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Abstract

This work introduces the new class of pure reaction automata, as well as a new update manner, called maximal reactive man-
ner, that can also be applied to standard reaction automata. Pure reaction automata differ from the standard model in that they
don’t have permanence: the entities that are not consumed by the reactions happening at a certain state are not conserved in
the result states. We prove that the set of languages accepted by the new class under the maximal reactive manner contains
the set of languages accepted by standard reaction automata under the same manner or under the maximal parallel manner.
We also prove that a strict subclass of pure reaction automata can compute any partial recursive function.
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1 Introduction

Reaction systems (RS) are a growing and now established
computational model, introduced by Ehrenfeucht and Rozen-
berg (2004, 2007), Brijder et al. (2011a), that takes inspi-
ration from the chemical reactions occurring inside living
cells: a set of entities or chemical species is transformed by
one or more reactions and, like in real life, a reaction for
which all reactants are present and all inhibitors are absent
will generate all the expected products. Reaction Systems
have some characteristics that distinguish them from other
bio-inspired models. First of all, there is no permanence: an
entity that is not used by any reaction will not remain in the
system, but it will disappear. Second, there is no conflict:
even if two reactions have the same reactants both of them
will be enabled if their respective inhibitors are not present.
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Reaction systems have been successfully employed as
a modelling tool in several areas, see for instance (Corolli
etal. 2012; Azimi et al 2014; Barbuti et al. 2021). Concern-
ing theoretical aspects, their properties have been studied
from the point of view of the complexity of the dynamics
(Formenti et al. 2014a, b, 2015; Ehrenfeucht et al. 2017,
Barbuti et al. 2018a; Holzer and Rauch 2021; Teh and Lim
2022; Ascone et al. 2024; from the causality perspective
(Brijder et al. 2010; Barbuti et al. 2016, 2018b); by introduc-
ing in a natural way additional restrictions and extensions
(Brijder et al. 2011b; Salomaa 2017; Azimi 2017; Bottoni
et al. 2019; Manzoni et al. 2020); by classifying and simu-
lating them (Manzoni et al. 2014; Teh and Atanasiu 2017,
2020); and by relating them with other computational mod-
els (Kleijn et al. 2011; Paun et al. 2013; Dutta et al. 2019).

However, reaction systems are limited by the fact that
their states are subsets of a finite set of entities. Hence,
their dynamics can only contain a finite number of distinct
configurations, making computational universality unat-
tainable for them. A natural way to preserve the funda-
mentals of reaction systems while making them a universal
computational model is to allow multiplicity for the enti-
ties. More than a decade ago, the first significant step in
this direction was taken by Okubo et al. (2012b) with the
introduction of Reaction Automata and with the successive
streamline of studies on the topic (see Okubo et al. 2012a;
Okubo 2014; Okubo and Yokomori 2015, 2018; Yokomori
and Okubo 2021; Okubo et al. 2022). In reaction automata,
a state is a multiset of entities (thus allowing an infinite
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set of possible states) and reactions are modified to require
multisets of reactants and products. A significant change
introduced by this model is that now there is competition
between reactions, requiring the model to specify a policy
to decide which reactions are allowed to take place.

A well-studied model that resembles reaction automata
are P automata (see, e.g., Csuhaj-Varji and Vaszil 2002;
Freund et al. 2003; Csuhaj-Varju et al. 2006, 2009), the
automata-like version of P systems, where multisets of
objects are subdivided into multiple regions (or mem-
branes). Those objects evolve according to a series of rules
(usually antiport rules) that move the objects between the
different regions and rewrite them. These rules are applied
according to a given computational model, like sequential
or maximally parallel (where conflicts are possible). One
main difference between P automata and reaction automata
is the “spatial” component of the former, where the sub-
division of the space in regions is essential to perform the
computation. The latter can be seen as a “degenerate” case
of P automata, where only one region is present and only
rules of a particular kind are admitted.

In this work, we continue the study of reaction autom-
ata by providing several new results and connections to
other models. First of all, we define the maximally reactive
manner, a new criterion on how to select which reactions,
among the competing ones, will take place. We also intro-
duce a new kind of reaction automata, called pure reaction
automata. They differ from those introduced by Yokomori
and Okubo (2021) in how the outcome of a reaction is
defined. While classical reaction automata have perma-
nence (i.e., the entities that are not used are preserved),
in pure reaction automata the entities that are not used by
any reaction are lost. This makes pure reaction automata
more similar, in this aspect, to reaction systems, where
non-permanence is a defining characteristic.

The introduction of a new manner and a new model of
reaction automata raises the question of its computation
power compared to the already existing models. We prove
that the set of languages accepted by pure reaction autom-
ata working in a maximal reactive manner contains the
set of languages accepted by standard reaction automata
working in the same manner as well as the set of languages
accepted by reaction automata working in a maximal par-
allel manner (a manner already investigated by Yokomori
and Okubo (2021)).

We also introduce a new research direction for reaction
automata by looking at them as devices to compute partial
functions—similarly to what has been already done for
chemical reaction networks in Chen et al. (2014), Clamons
et al. (2020). From this new point of view, we show that
a restricted class of pure reaction automata can compute
any recursive function from N to N.
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The paper is structured as follows. In Sect. 2 we give
preliminary notions on reaction automata. In Sect. 3 we
define and explore the computational power of pure reaction
automata as language acceptors, while in Sect. 4 we change
the perspective by exploring the computational power of
a restricted class of pure reaction automata as devices for
computing partial recursive functions. In Sect. 5 we pro-
vide a summary of our results and some directions for future
research.

2 Preliminaries

Let S be a finite alphabet. We denote by S* the set of words
over S, that is, all finite sequences of elements of §, with
€ € §* denoting the empty word consisting of zero letters.
A multiset over S is defined as a function V : § — N such
that V(a) € N is the multiplicity of a € S in the multiset.
By S* we denote the set of all multisets over S. Given V and
W two multisets over S, we define a partial order and four
operations as follows:

— Inclusion: V < Wif V(a) < W(a), for each a € S;

— Sum: (V+ W)(a) := V(a) + W(a), for each a € S;

— Intersection: (VN W)(a) := min{V(a), W(a)}, for each
a €S,

— Difference: (V — W)(a) := V(a) — W(a), foreacha € S
(only defined for W < V);

— Symmetric difference: (VA W)a) :=
V+W)a)— (VA W)a), foreacha € S.

Furthermore, we define a relation between the letters of S
and a multiset: given V € S* and a € S, a € V if and only
if V(a) > 1, i.e., a letter is an element of V if and only if
its multiplicity is at least one. This allows us to define the
set underlying a multiset V € S* as the set of letters with
nonzero multiplicity:

set(V) :={aeS|aeV}.

The following properties follow immediately for any
V,W e §*

set(V + W) = set(V) uset(W), set(V N W) = set(V) N set(W).

Moreover, if V. < W, then set(V) C set(W), while the con-
verse is not true: e.g., for V = {a,a,b}and W = {a, b, c}, we
have that set(V) C set(W)butV £ W.

A set U C § can be seen as a multiset V;; such that
Vy(a) = lif aisin U and Vi (a) = 0 otherwise. In particular,
for each symbol a € S, we will often denote the multiset Via
simply by a. We will denote the empty multiset by 0 € S*.
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The total number of elements in a multiset V € S is defined
as||V|l := Y 5 V().

Remark 1 The following map:

s — N
Vi— (V(a)),...,V(a,))

is an isomorphism of monoids; we will denote such isomor-
phism by §* = NIS|,

2.1 Reaction automata

In this section, we recall the definition of reaction automata
given by Yokomori and Okubo (2021) and we introduce a
new policy for enabling reactions.

Definition 2 (Reaction) Given an alphabet of reactants S, a
reaction over S is a triple a = (R,, 1,, P,), where R, € S*is
the multiset of reactants, I, C S is the set of inhibitors and
P, € §* is the multiset of products. The set of all reactions

over S is denoted by rac(S).

A crucial assumption in the reaction system model is
that if a reactant is present at a certain state T € S*, then its
quantity is always enough for all the reactions that use it to
take place, provided the respective inhibitors are not present.
In other words, reactions do not conflict even if they share
some resources. This assumption is no longer in place in the
model of reaction automata, for which there is only a certain
quantity of each of the reactants. It is therefore necessary
to specify a criterion (called a manner) that decides which
of several conflicting reactions take place. In this paper,
we focus on two manners, provided in Definition 3. Before
defining such manners, we need to introduce a few opera-
tions and relations among reactions.

Let a=(R,1,,P,) ., b =Ry, L, Pp) € rac(s) ;
we define the sum of the two reactions
a+b :=(R,+Ry, [, UL, P, + P). Furthermore, we define
a partial order over all possible reactions over S: a<b if
and only if R, <Ry and I, C ;. In other words, a reaction
is greater than another when it is more restrictive, i.e., it
requires more reactants and there are more elements capable
of disabling it. With this relation, we get that a=b if and
only if R, = R, and [, = I}, but we do not impose any condi-
tions on the products: in particular, it could hold a=.b with
P, # P,,. We remark that this partial order is different from
the one proposed by Ehrenfeucht and Rozenberg (2009) for
reactions within reaction systems.

Given a finite set A C rac(S), we denote by (A) the abe-
lian semigroup generated by the elements of A:

(Ay :={Aa; +--+4a,|la €A L eN Vi=1,...,n}

Note that any element of (A) is a reaction that can be inter-
preted as a multiset of reactions from A, where the coef-
ficients 4, ..., 4, give the multiplicity of each reaction. We
will thus denote a multiset of reactions that are enabled in a
certain state as a single reaction from (A).

Definition 3 (Manners) Let a=(R,,I,,P,) € rac(S)
and T € §*, we say that a is enabled in T if R, < T and
I, nset(T) = @. Given A a finite set of reactions over S and
a € (A)enabled in 7, then:

1. aisenabled in T in a maximally parallel manner (mp)
if there exists no ¢ € (A) such thata + cis enabled in 7,
i.e., a is maximal w.r.t. addition.

2. aisenabled in T in a maximally reactive manner (mr) if
there exists no b € (A) such that a<.b and b is enabled
in 7, i.e., a is maximal w.r.t the partial order <..

We denote by Enﬁ(T) the set of reactions from (A) enabled
in Tin manner X € {mp, mr}.

Remark 4 The notion of mp manner given in Definition 3 is
equivalent to the one given by Yokomori and Okubo (2021).
Indeed, given a, § € A*, consider the corresponding ele-
ments a,b € (A), identified by a — Y 3., a(d)d € (A). If
p > aisenabled by 7T, thenc =b —aissuchthata+c=b
is enabled by T; the viceversa is obtained in a similar way.

Remark 5 At first sight, the definitions of manners mp and
mr are hard to tell apart. However, the two criteria are dis-
tinct, and in particular, mr is stronger than mp in the sense
that Eny"(T) C En}”(T) for any A C rac(S) and any state 7.
In other words, if a reaction a € (A) is enabled in a maxi-
mally reactive manner, it is also enabled in a maximally
parallel manner. Indeed, the existence of ¢ € (A)s.t.a+ ¢
is enabled in 7 would imply that a reaction greater than a is
enabled in 7, leading to a contradiction. The converse is not
always true: see Example 7.

In reaction systems, the state resulting from a set of
reactions is simply defined as the union of the products of
all the reactions. In reaction automata, the reactants that
are not consumed by the reactions that take place remain
in the resulting states. We make this concept precise in
Definition 6.

Definition 6 (Result) The result of a set of reactions A on a
state 7'in a manner X is a set of states, denoted by Resi(T),
defined as follows:

Res)(T) = {P, + (T - R,) | a= (R,.I,. P,) € En}(T)}.
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When En}(T) = @, we define Res\(T) = {T}, that is, if
no multiset of reactions from (A) is enabled in 7, then T
remains unchanged.

Example 7 Let S={w;,w,,9}, A={a, = (w,2,90),
a, = (w, +w,, @, w,)}, and consider a state T = w; + w,.
Then the set of reactions enabled in 7" in a maximally parallel
manner is En}”(T) = {a,,a,},as Ac € (A)such thata, + cis
enabled in T; and the set of reactions enabled in 7 in a maxi-
mally reactive manner is En{"(T) = {a,}, because a,> a,
and thus a, is not mr-enabled. The corresponding results
in the two manners are thus Res,”(T) = {Q + w,,w,},
Res\"(T) = {w,}.

We are now in a position to define reaction automata.

Definition 8 (Yokomori and Okubo (2021)) A reaction
automaton (RA) Ais a five-tuple A = (S, X, A, D, f), where
S is a finite set of reactants, called the background set of A,
¥ C §is the input alphabet of A; A C rac(S) is a finite set of
reactions over S; D, € S*is the initial multiset; and f € S is
a special symbol which indicates the final state.

Definition 9 Consider a reaction automaton
A=(S,%,A,D,y,f), a word w = wy -+ w, € * and a man-
ner X € {mp, mr}. An interactive process in A with input w
in manner X is an infinite sequence 7 = D, ..., D;, ... where

for0<i<n-1

D, € Resi(wiﬂ +D,)
fori > n.

D, € Resi(Di)

By IP, (A, w) we denote the set of all interactive processes in
A with input w in manner X. We say that a process z strongly
accepts w if there exists m > n = |w| such that f € D,, and
Eni(Dm) = & (see also Example 11). By AIPy(A, w) we
denote the set of all processes = € IP, (A, w) such that z
strongly accepts w. The language strongly accepted by A
is defined as

Ly(A) = {w € T* | AIPy (A, w) # @)

The set of languages strongly accepted by reaction automata
working in manner X is denoted by RA,: L € RAy if and
only if there exists a reaction automaton working in manner
X that strongly accepts L.

We say that a process 7 weakly accepts w if there exists
m > n = |w|such that f € D,, and D, = D,, for all k > m
(see also Example 12). By AIPy (A, w) we denote the set of
all processes 7 € 1Py (A, w) such that # weakly accepts w.
The language weakly accepted by A is defined as

LY(A) = {w € T | ATPY(A, w) # ).
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The set of languages weakly accepted by reaction automata
working in manner X is denoted by RAY.

We will sometimes represent an interactive process z with
the following “arrow notation”, which extends the notation
proposed by Yokomori and Okubo (2021):

. a a 3 a, Ay A2
F/ DOT D— D,— D, ,— D,— D, ,— -
1

w2 w3 Wn

a; . .
where D,_; — D, means w; is the input letter at state D,_,,
w,

a, €(A)is the reaction enabled in D;_, + w; which takes
place, and D; € Resi(wi +D;_)).

Example 10 1f w = € the empty word, then|w| = n = 0, thus
an interactive process accepting strongly € is of the form
Dy—> D,— D, ...D,~ D,~ D,, -, where D, does
not enable any reaction.

Note that in Definition 9 we call strong the acceptance
condition proposed by Yokomori and Okubo (2021); the
weak notion of acceptance will be needed for the definition
of pure reaction automata (see Sect. 3).

In Proposition 13 we show that the weak acceptance cri-
terion extends the strong criterion in the following sense:
given an automaton that strongly accepts a certain language,
it is always possible to construct another automaton that
weakly accepts the same language. Examples 11 and 12
provide intuition on this result before we formally prove
it in Proposition 13: Example 11 provides an automaton
accepting words with the strong criterion, while Example 12
constructs another automaton that accepts exactly the same
language as in Example 11 but using the weak criterion.

Example 11 Given an input alphabet X = {a,b}, a
background set S = {a,b,s,,s;,f} and a set of reac-
tions A= {a; =(s)+a 3,52, =(s; +b,3,50), a5 = (50, D> f),
a, =(,2,b)},let A=(S,%,A,s,.f)be areaction automa-
ton working in mr manner that accepts words with the strong
criterion. We show that the language strongly accepted by
Ais L, (A) = {(ab)" : n € N}. Consider the input word
w = abab € X*: we obtain the following process.

a L) a 2 a3
So—> 81— Sp—> 5| —> So— [
a b a b

The computation stops since En))"(f) = @. A trivial exten-
sion of this argument proves that {(ab)" : n € N} C L, .(A).

To show the other inclusion, observe that a word
w & {(ab)" . n € N}if and only if at least one of the follow-
ing cases happens: (i) aa occurs in w; (ii) bb occurs in w; (iii)
w starts with b; (iv) w ends with a. In case (i), when the sec-
ond consecutive a is fed to the process, it ends up in the state
sy + a: the computation stops because En}\"(s; + a) = @, but
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since f & s, + a, w is not strongly accepted. In case (ii), after
reading the second consecutive b, the process reaches the

state 5o + bt then s, + b—— b+ f and En" (b + f) = {a, ),
thus the process keeps looping in this state and w is not
strongly accepted because En}" (b + f) # @. The same hap-
pens in case (iii), when b is added to the initial state s,.
Finally, in case (iv), after reading the last a, the process ends
up in state s;: the computation stops because En{"(s) = @
but since f & s, w is not strongly accepted. We can thus
conclude that L,,,(A) = {(ab)" : n € N}.

Note that using the weak notion of acceptance instead of
the strong one for the reaction automaton .A of Example 11
would imply {(ab)" : n € N} ¢ LY (A), since for example
the string w = b & {(ab)" : n € N} is weakly accepted by
the following process:

az+a, a ay
So——— b+f—b+f— .

Example 12 shows that it is anyway possible to construct
another RA B such that LY (B) = {(ab)" : n € N}.

Example 12 Given an input alphabet X~ = {a, b} and a back-
groundsetS = {a, b, sy, 5, &, &, f}letB=(5,Z,B,s) + &,f)
be a reaction automaton working in mr manner and using
the weak acceptance criterion, with B consisting of the fol-
lowing reactions:

1‘ (so+a,{®},s;+ &) T (sota, {#},s;+&)
a = (s, +b,{#}.5)+#) at=(s,+b (#),5,+)
at = (5. (#).f + &) at = (). {#}.f + &)
4* (b, {#),b+ &) 4* (b, {#}.D+ &)
=(#,2,0) = (#,2,0).

We show that B weakly accepts the same language that
is strongly accepted by A in Example 11. Consider
w =ab € {(ab)" : n € N}. We obtain the following process:

at+ré at+4re

)

at+r*

)
Sot+ & Sot+ & f+QL>f.

The computation stops since Eny'(f) =@, thus

Resy’(f) = {f}and w is weakly accepted. Consider now the
string w = aa & {(ab)" : n € N}. We obtain the following
process:

at+r*

SO+Q—>s1+Q—> si+a

and the computation stops since Eng’(s; + a) = @; aa is not
weakly accepted because f & s, + a. Similarly, it is easy to
see that any string in case (i) of Example 11 is not weakly

accepted. Consider the stringw = b & {(ab)" : n € N}. We

obtain the following process:

at+a$+rt

* e $ré
s0+4—>b+f+o—>b+f+4—>b+f+o—>~-
b

The states b + f + & and b + f + & keep alternating, so the
string is not weakly accepted. Similarly, one can prove that
any string starting with b (case (iii) of Example 11) is not
weakly accepted. Working out the other cases in a similar
fashion, it is easy to show that L;V”(B) = {(ab)" : n € N}.

In Example 12 we were able to simulate the processes of
A using the following rule: for any step m, if Eni(Dm) =g
then the computation stops also in B; if, instead,
Eni(Dm) # @, then the computation in B keeps alternating
between states containing # and states containing &. The
proof of the following Proposition 13 relies on a generaliza-
tion of this argument.

Proposition 13 Given any reaction automaton
A= (S,Z,A,D,.f) working in a manner X € {mp, mr},
there exists a reaction automaton B working in manner X
such that Ly(A) = LY(B).

Proof Let A= (S,%,A,D,.f) and let &, & € S be two
symbols that are not in the alphabet of A. We define

=l U{s &},2,B,D)+ &, f) the reaction automaton
such that B := A* U A* U {r*, r*}, where

A*={a*=R,IU{s)},P+@)|a=R,LP) A}
*=—(a*=RIU{a},P+&)|a=(R,IP) cA)}

= (#,2,0)

= (#.2.,0).
Given a—zll a; € (A) we define ¢, —Z] 1A
a*=3", Aja € (A*)andsimilarly a®* = h ja € (A*)

We want to prove that B weakly accepts the same lan-
guage that is strongly accepted by A. Given a process
w € IPy(A,w)

n+1

a, a
n.D0—>D1—>D2—>. D,,— D,— D
w1 W2 W3 Wn

n+l "7

if n is even, there is a one-to-one correspondence with the
process 7 € IPy (B, w)

a‘+r* a* +Cs|r a +c,,1*
7r.D0+Q—>Dl+c Q—>D2+c Q—w--
w3

* )
at+e, |1 a® 1, T

D, | + Q—>D +c, &

n—

If n is odd, a process corresponding to z can be obtained
similarly. Since &, & are not present in any of the reactant
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sets of A* and A*, the reaction r* (respectively, r*) is ena-
bled as many times as the multiplicity of & (respectively,
&) in any given state; this is independent of the manner
X € {mp, mr} we are working with. In particular, any pro-
cess in IPy(B,w) ends in a state D, s.t. D, = D,, for all
k > m if and only if at some step no reactions are enabled
(as otherwise, & and & would keep alternating). Therefore
AIPy(A,w) is in a bijection with AIPy(B,w). We conclude
that Ly (A) = LY(B). O

Corollary 14 RA,, C RA} and RA,, € RA] .
Proof Follows directly from Proposition 13. O

Corollary 15 Every recursively enumerable language is
weakly accepted by a reaction automaton working in a maxi-
mally parallel manner.

Proof Follows from Proposition 13 and (Okubo et al.
2012b, Corollary 1). O

We thus proved that the weak acceptance criterion
extends the strong criterion. This will be useful in the next
section to demonstrate the computational power of pure
reaction automata.

3 Pure reaction automata

In this section, we introduce a different kind of reaction
automata, which differs from the model introduced by
Yokomori and Okubo (2021) by how the result of a reac-
tion is defined: instead of transferring the reactants that
are not consumed by the reactions in the result states, we
define the next states to consist only of the products of the
reactions, similar to what is done in reaction systems. We
make this concept formal in Definition 16.

Definition 16 (Pure result) The pure result of a finite set of
reactions A on a state 7' in a manner X is

'
Res, (T) = {P, |a=(R,,1,,P,) € Eni(T)},

—X
and we define Res, (T) = {0} when Eni(T) =g.
Example 17 Let S = {w,,w,,9}, A={a, = W,,3,9),
a, = (w; +w,, D, w,)} and consider a state 7 = w; + w, as

in Example 7. Recall that Res,”(T) = {Q + w,, w, } (since
En”(T) = {a,,a,}); in contrast, the pure result of 7'in mp
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manner is Ife\sZP(T) = {Q, w, }. In particular, reaction a, does
not consume the reactant w, that is present in 7: the pure
result of a, only consists of © and w, is lost, while in Exam-
ple 7 w, was preserved in the result.

We name this new kind of reaction automata Pure Reac-
tion Automata (PRA). We define interactive processes in
pure reaction automata in much the same way as standard
reaction automata, as specified by Definition 18.

Definition 18 Let M =(S,Z,A,D,.f) be a PRA,
w=w,--w, €2X*and X € {mp, mr}. An interactive pro-
cess in M with input w in manner X is an infinite sequence
n =D,,...,D;, ... where

—X
Dy €Res, (Wi +D;) for0<i<n-1

—X

D;,, € Res, (D)) for i > n.

Exactly as for reaction automata, we say that 7 weakly
accepts w if there exists m > n = |w| such that f € D,
and D, = D,, for all k > m. We also define IPy(M,w),
AIPY(M,w), and LY(M) in the same way as for reaction
automata. The set of languages weakly accepted by PRA
working in manner X is denoted by PR.AY.

Example 19 Given an input alphabet X = {a,b}, a
background set S = {a,b,s,,s;,f} and a set of reac-
tions A = {a, = (sy. {b}.5). 8y = (5, + b, B. 50), 85 = (5. {@. b}. ). 2, = (. 2.1), let
M =(S,Z, A, 5, f) be a pure reaction automaton working in
mr manner. We show that the language (weakly) accepted by
Mis LY (M) = {(ab)" : n € N}. Consider the input word
w = abab € Z*: we obtain the following process.

a a a a a3 ay ay
Sg—> §|—> Sp—> §|—> Sp—> f—f— .
a b a b :

Therefore the string abab is accepted. Note that the pure
result of reaction a, applied at states s, + a consists only of
s}, even if a is not consumed by the reaction. We also remark

that the step s, =, f generates finstead of s, because a3 >, a,
and thus Eng"(sy) = {a;}. A trivial extension of this argu-
ment proves that {(ab)" : n € N} C LY (M). Consider now
the string w = aa & {(ab)" : n € N}, as in Example 12. We
obtain the following process:

a
s5o— 85— 0->0—> -
a a

and the computation stops since Eng"(s; + a) = Eng"(0) = @,
thus aa is not accepted. Working out the other cases
listed in Example 11 similarly, it is easy to see that
LY (M) = {(ab)" : n e N}.
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Note that a non-pure automaton with the same sets of
reactions, initial state and final element would not accept,
e.g., the string ab € {(ab)" : n € N} since the only interac-
tive process with input ab is:

a 2 a
Sog—> 8 +a—b>so+a—>s1 +a—>s, +a--
a

and the computation stops without accepting ab since, as
previously remarked, Eng"(s; + a) = @.

Theorem 20 Given any reaction automaton
A= (S,Z,A,D,.f) working in a maximally reactive man-
ner, there exists a pure reaction automaton M working in
a maximally reactive manner such that LY (A) = LY (M).

Proof We define a pure reaction automaton
M= (SUS' .= A, D,,[)operating in a maximally reactive
manner such that:

e §'={x'| x € S}isasetin abijection with the elements
of S (a “copy” of §). From now on, given a multiset X
over S, X’ will be naturally defined as the multiset con-
sisting of the copies of the elements of X.

e X s the same input alphabet as A;

e A=A UA_ where A, ={x.@,x+x)|x€S)} and
A, ={(R+R.,I''P+P)|(RIP)EA}

e D, is the same initial state as A;

e f € Sis the same final element as A.

Claim 21 For any state W of A, it holds W € Res" (V) if and
only if W + W' € Res (V + V).

Proof Given a reaction a € A, we denote the corresponding
reaction in A, by a’. We prove the two implications.

=) IfW € Res}"(V)then3a = (R,,,, P,) € En{"(V)such
that P, + V— R, = W. Consider a” :=a’ + (V —R,,
@, V=R, +V' =R)=(V+R, I, W+ W)e(A).
Clearly, V+ V'’ enables a”; we want to show
that it is mr enabled. Suppose for a contradic-
tion that there exists b” € (A’) such that b”> a”
and b” is enabled by V + V’, then b” is of the form
b” =b’ + (R, 3, R + R')forsomeb= (R, I, P,) € (A)
and some R € S*. Looking at the reactants, we have
that V+ V' > R, + R, + R >V + R}, which implies
R,+R=V =R, <V and R, > R,. Furthermore,
looking at the inhibitors, we obtain that Il’) D1 ; , thus
b>.a and b is enabled by V. Since a is mr enabled
we get a contradiction, thus a” € Enz,’ (V + V"), hence

W+ W €Res, (V+ V).

<) If W+W eRes, (V+V) then 3a’=a'+
(R,g,R+R)H e EnJ(V+ V'), for some a€ (A)
and R € S*, such that P, + R = W. We notice that
V —R, =R, as otherwise for any x€ V—-R, — R
the reaction a” + (x, @, x + x’) would be enabled by
V + V' and would be strictly greater than a”, in con-
tradiction to the fact that a’ is mr enabled. Clearly,
a € (A) is enabled by V. We now prove it is also mr
enabled. Suppose for a contradiction that there exists
b € (A) such that b>_.a and b is enabled by V, then
b :=b"+(V-R, 3. V-R,+V'—R;) would
be enabled by V + V’ and b”> a”, a contradiction.
Finally we can conclude that a € En}"(V), hence
P,+V—R,=We€Res{"(V). O

Let us now make some considerations about the work-
ings of M. Consider any state V, let R be s.t. (R,I,P) € A
for some I and P and (RU R’) C V + V/; then, for any x € R,
the corresponding reaction (x, @, x + x’) € Ap cannot be mr
enabled, as it is smaller than (R + R',I’,P + P’) € A_. Thus a
reaction (x, @, x + x') € A, will only be applied in two cases:
either (i), the multiplicity of x in V is greater than that of x/,
thus there is at least one “spare” x that will not be used by
any reaction from A, ; or (ii), there isno(RUR') CV + V'
such that (R, I, P) € A. Note that case (i) can only happen in
the initial state D,,, in which there are no elements from 5,
or when x is added to a state because it is a letter of an input
word: this is because every state other than Dy, is the product
of some reaction in (A’), thus, by definition, it is of the form
P + P’ for some P € S*. Case (ii) ensures that if x is not
consumed by any reaction from (A ), then it is conserved in
the next state by a reaction from Ap, simulating what would
happen in the reaction automaton .4 when a reactant is not
consumed by any reaction from A.

Consider now an input word w=w,; ---w, € X*. We
notice that when a letter w; of w is added to the (i — 1)-th state
of a process in M, it immediately reacts through the cor-
responding reaction (w;, @, w; + w;) € Ap because it occurs
case (i) above. This helps us to find the desired correspond-
ence between processes of .4 and processes of M accepting
w.Letx = Dy, D, ...,D,, ... € IP, (A, w): the correspond-
ing process Ey, E, ..., E, € IP,,.(M,w) is obtained as fol-
lows. E; := Dy + Dy +w; +w| € ﬁe\sz,r(DO + w)) since the
only reactions that are enabled are those in (A,,). In the next
steps we have, by Claim 21 and the observations here above:

Epyy =Dy + D+ wipy + W, EResy (B + W) Vhk=1...,n—1

Ey, =Dy + D), €Resy (E) Vkzn
Hence the processes of M mimic those of A with one

step of delay, i.e., ' := D, E,,...,E, ... €IP, (M,w).
If 7 € AIP (A,w) then there exists m > |w| such that
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D, =D,, for all k >m and f € D,,; this holds true if and
onlyifE, =E,_  forallk > m+ 1and f € E, .. Therefore
7 € AIP" (A, w)if and only if 7’ € AIP) (M, w). Since the
accepting condition is the same, and a state maintaining fin
A must correspond to a state maintaining f in M, we have
that AIP" (A, w)is in a natural bijection with AIP" (M, w),
and hence we obtain the thesis. O

We next prove in Theorem 24 that for any reaction autom-
aton working in mp manner, there exists a pure reaction
automaton working in mr manner that weakly accepts the
same languages. Example 22 shows that this result cannot
be achieved using the same construction as in the proof of
Theorem 20, thus we will provide a more involved reduction,
an example of which is laid out in Example 23.

Example 22 Given Z={w;,w,}, S={w,w, 0}
and A={a; =W,3,9V),a, =W, +w,, @, w,)}, let

=(S5,2,A,w;,0) be a reaction automaton work-
ing in mp manner. Consider the pure reaction automaton
M= US, % A", w,,0) as in the proof of Theorem 20,
thus with A" = {a},a}} U {a, = (x,@,x +x') | x € S}. Then
w, belongs to the language weakly accepted by A in a maxi-
mally parallel manner, i.e., w, € LXP(A) (see Definition 9),
but it does not belong to the language accepted by A in a
maximally reactive manner, i.e., w, & LZV(M).

Indeed, as seen in Example 7, the set of reac-
tions from A4 enabled in state 7 = w, + w, in a maxi-
mally parallel manner is En}”(w; +w,) = {a;,a,},
thus the result is Res\"(w; +w,) = {Q+w,,w,}
and w, is accepted by the interactive process
Do+w2—wl+w2—>v+w2—>v+w2 - € AIPY (w,, A).

In contrast, since the set of reactions enabled
in T=w,+w, in a maximally recative manner is
En"(w; +w,) = {a,} (see Example 7), then the
result is Res}”(w; +w,) = {w,}, thus by Claim 21
we obtain that the set of reactions from M enabled in
T+T =w; +w, +w,+w, in a maximally reactive
manner is En (w1 + w +w, + Wz) = {az} and the pure

result is ResA (wy +w, +w, +w)) = {w, +w,}. There-
fore there is only one process with input w,, namely:

Ay Hyy a, Ay Ay
W1+W +w2+w —>w2+w —>w2+w — ey

Dy+wy =w| +w,
since © & w; + w7, this is not an accepting process, thus w,
is not in the language weakly accepted by M in a maximally
reactive manner, i.e., w, & ler(./\/l).

Example 23 Consider A=(S,Z,A,w,Q) the RA

from Example 22. We make two copies of each ele-
ment of the background set, the i-th copy being in a
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natural correspondence with reaction a;: §' = {wi,wi, ©'}
fori € {1,2}. Let A’ consist of the following reactions over
SuS'u s

al 1= (v +w,2,0+9' +0%)
ah 1= (w; +w, + wi +wl, @, w, + wh +w3)

a_ .= (x,@,x+x1 +x2) for all x € S.

M
We define the pure reaction automaton

(SUS‘USZZA' wl,@) We have that
En””(w1 +w] +wi +w, +w) +w3) = {a),a] +a, }since
a), and al + aw2 are not comparable and are both maximal.
Therefore we obtain the following accepting process with
input w,:

+a,

aw 1 wo

D0+w2—w]+w2—>w1+w +w? +w2+w2+w2
ot 1 2 1 2
—O0+0 + 0 +tw, +w, +w,
ay+a,, 2a@+a
—— 0+ +? +w, +wy + w) —_—

We have obtained that w, € Lzr(/\/l’). In the proof of the
following theorem, we will extend this construction.

Theorem 24 Given a reaction automaton A = (S, %, A, Dy, f)
working in a maximally parallel manner, there exists a pure
reaction automaton M working in a maximally reactive

manner such that LZP(A) =LY (M).

Proof LetA = {a,,...,a,}. We make k = |A|copies of each
element of the background set, the i-th copy being in a nat-
ural correspondence with reaction a;: §' = {x' | x € S} for
eachi=1,2,...,|A|. We define a pure reaction automaton

=lEuUS. 2, A, D, f) working in a maximally reactive
manner such that:

e §:=S'u--usk
e X s the same input alphabet as A;

o A':=A,UA_, where
A, = (@ x+x' +X2+ -+ | xeS)
A, ={al 1= (R, +R’ I’ ,P, +P1 e PYY |

=(R,.1,.P,) € A}

e D, is the same initial state as A;
e fis the same final element as A.

Furthermore, for any T € S* we define T/ := Z;.;l T/ € (",
where 77 consists of the j-th copy of every element of T In
particular, x’ denotes x! + x? + --- + x* for any x € S.
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Claim25 W € Res(V) iff W + W' € Res,, (V + V).

Proof We prove the two implications.

=) IfW €Res}”(V)then3a = Y\ 4a; € En}”(V) such

=17
that P, +V — R, = W. Consider a” := ]];1 ﬂjajf+
(V =Ry @,V —R,+ V' —R) € (A'),thenV + V'ena-
bles a”’; we want to show that it is mr enabled. Let
b” € (A’) such that b”> a” and suppose for a contra-
diction that b” is enabled by V 4+ V'. We have that
b =3 pal + (R, G, R+R)
b= 2;;1 H;a; € (A) and some R € S*, thus looking at
the reactants we obtain R = V — R,. Furthermore,
since b”> a", there exists i such that A, < y;, thus
a+ (4; — 4)a;<,b is enabled by V, a contradiction
since a is enabled in maximally parallel manner.
Finally, we can conclude that a” € En’7(V + vh,

hence W + W’ € Res,, (V + V).

for some

<) If W+W eRes, (V+V) then 3Ja’=a'+
(R,&,R+R) e EnZ‘,’(V + V"), for some a € (A) and
R € S*, such that P, + R = W. Note that V — R, = R,
as otherwise, for any x € V — R, — R, the reaction
a’ + (x,g,x+ x') would be enabled by V + V' and
strictly greater than a”, in contradiction to the fact that
a is maximally enabled. We immediately remark that
a € (A)is enabled by V. We want to prove that is mp
enabled. Let ¢ € (A) such that a + ¢ is enabled by V,
then (a + ¢)”’>.a” is enabled by V + V', a contradic-
tion. Finally we can conclude that a € En/\”(V), hence
P,+V—R,=P,+R=W €Res"(V). O

We conclude as in Theorem 20. O

Corollary 26 RA, CRA' CPRA"
RA,, SRA, CPRA}.

mp =

and

Proof Follows directly from Theorems 20 and 24 and Corol-
lary 14. O

Corollary 27 Every recursively enumerable language is
weakly accepted by a pure reaction automaton working in a
maximally reactive manner.

Proof Follows directly from Corollary 15 and Theo-
rem 24. O

4 Computing functions with pure reaction
automata

In this section, we introduce a new angle to investigate the
computing power of pure reaction automata. Inspired by
existing work on chemical reaction networks (see Chen et al.
2014; Clamons et al. 2020) we will show that PRA can be
seen as machines to compute partial functions from N into
N. For more details on partial recursive functions and related
computability issues, we refer the reader to Rogers (1987).

Definition 28 Given a partial function ¢ : N* = N, con-
sider an alphabet £ := {a, ... ,q,} so that = = N". A PRA
M =(S,Z,A,D,, f) computes ¢ in a manner X € {mp, mr}
if:

e when ¢(x|,...,x,) is defined, it holds ¢(x,,...,x,) =y
if and only if when the linear combination
x,a; + - +x,a, is added to the initial state D, for any
process Dy +x,a; + - +x,4a,,...,D,, ... there exists
k € Nsuchthat D, = D,,Vm > k,yf < D, (y + D)f £ Dy;

o ¢(x,...,x,) is undefined if and only if all pro-
cesses starting from Dy +a; + - +x,a, satisfy
Vk e N : D, # D,,, i.e., none of the processes stabi-

lizes.

In other words, a PRA computes a partial function ¢ if
and only if, interpreting (x,, ..., x,) € N" as the coefficients
of a linear combination of the elements in X and adding
this combination to the initial state, one of the following
happens: if ¢ is not defined for (x,, ..., x,), no process that
starts from there stabilizes; otherwise, any process stabi-
lizes on a state that contains f with multiplicity y, where
dlxy,...,x,) =Y.

We will focus on a special class of PRA, specified in
Definition 29, such that there is exactly one process that
can start from each possible initial state. Throughout this
section, we assume that all PRA operate in a maximally
reactive manner.

Definition 29 Given M = (S,Z, A, Dy, S;) a PRA working
in a manner X € {mp, mr}, we say that M is deterministic
(DPRA) if and only if for any reachable state V, the pure

X
result Res, (V) consists of one element only.

The next lemmas provide a few examples of partial
functions that can be computed with DPRA working in a

maximally reactive manner.

Lemma 30 There exists a DPRA computing the sum function
¢ N' =N, dp(x;,x;y) :=x; +x,.
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Proof Let X :={aj,a,}, S:={a,a,f} and
A :z{blz(al’g’f)s b2:(a2’®9f)5 b3:(fv®’f)}

M = (S,%,A,0,f)is clearly deterministic and it computes
¢ as, for any (x|, x,) € N2, adding x,a, + x,a, to the initial
state O gives rise to the process

x;by+x,b, (x+x,)bs
xlal +x2a2-—-—> (xl +x2)f——-—> (.xl +x2)f —_> e

O

Lemma 31 There exists a DPRA computing the difference
SJunctiong : N" =N, ¢p(x},x,) 1= x| —x,.

Proof Clearly, ¢(x,,x,)is defined if and only if x; > x,. Let
Y :={a,a,},8 := {al,az,a’l,a’z,o,f}and let A consist of
the following six reactions:

b, =(a,,@,d)

b, = (a,, @.a) + ©)

b, = (d},2,a,)

b4 = (all’zaf)
bs = (d, +d, + 0,2,0)
b6 = (f’g’f)

We claim that M := (S, %, A, 0,f) computes ¢. Indeed, let
(x;,X,) € N? such that x; > x,, then adding x,a, + x,a, to
the initial state O gives rise to the process
x;by+x,b, , ,
Xjay + Xyl ———————> X4} + X0, + X,0
(x;=x,)by+x,bs (x;=x,)bg
—— O ) (X)) —
On the other hand, if (x|, x,) € N? is such that x; < Xx,, then
the process becomes
x1by+x,b, , ,
X1ay + X0y ——> X4} + X4, + X,0
(x=x1)b3+x, by
—— (n—x)a

(¥p=x1)b,
(xy —x)ay + (X, — x)O

(x=x;)b3
(Xy — X))y —> =,
thus the process gets stuck in an unstable configuration.
Note that the proof relies heavily on maximal reactivity:
bs> b, + by since a| + a} + ¢ > a + ). The role of the ele-
ment ¢ is precisely to make bs; maximal in this case. O

We will prove that the class of functions that DPRA oper-

ating in mr can compute is universal, in the sense of Church-
Turing’s Thesis. We start with the following basic lemma.
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Lemma 32 The constant function equal to 0, the successor
function and the projection functions can be computed by
a DPRA.

Proof Constant function. The constant function
Co : NF = N, Cy(xy, ..., %) 1= 0 V(xy, ..., x,) € NFis com-
puted by the DPRA M = (Z U {f},Z,3,0,f). It is straight-
forward to verify that x,a; + -+ + x,a, gives rise to the pro-
cess xjay + - +x,a, > 0> 0— -

Successor function. The successor function § : N - N,
Sx) :=x+1VxeN, is computed by the DPRA
M=(SZ,A,>,f), where S=2U{p,f}, Z={a}
and A ={(3./),(a.2./),f,2,f)}. It is straight-
forward to verify that > + xa gives rise to the process
>+xa—->x+1)f >+ 1)f - -

Projection functions. Given kneN with
1<n<k, the projection function Pf:NF—N,
Pi(xy, ... x) = x,Y(x,....x) eNF | is computed
by the DPRA M =(S,%,A,0,f) where S=2U{f},
X={ay,....aq}and A = {(a,, D.f),(f, D.f)}. It is straight-
forward to verify that x,a; + -+ + x,a, gives rise to the pro-
cess xa; + - + Xy = X, f = x,f — O

Note that so far we have not made use of inhibitors in
the reactions; however, they will become crucial in prov-
ing the following results.

Remark 33 1If a process within a DPRA reaches the state
D, =0, then D, = 0. Furthermore, by determinism, if
D, = Dy, then D, = D, for all m € N, thus to decide
whether the process stabilizes it suffices to find the smallest
k € Nsuch that D, = D, ;.

Definition 34 (Normalized DPRA) A DPRA
M =(S,Z, A, D, f) operating in a maximally reactive man-
ner which computes a partial function ¢ is called normalized
if the following two conditions hold:

1. there exists & € S such that, whenever ¢(x,, ..., x;) =,
the process Dy + xja; + -+ + x,a,,, ..., Dy, ... stabilizes
in a state of the type P + h + yf, for some P € St

2. hand fare not present in the multiset of reactants of any

reaction in A.

A normalized DPRA computing ¢ will be denoted by
M(@, h.f).

The following lemma proves that to determine the com-
putational power of DPRA as function acceptors, it suffices
to study normalized DPRA.

Lemma 35 Given any DPRA computing a partial function
¢, there exists a normalized DPRA computing ¢.
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Proof Given M =(S,Z,A,D,.f) computing ¢,
X={ay,....a,}, S=ZU{s,....s,.f}, we define
M=(SZ,A >+ 6+ @, g)as follows:

o S:=S'US'USPUSPUSU (>,g.8" h 0,0, & # #),
where §' := {s' : s € S}foralli € {0,1,2,3}.

e X is the same input alphabet as M;

o A=A, UAOUA‘UAf,Where

m

(a,0,a° +a' +#" foreacha € X,
(>, @.D) + D + || Do ||#' + &)

(0,{0O},90)

>
I

A0 .- [ ®.°USTU{T)L PO+ P +|IP#)
Tl RLIPuSTu{O), P+ PP

(# +4d',{O0}),# +d°) foreachae S
AL = (@, {0}, ») foreacha € S
* ) @@ (ahe) foreacha € S
(> +d® +#,{0O},0) foreacha € S
# +f. (a0}, 9
A = (©,8?U {&,0,>},00)
f._<( B.g+ o)
8,0,8 T8
(O, 2,0+ h)

reaction produces the symbol ¢, whose role is explained
later, at every step, until there is a signal for the computa-
tion to stop.

The reactions in the first group of A, have the role of
transforming every element from S’ in the current state into
its copy from S° in the next state, producing also a coun-
ter #° that will have the same multiplicity as #'. The rest
of the reactions are used to compare the elements from S?

foreach (R,I,P) € A
for each (R,I,P) € A

e >+ O + #is the new initial state.
e g is the new final element.

Before analyzing the processes within M, let us give an
intuition about the role of each group of reactions and each
symbol in S. The reactions of type A° mimic the reactions
of M: at every step of the process, they produce two copies
of the state that would have been reached by the process in
M. One of the copies always consists of elements from S,
the second copy consists of elements from S' in the first step,
from S? in the second step, and they keep alternating because
the two groups of reactions in A° are inhibited by elements
from S' and S?, respectively. We call the steps in which ele-
ments from S' are produced of type I; the steps in which ele-
ments from S are produced are of type 2. In steps of type 1,
the reactions from the first group also produce the symbol #'
with a multiplicity equal to the number of elements from S!
that are produced; #! is thus a counter for the elements from
S'in the next state.

The first two groups of reactions from A;, only happen
at the beginning of the computation (indeed > symbolizes
starting the computation), their role being to produce two
copies, consisting of elements from S° and S', respectively,
of all the input elements and a copy of the initial state of M,
50 as to allow the reactions from A° to take place; they also
produce the symbol &, which must be produced as long as
the computation has not reached a stationary state. The last

with those from S3 in the current state: the symbol & is pro-
duced as long as they differ, and it is no longer produced as
soon as they are equal. This comparing mechanism heav-
ily relies on maximal reactivity, because it always holds
(@ +d® +#,{0},0>,.(d% {0}, ®) + (a, {0}, ®) for any
a € S: this implies that if the elements from S” are a copy
of those from S2, none of the reactions from the second and
third group of A, will be maximally enabled (note that #’
will be present in the exact same quantity as the multiplicity
of the elements from S°) thus @ will not be produced. The
role of the #3 counters is really important since they give a
way to prioritize the last group of reactions in A,

The reactions from A, are needed to produce the last
states at the end of the computation. The first two take place
as soon as # is no longer present in a state, thus when the
computation needs to stop. If f was generated by the last
reaction when the process stops in the original automaton
M, then f!is present as well (together with the right mul-
tiplicity of the counter #'), thus the first reaction from A,
takes place: indeed, it is always greater than the first reac-
tion from A, (because its set of inhibitors also contains #),
thus it is enabled in a maximal reactive manner. The second
reaction from A, is maximally enabled as well (it is strictly
greater than the last reaction from A;,) thus it produces O,
while ¢ is no longer produced. The role of O is to disable
all the reactions from AO; the role of ¢ is to enable the reac-
tion that produces [0 whenever needed. Finally, the last two
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reactions from A, are enabled, and they produce & and y
copies of g + g'.

Let us now analyze the processes within M. Given
w=Dy+xa,+ - +x,a,,...,D,, ... a process in M, we
denote X, := Dy + x;a; + -+ + x,a,. We obtain the follow-
ing process for M

>+&+O+xa + - +x,0a,
— X+ X, +IX# + 8+ 0
— D)+ D} + X3 + X 1# + o
— DY+ D} + |D,|[#' + Xy AD,||#+ 0

— e

Suppose 7 stabilizes, then by Remark 33 there exists a k such
that D, = D, ., but D,_; # D,. We first consider the case in
which D, # 0.

If k is odd, we have:

DY+ D} +D}  + D ¥ +0 —
—>D2+D,1 + IDI# + 1D, A Dy |4+ ¢
— DY+ D} + D} + D I# + ¢
— D)+ D + |ID|I#" + ID A Dl #+ ¢
=0
— O+ D{ + D} + D} = yf* + |ID, = yf|# + yg + yg' + ¢
— O+h+yg+yg' — O+h+yg+yg' — .

If k is even, we obtain the same process as above, except
it starts from the second row. Note that if D, = 0, thus
D,_, # 0, then the computation in M stops returning the
value y = 0. We divide again two cases:

e if k is odd then D} +|D,_ |#+0—|
k—l|lé+O0->0+h—>0+h— -

oM, @,D) + -+ + DY),
_J N, @,0)),

in *— (DN,Q,DN)

(a;,@.a} + - +ab)

A _={ (h'1 + e+ A+ O, (OM), N +0OY)
(fl,DN,bi-V)

foreachi e {1,...,n}

a

e if k is even then ||[D,_; A DiL|# +0 > O >0 —
O+h—->0O+h—> -

Recall that Condition 1 of Definition 34 requires the state
on which the process stabilizes to be of the form P + &k + yf.
In all the previous cases, this condition is satisfied with
P=0O+yg€S*and f =g

If, instead, the process x in M does not stabilize (and in
particular, we have that D, # O for all k), then & will never
disappear, thus O will never be generated, and thus the cor-
responding process in M will never stabilize as well. O

Building on Lemma 35, we can prove that DPRA com-
pute a much larger class of partial functions.

Lemma 36 Given ¢ : N =~ N and y; : N" =~ N for all
ie{l,...,k}, all computable by DPRA, the composition
function x . N* = Ndefined by

KX, ..00X,) i= oy (g, .., x,), o Wi, .o, X))
is also computable by a DPRA.
Proof Let X = {a,,...,a,} and " = {bY, ..., b}'} be two

disjoint sets such that ¥ = N" and (ZV)* = Nt; we
additionally define X/ = {aj’i ta;€Zlforallie {1,... .k}
We consider N := Mg, h, V) = (S¥, =V, AN, DY fV)
the normalized DPRA computing ¢ and
M= My, 1 f) = (S, E, A", Dl f') the normalized
DPRA computing y; for all i = 1, ..., k; furthermore, we

assume that the respective background sets SV, S!, ..., S* are
disjoint, and we will label the corresponding reactions and
elements with the same apex. We denote

K :=(,2A, DO,fN) the DPRA defined by:

o S:=SVuSlu-—-uUSfUZU M, N, O 0OV}, where
>M N O OV are new elements;
e X :={ay,...,a,}is the input alphabet;
. N 1 k
e A=A, UA UAJUA_ U UA_, where

foreachi € {1,...,k}
AN ={ RN, 1N u{O"},PY) foreach (RY,IY,PY) € AV

AL :={ (R, I' u{OM},P) foreach (R, I' P) € A’ } Vie{l,....k};
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e D, :=pM+ " is the initial state;
e fVis the same final element as N

We want to analyse the process starting with
>M + 0OV + x,a, + -+ + x,a,. At the first step, only the
reactions in A, are enabled; thus k copies of each of
the input elements are generated (one for each of the
alphabets T7), as well as the initial states D! .. ,D’(‘) of

M, ..., MF. The element O" is preserved. Now each
of the M’ is simulated by the reactions in Ali:‘, and OV is
preserved by the third reaction of A;, until the reaction
(B + -+ R+ OV (), + O0)>,@, @,0Y) from
A, becomes enabled, i.e., when the computation of all M
terminates and produces all the elements A’ (note that here it
is crucial to operate in a mr manner). Recall that by Condi-
tion 2 from Definition 34, none of the elements A4 are present
in any reactant multiset, thus no combination of the reactions
from AiD can be greater than the first reaction from A .. When
this reaction takes place, 3" is replaced by >V + O, thus
the reactions (>V, @, DS’ yand (1, 1", bf,v ) produce the initial
state and the input for A/, while (1" will block any reactions
inAL,....Af.

Finally, in the successive computation, there will be no
element of S' U --- U S left, and A will start its computing
process using, as desired, the outputs of the other X machines
as inputs. O

Lemma 37 Given ¢ : N2 ~ N and v : N¥ =~ N, both
computable by DPRA, the primitive recursion p : N¥*1 —~ N
defined by

p0,x1,....x) i= Xy, ..., x)
and
PO+ Lxp,....xp) 1=, p(y, Xy, oo s X)), Xps o X)) Yy 21

is also computable by a DPRA.

Proof Let X, ={aj,....,q;} such that ¥ ~N‘ and
let a,a, € Z, be two extra symbols. We define
two additional alphabets TV := {a’l"’,...,az”} and
>N = {aN,agl,allv, ,akN}, so that (ZV)# =~ N2,

We consider N := Mg, h,f) =SV, =V, AV, DY, f)
the normalized DPRA computing ¢ and
M = My, hM,f) = (SM, =M, AY DY ) the normal-
ized DPRA computing y; furthermore, we assume that the
respective background sets SV, S are disjoint except for
the final element, i.e., S¥ N S = {f}; we will label the cor-
responding reactions and elements with the same apex. We
define R := (S, X, A, Dy, ") the DPRA such that:
oM, ##.1}, where

o S:=sNusMusuZ U (e N, oM OV, 0" .0

in in’

2]’<={a§,...,a,’<};

201
e X :={a,ay,...,a;}is the input alphabet;
e A=A, UA, UACUAgUAg’, where
>, @,>M)

@M a”.aly, Dy + o)
eV qov,al ), o) + o)
Ay = (7 TY.O) ) ap)

@ (oV.0V).a)
(@, (O™, 0}, aM)
(@, {a".ajl).ah)

in

foreachi e {1,...,k}
foreachi e {1,...,k}

(a;,@,a; +a)
(a,2,a)

@, 2.0)
@, @,0M)
@, e.0))
@, 2,0
o #+#)
., 2./"

" +a,3,0N)

N +a,@, 0N +0O0)

OV +0, @,0" + V)

OV +0 + 0O, 0. #+# + V)

foreachi € {1,...,k}

AY =R, Y u V) P R I, PY) e AN)

a’’a’

M . M M M My . M M pM M.
AM = (®RM, 1M o (O}, P - RM, 1M, P € AMY;

e D, :=1+ 0" is the new initial state;
e f’is the new final element.

First, we note that the reactions in A,, are inhibitorless. Thus,
they will occur, maintaining the respective elements and
generating a copy of them using the alphabet ¥/, whenever
their reactants are present, as they do not conflict with any
other reaction. The elements from Z,’( will be later translated
into the corresponding elements from ™ or ZV, depending
on the phase of the process, by the last two reaction groups
from A,

We now explain how the machine works. In the initial
state > + OV + ya + x,a, + -+ + x,q,, the reaction

k
>, 2,5") +3(a, @, a) + ) x(a;, @, 0, + d))

i=1

is maximally enabled; in particular, it generates >M_ which
in the next step enables the generation of the initial state of
M. Moreover, the element D% is generated and later pre-
served via the reaction (0, @, 0Y) € A,,, preventing the
initial state of M from being generated multiple times. The
process that would take place in M is then simulated with
the reactions from Ag ; whenever M terminates, it produces
a single element /Y. We remark that ya is preserved in any
state via (a, @, a) € A,,, then we have to consider two cases:
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y=0. No reaction from A_ nor Aﬁ is enabled, so the sys- Proof We consider, with the same notation as in the previ-
tem reaches a stable state and the result is the same ~ ous lemmas, N := M, ", V) = (S¥, =V, A", D{l, V) the
as the result given by M with input (x,, ... , x;). normalized DPRA computing ¢, with =V = {a)),a¥, ..., a} }.
We define M := (S, %, A, Dy, f’) the DPRA given by:
y> 1 The reaction (K" +a, @, OV) is enabled (being o S:=S"uzu{>.0".0).f.f'}

strictly greater than one instance of (a,d,a),
thus reducing the multiplicity of a, which is ini-
tially equal to y, by 1); in the next step, the reac-
tion (ON +O0", 3,0 +>") will take place,
thus eliminating (¥ and introducing 0", whose
role is to block all reactions from Ag (simulat-
ing M) and to enable the reactions from Ag
(simulating NA'). At this point, the initial state
of NV is generated by reactions in A,,,
ing as input (0, w(x,...,x),X;,...,X;), as the
reaction (f', {0y, Elf;},ag’) transfers the output
of M to the second coordinate of ¢, and since #
is not present, and consequently # neither, the
first coordinate is 0. The process will continue
until A eventually produces an output. If a is
no longer present (y — 1 = 0), the output will be
dO, w(x), ..., %), X, ..., X;), as desired; if a is still
present (y > 1), the reaction (h" + a, @, OV +00")
will take place, and as a consequence, the whole
simulation of A" will be reinitialized by (V. The
only reactions that will take place are those from
A, maintaining and copying the input, the reaction
(f, D,f") saving the output of A/, and the reaction
OV +0 + 0O, @.#+# + V) that will reini-
tialize NV in the next step. Since it will receive the
multiplicity of # as the first coordinate, the mul-
tiplicity of f” as the second one and then the rest
of the saved input, the machine will then calculate
o1, O, w(xy, ..., X)), X5 - en s X))y Xp5 - X;). This
process will repeat until the occurrences of a are
exhausted (recall that its multiplicity decreases by
1 at every iteration), so we have proved that R com-
putes p, the primitive recursion operator of ¢ and y.

receiv-

O
Lemma 38 Given ¢ : N¥*! ~ N, computable by a DPRA,
the minimization operator py, : NK —~ N defined by

z if Pz, xy, ..

o - %) =0and (. x,, ...
Hp(Xy, ooy ) 1= { 1 otherwise

°
> M

:={ay, ..., a;} is the new input alphabet;
=A,UA, UA U Ag, where

o, {0,000}, Dy +05)
A, = (H0Y,.00 ) ap)

(a;, (O, 000}, aY) foreachi e {1,...,k}

\

(a;,D.q;) foreachi e {1,... .k}
A, = (.a.f+f)

@, o.0)
[N e,0Y)
A = N N ’
@ +0,,.98.f +f +1>)
AY =@, 1Y u{aV ) PY) - RY 1V, PY) € AMY;

e D, := D is the new initial state;
e f’is the new final element.

Much like in previous proofs, the reactions from A,, main-
tain the input elements. We now analyze the process of M
starting from the state > + x,a; + -+ + x;a,. At the begin-
ning of the computation, using the first reaction from A,
the initial state of N is generated, receiving an input with
0 as the first coordinate: indeed, the value of the first coor-
dinate is given by the multiplicity of ag' , which at the first
step is not produced because f is not present in the initial
state. Then A is simulated with the reactions from Ag.
If \V terminates and produces 4", there are two possible
cases:

1. fis not present. Then, since neither f” is present, the
state remains unchanged, and hence the result is 0.

2. fV is present. This indicates that N has returned a
non-zero value, so the reaction (A" + fV, @,1") takes
place, inhibiting every reaction from Ag and enabling
@ + D%, @.f" +f + 1) in the next step. Since the for-
mer reaction is greater than (DZ, o, E]i.\r’l ), the element
DZ is not generated and the reaction generating the

,X)>0forally <z

where L means that the operator is undefined, is also com-
putable by a DPRA.

@ Springer

initial state of A\ is enabled again, receiving as input
(1,x,, ..., x,), because now f'is present with multiplicity
1, thus af)v is generated with multiplicity 1. This process
is iterated until A eventually outputs 0: at each itera-



Pure reaction automata

203

tion, the multiplicity of f” is increased by 1 (as well as
those of f, via the second reaction from A,,, and of a’s’
via the second reaction from A;,), thus when the process
terminates, the result is precisely the multiplicity of f’.

We proved that M computes the minimization operator of

¢. O

We have arrived at the main result of this section.

Theorem 39 The class of partial functions computed by
deterministic pure reaction automata operating in a maxi-
mally reactive manner coincides with the class of general
recursive functions.

Proof By Lemma 32, deterministic pure reaction automata
can compute the basic functions: namely, the constant func-
tion equal to 0, the successor function and the projection
functions. Furthermore, the partial functions computed by
deterministic pure automata are closed under composition
(Lemma 36), primitive recursion (Lemma 37) and minimiza-
tion (Lemma 38), therefore they coincide with the class of
general recursive functions. O

5 Conclusions

In this work, we introduced and studied a new criterion,
the maximally reactive manner, for selecting the reactions
that take place in a computation step of a reaction automa-
ton. We also defined a new variant of reaction automata,
the pure reaction automata, where there is no permanence,
mimicking (in this aspect) the behaviour of reaction systems.
We studied the relation between pure and classical reaction
automata working in a maximally reactive manner, showing
that the absence of permanence is not a strong limitation:
for every reaction automaton working in a maximally paral-
lel (or maximally reactive) manner recognizing a certain
language, there always exists a pure reaction automaton
working in a maximally reactive manner recognizing the
same language. When seen as devices for computing partial
functions, deterministic pure reaction automata working in
a maximally reactive manner are able to compute all general
recursive functions.

An interesting direction for future research is to further
investigate the relation between the different manners since
the choice of one or the other can potentially change the
computational power of a reaction automaton (pure or not).
The choice of different manners could also give rise to inter-
esting results for the chemical version of reaction automata,
in which the set of inhibitors is constrained to be empty. The
role of determinism is also to be further explored since it can
be another factor that impacts the computational power of
reaction automata, possibly also determining which kinds of

functions can be computed under time and space (size of the
multisets) constraints. Reaction systems were also explored
with additional extensions and restrictions, like adding a
duration for reactions or forcing each reaction to have only
one reactant or one inhibitor. Similar questions can be asked
about reaction automata: what is their effect on the compu-
tational power? Can we still obtain universality in all cases?
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