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Keywords: The study of entanglement in particle physics has been gathering pace in the past few years. It is
Quantum entanglement a new field that is providing important results about the possibility of detecting entanglement
Bell locality and testing Bell inequality at colliders for final states as diverse as top-quark, z-lepton pairs
Collider physics and A-baryons, massive gauge bosons and vector mesons. In this review, after presenting
definitions, tools and basic results that are necessary for understanding these developments, we
summarize the main findings—as published by the beginning of year 2024—including analyses
of experimental data in B meson decays and top-quark pair production. We include a detailed
discussion of the results for both qubit and qutrits systems, that is, final states containing
spin one-half and spin one particles. Entanglement has also been proposed as a new tool to
constrain new particles and fields beyond the Standard Model and we introduce the reader to
this promising feature as well.

Particle polarizations
Standard model and beyond

Contents

B T (e Te L ur o) o R PO PPPPPPPRN 3
1.1.  The “quantum” in quantum field theory 3

1.2, Spin COTTelations At COLIAETS vuvuuuuuuuuiireerireiiitiiitiietiieere et e et ettt teeteararae e s seseeeeeeeeteaaasassassaaeesaesseseesestesterssssnnannsssssseseens 4

1.3, THE SEOTY SO fAI.ciiiiiiituuiriiiiiiiieeieeeeeeetetttttti i reee e e e e e e et et eetantareesa s saesaeseeeestenaanessansassasessassesseseeseenesnnsnnnssnsssssseeseesereenenns 4

2. Entanglement and Bell 10CALIEY....ccuttuuuutrmumuiieeeeteeeeeettettttttieiieeeeeeeeeeeeeeettatereesaaaaeeeaesseseereereeeeresssnnsssssssssessesesrensersssnnnnnnsnsseeseens 5
2.1, Quantum StateS and ODSEIVADIES .....ivuuiieuiiiitiiiietiieteiiettiee ettt et retieettesteenseereseeneseesssensssessesessssnsssessssessssesnssnssseerssesnsssenseees 5

2.2, QUANTUIM COTTEIATIONS L.evueiirieiiuretueretieettetteeeeueetueeeteesesuesessesesassesssesnssesssasssnssessssassesssssssnssessssessesesnsssnssesnssessesssnnsennssanaens 6

DS T 2151 | B8 11001 [0 Tor:1 o AR P PRSPPI 9

D T T € 111} L v U PP PPTPRURS 10

2.3.2. QuAits, MOSLLY QUETTES ..uuuuiiiiiiriieiiiiiiiiiiiiiie ettt s s e et e e ettt tta bbb s e e s s e s e eeeetestasssssssaasasesaeseens 12

2.4.  Quantum correlations and relatiVity........ccccuviiiiiiiiiiiiiiiiiiiiii e 13

TR N s T e To) 1510 OO P PP TRRRORORPPPIRE 14
3.1. A Cartesian basis for bipartite systems at colliders .. 14

3.2.  Polarization density matrices.......ccccoeerrereunrierinnnnnees .14
3.2.1.  Qubit polarization matrices: Spin-half fermions. 14

3.2.2.  Qubit polarization MatriCes: PROTOMS. ...cuuuuitiieniereetineeeetiiie ettt et e e et s eetenae s eereena s eetenaseerennessereenansennennesene 15

B D G - | 1N 16

* Corresponding author at: Physics Department, University of Trieste, Strada Costiera 11, 1-34151 Trieste, Italy.
E-mail address: emidio.gabrielli@cern.ch (E. Gabrielli).

https://doi.org/10.1016/j.ppnp.2024.104134

Available online 19 July 2024
0146-6410/© 2024 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/ppnp
https://www.elsevier.com/locate/ppnp
mailto:emidio.gabrielli@cern.ch
https://doi.org/10.1016/j.ppnp.2024.104134
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ppnp.2024.104134&domain=pdf
https://doi.org/10.1016/j.ppnp.2024.104134
http://creativecommons.org/licenses/by/4.0/

A.J. Barr et al. Progress in Particle and Nuclear Physics 139 (2024) 104134

3.2.4.  Qutrit polariZation MATTICES .....eeeeuureerieneieeiiue e ee i e e ettt e et teu e eeteau e eetana s eetenaeeerennaseatenaeseerennesseneenasseenenneseene 16
3.3.  Reconstructing density matrices from @VENS...........cooviiiiiuiiiiiiiiiiiiiiiier e 17
¢ 70 B 0 11153 1 - F O PP PP UPPTPRR RN 17
3.3.2. QUETIES 4ueueunetnseueeneeeetneeueetneeeeueeuerenseneesesnnesussuseensensssssssssnsssssssssnssnssnsessssssssssssssnssssssssensensssssenesnsessssnssnesnssnnsens 19
3.3.3.  Tensor representation fOr QUETIES........cuuuuuuuuuuiiiiiriiiiiiiiiiiiiiiii e ettt s s e s e eeeeteetassbsaseseesaeseaes 20
4. Qubits: A baryons, top quarks, 7 leptons and PROtONS.......ccvvviiiiiiiiiiiiiiiiiii et e e e e et tet e e e s e eeeseetaaes 21
4.1.  Entangled A baryons ..........ccceeeviiiiimiimmimiiiiinenieeeeeeenieinnne. .21
4.1.1.  Entanglement and Bell inequality violation in 7, — A + A.....cciiiiiiiiiiiiiii 21
4.2.  Top-quark pair production at the LHC........ccuuuueritiiuuirtetiineretteuereettuieeetteneeseetennesseresnsssestenssseeresnessesesssssesrenssssesesnsssesnsnnnns
4.2.1.  Entanglement in 77 PrOQUCHION ...ccieiiiiiiiuiiiiiiiiiiet ittt e e et ettt ttttabbb s e e s s e s e eeeetestanssssssaasasesanseens
4.2.2.  Bell INEQUALITIES v.uureerrruiereiiunereetiueeeettuueeeeteuiereetunnseertenesseerssseseesesnessesesnssseeresssssesssssssesssnssseesesnsssesssnsssesnennsssene

4.2.3.  Monte Carlo simulations and predictions..
4.3.  z-Lepton pair production at the LHC and SuperKEKB

4.3.1.  Entanglement in 77 PrOQUCHION.....cciitiiiumimuiiiiiiieiieete ettt s e e et e e et tettabarb e seesseeeeeeeteetasssnassaaaasesanseens
4.3.2. BEll INEQUALITIES v.uurerrrueereiiinereetiuereettiueeeeteuieeeereunseeresnssseeresssssenssssnsessssssseesssnsssesssssnsssssnssssesssssssesssnsssesnensassens
4.3.3. Monte Carlo simulations Of EVENLS ....ccuuuurruuuuuiiiiiieeieeeiitiiiittiieer et e et eeeetttttrrrs e seesseeeeeeeteetssssnassassssesaeseens
4.4.  Higgs boson decays in z-lepton pairs and tWo PROLONS ......cccuuuiiiiiiiiiiiiiiiiiie e 28
4.4.1.  Entanglement and Bell inequalities i /1 — T7 .....cccoiiiiiiiimiiiiiiiiiiiiiiiii e 29
4.4.2.  Monte Carlo simulations and PrediCtions............ccoiiiiiiiiiiiiiiiiiiiiii e 29
4.4.3.  Entanglement and Bell inequalities in 7 — yy ... 29
5. Qutrits: massive gauge DOSONS And VECIOT IMIESOMS. ..ccerttrrrrrrmemuuieerrerteeeeretttuttreesieaiaesterteeeeteetammsrmsmieeessestesestemterssssssmssseessessens 30
5.1.  B-meson decays il tWO VECTOT IIESOMIS teevvrrrrurruuuuenereersereereetemmurmesmssieesaessessesessettssmsssssssssssseesesssssestensssssmmssssssesseesessessenenns 30
5.2.  Diboson production at LHC via QUATK-fUSION......uuuiiiiiiiiiiiiiiiiiiiiiiiiiiee e ee ettt s e e s e e e e eeetteraanes s seeseeeeeeeseenanns 31
5.2.1. Computing the 0DServables: pp — W 7 oottt e ettt tttt e ee s e e s s e s e e eeeteetansssnssaseesaeseans 32
5.2.2.  Computing the observables: pp - ZZ... .34
5.2.3. Monte Carlo simulations and PrediCtionS.......ccceeeeieereeeeiiiiimmuiieiieeree et eeeeeeetettererieeeesseeeeeeetertemssmnsmanssassaeseens 35
5.3.  Higgs boson decays iNt0 W W™ QN Z Z* ....uuuuueieeeiierieereiitititineeieeeeeseeseeeettetttresaassisseseesesseseestentssssmnssssssessessessesaenenns 35
5.3.1.  Computing the observables .... 36
5.3.2. Monte Carlo simulations and PrediCtionS........ceeeeerereeeeeiitiimmurmimieereereeeeeeetteteereeiaeaeeesseseeeeererteresmmnmanssaesaeseens 38
5.4, VeCtor-DOSOM fUSION ..oevvuueuiiiiiiiiiiiiiiiiiiiiii ettt e e e e e s e s s bbb s s e e e e e e e s e s s b b e s s e e e e e es s e s snraraaateee 38
6.  Possible loopholes in testing Bell inequalities at COLIARTS .....cevrerieiiiiiiirmiriiiiiireereereeeeeettterttree e seeseeeeeeeraenerrernansaeeeseeseeseeeereenenes 39
7.  Probing new particles and fields with eNtanGIEMENT .........uieerieriiiiiiiiiiiiiiiieeeree et e eeeeetttrttree e seeseeeeeeeraanerrernansaessesseeseseereanenes 41
7.1.  Top quark .41
7.1.1.  Gluon magnetic-like dipOle MOMENT...ccuuuuruuuuueieerrerreeeeitttiettiutiieeeeeeeeeeeeeererterernaenaeesaesseseeeeerernesssmmsmsnsssesaeseens 41
/2% 2 7<) ] o) o PRI 41
/2877 TR €7} Y T o X3 =Tl (o) TSP 42
7.2.2.  CP properties of the coupling to the Higgs DOSOM.......cciitiiimrimmimmuiiiiiiiereeeeeteitttteietieereeseeeeeeeereenenerrannaseesaeseens 42
7.2.3.  Electromagnetic couplings and COMPOSITENESS ... .cceeereeeererrurrrruumuenieereeeeereeeeereeeerssmmmmiasaessessesessermemmsmmnmmnsssesseseens 42
7.3, DIDOSON PIOGUCTION 1.uuueiieeriereeiitititiniiiiieeeeseeeeeeettettereeaasaaaaeeseeseeeeeeeteeressssnnsaeessssssesseseereeresnsrsnnnsnssnsssessesesseenenessssnnnnanns 43
7.4.  Higgs boSon COUPLING t0 WE ANA Z..uuuuuuieiieerieeieeeiiiiiiitiiiiieeeeseeeeeeeeeetttttanesaasaesaeseeseeeereeresssssnsannsssssessesseseereenesnssnnnanns 43
8.  Other processes and ideas............
8.1.  Three-body decays
8.2.  POSt-deCay eNLANGIEMENT.....eeieierrertrrrruueuieeeeeseereeeeteertereerenaaaaeeesaeseereeeereeressssnssnsssssssseeseesereesesssssnsnnnssnsssessesseseeresessssnnnnnnns 45
8.3,  MaxXimum ENtANGLEIMENT. .ceiereeierrttturetuueieeeeeseereeeettertereerennaaaeeeseeseeseeeereeresssssssnsssssssseeseesereeresssssnssnnssssssessesssseeneesesssnnnnnnns 45
8.4,  Minimum €NtANGIEMENT . .evveeeeieiririiriiuiiieeeeeseereeeettetteetrrenaaaaeesaeseeeeeeereeresssssnssssssssssesseesereeresssssssmsnssssssessesseseeneessssssnnnnnns 45
8.5.  Quantum process tomography and beyond-quantum tests .45
LS 1 14 1o o) OSSP OO OO PP PP PPTPPTRRN 46
CRediT authorship CONriDULION SEATEIMEIE ...uuueeereereeeerieiiitirieriieeeeaeeeeeeereereerereenaeaaesssesseseereerentesesssnnnsnsssesseseseesrerresesnssnnnnssssseeseees 46
ACKIIOWIEAGIMENITS ..eeveeeeeeeeeeiiietuiiiiieeeeeeeeeeeeeeettettaetaaaaaaeseeseeeeereneensssansanasssssseseseseeesnenesnsssnnnsssssseseeseseesnenessssnsnnnnnsnnsseessesereenenes 46
Declaration Of COMPELING INMEETESt.c..evuuurruuuuueereereereererterererraerueaaeseeseeeertereeressssmnnssssssessessesesrentesssssnnssnsssesseseesesnernessssssnnnnsssssseseaes 46
ADDPENAIX AL QUDIES. ceueieiietetieiiie ettt ettt e ettt e et tea e s et tea st etea e et e et e et e et et e n et et e et e et an st et e na s e et ana e eranneerenns 46
S G2 TS 0 Y (PP 47
A2, TOP-QUATK PAITS..uieiiuniiiiiinetietiiie ettt ette et ettt e et teae s eettna e ettanae s eetenae s setennassettanaeseetenaeseresnassertenneseenesnaseeneenansernenneseene 47
A.3.  z-lepton pairs.. 48
ADDPENAIX B. QUETIES ceuieeienieteetinie e ettt e e et et ettt e et ten e et tenae e e ertane s eetanae s eeranaeseeneanaeseetanaesearesnasereenasseerenneseerennnssertenneseerennaseereens 49
B.1.  Spin and Gell-Manm MAtIiCeS...ccuuuieitunureetenuteetienetettenereeteuueeerteneseetenaeseerennessertanaeseerennesseresnassertenseseerennessereennsernenneseene 49
B.2.  The Wigner functions (’, and P, and the Matrix (I ......ccccooririninininii e 49

B.3.  Polarization density matrix for qg > ZZ

B.4.  Polarization density matrix for h - ZZ*..
B.5.  Polarization density matrix for h - WW* and h -» ZZ*
2SS £S5 48Tl PP PPN




A.J. Barr et al. Progress in Particle and Nuclear Physics 139 (2024) 104134

1. Introduction

An unmistakable feature of quantum mechanics is the inseparable nature of states describing physical systems that have
interacted in the past. The entanglement among these states gives rise to correlations that can be stronger than those expected
in classical mechanics and are present even after the systems are separated and can no longer interact, thus introducing a form of
nonlocality in our observations which, however, does not imply any violation of relativity.

Entanglement should not be confused with classical correlations, the latter dealing with intrinsic properties of a system,
independently of their measurement. Consider the simplest situation of two spin-1/2 particles that have been prepared in a
maximally entangled state, then separated by an arbitrary distance and whose spin is measured with suitable detectors in an arbitrary
chosen direction. The result of the measurement is completely random for both detectors, but if one particle is found with spin up,
then the second is detected with spin down, and vice versa. As a result, far away though the two daughter particles might be, they
must be considered as a single physical entity. This feature represents the phenomenon of quantum nonlocality in a nutshell.

The presence of entanglement can lead to the violation of an inequality—named after J. S. Bell, who was first in deriving and
discussing it—among the sum of probabilities of the values of certain observables. Whereas the presence of entanglement in itself
only confirms the existence of correlations that must be there because of quantum mechanics, the observation of the violation of Bell
inequality implies something about the nature of the physical world—namely, its non-separability or, if you prefer, nonlocality—and
it represents therefore a profound discovery.

Though the study of entangled states has been an ongoing concern in atomic and solid-state physics for many years, it is only
recently that the high-energy community has taken up in earnest the study of the subject.! States in quantum field theory are
identified by their mass, momentum and spin (as they are irreducible representations of the Poincaré group) and computations—
in the perturbative S-matrix framework—are only possible in momentum space; therefore entanglement can only be observed in
correlations among the particle spins (or on variables living in the internal flavor space) and it is there that it must be looked for.
The investigation of these effects relies on the determination of the full quantum state of the system after the relevant interactions
occurred, a process that has been dubbed quantum state tomography.

Collider detectors, while not designed for probing entanglement, turn out to be surprisingly good in performing this task, thus
ushering in the possibility of many interesting new measurements to search for the presence of entanglement as well as to test the
violation of Bell inequality. Entanglement also provides new tools for probing physics beyond the Standard Model (SM) whenever
the correlations it affects are experimentally accessible.

The extension of the physics of entanglement to the realm of particle physics is not just a reformulation at higher energies
of the work done within atomic physics. New features come into play, most notably the testing of quantum mechanics beyond
electrodynamics, with weak and strong interactions, and the presence of systems possessing more than two possible states, such as
massive spin 1 particles with their three polarization states. Other features pertaining to collider physics will become evident as we
proceed in our discussion through the following sections.

Many aspects and peculiarities of quantum physics are taking an increasingly central position in science—from quantum
computers to information theory, from theoretical developments to innovative applications. We look at the impact of these
developments in the area of high-energy physics. Our aim in writing this review is rather circumscribed: firstly, we want to present all
definitions, tools and basic results that are useful for the study of entanglement and Bell inequality violation at colliders; secondly,
we try to summarize the main findings reported in the literature up to the beginning of 2024. Our hope is to provide an easily
accessible collection of resources to serve as springboard for further study.

1.1. The “quantum” in quantum field theory

Quantum field theory, coming as it does from the marriage of quantum mechanics and special relativity, inherits the two main
features of quantum mechanics: probabilistic predictions and amplitude interference. To these two, it adds a quantum feature of
its own: radiative corrections arising from closed loops in the propagation of the particles (and their creation out of the vacuum).
These quantum effects are part of every computation in quantum field theory.

Notwithstanding these features, the feel of a computation in perturbative S-matrix is distinctively less “quantum” than in
quantum mechanics proper. There is no wave-function collapse and the variables utilized—momenta and occupation number of the
asymptotic in- and out-coming states—commute. It is so because the .S-matrix formulation of quantum field theory is part of a shift
that has taken place in particle physics (see [10] for a nice historical discussion) away from the original framework, which was
mostly inspired by atomic physics, and toward the typical setting we find at colliders, in which particles come in and go out and we
deduce the interactions they have undergone only (at least for elastic processes) by the change in their momenta or (for inelastic
scattering processes) also in the occupation numbers—with particles being created or destroyed.

The study of entanglement in particle physics goes against this trend. Entanglement is perhaps the quintessential manifestation
of quantum mechanical quirkiness: observations on systems retain a form of correlation even after they have been separated and
this correlation implies a nonlocal sharing of resources. There is no way to create an entangled state using local operations and
classical communication. A typical example of study of entanglement in a collider setting sees the spin variables as those that

1 We are aware, and the reader should too, that the study of quantum entanglement and its many applications is a broad and ever expanding field of research.
The interested readers can look into the review articles and books [1-9] for applications beyond particle physics.
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are entangled in the scattering and decay processes. Spin variables have been studied until now mostly in the form of classical
correlations, which, although sharing some features with entanglement, do not imply entanglement. Quantum tomography, the aim
of which is to describe the density matrix of the final state in a scattering process, brings the entanglement among spin variables
to center stage.

The presence of nonlocal effects always brings an ominous note to our relativistic ears. Yet there is no reason for concern,
for entanglement cannot be used to transfer information between two separated observers. Any information exchange can only
be carried by local communication in which relativity is not violated, as it should not since it was incorporated in quantum field
theory from the very beginning. Neither is the cluster decomposition (an essential feature of quantum field theory) violated by
entanglement. The decomposition has to take place between initial and final states pertaining to two subsets of the .S-matrix which
are then assumed to be far away from one another. Entanglement is present only within the two subsets as long as the relative
interactions take place independently of each other.

1.2. Spin correlations at colliders

Spin variables of particles and correlations among them are accessible at current collider experiments through the study of the
distribution of the momenta of the final state into which the original particle decays. These momenta are commuting variables,
but this fact does not prevent entanglement and Bell inequality violation from being accessible at colliders. The measurement takes
place (as we shall see in Section 3) as the polarized particle decays (acting as its own polarimeter) and the momenta of the final
state only carry the information into the detectors—in the same way as the momenta of the final electrons carry the information
on their spin as their trajectories are separated by the magnetic field in the Stern—-Gerlach experiment.

The particles created in the collision first fly through what is (for all practical purposes) a vacuum, going from the collision
vertex to hitting the internal surface of the beam pipe and on inside the detector. The characteristic time for this flight is given by
the radius of the beam pipe—which is of the order of 1 cm, see, for instance [11]—divided by ¢, for a relativistic particle, that is,
10-11 5. On the other hand, spin correlations are measured at the time the particle decays, that is, with a characteristic time given
by their lifetimes. These lifetimes go from 1072° s for the top quark and the weak gauge bosons to 1020 s for vector mesons and
10713 s for the 7 leptons.

Aloss in correlation between the spins of the particles produced at colliders can only take place after they cross into the detector,
where the particles would necessarily interact with the atoms of which the detector is made. This interaction never happens since
the flight-time inside the beam pipe is much longer than the lifetime of all the particles we are interested in (except maybe the A
baryons) and they decay before reaching the detector proper. For this reason, we can safely assume that the spin correlations we
measure are not affected, let alone decorrelated, by the presence of the detector.

The hadronization time scale, a concern only in the case of the top quark, is of the order of 10-2% s and takes place well after
the spin correlations have been measured as the top quark decays.

1.3. The story so far

Helicity and polarization amplitudes at colliders are very sensitive probes into the details of the underlying physics and, for
this reason, have been studied for many years. The literature is vast. Older works are reviewed in [12]. More recent contributions
introduce the techniques necessary in computing polarizations among fermions [13-21]), weak gauge bosons [22-32]) or both [33].
Reconstructing spin-1 polarizations has been well understood since the mid-90s (see [34,35]) and the framework widely used in
experimental analyses such as in heavy meson decays. All these works look for classical correlations and the possibility of measuring
them in cross sections or dedicated observables.

Quantum state tomography falls in the same line of inquiry as the references above except for the twist of using the polarization
amplitudes to define no longer the classical but instead the truly quantum correlations. Polarizations are framed in the spin density
matrix (as explained in Section 3) and made readily accessible to compute entanglement and Bell operators for the processes of
interest.

The violation of the Bell inequality has been tested and verified with experiments measuring the polarizations of photons at low
energy (that is, in the range of few eVs) in [36,37]: two photons are prepared into a singlet state and their polarizations measured
along different directions to verify their entanglement and the violation of Bell inequality. More experiments have been performed
to further test the inequality [38,39] and show that the violation takes place also for separations of few kilometers [40]. The Bell
inequality has also been tested in solid-state physics [41].

No sooner these tests were reported than ‘loopholes’ were put forward — ways in which, notwithstanding the experimental
results, the consequences could be evaded. The presence of these loopholes spurred the experimental community into performing
new tests in which the loopholes were systematically closed with photons in [42,43], using superconducting circuits in [44], and
using atoms in [45]. The reader can find more details and references in the older [46] and the more recent [47] review articles.

In particle physics, entanglement with low-energy protons has been probed in [48] and proposed at colliders using charmonium
decays in [49-52], r leptons in [53] and discussed in general in [54]. Tests have been suggested by means of positronium decays [55]
and neutrino oscillations [56] (see also [57] and references therein). A Bell inequality is violated in neutral kaon oscillations due
to direct C P violation [58-60] (see also [61]). Flavor oscillations in neutral B-mesons have been argued to imply the violation of
Bell inequality [62,63] (see also [64]). Entanglement among partons in scattering processes of nucleons has recently been studied
(see, for instance, [65,66]). A discussion of entanglement in particle physics also appears in [67,68].
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The interest has been revived recently after entanglement has been convincingly argued [69] to be present in top-quark pair
production at the Large Hadron Collider (LHC) and it was shown that Bell inequality violation is experimentally accessible in the
same system [70] and in the decay of the Higgs boson into two charged gauge bosons [71]. Entanglement and Bell inequality
violation with a significance well in excess of 5¢ has been shown in LHCb and Belle II data on the decays of the B mesons [72]. The
ATLAS and CMS Collaborations have found [73,74] that entanglement is present with a significance of more than 5¢ in top-quark
pairs produced near threshold at the LHC.

A sizeable body of works has been published since. We review it in Sections 4 and 5 by organizing it into systems that are qubits
and qutrits, that is, entanglement among particles of spin 1/2 and 1. The possibility of using entanglement to probe new physics is
reviewed in Section 7. Before all that, we introduce in Sections 2 and 3 the definitions and tools necessary in the analysis.

2. Entanglement and Bell locality
2.1. Quantum states and observables

In quantum mechanics, the description of a quantum system .S, for simplicity taken to be finite dimensional (n-level system), is
realized by means of an (n-dimensional) Hilbert space #,, isomorphic to C", where C is the set of complex numbers, and by the
algebra M, (C) of n x n complex matrices. The elements |y) of H,, normalized to unity, represent states of .S, while the Hermitian
matrices in M,(C), o' =0, correspond to system observables, whose mean values, (®) = (y|O|y), are statistically linked to
measurements of O.

The elements of H,, are, however, just a particular class of states of .S, those called pure states. In general, the information on §
is incomplete and a set of probabilities {p;}, with Y, p; = 1, weights the possible (normalized but not necessarily orthogonal) states
of the system |y;), i = 1,2, ..., m. In this case, the mean value of any given system observable O can be expressed as the combination
of the pure state mean values (y,|O|y,), weighted with the corresponding probability of occurrence:

(O)= Y p (wilOlw;) . (2.1)

i=1

It is then natural to describe the statistical mixture {p;, |y;)} by means of the density matrix:

m m
p= Y plw)wil, with p;>0 and Y p =1, (2.2)
i=1 i=1
where the conditions on the set {p;} are those of an ensemble of statistical weights. The average value of an observable O can then
be most simply expressed as

(Oy=Tr[pO] , (2.3)

where the trace operation is explicitly given by Tr[X]= Y.|_,(¢;|X|¢;), with X € M, (C) a matrix and the collection of states {|¢p;)}
being any orthonormal basis in #,,.
From its definition (2.2), any density matrix p must satisfy the following three characteristic properties:

+ p is an Hermitian operator, p = p,
* p is normalized, Tr[p] = 1,
* p is a positive semi-definite matrix, i.e. (y|p|ly) > 0; for all |y) € H,,,

in order to preserve the physically consistent interpretation of p.

Quantum states are thus positive, normalized operators, with the pure states |y ) represented by projectors |y ){(y| as the statistical
mixture in (2.2) reduces in this case to a single element. As a consequence, the eigenvalues of density matrices representing pure
states are 1 (non-degenerate) and 0 (n — 1 times degenerate), while those, {4;}, i = 1,2,...,n, of a generic density matrix p are such
that: 0 < 4; < 1, with }; 4, = 1. It follows that in general: Tr[p?] < 1, reaching the upper bound only when p is a pure state.
Therefore, a quantum state represented by a density matrix p is a pure state if and only if p is a projector:

P =p, Tr[p*1=1. 2.4

The decomposition of any density matrix p in terms of the eigen-projectors |4;)(4;|, constructed with its eigenvectors |4;), gives its
spectral decomposition:

m m
p=2 AlA)(Al, with D 4 =1 and (4]4)=6;; (2.5)
i=1 i=1

the set {4;} of eigenvalues of p constitutes a probability distribution which completely defines the statistical properties of the
quantum state. Although the spectral decomposition (2.5) is unique, it should be stressed that there are infinitely many ways of
expressing a density matrix as a linear combination of projectors as in (2.2).

The set of all density matrices describing a quantum system .S forms a convex subset of M,(C), as combining different density
matrices #; into a convex combination ), r;n;, with weights r; > 0, and ), r; = 1, gives again a density matrix. Pure states are
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extremal elements of this set, that is, they cannot be expressed as a convex combination of other density matrices; they can be used
to decompose non-pure states, see (2.2), and indeed in this way they generate the whole set of density matrices.

Any transformation of the system .S can be modeled as a linear map acting on the space of density matrices, p — E[p]. The most
general form of such transformations, as allowed by the statistical interpretation of quantum mechanics outlined above, is given by
the following operator-sum representation:

p—Elpl= Y VoV (2.6)

i

for some collection of operators {V;}. Clearly, the map E in (2.6) preserves the hermiticity and positivity of p, and, provided
> VfV,- =1,, with 1, € M,(C) the identity matrix, also its normalization; such a map is called a quantum operation, or simply a
quantum channel.

In particular, the unitary dynamics, p — U,[p], generated by a system Hamiltonian operator H € M, (C), is of the form (2.6),
with just one operator V;:

p = U,lpl = o itH peirH ) 2.7)

The set of transformations {U,} forms a one-parameter group of linear maps, U,oU; = U, , for all #, s € R, reflecting the reversible
character of the unitary Schrédinger dynamics; as such, it preserves the spectrum and the purity of the density matrix:

p=p* = (Ulpl)* = Ul . (2.8)

Another common transformation affecting quantum states involves measurement. Assuming the system S be initially prepared
in a pure state |y)(y|, after measuring a non-degenerate observable O = Y, O,|k)(k|, expressed in its spectral form with O,
being its eigenvalues and |k) the corresponding eigenvectors, then the outcome O, occurs with probability w, = |(k|y)|* and,
if the measurement indeed produces O,, then the post-measurement system state is the projector P, = |k){k|. By repeating
the measurement operation on copies of the system .S equally prepared in the state |y )(y|, the collection of the resulting
post-measurement states is described by the statistical mixture {wy, |k)}:

W )wl = Y wPe=Y P (lw)wl) P . (2.9)
k k

This transformation can be extended by linearity to cover any initial density matrix p for the system S; as a result, after the given
set of measurements the system state is subjected to the transformation:

p—Plpl=Y PpP;. (2.10)
k

Contrary to the unitary dynamics U;, the map P generally transforms pure states into mixtures, thus involving decoherence effects
resulting in the suppression of any initially present phase-interference. This happens because the quantum operation PP effectively
describes .S as an open system, in this case as a system interacting with the apparatus used to measure the observable O. Quite in
general, dynamics generating noise and dissipation through decoherence can be modeled as those of systems in interaction with large
external environments; their evolution must be of the form (2.6), the only one guaranteeing physical consistency in any situation.

2.2. Quantum correlations

One of the characteristic properties of quantum mechanics is the possibility of having correlations among constituent quantum
systems, that is, correlations among their observables, that cannot be accounted for by classical physics. Initially dismissed as a
pure curiosity, the presence of such quantum correlations, that is of entanglement [2,75,76], has rapidly become a fundamental
resource in the development of disciplines like quantum information and technology, as it allows the implementation of protocols
and the realization of various apparatus outperforming classical ones [8,77].

Many experiments have shown the presence of quantum correlations in systems involving photons, atoms and more recently
elementary particles. Indeed, as entanglement is most likely to emerge as the result of a direct interaction among the constituents
of a quantum system, the interaction among elementary particles as seen at colliders seems a promising place to study the effects
of quantum correlations.

In the following we shall merely deal with bipartite composite quantum systems .S = .S, +.S consisting of two finite-dimensional
parties S, and Sp, usually identified with two distant, well-separated quantum subsystems. An observable O of .S can then be
expressed in a tensor product form, & = O, ® O, where O, O are observables of S, and Sj, respectively; notice that O is the

product of two local operators, ®, ® 1; and 1, ® Op.

A state (density matrix) p of S is called separable if and only if it can be written as a linear convex combination of tensor
products of density matrices:

A B .

/’:Zpij/’z(' >®p;), with p; >0 and Zpij:l, (2.11)
ij ij

where pf.A) and p;B) are density matrices for the subsystems S, and .Sp. States p that cannot be written in the form of (2.11)

are called entangled or non-separable, and exhibit quantum correlations.
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Notice that, by expressing the density matrices p?’“ and p;B) in terms of their spectral decomposition, that is in terms of their
respective eigenprojectors, separable states as in (2.11) can always be written as linear convex combinations of tensor products of
pure states. These states carry statistical correlations, but they are just of classical nature, reflecting the way the pure states are
mixed together. Specifically, a separable state of S of the form

p= Y il w1 @ )Pl with 2,>0 and Y i;=1. (2.12)
ij ij
describes a statistical ensemble that can always be viewed as N,; instances of a system with state vector |u/i(A)) ® |1//;B )y coming from
a “source” that has “emitted” a total number N of such systems, the ratio N;;/N approaching the weight 4;; in the large-N limit.
Therefore, in this case the weights 4,; just reflect the statistics of the source, viewed as a classical stochastic variable.

In addition, due to the structure of (2.11), the local character of separable states cannot be modified by local actions of the
form &, ® Op with O, O admissible quantum operations for the subsystems S, Sp. In other words, in order to change the
local character of a separable state into a nonlocal one, a nonlocal action involving both parties, for instance a direct interaction,
is necessary.

Pure, separable density matrices, such that p> = p, are projectors onto state vectors in product form, |y) = |[y) ® |w®),
p = |lw)(w|, for some vector states |y of S, and |y®) of S. Nevertheless, given a generic state vector for the system .5,

)= v, DD & IHP, (2.13)
ij

with {|i)4}, {]i)®}, orthonormal bases in S, Sp, proving that it can or cannot be written in product form is in general a nontrivial
task. Fortunately, the problem can be solved by using the Schmidt decomposition [77]; in fact, for any generic state (2.13), one can
always find two suitable orthonormal bases for S, and S yielding a diagonal decomposition:

d

ly) =D 4 1D @ liey® (2.14)
k=1

with non-negative Schmidt coefficients 4, and d the lowest dimension among S, and .Sp; if at least two of these coefficients are

nonvanishing, the state |y) is not in product form and thus it is entangled. As a consequence, denoting with p, = Trg[|y){(w|], and

pp = Tr4[lw){w|], the partial traces over S and S, subsystems, respectively, a generic pure state |y) of S is separable if and only

if its reduced states p, and pp are pure.

Alternatively, one can focus on the von Neumann entropy, that for a generic density matrix p is defined as [77]

Slpl = =Trlplnp] ; (2.15)

it is the quantum analogue of the classical Shannon entropy. In terms of the reduced density matrices, one can then define the
quantity

Elpl=-TrlpyInpyl = —Trlpglnpgl ; (2.16)

clearly, a pure state p = |y )(y| is entangled if and only if its reduced density matrices have non-zero entropy. The quantity &[p],
often called in the literature entropy of entanglement, is an entanglement quantifier; assuming for the two systems S, and .Sp
have the same dimension d, one finds 0 < &[p] < Ind. The first equality holds if and only if the bipartite pure state is separable,
while the upper bound is reached by a maximally entangled state,

d
1#,) = - Y@ e n® . 2.17)
Va =

When the state p of the compound system S is a generic density matrix, deciding whether the state is entangled or not, or
quantifying its entanglement content, is often a hard problem [78,79] and only partial answers are available. In general, one can
only rely on so-called entanglement witnesses, quantities that give sufficient conditions for the presence of entanglement in the
system.

In building such witnesses, a crucial role is played by positive maps A, that is by linear transformations on the space of matrices,
mapping positive matrices, that is, matrices with non-negative eigenvalues, into positive matrices. Let us assume for simplicity that
two systems S, and Sp have the same dimension d; then the following basic result holds [80]:

A state p of the bipartite system S is entangled if and only if there exists a positive map A, on the subsystem S, such that
the matrix p is not left positive by the action of the compound map A, ® 1, that is (A, ® 1)[p] # 0.

A well known, easily implementable entanglement test based on this result involves the transposition map, for instance on the
subsystem .S ,: the compound operation T, ® 1, is called partial transposition; then (Peres—-Horodecki criterion) [81]:

A state p of the bipartite system S is entangled if it does not remain positive under partial transposition, (T4, ® 15)[p] # 0.
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This entanglement criterion is exhaustive in lower dimensions, for a bipartite system consisting two qubits, or a qubit and a
qutrit [82]. In addition, quite in general, the absolute sum of the negative eigenvalues of a partially transposed state, a quantity
called negativity and given by

|| — A
Mp) = Zk‘, —5 (2.18)
in which A, are the eigenvalues of the partially transposed matrix (i}, j,|p"2|i,j,) of the density matrix (i, j|pli;j,), can be used to
quantify its entanglement content [83].
The relationship between the entropy of the system and those of its parts can be used to check whether the state is entangled; if
the state p is separable, than necessarily: S[p] > S[p,] and S[p] > Slpg], with p, and p being again the reduced density matrices [2].
In applications, entanglement witnesses that can be easily computed are needed: a relevant example of such a witness is the
concurrence. Consider again the bipartite quantum system .S, made of two d-dimensional subsystems S,, Sz, described by a
normalized pure state |y), or equivalently by the density matrix |y ){yw|. The concurrence of the system is defined by [84-86]

Blly)] = \/2 (1-Tr[(pa)?]) = \/2 (1-Tr[(pp)?]) - (2.19)
As already remarked, any mixed state p of the bipartite system can be decomposed into a set of pure states {|;)},
p= Zl’i lwiXw;| , with p, >0, and ZP:‘ =1; (2.20)

its concurrence is then defined by means of the concurrence of the pure states appearing in the decomposition through an
optimization process:

lpl = inf, > b Elw)l (2.21)

where the infimum is taken over all the possible decompositions of p into pure states. For a pure state the concurrence (2.19) vanishes
if and only if the state is separable, |y) = |y ) ® |yp), reaching its maximum value when p is a projection on the pure, maximally
entangled state (2.17). As the same holds for mixed states [87], the concurrence appears to be a good entanglement detector.
Unfortunately, the optimization problem appearing in (2.21) makes the evaluation of the concurrence a very hard mathematical
task, with a simple analytic solution only for two-level systems, d = 2.

Indeed, in this special low-dimensional case, given a two-qubit, 4 x 4 density matrix p as in (2.39), its concurrence can be
explicitly constructed using the auxiliary matrix

R=p(c,®0,)p"(0,@0,), (2.22)

where p* denotes the matrix with complex conjugated entries. Although non-Hermitian, the matrix R possesses non-negative
eigenvalues; denoting with r;, i = 1,2,3,4, their square roots and assuming r, to be the largest, the concurrence of the state p
can be expressed as [85]

Clpl = max(0,r; —ry —ry—ry) . (2.23)

By contrast, for d > 2, any approximation or numerical computation of (2.21) provides only an upper bound on €¥[p] and thus
cannot serve to reliably distinguish between entangled and separable states, or to give an estimate of a state entanglement content.

Fortunately, lower bounds on €[p] for a generic density matrix p have been determined and, if non-vanishing, unequivocally
signal the presence of entanglement. One of these bounds is easily computable, yielding [88]

(B101)° = Bylpl » (2.24)
where
®,[p] = 2max (o, Tr[p?] - Tr[(p)*], Tr[p*] - Tr [(pB)Z]) . (2.25)

A non-vanishing value of %,[p] implies a concurrence larger than zero, and therefore a non-vanishing entanglement content of p.
Interestingly, an upper bound for &[] has also been obtained [89]; explicitly, one finds

(161)* <2min (1= Tri(p0L 1-Tri(pp)?1). (2.26)

The easily computable concurrence lower bound (2.25) can be used as entanglement witness in the study of quantum correlations
at colliders.?

Other definitions of non-classical correlations, different from entanglement, have been introduced in the literature, motivated
by the fact that they can be used to enhance selected information tasks beyond their classical implementation (see [90-92] and
references therein). Rather than nonlocality, these generalized quantum correlations are the manifestation of non-commutativity

2 For pure states the upper, Eq. (2.26), and lower, Eq. (2.24), bounds coincide and become a true measure of entanglement.
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and non-invariance under quantum measurements. Indeed, as disturbance under quantum measurements signals quantumness, one
can characterize classicality through measurement invariance [93].
Specifically, among separable states, of the form (2.11), one can distinguish the so-called classical-classical states:

p=2pin;A)®H;B), with pi; >0, and Zp,-j=l ) (2.27)
ij ij

where IT® = |i)®@(j|, @ = A, B, are the projectors on the elements {|i{)®} of orthonormal bases in S,. There are no non-classical

correlations in these states; indeed, recalling (2.10), they are left undisturbed by any local von Neumann measurement, performed

locally on S, and Sj:

p— plag = Z(H'.(A) ® H;B)) p (Hl.(A) ® HJ(.B)) =p. (2.28)
ij

In other terms, the amount of total correlations contained in p, quantified by its mutual information,

1(p) = S(p) + S(p5) = S(p) . (2.29)

where S is the von Neumann entropy (2.15), coincides with the classical Shannon mutual information of the joint probability
distribution {p;;}: the correlations present in p are purely classical.
Similarly, one can introduce, separable, quantum-—classical states,

p=Y oY @n®, with p>0, and Y p =1, (2.30)
i ij

where p’(.A) are admissible density matrices for the subsystem S, while, as before, IT ®) are orthonormal projectors on Sp. These

states are left undisturbed under von Neumann measurements performed on the subsystem .Sp:

B B
p=olp= X (e n®)o(1,00P) =, 2.31)
i
By exchanging the role of S, and S, one analogously defines classical-quantum states.
In the case of a more general state, as in (2.11), in order to obtain its genuine quantum correlation content one needs to
subtract from its quantum mutual information (2.29) the amount of classical correlations obtained through local von Neumann
measurements. A possible measure of such classical correlations can be defined as [94,95]

B = I , 2.32
) [ax (rlB) (2.32)

where the maximization is over all local von Neumann measurements on Sp, defined as in (2.31). One can similarly define J*(p)
by exchanging the roles of S, and Sp, or in a symmetric way

J(p) = ( I(plag) - (2.33)

max
I3}
with the maximization over all local von Neumann measurements { /14 ® IT®} as defined in (2.28). One can then define discord
as a measure of the content of non-classical correlations of a bipartite state p as the (non-negative) difference [94]:

0B (p)=1(p) - JP(p) . (2.34)

One finds that Q'®(p) = 0 if and only if the state p is quantum-classical as in (2.30). A symmetric version of discord can also be
introduced [96]:

Op)=1(p) = J(p); (2.35)

being the difference between the amount of total correlations and the one of classical correlations, it vanishes, Q(p) = 0, if and only
if p is classical-classical as in (2.27). Extensions of these quantities using generalized quantum Positive Operator-Valued Measures
(POVMs) instead of von Neumann ones have been discussed in [95].

In general, discord and entanglement are different measures of the content of quantum correlations in a given bipartite state;
though they coincide for pure states. Classically correlated mixed states are separable, but the converse is not true: mixed separable
state may possess non-zero discord. Additional properties and applications of discord and other measures of non-classical correlations
can be found in [90-92] and recently discussed in [97] for pairs of top quarks.

2.3. Bell nonlocality

One of the most striking and unexpected results of modern physics is the manifestation of a fundamental indeterminacy in natural
phenomena. Thanks to the advent of quantum mechanics, the use of a statistical language became the standard, compelling tool
for explaining the behavior of physical phenomena. Yet, the possibility of recovering a fully deterministic description of natural
phenomena is amenable to experimental test, which rests on the presence of classes of correlations among observables underlying
what is now known as Bell nonlocality [98,99].
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The simplest situation in which the dichotomy between locality and nonlocality can be appreciated is that of a bipartite physical
system, one part controlled by an agent A (Alice), while that other by the agent B (Bob), well separated and distinct.> Both agents
perform measurements on their respective subsystem parts and by comparing the corresponding results draw conclusions on the
presence of possible correlations. It is the structure of these correlations that allows distinguishing local from nonlocal; indeed,
J. S. Bell in 1964 [100] was able to introduce a logical formulation, the Bell inequalities, allowing a disprovable test for correlations
being local or nonlocal [101-104]. A violation of one of these inequalities, as testified in many experiments, not only reveals
something about the internal structure of quantum physics, but strikingly, tells us that correlations in spatially separated systems
can exhibit a fundamental nonlocal character.

Bell locality essentially means that the measurement outputs at one party, say A, do not depend on the outcomes at the remaining
one, at B; in other terms, all correlations between Alice and Bob are consequence of shared resources, which, for a quantum system,
can even include its wavefunction. This form of locality can be formalized in full generality. Let us denote with the (for simplicity,
continuous) variable A the set of unspecified common resources, shared among Alice and Bob. Further, assume that Alice can choose
to measure M , different observables A;, A,, ... Ay, ,» each one giving rise to m, different outcomes a; = 1,2,...,my, i = 1,2,..., M,
and similarly for Bob. Let P;(A|a) be the probability for Alice of getting the outcome a having chosen to measure the observable
A and similarly be P,(B|b) the probability for Bob of getting b out of the measurement of the observable B. What is important is
that P;(A|a) does not depend on the measurement chosen by Bob and similarly P,(B|b) does not depend on the Alice choices; in
other terms, the outcome a for Alice and b for Bob are generated locally, by sampling from the probability distribution P,(A|a) and
P,(B|b), respectively.

Within these settings, the probability P(A, B|a, b) of the joint result (a, b), having measured A and B, can be expressed as

P(A, Bla, b) =/ di n(3) Py(Ala) Py(B|b), (2.36)

where 7(4) is the probability distribution of the shared resources. This is the formal statement of Bell locality; the corresponding
statistics of outcomes is called local if it obeys (2.36), nonlocal otherwise. Checking the validity of the hypothesis (2.36) is usually
done by performing a Bell test, that is, by putting under experimental scrutiny the validity of suitable Bell inequalities that result
directly from the hypothesis (2.36).

2.3.1. Qubits

In order to be more specific, let us study the simplest Bell test, involving two parties, Alice and Bob, each one having at their
disposal two possible observables to measure, (4,, 4,), and (B,, B,), respectively, each giving rise to two possible outcome (0, 1);
in the notation introduced above: M, = My = m, = mp = 2 [38,39,46]. The test results in checking the following combination of
joint expectation values, involving an observable of Alice and one of Bob [38]:

T, = (A, B)) + (A, By) + (A, B,) - (A4, B,) . (2.37)

In order to obtain the maximum value of Z, achieved using only local resources, it is sufficient [99,105] to see what is the outcome
when Alice and Bob share a pre-determined set (a;,a,;b;,b,) of possible answers to the measurement queries; clearly, as these
answers can be either 0 or 1, Z, can be at most 2, so that Bell locality implies the Clauser-Horne-Shimony-Holt (CSHS) inequality:

I,<2. (2.38)

If in an actual experiment one finds Z, > 2, one has to deduce that some sort of nonlocal resource had been shared between the
two parties, and this is precisely what is predicted in a quantum mechanical setting.*

A paradigmatic model in which the inequality (2.38) can be easily checked is a bipartite system made of two spin-1/2 particles,
one belonging to Alice, the other to Bob. As it will discussed in detail in the following, this physical situation is routinely reproduced
at colliders, where analysis of the spin correlations among products of high-energy collisions is performed.

A bipartite quantum system, made of two spin-1/2 particles is described in quantum mechanics in terms of the 4-dimensional
Hilbert space H, = H, ® H, = C*, the tensor product of two, 2-dimensional Hilbert spaces H, = C? representing a single spin-1,/2
particle. As already remarked, any observable O of the full system can then be expressed in a tensor product form, ® = O; ® O,,
where O,, O, are each single-spin observables, for instance they could be spin projections each acting on one of the two particles,
and in general in different spatial directions.

The state of the two spin-1/2 system is in general described by a density matrix p, that is an operator acting on H,, that can be
represented by a non-negative, 4 X 4 matrix of unit trace. As already mentioned, when the density matrix is a projector operator,
p> = p, than the state of the system can be represented by a state vector |y) € H,, such that p = |y)(y|. Knowing p allows one
to compute the average of any two-spin observable O through its trace with p, (O) = Tr[p O]; these expectation values are the
quantities measurable in experiments.

3 The two parties are usually assumed not to be able to exchange messages, being in the so-called “non-signaling settings”.
4 Quantum mechanics predicts for Z, the maximal value 2\/5 [106]. Interestingly, hypothetical models “more nonlocal” than quantum mechanics have been
advocated [107], for which the upper value of Z, may exceed 2\/54

10
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The quantum state of a spin-1/2 pair can then be expressed as

3 3 3
1 _
r=1 [12 ®L+ ) Bl o;®1)+ ) Bi(1,®0)+ ), C(0;® aj)] , (2.39)
i=1 i=1 ij=1
where o; are the Pauli matrices, 1, is the unit 2 x 2 matrix; the indices i, j, running over 1, 2, 3, represent any three orthogonal
directions in three-dimensional space. The real coefficients

Bf =Trlp(c;® 1)] and B; =Trlp(1®0))], (2.40)
represent the polarization of the two particles, while the real matrix

C;; =Trlp(o; ® 5))] (2.41)
gives their spin correlations. The labels ‘+ ’ and ‘-’ on the B coefficients simply serve to indicate which particle they refer to; in

what follows they are often distinguished by their respective electric charges. In the case of a collider setting, By, B; and C;; will
be functions of the parameters describing the kinematics of the pair of spin-1/2 production, the total energy \/E in the center of
mass reference frame and the corresponding scattering angle 6. Note that while the density matrix in (2.39) is normalized, Tr[p] = 1,
extra constraints on B, B;” and C;; need to be enforced to guarantee its positivity; these extra conditions are in general non-trivial,
as they originate from requiring all principal minors of p to be non-negative.

The density matrix in Eq. (2.39) can be used to re-write the upper bound on the concurrence in Eq. (2.26) as

(1p1)” <min [1 = Y(BI2 1= Y B2 (2.42)
i J

Eq. (2.42) makes clear that the larger the polarization of each individual particle (as found in the size of the coefficients Bii),
the smaller the largest possible value of the polarization entanglement between them, as described by €[p]. More precisely, the
entanglement in the final state spin correlations is maximal for vanishing polarizations, progressively diminishes as the polarizations
increase and vanishes for fully polarized final state particles.

Let us now express the combination of expectation values appearing in (2.37) in the language of spin, and choose as observables
A, and A,, for the first spin-1/2 particle, and B,, B, for the second one, spin projections along four different unit vectors, say 7,
ii; for Alice, and 7,, 7i, for Bob, so that A, = i, - ¢ and similarly for the remaining three observables. Only the correlation matrix C
is involved in the combinations in (2.37), that can be conveniently expressed as Z, = Tr[p%] where the quantum Bell operator is
given by

B=H -6Q(Hy—Hy) G+ -6Q(Hy+1iy) 0. (2.43)
The Bell inequality (2.38) then becomes
iy C - (fy—iiy) +7i3- C- (fy+1y) <2 (2.44)

Combining this condition with the analogous one obtained by reversing the direction of #; and 7; one finally gets the following
constraint:

|r71~C~(ﬁ2—ﬁ4)+ﬁ3-c-(ﬁ2+ﬁ4)‘52‘ (2.45)
When the spins of the two particle are perfectly anticorrelated, as it happens for a pure singlet state,

1
$(m>® 2 =) @ 113)) . (2.46)
with |1;) representing the spin of a particle in the state 1;, that is with the projection of the spin along the axis determined by the
unit vector # pointing in the up direction, one finds

|¥) =

Cj;=-9¢

i

(2.47)

iy
and one can easily violate the inequality (2.38) by a suitable choice of the four unit vectors 7, i3, #,, iiy. In other terms, the
nonlocality of quantum mechanics violates the Bell locality test (2.38).

In order to actually put under experimental test the Bell inequality (2.45), one in principle needs to extract from the collected data
the matrix C and then choose suitable four independent spatial directions 7,, #,, ii; and #, that maximize Z, in (2.37). Fortunately,
this maximization process can be performed in full generality for a generic spin correlation matrix [108]. Indeed, consider the matrix
C and its transpose CT and form the symmetric, positive, 3 x 3 matrix M = CCT}; its three eigenvalues m,, m,, m; can be ordered
in increasing order: m; > m, > m;. Then, the following result holds:

The two-spin state p in (2.39) violates the inequality (2.45), or equivalently (2.38), if and only if the sum of the two greatest
eigenvalues of M is strictly larger than 1, that is (Horodecki condition)

Mmp=m+m>1. (2.48)

In other terms, given a spin correlation matrix C of the state p that satisfies (2.48), then there are choices of the four independent
vectors i, iy, i3, iy for which the left-hand side of (2.45) is larger than 2. In the case of the singlet state (2.46) the sum of the
square of two of its eigenvalue is 2, the condition (2.48) is verified and thus the Bell inequality (2.38) violated, actually at the
maximal level [106].

11
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2.3.2. Qudits, mostly qutrits
The quantum state of a two d-level systems, two qudits, can be expressed in a form similar to the one (2.39) for two qubits, the
generalization being [109,110]:
] d*-1 d*-1 d*-1
— (d) (d) (d)
o= ﬁ[ld ®1,+ z; A ®1)+ 2‘1 BP0 @)+ -Z. ¢, @rj)] , (2.49)
= J= Lj=
where the matrices 7;, i = 1,2, ... ,d?> — 1, are the traceless Hermitian generators of the fundamental representation of the algebra

su(d), forming with the normalized identity matrix 7z, = 4/2/d 1, an orthonormal basis in the space of all d x d Hermitian matrices.

Recalling that Tr[z; 7;] = 24;;, one now finds

A9 =ty 01,1 and B = L1r1p, 07,1 (2.50)

representing the single qudit polarizations, while the real matrix
d2
cf.;.” =TTl (4, ® 7)) (2.51)
gives their correlations.

Given a bipartite setting, sharing a system of two qubits, the Bell test (2.38) can be proven to be exhaustive: all other possible Bell
tests are just a reformulation of the basic inequality (2.38) (see, for example, [98,99]). Extensions to higher dimensions are however
possible; in order to give one of such generalizations in the case of shared qutrits, that is, three-level systems, it is convenient to
reformulate the condition (2.38) in terms of joint probabilities, by rewriting the expectation values as:

2 2
(AiB)) =30 Y (=1)"™" P(A,, B)lm,n) , (2.52)
m=1 n=1
where as before P(A;, B;|m,n) is the joint probability of finding the outcome m in measuring the observable A, by Alice, and the
outcome n from the measurement of Bj on Bob side. Then, the Bell test (2.38) is equivalent to

P(A, = B))+ P(A, # B)) + P(Ay = B))+ P(A, = B,) < 3, (2.53)

where we have used the shorthand notation P(4,; = B) for the combination P(A;, B,|1, 1)+ P(A;, B,|2,2) and similarly for the other
terms.

Let us now assume that Alice and Bob share a system made of two qutrits, so that the outcome of their measurements involve
three possible entries, (0, 1,2). Let us also denote with P(A; = B;+k) the probability that the measurement outcome of the observables
A; and B ., differ by k modulo 3 and rewrite the left-hand side of (2.53) as

P(A;=B))+ P(Ay+1=B))+ P(A, = B)) + P(A; = By) ; (2.54)

clearly P(A, + 1= B|) = P(A, # B)) in the case of qubits.

Let us now assume that Alice and Bob share only local resources. Then consider one possible outcome of their measurements
such that A; = B|, A; = B, and A, = B,; but then locality would enforce A, = B; and the probability P(A, + 1 = B;) cannot be
one. Clearly, any triple of similar conditions would lead to the same conclusion: for instance, the choice A, = B;, A; = B, and
A, +1 = B, would lead to A, + 1 = B, and thus P(A4, = B,) cannot be one. As a result, the combination of probabilities (2.54)
cannot exceed 3, exactly as in the case of qubits. One can prove that under any local deterministic assumptions the maximum of
(2.54) is 3 as only three probabilities out of four can be satisfied in the sum (2.54) [99,105].

One can further restrict this result by subtracting from the combination (2.54) the conditions enforced by the four simplest
deterministic choices, that is P(4, = B;) in the first case discussed above, P(A, + 1 = B,) in the second, and so on. In this way one
ends up with the condition:

Iy=P(A; =B|)+ P(Ay+1=B))+ P(A, = B))+ P(A; = B,)

— P(Ay=B))—P(Ay=B,—1)—P(A, =B, —1)—P(By=A, - 1)<2. (2.55)
This is the Bell inequality introduced in [111,112]; one can prove that, as in the case of qubits for the inequality (2.38), this
inequality is optimal, in the sense that any other Bell inequality involving two shared qutrits is equivalent to (2.55).

Similarly to the case (2.37) for qubits, the combination of probabilities in Z; can be expressed in quantum mechanics as an
expectation value of a suitable Bell operator % as

I, =Tr[p B| . (2.56)
where p is the 9 x 9 density matrix representing the state of the two qutrits. Following the current convention,® we denote
1 1 1

— 3) _ (3) —
fi=< A7, g-——Bj and h,-j—9

(3)
5 =3 . (2.57)

5 While some authors maintain the overall 1/d? factor in Eq. (2.49) in their computation, others directly use the rescaled coefficients. In the following, we
adopt the first convention for qubits and the second when dealing with qutrits.
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The density operator in Eq. (2.49) can thus be written

8 8 8

1 a a a

o= 5[1®n]+§fa [T ®]1]+Zga LT+ )Y hy[T°®T], (2.58)

a=1 a=1 ab=1

in the form of (2.49), specialized to d = 3, where now the generators are the standard Gell-Mann matrices T¢.

The explicit form of % depends on the choice of the four measured operators 4; and B,. For the case of the maximally correlated
qutrit state, analogous to the qubit state in (2.46), the problem of finding an optimal choice of measurements has been solved [111],
and the Bell operator takes a particular simple form [113]:

0 0 0 0 0 0 0 0
0 0 0 -2 0 0 0 0 0
V3
0 0 0 0 2z 0 2 0 0
V3
(— 0 0 0 0 0 0 0
V3
2 2
% =10 0 -— 0 0 0 -— 0 of . (2.59)
V3 V3
0 0 0 0 0 0 0 -2
V3
2
0 0 2 0 - 0 0 0 0
V3
0 0 0 0 0 —% 0 0 0
3
0 0 0 0 0 0 0 0 0

The observable Z; defined in Eq. (2.56), which parametrizes the violations of Bell inequalities for two qutrits systems, then can
be written in terms of the coefficients ,, as

43
I, = 4(h44 + h55) - T\/_ [hm + heg + gy + hyy + hyy + hyg + oy + h27] . (2.60)

Within the choice of measurements leading to the Bell operator (2.59), there is still the freedom of modifying the measured
observables through local unitary transformations, which effectively corresponds to local changes of basis, separately at Alice’s and
Bob’s sites. Correspondingly, the Bell operator undergoes the change:

B->URV) - B - UQV), (2.61)

where U and V are independent 3 X 3 unitary matrices. One can use this additional freedom in order to maximize the value of Z;
for any given qutrit state p.

Concerning two qutrits® entanglement, it is also useful to collect the explicit form of %, in (2.25), giving a lowest bound on
concurrence in terms of the coefficients appearing in the decomposition (2.58):

%, = 2max[—2-122f§+62g§+42h§b;
9 a a ab
2
—5—122g§+62fj+42h§b,0]. (2.62)
a a ab

Moreover, the same inverse proportionality between entanglement and polarizations in the final state, as given in Eq. (2.42), holds
for qutrits, the necessary changes having been made.

The Bell test in (2.55) can be extended to the case in which Alice and Bob share two d-dimensional systems, with d > 3; also,
Bell tests involving more than two parties have been proposed (see, for example, [98,99]). A classification of these generalized Bell
inequalities is quite intricate [114-116].

2.4. Quantum correlations and relativity

As particles at colliders are created at relativistic velocities, one may wonder what is the fate of quantum correlations, and
entanglement in particular, under the action of a Lorentz transformation. One should keep in mind that these transformations are
implemented on the Hilbert space of particle states by means of unitary operators that always act separately on each particle created
in a high-energy collision. As local quantum operations cannot change the amount of quantum correlation of a state, its entanglement
remains unchanged by the action of any Lorentz transformation.

6 For qubits, one finds

G, = % max[—l + Z(B’*)z - Z(Bj‘)z + ch 1+ Z(B;)Z - 2(37)2 + Zczl o] .
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Fig. 3.1. Unit vectors and momenta in the CM system [19], here specified for the production pp — yi. The angles 6, define the directions of the final lepton
in the rest frame of the fermion y with respect to the quantization axis. The same holds for .

Nevertheless, when the change of reference frame is implemented by a transformation involving different degrees of freedom, for
instance momentum and spin, then the entanglement encoded in the purely spin part of the multi-party state might change [117-
119]. Indeed, it is known that the von Neumann entropy of the reduced spin state is not, in general, relativistically invariant [120].
Yet, violations of Bell inequalities is assured in any reference frame by a careful choice of the directions along which particle spin
is measured [121,122]. In this respect, observables as (2.48) that optimize this choice are indeed of most valuable practical utility.

In addition, it should be stressed that the violation of Bell inequalities is pervasive in relativistic quantum field theory: if we take
a bipartite system, each party living in space-like separated space-time regions, there always exists a state for which the inequality
(2.45) is maximally violated [123-128].

3. The toolbox
3.1. A Cartesian basis for bipartite systems at colliders

When discussing the production of pairs of entangled particles, a natural coordinate system is that formed by a right-handed
orthonormal basis {1, i‘,R}, introduced in [19] and defined in the particle-pair center of mass (CM) frame as follows.

Let p be the unit vector along the direction of one of the incoming beams in the CM frame and k the direction of the momentum
of one of the produced particles in the same frame. Then the remaining unit vectors of the basis can be defined as
(pxk). = ! (p-cos k), 3.1

= -
sin @

sin ©

with © being the scattering angle satisfying p - k = cos ©. This basis is then used to decompose the spin components of a particle in
the corresponding rest frame (reached via a boost along the +k direction, which leaves the basis vectors unchanged) as illustrated
for the case of two particles ¥, and V, in Fig. 3.1; it is customary to take the spin quantization axis along k.

3.2. Polarization density matrices

3.2.1. Qubit polarization matrices: Spin-half fermions

The density matrix describing the polarization state A of a spin-half fermion y,; can be computed straightforwardly from the
amplitude of the underlying production process

M) = [a; A (3.2)

with polarization 1 € {—%, %} along a given quantization direction. In the above formula we have indicated with A the term in the
amplitude that multiplies the spinor i, of the produced fermion and we used square brackets to track the contractions of spinor
indices.

The outgoing particle is then described by a state

)= Y M@ |uy) (3.3)
i

14
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where |u,) is the Hilbert space representation of the spinor. The spinor-space density matrix is then obtained as

ol S Al fap Al ) Gy

v ) - - P . (3.4)
viv Yo [maA] [y Al Gy |uy)
By using the orthogonality relation (i |u;) = [ii;u;] =2 md;, the denominator can be rewritten as
_ T 1A @ Al Juy) Gy | _ o (A @ Al Jus) <y 3.5)
v 2my, A [a,A] 2m|MP?
where m is the mass of the fermion and | M|? is the squared amplitude for the production process summed over the spin.
To obtain the polarization density matrix we use the projection operators [35,129]
[uz) | 17 1 i
T = = am P Su 4 s Xl 36
and
|UA><D/V| H;A/ 1 .
om = am T m(l’— m)\ 8,0 +75 Z #ioy |- @7

where o, are the Pauli matrices and {/'} is a triad of space-like four-vectors, each satisfying n/'p, = 0, obtained by boosting the
canonical basis of the spin four-vector » to the frame” where the fermion has four-momentum p. By means of the projector operators
we then obtain

HU [AATHM/] < 3 >
Y AX 1 i
o = | =25, | = — 2 =14 Y56, ) . (3.9)
[2'" W] IM[? 2 ; ) o

where s’ are the components of the fermion polarization vector that generally depend on the kinematic variables of the underlying
production process. The generalization to processes yielding more than one spin-half fermion in the final state is straightforward
and the resulting density matrices can be decomposed on the basis of the tensor products of Pauli and unit matrices. For the case of
two fermions, this yields the bipartite density matrix Eq. (2.39), the parameters of which are given in terms of expectation values
in Eq. (2.40) and Eq. (2.41).

3.2.2. Qubit polarization matrices: Photons
The production of massless spin-1 particles (photons) is the other instance of a system whose polarizations are qubits. Let us
consider the amplitude for the production of a photon with helicity 4 € {+1,—1} and momentum k

M4, k) = A, eh” (k) (3.10)

where A, denotes the coefficient multiplying the (conjugated) polarization vector e’; of the produced photon. In the following we
will remove the momentum dependence in M.

The polarization four-vectors €/, A € {1,2} obey the conditions ¢, - £, = —5, , €, - k = 0, where the contractions of Lorentz
indices is left implied, and provide a basis for the linear polarizations. The polarization state |V'#) of the photon V is consequently
determined as

VY=Y M@
i

e, (3.11)

where efl> is a representation of the polarization vector e’; in the Hilbert space. The covariant density matrix describing the state
is then obtained as

__ o (3.12)

vy
after the normalization of the state vector and having inserted a factor of (—1) to account for the signature (1, —1, —1, —1) of the
Minkowski metric. The polarization density matrix p,;, is then obtained by contracting the density matrix in Eq. (3.12) with the
projector Pﬁ,(k) = e’f(k)e;,(k) as

~uv

i =P B (3.13)

7 1In the rest frame of the fermion we have n = (0,7) and
0 0
(3.8)

0

1 0 0
n1=0, n2=1, n3=0.
0 0 1
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From the orthonormality relation ¢, - £, = -6, ; and Egs. (3.10)—(3.13) it follows that

MMy AATPY

Py = = (3.14)
Ax ZA”M‘(AH)M(A”) |M|2
The covariant density matrix in Eq. (3.12) can be decomposed in terms of the Stokes parameters & [130] as:
3
< 1 A i 2
P =5 Ze”<]l + Z §’U,>M,£V
i i=1
_1/ m.a 2).@ S/ m,e 2).(1
= z(si)e(v ) +5§4)5(v )> + 7(5;)65) +EL)EE/))
_ (£<1>£<2> _ £<2>£<1>> 8 (5(%(“ _ 5(2)5(2)) . (3.15)
2 u v u v 2 u v u v
In matrix form, the density matrix on the helicity basis in Eq. (3.14) is given by
3
_ 1 i
oy = 5(1+ ;’g’ai)u/ (3.16)

and the Stokes coefficients & can be obtained by taking the traces, namely & = Tr[po;].

In the case of a two-photon system, the corresponding density matrix will depend on the Stokes parameters £@ and & of the
photons a and b. The generalization is straightforward and the resulting density matrix can be decomposed on the basis of the tensor
products of Pauli and unit matrices as in Eq. (2.39).

3.2.3. X states
A great deal of simplification occurs if the matrix C, written on the basis of (3.1),

Cnn Cnr an

c=|c, c, c.|. (3.17)

Ckn Ckr Ck k

only has a pair of non-vanishing off-diagonal terms, for instance Cy, = C,,. The eigenvalues of m,, are given in this case by

CZ

nn’

1 2 2
Z [ckk +C, +1/(C - C, % + 4c,f,] . [ckk +C, = /(C4 - C, % + 4c,fr] . (3.18)

The result in Eq. (3.18) is an example of the simplification that occurs for a class of states, dubbed X states [131] because their
density matrix takes the form

a 0 0 w
0 b z O
= . 1
PXTlo 2z ¢ o0 (3.19)
w* 0 0 d

All matrices C with only one non-vanishing coefficient off diagonal give rise to a density matrix that falls into this class.
The eigenvalues of the matrix R in Eq. (2.22) in the case of py can be readily written and the concurrence €[p] computed by
means of a particularly simple formula; when B = 0 and the only off-diagonal non-vanishing element of C is C,, = Cy,, one has

1 /
%[P] = 5 max |0, |Crr + Ckkl - (1 + Cnn)s (Crr - Ckk)2 +4C,2k - |1 - Cnrll] . (320)

3.2.4. Qutrit polarization matrices
Massive spin-1 particles provide an instance of a system whose polarizations implement qutrits. Let us consider the amplitude
for the production of a massive gauge boson with helicity 4 € {+1,0,—1} and momentum p

M4, p) = A€l (p) (3.21)

where A, denotes the coefficient multiplying the (conjugated) polarization vector ej of the produced boson. The polarization state
|[V#) of the boson V is consequently determined as

VY=Y M@
A

e, (3.22)

where ej) is a representation of the polarization vector in the Hilbert space. The covariant density matrix describing the state is
then obtained as

_ (3.23)

(Vv
after the normalization of the state vector and having inserted a factor of (—1) to account for the signature (1, -1, —1, —1) of the
Minkowski metric g,,. The polarization density matrix is then obtained through the projector P’:X, (p) = s’;*(p) e;, (p):

~Uv

Paw =Py B (3.24)
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From the orthonormality relation 8y E’;(p)ejl, (p) = =6, and Egs. (3.21)-(3.24) it follows that

" T
b= MM AAP
= N - .
A > ME@HMQ) |M?
In order to obtain an expression for the projector P, consider the explicit form of the wave vector of a massive gauge boson with
helicity 2

(3.25)

1
s"(p)=——|z|(/1n"+in")+(1—|,1|)n", (3.26)
i \/E 1 2 3

where the four-vectors n; = n;(p), i € {1,2,3}, form a right-handed triad and are obtained by boosting the linear polarization vectors
defined in the frame where the boson is at rest to a frame where it has momentum p. With the above expression one finds [132-134]

1 p'p’ i 1
'P’;:,(p) =3 <—g“” + ~ >5M’ = 3 e”“"ﬂpa"iﬁ (S — Enf‘njv. (Sij)u/ , (3.27)
v

where m,, is the invariant mass of the vector boson ¥, e#**? the permutation symbol (¢"'?* = 1) and S,, i € {1,2,3}, are the SU(2)
generators in the spin-1 representation—the eigenvectors of S5, corresponding to the eigenvalues 4 € {+1,0, -1}, define the helicity
basis. The spin matrix combinations appearing in the last term are given by
4
Sy =SS+ 8,8, = 315,
with i, j € {1,2,3} and 1 being the 3 X 3 unit matrix.
Egs. (3.25) and (3.27) make it possible to compute the polarization density matrix for an ensemble of V' bosons produced in
repeated reactions described by the amplitude M. The formalism can be straightforwardly extended to processes yielding a bipartite
qutrit state formed by two massive gauge bosons, V| and V5. In this case we have

A

i
MVAM/ v
IM?

where k; and k, denote the momenta of the vector bosons in a given frame. The eight components of f, and g,, as well as the

64 elements of h,,, can be obtained by projecting the density matrix (2.58) on the desired subspace basis using the orthogonality
relations, yielding

(3.28)

)= (Pﬂﬂ’(kl) ® PW'(kz)> , (3.29)

fa= éTr [T @D, g = éTr [p@®Ty], hy= iTr [p(Te®T?)] . (3.30)

All the terms computed via Eq. (3.30) are Lorentz scalars.
3.3. Reconstructing density matrices from events

The preceding Section described how to calculate the probability of the directions of the emitted decay products based on the spin
density matrix of the parent particle. The experimental analysis must instead provide the spin density matrix from the observable
angular distributions. This inverse problem is possible provided that (i) the decays depend sufficiently on p that the process is
invertible in principle and (ii) that the daughter particle angular distributions can be determined in the rest-frame of the parent
particles.

The simplest case of the two-body decay of a scalar state is uninteresting in this regard; the spin density matrix is the
one-dimensional identity 1,, and the angular distributions are isotropic.

3.3.1. Qubits

For the simplest non-trivial case, the decay of a spin-half particle, such as a top quark or antiquark, the density matrix Eq. (3.9)
can be represented by the polarization vector B = (5), where the average is taken over the distributions of the kinematic parameters
that determine 5. The role of the projectors in Eq. (3.9) is to produce an angular dependence that the probability density function
for the decay product lie into the infinitesimal solid angle close to 7:

pGip) = (1 + 5 B, 3.31)

The decay depends only on B and on the so-called ‘spin-analyzing power’ k : —1 < k < 1 of the daughter particle in the decay.
Near-maximum values of |x| ~ 1.0 are obtained for charged leptons emitted in top-quark decays [135].

The process of measuring p from data in this case is equivalent to determining the polarization B from the angular distribution.
This can be achieved by measurement of the angular distributions, except the (not infrequent) special case when « = 0 when the
decay is isotropic and hence the process non-invertible. For k # 0 the polarization components are given by projecting out the
polarization components of Eq. (3.31) which can be achieved from the averages of the angular distributions of the polarimetric
vector i

< 31 « do o s
B =15 / A" 3o= - @), (3.32)
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Fig. 3.2. Example of distributions of the elements of the matrix C;; and the vectors Bf. The ordinate axes represent the respective frequencies. The average (see
Egs. (3.34)—(3.35)) and standard deviation of these histograms give the mean value and uncertainty of the corresponding coefficient. The non-vanishing values
of Bf or C;; manifest here as asymmetries in the histograms as vanishing values would be perfectly symmetric. The plots are from a simulation of the process

ete” = 777 at /s = 91.19 GeV, by two of the authors.

where {¢;}, i = 1,2,3, is an orthonormal basis—usually {1, f,ﬁ}. The correlation parameters C; ; can also be determined by taking

the average

_ 91 + i do S e
Cj= rr o /d.Q de I0do- (" - e - &) (3.33)

weighted again by the differential cross section. For the case of measuring the spin of #f or 7~z systems from the final particle
angular distributions in their parents’ respective rest frames, the spin analyzing powers in Egs. (3.32)—(3.33) are x, = +1.0 and

= k_ = —1.0 for the positive and negative leptons respectively.
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Alternatively, quantum tomography can be performed if the following distributions can be reconstructed

1 do 1 " L
- == (1% B~ = .
o Teosgr ~ 2 1T B eostr). (3.34)

1 do 1 B
- == (1+C;; cos6 cosb; ), 3.35
c dcosefdcosej‘ 4 ( ij i 1) ( )

in which cos 9,.i are the projections of the spin vector (or, equivalently, of the polarimetric vector) on the {f, f, k) basis as computed
in the rest frame of the qubit of interest. An example of the distributions obtained for the B and C;; coefficients through Monte
Carlo simulations of the e*e™ — 7%z~ process can be found in Fig. 3.2 for the case of the z leptons. Non-vanishing values of the
coefficients are signaled by asymmetric distributions.

3.3.2. Qutrits

The spin 1 gauge bosons also act as their own polarimeters. For instance, in the decay W+ — £%v, the lepton ¢ is produced in
the positive helicity state while the neutrino v, in the negative helicity state. The polarization of the W™ is therefore measured to
be +1 in the direction of the lepton #*. The opposite holds for the decay W~ — #~v, and the polarization of the W~ is therefore
measured to be —1 in the direction of the lepton #~. In both the cases, the momenta of the final leptons (as in Fig. 3.1) provide
a measurement of the gauge boson polarizations. The same is true for final jets from d and s quarks. These momenta are the only
information that we need to extract from the numerical simulation or the actual data.

The challenge of reconstructing the correlation coefficients #,,, f, and g, has of the density matrix of the final leptons has
recently been discussed in [136], which we mostly follow in the remainder of this section.

The cross section we are interested in can be written as [137]

2

}rdsszm— =<%) Tr[”Vle(”+®”—)]’ (3.36)
in which the angular volumes dQ* = sin §*d6* d¢* are written in terms of the spherical coordinates (with independent polar axes)
for the momenta of the final charged leptons in the respective rest frames of the decaying particles. The dependence on the invariant
mass my, and scattering angle © in Eq. (3.36) is implied. The density matrix py, j, in Eq. (3.36) is that for the production of two
gauge bosons given in Eq. (2.58).

The density matrices IT, describe the polarization of the decaying gauge bosons. The final leptons are taken to be massless—for
their masses are negligible with respect to that of the gauge boson. They are projectors in the case of the W -bosons because of their
chiral coupling to leptons. These matrices can be computed by rotating to an arbitrary polar axis the spin +1 states of the weak
gauge bosons taken in the z direction and are given, in the Gell-Mann basis, as

8

1. 1O 0ma

Hi=§1+52qiT , (3.37)
i=a

where the Wigner functions (¢ can be written in terms of the respective spherical coordinates, as reported in Eq. (B.5) of
Appendix B.2, for the decay of W -bosons.
We can define another set of functions

b= Dty A (338
orthogonal to those in Eq. (B.5):
3
(=) / prqrdes =25m. (3.39)
In Eq. (3.38), m~! is the inverse of the matrix
nm __ i n ~m +
(m, )™ = (8”)/01i qmdes, (3.40)

which is assumed to exist. The explicit form of the functions p’} are given in Appendix B.2 Eq. (B.6).
The functions in Eq. (3.38) can be used to extract the correlation coefficients h,;, from the bi-differential cross section in Eq. (3.36)
through the projection

1 do a b + —
= — — Qrdao-. 41
ay 4U/dﬂ+d9_p+p_d d (3.41)
The correlation coefficients f, and g, can be obtained in similar fashion by projecting the single differential cross sections:
_ 1 do . +
fa= 20 ) dQ* pider,
1 do _
=— [ —p?do . 3.42
=35 ) da-P- (3.42)

The density matrices IT, are not projectors in the case of the Z-bosons because the coupling between Z-bosons and leptons in
the Lagrangian,

i _.s 5 u
Feos by (8.0 = 7o, + g1+ 100, | 27 (3.43)
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Fig. 3.3. Reconstructed Gell-Mann parameters obtained from quantum state tomography of pairs of simulated W+ bosons obtained from H — WW® — £+v£~y,
(the bottom row of each plot contains the B* parameters for a W™ boson, the leftmost column the B~ parameters for the W~ boson and the rows and columns
1-8 the C;; parameters. Bins are marked with “+ ” or “~” to indicate the sign of the reconstructed coefficient. The (0,0) element has no meaning.

Source: Adapted from [136] (CCBY4.0).

contains both right- and left-handed components, whose strengths are controlled by the coefficients g; = —1/2 + sin® 0y, and
gg = sin® Oy,. In this case, one must introduce a generalized form of the functions in Eq. (B.5) which is defined as the following
linear combinations
Al 1 [ 2 qn 2 ~n
= aa+ga]. (3.44)
gi + g% R "+ L

and define from these the corresponding orthogonal functions p" to be used in Eq. (3.30). They are the same for both the + coordinate
sets and given by

pr=> anpr, (3.45)

where the matrix a? is given in Eq. (B.7) in Appendix B.2. The Egs. (3.41)—(3.42) can be used after replacing the functions pr with
p.

Egs. (3.41)—(3.42) provide the means to reconstruct the correlation functions of the density matrix from the distribution of the
lepton momenta and thus allow to infer the expectation values of the observables Z; and %, from the data. In a numerical simulation,
or working with actual events, one extracts from each single event the coefficient of the combinations of trigonometric functions
indicated in Eq. (B.6) in B.2; that coefficient is the corresponding entry of the correlation matrix in Egs. (3.41)—(3.42). Running this
procedure over all events gives an average value and its standard deviation.

An example showing the corresponding parameters, after this averaging for the process H - WW ™ — £*v/~v, assuming that
the parental rest frames can be determined is shown in Fig. 3.3.

3.3.3. Tensor representation for qutrits
The Gell-Mann representation of the density matrix Eq. (2.58) is only one possible parameterization. An alternative representation
of the density matrix is in terms of tensor operator components, which for a single system can be written [35,137-140]

! Y QL+ 1)) Ty (3.46)
LM

G P
where Tﬂf, are the matrices that represent the irreducible spherical tensor operators. We note that for the case of a qubit
representation of the density matrix the Tensor representation and the Gell-Mann representation are identical, since both are
provided by the standard Bloch vector, that is a parameterization based on the Pauli matrices.

For the general tensor representation, the orthogonality relationship

’ 25+ 1
Tr (TALJ,TAT) = S b (3.47)
allows determination of the coefficients
th =Tr (pT) (3.48)
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from the observables. The procedure for extracting the coefficients from angular distributions in this framework is described in [140],
which also includes discussion of the Wigner ¢ and p functions for the irreducible tensors. The density matrices for bipartite systems
can similarly be parametrized in terms of tensor products of tensor operators for the respective particles

1 L L
p= 5{1®1+AILM [Th @ 1]+ A2, [L@®Th] +Cryuny o, [T ®TM22]}. (3.49)

The resultant angular distributions for W* boson decays, in terms of related parameters are given in [139]. The equivalent
distributions for the Z boson are provided in [141].

The analyses outlined in this Section can be experimentally challenging because both the CM frame of the collision and the rest
frame of the parents must be determined in order to compute the various correlation coefficients with reasonable uncertainties. We
discuss more details of the experimental aspects of these analyses in Section 4 for qubits and Section 5 for qutrits.

4. Qubits: A baryons, top quarks, 7 leptons and photons

Systems of two qubits, such as those arising from the polarizations of pairs of fermions (or photons), are routinely produced
particle colliders such as the LHC, SuperKEKB and BEPC II. We consider the production of A baryons at BEPC II and collected
by the BESIII experiment, top-quark pair #7, r-lepton pair z7 via the Drell-Yan mechanism and in the resonant Higgs boson decay
h — =7 at the LHC, and in the ete™ — 77 at SuperKEKB. We also include the di-photon system via the resonant Higgs decay process
h — yy, assuming (and it is a significant assumption) that polarizations of the high-energy photons could be determined. For each
of the considered processes, we provide the analytical predictions for the corresponding Bell inequality violation and quantum
entanglement observables. Side by side with the analytical computation, it is crucial to have access to Monte Carlo simulations of
the same processes in order to have an estimate of the uncertainty and therefore of the significance that can be reached for the
values of the observables. The predictions, obtained by the reconstruction of the polarization density matrix by means of simulations
of events, are provided, in dedicated sub-sections, for each of the considered processes.

4.1. Entangled A baryons

The decays of charmonium #,, y, and J/y produce pairs of entangled A baryons. These processes were suggested in [49,50]
and studied in [51,52,142] as a promising setting for testing a Bell inequality.
The helicity states of the final system in

ne—=A+A4 4.1)

fall in the singlet representation of the product %@% = 0@ 1. The same holds for the decays of y,. It is constrained by the conservation
of the angular momentum to be described by the state

o)y 113, @13.-3) —w_1115.-3) @13, 3), (4.2)
1

in which wy; are the normalized helicity amplitude are given by the Clebsh-Gordon coefficients: w 1= w 1 s
The case of the decays of the J/y, which is a spin-one particle, is different. The spin state of the pairs of A depends on the
polarization of the J /y and is therefore in general in a mixed state with less entanglement. Accordingly, this process is less favorable
to the observation of large entanglement and a significant violation of Bell inequality, as already noted in [51,52,142].
Data on these processes have been collected by the BESIII Collaboration [143-145], with sufficient numbers of events for an

experimental observation of entanglement and Bell inequality violation to be possible.

4.1.1. Entanglement and Bell inequadlity violation in n, — A+ A
The state in Eq. (4.2) gives rise to the density matrix

0O 0 0 O
110 1 1 O

Pan = lwo)wol = 510 1 1 ol (4.3)
0O 0 0 O

which can only depends on the overall strength of the coupling. The conservation of the angular momentum forces the final state into
the singlet and the helicity amplitudes are completely fixed except for an overall function that is factorized out in the normalization
of the density matrix. Using the Pauli matrices o;, we can write the correlation matrix

1 0 O
Cj=Trppjp0;®0c; =0 1 0 4.4
0 0 -1

from which it is possible to compute the concurrence € = 1 and determine the Horodecki condition m,, = 2. These maximum
values show that one can expect maximum entanglement and maximal violation of Bell inequality in this process. This is also the
original result of the computation in [51,52].
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Fig. 4.1. Feynman diagrams (at partonic tree-level) for top-antitop (#7) production, for gluon (gg) and quark-pair (¢g) initial states.

4.2. Top-quark pair production at the LHC

At the parton level, the production of top-quark pair #7 at the LHC receives two distinct contributions, namely from quark anti-
quark annihilation (¢§ — #f) and gluon—gluon fusion (gg — t7) respectively. Corresponding Feynman diagrams in the SM are shown
in Fig. 4.1. The analysis of the kinematics and polarizations is described for ¢4 — ff, where f stands for a generic fermion in
Appendix A.1. The same considerations on the kinematics and polarizations of the final states hold for the top-quark production via
gluon—gluon fusion.

The unpolarized differential cross section for the process

p+p—ot+i. (4.5)
is given in the basis Eq. (3.1) by [19,69,70]

2
do  _ Wi 88 (1) A%8[m.- 990y A997m -
dem,;_64;z2mt2?{L (v) A% [m,;, O] + L9(r) A%[m;, @]}, (4.6)

where the combination of the two channels at partonic tree-level (see Fig. 4.1) g+g — t+7and q+4 — t+7 in Eq. (4.6) is weighted
by the respective parton luminosity functions L8899(r)

2t 7 4z T _ 4r (V7 az T
ng(r)_ﬁ/r ?qg(fz)qg(z) and L¥n)= Y 2T 7qq(TZ)qﬁ<Z), (4.7)

q=u,d,s sJz

where the functions ¢;(x) are the PDFs, o, = g*/4r and © = m,;/ \/E, with m,; the invariant mass of the 7 system. The explicit
expressions for A%¢ and A% are given in Appendix A.2. Their numerical values can be taken from, for instance, those provided by
a recent sets (PDF4LHC21 [146]) for \/E =13 TeV and factorization scale g, = m;.
The correlation coefficients C;; in the polarization density matrix for the 7 pair production is given as [19,69,70]
L88(7) éfjg[m,,-, O] + L9(r) é,."/." [m;, O]
" Lss(r) A%8[m,;, O] + L99(c) A%[my;, O]

Cjlmy, O] (4.8)
Notice that in the SM the polarization coefficients for the quark-pair B/? = 0 identically vanish—barring higher order electroweak
corrections.

The explicit expression for the coefficient C5¢ and C‘,.”j" in Eq. (4.8) for the SM are collected in Appendix A.2. They are related
to the corresponding correlation coefficients C,."/. *$¢ for partonic processes by C'sg = Cf/.g A%8 and C‘;’j" = Cf’j."A‘” .

4.2.1. Entanglement in tf production

Top-quark pair production is the first process that has been considered in the current run of analyses. In [69] the expected
entries of the density matrix were evaluated in the frame proposed in [21] (in which they were computed for estimating classical
correlations) and the concurrence computed.

The dependence of the entries of the polarization density matrix in Eq. (4.8) on the kinematic variables O, the scattering angle,
and g, = (/1 - 4m,2 /mrzt_, is in general rather involved but it simplifies at @ = /2 for which the top-quark pair is transversally

produced and the entanglement is maximal. To understand the behavior in this limit, one can choose the three vectors {f, f, k}
to point in the {%, $,2} directions and denote by |0) and |1) the eigenvectors of the Pauli matrix o, with eigenvalues —1 and +1,
respectively; similarly, let |-) and |+) be the analogous eigenvectors of o, and |L) and |R) those of o,,.

A set of quark pair spin density matrices that are relevant to this case are the projectors on pure, maximally entangled Bell states,

PP = W@, ) = —(loD) £ 110)) . 4.9)

L
V2
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Fig. 4.2. The observables €[p] (contour plot on the left) and 1M, (contour plot on the right) for # production as functions of the kinematic variables ® and
my; across the entire available space (they are symmetric for cos @ < 0).
Source: Figures revised from [147] (CCBY4.0).

together with the mixed, unentangled states,

m _1 RV

e = 3 (O +1==)—1) . 4.10)

# = 3 (ILRLRI+ RLYRL ) 4.11)
@ _1

=3 (|01)<o1| + |10><10|) . (4.12)

Let us treat separately the quark-antiquark ¢ and gluon—gluon gg production channels. For the ¢¢ production channel, using
the explicit expression collected in Appendix A.2 for the correlation coefficients C;;, one obtains that the ¢ spin density matrix can
be expressed as the following convex combination [147] :

2

@ _ 41— D ih 1o D
PP = ap D+ (A= Dp . with A= e (0], (4.13)
t

so that at high transverse momentum, for g, — 1, the spins of the #f pair tend to be generated in a maximally entangled state; this
quantum correlation is however progressively diluted for g, < 1, vanishing at threshold, g, = 0, as the two spin state becomes a
totally mixed, separable state.

The situation is different for the gg production channel, as both at threshold and at high momentum the 7 spins result maximally
entangled, with pffg) = p™® for g, — 1 and pﬁfg) = p when g, = 0. For intermediate values of f,, the situation becomes more
involved, and the two-spin density matrix can be expressed as the following convex combination:

_ 1 2
p:tgg) =ap™ +bp + cp(n)liX + dp(n[)lix , (4.14)

with non-negative coefficients [147]
s (1-p? 257 (1= 4)
a=———7——, b=——, ¢c=d=—7F7-—, (4.15)
L+287 =25} 1+2p7 -2 1+2p2 - 24°

so that a + b+ ¢ + d = 1, while entanglement is less than maximal.

Including both the ¢g- and gg-contributions leads to more mixing and therefore in general to additional loss of quantum
correlations.

All these features are manifest in the plot on the left-side in Fig. 4.2. There are two regions where entanglement is significant:
in a narrow region near threshold; and for boosted tops for scattering angles close to 7 /2.

The strong dependence of the entanglement on the kinematic variables was first shown in [69]. That paper calculated the quantity

p=3TrC, (4.16)

and showed that close to threshold it is expected to be smaller than —1/3. This is a sufficient condition for entanglement, as D is
directly connected to concurrence by the relation €[p] = max[—1 — 3D, 0]/2 [69].
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The ATLAS Collaboration, applying the method proposed in [69], has recently [73] analyzed the pp data and extracted the value

of D from the differential cross section
1 do 1

c_rdcosqﬁ - 5(1_DCOS¢>’ 4.17)

where ¢ is the angle between the respective leptons as computed in the rest frame of the decaying top and anti-top.

The analysis selected fully leptonic top pair events with one electron and one muon of opposite signs, and measured D at the
particle level in the near-threshold region 340 GeV < m; < 380GeV. After calibrating for detector acceptance and efficiency they
measured [73]

D = —0.547 + 0.002 [ stat.] +0.021 [ syst.]. (4.18)

This value is smaller than —1/3 with a significance of more than 56, thus provides the first experimental observation of the presence
of entanglement between the spins of the top quarks.

The observed entanglement is larger than that predicted by the simulations, suggesting that the simulations might require
improved modeling of near-threshold effects in 7 production.

A preliminary analysis® by CMS [74] in an overlapping near-threshold region, 345 GeV < m,; < 400 GeV, observed D to be

D =—0478 +£0.017 [ stat.] *]0}% [ syst.] (4.19)

in that region, with a statistical significance to be smaller than —1/3 of 5.1¢. The Monte Carlo simulations for the CMS analysis
included a calculation of the color-singlet contribution of toponium bound states, the inclusion of which tends to increase the
predicted level of entanglement, and to improve agreement between simulation and data.

4.2.2. Bell inequalities
The violation of the Bell inequality, coming from the entanglement of the top-quark pair, can be measured [70] by means of the
Horodecki condition (2.48)

mp=m +m>1 (4.20)

as defined in Section 2.3. The values of the observable m,, across the entire kinematic space available are shown on the right-hand
side of Fig. 4.2.

Fig. 4.2 shows how the quantum entanglement as well as Bell inequality violation, encoded in the observable m,,[C], increases
as we consider larger scattering angles and m,; masses. As expected from the qualitative discussion in the previous Section, the
kinematic window where the observable m,, is larger is for m,; > 900 GeV and cos ©/x < 0.2. The mean value of m,, in this bin is
found to be 1.44 [147].

4.2.3. Monte Carlo simulations and predictions

A number of MC simulations have been performed of quantum observables in top-quark pair production. They consider fully-
as well as semi-leptonic decays, and all agree with the analytic results. In addition, they provide an estimate of the uncertainty in
both the amount of entanglement and of violation of Bell inequality. All works predict entanglement to be measurable at the LHC
while they differ about the possibility of having a significant violation of Bell inequality. This process is now under scrutiny by the
experimental Collaborations.

In [70], the process

p+p—t+i— 57T +jets + E U (4.21)

is simulated by means of MapGraru5 AMC@NLO [148] at leading order at parton level and then hadronized and showered using
PuyTia8 [149]; the detector reconstruction is simulated within the Derpres [150] framework using the ATLAS detector card.

The operators related to entanglement and Bell inequality violation are computed from the simulated events by looking at the
angular correlations of the pairs of charged leptons, as represented by the product of the cosines cos #, and cos ¢’ as in Eq. (3.35).
The matrix C;; is reconstructed from these by going to the rest frame of the top quark (which requires the reconstruction of the
neutrino momenta).

In [70], the authors concentrate on the region of high invariant mass and large scattering angles and estimate the value of m,,,
after correcting for the bias (see Fig. 4.3). They predict that the violation can have a significance of 3¢ for the combined Run 1 plus
Run 2 at the LHC (with 300 fb~! of luminosity) and 4c at the high-luminosity (Hi-Lumi) LHC (with 3 ab~! of luminosity). A smaller
significance is found in [151] for the same kinematic region: below 1o at Run 1 plus Run 2 and only 1.8¢ at the Hi-Lumi LHC. The
difference seems to come from a different treatment of the uncertainties in going from the parton level (where the two analyses
agree) to the unfolded events. The neutrino weighting technique [152] is used in [70] to reconstruct the top quark momenta,
while [151] uses weighted kinematic reconstruction and then RooUnfold to unfold detector effects.

A method to enhance the violation of Bell inequality was discussed in [153] for the threshold region, by imposing a cut on
the velocity of the 7 system in the laboratory frame which suppresses ¢4 production contributions. A study of the optimal bases

8 This review aimed to survey papers released prior to the beginning of 2024. An exception was made for this recent experimental result.
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Fig. 4.3. Simulation of the values of M, (here indicated as m, + m,) for the top-quark pair production at the LHC in bins, as a function of the invariant mass
and the scattering angle. Values greater than 1 indicate violation of Bell inequality.
Source: Figure revisited from [70] (CCBY4.0).

in which to define the quantum ensemble was presented in [154]. Different optimal event-by-event defined frames were found for
near-threshold production (for which the optimum is close to the lab basis) vs high m,, production (for which it is the helicity basis).
In [155,156] the simulation is extended to include the semi-leptonic decays:

p+p—o>t+i—>Cv+2b+2j. (4.22)

The semi-leptonic channel contains more events, and fewer undetected particles, and could therefore provide a result with less
uncertainty than the fully leptonic one. However the spin analysis in this channel is more challenging due to the difficulty in
determining which jet from the W originated from an up-type quark and which from a down-type quark, reducing the spin analyzing
power. The same software packages, as described above, are used in the numerical simulations. The result is that tagging through
the semi-leptonic channel brings more events even though the efficiency is reduced. An increase of a factor 1.6 in significance is
expected between the fully leptonic and the semi-leptonic channels.

The combinations, derived from the CSHC inequality in Eq. (2.38),

IC, = Coul = V2>0 or |G +C, >0 (4.23)

are used to mark the violation of the Bell inequality. Both works find a significance of 46 at Hi-Lumi (with 3 ab! of luminosity)
for the violation of the Bell inequality in the region of large invariant mass and scattering angle.

One would expect the experimental Collaborations eventually to use both the semi- and leptonic channels in the analysis of the
actual data.

4.3. t-Lepton pair production at the LHC and SuperKEKB

The study of entanglement in z-lepton pairs was first proposed for ete™ collisions at LEP [53]. It was extended in [147] for the
production at the LHC and in [157] for that at SuperKEKB.

The procedure for computing the polarization density matrix for this process at the LHC follows the same steps as for the top
quarks analyzed in Section 4.2, except for the main production mechanism. The dominant process in this case is the Drell-Yan
production in which the quarks go into the s-channel either via a photon or a Z-boson which, in turn, decay into the z-lepton pair.
The corresponding tree-level relevant Feynman diagrams for the z-pair production are shown in Fig. 4.4.

In addition to the Drell-Yan mechanism production, in this case we also have the process in which the z leptons originate from
the resonant Higgs boson decay channel. Here we focus on the Drell-Yan production and leave resonant Higgs to Section 4.4, which
is devoted to the qubits systems arising from the Higgs boson decay.

The production process of z-lepton pairs via Drell-Yan mechanism in the SM receives contributions from the diagrams mediated
by the s-channel photon, the Z-boson and their interference. These contributions provide an ideal laboratory for studying quantum
entanglement among the qubits pairs of r-lepton pairs. Due to the fact that the fewer the contributions, the larger the entanglement
(as mixing among quantum states suppresses quantum correlations), we expect this to be larger at low-energies (where the
photon diagram dominates) or around the Z-boson pole (where the Z-boson diagram dominates). At low energies, the cross
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Fig. 4.4. Feynman diagrams for -7+ production via Drell-Yan mechanism at hadron collider.

section is dominated by the photon term which produces entangled z-lepton pairs, while at high-energies all terms contribute and
entanglement is suppressed. Around the Z-boson pole the cross section is dominated by the corresponding term with maximal
entanglement.

The entries of the correlation matrix C;; from the process

p+p—t +1t. (4.24)

are collected in Appendix A.3.
The cross-sections for up-type and down-type initial state g pairs are then combined by weighting the respective contributions
through the parton luminosity functions L%9(z) defined in Eq. (4.7). The corresponding unpolarized cross section is given by [147]

do a?p,

_ uu Auu B dd sS xdd i
m_—émﬂm;{L (¥) A%[m,;, O]+ [L(2) + L5 (0)] A%[m,;, @]} (4.25)

where 7 = m,—+/ \/E and a = e*/4x. For the numerical values of L%(z), we can use those provided by PDF4LHC21 [146] for
/s =13 TeV, as for the top pair before, but with factorization scale g, = m,;. The explicit expressions for A““4?(m_.) are given in
Appendix A.3.

The full correlation matrix C;; is obtained by putting together all relevant contributions from the various gg-production channels,
weighted by suitable luminosity functions and with appropriate normalization. This effect leads to further mixing and in general to
additional loss of entanglement.

For the correlation coefficients C; ; we have [147]

L“(z) C[m,z, O] + [L4(2) + L (0)] Ci[m.;, 6]

C;ilm; O] = — — s (4.26)
v Luu(z) A[m_;, O] + [L44(z) + L35(z)] A%[m,;, O]
where the down-quark luminosity functions can be grouped together because they multiply the same correlation functions.
A much simpler formula holds at lepton colliders for the process
et+e 51+, (4.27)

because there are no PDF luminosity functions, the CM energy is fixed at \/_ =10 GeV at SuperKEKB and there is only the photon
diagram. This process was studied at SuperKEK in [157] to show how promising this setting can be for a study of Bell inequality
violation. The expected concurrence is given in this case by a closed formula [157]:

(s —4m?)sin*©

4m? sin? O + s (cos2 @ + 1) ’

€lol = (4.28)

4.3.1. Entanglement in =7 production

The two spin-1/2 state of the z pairs can be expressed by a density matrix having a general form as in Eq. (2.39), whose entries
depend on the kinematic variable g, = /1 — 4m? /mzf, with m_; the r-pair invariant mass, and on the scattering angle © in the z7
CM frame.

Following the same notation and reference frame adopted for the top-pair production in Section 4.2, and focusing on the
configuration of transversally produced lepton pairs (0 = r/2), we can distinguish three kinematic regions according to the following
energy ranges: the low-energy one, at m,; < my,, where photon exchange dominates, the intermediate one at m_; ~ m,, which is
dominated by the Z exchange, and finally the high-energy one, m_; > m.

In the low-energy regime (m,; < my), by using the results provided in Appendix A.3 for the polarization and correlation
coefficients of the density matrix in the r-pair case, we can see that the z-pair spin state can be represented by the convex
combination as in (4.13) for the top-pair [147],

BZ
pre = A+ (=D p with A== €101 (4.29)

ﬂz
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Fig. 4.5. Concurrence and M, for the e*e”™ — 77 pair production, as a function of the kinematic variables © and m_; across the entire available space.
Source: Figures revisited from [147] (CCBY4.0).

at threshold, g, ~ 0, the quantum state is a totally mixed one, with no quantum correlations, while as g, — 1 (i.e. when the tau
leptons become relativistic, while still satisfying m_; < mj), the spins of the z-lepton pair tend to be generated in a maximally
entangled state.

In the intermediate energy region, where the Z-channel starts to become relevant, this entanglement begins to loose coherence
due to the increasing contribution of the interference term between the photon and Z diagrams. Nevertheless, a revival of
entanglement reappears as the m_; approaches the resonant Z-channel region. In this region, using the notation and conventions
introduced in Appendix A.3, the two-spin density matrix can be described by the following convex combination, for all quark
production channels :

@)’ - (g

per = 00+ (1= p% . a= AV (4.30)
mix (g3 + (gp)?
where,
72 = L(|rry(RR + L)L (4.31)
P =51 |+ L)L) - :
while
y . _ 1
= [P, ) = _<|+_) + |_+)) , (4.32)
V2

is a projector on a Bell state as in (4.9), expressed in terms of the eigenvectors of o,. Then, we could see that when 4 — 1, the
density matrix p,; in Eq. (4.30) turns out to be very close to the maximally entangled state 5.

Finally, in the high energy regime (m,; > m,) both photon and Z channel contribute, and, due to their mixing, a rapid depletion
of entanglement is induced. In particular, for each ¢ production channel, the r-pair spin correlations can be described in terms of
the following density matrix [147] :

1-R¢

_ ’ (4.33)
1+RY

per = AP (1= a2

mix
where p™) is as in (4.9), while

R = 12m2) [ + @] &%) = &))] ' (4.34)
T (0DXQ7)? +2 Rey(m2) Q107 gl gt

Namely, in the case of the u quark production channel, we have 4“ ~ 0.7, so that some entanglement is preserved. On the other

hand, for the d quark production channel, since A¢ ~ 0.1, the entanglement is essentially lost.

For completeness, it should be noticed that each z lepton is produced in a partially polarized state, as some of the single-spin
polarization coefficient B in the spin density matrix are non-vanishing (see Appendix A.3). This is particularly relevant for the
quark d production channel, where the magnitude of these single particle terms is of the same order of the entries of the correlation
matrix C;;, while for the u production channel they are about one order of magnitude smaller. This implies that the full density
matrix describing the r-pair spin state p,; is really in this case a mixture of (4.33) with additional states further reducing in general
its entanglement content.
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Fig. 4.6. Concurrence and M, for 77 pair production at SuperKEK.
Source: Figure revisited from [157] (CCBY4.0).

4.3.2. Bell inequalities

The same method presented in Section 4.2.2 for the top-quark pairs can be followed here. To make the discussion simpler, we
focus on the case in which the z-lepton pairs are produced at a lepton collider. The values of the observable m,,, are shown in
Fig. 4.5 across the entire kinematic space [147] for existing and future e*-e~ machines. The results are similar in the case of a hadron
collider (with a little modulation because of the parton luminosity functions) and confirm the qualitative analysis of entanglement
in Section 4.3.1: Entanglement is close to maximal (that is, m,, close to 2) for large scattering angles whenever the invariant mass
of the z-lepton pairs selects one of the two possible channels with either the photon or the Z-boson exchange dominating.

For the process at the LHC, the authors of [147] take the kinematic window where the z-lepton pair invariant mass is in the
range 20 GeV < m_; <45 GeV and | cos ©| < 0.2 as the most favorable to test the Bell inequalities and there estimate the mean value
of m;, to be 1.88.

For the process at SuperKEKB, a simple analytic formula can be computed [157]:

(s—4m?)sin’ @ :
my, =1+ ) (4.35)

4m? sin? O + s (cos20 +1

The maximum value for both €[p] and m,, are reached for scattering angles close to z/2, as shown in Fig. 4.6.

4.3.3. Monte Carlo simulations of events

The production of z7 pairs at SuperKEK appears very promising for the study of entanglement and Bell inequality violation
because of the large number of events that are, in addition, very clean.

The polarization of the z-leptons can be extracted from the distribution in momenta of the final charged hadrons in the three
decay channels: 7~ - z7v,, 7~ — 772, and 7~ - 7z~ z*z"v,. The combination of these decay channels covers about 21% of 7
pair decays.

In [157], a sample of 200 million e*e~ — z*7~ Monte Carlo events was generated with the program MapGrapu5_AMC@NLO [148],
using leading-order matrix elements. The program PYTHIA [149] was used for the modeling of parton showers, hadronization
processes, and 7 decays. All the r decay channels discussed above are included in the simulation. The events are analyzed on Monte
Carlo truth level and after taking realistic experimental resolutions into account.

Both entanglement and Bell inequality violation are predicted to be observable with a significance well in excess of 50, with a
dataset comparable to that already recorded by Belle II.

4.4. Higgs boson decays in t-lepton pairs and two photons

The decay of the Higgs boson into a pair of fermions or two photons (see, Fig. 4.7), provides a physical process very similar
to those utilized in atomic physics for studying entanglement. Because the final states originate from the decay a scalar particle,
a pure state should be created for the spins. In this Section we discuss first the qubits system provided by the Higgs boson decay
into z-lepton pair, then the decay into two photons. In this last case, we assume it will be possible in the future to determine the
polarization of the photon.
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Fig. 4.7. Feynman diagrams for the Higgs boson s decay into two z-leptons (left) and into two photons (right).

4.4.1. Entanglement and Bell inequalities in h — T
The SM interaction Lagrangian for the decay of the Higgs boson into a pair of z leptons is given by
Loy = %frh, (4.36)

where v is the vacuum expectation value of the Higgs field h. On the basis of this interaction term, the elements of the matrix C;;
entering the tau lepton-pair spin density matrix can be easily computed and is given by [147]

1 0 O
c=|0 1 0], (4.37)
0 0 -1

where the C matrix above is defined on the {4,# k} spin basis as in Eq. 3.2.3. The entanglement C[p] is maximal and equal to 1.
The sum of the square of the two largest eigenvalues gives m,, = 2, so that the Bell inequality (2.37) is predicted to be maximally
violated.

4.4.2. Monte Carlo simulations and predictions

The decay of the Higgs boson into z-lepton pairs has been analyzed in [158,159]. Both studies investigate H Z associated
production at future ete™ colliders; the process would be difficult to reconstruct experimentally in the resonant production of the
Higgs boson in the s-channel production in hadron colliders.

The Monte Carlo simulations are performed by means of MapGrapu5_ AMC@NLO [148], using leading-order matrix elements.
The package TauDecay [160] is used for modeling the = decays. Only the decays into a single pion are included. The momenta of
the r-leptons are reconstructed by solving the kinematic equations holding for the (unknown) neutrino momenta. The kinematic
reconstruction is possible up to a two-fold degeneracy.

In [158] it is found that one expects entanglement to be tested above 5¢ at both the International Linear Collider (ILC) and the
Future Circular Collider (FCC-ee). The violation of Bell inequality is not expected to be observed at the ILC but it expected at the
FCC-ee with a significance of about 3c. It is found in [159] that the predicted significance is around 1o for the Circular Electron
Positron Collider (CEPC).

4.4.3. Entanglement and Bell inequalities in h — yy

The entanglement of a system of two photon has been discussed in [161] and, more recently, in [147]. This system closely
resembles those in atomic physics, in which the polarization of photons originating in atomic transitions are discussed.

The Higgs boson s decays into two photons

h = yk)yky), (4.38)

proceeds via an effective coupling g,,, provided in the SM by loop contributions. The effective Lagrangian in this case is given by
1 v

L= ~78mh F*™F,,, (4.39)

where F*¥ is the field strength of the photon.
The corresponding polarized amplitude square is

Ak A
M DMy, 20)T = 18,12V (ky kn)V P (K ky) [gf,l (ky)e,' (k,)] [eﬁz(kz)f,f (kz)] , (4.40)

where VH(k,, ky) = gk, - ky) — k;k‘z‘. Notice that, gauge invariance is guaranteed by the Ward Identities k’l‘VMv(kl,kz) =
K3V, (ki  ky) = 0.
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Summing over the photon polarizations we obtain
2| 2 4
|M| = i |ghyy| mh s (4-41)

to which corresponds the width I' = gZ ymz /(6472).
The polarization density matrix in tﬁe case of the two-photons is readily obtained by following the method of Section 3.2. After
normalization over the unpolarized square amplitude in Eq. (4.41), the correlation matrix C is given by [147]

1 0 O
cC=|0 -1 0. (4.42)
0 0 1

in the basis of the Stokes parameters {&,&,, &3} defined in Eq. (3.15).

As we can see from the above result, for the matrix C in Eq. (4.42), the operator m;, = 2 and the Bell inequalities are maximally
violated.

There is good motivation for wishing to perform such a test using a diphoton final state, however it requires the detection of
the polarization of the two photons. The possibility of measuring photon polarizations depends on their energy. For high-energy
photons, the dominant process is pair production as the photons traverse matter. There are two possible processes: the electron
interacting with the nuclei (A) or the atom electrons:

y+A —> A+et +e”
y+e - e +et+e, (4.43)

with the latter dominating in the energy range we are interested in.
For a polarized photon, the Bethe-Heitler cross section for the Bremsstrahlung production of electron pairs depends also on the
azimuthal angles ¢, of the produced electron and positron [162,163] as

ds
de,de_
where P, is the linear polarization fraction of the incident photon, X, and X, are the unpolarized and polarized coefficients
respectively, which depend on the kinematic variables. The explicit form of the cross section in Eq. (4.44) can be found in [164].
The relevant information on the azimuthal distribution comes from the dependence of the cross section on the a-coplanarity of the
outgoing electron and positron. The measurement of the relative angle between these momenta gives information on the polarization
of the photon.
Even though this possibility is not currently implemented at the LHC, detectors able to perform such a measurement are
already envisaged for astrophysical y rays [165] and an event generator to simulate the process already exists [166] and has been
implemented within GEANT [167] (for a recent review, see [168]).

=0y [Z,m + Zpo1 P, cos(y — (p,)] , (4.44)

5. Qutrits: massive gauge bosons and vector mesons

Systems of two qutrits arise between the polarizations of pairs of massive gauge bosons at the LHC and between two vector
mesons at B-meson factories.

We discuss in Section 5.2 the SM production of two on-shell states WW and Z Z via the electroweak processes induced at parton
level by quark-antiquark annihilation. Quantum entanglement and Bell inequality violations for these processes have been analyzed
in [134,136,169,170]. In [134,170] the potential for the same processes are also discussed at future colliders.

In Section 5.3, we turn to diboson production via resonant Higgs decays into h - WW* and h - Z Z*, where W*, Z* indicate the
corresponding vector bosons as off-shell states. The field was initiated in [71] in which entanglement and Bell inequality violation
were studied in the decay of the Higgs boson into the two charged gauge bosons W* W~ by means of Monte Carlo simulations. It was
followed by analyses of the same process in [171-173] and extended to the case of two neutral gauge bosons Z Z first in [136,141]
and then in [134,174]. The result of these studies is that the most promising channel is » — Z Z, because of the small background,
and where the Bell inequality could be violated with a significance of more than 3¢ at the High-Lumi LHC.

In Section 5.1 we consider the quantum entanglement and Bell inequality violation for the qutrits system of two vector mesons
arising from the neutral B meson decays, which has been analyzed in [72].

5.1. B-meson decays in two vector mesons

The decays of the neutral B-mesons into two spin-1 mesons closely resemble those of the Higgs boson and the same tools can
be put to work.
There are three helicity amplitudes for the decay of a scalar, or pseudo-scalar, into two massive spin-1 particles:

hy = Vi(OVp(=DIH|B) with A=(+0,-), (5.1)

and H is the interaction Hamiltonian giving rise to the decay. For the spin quantization axis (£) we can use the direction of the
momenta of the decay products in the BY rest frame. Helicities are here defined with respect to the 2 direction in the rest frame of
one of the two spin-1 particles and (+, 0, —) is a shorthand for (+1, 0, —1).
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The polarizations in the decay are described by a quantum state that is pure for any values of the helicity amplitudes [134,175].
This state can be written as

|¥) = hy Vi HV2(2)) + hy [ViO)V2(0)) + A |V1(—)Vz(+)>] ; (5.2)

1
M|
with

IMP? = [hol* + Ay |* + [h_|?. (5.3)

The relative weight of the transverse components |V,(+)V,(-)) and |V;(—)V,(+)) with respect to the longitudinal one |V;(0)V,(0)) is
controlled by the conservation of angular momentum. In general, only the helicity is conserved and the state in Eq. (5.2) belongs
to the J, = 0 component of the .S =0, 1 or 2 states.

The polarization density matrix p = |¥)(¥| can be written in terms of the helicity amplitudes as

00 0 O O 0 0 0 0
000 0 O O 0O 0 0 0
0 0 Akt O hhy 0O hh* 0 0
L oo 0000 000
p:m 0 0 hht 0 hoht 0 hyh* 0 oOf, (5.4)
000 0 O O 0O 0 0 0
0 0 hhi O hBE 0O hh 0 0
000 0 O O 0O 0 0 0
000 0 O O O 0 0 0

on the basis given by the tensor product of the polarizations (+, 0, —) of the produced spin-1 particles.

The polarizations of the spin-1 massive particles can be reconstructed using the momenta of the final charged mesons and leptons
in which they decay [34]. Usually, the experimental analysis provides the polarization amplitudes. These are mapped into the helicity
amplitudes by the correspondence

ho_ he AtAL b A A

= Ay, = , — =
M7 ML, T ML,

The entanglement entropy and the Bell operator Z; can be readily be computed, the latter one after the optimization procedure
of Eq. (2.61).

Data from the B-factories have been analyzed by the LHCb and Belle collaborations in terms of polarization amplitudes and
provide an abundant source of processes in which it is possible to search for entanglement and test Bell inequality violation. The
helicity measurements and the analyses have already been published and only the recasting in terms of entanglement markers and
test of the Bell inequality need to be validated by the experimental Collaborations.

The decay for which the most precise polarization amplitudes are known is B® — J/y K*(892)° [176] for which, under the
assumption that the density matrix takes the form Eq. (5.4), it can be found [72] that

(5.5)

& =0.756+0.009 and Z;=2.548+0.015, (5.6)

with a significance well in excess of 50 (numerically 36¢) for the violation of the Bell inequality Z; < 2.

To close the locality loophole—which exploits (see Section 6) events not separated by a space-like interval, as it is the case of
the J /y K* decays—one must consider decays in which the produced particles are identical, as in the B; — ¢¢ decay, and therefore
their life-times are also the same. The actual decays take place with an exponential spread, with, in the ¢¢ case, more than 90% of
the events being separated by a space-like interval.

For the decay B, — ¢¢ [1771], it is found [72] that

& =0.734+0.037 and Z;=2.525+0.064, (5.7)

with a significance of 8.2¢ for the violation of the Bell inequality Z; < 2.

There is another reason why the decays of the B-mesons are interesting in testing for the presence of entanglement. It is possible
to extract from the data [176,177] the strong phases arising from the final-state interactions in the B-meson decays and compute
their contribution to the polarization amplitudes. We therefore know for the same process the amount of entanglement arising
from the weak interactions, which are responsible for the decay, as well as that from the strong interactions in the subsequent
re-scattering. The contribution to the latter can be measured and shown to increase the overall entanglement between the spins of
the decay products.

5.2. Diboson production at LHC via quark-fusion

The prospects for measurements in the production of WW and of ZZ gauge dibosons at the LHC have been analyzed
in [134,136,170]. These states can be produced via electroweak processes in a continuous range of diboson invariant masses. We
show in the following how the polarization density matrix of this diboson system can be computed starting from the density matrices
obtained for the involved parton contributions, presented in Fig. 5.1 for the processes at hand. We do not report here the results
for W Z production since, according to the analysis of [134], no significant excess above the null hypothesis for the Bell inequality
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violation has been found in the whole relevant kinematic region. While Bell violation is not expected, observation of entanglement
would be possible [134,136].

The predicted correlation coefficients h,,, f,, and g, appearing in the decomposition of the polarization density matrix of two
qutrits along the Gell-Mann matrix basis in Section 3.2, can be calculated as a generalization of the corresponding coefficients of
qubits in Eq. (4.8). In particular, for h,, we get

% e LIO(Rmyy . 01+ Ry, € + 71

hyplmy,, 0] = (5.8)

% et LAy, O] + ATT[m,,, €+ 7] )

where m,,, stands for the invariant mass of the final diboson state and O the scattering angle in their CM frame. The abbreviations
A = |MfV‘7W| indicates the spin-summed square amplitude of the process, and h,, = A%h,,. The L9(r) are the quark parton
luminosity functions defined in Eq. (4.7). The sum of the terms with dependence by (@ + r) in Eq. (5.8) takes into account the fact
that quarks or antiquarks can originate from both of the two proton beams of the LHC collider, and the two configurations have
the same parton luminosity function. For the sake of simplicity, when possible we leave implicit the dependence of the correlation
coefficients h,,(m,,,0), g,(m,,,0) and f,(m,,,O) on the scattering angle © in the CM frame and on the invariant mass of the
dibosons m,,,.

Similar expressions hold for the remaining polarization correlation coefficients f, and g,, of the Gell-Mann basis with a €
{1,...,8}, obtained by replacing the %,, with corresponding quantities &, or f, ones. We report in B.3 the explicit expressions
of h,, f,, and g, functions only for the ZZ production, while for all other processes these can be found in [134].

5.2.1. Computing the observables: pp - WtW =
The tree-level Feynman diagrams contributing to the parton level process

GPpapy) = W ke, AW~ (ky, Ar) (5.9)

are shown in the top part of Fig. 5.1. The polarization vectors of W+ and W~ are £#(k;, ;) and £"(k,, 4,), respectively. The polarized
amplitude for the process in Eq. (5.9), for u and # initial states, is given by [134]

MU (A, Ay) = —ie? [E(pl)rwwu(pz)]e”(kl, A)*E (kyy Ap)*, (5.10)

Hv

where the effective vertex F;’ZW is

1
wwW _
I,

_ _ 1
= < (r"&y) = "r584) Vavula- ko, k) + R (b —#1) v, (L=75). (5.11)

Sw

with p =y#p, and s,, = sindy, and e being the unit of electric charge. The effective couplings g_lqc , are defined as

q
Sy X v

T A . A S (5.12)
sy sy 2(S—MZ)

where g/, = T - 20152, g =T, 7 and T; and QY are the isospin and electric charge (in unit of e) of the quark ¢. The y term in
Eq. (5.12), which weights the contribution of the virtual Z channel, is real since we neglect the Z width contribution. The function
Vavu(kysky, k3) is the usual Feynman rule for the trilinear vertex V, (k) WF(ky) W”‘(k3), V € {y,Z} with all incoming momenta

(see [134] for its definition) and the Mandelstam variables are defined as
s=(+p) 1= —k)h u=(p —ky)*. (5.13)

From the amplitude in Eq. (5.10), summing over the spin of quarks one obtains the compact expression

_ _ + _ ’ ,
M‘;,‘;W(AI,AQ)[M‘,;‘;W(A/,A;)] =Tr [F,KW Py pz]‘@;:‘:,l (k) (ko). (5.14)

where the symbol I, = 7,(I},,)'ro and the projector &/;(k) is given in Eq. (3.27) with M = My,.

The result for the dd — W*+W ™ process follows from Eq. (5.14) through the substitutions

& — -8, &i~-8% Pv— b (5.15)
with the angle © being defined as before by the anti-quark and W* momenta. The contribution of strange quark initial states equals
that of d quarks in the considered massless limit.

Following the procedure explained in Section 3.2, from Eq. (5.14) (together with the corresponding ones for dd and s5 processes)
one can compute the unnormalized correlation coefficients f,, &,, and h,, of the density matrix for the process at and consequently,
the expectation value of the operator Z; and the observable %,. The explicit expressions for A%, h,, f,, and g, as function of m,,,,
and O can be found in the original work [134].

As explained in Section 2.3, for the observable Z; one can find at each point in the kinematic space the unitary matrices U and
V that maximize the violation of Bell inequalities.

The results obtained in [134] for the two observables of interest, are reported in Fig. 5.2, as functions of the two kinematic
variables © and m,,,,. Comparable results are obtained in [136,170]. From these results we can see that the violation of the Bell
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u, d) w,

(u, d) W, (u, d) w (u, d) |14

(uw, d) Z,

[pp—) W+Z]

Fig. 5.1. Feynman diagrams for the processes p p - W*W~ (first row), p p > ZZ (second row) and p p > W*Z (third row) at the parton level for the first
quark generation. We neglect Diagrams mediated by the Higgs boson are neglected (in the limit of massless quarks). The arrows on the fermion lines indicate
the momentum flow.

inequalities takes place only in a limited range of the kinematic variables, at higher W W invariant mass and for scattering towards
the transverse direction. The area in which Z; > 2 is indicated by the lighter-shaded area in plot on the left of Fig. 5.2. The explicit
expression for the unitary U and V matrices (with accuracy at the percent level) that maximize the Bell observable in this particular
kinematic region can be found in [134].

The observable &, follows roughly the pattern of Z; and reaches the largest values in the upper-left quadrant, thus witnessing
the presence of states more entangled than in the rest of the kinematic space. This feature can be made manifest by considering
the density matrix of the process. For instance, by restricting to the region of maximum entanglement and Bell inequality violation,
close to my,;, = 900 GeV and cos © = 0, the polarization density matrix for the W*+W ™ states can be approximated up to terms
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Fig. 5.2. The observables %, (left plot) and Z, (right plot) for the process p p — W*W ™ as functions of the invariant mass and scattering angle.
Source: Figures revisited from [134] (CCBY4.0).

0(107%) by the following combination of pure state density matrices
p=al¥ Yo |+ B, o) (im0l +7 10000 + 6 [¥o_)(¥y_| , (5.16)

with decreasing weights: a ~ 0.72, # ~ 0.18, y ~ 0.07 and § ~ 0.02; the normalization condition a + f +y + 6 = 1 is satisfied within
the adopted approximation. The involved pure states are

1
oy = —(I++) = |--)) ,
=) \/E( ) )

1
[#o-)=—=(10-)+1]-0)), (5.17)
0-) \/5( ) ))

¥, _o) = == (I++) = |-=) +100)) ,

V3
where |ab) = |a) ® |b) with a,b € {+, 0, —} are the polarization states of the two W gauge bosons at rest in the single spin-1 basis.
As we can see, the dominant contribution in (5.16) comes from the entangled pure state |¥,_). This can justifies the high value of
%,. However, by retaining all the terms including the ones of O(1073), the actual density matrix p describes a mixture. This features
explains why the corresponding value of %, in this corner of the kinematic space, is large but far from maximal.

5.2.2. Computing the observables: pp — ZZ
The tree-level Feynman diagrams contributing to the process

q(p)apy) — Z(ky, A Z(ky, 4p) (5.18)
at the parton level are shown in the middle row of Fig. 5.1. We indicate the polarization vectors of the two Z bosons with e#(k,, ;)
and &"(k,, A).

The polarized amplitude for the process in Eq. (5.18) is given by
_ P2

MG (3, Ay) = —# [ﬁ(pl)rfvzu(pz)]e"(k,,Al)*eV(kz, ), (5.19)

wew

where ¢;, = cos 0y,

k= pp) Ky = po)
zZ _ 1 2
ry = V}f . Vi+ve - V;, (5.20)
and
Vi = 801, = 84rus (5.21)
with the g?, 4 couplings defined as in Eq. (5.12).
Summing over the quark polarizations and colors we then obtain
_ _ + _ ’
MY, G d) | M, G| = T [127 p, 127, 1’2]91% U2y, ). (5.22)
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Fig. 5.3. The observables &, (left plot) and Z, (right plot) for the process pp — ZZ as functions of the invariant mass and scattering angle in the CM frame.
Source: Figures revisited from [134] (CCBY4.0).

where &//(k) is given in Eq. (3.27) with M = M, and the symbol I, is defined as in Section 5.2.1.

The corresponding f,, g, and A, of the polarization density matrix, have been obtained in [134] and can be derived by following
the same procedure as explained in Section 5.2.1. We report their expressions in Appendix B for completeness.

Fig. 5.3 shows the analytic results for the entanglement observables computed in [134]. As we could see from these results, the
violation of the Bell inequalities for the ZZ production takes place only in a limited range of the kinematic variables.

The observable &, follows the pattern of Z;—as it does in the case of the W*W ™ final states—and again reaches the largest
values in the upper-left quadrant. In this region it witnesses the presence of states more entangled than in the rest of the kinematic

space.

5.2.3. Monte Carlo simulations and predictions

Monte Carlo simulations of diboson production at the LHC has been performed in [136,170]. The MabGrapu5- AMC@NLO [148]
software is used including spin correlations and relativistic and Breit-Wigner effects. Events are generated at the leading order at
CM energy of 13 TeV, and the 4-lepton final states considered.

Entanglement is proposed to be measured through the observable %,, Eq. (2.25), which provides a lower bound on the
concurrence, and Bell inequality by means of the expectation value Z; of a version of the Bell operator (2.59), which is optimized
along Cartesian planes. In agreement with the analytic results, entanglement is expected to be detected in the kinematic region
of large scattering angles for invariant masses above 400 GeV for the WW and ZZ final states. For the tested observables Bell
inequality violation is not predicted to reach a significant level even for a luminosity of 3 ab~! (Hi-Lumi) once the statistical
uncertainty is taken into account.

5.3. Higgs boson decays into WW* and ZZ*

The qutrits system of two massive gauge bosons is generated by the decay of the SM Higgs boson
h—=V(ky, A)V*(ky, Ay), (5.23)

with V € {W, Z}, and V* regarded as an off-shell vector boson. We can treat the latter as an on-shell particle characterized by a
fictitious mass

My.=fMy, (5.24)

which is the original mass M; reduced by a factor f, with 0 < f < 1. The Higgs boson is produced at the LHC as a resonance in
the s-channel.

The theoretically expected quantum entanglement and Bell inequality violation for the processes h — W W* have been studied
in [71,136], and those for h - ZZ* in [136,141]. Comparable results have been obtained in [134] by using analytical results for the
polarization density matrix of the two gauge bosons in the helicity basis. We summarize here first the analytical results of [134,141]
for the polarizations coefficients and its implications for quantum entanglement and Bell inequality violation observables. The
corresponding results obtained by Monte Carlo simulation of events are briefly discussed in the next Section 5.3.2.
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Fig. 5.4. Feynman diagrams for the decay of the Higgs boson into a pair of massive gauge bosons.

5.3.1. Computing the observables
The polarized amplitude for the Higgs boson decay in Eq. (5.23)) (see Fig. Fig. 5.4) is given by

M()’l’ }'2) =& MV éV guvey*(kb }'I)gv*(kb j'2) > (5.25)

where g is the weak coupling, &, = 1, and &, = 1/ cos 0y, with 6y, the Weinberg angle. From the amplitude in Eq. (5.25) we obtain

- ! ’
M4y, )M, 25 =g MY & 8,080 9;”1*;; k)27, (). (5.26)

where %/(k) is given in Eq. (3.27) with M = My, or M = M, for the on-shell and off-shell boson, respectively.

Following the procedure explained in Section 3 for a CM energy \/E = my,, one can obtain the coefficients f,, g,, and h,,
(a,b € {1,...,8}). These coefficients have been computed in [134] and their expression can be found in Appendix B.4. No dependence
is expected of these coefficients on the scattering angle © because we are considering the decay of the scalar Higgs boson at rest.

The main theoretical uncertainty affecting the correlation coefficients in Eq. (B.15) is due to the missing next-to-leading
electroweak corrections to the tree-level values. In [134] it was estimated that the error induced by these missing corrections yields
at most a few percent of uncertainty on the main entanglement observables, in the relevant kinematic regions in which one of the
two electroweak gauge boson are on-shell. This expectation is based on the fact that these corrections give a 1%-2% effect on the
total width [178]. Corrections for these effects can and should be applied when making actual experimental measurements.

The polarization density matrix p for the two vector bosons emitted in the decay of the Higgs boson is calculated to be [134]

00 0 0 0 0 0 00
00 0 0 0 0 0 00
0 0 hy O hg O hy 0 0
00 0 0 0 0 0 0 0
p=2|0 0 hy O 2hy 0 hyg O 0], (5.27)
00 0 0 0 0 0 0 0
0 0 hy O hg O hy 0 0
00 0 0 0 0 0 0 0
00 0 0 0 0 0 0 0

with the condition Tr[py] = 1 following from the relation 4(h3; + hy4) = 1. There are therefore only two independent coefficients
under these assumptions.

In [141] the spin density matrix of the system is written in terms of tensor components TA’;[ (see Section 3) and the correlation
coefficients entering the density matrix are indicated as C; My, LysMs (see Eq. (3.49)). These coefficients are related to those in
Eq. (5.27) by the correspondence

1 1
gcz,z,z,—z = hyy and gcz,l,z,—l =h. (5.28)

Assuming that the state is pure, there would be entanglement if and only if the two components in Eq. (5.28) are different from
zero.

Although some f, and g, are non-vanishing, the dependence of p, on these quantities cancels in the final expression.
Furthermore, due to the following identity among the correlation coefficients hy, = 2 (hf6 + 2hi 4) the above polarization density
matrix is idempotent

0P =p, (5.29)

as expected from the assumption that the final V'V* state is a pure state. The density matrix in Eq. (5.27) can then be written
as [141]

p=1¥)(]. (5-30)
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Fig. 5.5. Predictions of the entropy of entanglement £ (left plot) and the Bell operator expectation value Z; (right plot) for the pair production of W bosons
in Higgs boson decays as functions of the virtual W* mass in the range 0 < M. <40 GeV [134]. The dashed horizontal line in the right-hand side plot marks
the Bell-inequality violation condition Z, > 2. The dashed line in the left-hand side plot denotes the maximum value of In3.

Source: Figures revisited from [134] (CCBY4.0).
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Fig. 5.6. Predictions of the entropy of entanglement £ (left plot) and the Bell operator expectation value Z; (right plot) for the pair production of Z bosons in
Higgs boson decays as functions of the virtual Z* mass in the range 0 < M. < 32 GeV [134]. The dashed line in the left-hand side plot denotes the maximum
value of In3.

Source: Figures revisited from [134] (CCBY4.0).

where (in the basis |1 1') = |A) ® |A') with 4,4’ € {+,0,-})
1

[¥) = ———— [|+=) — % [00) + |—+) (5.31)
V2 + %2 | ]
with
2 _ 1 2M2
x=1+ w (5.32)

2/ M},

and x = 1 corresponding to the production of two gauge bosons at rest.

If one makes the assumption that the diboson system is described by a pure state, then one can measure its entanglement through
the entropy of entanglement defined in Eq. (2.16). This quantity is plotted in Figs. 5.5 and 5.6 as a function of the mass of virtual
W or Z boson [134]. As we can see from these calculations, the entropy of entanglement is expected to reach its maximum at the
kinematic threshold, signaling a maximally entangled state. The dependence of the polarization entanglement on the mass of the
virtual state is due the contribution of the longitudinal polarization, parametrized by the coefficient x in Eq. (5.31). Indeed, this
contribution starts out bigger and decreases to 1 at the threshold. The value of 1 corresponds to a pure singlet state and thus to the
maximum in the entanglement of the state.

The maximization of the Z; observable, which depends in this case only on the M}, mass, is obtained through the unitary rotation
in Eq. (2.61) of the & matrix in Eq. (2.59), that maximizes the value of the corresponding expectation value. This maximization
must be performed point by point as the density matrix varies with M};. The unitary matrices that maximizes the Z; observable in
the last bins (in which My, =40 GeV and M ,. = 32 GeV) for the h > WW* and h — ZZ* decays are given in [134].

The plots on the left-hand side in Figs. 5.5 and 5.6 nicely show that the value of the entropy of entanglement Eq. (2.16) is
expected to decrease as the pure state in Eq. (5.27) becomes less and less entangled, for decreasing values of M;,. The advantages
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Fig. 5.7. Expectation values of unoptimized (lower curve) and unitary-operator optimized (upper curve) Bell operators for H — ZZ decays as a function of the
relative coefficient § (x in Eq. (5.31)) of the longitudinal polarization of the state.
Source: Figure from [141] (CCBY4.0).

obtained from using the optimal Bell operator can be seen in Fig. 5.7. The relative coefficient g of the longitudinal component to
the polarization increases is unity when the Z bosons are produced at rest in their zero-momentum frame (ZMF), and increases at
larger relative momenta.

The same Figs. 5.5 and 5.6 show the calculations for the Bell operator expectation value Z; (right panels) in the h - WW*
and h - ZZ* decays. The plots are for different values of the virtual gauge boson masses My~ and M .-, respectively. The Bell
inequality violation in WW™* and Z Z* final states starts above 12 GeV and 10 GeV for My, and M. invariant masses respectively,
reaching its maximum allowed value of order Z; ~ 2.9 at the largest invariant mass of the corresponding off-shell gauge boson.

5.3.2. Monte Carlo simulations and predictions

The simulation for the process » — W W* has been performed in [71] in which most of the tools for the analysis of qutrit systems
(as discussed in Section 3) were introduced as well. The MapGraru5_aAMC@NLO [148] software is used including spin correlations
and relativistic and Breit-Wigner effects. The Bell operator Z; is optimized along Cartesian planes. Only the fully leptonic decays
are considered. There are two neutrinos in the final state and the reconstruction of the rest frame of each gauge boson necessarily
introduces a potentially large uncertainty. Various scenarios about the overall uncertainty are discussed (by attributing a smearing
in the value of the lepton momenta) and the significance for the Bell inequality violation shown to vary from about 5¢ (for the
most optimistic momenta reconstruction) to 1o (for a less sanguine one) at the luminosity of 140 fb~! at the LHC. An analysis is
also presented in [171].

The same decay is discussed in [173] by looking at the semi-leptonic decay h — jj¢v, (rather than the fully leptonic one). The
momentum from the s-jet (identified via the c-tagging of the companion jet) is used to measure the polarization of one of the two
W -bosons. It has been shown that the efficiency of the jet tagging and the decreased uncertainty in the single neutrino momentum
may improve the polarization reconstruction.

All these analyses must be taken with a grain of salt since the final state WW* is hidden inside a large background that makes
generally hard to select the events of the signal.

The process h — Z Z* has been simulated and analyzed using tensor [141] and Gell-Mann [136] bases. There are no neutrinos
in the final state and the rest frame of the gauge bosons can be reconstructed with precision. The basis that maximizes the Bell
operator is explicitly written out in [141]. The MapGrarH5_AMC@NLO [148] software is used to generate the events. It is found
that, for a luminosity of 3 ab~! (Hi-lumi at the LHC), the significance for the violation of the Bell inequality can be as large as 4.5¢.
This process is actually the most promising to test the Bell inequality in weak boson decays because of the clean reconstruction and
low background.

5.4. Vector-boson fusion

Processes in which vector-boson fusion takes place, as in
WIW->W*W~, Zy-W'W~ or yy—->WtWw~ (5.33)

have been analyzed in [179] by means of the computation of the corresponding tree level amplitudes within the SM. It is interesting
that this family of scattering process contains final states with two qubits (photons), one qubit and one qutrit (photon and massive
gauge bosons) and two qutrits (massive gauge bosons).

As before for other process, the amount of entanglement depends on phase space. More or less all channels share a comparable
amount of entanglement but for the ZZ — Z Z, whose entanglement is suppressed.

The violation of Bell inequality can be tested in vector-boson fusion by measuring the expectation value of the appropriated Bell
operator in regions of the phase space that are identified and listed in [179].
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6. Possible loopholes in testing Bell inequalities at colliders

As pointed out in Section 1.3 of the Introduction, soon after the first test of a Bell inequality was performed, ways to escape the
consequences were put forward. Since then, these attempts have been grouped together under the label of ‘loopholes’.

The existence of a loophole in the test of a Bell inequality shows how to avoid the exclusion of deterministic, local theories
even in the presence of an experimentally verified violation of the inequality. A violation of the inequality that is free of loopholes
excludes these theories and confirms quantum mechanics. If the test is open to one or more loopholes, the possibility of a description
in terms of local, deterministic models is, in principle, still possible.

The discussion of loopholes has taken place so far mostly in the framework of experiments in optics and atomic physics. It is
important to bear in mind that (almost) all possible loopholes have been closed in low-energy tests with photons [42,43] and in
atomic physics [45]. This means that devising a local hidden variable model — be it deterministic or stochastic — exploiting any or
all of these loophole is nowadays a formidable if not indeed impossible task.

The extension to collider physics of any discussion about possible loopholes is delicate and still little explored [151,157]. The
implications for collider experiments of Bell-violation measurements and considerations of the possible dependencies on hidden
variables was recently considered in the philosophy of physics literature [180].

We note that the existence of a loophole does not mean that a test of the Bell inequality is useless or meaningless. The test and
the loophole are two distinct entities and the existence of a loophole only implies that there exists, in principle, a way to bypass
the ruling out of locally local hidden variable models. At the same time, the hypothetical model, required to exploit the loophole,
is necessarily made rather complicated and unnatural by its accounting for the violation. Indeed, all these models have to satisfies
so involved a series of requirements that they are very difficult to conceive and very few of them have even been actually defined.’

Contrary to experiments at low energies, those at colliders were not designed to test Bell violation and therefore seem more
prone to loopholes and other shortcomings. Nevertheless, as we discuss below, most loopholes appear to be closed already by the
current most common settings of collider detectors.

The potential loopholes that could be present in any test of Bell inequality are:

Detection loophole [183]: If the efficiency in detecting the entangled states is not 100%, the undetected states could, had
they been taken into account, restore the inequality;

Locality loophole [100]: Bell locality, even if satisfied, could be bypassed if it is possible for the entangled states to
communicate by means of a local interaction;

Coincidence loophole [184]: The states are misidentified and do not belong to the entangled pair;

Freedom of choice loophole [185]: The lack of freedom in choosing the measurement to be performed alters the outcome;
Super-determinism loophole [186]: if the initial conditions fully predict all successive developments, possible experiments
included, Bell locality is always satisfied.

How do these loopholes affect a test of Bell inequality at colliders?

» The detection loophole is always present at colliders where only a small fraction of the final states are actually recorded.
Here one must appeal to the assumption of having a fair sampling of these events. This is what is routinely assumed in high-
energy physics since also a measurement of a cross section or branching ratio would be open to the same loophole. Given
such an assumption, due to the high efficiency of the detectors at colliders, as far as the measure of the momenta of charged
particles, the detection loophole might be closed. For qubits the loophole would be closed if the efficiency were more than
about 80% [38] and this requirement is even lower for states belonging to larger Hilbert spaces [187]. By comparison, the
efficiency of the LHCb detector is more than 90% [188] for kaon, pion and muon identification. However analysis selection
efficiencies would also need to be considered.

The locality loophole is potentially present for states made of particles that end up decaying with a relative time-like interval,
either because they decayed at different times or because they do not move apart fast enough. It could be particularly serious
in the case of charged particles for which the electromagnetic interaction can be used in bypassing the test. Fig. 6.1 shows
the kinematics exploited by the locality loophole. To close the locality loophole it is desirable to consider decays in which the
produced particles are identical, and therefore their life-times are also the same. Even in this case, the actual decays take place
with an exponential spread. To take this into account, one must verify that the majority of the events do take place separated
by a space-like interval and/or weed out those that do not.

Fig. 6.2 shows a typical distribution of decays events as a function of their relative distances. The relative velocity v with which
the pair flies apart is sufficiently large to create, at the times 7, and ¢, of decay, a space-like separation iff
Ity — e
(t;+1)v
The separation prevents local interactions (as those arising through the exchange of photons between charged particles) and ensures
that the locality loophole is closed [189]. The selection of these events could be implemented with a suitable cut on the relative
momentum of the two particles. If the amount of available data is large and the fraction of pairs rejected by the cut is small, this
refinement would not affect the significance of the Bell test under consideration.

(6.1)

9 Bohm’s pilot wave theory [181,182], perhaps the best known example of a hidden-variable model, yields explicitly nonlocal dynamics for the hidden
variables.
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Locality loophole

Fig. 6.1. Kinematics of the locality loophole. Particle B can decay within the future cone of particle A either because of a longer lifetime or because the random
spread in its decay time.
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Fig. 6.2. Example about the fraction of events separated by a space-like interval (95% in this histogram). Histogram of the number of events as a function of
the ratio |t, —1,|/(t; +1,) between the difference and the sum of the decay times of the two taus. The events have been generated by 10° pseudo-experiments
in which the decay times are randomly varied within an exponential distribution. The black-dashed vertical line distinguishes events separated by a time-like
interval (to the right of the line) from those that are space-like separated (to the left of the line).

Source: Figure revisited from [157] (CCBY4.0).

» The coincidence loophole does not seems to be problematic at colliders. Such a misidentification is always accounted for in
the quoted uncertainty in the results of the experiments.

+ The freedom-of-choice loophole relates to the possible dependence of is—depending on whom you ask—either the hardest or
the simplest to close at a collider setting. At low-energy experiments the loophole is addressed by coupling the polarization
measurement to a (pseudo)random choice that is made after the entangled states have been produced, and with a space-like
separation at the point of ‘choice’. This is not possible at colliders where the detector is fixed by its construction design. Though
this seems to be a show stopper, we have advanced an alternative point of view: the polarization measurement is made inside
the detector by the particles themselves as they decay into the final state; because the decay is a quantum process, it is the
ultimate random process and one could argue that therefore the freedom of choice is implemented. It can be argued that the
objection that the quantum theory one would like to put to the test is employed in closing the loophole can be extended also
to the (pseudo)random choice in the loophole-free low-energy setting. Be that as it may, as our brief discussion reveals, the
physics surrounding this loophole is not settled yet and needs further discussion.

+ The ‘super-determinism’ loophole is related; a dependence of the measurement outcomes on information in the overlapping
past light-cones of the respective measurements can break the assumed form of the probability distribution Eq. (2.36). This
loophole cannot be closed at colliders, nor can it be closed in atomic-physics experiments or, indeed, at all.

The discussion of the role of loopholes in the violation of Bell inequality at high energies is still at its first steps [180]. It is fair to
say that models exploiting these loopholes to save local hidden variable theories — either deterministic or stochastic — will become
even harder to define once the violation will be extended at colliders and in the presence of strong and electroweak forces because
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they will have to account for both the low- and the high-energy experiments. We are not aware of any definite model claiming to
be able to achieve this.

7. Probing new particles and fields with entanglement

The sensitivity of entanglement on the specific form of the couplings between the states produced at colliders makes it a promising
observable to be used in gaining sensitivity to new physics — particles, fields and interactions — beyond the SM. The overall advantage
in sensitivity with respect to a more usual observable like the cross section is tempered by the added uncertainty necessarily present
in the determination of the polarizations. Yet the use of entanglement can contribute to better constrain interactions and models
beyond the SM, as the examples reviewed below show. This is a field still in its infancy but we expect quantum state tomography
to become part of the routine tools in the physical analysis of the experimental events.

7.1. Top quark

The SM Effective Field Theory (SMEFT) expansion parametrizes possible new particles and fields, characterized by heavy new
states, in terms of operators that are obtained by integrating out these new states. Modifications of the entanglement of the spins
of top-quark pairs in this framework has been studied in [190]. In this approach the effective Lagrangian is given by

1
Lovprr = Lom + el Z ¢O;, (7.1

in which, at the leading order in QCD, all C P-even operators of dimension six are included. There is 1 operator with zero fermions,
2 operators with two fermions and 14 with four fermions (see [190] for their explicit form). In Eq. (7.1), A is the scale of the
effective theory (roughly the mass of the heavy states) and c¢; the Wilson coefficients of the corresponding operators.

The concurrence is modified by the presence in the differential cross section of terms linear in c;/A (arising from the interference
between the SM and the dimension six operators) and by terms quadratic in ¢;/A (arising from the square of the dimension six
operators). The qualitative result of the analysis is that, at threshold, the linear interference terms modify the concurrence very
little while the quadratic terms reduce it. Both classes of terms reduce the concurrence in the high-energy regime by a sizeable
amount.

The impact of higher-order terms in the SMFET expansion have been studied in [191]. While NLO k-factors do not radically
change the predictions, some NLO corrections are shown that are not captured by LO scale variations.

7.1.1. Gluon magnetic-like dipole moment
To show how entanglement can provide constraints on higher-order operators, let us focus on a single one, the gluon
magnetic-like dipole operator, as discussed in [147], which gives rise to the effective Lagrangian

G . ~ -
Liipote = ﬁ(O,G +0) with O =g, (0, 0" T 1) HGY, . (7.2)

In Eq. (7.2) above, Q; and ¢y stands for the SU(2); left-handed doublet of top-bottom quarks and right-handed top quark fields
respectively, while H is as usual the dual of the SU(2); doublet Higgs field, with SM vacuum expectation value v given by
(O1A10) = ©/V2,0).

The magnetic-like dipole moment is given by

Vam,v
A2 ¢

The addition of an effective magnetic dipole moment term to the SM Lagrangian, gives rise in general to further mixture
contributions, thus weakening the entanglement of the ¢ spin state produced by the SM interaction. It is this loss of entanglement
both in the ¢g and gg production channels that allows the bound on the magnitude of the extra, effective parameter u, to be obtained.

By running a simple Monte Carlo, the authors of [147] find that—in the kinematic region m,; > 900 GeV and 20/ > 0.85, where
the relative difference between the SM and the new physics is largest and equal to about 3%—a separation of 2.3¢ is possible down
to the value of y = 0.003 with the data of run 2 at the LHC. This result is in agreement with what found in [190] (with ¢,; = —0.1
for A =1TeV) and compares favorably with current determinations [192,193] which find a bound around x = 0.02.

H=— 1G - (7.3)

7.2. 7 Lepton

Quantum state tomography has been used in the study of the properties of the r lepton and its coupling to quarks and the Higgs
boson.
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7.2.1. Contact interactions
Contact interactions in r-pair entanglement were discussed in [147]. The most general contact operators for the production of
7-leptons from quarks can be written, in chiral components, as

4 _ _ 4 _ _
L=~ A_Z']LL(‘]LYG‘]L) (TrveTr) — A_ZnRR(qR}'aqR) (TRY4TR) 7.4

- %ULR@L}’H(IL) (TRYaTR) — %WRL(QR}’&QR) (TrYaTr)-

It is the change in the entanglement content of the z-pair spin state induced by the presence of the contact term contribution,
both in the uii and dd production channels, that makes possible obtaining bounds on the magnitude of the new physics scale A.

The entanglement becomes larger in the kinematic regions where either the photon or the Z-boson diagram dominates. Because
the new-physics terms increase as the energy in the CM, these regions—being as they are at relatively low-energies—are not favorable
for distinguishing between SM and new higher-scale physics. It is at higher energies, just below 1 TeV that the two can best be
compared. At these energies, the amount of entanglement is modest but very sensitive to the addition of new terms in the amplitude.
The authors of [147] therefore consider the kinematic region m_; > 800 as a compromise between having enough events and having
new-physics effects sizeable.

For m_; > 800 GeV and scattering angles close to = /2, the relative difference between SM and the new physics (with A =25 TeV)
is largest and equal to about 70%. Such a large effect shows that the contact interaction and its scrambling of the two z-lepton
polarizations is a very effective way of changing the concurrence of their spins. The SM hypothesis can be rejected with a significance
of 2.7 for a contact interaction with a scale A =25 TeV at Hi-Lumi LHC. This result compares favorably with current determinations
of four-fermion operators [194,195] (see also, the dedicated Section in [196]).

7.2.2. CP properties of the coupling to the Higgs boson

The CP nature of the Higgs boson coupling to the 7 leptons has been proposed to be constrained by means of entanglement
in [158]. The authors consider the associated production Zh at ete™ colliders and look in the subsequent decay 4 — r*7z~ at the
generic interaction Lagrangian

m
L, =—4th(cos5+iy5 siné)‘r. (7.5)
v
Quantum state tomography of the decay is proposed via the computation of the correlation matrix, which is given by

cos 26 sin26 0
C;j=|-sin26 cos25 O |. (7.6)
0 0 -1
Monte Carlo events are generated with the program MapGraru5_AMC@NLO [148], using leading-order matrix elements for two
benchmark colliders: the ILC and FCC-ee. The one-prong decays t* — z*v, and r~ — =~ v, are used. The kinematic constraints of
the process are used to reconstruct the neutrino momenta and find those of the z-leptons, in the rest frame of which the entries C;;
are computed. Since the concurrence is maximal regardless of the C P phase [147], the determination of the C P phase would be
obtained by a direct fit of the entries in the C;; matrix.
The simulations suggest that a zero value of the phase § could be constrained at the 9% CL to the intervals:

[-10.89°,9.21°] (ILC)
[-7.36°, 7.31°] (FCC-ee) 7.7)

for the two benchmark considered. A sensitivity (at 16) of roughly 7.5° is found for the ILC and 5° for the FCC-ee. These values are
comparable to those found by more traditional methods (see, for instance [197]).

7.2.3. Electromagnetic couplings and compositeness
The electromagnetic couplings of the 7 leptons are constrained by means of entanglement in [198]. The effective vertex used to
model these interactions is

- - ic"'q, o"'ysq,
—ie2 (@) T A,(g) = —ie? [7"F1(q2) + 5B+ %FM) TA, ). (7.8)
T
and it defines the magnetic and electric dipole moments as
a,=Fy,0) and d, = 29 F5(0). (7.9)

m,

The potential compositeness of the 7 lepton can be investigated by means of the mean squared electromagnetic radius

) = -6 | Fed + L B (7.10)
a2 | '

¢?=0

To constrain these quantities the authors employ a y? test targeting deviations of the concurrence, cross section and antisymmet-
ric part of the z-pair polarization density matrix from the corresponding SM values. The uncertainties associated with the quantum
operators were obtained via a Monte Carlo simulation [157], whereas the one affecting the cross section was obtained by rescaling
the error quoted in Ref. [199] to the benchmark luminosity used in the study. The limit obtained with this methodology are reported
in Table 7.1, together with the corresponding current experimental bounds.
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Table 7.1

Marginalization of 95% joint confidence intervals on the magnetic and electric dipole of the
lepton obtained with quantum observables for a benchmark luminosity of 1 ab~! at Belle II.
The current experimental limits are reported in the first column. The scale A, suppresses the
four-fermion contact interaction related to the r lepton electromagnetic radius.

PDG (2022) Quantum observables

-19%x1077 <d, <6.1x107'% e cm |d,| <1.7x 1077 e cm

-52x102 <a, <13x1072 la,| <6.3x107*

Acy =79 TeV V(F2) <51%x 107 fm. = A, >2.6 TeV

7.3. Diboson production

The possibilities for using concurrence bounds, purity, and Bell inequalities to gain sensitivity to new particles and fields using the
qutrit bipartite system representing two massive gauge bosons are discussed—both analytically and in Monte Carlo simulations—for
lepton and hadron colliders in [170]. The SM results agree with [134]. In addition, it is shown that spin observables can serve as
probes for heavy new physics as parametrized by higher dimensional operators in the SMEFT expansion. In particular, it is found
that these observables offer increased sensitivity to operators whose contributions do not interfere with the SM amplitudes at the
level of differential cross sections. As expected, lepton colliders have better sensitivity than hadron colliders because in the latter
the quantum state of the system is the incoherent sum of different partonic channels and therefore tends to be mixed.

Production of ZZ pairs is the least interesting process when it comes to sensitivity to heavy new particles and fields, as
the phenomenology is completely determined by only two possibly anomalous couplings (the right-handed and the left-handed
coupling to the Z boson) and the dimension-6 operators do not introduce new Lorentz structures. On the other hand, WW and
W Z production show a rather large sensitivity to heavy new-physics effects in the spin density matrix already with operators of
dimension six with significant changes expected in the entanglement pattern across phase space.

7.4. Higgs boson coupling to W* and Z

The power of entanglement and quantum observables to constrain non-standard interactions between Higgs and massive
gauge bosons has been discussed in [174,175]. These anomalous couplings have been previously studied by means of dedicated
observables [200-210], within effective field theories [211-213] and by means of helicity amplitudes [23,27-32,214].

The most general interaction Lagrangian involving the Higgs boson s and the gauge bosons W* and Z allowed by Lorentz
invariance is given by

- g
Lyyy =g My WiW ™ h+ ———M,Z,7"h

2cos Oy,
__8 W i+ —nv aNW e L 4 uv az Zuv
M_W TW"VW + TW”VW + TZMVZ + TZ”VZ h, (7.11)
where V# is the field strength tensor of the gauge boson V' = W or Z and the corresponding dual tensor is defined as

| 288 %e’”/"TVPU. The anomalous couplings a, allow for a momentum dependent interaction vertex whether the couplings a,
signal the presence of a pseudoscalar component, which could result in the violation of the CP symmetry through the interference
with the SM contribution. The latter is obtained for a), = aj, = 0.

Following the conventions of Section 5.3, off-shell states are denoted with V*, V' = W, Z. From the Lagrangian in Eq. (7.11) it
is possible obtain the following amplitude for the 7 — V(k;, A;) V*(k,, 4,) process

My Ay) = A, e (ky, A (ky, 1) (7.12)
where
A = g My&y g — Miw [ay (KUK = ghvky - ky) + ayewﬂkl,,kzﬂ] . (7.13)

and the parameter ¢, takes values &y, = 1 and &, = 1/(cos 8y,), with 6y, being the Weinberg angle. The spin-summed amplitude
square is then

&8 . o
IMP == [1+272 (@ +a}) |t =2 [ 14 £2(1+ 28, + 243, 6y )
f2M;
w2/ @ v a) | mimie [142/5(@ + )
+2f2(5+@ +al —6ay )+ £*(1 =43, + 8%, — 12a, ) | M} } (7.14)

where, as before, f = M. /M,, quantifies how much the particle V* is off-shell.
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Table 7.2

Marginalized 95% joint confidence intervals for
the anomalous couplings obtained from the LHC
data neglecting the backgrounds. The operators
used in the y? test are the entropy of entangle-
ment and €,,,.

LHC run2 LHC Hi-Lumi
lay,| <0.033 lay | <0.0070
|ay, | <0.031 |@y, | < 0.0068
lay| <0.0019 laz| < 0.00040
|a,| <0.0039 |d@,| <0.00086

The procedure in Section 3.2 results in a density matrix having the same structure as that of Eq. (5.4), with helicity
amplitudes (5.1) now given by

hy =g &, [anMV(xz—l)— <Mv+aykiv}kz>x] , (7.15)
|4
h, =g&, [(MV +ay kzw"”) Fidy f MyVx2 - 1] . (7.16)
|4

where x = mfl J/QRfM 12,) —(f2+1)/(2f). The coefficients f,, g, and h,, entering the alternative decomposition of the density matrix
on the basis formed by the tensor products of the Gell-Mann matrices and the identity matrix are listed in Appendix B.5. The
density matrix continues to describe a pure state also in presence of anomalous coupling; an explicit expression can be obtained
from Eq. (5.31) by means of Egs. (7.15) and (7.16).

To constrain the anomalous couplings in the Lagrangian (7.11), the authors of [175] employ two observables made easily
accessible by quantum state tomography:

- The entanglement between the polarizations of the massive gauge bosons emitted in the decay under consideration, given for
a pure state by the entropy of entanglement defined in Eq. (2.16). The anomalous coupling a, enters the observable linearly,
whereas the dependence on g, is only quadratic and, therefore, suppressed in the expected range of values.

An observable tailored to single out the anti-symmetric part of the density matrix

Codd = % Z
ab

a<b

hab - hba ) (7.17)

corresponding to kinematics variables that involve the triple products of momenta and polarizations, for instance & - (Eﬁ X E;)

where % is the momentum of one of the particles while £, and £; are the projections of the polarizations along two directions
orthogonal to the momentum. The observable &,,, depends linearly on the anomalous coupling a;,, while the effects of a
are suppressed as the parameter enters the expression only multiplied by ay,.

The values of the anomalous couplings can be constrained by a x? test set for a 95% joint CL. The relevant uncertainties can
be computed by taking the error affecting the Higgs boson mass measured from the pp - h - W*¢v, [215] and pp — h —
Z¢t¢~ [216] processes as a proxy for the uncertainty in the reconstruction of the resonant Higgs boson rest frame, crucial for the
determination of gauge boson polarizations. The error is consequently propagated to the observables via a Monte Carlo simulation
where m, is varied within the experimental limits. Table 7.2 shows the marginalized 95% joint confidence intervals obtained for
the anomalous couplings.

The proposed strategy outperforms, in power, alternative strategies employing polarization observables not related to entangle-
ment [214] and goes beyond the projected reach of even future lepton collider searches exploiting classical spin correlations and
cross sections [217-219].

Although the proposed observables seem optimal to constrain the anomalous couplings, a careful assessment of the power of the
method must include the effect of backgrounds originating, for instance, from the gauge boson and quark electroweak fusions. A
first effect of these processes is that of impairing the purity of the bipartite qutrit final state, thereby complicating the quantification
of entanglement which now must rely on the concurrence (2.21) or on its lower bound (2.62). According to current estimates, the
W plus jets background affecting the A — WW™* channel overcomes the signal, whereas a signal-to-background ratio of 0.8 can be
achieved for the ZZ* channel in the kinematic region of interest [220]. In the latter case, the inclusion of background processes
does not significantly worsen the results in Table 7.2.

8. Other processes and ideas

The study of entanglement in particle physics is just at its beginnings and new ideas and applications are coming to light and
being explored. We give a short summary of some of them in this Section.
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8.1. Three-body decays

The extension to three-body decays of the computations of entanglement is natural and potentially fruitful in the physics
of colliders. The authors of [221] explain how the concurrence can be generalized to measure tripartite systems. Two kinds of
concurrence can be defined for a three qubit state |¥): one

Cij =Clpy] =Tr [¥N¥] 8.1
in which one of the three sub-states is traced out, and one

Citey = \/2(1 =T p}) (8.2)
in which the concurrence of the sub-part i is measured with respect to the other two.

The properties and peculiarities of the three-body system can be analyzed by means of the monogamy inequality [222,223]

2 2 2
Ci(kj) < Cij +Ci (8.3)
and the genuine multiparticle entanglement quantified by the concurrence triangle given by [224]
-4
V3
with Q = [C;3) + Cy13) + C3(12)1/2; F5 takes values from 0 and 1.
Monogamy and the concurrence triangle are discussed in [221] for various kinds of possible interactions (scalar, pseudoscalar,
vector and axivector) in a three-body decay process. The general properties of multipartite systems are discussed in [225], which
introduces the concept of the concurrence vector.

172
Fy [0@-Ciay)©@ - Cosp(©@ - Cyr) 8.4)

8.2. Post-decay entanglement

An idea first discussed in [226] for kaon system, has been extended in [227,228] to the generic case of the decay into two
particles, one of which is projected into an eigenstate by a Stern-Gerlach-type experiment.

The procedure is applied to top-quark pairs produced at the LHC to show [227], by means of a Monte Carlo simulation, that it is
possible to measure entanglement between one top-quark and the W gauge boson originating from the decay of the other top-quark.
If implemented, such a measure would be the first showing entanglement between a fermion and a boson.

8.3. Maximum entanglement

A direct computation of many QED processes shows that the entanglement between the polarizations of the particles in the
final state is maximum for certain scattering angles. This behavior comes about because of the structure of the interactions in the
processes considered.

This result has inspired a line of research in which maximum entanglement is taken as a principle and used in an attempt
to determine some of the SM interactions and parameters [68]. For example, the application of this principle to the determination
of the Weinberg angle in tree-level scattering of leptons leads to the value sinfy, = 1/2. It comes from the cancellation of the
vector-like coupling in the electroweak current. Off by about 10% of the actual value though this is, it is an interesting result which
may be hinting to some underlining interplay between quantum mechanics and particle physics.

8.4. Minimum entanglement

The idea of connecting minimal entanglement to emergent symmetries in hadron physics and low-energy QCD has been
initiated in [229], in which the Wigner SU(4) symmetry for two flavors and an SU(16) symmetry for three flavors is conjectured
to arise from dynamical entanglement suppression of the strong interactions in the infrared.

Further discussion of entanglement suppression in hadron physics are presented in [230-234] and applied to a model for the SM
Higgs boson based on entanglement suppression of the SO(8) symmetry in a scalar model with two Higgs bosons which are flavor
doublets [235]

8.5. Quantum process tomography and beyond-quantum tests

As well as understanding the spin structure of the final state, we have reason to be interested in the mapping that takes an
incoming initial state, characterized by some spin density matrix p ;, to some final spin density matrix p ,,, — what is known as
the quantum process. This map @ : C™™ — C™" needs to satisfies some requirements in order to be physically acceptable (for
instance complete positivity, see [77]) and, due to quantum state-channel duality, can also be represented by a larger matrix, the
Choi matrix [236]. The formalism allows us to advance Feynman’s proposal [237] of using quantum systems (quantum computers)
to efficiently simulate quantum dynamics (scattering processes). A dictionary mapping between the language of quantum computers
and of particle physics processes was developed in [238], as well as simulating an example process — the spins of an ete™ — 17
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scattering process on an IBM quantum computer.!’ The authors of [243] advocate measuring experimentally the Choi matrix for
subatomic processes since such tests could indicate sensitivity to unexplored physics and even probe ‘post-quantum’ theories that
do not necessarily have unitary evolution.

9. Outlook

The detection of entanglement at colliders might have seemed, at first blush, a rather far fetched proposition. High-energy
collisions have all sorts of multiple vertex interactions and superposition of processes weighted by the respective distribution
probabilities. How can quantum coherence survive through all that?

Unlikely though it might have seemed at first, the study of entanglement at colliders turned out to be not only possible but a
new and promising field whose very existence is enriching for particle physics. Many works have recently been published in a very
short span of time as different processes have been investigated and an increasing number of results harvested. We hope to have
produced a useful survey of those released up to the beginning of the year 2024.

After these developments, the experiments are now weighing in. It has begun with the analyses of B-meson decays at the LHCb
and Belle-II [72] and the detection of entanglement at the LHC [73,74] and we expect more results will be forthcoming for z-lepton
pairs final states at Belle II — whose experiments have by far the best statistics. Most likely, these will be followed by analyses
for top-quark pairs and diboson final states from Higgs boson decays from the data of run 1 and 2 at the LHC, which are already
under way, and will be extended into the Hi-Lumi runs as well. The results of all these experiments will provide the basis for the
next round of theoretical enquires toward perhaps a more detailed view of the processes discussed in Section 4, 5 and 7 or new
directions, some of which have been briefly discussed in Section 8.

We believe that the possible experimental program of investigation on the structure of quantum mechanics at the existing and
future colliders is very broad, and continues to be developed. The implications of these measurements are only just starting to be
investigated. It is refreshing for our generation of collider physicists to recall that, regardless of whether additional new particles
are found, there is a great deal of highly interesting and challenging physics out there for us to investigate.
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Appendix A. Qubits

This Appendix contains some kinematic definitions utilized in Sections 4 and 5 and the explicit expressions for the SM functions

A and C; s B; entering the coefficients C; ; and B;, respectively, for the top-quark and z-lepton pair production, as discussed in

Section 4.

10 The broader use of quantum computing methods in high-energy physics was recently reviewed, for instance, in [239-242].
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A.1. Kinematics

Let us consider the generic production of fermion pair via quark anti-quark annihilation
@) +4(ay) > fkp) + fky) . (A1)

The momenta k; and k,, corresponding to the final fermion and anti-fermion, and ¢, and ¢, of the entering quark and anti-quark,
respectively, can be written in the CM system as [147]

. my myfysin® 0 myfcos ©
1= > , U,
2 2 2
\/l_ﬂf \/l_ﬁf \/l_ﬁf
mg mgfssin© mg By cos©
k2= s , 0, —
— B2 _p2 @2
\/1 ﬂf 1/1 ﬁf \/1 ﬂf
m m
o =|—=L=.0.0 —
_ 52 _ 32
Vi-#2 V18
m m
0= | —=Lt=. 0.0, -—L—]|. (A.2)
2 2
Vi-#2 V1-8
where m s is the mass of the final fermions and
(A.3)

where m; is the fermion pair invariant mass, with © the angle between the initial and final fermion momenta in the CM frame.
Throughout the review, we adopt the orthonormal basis in Eq. (3.1) introduced in [19] in order to describe the spin correlations.
The elements C;; of the correlation matrices are obtained on the various components of the chosen basis by means of the
polarizations vectors s;‘ appearing in Egs. (3.6)-(3.7) [147]

sk = By ’ sin @ 0. cos O

: \/1—/3% \/1—ﬁ§ \/1—/;}

k By sin @ cos O

s, == s , 0,
N

s ¢ =(0, —cos O, 0, sin®)

N

—_s =

55=(0,0,1,0) (A.4)

where the indices 1 and 2 stand for the final fermion and anti-fermion respectively.
A.2. Top-quark pairs

Here are the complete expressions [20,244] for the coefficients 499, Ef", and C‘fj" entering in Eq. (4.8) for the # pair production
via ¢q and gg scattering in the SM:

A8 = Fgg[l +2ﬂt2sin2@—ﬁt4(l+sin49)], (A.52)
Citf = ~Fy[L =257+ 5} (1 +5in* 0) . (A.5b)
Ca = —Fy 1= 52 (2= p2) (1+5in* ) |, (A50)
ct = -r [1- 220 g (1 sint o), (a5)
C88 = C% = F,, p?4/1 - B2 sin20sin”> © (A.5¢)
Bif = Bjf =B =0, (A.50)
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N2 (1+ p?cos2O) -2
with F,, = il d ) > and
64N, (1 — f?cos2 0)

A9 = Fp(2- p2sin? 0), (A.62)
2qq 2 i 2

G = —Fyq B; sin” 6, (A.6b)
i = Fyy(2- 2 ) sin* e, (A.60)
CZZ = Fy; (2 cos? @ + ﬂtz sin? @), (A.6d)
~4q9 _ A499 2 o

C, =CL =Fy \/ 1=/ sin20, (A.6e)
Big = B =B%=0, (A.6f)

with qu = 2—]\/62.

A.3. z-lepton pairs

Here are the complete expressions [147] for the coefficients 499, Ef", and C‘I.qj" entering in Eq. (4.26)) for the ™z~ pair production

via gq scattering in the SM:
A =F, { 020 [2 - 2 sin’ @] +20,0, Rey(n2,)] [ZﬂTng:‘ cos © + g7, (2 — f%sin® @)]

+ )){(mif)

2 > 2 .
[(g?, + qu )<2g1’,2 + Zﬂfgzz - ﬁf (gf,z + gf‘z) sin’ @) + Sﬂrglq,gf,gig; cos @] } s (A.7a)

it = =y s 0 0307 + 20,0, Rex02)| e, ~ (02

’ (gi',z + gi’f) (gff - gf,z) } . (A.8a)

a1 = =gint © { (42 ~2) 0302 + 20,0, Re (0, 55 (~2)

2
+|em| (82 (2 + 87) - 267 (s + 57 } ’ (A.8b)
Ci = qu{Qng [(ﬂf —2)sin” @ + 2]
+ 20,0, Re|y(m*))] [2ﬂ1gig; cos @ + g, g5 (B2 — 2)sin’ © + 2)]

+ |xn2)

2
[Sﬁrgf\g;g;’,g; cos @ + (gf,2 + gzz) (2g{,2 cos? @ — 2 (72 — g1?) sin® @ + Zﬁng)] } , (A.8¢)
C’Zf = C‘fg =2F,;sin@y/1 - p? { QgQE cos©+ 0,0, Re[;((mzf)] [ﬁ,gigz +2g] g}, cos @]

2 2 2
+ ))((mf;) [Zﬁfgq,,g;g{’,gf, +g; (gf, +g% )cos @] } ,

ci =g =ci=cii=o, (5
B = —ZFM{Qqu Rel7(m2)] (B85}, (1+cos” 0) +2g g5, cos ]

2
+ ))((mf;) [2gig;’, (ﬁfgzz + gf,z) cos O + B, g% g7, (g;’,2 + gf’f) (1 + cos? @)] } , (A.8e)

BY = —2F,;sin04/1 ~ ﬂf{QqQT Re[)((mzf)] [ﬂ,g;gf/ cos @ + ZngIT,]

+ )x(mff) 3 [ﬁ,g,ﬂ (gf,2 + gf,z) cos @ + Zngf,g;] } . (A.80)
B =0, (A.89)
with F; = 1_16’ Q, . the electric charges, f, the 7* velocity in their CM frame,

g, =Ti-20;sin* 0y, g, =Ti, (A.9)
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and
2022
q°(q” —m?%)
N z
Re[y(q))] = — 5 ECIETS ) (10
sin® Oy, cos? Oy (g% — m% 2 + q*T'% /m? ]
) 4
> q
A = (A.11)
| ‘ sin* 0, cos* 0y, [(¢? - mZZ)2 + q41"§/m22]

where 6, is the Weinberg angle, m, and I', the mass and total width of the Z boson respectively, and ¢* = (¢; + ¢,)*.

Appendix B. Qutrits

This Appendix contains some basic definitions for the spin and Gell-Mann matrices and the explicit form of the Wigner functions,
which are utilized in Section 5.

B.1. Spin and Gell-Mann matrices

The spin-1 representation of the three SU(2) generators S;, i € {1,2,3}, used throughout the text is

1 0 1 0 ) 0 —i 1 0
Si=—|1 0 1], S=—|i o s=[0 o . (B.1)
V2lo 1 o V2lo 00 -
They can be expressed in terms of the Gell-Mann matrices 7% as
SIZL(T1+T6>, SZZL(T2+T7), S3:%T3+\/7§T8. (B.2)

V2 V2

In similar fashion, the matrices S ; in Eq. (3.28) are given, in terms of the Gell-Mann matrices, as

1 1 _ 76
S3|:~913:_(T =T )
V2

1
Sy=—=T8+T*- 2T,
2V/3 2
1 8 4 1.3
Sy = ——=T8—T*— T3,
213 2
Sy = T3 — =78 (B.3)

01 0 0 —i 0 1 0 0
T'={1 0o o], T*=|i o o, =10 -1 of,
0 0 0 0 0 0 0 0 0
0 0 1 0 0 =—i 0 0 0
=10 0 of, T =0 0o of, =10 0 1{,
1 0 0 i 0 0 01 0
0 0 0 L(roo
=10 0 -i|], T®=—]0 1 o0/ (B.4)
0 i 0 Vilo 0 -2

B.2. The Wigner functions (', and ', and the matrix ay,
In this Appendix we follow [136]. The ¢, functions introduced in are given by the following expressions
ql = — siné'i(cosé't + 1> cos p*,
sin % (cos 0t +1 ) sin ¢*,
g = é (1 +4 cos 60* +300329t) ,
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1 .
qi =5 sin” 0 cos 2 ¢,

q; = % sin 6% sin2 ¢*

qi -1 sinGi(—coseii l)cosqﬁi,
V2
q. = L sinﬁi(—coseii l)sinqﬁi,
T2
qgi = 1 (—1 + 12 cos 0% —3003201> R (B.5)

8V/3

in terms of the spherical coordinates of the two decaying particle rest frames.
The p’; functions utilized in are given by the following expressions:

pl= \/Esinbf—'(S cos 6* + 1)005051’
pi= \/EsinOJ—'(S cos 6F + l)Sin¢i7
pi = ‘l‘ (514 cos0* + 15 cos29i>,
pi =5 sin® 6% cos 2 ¢*,

pi =5 sin® 6% sin2 ¢p*,

P = \/Esinei(—S cos 0F + 1>C08¢t,
pl = \/Esinb?i(—Scoseii I)SindJi,

pd = L(—silzcosei—lscoswi). (B.6)

+_4\/§

The matrix @ used in is the following

& 0 0 0 0 g 0 0
2 2
0 g 0 0 0 g7 0
2 1,2 \/5 2
0 0 &~ 38 0 0 0 0 5 &
2 2
w1 0 0 0 g -g 0 0 0 0 )
m 2 2 2 2 :
g —8%|0 0 0 0 gp—8& O 0 0
g 0 0 0 0 g 0 0
2 2
0 g 0 0 0 0 g 0
\/5 2 1,2 2
0 0 5 & 0 0 0 0 58 ~ &

The coefficients in Eq. (B.7) are g; = —1/2 +sin® 8y, ~ —0.2766 and gy = sin’ 6y, =~ 0.2234.
B.3. Polarization density matrix for qqg - ZZ

The coefficients 490, m,, 1, /40, m,, 1, §27[O,m,, ], and hZZ[@, m,, ], appearing in the polarization density matrix for ¢g — ZZ,
that has been computed in [134] (and here amended of few typographical errors). The angle O is the scattering angle in the CM
frame from the anti-quark and one of the Z-boson momenta. The convention adopted is that the Z is in this case the one with
momentum parallel to the k unit vector of the spin right-handed basis in Eq. (3.1). Results below are given for a generic quark q.

o 81,8 657 + gt
497 = | 41 = 228 Dzz v {2 — B [B + O — 1082 + f)cd +4p2ch - 3] } , (B.8)
where
8a272N,
fzz=—F> and D, =1+ By +282(1 —2¢2), (B.9)
DZZchW

with g, = 4/1- 4M§ /m?,. The angle O is here defined as the angle between the anti-quark momentum and the 3-momentum of

one of the two Z in the CM frame, where the orientation of the latter coincides with that of the k unit vector of the basis in Eq. (3.1).
Throughout the following expressipns we use cg =c0s 0, sg =sinO.
The non-vanishing elements Egz (R = EZZ), are given by
. 4 ) 4 2 2
R0, m ) = f,,(1 - ﬁi){(l +ep)eh +6g18l +g0") + 8cog’ gl (8% + gl )}
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- ad 4 2 2 4 2 2
W10, my,1 = £,,V24/1 - ﬂﬁs@{c@(gf, +6g5 gy +ep)+4glel (g +ay )}
749 2 2 4 2 g2 4
H10.m) = £, = s> { 85 + 685l + '}

fzz(l - ﬁ%)

ﬁgg[@’ my,] = D,
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D,

+ [200+ 827 - 25 - 262 + pioed |t (6 + g‘f)} (B.10)

92 42

Ri1e.m,,] = { [cot+ 82 + (B2 = 3c2)| 65 + 68 6” + 81

92 42

hii10,m,,] = { 3= 82001 + Brco —4cd |65 + 685l + g
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DZZ
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a0+ B2 - 20+ g el (6 + &) }
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7 { [+ 522 =26+ P20 | e +6e ey +l)

7499 4 2 q2 4

B0, = £, 2507 e + 6l + 61

Jon 4 2 q2 4 2 2
R10.m,,) = ~£ 1, V21 = P25 colel + 6858l + 8 — 4shl 6 + &0 |
wire _ 1— 42 1 2\, 44 642q2 q4 _38 q .4 (92 q2
06l mzz]l = f7z(1 = 7)) (1 +cg)g, +68,78, +8,)—8co8,8,(84 +8,)

fz(1=$%)

ﬁgg[@’ mzzl = D,

{ 8co [3 +282 - ph - 4c§)]gjg3<g?f +g¥)

+ [(1 + 22— (T+1082 - pH)c +42 + ﬁ§>cg](gf;‘ +6g0g7 + g }
fzz\/i\/ - ﬁ%sél
V3D,

+ 4[(9 =26+ p)c - 2(1 + ﬁﬁ)z]gzg‘;@f +g7) }

hid[0.m,,] =

S22
3D,,

hil10,m,,] =

{ [ (1+ P22+ 2+ B +362 —78% + 65)ch

— O+ 652+ 5000k | (85 + 6578l +gl)

— Ddco[2+ p + 5 - (3 - 262 + 3D |e el (6 + &1 }

The non-vanishing elements £/ are given by

F222V20\[1 = B2so

Fqq —
910,m,,) = D,

4 2 q2 4
{c@ [2/3; +3p8 —ap2cd - 1](gj +687g% + g7h)

+ 4| B2+ 4p2 (8 - 20 g el (6 + gf)}

S22
3D,,

Fi0.m,,) = { [(1 +02)7 + (1562 = 1361 + B - 3)c
+ 4P202 — 3)ch| el + 65T el + 5l

+ 8¢co [1 +3p - pS + 25 Scé)]gig"v(gf + g{’f)}

F222(1 = 2562

Fife.m,) = { 1482+ 2@ +4cd)| 65 + 656l + g"f)}

3D,
. F2V2\ 1= B2se
fle,my,,1 = — 30, | [1 ~ 26, =36, + 45353]@14 +685 gy + &)

4|+ 2R+ 4p202 - 20 | e (e + gf)}

_ fzz {[(1+ﬁ§)3+(15ﬂ§—13ﬁ;+ﬁg—3)cé
77

3y/3D

+ APZ02 - 3)ch| el + 6 el + i)

e, m,,1 =

+ 24c [ﬁg + 28R —5)—1- 3ﬁg]g1g;’,(gf + gﬁf)} .
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The elements §%7 are identical: g7 = £

B.4. Polarization density matrix for h —» ZZ*

Here we write the coefficients g,, f,, and h,, (a,b € {1,...,8}) appearing in the polarization density matrix for the Higgs boson

decay h — ZZ*, as well as the unpolarized squared amplitude, as in [134].
The non-vanishing f, elements are

4 2\, 2 n g2 202 aqd
—m} 4201+ fmE ML — (1 = f22 M},

1
f3== ;
6 m} —2(1+ fOmi M2 + (1 +10f2 + fHM}
1
fs=——=13. (B.14)
V3
where g, = f, for a € {1, ...,8}. The non-vanishing %, elements are

M2 [—mi +(0+ fz)Mé]

hyg = he = hyy = hyy = :
o TR TR T a1+ fmE ML + (14 1042 + fHME

[m2 —a +f2)M2]2

1
Nan = — 5
BTG m 2(1 + MM+ (1+10£2 + fHM
h38 - h83 I
4\/'
W 2f2M;,
BT o+ mE ML+ (141072 + fHML
b L mi =201+ f2ymiM2% + (1 — 1472 + fHM}, B.15)
B2 w21+ mEML + (41072 + fHML :

The unpolarized square amplitude |M|? of the process is instead
2
2 _ g 4 2v,2 n g2 2 4\ rd
IMP? = m[mh —2(1+ fHmE ML+ (1+10f% + f )MZ]. (B.16)
w z

B.5. Polarization density matrix for h > WW™* and h — Z Z* in presence of anomalous couplings

Here write the expression for the coefficients g,, f,, and h,, (a,b € {1,...,8}) appearing in the polarization density matrix for

the Higgs boson decay h — VV*, V = W or Z, in presence of anomalous couplings.
The square amplitude summed over the gauge boson spin is
52 2
4f2M
+274 (av +a%,>]miM‘2/ [1 +2f6<a +d )

2
M| =

{[1+2f2(av+av [t =2[1+ 72(1+ 2@ + 203 - 6ay )

+2f2(5+5$,+a —6av)+f4<1—4 + 822 -12av)]M;i}, (B.17)

where &, =1 and ¢, = cos 0;}. We find f, = g, Ya € {1,...,8} and the non-vanishing coefficients f, = |./\/t|2fa and g, = |M|2ga
are:
2
e 0= (@ @) (20 D mim + (72 = 1)+ )
£ 2412m?, '

il

By
Il

&
|

. 1 »
fs=8=——"F/3- (B.18)
V3
The non-vanishing elements of the matrix &, = |M|*h,, for a gauge boson V = W, Z instead are:
N gzdflz, (m%, ((1 —2a)f? + 1) - mfl) (avmfl —m%, (aV (f2 + 1) - 2))

h ,
16 8fm%,

2§Vay\/—2(f2+ V) m2m? + (f2=1) o+ md (2 (1= 2a,) /% + 1) = m)

Ry, =
17 8/

7125 = —7117 = —7162 = i’71 ’
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h27 =7116 = h6 = 71725

1
g (- m (1 -2a)2+1))°

hyy = .
? 16 f2m?
- M2
h38:_u,
43
B A
ha = - 82 - [2mimy, (= (a, (£2+1)) +2ay +3, (£ +1))
il (@ (£241)" —day (24 1) =@ f* + 28 2 =@ +4) 4l (a3, - 7)) |
. Evg2§$,\/—2(f2+1)m m? + (2 —1)2,,,4 +mit (aym? —m2, (ay (f2+1)-2))
45 = pres ’
7154=_7145,
7155:7144’
hgs = hyg .,
g
. ) "
h88=48f2m2 [ 4f (“V"’“V ""1] thmy[ —4f aV+aV) (B.19)
+17 (= 4”1/"'6”1/—4 +1 +1]+mV [—4f6(aV+aV)
+f4(_4a%,+12aV+8aN%,+l)—2f2(2a%,—6aV+25%/+7)+1]
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