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Abstract

We continue our series devoted, after references [18] and [20], at proving the asymptotic stability of
ground states of the pure power Nonlinear Schrédinger equation on the line. Here we assume some results
on the spectrum of the linearization obtained computationally by Chang et al. [9] and then we explore
the equation for exponents p < 2 sufficiently close to 2. The ensuing loss of regularity of the nonlinearity
requires new arguments.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction
We consider the pure power focusing Nonlinear Schrodinger Equation (NLS) on the line
id,u 4+ 0%u = — f (u) where f(u) = |ulP 'ufor0<2—p<1. (1.1)
It is well known that equation (1.1) has solitary waves
u(t, x) = edV¥—gloPritotiy g (0 py (1.2)

1
where ¢, (x) = w?1 ¢ (/wx) with, formula (3.1) of Chang et al. [9],
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e
d(x) = (pT—i-l> " sech7 T <p ; 1x>. (1.3)

Energy E, mass Q and linear momentum P are invariants of (1.1), where

E) = 2|2 F ) dx where F) = 70 1.4
(u>—5||u||Lz(R)—/ () dx where F(u) = == (1.4)
R
1
Q) = - llull 7y and (15)
P(u):—%(iaxu,u) where (f,g}:Re/f(x)E(x)dx. (1.6)
R

It is well known that ¢, minimizes E under the constraint Q = Q(¢,) =: q(w). Notice that
2 1
q(w) = wr=T 2q(1). In particular, we have VE(¢,,) = —wVQ(¢,) which reads also

—p) + wpy, — ¢h =0. 1.7

The following was shown by Cazenave and Lions [8], see also Shatah [59] and Weinstein
[67].

Theorem 1.1 (Orbital stability). Let p € (1,5) and let wy > 0. Then for any € > 0 there exists a
& > 0 such that if inf{||lug — elﬂ(’(bwo (- = Do) || g1(wr) : Do, X0 € R} < 8 then

inf{||u(t) — e“’%wo (- = Do) l g1 () : Do, x0 € R} <€ forall timest € R. O
Notice that, as we discuss after formula (3.26), it is possible to get § ~ €, as discussed in
Stuart [65], but this observation is not essential here. In order to study the notion of asymptotic

stability, like in finite dimension it is useful to have information on the linearization of (1.1) at
¢, which we will see later has the following form

ry _ ry . L 0 L_w
(1) = (1) wanom (L0 150). 0

Liyi=—024+w— ppl~! (1.9)
L y=—84w—g¢r". (1.10)

where

The linearization is better seen in the context of functions in H!(R, R?) rather than in H' (R, C),
because it is R—linear rather than C-linear. Defining the scaling

Spu(x) = 0 u(Jox) = L, =wS,LS, for L=L;. (1.11)
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It is well known that the spectrum of £ is symmetric with respect to real and imaginary axes
and that the essential spectrum is (—ioo, —i] U [i, ico). Chang et al. [9] compute numerically the
statements 1-5. Coles and Gustafson [11] prove rigorously 6. Krieger and Schlag [37], but notice
that this has been recently been generalized by Collot et al. [13], prove rigorously 7.

Statement 1.2.

1 There is a value pg close to 1.82 such that for pg < p < 3 and for 3 < p < 5 the linearization

L has exactly one eigenvalue of the form il(p) with 0 < A(p) < 1.

For py < p <3 we have A(p) > 1/2.

3 Thereisa p; € (1, po) such that for p; < p < po the linearization £ has a second eigenvalue
in(p) with 0 < A(p) < u(p) < 1.

4 The function (3,5) > p — A(p) is strictly decreasing with A(3%) =1, A(4) > 1/2 and
A(5T)=0.

5 The function (1,3) 3 p — A(p) is strictly increasing with A(37) =1 and A(1*) =0.

6 For 0 < |p — 3| « 1 the linearization £ has exactly one eigenvalue of the form iA(p) with

[

Ap) ~1—ag(p—3)+o ((p — 3)4) for a constant ag > 0. (1.12)
7 There are no eigenvalues of the form iy with p > 1.
We have the following, which we proved in [20].
Proposition 1.3 (No threshold resonance). Consider the following statement,
there is no nonzero bounded solution of Lu = iu. (1.13)
Consider the set
l~7:={p€(1,+oo) | statement (1.13) is true }. (1.14)
Then (1, +oo)\§ is a discrete subset of (1, +00). O

An important ingredient in this paper is the nonlinear Fermi Golden Rule (FGR). Recall the
po in Statement 1.2.

Proposition 1.4. Consider the constant y (p) introduced later in (5.3). Then assuming as hy-
potheses 1-2 in Statement 1.2 we have that y (-) € C*((po, 3), R) and that the set

F:={pe(po.3) | y(p)#0} (1.15)

is s.t. (po, 3)\F is a discrete subset of (po, 3).

Proof. The fact that y(-) € C*((po, 3), R), i.e. y(p) is analytic in p, follows from the fact
that £ is analytic of type (A) in p, as we will see later. Then the last line of the statement
follows from the fact, proved in [18,19], that it is possible to define y (p) so that it is nonzero for
O<|p-3lkl. O
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In this paper we prove the following result. Notice that in the statement below &, ;) is an
appropriately normalized generator of the eigenspace associated to the eigenvalue w()A(p) of
the linear operator L,,(;) and that z(t)&, ) + E(t)gw(t) is interpreted as complex valued function
(since it has values in R?).

Recalling the power pq introduced in Statement 1.2, since for p =2 we have A(2) € (1/2, 1),
and by the continuous dependence of A(p) in p, we conclude that there is a pg € (po, 2) such
that

2—p—+/1—=x(p)<O0forall p € (po, 2]. (1.16)

Theorem 1.5. There is a Py € (po,2) such that if p € (Po,2] belongs to ¥ N'F then for
any wog > 0, any a > 0 and any € > 0 there exists a § > 0 such that for any initial value
up € DHI(]R)(¢wO, 8) there exist functions ¥, w,v, D € c! (R,R), z € C! R,C), wy >0 and
v+ € R s.1. the solution of (1.1) with initial datum uo can be written as

u(t) = e DL (g )+ 2wy +Z(DE ) + 0(1)) with (1.17)
/ ||e_“(x>n(t)||zl(R)dt < € where {x):=+/1+x2, (1.18)
R
; —a(x) _
dim (e M)l 2y =0, (1.19)
lim z(t) =0, (1.20)
t—>—+00
lim w(t) =w4+ and (1.21)
t—>—+00
1_1)12100 v(t) =vy. (1.22)

Remark 1.6. Notice that the fact that the H!(R) norm of 7 is uniformly bounded for all times,
guaranteed by the orbital stability, and Theorem 1.5 imply that

lim u(r)e POFPOX — g in L2 (R). (1.23)

t——+00

Equation (1.1) is one of the most a classical Hamiltonian PDE and the asymptotic stability of
its ground states has been a longstanding open problem considered in the early papers by Soffer
and Weinstein [62,63]. For a rather extensive discussion of the problem, we refer to [ 18], where
we deal with the case p ~ 3 but p # 3 (for p = 3 Theorem 1.5 is false). There are two main
reasons why [18] is valid only for p near 3. The first is that everywhere in [18] we use the fact
that u — f(u) is C? regular. The second is that the smoothing estimate is proved in [18] using
the fact that the Wronskian of a certain pair of Jost functions of L is nonzero. This is checked for
p = 3, where the Jost functions are explicitly known, and by continuity remains true for all the p
close to 3. Obviously, [ 18] uses the hypothesis p ~ 3 also in the proof of the Fermi Golden Rule.
Thanks to [20], the results in [18] extend to generic p € (2, g3) where g3 € (4,5) is such that
A(gn) = 1/n, where we assume as true the results obtained numerically by Chang et al. [9]. In
[20] furthermore, if for p € (g3, g4) some conditions, which we believe are generically true, are
satisfied then the results extend to such p’s. So [18,20] provide a theory which, either rigorously

4



S. Cuccagna and M. Maeda Journal of Differential Equations 440 (2025) 113451

in (2, g3) or with some degree of plausibility in (g3, g4), shows that for generic p € (2, g4) the
ground states are asymptotically stable. Since it is an important and classical open problem to
extend as much as possible the range of the p’s, ideally reaching the whole range (1, 5), it is very
important to take p as close as possible to 1. If this is true, it is very important to spell out what
the status of the current knowledge is now. Theorem 1.5 provides this kind of answer.

In [20] we did not discuss explicitly the proof for generic p € (2, g2) where g2 € (4, 5), this
assuming Chang et al. [9], because it is reasonable to state that the arguments in [18] along with
the smoothing proved in [20] suffice to yield asymptotic stability. In fact in [20] we focused only
on the 3rd and 4th order Fermi Golden rules. But the case p <2 is not covered by the proof
in [18]. Our main focus here is to deal with the problems entailed by taking p <2, where u —
f(u) is not C? regular. While our proof is similar to [18,20], the lack of regularity complicates
substantially the proof. We follow the framework of [23] which, as a special case, contains a
positive answer to a question raised by Lithrmann and Schlag [48] in their footnote on p. 234.
Notice that this footnote shows that case p < 2 is considered difficult, along with the absence of
results in the literature, except for [23].

Even the proof of the limit of w(¢) in (1.21), while similar to the analogous proof in [18],
requires to be rewritten more carefully. Indeed, in our previous paper [15], on the asymptotic
stability of small ground states bifurcating from a delta potential, we were not able to prove the
convergence of |z(f)| in the case p < 2, which corresponds to the convergence of w(¢) in this
paper, and the possibility of non-convergence remained, see Theorem 1.4 of [15]. This means
that based on the known literature, the statement in Theorem 1.5 is not obvious.

Another novelty in the present paper is that we drop the symmetries that in [18,20] allowed to
avoid translation. We emphasize that also Martel [50] and Rialland [58] impose such a symmetry
condition. It is true that Martel [50] states the expectation of no deep additional difficulty in the
non-symmetric case and that Martel [49] and Rialland [57], in the absence of internal eigenval-
ues, treated the non-symmetric case. But this point is a priori not obvious when there are internal
eigenvalues. Even Buslaev and Perelman [3], who in the no internal eigenvalues case treated the
non-symmetric case, in the presence of an internal mode considered only the symmetric case, see
Buslaev and Perelman [4] and Buslaev and Sulem [5] and this restriction has remained in place
in the subsequent literature which follows their framework, see the references in our survey [16].
Ideas to allow translation due to Beceanu [2] or the ones attributed to Perelman by Bambusi [1]
do not work in space dimensions 1 and 2. Eventually here we show that Martel’s expectation was
right, and that in the framework used here and which owes much to Martel’s work, translation
does not create particular problems, but this was a priori not obvious to us because translation
can be a source of problems. For example, in an analogous problem, we do not know how to gen-
eralize to the case of kinks with internal eigenvalues the result by Kowalczyk et al. [36], which
has a more complicated virial inequality than the one we use here, even though in the case with
symmetries which eliminate translations in [21] we were able to prove the stabilization in the
presence of very general configurations of internal eigenvalues.

Potentially, small p is problematic because the key for the stabilization is given by the linear
dispersion of the continuous mode 7 and by the friction exerted on the discrete mode z contained
in (1.17) by the nonlinear interaction with the continuous mode 1 by means of the nonlinear
Fermi Golden Rule (FGR) (here z is like the variable of a finite dimensional hamiltonian system
which is embedded and not well isolated inside an infinite dimensional one, so it is slowly losing
all its energy; the notion was introduced by Sigal [61]). The fact that dispersion occurs even with
such low values of p is remarkable, in view of how difficult and central has been in the litera-
ture the problem of dealing with dispersion in the presence of a nonlinearity, which has lead to
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milestones like Klainerman’s vector fields and null forms, see for instance [32], Shatah’s normal
forms [60] and Christodoulou’s conformal mapping [14], see also the discussion in Strauss [64].
Notice that a version of Theorem 1.5, with u = ), is false near O for p < 5 and a counterexample
to (1.19) is given by the ground states u(t, x) = e!“@,, since || ¢, 1 — 0as w — 0+.For p >3
by Ozawa [54] for any u,. € L>2(R), the space defined in (2.16) below, and both for focusing and
defocusing equation there exists a solution u of (1.1) with |ju(t) — eis(”')ei"r’xqur 2@y =0@™%)
with « > 1/2 and for an appropriate real phase S(#, x), which is equal to 0 if p > 3. Since for
|x] <1 we have eitafmr(x) = \/Lz_itei%it}(O) + O(~%) with « > 1/2, in the generic case with
14 (0) # 0 we conclude that lull 2R, 22(x|<1y) = +00. For p € (1, 3) it is known that nonzero
solutions of the defocusing equation behave differently from the solutions of the linear equation
and we do not know if a result like (1.19) with u = n is false. The above considerations show
that generally equation (1.1) displays better dispersive properties near the ground state than near
0. In fact, as we have seen, there is more dispersion near the soliton than near vacuum for the
constant coefficient linear equation, due to the fact that the linearization at the ground state is
better behaved in terms of the Kato smoothing, that is [30], in view of Proposition 1.3, while the
operator —8)% has a resonance.

We state here briefly the main ingredients of the proof. First of all, we use our notion of
Refined Profile to find a particularly favorable ansatz for our solution. Thanks to this ansatz we
obtain various convenient cancellations and good estimates for the discrete components of our
solution. The ansatz is also particularly convenient to prove the FGR, both in the rather simple
spectral configuration considered here, but also in much more complicated situations like for
example in [22]. Next we use the first virial inequality of Kowalczyk et al. [33-36], which can
be traced to the work of Martel and Merle, see for example [51] and therein, and Merle and
Raphael, see for example [52] and therein, and earlier in Kato [31]. The crux is represented
by the (almost) positive commutator formula (6.6) and by the remarkable pure power inequality
(6.16). It is thanks to the flexibility and robustness of this tool that we can deal with low values of
p. Finally we prove a low energy dispersive estimate. Here, like in [18], we modify the approach
of Kowalczyk et al. [35], Martel [49,50] and Rialland [57,58] by replacing their second virial
inequality with a smoothing estimate. The advantage is that we can deal with equations which
are not small perturbations of the cubic NLS, contrary to Martel [49,50] and Rialland [57,58].
As we discussed at length in [18], all is needed is a smoothing estimate for the continuous mode
n multiplied by a cutoff. We can derive it easily by multiplying the equation of 1 by a cutoff.
In this way the term f (1) once multiplied by the cutoff is easy to bound. Compared to [18], we
benefit by a better smoothing estimate proved in [20].

Besides the papers involving the virial inequalities there is also a large literature which uses
dispersive estimates for problems which are related but in general are different from the one we
consider here, for example and without trying to give a complete list [10,25-29,53], [38—48]. In
general these methods seem to require quite regular u — f(u), so they do not seem applicable
here. An interesting mixing of phase space analysis and virial inequalities is in Palacios and
Pusateri [55]. Germain and Collot [12] have recovered and partially generalized Martel [49] by
using very different methods. Li and Luhrmann [40] for the cubic NLS partially recover the result
obtained using the integrable structure by [24] with methods which do not exploit explicitly
the integrable structure of the cubic NLS. A rather long list of references on the asymptotic
stability of ground states of the NLS up until 2020 is in our survey [16]. While here we deal with
exponents p < 2, it remains a fascinating classical open problem to deal with the whole range
pe(1,5).
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2. Linearization

We return to a discussion of the linearization (1.8). First of all we notice

o 0 1 1
3 (ml—l u(@x)) = w7 T (A pu) (Vo) for A, = R 2.1

1
so that in particular A pu = 9y,—1 @771 u(/wx). Weinstein [66] showed that for 1 < p < 5 the
generalized kernel N, (L) := U?"zlkerﬁf in H' (R, C?) is

womael(0)-(5)- () () e

By symmetry reasons, it known that the spectrum o (£) € C is symmetric by reflection with
respect of the coordinate axes. Furthermore, by Krieger and Schlag [37, p. 909] we know
that o (£) € iR. By standard Analytic Fredholm theory the essential spectrum is (—ooi, —i] U
[i, +o00i). As we mentioned in Statement 1.2, Krieger and Schlag [37, pp. 914-915] prove that £
has no eigenvalues iyu with u > 1.

Let us consider the orthogonal decomposition

L*(R, C?) = Ng (L) @D N;-(£5). (2.3)

We have, for A = A(p, @), a further decomposition
Ng(L*) =ker(L — ir(p)) @D ker(L +ir(p)) @D X where (2.4)
X, = (Ng (L") @D ker(L* — ir(p)) D ker(L* + i,\w))L . (2.5)

We denote by P. the projection of LZ(R, C?) onto X.(w) associated with the above decomposi-
tions. We have the following.

Lemma 2.1. Consider the pg in Statement 1.2. Then for p € (po, 3) the algebraic and dimension
of the eigenvalue i\(p) is one and ker (L —iA(p)) C Hrlad (]R, (CZ), see Notation 2.3 below.
Proof. First of all, Coles and Gustafson [11] show that dimker (£ — iA(p)) = 1 for p close to 3.
Next, we show later in Lemma 8.1 that dimker (£ —iA(p)) = N, (£ —iA(p)) if A(p) € (0, 1).
Since L is analytic of type (A) in p the eigenvalue A(p) depends analytically on p € (po, 3), see
[56, Ch. 12]. Since A(p) remains an isolated eigenvalue for p € (pg, 3), then dimker (£ — iA(p))
remains constant.

Turning to the parity of the elements of ker (£ —ii(p)), for p close to 3 they are indeed
even, as is shown in [18, Formula 11.8]. Then again we can conclude that this is true for all

p€(po,3). O

The space L*(R, C?) and the action of £,, on it is obtained by first identifying L>(R, C) =
L*(R,R?) and then by extending this action to the completion of L*(R,R?) ®r C which is
identified with L2(R, C?). In C we consider the inner product,

7
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(z, w)c =Re{zw} = z1w1 + 2wy where a; =Rea, ay=Imafora=z, w.

This obviously coincides with the inner product in R? and expands as the standard sesquilinear
(X,Y)c2 = XTY (row column product, vectors here are columns) form in C2. The operator of
multiplication by i in C = R? extends into the linear operator J ! = —J where

0 1
(),
For u, v € L2(R, C2) we set (i, v) := fR (u(x), v(x))c2dx. We have a natural symplectic form
given by Q := (J_l~, ) in both L2(R, C?) and L%(R, R?) = L%(R, C), where equation (1.1) is
the Hamiltonian system in L?(R, C) with Hamiltonian the energy E in (1.4). As we mentioned
we consider a generator £ € ker(£ —iA(p)). Then for the complex conjugate & € ker(L +iA(p)).
Notice that the well known and elementary identity J £ = —L£*J implies that ker(L* +ir(p)) =

span {J&} and ker(L* — ir(p)) = span {Jg} All the above is discussed also in [18] where we
recalled why we can use the normalization

Q(,8) =i (2.6)
and that furthermore we can assume
& =(&,&)T with& eR and & €iR, 2.7
so that (2.6) becomes
/ g Im&dx =271 (2.8)
R

Notice also that £ is even in x as discussed in Lemma 2.1.
Lemma 2.2. There exists py € (po, 2) such that for p € (po, 2] we have the point—wise estimate

|&(x)| < Cpe  FIWI=HP), 2.9)

(11 R A
U_<i _i>, U _5(1 i) (2.10)

we have U~ JU = ig3 so that

Proof. Introducing

U~'L,U =iH, where H, = o3 (—a§+w)+vw, @.11)

-1 . p+1 .p—1 p+1
th My =—
x) w1 0 ( > 03 +1 > Uz) >

V,, := wMosech? <J5p

where we recall the Pauli matrices
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alz((l) (1)>, 02=<(i) ?;), 03=<(1) _01> (2.12)
Then for Hy = 03 (—83 + 1), H=H,|,— and V = V,|,—; we have
(Hy—A(p) +V)w=0forw:= U71.§.
It follows that, for diag(a, b) the diagonal matrix with first a and then b on the diagonal,
w = —diag (R_y2 (+(p) = 1), —R_yp (=4(p) = D) Vw

so that pointwise we have

)| 5/e—\x—y\dl—x(mg—(p—l)ww|w(y)|dy,
R

Since w € L*(R) by /1 —A(p) < 277 for p > po we can pick pp so that o/T—A(p) <p—1
for p € (po, 2]. Then by the triangular inequality

/ef|xfy|¢1fx(p)ef(pfmy\|w(y)|dy Sef|x|¢1fx<p>/e(wfx(p)f(pfn)\yldy”w”Lw

R R
yields the following and so also (2.9),
w)| Se VTP g
Notation 2.3. We will use the following miscellanea of notations and definitions.
1. Given a Banach space X, xo € X and r > 0 we denote Dy (xo, r) the open ball in X of center

xo € X and radius r.
2. We will set

e(®) :=E(do), q(@) := Q(¢o) and d(w) := e(») + wq(®). (2.13)

W

. For z € C we will use z1 =Rez and zp =Imz.
4. Like in the theory of Kowalczyk et al. [35], we consider constants A, B, €, § > 0 satisfying

log(8™") > log(e ) > A> B2 > B> 1. 2.14)
Here we will take A ~ B3, see Sect. 7 below, but in fact A ~ B" for any n > 2 would make
no difference.

5. The notation o, (1) means a function in & such that

e—>01

0,(1) —— 0. (2.15)

9
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6. For k € (0, 1) fixed in terms of p and small enough, we consider

Inllzes = | (x)° nHLP(]R) where (x) ;== v/ 1 4+ x2, (2.16)
2 , _1 2
Inlls, :=|(sech| —x | n + A sech| —x | n and 2.17)
A LZ(]R) A LZ(R)
11l = llsech (cwox) 1ll 2w, - (2.18)
7. We set
Cy:={z€eC:+Imz> 0} (2.19)

8. The point iw is a resonance for £,, if there exists a nonzero v € L (R, C?) such that £,v =
iwv. Notice that for p = 3 the point iw is a resonance.

9. Given two Banach spaces X and Y we denote by L£(X,Y) the space of continuous linear
operators from X to Y. We write £(X) := L(X, X).

10. We have denoted by P. the projection on the space (2.5) associated to the spectral decompo-
sition (2.4) of the operator L. Later in (2.11) we will introduce an operator H,, which is an
equivalent to £, and obtained from L, by a simple conjugation. By an abuse of notation we
will continue to denote by P, the analogous spectral projection to the continuous spectrum
component, only of H,, this time.

11. We have the following elementary formulas,

=ulP'X 4+ (p — Dlul”u (u, X)c and

_d -1
Df)X = < (|u +iXP +tX)) B

(2.20)

D’ f(u)X? = %Df(u +1X)X

t=0

=2(p — DIuP X (u, X)¢ + (p — Dl 2ulX1* + (p — D(p — Dul”>u (u, X)% .
(2.21)

12. Following the framework in Kowalczyk et al. [35] we fix an even function x € C2°(R, [0, 1])
satisfying

Ii—1,11 < x < 1j=2,2) and xx'(x) <0andset xc :=x(-/C)foraC>0. (2.22)

13. We denote by Hrlad(R) = Hrlad(R, C) the space of even functions in H'(R, C). O
The group e'Lo is well defined in L%(R, C?), leaves invariant L2(R, R?) and the terms of the
direct sums in (2.3) and (2.4). The following result is an immediate consequence of a Proposition

8.1 in Krieger and Schlag [37] if p € F in (1.15), since then £,, is admissible in the sense
indicated in [37].

10
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Proposition 2.4. For any fixed s > 3/2 there is a constant C,, such that
|PeeCo L2 (R, C2) — L2 SR, CH| < Cp (1)"2 forallt eR. O  (2.23)
For the proof of the following, we refer to [20].

Proposition 2.5. Let p € F. Fors > 3/2 and © > 1/2 there exists a constant C > 0 such that

t

/ ek Po(w)g(t)dt’ < Cligl 2w 12 Ry for all g € LR, L™ (R)).
0 L2(R,L25(R))

(2.24)
For the proof of the following, we refer to [18].

Proposition 2.6 (Kato smoothing). Let p € F. For any w and for any s > 1 there exists ¢ > such
that

e 5o Peuoll 2 12~ ry) < clluoll 2q)- (2.25)
3. Refined profile, modulation, continuation argument and proof of Theorem 1.5
It is well known, see Weinstein [66], that
S= {e%””%w(-—o):ﬁ,D,ueR,w>o} 3.1)

is a symplectic submanifold of L?(R, C). We set

olz] = ¢ + Pzl with ¢[z] := (z€ + 7). (3.2)

For functions
Orlzl = Brlzl, Brlzl, 0,0, Zrlz]) (3.3)
in part to be determined below we introduce

Zlz] =7Z0lz] + Zrlz] with Zo[z] = ir(p)z
Hzl= 1+ 9grlz] and @[z] = Drlz], ¥lz]=0and D[z] =0.

Proposition 3.1. There exist constants C1, 61 > 0 and a map @R['] :Dc(0,681) —> R* x C like
in (3.3) s.t. the following holds:

i we have
|@R[Z]| <zl (3.4)

11
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ii if we set
Rlz]:= 93¢l + f ($lz]) — D[] +iBA polz] +iD. Iz ]z, (3.5)
we have for some fixed k > 0
Il cosh (xx) Rzl 2y S 1217, (3.6)
with furthermore the following orthogonality conditions, for z1 = Rez and zo =Imz,

(iR[z], ¢lz]) = (iR[z], iA poplz]) = (iR[z], xp[z]) = (iR[z], 10 p[2]) (3.7)
=(iR[z].i0;,0[z]) =0, forall j =1,2;

iii we have O[] € C'(Dc(0,81));
iv O[] is twice differentiable in 7 = 0.

Proof. Let us set
Riz]:= (¢ + $lz]) — f(#) — Df ($)¢lz]. (3.8)
From (1.7),
D321z = Llz) = —i (~033lz] + §lz1 - DF ($)3121)

adding also —¢” + ¢ — f(¢) = 0 we obtain

Rzl = 82¢[z] + f(¢lz]) — Blz] + iD.¢[z]Z0. (3.9)
Claim 3.2. We have
IR[z2]] S |z [2eI@-p=2VT=20), (3.10)

Proof. By Lemma 2.2 have |$[z]| < |zle*W1=A(P) We distinguish two case.

Case 1. Let |[z]] < [$/2. By |¢| ~ e ™l and | f” (¢ + t¢lz])| ~ e~ P~ for z € (0, 1) we
have

RIS sup | £ (¢ + tlz])| 1zPe 2K IVITHD) < 7261 2-p=2VT=2()
te(0,1)

Case 2. Let |p[z]| > |¢|/2. Then
e ¥l < |$[Z]| < |Z|e—|x\\/1—A(P) — elxl(—l+m) <zl G.11)
and

12
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|§[Z]| < |$[Z]|P < |Z|Pe—P|X|«/1—)L(P) < |Z|Pe—P|X\«/1—}»(17)|Z|2—PeIX\((2—p)—(2—p)\/l—l(p))

(3.12)
Now we set
R[z] = Rlz] — Drélz] + @R A pplz] — iDRdcplz] — —¢ 214D, ¢9[2ZR,

and impose that the orthogonality conditions (3.7) be satisfied. This yields

(RIz). iglz])
B Iﬂz],Ap(b[Z]) - ~ e~
Alz18], = ((Q[z],axqs[z])) for an unknown O = (., @, Dr, r,Zr) (3.13)
R[z], ix¢|z]
(RIz1, D:¢)

Alz]l = (3.14)

0 —(Apolzl, 9l2]) —(D.¢lz], pl2])
(plz], Apolz]) 0 Wﬂ W —(iD.9lz], A polz]

0 —[1ApgbFovpIz]] ||¢[z1|| — (iD-plet0xPI2])

0 W H¢[z I, W
(#lz), D:¢lzl)  —(iAp¢lzl, Doglz]) W M (iD;¢[z], D.¢[2])

where the canceled terms are null because by (1.3) and Lemma 2.1 the function ¢[z] is even in
x and so

<13x¢[2 Apdl Z]) <i3x¢[Z], Ap¢[Z]) = (iD;¢[z]E, 0x¢[z])
= (iD.;¢[z]E,10,¢[z]) =0 forany E € C.

In particular, near z = 0 we have

0 E=2q(1) 0 0 0(2)

hq() 0 0 0 0(2)
A= o 0 0 ~Helzl2, 0 |[+0EH. G15)

0 0 —3lgll3, 0 0

0(z) 0(2) 0 0 J

So we get
rlz] = A" [z]v[z] with

vlz] = ((k‘[z], iglz]). (RIz]. Apolz]). (Rlz}-35pT2]). (RIz}-ixa1z]]. (RIz], quﬁ))T

13
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where the two canceled terms are null because R] [z] is an even function in x. This immediately
implies from system (3.13) that

Dr =7r =0.
Properties i, iii and iv need to be checked for v[z]. The inequality
oLzl < 12l
follows immediately from (3.10). By dominated convergence, v[-] € C 0(Dc(0, 81)). This im-

plies (3.4) and ®R[ 1e (D¢ (0, 81)).
Next we consider (notice that 7 — ¢[Z] is linear)

=(f'(¢+olzD) — f' @) D.plz] = (f'(¢ + dlz]) — f'(#)) D.B[0L.
Claim 3.3. We have the pointwise estimate
1(f/ (@ + BLz) — f(@)) DBIO]] S |z]ePC—P—2VT=2), (3.16)

Proof. For |¢[z]| < |$1/2, by |¢| ~ e~ and | f" (¢ + tlz])| ~ e =21 for 7 € (0, 1) we
have

|(f'(¢ +¢lzD) — £ (@) D0 < sup | " (¢ + tolz1)| |z]le 2 IVI=AP)
< |Z|e|x|(2—[7—2m).
For |$[z]] > |¢| like in (3.11)~(3.12)

|(f'(¢ + dlz)) — £/ (@) D01 S [plz]|P~ e FIVIAP) < |7 p=l o mplrIVI=A(p)
< |Z|p—le—pIXI«/1—k(p)|Z|2—pe|x|((2—p)—(2—p)«/1—>~(p>) < |Z|eIXI(2—p—2«/1—k(p)). O

Claim 3.3 allows to conclude that we can use differentiation under the integral and that v[-] €
C' (D¢ (0, 8)) with

[Dovlz]| Szl

This in turn implies O[] € C! (D¢ (0, 81)) with a similar bound.
We consider now, formally

DRIzl = f"(¢ + dlz))(D:[z])* = f" (¢ + $lz]) (D, H[0])>.

Now we write
D,R(z] — D?R[01z = (f'(¢ + dlz]) — f'(¢) — " (¢)¢lz]) D $[0] =

14
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For |[z]] < |¢1/2, by | " (@ + tslzD)| S| £ ()] for s, T € [0, 1] and &g > 0 small,

|plz])' 0

o ¢'~*|D.$0]|

111 < / | f" (¢ + tslzDldsdr|plz]| T4
[0,1]2
< |Z|1+€oe|x\(2+60—p—2«/1—)\(p_)).

For |$[z]| 2 |¢| we similarly have
11 S 11211771 D-I0]] S [2|P~" e PHIVTHD)
< |7]P~ e PRIVIZRD) |7 2= pe0 x| 2= p+e0) 1=VI=AD)) < || 1+e0 plxI (2+e0—p=2VT=A(P))
Now let us consider the following component of v[z] (the other can be treated similarly)
(Rlzl, iglz]) = (Rlzl, i¢) + (Rlz1, ilz) = I Iy + [ Io.
Then

. (D;Rlzl,i¢) — (D2RI0]z, ip) _
z—0 |z]

which implies the differentiability of 77; at z = 0. The same is true for I, with differential 0
at z = 0. Since the other components of v[z] can be treated similarly, this gives the 2nd order
differentiability of v[z], and thus also of ®[z],atz=0. O

1
If (D jgu)(x) :== @ P Tu(/wx) we get the following.

Lemma 3.4. Set ¢[w, z](x) := a)ﬁ ¢[z)(Jwx). Then

Rlw, 7] = 82¢lw, 2] + f(¢plw, z]) — Flw, zlplo, 2] + idlo, 2]1d.dlw, 2] +iD.¢lo, zZlw, 2]
(3.17)

for

Rlw, z](x) := 07T R[z](V/@x), (3.18)

Ho, z]:=wd[z], @lw,z]=alz] andZw, 7] = ©Zlz].

Furthermore, we have the following orthogonality properties,

(iRlw, 7], ¢lw, z]) = (iR[w, z], 10y Plw, z])
= (iR[w, 7], x¢[w, z]) = (iR[w, z], 10y P[w, z]) (3.19)
=(iR[w, z].id;;¢[w, 2]) =0, forall j =1,2.

15
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Proof. Notice that

D=0 20D 5 . Dgx=0'"xD g5and D 4 f(plz]) =0 f($lo, 2).

So that applying D_/; to equation (3.5) and using [D /5, Ap] =0 we obtain
D Rz = 00} lw, 2]+ 0! f($lo. 2]) — Plzlplw, 2] +iBA pplo. 2] +iD plw, 217,

Multiplying by w, using dy¢[w, z] = a)_lquS[a), z] and the definitions in (3.18) we obtain
(3.17).
The orthogonality properties (3.19) follow immediately from (3.7). O

Lemma 3.5. Ser ¢p[w, v, 7] := e%”d)[w, z]. Then

Rl[w,v,z] = 82plw, v, 2] + f(Plw, v, 2]) — Fw, v, zlp[w, v, 2] + iB[w, v, 2]dplw, v, Z]
(3.20)

+iD.¢lw, v, zIZ[w, v, z] — vdy@lw, v, 2],
for

Rlw,v.z] = e R[w,z]. &lw.v.z] =drlw, v, ) with rlo, v, 7] = drlzl, (3.21)

Zlw, v, z] =Z0lw, v, 21 + Tr[w, v, 2] with Zplw, v, z] = iwWA(p)z and Zr[w, v, z] = WZR[Z],

2
HHw, v,z =w — vZ + drlw, v, z] with Or[w, v, 7] = WIR[z].

Furthermore, we have the following orthogonality properties,

(iR[w, v, z], ¢plw, v, z]) = (iR[w, v, z], 10u,@[w, v, Z])
= (iR[w, v, 7], x¢plw, v, z]) = (iR[w, v, 7], 10xP[w, v, Z]) (3.22)
(iRlw, v, 2],10;plw, v, 2]) =0, forall j=1,2.

Proof. We multiply (3.17) by ¢7"* and use

e%vxa2¢[w _ 2 U_z 3
X 7Z]_8x¢[a)7vvz]+ 4¢[CU,U,Z] 1U8X¢[wvv7z]

obtaining the following, which yields (3.20),

. 2
2 Rlw, 7] = 2¢lw. v, 2] + ”ﬂ[w, v, 2] — iWdsplw, v, 2] + f(lw. v, 2])

— Vo, 21¢[w, v, 2] + B[, Jduplo, v, 2] +iD.lo, 212w, v, 2].
The orthogonality properties (3.22) follow immediately from (3.7). O

16
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Let now

v[w, v, z] =0 and 5[(», v,z]l=v

and

®=0,w,D,v,2),
Or[0O] = Frlw, v, 2], Brlo, v,7],0,0,Zr[w, v, z]) and (3.23)
O[0] = (P, v, z], @, v, 2], 0, v, Z[w, v, z]) and

¢[®] — eil?—iDaxe%Ux(p[w’ Z]-

The proof of the following modulation is standard, see Stuart [65].
For w, § € Ry := (0, 0o0) we consider the orbit

Uw.8):= ] e ™Dy g, (0.6
99,x0€R

of the ball Dy1(r ) (¢w, ), see Notation 2.3.

Lemma 3.6 (Modulation). Let wg > 0. There exists an 8y > 0 and © € C' U (wy, 89), R* x C)
such that for any u € U (wyp, 8o)

n(u) := e PWHPWAh Y _ 410 ()] satisfies (3.24)
<in(u), e P WHDWI Do 61O 6o :> —0, forall E € R* x C.
Furthermore we have the identities

w@O) =0, v P%y) =), z2(TP%u) = z(u)
B (P07 P0% )y — 9 (1) + ¥ and
D(eiﬂ"_DOa‘u) =D(u)+ Dy. O

We have now the ansatz
u=e?P% (plw,v, 2]+ 1) = (9 =Dk g v (o + 1) Where r = ¢lw, z] + e_%”xn.(3.25)
We can prove that if ug € Dy (R, (dwy, ) then there exist (%, D) = (¥ (¢), D)(¢) such that
u — ef= D% w1 S 8 for all values of time. (3.26)

Notice now that

17



S. Cuccagna and M. Maeda Journal of Differential Equations 440 (2025) 113451

i U2
E (ezvxu) =E (i) + vP() + Q) and (3.27)

i vx v
= = . 2
P(e2u) =P w) + SQ) (3.28)
In analogy to Stuart [65, pp. 67-68] we consider

v2(0)
4

H(u) :=Eu) + <w + > Q(u) — v(O)P(u).

Entering the ansatz in (3.25) we get
Hw) = H(e™ (@0 +1))

i v*(0)
=E(e2" (¢ +1) + (w + T> Q(@w +1) = v(O)PE2™ (¢ +1))

v2(0 2 _20(0
()+v v(0)v
4 4

(v —v(0))2
e

=E(@¢o +1) + (a) + ) Q@w + 1)+ (v —v(0)P(¢y, + 1)

=E(¢o + 1) + (w ) Q@ + 1)+ (v —v(0)P(py +1).

Then expanding the above functionals around ¢,, we obtain

_ 2
Hu) =d(o) + %q(w) + (VE@u) 4+ Q@) + (v — v(0) VP(y,). 1)+

(v —v(0))?

1
T (VQ@.) + Ev2Q<¢w>r, r+

1
+ ([ VEG) + 0V | ) +

1
+ 5 (0 = vO)(V2P(@o)r, 1) + ol 70)

where the canceled term is null by (1.7). Since r = ¢[w, z] + n, we have

(VP(¢), 1) = — (10x¢p, 1) = —(101 bt Z1] — (1050, 1) = O (2l I7ll5)

where the cancellation is due to the fact that 9, ¢,, is odd and 5 [w, z] is even and the last equality
follows from the modulation. So

—v(0))* 1
H(u) =d(w) + Wq(w) + 5 ([ V2E@0) +0V2Q0) | )+ ollir I3y + (0 = 0(0)?)

where we use
2 2 2
P12, ~ 121 + 1%,
which follows by modulation. Since we have

18
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v%(0)
4

H(uo) = E(uo) + (w(t) + ) Q(uo) — v(0)P(uo)

1
= d@O) + 5 (| VE@u0) + 0V Q0(0) | 1(0).r0))
+ (@1 = ©(0)g@O) +o(lIr O)]})

then by H(u(t)) = H(up) and d'(w) = q(w) we get

(v —v(0))?

d(®) — d(@(0)) — (@ — w(0)d'(@(0) + )

1
4@ + ([ VE@o) +0V2Q@0) | r.1)

SIr )3, < 8%

Since
([V2E@o) +oV2Q@0) |1 1) 2 Ir1,
and
d’(w(0
4@ —d(0) ~ © - 0O @O = =2 0~ 00 +0 (- 00))

with d”(w(0)) > 0 and by |w(0) — wp| < § we conclude that
lw — wo| + v —v(0)| + |z| + lInll 1 < 8 for all values of time. (3.29)
The proof of Theorem 1.5 is mainly based on the following continuation argument.
Proposition 3.7. There exists a 5o = 8o(€) s.t. if

Il + 10l 20 5 + 10 = Bll gy + 122 2y < € (3.30)

holds for 1 = [0, T for some T > 0 and for § € (0, 8o) then in fact for I = [0, T] inequality
(3.30) holds for € replaced by o.(1)e.

Notice that this implies that in fact the result is true for / = R;. We will split the proof
of Proposition 3.7 in a number of partial results obtained assuming the hypotheses of Proposi-
tion 3.7.

Proposition 3.8. We have

1% — EHLI(I) +llo =l + ID— vilpiy + 10l S e, (3.31)
12 =2l 2y S de. (3.32)
Izl Looqry S 8- (3.33)
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Proposition 3.9 (Fermi Golden Rule (FGR) estimate). We have

12211 2 S A7 (3.34)

Proposition 3.10 (Virial inequality). We have

Il 220 S A8+ 1220 2y + Il 2.5 + €7 (3.35)
Notice that A8 < A~'e? = 05-1(1)€? in (3.35).

Proposition 3.11 (Smoothing inequality). We have

||77||L2(1’§) 503—1(1)6. (336)

Proof of Theorem 1.5. It is straightforward that Propositions 3.8-3.11 imply Proposition 3.7
and thus the fact that we can take / = R in all the above inequalities. This in particular implies
(1.20). By z € L*(R4) and z € L>°(R,.) we have (1.21).

We next focus on the limit (1.19). We first rewrite our equation, entering the ansatz (3.25) in
(1.1) and using (3.17) we obtain

N+ idn — Doy + e P TP% Doe[e] (6 — ©)
=920 +i(f(@lw, v, 21+ 1) — f(¢lw, v, zD) +iR[w, v, z]. (3.37)

Then we can proceed like in [18] considering

a() =277 g,
and by obvious cancellations and orbital stability getting

a— l(l:e—Za(x)’ iaf] " Tl) i %D([e‘z’l("), 3x] 0, 77> _ <e—iz9+DBXD®¢[®] (6 (:)) ’ e—2a(x)n)

2
(3.38)

+ <e—“<x> ((f @l v, 2]+ 1) — f(@lo,v,2]) +iRlw,v,2]), e“‘<">n> = 0(8?) for all times.

Since we already know from (1.20) that a € LY(R), we conclude that a(7) Iztoo 0. Notice that
the integration by parts in (3.38) can be made rigorous considering that if ug € H>(R) by the well
known regularity result by Kato, see [6], we have n € cY (IR, H 2(]R)) and the above argument is
correct and by a standard density argument the result can be extended to ug € H' (R).

We prove (1.21). Here, notice that by orbital stability we can take a > 0 such that we have the
following, which will be used below,

™2 Z max{lplw (), v(1), z 1], [plw (), v(@), 217~} forall 1 € R. (3.39)
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Since Q(¢,) = q(w) is strictly monotonic in w, it suffices to show the Q(¢)) converges as
t — oo. From the conservation of Q, the exponential decay of ¢[w, v, z], (1.19) and (1.20), we
have

Jlim (Qo) = Qbw(r)) — Qn(1))) =0. (3.40)

Thus, our task is now to prove j—tQ(n) € L', which is sufficient to show the convergence of Q(7).
Now, from (3.37), we have

d . —i i . ~
QU = (n.i) = = 1.7+ Dogle] (6 - B))
+ ., 1(f @lo, v, z]+n) = f(@lw,v,2])) + (1, iR[w, v, 2])
—I+11+1I1.

By the bound of the 1st and the 3rd term of (3.30), we have I € L'(Ry). 111 € L'(R,) follows
from (3.6) and |z|*> € L2(R.). So the key term is /1. We partition for s € (0, 1) the line where x
lives as

Qirs={x eR|[sn@, x)| <2[plw(), v(t), z(1)]|} and
Qs =R\ Qs ={x eR [ [sn(, x)| > 2|¢plw(), v(), z()]]}.
Then, we have

1

=Y [ [ GDf@lo.v0).201+ snOmo. e dx

J:1,20 Qjm,s

=:15(t)+ 11(1).

For 111, by (2.21), we have

1
|111(t)|§/ds / |(iDf (gl (1), v(1), 2] +sn(O))n (1), n(1))c | dx
0

Ql.t,s

1
§/ds / lplo (1), v(t), 2()] + sn@)|P~ (1) |* dx
0

Qs

5/|¢[w<r),v(r>,z<r)1|f’”|n<r>|2dx
R

SN0 g, € L' R4).

Turning to 11>, by exploiting (Df (sn(¢))n(t),in(t))c = 0, which can be easily checked from
(2.20), we write
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112(t)=—/ds / (Df (@lw(®), v(t), 2]+ sn()n(2) — Df (sn(@))n(),in(1))c dx
[0.1] S

=- / drds / (D? Faelo®). o). 201+ snO) @l (0). (), 2001 n®)). in(®))  d.
[0,112 Q15

Then by |sn(t, x)| > 2|¢[w(t), v(t), z(t)]], (3.39) and orbital stability we have the following,
which yields (1.21),

11L(1)] S / dtds / Isn(O172plw (1), v(1), 2(O]] In(t)|*dx

[0,112 D1.s
< / ds f Bl @), v(0), zONP~" In(@)]*dx
[0.1] Qs

SOl g, € L' R).
Finally we prove (1.22). Like in (3.40) and using (1.21) and (3.28) we have
v(1)
(P(uo) - TQ(er) - P(n(t))) .
(3.41)

0=_1tim_(P(uo) — P(e?"*¢,) — P(1(1)))

lim = lim
t——+o0 t—400

So the key is to show j—lP(n) e L' (R,). We have

d . . . . .~
) =~ fiden, i) = (10.n, 7P Dogl0] (6 - &)
—(10xn, 1(f (Plw, v, z] + 1) — f(Plw, v, z]))) — (10«7, iR[w, v, z])
=Ji+ 4+ /5.
Like for I and 711 above we have Jy, J3 € Ll(RJr) so we turn to J, which we write

1

h=— / ds (f (@, v. 2]+ 1) — f(@le. v, 2)) — Df (s)n. dym)

(=}

—_

le(t)z—/ds f ([Df @), v(®), z(t)] + sn(1)) — Df (sn(@)] (1), dxn(®)) ¢ dx.

0 Ql,l‘s
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Then

1

|J21()] sfds / Bl (@), v(@), 2O~ In@11dnOldx S le™ 0013 g, € L' R).
0 Ql‘!,x

We have
J2n ()

= [ dras [ (D2restom. 00,201+ s10) 0900, 00,20 20,

[0,172 Qi

so that we get the following, which completes the proof of (1.22),

|J22(0)] < / dt ds sP~* / InOIP21plo (1), v(t), 2O 2P In()] 180 ()] dx

(0,112 Q2,15

§f|¢[w(t>, v@®), zOWP " IOl dx S e @113 ) € L' (R4). D
R

4. Proof of Proposition 3.8
We will need the following.
Lemma 4.1. For v € {igp[w, v, 2], 30w, v, 2], dplw, v, 2], ixp[w, v, 2]} we have
[(f@lo,v, 214+ 0) — f(@lw,v,2) = Df @lo,v,2hn. WIS Il + 1zl @D
Furthermore we have
(£ @l v, 21+ 1) — f(lw, v, 2]) = Df ($lo, v, 20, 3, plw, v, 21) | S InlE.  42)
Proof. We start with the following.
Claim 4.2. For v € {ig[w, v, 7], ixp[w, v, 2]} we have
|(f@lo.v.21+0) — f(plw,v.2]) — Df Blo.v.2Dn. V) | S Inlk. (4.3)

Proof. We start here with v =i¢[w, v, z]. Notice that the constant i does not play a particular
role. Set for s € (0, 1)

Q) =x eR | 2lsn(r,x)| < [plw(®), v(1), 2(1)]]} and

@, =R\Q, = {xeR[2sn(t, )| > [plo®), v(t), 2]}
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and split

(f@lw,v,z]+n) — f(¢lw,v,2]) — Df (@lw, v, 2D, iplw, v, z]) = 11(t) + I2(t) for

1
1) = f ds / ([Df ($lw, v, 21 + s1) — DF @, v, zD] 0. ilw, v, 2Dy dx.
0 a,
We have

) = f dr ds s / (D27 9lo, v, 21 +sTma m) iglo, v,21)_ dx

[0, 172 Q

1.t,s

with

IAGIS / dr ds f |plo, v, 2P~ nPdx < linll

(0,112 Q)

1,t,s

We have the following, which completes the proof of (4.1) for v=i¢[w, v, z],

|12<t)|5/ ds / |¢[w,v,z]||n|"dx5/ ds / Lo, v, 2117~ In 7P [n|Pdx < |Inll%.
0.0 @, 0.1,

For v =1ix¢[w, v, z] the argument is similar. O

We continue the proof of Lemma 4.1 considering the case v = dx¢[w, v, 7] = %vd)[(o, v, z] +

e3vx dyplw, z]. It is enough to focus on the following terms

1
/dS<[Df(¢[w, vzl +sn) — Df (dlo, v,z])]n,e%’”axfﬁ[w,z])m(g,, )
0 1t

N =K1+ K>
Q/

i)

1
+ [ ds(1Df @l .21+ 5 - DF @l v DI 40,10, (
0

in corresponding to a partition

Q, ={x €R | |go| > |p[w, ]| and |3, ¢u| > |3, p[w, 2]} and Q5 , =R\ ,.

Since |0x¢o| S |@| for K1 we can repeat the arguments in Claim 4.2 replacing in the inequalities
aydlw, z] with ¢[w, z]. So K satisfies the same bounds in (4.3). Next, we split

K> =K3+ K4
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in correspondence to a partition

Qy, =94, U, with
Li={x €9, | ¢l S1dlo, 2]l and |9:¢0| > [0:Plw, 21|} and
Q= {x e, | 10:00] S l0:dlo. 211}.

Then for K3 we can bound |9, ¢[w, z]| < [0xde| < |del < |¢[w, z]1| and we have

I
|K3| S/ds / |Df ($lw, v, 2] + s1) — Df ($lo, v, 2| |n| |¢le, z]|dx. 4.4)
0

Q3
Claim 4.3. |K3| < [l + |z|*.

Proof. We split

U =X €@, Il 2 Iglo, 2]} and @5, =lx e, lsnl < Ilw, 211}

Then we split K3 = K31 + K33

~ 4
|1<31|5/ds / |n|”|¢[w,z1|dsS/e"xW“—W(|z|4+|n|l’3)5||n||§+|z|4

0 e, R

since we have p > 3/2. Next we have

Kol [ dsdr [ D@tz v tonl ol 1Bl 2l

[0,1]2 Q/l/,3.t,s

< [ ds dv / lplw, 211772 |snP~ 14270 || |plw, z]ldx

[0,11? LT

S / nl?|plw, 21l S Inllg + 1z1*. O
R

Now we consider K4. We have

1

|K4|§/ds/ DS (lw, v. 2] +51) — DF @lw, v, 2D 1] 1953w, 21ldx.

R
Splitting
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Tars =€, r Isn2lglo, 2]l and Q5 4, = {xeQy,: |sn] K Iplo,z]]}

then the proof of |K4| < ||n||2i +|z|* is similar to the proof of Claim 4.3.
Next, continuing the proof of Lemma 4.1 we consider case

v=eta, (07T Blel(Wam)) = e o (A pple)(ar).

By the definition of A in (2.1) we are reduced to the previous cases.
Finally, we look at the proof of (4.2). For v= 9., ¢[w, v, 0] We need to bound

1
[ @s (D@l v.21+ 51 = D@l v DY g Y=Lt L
0 s

j=12

Then

s [ ardss [ (D25 @001+ stn0 ), ldx

[0’1]2 S-2/1.2‘,s
S / dr dss / |p[w, 21|72 |sn|2 PP~ |ple~ HIVOVT=AD) g
0,172 Q]

1,t,s

Sflnlpe_‘x'ﬁ“_“”)dX§|I77II’§-
R

Finally we have the following, which completes the proof of (4.2),

ILz(t)ISde / snl?~" Inl [vldx S Inll%. O

[0,1] Q’ZM
Lemma 4.4. We have the estimates

19 =B+ 1o -]+ D — vl + [0 Sl* + InlE + 0%, . 4.5)
12 =21 Slzllinllg + InlE + %, +12l* (4.6)

Proof. Applying < ie~10+Dx D(.)qb[@]@) with ® € R* x C to (3.37) we have
<1‘7, je 10 +D0x D@¢[®]®> + <(iz'9 — Ddy) . iem 7D D@¢[@]®> 4.7
+(Do¢[O1(® — 8),iDe¢[0]0) (4.8)
=(n. (22 + Df 910, v.2) ) 7P Dogl01)

—(f(@lo.v.21+ 1) = f@lo, v.2D) = Df @lo, v.2Dn. e TP DeglO10)  (4.9)
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where the contribution of R[w, v, z] cancels by (3.22). Now we have
<1‘7, je 10 +Dox D@¢[®]®> —_ <r/, ie 17+ 2 4101 (©, @)) (4.10)
+ <n, i (i — Day) e~ +D0 D@¢[®]®>. @.11)
Setting also R[®] = =% R[w, v, 7], notice that equation (3.20) can be written as

92601 + f($[O)) +iDed[O1® = R[O].

Differentiating in ®, we obtain
(92 + DS (91OD) DedlO1© +iDEY[ON(B, ©) +DadO1DeBO = Do RIO1O.

Since  f(¢[O) = €V D% f(plw,v,z]) yields e VFPEDF(HONX = Df(plw,v
Z])e_hHDa‘X, we get

(n. (82 + Df @lw.v.2D)) 7" +P% DoglO1@) = (¢ ~P0en, (52 + Df (@10 DaglET)
= —(e“"m)fn, iD3$[01(0, ©) +iDeplOIPE 00 — D@R[e)]@)

where the cancellation follows by the modulation orthogonality (3.24). Entering this and (4.10)
in (4.7)—(4.9) and with the cancellation of (4.11) with the second term in line (4.7) we obtain

(DolO1(© — 8),iDep[O]0) — <n, ie™ 7 +D% D2 4(@](@, & — @)> 4.12)
{1 ie7 L RGBT, B)) = (¢!~ iDEHIOTE. ©)) + (P 1. DaRIOIO)
(1 @lo,v. 21+ 1) = [@lo, v.2) = Df @lo, v, 2Dy, e+ DoglO1O)

where the two canceled terms cancel each other. From this we get

— (& — @) (Buplo, v, 7], plw, v, 2]) + (D} — 0)(Plw, v 2kidt@, v, 2])

+ (D = D) (sl v 2491 v, 21) — (0 = Vi3 9l v 2t v, 21)

—(D.$lw, v, 21 =), plw, v, 21) + O (IInll51® — B)
= (n,iR[w, v, 2]) — (f(@lw, v, 2] + ) — f($lw,v,z]) — Df (plo, v, 21, iplw, v, 2])

where the canceled terms are null for elementary reasons related also for various cancellations in
the sequel of this lemma also to the fact that by (1.3) and Lemma 2.1 the function ¢[z] is even in
x. From (3.6) and (4.1) we obtain

& =3)g' @ + 0 (12l + Inl5) 16 = 8]) = 0 (Inlglz?) + 0 (InlE) . @13)

27



S. Cuccagna and M. Maeda Journal of Differential Equations 440 (2025) 113451

From (4.12) we obtain

& =) (Plw, v, 2], dpdl®, v, 2]) + (@ — &) (Dpdlw, v, 24P, v, 2])
— (D= D) (g, v. 2L 0ol v.2]) + (0 = D)1 Hlarvzhiduglo. v.2])

+(D,plw, v, 2] =2, idpdlo, v, 21) + O (Inllz]6 — O))
=(n, 0pR[w, v, z]) — (f(¢lw,v, 2] + 1) — f(Plw, v, z]) — Df(¢lw, v, 2], d,Plw, v, z])

where the canceled terms are zero by elementary reasons. With the canceled term null, we have

(g1, v, 2L, idodlo, v, 21) = (01 (27 glw, 21) . ie2* Lo, 2])

= (xPlw. 2409w, 2]) +§(¢[w,z],3a}¢[w,21> =5 (d'(@ +0(zD) .

N <

We have
(0. duRlw, v, 2]) = 07T <e%”n, [(L + fax) R[z]:| (ﬂx)>

1 1 * i
—wrt ([ T, ((67”"77) (w_%x)) , R[z]
p—1 2
so that it is elementary to conclude that

|1, 80 Rlw, v, 2D | S (Inlls, + Inlg) Izl
We obtain
(@ =9 =30 -D))qd@+0((zl+Inlz) 16-B))
=0 (Inli%+12I*). (4.14)

From (4.12) we have

& — D) (plw, v.28T@, v, 2]) + (& — &) (dudplw, v, 2], iy Plw, v, 2])
— (D — D)(3,plw, v. 2}437@, v, 2]) — (b — D) (@ + 0<z>)

+(D.plw, v, 2] — D), id:¢lw, v, 2]) + O (Inlg® — B)
=(n, 0 Rlw, v, z]) — (f(@lw, v, 2] + 1) — f(Plw, v, z]) — Df($lw, v, 21, dxdlw, v, 2]},

from which we derive

28



S. Cuccagna and M. Maeda Journal of Differential Equations 440 (2025) 113451

2o - -1
+0 (12l + Inli5) 16— 81) = 0 (Inlik, + lInlE +12I*) (4.15)
From (4.12) we have
— () — 9)(iplw, v, 2h=xpf@, v, 2]) — (& — @) (duplw. v hxPl@, v, 2])

i

+ (D — D) (d:¢lw. v, 2]. xp[w, v, 2]) — (0 — 57)<EX¢[60, v 2 xPlw, v, z]>

—(D:glw, v, 2 =), xglw, v, 2]) + O (IInllz|6 — B))
= <7)» BUR[CI), v, Z]) - <f(¢[wa v, Z] + ’7) - f(¢[w7 v, Z]) - Df(d)[(l), v, Z])nv x¢[w7 v, Z])

where the canceled terms are null for elementary reasons. This yields

- =g _
(D= D)= = 0/((121+ Inllz) 16— 81) + 0 (Inliy, +InlG +121*)  @16)
where we used

i ixv 2
<n,auR[w,v,z]>=<n, vl R[w,z]>=0(llﬂII§IZ|>
and Lemma 4.1. From (4.12) we have

(D.plw, v, 21z =2, id;,dlw, v, 21) + O (121 + Inllz) 1© — B))
=(n, 9;; Rlw, v, z])
—(f(@lo. v, 2]+ 1) — f(@lw,v,2]) — Df ($lo, v, 2D)n, 3;; 9w, v, 2]).

Claim 4.5. We have

(1. 82, Rlw, v, 2)| < Il Iz (4.17)

Proof. From (3.20) we can write

Rlw,v,z] = Rlw, v, 2] — Orlo, v, Zlplo, v, 2] + iBR[w, v, 2]0u¢lo, v, 2]

+ 1DZ¢[w3 v, Z]ZR[w’ v, Z]

P~

=T R[z] (ﬁx) Notice that by elementary computations we have

where I’Q\[a), v, z] =e%“xw
Rlw, v, 2] = f(@lw, v] + dlw, v, 2]) — f(¢lw, v]) — Df (lw, v)lw, v, ]

where ¢[w, v] ;= e%“)‘d)w. By Proposition 3.1 we have
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|(n’ aZj (_57?,[605 U, Z]¢[wa U, Z] + 1571[((), Uv Z]aw¢[w7 v’ Z] + 1DZ¢[w7 U, Z]ZR[CD’ v’ Z]))'

S lnlis lzl.

Finally, we have

|(n, 8-, Rlw, v.21) | = | {n, 8, (f(@lw, v] + lo, v, 2]) — f(plw, v]) — Df ($lw, v)dlw, v,z]))]
=1(n. (Df @l v] + plw, v, 2]) — Df ($lw, v]3;,) flw, v, 0])]|
s/mmwmkfw“mmswmyd.m

From Claim 4.5 and from (4.2) we derive

(D.glw, v, 21z =), 10, ¢[w, v, 21) + O ((Iz] + [nl5) 16 — B))
=0 (Inlls 1z1) + 0 (Iml2)

From (3.15) the above implies
=215 0 (121 + Inll5) 16 = 81) + 0 (Inllg 1)) + O (Inl%) (4.18)
and so also
2l 12 =21 5 0 (121 (121 + Inll5) 16 = B1) + 0 (Il +121*) (4.19)
Then from (4.14), (4.13), (4.15), (4.16) and (4.19) we derive
D =B+ ld—&| +|D— DI+ 0= |+ 2| 1221 S Iz* + Inlk + I,
which yields (4.5) and entered in (4.18) yields (4.6). O

Proof of Proposition 3.8. Lemma 4.4 and (3.30) imply immediately (3.31)—(3.32). Entering
this, (3.4) and (3.29) in (4.18) we obtain (3.33).

5. The Fermi Golden Rule: proof of Proposition 3.9

Like in Kowalczyk and Martel [33] and Martel [50] and exactly like in [18] we consider the
functional

JrGR = <Jn, XA (zzg(‘“) +7 g“’”)) (5.1)
with a nonzero g e L®(R, C?) satisfying
Log =2i(p, w)g®@ (5.2)
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where A(p, w) = wA(p). Here g @ (x) :=g (ﬁx) where g solves (5.2) for w = 1. That g®
exists is known since Krieger and Schlag [37], see Lemma 6.3, or earlier Buslaev and Perelman
[3].

We define the FGR constant y (p), for g = (g1, g2)7, by

y(p) =077 (P2 +83) ;1) +2(0" 26162, 52). (53)

Here notice that we will prove Proposition 3.9 later in section 8. In the next lemma we will need
the following reformulation of equation (3.37), where we identify J = —i,

=Ly —J O+ — )n+ Doy — e’ P% Dep[@]1(O — ©)
+ T (Df(@lw, v, 2]) — Df (P)) 1 (5.4)
— J (f(¢lw, v, 21+ ) — f(@lw, v, 2]) — Df (lw, v, z)n) — J R[w, v, Z].

We have the following.

Lemma 5.1. There is a CL in time function Tpgr, which satisfies |Irgr| S /8 such that

. . p+1
Jvar + Zror — @77 Dy (p)|z|*

S A7 (12 + i, + i) (5.5)
Proof. Differentiating Jrgr, we have
JrGR = (Jf?, XA (Zzg(w) + zzg“”)» + (Jﬂ, XA (ZZEg(w) + 25?5_’(@)))
(4 xa (22 - g +226 - D))
+ <Jr], XA <123wg(“’) + zzawg("”» (0 — )+ <Jr;, XA (zzawg(w) + ZZawg@)))a
=1A1+ Ay + Az + Ay + As.
We consider first the last three terms, the simplest ones. By (4.12) we have

.~ 3 2 .~
[As| Slinxallpilzl 12 =21 S AZA 1||5eCh<Zx>77”L2|Z_Z|

1
S A3 (Inlg, + Inik +121*).
Since [|3,g“ ||z < (x), using also (4.5) we have
. ~ 5 . ~ 5
|Asl S Almxallplzflo — @) S A2z Inlls,lo — & S8AZ|z|
Finally, using (3.4) we have

2~ 2.4 3 4
[As| S AllnxallplzlP ol S Az1zMInlls, SS8A2 |zl
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Turning to the main terms, we have
Ay = a)<J77, 2iA(p)xa (Zzg(w) - Zzg(“’)» + (Jﬂ, XA (213715'(‘”) +227r E(w))> = Az + An.
By (3.4) proceeding like for A3z,

Azl S Inxallr 1z S 843 Inls, Iz S 84 (i, +121*).

By (5.4) and by (5.2) for the cancellation, we have

Av+ Aoy = (10 GLSAELSTTTO) 4 B+ T+ — ) 1. xa P + 25)

+ D (00, xa g @ + 7)) = (1! D% DaglO1(O — B), x4 (2g +77))
+(@xade + xm 28 + 2289+ ((Df @lo, v, 21 - DF @lo, D) 1, xa (P +78)
+(f @l v, 214 0) = f@lo,v.2D) = Df @lo, vDn, xa (2@ +7F)

+ <R[w, v, 2], xa(z*g® +22§(w)))> =An+An+Az+Ais+Ais+ Age.

It is easy to see the following

3

3
> 1A S 84T (12 + i, + i)
j=1

We have
A= <(Df(¢[a), v, 2] — Df (lw, v])) n, xa(22g® +Z2§(“’))>
+((Dr @l v = DF@) 1, 1@ +FF)) = Ara + Az

On the support of x4 we can assume |¢p[w, v]| > |$[a), v, z]|. We can write

1
st = [ (D25 @l 01+ 510 v. 2D @l v, 2100 14 (g + 7))
0

with

Arail S12P (60 21Ble, v. 211 Inl. xa) S |z|3/e‘)"ﬁ(z—”—“—“”))|n|dx SleP s
R

We have

32



S. Cuccagna and M. Maeda Journal of Differential Equations 440 (2025) 113451

Az =((e3 D @) ™8 = DI @) 1, x4 (g™ +7D).
So from this we get
Azl S 12101 (%1957 Inl) S A2 il S 84%2 (121 + Inlig )

Since we can assume |¢[w, v]| > |¢~>[a), v, z]| 4 |n] in supp x4 we write

Ars = / (D2 F@lw, v1+ T @l v, 21+ 5m) (1. Bl v. 21+ 1) xa(2g® +728)) ds d

[0,112
so that
|A15|5|z|2/XA|¢w|P‘2|n|(|$[w,v,z]|+|n|)dx
R
Sl / VO =VIAD) Ipidx + |2 2624 @7P) A2y,
R
We have

Ars = (R, 21, xa g +28)
+ ((e%” - 1) R[w, 2], xa(z*g"” +22§(“’)))> =:Aj61 + Al62-
Then we have
4162l S Tl ALz Rl@, 2l ry S vl Alzl* S 8AJzl*.

By (3.18) and the line below (5.2) we have

ptl —2—
Aver =07 (RIz), xa (g +728). (56)

Omitting the harmless factor a)% we have
Asr =(F@1z) = f@) = DF@IFL2) xa (2 +2D))
- <—5R¢[z] +iGR A 9121 — i DR Blz] - B glz) + DBl RR. xa (8 + 22@)

=:A611 + Ale12-

We claim

|Ae12l S A7 2% (5.7)
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Indeed, for example we have
bR (#12]. x4 ya (@28 + ) = Ok (% + B2l 2 + 2°3)
= TR (plzl. (1= tays) e +220)) =0 () + 0 (e704*)
where we used the orthogonality (2.3)—(2.4), the bound (3.4) and the exponential decay of £&. The

other terms forming Aje12 can be bounded similarly, yielding (5.7).
Exploiting ¢ >> |$[z]| on supp x4 /;; We write the Taylor formula

Ao =271 (D7) (BL2))’  xa (28 +27)

1

1 —s)2 N (F

+ [ C5 D27+ 5Tz Fa))’ x4y + D) ds =i Arernr + A
0

Then

|Are112] S22 / 1617311211 dx < Ca olzl’

|x|<2Aw
where Cyp o = / HB=P=3VI=AD) g
|x|<2A/w

Here we take § > 0 so that

|Ate112] S Cawdlzl* < A7 2"

We write

_ ~ 2 P

Ao =271 (D2 £¢) (B12)° 22 + 7]
-1/ 12 o1\ 2 2 —2—
2 <D f@) (olz])", A = xaya) (Z g+z g)) =: Ae1111 + Al61112-

Then

Ml Slaft [ Mg g A el

AVG
[x|==5=

By (2.21) for £ = (£1,£2)T, X = $lz] = (z£1 + 7€) +i(z62 +ZE,), u = ¢ and identifying C =
R2, we have

2 SN2 p ) p(zsl+z§1)_2+(zsz+_z§2)2>
D*f(#) (¢lz]) = (p— D¢ ( 2t L TE s 4 T ) (5.8)
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Then we have
Atsrin = (p = Dlzl*y (p)
+2p = DIz ({6072 (plerP + 12 . 26”) + 2 (08200 + 18, 2%1”))
+ (=D (072 (pEL+52) 26 + 2 (#0728 80, 2'e”))
=:Ajei111 + Aieri12 + Aier113-
We claim that there exists a function ZggRr like in the statement such that

3

d <~
—EIFGR‘FZA]G]]]]U Szl + 12710 — 6. (5.9
j=2
To n =2, 4 write
d ~ . _ . ~ . _
Zznznzz" "bn@=2" P =nird" +nZr" M 0 -2 (5.10)

Then for example

- — — 1
Atsi1113 = 2<¢”_2515§z, Z4gz> = 2<¢”_25§1§2, 30) (

and applying the Leibnitz rule for the time derivative, it is easy to obtain the claim. Summing up

d -~ .
Ez“ — R -4z -7 z3> g2>

p+1
and recalling also that we have to reintroduce the factor w2»-D of (5.6) which we have omitted
for simplicity, we obtain (5.5). O

Proof of Proposition 3.9. Integrating (5.5) we obtain ||z2||2L2 D < V8 + A2 yielding
(3.34). O

6. High energies: proof of Proposition 3.10

Within the framework in Kowalczyk et al. [35] and using x in (2.22) we consider

sa(x) :=exp <_%(] —x(x))> and ¢4 (x) :=/§§(y)dy 6.1
0

and the vector field

Sa =@ +2¢040;. (6.2)

Next, following Martel [49] we introduce

T:=27" (i, Su&) where & := exp <—%xv) n. (6.3)
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Lemma 6.1. There exists a fixed constant C > 0 s.t.

Ik, < C[Z+ Ik +16 -8R +121*]. (6.4)

Proof. We have
IT=—(5.i848)= —<n — 5, iSan+ vfﬂAn>
so that

T =—(0,iSan) — ~ ([Sa, xIn, 1) — v (i), pan) . (6.5)

)
4
Notice that if, as we can do here, we assume for the initial value ug € H 2 (R), then it is known that
ueC? (R, HZ(R)), see Cazenave [6, Ch. 5.3], which in turn implies that equation (3.37) holds in
a distributional sense in D'(R, L2(R)), see [7, Ch. 1] and in particular n € C' (R, L>(R)). Then
(6.5) can be obtained not just formally but rigorously, by taking a sequence 7, € C' (R, L>!(R))

such that 7, 225 locally uniformly in C'(R, L>!(R)), since the above computations are
rigorous for any 7,, and by obtaining (6.5) for n thanks to a limit argument.
From (3.37), which is valid in P’ (R, L2(R)), we obtain

.. 1.
—(n,i8an) = —<8fn, SAn> —{(Rlw, v, z], San) — ED (n,i[0x, Saln)

—(f@lo, v, 21+ 1) — f(Blw,v,2]), San) + O (16 — Bllnlz)

and

—v (i), pan) = —v<i8§n, §0A77> —vD (0, pan) — v (iR[w, v, 2], pan)

—v(i(f(@lw,v,z1+n) — f(Plw, v, z]), pan).
From [49] we have
2 2 c. 2
— (o2, Sam) = 20an) 12 = < Inli%- (6.6)

We have

2
. v . v v . v .
—vD(n', pan) = §D||§A77||2Lz = 7||;An||iz +5 D Vlicanl;, = 5D = Vllzanlzs.

So we obtain
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2an e =T+ 3D o, il S41n) + v {20, on) ©7)
+ (Rlw, v, z], San) + v (iR[w, v, 2], pan) (6.8)
+ (f(@lw, v, z]+n) — f(@lw,v,2]), San) (6.9)
+v(i(f(@lo,v,z1+n) — f(9lo,v,2]), pan) (6.10)

S0 3 — 2D —wliEanla +0 (6~ Bllnlig) . 611
We have
lD( . _ 7 . N T 2.2
3D (0.0, Saln) = D . ilds. galn') = D n. i)
and
v<i3fn, ‘PA77> = —v<in/, Cﬁn}

and so by (3.29) and (4.5)

Lo . - .
3D (0,8, Saln) +v<18fn,<pAn>‘ = | = v (n.icdn')| 8 (121* + Ik + i, ).

(6.12)
By (3.6), for a preassigned small constant §; > 0
|(Rlw, v, 2], Sam) | + v (iR[, v, 2], oan) | S l2I* + Ik + &allnll5, . (6.13)
By (3.29) and (4.5) we have
§<[SA,x1n, 77)‘ S Allnl3, $ A8? (|z|4 +lnlk + ||77||22A) (6.14)
and
3D —lant?s| S8 (121 + Inik + i3, ) - (6.15)
We write
(f@lw,v,z1+n) — f(@lw,v,z]D) — f (), San) +{f (), San) =: By + Ba.
Then

b= 7= F .63 = 2 [0 3a
R

and using the crucial estimate by Kowalczyk et al. [35]
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-1 —
B2l S A% 1] ey 1Gam) 152 ) S AT NG 172 - (6.16)

Claim 6.2. We have for any small preassigned 5, > 0

B11 < Il + 820 @an) 112 (6.17)
Proof. We consider
Qi ={x eR | n(t,x)| < 2plo), v(), 2(1)]]} and (6.18)
=R\ Qi ={xeR | [nt,x)| > 2plo), v(). 2(0]]},

and split accordingly

By = Z (f(@lo. v, 2] +n) = f(dlo.v.2]) = f (). San)12(q;,) = Bi1 + Bia.
j=12

We have

1
|B11|§//|((Df(¢>[w,v,z]+sn)—Df(sn))n,SAn)(c|dde

0 Qi

§[:§|¢[w,z1|f’—1|n|2dx+/;;1|¢A||¢[w,z]|P—1|n|(cAn)/—;Amdx::Bm+Bm.
Ql,t Ql,t

Then

Bin S linllk
and, for a fixed small and preassigned §, > 0,
_ _ 1
Bin < / o Wallglw. 2117~ | <|<;An>’| + me) dx < Inl% + 8201 Cam) |13
Q1

We have

1
|Bial < / / (D (s9[w. v.2] + 1) — Df (sl v, 21) blw. v, 21, Sandc | dieds

0 Qo

< / cAnl? lplw, zZ1ldx + / ¢ palnl?Nglw, 2111Can) — chnldx =: Biai + Bin.
Qo Q¢

We have
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2 2— -1 2 -1 2
Bix < / 2 nlPiglo, 2P dx < / n21glew, 2117~ dx < k.
Q¢ R

We have similarly, for a fixed small and preassigned 8, > 0 and completing the proof of
Claim 6.2,

1
B122§/§X1|WAIIT7II¢[CU,Z]IP_1 <|(§AT))/|+Z§A|T)|)dx§||77||2§+52||(§A7))/||iz- O
Q0

We consider the term in (6.10) which equals

Y vli(f@lw, v, 2140 = f(Blw,v,2) = f(), pan)2q,,) = C1 + Ca

j=12

and then we proceed like in Claim 6.2. We have

1
|C1|§|vI//|<i(Df(¢[w,v,z]+sn)—Df(sn))n,¢An>c|dde

0 Qp,

<ol f loal 16, 2117~ InPdx < 8linl.
Q

We have

1
Cal < |v|f f (Df (sblw, v. 2] + 1) — Df (sbl, v, 21)) oo, v. 21, anc| dxds

0 Qo

Sl f |¢A||n|"|¢[w,z]|2—”+”—ldxs|v|f|n|2|¢[w,z]|"—1dxssnnn%.
Q R

2.t

Collecting together (6.7)—(6.11) and the estimates we get for a small constant §; > 0
20@an) 13> < T+ 82l @an) 12, + 0 (12* + %)

which yields a bound of ||(¢an)’ ||iz. Finally to get (6.4) we use the following, see Lemma 6.2
[22],

2 _ 2 _
||sech<zx) nlI7,+A 2||SeCh(Zx>ﬂ||izs||(§A77)/||%2(R)+A "Inlx. O

Proof of Proposition 3.10. Integrating inequality 6.1 we obtain (3.35). O
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7. Low energies: proof of Proposition 3.11
Applying U ™! to equation (5.4) we get

(U ') =iH,U 'n—ios(Op + 9 — U 'n+ Do, U 'y (7.1)
— DU D016 — ©) +io3 U™ (Df (Blw, v, 2]) — Df (¢u)) 7
— iU~ (f(plo, v, 2]+ 1) — f(Blw, v,2]) — Df (plw, v, 2Dn) —io3U ' Rlw, v, z].
Set v:= xpU _ln for B like in (2.14). We denote P;(w) the discrete spectrum projection and

P.(w) the continuous spectrum projection associated to H,, which are closely related to the
corresponding projections for L,,, indeed U P,(H,)U -1 = P,(L,) for a =c,d. Then we write

v = P.(wo)v + Pj(wp)v where we have (7.2)
Py(@)v = Pa(Lp)n+ U~ (Pa(Lay) = Pa(La)) 0 — Palwo) (1= xz) U~

It is easy to check that

I Pa(@0) (1 = x8) U " nll 25wy + 11U~ (Pa(Lay) — Pa(La)) nll 125 R)

<og-1(D]Inlls for any s € R.

Finally, with an argument similar to one in [18, §7] by means of the orthogonality in (3.24) it is
easy to see that

10U~ Pa(Lo)nll 25 ) S I2lInlls for any s € R,
So we conclude that we have

| Pa(wo)vll 25wy = 0p-1(DInllx for any s € R. (7.3)
Setting w = P.(wp)v, we have

dw — iHyyw = —iw Pe(wp)o3w + iPe(w0)o3 (2x50x + x5) U™'n+ DP(00)x3: U™y

(7.4)
— i@ Pe(wo)o3 Pg(wo)v + iPc(Vwo — Vo)w +1Pc(Viyy — Vi) Pa(wo)v (7.5)
— Pe(w0) e LU U Dep[©1(O — ©) +iPe(wo)os xsU ! (Df (9lw, v, 2]) — Df (du)) 1
(7.6)

— iPe(@0) x5o3U " (f(@lw, v, 21+ 1) — f(lw, v, z]) — Df (plw, v, z])1n)
—iP(wo)o3xpU ' Rlw, v, 2] (1.7)

where

w::57g+5—z9+a)—wo. (7.8)
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Now we have

t
w = et Heo y (0) — if e 1= oy 15 () P (w0) 03w (s)ds
0
t
+i/e_i('_s)H”0 Po(00)03 (2x30x + x3) U™ 'n(s)ds
0
t
+ / e =Moo D(s) Pelw0) xp3: U~ n(s)ds
0
t

+ / e =9 Hog lines (7.5)~(7.7)ds. (7.9)
0
The following is a simplified version of [18, Lemma 7.2].
Lemma 7.1. For S > 3/2 we have

lwllp2r, 225y < o0p-1(De. (7.10)

Proof. By the analogue for H,, of (2.25), see §9 [18], we have

e 0w O) | 2@ 2-s @) S WO 2@y S IO 2Ry S8 (= 0p5-1(De) .

Using the version for H,, of Proposition 2.4 (notice incidentally that in Krieger and Schlag [37]
the operators are written as H,,) we have

t
I f e e gy (5) Pewo)ozw ()ds | 2z p2-s @y S I s llwll 2 r2swy)
0

<8 (IxsU ™ 2 25 @y) + NP0, X810 0l 2 125wy )
< K} —1 2
S8 B°AA™ | Isech Zx 7]||L2(1,L2(R))+0B*1(1)||[77||L2(1,§)

= 0510 (Il 2015, + Il 20,5 ) = 081 (De.

Using the analogue for H,, of (2.24) we consider

t
I / e =g P (wo)os (2x0x + x3) U 'n(9)ds 2. 2-5R))
0
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_ 2
N (2)(1/98): + x}é) N2 r2r®y S B* Ylsech (Zx) ’7/”L2(1,L2(R))

_ 2 _
+ B” 2||1B§|x\§ZBS€Ch (ZX) n2a.2wy S B” 1||TI||L2(1,2A)

([ (G

where we used 7 € (1/2, 1) and, see Merle and Raphael [52, Appendix C],

+ 25 | =0p-1(De,
L2(1,L*(R))

el 22 < B ('] oy + Nl

Next, using again the version for H,, of Proposition 2.4

t
I f e_i(t_s)HwOD(S)Pc(wo)XBaxU_lH(S)dS”LZ(],LZfS(]R)) S ||D||L°°(I)||XBax77||L2(1,L2,S(R))
0

2
N (SBSHSGCh (Xx) 7)/||L2(1,L2(R)) =0p-1 (1)||77||L2([,ZA) =op-1(e.

Finally the terms in line (7.9) can be similarly bounded using in particular the analogue for H,,
of Proposition 2.4. The estimates are elementary and similar to [17, Sect. 8]. O

Proof of Proposition 3.11. From (7.2), (7.3) and (7.10) we have vl 2.5 S og-1(1)e. Next,
from v = xgU ~'7, and thanks to the relation A ~ B3 set in (2.14) we have

Il < lvllg + 1= xe)nlls < llvllg + A% [Isech (%X) g2
S lvllg + A" nlls,. (7.11)
So by (3.35) and (3.34) we get the following, which implies (3.36),
Il 25 S Mol 2 s + A7 Il s,
Sop-1e+ A7 (12020 + 10l 1213 ) S 0p1(De+ A7 Il 2 5) O
8. Proof of Proposition 1.4

Proof of Proposition 1.4. Here from (2.11)
H =03 (—83 + 1) +V(p,x),

-1 | 4 |
V(P,x):zMosech2<p2 x) WithM():—(p_; U3+iP2 Uz)p—zl— .
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From this we see that H is analytic of type (A) in p and this implies that A(p) depends analyti-
cally on p € (po, 3), see [56, Ch. 12]. By Lemma 2.1 we already know that A(p) has (algebraic
and geometric) multiplicity 1 as an eigenvalue of H for p € (po,3). From analyticity in the
sense of Kato, we conclude by [56, Theorem XII.8] that it is possible to define & dependent
analytically in p. Proceeding like in §7 [20] it is possible to define the g in (5.2) to dependent
analytically in p. It follows that the function y (p) in (5.3) is analytic in p € (po, 3). Finally,
since it is possible to arrange things so that for 0 < |p — 3| <« 1 we have y (p) # 0 as shown
in [18,19], we conclude that (pg,3) \ {p € (po,3): y(p) =0} is a discrete subset of (po, 3),
proving Proposition 1.4. O

Finally we consider the following lemma, which was used in the proof of Lemma 2.1 and
where all the vector spaces are considered with corresponding scalar field C.

Lemma 8.1. For any p > 1 we have ker (L —i)) = N, (L —iA) if A € (0, 1).

Proof. Recall that £ = JK where K = diag (L4, L_). The operator K has a single and simple
negative eigenvalue and dimker K = 2, see Weinstein [66]. Consider now the Hermitian bilinear
form B(u) = (Ku, u) using the Hermitian form (-, -) in L2(R, C) introduced in §2. Then, if we
consider a beginning of spectral decomposition of K we have L? (R, Cz) =N @ker K &P with
dimA =1and B > 0in P. It is elementary to see that if X is a vector subspace with dim¢ X > 3
we have X NP # 0. Suppose by contradiction that ker (£ — iA) ;Cé Ng (£ —iA). Then there exist

nontrivial u € ker (£ —iA) and v € Ng (£ —iA) with u = (£ —iA)" v for some n > 1. Then (by
well known commutation properties of £)

(Ku, u) :i,\<1—1u, u> - iA<J‘1 (L —in", u> - ix(r%, (L —in)" u) —0.

So B(u) = 0. Notice that we have also B(u) = 0 where for the complex conjugate we have
u € ker (L + iA). Now consider the vector space

X = Spang{u,u} ®kerK.
We have dim¢ X =4 with B <0 in X, which is a contradiction. O
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