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Abstract
Level spectroscopy stands as a powerful method for identifying the transition point that delineates
distinct quantum phases. Since each quantum phase exhibits a characteristic sequence of excited
states, the crossing of energy levels between low-lying excited states offers a reliable mean to
estimate the phase transition point. While approaches like the Variational Quantum Eigensolver
are useful for approximating ground states of interacting systems using quantum computing,
capturing low-energy excitations remains challenging. In our study, we introduce an equivariant
quantum circuit that preserves the total spin and the translational symmetry to accurately describe
singlet and triplet excited states in the J1–J2 Heisenberg model on a chain, which are crucial for
characterizing its transition point. Additionally, we assess the impact of noise on the variational
state, showing that conventional mitigation techniques like Zero Noise Extrapolation reliably
restore its physical properties.

1. Introduction

Exploring phase transitions is crucial for understanding the fundamental behavior of matter [1]. These
transitions are usually identified by analyzing order parameters that describe specific phase changes.
However, accurate estimates of transition points require large systems approaching the thermodynamic limit,
which typically is highly computationally expensive. An alternative approach involves utilizing level
spectroscopy [2–4]. In this framework, the ground state phase transition is detected by the energy level
crossings of low-lying excited states. Indeed, if the quantum numbers of the ground state do not change
across the phase transition, but those of the low-energy excited states do change, then a correspondence
between excited energy level crossings and the phase transitions is expected [5–8]. For several
one-dimensional models this mapping is well established. Moreover, it seems to be a promising approach
also for two-dimensional spin systems [9–11]. The benefit of this method lies in its insensitivity to system
size, enabling highly accurate predictions of the phase transition point even with small clusters.

In this work, we introduce a variational Ansatz adequate for the implementation on quantum devices to
detect the transition by exploiting level spectroscopy. In particular, we focus on the J1–J2 Heisenberg model
on a chain, where level crossing has been successfully applied with classical methods. The Hamiltonian of the
model reads

ĤJ1–J2 = J1

N∑

r=1

Ŝr · Ŝr+1 + J2

N∑

r=1

Ŝr · Ŝr+2 , (1)

where Ŝr = (Ŝxr , Ŝ
y
r , Ŝzr) is the spin 1/2 operator at site r and J1, J2 ! 0 are the antiferromagnetic couplings

between nearest and next-nearest neighbors sites, respectively. For J2 = 0 the model in equation (1) reduces
to the one-dimensional Heisenberg model and the ground-state properties can be computed using the Bethe
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Ansatz [12]. However, when J2 > 0 there are no exact solutions. Still, its phase diagram is well established by
numerical and analytical calculations [13, 14]. In particular, a Berezinskii–Kosterlitz–Thouless (BKT)
transition [15] at (J2/J1)c = 0.24116(7) separates a gapless region at small values of J2/J1 by a gapped state at
large values of the frustration ratio. On the one hand, the detection of a BKT transition is especially
complicated by the direct computation of an order parameter. Indeed, large size effects are present and a
huge number of sites is necessary to give a meaningful estimation of the phase transition point [13, 14, 16,
17]. On the other hand, by employing level spectroscopy, a small number of sites (N∼ 30) is sufficient to
achieve a very accurate estimation [2].

As described earlier, this technique exploits excited states to determine the transition point. The
eigenstates of the Hamiltonian in equation (1) can be classified according to the total spin S and the
momentum k, respectively the quantum numbers of Ŝ2, where Ŝ=

∑N
r=1 Ŝr, and of the one-site translation

operator T̂ (assuming periodic boundary conditions). The transition point can be detected as the energy
level crossing between the first singlet (S= 0) and triplet (S= 1) excited states with momentum π with
respect to the ground state. Defining variational states which are eigenstates of the total spin operator Ŝ2

requires considerable computational effort when using classical methods like Tensor Networks and
Neural-Network Quantum States (NQS). On the one hand, for NQS the wave function amplitude is typically
represented in the basis along the z-direction, which inherently breaks total spin symmetry. To address this, it
is necessary to define the amplitude in a spin-symmetric basis, as proposed in [18, 19]. On the other hand,
Tensor Networks can be constructed with SU(2)-symmetric tensors, allowing for a larger bond dimensions
than what is possible when only U(1) symmetry is imposed [20–23]. However, due to the complexity of
incorporating non-abelian symmetries, both Tensor Network and NQS approaches typically restrict
computations to the Sz symmetry sectors, where highly accurate results can still be achieved [11, 17, 24–30].

Conversely, preparing translational- and spin-equivariant quantum circuits can be achieved
implementing only constant depth layers (see section 2.1). Notably, combining the latter approach with the
level spectroscopy technique on small clusters, makes the problem suitable for quantum computers, even in
the near-term. In this scenario, we devise an equivariant variational quantum circuit [31–36] preserving both
total spin and translational symmetry, optimized through the Variational Quantum Eigensolver (VQE) [37].
The latter is a hybrid quantum–classical algorithm based on the variational principle. It leverages quantum
computers to create a parameterized variational state and measure its corresponding energy, while a classical
loop iteratively updates its parameters to approach the minimum of the energy landscape. Importantly, the
variational principle can be extended beyond approximating ground state properties to describe low-lying
excited states as well. For instance, this can be achieved by constructing suitable variational states where
specific symmetry sectors can be specified [11, 16, 25, 38, 39]. In this work, we explore this possibility
through numerical simulations of ideal quantum circuits, focusing on the variational approximation of the
excited states of the J1–J2 Heisenberg model in equation (1). However, our approach can be suitably extended
to handle other Hamiltonians, and it results particularly valuable to treat those that conserve total spin.

The conceptual aim of this work is to demonstrate that condensed matter techniques, such as level
spectroscopy, can be combined with quantum algorithms to detect quantum phase transitions. While
previous works [31, 32] discussed the construction of quantum circuits that respect certain symmetries, we
take an additional step by showing that the knowledge of specific excited states can be leveraged to detect
phase transitions that are challenging to characterize by directly measuring order parameters due to
significant finite-size effects. From a methodological standpoint, we also introduce a general approach based
on the Linear Combination of Unitaries (LCU) for a posteriori symmetrization. This technique can
complement symmetric Ansätze by restoring symmetries that are difficult to encode directly into the circuit
design.

Moreover, as quantum hardware is highly susceptible to the interaction with the environment,
understanding the effects of noise in quantum circuits becomes crucial [40]. For this reason, the sensitivity of
our approach to noise is evaluated through numerical simulations of noisy quantum circuits. Despite the
explicit breaking of variational state symmetries in the presence of noise [41], we demonstrate that by
integrating standard error mitigation techniques, such as zero noise extrapolation (ZNE) [42], we can
successfully restore the desired physical properties.

2. Variational ansatz

2.1. Variational quantum circuit
Given a Hamiltonian Ĥ, the VQE offers a method to approximate its eigenstates by exploiting the variational
principle, which involves minimizing the variational energy Eθ = 〈Ψθ|Ĥ|Ψθ〉. Here, |Ψθ〉 constitutes a
variational state depending on θ, a vector of parameters. In the VQE framework, the Ansatz is represented as
a quantum circuit identified by a unitary transformation Ûθ acting on an initial state |φ〉, such that
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|Ψθ〉= Ûθ|φ〉. In this study, we utilize a quantum circuit based on the Hamiltonian variational ansatz
(HVA) [37, 43], which proved to be effective for approximating quantummany-body eigenstates [33, 44–49].
The HVA approach involves introducing a set of auxiliary Hamiltonians Ĥ1,Ĥ2, . . . , ĤM such that[
Ĥm,Ĥm′

]
$= 0 ∀m $=m ′. The variational state is then expressed as:

|ψθ〉=
L∏

l=1

e−iθl
MĤM . . .e−iθl

2Ĥ2 e−iθl
1Ĥ1 |φ〉 , (2)

where the initial state |φ〉 is typically identified as a low-energy eigenstate of one of the auxiliary
Hamiltonians Ĥm (m> 1). The number of variational parameters in the HVA approach isM · L and the
accuracy of the variational state is mainly determined by the number of layers L.

In the HVA framework, the standard practice is to require that
∑M

m=1 Ĥm = Ĥ. However, we relax this

constraint while still maintaining a connection between
∑M

m=1 Ĥm and Ĥ. Indeed, our focus lies on the
symmetry properties of the auxiliary Hamiltonians.

The simplest way to define a non-trivial variational state |Ψθ〉 is to consider a set ofM= 2 auxiliary
Hamiltonians Ĥ1 and Ĥ2. As a result, the unitary operator takes the following form:

Ûθ =
L∏

l=1

eiθ
l
2Ĥ2 eiθ

l
1Ĥ1 . (3)

For the J1–J2 Heisenberg model in equation (1), one way to define Ĥ1 and Ĥ2 is to observe that the
nearest-neighbor term

∑
r Ŝr · Ŝr+1 can be decomposed into the sum of two contributions

Ĥeven =
∑N/2

r=1 Ŝ2r−1 · Ŝ2r and Ĥodd =
∑N/2

r=1 Ŝ2r · Ŝ2r+1. Additionally, the ground state of Ĥeven is a product
state of singlet pairs, and its excited states can be constructed by replacing a singlet pair with a triplet one (see
section 2.2). Therefore, we set Ĥ2 = Ĥeven, and choose the state |φ〉 to be an appropriate eigenstate of Ĥeven.
Subsequently, the most natural choice for the other term is Ĥ1 = Ĥodd, since [Ĥeven,Ĥodd] $= 0 (see section B
of the appendix for a discussion about an alternative choice of Ĥ1 and Ĥ2). Since the Hamiltonians Ĥ1 and
Ĥ2 are defined as sums of commuting terms, the unitary operator Ûθ in equation (3) becomes

Ûθ =
L∏

l=1

N/2∏

r=1

eiθ
l
2Ŝ2r−1·Ŝ2r

N/2∏

q=1

eiθ
l
1Ŝ2q·Ŝ2q+1 . (4)

Furthermore, considering the definition Ŝ2r−1 · Ŝ2r =
∑

α Ŝ
α
2r−1Ŝ

α
2r where α= x,y,z, it is worth noting that

[Ŝα2r−1Ŝ
α
2r, Ŝ

β
2r−1Ŝ

β
2r] = 0, and similarly for Ŝ2r · Ŝ2r+1. Consequently, we can rewrite equation (4) without any

approximation:

Ûθ =
L∏

l=1

N/2∏

r=1

∏

α

eiθ
l
2Ŝ

α
2r−1Ŝ

α
2r

N/2∏

q=1

∏

β

eiθ
l
1Ŝ

β
2qŜ

β
2q+1 . (5)

The last step is crucial as it enables the implementation of each layer of Ûθ in constant depth relative to the
number of qubits N. In fact, Ûθ in equation (5) is the composition of two local gates, many of which can be
executed simultaneously (see figures 1(a) and 1(b). Note that in figure 1(b) we show a straightforward
implementation of the two local gates. Alternatively, optimized decompositions that reduce the number of
required CNOT gates, as proposed in [31, 50], can also be implemented.

2.2. Symmetries of the variational state
An effective strategy for approximating excited states involves constructing variational states with definite
quantum numbers, thereby energy minimizations are performed within specific symmetry sectors.
In order to detect the phase transition point in the J1–J2 Heisenberg model, we need to fix both the
momentum k and the total spin S. As a result |Ψθ〉 should be invariant with respect to the operators Ŝ2 and
T̂ . Given |Ψθ〉= Ûθ|φ〉, if the initial state |φ〉 lies in a definite symmetry sector and the unitary operator Ûθ

preserves that symmetry (i.e. it is equivariant), then the resulting variational state |Ψθ〉 can effectively

estimate low-energy excitations. Regarding the total spin, each rotation eiθŜj·Ŝk in equation (4) is equivariant

under spin symmetry, namely [Ŝ2,eiθŜj·Ŝk] = 0 ∀j,k. Therefore, to restrict the optimization to a specific spin
sector, it suffices to choose |φ〉 with a definite quantum number S.
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Figure 1. (a) Implementation of a single layer of the quantum circuit defined in equation (5) of the main text. This circuit consists
of two local rotations, such as XX, which denotes the unitary exp(iθŜxr ⊗ Ŝxr+1) and similarly for YY and ZZ. (b) Implementation

of the two local rotation XX. It includes two CNOTs, a RZ rotation and diagonalizing gates UX, defined by Û
†
XŜ

x
r ÛX = Ŝzr . The

implementation is analogous for the gates YY and ZZ. (c) Circuit used to perform symmetrization by LCU, where a controlled T̂
is added to Ûθ to symmetrize |Ψθ〉.

The singlet state (S= 0) is implemented as the ground state of Ĥ2

|φ0〉=
N/2∏

r=1

|s〉2r−1,2r , (6)

where |s〉r,r ′ = (|0〉r|1〉r′ − |1〉r|0〉r′)/
√
2 is a singlet pair. Similarly, the triplet state (S= 1) can be constructed

as the first excited state of Ĥ2 by replacing in equation (6) a singlet pair with a triplet one
|t〉r,r ′ = (|0〉r|1〉r′ + |1〉r|0〉r′)/

√
2. Thus we can select as initial state either of the following N/2 degenerate

states

|φ̃ j
1〉= |t〉2j−1,2j

N/2∏

r=1,r#=j

|s〉2r−1,2r , (7)

where j = 1, . . . ,N/2. Concerning translational invariance, while the Hamiltonian ĤJ1–J2 in equation (1)
preserves one-site translations, the unitary operator Ûθ does not. However, the Hamiltonians Ĥ1 and Ĥ2 are
equivariant under translations of two lattice sites, meaning [Ĥ1, T̂ 2] = [Ĥ2, T̂ 2] = 0. Consequently, by
sharing the variational parameters across different qubits [see equation (5)], we easily achieve [Ûθ, T̂ 2] = 0.
The latter condition leads us to consider a simple way to restore the one-site symmetry, which is necessary to
fix the momentum k in the variational state. This involves defining initial states |φ〉 that possess translational
invariance over two lattice sites. Notably, the state |φ0〉 in equation (6) already exhibits this symmetry, while
the states |φ̃j1〉 in equation (7) lack it. However, we can prepare a superposition of |φ̃j1〉 states as

|φ1〉=
1√
N/2

N/2∑

j=1

|φ̃j1〉 , (8)

implying T̂ 2|φ1〉= |φ1〉 (for a detailed discussion on the quantum circuit implementation of |φ0〉 and |φ1〉
refer to section A of the appendix). At this point, full translational invariance can be recovered using
LCUs [51], as described below.

2.3. Symmetrization by LCUs
Given a variational state |Ψθ〉 satisfying T̂ 2|Ψθ〉= |Ψθ〉, we define the following linear combination to
represent normalized, translationally invariant states with momentum k= 0 or k= π as:

|Ψk
θ〉=

|Ψθ〉+ eikT̂ |Ψθ〉
|||Ψθ〉+ eikT̂ |Ψθ〉||

. (9)
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Starting from the definition of |Ψk
θ〉 it is easy to show that T̂ |Ψk=0

θ 〉= |Ψk=0
θ 〉 and T̂ |Ψk=π

θ 〉=−|Ψk=π
θ 〉.

In the following discussion, we show how to implement the symmetrized state in equation (9) as a quantum
circuit, making use of the LCU technique [51].

The latter method allows the preparation of normalized states in the form |Φ〉 ∝ Γ̂|Φ0〉, given a
normalized initial state |Φ0〉 and a general linear combination of unitaries Γ̂=

∑A−1
a=0 caÛa. Since Γ̂ is non

unitary, the procedure succeeds only with a certain probability, which is related to the normalization
constant of Γ̂|Φ0〉. To achieve this goal, it is necessary to unitarize Γ̂, a process that involves introducing
)log2(A)* ancillary qubits, followed by a projection.

Focusing on the translational symmetry, given a state invariant under A-site translations, namely
T̂ A|Φ0〉= |Φ0〉, symmetrizing it necessitates Γ̂=

∑A−1
a=0 e

ika T̂ a, where k= 2πn/A with n= 0, . . . ,A− 1 (see
section C.2 of appendix). This procedure requires a logarithmic number of ancillary qubits )log2(A)* and
O(A ·N) quantum operations independently of the state |Φ0〉. Moreover, as this procedure succeeds only
with a fixed probability, it may involve a sampling overhead. Nevertheless, it can be shown (see section C.2 of
appendix) that the average probability of success across various initializations of the variational parameters is
approximately 1/A, with corrections of order O(2A−N). This suggests that, at the beginning of the
optimization, the sampling overhead is expected to scale linearly with A, but roughly independently of the
system size N (assuming N+ A).

In our case, we implement equation (9) by choosing A= 2, |Φ0〉= Ûθ|φ〉 and Γ̂= 1̂+ T̂ . Consequently,
only one ancilla is required, regardless of the system size N. Furthermore, the average success probability
approximate 1/2, regardless of N, and as a consequence the computational cost of a posteriori
symmetrization is kept constant without recurring to oblivious amplitude amplification [52] or related
techniques (see section C.2 of the appendix for a numerical test). The corresponding circuit is schematically
illustrated in figure 1(c). First, we prepare the ancilla in the |+〉 state. Then, we apply a controlled version of
T̂ . Finally, the projection is performed by measuring the ancilla in the {|+〉, |−〉} basis. Depending on the
measurement outcome, the computational register is prepared in either |Ψk=0

θ 〉 or |Ψk=π
θ 〉 states. Thus, by

post-selecting the appropriate measurement results from the ancillary qubit, both momenta (k= 0 or k= π)
can be obtained using just one circuit3. Additionally, we mention that other symmetrization approaches,
based on classical post-processing, are possible but may require a higher number of circuit evaluations [33].

While effective in the ideal case, a posteriori symmetrization procedures (like those discussed in this
section) are notably sensitive to errors arising from noise [53, 54]. Furthermore, since the circuit depth scales
linearly with the system size N, scaling our approach in the presence of noise may be challenging.
Nevertheless, energy level crossings are expected to be effective at relatively moderate system sizes. Therefore,
by combining small sized circuits with error mitigation techniques, this approach could still effectively detect
the phase transition point, even when using imperfect devices. For this reason, in the following, we
investigate the impact of small perturbations on the quantum circuit (see sections 3 and 5).

3. Noise andmitigation

Quantum devices are susceptible to noise, leading to errors during quantum computation. Broadly speaking
these errors can be divided into two classes: coherent and incoherent. Coherent errors arise from the
miscalibration of quantum gates, resulting in slight shifts in gate rotation angles [55]. In contrast, incoherent
errors arise from interactions with the environment [55, 56].

3.1. Noise model
Accurately modeling incoherent errors is challenging [57–59]. Here, we define a simple noise model that
captures only local incoherent errors, allowing to examine how small perturbations affect the symmetries of
the variational state. This noise model is implemented as quantum channels Eτ , which generally depend on
the gate time τ . They are used to approximate the dominant local errors typically occurring on real devices
during the gate execution. The most common models include depolarization ED

τ and thermal relaxation ER
τ ,

which are applied after each gate in the quantum circuit [60, 61]. Both maps induce single-qubit
decoherence. However, the fixed points of the two maps differ, thus introducing competing effects. On the
one hand, single-qubit depolarization tends to bring the state towards 1/2, namely the maximally mixed
one. On the other hand, thermal relaxation tends to bring the state to |0〉〈0| (see section D of the appendix
for a formal definition and a discussion of the noise channels). Here, we choose to combine the two as
Eτ = ED

τ ◦ ER
τ . Furthermore, we neglect cross talks and correlated noises [62] implying that the total channel

associated tom-qubit gates is E⊗m
τ , i.e. the tensor product of the single-qubit one.

3 In sectionCof the appendixwediscuss both the computational cost of LCU to restore translational symmetry on a two-site translationally
invariant state and to enforce a generic discrete symmetry.
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Figure 2. The variational energy for a cluster of N= 16 sites as a function of the number of layer L= 1, . . . ,N/2 for J2/J1 = 0.15
(left panel) and J2/J1 = 0.35 (right panel). The exact energies are also reported as dotted lines in both panels. The corresponding
relative error∆ε= |Eθ − Eex|/Eex with respect to the exact energies is reported as insets as a function of L.

Together with errors arising from the gate execution, readout errors are also present during the
measurement procedure at the end of computation [63]. However, we neglect this error source, since highly
effective techniques such as T-REX [64], capable of mitigating these errors, are already accessible on current
quantum devices [65]. Moreover, since such quantum devices can only implement a specific set of universal
gates (see section D of the appendix ), to conduct numerical simulations that are more faithful to the real
hardware, we transpiled our algorithm accordingly.

3.2. ZNE
In the noise model outlined previously, the quantum channels Eτ depend on the gate time τ and the error
probabilities, associated to each channel, increases with τ (see section D of the appendix). This parameter can
be theoretically adjusted to control the noise level, a manipulation that can also be realized experimentally
through various techniques [42, 66, 67]. This allows to perform ZNE [42], an error mitigation strategy
suitable for expectation value estimations. In this approach, the expectation value is computed with
increasing noise levels (i.e. the gate time τ ), in order to extrapolate the ideal result in the zero-noise limit (i.e.
τ → 0). Generally, the introduction of noise explicitly breaks the symmetries of the Ansatz [41], implying
possibly wrong estimations of the low-lying excited energies. To counteract this effect we modify the VQE
cost function with a penalty term which favours variational states lying in the correct symmetry sector [31].
By exploiting the optimizer to mitigate the noise-induced effects on the symmetries of the Ansatz, in
combination with ZNE, we accurately recover the zero-noise limit.

4. Noiseless numerical results

In the following we examine the results obtained in the noiseless scenario by performing numerical
state-vector simulations (PennyLane’s lightning.qubit backend [68]). Specifically, we investigate how the
accuracy of the variational state can be systematically enhanced by increasing the number of layers L in the
circuit across the different symmetry sectors.

We focus on a cluster of N = 16 qubits for two frustration ratios: J2/J1 = 0.15 (gapless phase) and
J2/J1 = 0.35 (gapped phase). In figure 2 we show the dependence of the variational energies with respect to
the number of layers L of the circuit. The optimizations are carried out fixing the quantum numbers of total
spin S (singlet or triplet) and momentum (k= 0,π). For both frustration ratios, the ground state is a singlet
(S= 0) with k= 0. The first excited state before the phase transition (J2/J1 = 0.15, left panel) is a triplet state
(S= 1) with momentum k= π. Then, after the transition (J2/J1 = 0.35, right panel), it becomes a singlet
state (S= 0) with momentum k= π. The situation is reversed for the second excited state.

For both frustration ratios, the relative error of the states compared to the exact ones [3, 69] is of order
∆ε≈ 0.01% for a number of layers L= N/2 [48] (see insets in figure 2). We observe that the convergence of
the triplet state is slower compared to the singlet case (see figure 2). This behavior can be attributed to the
larger symmetry sector of the triplet state (S= 1), which includes Sz =−1,0,1, in contrast to the singlet
excited state S= 0, which only includes Sz = 0. Consequently, more layers are required to adequately span the
entire symmetry subspace [31]. Nevertheless, by reaching L= N/2, the accuracy is of the same order of
magnitude for both cases. Additionally, we emphasize that using a highly symmetric Ansatz, as we do here,
generally reduces the subspace that needs to be explored during optimization. This approach helps mitigate
trainability challenges in variational circuits, such as barren plateaus, where the variance of the cost function
becomes exponentially small increasing the system size [70, 71]. Furthermore, we employ a Gaussian
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Figure 3. (a) Variational energies for S= 0 and k= π on a N= 4 site cluster at J1/J2 = 0.15, plotted as a function of τ/tg, with
λ= 0.0 (dashed green curve) and λ= 0.05 (solid green curve). The empty green square (diamond) indicates the energy at
τ/tg = 1 for λ= 0.05 (λ= 0.0). The shaded red region marks the ZNE region spanning τ/tg ∈ [1,3]. The exact energy value is
also shown for comparison (red star). The inset (1) displays the evolution of the probability ps over optimization steps for the gate
time τ = tg, with λ= 0.0 (dashed green curve) and λ= 0.05 (solid green curve). The inset (2) shows the values of the probability
ps, at the end of the optimization, as a function of λ. (b) Variational energies for the different symmetry sectors in the interval
J2/J1 ∈ [0.15,0.35]. Unmitigated results are obtained at τ = tg (left panel), while the mitigated energies obtained via ZNE are
shown in the right panel. The inset shows ZNE extrapolations performed within the ZNE region (τ/tg ∈ [1,3]) for J1/J2 = 0.15.

initialization of the parameters, with variance scaling as∼1/L, which was shown to be effective to mitigate
barren plateaus in the general setting [72]. The accurate results obtained before and after the transition
suggest that the variational state accurately captures the transition point through the crossing of excited
states.

5. Noisy numerical results

The introduction of noise in the circuit modifies the performance of the Ansatz. In this section we investigate
the impact of the noise model (see section 3) on the symmetries of the variational state. We show that it is
possible to mitigate errors through ZNE combined with the introduction of a suitable penalty term in the
cost function. Here, we focus on a system of N = 4 sites using a circuit with L= 1 layer. Indeed, for such a
small cluster one layer is sufficient to get accurate estimations in the noiseless limit. Using as reference
current IBM superconducting devices [65], the single-qubit gate time is tg ≈ 3.5× 10−8 s. For this reason,
variational optimizations are performed setting τ = tg (see section D). Regarding mitigation, we dub ZNE
region the gate-time interval attainable to perform ZNE on current quantum hardware (i.e. from τ = tg up to
τ ≈ 3tg). All numerical simulations are performed by employing a density matrix simulator (PennyLane’s
default.mixed backend [68]).

5.1. Breaking of equivariance due to noise
In figure 3(a) we show the results at J2/J1 = 0.15 for the singlet excited state (S= 0) at k= π. We start
describing what happens when changing continuously the gate time τ in the variational circuit. First, we
optimize the variational state at τ = tg (empty green diamond). Then, fixing the optimal parameters, the
noise level is changed shifting τ in the interval τ/tg ∈ [10−7,102] (dashed green curve). We point out that for
small values of the gate time (τ/tg ∼ 10−7) the variational result approaches the exact energy (red star).

However, in the ZNE region (shaded interval) the variational energy is lower with respect to the exact one
in the selected symmetry sector4. As a result, due to the non-monotonic behaviour of the noisy energy curve,
performing the ZNE in the ZNE region gets a off-target result, committing an error of 45% with respect to
the exact energy. This suggests that the variational state has no definite momentum, implying a breaking in
the equivariance of the circuit due to the presence of noise [41].

To better understand this behaviour, we measure, during the energy optimization at τ = tg, the

probability ps(θ) = (1+ eik〈Ψθ|T̂ |Ψθ〉)/2 (see section C.1 of the appendix for a derivation), which quantifies
the success in performing the LCU symmetrization (green dashed curve in the inset (1) of figure 3(a). This
probability decreases during the optimization and at the end is quite low (ps ≈ 15%). We point out that in a
noiseless scenario, the definition of a state with a definite momentum is achieved irrespective of the value of
ps. However, when noise is present, the probability of success ps in executing the LCU symmetrization

4 We remark that the variational energy is consistently higher than the ground state energy. However, if the symmetries of the variational
state are not preserved, its energy may be lower than that of the excited state we are approximating.
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becomes relevant to the effective generation of translationally invariant states. In general for both scenarios,
low values of ps imply that the one-site translations are primarly restored by LCU, indicating that
components in the wrong symmetry sectors are relevant before the LCU application. Conversely, when ps is
high, most of the symmetrization is effectively performed by optimizing the parameters within the
variational circuit Ûθ, relegating a minor role to LCU. Since the latter is the most susceptible component to
noise in the quantum circuit [53, 54], its contribution to equivariance loss is expected to be predominant.
Consequently, we identify the decay of ps during training as the main indicator of noise-induced
equivariance breaking within the circuit.

5.2. Noise mitigation and symmetry restoration
In this section, we devise a strategy to mitigate the effect of noise on the symmetries of the Ansatz. As
discussed in the previous section, in order to reduce the role of the LCU in the construction of a
translationally invariant state we aim at increasing the probability ps. This can be achieved by adding a
penalty term in the loss function

P(λ,θ) = λ [1− ps (θ)]
2 . (10)

Here, λ is an hyperparameter which controls the intensity of the penalty term. Performing energy
minimizations at different values of λ, fixing the gate time τ = tg, allows to determine its optimal value. In
the inset (2) of figure 3(a) we show a sharp transition at λ= 0.05 from a regime of low (ps ≈ 15%) to high
(ps ≈ 90%) probability measured at the end of the training. In addition, in the inset (1) we show how the
behaviour of the probability ps, during the energy optimization, is modified by introducing a penalty term
(solid green curve). As a result, by setting λ= 0.05, the energy of the optimized state (empty green square in
figure 3(a) results in a reliable approximation of the energy of the singlet excited state at k= π (with a
relative error∆ε≈ 5%).

At this stage, maintaining the optimal variational parameters obtained at τ = tg, the noise level is
changed shifting τ in the interval τ/tg ∈ [10−7,102] (green solid curve in figure 3(a). Here, a monotonic
behaviour emerges, facilitating the implementation of ZNE within the ZNE region (see below).

5.3. Mitigated energy level crossing
Finally, in figure 3(b) we estimate the variational energies, at gate time τ = tg, for the different symmetry
sectors varying the values of the frustration ratio in the interval J2/J1 ∈ [0.15,0.35]5. As shown in the left
panel, the variational energies are shifted with respect to the exact ones (marked by dashed lines) due to
noise. The mitigated results with ZNE technique performed in the ZNE region are depicted in the right panel.

In the inset, for J2/J1 = 0.15, the empty points represent the noisy energies (also depicted on the left
panel), while the crosses denote the expectation values obtained with increasing gate time. The filled points
indicate the extrapolated values in the zero-noise limit (also displayed in the right panel) after fitting the data
by linear regression.

We point out that even in the unmitigated scenario (left panel), the crossing point is adequately captured,
despite slight energy shifts. However, through mitigation, we not only identify the energy level crossing
accurately but also approximate the exact energies with an∆ε≈ 1% error (right panel).

6. Conclusions and outlook

We have introduced an Ansatz inspired by HVA to investigate the excited states of an interacting spin model
on a lattice. Specifically, we have discussed the possibility to carry out optimizations in specific symmetry
sectors by fixing the quantum numbers in the variational state. While HVA states are not yet competitive
with classical methods, such as Tensor Networks and NQS, for the approximation of the low-energy states of
quantum spin models, this work aims to emphasize that the total-spin symmetry, generally challenging to
incorporate in classical approaches [18–21], can be more straightforwardly implemented in quantum
circuit-based Ansätze. Although highly accurate results can often be achieved with classical states even
without enforcing exact total-spin conservation, we believe that having a simple method to construct
SU(2)-symmetric states presents an interesting application of HVA quantum circuits. It is worth noting that,
by employing level spectroscopy, the quantum phase transition point in the one-dimensional J1–J2
Heisenberg model is estimated at J2/J1 = 0.25 on a cluster of N = 4 sites (see figure 3(b) with an error of
3.6% compared to the thermodynamic limit result (J2/J1)c = 0.24117(6). Given the negligible size effects of
this technique, it can be properly generalized to study other models, specifically the application of the same

5 In particular, an appropriate value of λ is chosen for each simulation.
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approach to systems with long-range interactions or two-dimensional systems, where the presence of phase
transitions is still under debate, is the focus of future investigations.

Furthermore, we discussed how noise, which explicitly breaks state symmetries, can be mitigated by
standard techniques such as ZNE, with the addition of an appropriate penalty term which helps in finding
symmetric solutions. From this perspective, the implementation of this Ansatz on current quantum devices
represents the next step in verifying whether the mitigation techniques employed in simulations are still
effective. Moreover, this implementation will involve assessing also the impact of finite samples on the
estimation of the expectation values [73].
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Appendix A. Initial states

A.1. Singlet state |φ0〉
The initial state representing factorized singlet pairs, as given in equation (6), is easily prepared on a
quantum computer. Simultaneously for each singlet pair 2r− 1,2r, we prepare the state |1,+〉 using Pauli X
and Hadamard H gates, followed by a CNOT gate (refer to figure 4(a). In general, we dub Ûs the unitary
transformation responsible for generating the product of singlet state on N qubits.

A.2. Triplet state |φ1〉
The triplet states in equation (7) are not two-site translation invariant. To get the invariant state |φ1〉 in
equation (8) we use a particular class of entangled states calledW states [74]. TheW state for n qubits is the
superposition of all the possible n-qubit states with just a single qubit in the state |1〉

|W (n)〉= 1√
n
(|10 . . .0〉+ |01 . . .0〉+ · · ·+ |00 . . .1〉) . (11)

As an example for the preparation of |φ1〉, we consider the case of N = 4 qubits. We set qubits 2 and 4 in the
state |00〉 and qubits 1 and 3 in theW state, that reads

|W (2)〉13 =
1√
2
(|10〉13 + |01〉13) . (12)

Then, the total state is expressed as

|W (2)〉13|00〉24 =
1√
2
(|1000〉+ |0010〉) , (13)

where in the right-hand side of equation (13) the states of single qubits are indexed in ascending order. By
applying the unitary Ûs to the state in equation (13) we get

1√
2
(|t〉12|s〉34 + |s〉12|t〉34) =

1√
2

(
|φ̃11〉+ |φ̃21〉

)
, (14)

where the right-hand side of equation (14) is |φ1〉 for N = 4 qubits. Thus in general, to get |φ1〉 all odd
indexed qubits are prepared in theW state and this transformation is followed by the singlet preparation Ûs

on all qubits. An example of the resulting circuit for eight qubits is shown in figure 4(b), where the
preparation of theW state is performed efficiently with the techniques described in [75]. The angles ϕi in
figure 4(b) are defined as ϕi = 2arccos(1/

√
n− i+ 1) where i is the index of the qubit.
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Figure 4. (a) Circuit Ûs for preparing the |φ0〉 state on four qubits. (b) Circuit for preparing the |φ1〉 state on 8 qubits.

Appendix B. Alternative choice of Ĥ1 and Ĥ2

As detailed in section 2.1, we choose the Hamiltonians Ĥ1 and Ĥ2 to define the variational circuit in
equation (3) as Ĥodd and Ĥeven, respectively. Together, they constitute the nearest-neighbor contribution in
the J1–J2 Heisenberg model [refer to equation (1)]. However, an alternative choice for Ĥ1 and Ĥ2 is feasible,
incorporating contributions from the next-nearest neighbor term

∑N
r=1 Ŝr · Ŝr+2. For J2/J1 = 0.5, the

Hamiltonian in equation (1) corresponds to the exactly solvable Majumdar-Ghosh model [76], denoted here
as ĤMG. In this model, the ground state is represented by a product of singlet pairs, and the first excited state
can be obtained by replacing one singlet pair with a triplet one, analogously to the Hamiltonian Ĥeven (see
Sec 2.1). Consequently, the J1–J2 Hamiltonian can be expressed as

ĤJ1–J2 = ĤMG +

(
J2 −

J1
2

) N∑

r=1

Ŝr · Ŝr+2 . (15)

Accordingly, we can define a variational quantum circuit in the form of equation (3) setting Ĥ2 = ĤMG and
Ĥ1 =

∑N
r=1 Ŝr · Ŝr+2.

In figure 5, we illustrate a comparison of the accuracy of the variational states with the two different
choices of Ĥ2 and Ĥ1. Specifically, we plot the relative error of the ground state energy for a cluster of N = 10
sites as a function of the optimization steps. The left panel represents the results for a small value of the
frustration ratio J2/J1 = 0.1, while the right panel corresponds to a large value J2/J1 = 0.8. For each
frustration ratio, multiple optimizations are performed using L= N/2 layers for J2/J1 = 0.1 and L=N
layers for J2/J1 = 0.8. The relative error of the two variational states is of the same order of magnitude
(∆ε≈ 0.01%) at the end of the optimizations.

Given that the variational state defined using ĤMG includes gates that directly entangle next-nearest
neighbors qubits, we might expect that it is more accurate for large values of the frustration ratio
(J2/J1 > 0.5) compared to the one defined in section 2.1. However, even for J2/J1 = 0.8, the two variational
states yield similar results. This could be attributed to the fact that increasing the number of layers L in the
circuit also the state defined through Ĥeven entangles (indirectly) next-nearest neighbor sites. As a result, the
two unitaries produce comparable variational results.

Moreover, by parameter sharing among different qubits the circuit corresponding to the Ansatz with
ĤMG is translational invariant of four lattice sites. Consequently, constructing a translational invariant state
with defined momentum k= 0 or k= π requires a more computationally expensive LCU (see section C.2 of
the appendix). Therefore, given the similar accuracy of the two states, the numerical calculations in this work
were carried out using the the circuit defined in the main text.

Appendix C. Computational costs of a posteriori symmetrization

In this section, we consider the asymptotic increase in quantum resources due to symmetrization as a
function of the number N of qubits. This analysis is conducted in terms of:

1. Gates overhead. We determine the scaling of quantum operations not included in the state preparation Ûθ.
2. Samples overhead. We analyze the success probability ps of the algorithm. Indeed, achieving (on average) a

number of accepted samples of ns requires performing a larger number of experiments nsym such that
ps nsym = ns. This gives a sampling overhead inversely proportional to ps.

Here, we explicitly compute these overheads, both in our use case (section C.1) and in general
(section C.2).
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Figure 5. Comparison of the accuracy of variational energies, relative to exact values, for the states defined by Ĥeven and ĤMG as a
function of the optimization steps. Optimizations are performed on a cluster of N= 10 sites for J2/J1 = 0.1 (left panel) and
J2/J1 = 0.8 (right panel). The mean behaviours over multiple optimizations are represented by solid red and blue lines for the
variational states related to ĤMG and Ĥeven, respectively. Orange and light-blue intervals indicate the corresponding standard
deviations.

C.1. Restoring full translational invariance given two-site invariance
As show in section 2.3, LCU can be used to restore full translational symmetry in a variational state |Ψθ〉 by
applying the circuit summarized in figure 1(c). In particular, this holds provided that the initial state is
already invariant under two-site translations, i.e. T̂ 2|Ψθ〉= |Ψθ〉.

1. Gates overhead. Additional operations include preparation of the {|+〉, |−〉} states in the ancilla [O(1)
operations] and implementation of T̂ , which requiresN − 1 SWAP gates [O(N) operations]. Note that in the
controlled version, instead of SWAPs, one needs to implement Fredkin gates (controlled SWAPs), which
although more expensive, still requireO(N) elementary operations overall, yielding a total cost ofO(N) gates.

2. Samples overhead. Consider the preparation of variational states of momentum k= 0, namely we
post-select samples where the ancilla is found in the state |+〉. In this case, ps,k=0 can be computed using
standard LCU theory

ps =
〈Φ0|Γ̂†Γ̂|Φ0〉

‖c‖21
(16)

where |Φ0〉= |Ψθ〉, Γ̂= 1̂+ T̂ and c= (1,1)T. After straightforward manipulations, we obtain

ps,k=0 (θ) =
1

2
+

2{〈Ψθ|T̂ |Ψθ〉}
2

. (17)

Given T̂ = T̂ †T̂ 2 and the invariance under two-site translations of |Ψθ〉, it immediately follows that
〈Ψθ|T̂ |Ψθ〉= 〈Ψθ|T̂ †|Ψθ〉 ∈ R.

Since only two outcomes are possible when measuring a single qubit, it implies ps,k=π = 1− ps,k=0. As a
result

ps,k (θ) =
1

2
+ eik

〈Ψθ|T̂ |Ψθ〉
2

, k= 0,π. (18)

Note that ps,k depends on the variational parameters, and hence will vary depending on initialization and
during the energy minimization.

C.2. General method for symmetrization by LCUs
Generalization of the procedure described in section 2.3 follows directly from the LCU structure. The latter
can be used to enforce any discrete, finite group symmetry G, with elements g0,g1, . . . ,gA−1. In general, this is
achieved by applying Γ̂G =

∑A−1
a=0 χ

∗
a ĝa where χa is the character and ĝa is the unitary representation of the of

the corresponding group element. The symmetrization procedure is summarized in figure 6(a), and requires
the implementation of A− 1 controlled operations6. The preparation of the ancillary system, in the general
case, requires devising a transformation R̂ such that

R̂|0〉=
A−1∑

a=0

√
χ∗
a∑

a′ |χa′ |
|a〉 . (19)

6 Note that, although G has A elements, the element g0 can always be mapped to the identity 1̂, and hence needs not to be implemented.

11



Quantum Sci. Technol. 10 (2025) 015048 G Crognaletti et al

Figure 6. (a) General circuit to implement symmetrization by LCU. To control a symmetry operation ĝa on a specific basis state
|a〉 implies the realization of the unitary |a〉〈a|⊗ ĝa +(1̂− |a〉〈a|)⊗ 1̂. This notation reduces to ordinary controlled gates if
A= 2, i.e. when only one ancillary qubit is required. (b) Scaling of the average probability of success p̄s as a function of the system
size N over the initialization distribution for the Ansatz in section 2.1, assuming S= 1 and k= π. Inset: Relative error |p̄s − 1/2|
as a function of the system size N.

The procedure is successful only if the ancilla is found in the |0〉 state.
1. Gate overhead. In the general case, it is not easy to estimate the number of additional operations as a

function of N and A. In particular, it depends on the number of gates Na and NR to implement each
controlled ĝa and R̂, respectively.

2. Samples overhead. A general result can be derived from equation (16)

ps =

∑
a |χa|2 + 2

∑
b>a2

{
χaχ∗

b 〈Ψθ |̂g†a ĝb|Ψθ〉
}

(∑
a |χa|

)2 , (20)

which directly generalizes equation (17). However, due to the dependence on variational parameters θ, it is
not trivial to estimate the scaling of ps. Nevertheless, the average scaling can be computed. In particular, if we
assume Ûθ forms a unitary 1-design over the initialization probability7

Eθ

{
〈Ψθ|Ô|Ψθ〉

}
=

1

2N
Tr
{
Ô
}

, (21)

which holds for any operator Ô. This allows to compute the average probability of success Eθ{ps}= p̄s.
Employing equation (21) we get

p̄s =

∑
a |χa|2 + 2−N

∑
b>a 22

{
χaχ∗

bTr{ĝ†a ĝb}
}

(∑
a |χa|

)2 , (22)

which now only depends on N, A and the representation choice of G.
Consider as an example G= ZA, namely themultiplicative group of integers modulo A. It admits a simple

representation given by qubit translations, i.e. ĝa = T̂ a and χa = e−ika for a= 0, . . . ,A− 1 and k= 2πn/A,
with n= 0, . . . ,A− 1. This symmetry is especially useful when the variational state is already invariant under
translations of A sites, and we wish to implement full translational symmetry (e.g. section B). Assuming the
implementation of R̂ does not scale with N, the number of additional operations can be estimated to scale as
O(A ·N). Regarding sampling overhead, applying equation (22) yields

p̄s,k =
1

A
+

∑
b>a cos [ik(a− b)]Tr

{
T̂ b−a

}

2N−1A2
. (23)

Furthermore, by noting that 0" Tr{T̂ b−a}" 2A we can bound the magnitude of the second term:

p̄s,k =
1

A
+O

(
2A−N

)
. (24)

7 Formally, the distribution of Ûθ approximates the uniform distribution up to the first moment, i.e.

Eθ {Uθ ⊗U∗
θ}=

ˆ
U(2N)

dµ(V)V⊗V∗

where the integration is performed over the uniform (Haar) measure over the unitary group U(2N).
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Figure 7. Schematic depiction of the noise model. In panel (a) we show quantum channels associated to a generic single-qubit
gate U and in panel (b) those associated to CNOT gates.

This is especially useful in cases where N+ A, since it ensures a sizable initial probability. Setting A= 2, we
get the use-case discussed in section 2.3. While the unitary 1-design hypothesis is not rigorously met in this
case, we numerically show in figure 6(b) that the average probability of success p̄s approaches 1/2
exponentially fast as the system size N increases, as predicted by equation (24).

Appendix D. Kraus maps

We report the Kraus maps used for the noisy simulations in the main text.
The Kraus map of single-qubit depolarization reads [60, 61]

ED
τ (ρ̂) =

(
1− 3

4
pτ

)
ρ̂+

pτ
4
X̂ρ̂X̂+

pτ
4
Ŷρ̂Ŷ+

pτ
4
Ẑρ̂Ẑ , (25)

where ρ̂ is the density matrix of the single-qubit, X̂, Ŷ, Ẑ are the Pauli matrices and pτ quantifies the
probability of having a bit flip, a phase flip or a bit-phase flip of the states of the computational basis. We
assume a behaviour in time of the form pτ = (1− e−γdτ ) for a characteristic time Td = 1/γd [77]. The Kraus
map of the single-qubit thermal relaxation is given by [60, 61]

ER
τ (ρ̂) = K̂ρ̂K̂+ p(1)τ σ̂−ρ̂σ̂+ + p(z)τ Ẑρ̂Ẑ+ p(1)τ P̂0ρ̂P̂0 (26)

where we define the operators K̂=
√
1− p(1)τ − p(z)τ 1̂, P̂0 = |0〉〈0| and σ̂−, σ̂+ are the lowering and raising

Pauli operators, respectively. Here, p(1)τ = (1− e−τ/T1) is the probability of reset to |0〉 and T1 the relaxation

time. Additionally, we introduce p(z)τ = (1− p(1)τ ) · p(pd)τ , where p(pd)τ = (1− e−τ/Tpd) is the probability of
pure dephasing with Tpd = T1T2/(2T1 −T2) and T2 the decoherence time. The time scales T1 and T2 are
related as T2 " 2T1 [77].

The circuits used in our simulations are transpiled into the native gate set of IBM devices, i.e.
{RZ(α),X,

√
X,CNOT}, where α ∈ [−π,π] is a rotation angle. Typically the duration of the execution of

CNOT gate is 10 times larger with respect to the single-qubit gate time. We set the noise time scales as T1 =
T2 = Td ≈ 10−4 s, compatible with the average values of current IBM devices [65] (see figure 7).
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