A&A, 704, A83 (2025)
https://doi.org/10.1051/0004-6361/202556054
© The Authors 2025

tronomy
Astrophysics

Dynamical friction and massive black hole orbits: Analytical
predictions and numerical solutions

1,2,3,4,5,% 1,2,3,4,5

Alice Damiano , Stefano Borgani

1,2,3,4,5

, Milena Valentini , Giuseppe Murante?®,

Luca Tornatore?>, Petr Strakos®, and Milan Jaros®

! Dipartimento di Fisica dell’Universita di Trieste, Sez. di Astronomia, via Tiepolo 11, 34131 Trieste, Italy

2 INAF — Osservatorio Astronomico di Trieste, via Tiepolo 11, 34131 Trieste, Italy

3 IFPU, Institute for Fundamental Physics of the Universe, Via Beirut 2, 34014 Trieste, Italy

4 INFN, Instituto Nazionale di Fisica Nucleare, Via Valerio 2, 34127 Trieste, Italy

3 ICSC - Italian Research Center on High Performance Computing, Big Data and Quantum Computing, via Magnanelli 2,

40033 Casalecchio di Reno, Italy

6 IT4Innovations, VSB — Technical University of Ostrava 17, listopadu 2172/15, 708 00 Ostrava-Poruba, Czech Republic

Received 23 June 2025 / Accepted 29 August 2025

ABSTRACT

Aims. We investigate the orbital decay of a massive BH embedded in a dark matter halo and a stellar bulge, using both analytical
and numerical simulations with the aim of developing and validating a reliable dynamical friction (DF) correction across simulation
resolutions.

Methods. We developed a Python-based library to solve the equations of motion characterising the BH and we provided an analytical
framework for the numerical results. We carried out simulations at different resolutions and for a range of softening choices using the
Tree-PM code OpenGADGET 3, where we implemented an improved DF correction based on a kernel-weighted local density estimation.
Results. Our results demonstrate that the DF correction significantly accelerates BH sinking and ensures convergence with increas-
ing resolution, closely matching the analytical predictions. We find that in low-resolution regimes, particularly when the BH mass
is smaller than that of the background particles, our DF model still effectively controls BH dynamics. Contrary to expectations, the
inclusion of a stellar bulge can delay sinking due to numerical heating. This effect can be partially mitigated by the DF correction.
Conclusions. We conclude that our refined DF implementation provides a robust framework for modeling BH dynamics both in
controlled simulation setups of galaxies and in large-scale cosmological simulations. This approach will be crucial for future simula-
tion campaigns, enabling more accurate predictions of active galactic nucleus (AGN) accretion and feedback, while allowing for the

estimation of gravitational wave event rates.
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1. Introduction

Massive black holes (MBHs) reside at the centre of massive
galaxies (Kormendy & Richstone 1995; Ferrarese & Merritt
2000) and they gradually sink toward the core of a newly formed
galaxy when their host galaxies undergo mergers (Callegari
et al. 2009; Mayer et al. 2007; Capelo et al. 2015; Comerford
et al. 2009; Volonteri et al. 2015), eventually forming a dual or
binary system (Volonteri et al. 2022, 2021; Dotti et al. 2010;
Cao et al. 2025; Merritt & Milosavljevic 2005). The diversity
in MBH population demography arises from the dynamical pro-
cesses governing their motion. In the dense stellar environments
of galactic centres, MBHs experience dynamical friction (DF)
(Chandrasekhar 1943), a drag force exerted by the surrounding
stellar and DM distribution.

DF not only anchors MBHs to the galactic centre, but it also
facilitates their gradual loss of angular momentum, driving their
inspiral toward the core (Antonini & Merritt 2011; Li et al. 2020;
Vecchio et al. 1994; Volonteri et al. 2016; Just et al. 2010; Boylan-
Kolchin et al. 2008). Determining the timescale for MBH sinking
and coalescence remains a complex issue stemming from the
complex dynamical environment in which MBHs evolve, which
is a regime that deviates significantly from idealised analytical
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descriptions and demands both high numerical precision and
spatial resolution in simulations to be properly captured.

First introduced by Chandrasekhar (1943), the DF force
describes the gravitational drag exerted by a background medium
of stars or dark matter (DM) on a massive object moving through
it. In the simplified case where the surrounding particles are neg-
ligible in mass compared to the perturber, and are distributed
in a uniform and homogeneous medium, a simple analytical
formula for the sinking timescale can be derived (Binney &
Tremaine 1987). However, it is unlikely that the BH experiences
the passage through a homogeneous and isotropic medium when
infalling to the galactic core. Furthermore, the choice of the max-
imum radius where to account for the DF is a free parameter
whose choice has a significant impact on the resulting timescale
for sinking.

While the analytical solution derived from the Chan-
drasekhar DF formula can be inaccurate, searching for a numer-
ical solution is equally challenging (Taffoni et al. 2003). The
primary difficulty lies in the large spatial range required to prop-
erly simulate the infall of a MBH toward the galactic centre,
alongside the high spatial and mass resolution necessary to accu-
rately capture gravitational interactions, including both DF and
large-scale galactic torques (Bortolas et al. 2020). In the context
of N-body simulations, both coarse mass resolution and overly
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aggressive gravitational force softening can introduce numerical
heating into the BH’s motion.

To mitigate this limitation, several ad hoc prescriptions have
been proposed. Among them, a widely used approach involves
repositioning the BH at the local minimum of the gravitational
potential (Springel et al. 2005; Davé et al. 2019; Bassini et al.
2019). However, this method suffers from significant drawbacks,
particularly in environments having a shallow potential well or
during galaxy mergers, where it might lead to unphysical BH
trajectories (e.g. Damiano et al. 2024 and references therein).
Another serious limitation in correctly following orbits of BH
particles arises close to the epoch of BH seeding. In this regime,
BH masses are generally smaller than that of surrounding DM
and stellar particles, thus rendering DF poorly described by the
N-body solver. To mitigate this limitation, it has been proposed
to artificially boost the BH “dynamical mass” (i.e. the mass expe-
rienced by gravity), so as to enhance the DF effect (e.g. Curtis &
Sijacki 2015).

At present, a variety of DF-based sub-resolution models for
BH dynamics have been implemented across different cosmo-
logical and galaxy formation simulations, each attempting to
compensate for numerical limitations, while ensuring realistic
BH sinking and merging processes (Hirschmann et al. 2014;
Tremmel et al. 2015; Chen et al. 2022; Ma et al. 2023). All
such models involve the addition of corrective terms to the BH
acceleration predicted by the N-body solver to account for the
DF exerted by the surrounding particles. However, it is generally
accepted that even with a DF correction, the dynamics of MBHs
remains unresolved when the BH mass is lower than approxi-
mately twice the mass of the surrounding particles (Genina et al.
2024). In such cases, numerical inaccuracies can still dominate
the BH’s trajectory, making it challenging to accurately describe
the expected sinking process. A validation of these numerical
techniques requires testing them with controlled and idealised
numerical experiments, which satisfy the assumptions on which
analytical predictions are based.

In this paper, we investigate the infall of a BH in a DM halo,
with and without the inclusion of a stellar bulge, to address the
following key concerns: how the sinking timescales of the BH
compare with and without the DF correction; Whether there is
any numerical convergence of the sinking timescale at increasing
resolution when using the DF correction; How numerical results
compare with analytical predictions at progressively increasing
resolution and including a DF correction; How the presence of
a stellar bulge impacts the BH dynamics; Finally, whether a DF
correction can be developed to accurately control the BH dynam-
ics in the critical regime where the BH mass is smaller than that
of the surrounding particles.

To address these questions, we have introduced a refined DF
prescription, built upon the framework of Damiano et al. (2024),
but tailored to accurately model the challenging regime where
the BH mass is smaller than that of the surrounding particles.
This new approach extends the validity of our treatment of sub-
resolution DF correction across a wider range of mass ratios,
marking a significant improvement in simulating BH dynamics,
especially in resolution regimes typical of cosmological sim-
ulations. Additionally, we introduce the Orbital TImescale for
Sinking (OTIS) library, an open-source Python library designed
to solve the equations of motion of a BH infalling into a Navarro—
Frenk—~White (NFW) dark matter halo (Navarro et al. 1996,
1997), complemented with a stellar bulge. This library provides
a fast and flexible tool to compare the numerical results with
theoretical expectations. Equipped with these tools, we con-
sider the infall of a BH in an NFW DM halo, possibly also
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including a stellar bulge following a Hernquist (1990) den-
sity profile. We compare the BH sinking timescales against
the analytical predictions across different resolutions, with and
without the DF correction, focusing in particular on the challeng-
ing regime when the BH is less massive than the surrounding
particles.

This paper is organised as follows: Sects. 2 and 3 describe
the methodology for the analytical framework and the numeri-
cal setup, respectively. Sect. 4 presents our results for BH infall
in a DM halo (Sect. 4.1) and when including a stellar bulge
(Sect. 4.2). We paid particular attention to cases when the BH
is less massive than its surrounding particles, as discussed in
Sects. 4.1.2 and 4.2.2. Finally, Sect. 5 offers a discussion of our
key results and Sect. 6 presents our main conclusions.

2. Analytical framework

In this section, we outline the steps required to derive the ana-
lytical solution for the sinking timescale of a BH moving within
an NFW potential (Sect. 2.1, 2.2), later coupled with a Hernquist
stellar bulge (Sect. 2.3), and subject to DF from the surrounding
DM and stellar particles. Finally, Sect. 2.4 introduces the python
library we developed to integrate the equations of motion of the
BH in these scenarios.

2.1. Infalling BH on a circular orbit in an NFW halo

The NFW halo density profile py can be expressed as a function
of the halo-centric distance, r, as (Navarro et al. 1996, 1997):

Ps
S —— (1)
e

where 15 is the scale radius, defined by the virial radius, Lyirl, and
the concentration parameter, c, such that ry = ry;/c, and py is the
mass density at ry;,. By integrating Eq. (1), we can obtain the
expression for the halo mass enclosed within a radius, r,

pu() =

r
(rs +1)

. 2)

My (r) = 4p,r> [m(l + 3) -
I

Assuming a BH placed at a given distance, r, from the centre of
the halo on a circular orbit, its initial circular velocity will then
be

vlr) = | ), 3)

whereas the gravitational potential at the BH position is obtained
through the Poisson equation,

I'3 T
Dpy(r) = —47ers?sln(1 + —). 4)
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A

Therefore, the radial acceleration characterising the BH takes
the expression
L. ln(l + £) T,
I +r I
()

1 Using the same formalism as Springel & White (1999), we define the
virial radius as the radius within which the mean halo density corre-
sponds to an overdensity d.= 200 times the critical cosmic density at a
redshift, z; i.e. p.(z) = 3H(z)/87G.

apu(r) = V&g =G
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where M, is the halo mass within r = r,;; obtained from Eq. (2)
and the ‘hat’ indicates the versor of a vector. When the halo
is sampled with a finite number of particles of mass mp, they
exert a friction onto the BH travelling through them. This force
causes a gradual loss in the angular momentum of the BH.
Thus, from simple dynamical arguments we can analytically
derive the path of the infalling BH as it moves inwards toward
the centre. Rodriguez et al. (2018) derived the equation for
the orbital evolution of the BH for circular orbits around the
centre of the halo, following a Hernquist (1990) profile. We
employed the same methodology for an NFW density profile of
the halo, assuming that the BH is initially placed on a circular
orbit around the halo centre. In Sect. 2.2, we sow how this
assumption can be relaxed by considering the possibility of an
initial ellipticity of the BH orbit.

The magnitude of the torque acting on the infalling BH of
mass mgy when orbiting toward the centre takes the general
form,

dL e (v rch(f) dr ©)
de PO dr ) de

B ve(r) dlogMy(r)\ dr

) (l " dlogr )dt’ 2

By replacing the NFW mass profile defined in Eq. (2) and its
derivative in the previous equation, we obtain

v.(r) 2 dr
mgpy °2 {1+r?(1+£)2[ln(1+1)—L]}a (8)
S Tg Ts rg+r

dr
= mBHT(ch I, r)a > (9)

dL
dt

where we introduce the function

(1) 2
F(Verron) = <211 . (10)
T { +rs<1+g>2[ln<1+g>—r:r1}

The angular momentum torque on a BH moving on a circu-
lar orbit is caused by the DF force, which is perpendicular to
the radial direction. Therefore, the torque magnitude can be
expressed as (Rodriguez et al. 2018):

dL

a mpHAapFT,
where we introduce the DF acceleration apg acting onto the
BH. Under specific assumptions, namely, (i) the surrounding
particle distribution must be infinite, isotropic and homoge-
neous (thus ensuring that the perpendicular component of the
velocity change during two-body scattering is negligible); (if)
self-interactions among the surrounding particles are negligible;
and (iii) the mass of these particles is much smaller than the BH
mass (i.e. mp, < mpy); this acceleration is given by (Binney &
Tremaine 1987):

an

, b o vy

aDF(r) =-8r ]Og(l +A )G mp(mBH + mp)z— QBH’
VBH

(12)

where vy is the BH velocity, G is the gravitational constant,
f(v) is the velocity distribution function of the surrounding parti-
cles, and A = byax/bmin, Where byax, bmin are the maximum and

minimum impact parameter to account for. Assuming that the
surrounding particle distribution is Maxwellian and A is large
so that log(1 + A% ~ 1/2 log(A), Binney & Tremaine (1987)
showed that this expression can be simplified as

4rIn(A)G?p(mpy + m,) 2X _»|.
aDF(r) = - 5 BH P erf(X) — ——=¢€ X VBH-
VBH v

13)

Here, erf is the error function, p is the density surrounding the
BH, while X depends on the velocity of the BH, vgy, and on the
velocity dispersion of the surrounding medium o as:
VBH
X = . (14)
V2o
Combining Egs. (8), (11), and (13), we obtained an expression
for the radial velocity of the BH particle inspiralling into a NFW
halo,

dr  47In(A)G?pu(Mgn + mp)
e~

[erf(X) - %‘iexz] VB
T

(15)
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Lastly, we derived the velocity dispersion appearing in Eq. (14)
from the Jeans equation,

1 <, GMu()
o) = m[r pu(r )r+dr,

which can be integrated using Egs. (1) and (2).

(16)

2.2. Elliptical orbits

The previous discussion related to an initially circular orbit can
be extended to elliptical orbits. In this case, the assumption that
the orbits remain circular while the BH is sinking is no longer
valid. Therefore, Eq. (11) does not hold. To derive an analytical
expression of the sinking timescale in this more general context,
we decomposed the total BH acceleration into a first component
which is instantaneously directed toward the centre of the NFW
halo and a second component, which is always antiparallel to the
BH velocity vector,

agy = —ay(r)? — apripy. (I

The first term in the above equation is given by Eq. (5), while the
second one is given by Eq. (15). In the following, we refer to the
orbital eccentricity using the standard definition:

L2
N (18)
GMHmBHda

where L is the angular momentum of the BH and d, is the
apocentric distance.

2.3. Adding a stellar bulge

Following the same formalism as Springel & White (1999), we
model the stellar bulge, that we superimpose to the NFW DM
halo, as a non-rotating spheroid following a Hernquist density
profile,

Ty

M
pol() = == (19)

21 1(tp +1)3°
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where My is the total bulge mass and ry, is its scale radius. Inte-
grating over the radial coordinate we then obtain the bulge mass
as a function of the radius,

1\/[3['2

M) = v

(20)
The gravitational potential associated with this bulge component
is given by

GM;p
r+r,

O = 1)

so that the acceleration acting on a BH infalling into the
bulge is

GMp

apy = —V(DB = —mr.
b

(22)

Solving the Jeans equation, we can derive the velocity dispersion
for the bulge component,

In|r| — In|r + rp| 1
r rp(r +1p)
1 1 1

+ + + )
20(r+1,)?  3rp(r+1p)3 A+ 1)t

a’%(r) = —Gmpr(ry +1)°

(23)

When adding the bulge counterpart, the resulting density and
velocity distribution of the system can be expressed as the sum
of the halo and the bulge components. The circular velocity at a
radius, r, of the BH in the composite system is then given by

%M®:¢GmwnMwn o4

T

2.4. Numerical integration: OTIS

To apply the analytical framework presented in the previous sec-
tions, we developed the Orbital TImescale for Sinking (OTIS)
Python library, designed to integrate the BH equations of motion
in an NFW halo, eventually including a stellar core at its cen-
tre as well. The code is publicly available at the OTIS GitHub
repository 2. OTIS enables the computation of the orbital sinking
timescale by solving the equations of motion of the BH mov-
ing under the influence of gravitational attraction and DF. The
gravitational acceleration is computed self-consistently from the
NFW and bulge potential, while the DF acceleration is mod-
eled according to Eq. (12). The modular structure of the code
enables a flexible configuration of interpolation techniques and
can account for different initial conditions for both the halo
and the BH, making it well-suited for fast calculations of sink-
ing timescales in both idealised and simple multi-component
systems.

Figure 1 summarises the OTIS code flow. Given the halo
concentration parameter and one of the virial quantities (radius,
velocity or mass), the code computes the DM density, mass, and
velocity dispersion profiles, assuming an input value for the Hub-
ble parameter. When also the bulge component is included, its
initialisation requires the definition of the bulge total mass and
scale radius. The BH is initialised at a user-defined phase-space

2 https://github.com/alicedamiano5/0TIS.git
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Fig. 1. Schematic flowchart of the OTIS library. The code workflow
starts with the initialisation of the DM halo parameters, including the
concentration parameter and virial quantities, eventually followed by
the initialisation of the stellar Hernquist bulge. The density, mass, and
velocity dispersion profiles of both the halo and the bulge can be hence
retrieved. The BH can then be initialised with its mass and phase-space
coordinates. The integral of the velocity distribution function is pre-
computed on a phase-space grid, enabling fast interpolation during the
numerical integration of the equations of motion. User-configurable
options enable the customisation of the interpolation technique, inte-
gration method, time steps, and impact parameters.

coordinate (XBH,i» YBH,i» Vxgu,i» Vys,i) With mass, Mpy.The trajec-
tory of the BH is assumed to be on a plane intersecting the halo
centre, reducing the problem to a two-dimensional one.

In our implementation, the velocity dispersion varies with
the radius, as described by Eqs. (16) and (23). Consequently, the
integral entering Eq. (12) depends itself on the radial coordi-
nate. To optimise performance, OTIS precomputes this integral
on a user-configurable phase-space grid, which is then used
during the integration of the equations of motion. The library
provides various user-configurable options, including the inte-
gration method (from the predefined SciPy techniques, Virtanen
et al. 2020), the number of time steps where to output the solu-
tion, the integration time limit, and the values of the minimum
and maximum impact parameters by, and by,x. Due to the adap-
tive time steps adopted by the integrators, the final solutions
can differ significantly when using different integration meth-
ods. To overcome this, we set a default maximum time step size
of 0.01 Gyr. However, to ensure maximum flexibility for differ-
ent applications, this parameter is also user-configurable. The
outcome of different tests for different integrators and time step
sizes can be found in the code Github documentation. In the sim-
ulations shown in this work, we adopted the Radau integration
technique.

In line with Genina et al. (2024) and following the work by
Just et al. (2010), we assumed the following expression for the
minimum impact parameter,

GMBH

y 25
V2, +2/302 *)

bmin =

corresponding to the minimum impact parameter for a 90°-
deflection two-body encounter occurring at a typical veloc-
ity vy, = v? +2/30” for a Maxwellian velocity distribution
function.

Figure 2 shows the outcome of the OTIS code for a BH
embedded in an NFW DM halo (first three columns from the
left) as well as in a configuration that includes a central stellar
bulge having a Hernquist profile (fourth column). The NFW has
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Fig. 2. Evolution of a BH embedded in an NFW DM halo, with and without a central stellar bulge, as simulated using the OTIS code. The first three
columns correspond to BH trajectories in an NFW halo with initial distance of 20 kpc from the halo centre and orbit ellipticities e = 0, e = 0.5,
e = 0.8, while the fourth column includes a central bulge and shows the trajectory of the BH initially at 20 kpc and placed on a circular orbit. In the
first and second rows, the trajectory color-code refers to the time elapsed since the beginning of the simulation, as indicated by the color map. Top
row: BH trajectories when it is embedded within the static gravitational potential generated by the mass distribution, thus neglecting collisional
effects from two-body encounters. Middle row: BH trajectories when collisional effects are included through the analytical description of the DF
force (see Eq. (12)). Bottom row: time evolution of the BH’s radial distance from the halo centre. The green line shows the distance when agy
follows Eq. (5) (or Eq. (22) in the last column) mimicing the effect of a BH embedded in a collisionless medium. The purple line adds the DF
contribution given by Eq. (12) for eccentricity e = 0, while the distance corresponding to the middle row of each panel is displayed by the orange

curve.

total mass M = 103 My, and concentration ¢ = 4.38, while the
bulge mass is 10'" M, and its scale radius is r, = 7.2 kpc. Start-
ing from a BH located in (20 kpc , 0), from left to right we show
the trajectory of a BH when embedded in an NFW halo and pro-
vided with an initially ellipticity e = 0, e = 0.5, and e = 0.8,
while the fourth column shows the results adding a central bulge
and assuming an initial ellipticity of e = 0.

Panels in the first row display BH orbits in a static potential
generated by the system, without accounting for any interac-
tions between particles. In this case, the BH acceleration is
determined solely by Egs. (5) and (22). Panels in the second
row assumes that the potential arises from a system of dis-
crete particles and includes interactions by adding a DF force,
as described by Eq. (13). The third row presents the BH radial
distance from the halo centre as a function of time, comparing
three cases: when the DF is absent (green line), the infall when
the BH is placed into the DM halo on initial circular orbit (e = 0,

purple line), and the specific orbital configuration shown in the
second row (orange line). When DF is included, the BH pro-
gressively spirals toward the halo centre, whereas in its absence,
it remains on a stable circular orbit. For eccentric orbits, the
apoapsis-periapsis distance is not constant; instead, DF gradu-
ally circularises the orbit, a well-known effect that is attributed
to DF (e.g. Bonetti et al. 2020). The inclusion of the bulge com-
ponent slightly reduces the sinking timescale, shortening it by
approximately 200 Myr. Interestingly, OTIS also predicts minor
oscillations also in the e = 0 case shown in the first row. We
verified that these oscillations persist even when increasing the
numerical accuracy of both the integrator and the interpola-
tion grid, but are removed when directly integrating Eq. (15),
which implies orbital circularity by construction. Based on our
tests, the appearance of small orbital eccentricities is a physi-
cal consequence of the dynamical friction acceleration acting on
the BH. Indeed, the angular momentum loss causing the mild
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inspiralling of the BH toward the halo centre develops small
eccentricities, even when it is initially placed on a perfectly
circular orbit.

3. Numerical simulations

We carried out several simulations with the aim to assess the per-
formances of DF correction at different resolutions, both with
and without DF prescriptions to improve the numerical descrip-
tion of BH dynamics. In this section, we describe the specific
model that we follow to correct for unresolved DF (Sect. 3.1) and
the general simulation setup we adopted in this work (Sect. 3.2).
Finally, we introduce the list of simulations in Sect. 3.3, with the
results presented in Sect. 4.

3.1. Numerical DF correction

Within the context of N-body simulation codes, the gravity
solver already accounts for the DF force, at least within the lim-
its allowed by finite force and mass resolution. However, due to
this limited resolution, a correction term needs to be introduced
(e.g. Hirschmann et al. 2014; Tremmel et al. 2015). Accord-
ingly, the total acceleration experienced by a BH particles can be
expressed as the sum of the contribution computed by the gravity
solver, a4, and a correction term, apr, due to the unresolved
dynamical friction,
apH = Qgrqy + ADF . (26)
Throughout this paper, we adopted and refined the model for DF
correction introduced by (Damiano et al. 2024, hereafter D24).
Following Tremmel et al. (2015), to avoid double-counting the
DF contribution already captured by the gravitational solver, we
applied DF correction only at distances smaller than a chosen
maximum impact parameter, denoted as b,y c. In line with this,
D24 adopt bpmax c = esn, Where egy is the gravitational softening
length of the BH particle. In this work, we adopted the same
assumption when the BH mass exceeds that of the surrounding
DM particles. However, as the BH becomes less massive, we
explored alternative values for by, to assess their impact (see
Sect. 4.1.2).

Under the assumption that the phase-space density below
bmax,c can be approximated as a sum of the discrete contributions
from neighbour particles (D24), the DF correction becomes

N
apr = Z —ZHij(MBH + mJ) ﬁj
i

xIn[1+ A(m;)?] A

_ 27
vj — vHl?

Here, mj, v; are the mass and velocity of the j-th particle, 7;
is the local number density, and the summation runs over all
the N particles that are found within a distance by, from the
target BH particle. For completeness, the expression for A(m;),
consistent with the definition adopted in D24, is reported in
Appendix B, as expressed in Eq. (B.29).

Assuming constant density within a sphere of radius by, =
epr, Eq. (12) reduces to the original formulation of D24 with
nj = 3/(47T€ZH),

N(<egn)

D7 In[1+ Ay |mj(mpy + m) (v; ~ vs)
i

lvj — vgul®

(28)

apr =
263[-[3
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We note that Eq. (27) generalises the formulation of D24 to
accommodate different particle masses and non-uniform density
around a BH particle. The value and numerical computation of
the local number density depends on the specific kernel adopted.
After introducing the OpenGADGET3 code used in this work
(Sect. 3.2), we detail the calculation of the number density in
Sect. 4.1.2.

Interestingly, the DF correction introduced in this work can
be formally derived from the first-order diffusion coefficient in
the Fokker-Planck equation, derived from the collisional Boltz-
mann equation to describe the evolution of the phase-space
probability density function of a self-gravitating fluid. This
connection provides a more rigorous theoretical foundation to
our model for DF correction. We defer the full derivation to
Appendix B, where we start from the collisional Boltzmann
equation and summarise the steps leading to the Fokker-Planck
formulation, ultimately showing how our DF correction emerges
naturally as the first-order term in the diffusion equation, as pre-
viously shown by Rosenbluth et al. (1957), Ipser (1977), and
Binney & Tremaine (2011).

3.2. Simulations set up

We generated several realisations having different resolutions of
an NFW halo using the MAKEGALAXY code (Springel & White
1999), selecting an NFW DM density profile with a concentra-
tion parameter of ¢ = 4.38 and virial mass of Mgy = 10" M.
This choices, consistent with Genina et al. (2024), ensure that
for an orbiting BH of mass 10° M, with initial halocentric dis-
tance r = 20 kpc =~ 1/4 1, the significantly larger mass of the
host halo minimises perturbations to the halo density and veloc-
ity distributions, preventing artificial alterations in its structure.
The halo centre position is calculated using the shrinking sphere
algorithm developed by Power et al. (2003).

To explore the effects of DF on the BH in a more complex
system, we also carried out an additional set of simulations at
varying resolutions, incorporating a central stellar bulge core
modeled with a Hernquist profile (see Sect. 2.3). The bulge is
characterised by a mass of My, = 10'! M, and scale radius 1, =
7 kpc. The simulations are carried out using the OpenGADGET3
code (Groth et al. 2023, D24), which builds upon GADGETS3,
which is in turn an improved extension of GADGET?2 (Springel
2005). The code employs a hybrid tree-particle mesh (TreePM)
method to accurately resolve gravitational interactions across
different spatial scales. In this approach, long-range gravitational
forces are computed using a particle-mesh (PM) method, which
efficiently solves Poisson’s equation on a grid, while short-range
interactions are handled using a hierarchical tree algorithm,
allowing for adaptive force calculations with high resolution in
dense regions. When calculating the force softening between
particles having different softening lengths, the code adopts the
largest softening of the particles among the tree node. This detail
is relevant for multi-component system and its effects are further
analysed in Sect. 4.2.

3.3. List of simulations

We introduced a BH with a mass of Mgy = 10° M, at 20 kpc
from the halo centre within the halo (eventually complemented
with a central stellar bulge) configuration described in the previ-
ous sections. By default, BH particles are initialised on a circular
orbit around the halo centre, while we also investigate the case of
an initially eccentric orbit in Appendix A (see Fig. A.1). Table 1
summarises the full set of simulations performed. From left to
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Table 1. List of simulations.

Label Mgu/Mpm Meu/M. N NBulge  €BH €pum €. (kpc) DF brax.c
(kpe) (kpe) cor-
rection

Hle5_NODF_p03 7 - 10° 4.43 4.43 - NO -
Hle6_NODF_p03 70 - 100 - 1.44 1.44 - NO -
Hle7_NODF_p03 7102 - 107 - 0.44 0.44 - NO -
H5e7_NODF_p03 3-10° - 5-107 - 0.22 0.22 - NO -
Hle5_NODF _z19 7 - 10° - 222 2.22 - NO -
Hle6_NODF _z19 70 - 100 - 0.72 0.72 - NO -
Hle7_NODF z19 7-10% - 107 - 0.22 0.22 - NO -
H5e7_NODF_z19 3-10° - 5.-107 - 0.11 0.11 - NO -
Hle5_DF_p03 7 - 10° - 4.43 4.43 - YES €sH
Hle6_DF_p03 70 - 100 - 1.44 1.44 - YES €sH
Hle7_DF_p03 7102 - 107 - 0.44 0.44 - YES €sH
H5e7_DF_p03 3-10° - 5-107 - 0.22 0.22 - YES €sH
Hle5_DF_z19 7 - 10° - 2.22 2.22 - YES €sH
Hle6_DF_z19 70 - 106 - 0.72 0.72 - YES €BH
Hle7_DF_z19 7102 - 107 - 0.22 0.22 - YES €BH
HSe7_DF_z19 3-10° - 5-107 - 0.11 0.11 - YES €sH
LR_Hle4_NODF 0.7 - 10* - 14 14 - NO -
LR_Hle4_DF 0.7 - 10* - 14 14 - YES €sH
LR_Hle4_DF_2 0.7 - 10* - 14 14 - YES 2epy
LR_H7e3_NODF 0.5 - 7-100 - 19 19 - NO -
LR_H7e3_DF 0.5 - 7-100 - 16 16 - YES €sn
LR_H7e3_DF 2 0.5 - 7-100 - 16 16 - YES 2€pn
LR_H5e3_NODF 0.35 - 5-103 - 19 19 - NO -
LR_H5e3_DF 0.35 - 5.-108 - 19 19 - YES €BH
LR_H5e3_DF 2 0.35 - 5.1 - 19 19 - YES 2epn
Ble5_NODF_epy 7 14-10* 10° 2-10% 443 4.43 1.63 NO -
Ble6_NODF_epy, 70 14-10° 10° 2.-10°0 144 1.44 0.51 NO -
Ble7_NODF_epy 7 - 102 1.4-10* 107 2-10° 044 0.44 0.16 NO -
Ble5_NODF _e, 7 14-10> 10° 2-10* 1.63 4.43 1.63 NO -
Ble6_NODF e, 70 14-10° 10° 2-10° 051 1.44 0.51 NO -
Ble7_NODF _e, 7-10? 1.4-10* 107 2-10° 0.16 0.44 0.16 NO -
Ble5_DF_epy 7 14-102 10° 2-10% 443 4.43 1.63 YES €1
Ble6_DF_epy 70 1.4-100  10° 2-10° 144 1.44 0.51 YES €8H
Ble7_DF_epy 7102 14-10* 107 2-100 044 0.44 0.16 YES €sH
Ble5_DF e, 7 14-10> 10° 2.-10* 1.63 4.43 1.63 YES €BH
Ble6_DF _e, 70 1.4-100  10° 2-10° 051 1.44 0.51 YES €sH
Ble7_DF e, 7102 1.4-10* 107 2-10° 0.16 0.44 0.16 YES €1
LR_Ble4 NODF epy 0.7 14 10* 2-10° 14 14 5.15 NO -
LR_Ble4 NODF e, 0.7 14 10* 2-10° 5.15 14 5.15 NO -
LR_Ble4_DF_epy 1013 14 10* 2-10° 14 14 5.15 YES €BH
LR _Ble4 DF e, 0.7 14 10* 2-10° 5.15 14 5.15 YES €sH
LR _Ble4 DF 2 0.7 14 10* 2-10° 5.5 14 5.15 YES 2€pn
LR_Ble4_DF 4 0.7 14 10* 2-10%  5.15 14 5.15 YES depy

Notes. From left to right: simulation label, mass ratio of the BH to DM particles, BH to stellar mass ratio, total number of particles sampling the
halo and the bulge, the softening lengths assigned to the BH, DM, and stars, whether the simulation includes the DF correction, and the maximum

impact parameter considered in the DF correction.

right, we report in each column: the specific label assigned to
each simulation, the BH to DM particle mass ratio Mgy /Mpw,
the BH to stellar mass ratio Mgy /M. (Where present), the num-
ber of particles used to sample the halo Ny, the number of
stellar particles used to sample the bulge Ny, the softening
of the BH, DM and stellar particles, we indicate whether the

simulations adopts the DF correction or not and finally what is
the maximum impact parameter adopted in the DF correction.
These simulations are divided into four main subgroups (sep-
arated by horizontal lines in Table 1), each designed to examine
a specific aspect of the DF correction. In the first set of simula-
tions, we modelled the DM halo using progressively increasing
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particle numbers (10°,10°,107,5 - 107). For each realisation of
the halo, we evolved the system both including and neglecting
the effect of the DF correction of D24 (simulations labelled with
*_DF_ or «+_NODF_, respectively). We also adopted two differ-
ent choices for the softening length: following Power et al. 2003
(hereafter PO3) as follows

4Rvir

€po3z = (29)
P03 N
or according to Zhang et al. 2019 (hereafter Z19) as
2Rvir
€719 = (30)
7 Nvir

in simulations labelled with *_p03 or *_z19, respectively. Before
initialising the BH orbit, we verify that adopting the smaller soft-
ening length €719, compared to the standard epy3, does not alter
the density and velocity distributions of the system, which must
remain consistent with the analytical predictions. This check is
crucial to ensure that no spurious differences in the halo proper-
ties, possibly induced by different choices of the softening, affect
the subsequent BH dynamics. However, the choice of the soften-
ing length not only affects the performance of the N-body gravity
solver but also the DF correction. Since we adopt byaxc = €gn =
€pM, by decreasing the softening we are also shrinking the region
within which we compute the DF correction.

The purpose of this set of simulations is threefold: to assess
the performance of the D24 model for DF correction across
different resolutions, to test its numerical convergence against
resolution, and to study the dependence on the choice of the
softening length.

A second set of simulations is devoted to the study of the
same configuration but at lower resolution (beginning with LR_)
when Mpy < Mpy. Aiming to improve the DF prescription, we
test the outcome when enlarging the impact parameter by to
twice the BH softening.

Finally, a third set of simulations is carried out also includ-
ing a central stellar bulge. We sampled the DM halo with
10°, 10°, 107 particles and the stellar bulge with 2 - 10%,2-10%,2-
10° particles, respectively. The softening length for the star
particles is scaled using the relation

13
M. ) . &)

€: = €DM (MDM
The BH is initially placed at 20 kpc from the centre, corre-
sponding to approximately three times the bulge scale radius
(see Sect. 3.2). As a result, the BH is initially embedded in a
DM-dominated environment before gradually sinking into the
stellar-dominated core. This raises the question of whether the
optimal softening choice for the BH should follow the DM or
stellar softening. To address this, we compare two approaches:
(i) assigning to the BH the same softening as the DM particles
epy = €py = €p and (if) assuming for the BH the same softening
of the star particles, egy = €., based on Eq. (31).

Both configurations are tested in simulations with and with-
out the DF correction. In cases where DF correction is applied,
we adopted b = €y as a reference choice.

Similarly to the second simulation set, but this time including
the stellar central bulge, we carried out an additional low-
resolution, fourth set of simulations where the BH mass is
smaller than the typical DM particle mass Mgy < Mpy. In this
setup, we explored both choices of BH softening and, again, we
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performed two additional tests with increased value of the max-
imum impact parameter: bp,xc = 2€.. It is worth noticing that
in all the simulations including the bulge, the BH has a larger
mass than the stellar particles, as indicated by the third column
in Table 1, even for these low-resolution tests.

4. Results

Throughout this section, we outline the results of the simulations
listed in Table 1. We present the results of the different sets of
simulations. In Sect. 4.1 we analyse the timescale for sinking
of a BH infalling into a DM halo. Sect. 4.2 presents the same
results but for a multi-component system composed of a DM
halo provided with a central stellar bulge.

4.1. Infalling BH in a DM halo

For all the configurations described in this section, we place a
BH of 10° My, on a circular orbit at 20 kpc from the DM halo
centre. Figure 3 shows the trajectories of the BH for simula-
tions with progressively increasing resolution, displayed from
left to right, as indicated by the labels below each panel (see
Table 1). The orbits are projected in the initial orbital plane and
color-coded by time, as shown in the colormap. We note that,
regardless of whether the DF correction is applied, the BH devel-
ops an eccentric orbit, even if initially placed within a circular
orbit, with the eccentricity decreasing as the resolution increases.
At the two lowest resolutions, the effect of DF is clearly visi-
ble: the BH orbits decays to small halo-centric radii when DF is
included, whereas the orbital decay is stalling without DF. In the
following subsections, we quantify this behaviour by analyzing
the BH-halo centre distance at different resolutions, with partic-
ular focus on the lowest-resolution cases (where Mgy < Mpwm)
discussed in Sect. 4.1.2. The 3D rendered movies of the sim-
ulatigons presented in this section are available for download
here”.

4.1.1. Reference resolutions

Figure 4 shows the time evolution of the distance of the BH
from the halo centre in different simulations. The left and right
columns show simulations where the particle softenings fol-
low Egs. (29) and (30), respectively. Top panels present the
results of simulations without any sub-resolution prescriptions
for BH dynamics, while the bottom plots show those where the
BH dynamics includes the DF correction from D24. Curves are
color-coded according to resolution, with darker shades repre-
senting higher resolution. Horizontal, dashed lines indicate the
values of the softenings, color-coded according to the resolution
of the corresponding simulation. We can visually identify the
sinking timescale as the moment when the BH trajectory transi-
tions from a steeper descent to a shallower, flatter curve. Vertical
dash-dotted lines mark the sinking timescales hence identified
for the three highest resolution simulations. The red line repre-
sents the predicted orbit retrieved from OTIS (Sect. 2.4), using
a maximum impact parameter by,x of 80 kpc, corresponding
to the NFW halo scale radius. In the simulations using the
softening egy = €pg3, we observe that at lowest resolution and
without the DF correction (Hle5_NODF_P03), the BH does
not sink toward the halo centre in 10 Gyr. However, when the
DF correction is applied at the same resolution, we observe a

3 https://sites.google.com/inaf.it/
massiveblackholesinking/home-page/dowloads
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Fig. 3. Projected trajectory of the BH in the DM halo on the initial orbital plane, for simulations at progressively increasing resolution, from left to
right, as indicated by the labels (see Table 1 for the description of the label of each simulation). Trajectories are color-coded by time, as shown by

the colormap.
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Fig. 4. Sinking timescales for a BH initially seeded on a circular orbits within a DM-only NFW halo at 20 kpc from the halo centre. The left and right
columns show simulations with softenings derived from Eqs. (29) and (30), respectively. Top plots refer to simulations without any DF correction,
while the bottom plots include the DF correction according to D24. Lines are color-coded by resolution, with lighter to darker shades indicating
increasing resolution (as shown in the colormap). Horizontal dotted lines represent the softening lengths, and vertical dash-dotted lines mark the
sinking timescales for the three highest resolution runs. The red line shows the analytically predicted merging timescale using by,.x = 20 kpc.
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Fig. 5. Trajectories of a BH placed on a circular orbit at 20 kpc from the centre of a DM halo for three different halo resolutions. From left to right,
the halo is sampled with 10*, 103 and 10° particles. The dashed black lines indicate the Plummer-equivalent softening length of each simulation.
Orange lines represent the BH trajectory when the DF correction is applied according to Eq. (33), while the blue lines correspond to the original
DF correction in Eq. (6) of D24, the red line shows the analytical prediction from OTIS (Sect. 2.4). The ratio of the BH mass to the surrounding

DM particle mass is indicated at the top of each panel.

faster sinking process where the BH crosses its softening scale
at ~6 Gyr. For higher-resolution simulations, the BH gradually
sinks toward the centre with or without the DF correction. For
H1e6_NODF_p03 the sinking timescale is 8.5 Gyr, delayed by
about 2 Gyr compared to analytical predictions. At higher reso-
lutions, for H5e7_NODF_p03, the timescale approaches 6 Gyr.
As we apply the DF correction, Hle6_DF_p03, Hle7_DF_p03
and H5e7_DF_p03 predict sinking timescales in good agreement
with theory, with a timescale for sinking of 6.5 Gyr. Notably,
Hle6_DF_p03 achieves the predicted timescale for sinking of
HS5e7_NODF_p03 but with a 50 times-lower resolution.

Furthermore, Hle7_DF_p03 and H5¢7_DF_p03 converge to
a sinking timescale of approximately 6 Gyr. For simulations
using egy = €719 and without the DF correction, the sinking
timescale is shorter than in the corresponding simulations with
€BH = €p03-

When including the DF correction, the results for the three
higher resolution simulations align closely with those adopting
€H = €po3, thus indicating a weak sensitivity of our DF correc-
tion model on the softening choice at these resolutions. On the
other hand, H1e5_DF_z19 shows sinking timescales which are in
agreement with theoretical expectations, despite the delay shown
by the same simulation based on the P03 softening. In summary,
the DF correction forces the BH to sink toward the halo centre in
the relatively low-resolution runs, while at higher resolution sim-
ulations show good agreement with theoretical predictions and
resolution convergence. The additional convergence seen when
reducing the softening length in line with Z19 indicates that: con-
sidering only particles within the €z;9 softening is sufficient to
produce a DF correction that matches the analytical predictions;
extending the correction region to epg3 for the higher resolution
cases (where Mpy/Mpy > 70) does not significantly affect the
results.

4.1.2. Stability at lower resolutions

All the simulation setups analysed so far have involved BH with
a mass larger than the surrounding particles. However, in cosmo-
logical simulations, it is common to encounter situations where
BHs have masses smaller than nearby DM and star particles,
especially short after a BH is seeded. In this case, two-body
encounters can spuriously heat the BH motion, resulting in an
inaccurate representation of its trajectory. To mitigate possible
shortcoming, simulations often couple the DF correction to a
boosted dynamical mass unless, so that the mass of the BH
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entering in the computation of the gravitational force is set to be
at least to a value comparable or exceeding the mass of the sur-
rounding particles (Chen et al. 2022). In this section, we describe
how our particle-interaction-based approach to correct for the
DF overcomes these limitations. In Appendix B, we explain how
we derived our DF correction from the Fokker-Planck equation,
assuming that potential fluctuations affecting a mass Mgy arise
from two-body interactions with a population of particles of
mass, mj. In the formulation of D24, egy defines the maximum
impact parameter and the density surrounding the BH is assumed
to be homogeneous. While this approach does not impose any
restrictions on the minimum allowed mass ratio Mgy/mj, it still
struggles to accurately reproduce the sinking timescale for BHs
that are less massive than the nearby particles. To address this
limitation, we refined the model by relaxing the assumption of a
homogeneous surrounding medium. Additionally, we tested the
correction by extending the maximum correction region beyond
the softening length, namely, using bp,xc > egn). In this section,
we show how these refinements improve the accuracy of the sink-
ing timescale and ensure that the method remains robust across
varying mass regimes, being also reliable when My /m; < 1.

Starting from the cubic-spline kernel (Monaghan &
Lattanzio 1985), expressed as

1=6(e) +6(2) sosest
Wine = —=1a(1- 1) lergn, (32)
;> 1,

where € is the softening length, the OpenGADGET3 code derives
the spline-softened gravitational force by taking the force from a
point mass m to be the one resulting from a density distribution
p(r) = mW(r, €) (see Springel et al. 2001, Appendix A). There-
fore, the local number density from the j-th particle placed at a
position rj in Eq. (12) is fij = W(T;, €) and Eq. (12) becomes

N(<bmax.c)

apf = —27Tij(MBH + mJ)W(rJ, E) (33)
J
Vi— Vv
xIn(l + A(my)?) ——— .
[v; — veHI

Figure 5 shows the results of the application of Eq. (33) instead
of Eq. (13), when Mgy < Mpy (left plot) and Mgy > Mpy (cen-
tral and right plots) for the usual DM halo characteristics and
initial BH coordinates described in Sect. 3.2.
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Fig. 6. Sinking path of a BH of mass Mgy infalling in a DM halo sampled with DM particles of mass Mpy; such that Mgy /Mpy < 1. Each column
refers to a different halo sampling, with increasing halo resolution from left to right. The grey curve corresponds to the simulation without the DF
correction, whereas the blue curve refer to the simulation where the DF correction applied to the BH and computed according to Eq. (33) with
bmaxc = 2€gn and by = egy (lighter curve). We report in red the analytical estimation from OTIS. The Plummer-equivalent softening in each
simulation is marked with the horizontal dashed line. For the details of each simulation, refer to Table 1.

The dashed black line corresponds to the Plummer-
equivalent softenings egy = €po3 equal to 14.4, 4.44, and
1.44 kpc from the left to the right panel. The orange curve in
each plot indicates the trajectory of the BH when the DF correc-
tion is applied according to Eq. (33). The blue curve corresponds
to the original implementation of D24 (see Eq. (13)). The red line
indicates the analytical prediction according to the OTIS library.
At the top of each panel, we indicate the ratio of the BH mass to
the mass of the surrounding DM particles. In the left plot, where
the BH mass becomes smaller than that of nearby particles, using
the DF correction adopted in D24, the BH cannot sink to the halo
centre but oscillates with a maximum apocentre distance to the
centre of the halo higher than the Plummer-equivalent softening.
However, at this resolution, refining the description of the sur-
rounding spatial distribution significantly improves the results:
the BH sinks well below the Plummer-equivalent softening with
timescales in agreement with the analytical results. Even when
Mgy > Mpym the refinement shows its success: the delayed sink-
ing process predicted by the DF correction from D24 is now
reduced and once again, the improved sinking timescale is in
good agreement with the analytical predictions.

Lastly, at higher resolution (right panel) the refinement has a
negligible impact on the BH trajectory. The blue and orange tra-
jectories are similar, indicating that the refinement can be applied
with the same effectiveness as the original implementation in
this regime.

The second refinement that we test involves expanding the
region over which the DF correction is applied. At lower resolu-
tions, the assumption that DF effects are already well described
by simulations at the resolved scales may no longer hold. To
address this limitation, we explored the effect of assuming dif-
ferent values for the maximum impact parameter in the DF
correction.

Figure 6 presents the results of these tests. From left to right,
each column displays our findings when sampling the DM halo
with 5 x 103,7 x 103,10* particles. In these cases, the BH is
less massive than the DM particles, with corresponding mass
ratios of Mpy/Mpym = 0.35,0.5,0.7. The grey curves represent
results obtained without applying the DF correction, while the
blue curves illustrate the trajectory of the BH when the DF cor-
rection is implemented according to Eq. (33), with by, = e
(lighter) or bp,xc = 2egg. The analytical solution from OTIS
(Sect. 2.4) is shown in red, and the dashed black line indicates
the softening length of each simulation.

Across all the resolutions analysed, the DF correction plays a
crucial role in confining and driving the BH toward the centre of
the halo. Without the DF correction, the BH does not experience
any orbital decay, whereas with the correction applied, it sinks
well below the softening scale. Although this orbit shrinking
occurs below the resolved scales, the process is captured with a
timescale that is delayed when Mpy/Mpm = 0.35, 0.5 but aligns
with the analytical prediction when Mgy /Mpy = 0.7. However,
we highlight that in all these low resolution tests, the BH exhibits
considerable orbital scatter, and its trajectory is not circular.

Lastly, increasing the size of the region within which we
apply the DF correction does not lead to any significant improve-
ment in the sinking timescale at any resolution. This suggests
that particles located below the softening scale contribute most
significantly to the DF correction. To validate this result, we fur-
ther extended the corrective region to by, . = 4egy and repeated
the simulations with the same set-up presented in this section
obtaining the same conclusions (see also Sect. 4.2.2).

Based on the tests carried out in this section, we conclude
that the DF correction introduced in D24 (see Eq. (13)) is not
adequate for accurately modeling the evolution of BHs when
their mass is smaller than the mass of the surrounding parti-
cles. However, by introducing refinements that relax some of
the underlying assumptions in the formula, we can significantly
improve these results. Specifically, incorporating a spatially
dependent phase-space density (Fig. 5) allows for a more accu-
rate reproduction of the sinking process of BHs, even those
lighter than the surrounding DM particles.

4.2. Infalling BH in a composite DM and stellar bulge system

In this section, we describe the results for the orbital evolution
of a BH embedded in a composite system, made of a DM halo
hosting an inner stellar bulge. The initial position of the BH is,
as in the previous sections, 20 kpc from the halo centre, and its
initial velocity is the circular velocity at this halo-centric dis-
tance. Given the scale radius of the bulge is r, = 7.2 kpc, the
BH is initially placed in a DM-dominated region, with its orbit
lately decaying into the stellar-dominated core. As anticipated
in Sect. 3.2, the OpenGADGET3 code uses, for the interactions
between particles with different softenings, the largest softening
found for all the particles in each tree node. This is particu-
larly relevant in a multi-softening system as the one presented
in this section, where the BH experiences the transition from
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Fig. 7. Comparison of the evolution of BH halo-centric distances during

the BH sinking for different simulation setups. From the upper to the

bottom row we show the results at increasing resolutions. Left column compares simulation using egy = €pm Or €gy = €. for simulation with and
without the DF correction. The right panels display the results for a BH embedded either in the NFW halo alone (as described in Sect. 3.2) or with
the addition of a central stellar bulge. The red curves show the analytical predictions computed with OTIS, with the lighter curve corresponding to
the DM-only case and the darker curve including the central bulge. Dashed horizontal lines indicate the Plummer-equivalent softenings used in the
simulations, with Z19 softenings marked in black and P03 softenings in grey.

a DM-dominated to a stellar-dominated regime. To exploit the
differences between different choices for egy, we carried out sim-
ulations where the BH gravitational softening is set to be equal
to both the DM, egy = epm, and stellar particles one, egy = €.,
with €, scales with resolution according to Eq. (31). All the sim-
ulations are carried out both with and without the DF correction,
using Eq. (33) with by, c = egnr. In Sect. 4.2.2 we investigate the
effect of using a larger DF correction region.

4.2.1. Reference resolutions

Fig. 7 presents the results of these simulations, showing the
distance to the system for different runs. The left panels com-
pare simulations with and without the DF correction, as well as
with different choices for the BH softening length: for egy =
épm Or egy = €. The meaning of each label is indicated in
Table 1. From top to bottom, we show simulations at increas-
ing resolution. Simulations at lower resolution and without the
DF correction, Ble5_NODF_¢p;, and Ble5_NODF _e¢,, exhibit
the slowest orbital decay, crossing the BH softening length
only after ~9 Gyr, with no significant difference for different
choices of egy. Increasing the number of particles sampling the
halo and the bulge as for Ble6_NODF_epy, the BH sinking
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timescale is noticeably delayed when approaching the bulge-
dominated region. Interestingly, this effect is less pronounced in
Ble6_NODF_g,. According to our choice for the force softening
— see Sect. 3.2 — in the DM-dominated region, the BH primarily
interacts with the DM softening length, leading to a nearly iden-
tical trajectory for both softening choices. However, as the BH
approaches the bulge scale radius, the impact of softening dif-
ferences becomes evident: larger softening values lead to longer
sinking timescales, consistent with the findings in Sect. 4.1.

Nevertheless, these differences largely vanish when com-
paring Ble5_DF_epy and Ble5_DF_g,, thus confirming that
the introduction of the DF correction compensates for the dif-
ferent choices of softening. Simulations at higher resolution
reinforce these trends, with only a mild deviation observed in
B1e7_NODF _epy, when approaching r,. However, also in this
case, the sinking timescale does not converge in simulations
without the DF correction at different resolutions and different
choices for the BH softening.

Since the presence of a central stellar component is expected
to reduce the sinking timescale (as predicted by analytical
estimates, see Fig. 2), it is useful to compare the numerical
results with and without the central bulge. The right column of
Figure 7 directly compares analogous simulations with and with-
out the stellar bulge, using egy = epm = €pp3 in both cases, also
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Fig. 8. Evolution of the BH-halo centre distance for simulations
with the same mass resolution as Ble6_DF e, but using reduced
gravitational softening lengths: epy = 0.72, gy = €. = 0.25. The
green curves show the results from these simulations, with the
darker line corresponding to the run without dynamical friction
(NODF_LOWSOFT) and the lighter green line including the DF correc-
tion (DF_LOWSOFT). For reference, we plot in yellow and purple the
outcome of Ble6_DF_g, and Ble6_NODF_g,, while blue curves shows
the results from Ble6_NODF_epy; (light) and Ble6_DF_epy (dark).
The red line represents the analytical predictions from OTIS.

comparing the versions with and without the DF correction.
Interestingly, even when sampling the halo with 107 particles
(a configuration that successfully reproduced the results of the
infall in the DM only in the case depicted in Fig. 4), the BH
exhibits a longer sinking timescale in the presence of a central
stellar bulge, an effect that is less pronounced when using the
DF correction.

The delay in the BH orbital decay is less pronounced when
its gravitational softening length is set equal to that of the stel-
lar particles. This suggests that this effect may be driven by
the softened nature of the gravitational interactions. In order to
verify this, we carried out two additional tests further reducing
the softening lengths to the values epm = €719 and ey = €.,
where €, follows Eq. (31). We show the results in Fig. 8, which
compares the BH-halo centre distance in two simulations, (one
with DF, labelled as DF_LOWSOFT and one without, namely
NODF_LOWSOFT), with the same resolution as Ble6_DF_g,,
but using the smaller softening lengths, so that epy = 0.72,
egy = € = 0.25. We compare the results both with simulations
at the same mass resolution but using a larger force softening and
the analytical predictions from OTIS. Again, reducing the soft-
ening causes a significant delay in the orbital decay. This result
highlights that simulations involving multiple particle species
are particularly sensitive to softening choices. Deviations from
analytic expectations can arise either due to softened gravita-
tional interactions (for overly large softenings) or from numerical
heating caused by two-body encounters (for overly small soft-
enings). In both cases, we note that the application of the DF
correction partially mitigates these effects.

Interestingly, Ble7_DF_g, delays the sinking process with
respect to the lower resolution simulation B1e6_DF _e,. To inves-
tigate the possible origin for this, we performed several tests

with different softening choice and configuration of the initial
conditions. Our tests reveal that the discrepancy arises from
the specific realisation of the initial conditions that can impact
the sinking timescale, with different initial conditions introduc-
ing stochastic variations (as already inferred by Genina et al.
2024), although not directly inferred from density or velocity
distribution profiles.

4.2.2. Stability at low resolution

To extend our analysis to systems composed of particles with
masses that are higher than the BH mass, we studied the tra-
jectory of the BH under these conditions, in a similar to the
approach taken in the study presented in Section 4.1.2. In the
previous case, refining the D24 model by incorporating a kernel-
dependent number density in Eq. (33) successfully reproduced
the sinking process, even at low resolution, but we found no
significant improvement when enlarging the corrective region.
Given these findings, we conducted a comparable set of tests
in the configuration that also includes a bulge component. The
results of these simulations are presented in Figure 9, where we
examine the evolution of the BH distance from the halo centre
across different simulation settings.

The figure compares cases without the DF correction either
when egy = epm or egy = €, (lighter and darker green curves),
to those where the DF correction is applied using different
impact parameters. We show the outcomes of simulations where
bmaxc = €su in purple, with the darker line corresponding to
esy = epm and the lighter one to egy = €.. We then increased
the maximum impact parameter t0 by, corr = 2€gn = 26, (dark
orange) and by, corr = 4€gn = 4€, (light orange).

When the DF correction is not included, the BH orbit does
not decay, regardless of the softening choice. However, once the
correction is acting, the BH sinks to the centre, again showing no
dependence on the adopted BH softening. Notably, increasing
the maximum impact parameter results in an accelerated sink-
ing process. Ultimately, enlarging beyond egy the region within
which the DF is corrected region does not improve the perfor-
mances of the model in the DM halo-only case, while leading
to an overestimation of the DF in a multi-component system,
eventually producing too short sinking timescales compared to
analytical predictions.

4.2.3. Contributions to the DF acceleration

In a system composed of both DM and stellar components, it is
interesting to examine the relative importance of different terms
in our model to correct the DF and, in particular, to assess the
separate contributions of stars and and of DM to the overall DF
correction.

Fig. 10 presents the analysis of these different components
entering Eq. (12) for simulation LR_Ble4_DF _g,, Ble5_DF_e,
and Ble6_DF_g,,Ble7_DF_ge.. The first panel from the top
shows the evolution of the BH distance to the halo centre, fol-
lowed by the relative strength of the DF acceleration compared
to the gravitational acceleration (second panel). The third panel
illustrates the relative contributions of stars and DM to the total
DF correction, while the fourth panel shows the number of
particles enclosed within egy (hence contributing to the DF cor-
rection). The last two panels report the value of log(1 + A?) and

the term 1/v2

N(<epn)
1 1
- S — (34)

V3 — (vi — vgn)’
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Fig. 9. Evolution of the BH’s distance from
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Fig. 10. Breakdown of the different contributions to the DF correc-
tion term in Eq. (12) for simulations LR_Ble4_DF _g¢,, Ble5_DF _g,,
Ble6_DF k., and Ble7_DF_g,. From top to bottom: BH distance to the
halo centre, ratio of DF acceleration to gravitational acceleration, ratio
of stellar to DM contributions to DF, total number of particles within
€gy, Coulomb logarithm term, and inverse velocity term of Eq. (34).

The horizontal dashed lines in the top panel mark the softening
values color-coded according to the simulation they refer to.

As illustrated in the second row, a notable feature of these
results is the enhanced DF correction at lower resolutions. With
increasing resolution, DF is more accurately captured by the
gravitational solver, reducing the need for an explicit DF cor-
rection, which consequently becomes progressively weaker. This
effect is naturally accounted for in the prescription adopted, thus
demonstrating that convergence to the analytical predictions can
be achieved already at relatively low resolution. The relative con-
tribution of the stellar component to DF also increases as the
BH approaches the bulge-dominated region, except in the lowest-
resolution simulation, where the softening is so high to already
account for the entire stellar mass enclosed within the bulge from

A83, page 14 of 20

curve represents the analytical sinking timescale
from OTIS.

12 14

previous times in the simulation. This effect is further reflected
in the number of particles within egy, which remains constant
at the lowest resolution but increases for higher-resolution cases.
Remarkably, the higher is the number of particles contributing to
the DF correction, the lower is the relative velocity between the
BH and the surrounding medium, leading to an increase of the
velocity contribution in Eq. (33).

5. Discussion

In this work, we compared analytical predictions (Sect. 2) and
numerical simulations (Sect. 3) of the sinking timescale for a BH
infalling into a DM halo, both with and without a central stellar
bulge. The analytical results were computed using OTIS python
library to numerically solve the equations of motion of the BH
(Sect. 2.4). Using the OpenGadget3 code, we simulated the BH
inspiralling onto the halo, exploring a wide range of resolutions
and different softening choices. We applied a refined prescription
to correct for unresolved DF, which extends the original D24
model, and extensively tested its impact on the BH dynamics.
Figure 11 summarises some of our key findings of our anal-
ysis. In both panels, we plot the sinking timescales as a function
of the total number of particles in the halo, when the BH is
embedded in a pure DM NFW halo (left panel) or when a stellar
Hernquist bulge is also included (right panel). Symbols repre-
sent different simulation setups: circles and diamonds indicate
simulations with and without DF correction, respectively. The
horizontal red dashed line marks the analytical sinking timescale
predicted by OTIS. In the right panel, teal-edged points corre-
spond to simulations where the BH softening matches the DM
particle softening (egy = epm), while black edges correspond to
simulations where egy = €.. The color of each point encodes the
mean eccentricity of the BH during its inspiraling. The eccen-
tricities were calculated by identifying local maxima and minima
in the BH distance to the halo centre (apocentre r,p, and peri-
centre rpei) and computing the eccentricity for each orbit as
Yapo — Tperi

(35)

e= .

Tapo t Tperi
We then averaged the eccentricity over all orbits to obtain the
color-coded value shown in the colorbar.

In the left panel, we observe that without the DF correction
the BH experiences significantly longer sinking timescales. In
low-resolution runs, they often even fail to sink, as discussed
in Sect. 4.1.2. Reducing the gravitational softening shortens the
sinking time even without DF, but this effect remains insuffi-
cient to fully recover the analytical prediction. On the other hand,
applying the DF correction produces sinking timescales that
closely match the analytical predictions across all resolutions,
and most importantly, reduces the sensitivity on the specific
softening choice, as explained in Sect. 4.1.
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The inclusion of a stellar bulge, as depicted in the right plot,
adds complexity to the BH sinking process. In principle, the
higher central density contributed by the bulge, should accelerate
the BH decay. However, our simulations reveal that numerical
heating — especially at low resolution — counteracts this effect,
thereby delaying the BH infall. Simulations without DF cor-
rection show pronounced deviations from analytical predictions,
particularly at low resolutions. Quite remarkably, the application
of the DF correction mitigates these numerical effects. More-
over, Fig. 10 illustrates that the DF correction is most significant
in the dense central regions, where the relative velocity between
the BH and surrounding particles decreases. In these conditions,
the DF correction can contribute up to ~10% of the total grav-
itational acceleration. As already pointed out by Genina et al.
(2024), the dynamical heating of the BH induced by the numer-
ical resolution not only affects the sinking timescale but also the
orbital eccentricity. Figure 11 shows that the lower the resolution
the higher is the mean orbital eccentricity. Even initially placing
the BH on a circular orbit, it acquires a mean eccentricity reach-
ing up to ~0.5 at lower resolution. In this case, the addition of the
DF correction only slightly mitigates this effect at low resolution.

6. Conclusions

In this paper, we present results from our analysis of controlled
numerical experiments aimed at describing the infall of a black
hole (BH) into a dark matter (DM) halo, both with and without
the inclusion of a central stellar bulge. The purpose of this anal-
ysis was to address the following key concerns: (i) characterising
the impact of an additional dynamical friction (DF) correction to
the BH gravitational acceleration in controlled numerical simu-
lations; (ii) considering whether the sinking timescale obtained
with the DF correction converges at a progressively increasing
resolution; (iii) how well the numerical results agree with ana-
lytical predictions at different resolutions; (iv) examining the
impact of a stellar bulge on BH dynamics; (v) and investigat-
ing whether a DF correction can effectively model BH sinking
toward the halo centre, even in the unfavorable case when the
BH mass is smaller than the surrounding particle masses.

To properly address these issues, we combined analytical
calculations and numerical simulations at varying resolution.
As for the analytical approach, outlined in Sect. 2, we devel-
oped the OTIS library* to solve the equations of motion of an

4 The library is publicy available at https://github.com/
alicedamiano5/0TIS

eccentricity, as highlighted in the colorbar.

inspiralling BH in an NFW halo, optionally including a stel-
lar bulge. As for the numerical approach, we used the N-body
TreePM code OpenGadget3 to simulate the sinking of a BH
initially placed at 20 kpc from the centre of the halo. The DF
correction applied consist of a refined version of the prescrip-
tion introduced in Damiano et al. (2024), by incorporating a
kernel-weighted estimate of the local density surrounding the
BH, described in Sect. 3.1 and 4.1.2. From this study, we have
drawn the following main conclusions:

— Impact of the DF correction and numerical convergence:
the addition of the DF correction significantly reduces the
BH sinking timescale compared to the cases of uncorrected
DF. The results converge at increasing resolution, thus con-
firming the robustness of the implementation (see Sect. 4.1,
Fig. 4);

— Comparison with analytical predictions: simulations with
the DF correction closely match the analytical expectations.
In contrast, simulations without DF correction show that
the BH fails to sink at low resolution or exhibits signifi-
cant delays ranging from 2 Gyr to 500 Myr depending on
resolution (see Sect. 4.1, Fig. 4);

— Impact of the stellar bulge: in contrast to what is expected
from analytical predictions, the inclusion of a stellar bulge
delays the sinking process in numerical simulations that are
either due to softened interactions or numerical heating.
However, the DF correction is able to mitigate this effect.
We find that the stellar contribution to DF becomes signif-
icant (up to 10%) in the central stellar core (see Sect. 4.2,
Figs. 7 and 10);

— Stability at low resolution: the refined DF model allows us to
accurately track the BH inspiralling orbits even when the BH
mass is lower than that of surrounding particles, comprising
a challenging regime for standard N-body simulations and
typical of cosmological simulations. (see Sect. 4.1.2, 4.2.2,
Figs. 5 and 9).

As a general conclusion, our study demonstrates that the refined
DF implementation, besides having a solid theoretical foun-
dation (see Appendix B), also yields reliable results at high
resolution and successfully models BH dynamics, even in the
critical low-mass regime. This holds key implications in view of
its application to cosmological simulations: reliable BH tracking
is essential to accurately model BH-galaxy co-evolution, since
BH motion affects gas accretion, the deposition of the ensuing
active galactic nucleus (AGN) feedback energy, and, hence, the
subsequent evolution of the host galaxy. Moreover, our ability to
model BH sinking in low-resolution regimes opens the door to
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carry out larger volume simulations, which are crucial for build-
ing statistically robust predictions of gravitational wave event
rates for current and future facilities such as PTA (e.g. Hobbs
et al. 2010) and LISA (e.g. Colpi et al. 2024).
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Appendix A: Infalling of a BH on an orbit with initial
eccentricity

The initial angular momentum of the BH decreases as we
decrease its initial velocity, while keeping its initial position
unchanged. According to Eq. (18), this leads to an increase of the
orbital eccentricity. In Sect. 2 we demonstrated that for eccen-
tric orbits, the DF has two effects: it circularises the orbit as it
approaches the centre, and shortens sinking timescales as eccen-
tricity rises. Here we examine how effectively the DF correction
captures these effects across different resolution levels.

Figure A.1 shows the BH distance from the halo centre for
an initial position of 20 kpc with varying orbital eccentricities:
e =03,e=0.5, e =0.8in the first, second and third column,
respectively. Each row shows the results of simulations with
a different sampling of the same NFW halo, where resolution
increases from top to bottom: Ny = 107 in the first, 10° in the
second, 107 in the third and 5 - 107 in the fourth row (the same
halo realisations discussed in Sect. 4.1). Yellow and red lines
indicate results from simulations using softening length accord-
ing to P03 (see Eq. (29)) or Z19 (see Eq. (30)), respectively.
Analytical expectations from OTIS (see Sect. 2.4) are shown
as blue lines, obtained by setting bp,x = s = 80 kpc. Dotted
lines represent the softening values of each resolution for P03
(yellow edge) and Z19 (red edge). All simulations incorporate
the DF correction from D24 reported in Eq. (13). When sam-
pling the halo with 10° particles, variations on the BH orbit with
the eccentricity are more evident before the BH crosses the soft-
ening length value. Within the first 2 Gyrs, the orbits are more
eccentric compared to the analytical predictions for e = 0.3 and
less eccentric for e = 0.8. Switching from P03 to Z19 soften-
ing further reduces the distance to the halo centre due to the
lower softening value of Z19. However, at low resolution, dis-
tinguishing different orbits according to their eccentricities is
not possible; even though the BH is bound within the soften-
ing range around the halo centre, no clear trend of the sinking
timescale with increasing eccentricity is detectable.

At higher resolutions, results from simulations align more
closely with theoretical predictions and the sinking timescale
becomes more sensitive to the initial orbital eccentricity. For
simulations employing Ny, = 10° and 107 particles, numeri-
cal results increasingly approximate analytical expectations as
eccentricity rises. Sinking timescales from simulation based on
the from P03 softenings are slightly delayed compared to those
employing the Z19 softenings.

Appendix B: A Fokker-Plank based derivation of
the DF correction

In this appendix, we demonstrate that our model for the DF
correction introduced in Eq. (27) can be recovered as the first-
order diffusion coefficient of the Fokker—Planck equation to
describe the collision term in the Boltzmann equation for a
self-gravitating fluid. Our derivation follows primarily those pre-
sented by Rosenbluth et al. (1957), Ipser (1977), and Binney &
Tremaine (2008) (see in particular their Appendix L). For clarity,
we start by briefly reviewing the derivation of the Fokker—Planck
approximation, before demonstrating how the DF expression
arises from its first-order term.

Appendix B.1. The Fokker-Plank approximation

Let us consider a stellar system described by the phase-space
distribution function f(x,v,t) , where x and v denote the spatial

and velocity vectors of the stars composing the system. Under
the influence of an external force F, and assuming each all stars
have the same mass m, the Boltzmann equation is expressed as
df_af 6f+Ff8f_(8f)
coll

- B.1
dt Bt 6x/ m ov/ ot (B.I)

Here, the index j runs over the velocity components (i.e. j =
1,2,3) and the collision term on the right-hand side accounts
for changes in the distribution function due to stellar encoun-
ters. This term is neglected under the assumption that all stars
are subject to a smooth potential, so that the Boltzmann equation
becomes a continuity equation in phase space. However, in a dis-
cretised system of gravitationally interacting particles, collisions
among pairs of particles add on top of the action of the smooth
potential. The cumulative effect of such interactions generates
the collisional effect of a dynamical friction (DF) force.

Under the assumption that the rate of change induced by
these encounters is typically much smaller than that caused by
the external force, we can assume that within the small phase-
space element Aw = (Ax,Av) and over a short time Af, the
external field remains constant.

Let w be the phase-space coordinate of a star at time ¢. Let
us also introduce the quantity ¥(w, Aw) which is defined so that
Y(w, Aw) d®(Aw)At is the probability that a star with coordinates
w is scattered within the time interval At to the coordinate w + Aw
as a result of an encounter. The phase-space distribution function
within this volume then changes due to particles that are scat-
tered either into or outside the 6D volume element Aw. The loss
term (contribution from particles scattered out) is

C"f

- = —f(w) f d°Aw y(w, Aw), (B.2)

while the gain term (contribution from particles scattered in) is

(Z_J; = f d°Aw y(w — Aw, Aw) f(w — Aw). (B.3)

Combining the two terms above, the collisional term in Eq. (B.1)
can be expressed as

% = f d°Aw [y (w — Aw, Aw) f(w — Aw) — y(w, Aw) f(w)] .
(B.4)

According to the Fokker-Plank approximation, particle-
particle encounters are assumed to be *weak’, meaning that |[Aw|
is small, so that we expand the first term in the square brackets
of Eq. (B.4) in a Taylor series up to the second order, as

Yy — Aw) f(w - Aw) = y(w, Aw) f(w)

8 9
Z oo, [¥(w, Aw) f(w)] Aw,
1 6
5 JAw) f(w)] Aw,Aw,
(B.5)

where the indices y and v run over the phase-space components,
i.e. both spatial and velocity coordinates. Substituting this into
Eq. (B.4), we obtain

6

df
E:_Za

P 1S P
ur | Dldw, 1 f@)]+ 5 Zl G | DlAw, Aw, 1 f@)],
=
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Fig. A.1. BH distance from the halo centre over time, starting from an initial position at 20 kpc, with orbital eccentricities e = 0.3, 0.5, 0.8 shown
in the first, second, and third columns, respectively. Each row represents a different halo resolution: Np, = 10°,10°, 107,5- 107 from top to bottom.
Yellow lines show results for simulations with P03 softening lengths, and red lines indicate Z19 softenings. Analytical predictions for each orbital
eccentricity are represented as a blue line. Dotted lines mark softening values for each resolution (yellow edge for P03, red edge for Z19). All

simulations apply the DF correction from D24.

(B.6)
where we defined:
D[Aw,] = fdﬁAw YW, Aw)Aw,,, B.7)
D[Aw,Aw,] = fd6Aw Y(w, Aw)Aw, Aw,. (B.8)

Egs. (B.7) and (B.8) are often referred to as the first- and second-
order diffusion coefficients. Hereafter, we proceed under the
assumption that the encounters are not only weak, but also local.
In this case, the dominant contribution to the phase-space shift
of a particle arises from interactions with nearby particles. If the
encounters are local, the diffusion coefficients can be expressed
purely as a function of the velocity shift Av, as in Binney &
Tremaine (2008), namely,

D[Av] = fd6sz//(v, Av)Av;, (B.9)

D[Av;Avj] = f d°Av (v, Av)Av;Av;. (B.10)

A83, page 18 of 20

In what follows, we focus on the first-order diffusion coef-
ficient of Eq. (B.9) which is the average change in velocity due
to the encounters per unit time. Hence, this term captures the
drift of the particle in velocity space and is related to the DF
correction we applied. The second-order diffusion coefficient,
on the other hand, describes the random scattering of the parti-
cle’s velocity, representing the diffusive spread caused by these
interactions. We expect that this term becomes important in
the low-resolution regime, where stochastic fluctuations dom-
inate. In the analysis presented in this paper we concentrated
on the dynamical friction term, associated with the first-order
diffusione coefficient. We defer to a future analysis a careful
assessment of the ramdom-noise contribution associated with
the second-order diffusion coefficient.

Before showing how the first-order coefficient relate to
the DF acceleration, we review few basic results of two-body
scattering.

Appendix B.2. Two-body scattering

Let us assume to have two particles of mass m and M scattering
with impact parameter b and initial relative velocity vy. The par-
ticle of mass M, because of the interaction with m, experiences
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a deflection of its trajectory by an angle 8 which is related to
the impact parameter b by the following expression (Binney &
Tremaine 2008), expressed as

an(f) = S

B.11
2 vib @11

Therefore, the impact parameter corresponding to a 90° deflec-
tion is
_ G(M +m)

2
Y

boo (B.12)

The intial velocity vy of particle M changes as a consequence of
the encounter. The change in velocity Av can be decomposed in a
parallel and an orthogonal component to the intial relative veloc-
ity vy, namely Av and Av, . Again, following Binney & Tremaine
(2008), such components can be written as

2 b/b
|Av, | = v sing = —mvo__blbo (B.13)
m+ M M+m1+b2/b§0
2 1
Avj] = vg—— (1~ cos ) = — (B.14)
m+M M+m1+b/b90

When extending the analysis to a system populated by many par-
ticles, we can derive the differential scattering cross section for
the encounters. Particles scattering from an annular region of
area do = 2rbdb are deflected into an angular annulus of area
27R sin(6)Rd6 within the solid angle dQ = 2r sin 8d6. Therefore,
the differential scattering cross section do-/d<Q2, using Eq. (B.11),
can be written as

dr b db_ GM+mb
dQ "~ sin(0) d0 2 sin(6)? sin*(0/2)

(B.15)

Using now Eq. (B.11) for » and sin(d) = 2sin(6/2) cos(6/2) we
obtain

do _
do

GM+m) |
202 sin*(6/2)

(B.16)

[ bog :
2sin%(0/2) |’

where by is defined in Eq. (B.12).

Based on the formalism introduced in this paragraph, we
can go on to derive the DF correction term from the first-order
diffusion coefficient of Eq. (B.9).

Appendix B.3. DF correction from the first order diffusion
coefficient

Here, we consider different populations of particles with masses
m, each described by a corresponding phase-space distribution
function f,,(v). The mean rate of change of velocity for a particle
of mass M moving at velocity v, denoted as D[AV/], is given by
the cumulative effect of encounters with all m-mass particles.
Following the formalism of Rosenbluth et al. (1957), Eq. (B.9)
can be rewritten using the differential scattering cross section as:

D[AV;] = Z f &PV fu@) f dQ%mAv;, (B.17)

where vy = v — V is the relative velocity between the background
particle m and the test particle M, and dQ2 = 27 sin 6d6 is the

solid angle element. Rosenbluth et al. (1957) solved the inte-
gral over the angular coordinate in Eq. (B.17) by selecting a
convenient reference frame. They defined an orthonormal basis
(&1, 85,8;) such that vy lies along &, i.e. vp - &] = |vo| = vp.
Starting from any fixed orthonormal basis (¢, &;,3) we have

éi . é’ll = UQ’,‘/U(). (B18)
where vy ; is the i-th component of vy in the base (€}, &;, €3).
Denoting by ¢ the angle between the orbital plane and
the versor e’,, and following the sign convention of Binney &
Tremaine (1987) to ensure that the velocity change is positive
when the force between the particles is attractive, as in the case
of the gravitational force, we can express the change in velocity
in the (¢’y, ¢’5, €’3) reference frame as
Av = Avje’| + Av, cos(@)e’, — Av, sin(¢p)e’s, (B.19)
where Ayy and Av, are the parallel and perpendicular compo-
nents of the velocity change relative to v (and hence to ¢’}), as
introduced in Egs. (B.14) and (B.13). Furthermore, in the generic
reference frame with basis vectors (€1, &;, €3), the components
Av; can be expressed as
Av; = (Av- &)@ - &}). (B.20)
Assuming that the m-populations are isotropically distributed
in space, we can average over the angle ¢. Since (cos @)y =
(sing)s = 0, the second and third terms in Eq. (B.19) vanish
upon averaging. Combining Egs. (B.19) and (B.20), we obtain

Av; = Auy(; - &), (B.21)
so that Eq. (B.17) becomes

/ ’ dO'(U(), 0) A D
D[AV;] = ; f v fu(') f dQ=—Z—=whv(é;- &) (B.22)

Using then Eq. (B.16) and (B.18), we can write the diffusion
coefficient as

2
D[AV;] = 2772 fd3v'fm(v') [1%} oo, X

9 .
'max 0
f —" (1 - cos 6)de.
Oin SIN"(0/2)

In principle, the integration should run over the total solid angle.
However, we introduced the integration extremes 6, 6,.x that,
according to Eq. (B.11) correspond to the scattering angle from
a maximum and a minimum impact parameter. We adopt by, =
boy and b.x = egy. The parameter egy is the gravitational soft-
ening length of the BH and serves to account for unresolved,
sub-resolution diffusion effects, as discussed in Sect. 3.1. Focus-
ing on the integral over the angular coordinate, it can be easily
solved noticing that: sin4(6’/2) = (1 — cos 6)2/4 so that

(B.23)

hmax ing Omax 4sin 6
f — (1 - cos6)d6 = f MY g
Omin SIN"(6/2) 0, 1 —cos(f)

=41In(1 - cos6) (B.24)

Omax
Omin
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Moreover, from Eq. (B.14) we have:

2

l1-cos=——.
1+ b2/b},

(B.25)

Using the results of Egs. (B.24) and (B.25) and the minimum
impact parameter as b,,;,, = bgy defined in Eq. (B.12) we get

G*(M b},
DIAV]] = 27erd3v’fm(v')%1n(l + %)um.
m 0 90
(B.26)

We can now assume to have a single population of "stellar" par-
ticles of mass m; within a spherical region of radius egy whose
phase-space density distribution is described by the expression

f) = ) 8,600 — ),

J

(B.27)

where the index j runs over all the particles in the population. In
our description of the sub-resolution correction of the DF force,
these are the ’neighbours’ of the BH particle, that lie within
the BH smoothing length. Using Eq. (B.27) for the phase-space
distribution function and bn,ax = €, Eq. (B.26) becomes

(v; - v)4e§H

G*(M + mj)m; (
- = "Il —""
[G(M + mj)]2

DAV} =2 ) p—
j J

(B.28)
Following the definition adopted in D24, we write

(v - 0)2 €BH

A(m;) = —G(M T my) s

(B.29)

which allows us to recognise that Eq. (B.28) is formally equiva-
lent to the correction term introduced in Eq. (27).

As a final remark, it is important to stress that the first-
order diffusion coefficient can be interpreted as an acceleration.
This ultimately justifies the fact that the above expression for
the diffusion coefficient corresponds to the DF correction of
Eq. (27). As pointed out when we introduced it in Eq. (B.9),
this coefficient represents the average rate of change of the
velocity—already suggesting its physical meaning as an accel-
eration. However, Rosenbluth et al. (1957) provided an elegant
formulation that explicitly demonstrates how this drift term can
be related to a force. Following their approach, we consider
Eq. (B.26), restricting for clarity to a single stellar population
of mass m, so that the summation reduces to a single term and
assuming that the minimum and maximum impact parameters
are velocity-independent. Then,Eq. (B.26) becomes

2 brznax 3 1 V0,
DIAv] = 27G*(M +mym1n| 1+ =5 | [ &% ,0/)—. (B.30)
90 Yo

After defining one of the two Rosenbluth potentials as

1
hy(v) = f d*v' f,(0)—, (B.31)
Vo
and owing to
1 .
i (—) = v_(;l ) (B.32)
(9(),' Vo UO

A83, page 20 of 20

we can express the first-order diffusion coefficient in terms of a
force F, drift-

b2 Fasi
DIAV] = 22G*(M + mymIn |1 + 22 ¥ p, (v) = =28
b3, M
(B.33)

In the above equation, F g is in fact an effective force in veloc-
ity space, since it is proportional to the gradient, with respect
to the velocity coordinate, of a velocity-dependent potential.
Binney & Tremaine (2011) highlighted that the Rosenbluth
potential ,,(v) depends on velocity in exactly the same way as
the gravitational potential depends on position, thus emphasis-
ing the analogy between the gravitational force in real space and
the DF force in velocity space. If M = m we can describe the
evolution of the phase-space distribution function f,, by combin-
ing Eq. (B.1) and the first-order term appearing in Eq. (B.6) to
obtain a Boltzmann equation in which an additional ’drift force
term’ appears, according to

af _of  ;of [Fof _ 0 (hf) (B.34)

dt Ot oxi  maovi vl m

)(Ui,j_ Vo).
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