, for arbitrary 𝐴, 𝐵, by setting 𝐴′ = Θ−1
𝑚 (𝐴) and 𝐵′ = Θ−1

𝑚 (𝐵),

Θ−1
𝑚 (𝐴𝐵) = Θ−1

𝑚 (Θ𝑚(𝐴′)Θ𝑚(𝐵′)) = Θ−1
𝑚 ∘ Θ𝑚(𝐴′𝐵′) = 𝐴′𝐵′ = Θ−1

𝑚 (𝐴)Θ−1
𝑚 (𝐵) .

Then, time-refinements of the OPU 𝒳 are naturally introduced, keeping the same notation of
Section 1.5, as

𝒳(𝑛) ∋ 𝑋(𝑛)
𝒂 = Θ𝑛−1 ⒧𝑋𝑎𝑛−1⒭ Θ𝑛−2 ⒧𝑋𝑎𝑛−2⒭…Θ2 ⒧𝑋𝑎2⒭Θ1 ⒧𝑋𝑎1⒭ 𝑋𝑎0 . (2.64)

52



2.2. Symbolic dynamics of Open Quantum Systems

The coarse grained density matrix is defined, accordingly, from time-refinements of OPUs in
𝒜𝑆 as

𝜌𝑆 𝒳(𝑛)
𝒂,𝒃

= 𝜔𝑆 ⊗ 𝜔𝐸⒧𝑋
(𝑛) †
𝒃 𝑋(𝑛)

𝒂 ⒭ = 𝜔𝑆 ⊗ 𝜔𝐸⒧𝑋†
𝑏0 ⊗ 1𝐸 Θ1⒧𝑋†

𝑏1 ⊗ 1𝐸⒭… (2.65)

…Θ𝑛−2⒧𝑋†
𝑏𝑛−2 ⊗ 1𝐸⒭Θ𝑛−1⒧𝑋†

𝑏𝑛−1𝑋𝑎𝑛−1 ⊗ 1𝐸⒭Θ𝑛−2⒧𝑋𝑎𝑛−2 ⊗ 1𝐸⒭…Θ1⒧𝑋𝑎1 ⊗ 1𝐸⒭𝑋𝑎0 ⊗ 1𝐸⒭ .

Using (2.63), we can further recast (2.65) in the nested form

𝜌𝑆 𝒳(𝑛)
𝒂,𝒃

= 𝜔𝑆 ⊗ 𝜔𝐸⒧𝑋†
𝑏0 ⊗ 1𝐸 Θ1⒧𝑋†

𝑏1 ⊗ 1𝐸 … (2.66)

…Θ𝑛−2,𝑛−3⒧𝑋†
𝑏𝑛−2 ⊗ 1𝐸 Θ𝑛−1,𝑛−2⒧𝑋†

𝑏𝑛−1𝑋𝑎𝑛−1 ⊗ 1𝐸⒭ 𝑋𝑎𝑛−2 ⊗ 1𝐸⒭…𝑋𝑎1 ⊗ 1𝐸⒭ 𝑋𝑎0 ⊗ 1𝐸⒭ .

The label 𝑆 in the coarse-grained density matrix 𝜌𝑆𝒳(𝑛) stresses that we are only measuring
the finite-level open system 𝑆. The dynamical entropies defined through the entropy rates of
these coarse-grained density matrices will be the main object of investigation of Chapter 5.

2.2.1 Quantum Regression-Markovianity
By having access to the multi-time statistics of the system plus environment dynamics, one can
substantially refine the definition of Markovian behaviour by identifying it with the so-called
Quantum Regression condition (QR) [107], that we now review (see also [22, 23]). QR is a
statement about multi-time correlations when measuring observables of the open system only.
Let then {𝐴𝑘}𝑛−1𝑘=0 ∈ 𝒜𝑆, 𝑛 ≥ 1 and define

𝐴(𝑛) ∶= Θ𝑛−1(𝐴𝑛−1 ⊗ 1𝐸)…Θ1(𝐴1 ⊗ 1𝐸)𝐴0 ⊗ 1𝐸 ∈ 𝒜𝑆 ⊗𝒜𝐸 , (2.67)

and evaluate the multi-time correlation functions

𝜔𝑆 ⊗ 𝜔𝐸 ⒧ 𝐵(𝑛)† 𝐴(𝑛)⒭ = (2.68)

= 𝜔𝑆 ⊗ 𝜔𝐸⒧𝐵†
0 ⊗ 1𝐸 Θ1 ⒧𝐵†

1 ⊗ 1𝐸⒭…Θ𝑛−1 ⒧𝐵†
𝑛−1𝐴𝑛−1 ⊗ 1𝐸⒭…Θ1 (𝐴1 ⊗ 1𝐸) 𝐴0 ⊗ 1𝐸⒭ .

Definition 2.2. Consider the triple (𝒜𝑆 ⊗ 𝒜𝐸, 𝜔𝑆 ⊗ 𝜔𝐸, Θ), with 𝜔𝑆 being described by a generic
density matrix of the system. The open dynamical system satisfies Quantum Regression (QR) if, for
arbitrary {𝐴𝑘}𝑛−1𝑘=0, {𝐵𝑘}𝑛−1𝑘=0 in𝒜𝑆, 𝑛 ≥ 1,

𝜔𝑆 ⊗ 𝜔𝐸⒧ 𝐵(𝑛)†𝐴(𝑛)⒭ = 𝜔𝑆 ⒧𝐵†
0 Λ

‡
1𝐵†

1 Λ
‡
2,1… Λ‡

𝑛−1,𝑛−2𝐵†
𝑛−1𝐴𝑛−1… 𝐴1 𝐴0⒭ , (2.69)

withΛ‡
𝑛,𝑛−1, 𝑛 ∈ ℕ completely positive, unital maps.

As emphasized in Remark 2.3, the notion of quantum Markovianity should be regarded as
context-dependent. Whenever the multi-time statistics of the process is at hand, as we shall
consider in the remainder of the present Chapter and especially in Chapter 5, one can refine
the notion of Markovianity in the following way.
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Definition 2.3. An open quantum dynamical system is QR-Markovian if it satisfies QR.

Remark 2.10.

1. The QR condition at 𝑛 = 1 identifies Λ1 as the reduced dynamics of 𝑆 that comes from the auto-
morphismΘ1 on 𝑆 +𝐸 through the elimination of the environment degrees of freedom. Indeed, let
𝜔𝑆 be a generic state of the system (and, in particular, generally not time-invariant). Then, setting
𝐴0 = 𝐵0 = 1

𝜔𝑆 ⊗ 𝜔𝐸⒧Θ1 ⒧𝐵†
1 𝐴1 ⊗ 1𝐸⒭ ⒭ = 𝜔𝑆⒧Λ

‡
1𝐵†

1 𝐴1⒭ ,

and varying freely𝜔𝑆 one gets thatΛ1 describes the reduced dynamics of𝑆 in theHeisenberg picture
(compare (2.2)). Moreover, let 𝑛 = 3 and set 𝐵0 = 𝐴0 = 𝐵1 = 𝐴1 = 1𝑆 so that

𝜔𝑆 ⊗ 𝜔𝐸⒧Θ2 ⒧𝐵†
2 𝐴2 ⊗ 1𝐸⒭ ⒭ = 𝜔𝑆⒧Λ

‡
1 ∘ Λ

‡
2,1𝐵†

2 𝐴2⒭ .

Again, by comparison with (2.2), one gets the composition lawΛ‡
1 ∘ Λ

‡
2,1 = Λ‡

2. In the same vein,
one identifies the maps Λ‡

𝑛,𝑚 with completely positive and unital propagators, in the Heisenberg
picture, from time-step 𝑚 to time-step 𝑛. Actually, formula (2.69) makes sense only if the maps
Λ‡

𝑛,𝑚 are completely positive and unital. Hence, QR-Markovianity implies CP-divisibility. We
can summarize the various concepts of non-Markovianity that we have so far encountered by the
following chain of implications:

QR-Markovianity ⟹ CP-divisibility ⟹ P-divisibility ⟹ No BFI .

2. Notably, QR holds in the weak coupling limit, where Λ‡
𝑛,𝑛−1 = 𝑒ℒ

‡
≡ Λ‡ is a CP unital map

andℒ‡ is the Davies generator in the Heisenberg picture [6]. Essentially, the QR follows from the
Born-Markov approximation 𝜔𝐸 ∘ Θ𝑛 → Λ𝑛 ⊗ 𝜔𝐸 . This fact, along with the validity of QR in
the singular coupling limit as well, were rigorously proved by Dümcke [21]. Interesting cases in
which QR holds beyond the above mentioned limits were investigated in [108, 109].

Let us consider the algebraic formulation of classical stochastic processes through spin
chains on 𝐷ℕ

𝑝 (ℂ), introduced in Section 1.3.2.1. QR-Markovianity then extends to the non-
commutative setting the structure of classical multi-time correlation functions pertaining to
Markovian processes.

Proposition 2.11. Consider a stochastic process 𝜋[0,𝑛−1] = {𝑝[0,𝑛−1]
𝒊[0,𝑛−1] }, algebraically described by a

classical spin chain endowed with a locally normal state𝜔. The process is Markovian if and only if, for
all 𝑛 ≥ 0 and all {𝐴𝑘}𝑛−1𝑘=0, 𝐴𝑘 ∈ 𝐷𝑝(ℂ),

𝜔⒧
𝑛−1

𝑘=0

𝐴(𝑘)
𝑘 ⒭ = Tr ⒧𝜌(0)𝐴0 Λ

‡
1𝐴1 Λ

‡
2,1𝐴2 …Λ‡

𝑛−1,𝑛−2[𝐴𝑛−1]⒭ , (2.70)

where 𝜌(0) = ∑𝑖 𝑝
(0)
𝑖 Π𝑖 andΛ

‡
𝑘,𝑘−1 ∶ 𝐷𝑝(ℂ) → 𝐷𝑝(ℂ) are (completely) positive unital maps.

Proof. Consider the 𝑛-point correlation function for a general collection of operators {𝐴𝑘}𝑛−1𝑘=0,
𝐴𝑘 = ∑𝑖 𝑎

(𝑘)
𝑖 Π𝑖.

𝜔⒧
𝑛−1

𝑘=0

𝐴(𝑘)
𝑘 ⒭ = Tr ⎛

⎝
𝜌[0,𝑛−1]

𝑛−1

𝑘=0

𝐴(𝑘)
𝑘
⎞
⎠
= 

𝒊[0,𝑛−1]

𝑝[0,𝑛−1]
𝒊[0,𝑛−1] 𝑎

[0,𝑛−1]
𝒊[0,𝑛−1] , (2.71)
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2.2. Symbolic dynamics of Open Quantum Systems

where 𝑎[0,𝑛−1]𝒊 = 𝑎(𝑛−1)𝑖𝑛−1 …𝑎(0)𝑖0 . If the process is Markovian we can write

𝜔⒧
𝑛−1

𝑘=0

𝐴(𝑘)
𝑘 ⒭ = 

𝑖0

𝑝(0)
𝑖0 𝑎(0)𝑖0 

𝑖1

𝑇𝑖1𝑖0(1, 0)𝑎
(1)
𝑖1 …

𝑖𝑛−1

𝑇𝑖𝑛−1𝑖𝑛−2(𝑛 − 1, 𝑛 − 2)𝑎(𝑛−1)𝑖𝑛−1 . (2.72)

Then, set

𝐴 ⟼ Λ‡
𝑘,𝑘−1[𝐴] ∶= 

𝑗

⎛
⎝

𝑖

𝑇𝑖𝑗(𝑘, 𝑘 − 1) Tr ⒧Π𝑖𝐴⒭⎞
⎠
Π𝑗 . (2.73)

By recursion, one checks that (2.72) is also equal to (2.70). First, let 𝑛 = 3. Exploiting commu-
tativity, rewrite

Tr ⒧𝜌(0)𝐴0Λ
‡
1𝐴1Λ

‡
2,1[𝐴2]⒭ = 

𝑖0𝑖1𝑖2

𝑎(0)𝑖0 𝑎(1)𝑖1 𝑎(0)𝑖2 Tr ⒧𝜌(0)Π𝑖0Λ
‡
1Π𝑖1Λ

‡
2,1[Π𝑖2 ]Π𝑖1Π𝑖0⒭

= 
𝑖0𝑖1𝑖2

𝑎(0)𝑖0 𝑎(1)𝑖1 𝑎(0)𝑖2 Tr ⒧𝜌(1)Π𝑖0⒭Tr ⒧Π𝑖0Λ
‡
1[Π𝑖1 ]⒭Tr ⒧Π𝑖1Λ

‡
2,1[Π𝑖2 ]⒭

= 
𝑖0

𝑝(0)
𝑖0 𝑎(0)𝑖0 

𝑖1

𝑇T
𝑖0𝑖1(1, 0)𝑎

(1)
𝑖1 

𝑖2

𝑇T
𝑖1𝑖2(2, 1)𝑎

(0)
𝑖2 .

Now, we suppose that equality holds for 𝑛 − 1 and prove it holds for 𝑛. Letting 𝐴𝑛−1 =
𝐴𝑛−1Λ

‡
𝑛,𝑛−1[𝐴𝑛], we have

Tr ⒧𝜌(0)𝐴0Λ
‡
1𝐴1Λ

‡
2,1𝐴2 …Λ‡

𝑛−1,𝑛−2𝐴𝑛−1⒭

= 
𝑖0

𝑝(0)
𝑖0 𝑎(0)𝑖0 

𝑖1

𝑇𝑖1𝑖0(1, 0)𝑎
(1)
𝑖1 …

𝑖𝑛−1

𝑇𝑖𝑛−1𝑖𝑛−2(𝑛 − 1, 𝑛 − 2) 𝑎(𝑛−1)𝑖𝑛−1 (2.74)

where

𝑎(𝑛−1)𝑖𝑛−1 = Tr ⒧Π𝑖𝑛−1𝐴𝑛−1Λ
‡
𝑛,𝑛−1[𝐴𝑛]⒭ = 

𝑗𝑛−1𝑖𝑛

𝑎(𝑛−1)𝑗𝑛−1 𝑎(𝑛)𝑖𝑛 Tr ⒧Π𝑖𝑛−1Π𝑗𝑛−1Λ
‡
𝑛,𝑛−1[Π𝑖𝑛 ]⒭

= 𝑎(𝑛−1)𝑖𝑛−1 
𝑖𝑛

𝑇T
𝑖𝑛−1𝑖𝑛 (𝑛, 𝑛 − 1) .

By plugging the latter into (2.74), one gets the result. The converse is also true. Suppose
that (2.70) holds for arbitrary 𝐴𝑘 and a CP unital maps Λ‡

𝑘,𝑘−1. Define then stochastic ma-
trices

𝑇T
𝑖𝑗(𝑘, 𝑘 − 1) ∶= Tr ⒧Π𝑖Λ

‡
𝑘,𝑘−1[Π𝑗 ]⒭ . (2.75)

Upon choosing 𝐴𝑘 = Π𝑗𝑘 , 𝑘 = 0,… , 𝑛 − 1, one gets

𝑝[0,𝑛−1]
𝒋[0,𝑛−1] = 𝑇𝑗𝑛−1𝑗𝑛−2(𝑛 − 1, 𝑛 − 2)…𝑇𝑗1𝑗0(1, 0)𝑝

(0)
𝑗0 ,

so that the probability distribution is Markovian.

Remark 2.11. The previous result provides an alternative characterization of classical Markov pro-
cesses in terms of multi-time correlations of classical observables. For stationary processes, in particular,
one can reconstruct all 𝑛-point multi-time correlation functions from the knowledge of the transition
stochastic matrix 𝑇 of the process.
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Note that, for quantum systems, CP-divisibility – as well as the stronger semigroup property
– constitutes only a necessary condition for QR-Markovianity [3, 110, 111].This fact represents
the quantum analogue of those classical non-Markovian processes that are P-divisible and sat-
isfy the Chapman-Kolmogorov equation (1.57), as illustrated in Example 1.7. A concrete case
in which CP-divisibility occurs without QR will be discussed in Chapter 5.

Note that, in the QR formula (2.69), operators 𝐴𝑘 and 𝐵𝑘 are general and need not come
from an OPU. We now show how to determine whether QR holds or not through a partition
specific coarse-grained density matrix. In this regard, consider the OPU ℱ ⊆ 𝒜𝑆, already
discussed in Remark 1.18,

ℱ ∶= {𝐹𝑎𝑎′}𝑑𝑎𝑎′=1, 𝐹𝑎𝑎′ = √𝑟𝑎 |𝑟𝑎⟩⟨𝑟𝑎′ | , (2.76)

where 𝑟𝑎 > 0, |𝑟𝑎⟩ are the eigenvalues, respectively, eigenvectors of a density matrix 𝜌𝑆. Recall
that the associated CPTP map 𝔽[𝜌] = ∑𝑎𝑎′ 𝐹𝑎𝑎′𝜌𝐹

†
𝑎𝑎′ = Tr (𝜌) 𝜌𝑆 leaves 𝜌𝑆 invariant: 𝔽[𝜌𝑆] =

𝜌𝑆. Then, since we assumed 𝜔𝑆𝐸 = 𝜔𝑆 ⊗ 𝜔𝐸, it follows that

𝜔𝑆𝐸(𝔽[𝑋𝑆] ⊗ 𝑋𝐸) = Tr (𝜌𝑆𝑋𝑆) 𝜔𝐸(𝑋𝐸) = 𝜔𝑆𝐸(𝑋𝑆 ⊗ 𝑋𝐸) .

Remarkably, the structure of the coarse-grained matrices 𝜌𝑆ℱ(𝑛) can be controlled. Moreover,
they allow one to discriminate QR-Markovianity, recovering the result of Lindblad [7].

Theorem 2.12. With respect to a time-invariant state 𝜔𝑆 ⊗ 𝜔𝐸 , consider the CPU map 𝕋‡
𝑛 ∶

𝑀⊗𝑛
𝑑 (ℂ) → 𝑀⊗𝑛

𝑑 (ℂ), defined by the conditional expectation1:

𝕋‡
𝑛
⎡
⎣

𝑛−1

𝑘=0

𝐴𝑘
⎤
⎦
∶ = 𝜔𝐸

⎛
⎝
⎛
⎝

𝑛


𝑗=1

(Θ𝑗,𝑗−1 ∘ 𝜎 ⊗ id𝐸)⎞
⎠
⎡
⎣

𝑛−1

𝑘=0

𝐴(−𝑛+𝑘)
𝑘 ⊗ 1𝐸

⎤
⎦
⎞
⎠
, (2.77)

where (1) the operator⨂𝑛−1
𝑘=0 𝐴𝑘 has been embedded into the quasi local algebra𝑀ℤ

𝑑 (ℂ) by localizing
it within the interval [0, 𝑛 −1], (2) automorphismsΘ𝑘,𝑘−1 act non-trivially only on𝑀 (0)

𝑑 (ℂ)⊗𝒜𝐸
and (3) 𝜎 is the right shift on𝑀ℤ

𝑑 (ℂ). Then, the system coarse-grained density matrix with respect to
the OPUℱ is given, up to a rearrangement of tensor factors, by

𝜌𝑆 ℱ(𝑛+1) = 𝜌𝑆 ⊗ 𝜌𝑆 ⊗ ⒧𝕋𝑛 ⊗ id 𝜌⊗𝑛
𝑆 𝜌⊗𝑛

𝑆 ⒭ , (2.78)

where𝕋𝑛 is the CPTP map dual of𝕋‡
𝑛. Furthermore, the QR condition holds if and only if

𝕋𝑛 =
𝑛


𝑘=1

Λ𝑘,𝑘−1 . (2.79)

We provide an independent and self-contained proof in Appendix D.2, using the formalism
of quantum spin chains.

Remark 2.12. The interaction-shift automorphism appearing in (2.77) is characteristic of the colli-
sional approach of Section 2.1.4, wherein the open system 𝑆 iteratively interacts with a new site of
a spin-chain environment. In (2.77) the emerging picture is, in a sense, dual, in that it is the same
environment 𝐸 that interacts with a fresh copy of the system at each time step.
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2.2. Symbolic dynamics of Open Quantum Systems

(a) Θ𝑗,𝑗−1

⋯⊗𝒜(−𝑎−1)
𝑆 ⊗𝒜(−𝑎)

𝑆 ⊗𝒜(−𝑎+1)
𝑆 ⊗⋯⊗ 𝒜(0)

𝑆
⊗
𝒜𝐸

⊗𝒜(1)
𝑆 ⊗⋯⊗𝒜(𝑏)

𝑆 ⊗𝒜(𝑏+1)
𝑆 ⊗𝒜(𝑏+2)

𝑆 ⊗⋯

(b)

𝒜(−𝑎)
𝑆 ⊗𝒜(−𝑎+1)

𝑆 ⊗⋯⊗ 𝒜(0)
𝑆 ⊗𝒜(1)

𝑆 ⊗⋯⊗𝒜(𝑏)
𝑆

⊗
𝒜𝐸

⋯⊗𝒜(−𝑎−1)
𝑆 ⊗ ⊗𝒜(𝑏+1)

𝑆 ⊗𝒜(𝑏+2)
𝑆 ⊗⋯

(c) 𝜎 ⊗ id𝐸

𝒜(−𝑎+1)
𝑆 ⊗⋯⊗ 𝒜(0)

𝑆 ⊗𝒜(1)
𝑆 ⊗⋯⊗𝒜(𝑏)

𝑆 ⊗𝒜(𝑏+1)
𝑆

⊗
𝒜𝐸

⋯⊗𝒜(−𝑎−1)
𝑆 ⊗𝒜(−𝑎)

𝑆 ⊗ ⊗𝒜(𝑏+2)
𝑆 ⊗⋯

FIGURE 2.2: Dynamical system underlying the construction of the map (2.77). (a) Intertwiners Θ𝑗,𝑗−1 act,
at each tick of time, only on the 0-th copy of the system 𝒜(0)

𝑆 = 𝑀 (0)
𝑑 (ℂ) and on the algebra of the

environment. (b) An operator, initially localized in 𝒜[−𝑎,𝑏]
𝑆 , is then translated to the right in (c) by the

shift automorphism 𝜎 on the open chain. Note the similarity with the algebraic collisional model of
Figure 2.1.

Remark 2.13. The above approach to quantum non-Markovian stochastic processes is due to Lind-
blad, that first presented it in [7, 112], though without the concept of OPU (the latter was only in-
troduced in a more general context [57] and then fully developed in the coarse-graining procedure
discussed in Section 1.5 by Alicki and Fannes [60]). In particular, the map𝕋𝑛 emerging from suitable
invariant OPUs is essentially equivalent to the so-called process tensor developed in [15, 99, 100],
and applied successfully in several problems [111, 113, 114]. Analogously to dynamical maps, it can
be tomographically reconstructed [115] and used to compute all possible multi-time correlation func-
tions (see also Appendix D.2). In the condensed-matter literature, a similar object appears as influence
matrix, see e.g. the recent work [106].

From now on, we go back to the simpler case of one-parameter groups of automorphisms
on 𝒜𝑆 ⊗ 𝒜𝐸, namely Θ𝑛 = Θ𝑛, Θ𝑛+𝑚 = Θ𝑛 ∘ Θ𝑚. In such case, the QR condition is only
compatible with a semigroup reduced dynamics.

Proposition 2.13. Suppose that the QR condition (2.69) holds and let 𝜔𝑆 ⊗ 𝜔𝐸 be a Θ-invariant
state, with 𝜔𝑆 represented by a faithful density matrix 𝜌𝑆 > 0. Then,

Λ𝑛,𝑛−1 = Λ1 ≡ Λ , ∀ 𝑛 ≥ 0 . (2.80)
1There is no ambiguity in the definition of the 𝐶∗-tensor product of 𝑀ℤ

𝑑 (ℂ) with 𝒜𝐸 since the former is the
inductive limit of nuclear 𝐶∗-algebras, which is itself nuclear (see Remark 1.3)
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Proof. The full proof of (2.80), carried out by induction, is reported in Appendix D.1. Here,
we prove it for 𝑛 = 2. Suppose that QR hold and consider

𝜌𝑆[ℱ(3)] = 𝜔𝑆 ⊗ 𝜔𝐸 ⒧𝐹†
𝑎0𝑎′0Θ1 ⒧𝐹†

𝑏1𝑏′1 Θ2,1 ⒧𝐹†
𝑏2𝑏′2𝐹𝑎2𝑎′2⒭ 𝐹𝑎1𝑎′1⒭ 𝐹𝑎0𝑎′0⒭ (2.81)

= 𝜔𝑆 ⒧𝐹†
𝑎0𝑎′0Λ

‡
1 𝐹†

𝑏1𝑏′1 Λ
‡
2,1 𝐹†

𝑏2𝑏′2𝐹𝑎2𝑎′2 𝐹𝑎1𝑎′1 𝐹𝑎0𝑎′0⒭ . (2.82)

where ℱ is the OPU in (2.76) that leaves 𝜔𝑆 invariant. 𝜌𝑆[ℱ(3)] is a density matrix acting on
ℂ𝑑2 ⊗ ℂ𝑑2 ⊗ ℂ𝑑2 . Consider then the marginal density matrix obtained from by tracing over
the first Hilbert space from expression (2.81). This amounts to setting 𝑎0 = 𝑏0, 𝑎′0 = 𝑏′0 and to
summing over 𝑎0 and 𝑎′0. Due to invariance of the state underΘ and𝔽 (compare Remark 1.20),

⒧Tr𝐼 𝜌ℱ(3)⒭
𝑎1𝑎′1,𝑏1𝑏′1

= 
𝑎0𝑎′0

𝜔𝑆 ⊗ 𝜔𝐸 ⒧𝐹†
𝑎0𝑎′0Θ1 ⒧𝐹†

𝑏1𝑏′1 Θ2,1 ⒧𝐹†
𝑏2𝑏′2𝐹𝑎2𝑎′2⒭ 𝐹𝑎1𝑎′1⒭ 𝐹𝑎0𝑎′0⒭

= 𝜔𝑆 ⊗ 𝜔𝐸 ⒧𝐹†
𝑏1𝑏′1 Θ2,1 ⒧𝐹†

𝑏2𝑏′2𝐹𝑎2𝑎′2⒭ 𝐹𝑎1𝑎′1⒭ = 𝜔𝑆 ⊗ 𝜔𝐸(𝐹†
𝑏1𝑏′1 Θ1 ⒧𝐹†

𝑏2𝑏′2𝐹𝑎2𝑎′2⒭ 𝐹𝑎1𝑎′1) .

where, in the last equality, we used the group assumption: Θ2,1 = Θ1 = Θ. Thus, we have
Tr𝐼 ⒧𝜌[ℱ(3)]⒭ = 𝜌[ℱ(2)]. Taking instead the partial trace over the first Hilbert space from
expression (2.82), we have

⒧Tr𝐼 𝜌ℱ(3)⒭
𝑎1𝑎′1,𝑏1𝑏′1

= 
𝑎0,𝑎′0

Tr ⒧𝜌𝑆 𝐹†
𝑎0,𝑎′0Λ

‡
1 𝐹†

𝑏1,𝑏′1 Λ
‡
2,1 𝐹†

𝑏2𝑏′2𝐹𝑎2𝑎′2 𝐹𝑎1𝑎′1 𝐹𝑎0𝑎′0⒭

= Tr ⒧Λ1 ∘ 𝔽[𝜌𝑆] 𝐹†
𝑏1𝑏′1 Λ

‡
2,1 𝐹†

𝑏2𝑏′2𝐹𝑎2𝑎′2 𝐹𝑎1𝑎′1⒭ = Tr ⒧𝜌𝑆 𝐹†
𝑏1,𝑏′1 Λ

‡
2,1 𝐹†

𝑏2𝑏′2𝐹𝑎2𝑎′2 𝐹𝑎1𝑎′1⒭ ,

where, in the last equality, we used invariance of 𝜌𝑆 under 𝔽 and Λ1. Then, Tr𝐼 ⒧𝜌 ℱ(3)⒭ =
𝜌 ℱ(2) yields

Tr ⒧𝜌𝑆 𝐹†
𝑏1𝑏′1 Λ

‡
2,1 𝐹†

𝑏2𝑏′2𝐹𝑎2𝑎′2 𝐹𝑎1𝑎′1 ⒭ = Tr ⒧𝜌𝑆 𝐹†
𝑏1𝑏′1 Λ

‡
1 𝐹†

𝑏2𝑏′2𝐹𝑎2𝑎′2 𝐹𝑎1𝑎′1 ⒭ .

Taking 𝑎2 = 𝑏2, 𝑎′1 = 𝑏′1, yields, in particular

𝑟𝑎2𝑟𝑎′1√𝑟𝑎1𝑟𝑏1 𝑟𝑎′2  Λ2,1 𝑟𝑎1𝑟𝑏1   𝑟𝑏′2 = 𝑟𝑎2𝑟𝑎′1√𝑟𝑎1𝑟𝑏1 𝑟𝑎′2  Λ2,1 𝑟𝑎1𝑟𝑏1   𝑟𝑏′2 ,

which implies Λ2,1 = Λ1.
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CHAPTER 3
Classical reduction of quantum

dynamical maps

In Chapter 2, we discussed the standard interpretation of distinguishability revivals in open
quantum systems as a backflow of information. The latter, though, is not a quantum phe-
nomenon per se: an analogous interpretation can be carried out for classical systems in terms of
revivals of Kolmogorov distinguishability (see Proposition 1.6). In fact, the focus of this Chap-
ter will be on classical memory effects arising from suitable reductions of legitimate quantum
evolutions. In the following Sections, we shall concentrate on the MASAs of a matrix algebra
𝒜 = 𝑀𝑑(ℂ), selected by projective OPUs, namely sets𝒫 = {𝑃𝑖}𝑑𝑖=1 consisting of minimal rank-
1 projectors 𝑃𝑖, with 𝑃𝑗𝑃𝑘 = 𝛿𝑗𝑘 and ∑𝑑

𝑗=1 𝑃𝑗 = 1𝑑 . For the sake of simplicity, we shall identify
with the same symbol 𝒫 both the OPU and the associated MASA. Consider then a quantum
dynamical map on 𝑀𝑑(ℂ); a classical stochastic process can be naturally extracted out of it by
restricting the quantum evolution to a MASA 𝒫. We will investigate the properties inherited
by such classical reduction; in particular, P-divisibility of the quantum evolution might be lost
in the reduction procedure, thereby yielding a classical backflow of information arising from a
quantum dynamics that does not exhibit it on its own.

3.1 Classical reductions: dynamics vs. generators
Let us consider a quantum evolution described by a one-parameter family of CPTP maps
{Λ𝑡}𝑡≥0, the latter being governed by a time-local master-equation as in (2.7). In order to extract
a classical dynamics out of a quantum one, one can follow two natural prescriptions:

i. Reduce the generator of the quantum evolution ℒ𝑡 = Λ̇𝑡 ∘Λ−1
𝑡 by considering the 𝑑 ×𝑑 real

matrix
𝐾𝑖𝑗(𝑡) ∶= Tr ⒧𝑃𝑖ℒ𝑡[𝑃𝑗 ]⒭ (3.1)

and study the one-parameter family of 𝑑×𝑑 stochasticmatrices {𝐷(𝑡)}𝑡≥0 solving the classical
master equation

𝐷̇(𝑡) = 𝐾(𝑡)𝐷(𝑡) . (3.2)
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ii. Reduce the quantum dynamics itself by considering the stochastic matrix 𝑇(𝑡) with entries

𝑇𝑖𝑗 (𝑡) = Tr ⒧𝑃𝑖Λ𝑡[𝑃𝑗 ]⒭ . (3.3)

If the so-obtained matrix 𝑇(𝑡) is invertible, one can then write the master equation

𝑇̇(𝑡) = 𝐿(𝑡) 𝑇(𝑡) , (3.4)

with time-local generator 𝐿(𝑡) ∶= 𝑇̇(𝑡) 𝑇−1(𝑡).

The two different points of view yield different classical dynamics that are discussed in the
following. In particular, regarding the property of P-divisibility, the following question naturally
emerges:

Given a P-divisible dynamics {Λ𝑡}𝑡≥0, are their classical reductions 𝑃-divisible? (Q )

By prescription i., namely by reducing the quantum generator, the answer to the previous Ques-
tion is straightforward, in that quantum P-divisibility is equivalent to classical P-divisibility, as
a consequence of Proposition 2.2.

Corollary 3.1. Let ℒ𝑡 be the generator of a CPTP dynamical map {Λ𝑡}𝑡≥0. Then {Λ𝑡}𝑡≥0 is P-
divisible if and only if the 𝑑 × 𝑑 matrix defined by 𝐾𝑖𝑗 (𝑡) = Tr ⒧𝑃𝑖ℒ𝑡[𝑃𝑗 ]⒭ generates a classical
P-divisible dynamics for any choice of MASA 𝒫 = {𝑃𝑖}𝑑𝑖=1 of𝑀𝑑(ℂ).

Conversely, as we shall see, by reducing the dynamical map one has the peculiar effect that
a P-divisible quantum dynamics need not give rise to classically reduced P-divisible dynamics.

Remark 3.1. The reduction procedure ii., namely the reduction of the dynamical map, is somewhat
dual to the so-called embeddability problem of a given classical stochastic matrix into a Markovian
quantum evolution, that may give rise to some quantum advantage [116, 117].

3.1.1 Dynamics vs. generators: physical interpretation
Thephysical interpretation of the stochastic dynamics {𝑇(𝑡)}𝑡≥0, defined through (3.3), becomes
clearer by considering the map

ℙ[𝑋] =
𝑑


𝑖=1

𝑃𝑖𝑋𝑃𝑖 , (3.5)

which, as discussed in Remark 1.17, can be seen as a conditional expectation from 𝑀𝑑(ℂ) to
the MASA generated by 𝒫. Given any state 𝜔( ⋅ ) = Tr (𝜌 ⋅) on 𝑀𝑑(ℂ), consider

𝜔ℙ
𝑡 ∶= 𝜔 ∘ ℙ ∘ Λ‡

𝑡 ∘ ℙ =∶ 𝜔 ∘ ⒧Λℙ
𝑡 ⒭

‡ , (3.6)

which acts initially on observables in𝒫, then lets them evolve withΛ‡
𝑡 , and finally projects them

again on 𝒫 with the left-most ℙ. Equivalently, moving by duality to the Schrödinger picture,
we have

𝜔ℙ
𝑡 (𝑋) = Tr ⒧Λℙ

𝑡 [𝜌]𝑋⒭ , Λℙ
𝑡 ∶= ℙ ∘ Λ𝑡 ∘ ℙ , (3.7)

where Λℙ
𝑡 acts initially on diagonal matrices, turns them into non-diagonal ones at time 𝑡 and,

finally, the developed coherences are suppressed by the left-most ℙ. Explicitly, one gets:

Λℙ
𝑡 [𝜌] =

𝑑


𝑗,𝑘=1

𝑇𝑗𝑘(𝑡) Tr (𝑃𝑘𝜌) 𝑃𝑗 , (3.8)
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with 𝑇(𝑡) as in (3.3). Practically speaking, in this approach, at each instant of time, the quantum
dynamics is preceded and followed by two projective measurements specified by the OPU 𝒫.

Remark 3.2. Note the similarity between the construction (3.6) for the classical reduction Λℙ
𝑡 and

that for the reduced dynamicsΛ𝑡 of an open system in (2.2). Indeed, one definesΛ‡
𝑡 in the Heisenberg

picture by three steps; namely, (1) by restricting to the algebra of the system, then (2) by letting evolve
an operator in 𝒜𝑆 under the automorphism Θ𝑡 that does not leave 𝒜𝑆 invariant and (3) finally, by
acting with the conditional expectation𝜔𝐸 from𝒜𝑆⊗𝒜𝐸 → 𝒜𝑆. For the classical reduction, instead,
(1) one first restricts to the MASA 𝒫 via the right-most conditional expectation ℙ in (3.6), then (2)
lets the system evolve under the CPU evolution Λ𝑡, that does not leave 𝒫 invariant, and finally, (3)
applies the conditional expectation ℙ ∶ 𝑀𝑑(ℂ) → 𝒫 to obtain the classical reduction ⒧Λℙ

𝑡 ⒭
‡
.

To compare the classical reduction (3.7) with the one obtained from (3.1), for sake of
simplicity we restrict to the case when the quantum dynamics Λ𝑡 is a semigroup with time-
independent generator ℒ: Λ𝑡 = 𝑒𝑡ℒ. Then, let 𝑁 ≫ 1 and consider

𝜔ℙ,𝑁
𝑡 ∶= 𝜔 ∘ ⒧ℙ ∘ Λ‡

𝑡/𝑁 ∘ ℙ⒭
𝑁
= 𝜔 ∘ ℙ ∘ ⒧id + 𝑡

𝑁 ⒧ℒℙ⒭
‡
⒭
𝑁
∘ ℙ + 𝑂 ⒧⒧ 𝑡

𝑁 ⒭
2
⒭ , (3.9)

𝑁≫1≃ 𝜔 ∘ ℙ ∘ ⒧𝑒𝑡ℒ
ℙ
⒭‡ ∘ ℙ , ⒧ℒℙ⒭

‡
∶= ℙ ∘ ℒ‡ ∘ ℙ . (3.10)

Passing again to the dual in the Schrödinger picture, one has

ℒℙ[𝜌] = ℙ ∘ ℒ ∘ ℙ[𝜌] =
𝑑


𝑗, 𝑘=1

𝐾𝑗𝑘 Tr (𝑃𝑘 𝜌) 𝑃𝑗 , (3.11)

so that

ℙ ∘ 𝑒𝑡ℒ
ℙ
∘ ℙ[𝜌] =

𝑑


𝑗, 𝑘=1

𝐷𝑗𝑘(𝑡) Tr (𝑃𝑘 𝜌) 𝑃𝑗 . (3.12)

where 𝐾(𝑡) = 𝐾 is the matrix defined in (3.1) and 𝐷(𝑡) = 𝑒𝑡𝐾 . From the previous argument,
therefore, the classical reduction of the quantum generator physically amounts to letting the
quantum dynamics to act in between iterated projective measurements separated by smaller and
smaller time intervals.

Remark 3.3. Notice that, for𝑁 ≥ 1 and 𝜖 = 𝑡/𝑁,

(ℙ ∘ Λ𝜖 ∘ ℙ)
𝑁 [𝜌] = 

𝑖,𝑗𝑁 ,…,𝑗1

𝑇𝑖𝑗𝑁 (𝜖)⋯𝑇𝑗2𝑗1(𝜖) Tr ⒧𝜌𝑃𝑗1⒭ 𝑃𝑖 = 
𝑖,𝑗

𝑇(𝜖)𝑁
𝑖𝑗

Tr ⒧𝜌𝑃𝑗⒭ 𝑃𝑖 ,

On the other hand, in the semi-group case, from (3.1) and (3.3), with ℒ𝑡 = ℒ and 𝐾(𝑡) = 𝐾, it
follows that 𝑇(𝜖) ≃ 1 + 𝜖 𝐾 ≃ 𝐷(𝜖); therefore,

lim
𝑁→+∞

𝑇 ⒧ 𝑡
𝑁 ⒭

𝑁
= 𝐷(𝑡) ≠ 𝑇(𝑡) .

The origin of the discrepancy is the fact that the family of matrices 𝑇(𝑡) is not a semigroup; indeed, if
𝑇(𝑡) is forced to be a semigroup, so that 𝑇(𝑡 + 𝜖) = 𝑇(𝜖)𝑇(𝑡), then one has 𝑇(𝑡) = 𝐷(𝑡).
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3. Classical reduction of quantum dynamical maps

3.2 Classical reductions and P-divisibility
Differently from what occurs when reducing generators, when the reduction via the dynamical
map (3.3) is adopted, the relation between P-divisibility of Λ𝑡 and that of its classical reduc-
tion 𝑇(𝑡) becomes non-trivial and, in particular, classical P-divisibility may be lost. The rest
of this Chapter is devoted to classical processes of the type (3.3), analysing in detail instances
when P-divisibility is either preserved or lost through the reduction procedure. The physical
meaning of such a loss of P-divisibility by classical reductions is clarified through the following
Section 3.2.1, where we develop a general interpretation of the effect in terms of BFI.

Remark 3.4. Notice that, from (3.3), when the matrices𝑇(𝑡) are invertible, the classical intertwiners
are given by 𝑇(𝑡, 𝑠) = 𝑇(𝑡)𝑇(𝑠)−1. In general, they have no simple connection to the quantum inter-
twinersΛ𝑡,𝑠 = Λ𝑡 ∘Λ−1

𝑠 . A particular case is when the dynamicsΛ𝑡 is of the kindΛ𝑡,𝑠 ℙ = ℙΛ𝑡,𝑠 ℙ,
with ℙ as in (3.5), so that one can identify a stochastic propagator as 𝑇𝑖𝑘(𝑡, 𝑠) = Tr ⒧𝑃𝑖Λ𝑡,𝑠[𝑃𝑘]⒭.
Such maps are a subset of the so-called non-coherence-generating-and-detecting dynamics considered
in [98] to characterize the classicality of a Markovian process.

3.2.1 Coherence-assisted backflow of information
The goal of this Section is to interpret memory effects emerging in the stochastic dynamics (3.3)
obtained by classically reducing a P-divisible quantum evolution Λ𝑡. In the BLP approach
described in Section 2.1.3, the Holevo-Helstrom distinguishability is interpreted as “internal
information” of a quantum system as embodied by two states 𝜌 and 𝜎 under the dynamics Λ𝑡:

ℐ𝑞
𝑡 (𝜌, 𝜎; 𝜇) = Λ𝑡[Δ𝜇(𝜌, 𝜎)]1 , where Δ𝜇(𝜌, 𝜎) = 𝜇𝜌 − (1 − 𝜇)𝜎 . (3.13)

Restricting to the classical subalgebra, the Helstrom matrix encodes the vector 𝜹𝜇(𝒑, 𝒒) =
𝜇𝒑− (1−𝜇)𝒒, with 𝒑, 𝒒 probability vectors, and its trace norm reduces to the Kolmogorov dis-
tance (1.70). Let us now consider a Helstrom matrix Δ𝜇(𝜌𝒑, 𝜎𝒒) within the MASA 𝒫, namely
with 𝜌𝒑 = ∑𝑖 𝑝𝑖𝑃𝑖 and 𝜎𝒒 = ∑𝑖 𝑞𝑖𝑃𝑖. Although the chosen density matrices 𝜌𝒑, 𝜎𝒒 commute
and are incoherent classical states with respect to 𝒫, the dynamics Λ𝑡 takes them out of the
commutative algebra 𝒫 and generates non-vanishing coherences, while the classical reduction
to 𝒫 eliminates them. Accordingly, the classical internal information of the classical reduction
to 𝒫 of the quantum dynamics reads

ℐcl
𝑡 (𝒑, 𝒒; 𝜇) = 𝑇(𝑡)𝜹𝜇(𝒑, 𝒒)1 = ℙ ∘ Λ𝑡[Δ𝜇(𝜌𝒑, 𝜎𝒒)]1 . (3.14)

Let us then introduce the difference between the quantum and classical internal information
relative to two classical states:

𝒞𝑡(𝒑, 𝒒; 𝜇) ∶= ℐ𝑞
𝑡 (𝜌𝒑, 𝜌𝒒; 𝜇) − ℐcl

𝑡 (𝒑, 𝒒; 𝜇)
= Λ𝑡[Δ𝜇(𝜌𝒑, 𝜎𝒒)]1 − ℙ ∘ Λ𝑡[Δ𝜇(𝜌𝒑, 𝜎𝒒)]1 . (3.15)

Since ℙ is a contraction, the quantity 𝒞𝑡(𝒑, 𝒒; 𝜇) is positive; moreover, it allows to decompose
the quantum internal information of two quantumly evolving classical states as sum of two
contributions:

ℐ𝑞
𝑡 (𝜌𝒑, 𝜌𝒒; 𝜇) = ℐcl

𝑡 (𝒑, 𝒒; 𝜇) + 𝒞𝑡(𝒑, 𝒒; 𝜇) . (3.16)

Note the analogy with definition (2.44) of “external information” in the open system setting. It
is thus appropriate to name 𝒞𝑡(𝒑, 𝒒; 𝜇) coherent internal information. P-divisibility ofΛ𝑡 implies
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that ℐ𝑞
𝑡 (𝜌𝒑, 𝜌𝒒; 𝜇) monotonically decreases in time, namely the information contained in the

system leaks towards the environment and never comes back. Hence, for 𝑡 ≥ 𝑠 ≥ 0,

ℐcl
𝑡 (𝒑, 𝒒; 𝜇) + 𝒞𝑡(𝒑, 𝒒; 𝜇) ≤ ℐcl

𝑠 (𝒑, 𝒒; 𝜇) + 𝒞𝑠(𝒑, 𝒒; 𝜇) . (3.17)

Then, letting
Δℐcl

𝑡,𝑠(𝒑, 𝒒; 𝜇) ∶= ℐcl
𝑡 (𝒑, 𝒒; 𝜇) − ℐcl

𝑠 (𝒑, 𝒒; 𝜇) , (3.18)

be the variation of the classical internal information (3.17) can be equivalently recast as

Δℐcl
𝑡,𝑠(𝒑, 𝒒; 𝜇) ≤ 𝒞𝑠(𝒑, 𝒒; 𝜇) − 𝒞𝑡(𝒑, 𝒒; 𝜇) . (3.19)

We are then ready to state the following

Proposition 3.1. Let Λ𝑡 be P-divisible and consider the variation of the classical internal informa-
tion (3.18) between times 𝑠 and 𝑡 ≥ 𝑠. The latter can be upper-bounded by

Δℐcl
𝑡,𝑠(𝒑, 𝒒; 𝜇) ≤ 𝜇 𝐶𝒫

1 (Λ𝑠[𝜌𝒑]) + (1 − 𝜇)𝐶𝒫
1 (Λ𝑠[𝜌𝒒]) , (3.20)

where 𝐶𝒫
1 denotes the so-called ℓ1-norm of coherence of a density matrix [118, 119],

𝐶𝒫
1 (𝜌) ∶= 

𝑖≠𝑗
⟨𝑖𝜌𝑗⟩ , (3.21)

with respect to the MASA generated by 𝒫 = {|𝑖⟩⟨𝑖|𝑖}
𝑑
𝑖=1.

Proof. From (3.19), since 𝒞𝑡(𝒑, 𝒒; 𝜇) ≥ 0, we have

Δℐ𝑐𝑙
𝑡,𝑠(𝒑, 𝒒; 𝜇) ≤ 𝒞𝑠(𝒑, 𝒒; 𝜇) .

Let then ℙ⟂ ∶= id − ℙ and apply twice the triangle inequality, so to get

𝒞𝑠(𝒑, 𝒒; 𝜇) ≤ ‖ℙ⟂Λ𝑠[Δ𝜇(𝒑, 𝒒)]‖1
≤ 𝜇 ‖ℙ⟂Λ𝑠[𝜌𝒑]‖1 + (1 − 𝜇) ‖ℙ⟂Λ𝑠[𝜌𝒒]‖1 . (3.22)

Noting that 𝑖⟩⟨𝑗1 = 1, with |𝑖⟩ , 𝑗⟩ belonging to the reference orthonormal basis, one ap-
plies the triangle inequality once again to the r.h.s. of (3.22) so to obtain

Δℐ𝑐𝑙
𝑡,𝑠(𝒑, 𝒒; 𝜇) ≤ 𝜇 ‖ℙ⟂Λ𝑠[𝜌𝒑]‖1 + (1 − 𝜇) ‖ℙ⟂Λ𝑠[𝜌𝒒]‖1

≤ 𝜇 𝐶𝒫
1 (Λ𝑠[𝜌𝒑]) + (1 − 𝜇) 𝐶𝒫

1 (Λ𝑠[𝜌𝒒]) .

Remark 3.5. Thequantities𝐶𝒫
1 (Λ𝑠[𝜌𝒑]) and𝐶𝒫

1 (Λ𝑠[𝜌𝒒])measure the amount of coherence produced
by the dynamics at time 𝑠 acting on the diagonal states 𝜌𝒑 and 𝜌𝒒. In analogywith (2.47), from (3.20),
we can thus interpret the revival of the classical internal information, Δℐ𝑐𝑙

𝑡,𝑠(𝒑, 𝒒; 𝜇) > 0, between
times 𝑠 and 𝑡 ≥ 𝑠 as a classical BFI, which can occur only if a certain degree of quantum coherence has
been built up to time 𝑠 in the quantumly evolving classical states. Hence, in the classical reduction of
the quantum evolution of pairs of commuting quantum states, quantum coherences play an informa-
tion storing role as the environment does in the quantum scenario, as emerges by comparing the r.h.s
of (3.20) and (2.47).
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3.3 Unital qubit dynamics
We now delve into the question (Q), namely whether P-divisibility of the quantum process
is inherited by its classical reduction obtained through (3.3). In particular, for time-local evo-
lutions as in (2.8), we shall argue that this problem becomes particularly relevant for purely
dissipative dynamics, namely those not containing commutators with Hamiltonians in their
generators, which would typically provide non-P-divisible classical processes.

In what follows, we will mostly focus on unital qubit dynamics, namely Λ𝑡[12] = 12,
for which the P-divisibility of both Λ𝑡 and its classical reduction 𝑇(𝑡) is analytically tractable.
Indeed, as shown in Proposition 2.7, P-divisibility of Λ𝑡 is equivalent to the condition

−ℒS(𝑡) = −
ℒ(𝑡) + ℒT(𝑡)

2 ≥ 0 , (3.23)

where ℒ𝑖𝑗(𝑡) = Tr ⒧𝜎𝑖ℒ𝑡[𝜎𝑗 ]⒭ is the 3 × 3 Bloch representation of the generator ℒ𝑡 (see Exam-
ple 2.1).

On the other hand, let 𝑃0, 𝑃1 = 12 − 𝑃0 be two orthogonal projectors generating a maxi-
mally Abelian subalgebra 𝒫 ⊂ 𝑀2(ℂ). The 2 × 2 stochastic matrix 𝑇(𝑡) obtained from Λ𝑡 by
means of (3.3) then reads

𝑇(𝑡) = ⒧ 𝑇00(𝑡) 1 − 𝑇00(𝑡)
1 − 𝑇00(𝑡) 𝑇00(𝑡)

⒭ , 𝑇00(𝑡) = Tr (𝑃0Λ𝑡[𝑃0]) , (3.24)

so that it is fully determined by one real function 0 ≤ 𝑇00(𝑡) ≤ 1. In the Bloch representation,
𝑃0 is identified bymeans of a unit real vector 𝒓 ∈ ℝ3,𝑃𝒓 = (1+𝒓⋅𝝈)/2.Then, the bistochasticity
condition is recast as

0 ≤ 𝑇00(𝑡) = Tr (𝑃0Λ𝑡[𝑃0]) =
1
2 + 1

2 ⟨𝒓|Λ(𝑡)|𝒓⟩ ≤ 1, (3.25)

where Λ(𝑡) is the 3 × 3 Bloch representation of Λ𝑡. If 𝑇00(𝑡) ≠ 1/2, 𝑇(𝑡) is invertible and one
computes the classical generator as

𝐿(𝑡) = 𝑇̇(𝑡)𝑇(𝑡)−1 = 𝑇̇00(𝑡)
2𝑇00(𝑡) − 1 ⒧ 1 −1

−1 1 ⒭ , (3.26)

By means of Kolmogorov conditions found in Proposition 1.5, 𝐿(𝑡) generates a P-divisible
classical process if and only if

𝑓𝑡 ∶=
𝑇̇00(𝑡)

2𝑇00(𝑡) − 1 ≤ 0 , ∀ 𝑡 ≥ 0 . (3.27)

Taking the derivative of (3.25) and recalling that ̇Λ(𝑡) = ℒ(𝑡)Λ(𝑡), one recasts (3.27) as

𝑓𝑡 =
1
2
⟨𝒓|ℒ(𝑡)Λ(𝑡)|𝒓⟩
⟨𝒓|Λ(𝑡)|𝒓⟩

≤ 0 , ∀ 𝑡 ≥ 0 . (3.28)

Remark 3.6. Let 𝑑 = 2 and suppose that 𝑇(𝑡) satisfies a time-local master equation with generator
𝐿(𝑡). Consider the classical 2-Renyi entropy

𝐻2(𝑡) = − log ⟨𝒑|𝑇T(𝑡)𝑇(𝑡)|𝒑⟩ , (3.29)
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3.3. Unital qubit dynamics

where 𝒑 is a probability vector. Then,𝐻2(𝑡) grows monotonically if and only if

d
d𝑡 ⟨𝒑|𝑇

T(𝑡)𝑇(𝑡)|𝒑⟩ = 2 ⟨𝒑|𝑇T(𝑡)𝐿S(𝑡)𝑇(𝑡)|𝒑⟩ ≤ 0 ,

where 𝐿S(𝑡) = (𝐿(𝑡) + 𝐿T(𝑡))/2. In particular, if 𝑇(𝑡) is bistochastic, 𝐿S(𝑡) = 𝐿(𝑡) and 𝐿00(𝑡) =
𝐿11(𝑡) = −𝐿01 = −𝐿10(𝑡) so that

2 ⟨𝒑|𝑇T(𝑡)𝐿S(𝑡)𝑇(𝑡)|𝒑⟩ = 𝐿00(𝑡)(2𝑇00(𝑡) − 1)2(𝑝0 − 𝑝1)2 .

Therefore, if 𝑇(𝑡) is P-divisible, 𝐿00(𝑡) is necessarily negative, so that𝐻2(𝑡) grows monotonically.

Example 3.1. Further characterization of P-divisibility of classical reductions of qubit unital evolu-
tions can be done as follows. Consider two basis of ℂ2 related by

| 𝛼⟩ = 1
√2


𝑗
(−1)−𝑗𝛼 𝑗⟩ , | ⟨ 𝛼𝑗⟩ |2 = 1

2 , (3.30)

and let ℙ be the map that causes full decoherence with respect to basis {| 𝛼⟩}𝛼. Moreover, choose 𝜌 to be
diagonal in such basis,

𝜌 = 𝑝0  0 0 + 𝑝1  1 1 = 𝑝0 + 𝑝1
2 12 +

𝑝0 − 𝑝1
2 ⒧ |0⟩⟨1| + |1⟩⟨0| ⒭ .

Then, consider the evolution

ℙ ∘ Λ𝑡 ∘ ℙ[𝜌] = 
𝛼

⎛
⎝

1
2 

𝑖𝑗
⟨𝑖| Λ𝑡[𝜌] 𝑗⟩ (−1)−𝛼(𝑖−𝑗)⎞

⎠
| 𝛼⟩⟨ 𝛼| (3.31)

= 𝑝0(𝑡)  0 0 + 𝑝1(𝑡)  1 1 ,

where,
𝑝0(𝑡) =

1 + 𝑐𝑡
2 , 𝑝1(𝑡) =

1 − 𝑐𝑡
2 , 𝑐𝑡 ∶= 2Re ⟨0|Λ𝑡[𝜌] |1⟩ . (3.32)

On the other hand, from the l.h.s. of (3.31) one has

𝒑(𝑡) = 𝑇(𝑡) 𝒑 , 𝑇𝛼𝛽(𝑡) = ⟨ 𝛼|Λ𝑡  𝛽 𝛽 | 𝛼⟩ . (3.33)

Comparing (3.33) and (3.32),

𝑐𝑡 = 𝑝0(𝑡) − 𝑝1(𝑡) = (2 𝑇00(𝑡) − 1)𝑐0 ⟹ ̇𝑐𝑡 = 2 ̇𝑇00(𝑡)𝑐0 .

Assuming now that 𝑇(𝑡) is invertible, we have

𝑓𝑡 = 2 d
d𝑡 log |𝑐𝑡| .

In particular, the sign of 𝑓𝑡 is controlled by the monotonicity of |𝑐𝑡|The latter, from (3.32), is a function
of the coherences of the state with respect to the {|𝑖⟩}𝑖 basis.

We now study the behaviour of 𝑓𝑡 under two paradigmatic examples of oppositely behaving
dynamics. The first one is a purely unitary qubit rotation which cannot give rise to a classically
P-divisible process, while the second is that of a purely dissipative Pauli dynamics for which
P-divisibility of the dynamics is equivalent to that of its classical reduction.
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Unitary qubit dynamics Consider the qubit Hamiltonian 𝐻 = 1/2𝝎 ⋅ 𝝈, 𝝎 ∈ ℝ3, and the
evolution𝒰𝑡[𝜌] = 𝑈𝑡 𝜌𝑈†

𝑡 ,𝑈𝑡 = 𝑒−𝑖𝑡𝐻 .The classical reduction of its generatorℒ[⋅] = −𝑖[𝐻 , ⋅ ]
to any commutative subalgebra 𝒫 ⊂ 𝑀2(ℂ) vanishes. Indeed, Tr (𝑃𝐻𝑄) = Tr (𝑃𝑄𝐻) = 0.
However, the Bloch representation of𝒰𝑡 acts as 3×3 rotation matrix 𝒰(𝑡) = 𝑒𝑡ℒ with generator

ℒ = 𝜔 ⎛
⎝

0 −𝑢3 𝑢2
𝑢3 0 −𝑢1
−𝑢2 𝑢1 0

⎞
⎠
, (3.34)

where 𝜔 = ‖𝝎‖ and 𝒖 = (𝜔1, 𝜔2, 𝜔3)/𝜔 ∈ ℝ3 is a unit vector. Since ℒ3 = −𝜔2ℒ = 𝜔2ℒT,
one rewrites

𝒰(𝑡) = 𝑒𝑡ℒ = 1 + sin(𝜔𝑡)
𝜔

ℒ + 1 − cos(𝜔𝑡)
𝜔2

ℒ2 . (3.35)

Also, ⟨𝒓|ℒ|𝒓⟩ = 0, ⟨𝒓|ℒ2|𝒓⟩ = −‖ℒ |𝒓⟩ ‖2. Given a projector with Bloch vector 𝒓 , with 𝜃
the angle between the latter and 𝒖, one has ‖ℒ |𝒓⟩ ‖ = 𝜔 sin(𝜃) and

𝑇00(𝑡) = Tr ⒧𝑃0 𝒰𝑡[𝑃0]⒭ =
1
2⒧1 + ⟨𝒓|𝒰𝑡|𝒓⟩ ⒭ =

1
2(1 + cos2(𝜃) + cos(𝜔𝑡) sin2(𝜃)) ,

so that (3.28) is rewritten as follows,

𝑓𝑡 = −𝜔2
sin(𝜔𝑡) sin2(𝜃)

cos2(𝜃) + cos(𝜔𝑡) sin2(𝜃)
. (3.36)

Thus, the sign of 𝑓𝑡 changes for all 𝜃 ∈ (0, 𝜋), unless 𝜃 = 0, 𝜋 (when |𝒓⟩ corresponds to
an eigenstate of 𝐻) yielding 𝑓𝑡 = 0. Notice that the denominator in 𝑓𝑡 is the determinant of
the classical stochastic matrix 𝑇(𝑡) which is thus invertible if cos(2𝜃) > 0, namely, if 𝜃 ∈
(0, 𝜋/4) ∪ (3𝜋/4, 𝜋). In this case, classical P-divisibility breaks when 𝑇̇00(𝑡) becomes positive.
As described in Section 3.2.1, such loss of P-divisibility for an invertible classical reduction 𝑇(𝑡)
can be interpreted in terms of coherence-assisted BFI.

Pauli dynamics Consider the Pauli generator

ℒP
𝑡 [𝜌] =

1
2

3


𝑘=1

𝛾𝑘(𝑡)(𝜎𝑘𝜌𝜎𝑘 − 𝜌). (3.37)

Notice that ℒP
𝑡 , ℒP

𝑠  = 0, yielding the exponential solution Λ𝑡 = 𝑒∫
𝑡
0d𝑠ℒP

𝑠 . As seen in Exam-
ple 2.1, the Bloch representation is a diagonal matrix

ℒP
𝑖𝑗(𝑡)[𝜌] = −Γ(𝑖)𝑡 𝛿𝑖𝑗 , Γ(𝑖)𝑡 = 

𝑘≠𝑖
𝛾(𝑘)
𝑡 , (3.38)

so that necessary and sufficient conditions for P-divisibility easily follow from (3.23),

Γ(𝑘)𝑡 ≥ 0 , 𝑘 = 1, 2, 3 . (3.39)

Λ(𝑡) is also diagonal, with strictly positive eigenvalues

Λ𝑖𝑗(𝑡) = 𝜆(𝑖)
𝑡 𝛿𝑖𝑗 , 𝜆(𝑖)

𝑡 = 𝑒−∫
𝑡
0d𝑠Γ𝑖(𝑡) .
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3.3. Unital qubit dynamics

so that

𝑓𝑡 =
1
2
⟨𝒓|ℒ(𝑡)Λ(𝑡)|𝒓⟩
⟨𝒓|Λ(𝑡)|𝒓⟩

= −12
∑𝑖 Γ𝑖(𝑡)𝜆𝑖(𝑡)𝑛2

𝑖
∑𝑗 𝜆𝑗(𝑡)𝑛2

𝑗
≤ 0 (3.40)

for all 𝒓, ‖𝒓‖ = 1. Thus, Λ𝑡 is P-divisible if and only if 𝑇(𝑡) is P-divisible for all choices of the
reference MASA. Adding a Hamiltonian to a Pauli generator ℒ𝑃

𝑡 as in (3.37) may generally
lead to a positive 𝑓𝑡, so that the process 𝑇(𝑡) is not P-divisible. Indeed, consider

ℒ𝑡[𝜌] = −𝑖[𝜎𝑧 , 𝜌] + ℒ𝑃
𝑡 [𝜌], (3.41)

and take, for the sake of simplicity, Γ1(𝑡) = Γ2(𝑡) ≡ Γ(𝑡), so that the Hamiltonian generator
commutes with the Pauli one. Hence, the evolution will have the form

Λ𝑡 = 𝒰𝑡 ∘ Λ𝑃
𝑡 ⟹ Λ(𝑡) = 𝒰(𝑡) Λ𝑃(𝑡) . (3.42)

Using (3.28) and (3.35), it follows that 𝑓𝑡 = 𝑓𝑃
𝑡 + 𝑓𝐻

𝑡 , where 𝑓𝑃
𝑡 is as in (3.40) and always

negative, while 𝑓𝐻
𝑡 is as in (3.36) and generally oscillates between positive and negative values.

In particular, P-divisibility is lost due to the divergence of the 𝑓𝐻
𝑡 for some 𝒓 . On the other

hand, for those 𝒓 that lead to an invertible 𝑇(𝑡), 𝑓𝐻
𝑡 is bounded, so that 𝑓𝑡 can stay negative for

all times for large enough Pauli rates Γ(𝑖)𝑡 .

The previous examples suggest that the presence of the commutator in the generator is in gen-
eral responsible for the loss of P-divisibility for the classically reduced process defined by (3.3),
while the classical reduction of Pauli dynamics preserves P-divisibility. Therefore, in order to
study which P-divisible quantum dynamics Λ𝑡 give certainly rise to classically divisible pro-
cesses defined by (3.3), one better focus upon purely dissipative generators. Let us express the
canonical form (2.9) of the dissipator of a qubit evolution in the Pauli basis, with dissipative
part

𝒟𝑡[𝜌] =
1
2

3


𝑖,𝑗=1

𝐾𝑖𝑗 (𝑡) ⒧𝜎𝑖𝜌𝜎𝑗 −
1
2𝜎𝑗 𝜎𝑖, 𝜌⒭ . (3.43)

Moreover, imposing that the generated dynamics is unital helps in controlling the purely dissi-
pative nature of the evolution.

Lemma 3.2. Consider a qubit dynamics with generator ℒ𝑡 with dissipative part as in (3.43). Then,
the dynamics is unital if and only if the Kossakowski matrix 𝐾(𝑡) is real and symmetric, so that 𝒟𝑡
can be written in the diagonal form

𝒟𝑡[𝜌] =
1
2 

𝑖
𝛾𝑖(𝑡) (𝜎𝑖(𝑡) 𝜌 𝜎𝑖(𝑡) − 𝜌) , (3.44)

with respect to a set of (generally time dependent) Pauli matrices {𝜎𝑖(𝑡)}3𝑖=1. Moreover, the unital
dynamics is purely dissipative, namelyℒ𝑡 = 𝒟𝑡, if and only if the Bloch-representation of the generator
is a real symmetric matrix, ℒ(𝑡) = ℒT(𝑡) = ℒS(𝑡).

Proof. Let us recall that Λ𝑡 is unital if and only if ℒ𝑡[1] = 0 for all 𝑡 ≥ 0. Indeed, if Λ𝑡 is
unital, 0 = Λ̇𝑡[1] = ℒ𝑡 ∘ Λ𝑡[1] = ℒ𝑡[1]; conversely, if the generator kills the identity at all
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times, unitality follows from the Dyson series (2.17). Hence, in the qubit case, plugging the
identity into (3.43) Λ𝑡 is unital iff

3


𝑖,𝑗=1

𝐾𝑖𝑗 (𝑡)[𝜎𝑖, 𝜎𝑗 ] = 0, (3.45)

which is satisfied iff 𝐾𝑖𝑗 (𝑡) = 𝐾𝑗𝑖(𝑡) = 𝐾𝑖𝑗 (𝑡). Then, the real symmetric Kossakowski matrix
𝐾(𝑡) can be diagonalized by means of an orthogonal transformation,

𝐾(𝑡) = 𝑂(𝑡)𝛾(𝑡)𝑂(𝑡)𝑇 , 𝛾(𝑡) = diag{𝛾1(𝑡), 𝛾2(𝑡), 𝛾3(𝑡)} .

Therefore, 𝑂(𝑡)𝑂𝑇(𝑡) = 𝑂𝑇(𝑡)𝑂(𝑡) = 1 guarantees that the matrices 𝜎𝑖(𝑡) = ∑𝑗 𝑂𝑗𝑖(𝑡)𝜎𝑗
satisfy the Pauli algebra. Moreover, the Bloch representation of the dissipative part 𝒟𝑡 of the
generator reads

𝒟𝑖𝑗(𝑡) =
1
2 

𝑘
𝛾𝑘(𝑡) Tr ⒧𝜎𝑖𝜎𝑘(𝑡)𝜎𝑗𝜎𝑘(𝑡)⒭ − 2𝛿𝑖𝑗 = 𝒟𝑗𝑖(𝑡) , (3.46)

where the second equality follows from the cyclicity of the trace. Thus, an anti-symmetric con-
tribution to the matrix representation of the full generator ℒ(𝑡) can only come from the com-
mutator with the Hamiltonian. It follows that the unital dynamics is purely dissipative, namely
that ℒ(𝑡) = 𝒟(𝑡), if and only if ℒ(𝑡) = ℒT(𝑡).

Remark 3.7.

1. Λ𝑡 is called self-dual ifΛ𝑡 = Λ‡
𝑡 ,Λ

‡
𝑡 being its dual in theHeisenberg picture obtained through (2.3).

Note that a self-dual evolution is necessarily unital, while the reverse is obviously not true. When
Λ𝑡 is a qubit dynamical map, going to the Bloch representation, one then has that self-duality is
equivalent to Λ(𝑡) = ΛT(𝑡). On the other hand, if the generatorℒ𝑡 of the qubit dynamicsΛ𝑡 is self-
dual,ℒ𝑡 = ℒ‡

𝑡 , it must be purely dissipative,ℒ𝑡 = 𝒟𝑡, andΛ𝑡 unital. Indeed,ℒ𝑡[1] = ℒ‡
𝑡 [1] = 0

yields a symmetric Kossakowski matrix which in turn implies the absence of the commutator with
a Hamiltonian. The unitality ofΛ𝑡 then follows from its Dyson expansion. Moreover, in the qubit
case, Lemma 3.2 implies that a purely dissipative generator of a unital dynamics is necessarily self-
dual. In the following Section 3.4, we shall provide a concrete qubit construction for a non self-dual
unital dynamics arising from a self-dual generator.

2. If the solution is of the exponential formΛ𝑡 = 𝑒∫
𝑡
0d𝑠ℒ𝑠 , self-duality of the generator implies that of

Λ𝑡. In fact,

Λ‡
𝑡 = ⒧𝑒∫

𝑡
0d𝑠ℒ𝑠⒭

‡

= ⎛
⎝

∞


𝑘=0

1
𝑘! ⒧

𝑡

0
d𝑠 ℒ𝑠⒭

𝑘
⎞
⎠

‡

=
∞


𝑘=0

1
𝑘! 

𝑡

0
d𝑠1 ⋯

𝑡

0
d𝑠𝑘 ⒧ℒ𝑠1 ∘ ⋯ ∘ ℒ𝑠𝑘 ⒭

‡

=
∞


𝑘=0

1
𝑘! 

𝑡

0
d𝑠𝑘 ℒ‡

𝑠𝑘 ∘ ⋯ ∘
𝑡

0
d𝑠1 ℒ‡

𝑠1 =
∞


𝑘=0

1
𝑘! ⒧

𝑡

0
d𝑠 ℒ‡

𝑠 ⒭
𝑘

= 𝑒∫
𝑡
0d𝑠ℒ‡

𝑠 .

From Lemma 3.2 follows that if Λ𝑡 is unital and purely dissipative, ℒ(𝑡) is real symmetric
and then, from (3.23), P-divisibility of Λ𝑡 becomes equivalent to −ℒ(𝑡) ≥ 0. Having noted
that, the fact that the P-divisibility of Pauli dynamics is preserved by their classical reductions
can be generalized to self-dual qubit dynamics with self-dual generators.
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Proposition 3.3. Let Λ𝑡 = Λ‡
𝑡 be a self-dual, purely dissipative, invertible qubit dynamics. Then,

Λ𝑡 is P-divisible if and only if all its classical reductions are P-divisible.

Proof. One has to check when (3.28) holds. Since Λ𝑡 = Λ‡
𝑡 , this implies that their Bloch

representations satisfy
Λ(𝑡) = ΛT(𝑡) . (3.47)

Also, the assumed pure dissipativeness ofΛ𝑡 entails that the generator itself is self-dual,ℒ𝑡 = ℒ‡
𝑡 ,

so that ℒT(𝑡) = ℒ(𝑡) (see Lemma 3.2). Then, taking the time derivative of both members
of (3.47), one gets

̇Λ(𝑡) = ℒ(𝑡)Λ(𝑡) = Λ(𝑡)ℒ(𝑡) , (3.48)

or, equivalently, [Λ(𝑡), ̇Λ(𝑡)] = 0. The invertibility ofΛ𝑡 means that none of the real eigenvalues
of Λ(𝑡) = ΛT(𝑡) can change sign with varying 𝑡. Since, Λ(𝑡 = 0) = 1 all of them must remain
positive. Therefore, one can consistently express the generator as a logarithmic derivative:

ℒ(𝑡) = ̇Λ(𝑡)Λ(𝑡)−1 = Λ(𝑡)−1̇Λ(𝑡) = d
d𝑡 logΛ(𝑡) . (3.49)

Thus, Λ(𝑡) = 𝑒∫
𝑡
0d𝑠ℒ(𝑠) without time-ordering; furthermore,

𝑓𝑡 = −12

𝒏Λ(𝑡) ⒧−ℒ(𝑡)⒭Λ(𝑡)𝒏

𝒏Λ(𝑡)𝒏
≤ 0 . (3.50)

Then, from Proposition 2.7, the dynamics Λ𝑡 is P-divisible iff −ℒ(𝑡) ≥ 0, that is equivalent to
𝑓𝑡 ≤ 0 and so to P-divisibility of 𝑇(𝑡).

Remark 3.8. The assumptions in Proposition 3.3 lead to a proper exponential solution Λ(𝑡) =
𝑒∫

𝑡
0d𝑠ℒ(𝑠) without asking for commuting generators at different times as for Pauli maps. Indeed, a

sufficient condition for the exponential to solve ̇Λ(𝑡) = ℒ(𝑡)Λ(𝑡) is that ℒ(𝑡) , ∫
𝑡
0 d𝑠 ℒ(𝑠) = 0 for

all 𝑡 ≥ 0 (notice that, from the power series of the exponential, (3.48) also follows). As an example,
consider a generator of a unital dynamics of the form

ℒ(𝑡) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎩

⎛
⎝

−1 cos 𝑡 0
cos 𝑡 −1 0
0 0 −2

⎞
⎠

0 ≤ 𝑡 ≤ 𝜋

− ⎛
⎝

1 0 0
0 2 0
0 0 1

⎞
⎠

𝜋 ≤ 𝑡
.

ℒ(𝑡) and ℒ(𝑠) do not commute when 0 ≤ 𝑠 ≤ 𝜋 and 𝑡 > 𝜋, while they do when either 0 ≤ 𝑠, 𝑡 ≤ 𝜋
or 𝑠, 𝑡 > 𝜋; on the other hand, since


𝑡

0
d𝑠 ℒ(𝑠) = ⎛

⎝

−𝑡 sin 𝑡 0
sin 𝑡 −𝑡 0
0 0 −2𝑡

⎞
⎠
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when 0 ≤ 𝑡 ≤ 𝜋 and, when 𝑡 ≥ 𝜋,


𝑡

0
d𝑠 ℒ(𝑠) = −𝜋 ⎛

⎝

1 0 0
0 1 0
0 0 2

⎞
⎠
− (𝑡 − 𝜋) ⎛

⎝

1 0 0
0 2 0
0 0 1

⎞
⎠

the condition ℒ(𝑡), ∫
𝑡
0 d𝑠 ℒ(𝑠) = 0, for all 𝑡 ≥ 0, that avoids time-ordering is fulfilled. Moreover,

ℒ(𝑡) is symmetric (self-dual generator), so that the dynamics is purely dissipative. The exponential so-
lution then entails the self-duality of the map.−ℒ(𝑡) ≥ 0 finally assures P-divisibility of the generated
dynamics, so that all the hypothesis of Proposition 3.3 are matched.

3.4 A class of orthogonally covariant dynamics
In the previous Section, we saw that quantum P-divisibility is not preserved under classical
reductions of qubit unitary evolutions with a constant Hamiltonian, whereas it is preserved
when classically reducing some paradigmatic examples of purely dissipative generators. On the
other hand, in Section 3.2.1, we showed that, in order for classical BFI to emerge, it is necessary
that the quantumP-divisible evolution builds up sufficient coherence.We shall now see that this
mechanism can also be driven by pure dissipation: namely, P-divisibility of purely dissipative
quantum evolutions can be lost in the reduction procedure, thus triggering classical BFI. In the
context of qubit unital maps, this scenario will translate into the mathematical condition of a
self-dual generator, giving rise to a non-self dual dynamics with non-trivial time ordering. To
find such instance, it proves convenient to study the following family of maps,

Φ(𝐴,𝜆,𝜇)[𝜌] =
1


𝑖,𝑗=0

𝐴𝑖𝑗𝐸𝑖𝑗𝜌𝐸𝑗𝑖 + 𝜆𝐸00𝜌𝐸11 + 𝜆𝐸11𝜌𝐸00 + 𝜇𝐸11𝜌T𝐸00 + 𝜇𝐸00𝜌T𝐸11 , (3.51)

where 𝐸𝑖𝑗 = 𝑖⟩⟨𝑗 are the matrix units in the eigenbasis of 𝜎3, 𝜎3 |0⟩ = |0⟩ , 𝜎3 |1⟩ = − |1⟩.
These maps depend parametrically on a triple (𝐴, 𝜆, 𝜇), given by a 2 × 2 matrix 𝐴 = [𝐴𝑖𝑗 ] and
coefficients 𝜆, 𝜇 ∈ ℂ. They were studied in the 𝑑-dimensional case in [120]. In particular, the
following group composition law holds,

Φ(𝐴,𝜆,𝜇) ∘ Φ(𝐴′,𝜆′,𝜇′) = Φ(𝐴𝐴′, 𝜆𝜆′+𝜇𝜇′, 𝜆𝜇+𝜇𝜆′) . (3.52)

Moreover, if 𝜇 = 0, maps Φ(𝐴,𝜆,0) satisfy the diagonal unitary-covariance property

Φ(𝐴,𝜆,0)[𝑈𝑋𝑈†] = 𝑈Φ(𝐴,𝜆,0)[𝑋]𝑈† , 𝑈 = 
𝑖

𝑒𝑖𝜃𝑖𝐸𝑖𝑖 .

Conversely, if 𝜆 = 0, the maps Φ(𝐴,0,𝜇) are conjugate diagonal unitary-covariant, namely

Φ(𝐴,0,𝜇)[𝑈𝑋𝑈†] = 𝑈Φ(𝐴,0,𝜇)[𝑋]𝑈T .

Lastly, if both 𝜆, 𝜇 are different from zero, the only symmetry left is with respect to rotations
around the 𝑧 axis, corresponding to the diagonal orthogonal covariance

Φ(𝐴,𝜆,𝜇)[𝑂𝑋𝑂T] = 𝑂Φ(𝐴,𝜆,𝜇)[𝑋]𝑂T ,
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where 𝑂 = ∑𝑖 𝑜𝑖𝐸𝑖𝑖, 𝑜𝑖 ∈ {−1, 1}. Consider a time-dependent family of Hermiticity and trace-
preserving maps within the above class, Λ𝑡 = Φ(𝐴(𝑡),𝜆𝑡 ,𝜇𝑡). Then, 𝐴(𝑡) is to be taken real and of
the form 𝐴𝑖𝑗 (𝑡) ∈ ℝ and ∑𝑖 𝐴𝑖𝑗 (𝑡) = 1, so that

𝐴(𝑡) = ⒧ 𝑎𝑡 1 − 𝑏𝑡
1 − 𝑎𝑡 𝑏𝑡

⒭ , 𝑎𝑡, 𝑏𝑡 ∈ ℝ . (3.53)

Asking that Λ𝑡=0 = id2 yields 𝜆0 = 1, 𝜇0 = 0 and 𝑎0 = 1; whereas positivity can be proved to
be equivalent to [120]

𝐴𝑖𝑗(𝑡) ≥ 0 , |𝜆𝑡| + 𝜇𝑡 ≤ 𝑎𝑡𝑏𝑡 + (1 − 𝑎𝑡)(1 − 𝑏𝑡) . (3.54)

so that 𝐴(𝑡) has to be a stochastic matrix. On the other hand, the conditions for complete
positivity can be obtained by imposing positivity of the associated Choi matrix (1.93), leading
to the stronger necessary and sufficient conditions

|𝜆𝑡| ≤ 𝑎𝑡𝑏𝑡 , 𝜇𝑡 ≤ (1 − 𝑎𝑡)(1 − 𝑏𝑡) . (3.55)

Recently, Schwartz-positivity (1.85) for maps within this class has also been fully character-
ized [121]. Sufficient conditions for complete positivity in terms of the generator for this class
of maps were also investigated in [122]. We shall now characterize the divisibility properties
of the dynamics within class (3.51). Due to the composition property (3.52), the generator
ℒ𝑡 = Λ̇𝑡 ∘ Λ−1

𝑡 will itself be of the type ℒ𝑡 = Φ(𝐵(𝑡),ℓ𝑡 ,𝑚𝑡), with 𝐵(𝑡) of the form

𝐵(𝑡) = ̇𝐴(𝑡)𝐴(𝑡)−1 = ⒧−𝛾−(𝑡) 𝛾+(𝑡)
𝛾−(𝑡) −𝛾+(𝑡)

⒭ , (3.56)

where 𝛾−(𝑡), 𝛾+(𝑡) are related to 𝑎𝑡, 𝑏𝑡 via

𝛾−(𝑡) = − ̇𝑎𝑡(1 − 𝑏𝑡) + ̇𝑏𝑡𝑎𝑡
𝑎𝑡 + 𝑏𝑡 − 1 , 𝛾+(𝑡) = − ̇𝑎𝑡𝑏𝑡 + ̇𝑏𝑡(1 − 𝑎𝑡)

𝑎𝑡 + 𝑏𝑡 − 1 ,

and 𝑙𝑡, 𝑚𝑡 are related to 𝜆𝑡, 𝜇𝑡 via

𝑙𝑡 =
𝜆̇𝑡𝜆𝑡 − 𝜇̇𝑡𝜇𝑡
|𝜆𝑡|

2 − 𝜇𝑡
2 , 𝑚𝑡 =

𝜇̇𝑡𝜆𝑡 − 𝜆̇𝑡𝜇𝑡
|𝜆𝑡|

2 − 𝜇𝑡
2 . (3.57)

It is convenient to introduce time-dependent “transversal” and “longitudinal” rates,

Γ𝑇(𝑡) ∶= −Re(𝑙𝑡) , Γ𝐿(𝑡) ∶= 𝛾+(𝑡) + 𝛾−(𝑡) , (3.58)

and let also 𝜔(𝑡) ∶= − Im(𝑙𝑡). Notice that Γ𝑇(𝑡) only depends on the absolute values of 𝜆𝑡 and
𝜇𝑡,

Γ𝑇(𝑡) = −12
𝜕𝑡|𝜆𝑡|

2 − 𝜕𝑡𝜇𝑡
2

|𝜆𝑡|2 − |𝜇𝑡|2
. (3.59)

(C)P-divisibility of the dynamics can be then fully characterized from the generator as follows.

Proposition 3.4. Let ℒ𝑡 = Φ(𝐵(𝑡),𝑙𝑡 ,𝑚𝑡) be the generator of an evolutionΛ𝑡 = Φ(𝐴(𝑡),𝜆𝑡 ,𝜇𝑡). Then,
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1. Λ𝑡 is P-divisible if and only if

𝛾±(𝑡) ≥ 0 , (3.60)

Γ𝑇(𝑡) −
Γ𝐿(𝑡)
2 + 𝛾+(𝑡)𝛾−(𝑡) ≥ |𝑚𝑡| ; (3.61)

2. Λ𝑡 is CP-divisible if and only if

𝛾±(𝑡) ≥ 0 , 𝛾+(𝑡)𝛾−(𝑡) ≥ |𝑚𝑡|
2 , (3.62)

Γ𝑇(𝑡) ≥
Γ𝐿(𝑡)
2 . (3.63)

Though in a different form, this result has already been obtained in [123]; in Appendix A.1
we report the proof, since it is somewhat simpler than in the quoted reference. Notice that
condition (3.63) is the time-dependent version of the celebrated constraint between relaxation
rates already discussed in seminal paper [4], which has been recently proved to be universal for
all completely positive dynamical semigroups [124, 125].

Remark 3.9. The Bloch representation ofΛ𝑡 leads to the following dynamics of the Bloch vector:

𝒏𝑡 = Λ(𝑡)𝒏 + 𝒖𝑡 , 𝒖𝑡 = (0, 0, 𝑎𝑡 − 𝑏𝑡) , (3.64)

with

Λ(𝑡) = ⎛
⎝

Re(𝜆𝑡 + 𝜇𝑡) Im(𝜆𝑡 − 𝜇𝑡) 0
− Im(𝜆𝑡 + 𝜇𝑡) Re(𝜆𝑡 − 𝜇𝑡) 0

0 0 𝑎𝑡 + 𝑏𝑡 − 1
⎞
⎠
.

The block diagonal structure of Λ(𝑡) makes evident the orthogonal covariance of the map with respect
to orthogonal transformations diagonal in the 𝜎3 basis. The generator can also be rewritten in GKLS
form as in (3.43), with Hamiltonian

𝐻(𝑡) = 𝜔(𝑡)
2 𝜎3 . (3.65)

Furthermore, letting 𝜅(𝑡) = −Re(𝑚𝑡), 𝜂(𝑡) = − Im(𝑚𝑡) and 𝛿(𝑡) = (𝛾+(𝑡) − 𝛾−(𝑡))/2, the
Kossakowski matrix can be written as

𝐾(𝑡) = ⎛⎜
⎝

Γ𝐿(𝑡)
2 − 𝜅(𝑡) 𝜂(𝑡) + 𝑖𝛿(𝑡) 0

𝜂(𝑡) − 𝑖𝛿(𝑡) Γ𝐿(𝑡)
2 + 𝜅(𝑡) 0

0 0 Γ𝑇(𝑡) − Γ𝐿(𝑡)
2

⎞⎟
⎠
.

Notice that CP-divisibility conditions can be then read off asking for 𝐾(𝑡) ≥ 0. If Λ𝑡 is also unital,
𝐴(𝑡) has to be bistochastic, thus 𝑎𝑡 = 𝑏𝑡 and

𝛾+(𝑡) = 𝛾−(𝑡) =
Γ𝐿(𝑡)
2 = ̇𝑎𝑡

2𝑎𝑡 − 1 ,

so that the P-divisibility conditions simplify to

Γ𝐿(𝑡) ≥ 0 , Γ𝑇 ≥ |𝑚𝑡| . (3.66)

Indeed, the generator ℒ(𝑡)will also be block-diagonal, and the conditions (3.66) follow from −(ℒ(𝑡)+
ℒT(𝑡)) ≥ 0. On the other hand, the conditions for CP-divisibility in the unital case simplify to

Γ𝑇(𝑡) ≥
Γ𝐿(𝑡)
2 ≥ |𝑚𝑡| . (3.67)
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3.4.1 Non-self dual dynamics from self-dual generator
We now turn to the construction of a class of maps that fulfils the requirements listed at the
beginning of Section 3.4; namely, we want a unital map which (1) is P-divisible, (2) arises
from a self-dual generator but (3) is not itself self-dual. These requirements are not compatible
with the exponential form, as discussed in Remark 3.7. The construction will then serve to a
construct a purely dissipative evolution whose classical reductions are not P-divisible.

Step 1: Non Self-dual dynamics. From the general form (3.51), the dual of Φ(𝐴,𝜆,𝜇) acts on
a matrix 𝑋 ∈ 𝑀2(ℂ) as

(Φ(𝐴,𝜆,𝜇))‡[𝑋] = 
𝑖𝑗

𝐴𝑗𝑖𝐸𝑖𝑗𝑋𝐸𝑗𝑖 + 𝜆𝐸00𝑋𝐸11 + 𝜆𝐸11𝑋𝐸00 + 𝜇𝐸00𝑋T𝐸11 + 𝜇𝐸11𝑋T𝐸00 .

Then, self-duality corresponds to 𝐴 = 𝐴T and 𝜆 ∈ ℝ. For imposing lack of self-duality of the
map Λ𝑡, it is sufficient to choose Λ𝑡 = Φ(𝐴(𝑡),𝜆𝑡 ,𝜇𝑡), with 𝜆𝑡 = |𝜆𝑡|𝑒𝑖𝑡 𝜇𝑡 = 𝜇𝑡𝑒𝑖𝜃𝑡 , 𝜑𝑡, 𝜃𝑡 ∈ ℝ
and 𝜑𝑡 ≠ 0.

Step 2: Pure dissipativity. For qubit unital dynamics, purely dissipative generator is equiv-
alent to ℒ𝑡 = ℒ‡

𝑡 , as shown in Lemma 3.2. The generator belongs itself to the class (3.51),
ℒ𝑡 = Φ(𝐵(𝑡),𝑙𝑡 ,𝑚𝑡). Hence, ℒ𝑡 = ℒ‡

𝑡 if and only if 𝛾+(𝑡) = 𝛾−(𝑡), implying unitality of the gener-
ated dynamics, and

𝑙𝑡 = −Γ𝑇(𝑡) , 𝜔(𝑡) = 0 , (3.68)
namely, 𝑙𝑡 is real. Then, (3.57) and (3.68) imply the following relation between the phases and
the moduli of 𝜆𝑡 and 𝜇𝑡 of Λ𝑡 = Φ(𝐴(𝑡),𝜆𝑡 ,𝜇𝑡),

𝜑̇𝑡|𝜆𝑡|
2 = 𝜃̇𝑡𝜇𝑡

2 . (3.69)

Notice that this fixes 𝜑̇𝑡=0 = 0.
Step 3: Quantum P-divisibility. We now further impose P-divisibility of the generated

dynamics. Let us define

𝑔𝑡 ∶= |𝜆𝑡| + 𝜇𝑡 , ℎ𝑡 ∶= |𝜆𝑡| − 𝜇𝑡 , (3.70)

with 0 < ℎ𝑡 ≤ 𝑔𝑡, 𝑔0 = ℎ0 = 1. Then, (3.59) can be recast as

Γ𝑇(𝑡) = −12
𝜕𝑡(𝑔𝑡ℎ𝑡)
𝑔𝑡ℎ𝑡

= − ̇𝑔𝑡
2𝑔𝑡

− ℎ̇𝑡
2ℎ𝑡

, (3.71)

which must be positive for P-divisibility. Substituting (3.70) and the dissipativity (3.69) into
the second of (3.57), one recasts |𝑚𝑡| as

|𝑚𝑡| =  ̇𝑔𝑡
2𝑔𝑡

− ℎ̇𝑡
2ℎ𝑡

+ 𝑖 𝜃̇𝑡
𝑔𝑡 − ℎ𝑡
𝑔𝑡 + ℎ𝑡

 .

Taking the square of the inequality Γ𝑇(𝑡) ≥ |𝑚𝑡|, the following necessary and sufficient condi-
tions for P-divisibility can be finally found,

|𝜃̇𝑡|2 ⒧
𝑔𝑡 − ℎ𝑡
𝑔𝑡 + ℎ𝑡

⒭
2
≤ ̇𝑔𝑡

𝑔𝑡
ℎ̇𝑡
ℎ𝑡

. (3.72)

From (3.71) and (3.72) one deduces, in particular, that 𝑔𝑡, ℎ𝑡 must be monotonically decreasing.
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Example 3.2. Let 𝛽 ≥ 0 and defineΛ𝑡 = Φ(𝐴(𝑡),𝜆𝑡 ,𝜇𝑡) by

|𝜆𝑡| = 𝑒−2𝑡 cosh(𝑡) , 𝜑𝑡 = 𝛽 tanh3(𝑡) , (3.73)
𝜇𝑡 = 𝑒−2𝑡 sinh(𝑡) , 𝜃𝑡 = 3𝛽 tanh(𝑡) , (3.74)
𝑎𝑡 = 𝑏𝑡 = 𝑒−𝑡 cosh(𝑡) , (3.75)

corresponding to the positive andmonotonically decreasing functions ℎ𝑡 = 𝑒−3𝑡, 𝑔𝑡 = 𝑒−𝑡. As one easily
checks, (3.55) are satisfied and the map is thus completely positive. On the other hand, the self-dual
generator is given by

𝑙𝑡 = −Γ𝑇(𝑡) = −2 , 𝑚𝑡 = 1 + 𝑟2𝑡 𝑒𝑖(𝜃𝑡+𝑡) , (3.76)

𝛾+(𝑡) = 𝛾−(𝑡) =
Γ𝐿(𝑡)
2 = 1 , (3.77)

where 𝑟𝑡 = 3𝛽(1 − tanh2(𝑡)) tanh(𝑡). Notice that

|𝑚𝑡| = 1 + 𝑟2𝑡 ≥ 1 = Γ𝐿(𝑡)
2 ,

so the dynamics is CP-divisible iff 𝛽 = 0. On the other hand, the P-divisibility condition (3.72)
reduces to 𝑟2𝑡 ≤ 3. Since 𝑟𝑡 reaches a maximum of 2𝛽/√3, the dynamics is P-divisible iff 𝛽 ≤ 3/2.

3.4.2 Loss of classical P-divisibility out of pure dissipation
The construction of the previous Section provides a good candidate to investigate the presence
of coherence-assisted BFI in its classical reductions. For the classΛ𝑡 = Φ(𝐴(𝑡),𝜆𝑡 ,𝜇𝑡), clearly, there
exists a preferred basis to perform the classical reduction, namely {𝐸00, 𝐸11}. For this choice of
MASA, the classical map 𝑇(𝑡) coincides with 𝐴(𝑡), whose P-divisibility is necessary to ensure
that of Λ𝑡 (see (3.60)).

We shall now see that choosing a different basis generally breaks P-divisibility of 𝑇(𝑡), even
for purely dissipative generators built in Section 3.4.1. Moreover, for a suitable basis, this can
occur with 𝑇(𝑡) being invertible for all 𝑡 ≥ 0. A classical reduction of Λ𝑡 = Φ(𝐴(𝑡),𝜆𝑡 ,𝜇𝑡) builds
upon fixing a rank-1 projector 𝑃𝒏 = ∑𝑖,𝑗=0,1 𝑃

(𝑖𝑗)
𝒏 𝐸𝑖𝑗 and considering

𝑇00(𝑡) = Tr (𝑃𝒏Λ𝑡[𝑃𝒏])

= 
𝑖𝑗

𝐴𝑖𝑗 (𝑡)𝑃
(𝑗𝑗)
𝒏 𝑃(𝑖𝑖)

𝒏 + 2Re(𝜆𝑡)|𝑃
(01)
𝒏 |2 + 2Re ⒧𝜇𝑡(𝑃

(10)
𝒏 )2⒭ , (3.78)

which is sufficient to construct 𝑇(𝑡) in the unital case. Expressing 𝒏 in polar coordinates, 𝒏 =
(sin(𝜒) cos(𝜉), sin(𝜒) sin(𝜉), cos(𝜒)), (3.78) can be then recast as

𝑇00(𝑡) =
1
2⒧1 + (2𝑎𝑡 − 1) cos2(𝜒) + |𝜆𝑡| cos(𝜑𝑡) sin2(𝜒) + 𝜇𝑡 sin(𝜒) cos(𝜃𝑡 + 2𝜉)⒭ . (3.79)

As we already noted, for 𝜒 = 0, 𝑃 = 𝐸00, 𝑇00(𝑡) = 𝑎𝑡, yielding a P-divisible process. Consid-
ering instead 𝜒 = 𝜋/2, one has

𝑇00(𝑡) =
1
2⒧1 + |𝜆𝑡| cos(𝜑𝑡) + 𝜇𝑡 cos(𝜃𝑡 + 2𝜉)⒭ . (3.80)
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FIGURE 3.1: Plot of 𝑇00(𝑡) from Example 3.2, with 𝛽 = 3/2 and 𝜉 = 𝜋/4 corresponding to the Bloch
vector (√2/2,√2/2, 0) which defines the reference classical basis.
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FIGURE 3.2: Global maximum of 𝑓𝑡 as defined in (3.27), for the classical reduction of the map of Ex-
ample 3.2, with 𝛽 = 1.64 and reference classical algebra defined by the projector 𝑃𝒏 with 𝒏 =
(cos(𝜉), sin(𝜉), 0) and 𝜉 = 𝜋/8. Numerically, it is checked that 𝑓𝑡 reaches a maximum of −0.006, so that
𝑓𝑡 < 0 for all 𝑡 and 𝑇(𝑡) is P-divisible. In the inset, the non-monotonic behaviour of ℐ𝑞

𝑡 (𝑃𝒏, 𝑃−𝒏; 1/2) is
displayed, corresponding to BFI that thus involves only the coherences w.r.t. such basis.

Recalling that P-divisibility of the classical reduction amounts to checking condition (3.27), let
𝜉 = 𝜋/4 and consider the map of Example 3.2,

2𝑇00(𝑡) − 1 = 𝑒−2𝑡 cosh(𝑡) cos(𝛽 tanh3(𝑡)) − 𝑒−2𝑡 sinh(𝑡) sin(3𝛽 tanh(𝑡)) . (3.81)

Choosing 𝛽 = 3/2, (3.72) saturates for some 𝑡. Noting that 0 ≤ 𝜑 ≤ 𝜋/2 and 0 ≤ 𝜃 ≤
3𝜋/2, so that sin(𝜃𝑡) < 0 ∀ 𝑡 > artanh(2𝜋/9), one can verify that 2𝑇00(𝑡) − 1 > 0, ∀𝑡 ≥ 0.
Thus, 𝑇(𝑡) is invertible. Nevertheless, as displayed in Fig. 3.1, it is not monotonically decreasing,
since 𝑇̇00(𝑡) can become positive. Hence, 𝑓𝑡 also becomes positive implying that 𝑇(𝑡) is not P-
divisible.

Remark 3.10. Our previous considerations focussed on checking when P-divisibility of a purely dis-
sipative qubit dynamical map is inherited by its classical reduction and found that in some cases it can
be lost, namely the classical reduction can become non P-divisible. We now like to comment that the
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3. Classical reduction of quantum dynamical maps

contrary can also occur; namely, the classical reduction of a non P-divisible purely dissipative qubit
dynamics can become P-divisible. In Fig. 3.2, an instance of such behaviour is shown by the maps of
Example 3.2 for a suitable 𝜅 > 3/2 for whichΛ𝑡 is not P-divisible. Interestingly, the corresponding
backflow of information can be witnessed by suitable orthogonal projections 𝑃±𝒏 such that

d
d𝑡

1
2‖Λ𝑡[𝑃𝒏 − 𝑃−𝒏]‖1 =

d
d𝑡 ‖

Λ(𝑡)𝒏‖ > 0 ,

for some 𝑡 > 0, as shown by the non-monotonic behaviour of ℐ𝑞
𝑡 (𝑃𝒏, 𝑃−𝒏; 1/2) = ‖Λ(𝑡)𝒏‖ in the

inset of Fig. 3.2. Nevertheless, the stochastic process 𝑇(𝑡) defined through the subalgebra 𝒫𝒏 gener-
ated by them is P-divisible. This means that, unlike the quantum dynamics it originates from, such
a 𝑇(𝑡) cannot exhibit classical backflow of information. The orthogonal projections 𝑃±𝒏 provide clas-
sical probabilities and, concerning information backflow, they are concrete instances of the following
behaviour. Suppose that there exist 𝜌𝒑, 𝜌𝒒 in a commutative subalgebra𝒫, that is classical probability
distributions, and 𝑡 > 𝑠 > 0 such that

ℐ𝑞
𝑡 (𝜌𝒑, 𝜌𝒒; 𝜇) > ℐ𝑞

𝑠 (𝜌𝒑, 𝜌𝒒; 𝜇)
⟺ ℐ𝑐𝑙

𝑡 (𝒑, 𝒒; 𝜇) + 𝒞𝑡(𝒑, 𝒒; 𝜇) > ℐ𝑐𝑙
𝑠 (𝒑, 𝒒; 𝜇) + 𝒞𝑠(𝒑, 𝒒; 𝜇) . (3.82)

In addition, suppose that the classical dynamics 𝑇(𝑡), obtained by restricting the quantum dynamics
Λ𝑡 on the same subalgebra 𝒫, is P-divisible, yielding thus

𝒞𝑡(𝒑, 𝒒; 𝜇) − 𝒞𝑠(𝒑, 𝒒; 𝜇) > ℐ𝑐𝑙
𝑠 (𝒑, 𝒒; 𝜇) − ℐ𝑐𝑙

𝑡 (𝒑, 𝒒; 𝜇) ≥ 0 . (3.83)

Therefore, the backflow of information from the environment to the open system only affects the coherent
contribution to ℐ𝑞

𝑡 and cannot be witnessed by the classical reduced map.

This Chapter was devoted to studying whether and how the divisibility properties of time-
dependent, non-Markovian qubit quantum dynamics are inherited by their classical reduc-
tions. The investigation was carried out by classically reducing the dynamics and then studying
the generator of the classical reduction. In Section 3.2.1, we have argued that the lack of P-
divisibility in classical reductions can be ascribed to information being created by the quantum
dynamics, stored in the quantum coherences, and then released back into the classical compo-
nent of the dynamics. In addition, for P-divisible and unital qubit dynamics we showed that
(1) the Hamiltonian contributions to the time-dependent quantum generators generally give
rise to qubit quantum dynamics with non-P-divisible classical reductions; (2) purely dissipative,
self-dual dynamics always have P-divisible classical reductions, while (3) purely dissipative, non-
self-dual dynamics may give rise to non-P-divisible classical reductions. Though this behaviour
is somewhat typical of unitary quantum dynamics, it can also emerge from purely dissipative
quantum evolutions due to the presence of a non-trivially time-ordered Dyson expansion.
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CHAPTER 4
Superactivation of memory effects

In the previous Chapter, we investigated the classical backflow of information arising from
a quantum P-divisible evolution. Throughout this Chapter, instead, we shall consider mem-
ory effects that have no classical counterpart as those emerging from a P-divisible but not
CP-divisible dynamical map Λ𝑡, sometimes referred to as weakly non-Markovian [97]. From
Proposition 2.8 and the subsequent discussion, P-divisible maps display no BFI – that is, no
distinguishability revivals – when considered independently. On the other hand, lack of CP-
divisibility implies that this behaviour is not stable under tensorization. It is particularly inter-
esting to investigate whether memory effects can activate in non-trivial dilations of Λ𝑡 through
tensor products of the type Λ𝑡 ⊗ Λ𝑡. Rather than tensoring with an inert (and uncontrollable)
ancilla, such dynamics represent the clear physical scenario of two copies of the system inde-
pendently evolving in their own environments. Of course, the two subsystems are dynamically
independent but, in general, statistically coupled due to possible correlations – be they classical
or quantum – in the initial state. We are thus interested in the situation in which each subsys-
tem, taken individually, exhibits no memory effects, such as BFI, at the level of its dynamical
map, whereas the bipartite system does. This phenomenon has no classical analogue. Indeed,
consider a P-divisible stochastic evolution 𝑇(𝑡) on 𝑑-dimensional probability vectors; it does
not display revivals of the ℓ1-norm as proved in Proposition 1.6, namely

‖𝑇(𝑡)𝒙‖1 ≤ ‖𝑇(𝑠)𝒙‖1 , ∀ 𝑡 ≥ 𝑠 ≥ 0 , ∀ 𝒙 ∈ ℝ𝑑 .

Moreover, the tensor product of two P-divisible stochastic evolutions 𝑇(𝑡) ⊗ 𝑇(𝑡) is always P-
divisible, since positivity and complete positivity coincide for mappings on commutative alge-
bras (Proposition 1.9). Explicitly, under such dynamics, the ℓ1-norm of a time-evolving vector
𝒙 = {𝑥𝑖𝑗} ∈ ℝ𝑑 × ℝ𝑑 cannot increase in time. Indeed, since for all 𝑡 ≥ 𝑠 ≥ 0 we can define
stochastic propagators 𝑇(𝑡, 𝑠)

𝑇(𝑡) ⊗ 𝑇(𝑡) 𝒙1 = 
𝑖𝑗




𝑘𝑙
𝑇𝑖𝑘(𝑡, 𝑠) 𝑇𝑗𝑙(𝑡, 𝑠)𝑥𝑘𝑙(𝑠)


 (4.1)

≤ 
𝑘𝑙

⎛
⎝

𝑖

𝑇𝑖𝑘(𝑡, 𝑠)⎞
⎠
⎛
⎝

𝑗

𝑇𝑗𝑙(𝑡, 𝑠)⎞
⎠
|𝑥𝑘𝑙(𝑠)| ≤ 

𝑘𝑙
|𝑥𝑘𝑙(𝑠)| = 𝑇(𝑠) ⊗ 𝑇(𝑠) 𝒙1 ,
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4. Superactivation of memory effects

where, in the first inequality, the triangle inequality was used together with the fact that the
propagator is positive entry-wise, whereas in the second inequality, conservation of probability
was used.

4.1 Superactivation of Backflow of Information
Central to our study will be the case of two dynamically independent parties evolving in iden-
tical copies of the same environment. Mathematically, this corresponds to the second tensor
power Λ𝑡 ⊗ Λ𝑡. In the continuous-time setting, necessary and sufficient conditions for its P-
divisibility were derived in [126].

Theorem 4.1. Let {Λ𝑡}𝑡≥0 be a one-parameter family of dynamical maps obeying the time-local mas-
ter equation (2.7). Then,Λ𝑡 ⊗ Λ𝑡 is P-divisible if and only ifΛ𝑡 is CP-divisible.

Remark 4.1. The previous result, crucially, relies on time-continuity and on the existence of a time-
local generator. In fact, the second tensor power of a positive map may be positive even when the map
itself is not completely positive. As noted in Remark 1.14, the transposition provides such an instance.
In Section 4.2 we shall see that, actually, Theorem 4.1 does not hold for the discrete-time dynamics
arising from a concrete collisional model.

The rest of this Chapter is devoted to the study of memory effects superactivating whenever
Λ𝑡 is only P but not CP-divisible. In fact, a straightforward consequence of Theorem (4.1) and
Proposition 2.8 is the following,

Λ𝑡 P-divisible,
not CP-divisible

⇒

⎧⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪
⎩

d
d𝑡 Λ𝑡[Δ𝜇(𝜌𝑆, 𝜎𝑆)]1 ≤ 0, ∀ 𝑡 ≥ 0, ∀Δ𝜇(𝜌𝑆, 𝜎𝑆)

∃ 𝑡 > 0, Δ𝜇(𝜌𝑆+𝑆, 𝜎𝑆+𝑆) ∶
d
d𝑡 Λ𝑡 ⊗ Λ𝑡[Δ𝜇(𝜌𝑆+𝑆, 𝜎𝑆+𝑆)]1 > 0,

(4.2)

whereΔ𝜇(⋅, ⋅) indicates theHelstrommatrix introduced in (2.40).We shall refer to such revivals,
occurring only for the bipartite system, as superactivation of backflow of information (SBFI). As
evident from (4.1), this effect has no classical counterpart.

Example 4.1. As an example of P but not CP-divisible evolution, consider the Pauli dynamics (2.31)
and pick time-dependent rates

𝛾(1)
𝑡 = 𝛾(2)

𝑡 = 1 , 𝛾(3)
𝑡 = sin(𝜔 𝑡) , 𝜔 ∈ ℝ , 𝜂 > 0 . (4.3)

Since 𝛾(3)
𝑡 becomes negative, the evolution cannot be CP-divisible (Proposition 2.5). The spectrum of

the generator is then given by

Γ(1)𝑡 = Γ(2)𝑡 = 𝜂(1 + sin(𝜔𝑡)) =∶ Γ(𝑡) , Γ(3)𝑡 = 2𝜂 , (4.4)

which are positive functions of time, thus guaranteeing P-divisibility. Since the map is P-divisible
but not CP-divisible, it exhibits SBFI when the second-tensor power is considered. The spectrum of
the map is obtained through (2.32) and reads

𝜆(1)
𝑡 = 𝜆(2)

𝑡 = 𝑒−𝜂⒧𝑡+
1−cos(𝜔 𝑡)

𝜔 ⒭ =∶ 𝜆𝑡 , 𝜆(3)
𝑡 = 𝑒−2𝜂𝑡 ∶= 𝜇𝑡 . (4.5)
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4.1. Superactivation of Backflow of Information

Notice that (4.4) ensures that the dynamics is positive. To check whether the maps Λ𝑡 represent a
physically legitimate evolution – namely, whether they are completely positive – note that they can be
recast as

Λ𝑡[𝜌] =
1 + 𝜇𝑡 + 2𝜆𝑡

4 𝜌 + 1 − 𝜇𝑡
4 (𝜎1𝜌𝜎1 + 𝜎2𝜌𝜎2) +

1 + 𝜇𝑡 − 2𝜆𝑡
4 𝜎3𝜌𝜎3 , (4.6)

Being conveniently expressed in Kraus-Stinespring form,Λ𝑡 is completely positive iff all the coefficients
of (4.6) are positive, so the only relevant condition is

1 + 𝜇𝑡 ≥ 2𝜆𝑡 ⟺ 𝑒𝜂 𝑡 + 𝑒−𝜂 𝑡 ≥ 2 𝑒−
𝜂
𝜔 (1−cos(𝜔𝑡)) . (4.7)

If𝜔 ≥ 0, the right-hand side of the second inequality above is always smaller than or equal to 2, and
thus complete positivity is guaranteed. Instead, for 𝜔 < 0, expanding both sides around 𝑡 = 0 shows
that (4.7) is violated when 𝜂 < |𝜔|. At fixed |𝜔|, complete positivity is ensured for 𝜂 sufficiently
large.

Determining conditions for P-divisibility of tensor products of different maps is, perhaps
surprisingly, much more difficult than in the case of tensor powers. A detailed discussion of
this topic can be found in [127]. Here, we restrict ourselves to the (albeit instructive) case of
two different Pauli evolutions. The next result provides necessary and sufficient conditions for
P-divisibility of general tensor productsΛ1,𝑡⊗Λ2,𝑡 of two Pauli maps, generated by (2.31). The
proof can be found in [127].

Proposition 4.2. Let Λ𝛼,𝑡 , 𝛼 = 1, 2 be Pauli CPTP maps with time-local generators ℒ𝛼,𝑡 of the
form (2.31), specified by time dependent rates {𝛾(𝑗)

𝛼, 𝑡}3𝑗=1, 𝛼 = 1, 2. Their tensor product, Λ1,𝑡 ⊗ Λ2,𝑡,
is P-divisible if and only if (1) bothΛ1, 𝑡 andΛ2, 𝑡 are P-divisible, namely

𝛾(𝑖)
1,𝑡 + 𝛾(𝑗)

1,𝑡 ≥ 0 , ∀𝑡 ≥ 0, ∀ 𝑖 ≠ 𝑗 , (4.8)
and (2)

𝛾(𝑖)
1,𝑡 + 𝛾(𝑗)

2,𝑡 ≥ 0 , ∀𝑡 ≥ 0, ∀ 𝑖, 𝑗 = 1, 2, 3 . (4.9)

Remark 4.2. If Λ1,𝑡 is not CP-divisible, Λ1,𝑡 ⊗ Λ1,𝑡 is not P-divisible and (4.9) further implies
that one cannot restore P-divisibility ofΛ1,𝑡 ⊗Λ2,𝑡 withΛ2,𝑡 being a small perturbation ofΛ1,𝑡. In
fact, If Λ1,𝑡 is not CP divisible, 𝛾(𝑘)

1,𝑡 < 0 for some 𝑘 and 𝑡 > 0. Then, letting 𝛾(𝑘)
2,𝑡 = 𝛾(𝑘)

1,𝑡 + 𝜖 𝛿(𝑘)𝑡 ,
𝜖 ≪ 1, yields

𝛾(𝑘)
1,𝑡 + 𝛾(𝑘)

2,𝑡 = 2𝛾(𝑘)
1,𝑡 + 𝜖 𝛿(𝑘)𝑡 < 0 ,

so (4.9) is not satisfied. In practice, this means that to cancel SBFI affectingΛ1𝑡⊗Λ1𝑡 by changing the
dynamics of the second party, one in general has to seek a generator of the second-party evolution which
is sufficiently strong (this holds generally; see [127] for further details on the 𝑑-dimensional case).

The following example illustrates how it is possible to restore global P-divisibility with a
suitable variation of the second dynamical map.

Example 4.2. Take Λ𝛼,𝑡, 𝛼 = 1, 2 as in Example 4.1, where 𝛾(3)
𝛼,𝑡 = 𝜂 sin(𝜔𝛼𝑡), and 𝜔2 = −𝜔1.

Both dynamics are P-divisible but not CP-divisible for𝛾(3)
𝛼,𝑡 (𝑡) become negative.Nevertheless,𝛾(1)

3 (𝑡)+
𝛾(2)
3 (𝑡) = 0. Both conditions (4.8) and (4.9) are satisfied, so thatΛ1,𝑡 ⊗ Λ2,𝑡 is P-divisible.
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4. Superactivation of memory effects

4.1.1 Quantum signature of SBFI
SBFI, defined as in (4.2) is a memory effect with no classical counterpart (compare (4.1)). On
the other hand, as we shall argue in the following, its quantum character is somewhat hidden,
in that the states belonging to the Helstrom ensemble needed not be entangled in order to
witness the effect. The goal of this Section is to expose the quantumness of SBFI by means of a
necessary condition, derived in the form of an inequality in the same vein of (2.47) and (3.20).
SBFI was defined in terms of revivals of the bipartite Helstrom distinguishability, namely there
exists bipartite states 𝜌𝑆+𝑆, 𝜎𝑆+𝑆, 0 ≤ 𝜇 ≤ 1 such that

Δ𝐷𝜇(𝜌𝑆+𝑆, 𝜎𝑆+𝑆; 𝑡, 𝑠) ∶= Λ𝑡 ⊗ Λ𝑡[Δ𝜇(𝜌𝑆+𝑆, 𝜎𝑆+𝑆)]1 − Λ𝑠 ⊗ Λ𝑠[Δ𝜇(𝜌𝑆+𝑆, 𝜎𝑆+𝑆)]1 (4.10)

assumes a strictly positive value at some 𝑡 > 𝑠 > 0. The quantum character of SBFI can be
assessed by a suitable measure of the quantum correlations present in the Helstrom ensemble:

ℰ𝐻(𝑡) ∶= {(𝜇; 𝜌𝑆+𝑆(𝑡)), (1 − 𝜇; 𝜎𝑆+𝑆(𝑡))} , 𝜌𝑆+𝑆(𝑡) = Λ𝑡 ⊗ Λ𝑡[𝜌𝑆+𝑆] .

As we shall see in Example 4.3, 𝜌𝑆+𝑆(𝑡) and 𝜎𝑆+𝑆(𝑡), need not be entangled for SBFI to occur.
The quantumness of a single-party ensemble ℰ = {(𝜇𝑖, 𝜌𝑖)} has been identified with the

possibility of simultaneously diagonalizing it [128, 129]. Equivalently, the ensemble can be
encoded into a quantum-classical state

𝜒ℰ = 
𝑖

𝜇𝑖𝜌𝑖 ⊗ |𝑖⟩⟨𝑖| (4.11)

and one can measure the ensemble quantumness in terms of the quantum correlations as left-
sided quantum discord in 𝜒ℰ [129, 130]. Among the variety of available discord measures
[131], we shall consider the so-called measurement induced geometric measure of quantum
correlations defined in the trace norm by

𝒬{ℙ}(𝜌) ∶= min
ℙ

𝐷(𝜌, ℙ ⊗ id[𝜌]) ,

where ℙ[𝑋] = ∑𝑖 𝑃𝑖𝑋𝑃𝑖 is a projective measurement associated to the OPU 𝒫 = {𝑃𝑖}𝑖, 𝑃𝑖 =
|𝑖⟩⟨𝑖| being orthonormal rank-1 projectors. If ℰ is an ensemble of bipartite states, one rather
focuses on finding a simultaneous diagonalization on a set of rank-1 projections of the type
{𝑃1

𝑖 ⊗ 𝑃2
𝑗 }𝑖𝑗 . Accordingly, in [132] the following measure of bipartite “ensemble quantumness

of correlations” was introduced:

𝒬{ℙ1⊗ℙ2}(𝜒
ℰ) = min

ℙ1⊗ℙ2

𝑖

𝜇𝑖 𝐷(𝜌𝑖, ℙ1 ⊗ ℙ2[𝜌𝑖]) , (4.12)

with the density matrix 𝜒ℰ now encoding the bipartite ensemble by means of an additional
classical register.

The next result connects the bipartite quantumness of correlations of the Helstrom ensem-
ble, as defined by (4.12), to the quantity (4.10) exposing SBFI.

Proposition 4.3. Given a dynamics Λ𝑡 ⊗ Λ𝑡 with Λ𝑡 P-divisible, the variation of the Helstrom
distinguishability can be bounded as follows

Δ𝐷𝜇(𝑡, 𝑠) ≤ 2 Λ𝑡,𝑠
2
⋄ 𝒬{ℙ1⊗ℙ2} ⒧𝜒

ℰ𝐻 (𝑠)⒭ , (4.13)
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4.1. Superactivation of Backflow of Information

where
𝜒ℰ𝐻 (𝑠) = 𝜇 Λ𝑠 ⊗ Λ𝑠[𝜌𝑆+𝑆] ⊗ |0⟩⟨0| + (1 − 𝜇)Λ𝑠 ⊗ Λ𝑠[𝜎𝑆+𝑆] ⊗ |1⟩⟨1| ,

while ‖ ⋅ ‖⋄ denotes the diamond norm of a map, ‖Λ‖⋄ = ‖Λ ⊗ id𝑑‖1−1.

Proof. Let us fix {𝑝𝛼⟩}𝛼 with 𝑝𝛼⟩ = |𝑝1
𝑖 ⊗ 𝑝2

𝑗 ⟩, {|𝑝1
𝑖 ⟩}𝑖, {|𝑝2

𝑗 ⟩}𝑗 being arbitrary local orthonor-
mal basis, from which one has a corresponding orthonormal set of rank-1 projectors {𝑃1

𝑖 ⊗𝑃2
𝑗 }𝑖𝑗 .

Accordingly, a completely decohering map with respect to such basis is described by a (bi)local
projective measurement:

ℙ1 ⊗ ℙ2[𝑋] = 
𝑖𝑗

𝑃1
𝑖 ⊗ 𝑃2

𝑗 𝑋 𝑃1
𝑖 ⊗ 𝑃2

𝑗 .

Then, for 𝑡 > 𝑠 > 0 both in discrete and continuous time, considering the Helstrom matrix
at time 𝑡, Λ𝑡 ⊗Λ𝑡[Δ𝜇(𝜌𝑆+𝑆, 𝜎𝑆+𝑆)], via the triangle inequality and the contractivity of Λ𝑡,𝑠 and
ℙ1 ⊗ ℙ2, one estimates

(Λ𝑡,𝑠 ⊗ Λ𝑡,𝑠) ∘ (ℙ1 ⊗ ℙ2)[Δ𝜇(𝑠)]1 ≤ 
𝑖𝑗

𝛿𝑖𝑗𝜇 (𝑠) Λ𝑡,𝑠[𝑃1
𝑖 ]1 Λ𝑡,𝑠[𝑃2

𝑗 ]1

≤ ℙ1 ⊗ ℙ2[Δ𝜇(𝑠)]1 ≤ Δ𝜇(𝑠)1 , (4.14)

where 𝛿𝑖𝑗𝜇 (𝑠) ∶= ⟨𝑝1
𝑖 ⊗ 𝑝2

𝑗 |Δ𝜇(𝑠)|𝑝1
𝑖 ⊗ 𝑝2

𝑗 ⟩. Recalling the induced trace norm of a map defined
in (2.49), the Helstrom matrix norm can be upper-bounded as follows

Λ𝑡,𝑠 ⊗ Λ𝑡,𝑠[Δ𝜇(𝑠)]1
= 𝜇Λ𝑡,𝑠 ⊗ Λ𝑡,𝑠𝜌𝑆+𝑆(𝑠) − ℙ1 ⊗ ℙ2[𝜌𝑆+𝑆(𝑠)]

− (1 − 𝜇)Λ𝑡,𝑠 ⊗ Λ𝑡,𝑠𝜎𝑆+𝑆(𝑠) − ℙ1 ⊗ ℙ2[𝜎𝑆+𝑆(𝑠)] + Λ𝑡,𝑠 ⊗ Λ𝑡,𝑠 ∘ ℙ1 ⊗ ℙ2[Δ𝜇(𝑠)]1
≤ 𝜇 Λ𝑡,𝑠 ⊗ Λ𝑡,𝑠𝜌𝑆+𝑆(𝑠) − ℙ1 ⊗ ℙ2[𝜌𝑆+𝑆(𝑠)]1
+ (1 − 𝜇) Λ𝑡,𝑠 ⊗ Λ𝑡,𝑠𝜎𝑆+𝑆(𝑠) − ℙ1 ⊗ ℙ2[𝜎𝑆+𝑆(𝑠)]1 + Λ𝑡,𝑠 ⊗ Λ𝑡,𝑠 ∘ ℙ1 ⊗ ℙ2[Δ𝜇(𝑠)]1.

Using (4.14) and the fact that ‖Λ ⊗ Λ‖1 ≤ ‖Λ‖2⋄, we then have

Δ𝐷𝜇 (𝜌𝑆+𝑆, 𝜎𝑆+𝑆; 𝑡, 𝑠) ≤ Λ𝑡,𝑠
2
⋄ ⒧𝜇𝜌𝑆+𝑆(𝑠) − ℙ1 ⊗ ℙ2[𝜌𝑆+𝑆(𝑠)]1

+ (1 − 𝜇)‖𝜎𝑆+𝑆(𝑠) − ℙ1 ⊗ ℙ2[𝜎𝑆+𝑆(𝑠)]‖1⒭ .

Since ℙ1,2 are arbitrary, one can tighten the latter inequality by minimizing over the projective
measurements. One then finally obtains the following upper-bound for Δ𝐷𝜇(𝑡, 𝑠),

Δ𝐷𝜇(𝑡, 𝑠) ≤ 2 Λ𝑡,𝑠
2
⋄ 𝒬{ℙ1⊗ℙ2}(𝜒ℰ(𝑠)) ,

where the quantumness of the Helstrom ensemble ℰ𝐻(𝑠) = {(𝜇; 𝜌𝑆+𝑆(𝑠)), (1 − 𝜇; 𝜎𝑆+𝑆(𝑠))},
encoded in the quantum-classical state

𝜒ℰ(𝑠) = 𝜇 𝜌𝑆+𝑆(𝑠) |0⟩⟨0| + (1 − 𝜇) 𝜎𝑆+𝑆(𝑠) ⊗ |1⟩⟨1| ,

is measured by the (left-sided) quantum correlations of 𝜒ℰ𝐻 (𝑠) [132]:

𝒬{ℙ1⊗ℙ2}(𝜒
ℰ𝐻 (𝑠)) = 1

2 min
ℙ1⊗ℙ2

⒧𝜇𝜌𝑆+𝑆(𝑠) − ℙ1 ⊗ ℙ2[𝜌𝑆+𝑆(𝑠)]1

+ (1 − 𝜇)‖𝜎𝑆+𝑆(𝑠) − ℙ1 ⊗ ℙ2[𝜎𝑆+𝑆(𝑠)]‖1⒭ .
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If SBFI triggers at time 𝑠, i.e. Δ𝐷𝜇(𝑠 + 𝜖, 𝑠) > 0, then the quantumness of correlations
of the ensemble ℰ𝐻(𝑠) = {(𝜇, 𝜌𝑆+𝑆(𝑠)); (1 − 𝜇, 𝜎𝑆+𝑆(𝑠))} has to be strictly positive, that is, the
state 𝜒ℰ𝐻 (𝑠)must possess non zero quantum discord. Thus, with the same reasoning as in (2.47)
and (3.20), the quantumness of the Helstrom ensemble represents a precursor of SBFI [76]. In
particular, the condition 𝒬{ℙ1⊗ℙ2}(𝜒

ℰ𝐻 (𝑡)) > 0 does not imply that the states are entangled, as
we explicitly show in the following and similarly noted in [133, 134].

Example 4.3. Consider again a P-divisible Pauli evolution as in Example 4.1 fully specified by the
spectrum of its generator

ℒ𝑡[𝜎𝛼] = −Γ𝛼(𝑡)𝜎𝛼 , 𝛼 = 1, 2, 3 .

where Γ𝛼(𝑡) ≥ 0 ensures P-divisibility. Further, let Γ1(𝑡) = Γ2(𝑡) = Γ(𝑡) so that 𝜆(1)
𝑡 = 𝜆(2)

𝑡 ≡
𝜆𝑡 = 𝑒−∫

𝑡
0d𝑠Γ(𝑠) and 𝜆(3)

𝑡 ≡ 𝜇𝑡 = 𝑒−∫
𝑡
0d𝑠Γ3(𝑠). CP-divisibility amounts to the further constraint

2Γ(𝑡) ≥ Γ3(𝑡) . (4.15)

In particular, for Pauli maps, lack of P-divisibility of Λ𝑡,𝑠 ⊗ Λ𝑡,𝑠 can be witnessed by the maximally
entangled state 𝑃 (2)

+

Λ𝑠+𝜖,𝑠 ⊗ Λ𝑠+𝜖,𝑠[𝑃 (2)
+ ] = 𝑃 (2)

+ − 𝜖Γ(𝑠)
2 (𝜎1 ⊗ 𝜎1 − 𝜎2 ⊗ 𝜎2) −

𝜖Γ3(𝑠)
2 𝜎3 ⊗ 𝜎3 + 𝑂(𝜖2) , (4.16)

which has, for 𝜖 ≪ 1, only one negative eigenvalue equal to 𝑥−(𝑠) ∶= (2Γ(𝑠) − Γ3(𝑠))/2. Then,

Λ𝑠+𝜖,𝑠 ⊗ Λ𝑠+𝜖,𝑠[𝑃 (2)
+ ]1 = Tr ⒧𝑃 (2)

+ ⒭ + 2|𝑥−(𝑠)| = 1 + |2Γ(𝑠) − Γ3(𝑠)| > 1 = 𝑃 (2)
+ 1.

Now, we argue that there exists a Helstrom matrix

Δ𝜇 = 𝜇𝜌1 − (1 − 𝜇)𝜌2, (4.17)

with 𝜌1, 𝜌2 separable, such thatΛ𝑠 ⊗ Λ𝑠[Δ𝜇] = 𝛼𝑃 (2)
+ so that, for some 𝜖 > 0

Λ𝑠+𝜖 ⊗ Λ𝑠+𝜖[Δ𝜇]1 = 𝛼Λ𝑠+𝜖,𝑠 ⊗ Λ𝑠+𝜖,𝑠[𝑃 (2)
+ ]1 > 𝛼𝑃 (2)

+ 1 = Λ𝑠 ⊗ Λ𝑠[Δ𝜇]1. (4.18)

Consider the isotropic state

𝜌𝑎 = (1 − 𝑎)14
4 + 𝑎𝑃 (2)

+ , 0 ≤ 𝑎 ≤ 1 . (4.19)

By inspection of the spectrum of its partial transpose, 𝜌𝑎 is separable iff 𝑎 ≤ 1/3. The preimage of 𝑃 (2)
+

can be then rewritten as

Λ−1
𝑠 ⊗ Λ−1

𝑠 [𝑃 (2)
+ ] = 1

𝑎Λ
−1
𝑠 ⊗ Λ−1

𝑠 [𝜌𝑎] −
1 − 𝑎
𝑎

14
4 . (4.20)

Recall thatΛ−1
𝑠 ⊗Λ−1

𝑠 only guarantees Hermiticity, but not, in general, positivity preservation. Nev-
ertheless, for sufficiently small 𝑎, Λ−1

𝑠 ⊗ Λ−1
𝑠 [𝜌𝑎] is a separable state by being sufficiently close to the

separable state 14/4. Explicitly, by expressing the isotropic state as 𝜌𝑎 = 1
4 ⒧14 + 𝑎∑3

𝑖=1 𝜎𝑖 ⊗ 𝜎T
𝑖 ⒭ ,
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one deduces that its preimage underΛ−1
𝑠 ⊗ Λ−1

𝑠 is

𝜌0
𝑎 ∶ = Λ−1

𝑠 ⊗ Λ−1
𝑠 [𝜌𝑎] =

1
4⒧14 + 𝑎𝜆−2

𝑠 (𝜎1 ⊗ 𝜎1 − 𝜎2 ⊗ 𝜎2) + 𝜇−2
𝑠 𝜎3 ⊗ 𝜎3⒭ (4.21)

=
⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1
4 ⒧

𝑎
𝜇2𝑠 + 1⒭ 0 0 𝑎

2𝜆2𝑠

0 1
4 ⒧1 − 𝑎

𝜇2𝑠 ⒭ 0 0
0 0 1

4 ⒧1 − 𝑎
𝜇2𝑠 ⒭ 0

𝑎
2𝜆2𝑠

0 0 1
4 ⒧

𝑎
𝜇2𝑠 + 1⒭

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

For bipartite systems of two-qubits, a state is separable if and only if its partial transposition is posi-
tive [68]. The partial transpose of (4.21) then reads:

T ⊗ id𝑑[𝜌0
𝑎 ] =

⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1
4 ⒧

𝑎
𝜇2𝑠 + 1⒭ 0 0 0
0 1

4 ⒧1 − 𝑎
𝜇2𝑠 ⒭

𝑎
2𝜆2𝑠

0
0 𝑎

2𝜆2𝑠
1
4 ⒧1 − 𝑎

𝜇2𝑠 ⒭ 0
0 0 0 1

4 ⒧
𝑎
𝜇2𝑠 + 1⒭

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (4.22)

Then, 𝜌0
𝑎 is a separable state if both (4.21) and (4.22) are positive; namely, if

1 ± 2𝑎
𝜇2
𝑠
+ ⒧2𝑎𝜇2

𝑠
⒭
2

⒧14 − 𝜇4
𝑠

𝜆4
𝑠
⒭ ≥ 0 𝑎 ≤ 𝜇2

𝑠 . (4.23)

Hence, it suffices to suitably choose 𝑠 > 0 and, accordingly, 𝑎 ≪ 𝜇2
𝑠 /2 so that (4.23) is satisfied and 𝜌0

𝑎
is a separable state. In such case, SBFI is witnessed by the image at time 𝑠 of the initial Helstrommatrix
Δ𝜇𝑎 = 𝜇𝑎𝜌0

𝑎 − (1 − 𝜇𝑎)14
4 , with 𝜇𝑎 = 1/(2 − 𝑎). Its constituent states remain separable throughout

the entire evolution due to factorization of the dynamics. SBFI occurs only if in the Helstrom ensemble
the quantity (4.12) is positive at time 𝑠. Since 14/4 is fully incoherent with respect to any basis, the
ensemble quantumness of correlations at time 𝑠 reduces to

𝒬{ℙ1⊗ℙ2} ⒧𝜒
ℰ𝐻 (𝑠)⒭ = 𝜇(𝑎) min

ℙ1⊗ℙ2
𝜌𝑎 − ℙ1 ⊗ ℙ2[𝜌𝑎]1 > 0 ,

corresponding to a geometric measure of quantum discord in the isotropic state [131].

4.1.2 Entropic SBFI
For unital evolutions, it makes sense to study the superactivation phenomenon from the point
of view of Renyi 𝑝-entropies (2.52). We could in fact expect to find a P-divisible but not CP-
divisible dynamics for which the entropy of one party always grows monotonically (see Propo-
sition 2.10), while the entropy of two identically-evolving copies experiences a decrease in time.
In other words, for Λ𝑡 P-divisible and unital, the SBFI effect we seek is rephrased, in entropic
terms, as:

d
d𝑡 𝑆𝑝(Λ𝑡[𝜌𝑆]) ≥ 0 , ∀𝑡 ≥ 0 , ∀ 𝜌𝑆 , ∃ 𝑡∗ > 0 , 𝜌𝑆+𝑆 ∶ d

d𝑡 𝑡=𝑡∗
𝑆𝑝(Λ𝑡 ⊗ Λ𝑡[𝜌𝑆+𝑆]) < 0 .

(4.24)
First, we show that (4.24) is never the case for 𝑝 = 2, corresponding to 𝑆2(𝜌) = − log Tr ⒧𝜌2⒭,
which is a standard measure of the purity of 𝜌.
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Proposition 4.4. LetΛ𝑡 ∶ 𝑀𝑑(ℂ) → 𝑀𝑑(ℂ) be a P-divisible unital map.Then for all𝑋 ∈ 𝑀𝑑(ℂ),

d
d𝑡 ‖Λ𝑡 ⊗ Λ𝑡[𝑋]‖22 ≤ 0 , 𝑡 ≥ 0 . (4.25)

Proof. Consider first the case of Λ𝑡. For any 𝑋 ∈ 𝑀𝑑(ℂ), and setting 𝑋𝑡 ≡ Λ𝑡[𝑋], one has

d
d𝑡 ‖Λ𝑡[𝑋]‖22 = Tr ⒧ℒ𝑡[𝑋†

𝑡 ]𝑋𝑡⒭ + Tr ⒧𝑋†
𝑡 ℒ𝑡[𝑋𝑡]⒭ (4.26)

= Tr ⒧(ℒ𝑡 + ℒ‡
𝑡 )[𝑋†

𝑡 ]𝑋𝑡⒭ = 2Tr ⒧ℒsd
𝑡 [𝑋†

𝑡 ]𝑋𝑡⒭ ,

whereℒsd is the self-dual part of the generatorℒsd
𝑠 = (ℒ𝑡+ℒ

‡
𝑡 )/2. Recall that, for second tensor

powers,
d
d𝑡Λ𝑡 ⊗ Λ𝑡 = ⒧ℒ𝑡 ⊗ id𝑑 + id𝑑 ⊗ ℒ𝑡⒭ ∘ ⒧Λ𝑡 ⊗ Λ𝑡⒭ ,

so that, for 𝑌 ∈ 𝑀𝑑(ℂ) ⊗𝑀𝑑(ℂ),

d
d𝑡 ‖Λ𝑡 ⊗ Λ𝑡[𝑌]‖

2
2 = 2Tr ⒧ℒsd

𝑡 ⊗ id𝑑 ∘ Λ𝑡 ⊗ Λ𝑡[𝑌]⒭ + 2Tr ⒧id𝑑 ⊗ ℒsd
𝑡 ∘ Λ𝑡 ⊗ Λ𝑡[𝑌]⒭ ,

Then, setting 𝑌𝑡 ∶= Λ𝑡⊗Λ𝑡[𝑌], one can decompose 𝑌𝑡 along the orthonormal Hermitian basis
of matrices 𝐹𝛼 ⊗𝐹𝛽, (see Remark 1.1): 𝑌𝑡 = ∑3

𝛼,𝛽=0 𝑦
𝛼𝛽
𝑡 𝐹𝛼 ⊗𝐹𝛽. Plugging the latter into (4.26)

we get

d
d𝑡 ‖Λ𝑡 ⊗ Λ𝑡[𝑌]‖

2
2 = 2

𝑑2−1


𝛽=0

𝑑2−1


𝛼,𝜇=1

𝑦𝛼𝛽𝑡 𝑦𝜇𝛽𝑡 Tr ⒧𝐹𝜇ℒsd
𝑡 [𝐹𝛼]⒭

+ 2
𝑑2−1


𝛼=0

𝑑2−1


𝛽,𝜈=1

𝑦𝛼𝛽𝑡 𝑦𝛼𝜈𝑡 Tr ⒧𝐹𝛽ℒsd
𝑡 [𝐹𝜈]⒭ , (4.27)

where the inner sums run from 1 to 𝑑2−1 since, by assumption,ℒ𝑡[1𝑑] = 0 and Tr (ℒ𝑡[𝐹𝛼]) =
0. Then, recalling the matrix representation (2.22) of ℒsd

𝑡 and defining vectors 𝑦(2,𝛽)𝑡  =

⒧𝑦𝛽1𝑡 , 𝑦𝛽2𝑡 ,… , 𝑦𝛽𝑑
2−1

𝑡 ⒭ ∈ ℂ𝑑2−1, one recasts (4.27) as

d
d𝑡 ‖Λ𝑡 ⊗ Λ𝑡[𝑋]‖22 = 2

𝑑2−1


𝛽=0

⒧𝑦(1,𝛽)𝑡 ℒS(𝑡)𝑦(1,𝛽)𝑡  + 𝑦(2,𝛽)𝑡 ℒS(𝑡)𝑦(2,𝛽)𝑡 ⒭ ≤ 0 ,

since, by Proposition 2.6, P-divisibility of Λ𝑡 implies positive semi-definiteness of −ℒS(𝑡).

The previous result also extends to higher tensor powers Λ⊗𝑘
𝑡 , 𝑘 ∈ ℕ. Hence, SBFI never

manifests in revivals of the purity. Conversely, as we argue in the following Section, it is possible
to detect it through the von Neumann entropy.
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4.1.3 von Neumann entropy and SBFI for Pauli dynamics
We shall now construct a class of qubit evolutions exhibiting SBFI as witnessed by (4.24) in
the limit 𝑝 → 1+, corresponding to the von Neumann entropy, 𝑆(𝜌) = −Tr (𝜌 log(𝜌)).

Consider again the Pauli map from Example 4.3 and the isotropic state (4.19). First, let us
investigate the action of Λ𝑡 ⊗ id2 on 𝜌𝑎:

Λ𝑡 ⊗ id2[𝜌𝑎] =
1
4 (14 + 𝑎 𝜆𝑡 (𝜎1 ⊗ 𝜎1 − 𝜎2 ⊗ 𝜎2) + 𝑎 𝜇𝑡 𝜎3 ⊗ 𝜎3)

= 1
4
⎛⎜⎜⎜
⎝

1 + 𝑎𝜇𝑡 0 0 2𝑎𝜆𝑡
0 1 − 𝑎𝜇𝑡 0 0
0 0 1 − 𝑎𝜇𝑡 0

2𝑎𝜆𝑡 0 0 1 + 𝑎𝜇𝑡

⎞⎟⎟⎟
⎠
. (4.28)

Accordingly, the eigenvalues read

ℓ𝑎3 (𝑡) ∶=
1 − 𝑎𝜇𝑡

4 , ℓ𝑎±(𝑡) ∶=
1 + 𝑎(𝜇𝑡 ± 2𝜆𝑡)

4 , (4.29)

so that

𝑆(Λ𝑡 ⊗ id𝑑[𝜌𝑎]) = −1 − 𝑎𝜇𝑡
2 log⒧1 − 𝑎𝜇𝑡

4 ⒭ − 1 + 𝑎(𝜇𝑡 − 2𝜆𝑡)
4 log⒧1 + 𝑎(𝜇𝑡 − 2𝜆𝑡)

4 ⒭

− 1 + 𝑎(𝜇𝑡 + 2𝜆𝑡)
4 log⒧1 + 𝑎(𝜇𝑡 + 2𝜆𝑡)

4 ⒭ . (4.30)

Its derivative is

d
d𝑡 𝑆(Λ𝑡 ⊗ id𝑑[𝜌𝑎]) =

𝑎 Γ3(𝑡)𝜇𝑡
4 log

(1 + 𝑎(𝜇𝑡 − 2𝜆𝑡)⒭(1 + 𝑎(𝜇𝑡 + 2𝜆𝑡)⒭
(1 − 𝑎𝜇𝑡)2

+ 𝑎 Γ(𝑡)𝜆𝑡
2 log

1 + 𝑎(𝜇𝑡 + 2𝜆𝑡)
1 + 𝑎(𝜇𝑡 − 2𝜆𝑡)

. (4.31)

Assume that Γ(𝑡) = 0 and Γ3(𝑡) > 0 for some 𝑡 = 𝑡∗ > 0. Notice that such an assumption is
compatible with a P-divisible evolution but not with a CP-divisible one due to (4.15). Then,
(4.31) becomes negative if

(1 + 𝑎𝜇𝑡∗)2 − 4𝑎2𝜆2
𝑡∗ < (1 − 𝑎𝜇𝑡∗)2 , (4.32)

which yields a sufficient condition for entropy SBFI

Γ(𝑡∗) = 0 , 𝑎 > 𝜇𝑡∗
𝜆2
𝑡∗

⟹ d
d𝑡 𝑡=𝑡∗

𝑆(Λ𝑡 ⊗ idd[𝜌𝑎]) < 0 . (4.33)

One can find a similar condition for the second tensor power Λ𝑡 ⊗ Λ𝑡. The von Neumann
entropy in this case reads

𝑆(Λ𝑡 ⊗ Λ𝑡[𝜌𝑎]) = −1 − 𝑎𝜇2
𝑡

2 log⒧1 − 𝑎𝜇2
𝑡

4 ⒭ − 1 + 𝑎(𝜇2
𝑡 − 2𝜆2

𝑡 )
4 log⒧1 + 𝑎(𝜇2

𝑡 − 2𝜆2
𝑡 )

4 ⒭

− 1 + 𝑎(𝜇2
𝑡 + 2𝜆2

𝑡 )
4 log⒧1 + 𝑎(𝜇2

𝑡 + 2𝜆2
𝑡 )

4 ⒭ , (4.34)
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FIGURE 4.1: First derivative in time of the Renyi entropy 𝑆𝑝(Λ𝑡⊗Λ𝑡[𝜌𝑎]) for 1 < 𝑝 ≤ 2. The initial isotropic
state 𝜌𝑎 is considered for 𝑎 = 1/5 < 1/3, so that Λ𝑡 ⊗ Λ𝑡[𝜌𝑎] is separable for all 𝑡 ≥ 0. The evolution
Λ𝑡 is that of Examples 4.1 and 4.4, with 𝜂 = 2, 𝜔 = −1. The neighbourhood of 𝑡∗ = 𝜋/2, at which
the generator has a zero in the spectrum, Γ(𝑡∗ = 𝜋/2) = 0, is displayed. SBFI is indicated by a negative
derivative of the 𝑝-entropy, which is never observed for 𝑝 = 2. Instead values of 𝑝 < 2, including 𝑝 → 1
corresponding to the von Neumann entropy, can exhibit entropy SBFI while their one-qubit counterparts
monotonically increase.

Taking the derivative, one finds as sufficient condition

Γ(𝑡∗) = 0 , 𝑎 > 𝜇2
𝑡∗

𝜆4
𝑡∗

⟹ d
d𝑡 𝑡=𝑡∗

𝑆(Λ𝑡 ⊗ Λ𝑡[𝜌𝑎]) < 0 . (4.35)

Example 4.4. Consider the Pauli dynamics of Example 4.1 which is P-divisible and unital so that
𝑆(Λ𝑡[𝜌]) increases monotonically. On the other hand, the map is not CP-divisible. Moreover, we
choose 𝜔 < 0 so that,

Γ(𝑡) = 𝜂(1 − sin(|𝜔|𝑡) , Γ ⒧𝑡∗ = 𝜋
2|𝜔|⒭ = 0 .

and
𝜇𝑡∗
𝜆2
𝑡∗
= 𝑒−2𝜂𝑡

∗

𝑒−2𝜂𝑡∗−2
𝜂
𝜔 (1−cos(𝜔𝑡∗))

= 𝑒−2
𝜂
|𝜔| < 1 .

Thus, in order to witness SBFI by means of the von Neumann entropy, it suffices to choose the initial
isotropic state 𝜌𝑎 with

𝑒−2
𝜂
|𝜔| < 𝑎 ≤ 1 .

Recall that complete positivity depends on the ratio 𝜂/|𝜔| (see (4.7)). In particular, let 𝜂 = 2 and
𝜔 = −1, so that complete positivity ofΛ𝑡 is guaranteed (condition (4.7) is satisfied) and

𝜇𝑡∗
𝜆2
𝑡∗
= 𝑒−2

𝜂
|𝜔| = 𝑒−4 ≈ 0.018 .
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Hence, it is sufficient to select 𝑎 > 𝑒−4 for the von Neumann entropy to exhibit SBFI. Notice that the
effect can still be observed even for 𝑎 ≤ 1/3, that is, when the initial isotropic state 𝜌𝑎 is separable
and its image underΛ𝑡 ⊗ Λ𝑡 remains separable for all times.

In Fig. 4.1 we compare the 2-entropy, measuring the purity, and the von Neumann entropy for
the case of the two-qubit tensor power Λ𝑡 ⊗ Λ𝑡 for the evolution in Example 4.1 along with other
Renyi 𝑝-entropies.

4.2 SBFI in a classical Markov environment
Up until now, we have studied SBFI from the phenomenological point of view of the dynamical
map. In order to gain a better understanding of the microscopic origin of this effect, we shall
now analyse its emergence through a concrete collisional model. In this context, we shall inves-
tigate the SBFI effect by directly examining the properties of the bipartite system-environment
state, and, in particular of its correlations. In Chapter 5, we shall revisit the same collisional
model and interpret the activation and superactivation of memory effects through a more re-
fined approach.

In particular, we seek for a microscopic realization in which P and CP-divisibility of the
emergent dynamical map can be controlled by some meaningful parameter of the model. In
order to achieve this, we shall study in detail the evolution of a system coupled to a suitably
parametrized classical spin chain environment. Later, we will double the system, so to consider
two statistically coupled qubits 𝑆 = 𝑆1 + 𝑆2, each independently interacting with its own colli-
sional classical environment, with compound reduced dynamicsΛ𝑛⊗Λ𝑛. Then, we will be able
to evaluate their bipartite system-environment correlations through their mutual information.

Let us consider the algebraic rendering of collisional models introduced in Section 2.1.4,
where we now choose the environment 𝐸 as a commutative chain with at each site the same
commutative algebra 𝒜 = 𝐷𝐷(ℂ) spanned by 1-dimensional orthogonal projections {Π𝑖}𝐷−1

𝑖=0 ,
∑𝐷−1

𝑘=0 Π𝑘 = 1, as in the coarse-grained dynamics of Section 1.3.2.1. Then, any shift invariant
state is described by locally normal states

𝜔𝐸(𝐴
[−𝑎,𝑏]
𝐸 ) = Tr ⒧𝜌[−𝑎,𝑏]

𝐸 𝐴[−𝑎,𝑏]
𝐸 ⒭ , 𝜌[−𝑎,𝑏]

𝐸 = 
𝒊[−𝑎,𝑏]

𝑝𝒊[−𝑎,𝑏] Π
[−𝑎,𝑏]
𝒊[−𝑎,𝑏] ∈ 𝒜[−𝑎,𝑏]

𝐸 , (4.36)

where the projections Π⊗[−𝑎,𝑏]
𝒊[−𝑎,𝑏] = ⨂𝑏

𝑘=−𝑎 Π
(𝑘)
𝑖𝑘 generate the commutative subalgebras 𝒜[−𝑎,𝑏]

𝐸 ,
and the probabilities 𝑝𝒊[−𝑎,𝑏] satisfy ∑𝑖−𝑎 𝑝𝒊[−𝑎,𝑏+1] = 𝑝𝒊[−𝑎,𝑏] = ∑𝑖𝑏+1 𝑝𝒊[−𝑎,𝑏+1] due to the assumed
stationarity. Choose also the coupling map Φ to be

Φ[𝑋𝑆 ⊗ 𝐴(0)
𝑖0 ] =

𝐷−1


𝑖=0

𝜙𝑖[𝑋𝑆] ⊗ Π𝑖𝐴
(0)
𝑖0 Π𝑖 , (4.37)

the maps 𝜙𝑖 being completely positive and unital, 𝜙𝑖[1] = 1. Then, its extension to the whole
tensor product 𝒜𝑆 ⊗𝒜𝐸 gives the step-1 dynamics

Θ1[𝑋𝑆 ⊗ 𝐴(0)
𝑖0 ] = (id𝑆 ⊗ 𝜎) ∘ Φ[𝑋𝑆 ⊗ 𝐴(0)

𝑖0 ] =
𝐷−1


𝑖=0

𝜙𝑖[𝑋𝑆] ⊗ Π(1)
𝑖 𝐴(1)

𝑖0 Π(1)
𝑖 . (4.38)

89



4. Superactivation of memory effects

Let us now evaluate the marginals (2.59) and (2.58) of 𝑆 and 𝐸, respectively. First, note that
Φ[1𝑆 ⊗ 𝐴(0)

𝑖0 ] = 1𝑆 ⊗ 𝐴(0)
𝑖0 . As a consequence, the environment is stationary,

𝜔𝑆 ⊗ 𝜔𝐸(Θ𝑛[1𝑆 ⊗ 𝐴[−𝑎,𝑏]
𝐸 ]) = 𝜔𝑆 ⊗ 𝜔𝐸(1𝑆 ⊗ 𝐴[−𝑎,𝑏]

𝐸 ) ⟹ Ω(𝑛)
[−𝑎,𝑏] = 𝜌[−𝑎,𝑏]

𝐸 . (4.39)

The reduced state of 𝑆 instead reads Ω(𝑛)
𝑆 = Λ𝑛[𝜌𝑆], where the discrete-time dynamical map

Λ𝑛 is as follows.

Proposition 4.5. The reduced dynamics arising by collisional coupling (4.38) of the system 𝑆 to a
classical spin chain in a state specified by (4.36) consists of a discrete-time family of CPTP maps,

Λ𝑛[𝜌𝑆] ∶= 
𝒊[1,𝑛]

𝑝𝒊[1,𝑛]𝜙
‡
𝒊[1,𝑛] [𝜌𝑆] = Ω(𝑛)

𝑆 , 𝜙‡
𝒊[1,𝑛] = 𝜙‡

𝑖𝑛 ⋯𝜙‡
𝑖1 . (4.40)

with 𝜙‡
𝑖 the CPTP map dual to the CPU map 𝜙𝑖 in (4.37), Tr ⒧𝜌𝑆𝜙𝑖[𝑋𝑆]⒭ = Tr ⒧𝜙‡

𝑖 [𝜌𝑠]𝑋𝑆⒭. On
the other hand,

Ω(𝑛)
[−𝑎,𝑏] = 𝜌[−𝑎,𝑏]

𝐸 , 𝑛 ≥ 1 (4.41)

namely, the environment state is stationary.

A detailed proof is reported in Appendix B.1. A factorized state𝜔𝑆𝐸 = 𝜔𝑆⊗𝜔𝐸 on𝒜𝑆⊗𝒜𝐸
is represented on 𝒜𝑆 ⊗𝒜[−𝑎,𝑏]

𝐸 by a factorized density matrix Ω𝑆[−𝑎,𝑏] = 𝜌𝑆 ⊗𝜌[−𝑎,𝑏]
𝐸 and shows

no correlations between system and collisional environment. Evidently, due to the dynamical
coupling (4.37), correlations will develop between 𝑆 and 𝐸 under the action of Θ𝑛. Given
a bipartite density matrix 𝜌𝐴𝐵, a general measure of the correlations – be them classical or
quantum – between 𝐴 and 𝐵 is provided by the mutual information

𝐼𝐴𝐵 = 𝑆(𝜌𝐴) + 𝑆(𝜌𝐵) − 𝑆(𝜌𝐴𝐵) ≥ 0 , (4.42)

where 𝑆(𝜌) = −Tr 𝜌 log 𝜌 is the von Neumann entropy and 𝜌𝐴,𝐵 are the marginals of 𝜌𝐴𝐵.

Remark 4.3. 𝐼𝐴𝐵 ≥ 0 since 𝑆(𝜌𝐴𝐵) ≤ 𝑆(𝜌𝐴)+𝑆(𝜌𝐵), while equality holds if only if 𝜌𝐴𝐵 = 𝜌𝐴⊗𝜌𝐵.
Moreover, in the commutative setting, the von Neumann entropy becomes the Shannon entropy and
𝐼𝐴𝐵 reduces to the classical mutual information.

For the rest of the Chapter, we shall take the environment 𝐸 as classical Markov chain:
namely, we assume that the probability distribution 𝑝𝒊[−𝑎,𝑏] satisfies

𝑝𝒊[−𝑎,𝑏] = 𝑇𝑖𝑏 𝑖𝑏−1 𝑇𝑖𝑏−1𝑖𝑏−2 ⋯ 𝑇𝑖−𝑎+1𝑖𝑎 𝑝𝑖−𝑎 (4.43)

for some stochastic matrix 𝑇 = [𝑇𝑖𝑗 ], 𝑇𝑖𝑗 ≥ 0, ∑𝑑
𝑖=1 𝑇𝑖𝑗 = 1 with stationary probability vector

𝒑, 𝑝𝑖 ≥ 0, ∑𝑑
𝑖=1 𝑝𝑖 = 1, 𝑇𝒑 = 𝒑 so that Tr𝑎𝜌

[𝑎,𝑏]
𝐸 = 𝜌[𝑎+1,𝑏]

𝐸 = 𝜌[𝑎,𝑏−1]
𝐸 and shift-invariance of

the environment state is ensured, that is 𝜌[𝑎,𝑏]
𝐸 = 𝜌[𝑎+𝑛,𝑏+𝑛]

𝐸 for all 𝑛 ∈ ℕ.
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4.2. SBFI in a classical Markov environment

4.2.1 Pauli dynamics
To ultimately be able to control the divisibility properties of the dynamical map Λ𝑛, let the
subsystem be a qubit (𝑑 = 2), and choose the dimension of the classical spins as 𝐷 = 𝑑2 = 4
dimensional. Furthermore, we parametrize the Markov transition matrix 𝑇 in (4.43) as

𝑇 =
⎛⎜⎜⎜
⎝

𝑝0 𝑝0 𝑝0 𝑝0
𝑝 𝑝 + Δ 𝑝 − Δ 𝑝
𝑝 𝑝 − Δ 𝑝 + Δ 𝑝
𝑟 𝑟 𝑟 𝑟

⎞⎟⎟⎟
⎠

(4.44)

with positive parameters such that

0 ≤ Δ ≤ 𝑝 ≤ 1
2 , 𝑝0 + 2𝑝 + 𝑟 = 1 , (4.45)

and with invariant probability vector 𝒑 = (𝑝0, 𝑝, 𝑝, 𝑟). Furthermore, the four maps 𝜙𝑖, 𝑖 =
0,… , 3 are taken as Pauli maps:

𝜙𝑘[𝜎𝑗 ] = 𝜇(𝑗)
𝑘 𝜎𝑗 , 𝜇(𝑗)

0 = 𝜇(0)
𝑘 = 1 , 𝜇(𝑗)

𝑘 = 𝜑1−𝛿𝑗𝑘 , (4.46)

for 𝑗 ≠ 0, 𝑘 ≠ 0with𝜑 a real parameter. From (4.40), the unital one-qubit evolutionΛ𝑛 results
in a Pauli map itself, with

Λ𝑛[𝜎𝑗 ] = 𝜆(𝑗)
𝑛 𝜎𝑗 , 𝜆(𝑗)

𝑛 = 
𝒊[1,𝑛]

𝑝𝒊[1,𝑛] 𝜇
(𝑗)
𝒊[1,𝑛] , (4.47)

where 𝜇(𝑗)
𝒊[1,𝑛] ≡ ∏𝑛

𝑘=1 𝜇
(𝑗)
𝑖𝑘 . Then, we setΛ𝑛 = Λ𝑛,𝑛−1 ∘Λ𝑛−1 with interwinersΛ𝑛,𝑛−1 = Λ𝑛 ∘Λ−1

𝑛−1
and

Λ𝑛,𝑛−1[𝜎𝑗 ] =
𝜆(𝑗)
𝑛

𝜆(𝑗)
𝑛−1

𝜎𝑗 . (4.48)

Accordingly, when Δ = 0, it follows that 𝑇𝑖𝑗 = 𝑝𝑖, for all 𝑗 so that the probabilities factorize,
𝑝𝒊[−𝑎,𝑏] = ∏𝑏

𝑘=−𝑎 𝑝𝑖𝑘 , and

𝜌[−𝑎,𝑏]
𝐸 = 𝜌(−𝑎)

𝐸 ⊗⋯⊗ 𝜌(𝑏)
𝐸 , 𝜌(𝑗)

𝐸 =
3


𝑖=0

𝑝𝑖 Π
(𝑗)
𝑖 .

and, from (4.40), it also follows that such an uncorrelated environment yields a CPTP discrete-
time semigroup Λ𝑛 = Λ𝑛, where Λ[𝜌𝑆] = ∑3

𝑖=0 𝑝𝑖 𝜙
‡
𝑖 [𝜌𝑆].

On the contrary, if Δ > 0, the mutual information in (4.42) with 𝜌𝐴 = 𝜌(𝑘)
𝐸 , 𝜌𝐵 = 𝜌(𝑘+1)

𝐸
and 𝜌𝐴𝐵 = 𝜌[𝑘,𝑘+1]

𝐸 yields

𝐼𝑘,𝑘+1 = 4𝑝2 ⒧log 2 − ℎ ⒧1 + 𝑄
2 ⒭⒭ , 𝑄 ≡ Δ

𝑝 ,

and ℎ(𝑥) = −𝑥 log 𝑥 − (1 − 𝑥) log(1 − 𝑥) decreases for 1/2 ≤ 𝑥 ≤ 1. Due to the stationarity of
the Markov process, 𝐼𝑘,𝑘+1 is site independent and the correlations between any two successive
environment sites increase with 0 ≤ Δ ≤ 𝑝. Furthermore, for Δ > 0 the dynamical map Λ𝑛 is
no longer a semigroup and the evolution is governed by the following
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Proposition 4.6. Choosing the maps 𝜙𝑘 as in (4.46) and the transition matrix as in (4.44), the
spectrum of the dynamicsΛ𝑛,

Λ𝑛[𝜎𝑗 ] = 𝜆(𝑗)
𝑛 𝜎𝑗 , 𝜆(𝑗)

𝑛 = 
𝒊[1,𝑛]

𝑝𝒊[1,𝑛] 𝜇
(𝑗)
𝒊[1,𝑛] , 𝑗 = 0, 1, 2, 3 ,

satisfies the following recurrences

𝜆(1,2)
𝑛 =∶ 𝜆𝑛 = [1 − (𝑝 + 𝑟)(1 − 𝜑)]𝜆𝑛−1 + 𝑝 Δ(1 − 𝜑)2

𝑛−2


𝑗=0

𝜆𝑗 [(1 + 𝜑)Δ]𝑛−𝑗−2, (4.49)

𝜆(3)
𝑛 = [1 − 2𝑝 (1 − 𝜑)] 𝜆(3)

𝑛−1 . (4.50)

Proof. Due to the form of the transition matrix,

𝑇 =
⎛⎜⎜⎜
⎝

𝑝0 𝑝0 𝑝0 𝑝0
𝑝 𝑝 𝑝 𝑝
𝑝 𝑝 𝑝 𝑝
𝑟 𝑟 𝑟 𝑟

⎞⎟⎟⎟
⎠
+ Δ

⎛⎜⎜⎜
⎝

0 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 0

⎞⎟⎟⎟
⎠
,

summing over the index 𝑖𝑛 in (4.47) yields

𝜆(𝑗)
𝑛 = 𝐴(𝑗)

𝑛−1 𝜆
(𝑗)
𝑛−1 + Δ⒧𝜇(𝑗)

1 − 𝜇(𝑗)
2 ⒭ 𝐵(𝑗)

𝑛−1 ∀𝑗 = 0, 1, 2, 3 , (4.51)

where, for 𝑛 ≥ 1

𝐴(𝑗)
𝑛−1 = 𝑝0 + 𝑝 ⒧𝜇(𝑗)

1 + 𝜇(𝑗)
2 ⒭ + 𝑟𝜇(𝑗)

3 , 𝐵(𝑗)
𝑛−1 = 

𝒊[1,𝑛−2]

⒧𝑇1𝑖𝑛−2𝜇
(𝑗)
1 − 𝑇2𝑖𝑛−2𝜇

(𝑗)
2 ⒭𝑝𝒊[1,𝑛−2] 𝜇

(𝑗)
𝒊[1,𝑛−2] ,

(4.52)
with 𝑝𝒊0 = 1, 𝑇𝑖0 = 𝑝𝑖 and 𝐵(𝑗)

0 = 0. Then, summing over 𝑖𝑛−2 in the expression for 𝐵(𝑗)
𝑛−1, one

gets
𝐵(𝑗)
𝑛−1 = 𝑝 ⒧𝜇(𝑗)

1 − 𝜇(𝑗)
2 ⒭ 𝜆(𝑗)

𝑛−2 + Δ ⒧𝜇(𝑗)
1 + 𝜇(𝑗)

2 ⒭ 𝐵(𝑗)
𝑛−2 , (4.53)

and, iterating,

𝐵(𝑗)
𝑛−1 = 𝑝 ⒧𝜇(𝑗)

1 − 𝜇(𝑗)
2 ⒭ ⒧𝜆(𝑗)

𝑛−2 + Δ ⒧𝜇(𝑗)
1 + 𝜇(𝑗)

2 ⒭ 𝜆(𝑗)
𝑛−3⒭ + Δ2 ⒧𝜇(𝑗)

1 + 𝜇(𝑗)
2 ⒭

2
𝐵(𝑗)
𝑛−3

= 𝑝 ⒧𝜇(𝑗)
1 − 𝜇(𝑗)

2 ⒭
𝑛−2


𝑘=0

𝜆(𝑗)
𝑘 Δ𝑛−𝑘−2 ⒧𝜇(𝑗)

1 + 𝜇(𝑗)
2 ⒭

𝑛−𝑘−2
, (4.54)

where we set 𝜆(𝑗)
0 = 1. Since 𝜇(0)

𝑗 = 1 for 𝑗 = 0, 1, 2, 3, from (4.45) it follows that 𝐴(𝑗)
𝑛−1 =

𝑝0 + 2𝑝 + 𝑟 = 1 and 𝐵(𝑗)
𝑛−1 = 0 so that 𝜆(0)

𝑛 = 1 for all 𝑛 ∈ ℕ. On the other hand, the choice
of the other coefficients 𝜇(𝑗)

𝑘 in (4.46) gives

𝐴(1,2)
𝑛−1 = 𝑝0 + 𝑝(1 + 𝜑) + 𝑟𝜑 , 𝐵(1,2)

𝑛−1 = ±𝑝(1 − 𝜑)
𝑛−2


𝑘=0

𝜆(1,2)
𝑘 Δ𝑛−𝑘−2(1 + 𝜑)𝑛−𝑘−2, (4.55)

𝐴(3)
𝑛−1 = 𝑝0 + 2𝑝𝜑 + 𝑟 , 𝐵(3)

𝑛−1 = 0 . (4.56)

Since 𝑝0 + 2𝑝 + 𝑟 = 1 the expressions in (4.49) and (4.50) follow.
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We shall now study the model for two distinct choices of 𝜑 in (4.46), corresponding respec-
tively to (1) a unitary coupling, discussed in Section 4.2.2, for which the solution of (4.49) can
be analytically computed and (2) a dissipative coupling, presented in Section 4.2.3, for which
the natural stroboscopic limit of collisional models [87, 89, 135] is analytically available and
allows one to compare the continuous-time scenario with the discrete-time one.

4.2.2 Unitary coupling
Set 𝜑 = −1; then, 𝜙𝑘[𝑋] = 𝜎𝑘𝑋𝜎𝑘 and the map (4.37) becomes a “controlled-unitary” typical
of collisional models [136, 137]. In this scenario, the interaction between the system 𝑆 and the
environment 𝐸 is described by means of a unitary matrix 𝑈𝜏 = 𝑒−𝑖𝑔𝜏∑𝑘 𝜎𝑘⊗Π𝑘 for a duration
𝜏 = 𝜋/2𝑔 : Φ[𝑋] = 𝑈†

𝜋/2𝑔 𝑋 𝑈𝜋/2𝑔 . Only 𝑗 = 𝑛 − 2 contributes to the sum in (4.49), namely

𝜆(1,2)
𝑛 = (1 − 2(𝑝 + 𝑟)) 𝜆(1,2)

𝑛−1 + 4𝑝 Δ𝜆(1,2)
𝑛−2 , (4.57)

and in Appendix B.2, the recurrence relations (4.57) and (4.50) are shown to yield

𝜆𝑛 ∶= 𝜆(1,2)
𝑛 = ⒧

𝐵𝑝,𝑟,Δ + 𝐴𝑝,𝑟

2𝐵𝑝,𝑟,Δ
⒭ ⒧

𝐵𝑝,𝑟,Δ + 𝐴𝑝,𝑟

2 ⒭
𝑛

+ ⒧
𝐵𝑝,𝑟,Δ − 𝐴𝑝,𝑟

2𝐵𝑝,𝑟,Δ
⒭ ⒧

𝐴𝑝,𝑟 − 𝐵𝑝,𝑟,Δ

2 ⒭
𝑛

,

𝜆(3)
𝑛 = (1 − 4𝑝)𝑛 , (4.58)

where we set
𝐴𝑝,𝑟 ≡ 1 − 2(𝑝 + 𝑟) , 𝐵𝑝,𝑟,Δ ≡ 𝐴2

𝑝,𝑟 + 16 𝑝 Δ . (4.59)

Let 𝐴𝑝,𝑟 > 0 so that 𝜆𝑛 > 0. The type of divisibility of the reduced dynamics depends on the
environment correlations as follows.

Proposition 4.7.

i. Λ𝑛 is CP-divisible if and only if
Δ
𝐴𝑝,𝑟

≤ 𝑟
2𝑝 , (4.60)

ii. Λ𝑛 is P-divisible if and only if
Δ
𝐴𝑝,𝑟

≤ 𝑟
2𝑝 + 1

2 , (4.61)

iii. Λ𝑛 ⊗ Λ𝑛 is P-divisible if and only if

Δ
𝐴𝑝,𝑟

≤ 𝑟
2𝑝 + 1

2 −
1 − 1 − 4𝑝(1 − 2𝑝)

4𝑝 . (4.62)

For the proof, see Appendix B.2. A plot of the above conditions for fixed values of 𝑟 is
displayed in Figure 4.2. Notice that the strength of the environmental correlationsΔ governs the
divisibility degree of the reduced dynamics, in that 𝑖. ⇒ 𝑖𝑖𝑖. ⇒ 𝑖𝑖.; on the other hand, 𝑖𝑖𝑖. ⇏ 𝑖.
(see Remark 4.4 below). To illustrate how the intensity of the environmental correlations relates
to the emergence of SBFI, consider 𝑟 = 0 so that 2Δ ≤ 𝐴𝑝,0 and, by 𝑖𝑖., Λ𝑛 is guaranteed to
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4. Superactivation of memory effects

FIGURE 4.2: Divisibility regions for the discrete-time Pauli dynamicsΛ𝑛 obtained from the unitary coupling
with a Markov chain. The regions are determined by (4.60), (4.61) and (4.62); they are displayed for fixed
values of 𝑟 = 0 and 𝑟 = 0.001 as a function of 𝑝 ∈ [0, 1/1] and Δ/𝑝 ∈ [0, 1].

be P-divisible. Then, the discrete-time intertwiners Λ𝑛,𝑚 are contractive and forbid BFI for a
single qubit.

We now consider 𝑝 ≪ 1 and proceed with a perturbative analysis. Given any 𝑋 = 𝑋† ∈
𝑀2(ℂ), one has that (see Appendix B.2 for details) up to second order in 𝑝,

Λ𝑛,𝑛−1[𝑋]1 − ‖𝑋‖1 = −𝐾1 𝑝 + 𝐾2(Δ) 𝑝2 + 𝑜(𝑝2) ,

with 𝐾1 ≥ 0 and 𝐾2(Δ) > 0 and no discrete-time dependence. Therefore, possible environ-
ment correlations (Δ ≠ 0) contribute with a positive second order term in the small parameter
𝑝; this latter cannot counteract the negative, correlation independent first order term which
then makes the maps Λ𝑛,𝑛−1 contractive for all time-steps 𝑛 in the regime 0 ≤ Δ ≤ 𝑝 ≪ 1,
thus concretely showing why there cannot be BFI for one qubit: the single qubit state distin-
guishability can never increase in time.

On the other hand, considering now two qubits, again setting 𝑟 = 0, at leading order in
0 ≤ 𝑝 ≪ 1, condition (4.62) implies Δ/𝑝 ≡ 𝑄 ≤ 1/2. Therefore, if 𝑄 > 1/2, Λ𝑛,𝑛−1 ⊗
Λ𝑛,𝑛−1 cannot be positive and is thus not contractive. Moreover, being Λ𝑛 ⊗ Λ𝑛 invertible,
the collisional dynamics of two qubits certainly exhibits SBFI. Also, the lack of positivity of
Λ𝑛,𝑛−1⊗Λ𝑛,𝑛−1 for𝑄 > 1/2 is easily seen by acting on totally symmetric projector 𝑃 (2)

+ . Indeed,
as shown in Appendix B.2,

Λ𝑛,𝑛−1 ⊗ Λ𝑛,𝑛−1[𝑃 (2)
+ ]1 − 𝑃 (2)

+ 1 = 4𝑝2 (2𝑄 − 1) > 0 ,

hence Λ𝑛,𝑛−1 ⊗ Λ𝑛,𝑛−1 is non-contractive.

Remark 4.4. UnlikeΛ𝑡 ⊗Λ𝑡 in continuous time, in discrete timeΛ𝑛 ⊗Λ𝑛 can be P-divisible even
if Λ𝑛 is not CP-divisible. Indeed, Theorem 4.1 relies upon the existence of time-local generators. Thus,
even ifΛ𝑛 is not CP-divisible,Λ𝑛 ⊗ Λ𝑛 need not automatically display SBFI. However, as we saw
above, in our case SBFI is triggered by sufficiently strong environment correlations that help to violate
the inequality (4.62).
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4.2. SBFI in a classical Markov environment

4.2.2.1 Two-qubit System–Environment correlations: unitary case
We now study the single and two qubit information flows from and into the collisional environ-
ment by means of the system-environment correlations as quantified by the mutual information.
As we are interested in the discrete-time behaviour of correlations between open system 𝑆 and
subalgebras 𝒜[−𝑎,𝑏]

𝐸 , we focus upon the following time-dependent mutual information:

𝐼(𝑛)𝑆[−𝑎,𝑏] = 𝑆⒧Ω(𝑛)
𝑆 ⒭ + 𝑆⒧Ω(𝑛)

[−𝑎,𝑏]⒭ − 𝑆⒧Ω(𝑛)
𝑆[−𝑎,𝑏]⒭ , (4.63)

with the notation of Section 2.1.4. We consider the latter as a faithful quantifier of the system-
chain correlations: an increase/decrease with 𝑛 of 𝐼(𝑛)𝑆[−𝑎,𝑏] would signal increasing/decreasing
correlations between system and environment.

First, we restrict the system-environment state at discrete-time 𝑛,𝜔(𝑛)
𝑆𝐸 , on a local observable

𝑋𝑆 ⊗ 𝐴[−𝑎+1,𝑏]
𝐸 , 𝑎, 𝑏 ∈ ℕ. One thus retrieves the evolved local system-environment density

matrix given by (see (B.27) in Appendix B.3)

Ω(𝑛)
𝑆[−𝑎,𝑏] = 

𝒌[−𝑛+1,𝑏]

𝑝𝒌[−𝑎,𝑏] 𝜙
‡
𝒌[−𝑛+1,0] [𝜌𝑆] ⊗ Π[−𝑎,𝑏]

𝒌[−𝑛+1,𝑏] . (4.64)

In Appendix B.3, it is shown that the mutual information (4.63) for the above density ma-
trix (4.64) takes the form

𝐼(𝑛)𝑆[−𝑎,𝑏] = 𝑆(Λ𝑛[𝜌𝑆]) − 
𝒌[1,𝑛]

𝑝𝒌[1,𝑛] 𝑆 ⒧𝜙
‡
𝒌[1,𝑛] [𝜌𝑆]⒭ .

Note that the previous expression depends only on 𝑛 and not on the size of the portion of the
chain considered. Taking now into account two independent qubits coupled to identical chains,
the maximal mutual information of their local density matrix reads

𝐼(𝑛)(𝑆+𝑆)𝐸 = 𝑆(Λ𝑛 ⊗ Λ𝑛[𝜌𝑆+𝑆]) − 
𝒊[1,𝑛],𝒌[1,𝑛]

𝑝𝒊[1,𝑛] 𝑝𝒌[1,𝑛] 𝑆 ⒧𝜙
‡
𝒊[1,𝑛] ⊗ 𝜙‡

𝒌[1,𝑛] [𝜌𝑆+𝑆]⒭ . (4.65)

In the case under consideration, the unital maps 𝜙𝑖 are unitary; thus (4.65) yields

𝐼(𝑛)(𝑆+𝑆)𝐸 = 𝑆(Λ𝑛 ⊗ Λ𝑛[𝜌𝑆+𝑆]) − 𝑆(𝜌𝑆+𝑆) ; (4.66)

in particular, the variation of themutual information between two discrete-times𝑛 ≥ 𝑚 reduces
to checking the behaviour of two-qubit entropy:

Δ𝐼(𝑛,𝑚)
(𝑆+𝑆)𝐸 ≡ 𝑆(Λ𝑛 ⊗ Λ𝑛[𝜌𝑆+𝑆]) − 𝑆(Λ𝑚 ⊗ Λ𝑚[𝜌𝑆+𝑆]) . (4.67)

Let us recall that the von Neumann entropy increases under PTP unital maps; thus, when the
unital single-qubit reduced dynamics is P-divisible, Δ𝐼(𝑛,𝑚)

𝑆𝐸 ≥ 0. On the other hand, moving
to two qubits, choose as a concrete instance

𝑟 = 0 , 1
4 ≤ 𝑝 ≤ 1

2 , Δ = 1 − 2𝑝
2 ≤ 𝑝 ≤ 1

2 , (4.68)

so that Λ𝑛 is P-divisible with (4.61) being saturated and the Pauli eigenvalues (4.58) at the
first two successive discrete-time steps satisfy 𝜆1 = 𝜆2 = 𝐴𝑝,0 = 1 − 2𝑝. Further, choosing
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4. Superactivation of memory effects

𝑝 = 1/4 + 𝜖, 𝜖 ≪ 1, one can perform a perturbative study and show that the two-qubit
completely symmetric projector 𝜌𝑆+𝑆 = 𝑃 (2)

+ witnesses a decrease of the two-qubit vonNeumann
entropy (details can be found in Appendix B.5),

Δ𝐼(2,1)(𝑆+𝑆)𝐸 = −4 log ⒧43⒭ 𝜖
2 < 0 , (4.69)

hence a decrease of system-environment correlations between the first and the second collision.

4.2.3 Dissipative coupling: stroboscopic limit
Let us now take 𝜑 = 𝑒−2𝛾𝜏, 𝛾, 𝜏 > 0 so that 𝜙0 = id2 and

𝜙𝑘 = 𝑒𝜏ℒ𝑘 , ℒ𝑘[𝑋] = 𝛾 (𝜎𝑘𝑋𝜎𝑘 − 𝑋) , 𝑘 = 1, 2, 3 . (4.70)

In such case, our model is analogous to a collisional model in which the qubit 𝒜𝑆 and the
ancilla 𝒜(0)

𝐸 undergo a joint dissipative evolution 𝑋𝑆 ⊗ 𝐴(0)
𝐸 ↦ 𝑒𝜏𝕃[𝑋𝑆 ⊗ 𝐴(0)

𝐸 ] for a time 𝜏,
before the shift on the chain is applied (the form of the the GKLS generator 𝕃 is reported in
Appendix B.4). The Markov chain correlations then contribute with memory effects on top of
this Markovian semigroup dynamics.

This choice proves particularly convenient for retrieving a continuous-time dissipative dy-
namics and thereby for comparing BFI and SBFI within such a continuous framework. The
technique employed is the so-called stroboscopic limit defined by 𝜏 → 0, 𝑛 → ∞, 𝑛𝜏 → 𝑡 [89,
135]. Choosing Δ = 𝑒−𝜅𝜏/2, 𝑝 → 1/2 and, straightforwardly, 𝜆(3)

𝑡 = 𝑒−2𝛾𝑡, while the other
two Pauli eigenvalues are both equal to the solution 𝜆𝑡 of the integro-differential equation

𝜆̇𝑡 = −𝛾 𝜆𝑡 + 𝛾2 
𝑡

0
d𝑠 𝑒−(𝜅+𝛾)(𝑡−𝑠) 𝜆𝑠 , (4.71)

which yields (see Appendix B.4)

𝜆𝑡 = 𝑒−(𝛾+
𝜅
2 )𝑡 cosh (𝐾𝑡) + 𝜅

2𝐾 sinh (𝐾𝑡)  , (4.72)

where 𝐾 ≡ 𝜅2 + 4𝛾2/2. We thus obtain a family of P-divisible Pauli dynamical maps, with
generator ℒ𝑡[𝜌] = 1

2 ∑
3
𝑖=1 𝛾

(𝑖)
𝑡 (𝜎𝑖𝜌𝜎𝑖 − 𝜌) and rates

𝛾(1)
𝑡 = 𝛾(2)

𝑡 = 𝛾 , (4.73)

𝛾(3)
𝑡 = − 2𝛾2

𝜅2 + 4𝛾2 coth ⒧ 12 𝑡𝜅2 + 4𝛾2⒭ + 𝜅
, (4.74)

with 𝛾(3)
𝑡 being negative at all times.

4.2.3.1 Two-qubit System–Environment correlations: dissipative case
Let us consider the case Δ = 1/2 and 𝑝 = 1/2. Notice that such case corresponds to 𝜅 = 0
and 𝛾(3)

𝑡 = −𝛾 tanh(𝛾𝑡), namely to the well known “eternally” non-Markovian evolution firstly
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FIGURE 4.3: System-chain mutual information for the state 𝜌(1)
𝑋 with fixed 𝜇1 = 𝜇2 = 𝜈 = 1/4, 𝑣 = 𝑖/8 at

different values of real 𝑢. For 𝑢 = 0.001, the behaviour is compared with that of the trace norm of the
Helstrommatrix betweenΛ𝑡⊗Λ𝑡[𝜌

(1)
𝑋 ] andΛ𝑡⊗Λ𝑡[𝜌

(3)
𝑋 ], with bias 𝜇 = 0.52, 𝜌(3)

𝑋 being in the form (4.76)
w.r.t.the computational basis and defined by parameters 𝜇′

1 = 𝜇′
2 = 1/2, 𝜈′ = 0, 𝑢′ = 1/8, 𝑣′ = 0. One

easily sees that the marginals of 𝜌(1)
𝑋 are the maximally mixed state 12/2.

discussed in [138]. In such case, only two sequences 𝒊[1,𝑛] have non-vanishing probabilities and
thus contribute to (4.40), namely 𝟏 = 111… and 𝟐 = 222… with probabilities 𝑝𝟏 = 𝑝𝟐 =
1/2. Accordingly, the continuous-time limit of (4.65) reads

𝐼(𝑡)(𝑆+𝑆)𝐸 = 𝑆(Λ𝑡 ⊗ Λ𝑡[𝜌𝑆+𝑆]) −
1
4 

𝑖,𝑗=1,2
𝑆(𝑒𝑡ℒ𝑖 ⊗ 𝑒𝑡ℒ𝑗 [𝜌𝑆+𝑆]). (4.75)

Notice that, unlike in the unitary case, each of the entropies in the second term now grows in
time due to the joint unital dissipative evolution of 𝒜𝑆 and 𝒜(0)

𝐸 that mixes them. We study
𝐼(𝑡)(𝑆+𝑆)𝐸 picking 𝜌𝑆+𝑆 of 𝑋-shape with respect to the eigenvectors of the matrix 𝜎1 ⊗ 𝜎1:

𝜌(1)
𝑋 =

⎛⎜⎜⎜
⎝

𝜇1 0 0 𝑢
0 𝜈 𝑣 0
0 ̄𝑣 1 − (𝜇1 + 𝜇2 + 𝜈) 0
̄𝑢 0 0 𝜇2

⎞⎟⎟⎟
⎠
. (4.76)

In Appendix B.5, its decomposition in terms of the Pauli matrix tensor products {𝜎𝑖⊗𝜎𝑗}𝑖𝑗 is re-
ported, fromwhich the time-evolving states entering (4.75) can be easily inferred. In Figure 4.3,
we display the system-chain mutual information when the system is initialized in a state of the
class (4.76), which displays a growth and collapse of correlations. We also compare such be-
haviour with that of Λ𝑡 ⊗ Λ𝑡[Δ𝜇(𝜌

(1)
𝑋 , 𝜌(3)

𝑋 )]
1
, where 𝜌(3)

𝑋 has 𝑋 shape in the computational
basis.

Thus, the system-chain correlations can undergo a decrease for a certain time interval, de-
spite the stationarity of the environment.

Remark 4.5. As discussed in Remark 2.6.2, the information lost by the system and subjected to BFI is
generally thought to be stored either in system-environment correlations or in changes of the environ-
mental state (notice that in our Example, the environment is stationary (4.39)) [12, 75]. In Fig.4.3
the mutual information 𝐼(𝑡)𝑆𝐸 of (4.75) is plotted for X states with 𝜇1,2 = 𝜈 = 1/4. As for the max-
imally entangled state state 𝑃 (2)

+ considered in (4.69), these states have maximally mixed marginals.
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For a state 𝜌𝑆+𝑆 with maximally mixed marginals, using trace preservation and factorization, one
shows that

Tr1(2)(Λ𝑡 ⊗ Λ𝑡[𝜌𝑆+𝑆]) = Λ𝑡[Tr1(2)(𝜌𝑆+𝑆)] =
12
2 .

Similarly, one checks that the one-qubit local density matrix (4.64), obtained by tracing over one of
the two open systems together with its own environment, reduces to

Ω(𝑡)
𝑆[−𝑎,𝑏] =

12
2 ⊗ 𝜌[−𝑎,𝑏]

𝐸 ⟹ 𝐼(𝑡)𝑆𝐸 = 0. (4.77)

For such states, the bipartite correlations have a non-monotonic behaviour in time, while the qubit-
chain marginals are uncorrelated at all times due to (4.77). Thus, in such case, the information is
temporarily stored non-locally in the system-environment correlations.

In this Chapter, we studied several aspects of SBFI both from the phenomenological per-
spective of the dynamical map and from the point of view of a concrete collisional model. In
Section 4.1, we discussed SBFI in terms of entropies. All Renyi 𝑝-entropies decrease under
P-divisible evolutions for 𝑝 ∈ (1,∞). Nevertheless P-divisible, not CP-divisible dynamics may
display a decrease in the Renyi 𝑝-entropies when coupled to an identical copy of themselves,
since the compound dynamics necessarily loses P-divisibility. Alas, this is never the case for
the Renyi 2-entropy, a standard measure of the purity of a state. On the other hand, we con-
structed a class of Pauli dynamical maps for which SBFI is witnessed by the Renyi 𝑝-entropies
with 1 ≤ 𝑝 < 2 and by the von Neumann entropy (𝑝 → 1+). Interestingly, a sufficient con-
dition for that is to consider time-dependent Pauli generators with a zero eigenvalue in their
spectrum at some given instant of time so to be at the border of P-divisibility. Furthermore, no
entanglement is needed at any time of the evolution in order to witness the effect.

In Section 4.2 we studied SBFI both in the discrete and continuous-time regimes for an
open system of two qubits, each coupled to a classical Markov chain. The emergence of bipar-
tite memory effects has been investigated by means of the system-chain mutual information
of local density matrices obtained through the algebraic approach. Growths and collapses of
correlations have been detected for both unitary and dissipative collisions: in the former case,
the mutual information is simply the systems entropy up to a constant. Then, one proceeds
similarly as done in Section 4.1.3. In the dissipative case, instead, the mutual information has
the form of a Jensen-Shannon divergence. The non-monotonicity of the aforementioned quan-
tities provides a clear-cut physical interpretation in terms of system-environment correlations.
Interestingly, although information might be stored in and released through classical correla-
tions, SBFI has no classical counterpart. Its quantum character, while not manifest through
entanglement of the states involved, is exposed by the quantumness of the bipartite Helstrom
ensemble.
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CHAPTER 5
Quantum dynamical entropy and

non-Markovianity

In Chapter 1, we emphasized the interpretation of the ALF entropy as the information gained
per time step about the dynamical system through iterated measurements, in analogy with its
classical counterpart, the KS entropy. Despite the earlier approach by Lindblad concerned irre-
versible processes [7], the vast majority of applications of ALF entropy have been developed in
the context of reversible systems displaying chaotic behaviour [27]. After having adapted the
framework of symbolic models to the study of open systems in Section 2.2, we now turn to
the discussion of their dynamical entropy. Since the ALF entropy encodes information about
the full multi-time statistics of the process, we aim to exploit it for the study of the system–
environment exchange of information, with the goal of better understanding the mechanisms
underlying memory effects. Moreover, these results can be compared with properties of the
reduced dynamics, such as divisibility and information revivals, which were the focus of Chap-
ters 3 and 4. In particular, the concrete example of a collisional model presented in Section 4.2
allows for an exact computation of the open-system ALF entropy and its interpretation in terms
of the parameters of the model. Finally, we move to investigate the dynamics in the GNS rep-
resentation: in this context, further connections emerge between the ALF entropy and the
superactivation of memory effects in the reduced dynamics.

5.1 Open-system ALF entropy
Consider the triple (𝒜𝑆 ⊗ 𝒜𝐸, 𝜔𝑆 ⊗ 𝜔𝐸, Θ), where the joint system-environment evolution
consists in a discrete one-parameter group of automorphisms that leave 𝜔𝑆 ⊗ 𝜔𝐸 invariant,
with 𝜌𝑆 a faithful density matrix. As in Section 2.2, by means of repeated measurements, the
Alicki-Fannes procedure allows to extract a symbolic model of the dynamics which, in the
open-system setting, takes the form of a coarse-grained density matrix of the type

𝜌𝑆 𝒳(𝑛)
𝒂,𝒃

= 𝜔𝑆 ⊗ 𝜔𝐸 ⒧𝑋
(𝑛)†
𝒃 𝑋(𝑛)

𝒂 ⒭ (5.1)

= 𝜔𝑆 ⊗ 𝜔𝐸⒧𝑋†
𝑏0 ⊗ 1𝐸 Θ(𝑋†

𝑏1 ⊗ 1𝐸)…Θ𝑛−1(𝑋†
𝑏𝑛−1𝑋𝑎𝑛−1 ⊗ 1𝐸)…Θ(𝑋𝑎1 ⊗ 1𝐸)𝑋𝑎0 ⊗ 1𝐸⒭ .

99



5. Quantum dynamical entropy and non-Markovianity

where the OPU 𝒳 is constrained to be a subset of 𝒜𝑆 due to the inaccessibility of the envi-
ronment. In other words, the entries of (5.1) are the multi-time correlation functions obtained
from measuring the open system, only. As in Section 1.5, to the density matrix (5.1) there
naturally correspond entropy rates

𝔥𝑆(Θ,𝒳) ∶= 𝔥𝜔𝑆𝐸 (Θ,𝒳) = lim sup
𝑛

1
𝑛𝑆 ⒧𝜌𝑆 𝒳

(𝑛)⒭ , 𝒳 ⊆ 𝒜𝑆 . (5.2)

Then, one maximizes over all physically admissible OPUs, namely, over the POVM measure-
ments of the open system (ℬ = 𝒜𝑆) obtaining the open-system ALF entropy:

𝔥𝑆(Θ) ∶= sup
𝒳⊆𝒜𝑆

𝔥𝑆(Θ,𝒳) . (5.3)

When the state 𝜔𝑆 corresponds to a faithful density matrix 𝜌𝑆 > 0, the GNS representation
associated with the state𝜔𝑆𝐸 = 𝜔𝑆⊗𝜔𝐸 is the tensor product (ℋ𝑆⊗ℋ𝐸, 𝜋𝑆⊗𝜋𝐸, √𝜌𝑆⊗|Ω𝐸⟩)
of the GNS representations of 𝑆 and 𝐸, respectively (see Proposition 1.3). Here, √𝜌𝑆 is the
canonical purification of 𝜌𝑆 as in Example 1.3. If 𝜔𝑆 ⊗ 𝜔𝐸 is also invariant under the global
automorphism Θ, the latter can be implemented unitarily

𝑈†
Θ𝜋𝑆 ⊗ 𝜋𝐸(𝑋𝑆 ⊗ 𝑋𝐸) √𝜌𝑆 ⊗Ω𝐸 ∶ = 𝜋𝑆 ⊗ 𝜋𝐸(Θ(𝑋𝑆 ⊗ 𝑋𝐸)) √𝜌𝑆 ⊗Ω𝐸 ,

𝕌‡
Θ[𝜋𝑆 ⊗ 𝜋𝐸(𝑋𝑆 ⊗ 𝑋𝐸)] ∶ = 𝑈†

Θ𝜋𝑆 ⊗ 𝜋𝐸(𝑋𝑆 ⊗ 𝑋𝐸)𝑈Θ = 𝜋𝑆 ⊗ 𝜋𝐸(Θ(𝑋𝑆 ⊗ 𝑋𝐸)) ,
𝑈Θ √𝜌𝑆 ⊗Ω𝐸 = √𝜌𝑆 ⊗Ω𝐸 . (5.4)

Then, by (1.128), the entropy of 𝜌𝑆𝒳(𝑛) can be equivalently computed in the GNS represen-
tation as the entropy of

(𝕌Θ ∘ (𝕏 ⊗ id𝑆 ⊗ id𝐸))
𝑛  √𝜌𝑆√𝜌𝑆 ⊗ |Ω𝐸⟩⟨Ω𝐸|  (5.5)

where 𝑀𝑑(ℂ) ∋ 𝑌 ⟼ 𝕏[𝑌] =
|𝒳|


𝑎=1

𝑋𝑎 𝑌 𝑋†
𝑎

is the CPTP map associated to the OPU 𝒳 as in Section 1.4.3 and Appendix C.1. Notice that,
in (5.5), measurements act non-trivially only on the first party of the purified open system.

Remark 5.1. Following the general discussion of Section 1.5, we can then interpret 𝔥𝑆(Θ) as the
entropy production rate due to the discrete semigroup evolution (5.5), that describes repeated measure-
ments on 𝑆 intertwining the 𝑆 + 𝐸 unitary evolution: it quantifies the maximal rate of information
about the dynamics that is extractable by measurements on the open system 𝑆 only.

5.1.1 ALF entropy in the Quantum Regression regime
Let us first consider the open system symbolic dynamics in the Quantum Regression regime.
Since we are assuming a group automorphism Θ𝑛 = Θ𝑛 and an invariant state 𝜔𝑆 ⊗ 𝜔𝐸, 𝜔𝑆
being described by a faithful density matrix 𝜌𝑆 > 0, Proposition 2.13 establishes that the entries
of the coarse-grained density matrix (5.1) in the QR regime become, for all 𝑛 ≥ 1,

𝜌𝑆𝒳(𝑛)
𝒂𝒃

= 𝜔𝑆⒧𝑋†
𝑏0 Λ

‡𝑋†
𝑏1 Λ

‡… Λ‡𝑋†
𝑏𝑛−1𝑋𝑎𝑛−1… 𝑋𝑎1 𝑋𝑎0⒭ , (5.6)

where Λ ≡ Λ1. In this scenario, it is instructive to compare the behaviour of the ALF entropy
under reversible and non-reversible dynamics.
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Finite, closed system. Let 𝑆 be a closed system not interacting with its environment, namely

Θ(𝑋𝑆 ⊗ 𝑋𝐸) = Θ𝑆(𝑋𝑆) ⊗ Θ𝐸(𝑋𝐸) ,

with Θ𝑆(𝑋𝑆) = 𝑈†
𝑆𝑋𝑆𝑈𝑆, 𝑈†

𝑆𝑈𝑆 = 𝑈𝑆𝑈†
𝑆 = 1𝑑 and Θ𝐸 being automorphisms of 𝒜𝑆 and 𝒜𝐸,

respectively. The coarse-grained density matrix (5.1) then becomes

𝜌𝑆𝒳(𝑛)𝒂,𝒃 = Tr ⒧𝜌𝑆 𝑋†
𝑏0 Θ𝑆⒧𝑋†

𝑏1 …Θ𝑆⒧𝑋†
𝑏𝑛𝑋𝑎𝑛⒭ … 𝑋𝑎1⒭ 𝑋𝑎0⒭ . (5.7)

so that QR holds trivially, but for a reversible dynamics. Then, as explained in Example 1.10,

𝔥𝑆(Θ) = 0 for a finite-level closed system 𝑆. (5.8)

Finite, open system. One can determine whether the QR property holds from partition-
specific entropy rates, as already noted in [7]. We refer again to the OPU introduced in Re-
mark 1.18 and used in Theorem 2.12:

ℱ ∶= {𝐹𝑎,𝑎′}𝑑𝑎,𝑎′=1, 𝐹𝑎,𝑎′ = √𝑟𝑎 |𝑟𝑎⟩⟨𝑟𝑎′ | ∈ 𝒜𝑆 , (5.9)

where 𝑟𝑎 and |𝑟𝑎⟩ are the eigenvalues, respectively, eigenvectors of 𝜌𝑆; the above OPU thus
leaves 𝜔𝑆 ⊗ 𝜔𝐸 invariant.

Corollary 5.1. The entropy rate associated with the OPUℱ is bounded from above by:

𝔥𝑆(Θ,ℱ) ≤ 𝑆 ⒧Λ ⊗ id𝑑 √𝜌𝑆√𝜌𝑆 ⒭ . (5.10)

Furthermore, the inequality saturates to an equality if and only if 𝕋𝑛 = ⨂𝑛
𝑘=1 Λ , where 𝕋𝑛 was

defined in (2.78), or, equivalently, if and only if QR condition holds.

The proof is reported in Appendix D.3. Suppose that QR-Markovianity holds. Then, (5.10)
saturates to an equality and

𝔥𝑆(Θ) ≥ 𝔥𝑆(Θ,ℱ) = 𝑆 ⒧Λ ⊗ id𝑑 √𝜌𝑆√𝜌𝑆 ⒭ , (5.11)

which are strictly positive quantities unless Λ is an isometry, Λ[𝑋] = 𝑉𝑋𝑉†, 𝑉†𝑉 = 1𝑑 . Thus,
for finite quantum systems, the dynamical entropy vanishes in all reversible dynamical settings,
while it is strictly positive for an irreversible QR-Markovian one.

5.2 Dynamical entropy and collisional models
We now aim to investigate the behaviour of the open-system ALF entropy beyond the QR
regime, in which memory effects are expected to play a significant role in the dynamics. We
shall refer again to the collisional framework introduced in Section 2.1.4. Within this scheme,
we first show that the open-system dynamical entropy 𝔥𝑆(Θ) cannot exceed the dynamical
entropy of the shift on the quantum spin chain 𝒜𝐸, which provides the environment of the
finite open quantum system 𝑆 and was computed in Example 1.13.

Proposition 5.1. Let 𝜔𝑆 ⊗ 𝜔𝐸 be aΘ-invariant state. Then,

𝔥𝑆(Θ) ≤ 𝔖𝜔𝐸 + log(𝐷) , (5.12)

where 𝔖𝜔𝐸 is the mean von Neumann entropy of the chain (1.30).
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Proof. With respect to a Θ-invariant state, one proceeds as in Example 1.13. After 𝑛 steps of
the dynamics the algebra of the system is mapped into the local algebras 𝒜𝑆 ⊗ 𝒜[1,𝑛]

𝐸 , due to
the action of the shift,

Θ𝑛(𝒜𝑆 ⊗ 1𝐸) ⊆ 𝒜𝑆 ⊗𝒜[1,𝑛]
𝐸 . (5.13)

Accordingly, time-refinements of OPU elements initially pertaining only to the system, 𝑋𝑎 ∈
𝒜𝑆 consist of operators

𝑋[1,𝑛]
𝒂 ∶= Θ𝑛(𝑋𝑎𝑛 ⊗ 1𝐸)…Θ(𝑋𝑎1 ⊗ 1𝐸)𝑋𝑎0 ⊗ 1𝐸 ,

which are localized 𝒜𝑆 ⊗𝒜[1,𝑛]
𝐸 . Accordingly, the correlation matrix reads:

𝜌 𝒳(𝑛+1)
𝒂,𝒃

= 𝜔𝑆𝐸 ⒧𝑋
[1,𝑛]†
𝒃

𝑋[1,𝑛]
𝒂 ⒭ = Tr ⒧Ω𝑆[1,𝑛] 𝑋

[1,𝑛]†
𝒃

𝑋[1,𝑛]
𝒂 ⒭ ,

with Ω𝑆[1,𝑛] = 𝜌𝑆 ⊗𝜌[1,𝑛]
𝐸 ∈ 𝑀𝑑(ℂ) ⊗𝑀 [1,𝑛]

𝐷 (ℂ). Hence, from Proposition 1.12, together with
the fact that 𝑆(Ω𝑆[1,𝑛]) = 𝑆(𝜌𝑆) + 𝑆(𝜌[1,𝑛]

𝐸 ) and

𝑆 ⎛
⎝

𝒂

𝑋[1,𝑛]
𝒂 Ω𝑆[1,𝑛] 𝑋[1,𝑛]†

𝒂
⎞
⎠
≤ log(𝑑𝐷𝑛) ,

the following upper bound ensues:

𝑆 ⒧𝜌 𝒳(𝑛)⒭ ≤ 𝑆(𝜌𝑆) + 𝑆⒧𝜌[1,𝑛]
𝐸 ⒭ ≤ log(𝑑) + 𝑛 log(𝐷) .

Dividing by 𝑛 and taking the lim sup on both sides, and maximizing over all OPUs on the
left-hand side, yields inequality (5.12).

Remark 5.2. Consider the quantum mutual information

𝐼𝑛(𝜔𝐸) ∶= 𝑆(𝜌[1,𝑛]
𝐸 ) + 𝑆(𝜌{1}

𝐸 ) − 𝑆(𝜌[1,𝑛+1]
𝐸 ) = 𝑆1 − (𝑆𝑛+1 − 𝑆𝑛) ,

quantifying the correlations between 𝑛 sites of the spin chain and subsequent one. From (1.30), the
large 𝑛 limit yields

ℑ𝜔𝐸 ∶= lim
𝑛

𝐼𝑛(𝜔𝐸) = 𝑆1 − 𝔖𝜔𝐸 ≥ 0, (5.14)

where the inequality saturates to an equality for a Bernoulli source. Thus, the stronger the correlations
in (5.14), namely the lower the mean entropy of the environment, the tighter the bound in (5.12) on
the maximal entropy production of the open system 𝑆.

5.2.1 Classical coupling
In Chapter 4, we discussed a particular case of a collisional model with a classical environment,
described by an Abelian spin chain algebra endowed with a shift-invariant state, and repeatedly
interacting with the system through a CP unital mapΦ taken as a “classical control” (4.37). We
shall now focus again on this class of collisional models, whereby the coupling map is given by
the automorphism

Φ[𝑋𝑆⊗𝐴[−𝑎,𝑏]
𝐸 ] =

𝐷


𝑘=1

𝜙𝑘[𝑋𝑆]⊗Π(0)
𝑘 𝐴[−𝑎,𝑏]

𝐸 Π(0)
𝑘 , 𝜙𝑘[𝑋𝑆] = 𝑈†

𝑘𝑋𝑆𝑈𝑘 , 𝑈𝑘𝑈†
𝑘 = 𝑈†

𝑘𝑈𝑘 = 1𝑑 .

(5.15)
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with 𝑋𝑆 ∈ 𝒜𝑆 and 𝐴[−𝑎,𝑏]
𝐸 ∈ 𝒜[−𝑎,𝑏]. In Proposition 4.5, we showed that the reduced dynamics

of the system after 𝑛 collisions is governed by the CPTP evolution

Λ𝑛 = 
𝒊[1,𝑛]

𝑝𝒊[1,𝑛] 𝜙
‡
𝒊[1,𝑛] , (5.16)

with 𝜙‡
𝒊[1,𝑛] = 𝜙‡

𝑖𝑛 …𝜙‡
𝑖1 . We first show that the coarse-grained density matrices obey a convex

decomposition similar to that of the dynamical map (5.16).

Structure of the coarse-grained density matrix Basing on the collisional model with a classi-
cal environment of Section 4.2, the coarse-grained density matrix takes the form

𝜌𝑆 𝒳(𝑛+1) = 
𝒊[1,𝑛]

𝑝𝒊[1,𝑛] 𝜌𝑆 𝒳𝒊[1,𝑛] , (5.17)

where 𝒊[1,𝑛] = 𝑖1 …𝑖𝑛, and indexed coarse-grained density matrices

𝜌𝑆 𝒳𝒊[1,𝑛]𝒂,𝒃 = 𝜔𝑆⒧𝑋†
𝑏0𝜙𝒊{1} [𝑋

†
𝑏1 ]𝜙𝒊[1,2] [𝑋

†
𝑏2 ]…𝜙𝒊[1,𝑛] [𝑋

†
𝑏𝑛𝑋𝑎𝑛 ]…𝜙𝒊[1,2] [𝑋𝑎1 ]𝜙𝒊{1} [𝑋𝑎1 ]𝑋𝑎0⒭ ,

= 𝜔𝑆⒧𝑋†
𝑏0𝜙𝑖1𝑋

†
𝑏1𝜙𝑖2𝑋𝑏†2 …𝜙𝑖𝑛 𝑋

†
𝑏𝑛𝑋𝑎𝑛 …𝑋𝑎2𝑋𝑎1𝑋𝑎0⒭ (5.18)

with respect to the automorphisms 𝜙𝒊[1,𝑘] = 𝜙𝑖1 ∘ ⋯ ∘ 𝜙𝑖𝑘 and with

𝒳𝒊[1,𝑛] = ⒧𝑋𝒊[1,𝑛]⒭𝒂𝒂 , ⒧𝑋𝒊[1,𝑛]⒭𝒂 ∶= 𝜙𝒊[1,𝑛] [𝑋𝑎𝑛 ]⋯𝜙𝒊1 [𝑋𝑎1 ]𝑋𝑎0 ,

forming a OPU in 𝒜𝑆.

Proof. Consider 𝑋𝑎1 ∈ 𝒜𝑆; then,

Θ[𝑋𝑎1 ⊗ 1𝐸] = 
𝑘1

𝜙𝑘1 [𝑋𝑎1 ] ⊗ Π(1)
𝑘1 ,

Θ2[𝑋𝑎2 ⊗ 1𝐸] = 
𝑘1,𝑘2

𝜙𝑘1 ∘ 𝜙𝑘2 [𝑋𝑎2 ] ⊗ Π(1)
𝑘1 ⊗Π(2)

𝑘2 ,

so that the refined partition after the first two time steps after consists of operators

Θ2[𝑋𝑎2 ⊗ 1𝐸]Θ[𝑋𝑎1 ⊗ 1𝐸]𝑋𝑎0 ⊗ 1𝐸 = 
𝑘1,𝑘2

𝜙𝑘1 ∘ 𝜙𝑘2 [𝑋𝑎2 ]𝜙𝑘1 [𝑋𝑎1 ]𝑋𝑎0 ⊗Π(1)
𝑘1 ⊗Π(2)

𝑘2 .

Thus, one has

𝑋(𝑛+1)
𝒂 = Θ𝑛[𝑋𝑎𝑛 ⊗ 1𝐸]…Θ[𝑋𝑎1 ⊗ 1𝐸]𝑋𝑎0 ⊗ 1𝐸

= 
𝒌[1,𝑛]

𝜙𝒌[1,𝑛] [𝑋𝑎𝑛 ]𝜙𝒌[1,𝑛−1] [𝑋𝑎𝑛−1 ]…𝜙𝒌{1} [𝑋𝑎1 ]𝑋𝑎0 ⊗
𝑛


𝑗=1

Π(𝑗)
𝑘𝑗 . (5.19)
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The elements of the coarse-grained density matrix are

𝜔𝑆𝐸 ⒧𝑋
(𝑛+1)†
𝒃 𝑋(𝑛+1)

𝒂 ⒭ = 
𝒌[1,𝑛]

𝑝𝒌[1,𝑛] 𝜔𝑆⒧𝑋†
𝑏0𝜙𝑘1 [𝑋

†
𝑏1 ]…𝜙𝒌[1,𝑛] [𝑋

†
𝑏𝑛𝑋𝑎𝑛 ]…𝜙𝑘1 [𝑋𝑎1 ]𝑋𝑎0⒭ .

Notice that for fixed 𝒊[1,𝑛] the set 𝑋𝒊[1,𝑛], 𝒂𝒂, with

𝑀𝑑(ℂ) ∋ 𝑋𝒊[1,𝑘], 𝒂 ∶= 𝜙𝒊[1,𝑘] [𝑋𝑎𝑘 ]…𝜙𝒊[1,2] [𝑋𝑎2 ]𝜙𝑖1 [𝑋𝑎1 ]𝑋𝑎0 ,

forms an OPU. Indeed, the maps 𝜙𝒊[1,𝑘] are automorphisms: 𝜙𝒊[1,𝑘] [𝑋
†] = (𝜙𝒊[1,𝑘] [𝑋])† and

𝜙𝒊[1,𝑘] [𝑋𝑌] = 𝜙𝒊[1,𝑘] [𝑋]𝜙𝒊[1,𝑘] [𝑌]. In the case 𝑘 = 2, for example,


𝒂

𝑋†
𝒊[1,2], 𝒂 𝑋𝒊[1,2], 𝒂 = 

𝑎0,𝑎1

𝑋†
𝑎0𝜙𝑖1 [𝑋

†
𝑎1 ]𝜙𝒊[1,2]

⎡⎢
⎣

𝑎2

𝑋†
𝑎2𝑋𝑎2

⎤⎥
⎦
𝜙𝑖1 [𝑋𝑎1 ]𝑋𝑎0

= 
𝑎0

𝑋†
𝑎0𝜙𝑖1

⎡⎢
⎣

𝑎1

𝑋†
𝑎1𝑋𝑎1

⎤⎥
⎦
𝑋𝑎0 = 

𝑎0

𝑋†
𝑎0𝑋𝑎0 = 1𝑆 .

Remark 5.3. If the classical chain represents a Bernoulli process, 𝑝𝒌[1,𝑛] = ∏𝑛
𝑗=1 𝑝𝑘𝑗 , the col-

lisional environment is fully uncorrelated and the reduced dynamics is a semigroup, Λ𝑛 = Λ𝑛
1 ,

Λ1 = ∑𝑘 𝑝𝑘 𝜙𝑘 . Furthermore, QR holds. For example, after two iterations of the dynamics,

𝜌𝑆𝒳(3)𝒂,𝒃 = 
𝑘2,𝑘1

𝑝𝑘1𝑝𝑘2 𝜔𝑆 ⒧𝑋†
𝑏0𝜙𝑘1 𝑋

†
𝑏1𝜙𝑘2 [𝑋

†
𝑏2𝑋𝑎2 ]𝑋𝑎1 𝑋𝑎0⒭

= 𝜔𝑆
⎛
⎝
𝑋†
𝑏0 

𝑘1

𝑝𝑘1𝜙𝑘1𝑋
†
𝑏1 

𝑘2

𝑝𝑘2𝜙𝑘2 𝑋
†
𝑏2𝑋𝑎2 𝑋𝑎1

⎞
⎠

= 𝜔𝑆 ⒧𝑋†
𝑏0Λ1 𝑋†

𝑏1Λ1 𝑋†
𝑏2𝑋𝑎2 𝑋𝑎1 𝑋𝑎0⒭ ,

so that, by just knowingΛ1, one can compute the full coarse-grained density matrix.

Upper and lower bounds to the ALF entropy Given the convex combination (5.17), the von
Neumann entropy of the mixture (5.17) can be then bounded from above by

𝑆 ⒧𝜌𝑆 𝒳(𝑛+1)⒭ ≤ 𝐻 ⒧𝜋[1,𝑛]⒭ +
𝒊[1,𝑛]

𝑝𝒊[1,𝑛]𝑆 ⒧𝜌𝑆 𝒳𝒊[1,𝑛]⒭

≤ 𝐻 ⒧𝜋[1,𝑛]⒭ + 2 log(𝑑) , (5.20)

where Proposition 1.12 was used. Dividing by 𝑛 and taking the limsup of both sides of (5.20),
and taking the supremum on the l.h.s., one gets that the dynamical entropy of the open system
is upper-bounded by the KS entropy of the chain,

𝔥𝑆(Θ) ≤ lim
𝑛

1
𝑛 𝐻 ⒧𝜋[1,𝑛]⒭ = 𝔖𝜔𝐸 . (5.21)

We now show that the latter inequality can be saturated.
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Proposition 5.2. Consider a 𝑑-level system collisionally interacting with a classical stationary spin
chain through (5.15). With respect to the invariant state 1𝑑/𝑑⊗𝜔𝐸 and the OPUℱ defined in (5.9),
the coarse-grained density matrix takes the form

𝜌𝑆 ℱ(𝑛+1) = 1𝑑
𝑑 ⊗ 1𝑑

𝑑 ⊗ ⎛
⎝
𝕋𝑛 ⊗ id⊗𝑛𝑑 ⎡

⎣




1𝑑
𝑑

⊗𝑛
1𝑑

𝑑

⊗𝑛
⎤
⎦
⎞
⎠
, (5.22)

with 𝕋𝑛 = 
𝒊[1,𝑛]

𝑝𝒊[1,𝑛] 𝜙
⊗[1,𝑛]‡
𝒊[1,𝑛] , 𝜙⊗[1,𝑛]

𝒊[1,𝑛] ∶=
𝑛


𝑘=1

𝜙𝑖𝑘 , 𝜙𝑖𝑘 [ ⋅ ] = 𝑈†
𝑖𝑘 ⋅ 𝑈𝑖𝑘 .

Moreover, if the unitaries in (5.15) are such that Tr ⒧𝑈†
𝑗𝑈𝑘⒭ = 𝑑𝛿𝑗𝑘 ,

𝔥𝑆(Θ) = 𝔥𝑆(Θ,ℱ) = lim
𝑛

1
𝑛𝐻 ⒧𝜋[1,𝑛]⒭ = 𝔖𝜔𝐸 , (5.23)

that is, the ALF entropy of the system is equal to the mean Shannon entropy of the chain.

Proof. From its definition (2.78) in Theorem 2.12, the map 𝕋‡
𝑛 reads

𝕋‡
𝑛
⎡
⎣

𝑛−1

𝑘=0

𝐴(𝑘−𝑛)
𝑘

⎤
⎦
= 𝜔𝐸⒧⒧Θ ∘ 𝜎𝑆 ⊗ id𝐸⒭

𝑛 ⎡
⎣

𝑛−1

𝑘=0

𝐴(𝑘−𝑛)
𝑘 ⊗ 1𝐸

⎤
⎦
⒭ , with Θ = id𝑆 ⊗ 𝜎𝐸 ∘ Φ .

Note that in the one-step automorphism Θ ∘ 𝜎𝑆 ⊗ id𝐸 the shift appears twice: the right-most
one, 𝜎𝑆, acts on the chain 𝑀ℤ

𝑑 (ℂ) of infinite copies of the open system (as in Theorem (2.12)),
while 𝜎𝐸 is the collisional shift on the spin chain environment. Then, let us first evaluate

⒧Θ ∘ 𝜎𝑆 ⊗ id𝐸⒭ ⎡
⎣

𝑛−1

𝑘=0

𝐴(𝑘−𝑛)
𝑘 ⊗ 1𝐸

⎤
⎦
=

𝑛−2

𝑘=0

𝐴(𝑘−𝑛+1)
𝑘 ⊗

𝑖𝑛

𝜙𝑖𝑛 𝐴
(0)
𝑛−1 ⊗ Π(1)

𝑖𝑛 ,

where Π𝑖𝑛 is localized in the first site of the environment chain due to the action of 𝜎𝐸. The
second iteration leads to

⒧Θ ∘ 𝜎𝑆 ⊗ id𝐸⒭
2 ⎡
⎣

𝑛−1

𝑘=0

𝐴(𝑘−𝑛)
𝑘 ⊗ 1𝐸

⎤
⎦
=

=
𝑛−3

𝑘=0

𝐴(𝑘−𝑛+2)
𝑘 ⊗ 

𝑖𝑛−1𝑖𝑛

𝜙𝑖𝑛−1 ⊗ 𝜙𝑖𝑛 𝐴
(0)
𝑛−2 ⊗ 𝐴(1)

𝑛−1 ⊗ Π(1)
𝑖𝑛−1 ⊗Π(2)

𝑖𝑛 .

Hence, after 𝑛 iterations:

⒧Θ ∘ 𝜎𝑆 ⊗ id𝐸⒭
𝑛 ⎡
⎣

𝑛−1

𝑘=0

𝐴(𝑘−𝑛)
𝑘 ⊗ 1𝐸

⎤
⎦
= 

𝒊[1,𝑛]

𝜙⊗[1,𝑛]
𝒊[1,𝑛]

⎡
⎣

𝑛−1

𝑘=0

𝐴(𝑘)
𝑘
⎤
⎦
⊗ Π[1,𝑛]

𝒊[1,𝑛] . (5.24)

Acting on the latter with the conditional expectation 𝜔𝐸, we get

𝕋‡
𝑛
⎡
⎣

𝑛−1

𝑘=0

𝐴(𝑘)
𝑘
⎤
⎦
= 

𝒊[1,𝑛]

𝜙⊗[1,𝑛]
𝒊[1,𝑛]

⎡
⎣

𝑛−1

𝑘=0

𝐴(𝑘)
𝑘
⎤
⎦
𝜔𝐸 ⒧Π

[1,𝑛]
𝒊[1,𝑛]⒭ = 

𝒊[1,𝑛]

𝑝𝒊[1,𝑛] 𝜙
⊗[1,𝑛]
𝒊[1,𝑛]

⎡
⎣

𝑛−1

𝑘=0

𝐴(𝑘)
𝑘
⎤
⎦
.
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With respect to the tracial state 𝜌𝑆 = 1𝑑/𝑑, the coarse-grained density matrix then reads:

𝜌𝑆 ℱ(𝑛+1) = 1𝑑
𝑑 ⊗ 1𝑑

𝑑 ⊗ ⒧𝕋𝑛 ⊗ id⊗𝑛𝑑 𝜓[1,𝑛]
+ 𝜓[1,𝑛]

+  ⒭ , (5.25)

where 𝜓[1,𝑛]
+  =




1

𝑑

⊗𝑛
 = 𝑑− 𝑛

2 
𝒌[1,𝑛]

𝒌[1,𝑛] ⊗ 𝒌[1,𝑛]

and where 𝕋𝑛 is the dual of 𝕋‡
𝑛 in the Schrödinger picture, namely the map

𝕋𝑛 = 
𝒊[1,𝑛]

𝑝𝒊[1,𝑛] 𝜙
⊗[1,𝑛] ‡
𝒊[1,𝑛] , 𝜙⊗[1,𝑛] ‡

𝒊[1,𝑛] =
𝑛


𝑘=1

𝜙‡
𝑖𝑘 , 𝜙‡

𝑖𝑘 [ ⋅ ] = 𝑈𝑘 ⋅ 𝑈†
𝑘 . (5.26)

We now prove (5.23). First, by setting 𝜓𝒊[1,𝑛] = ⒧⨂𝑛
𝑘=1 𝑈𝑖𝑘 ⒭ ⊗ 1

⊗𝑛
𝑑 𝜓[1,𝑛]

+  one has

𝕋𝑛 ⊗ id⊗𝑛𝑑 𝜓[1,𝑛]
+ 𝜓[1,𝑛]

+  = 
𝒊[1,𝑛]

𝑝𝒊[1,𝑛] 𝜓𝒊[1,𝑛]𝜓𝒊[1,𝑛]  , (5.27)

In particular, since the vector states 𝜓𝒊[1,𝑛] are normalized,

𝑆 ⒧𝜌 ℱ(𝑛+1)⒭ = 2 𝑆(𝜌𝑆) + 𝑆 ⒧𝕋𝑛 ⊗ id⊗𝑛𝑑 𝜓[1,𝑛]
+ 𝜓[1,𝑛]

+ ⒭ ≤ 2 𝑆(𝜌𝑆) + 𝐻 ⒧𝜋[1,𝑛]⒭ , (5.28)

with equality holding if and only if 𝜓𝒊[1,𝑛] form an orthonormal basis in ℂ⊗𝑛
𝑑 , that is,

when (5.27) is the spectral decomposition of 𝕋𝑛 ⊗ id⊗𝑛𝑑 𝜓[1,𝑛]
+ 𝜓[1,𝑛]

+ . Equivalently, the
equality holds if and only if the unitary operators 𝑈𝑘 satisfy the orthogonality relations

Tr ⒧𝑈†
𝑗𝑈𝑘⒭ = 𝑑 𝛿𝑗𝑘 . (5.29)

In such case, dividing both sides of (5.28) by 𝑛 + 1 and taking the limit, one gets

𝔥𝑆(Θ,ℱ) = lim
𝑛

1
𝑛𝐻 ⒧𝜋[1,𝑛]⒭ = 𝔖𝜔𝐸 , (5.30)

that, along with (5.21), implies (5.23).

Markov chain environment Choose 𝜋[1,𝑛] = 𝑝𝒊[1,𝑛]𝒊[1,𝑛] as the stationary Markov distribu-
tion,

𝑝𝒊[1,𝑛] =
𝑛


𝑘=2

𝑇𝑖𝑘 𝑖𝑘−1 𝑝𝑖1 , (5.31)

defined by the stochastic matrix 𝑇𝑖𝑗 ≥ 0, with ∑𝑖 𝑇𝑖𝑗 = 1, ∑𝑗 𝑇𝑖𝑗 𝑝𝑗 = 𝑝𝑖. The mean entropy
rate of the Markov source is equal to the two-site conditional entropy of the chain,

𝔖𝜔𝐸 = −
𝑖𝑗

𝑝𝑗 𝑇𝑖𝑗 log⒧𝑇𝑖𝑗⒭ = 𝐻(𝜋(1)) − 𝐼(𝜋(1); 𝜋(2)) , (5.32)
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where
𝐼(𝜋(1); 𝜋(2)) = 𝐻(𝜋(1)) + 𝐻(𝜋(2)) − 𝐻(𝜋[1,2]) , (5.33)

denotes the mutual information between the first two subsequent sites of the classical chain.
Because of stationarity, the latter quantity does not depend on where the chosen pair is located
along the chain and measures the correlations between any two subsequent sites. Then, one
sees that the entropy rate decreases with increasing correlations between subsequent sites. As
we investigate in the following example, one can also easily construct a process with 𝑈𝑘 as
in (5.29) and for which 𝑇𝑖𝑗 ∈ {0, 1}, so that 𝔥𝑆(Θ) = 𝔖𝜔𝐸 = 0, as one would have for a
reversible evolution.

Example 5.1. Consider the Pauli evolution of Section 4.2.2, obtained by taking𝜙𝑘[ ⋅ ] = 𝜎𝑘 ⋅ 𝜎𝑘 and
the environment as a stationary Markov chain with transition matrix 𝑇 as in (4.44). The dynamical
mapΛ𝑛, through its Pauli spectrum (4.58), depends parametrically on the triple (𝑝, 𝑟, Δ). By tuning
Δ and keeping fixed the other parameters, conditions (4.60)–(4.62) found in Proposition 4.7 establish
that one can change the divisibility degree of the dynamics by increasing the correlations of the envi-
ronment. Indeed, by increasing Δ, one first loses CP-divisibility, then the P-divisibility of the second
tensor power Λ𝑛 ⊗ Λ𝑛 and finally the P-divisibility of the one qubit dynamics Λ𝑛. Notice that, for
the single qubit, only in the latter case one can detect BFI as distinguishability revivals for one qubit.

In this context, the map𝕋𝑛 in (5.22) becomes a 𝑛-qubit Pauli channel,

𝕋𝑛[𝑋] = 
𝒊[1,𝑛]

𝑝𝒊[1,𝑛] 𝜎
[1,𝑛]
𝒊[1,𝑛] 𝑋 𝜎[1,𝑛]

𝒊[1,𝑛] , 𝜎[1,𝑛]
𝒊[1,𝑛] ∶=

𝑛

𝑘=1

𝜎𝑖𝑘 . (5.34)

Notice that it is self dual:𝕋𝑛 = 𝕋‡
𝑛. Vectors

𝜓𝑘⟩ = 𝜎𝑘 ⊗ 12|𝜓(𝑑)
+ ⟩ , 𝑘 = 0,… , 3 , (5.35)

form the Bell basis, so that, from their orthogonality, the dynamical entropy of the system equals the
entropy rate of the Markov source. With 𝑇 parametrized as in (4.44), one gets

𝔥𝑆(Θ) = 𝜂(𝑝0) + 𝜂(𝑟) + 2 ⒧2𝑝 𝜂(𝑝 + Δ) + 𝜂(𝑝 − Δ)
2 + (1 − 2𝑝)𝜂(𝑝)⒭ , (5.36)

where 𝜂(𝑥) = −𝑥 log 𝑥, 𝜂(0) ∶= 0. The associated two-site mutual information reads

𝐼(𝜋(1); 𝜋(2)) = 2𝑝⒧2𝜂(𝑝) − 𝜂(𝑝 + Δ) − 𝜂(𝑝 − Δ)⒭ = 4𝑝2 ⒧log 2 − ℎ ⒧12 + Δ
2𝑝 ⒭⒭ , (5.37)

where ℎ(𝑥) ∶= 𝜂(𝑥) + 𝜂(1 − 𝑥), 0 ≤ 𝑥 ≤ 1 is the Shannon binary entropy, which is a decreasing
function of 𝑥 for 1/2 ≤ 𝑥 ≤ 1. Therefore, the two-site correlations increase with Δ and are maximal
at 𝑝 = Δ. Correspondingly, the system’s dynamical entropy (5.36) is a monotonically decreasing func-
tion of the chain correlations Δ. Consider Δ = 𝑝 = 1/2, namely the parameters for which the two
site correlations (5.37) are maximal. From (5.36), then, since 𝑟 = 𝑝0 = 0, one has

𝑝 = Δ = 1
2 ⟹ 𝔥𝑆(Θ) = 0 , (5.38)

as one would have for a closed finite system. It is instructive to study the dynamical map Λ𝑛 in the
same regime. By setting 𝑝 = Δ = 1/2 in (4.59) one gets 𝐴 1

2 ,0 = 0, 𝐵 1
2 ,0,

1
2
= 2. Accordingly, the

spectrum ofΛ𝑛 follows from (4.58):

𝜆𝑛 = 1 + (−1)𝑛

2 , 𝜆(3)
𝑛 = (−1)𝑛 , (5.39)
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5. Quantum dynamical entropy and non-Markovianity

FIGURE 5.1: Open-system dynamical entropy (5.36) as a function of Δ/𝑝 for fixed values 𝑟 = 0.1 and
𝑝 = 0.25. The colored regions correspond to different divisibility degrees of the reduced dynamics Λ𝑛.
For Δ/𝑝 → 1,Λ𝑛 is not P-divisible and shows distinguishability revivals; in the pink region,Λ𝑛 becomes
P-divisible and does not show revivals, though they can superactivate for Λ𝑛 ⊗ Λ𝑛. The latter becomes
P-divisible in the red region, while in the dark-red region Δ/𝑝 ≪ 1, CP-divisibility is achieved.

corresponding to the dynamical map

Λ𝑛 = id2 𝑛 even ,
Λ1 𝑛 odd ,

Λ1 =
𝜙1 + 𝜙2

2 . (5.40)

Note that the dynamics is not algebraically invertible since 𝜆2𝑚+1 = 0. Nevertheless, we can explicitly
study the contractivity of the trace norm underΛ𝑛. In particular, the trace norm is always contractive
between step 2𝑚 and 2𝑚 + 1,

‖Λ2𝑚+1[𝑋]‖1 − ‖Λ2𝑚[𝑋]‖1 = ‖Λ1[𝑋]‖1 − ‖𝑋‖1 ≤ 0 , (5.41)

sinceΛ1 is CPTP. Between steps 2𝑚 − 1 and 2𝑚, instead, we have the converse inequality:

‖Λ2𝑚[𝑋]‖1 − ‖Λ2𝑚−1[𝑋]‖1 = ‖𝑋‖1 − ‖Λ1[𝑋]‖1 ≥ 0 , (5.42)

so that the trace norm always revives at odd times, exposing backflow of information.

Remark 5.4.

1. Remarkably, the dynamical map (5.40) experiences an extreme backflow of information since the
trace norm revives after each odd time, while the dynamical entropy is zero, as one would have for
a reversible evolution (see (5.8)). This means that asymptotically, no new information can be gath-
ered by further probing the open system. The occurrence of a low, possibly zero, entropy production
for a dissipative system is compatible with the interpretation of information having flown back to
the open system. Such an interpretation can be generalized through inequality (5.12): for a strongly
correlated environment, we expect the system dynamics to be affected by strong memory effects. In
Figure 5.1, we compare the behaviour of the open-system dynamical entropy as a function of the
strength of the chain correlations with the divisibility degree of the reduced dynamics.

108



5.2. Dynamical entropy and collisional models

2. When the classical environment is aMarkov process we canwrite the coarse-grained densitymatrix
as (compare with Remark 5.3)

𝜌𝑆𝒳(3)𝒂,𝒃 = 
𝑖2𝑖1

𝑇𝑖2𝑖1 𝑝𝑖1𝜔𝑆 ⒧𝑋†
𝑏0𝜙𝑖1𝑋

†
𝑏1𝜙𝑖1𝜙𝑖2𝑋

†
𝑏2𝑋𝑎2𝜙𝑖1𝑋𝑎1𝑋𝑎0⒭ .

For the concrete case of 𝑇𝑖2𝑖1 as in (4.44), we have

𝜌𝑆𝒳(3)𝒂,𝒃 = 𝜔𝑆⒧𝑋†
𝑏0Λ1 𝑋†

𝑏1Λ1 𝑋†
𝑏2𝑋𝑎2 𝑋𝑎1 𝑋𝑎0⒭

+𝑝 Δ ⒧𝜔𝑆(𝑋†
𝑏0𝜙1[𝑋†

𝑏1 ](id2 − 𝜙3)[𝑋†
𝑏2𝑋𝑎2 ]𝜙1[𝑋𝑎1 ]𝑋𝑎0)

+𝜔𝑆(𝑋†
𝑏0𝜙2[𝑋†

𝑏1 ](id2 − 𝜙3)[𝑋†
𝑏2𝑋𝑎2 ]𝜙2[𝑋𝑎1 ]𝑋𝑎0)⒭ .

Thus Δ signals the deviation of the evolution from the QR (and semigroup) regime. In particular,
the reduced dynamics can be P or even CP-divisible for Δ > 0 (compare Proposition 4.7) while
QR does not hold.

3. A natural generalization of Example 5.1 to a 𝑑-level system is obtained by choosing 𝐷 = 𝑑2 and
unitaries in (5.15) as the discrete Weyl operators,

𝑈𝑎,𝑏 =
𝑑−1


𝑘=0

𝜔𝑘𝑏 |𝑎 + 𝑘⟩⟨𝑘| , 𝜔 = 𝑒2𝜋𝑖/𝑑 , (5.43)

which are unitary and satisfy Tr ⒧𝑈†
𝑎,𝑏𝑈𝑐,𝑑⒭ = 𝑑 𝛿𝑎𝑐𝛿𝑏𝑑 .

5.2.2 Reduced Dynamics in the GNS representation
As already emphasized in Section 1.5.2, the ALF entropy has a natural interpretation in the
GNS representation. We shall now explicitly consider the GNS construction for the collisional
model of Section 5.2.1. With respect to the product invariant state 𝜔𝑆𝐸 = 1/𝑑 ⊗ 𝜔𝐸, the
GNS representation can be taken as a tensor product 𝜋𝑆 ⊗𝜋𝐸. For the finite-level system 𝑆, as
illustrated in Example 1.3, the representation is given by

𝜋𝑆(𝐴) = 𝐴 ⊗ 1𝑑 , 𝜋′
𝑆(𝐴) = 1𝑑 ⊗ 𝐴 , 𝐴 ∈ 𝑀𝑑(ℂ) . (5.44)

and |Ω𝑆⟩ ≡ 𝜓(𝑑)
+  = ∑𝑑

𝑖=1 |𝑖 ⊗ 𝑖⟩ /√𝑑 (the conjugation in (5.44) is with respect to the standard
basis). The tensor shift on the chain is implemented by the unitary operator defined by

𝑈†
𝜎 𝜋𝐸 ⒧Π

[𝑎,𝑏]
𝒊[𝑎,𝑏]⒭ |Ω𝐸⟩ ∶= 𝜋𝐸 ⒧Π

[𝑎+1,𝑏+1]
𝒊[𝑎,𝑏] ⒭ |Ω𝐸⟩ , 𝑈†

𝜎 |Ω𝐸⟩ = 𝑈𝜎 |Ω𝐸⟩ = |Ω𝐸⟩ . (5.45)

We then implement unitarily the automorphism Θ by the operator

𝑈†
Θ 𝜋𝑆(𝐴)𝜋′

𝑆(𝐵) ⊗ 𝜋𝐸 ⒧Π
[𝑎,𝑏]
𝒊[𝑎,𝑏]⒭ 𝜓

(𝑑)
+ ⊗Ω𝐸

∶= 
𝑘

𝑈†
𝑘𝐴 ⊗ 𝑈

†
𝑘𝐵 ⊗ 𝑈†

𝜎𝜋𝐸 ⒧Π
(0)
𝑘 Π[𝑎,𝑏]

𝒊[𝑎,𝑏]⒭ 𝜓
(𝑑)
+ ⊗Ω𝐸 . (5.46)

109



5. Quantum dynamical entropy and non-Markovianity

Notice that in (5.46), the action on 𝜋′
𝑆(𝒜𝑆) is such that the GNS cyclic vector is invariant;

namely,

𝑈†
Θ 𝜓(𝑑)

+ ⊗Ω𝐸 = 
𝑘

𝑈†
𝑘 ⊗ 𝑈

†
𝑘 𝜓(𝑑)

+  ⊗ 𝑈†
𝜎𝜋𝐸 ⒧Π

(0)
𝑘 ⒭ |Ω𝐸⟩

= 𝜓(𝑑)
+  ⊗ 𝑈†

𝜎𝜋𝐸
⎛
⎝

𝑘

Π(0)
𝑘
⎞
⎠
|Ω𝐸⟩ = 𝜓(𝑑)

+ ⊗Ω𝐸 , (5.47)

where we used the fact that, along with (5.45),𝑉⊗𝑉 𝜓(𝑑)
+  = 𝜓(𝑑)

+  for any unitary𝑉 ∈ 𝑀𝑑(ℂ).
Also, it suffices to define 𝑈Θ only on 𝜋𝐸(𝒜𝐸). Indeed, because the environment is a classical
chain, this latter dense subalgebra is contained in its commutant 𝜋′

𝐸(𝒜𝐸). By taking the adjoint
with respect to the scalar product in the GNS Hilbert space, the action of 𝑈Θ can be also
inferred,

𝑈Θ 𝜋𝑆(𝐴)𝜋′
𝑆(𝐵) ⊗ 𝜋𝐸 ⒧Π

[𝑎,𝑏]
𝒊[𝑎,𝑏]⒭ 𝜓

(𝑑)
+ ⊗Ω𝐸

∶= 
𝑘

𝑈𝑘𝐴 ⊗ 𝑈𝑘 𝐵 ⊗ 𝜋𝐸 ⒧Π
(0)
𝑘 ⒭𝑈𝜎 𝜋𝐸 ⒧Π

[𝑎,𝑏]
𝒊[𝑎,𝑏]⒭ 𝜓

(𝑑)
+ ⊗Ω𝐸 (5.48)

from which it also follows that 𝑈Θ 𝜓(𝑑)
+ ⊗Ω𝐸 = 𝜓(𝑑)

+ ⊗Ω𝐸. By acting on local operators as
in (5.46) and (5.48), one checks explicitly that 𝑈Θ𝑈†

Θ = 𝑈†
Θ𝑈Θ = 1. Moreover, the automor-

phism Θ is correctly implemented. Indeed, from (5.46),

𝑈†
Θ 𝜋𝑆(𝐴) ⊗ 𝜋𝐸 ⒧Π

[𝑎,𝑏]
𝒊[𝑎,𝑏]⒭𝑈Θ 𝜓(𝑑)

+ ⊗Ω𝐸

= 
𝑘,𝑙

𝑈†
𝑘𝐴𝑈𝑙 ⊗ 𝑈𝑘

†
𝑈𝑙 ⊗ 𝑈†

𝜎 𝜋𝐸 ⒧Π
(0)
𝑘 Π[𝑎,𝑏]

𝒊[𝑎,𝑏]Π
(0)
𝑙 ⒭1𝑑 ⊗ 1𝑑 ⊗ 𝑈𝜎 𝜓(𝑑)

+ ⊗Ω𝐸

= 1𝑑 ⊗ 1𝑑 ⊗ 𝑈†
𝜎
⎛
⎝

𝑘

𝑈†
𝑘𝐴𝑈𝑘 ⊗ 1𝑑 ⊗ 𝜋𝐸 ⒧Π

(0)
𝑘 Π[𝑎,𝑏]

𝒊[𝑎,𝑏]Π
(0)
𝑘 ⒭⎞

⎠
1𝑑 ⊗ 1𝑑 ⊗ 𝑈𝜎 𝜓(𝑑)

+ ⊗Ω𝐸

= 1𝑑2 ⊗ 𝑈†
𝜎𝜋𝑆 ⊗ 𝜋𝐸 ⒧Φ ⒧𝐴 ⊗ Π[𝑎,𝑏]

𝒊[𝑎,𝑏]⒭⒭1𝑑2 ⊗ 𝑈𝜎 𝜓(𝑑)
+ ⊗Ω𝐸

= 𝜋𝑆 ⊗ 𝜋𝐸 ⒧𝜎 ∘ Φ ⒧𝐴 ⊗ Π[𝑎,𝑏]
𝒊[𝑎,𝑏]⒭⒭ 𝜓

(𝑑)
+ ⊗Ω𝐸 = 𝜋𝑆 ⊗ 𝜋𝐸 ⒧Θ ⒧𝐴 ⊗ Π[𝑎,𝑏]

𝒊[𝑎,𝑏]⒭⒭ 𝜓
(𝑑)
+ ⊗Ω𝐸 .

We now consider the following expectation,

𝜓(𝑑)
+ ⊗Ω𝐸 𝜋𝑆(𝑌)𝑈†

Θ𝜋𝑆(𝐴)𝜋′
𝑆(𝐵)𝑈Θ𝜋𝑆(𝑋) 𝜓(𝑑)

+ ⊗Ω𝐸 .

By applying (5.48), we have

𝜓(𝑑)
+ ⊗Ω𝐸 𝜋𝑆(𝑌)𝑈†

Θ𝜋𝑆(𝐴)𝜋′
𝑆(𝐵)𝑈Θ𝜋𝑆(𝑋) 𝜓(𝑑)

+ ⊗Ω𝐸

= 
𝑘,𝑙

⟨𝜓(𝑑)
+ | 𝑌𝑈†

𝑙 𝐴𝑈𝑘𝑋 ⊗ 𝑈𝑙
†
𝐵𝑈𝑘 𝜓(𝑑)

+  ⟨Ω𝐸|𝜋𝐸 ⒧Π
(0)
𝑙 Π(0)

𝑘 ⒭Ω𝐸⟩

= 
𝑘

Tr ⒧𝜙𝑘 ⊗ 𝜙𝑘[𝐴 ⊗ 𝐵]𝑋 ⊗ 1𝑑𝑃 (𝑑)
+ 𝑌 ⊗ 1𝑑⒭ ⟨Ω𝐸|𝜋𝐸 ⒧Π

(0)
𝑘 ⒭Ω𝐸⟩

= Tr ⎛
⎝
𝐴 ⊗ 𝐵 ⎛

⎝

𝑘

𝑝𝑘 𝜙
‡
𝑘 ⊗ 𝜙

‡

𝑘
⎞
⎠
[𝑋 ⊗ 1𝑑 𝑃 (𝑑)

+ 𝑌 ⊗ 1𝑑]⎞
⎠
. (5.49)
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Similarly,

𝜓(𝑑)
+ ⊗Ω𝐸 𝜋𝑆(𝑌1)𝑈†

Θ𝜋𝑆(𝑌2)𝑈†
Θ𝜋𝑆(𝐴)𝜋′

𝑆(𝐵)𝑈Θ𝜋𝑆(𝑋2)𝑈Θ𝜋𝑆(𝑋1) 𝜓(𝑑)
+ ⊗Ω𝐸

= 
𝑘1,𝑘2,𝑙1,𝑙2

𝜓(𝑑)
+  𝑌1𝑈†

𝑙1𝑌2𝑈†
𝑙2𝐴𝑈𝑘2𝑋2𝑈𝑘1𝑋1 ⊗ 𝑈

†
𝑙1 𝑈

†
𝑙2 𝐵𝑈𝑘2 𝑈𝑘1 𝜓

(𝑑)
+ 

⟨Ω𝐸| 𝑈†
𝜎𝜋𝐸(Π

(0)
𝑙1 )𝑈†

𝜎𝜋𝐸(Π
(0)
𝑙2 Π(0)

𝑘2 )𝑈𝜎𝜋𝐸(Π
(0)
𝑘1 )𝑈𝜎 |Ω𝐸⟩

= 
𝑘1𝑘2

𝑝𝑘1𝑘2 Tr ⒧𝐴 ⊗ 𝐵 𝜙‡
𝑘2 ⊗ 𝜙

‡

𝑘2 𝑋2 𝜙
‡
𝑘1 ⊗ 𝜙

‡

𝑘1 𝑋1 𝑃 (𝑑)
+ 𝑌1 𝑌2⒭

where we used that

⟨Ω𝐸|𝑈†
𝜎𝜋𝐸(Π

(0)
𝑙1 )𝑈†

𝜎𝜋𝐸(Π
(0)
𝑙2 Π(0)

𝑘2 )𝑈𝜎𝜋𝐸(Π
(0)
𝑘1 )𝑈𝜎Ω𝐸⟩ = 𝜋𝐸⒧𝜎⒧Π

(0)
𝑙1 𝜎⒧Π(0)

𝑙2 Π(0)
𝑘2 ⒭Π

(0)
𝑘1 ⒭⒭

= 𝜋𝐸(Π
(1)
𝑘1 Π

(2)
𝑘2 )𝛿𝑙1,𝑘1𝛿𝑙2,𝑘2 = 𝑝𝑘1𝑘2𝛿𝑙1,𝑘1𝛿𝑙2,𝑘2 .

Therefore, when we consider the evolution intertwined by measurements on the open system
as appears in the coarse-grained density matrix, we get

𝜓(𝑑)
+ ⊗Ω𝐸 ⒧⒧𝕏‡ ⊗ id𝑑 ⊗ id𝐸⒭ ∘ 𝕌

‡
Θ⒭

𝑛
[𝜋𝑆(𝐴)𝜋′

𝑆(𝐵)] 𝜓(𝑑)
+ ⊗Ω𝐸 (5.50)

= 
𝑘1…𝑘𝑛

𝑝𝑘1…𝑘𝑛 Tr ⒧𝐴 ⊗ 𝐵 𝜙‡
𝑘𝑛 ⊗ 𝜙

‡

𝑘𝑛 ∘ 𝕏 ⊗ id𝑑 ∘ ⋯ ∘ 𝜙‡
𝑘1 ⊗ 𝜙

‡

𝑘1 ∘ 𝕏 ⊗ id𝑑[𝑃 (𝑑)
+ ]⒭ .

Accordingly, the reduced state of the GNS projector 𝑃 (𝑑)
+ , evolving under the unitary evolution

and iterated measurements, is described by the following CPTP map Γ𝕏𝑛 ∶ 𝑀𝑑(ℂ)⊗𝑀𝑑(ℂ) →
𝑀𝑑(ℂ) ⊗𝑀𝑑(ℂ),

Γ𝕏𝑛 ∶= 
𝑘1…𝑘𝑛

𝑝𝑘1…𝑘𝑛 (𝜙
‡
𝑘𝑛 ∘ 𝕏) ⊗ 𝜙

‡

𝑘𝑛 ∘ ⋯ ∘ (𝜙‡
𝑘1 ∘ 𝕏) ⊗ 𝜙

‡

𝑘1 . (5.51)

By choosing 𝕏 = id𝑑 , one is left with

Γid
𝑛 = 

𝒌[1,𝑛]

𝑝𝒌[1,𝑛] 𝜙
‡
𝒌[1,𝑛] ⊗ 𝜙

‡

𝒌[1,𝑛] , 𝜙𝒌[1,𝑛] = 𝜙𝑘1 ∘ ⋯ ∘ 𝜙𝑘𝑛 , (5.52)

which is the intrinsic reduced evolution in the GNS space, having traced away the environment
degrees of freedom. Formally, (5.52) corresponds to the joint evolution of two subsystems evolv-
ing in a common environment. Notice that the partial trace over the commutant gives,

Tr𝐼𝐼 ⒧Γid
𝑛 [𝑋 ⊗ 𝑌]⒭ = 

𝒌[1,𝑛]

𝑝𝒌[1,𝑛] 𝜙
‡
𝒌[1,𝑛] [𝑋]Tr (𝑌) = Λ𝑛[Tr (𝑌) 𝑋] = Λ𝑛[Tr𝐼𝐼(𝑋 ⊗ 𝑌)] .

Hence, consistently, Γid
𝑛 is a CP dilation of the reduced dynamics of the system Λ𝑛.

Remark 5.5. Notice that, in general, the existence of Γ𝕏𝑛 , defined through

√𝜌𝑆 ⊗Ω𝐸 𝜋𝑆(𝑋)†⒧⒧𝕏‡ ⊗ id𝑑 ⊗ id𝐸⒭ ∘ 𝕌
‡
Θ⒭

𝑛
[𝜋𝑆(𝐴)𝜋′

𝑆(𝐵)] 𝜋𝑆(𝑋) √𝜌𝑆 ⊗Ω𝐸

= Tr ⒧Γ𝕏𝑛 𝑋 ⊗ 1𝑑 √𝜌𝑆√𝜌𝑆 𝑋† ⊗ 1𝑑𝐴 ⊗ 𝐵⒭ (5.53)
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is guaranteed by the choice of a reference state of the form 𝜔𝑆 ⊗ 𝜔𝐸 . As follows from Proposition 1.3,
indeed, the GNS triple can be identified with (𝜋𝑆⊗𝜋𝐸,ℋ𝑆⊗ℋ𝐸, √𝜌𝑆 ⊗Ω𝐸). Then, factorization
of the 𝑆 + 𝐸 cyclic vector, along with complete positivity of ⒧𝕏‡ ⊗ id𝑑 ⊗ id𝐸⒭ ∘ 𝕌

‡
Θ, ensures complete

positivity of Γ𝕏𝑛 .

5.2.3 Pauli GNS reduced dynamics
Wenow consider, as in Section 4.2.1 andExample 5.1, the environment to be a classicalMarkov
chain

𝑝𝒌[1,𝑛] = 𝑇𝑘𝑛𝑘𝑛−1 …𝑇𝑘2𝑘1𝑝𝑘1 ,

and take the open quantum system to be a qubit, 𝑑 = 2, with the environment consisting of
a one-dimensional lattice of classical four-level systems, 𝐷 = 𝑑2 = 4. Furthermore, we shall
choose the stochastic matrix 𝑇 as in (4.44), while setting 𝑈𝑘 = 𝜎𝑘 , 𝑘 = 0,… , 3. Accordingly,
Γid
𝑛 ∶ 𝑀4(ℂ) → 𝑀4(ℂ) defined in (5.52) becomes a two-qubit Pauli map, namely for all 𝑛 ≥ 0

it is diagonal in the Pauli matrices

Γid
𝑛 [𝜎𝛼 ⊗ 𝜎𝛽] = 𝛾(𝛼,𝛽)

𝑛 𝜎𝛼 ⊗ 𝜎𝛽 , 𝛼, 𝛽 = 0,… , 3 . (5.54)

The spectrum of Γid
𝑛 follows a similar rule than that of Λ𝑛

𝛾(𝛼,𝛽)
𝑛 = ⒧𝑝0 + 𝑝(𝜇(𝛼,𝛽)

1 + 𝜇(𝛼,𝛽)
2 ) + 𝑟𝜇(𝛼,𝛽)

3 ⒭ 𝛾(𝛼,𝛽)
𝑛−1 + Δ𝑝 ⒧𝜇(𝛼,𝛽)

1 − 𝜇(𝛼,𝛽)
2 ⒭

2
𝛾(𝛼,𝛽)
𝑛−2 , (5.55)

where 𝜙𝑘 ⊗ 𝜙𝑘[𝜎𝛼 ⊗ 𝜎𝛽] = 𝜇(𝛼,𝛽)
𝑘 𝜎𝛼 ⊗ 𝜎𝛽, 𝜇

(𝛼,𝛽)
𝑘 ∶= 𝜇(𝛼)

𝑘 𝜇(𝛽)
𝑘 . The formal solution of (5.55) is

then the same as that of (4.57). Accordingly, the 16 eigenvalues 𝛾(𝛼,𝛽)
𝑛 are associated to their

respective eigenvectors 𝜎𝛼 ⊗ 𝜎𝛽 according to the following 4 × 4 matrix

𝐺𝑛 ∶= 𝛾(𝛼,𝛽)
𝑛  =

⎛⎜⎜⎜⎜⎜
⎝

1 𝜆𝑛 𝜆𝑛 𝜆(3)
𝑛

𝜆𝑛 1 𝜆(3)
𝑛 𝜆𝑛

𝜆𝑛 𝜆(3)
𝑛 1 𝜆𝑛

𝜆(3)
𝑛 𝜆𝑛 𝜆𝑛 1

⎞⎟⎟⎟⎟⎟
⎠

. (5.56)

Note that all the Bell-diagonal states, which are linear combinations of 𝜎𝛼 ⊗ 𝜎𝛼, as well as
the GNS reduced initial state 𝑃 (𝑑)

+ , are invariant under Γid
𝑛 . The spectrum of the intertwining

propagators Γid
𝑛,𝑛−1 = Γid

𝑛 ∘ ⒧Γid
𝑛−1⒭

−1
is determined multiplicatively,

Γid
𝑛,𝑛−1[𝜎𝛼 ⊗ 𝜎𝛽] =

𝛾(𝛼,𝛽)
𝑛

𝛾(𝛼,𝛽)
𝑛−1

𝜎𝛼 ⊗ 𝜎𝛽 , (5.57)

and given by

𝐺𝑛,𝑛−1 ∶= 𝜆(𝛼,𝛽)
𝑛,𝑛−1 =

⎛⎜⎜⎜⎜⎜
⎝

1 𝜆𝑛,𝑛−1 𝜆𝑛,𝑛−1 𝜆(3)
𝑛,𝑛−1

𝜆𝑛,𝑛−1 1 𝜆(3)
𝑛,𝑛−1 𝜆𝑛,𝑛−1

𝜆𝑛,𝑛−1 𝜆(3)
𝑛,𝑛−1 1 𝜆𝑛,𝑛−1

𝜆(3)
𝑛,𝑛−1 𝜆𝑛,𝑛−1 𝜆𝑛,𝑛−1 1

⎞⎟⎟⎟⎟⎟
⎠

, (5.58)
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where 𝜆𝑛,𝑛−1, 𝜆
(3)
𝑛,𝑛−1 are the eigenvalues ofΛ𝑛,𝑛−1. Then, as derived in Appendix D.4, the action

of Γid
𝑛 can be recast as

Γid
𝑛 [𝑋] = 

𝛼
𝑞(𝛼)𝑛 𝜎𝛼 ⊗ 𝜎𝛼 𝑋 𝜎𝛼 ⊗ 𝜎𝛼 , 𝑋 ∈ 𝑀2(ℂ) ⊗𝑀2(ℂ) , (5.59)

with

𝑞(0)𝑛 = 1
4 ⒧1 + 2𝜆𝑛 + 𝜆(3)

𝑛 ⒭ , 𝑞(1)𝑛 = 𝑞(2)𝑛 = 1
4 ⒧1 − 𝜆(3)

𝑛 ⒭ , 𝑞(3)𝑛 = 1
4 ⒧1 + 2𝜆𝑛 − 𝜆(3)

𝑛 ⒭ .

We now aim at characterizing the divisibility properties of the GNS discrete dynamics Γid
𝑛 .

Proposition 5.3. Suppose that Γ𝑛 ∶ 𝑀4(ℂ) → 𝑀4(ℂ) is a Pauli map acting as

Γ𝑛[𝑋] =
3


𝛼=0

𝑞(𝛼)𝑛 𝜎𝛼 ⊗ 𝜎𝛼 𝑋 𝜎𝛼 ⊗ 𝜎𝛼 , 𝑋 ∈ 𝑀2(ℂ) ⊗𝑀2(ℂ) , (5.60)

and let

Λ𝑛[𝑍] =
3


𝛼=0

𝑞(𝛼)𝑛 𝜎𝛼 𝑍 𝜎𝛼 , 𝑍 ∈ 𝑀2(ℂ) , (5.61)

so that Tr𝐼𝐼 ∘Γ𝑛 = Λ𝑛 ∘ Tr𝐼𝐼 . Then, following conditions are equivalent

i. Λ𝑛 is CP-divisible;

ii. Γ𝑛 is P-divisible;

iii. Γ𝑛 is CP-divisible.

Proof. Take 𝑋 ∈ 𝑀4(ℂ) and let 𝑌 = Γ𝑛[𝑋]. The partial trace of 𝑋 over the second qubit reads,

Tr𝐼𝐼(𝑋) = Tr𝐼𝐼(Γ−1𝑛 [𝑌]) (5.62)

but also
Tr𝐼𝐼(𝑋) = Λ−1

𝑛 ∘ Λ𝑛 Tr𝐼𝐼(𝑋) = Λ−1
𝑛 Tr𝐼𝐼(Γ𝑛[𝑋]) = Λ−1

𝑛 Tr𝐼𝐼(𝑌), (5.63)

Hence, for all 𝑌 ∈ 𝑀4(ℂ)
Λ−1

𝑛 Tr𝐼𝐼(𝑌) = Tr𝐼𝐼(Γ−1𝑛 𝑌) (5.64)

and, applying Λ𝑚, 𝑚 ≥ 𝑛, to both sides, yields

Λ𝑚,𝑛 Tr𝐼𝐼(𝑌) = Tr𝐼𝐼(Γ𝑚,𝑛[𝑌]) , 𝑚 ≥ 𝑛 . (5.65)

Intertwiners of Pauli maps are Pauli maps, so that

Γ𝑛,𝑛−1[𝑋] =
3


𝛼=0

𝑞(𝛼)𝑛,𝑛−1𝜎𝛼 ⊗ 𝜎𝛼𝑋𝜎𝛼 ⊗ 𝜎𝛼 , (5.66)

and
Tr𝐼𝐼 ⒧Γ𝑛,𝑛−1[𝑋]⒭ = Λ𝑛,𝑛−1 [Tr𝐼𝐼 𝑋] , ∀ 𝑛 ≥ 1 , (5.67)
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with

𝑀2(ℂ) ∋ 𝑍 ⟼ Λ𝑛,𝑛−1[𝑍] =
3


𝛼=0

𝑞(𝛼)𝑛,𝑛−1𝜎𝛼 𝑍 𝜎𝛼 . (5.68)

Positivity of Γ𝑛,𝑛−1, 𝑛 ≥ 1, is expressed by the condition

Tr ⒧𝑄 Γ𝑛,𝑛−1[𝑃]⒭ ≥ 0 , ∀ 𝑃,𝑄 ≥ 0 , (5.69)

where 𝑃,𝑄 can be chosen as projectors in 𝑀4(ℂ). Pick separable projectors

𝑃 = 𝑄 = |+⟩⟨+| ⊗ |0⟩⟨0| , |±⟩ = |0⟩ ± |1⟩
√2

, (5.70)

with 𝜎3 |0⟩ = |0⟩, 𝜎3 |1⟩ = − |1⟩. One readily finds

Tr ⒧𝑄 Γ𝑛,𝑛−1[𝑃]⒭ = 𝑞(0)𝑛,𝑛−1 ≥ 0 . (5.71)

The choice
𝑃 = |+⟩⟨+| ⊗ |0⟩⟨0| , 𝑄 = |−⟩⟨−| ⊗ |0⟩⟨0| , 𝑃𝑄 = 0 , (5.72)

yields instead the condition

Tr ⒧𝑄 Γ𝑛,𝑛−1[𝑃]⒭ = 𝑞(3)𝑛,𝑛−1 ≥ 0 . (5.73)

Similarly, one finds 𝑞(𝛼)𝑛,𝑛−1 ≥ 0, 𝛼 = 0,… , 3, so that 𝑖𝑖. ⇒ 𝑖 ⇒ 𝑖𝑖𝑖. Clearly, 𝑖𝑖𝑖. ⇒ 𝑖𝑖.

Remark 5.6. The map Γid
𝑛 represents the open dynamics in the GNS representation, involving the

commutant of the system. It provides a dilation of the one-qubit evolution Λ𝑛 that exhibits memory
effects not detectable at the level of Λ𝑛 itself. This is reminiscent of the superactivation phenomenon
studied in Chapter 4 through dilations of the form Λ𝑛 ⊗ Λ𝑛, although here the two parties are dy-
namically coupled. In fact, suppose to select Δ for whichΛ𝑛 is P-divisible but not CP-divisible. Then,
the evolution of the system does not display backflow of information in the sense of revivals of the trace
norm. On the other hand, in the same regime, the two-qubit dilation Γid

𝑛 cannot be P-divisible due to
Proposition 5.3. Hence, there exist 𝑋 ∈ 𝑀4(ℂ) and 𝑛 > 𝑚 ∈ ℕ such that

Γid
𝑛 [𝑋]1 > Γid

𝑚 [𝑋]1 . (5.74)

Note that the commutant is involved in evaluating the entropy production rate of (5.5) obtained
through the GNS construction.

In this Chapter, we computed the ALF entropy for a finite open system coupled to a sta-
tionary classical chain yielding a random unitary reduced dynamics. The open-system entropy
equals the mean entropy rate of the environment. This result has a simple but clear information-
theoretical interpretation: the ALF entropy measures the average amount of information that
can be extracted by probing the open system alone. Such an information rate decreases as the
environment becomes more correlated, namely, the measurements become progressively less
informative. Such decrease of entropy production is compatible with the interpretation of in-
formation having flown back to the open system. In the qubit case, this physical effect has been
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compared to the memory effects present in the qubit reduced dynamics, which are likewise
governed by the strength of environmental correlations. In a more general scenario of a system
coupled to a quantum spin chain, the above interpretation is supported by an upper bound to
the ALF entropy of the open system by the mean entropy of the environment (plus a quantum
correction). For a stationary chain, the more the chain is correlated, the tighter is such bound.

The ALF entropy, obtained from the open-system multi-time correlation functions, is
neatly interpreted when going to the GNS representation. For quantum systems, this involves
a purifying ancillary system. Accordingly, we studied the GNS reduced dynamics obtained by
tracing away the environment for the model of Section 5.2.1. Interestingly, the GNS dilation
is affected by memory effects that are not present in the reduced dynamics. In particular, it can
show superactivation of backflow of information, as it typically occurs when a tensor product
dilation of the reduced dynamics is considered.
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Outlook

Non-Markovian evolutions could be intuitively placed in between two opposite points down a
line: that of a reversible, unitary dynamics and that of an irreversible, Markovian one. In the
latter case, in fact, the noisy and decohering effects – that are, in most situations, detrimental
to any practical application – account for information being irretrievably dissipated outside
the degrees of freedom of the system of interest. On the other hand, typical features of non-
Markovian open dynamics, such as the possibility of increasing coherence and distinguishability
of states, typically interpreted as backflow of information, are in marked contrast with this
behaviour. In the body of the thesis, we discussed several such features which are typically
emergent in the reduced dynamics of the open system. In at least two cases, as we shall now
review, we could also explicitly mimic some features typical of unitary evolutions through pure
non-Markovian noise.

In Chapter 3, we studied how the property of P-divisibility can be lost when classically
reducing a quantum dynamical map, namely when restricting it to an algebra of commutative
observables. In such a case, classical backflow of information arises, provided that enough coher-
ence has been developed by the quantum dynamics. This effect typically occurs when classically
reducing unitary evolutions; however, the same effect can be retrieved by non-Markovian noise
describing pure dissipation. The usual role of the environment in the open system context, here,
is instead taken by coherences of the quantum evolution with respect to a given MASA, as
emerged from the discussion of Section 3.2.1. There, we could clearly relate the loss of classical
P-divisibility with the gain in coherence with respect to a suitable basis. The dynamics that can
achieve such an effect through pure dissipation are, in the context of a single qubit, rather non-
trivial and involve several constraints. We could fulfil them all through the characterization of
a large class of orthogonally covariant dynamics. A natural extension of the work presented
in Chapter 3 would involve reductions of quantum dynamical maps onto Abelian subalgebras
that are though not maximally Abelian. The product of such reductions would result in maps
on block-diagonal matrices, that will thus retain some quantum character due to the partial
loss of coherence. Note that these kinds of hybrid dynamics have recently attracted, especially
in the Markovian regime, a certain interest in quite different contexts [139, 140] (see also the
recent work [141]).

Much of the thesis was devoted to the study of the SBFI effect as prototype of a mem-
ory effect with no classical counterpart though, as in our case, it can be assisted by a classical
memory as in the coupling with a classical Markov chain. In Chapter 4, we adopted a “brute
force” approach in explicitly evaluating the bipartite system-environment correlations in both
discrete and continuous time in order to trace back SBFI to the features of a concrete interac-
tion model. There, we saw that system-environment correlations undergo a growth and collapse
between subsequent collisions. This result has a clear-cut information theoretical interpretation
in our model. Of course, the assumption of the controlled-type of interaction much simplifies
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the form of the system-environment mutual information. The interpretation of the memory
effects arising from such class of interactions is still actively debated (see [142, 143] and, more
recently, [144]).

Another instance of a non-Markovian dynamics mimicking the behaviour of a reversible
one has been encountered in Chapter 5. There, we showed how the dynamical entropy of an
open system might decrease with increasing correlations in the underlying environment. As a
limiting case, we have also seen that one can achieve zero entropy production, as one would
have for a closed system, without the dynamics being reversible (see Example 5.1). Though the
dynamical entropy involves the asymptotic behaviour of the evolution, while revivals charac-
terizing BFI are usually a transient, the result in our model is fully compatible with a return
of information from the environment to the open system. Indeed, in our model, the infor-
mation per time step gained about the dynamics is decreasing with increasing correlations. In
other words, the measurements become less and less informative. A natural direction for fur-
ther investigation would be to generalize our results to the more physically palatable case of a
genuinely quantum spin chain environment. Certainly, such task looks more challenging as far
as an analytic treatment of the coarse-grained dynamics is concerned. In this regard, the upper
bound (5.12) provides a preliminary result, in that the maximal entropy production rate of the
system is upper-bounded by the mean entropy of the environment, which is itself a decreasing
function of the correlations. Symbolic models for open quantum systems, similarly to other
existing approaches [15, 98], naturally lead to a description of the multi-time statistics of the
system of interest as a quantum many-body state. Characterizing the correlations present in this
emergent state would be relevant, for instance, in view of recent efforts to identify genuinely
quantum memories [145–147].

In Chapter 5, moreover, a signature of SBFI has been seen through the joint-system envi-
ronment GNS evolution. It would then also be interesting to check whether Proposition 5.3
holds in more general situations. Another direction for further investigation would avoid the
GNS representation of the environment and rather ask for the covariant implementation of dy-
namical maps, within the GNS setting, as a one parameter family of contractions [148]. Indeed,
such operators could not contract between intermediate stages of the evolution.

As a further outlook of this thesis, it could be very interesting to investigate potential ap-
plications of SBFI in a quantum information framework. Indeed, the presence of backflow of
information could be helpful in some applications to contrast the detrimental effects of dissipa-
tion. SBFI then suggests that coupling systems might increase the non-Markovianity and, ac-
cordingly, the related beneficial effects (see also the recent work [149]) . Weak non-Markovian
dynamics, of the kind responsible for the SBFI effect, were reproduced in a fully optical setup
in [97]. Quantum optical frameworks are also optimal to simulate collisional models with cor-
related environments, as those treated in Chapters 4 and 5 (see [87, 91]).

The main goal of this thesis was to investigate concepts such as P-divisibility and backflow
of information which, together with the unifying notion of dynamical entropy, arise quite nat-
urally in both classical and quantum dynamical systems. Although based on a rather specific
example, the concrete analysis of the collisional model of Section 4.2 – from the perspective of
the dynamical map (Chapter 4) as well as that of multi-time statistics (Chapter 5) – allowed us
to compare these two viewpoints and thereby better appreciate the context-dependent nature
of quantum non-Markovianity. In particular, the open-system dynamical entropy appears to be
a promising tool for gaining more physically grounded insights into the system-environment
exchange of information.
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APPENDIX A
Orthogonally covariant qubit maps

A.1 Proof of Proposition 3.4

Let 𝑃 = 𝜓⟩⟨𝜓 be a generic 2 × 2 projector, with 𝜓⟩ = (𝑤1, 𝑤2) = (𝑤1, |𝑤2|𝑒−𝑖
Ω
2 ), 𝑤1, Ω ∈

ℝ, |𝑤1|
2 + |𝑤2|

2 = 1 and let 𝑄 be its orthogonal complement 𝑄 = 12 − 𝑃. Letting also
𝑚𝑡 = |𝑚𝑡|𝑒𝑖𝜒𝑡 , one has

Tr (𝑄ℒ𝑡[𝑃]) = 
𝑖𝑗

𝐵𝑖𝑗 (𝑡)𝑄𝑖𝑖𝑃𝑗𝑗 + 𝑙𝑡𝑃01𝑄10 + 𝑙𝑡𝑃10𝑄01 + 𝑚𝑡𝑃10𝑄10 + 𝑚𝑡𝑃01𝑄01

= 𝛾−(𝑡)|𝑤1|
4 + 𝛾+(𝑡)|𝑤2|

4 + 2(Γ𝑇(𝑡) −
Γ𝐿(𝑡)
2 )|𝑤1|

2|𝑤2|
2

− 2|𝑚𝑡||𝑤1|
2|𝑤2|

2 cos(𝜒𝑡 − Ω). (A.1)

For the sufficiency part, let 𝛾±(𝑡) ≥ 0 and

𝒢(𝑡) ∶= Γ𝑇(𝑡) −
Γ𝐿(𝑡)
2 + 𝛾+(𝑡)𝛾−(𝑡) − |𝑚𝑡| ≥ 0 .

Then,

Tr (𝑄ℒ𝑡[𝑃]) = ⒧𝛾−(𝑡)|𝑤1|
2 − 𝛾+(𝑡)|𝑤2|

2⒭2 + 2⒧Γ𝑡(𝑡) −
Γ𝐿(𝑡)
2 + 𝛾+(𝑡)𝛾−(𝑡)⒭|𝑤1|

2|𝑤2|
2

− 2 |𝑚𝑡| cos(𝜒𝑡 − Ω)⒭|𝑤1|
2|𝑤2|

2

≥ ⒧𝛾−(𝑡)|𝑤1|
2 − 𝛾+(𝑡)|𝑤2|

2⒭2 + 2𝒢(𝑡)|𝑤1|
2|𝑤2|

2 ≥ 0 .

so that P-divisibility follows from Proposition 2.4 and Remark 2.4. To prove the necessity part,
first notice that, asking for Tr (𝑄ℒ𝑡[𝑃]) ≥ 0 the choices 𝑤1 = 1, and 𝑤2 = 1 imply that
𝛾±(𝑡) ≥ 0. Choose instead, for fixed 𝑡 ≥ 0,

|𝑤1|
2 =

𝛾+(𝑡)
𝛾+(𝑡) + 𝛾−(𝑡)

, |𝑤2|
2 =

𝛾−(𝑡)
𝛾+(𝑡) + 𝛾−(𝑡)

,
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and Ω = 𝜒𝑡 so that, from (A.1),

0 ≤ Tr (𝑄ℒ𝑡[𝑃]) = 2𝒢(𝑡)|𝑤1|
2|𝑤2|

2,

which implies (3.61). For what concerns CP-divisibility, a necessary and sufficient condition
for ℒ𝑡 to be in the GKSL form for all 𝑡 ≥ 0 is [150, 151]

𝑌𝑡 ≡ (14 − 𝑃+
2 )ℒ𝑡 ⊗ id2[𝑃+

2 ](14 − 𝑃+
2 ) ≥ 0 , (A.2)

Noting that

𝑌𝑡 =
⎛⎜⎜⎜⎜
⎝

2Γ𝑇 (𝑡)−Γ𝐿(𝑡)
4 0 0 − 2Γ𝑇 (𝑡)−Γ𝐿(𝑡)

4
0 𝛾+(𝑡) 𝑚𝑡 0
0 𝑚𝑡 𝛾−(𝑡) 0

− 2Γ𝑇 (𝑡)−Γ𝐿(𝑡)
4 0 0 2Γ𝑇 (𝑡)−Γ𝐿(𝑡)

4

⎞⎟⎟⎟⎟
⎠

.

which is positive iff conditions (3.62) and (3.63) are verified.
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APPENDIX B
Collisional model withMarkov

chain environment

B.1 Reduced dynamics

It suffices to consider tensor product elements of the local algebra 𝒜[−𝑎,𝑏]
𝐸 , supported by the

interval of integers −𝑎 ≤ 𝑗 ≤ 𝑏, that are denoted by multi-indices 𝒊[−𝑎,𝑏] = 𝑖−𝑎𝑖−𝑎+1 ⋯𝑖𝑏 as
follows:

𝐴⊗[−𝑎,𝑏]
𝒊[−𝑎,𝑏] = 𝐴(−𝑎)

𝑖−𝑎 ⊗ 𝐴(−𝑎+1)
𝑖−𝑎+1 ⊗⋯⊗ 𝐴(𝑏)

𝑖𝑏 =
𝑏


𝑘=−𝑎

𝐴(𝑘)
𝑖𝑘 ,

where the upper index in 𝐴(𝑘)
𝑖𝑘 indicates the site 𝑘 at which the operator 𝐴𝑖𝑘 is located. Recall

the CPU map Θ𝑛 = (𝜎 ∘ Φ)𝑛 describing the collisional dynamics, with Φ as in (4.37). Then,
Θ1 acts on the algebra 𝒜𝑆 ⊗𝒜[−𝑎,𝑏]

𝐸 as follows:

Θ1𝑋𝑆⊗𝐴
⊗[−𝑎,−1]
𝒊[−𝑎,−1] ⊗𝐴(0)

𝑖0 ⊗𝐴⊗[1,𝑏]
𝒊[1,𝑏]  =

𝑑−1


𝑘=0

𝜙𝑘[𝑋𝑆]⊗𝐴
⊗[−𝑎+1,0]
𝒊[−𝑎,−1] ⊗Π(1)

𝑘 𝐴(1)
𝑖0 Π(1)

𝑘 ⊗𝐴⊗[2,𝑏+1]
𝒊[1,𝑏] . (B.1)

Iterating, one gets

Θ𝑛𝑋𝑆 ⊗ 𝐴⊗[−𝑎,𝑏]
𝒊[−𝑎,𝑏]  = 

𝒌[1,𝑛]

𝜙𝒌[1,𝑛] [𝑋𝑆] ⊗ 𝐴⊗[−𝑎+𝑛,0]
𝒊[−𝑎,−𝑛] ⊗Π(1)

𝑘1 𝐴
(1)
𝑖−𝑛+1Π

(1)
𝑘1 ⊗⋯

⊗Π(𝑛)
𝑘𝑛 𝐴

(𝑛)
𝑖0 Π(𝑛)

𝑘𝑛 ⊗ 𝐴⊗[𝑛+1,𝑏+𝑛]
𝑖[1,𝑏] ,

(B.2)

where we set 𝜙𝒌[1,𝑛] ≡ 𝜙𝑘1 ∘ 𝜙𝑘2 ∘ ⋯ ∘ 𝜙𝑘𝑛 .

B.1.1 System 𝑆 reduced dynamics
The reduced dynamics Λ𝑛 of the states of the open system 𝑆 at discrete time 𝑛 in (2.59) is
obtained by restricting the compound state 𝜔𝑆 ⊗ 𝜔𝐸 ∘ Θ𝑛 to the system 𝑆 algebra 𝒜𝑆 ⊗ 1𝐸.
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Using (B.2) one gets

Θ𝑛[𝑋𝑆 ⊗ 1𝐸] = 
𝒌[1,𝑛]

𝜙𝒌[1,𝑛] [𝑋𝑆] ⊗
𝑛


𝑗=1

Π(𝑗)
𝑘𝑗 . (B.3)

Then, by evaluating the latter on the state 𝜔𝑆 ⊗𝜔𝐸, where 𝜔𝑆 is represented by a density matrix
𝜌𝑆 and 𝜔𝐸 is as in (4.36)

𝜔𝑆 ⊗ 𝜔𝐸 (Θ𝑛[𝑋𝑆 ⊗ 1𝐸]) = Tr ⎛⎜
⎝
𝜌𝑆 

𝒌[1,𝑛]

𝑝𝒌[1,𝑛]𝜙𝒌[1,𝑛] [𝑋𝑆]
⎞⎟
⎠
= Tr ⎛⎜

⎝

𝒌[1,𝑛]

𝑝𝒌[1,𝑛]𝜙
‡
𝒌[1,𝑛] [𝜌𝑆]𝑋𝑆

⎞⎟
⎠
,

where 𝜙‡
𝒌[1,𝑛] = 𝜙‡

𝑘𝑛 ∘ ⋯ ∘ 𝜙‡
𝑘1 with 𝜙‡

𝑘𝑖 the dual map of 𝜙𝑘𝑖 . Hence, in the Schrödinger picture,
the dynamical map reads

Λ𝑛 = 
𝒊[1,𝑛]

𝑝𝒊[1,𝑛]𝜙
‡
𝒊[1,𝑛] . (B.4)

B.1.2 Environment 𝐸 reduced dynamics
The single site operators 𝐴𝑖 belong to the commutative algebra generated by the orthogonal
projectors Π(𝑘)

𝑗 ; then, ∑𝑑−1
𝑘=0 Π𝑘𝐴𝑖Π𝑘 = 𝐴𝑖. Therefore, due to the assumed unitality of the CP

maps 𝜙𝑘 , from (B.2) it follows that

Θ𝑛1𝑆 ⊗ 𝐴⊗[−𝑎,𝑏]
𝒊[−𝑎,𝑏]  = 

𝒌[1,𝑛]

1𝑆 ⊗ 𝐴⊗[−𝑎+𝑛,0]
𝒊[−𝑎,−𝑛] ⊗Π(1)

𝑘1 𝐴
(1)
𝑖−𝑛+1Π

(1)
𝑘1 ⊗⋯⊗Π(𝑛)

𝑘𝑛 𝐴
(𝑛)
𝑖0 Π(𝑛)

𝑘𝑛 ⊗ 𝐴⊗[𝑛+1,𝑏+𝑛]
𝒊[1,𝑏]

= 1𝑆 ⊗ 𝐴⊗[−𝑎+𝑛,0]
𝒊[−𝑎,−𝑛] ⊗ 𝐴(1)

𝑖−𝑛+1 ⊗⋯⊗ 𝐴(𝑛)
𝑖0 ⊗ 𝐴⊗[𝑛+1,𝑏+𝑛]

𝒊[1,𝑏]

= 1𝑆 ⊗ 𝜎𝑛𝐴⊗[−𝑎,𝑏]
𝒊[−𝑎,𝑏]  . (B.5)

Since the environment state is shift-invariant by construction, it follows that the environment
state is stationary:

𝜔𝑆 ⊗ 𝜔𝐸 ∘ Θ𝑛⒧1𝑆 ⊗𝒜𝐸⒭ = 𝜔𝑆 ⊗ 𝜔𝐸⒧1𝑆 ⊗𝒜𝐸⒭ = 𝜔𝐸⒧𝒜𝐸⒭ .

B.2 Reduced dynamics in the unitary case
The unitary case correspond to choosing 𝜑 = −1 in (4.46). Then, only 𝑗 = 𝑛 − 2 contributes
to the sum in (4.49) so that:

𝜆(ℓ)
𝑛 = (1 − 2(𝑝 + 𝑟)) 𝜆(ℓ)

𝑛−1 + 4𝑝 Δ𝜆(ℓ)
𝑛−2 , ℓ = 1, 2 . (B.6)

The general solutions of (B.6) can be found with the ansatz 𝜆(ℓ)
𝑛 = 𝑥𝜆(ℓ)

𝑛−1 for all 𝑛 ≥ 2, by
means of the roots 𝑥± of [152]

𝑃(𝑥) = 𝑥2 − 𝐴𝑝,𝑟 𝑥 + 4𝑝Δ , 𝐴𝑝,𝑟 = 1 − 2(𝑝 + 𝑟) . (B.7)
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B.2. Reduced dynamics in the unitary case

The general solution will thus have the form 𝜆(ℓ)
𝑛 = 𝑐+ 𝑥𝑛+ + 𝑐− 𝑥𝑛− , with the constants 𝑐±

fixed by the initial conditions 𝜆(ℓ)
0 = 1 and 𝜆(ℓ)

1 = 𝐴𝑝,𝑟 . The eigenvalues 𝜆(1,2,3)
𝑛 then read

𝜆(ℓ)
𝑛 =

𝛽 + 𝐴𝑝,𝑟

2𝐵𝑝,𝑟,Δ
⒧
𝐴𝑝,𝑟 + 𝐵𝑝,𝑟,Δ

2 ⒭
𝑛

+
𝐵𝑝,𝑟,Δ − 𝐴𝑝,𝑟

2𝐵𝑝,𝑟,Δ
⒧
𝐴𝑝,𝑟 − 𝐵𝑝,𝑟,Δ

2 ⒭
𝑛

=∶ 𝜆𝑛 , ℓ = 1, 2 , (B.8)

𝜆(3)
𝑛 = (1 − 4𝑝)𝑛 . (B.9)

where we set 𝐵𝑝,𝑟,Δ = 𝐴2
𝑝,𝑟 + 16 𝑝Δ ,. From the multiplicative action of the Pauli maps Λ𝑛

on the Pauli matrices, one deduces that Λ𝑛 is a convex combination of two discrete-time semi-
groups:

Λ𝑛 =
𝐵𝑝,𝑟,Δ + 𝐴𝑝,𝑟

2𝐵𝑝,𝑟,Δ
Ψ𝑛

+ +
𝐵𝑝,𝑟,Δ − 𝐴𝑝,𝑟

2𝐵𝑝,𝑟,Δ
Ψ𝑛

− , Ψ±[𝑋] =
3


𝑖=0

𝜓(𝑖)
± Tr (𝜎𝑖𝑋) 𝜎𝑖 , where

𝜓(1,2)
± =

𝐴𝑝,𝑟 ± 𝐵𝑝,𝑟,Δ

2 , 𝜓(0)
± = 1 , 𝜓(3)

± = 1 − 4𝑝 . (B.10)

It will be sufficient to consider the case 𝐴𝑝,𝑟 > 0, namely 𝑟 < 1/2 − 𝑝. If 𝑝 ≠ 1/4, then
𝜆(𝑗)
𝑛 and Λ𝑛. We can thus compute the intertwining maps Λ𝑛,𝑛−1 = Λ𝑛 ∘ Λ−1

𝑛−1 between two

subsequent collisions. Setting 𝛾 ∶=
𝐵𝑝,𝑟,Δ + 𝐴𝑝,𝑟

2 >
𝐵𝑝,𝑟,Δ − 𝐴𝑝,𝑟

2 =∶ 𝛿 > 0, these maps are of
Pauli type with eigenvalues

𝜆𝑛,𝑛−1 ∶= 𝜆(1)
𝑛,𝑛−1 = 𝜆(2)

𝑛,𝑛−1 =
𝜆𝑛
𝜆𝑛−1

= 𝛾𝑛+1 + (−1)𝑛 𝛿𝑛+1

𝛾𝑛 + (−1)𝑛−1 𝛿𝑛 , 𝜆(3)
𝑛,𝑛−1 = 1 − 4𝑝 . (B.11)

The P-divisibility of the discrete family of Pauli maps Λ𝑛, that is the contractivity of the inter-
twining maps Λ𝑛.𝑛−1, is equivalent to asking that 𝜆(𝑖)

𝑛,𝑛−1 ≤ 1, 𝑖 = 1, 2, 3. In order to show
this, we first prove that

𝜆2,1 > 𝜆𝑛,𝑛−1 ∀𝑛 > 2 . (B.12)
To see this, let [0, 1] ∋ 𝑥 ≡ 𝛿/𝛾. For even 𝑛 = 2𝑘 > 2,

𝜆𝑛,𝑛−1 = 𝛾 1 + 𝑥𝑛+1

1 − 𝑥𝑛 , (B.13)

monotonically decreases with 𝑛. Instead, for odd 𝑛 = 2𝑘 + 1 > 2,

𝜆𝑛,𝑛−1 = 𝛾 1 − 𝑥𝑛+1

1 + 𝑥𝑛 , (B.14)

increases with 𝑛; nevertheless,

𝜆𝑛,𝑛−1
𝜆2,1

= 1 − 𝑥𝑛+1

1 + 𝑥𝑛
1 − 𝑥2

1 + 𝑥3 ≤ 1 . (B.15)

Notice that 𝑝0 = 1−𝑟−2𝑝 ≥ 0 and 𝑟 ≥ 0 imply 0 ≤ 𝑝 ≤ 1/2, so that 𝜆(3)
𝑛,𝑛−1 = 1 − 4𝑝 ≤ 1.

From (B.11) and the previous discussion, one checks when 𝜆2,1 ≤ 1:

0 ≤ 𝜆2,1 = 1 − 2(𝑝 + 𝑟) + 4Δ𝑝
1 − 2(𝑝 + 𝑟) ≤ 1 ⟺ Δ

𝐴𝑝,𝑟
≤ 𝑟

2𝑝 + 1
2 . (B.16)
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B. Collisional model with Markov chain environment

Conditions for the complete positivity of Λ𝑛,𝑛−1 are obtained by asking for the positivity Choi
matrixΛ𝑛,𝑛−1⊗id2[𝑃 (2)

+ ].The eigenvalues are easily computed to be:𝐸1(𝑛) = 𝑝, twice degenerate
and

𝐸2(𝑛) =
1
4(1 + 𝜆(3)

𝑛,𝑛−1 + 2𝜆𝑛,𝑛−1) =
1 − 2𝑝

2 +
𝜆𝑛,𝑛−1
2 , (B.17)

𝐸3(𝑛) =
1
4(1 + 𝜆(3)

𝑛,𝑛−1 − 2𝜆𝑛,𝑛−1) =
1 − 2𝑝

2 −
𝜆𝑛,𝑛−1
2 . (B.18)

From 0 ≤ 𝑝 ≤ 1/2 and 𝜆𝑛,𝑛−1 ≥ 0 it follows that 𝐸1(𝑛) ≥ 0. Further, (B.12) implies 𝐸3(𝑛) ≥
𝐸3(2); then the positivity of 𝐸3(𝑛) is ensured by

1 + 𝜆(3)
2,1 − 2𝜆2,1 = 4𝑟 − 8 𝑝 Δ

𝐴𝑝,𝑟
≥ 0 ⟺ Δ

𝐴𝑝,𝑟
≤ 𝑟

2𝑝 . (B.19)

We now consider the positivity of Λ𝑛,𝑛−1 ⊗Λ𝑛,𝑛−1. Since Λ𝑛,𝑛−1 are Pauli maps, then Λ𝑛,𝑛−1 ⊗
Λ𝑛,𝑛−1 is positive if and only if Λ2

𝑛,𝑛−1 is completely positive [153], that is if and only if the
Choi matrix Λ2

𝑛,𝑛−1 ⊗ 1[𝑃 (2)
+ ] ≥ 0. Recasting

𝑃 (2)
+ = 1

4⒧1 ⊗ 1 + 𝜎1 ⊗ 𝜎1 − 𝜎2 ⊗ 𝜎2 + 𝜎3 ⊗ 𝜎3⒭ =
1
4 ⒧ 1 + 𝜎3 𝜎1 + 𝑖𝜎2

𝜎1 − 𝑖𝜎2 1 − 𝜎3
⒭

yields

Λ𝑛,𝑛−1 ⊗ Λ𝑛,𝑛−1[𝑃 (2)
+ ] = Λ2

𝑛,𝑛−1 ⊗ 1[𝑃 (2)
+ ]

= 1
4

⎛⎜⎜⎜⎜⎜
⎝

1 + (𝜆(3)
𝑛,𝑛−1)2 0 0 2𝜆2

𝑛,𝑛−1
0 1 − (𝜆(3)

𝑛,𝑛−1)2 0 0
0 0 1 − (𝜆3

𝑛,𝑛−1)2 0
2𝜆2

𝑛,𝑛−1 0 0 1 + (𝜆(3)
𝑛,𝑛−1)2

⎞⎟⎟⎟⎟⎟
⎠

. (B.20)

Then, from 0 ≤ 𝑝 ≤ 1/2 it follows that Λ𝑛,𝑛−1 ⊗ Λ𝑛,𝑛−1 is completely positive iff

1 + (1 − 4𝑝)2 − 2⒧𝜆𝑛,𝑛−1⒭
2 ≥ 0 . (B.21)

Moreover, since 𝜆𝑛,𝑛−1 ≥ 𝜆2,1 ≥ 0, we get the inequality

4 𝑝2 ⒧ Δ
𝐴𝑝,𝑟

⒭
2

+ 2𝑝 𝐴𝑝,𝑟 ⒧
Δ
𝐴𝑝,𝑟

⒭ − (𝑝2 + 𝑟 𝑝0) ≤ 0 , (B.22)

where we recall that 𝑝0 = 1−2𝑝−𝑟. Equation (B.22) then gives the condition for P-divisibility
of Λ𝑛 ⊗ Λ𝑛,

Δ
𝐴𝑝,𝑟

≤ 𝑟
2𝑝 + 1

2 −
1 − 1 − 4𝑝(1 − 2𝑝)

4𝑝 . (B.23)

To see explicitly how the environmental correlations relate to the lack of BFI for one qubit
and super-activation of BFI for two qubits, let us consider 𝑟 = 0 and 𝑝 ≪ 1 and let Δ = 𝑄 𝑝.
From (B.8) and (B.9), one sees that

𝜆𝑛,𝑛−1 = 1 − 2𝑝 + 4𝑄𝑝2 + 𝑂(𝑝3) , 𝜆(3)
𝑛,𝑛−1 = 1 − 4𝑝 , (B.24)
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for all 𝑛 ≥ 2. Notice that the eigenvalues of 𝑋 = 𝑋† = 𝑥0 + ∑3
𝑖=1 𝑥𝑖𝜎𝑖 in 𝑀2(ℂ) are

𝑥0 ± ‖𝒙‖. Then, ‖𝑋‖1 = 2𝑥0 = Tr𝑋 if 𝑥0 ≥ ‖𝒙‖, otherwise ‖𝑋‖1 = 2‖𝒙‖. Let us as-
sume Tr (𝑋) = 2𝑥0 ≥ 0 and set 𝑌 = Λ𝑛,𝑛−1[𝑋], its eigenvalues being 𝑥0 ± 𝒚, with
𝒚 = (𝜆𝑛,𝑛−1𝑥1, 𝜆𝑛,𝑛−1𝑥2, 𝜆

(3)
𝑛,𝑛−1𝑥3). Thus, ‖𝑌‖1 = ‖𝑋‖1 = 2𝑥0 if 𝑥0 > 𝒚, otherwise

‖𝑌‖1 = 2𝒚. Then, expanding up to the second order in 𝑝 one finds

𝒚2 = ‖𝒙‖2 − 2𝑝 ⒧2(𝑥21 + 𝑥22) + 𝑥23)⒭ + 4𝑝2⒧𝑄(𝑥21 + 𝑥22) + 𝑥23⒭ + 𝑂(𝑝3) . (B.25)

Therefore, for 𝑥0 ≤ 𝒚, 𝑥0 ≤ ‖𝒙‖ so that ‖𝑌‖1 ≤ ‖𝒙‖ = ‖𝑋‖1 and contractivity ensues.
Indeed that a 𝑄-dependent, positive contribution in (B.25) only appears at second order in 𝑝
and is dominated by a strictly negative contribution, thus preventing BFI for one qubit. Also,
notice that up to second order in 𝑝 there is no dependence on the successive discrete-time steps
𝑛 and 𝑛 − 1.

Instead, let us consider the case of two qubits and consider the trace norm of 𝑍 ∶= Λ𝑛,𝑛−1⊗
Λ𝑛,𝑛−1[𝑃 (2)

+ ] in the same small 𝑝 regime. From (B.20) one sees that the eigenvalues of 𝑍 are
1 − (𝜆(3))2 ≥ 0 twice degenerate and

1 + (𝜆(3))2 + 2𝜆2
𝑛,𝑛−1 ≥ 0 , 1 + (𝜆(3))2 − 2𝜆2

𝑛,𝑛−1 .

If the latter is positive it follows that ‖𝑍‖1 = 1 = 𝑃+
2 1; otherwise, if 2𝜆2

𝑛,𝑛−1 > 1+(𝜆(3)
𝑛,𝑛−1)2,

which for small 𝑝 occurs whenever 𝑄 > 1/2,

‖𝑍‖1 = 2 ⒧1 − (𝜆(3))2⒭ + 4𝜆2
𝑛.𝑛−1 ≃ 1 + 4𝑝2(2𝑄 − 1)

becomes larger than 1 for 𝑄 > 1/2. Therefore, unlike for a single qubit, for two qubits the
leading correction is a term of order 2 in 𝑝; this becomes positive for sufficiently correlated
sites in the Markov chain environment in which case Λ𝑛,𝑛−1 ⊗ Λ𝑛,𝑛−1 ceases to be contractive.

B.3 Local system-chain density matrices and mutual informa-
tion

Let us consider again the local algebra 𝒜[−𝑎,𝑏]
𝐸 supported by the integers 0 ≤ 𝑎 ≤ 𝑏 whose

elements are linear combinations of tensor products 𝐴⊗[−𝑎,𝑏]
𝒊[−𝑎,𝑏] . Each single-site operator belongs

to the commutative algebra 𝒜 = 𝐷𝑑(ℂ) generated by the orthogonal projections Π𝑘 , 0 ≤ 𝑘 ≤
𝑑 − 1 and is thus of the form 𝐴(𝑙)

𝑖𝑙 = ∑𝑑−1
𝑘𝑙=0 𝑎

𝑘𝑙
𝑖𝑙 Π

(𝑙)
𝑘𝑙 . Then,

𝐴⊗[−𝑎,𝑏]
𝒊[−𝑎,𝑏] = 

𝒌[−𝑎,𝑏]

𝑎𝒌[−𝑎,𝑏]𝒊[−𝑎,𝑏] Π
[−𝑎,𝑏]
𝒌[−𝑎,𝑏] , Π[−𝑎,𝑏]

𝒌[−𝑎,𝑏] ≡
𝑏


𝑙=−𝑎

Π(𝑙)
𝑘𝑙 , 𝑎𝒌[−𝑎,𝑏]𝒊[1−𝑎,𝑏] ≡

𝑏


𝑙=−𝑎

𝑎𝑘𝑙𝑖𝑙 .

The dynamics (B.2) thus gives

Θ𝑛 𝑋𝑆 ⊗ 𝐴⊗[−𝑎,𝑏]
𝒊[−𝑎,𝑏]  =

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪
⎩

∑𝒌[−𝑎,𝑏] 𝑎
𝒌[−𝑎,𝑏]
𝒊[−𝑎,𝑏] 𝜙𝒌[−𝑛+1,0] [𝑋𝑆] ⊗ Π[−𝑎+𝑛,𝑛+𝑏]

𝒌[−𝑎,𝑏] … 0 ≤ 𝑛 ≤ 𝑎

∑𝒌[−𝑛+1,𝑏] 𝑎
𝒌[−𝑎,𝑏]
𝒊[−𝑎,𝑏] 𝜙𝒌[−𝑛+1,0] [𝑋𝑆] ⊗ Π[1,𝑛+𝑏]

𝒌[−𝑛+1,𝑏] … 𝑛 > 𝑎
, (B.26)
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where 𝜙𝒌[−𝑛+1,0] ≡ 𝜙𝑘−𝑛+1 ∘ ⋯ ∘ 𝜙𝑘0 .
Let us now consider the discrete-time evolution of local density matrices that is obtained

by duality:
𝜔𝑆 ⊗ 𝜔𝐸 ∘ Θ𝑛 𝑋𝑆 ⊗ 𝐴[−𝑎,𝑏]

𝐸  = Tr ⒧Ω(𝑛)
𝑆[−𝑎,𝑏] 𝑋𝑆 ⊗ 𝐴[−𝑎,𝑏]

𝐸 ⒭ .

Using the shift invariance of the environment state 𝜔𝐸 one gets:

𝜔𝑆 ⊗ 𝜔𝐸 ∘ Θ𝑛 𝑋𝑆 ⊗ 𝐴⊗[−𝑎,𝑏]
𝒊[−𝑎,𝑏]  =

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪
⎩

∑𝒌[−𝑎,𝑏] 𝑝𝒌[−𝑎,𝑏]𝑎
𝒌[−𝑎,𝑏]
𝒊[−𝑎,𝑏] Tr ⒧𝜙‡

𝒌[−𝑛+1,0] [𝜌𝑆] 𝑋𝑆⒭ 𝑛 ≤ 𝑎 ,

∑𝒌[−𝑛+1,𝑏] 𝑝𝒌[−𝑛+1,𝑏]𝑎
𝒌[−𝑎,𝑏]
𝒊[−𝑎,𝑏] Tr ⒧𝜙‡

𝒌[−𝑛+1,0] [𝜌𝑆] 𝑋𝑆⒭ 𝑛 > 𝑎 .

Therefore, the local density matrices at discrete time-step 𝑛, Ω(𝑛)
𝑆[−𝑎,𝑏], read

Ω(𝑛)
𝑆[−𝑎,𝑏] =

⎧⎪⎪⎪
⎨⎪⎪⎪
⎩

∑𝒌[−𝑎,𝑏] 𝑝𝒌[−𝑎,𝑏]𝜙
‡
𝒌[−𝑛+1,0] [𝜌𝑆] ⊗ Π[−𝑎,𝑏]

𝒌[−𝑎,𝑏] 𝑛 ≤ 𝑎 ,

∑𝒌[−𝑛+1,𝑏] 𝑝𝒌[−𝑛+1,𝑏]𝜙
‡
𝒌[−𝑛+1,0] [𝜌𝑆] ⊗ Π[−𝑛+1,𝑏]

𝒌[−𝑛+1,𝑏] 𝑛 > 𝑎 .
(B.27)

To quantify the system-chain correlations, we compute the mutual information

𝐼 ⒧Ω(𝑛)
𝑆[−𝑎,𝑏]⒭ = 𝑆 ⒧Ω(𝑛)

𝑆 ⒭ + 𝑆 ⒧Ω(𝑛)
[−𝑎,𝑏]⒭ − 𝑆 ⒧Ω(𝑛)

𝑆[−𝑎,𝑏]⒭ ; (B.28)

relative to the evolved local density matrices Ω(𝑛)
𝑆[−𝑎,𝑏] (B.27) and their marginals Ω(𝑛)

𝑆 , respec-
tively Ω(𝑛)

[−𝑎,𝑏] that are obtained by performing the trace over 𝒜𝑆, respectively 𝒜𝐸. Using the
notation in (4.36), they read

Ω(𝑛)
𝑆 = 

𝒌[−𝑛+1,0]

𝑝𝒌[−𝑛+1,0] 𝜙
‡
𝒌[−𝑛+1,0] [𝜌𝑆] , (B.29)

Ω(𝑛)
[−𝑎,𝑏] =

⎧⎪⎪⎪
⎨⎪⎪⎪
⎩

∑𝒌[−𝑎,𝑏] 𝑝𝒌[−𝑎,𝑏] Π
[−𝑎,𝑏]
𝒌[−𝑎,𝑏] = 𝜌[−𝑎,𝑏]

𝐸 𝑛 ≤ 𝑎 ,

∑𝒌[−𝑛+1,𝑏] 𝑝𝒌[−𝑛+1,𝑏] Π
[1−𝑛,𝑏]
𝒌[−𝑛+1,𝑏] = 𝜌[−𝑛+1,𝑏]

𝐸 𝑛 ≥ 𝑎 .
(B.30)

Notice that (B.29) follows since

𝑎 ≥ 𝑛 ⇒ 
𝒌[−𝑎,−𝑛]


𝒌[1,𝑏]

𝑝𝒌[−𝑎,𝑏] = 𝑝𝒌[−𝑛+1,0] .

Furthermore, by relabelling the indices in the right-hand side of (B.29), one obtains Ω(𝑛)
𝑆 =

Λ𝑛[𝜌𝑆] with Λ𝑛 as in (B.4). Since the contributing operators in (B.27) are all orthogonal, one
gets

𝑆 ⒧Ω(𝑛)
𝑆[−𝑎,𝑏]⒭ =

⎧⎪⎪⎪
⎨⎪⎪⎪
⎩

𝑆 ⒧𝜌[−𝑎,𝑏]
𝐸 ⒭ + ∑𝒌[−𝑛+1,0] 𝑝𝒌[−𝑛+1,0] 𝑆 ⒧𝜙

‡
𝒌[−𝑛+1,0]⒭ 𝑛 ≤ 𝑎 ,

𝑆 ⒧𝜌[−𝑛+1,𝑏]
𝐸 ⒭ + ∑𝒌[−𝑛+1,0] 𝑝𝒌[−𝑛+1,0] 𝑆 ⒧𝜙

‡
𝒌[−𝑛+1,0] [𝜌𝑆]⒭ 𝑛 > 𝑎 .

(B.31)
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Therefore, by relabelling the summation indices, the mutual information simplifies to

𝐼 ⒧Ω(𝑛)
𝑆[−𝑎+1,𝑏]⒭ = 𝑆(Λ𝑛[𝜌𝑆]) − 

𝒌[1,𝑛]

𝑝𝒌[1,𝑛] 𝑆 ⒧Φ‡
𝒌[1,𝑛] [𝜌𝑆]⒭ ≡ 𝐼(𝑛)𝑆𝐸 . (B.32)

Notice that the right-hand side of (B.32) only depends on 𝑛 and not on the specific local sub-
algebra 𝒜[−𝑎,𝑏]

𝐸 . The previous result can be easily extended to two qubits, each evolving in the
same collisional environment, and equipped with initial state 𝜔𝑆+𝑆 ⊗ 𝜔𝐸+𝐸 where 𝜔𝑆+𝑆 corre-
sponds to a two-qubit density matrix 𝜌𝑆+𝑆, while 𝜔𝐸+𝐸 = 𝜔𝐸 ⊗𝜔𝐸 since the two environments
are independent. One then analogously derives a qubit-qubit-environment mutual information
as

𝐼(𝑛)(𝑆+𝑆)(𝐸+𝐸) ∶= 𝑆(Λ𝑛 ⊗ Λ𝑛[𝜌𝑆+𝑆]) − 
𝒍[1,𝑛],𝒌[1,𝑛]

𝑝𝒍[1,𝑛]𝑝𝒌[1,𝑛] 𝑆 ⒧𝜙
‡
𝒍[1,𝑛] ⊗ 𝜙‡

𝒌[1,𝑛] [𝜌𝑆+𝑆]⒭ .

B.4 Stroboscopic limit
Let us consider Pauli maps as in (4.70) of the form 𝜙𝑘 = 𝑒𝜏ℒ𝑘 and 𝜑 = 𝑒−2𝛾𝜏. This choice
corresponds to the case in which the system, identified by 𝒜𝑆, and the chain ancilla at site (0),
described by𝒜(0)

𝐸 , are dissipatively coupled for a time 𝜏 through the following GKLS generator,

𝕃[𝑂𝑆 ⊗ 𝑂(0)
𝐸 ] = 𝛾

3


𝑖=0

⒧(𝜎𝑖 ⊗Π𝑖) 𝑂𝑆 ⊗ 𝑂(0)
𝐸 (𝜎𝑖 ⊗Π𝑖) −

1
2 12 ⊗Π𝑖, 𝑂𝑆 ⊗ 𝑂(0)

𝐸 ⒭ , (B.33)

which satisfies 𝕃[𝑂𝑆 ⊗ Π𝑗 ] = ℒ𝑗 [𝑂𝑆] ⊗ Π𝑗 . The reduced dynamics will be of the Pauli type,
with spectrum 𝜆(𝑖)

𝑛 obeying the recurrences (4.49) and (4.50). In the so-called stroboscopic limit
typical of collision models, one takes

𝜏 → 0 , 𝑛 → ∞, 𝑛𝜏 → 𝑡 , (B.34)

and expands (4.50) at first order in 𝜏 obtaining

𝜆(3)
𝑛 − 𝜆(3)

𝑛−1
𝜏 = −2𝛾𝜆(3)

𝑛−1 ⟹ 𝜆̇(3)
𝑡 = −2𝛾𝜆(3)

𝑡 ⇒ 𝜆(3)
𝑡 = 𝑒−2𝛾𝑡 . (B.35)

On the other hand, denoting by 𝜆𝑛 the other two equal Pauli eigenvalues and expanding (4.49)
up to order 𝜏 yield the following finite-difference equation:

𝜆𝑛 − 𝜆𝑛−1
𝜏 = −2(𝑝 + 𝑟)𝛾𝜆𝑛−1 + 2𝑝 𝛾2

𝑛−2


𝑗=0

𝜏 (2Δ)𝑛−𝑗−1(1 − 𝛾𝜏)𝑛−𝑗−2𝜆𝑗 . (B.36)

Choosing Δ = 𝑒−𝜅𝜏

2 , the stroboscopic limit (B.34) and the constraints (4.45) yield 𝑝 →
1/2, 𝑟 → 0 and turn (B.36) into the integro-differential equation

𝜆̇𝑡 = −𝛾 𝜆𝑡 + 𝛾2 
𝑡

0
d𝑠 𝑒−(𝜅+𝛾)(𝑡−𝑠)𝜆𝑠 . (B.37)
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B. Collisional model with Markov chain environment

The latter is readily solvable through its Laplace transform 𝜆𝑧 = ∫
+∞
0 d𝑡 𝑒−𝑧𝑡𝜆𝑡, with the initial

condition 𝜆𝑡=0 = 1, yielding:

𝜆𝑧 =
𝑧 + 𝜅 + 𝛾

𝑧2 + 𝑧(𝜅 + 2𝛾) + 𝜅𝛾 with simple poles at 𝑧± =
−(𝜅 + 2𝛾) ± 𝜅2 + 4𝛾2

2 ≤ 0 .
(B.38)

Therefore, for 𝑎 ≥ 𝑧+, one gets

𝜆𝑡 =
1

2𝜋𝑖 
𝑎+𝑖∞

𝑎−𝑖∞
d𝑧 𝑒𝑧𝑡 𝜆𝑧 = 𝑒−(𝛾+

𝜅
2 )𝑡 cosh ⒧12𝑡

𝜅2 + 4𝛾2⒭ +
𝜅 sinh ⒧ 12 𝑡𝜅2 + 4𝛾2⒭

𝜅2 + 4𝛾2
 .

(B.39)
By inspection of the Choi matrix of Λ𝑡, namely Λ𝑡 ⊗ id2[𝑃 (2)

+ ], one realizes that complete
positivity requires

1 + 𝜆(3)
𝑡 − 2𝜆𝑡 ≥ 0 , (B.40)

which is checked to be always satisfied.

B.5 Details about theMutual information
In the case of a unitary coupling between system and collisional environment, the variation
of the system-chain mutual information reduces to the variation of the von Neumann entropy
in discrete time as in (4.67). As considered in the main text, the choice (4.68) together with
𝑝 = 1/4 + 𝜖 yield the following Pauli eigenvalues at discrete-time steps 1, respectively 2:
𝜆1 = 𝜆2 = 1

2 − 2𝜖, respectively 𝜆(3)
1 = −4𝜖, 𝜆(3)

2 = 16𝜖2.
Since 𝜖 is taken as a small perturbative parameter, it follows that the intertwiner Λ2,1 is a

positive map. Indeed, the corresponding Pauli eigenvalues satisfy

𝜆2,1 =
𝜆2
𝜆1

= 1 , 𝜆(3)
2,1 = 𝜆

(3)
2

𝜆(3)
1

 = 4𝜖 < 1 .

Then, consider the first two time-step dynamics of two-qubit totally symmetric state 𝑃 (2)
+ :

Λ1 ⊗ Λ1[𝑃 (2)
+ ] =

⎛⎜⎜⎜
⎝

1
4 + 4𝜖2 ⋅ ⋅ 1

8 (1 − 4𝜖)2
⋅ 1

4 − 4𝜖2 ⋅ ⋅
⋅ ⋅ 1

4 − 4𝜖2 ⋅
1
8 (1 − 4𝜖)2 ⋅ ⋅ 1

4 + 4𝜖2

⎞⎟⎟⎟
⎠

(B.41)

Λ2 ⊗ Λ2[𝑃 (2)
+ ] =

⎛⎜⎜⎜
⎝

1
4 + 64𝜖4 ⋅ ⋅ 1

8 (1 − 4𝜖)2
⋅ 1

4 − 64𝜖4 ⋅ ⋅
⋅ ⋅ 1

4 − 64𝜖4 ⋅
1
8 (1 − 4𝜖)2 ⋅ ⋅ 1

4 + 64𝜖4

⎞⎟⎟⎟
⎠
. (B.42)

By evaluating the spectrum of the two states and expanding the von Neumann entropies of the
two above states (B.41) up to second order in 𝜖, one gets

𝑆(Λ1 ⊗ Λ1[𝑃 (2)
+ ]) = 20 log(2) − 3 log(3)

8 + log(3) 𝜖 + ⒧8 log(2) − 6 log(3) − 16
3 ⒭ 𝜖2 + 𝑂(𝜖3) ,

𝑆(Λ2 ⊗ Λ2[𝑃 (2)
+ ]) = 20 log(2) − 3 log(3)

8 + log(3) 𝜖 − ⒧2 log(3) + 16
3 ⒭ 𝜖2 + 𝑂(𝜖3) .
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Their difference coincides with the variation of the system-chain correlations and is given, up
to order 𝜖2, by

Δ𝐼(2,1)𝑆𝐸 (𝑃 (2)
+ ) = 𝑆(Λ2 ⊗ Λ2[𝑃 (2)

+ ]) − 𝑆(Λ1 ⊗ Λ1[𝑃 (2)
+ ]) = −4 log⒧43⒭𝜖

2 + 𝑂(𝜖3) < 0 .

Let us now compute the quantum mutual information for the case 𝑝 = 1/2, Δ = 1/2,
corresponding to master equation rates 𝛾𝑡 = 1, 𝛾(3)

𝑡 = − tanh(𝑡) and Pauli eigenvalues
𝜆𝑡 = 𝑒−𝑡 cosh(𝑡), 𝜆(3)

𝑡 = 𝑒−2𝑡. Notice that, with these choices, the stochastic matrix 𝑇 in (4.44)
takes a particularly simple form:

𝑇 = 1
2
⎛⎜⎜⎜
⎝

0 0 0 0
1 2 0 1
1 0 2 1
0 0 0 0

⎞⎟⎟⎟
⎠
, (B.43)

so that the only non-zero probabilities 𝑝𝒊[1,𝑛] correspond to the sequences 𝒊[1,𝑛] = 111⋯ ≡ 1
and 𝒊[1,𝑛] = 222⋯ ≡ 2. Accordingly, only two CPTP unital semigroups 𝜙𝒊[1,𝑛] contribute in
(4.40),

Λ𝑡 =
𝜙𝟏 + 𝜙2

2 , (B.44)

with equal, time-independent weights 𝑝𝟏 = 𝑝𝟐 = 1/2. In the continuous-time limit, 𝜙𝟏 and
𝜙𝟐 are the Pauli maps defined by

𝜙𝟏[𝜎1] = 1 ,
𝜙2[𝜎1] = 𝑒−2𝑡 ,

𝜙𝟏[𝜎2] = 𝑒−2𝑡 ,
𝜙2[𝜎2] = 1 ,

𝜙𝟏[𝜎3] = 𝑒−2𝑡 ,
𝜙2[𝜎3] = 𝑒−2𝑡 .

(B.45)

Notice that for other choices of 𝑇, in the stroboscopic limit, the weights 𝑝𝒊[1,𝑛] would generally
become functions of time as well. In the special case of (B.43), the mutual information as
function of 𝑡 reads

𝐼(𝑡)𝑆𝐸(𝜌𝑆) = 𝑆(Λ𝑡 ⊗ Λ𝑡)[𝜌𝑆+𝑆]) −
1
4 

𝑖,𝑗=𝟏,2
𝑆(𝜙𝑖 ⊗ 𝜙𝑗 [𝜌𝑆+𝑆]) . (B.46)

The non-monotonic behaviour of the system-chain mutual information (B.46) has been in-
spected numerically by means of the following family of 𝑋 states,

𝜌(1)
𝑋 = 1

414 − (1 − 2(𝜇1 + 𝜈))𝜎1 ⊗ 12 + (1 − 2(𝜇2 + 𝜈))12 ⊗ 𝜎1
− (1 − 2(𝜇1 + 𝜇2))𝜎1 ⊗ 𝜎1 − 2Re(𝑢 − 𝑣)𝜎2 ⊗ 𝜎2
+ 2Re(𝑢 + 𝑣)𝜎3 ⊗ 𝜎3 + 2 Im(𝑢 + 𝑣)𝜎2 ⊗ 𝜎3 + 2 Im(𝑢 − 𝑣)𝜎3 ⊗ 𝜎2 , (B.47)

having the 𝑋 shape when written in the basis of 𝜎1 ⊗ 𝜎1, which can be obtained from the
standard one by applying the matrix 𝑉 ⊗ 𝑉, 𝑉 = (𝜎1 + 𝜎3)/√2. The positivity condition are
then readily obtained and read

0 ≤ 𝜇1, 𝜇2 ≤ 1 0 ≤ 𝜈 ≤ 1 − (𝜇1 + 𝜇2) , (B.48)

|𝑢| ≤ √𝜇1𝜇2 , |𝑣| ≤ 𝜈(1 − 𝜇1 − 𝜇2 − 𝜈) . (B.49)
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Setting 𝛼𝑡 = 𝑒−𝑡 cosh(𝑡) and 𝛽𝑡 = 𝑒−2𝑡, the states in (B.46) read

Λ𝑡 ⊗ Λ𝑡[𝜌
(1)
𝑋 ] = 1

414 − (1 − 2(𝜇1 + 𝜈))𝛼𝑡𝜎1 ⊗ 12 + (1 − 2(𝜇2 + 𝜈))𝛼𝑡12 ⊗ 𝜎1
− (1 − 2(𝜇1 + 𝜇2))𝛼2

𝑡 𝜎1 ⊗ 𝜎1 − 2Re(𝑢 − 𝑣)𝛼2
𝑡 𝜎2 ⊗ 𝜎2

+ 2Re(𝑢 + 𝑣)𝛽2
𝑡 𝜎3 ⊗ 𝜎3 + 2 Im(𝑢 + 𝑣)𝛼𝑡𝛽𝑡𝜎2 ⊗ 𝜎3 + 2 Im(𝑢 − 𝑣)𝛼𝑡𝛽𝑡𝜎3 ⊗ 𝜎2 ,

Φ𝟏 ⊗ Φ𝟏[𝜌
(1)
𝑋 ] = 1

414 − (1 − 2(𝜇1 + 𝜈))𝜎1 ⊗ 12 + (1 − 2(𝜇2 + 𝜈))12 ⊗ 𝜎1
− (1 − 2(𝜇1 + 𝜇2))𝜎1 ⊗ 𝜎1 − 2Re(𝑢 − 𝑣)𝛽2

𝑡 𝜎2 ⊗ 𝜎2
− +2Re(𝑢 + 𝑣)𝛽2

𝑡 𝜎3 ⊗ 𝜎3 + 2 Im(𝑢 + 𝑣)𝛽2
𝑡 𝜎2 ⊗ 𝜎3 + 2 Im(𝑢 − 𝑣)𝛽2

𝑡 𝜎3 ⊗ 𝜎2 ,

Φ𝟐 ⊗ Φ𝟐[𝜌
(1)
𝑋 ] = 1

414 − (1 − 2(𝜇1 + 𝜈))𝛽𝑡𝜎1 ⊗ 12 + (1 − 2(𝜇2 + 𝜈))𝛽𝑡12 ⊗ 𝜎1
− (1 − 2(𝜇1 + 𝜇2))𝛽2

𝑡 𝜎1 ⊗ 𝜎1 − 2Re(𝑢 − 𝑣)𝜎2 ⊗ 𝜎2
+ 2Re(𝑢 + 𝑣)𝛽2

𝑡 𝜎3 ⊗ 𝜎3 + 2 Im(𝑢 + 𝑣)𝛽𝑡𝜎2 ⊗ 𝜎3 + 2 Im(𝑢 − 𝑣)𝛽𝑡𝜎3 ⊗ 𝜎2 ,

Φ𝟏 ⊗ Φ𝟐[𝜌
(1)
𝑋 ] = 1

414 − (1 − 2(𝜇1 + 𝜈))𝜎1 ⊗ 12 + (1 − 2(𝜇2 + 𝜈))𝛽𝑡12 ⊗ 𝜎1
− (1 − 2(𝜇1 + 𝜇2))𝛽2

𝑡 𝜎1 ⊗ 𝜎1 − 2Re(𝑢 − 𝑣)𝛽𝑡𝜎2 ⊗ 𝜎2
+ 2Re(𝑢 + 𝑣)𝛽2

𝑡 𝜎3 ⊗ 𝜎3 + 2 Im(𝑢 + 𝑣)𝛽2
𝑡 𝜎2 ⊗ 𝜎3 + 2 Im(𝑢 − 𝑣)𝛽𝑡𝜎3 ⊗ 𝜎2 ,

Φ𝟐 ⊗ Φ𝟏[𝜌
(1)
𝑋 ] = 1

414 − (1 − 2(𝜇1 + 𝜈))𝛽𝑡𝜎1 ⊗ 12 + (1 − 2(𝜇2 + 𝜈))12 ⊗ 𝜎1
− (1 − 2(𝜇1 + 𝜇2))𝛽𝑡𝜎1 ⊗ 𝜎1 − 2Re(𝑢 − 𝑣)𝛽𝑡𝜎2 ⊗ 𝜎2
+ 2Re(𝑢 + 𝑣)𝛽2

𝑡 𝜎3 ⊗ 𝜎3 + 2 Im(𝑢 + 𝑣)𝛽𝑡𝜎2 ⊗ 𝜎3 + 2 Im(𝑢 − 𝑣)𝛽2
𝑡 𝜎3 ⊗ 𝜎2 .
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APPENDIX C
Coarse-graining and ALF entropy

C.1 Entropy exchange and the GNS construction

We now derive equation (1.128). For a generic partition 𝒳, let {|𝑎⟩}|𝒳|
𝑎=1 be a basis of ℂ|𝒳| and

define, similarly as in the model of measurement of Section 1.4.3, an isometry𝑉 ∶ ℋ𝜔⊗|0⟩ ⟶
ℋ𝜔 ⊗ ℂ|𝒳|

𝑉 |Ω𝜔⟩ ⊗ |0⟩ ∶=
|𝒳|


𝑎=1

𝜋𝜔(𝑋𝑎) |Ω𝜔⟩ ⊗ |𝑎⟩ . (C.1)

The projector onto |Ω𝜔⟩ ⊗ |0⟩ is then mapped into the pure state

𝜓⟩⟨𝜓 ∶= 𝑉 |Ω𝜔⟩⟨Ω𝜔| ⊗ |0⟩⟨0| 𝑉† =
|𝒳|


𝑎𝑏=1

𝜋𝜔(𝑋𝑎) |Ω𝜔⟩⟨Ω𝜔| 𝜋𝜔(𝑋𝑏)† ⊗ |𝑎⟩⟨𝑏| . (C.2)

The marginals of 𝜓⟩⟨𝜓 yield

Tr𝐼(𝜓⟩⟨𝜓) = 
𝑎,𝑏

𝜔 ⒧𝑋†
𝑏𝑋𝑎⒭ |𝑎⟩⟨𝑏| = 𝜌[𝒳] , (C.3)

and
Tr𝐼𝐼(𝜓⟩⟨𝜓) = 

𝑎
𝜋𝜔(𝑋𝑎) |Ω𝜔⟩⟨Ω𝜔| 𝜋(𝑋𝑎)† =∶ 𝕏𝜔[|Ω𝜔⟩⟨Ω𝜔|] . (C.4)

The marginals (C.3) and (C.4) of the pure state 𝜓⟩⟨𝜓 have the same spectrum, multiplicities
included, a part from the zero eigenvalue; thus, they have the same von Neumann entropy,

𝑆(𝜌[𝒳]) = 𝑆 (𝕏𝜔[|Ω𝜔⟩⟨Ω𝜔|]) .

For example, take 𝒳 ⊆ 𝒜 = 𝑀𝑑(ℂ), so that 𝜔( ⋅ ) = Tr (𝜌 ⋅ ) and the GNS representation is
achieved through |Ω𝜔⟩ = √𝜌 and 𝜋𝜔(𝑋) = 𝑋 ⊗ 1𝑑 (see Example 1.3). Then,

𝕏𝜔 = 𝕏 ⊗ id𝑑 , where 𝕏[𝜌] =
|𝒳|


𝑎=1

𝑋𝑎𝜌𝑋†
𝑎 ,
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so that
𝑆(𝜌[𝒳]) = 𝑆⒧𝕏 ⊗ id𝑑 √𝜌√𝜌 ⒭ . (C.5)

From the latter expression, it is also evident how the entropy exchange discussed in Section 1.4.3
does depend on the chosen OPU, but not on its specific Kraus representation.

C.2 ALF entropy as multi-time entropy exchange
Repeating the same steps for the time-refined OPU 𝒳(𝑛), one dilates to a pure state


𝒂

𝜋𝜔⒧𝑋
(𝑛)
𝒂 ⒭ |Ω𝜔⟩ ⊗ 𝒂[0,𝑛−1] ,

and considers the corresponding projector


𝒂,𝒃

𝜋𝜔⒧𝑋
(𝑛)
𝒂 ⒭ |Ω𝜔⟩⟨Ω𝜔| 𝜋𝜔⒧𝑋

(𝑛)
𝒃 ⒭† ⊗ 𝒂[0,𝑛−1]𝒃[0,𝑛−1] . (C.6)

Its marginals have thus the same entropy:

𝑆⒧𝜌[𝒳(𝑛)]⒭ = 𝑆 ⎛
⎝

𝒂

𝜋𝜔⒧𝑋
(𝑛)
𝒂 ⒭ |Ω𝜔⟩⟨Ω𝜔| 𝜋𝜔⒧𝑋

(𝑛)
𝒂 ⒭†⎞

⎠
. (C.7)

From (1.113),

𝜋𝜔 ⒧𝑋(𝑛)
𝒂 ⒭ |Ω𝜔⟩ = 𝜋𝜔(Θ𝑛−1(𝑋𝑎𝑛−1)) … 𝜋𝜔(Θ(𝑋𝑎1))𝜋𝜔(𝑋𝑎0) |Ω𝜔⟩

= (𝑈†
𝜔)𝑛−1𝜋𝜔(𝑋𝑎𝑛−1)𝑈

𝑛−1
𝜔 (𝑈†

𝜔)𝑛−2 …𝑈†
𝜔𝜋𝜔(𝑋𝑎1)𝑈𝜋𝜔(𝑋𝑎0) |Ω𝜔⟩

= (𝑈†
𝜔)𝑛 ⒧𝑈𝜔𝜋𝜔(𝑋𝑎𝑛−1)…𝑈𝜔𝜋𝜔(𝑋𝑎0)⒭ |Ω𝜔⟩ ,

so that


𝒂

𝜋𝜔⒧𝑋
(𝑛)
𝒂 ⒭ |Ω𝜔⟩⟨Ω𝜔| 𝜋𝜔⒧𝑋

(𝑛)
𝒂 ⒭† = ⒧𝕌‡

𝜔⒭
𝑛 ∘ (𝕌𝜔 ∘ 𝕏𝜔)

𝑛 [|Ω𝜔⟩⟨Ω𝜔|] . (C.8)

From (C.7), by the invariance of the von Neumann entropy under unitary maps, one has

𝑆 ⒧𝜌𝒳(𝑛)⒭ = 𝑆 ⒧⒧𝕌𝜔 ∘ 𝕏𝜔⒭
𝑛  |Ω𝜔⟩⟨Ω𝜔| ⒭ . (C.9)
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APPENDIX D
Symbolic models for Open Systems

D.1 Proof of Proposition 2.13.

We need to prove that

Λ𝑘,𝑘−1 = Λ1 =∶ Λ , ∀ 𝑘 ≥ 1 . (D.1)

In the main text, we showed that the latter holds for 𝑘 = 2: Λ2,1 = Λ. Now, suppose (D.1)
holds for 𝑘 = 𝑛 − 1. Choose again the OPU, made of operators

ℱ = {𝐹𝑎,𝑎′}𝑑𝑎𝑎′=1 , 𝐹𝑎𝑎′ = √𝑟𝑎 |𝑟𝑎⟩⟨𝑟𝑎′ | ∈ 𝒜𝑆 , (D.2)

where 0 < 𝑟𝑎 ≤ 1, |𝑟𝑎⟩, 𝑎 = 1,… , 𝑑 are the eigenvalues, respectively, the eigenvectors of 𝜌𝑆,
so that this OPU leaves 𝜔𝑆 invariant. Due to the assumed invariance of the 𝜔𝑆 ⊗ 𝜔𝐸 under
both Θ and 𝔽, the state 𝜔𝒳 on the half-spin chain defined through the coarse-grained density
matrices 𝜌𝑆ℱ(𝑛+1), 𝑛 ≥ 1 is invariant under the shift to the right. On the other hand, explicit
evaluation of 𝜌 ℱ(𝑛+1) yields

𝜌ℱ(𝑛+1) = 
𝑎0𝑏0…𝑎𝑛𝑏𝑛
𝑎′0𝑏′0…𝑎′𝑛𝑏′𝑛

𝛿𝑏𝑛𝑎𝑛 𝑟𝑎𝑛𝛿𝑏′0𝑎′0𝑟𝑎′0
𝑛


𝑘=1

𝑟𝑎𝑘−1𝑟𝑏𝑘−1 ⟨𝑟𝑎′𝑘 | Λ𝑘,𝑘−1  |𝑟𝑎𝑘−1⟩⟨𝑟𝑏𝑘−1 | |𝑟𝑏′𝑘 ⟩

𝑟𝑎0𝑟𝑎′0 …𝑟𝑎𝑛 𝑟𝑎′𝑛𝑟𝑏0𝑟𝑏′0 …𝑟𝑏𝑛 𝑟𝑏′𝑛  . (D.3)

Shift invariance means that Tr𝐼 𝜌 ℱ(𝑛+1) = 𝜌 ℱ(𝑛). Here, Tr𝐼 denotes the trace on the first
two tensor factors in (D.3), this amounts to setting 𝑎0 = 𝑏0 and 𝑎′0 = 𝑏′0 and then summing
over 𝑎0, 𝑎′0. Consider thus the entries
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D. Symbolic models for Open Systems

Tr𝐼 ⒧𝜌ℱ(𝑛+1)⒭𝑎1𝑎′1𝑎𝑛𝑎′𝑛…𝑏1𝑎′1𝑎𝑛𝑏′𝑛
= 𝑟𝑎𝑛 

𝑎′0

𝑟𝑎′0 𝑟𝑎′1  Λ1 [𝜌𝑆] 𝑟𝑏′1

𝑛


𝑘=2

𝑟𝑎𝑘−1𝑟𝑏𝑘−1 ⟨𝑟𝑎′𝑘 | Λ𝑘,𝑘−1  |𝑟𝑎𝑘−1⟩⟨𝑟𝑏𝑘−1 | |𝑟𝑏′𝑘 ⟩

= 𝑟𝑎𝑛 𝑟𝑎′1
𝑛−1


𝑘=2

𝑟𝑎𝑘−1𝑟𝑏𝑘−1 ⟨𝑟𝑎′𝑘 | Λ  |𝑟𝑎𝑘−1⟩⟨𝑟𝑏𝑘−1 | |𝑟𝑏′𝑘 ⟩ ⟨𝑟𝑎′𝑛 | Λ𝑛,𝑛−1  |𝑟𝑎𝑛−1⟩⟨𝑟𝑏𝑛−1 | |𝑟𝑏′𝑛⟩ .

The latter must be equal to

𝜌ℱ(𝑛)𝑎1𝑎′1𝑎𝑛𝑎′𝑛…𝑏1𝑎′1𝑎𝑛𝑏′𝑛
= 𝑟𝑎𝑛 𝑟𝑎′1

𝑛


𝑘=2

𝑟𝑎𝑘−1𝑟𝑏𝑘−1 ⟨𝑟𝑎′𝑘 | Λ  |𝑟𝑎𝑘−1⟩⟨𝑟𝑏𝑘−1 | |𝑟𝑏′𝑘 ⟩ ,

which yields

⟨𝑟𝑎′𝑛 | Λ𝑛,𝑛−1  |𝑟𝑎𝑛−1⟩⟨𝑟𝑏𝑛−1 | |𝑟𝑏′𝑛⟩ = ⟨𝑟𝑎′𝑛 | Λ  |𝑟𝑎𝑛−1⟩⟨𝑟𝑏𝑛−1 | |𝑟𝑏′𝑛⟩ .

and consequently, Λ𝑛,𝑛−1 = Λ.

D.2 Proof ofTheorem 2.12.
D.2.1 Proof of (2.78)
We need to recast system coarse-grained matrix 𝜌𝑆 ℱ(𝑛+1) for the OPU ℱ (2.76) (see also
Remark 1.18) in the form

𝜌𝑆 ℱ(𝑛+1) = 𝜌𝑆 ⊗ 𝜌𝑆 ⊗ ⒧𝕋𝑛 ⊗ id 𝜌⊗𝑛
𝑆 𝜌⊗𝑛

𝑆 ⒭ .

By definition,

𝕋‡
𝑛
⎡
⎣

𝑛−1

𝑘=0

𝐴𝑘
⎤
⎦
= 𝜔𝐸

⎛
⎝
Θℤ𝐸

𝑛 ⒧
𝑛−1

𝑘=0

𝐴(𝑘−𝑛)
𝑘 ⊗ 1𝐸⒭⎞

⎠
(D.4)

= 𝜔𝐸⒧Θ1⒧𝐴
(0)
0 ⊗ Θ2,1⒧𝐴

(1)
1 ⊗…Θ𝑛,𝑛−1⒧𝐴

(𝑛−1)
𝑛−1 ⊗ 1𝐸⒭⒭⒭⒭ . (D.5)

where we set
Θℤ𝐸

𝑛 ∶=
𝑛


𝑗=1

⒧Θ𝑗,𝑗−1 ∘ 𝜎 ⊗ id𝐸⒭ , (D.6)

and 𝜎 denotes the shift on 𝑀ℤ
𝑑 (ℂ). From (D.4), 𝕋𝑛 is manifestly completely positive and

unital. Notice that 𝕋1[𝐴0] = 𝜔𝐸 ⒧Θ1 ⒧𝐴
(0)
0 ⊗ 1𝐸⒭⒭ = Λ1[𝐴0]. Moreover, for sake of brevity,

the positioning (upper indices) of system operators along the 𝑆-chain in (D.5) has been chosen
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in accordance with how many times the shift has acted after the automorphism Θ made the
0-th site system operators interact with the environment; indeed,

Θ𝑛,𝑛−1 ∘ (𝜎 ⊗ id𝐸)𝐴
(−𝑛)
0 ⊗…⊗ 𝐴(−1)

𝑛−1  ∶= 𝐴(−𝑛+1)
0 ⊗…⊗Θ𝑛,𝑛−1⒧𝐴

(0)
𝑛−1 ⊗ 1𝐸⒭ .

Then, the action of the automorphism, Θ𝑛,𝑛−1⒧𝐴
(0)
𝑛−1 ⊗ 1𝐸⒭ = 𝐴(0) ⊗ 𝐵𝐸, is such that

𝜎 ⊗ id𝐸𝐴
(−𝑛+1)
0 ⊗⋯⊗Θ𝑛,𝑛−1⒧𝐴

(0)
𝑛−1 ⊗ 1𝐸⒭⒭ = 𝐴(−𝑛+2)

0 ⊗⋯⊗ 𝐴(0)
𝑛−2 ⊗ 𝐴(1)

𝑛−1 ⊗ 𝐵𝐸

= 𝐴(−𝑛+2)
0 ⊗⋯⊗ 𝐴(0)

𝑛−2 ⊗ Θ𝑛,𝑛−1⒧𝐴
(1)
𝑛−1 ⊗ id𝐸⒭ .

One thus gets

⒧Θ𝑛−1,𝑛−2 ∘ (𝜎 ⊗ id𝐸)⒭ ∘ ⒧Θ𝑛,𝑛−1 ∘ (𝜎 ⊗ id𝐸)⒭𝐴
(−𝑛)
0 ⊗…⊗ 𝐴(−1)

𝑛−1 

= 𝐴(−𝑛+2)
0 ⊗⋯⊗Θ𝑛−1,𝑛−2⒧𝐴

(0)
𝑛−2 ⊗ Θ𝑛,𝑛−1⒧𝐴

(1)
𝑛−1 ⊗ id𝐸⒭⒭ .

The elements of the coarse-grained density matrix with respect to the partition (5.9) read

𝜌𝑆 ℱ(𝑛+1)
𝒂,𝒃

= 𝜔𝑆 ⊗ 𝜔𝐸⒧𝐹†
𝑏0𝑏′0 ⊗ 1𝐸 Θ1⒧𝐹†

𝑏1𝑏′1 ⊗ 1𝐸 …Θ𝑛,𝑛−1⒧𝐹†
𝑏𝑛𝑏′𝑛𝐹𝑎𝑛𝑎′𝑛 ⊗ 1𝐸⒭…𝐹𝑎1𝑎′1 ⊗ 1𝐸⒭ 𝐹𝑎0𝑎′0 ⊗ 1𝐸⒭

= 𝑟𝑎𝑛𝛿𝑎𝑛𝑏𝑛 𝑟𝑎′0𝛿𝑎′0𝑏′0
⎛
⎝

𝑛−1


𝑚=0

𝑟𝑎𝑚 𝑟𝑏𝑚
⎞
⎠
Tr ⒧𝑅𝑎0𝑏0 𝜔𝐸⒧Θ1⒧𝑅†

𝑏1𝑏′1 ⊗ 1𝐸 …

…Θ𝑛,𝑛−1⒧𝑅†
𝑎′𝑛𝑏′𝑛 ⊗ 1𝐸⒭…𝑅𝑎1𝑎′1 ⊗ 1𝐸⒭⒭⒭ , (D.7)

with multi-indices 𝒂 = (𝑎0𝑎′0,…𝑎𝑛𝑎′𝑛), 𝒃 = (𝑏0𝑏′0,… , 𝑏𝑏𝑏′𝑛) and where 𝑅𝑎𝑏 = |𝑟𝑎⟩⟨𝑟𝑏| are the
matrix units corresponding to the eigenbasis of 𝜌𝑆; they satisfy

𝑅†
𝑎𝑏 = 𝑅𝑏𝑎 , 𝑅𝑎𝑏 𝑅𝑐𝑑 = 𝛿𝑏𝑐 𝑅𝑎𝑑 . (D.8)

We shall now obtain another expression for (D.7) in terms of the CPU map (D.4). To this
end, we split the proof in several steps.
Step 1. Firstly, we introduce a state functional Ωℤℤ

𝑆 ∶ 𝑀ℤ
𝑑 (ℂ) ⊗ 𝑀ℤ

𝑑 (ℂ) → ℂ on the
doubled 𝑆-chain, whose local restrictions are the purified vector states corresponding to the
tensor products of the system 𝑆 state; namely,

Ωℤℤ
𝑆 ⒧𝑋[𝑎,𝑎+𝑛]⒭ = 𝜌⊗𝑛

𝑆  𝑋[𝑎,𝑎+𝑛] 𝜌⊗𝑛
𝑆  , 𝑋[𝑎,𝑎+𝑛] ∈ 𝑀 [𝑎,𝑛]

𝑑 (ℂ) ⊗𝑀 [𝑎,𝑛]
𝑑 (ℂ) ,

𝜌⊗𝑛
𝑆  = 

𝒂[1,𝑛]
𝑟𝒂[1,𝑛] 𝑟𝒂[1,𝑛] ⊗ 𝑟𝒂[1,𝑛] , 𝑟𝒂[1,𝑛] =

𝑛


𝑘=1

𝑟𝑎𝑘 , (D.9)

and consider the compound dynamical system

⒧𝑀ℤ
𝑑 (ℂ) ⊗𝑀ℤ

𝑑 (ℂ) ⊗ 𝒜𝐸, Ωℤℤ
𝑆 ⊗ 𝜔𝐸, Θℤℤ𝐸

𝑛 ⒭ , (D.10)

where Θℤℤ𝐸
𝑛 ∶=

𝑛


𝑘=1

⒧Θ𝑘,𝑘−1 ⊗ idℤ ∘ 𝜎 ⊗ 𝜎 ⊗ id𝐸⒭
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Introducing the operators

𝑍[−𝑛,−1]
𝐿𝑅 ⊗ 1𝐸 , 𝑍[−𝑛,−1]

𝐿𝑅 ∶= 𝑍[−𝑛,−1]
𝐿 ⊗ 𝑍[−𝑛,−1]

𝑅 , (D.11)

𝑍[−𝑛,−1]
𝐿 ∶=

𝑛

𝑘=1

𝑅†(𝑘−𝑛−1)
𝑎′𝑘𝑏

′
𝑘

, 𝑍[−𝑛,−1]
𝑅 ∶=

𝑛−1

𝑙=0

𝑅†(𝑙−𝑛)
𝑎𝑙𝑏𝑙 , (D.12)

the definition in (D.5) of the CPU map 𝕋‡
𝑛 yields

Ωℤℤ
𝑆 ⊗ 𝜔𝐸⒧Θℤℤ𝐸

𝑛 ⒧𝑍[−𝑛,−1]
𝐿𝑅 ⊗ 1𝐸⒭ ⒭ = Ωℤℤ

𝑆 ⒧𝕋‡
𝑛 𝑍

[−𝑛,−1]
𝐿  ⊗ 𝑍[0,𝑛−1]

𝑅 ⒭ . (D.13)

Step 2. Since 𝑍[−𝑛,−1]
𝐿𝑅 is supported by the double chain sites −𝑛 ≤ 𝑗 ≤ −1, the action of the

𝑛-th power of the shift 𝜎 ⊗ 𝜎, makes the operator 𝕋‡
𝑛 𝑍

[−𝑛,−1]
𝐿  ⊗ 𝑍[0,𝑛−1]

𝑅 supported by the
interval [0, 𝑛 − 1]. Then, in the Schrödinger picture, using the dual 𝕋𝑛, one can rewrite the
expectation in the right hand side of (D.13) as

Ωℤℤ
𝑆 ⒧𝕋‡

𝑛 𝑍
[−𝑛,−1]
𝐿  ⊗ 𝑍[0,𝑛−1]

𝑅 ⒭ =

= Tr[−𝑛,−1] ⒧𝕋𝑛 ⊗ id⊗𝑛𝑑 𝜌⊗[0,𝑛−1]
𝑆 𝜌⊗[0,𝑛−1]

𝑆  𝑍[−𝑛,−1]
𝑅 ⊗ 𝑍[0,𝑛−1]

𝑅 ⒭ . (D.14)

On the other hand, the left hand side of (D.13) reads

Ωℤℤ
𝑆 ⊗ 𝜔𝐸⒧Θℤℤ𝐸

𝑛 ⒧𝑍[−𝑛,−1]
𝐿𝑅 ⊗ 1𝐸⒭ ⒭ = Ωℤℤ

𝑆 ⊗ 𝜔𝐸⒧Θℤ𝐸
𝑛 ⒧𝑍[−𝑛,−1]

𝐿 ⊗ 1𝐸⒭ ⊗ 𝑍[0,𝑛−1]
𝑅 ⒭

= 𝜌⊗[0,𝑛−1]
𝑆  𝜔𝐸⒧Θℤ𝐸

𝑛 ⒧𝑍[−𝑛,−1]
𝐿 ⊗ 1𝐸⒭ ⒭ ⊗ 𝑍[0,𝑛−1]

𝑅 𝜌⊗[0,𝑛−1]
𝑆  .

By explicitly using the spectral form of the vector state in (B.7), one gets

Ωℤℤ
𝑆 ⊗ 𝜔𝐸⒧Θℤℤ𝐸

𝑛 ⒧𝑍[−𝑛,−1]
𝐿𝑅 ⊗ 1𝐸⒭ ⒭ =

= 
𝒊[0,𝑛−1]
𝒋[0,𝑛−1]

𝑛−1


𝑚=0

𝑟𝑖𝑚 𝑟𝑗𝑚 Tr ⒧
𝑛−1

𝑞=0

𝑅(𝑞)
𝑖𝑞𝑗𝑞 𝜔𝐸⒧Θℤ𝐸

𝑛 ⒧𝑍[−𝑛,−1]
𝐿 ⊗ 1𝐸⒭⒭⒭Tr ⎛

⎝

𝑛−1

𝑝=0

𝑅(𝑝)
𝑖𝑝 𝑗𝑝 𝑍

[0,𝑛−1]
𝑅

⎞
⎠
.

Using the expression for 𝑍[0,𝑛−1]
𝑅 in (D.12) yields Tr ⎛

⎝

𝑛−1

𝑝=0

𝑅(𝑝)
𝑖𝑝 𝑗𝑝 𝑍

[0,𝑛−1]
𝑅

⎞
⎠
=

𝑛−1


𝑝=0

𝛿𝑖𝑝𝑎𝑝 𝛿𝑗𝑝𝑏𝑝 , so

that

Ωℤℤ
𝑆 ⊗ 𝜔𝐸⒧Θℤℤ𝐸

𝑛 ⒧𝑍[−𝑛,−1]
𝐿𝑅 ⊗ 1𝐸⒭ ⒭ = ⎛

⎝

𝑛−1


𝑚=0

𝑟𝑎𝑚 𝑟𝑏𝑚
⎞
⎠
×

× Tr[0,𝑛−1]⎛
⎝

𝑛−1

𝑙=0

𝑅(𝑙)
𝑎𝑙𝑏𝑙𝜔𝐸⒧Θ1⒧𝑅

†(0)
𝑎′1,𝑏′1 ⊗ Θ2,1⒧𝑅

†(1)
𝑎′2,𝑏′2 …⊗Θ𝑛,𝑛−1⒧𝑅

†(𝑛−1)
𝑎′𝑛𝑏′𝑛 ⊗ 1𝐸⒭⒭⒭⒭⎞

⎠
. (D.15)
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Step 3. The trace over the local sub-algebras 𝑀⊗𝑛
𝑑 (ℂ) in (D.15) can be converted into a trace

over the single algebra 𝑀𝑑(ℂ) at time-step 0; namely,

Ωℤℤ
𝑆 ⊗ 𝜔𝐸⒧Θℤℤ𝐸

𝑛 ⒧𝑍[−𝑛,−1]
𝐿𝑅 ⊗ 1𝐸⒭ ⒭ = (D.16)

= ⎛
⎝

𝑛−1


𝑚=0

𝑟𝑎𝑚 𝑟𝑏𝑚
⎞
⎠

Tr ⒧𝑅𝑎0𝑏0𝜔𝐸⒧Θ1⒧𝑅†
𝑏1𝑏′1 ⊗ 1𝐸 Θ2,1 ⒧⋯

⋯Θ𝑛−1,𝑛−2⒧𝑅†
𝑏𝑛−1𝑏′𝑛−1 ⊗ 1𝐸 Θ𝑛,𝑛−1⒧𝑅†

𝑎′𝑛𝑏′𝑛 ⊗ 1𝐸⒭𝑅𝑎𝑛−1𝑎′𝑛−1 ⊗ 1𝐸⒭⋯ ⒭𝑅𝑎1𝑎′1 ⊗ 1𝐸⒭⒭ ⒭ .

This a fact is a consequence of the following equality,

Tr[0,𝑛−1]⎛
⎝

𝑛−1

𝑙=0

𝑅(𝑙)
𝑎𝑙𝑏𝑙Θ1⒧𝑅

†(0)
𝑎′1,𝑏′1 ⊗ Θ2,1⒧𝑅

†(1)
𝑎′2,𝑏′2 …⊗Θ𝑛,𝑛−1⒧𝑅

†(𝑛−1)
𝑎′𝑛𝑏′𝑛 ⊗ 𝐸⒭⒭⒭⎞

⎠
=

= Tr ⒧𝑅𝑎0𝑏0Θ1⒧𝑅†
𝑏1𝑏′1 ⊗ 1𝐸 Θ2,1 ⒧𝑅†

𝑏2𝑏′2 ⊗ 1𝐸Θ3,2⒧⋯

⋯Θ𝑛−1,𝑛−2⒧𝑅†
𝑏𝑛−1𝑏′𝑛−1 ⊗ 1𝐸Θ𝑛,𝑛−1⒧𝑅†

𝑎′𝑛𝑏′𝑛 ⊗ 𝐸⒭𝑅𝑎𝑛−1𝑎′𝑛−1 ⊗ 1𝐸⒭⋯𝑅𝑎2𝑎′2 ⊗ 1𝐸⒭𝑅𝑎1𝑎′1 ⊗ 1𝐸⒭⒭ ⒭ ,

(D.17)

that holds for any environment operator 𝐸 and which can be proved by recursion. Indeed, the
equality is true for 𝑛 = 1; assume it holds for up to 𝑛 = 𝑘 and consider its left hand side for
𝑛 = 𝑘 + 1:

Tr[0,𝑘]⎛
⎝

𝑘

𝑙=0

𝑅(𝑙)
𝑎𝑙𝑏𝑙Θ1⒧𝑅

†(0)
𝑎′1,𝑏′1 ⊗ Θ2,1⒧𝑅

†(1)
𝑎′2,𝑏′2 …⊗Θ𝑘,𝑘−1⒧𝑅

†(𝑘)
𝑎′𝑘𝑏

′
𝑘
⊗ Θ𝑘+1,𝑘⒧𝑅

†(𝑘)
𝑎′𝑘+1𝑏

′
𝑘+1

⊗ 𝐸⒭⒭⒭⒭⎞
⎠
.

(D.18)
Note that, expanding with respect to the system matrix units, one can always cast the action of
the automorphism Θ𝑘+1,𝑘 on 𝑀 (0)

𝑑 (ℂ) ⊗ 𝒜𝐸 as

Θ𝑘+1,𝑘⒧𝑅†
𝑎′𝑘+1𝑏

′
𝑘+1

⊗ 𝐸⒭ = 
𝑖𝑗

𝑅𝑖𝑗 ⊗ 𝐸𝑎′𝑘+1𝑏
′
𝑘+1

𝑖𝑗 , (D.19)

with suitable environment operators 𝐸𝑎′𝑘+1𝑏
′
𝑘+1

𝑖𝑗 and then shift 𝑘 times to the right the system
operators, so that:

Θ𝑘+1,𝑘⒧𝑅
†(𝑘)
𝑎′𝑘+1𝑏

′
𝑘+1

⊗ 𝐸⒭ = 
𝑖𝑗

𝑅(𝑘)
𝑖𝑗 ⊗ 𝐸𝑎′𝑘+1𝑏

′
𝑘+1

𝑖𝑗 . (D.20)

Tracing over the site 𝑘 then yields

Tr{𝑘} ⒧𝑅
(𝑘)
𝑎𝑘𝑏𝑘 𝑅

†(𝑘)
𝑎′𝑘+1𝑏

′
𝑘+1

⊗ 𝐸⒭ = 𝐸𝑎′𝑘+1𝑏
′
𝑘+1

𝑏𝑘𝑎𝑘 .
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Plugging this result in the expression (D.18), it becomes

Tr[0,𝑘−1]⎛
⎝

𝑘

𝑙=0

𝑅(𝑙)
𝑎𝑙𝑏𝑙Θ1⒧𝑅

†(0)
𝑎′1,𝑏′1 ⊗ Θ2,1⒧𝑅

†(1)
𝑎′2,𝑏′2 …⊗Θ𝑘,𝑘−1⒧𝑅

†(𝑘)
𝑎′𝑘𝑏

′
𝑘
⊗ 𝐸𝑎′𝑘+1𝑏

′
𝑘+1

𝑏𝑘𝑎𝑘 ⒭⒭⒭⎞
⎠
. (D.21)

By the recursion assumption, this expression equals

Tr ⒧𝑅𝑎0𝑏0Θ1⒧𝑅†
𝑏1𝑏′1 ⊗ 1𝐸 Θ2,1 ⒧⋯ (D.22)

⋯Θ𝑘−1,𝑘−2⒧𝑅†
𝑏𝑘−1𝑏′𝑘−1 ⊗ 1𝐸Θ𝑘,𝑘−1⒧𝑅†

𝑎′𝑘𝑏
′
𝑘
⊗ 𝐸𝑎′𝑘+1𝑏

′
𝑘+1

𝑏𝑘𝑎𝑘 ⒭𝑅𝑎𝑘−1𝑎′𝑘−1 ⊗ 1𝐸⒭⋯ ⒭𝑅𝑎1𝑎′1 ⊗ 1𝐸⒭⒭ .

The proof of equality (D.17) is concluded by using (D.19) with 𝐸 = 1𝐸 and by observing that

𝑅†
𝑎′𝑘𝑏

′
𝑘
⊗ 𝐸𝑎′𝑘+1𝑏

′
𝑘+1

𝑏𝑘𝑎𝑘 = 𝑅†
𝑏𝑘𝑏′𝑘 ⊗ 1𝐸 Θ𝑘+1,𝑘⒧𝑅†

𝑎′𝑘+1𝑏
′
𝑘+1

⊗ 1𝐸⒭𝑅𝑎𝑘𝑎′𝑘 ⊗ 1𝐸 . (D.23)

Step 4. Putting together the equalities (D.13), (D.14) and (D.16) one gets

⎛
⎝

𝑛−1


𝑚=0

𝑟𝑎𝑚 𝑟𝑏𝑚
⎞
⎠

Tr ⒧𝑅𝑎0𝑏0𝜔𝐸⒧Θ1⒧𝑅†
𝑏1𝑏′1 ⊗ 1𝐸 Θ2,1 ⒧𝑅†

𝑏2𝑏′2 ⊗ 1𝐸Θ3,2⒧⋯

⋯Θ𝑛−1,𝑛−2⒧𝑅†
𝑏𝑛−1𝑏′𝑛−1 ⊗ 1𝐸 Θ𝑛,𝑛−1⒧𝑅†

𝑎′𝑛𝑏′𝑛 ⊗ 1𝐸⒭𝑅𝑎𝑛−1𝑎′𝑛−1 ⊗ 1𝐸⒭⋯𝑅𝑎2𝑎′2 ⊗ 1𝐸⒭𝑅𝑎1𝑎′1 ⊗ 1𝐸⒭⒭ ⒭

= Tr[−𝑛,−1] ⒧𝕋𝑛 ⊗ id⊗𝑛𝑑 𝜌⊗[0,𝑛−1]
𝑆 𝜌⊗[0,𝑛−1]

𝑆  𝑍[−𝑛,−1]
𝑅 ⊗ 𝑍[0,𝑛−1]

𝑅 ⒭ . (D.24)

Plugging this relation in (D.7), one gets

𝜌𝑆 ℱ(𝑛+1)
𝒂,𝒃

= 𝑟𝑎′0𝛿𝑎′0𝑏′0 𝑟𝑎𝑛𝛿𝑎𝑛𝑏𝑛 Tr [−𝑛,−1] ⒧
𝑛


𝑘=1

𝑅†(𝑘−𝑛−1)
𝑎′𝑘𝑏

′
𝑘

⊗
𝑛−1

𝑙=0

𝑅†(𝑙−𝑛)
𝑎𝑙𝑏𝑙

𝕋𝑛 ⊗ id⊗𝑛𝑑 𝜌⊗[0,𝑛−1]
𝑆 𝜌⊗[0,𝑛−1]

𝑆  ⒭ . (D.25)

Finally, a more convenient spectrally equivalent expression for the coarse-grained matrix
𝜌𝑆 ℱ(𝑛+1) can be obtained by unitarily swapping factors so that

𝜌𝑆 ℱ(𝑛+1) = 
𝒂 𝒃

𝜌𝑆 ℱ(𝑛+1)
𝒂,𝒃

𝑅𝑎′0𝑏′0 ⊗ 𝑅𝑎𝑛𝑏𝑛 ⊗
𝑛


𝑘=1

𝑅(𝑘−𝑛−1)
𝑎′𝑘𝑏

′
𝑘

⊗
𝑛−1

𝑙=0

𝑅(𝑙−𝑛)
𝑎𝑙𝑏𝑙 , (D.26)

so that, by substituting (D.25) into the latter, one obtains

𝜌𝑆 ℱ(𝑛+1) = 𝜌𝑆 ⊗ 𝜌𝑆 ⊗ ⒧𝕋𝑛 ⊗ id⊗𝑛𝑑 𝜌⊗𝑛
𝑆 𝜌⊗𝑛

𝑆 ⒭ .
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D.2. Proof of Theorem 2.12.

D.2.2 QR regime.
Finally, we prove that

QR ⟺ 𝕋𝑛 =
𝑛


𝑘=1

Λ𝑘,𝑘−1 .

Consider generic operators {𝐴𝑘}𝑛𝑘=0 and {𝐵𝑘}𝑛𝑘=0 in 𝑀𝑑(ℂ) and evaluate


𝒊[1,𝑛−1] , 𝒋[1,𝑛−1]

Tr[1,𝑛−1]⒧
𝑛−1

𝑘=1

𝑅†(𝑘)
𝑖𝑘 𝑗𝑘 𝕋‡

𝑛𝐵†
1 𝑅𝑖1𝑗1 𝐴1 ⊗ 𝐵†

2 𝑅𝑖2𝑗2 𝐴2 ⊗…

…⊗ 𝐵†
𝑛−1 𝑅𝑖𝑛−1𝑗𝑛−1 𝐴𝑛−1 ⊗ 𝐵†

𝑛𝐴𝑛⒭ (D.27)

= 
𝒊[1,𝑛−1] , 𝒋[1,𝑛−1]

Tr[1,𝑛−1]⒧
𝑛−1

𝑘=1

𝑅†(𝑘)
𝑖𝑘 𝑗𝑘 𝜔𝐸⒧Θ1⒧𝐵†

1𝑅
(0)
𝑖1𝑗1𝐴1 ⊗ Θ2,1⒧𝐵†

2𝑅
(1)
𝑖2𝑗2𝐴2 …

…Θ𝑛−1,𝑛−2⒧𝐵†
𝑛−1𝑅

(𝑛−2)
𝑖𝑛−1𝑗𝑛−1𝐴𝑛−1 ⊗ Θ𝑛,𝑛−1(𝐵†

𝑛𝐴
(𝑛−1)
𝑛 ⊗ 1𝐸)⒭⒭⒭⒭

= 𝜔𝐸⒧Θ1⒧𝐵†
1 ⊗ 1𝐸 Θ2,1⒧𝐵†

2 ⊗ 1𝐸 …Θ𝑛,𝑛−1 ⒧𝐵†
𝑛𝐴𝑛 ⊗ 1𝐸⒭…𝐴2 ⊗ 1𝐸⒭𝐴1 ⊗ 1𝐸⒭⒭ . (D.28)

Similarly to (D.17), we used the fact that, for a generic operator 𝑍(𝑘)
𝑆𝐸 = ∑𝑖𝑗 𝑅

(𝑘)
𝑖𝑗 ⊗ 𝑍𝐸

𝑎𝑏, with
the system part localized in 𝑀 (𝑘)

𝑑 (ℂ),


𝑖𝑘 𝑗𝑘

𝐵†
𝑘𝑅

(𝑘−1)
𝑖𝑘 𝑗𝑘 𝐴𝑘 ⊗ Tr𝑘 ⒧𝑅

†(𝑘)
𝑖𝑘 𝑗𝑘 𝑍

(𝑘)
𝑆𝐸⒭ = 

𝑖𝑘 𝑗𝑘

𝐵†
𝑘𝑅

(𝑘−1)
𝑖𝑘 𝑗𝑘 𝐴𝑘 ⊗ 𝑍𝐸

𝑖𝑘 𝑗𝑘

= 𝐵†
𝑘 ⊗ 1𝐸

⎛
⎝

𝑖𝑘 𝑗𝑘

𝑅(𝑘−1)
𝑖𝑘 𝑗𝑘 ⊗ 𝑍𝐸

𝑖𝑘 𝑗𝑘
⎞
⎠
𝐴𝑘 ⊗ 1𝐸 = 𝐵†

𝑘 ⊗ 1𝐸 𝑍(𝑘−1)
𝑆𝐸 𝐴𝑘 ⊗ 1𝐸 .

In particular, if 𝕋𝑛 = ⨂𝑘 Λ𝑘,𝑘−1, (D.27) is also equal to


𝒊[1,𝑛−1], 𝒋[1,𝑛−1]

Tr[1,𝑛−1]⒧
𝑛−1

𝑘=1

𝑅†(𝑘)
𝑖𝑘 𝑗𝑘 Λ‡

1 𝐵†
1𝑅

(0)
𝑖1𝑗1𝐴1 ⊗ Λ‡

2,1 𝐵†
2𝑅

(1)
𝑖2𝑗2𝐴2 ⊗…

…⊗Λ‡
𝑛−1,𝑛−2 𝐵†

𝑛−1𝑅
(𝑛−2)
𝑖𝑛−1𝑗𝑛−1𝐴𝑛−1 ⊗ Λ‡

𝑛,𝑛−1 𝐵†
𝑛𝐴

(𝑛−1)
𝑛  ⒭

(D.29)

= Λ‡
1𝐵†

1 Λ
‡
2,1𝐵†

2 …Λ‡
𝑛−1,𝑛−2𝐵†

𝑛−1 Λ
‡
𝑛,𝑛−1𝐵†

𝑛𝐴𝑛 𝐴𝑛−1…𝐴2𝐴1 , (D.30)
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so that, by equating (D.28) and (D.30), one obtains the QR condition. Conversely, choose
𝐵𝑘 = 𝑅†

𝑏𝑘𝑏′𝑘 and 𝐴𝑘 = 𝑅𝑎𝑘𝑎′𝑘 , 𝑘 = 1,… , 𝑛 in (D.28) and (D.27). Then, consider

Tr ⒧𝑅𝑎0𝑏0Θ1⒧𝑅†
𝑏1𝑏′1 ⊗ 1𝐸 Θ2,1 ⒧𝑅†

𝑏2𝑏′2 ⊗ 1𝐸 ⋯Θ𝑛,𝑛−1⒧𝑅†
𝑏𝑛𝑏′𝑛𝑅𝑎𝑛𝑎𝑛 ⊗ 1𝐸⒭⋯

⋯𝑅𝑎2𝑎′2 ⊗ 1𝐸⒭𝑅𝑎1𝑎′1 ⊗ 1𝐸⒭⒭

= Tr[0,𝑛−1]⎛
⎝

𝑛−1

𝑘=0

𝑅†(𝑘)
𝑏𝑘𝑎𝑘 𝕋

‡
𝑛
⎡
⎣

𝑛

𝑙=1

𝑅𝑏𝑙𝑎′𝑙
⎤
⎦
⎞
⎠
, (D.31)

and, choosing the same operators in (D.30) and (D.29),

Tr ⒧𝑅𝑎0𝑏0Λ1𝑅†
𝑏1𝑏′1Λ2,1 𝑅†

𝑏2𝑏′2 ⋯Λ𝑛,𝑛−1𝑅†
𝑏𝑛𝑏′𝑛𝑅𝑎𝑛𝑎𝑛 ⋯𝑅𝑎2𝑎′2𝑅𝑎1𝑎′1⒭

= Tr[0,𝑛−1]⎛
⎝

𝑛−1

𝑘=0

𝑅†(𝑘)
𝑏𝑘𝑎𝑘

𝑛

𝑗=1

Λ‡
𝑘,𝑘−1

⎡
⎣

𝑛

𝑙=1

𝑅𝑏𝑙𝑎′𝑙
⎤
⎦
⎞
⎠
. (D.32)

If QR holds, (D.31) and (D.32) are equal. This implies that 𝕋𝑛 = ⨂𝑛
𝑗=1 Λ𝑘,𝑘−1.

D.3 Proof of Corollary 5.1
Consider again the dynamical system (D.10) as in the Proof of Theorem 2.78, now for a group
of automorphisms Θ𝑛 = Θ𝑛. Note that setting 𝐴𝑛−1 = 1𝑑 in (D.5),

𝕋‡
𝑛[𝐴0 ⊗…⊗ 𝐴𝑛−2 ⊗ 1𝑑] = 𝕋‡

𝑛−1[𝐴0 ⊗…⊗ 𝐴𝑛−2] ⊗ 1𝑑 , (D.33)

yields

Ωℤℤ
𝑆 ⊗ 𝜔𝐸 ⒧𝕋‡

𝑛 ⊗ id⊗𝑛𝑑 [𝐴0 ⊗…⊗ 𝐴𝑛−2 ⊗ 1𝑑 ⊗ 𝐴′
0 ⊗…⊗ 𝐴′

𝑛−2 ⊗ 1𝑑]⒭

= Tr[−𝑛,−2] ⎛
⎝
Tr{𝑛−1} ⒧𝕋𝑛 ⊗ id⊗𝑛𝑑 𝜌[0,𝑛−1]

𝑆 𝜌[0,𝑛−1]
𝑆 ⒭

𝑛−2

𝑘=0

𝐴𝑘

𝑛−2

𝑙=0

𝐴′
𝑙
⎞
⎠

= Tr[−𝑛,−2] ⎛
⎝
𝕋𝑛−1 ⊗ id⊗𝑛−1𝑑 𝜌[0,𝑛−2]

𝑆 𝜌[0,𝑛−2]
𝑆 

𝑛−2

𝑘=0

𝐴𝑘

𝑛−2

𝑙=0

𝐴′
𝑙
⎞
⎠

from which

Tr{−1} ⒧𝕋𝑛 ⊗ id⊗𝑛𝑑 𝜌[0,𝑛−1]
𝑆 𝜌[0,𝑛−1]

𝑆 ⒭ = 𝕋𝑛−1 ⊗ id⊗𝑛−1𝑑 𝜌[0,𝑛−2]
𝑆 𝜌[0,𝑛−2]

𝑆  . (D.34)
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D.4. Two-qubit Pauli maps

On the other hand, one also notices that

Tr{0}⒧𝜌𝑆 𝕋‡
𝑛
⎡
⎣
1𝑑 ⊗

𝑛−1

𝑘=1

𝐴𝑘
⎤
⎦
⒭ = 𝜔𝑆 ⊗ 𝜔𝐸⒧Θ⒧1(0)

𝑑 ⊗ Θ⒧𝐴(1)
1 ⊗…Θ⒧𝐴(𝑛−1)

𝑛−1 ⊗ 1𝐸⒭⒭⒭⒭

= 𝜔𝐸⒧Θ⒧𝐴(1)
1 ⊗…Θ⒧𝐴(𝑛−1)

𝑛−1 ⊗ 1𝐸⒭⒭⒭ = 𝕋‡
𝑛−1[𝐴1 ⊗…⊗ 𝐴𝑛] .

Hence,

Ωℤℤ
𝑆 ⊗ 𝜔𝐸 ⒧𝕋‡

𝑛 ⊗ id⊗𝑛𝑑 [1𝑑 ⊗ 𝐴1 …⊗𝐴𝑛−1 ⊗ 1𝑑 ⊗ 𝐴′
1 ⊗…⊗ 𝐴′

𝑛−1]⒭

= Tr[1,𝑛−1]⎛
⎝
𝜌[1,𝑛−1]

𝑆 𝜌[1,𝑛−1]
𝑆 Tr{0}⒧𝜌𝑆 𝕋‡

𝑛
⎡
⎣
1𝑑 ⊗

𝑛−1

𝑘=1

𝐴𝑘
⎤
⎦
⒭ ⊗

𝑛−1

𝑙=1

𝐴′
𝑙
⎞
⎠

= Tr[1,𝑛−1]⒧𝜌[1,𝑛−1]
𝑆 𝜌[1,𝑛−1]

𝑆  𝕋‡
𝑛−1 ⊗ id⊗𝑛−1𝑑 [𝐴1 ⊗…⊗ 𝐴𝑛 ⊗ 𝐴′

1 ⊗…⊗ 𝐴′
𝑛]⒭

= Tr[−𝑛+1,−1] ⒧𝕋𝑛−1 ⊗ id⊗𝑛−1𝑑 𝜌[1,𝑛−1]
𝑆 𝜌[1,𝑛−1]

𝑆  𝐴1 ⊗…⊗ 𝐴𝑛 ⊗ 𝐴′
1 ⊗…⊗ 𝐴′

𝑛⒭ ,

From which, one has

Tr{−𝑛}⒧𝕋𝑛 ⊗ id⊗𝑛𝑑 𝜌⊗[0,𝑛−1]
𝑆 𝜌⊗[0,𝑛−1]

𝑆 ⒭ = 𝕋𝑛−1 ⊗ id⊗𝑛−1𝑑 𝜌⊗[1,𝑛−1]
𝑆 𝜌⊗[1,𝑛−1]

𝑆  .

(D.35)
We can now prove (5.10). By exploiting subadditivity of the von Neumann entropy along
with (D.34) and (D.35),

𝑆⒧𝜌ℱ(𝑛+1)⒭ = 2 𝑆(𝜌𝑆) + 𝑆 ⒧𝕋𝑛 ⊗ id⊗𝑛𝑑 𝜌⊗𝑛
𝑆 𝜌⊗𝑛

𝑆 ⒭

≤ 2 𝑆(𝜌𝑆) + 𝑛 𝑆⒧𝕋1 ⊗ id𝑑[√𝜌𝑆√𝜌𝑆]⒭ (D.36)
= 2𝑆(𝜌𝑆) + 𝑛 𝑆⒧Λ ⊗ id𝑑[√𝜌𝑆√𝜌𝑆]⒭ .

so that dividing both sides of the inequality by 𝑛 and taking the limit,

lim
𝑛

1
𝑛 + 1𝑆⒧𝜌𝑆 ℱ

(𝑛+1) ⒭ ≤ 𝑆⒧Λ ⊗ id𝑑[√𝜌𝑆√𝜌𝑆]⒭ . (D.37)

Equality is achieved in (D.36), and consequently in (D.37), if and only if

𝕋𝑛 =
𝑛


𝑘=1

𝕋1 =
𝑛


𝑘=1

Λ , (D.38)

corresponding to the QR regime by Theorem 2.12 and Proposition 2.13.

D.4 Two-qubit Pauli maps
A one qubit Pauli map has a spectral decomposition

Λ[𝑋] = 1
2

3


𝛼=0

𝜆(𝛼) Tr (𝜎𝛼𝑋) 𝜎𝛼 , (D.39)
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and can be equivalently rewritten as

Λ[𝑋] =
3


𝛼=0

𝑞(𝛼)𝜎𝛼𝑋𝜎𝛼 ,
3


𝛼=0

𝑞(𝛼) = 1 . (D.40)

The spectrum 𝜆(𝛼) and the coefficients 𝑞(𝛼) are related by a linear transformation

𝑞(𝛼) = 1
4

3


𝛼𝛽=0

𝐻𝛼𝛽𝜆(𝛽) , (D.41)

given by an Hadamard matrix𝐻,𝐻𝛼𝛽 = Tr ⒧𝜎𝛼𝜎𝛽𝜎𝛼𝜎𝛽⒭. Complete positivity ofΛ is equivalent
to 𝑞(𝛼) ≥ 0. Similarly, a two-qubit Pauli map is defined by its spectral decomposition

Γ[𝑋] = 1
4

3


𝛼𝛽=0

𝜆(𝛼,𝛽) Tr ⒧𝜎𝛼 ⊗ 𝜎𝛽𝑋⒭𝜎𝛼 ⊗ 𝜎𝛽 , (D.42)

and can be recast in the form

Γ[𝑋] =
3


𝛼𝛽=0

𝑞(𝛼,𝛽)𝜎𝛼 ⊗ 𝜎𝛽𝑋𝜎𝛼 ⊗ 𝜎𝛽 ,
3


𝛼𝛽=0

𝑞(𝛼,𝛽) = 1 , (D.43)

where the matrices describing the spectrum 𝐺 ∶= [𝛾(𝛼,𝛽)], respectively the coefficients 𝑄 ∶=
[𝑞(𝛼,𝛽)] are similar and related through the Hadamard transformation,

𝑄 = 𝐻 𝐺𝐻
16 . (D.44)

Suppose now that the spectrum has the special form

𝐺 =
⎛⎜⎜⎜⎜
⎝

1 𝜆 𝜆 𝜆(3)

𝜆 1 𝜆(3) 𝜆
𝜆 𝜆(3) 1 𝜆
𝜆(3) 𝜆 𝜆 1

⎞⎟⎟⎟⎟
⎠

, (D.45)

Then, using (D.44), the matrix coefficients is diagonal,

𝑄 ∶= [𝑞(𝛼,𝛽)] = 1
4

⎛⎜⎜⎜⎜
⎝

1 + 𝜆(3) + 2𝜆 0 0 0
0 1 − 𝜆(3) 0 0
0 0 1 − 𝜆(3) 0
0 0 0 1 + 𝜆(3) − 2𝜆

⎞⎟⎟⎟⎟
⎠

, (D.46)

whence (D.43) has the form

Γ[𝑋] =
3


𝛼=0

𝑞(𝛼,𝛼)𝜎𝛼 ⊗ 𝜎𝛼𝑋𝜎𝛼 ⊗ 𝜎𝛼 .
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