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Abstract

We deal with the stability issue for the determination of outgoing time-harmonic
acoustic waves from their far-field patterns. We are especially interested in keeping as
explicit as possible the dependence of our stability estimates on the wavenumber of the
corresponding Helmholtz equation and in understanding the high wavenumber, that is
frequency, asymptotics.

Applications include stability results for the determination from far-field data of so-
lutions of direct scattering problems with sound-soft obstacles and an instability analysis
for the corresponding inverse obstacle problem.

The key tool consists of establishing precise estimates on the behavior of Hankel
functions with large argument or order.
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1 Introduction

In recent years there has been an increasing attention to the study of how stability estimates
for ill-posed problems involving the Helmholtz equation or the Schrodinger equation improve
as the wavenumber and frequency or the energy, respectively, grows and might become
extremely large.

One of the first rigorous justification of this phenomenon is due to Isakov and collabo-
rators, [12, 33], and concerns the Cauchy problem for the Helmholtz equation.

For what concerns corresponding inverse problems, increasing stability properties has
been shown in many cases by many different authors. For instance, in [2], an inverse source
problem for the Helmholtz equation in the high frequencies regime was studied. The inverse
problem of determining the potential in a Schrédinger equation by boundary data in the high
energies regime was considered in [16, 18, 19] by geometrical optics techniques and, with a
different method, in [14]. Let us notice that Isaev [13] developed a corresponding instability
analysis showing the optimality of the previous estimates. In [28] similar stability estimates
were proved for the inverse problem of determining by boundary data an inhomogeneous
medium for the acoustic wave equation.
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We recall that typically these inverse problems are exponentially ill-posed and this is one
of the main difficulties for numerical reconstruction. Such an instability character of these
kinds of inverse problems was proved by Mandache, [23], for the the Schrédinger equation
at zero energy and the inverse conductivity problem, see also [11] for other elliptic inverse
boundary value problems and inverse scattering problems. This is the main reason for trying
to obtain a more stable reconstruction by changing the frequency or energy and in particular
by using high frequencies or energies. This motivated the search for stability estimates with
an explicit dependence on the frequency or energy and for their high frequency or energy
asymptotics. It has been shown that, asymptotically, stability estimates may be expressed
as the sum of a stable Holder or Lipschitz term with a logarithmic one which is converging to
zero as the frequency or energy tends to infinity, thus making the exponential ill-posedness
less severe.

Another motivation can be found in the so-called multifrequency methods (called also
hopping type algorithms) to reconstruct materials or interfaces from their scattered or far-
field patterns. The main advantage of using such multifrequency data is that it can help to
obtain accurate reconstructions without the need for a good initial guess. Different recon-
struction methods using multifrequency data have been proposed in the last two decades
or so, see for instance [8, 7, 1, 4, 3, 31]. The convergence analysis of this type of algorithms
was investigated in [4, 31] for the so-called recursive linearization algorithm proposed in
[7]. In the analysis of these methods, the need for lower estimating the singular values of
the linearized scattering problem in terms of the used frequencies arises naturally, see also
[32]. In order to derive such a lower estimate, a crucial step is to estimate the scattered
waves from their far-field patterns, up to the boundary of the scatterers and with an explicit
dependence upon the frequency.

In this paper we are mainly interested in the direct and inverse acoustic scattering
problems for impenetrable scatterers, in particular sound-soft obstacles. For the inverse
problem numerical evidence that the stability improves as the frequency grows was shown in
[9]. It would be extremely interesting to rigorously prove such a phenomenon by establishing
suitable stability estimates in the high frequencies regime. Unfortunately this seems to be
still a challenging open problem. Nevertheless, for the direct scattering problem we obtain
several interesting results. Our aim is to obtain stability estimates for the values of scattered
waves from their far-field patterns, in the high frequency case and on the whole exterior of
the scatterer. We are able to establish this result at least for smooth convex obstacles.

A crucial step, and one of the main results of the paper, is to prove stability estimates
depending on the frequency for the determination of the near-field of an outgoing acoustic
time-harmonic wave by its corresponding far-field. Such a problem has been solved for
a fixed frequency by Isakov, [15], see also [5]. After finishing this work, we learned that
very recently and independently Isakov [17] considered the high frequency case and proved
a stability estimate in the high frequencies regime. However we believe that our results
are considerably stronger than his. The advantages in Isakov’s result are the fact that
his estimate is completely explicit and that he is able to estimate the outgoing wave on
the boundary of the same ball where the a priori bound is known. Instead, we estimate
the outgoing wave on the boundary of a larger ball. Nevertheless, our results have several
other important advantages. First of all we require an a priori bound of L? type instead
of an H' type as in Isakov’s paper. Second, and more important, is the dependence of the
estimate on the wavenumber k. In Isakov’s result the estimate improves with respect to k in



a polynomial manner, in ours the improvement is much stronger, being of exponential type,
see Theorem 4.2. Moreover, in the regime where the Isakov’s estimate is more meaningful,
that is when k is higher than log(1l/e), € being an estimate of the norm of the far-field
pattern, we are able to obtain a Lipschitz stability estimate completely independent of
k, see Theorem 4.4. Finally, in Isakov’s estimates there is a delicate issue about the a
priori bound. If the a priori bound used by Isakov were of order higher than vk, then its
stability estimate would not show any improvement as k grow, that is we would not have
any increasing stability. Unfortunately, as we show in Theorem 5.5, in particular in (5.22),
up to our knowledge even the L? a priori bound may be of order k and the H' may be even
of a higher order, since u solves the Helmholtz equation with wavenumber k. In our case,
instead, even if the a priori bound grows as a power of k, no matter how big, in the high
frequencies regime we are still able to prove a Lipschitz stability estimate with a constant
which is independent of &, see again Theorem 4.4.

Finally, by an instability analysis, we are able to evaluate from below how much the
stability for the inverse scattering problem could improve as the frequency increases.

One of the main features of the paper is that in all our results we keep the dependence
on the frequency as explicit as possible. We also establish estimates for the full range of
frequencies, with a particular attention to the case of high frequencies. We notice that most
of the results present three different regimes. The regime of bounded frequencies where the
usual ill-posedness shows up. A regime of high frequencies, with a limited improvement in
the stability results, and a regime of extremely high frequencies where the improvement is
much more significant. Furthermore, most of the results are written for any space dimension
N > 2.

Let us describe in more details the results of the paper. We consider time-harmonic
acoustic waves in a homogeneous and isotropic medium in a subset of RV, N > 2. Such a
wave is characterized by its corresponding field u which solves the reduced wave equation or
Helmholtz equation

Au+ k=0

where k£ > 0 is the wavenumber. We recall that the wavenumber k is the ratio between the
corresponding frequency and the speed of sound.

We say that a time-harmonic acoustic wave in the exterior of a ball is outgoing if its
corresponding field u satisfies the so-called Sommerfeld radiation condition, that is

ou’®
lim r(N-1)/2 < - ik:us) =0, 7=z
r—00 a’r
where the limit is intended to hold uniformly for all directions # = z/||z|| € SN~

The Sommerfeld radiation condition allows to characterize the asymptotic behavior of
the outgoing acoustic wave, namely we have that

as ||z|| goes to +oo, uniformly in all directions & = z/||z| € S¥~!. The function us is
defined on SV~! and is referred to as the far-field pattern of the field w.

Outgoing waves play a fundamental role in acoustic scattering theory. In fact, let us
assume that in a homogeneous and isotropic medium in RY there is a scatterer X, that is



a compact subset of RV such that G = RV\Y is connected. We recall that a scatterer ¥ is
said to be an obstacle if ¥ is the closure of an open set.

Let us assume that we send through the medium a time-harmonic acoustic wave, which
is called incident wave. We call k > 0 its wavenumber and u’ its corresponding field, the
incident field. Usually the incident wave is either a point source wave or a plane wave. We
shall mainly focus on the latter case. If w € SN=! is the direction of propagation of the
time-harmonic plane wave, then the incident field is given by u’(x) = e*“* 2 € RV,

The presence of the scatterer perturbs the incident wave by producing a so-called scat-
tered wave which is characterized by being an outgoing time-harmonic acoustic wave. Its
field u® is called the scattered field. The total wave is the superposition of the incident wave
and the scattered wave, that is its corresponding field, the total field u, is simply the sum
of the incident field and the scattered field. Namely the total field satisfies the following

Au+k*u=0 in RV\Y

u=u'+ u® in RV\ ¥
(1.1) B.C. on 0%

lim,_y oo 7N =1/2 <aaii - ik‘us) =0 r=|x|.

The boundary condition on 9% depends on the nature of the scatterer. In this paper we
mainly focus on the case of impenetrable sound-soft scatterers to which corresponds the
following homogeneous Dirichlet boundary conditions

u=0 onodX.

However other boundary conditions may appear in the applications, for instance the ho-
mogeneous Neumann condition for impenetrable sound-hard scatterers, the more general
impedance boundary condition for impenetrable scatterers or transmission conditions for
penetrable scatterers.

Since the scattered wave is outgoing the asymptotic behavior of the scattered field u?® is
determined by its far-field pattern u?_.

Let us recall that (1.1) is referred to as the direct scattering problem. The corresponding
inverse scattering problem consists of the determination of the position and shape of a
scatterer given the far-field patterns of the scattered waves corresponding to one or more
incident planar waves. In this paper, precisely in Section 6, we treat the case of sound-soft
scatterers and in order to perform more scattering, that is far-field, measurements, we let
vary the direction of propagation of the incident fields, keeping the same wavenumber k& > 0.
Let us notice that, instead of far-field measurements, one may also use so-called near-field
measurements, that is the Cauchy data of the scattered fields u® on the boundary of a
domain containing the scatterer Y or, equivalently, the values of the scattered fields on a
neighborhood of the boundary of such a domain.

One of the main results of the paper is a stability estimate for the determination of
near-field data from far-field data for any outgoing solution of the Helmholtz equation, see
Section 4. The technique used is the one developed by Isakov in [15], see also [5], where the
result is stated just for simplicity only in dimension 3. The main novelty here, besides the
fact that we state our results in any space dimension N > 2, is that we investigate how the
estimate changes with respect to the wavenumber k. In Theorem 4.1 we deal with the case
of k belonging to a fixed compact interval of positive numbers. This result is essentially a



rephrasing of Isakov’s result extended to any dimension N > 2 and in fact we obtain the
usual logarithmic type estimate. Then we deal with the high frequency, or wavenumber,
case and we notice that the stability estimate improves as k increases. Actually there are
two regimes: the high frequencies regimes and the extremely high frequencies one. The first
regime is treated in Theorem 4.2 and it holds for wavenumbers k which are at most of
the order of log(1/¢), ¢ being an estimate of the norm of the far-field pattern. Here the
estimate is still of logarithmic type and improves as k increases in an exponential way with
respect to k. For the largest value of k for which such a regime holds, the improvement leads
to a Holder type estimate. If k£ is beyond such a threshold, that is in the extremely high
frequencies regime, the stability estimate improves even further, see Theorem 4.3. In fact it
is still at least of Holder type and it may be actually written as the sum of a Lipschitz term
plus one which is exponentially decaying with respect to k. Finally, if the a priori bound
is of the order of some power of k, and k is at least of the order of log(1/e), we obtain a
Lipschitz estimate fully independent of k, see Theorem 4.4.

Let us recall the basic idea of Isakov for obtaining this kind of stability estimates. The
key tool is using separation of variables for describing outgoing solutions of the Helmholtz
equation. The dependence on the radial variable r is given through suitable Hankel functions
of first kind evaluated at kr. If the wavenumber is below a fixed constant, the stability
estimates follows by studying the asymptotic behavior of these Hankel functions with respect
to their order, a classical result in the theory of special functions. However, if we let the
wavenumber tend to infinity the analysis is much more involved since we need to consider
the asymptotic behavior of Hankel functions in three different regimes. In the first regime,
the argument, that is kr, is much larger than the order. In the second one, the argument
and the order are both large but of the same magnitude. In the third one, the order is much
larger than the argument. Such an asymptotic analysis is performed in Section 3 whose
main result is Theorem 3.9 which contains the asymptotic behavior of Hankel functions in
the previous three regimes. This is the main technical result of the paper and the essential
tool for obtaining the estimates of Section 4.

In Section 5 we apply the previous estimates to direct scattering problems. We assume
that X1 and X5 are two sound-soft obstacles and that K is the convex hull of their union.
We assume that 3; and Yo are star-shaped and smooth enough. Let u; and wus be the
solutions to the direct scattering problem with X replaced by ¥; and ¥, respectively. Our
aim is to estimate the difference of u; and wuy up to the boundary of K by the difference of
the far-field patterns of the corresponding scattered waves. Since by the results of Section 4
we are able to estimate the near-field data from the far-field data, we state our stability
estimates in terms of the near-field data only, Theorem 5.6. The key tool to estimate u —uq
up to the boundary of K from the the near-field data is given by the results of [12, 33].
In the extremely high frequencies regime we also state the stability estimate with respect
to the far-field data, see Corollary 5.7. In both cases we obtain a stability estimate with
an explicit dependence on the wavenumber k, however we need to note that, for the time
being, we are not able to prove any increasing stability property as k grows and tend to
infinity, see Corollary 5.7.

About our stability estimate, we wish to use as less as possible a priori information,
namely only a priori bounds of L? type on the solutions. For this reason we use an integral
norm to estimate the difference between u; and ug. In order to use the results of [12, 33|
on the whole exterior of K some technical difficulties arise which are solved by using the



L' norm, instead of the L? norm, to estimate the difference between u; and us and by the
help of a technical geometrical lemma, Lemma 5.9.

It would be desirable to proceed further with the analysis and obtain suitable stability
estimates, with a precise dependence on k, up to the boundary of the unbounded connected
component of RY \ (21 U X3) or for the corresponding inverse scattering problem. However,
both seem to be rather difficult open problems.

Let us notice that a rather long preliminary part of this section contains the essential a
priori estimates which are needed to implement the previously described strategy. We believe
that this part may also be of independent interest. It is here that the main assumptions
on Y1 and Yo, namely star-shapedness and smoothness, are needed. The key ingredient in
the high frequencies regime is provided by Theorem 5.4 which follows from results due to
Chandler-Wilde and Monk, [6], and to Melenk, [25]. The main result of this part concerning
a priori estimates is stated as Theorem 5.5.

Finally, on Section 6 we perform an instability analysis for the corresponding inverse
scattering problem with sound-soft obstacles, extending the instability result in [11] to the
high frequencies regime. Let us recall that a similar result has been obtained by Isaev for the
inverse problem of determining by boundary data the potential in the Schrédinger equation
in the high energies regime, see [13].

The main results of this section, Theorem 6.1 and Corollary 6.2, show that the instability
improves as the wavenumber k increases. The high frequencies regime holds for wavenumbers
k which are at most of the order of log(1/¢), € being an estimate of the norm of the error
in the far-field pattern for all possible directions of propagation of the incident field. In this
regime the improvement is not so significant, however, beyond it, that is for extremely high
frequencies, the improvement is more relevant since the logarithmic instability term has
a multiplicative constant converging to zero, as k goes to +oo, in a polynomial way with
respect to k.

Let us notice that the norm used to estimate the error in the far-field pattern is an
arbitrary H?® Sobolev norm, with s > 0. For s sufficiently large this is stronger than the L>°
norm, that is our result applies also when ¢ is an estimate of the superior, for all directions
of propagation of the incident field, of the error in the far-field pattern measured in the
L* norm. Moreover, we remark that our instability results hold for star-shaped and even
convex obstacles. Even if the reconstruction of star-shaped or convex obstacle is considered
to be more stable, our analysis shows that star-shapedness or convexity do not provide a
significant advantage.

The proof is based on the original idea by Mandache, [23], which has been generalized
and applied to inverse scattering problems in [11]. However again we need to take into
account the fact that the wavenumber may be arbitrarily large, therefore a careful use of
the results of Section 3 is required.

The plan of the paper is the following. We begin with a preliminary section, Section 2,
where we give a separation of variables description of scattered waves and their far-field
patterns. Moreover we introduce suitable classes of smooth star-shaped obstacles. In Sec-
tion 3 we develop the asymptotic analysis for Hankel functions. The stability estimates for
the determination of near-field data from far-field data are contained in Section 4. In Sec-
tion 5 we consider the application to direct scattering problems with sound-soft scatterers.
In particular we apply the estimate of the previous section to the stable determination of
scattered waves from their far-field patterns. Finally, in Section 6 the instability analysis of



the corresponding inverse scattering problem is considered.
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2 Preliminaries

Let us fix an integer N > 2. For any « € RY and any s > 0, B,(x) denotes the ball contained
in RY with radius s and center . Moreover, Bs = B,(0) and, finally, for any £ C R, we
denote Bs(E) = U,cp Bs(z). For any E C RY, |E| denotes as usual the N-dimensional
Lebesgue measure of F.

We fix a scatterer ¥ in RY, that is a compact subset of RY such that G = RV\X is
connected. We recall that a scatterer X is said to be an obstacle if ¥ is the closure of an
open set. We fix the wavenumber k > 0 and a direction of propagation w € SN~1. Then
the incident field is the time-harmonic plane wave u’(z) = e** z € RN, The total field
u = u(w, k, ) is the sum of the incident field and of the scattered field u® and is the solution
to the following exterior boundary value problem

Au+k*u=0 in RV\Y
u=u'+ u® in RV\ ¥
(2.1) u=0 on 0%

lim,_y oo 7N =1)/2 <%l; - ikus) =0 7=z

where the last limit, the so-called Sommerfeld radiation condition, holds uniformly for all di-
rections # = z/||z| € S¥~!. We remark that the homogeneous Dirichlet boundary condition
corresponds to a sound-soft scatterer X.

The Sommerfeld radiation condition characterizes outgoing waves and implies that the
asymptotic behavior of the scattered field is given by

ikl s o
)= e[ {“‘”(m’“’ )+ <||x|>}

as ||z|| goes to +oo, uniformly in all directions & = z/||z|| € S ~1. The function uZ, is called
the far-field pattern of the scattered field u® of the solution to (2.1).

For any sound-soft scatterer ¥, we denote A(X) : SN =1 x SV=1x (0, 00) ++ C its far-field
map, that is, for any &, w € S¥~! and any k > 0,

(2.3) AX) (2, w, k) = ul (T;w, k, X),

(2.2) u(zyw, k, X

where u$, is the far-field pattern of the scattered field u® of the solution to (2.1).
Let us remark that the following reciprocity relation holds, see for instance [10, Theo-
rem 3.13]. For any scatterer ¥ and any k € (0, 00) we have

(2.4) A (&, w, k) = AD)(—w, —&, k) for any &, w e SV L.



Moreover, we have the following characterization of the L? norm of the far-field pattern,
see for instance [29, Theorem 3.2.1] for N = 3,

(N—1)/2 .
(25) A w k)l en-1) =2 (if) S (W ITAL(E) w0, k) )

We wish to decompose the far-field pattern in spherical harmonics. Fixed N > 2, let us
consider the orthonormal basis of L?(SV~1)

(2.6) {vitien={fjp: 7>0and 1 <p <p;}

that consists of (real-valued) spherical harmonics, that is each fj, is a spherical harmonic
of degree j, j being a nonnegative integer, such that || f;p|[z2@~v-1) = 1. The elements v;,
1 € N, are ordered in the natural way.

The integers p; are the dimensions of the spaces of spherical harmonics of degree j and
we have that, see for instance [27, page 4],

1 it j =0,
Dj =19 (2j+N-2)(j+N-3)! if >,

FN=2)!
so that
and
n n
(2.7) p; <Y 2+ DN 2 <2(n+ )N for any n € N.
=0 =0

For any spherical harmonic f, we call v(f) the degree of the spherical harmonic, that
is v(fjp) = j. We have that ~y(v;) is an increasing sequence, with respect to ¢, whose
asymptotic behavior satisfies the following property. Fixed n € N, we have that, by (2.7),
#{i € N: ~(v;) <n} is clearly bounded from above by 2(n 4 1)V 1, therefore

(2.8) B €N: y(v) <n} < C(n+ 1)

with C' =2 and p = N — 1. We recall that # denotes the number of elements.
We recall that the function

(2.9) ujp(2) = ||zl fip(z/ll])

is harmonic in RY and solves the following eigenvalue problem in By

O
(2.10) Aujp = 01in By; % = jujp on 0B;.

For any function g belonging to L?(SN=1xSN~1), we decompose it in spherical harmonics
in the following way

g(#,w) = ajwi(@)u(w) (&,w) €SV xSV
il



where the complex-valued coefficients a;; are given by

aj| = // 9(z,w)v; () (w)dzdw.
SN—1x§N—1

For any s > 0 we define the norm of the Sobolev space H*(SV~1 x S¥~1) as follows

(2.11) 19l Frs g1 xsn 1y = D (1 +v(0) +7(00)**|ag|*.

1,0
Then for any s > 0 we call Y;(SV¥~1 x S¥~1) the space
V(ST xSV = {g e LASM T x 877 ¢ lglls < oo}

where
lotls = sup (1 + max{ (), 30}y

We notice that Yy (SVN=1 x SN=1) ¢ H¥(S¥~1 x S¥1) and the immersion is continuous, in
fact we have

gl ro(en—1xsn—1y < 4llglls  for any g € Yy(SV™ x SV,

since

D (v) + () faig)* < D (14 max{y (i), y(0)})¥lail* <

il 5l

16 sup ((1 + max{vy(v;), 7(”1)})4S+2N71|ai,512)

i,

see [23, page 1439).
The decomposition of the far-field pattern in spherical harmonics is given by, for any
(&, w,k) € SN x SV=1 x (0, 00),

(2.12) A (&0, k) = big(k)vi(@)v(w),
il
where the complex-valued coefficients b; (k) are given, for any k € (0, 00), by

(2.13) biy(k) = / /S o AR (@) ) di s

Furthermore, we use the following characterization
(2.14) biy(k) = / bi(w, k) (w)dw,
SN-1

where the complex-valued coefficients b;(w, k) are, for any w € SV~ and any k € (0, 00), the
Fourier coefficients, with respect to the orthonormal basis {v;};en, of the far-field pattern
us, (s w, k,X) corresponding to the scattered field of the solution to (2.1), that is

(2.15) bi(w, k) = A(D) (&, w, k)v; (2)d.

SN-1



Let us assume that ¥ C Bp for some positive constant R. Then for any z € RN\ Bg we
have

(1) (k|
(2.16) w5 w, k, 5) Zb w, k) U}cﬁ% il 1)
X

vi(e/|=]]),

where b; = b;(w, k) are complex-valued coefficients given by

(1)

H (
7 Y(v;i)+H(N-2)/2
(2.17) bi(w, k) (k) N-2)/2

kr)

= / u’(ré;w, k, X)v;()dz, for any r > R,
SN-1

where, for any real v > 0, H, ,Sl) denotes the Hankel function of first kind and order v.
The relationship between coefficients b; and b; is the following

(2.18) bi(w, k) = (r/2) V2K~ N=1/2(_y) 7@+ (N=172}, () k).

Therefore, for any r > R,
(1)

5 H (kr)
s/ A e _ N-2)/2 .
(2.19)  w (rx;w,k:,E):Zbi(w,k)(wk/2)1/217( D+(V=1)/2 T ;fjv 2)/); vi(@),
hence
2
(2200 w0,k DlEon,) = 5 Z\b (v, K)o [H), vy (R7)

Obviously, by (2.3) and (2.15) we have

(2.21) s ok D) Baenosy = 3 i, B

In order to estimate the near-field from the far-field, a crucial step is to estimate the
asymptotic behavior of Hankel functions H l(,l)(z) as the order v goes to infinity, for a fixed
z = kr. On the other hand, we are interested in the corresponding estimate as the wavenum-

ber k goes to infinity, therefore we need to consider the behavior of H. 51)(7;) with the order
v and the argument z = kr which may be both large at the same time. We deal with this
issue in the following section.

We conclude this section by introducing suitable classes of obstacles. We fix integers
N > 2 and m > 1 and positive constants 3, Ry and §, Ry < Rg+ 4§ < .

Let g be a strictly positive continuous function defined on SV 1. Let ¥(g) be the compact
set given by the radial subgraph of g, that is

S(g) ={yeRY: y=pw, 0<p<gw), weS 1}
We denote
X (m,B,Ro,8) ={S(g) : g€ C™SN ™), llglomev-1) < B and Ry < g < Ro + 4}

We notice that X = X(m,f, Ry,d) is a metric space, endowed with the Hausdorff
distance dp, that consists of obstacles in RY which are star-shaped with respect to the

10



origin. Moreover, for any integer m > 3, and for any positive 8 and Ry, there exists 6>0,
depending on N, m, 8 and Ry only, such that if 0 < § < 5, then any element of X is even
convex.

Let us also notice that there exists a constant E, depending on N, m, § and Ry only,
such that

(2.22) HV"YE) < E for any ¥ € X(m, 3, Ry, d),

where HV~! denotes the (N — 1)-dimensional Hausdorff measure.

Given the metric space (X, d) and a positive §, X’ C X is said to be d-discrete if any
two distinct points x1, 29 € X’ satisfy dy(z1,22) > §. We have the following result, whose
proof may be easily obtained following the arguments of the proof of Lemma 2 in [23].

Proposition 2.1 Let us fiz integers N > 2 and m > 1 and positive constants 8 and Ry.
Then, there exists a positive constant oy, depending on N, m, B and Rg only, such that
Ry + 60 < B and for any 0, 0 < § < &g, we can find a d-discrete subset of X (m, 3, Ry, d)

with at least eXp(2_N5(()N_1)/mé_(N_l)/m) elements.

3 Estimates on the asymptotic behavior of Hankel functions

For any v > 0 and any z > 0, let ngl)(z) be the Hankel function of first kind of order v
and argument z. Concerning basic properties of Hankel and Bessel functions we refer to [22]
and especially [34].

It is well-known that the following asymptotic behaviors of H,(,l)(z) holds true. First,
fixed v > 0, we have that

o\ 12
(3.1) H{Y(2) = <) ellz—vm/2=m/4) [1+0(""] asz— +oo.
Tz
On the other hand, fixed z > 0, we have that
(3.2) HOE) ~ i~ " (%>_ S
. (2 S 5 as v 00.

where ~ means that the quotient between the two functions tends to 1, as v — oc.

We need similar estimates on the asymptotic behavior of Hankel functions which hold
uniformly for suitable intervals of z and v respectively. We obtain a full hierarchy of asymp-
totic behaviors depending on the relationship between z and v as one or both of these
parameters go to +o0o, see Theorem 3.9.

We begin by recalling that

+oo
B (_1)k(2/2)u+2k;
a9 kZZ()F(k+1)P(k+V+1) z>0, veR

where J, is the Bessel function of first kind of order v. Here I' denotes the Gamma function.
We also recall that Y, the Bessel function of second kind of order v, is given by
Ju(z) cos(vm) — J_,(2)

Y, (2) = >0, veR\Z,
v(2) sin(v) : v \
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whereas
Yo(z) =1limY,(2) z2>0, neZ.

v—n

Finally,
HV(2) = J,(2) +1Y,(2) 2>0, vER.

Let us recall here the basic properties of the Gamma function I' that will be repeatedly
used in the sequel. We note that I'(z) is defined for any z € C such that z #0,—1,-2, ...,
and we have that I'(1) = 1. The most important property is the following

(3.3) I'(z+1)=2I(2) forany z+#0,—-1,—-2,...,
from which we deduce that, for any n =0,1,2,..., nl ='(n + 1). We also use that

(3.4) M)l —-=z2) = for any z ¢ Z.

sin(mz)
Finally the following version of the classical Stirling formula will be used
(3.5) D(z) = V2ra® V2% ®[1 4+ r(z)], x>0

where
Ir(z)] < e'/(120) _ 1,

We begin with the following easy proposition.

Proposition 3.1 For anya, 0 <a <1, any z >0 and any v > 0, let

“+o00
B B (—1)k(22/4)k
Azl = kzor(mau)F(kH“)'

Let us fir z2 > 1 and e, 0 < ¢ < 1/e. Then there exist positive constants vy = vy(e, z2) >
ezg > 0 and vy = y(g) such that, for any a, 0 < a < 1, for any 0 < z < 23, and for any
v > max{w(e, 22), % (€) }, we have

(1—¢) ( 1 ) (I1+¢) ( 1 )
3.6 v'e" | < Ala,z,v) < vreY
(3.6) I'(a+1) \V2rv <Al ) I'(a+1) \V27v
and, consequently, picking a =0,
(1—¢) rez\v (14+¢€) rez\v

. Y <) < il
(3 7) 2y (21/) - J (Z) N 2mr (21/)
Notice that v > ez, therefore

1
(3.8) 0<Jy(z) < 129
2y

hence there exists iy = 1(€), 11 > Dy, such that if v is also greater than or equal to vy we
have

(3.9) 0< Jy(2) <e.

12



PRrOOF. Using the basic properties of the I' function, we can find vy = (e, 2z2) > 0 such
that for any 0 < z < 29 and any v > vy we have
1 1

s = A5 S s re )

Notice that it is enough that 22/4 < e(vg + 1), that is for instance we may set

(3.10) (1—

2
23

vo(e, z9) = —=.
0(e, 22) 5
Therefore, without loss of generality, we may choose vy(e, z2) > eza. The rest of the proof
easily follows. O

We now prove some estimates on Y, (z) for the following particular order v. Let us
assume that v = n — 1/2 for some positive integer n. We obtain that cos(vm) = 0 whereas
sin(vm) = (—1)"*L. Therefore, for any z > 0, Y,,(2) = (—=1)"J_,(z). We notice that

k 2
Y,(2) = (~1)(/2)" ZF | =G as s s>

b2/t 1) (22/4)"
nd A= .
kz k+1 k—vt1) ™ Z k+1F k—v+1)
Let us notice that by a simple change of the index, we have that
A= (—D)"(22/H)"A1/2, z,n),

therefore
Y, (2) = (2/2)*" Y A(1/2, z,n) + (-1)"(2/2) VB = A+ B.

By Proposition 3.1, for any z, 0 < z < z9, and any v > max{wy(e, 22), Uo(€)}, we have

o i () <A< o ()

We infer that

hence there exists 7y = 5(e), 72 > 1, such that if v is also greater than or equal to 7y we

have
(3.13) 0<A<e

We continue by evaluating B and, correspondingly, B. A simple computation, where we
use in particular (3.3) and also (3.4), leads to

~ Vn—l 2/4 n—1-k
B =—(2/2) ( 1) H 1—1/2)

1=

n- 0 ((22/4)kl“(n— /2)> _ 2™ n_; (( 24 (_1/2)>

OM

- (=27 T(k + 1)(T(1/2))2 p T(k+1)

k= k=

13



Taking h = n — 1 — k, we have that

B (z/2) 1+Z< (22/4yn1- hr(h+1/2)>] :—(z/i)_VF(V) [1+R].

L'(v)['(n — h)

A lengthy but straightforward computation would allow us to estimate the remainder R,
by studying separately the sum with h below (n —2)/2 and the one with h above (n —2)/2.
We obtain that R goes to zero as v goes to +o0o. However, for our purposes, at this time it
is enough to note that R > 0, therefore

BB r0) < -9 (2)1/2 (&)™

T TV 2v

provided v > 3(e) > 9(e) as well. Up to changing 3 = 13(e) and using (3.9), we can prove
the following two estimates. Let us assume that v = n—1/2 for some positive integer n and
that v > max{wy(e, 22), 73(¢)}, then

(3.14) Yo (2) < —(1—é) (2>1/2 <§%>_V

vz

and
(3.15) |1, (2)| < elY,(2)]
Let us recall the following lemma, see for instance [24, Appendix B| and [21].

Lemma 3.2 Let 0 < z < v. Then

Ju(2) >0 and OJOVZEZ) <0
whereas 5Y;

Y, (2) <0 and 5V(z) <0

Moreover, as £ goes to +0o0,
L(/3) i3 —4/3
(3.16) Je(§) = 31/6272/3775 +0(E777)
and
3Y5T(1/3), 1/ —4/3

(3.17) Ye() = - € P+ 0.

Using these results we immediately infer the following corollary. The first part is a
consequence of Proposition 3.1 and of the estimates (3.14) and (3.15), the second follows
from Lemma 3.2.

Corollary 3.3 Let us fit zo0 > 1 and €, 0 < € < 1/e. Then there exists a positive constant
U3 = U3(e) such that for any 0 < z < 22, and for any v > max{vy(e, z2), 3(€)}, we have

(3.18) [ (2)] < el (2)]

14



hence
(1—)Y,(2)| < [HP(2)] < (14 8)[V(2)].

Furthermore, there exist absolute constants c¢1, 0 < ¢ < 1, and & > 0 such that for any
& > & we have

[ Te(§)] < el Ye(&)]

therefore for any v > z > & we have
[ (2)] < eV (2)]
and hence
(3.19) (1= e)Yo(2) < [HM(2)] < (1+en) Yo (2)].

We now consider different regimes. First, we take v much larger than z, then we consider
the case in which z is much larger than v. Finally we shall deal with the intermediate regime
when v and z are comparable and large.

We begin with the following two results, due to Matviyenko, proved in Theorem 3.1 and
Theorem 3.3 in [24], respectively.

Theorem 3.4 Let 0 < v < z. Then

9\ 1/2 1 '
(3.20) H (2) = (ﬂ> e explin) (14 Rz
where

m = (22 —1v*)Y2 —varccos(v/z) — 7 /4
and
[R1(z,v)| < exp(g1)g1
with
_z—vV d i - 2
g1 = W ana g1 = ;?/2

Theorem 3.5 Let 0 < z < v. Then

(3:21) ) =~ (2) G e L+ A
where

(3.22) 1 = vlog (Z n ((;/)2 B 1>1/2) VRNV
and

| R2(z,v)| < exp(g2)ga

with
vV—2z d G 2
92 = —q75  ana g2 = —45.
1/3 3g:25/2
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We have the following corollaries. By Theorem 3.4 we can generalize (3.1) by extending
it uniformly on suitable intervals in the following way.

Corollary 3.6 Fized C > 1, for any v > 0 and for any positive z such that z > Cv we

have 3/2 1/4 1/4
.2 C 1 2N C?
91§3(0_1> 2 ond 1§(1‘Z2> 5(02—1> |

Therefore,

2 C 3/2 2 C 3/2 B B 9 1/2
9 1/2 CQ 1/4 ) C 3/2 9 C 3/2 . o
(2) (=) |i(esr) =) =)

Furthermore, there exists an absolute constant C1; > 0 such that for any v > 0 and for
any positive z satisfying z — v > C12'/3 then

1 /9\ /2 1 3 /2\ Y2 1
) — | = < H(l) < — | — _—

Finally, there exists a constant Co, depending on C' only, such that for any v > 0 and
for any positive z such that z > Cv we have

o\ /2 R
(3.25) HWM (z) = <> el(zmvm/2=m/4) [1 +R1}

Tz

- 2 2 3/2
|Ri| < Cy (ZQ + min {2, I;} + exp (g <C€1> 21> 21> .

By Theorem 3.5 we can generalize (3.2) by extending it uniformly on suitable intervals
in the following way. In fact the following corollary holds and it may be coupled with
Corollary 3.3.

where

Corollary 3.7 Fized C > 1, for any v such that v > Cz > 0 we have

2/ C \** _,
2 C o
92—3<0—1> Y

Thus for any v such that v > Cz >0 and v > C22 we have
2\? sez\ v ~
Wy — ;[ 2 bl
(3.26) HD(2) = —i <W> (2V) [1 + RQ]
where

17,(2)] LN (22, 2 2/ C N )\
Yt (”|Yu<z>|>(u2+v+“p<3 (Ol) v

and C7 is an absolute constant depending on C' only.

\R2| <
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A further important corollary is the following. Here we make use of the continuity
properties of the Hankel functions with respect to both the argument and order and the
fact that \H,El)(z)| > 0 for any v > 0 and any z > 0.

Corollary 3.8 Let us fix 0 < z1 < zo. Then there exists a constant C' > 1, depending on
z1 and zy only, such that for any z, z1 < z < zo, we have

(3.27) cl<|HV ) <C

and for any v > 1/2 we have

om (36 = () @)

and

2\? sz v 2\"? sez\ v
. Oy <o = =) <o = et
(3:29) () _C<7r1/> (2y) _C<7TI/) <2y> '

This is the estimate that allows us to use Isakov’s argument in [15] and prove stability
estimates for the determination of the near-fields from far-field measurements, when the
wavenumber k belongs to a fixed interval [ki, ko], with 0 < k1 < ko. We shall treat this case
at the beginning of Section 4, in Theorem 4.1.

We now begin to investigate the more difficult case of the asymptotic behavior of Hankel
functions when z and v are both large.

We have the following theorem, which is the main result of this section.

IA
38
=
=
N
=

Theorem 3.9 There exist positive constants zg > 1, Cy and Ay > 1 such that if z > z
then the following asymptotic behavior of the Hankel function holds for z > 0 and v > 0.

If

1/>0and%200 or v=20
then
1 1
3.30 Al < |HW(2)| < Ap—————.
( ) 0 (ZQ_V2)1/4—’ v (Z)|— 0(22—V2)1/4
If v >0 and
el _
3 = Co
then
(3.31) A3 < |HD (2)| < Ag™ Y3,
I
/ Vo2 o
i3 =0
then
1
-1 1
(3.32) Ag eXp(m)m < [HM(2)] < Ao eXp(m)m

where n2 is as in (3.22).

17



PROOF. Let us begin with the third regime, when v is much greater than z. Let us assume
that v > z > 29 = &. Then (3.32) follows immediately by Corollary 3.3 and Theorem 3.5.

For what concerns the first estimate, (3.30), let us notice that it is trivial for » = 0 and
z > zg. Therefore, without loss of generality, in what follows we shall assume v > 0. By
Theorem 3.4, there exist Cy and Ag such that (3.30) holds provided z—v > Coz3 > 0, with
no assumption that z should be greater than a constant. Clearly z — v > Cpz'/3 > 0 implies
that z — v > Cor'/3 > 0 but viceversa does not hold. The case v + Cov'!/3 < 2 < v+ Cpz/3
will follow from the analysis of the intermediate regime, when z and v have approximately
the same value, which we shall now deal with.

We begin with the following remark. Fixed Cy > 0, there exists z5 > 0 such that if
z > zp, then z — Cpz1/3 > z/2. Therefore, if 2 > zp and 0 < z — v < Cpz1/3, we also have
v<z<v—+ 0021/3V1/3. Therefore, the open case is when z > zy and

v— O3 <z <v+Cpt/3

where C; = Cp2/3. Let us remark here that the intermediate estimate (3.31) for v = z
follows from Lemma 3.2, therefore, without loss of generality, we shall assume either z < v
or z > v, that is
V—01V1/3 <z<v or v<z< V+C'1V1/3.
The analysis for these regimes is rather difficult and has been carried out by Langer

n [21]. We shall here recall this asymptotic analysis. We need to introduce the following
notation

e? = sec(3)
¢(z) = tan(p)
(3.33) & =v(tan(B) — ) e if x >0,
_ (tan(f8) — )
V) = an(B) 12

and also
e” = sech(a)
¢(x) = itanh(p)
(3.34) ¢ = v(a — tanh(a)) / if z < 0.
(o — tanh(a))'/"
Y(®) = anh()1 /2

Then Langer in [21] showed that, fixed a positive constant M, there exists a constant
E depending on M only such that if 0 < |{] < M then we have

R(z,v)

1/3 ) )
(335)  HOWe) = o ol () e ae)] + )

v 31/2,,1/3
with
|R(x,v)| < E.

First we need to investigate the term [e*”i/?’J_l/g(f) + e’fi/?’Jl/g(g)]. By using the clas-
sical asymptotics as z — 0, see for instance [34, page 44], we have that, for any complex
z# 0,

(2/2)11/3

rui1wﬁ1+RQ

Ji13(2) =

18



where

|22/4
-1
|R+| < exp (1 173

Since for z £ 0 we have

T2 1) — Ty a(2) )y (2) = —2 5 /3)

w4

we deduce that, for any || > 0 defined as before, we have
Ty (€) + e a(6)] > 0

hence there exist positive constants By < Bi, depending on M only, such that, for any
0 < |¢| < M defined as before, we have

(3.36) Bole| ™/ < |e 70y 5(6) + ™21 5(6) | < Bulel 72,
Then we have that

2By [¢(z)] <
/3 g2 =

20(2)E 1 i 7i/3 2By [¢(2)]

It remains to analyze the term [t(z)|/3'/2. We need to consider separately the case
x> 0and z <0. For x > 0, we have 0 < § < 7/2 and

[¥(2)| _ (tan(8) — B)"/

3172~ (3tan(B)/2

There exists an absolute constant 3y, 0 < Sy < 7/2 such that for any 8, 0 < 8 < 5y we
have

B+ B%/3 <tan(B) < B+28°/3 < (3/2)f and 1+ %/4 <sec(f) <1+ 33%/4.

Let v < z < v+ C1v'/3, then sec(8) = z/v = 1+ av=2/3, for some a, 0 < a < Cy. There
exists Zg > 0, depending on C only, such that if z > Zy then 8 < 3. Hence

2/V3)Var™3 < g < 2y/ar1/3

that is

S < wltan(8) — ) =€ < Da¥? < DOV = 0,

9v/3

with M thus depending on C7 only. An easy computation shows that there exist absolute
positive constants By < Bj such that

-~ _ (tan(B) — B)1/S
o= =5 tan(3) 12

16
3

< By.
We may conclude that there exist positive constants 2y and Ag < A1, depending on C; only,

such that for any z > Zp and v < z < v + Clyl/g

5 1/3 , :
2 e 1a€) + ()]

we have

Ao
i3 S
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Since the constant F depends on M, thus on C' only, we can find zg > Zp such that for any
z>zpand v < 2z < 1/—1—011/1/3 we have

Ev~1 < (1/2)A,,

thus (3.31) is proved with Ay = Ay /2 and A; = 24;. A completely analogous argument
holds for the case z < 0, hence (3.31) is fully proved.

It remains to consider the case when z > z% and V+COV1/3 <z< V+Cozl/3 < V+C11/1/3.
We have just obtained that Ay 'v=1/3 < ]H,Sl (2)] < Agr~1/3. On the other hand, provided
2z = v+ av'/3 with Cy < a < C;, we have that

1 1 13 1

(22 — v2)l/4 - (2av*/3 + a2p2/3)1/4 v (2a + a2v—2/3)1/4

that is 1 ) )
~1/3 < ~1/3
(201 + C2v—23)1/47 = (2 y2)1/a = (20147

Provided zj is big enough, depending on Cy and C only, then if z > zy we infer that v > 1,
thus

1 ~1/3 1 L
-_ < <
20, + )Y = (A = (20t
and the proof is concluded. [l

4 Stability estimates: from far-field to near-field

Throughout this section we shall assume that u® is a radiating solution of the Helmholtz
equation Au® + k%u® = 0, for some wavenumber k > 0, defined in RV\Bg, for some fixed
R > 0. We call u?_ the corresponding far-field pattern.

Throughout this section we shall also fix Ry > R and By and B, with 1 < By < Bj.
We call Bg = 1/By and we assume that for some € > 0 and M > 0 we have

(4.1) luSsllza@v-1) = & 1wl L20Br,) = M-

Our aim is to estimate, in terms of [[u [/ 2sv-1), |u’[[z2(a,) for some r > R. This
kind of estimate is usually referred to as the stability for the determination of the near-field
from the far-field. Notice the Rellich Lemma provides the corresponding uniqueness. Such
an issue has been solved by Isakov, [15], see also [5].

We recall here the stability result by Isakov, [15], which we slightly generalize to any
dimension N > 2 and for the wavenumber k varying in a compact interval contained in
(0, +00). For the convenience of the reader, and since some of its arguments will be useful
in the sequel, we shall prove it in detail. Before stating the result let us denote «q as the
number such that 0 < ap < 1 and

(1/ag) /0 =e.

Theorem 4.1 Let N > 2. Let us fix constants k1, ko with 0 < k1 < ko. Under the previous
notation and assumptions, the following result holds.
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Let z1 = k1 Ry and 2o = ko B1 Ry and let 0y = max{N/2,e?25/2}. Let a1 = log(e/2). Fix
a > 0. Then there exist a constant Co > 1, depending on « only (with C,, = 1 for any
a > ), and a constant A, depending on z1 and zy only, such that for any k € [k1, ko] and
any r, BoRo <r < B1Ry, if

4.2 log(M/g) > Cp | =+ (o +1/2)1
(42) o(M/2) > Co ) 0+ 1/21
then
~ 1/(1+a)
= ek R log(M /e

(43)  |[ullz2(m,) < V2Aby ' M exp <—1og(30) <( 5 0) g(c / )) ) .
PROOF. Let us recall there exists a sequence b;, j = 0,1,..., of nonnegative numbers such
that
(4.4) ||Ugo||%2(gzv—1) = Zb?

J
and for any r > R

2

¢!

(4.5) 1w 13208, Zb%r H Yy a0 (k7)|

Let us notice that for any 7 > 0,
2 72
= > [P
i y(vi)=J

if we use the notation of Section 2 as in (2.20) and (2.21).
For any k£ > 0 and any r, BgRg < r < Bj Ry, we have, for any integer jo > 0 to be
decided later,

Jo too
512 T a 2w 2 | 77(1) 2
46)  lu’lze0m,) < 5k ZO ‘H]-i-(N 2)/2("““)‘ +gkr .Zlbj ‘Hj+(N—2)/2(k7“)
= J=Jjo+

which we estimate as follows

@) e |Raopy < ok H )| 2 +
. u LQ(aBr) ~ 2 TJE{(I)I’]f’lXJO} j+(N—2)/2 T UOO LQ(SN—I)
(1) 2
2 ’H]JF(N 2)/2("””)’
EEkRO Z 1)2 ]+N 2/2(]{;R0)‘ () D)
e H{ 2y (ko)
that is
s112 ™ (1) s (12
(4.8) u’llz2(98,) < §krj€{(r{1ﬁ>ij0} Hi Y (v_g)(kr ’ o172 gn—1y+
g (kr) 2
T sup IO e
R L (1) 2 L2(aBR0).
0\ j>jo Hj+(N—2)/2(kR0)‘
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By Corollary 3.8, for any v such that v = 0 or 1/2 < v < ez/2, we have that there exists
a constant C' > 1, depending on z; and 29 only, such that

2
4. HW(2)| < :
(4.9) [, (2)] < C@
Otherwise, if 1/2 < v and ez/2 < v, we have
2 2 v—1/2
4.1 HW ()| < = :
(1.10) e < o2 (2)

Furthermore, for any v > 1/2 we have

(4.11)

(1) 2 op \v—1/2
’HV (kr)’ . O (&) < (RO

i) Y 2 v
‘Hﬁl)(kRO)‘ = 071\/67397}% (egéo)u—lm > , ) < C*(1/By)

We conclude that, provided jo > jo > 1, with 7y = jo + (N —2)/2 > max{N/2,e?2,/2},
and setting vy = jo + (IV —2)/2,

202 (202! Ro\**™!
2 0 2 4 ( fo 2
(4.12) [ l7208,) < P <ek‘r> HUZOHLQ(SN—I) +C (r) ||USHL2(aBRO)7

that is, setting A = max{2C?/e,C*} and d;, 0 < a; < 1, such that e® = e/2, and

(4.13) HU‘S”%%aBT) <A

2w — 1\ 20! _\ 2001
(o) by + (30) ™ 10 B, |

Let 2n > 205 + 1 be such that

2n 2n2 7on 12
(4.14) <efl1kr> e“ =by"M*.

Then there exists an integer jo € N such that jo > jo and 209 — 1 < 2n < 2(jo 4+ 1 + (N —
2)/2) — 1 =2y + 1. Then
2up — 1 Zvo—l om \ 2"
= < —
< e kr ) - <ea1kzr>

2v0—1 _ 7—-27210+1 7—272n
b=t — ji2p2ott < p2Rn,

Hence, if (4.14) holds we have

and

. 2 2n N
(4.15) 1u*[1Z2(08,) < 2Ab52( T; ) g2 = 2Aby20a" M.

e gr

Let us investigate (4.14). We have log(e) + nlog ( 2n ) = log(M) + nlog(by), that is

e kr

log(M /<) = nlog < 2n > .

boed kr
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Let us call
2n

~ ~ 9
boe® kr

n =

then

— log(M/e) = nlog(n).
g 08 /<) = Rlog(7)

We notice that if 2n > 209 + 1, then n > e. On the other hand, for any « > 0, there exists
Cy > 1 such that for any nn > e we have

i < nlog(n) < Cun'™e.

Notice that we can choose C, = 1 for any o > o where we recall that «q satisfies 0 < ap < 1
and

(1/ag)/ 0 =e.

Therefore,
2

boe® kr

pu
(AN

log(M/e) < Cyn'te,

that is

n

v

( 2 log(M/e))l/ (1+a)
Boealkr Co .
Therefore, provided

( 2 10g(M/5)>1/ (1+a) L 200+ 1
boe@r kr  Cq = boetrkr’

that is

(4.16) log(M/e) > C, <Eoe§1kr>a (7o + 1/2)1,

we have that there exists a solution n to (4.14) such that 2n > 2y + 1, hence
14| 2o,y < V2Aby ' M exp(—log(Bo)n),

that is

7o a 1/(14a)
i @ log(M

(417) [l llz2(om,) < V2455 Mexp | — log(Bo) ((bOGQ kr) Og(C /€)>
We have that (4.16) and (4.17) immediately imply (4.2) and (4.3) and the proof is
concluded. -

Now we investigate how the estimate changes in the high frequencies regime, starting
with frequencies that are high but not extremely high. We shall use the following notation,
besides the one set at the beginning of the section. Let zg, Cy and Ag be as in Theorem 3.9.
We observe that there exists a constant Cp > 2, depending on Cj only, such that for any
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v > 1/2 we have v + Cov'/3 < Cov. Without loss of generality, up to taking a possibly
greater zg but still depending only on absolute constants and on N, we assume also that

(4.18) 20 > Comax{2,(N —2)/2} and (1—Cozy ") > 0.
We further assume that

(4.19) if 20 < Cov then Cov'/3 < v/2.

Notice that if zg < Cor we also have v > 2.

Theorem 4.2 Let N > 2. We keep the previous notation and assumptions. Let kg > 0 be
such that koRy > zo, zo as in Theorem 3.9 and such that (4.18) and (4.19) are satisfied.
Let us fix by, 0 < by < 1, depending on By only, such that 1/By < by < 1. Fiz o > 0.

Then there exist a constant B depending on By, Co, zo and N only, a constant aq,
0 < a1 < 1, depending on By, Cy and zg only, a constant A depending on By, Co, zo and
Ag only, and a constant Co, > 1, depending on o only (with Cy = 1 for any o > «p), such
that the following holds.

Let us assume that

1 2\ bgerr \ * log(M/¢)
< L .
fo =M= Big, (33) ( 2 ) Ca

Then for any k € [ko, k1(g)] and any v, ByRy < r < B1Ry, we have

boe® kr\ “ log(M/¢) 1/(+e)
2 Co '

(4.20) [Ju®]l120m,) < V2AB1by "M exp (—log(l/bg) (<

Furthermore, if k = ki(e) we have

(4.21) u® (| 2(0m,) < V/2AB1by ' M FreP,

where $1 = [1(a) is given by

log(1/bo) (boe™\® [/ r \*/UT9 po\Y )
4.22 — 3 _e. “c
(4.22) B1(a) o B c <

and, in the particular case a =1,

el r 1/2 5
(4.23) ,31(1):10g(1/b0)bgé( ) =01<

B1 Ry BiRy

Here Cy, depends on «, By, Co, zo and N only, and, without loss of generality by taking an
eventually larger B depending on « as well, we may assume that 0 < B1(a) < Cy < 1.

PROOF. Let us consider r, BgRy < r < B1Ry, and k > k.

We fix a positive constant C' > e?/2 and let a = v/C2 — 1/C, 0 < a < 1. We assume that
c@1 —Cozo_z/?’) > 1, that % < bp and that a > 2log(4/3). Obviously C depends on By,
Cp and zo only. Let us notice that if v > Ckr > Czy then v — Cor'/3 > v(l— C()V_2/3) >

v(l— Cozo_2/3). Therefore v — Cov'/? > Ckr(1 — C’ozo_z/g) > kr.
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Let jo = jo(kr) > 1 be such that 9y = Do(kr) = jo(kr) + (N —2)/2 > max{N/2, Ckr} >
2. Let 2n > 20(kr) + 1, then there exists an integer jo € N such that jo > Jjo(kr) and
2wy —1<2n<2(o+1+(N—=2)/2) =1 =219+ 1, vy = jo + (N — 2)/2 as before.

We consider an integer jo > Jjo, to be fixed later, and we use Theorem 3.9. If v = 0 or
v > 1/2 and such that kr — v > Cov'/?, we have that, by (3.30),

1 1 -
(k)2 — gyt = Aomax {1/ VA0 G (1/2) 1 03<1/2>2/3>1/4} =

[HD ()| < 40

since, for v =0, 1/Vkr < 1//%0, and for v > 1/2,
((kr)? — v?) > (200"3 + C22/3) > (2C0(1/2)Y3 + C2(1/2)%/3).

Clearly A, depends on Ay, z and Cp only.
If v > 1/2 and |kr — v| < Cor'/3, then, by (3.31),

‘Hy)(kr)‘ < Agr V3 < Ag(1/2)"13 = A,

with Ay depending on Ay only.
f1/2<v<wyand v—Fkr> COV1/3, then, by Corollary 3.3 and Lemma 3.2 we have
that
(O k)| < T D (k)|
1-— C1 0

For any v > 1y we can use (3.32) both for z = kR and z = kr. Recalling that a =
VC? —1/C, 0 < a < 1, we obtain that

(4.24) Aol\; (“;“)”)V < ‘Hy)(z)‘ < AO\/% (i)y

Hence, if 1/2 <v <y and v — kr > C’ole/3, we have

1+ 1 2V0 o
HOD (K ‘ < A .
‘ v (k)| < 1—¢ 0,/a1/0 etkr

Since vy > 2, we have that 21y < (4/3)(2v9 — 1). Let a1 = a — log(4/3), then

~ a1 1/2 . Vo
] <2 () " ()

e kr

with A depending on Ag and C' only. . 3 )
We conclude that for any jo > jo(kr), setting A; = max{A1./z0, A2+/20, A3}, we have

a 29
(1) 2 2 et 21/0 -1
H oy plbr)|| < 45 (21/0 - 1> ( evkr )

Now we investigate the integers j > jo. Again by (4.24), for any v > vy

(4.25) max
je{ovlv“'ij}

(1) y v
(426) ‘Hu (k‘r)‘ A2 <2e1“R0> _ A3 (2! A?
' ~ Va \(

P U e —
\Hy)(m))\ ~ Va\(l+a)r 1+ a)Bo
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where Ay = /by AZ/+/a. We may conclude that, setting A = max{(r/2)A?, A3} and B =
(N/2)C, if )
vo(kr) = Bkr and vy > pg(kr),

then we have

4.27)  |w’ll72@p,) < AB:

20y — 1\ 20t 9 2wo—1 2
.
< ey > luollza@n—1) + (o)™ llwllzo o) | -

Notice that A depends on By, Cy, zp and Ag only, B depends on By, Cy, 2o and N only, a1
depends on By, Cy and zp only, whereas 0 < by < 1 depends on By only.
Let 2n > 30y(kr) > 200(kr) + 1 be such that

e kr

Mm 2n
(4.28) ( ) e? = by M>.
Let jo € N be such that 2vyg — 1 < 2n < 2y + 1. Then jy > 30(16” and
2y — 1\ 207 2n \*"
<
( et kr ) - <e“1k7“>

2v0—1 _ 1—23219+1 —212n
B0 = by 2Rt < 22

Hence, if (4.28) holds we have

and

2n
e kr

2n
(4.29) HUSH%?((?BT) < 2AB1b62 < > 2 = QABlengnMQ.

We argue exactly as in the previous case, with A, by and a; replaced by ABy, by and
a1, respectively. Fixed a > 0 and C, as before, provided

(4.30) log(M/e) > C, < >a ((3/2)00(]<;T))1+a’

boe kr

we have that there exists a solution n to (4.28) such that 2n > 30y (kr) > 209(kr) + 1, hence

al « 1/(1+a)
431 1ol < VB o -ty ( (M) RS ) T,

Clearly such an estimate improves as k becomes larger. However, if we call

1/ 2\ (e \ * log(M/e)
kl(e’r)_r<3é> < 5 > c.

and we assume that ki(e,r) > ko, then we obtain that the estimate remains valid in the
following regime

(4.32) ko < k < ki(e,r) = % <2> l4a (boeal >a log(M/e)

3B 2 o
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If we pick the optimal choice of k, that is k = k1 (e, 7), then (4.31) reduces to

HUSHLQ((?B,.) < \/2ABlb61Mexp (— log(l/bo)(?)B/Q)kl(a,r)r) =

V2AB1by M exp (— log(1,/bo) (bg‘;) oAl 5)>

that is

(4.33) [0l 208,y < V/2AB1by ' Ml

where § = B(«) is given by

(4.34) o) = EE0 (2

_ log(1/bo) <boe“1 >a

and, in the particular case a = 1,

(4.35) 5(1) = log(1/10) 2

Let us conclude the proof by noticing that, without loss of generality by taking an eventually
larger B depending on « as well, we may assume that 0 < S(«) < 1. O

In the final part of this section, we are interested in understanding what happens if & >
k1(g,r), that is in the extremely high frequencies regime. Besides having the assumptions
of Theorem 4.2, we need to make an additional assumption, namely that

(4.36) By > By = 3eCy/2 > 3e.
The result is the following.

Theorem 4.3 Let N > 2. We keep the previous notation and assumptions. Let kg > 0 be
such that koRy > 20, zo0 as in Theorem 3.9 and such that (4.18) and (4.19) are satisfied.

Let us assume that By satisfies (4.36). Then there exists a constant A, depending on N
only, such that for any k > ko and any r, BoRy <1 < B1Ry, we have

B 2 Qk'r/éo 1/2
&2 + MQ(]{?’I”/C(]) <3> ] .

In particular, if k > ki(e), where ki(g) is as in Theorem 4.2 and satisfies ko < ki(e),
we have that

(4.37) [u* [l r20m,) < \/ AB:

— 2 2k1(8)BoR0/éo 1/2
@38 Wl < \AB ) .

e? + M?(k1(e) BoRo/Co) <3

We postpone the proof of the theorem to the end of the section. Here we make a few
comments on this result and discuss an interesting conclusion, one of the main of this
section, Theorem 4.4, where a Lipschitz stability estimate is proved.
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We notice that there exists an absolute constant C; > 1 such that if ky < k1 (e) we have
(ky (€)BOR0/C~'0)(2/3)2k1(E)BORO/éo < 01(3/4)%1(5)3030/6‘0'

Hence (4.38) may be written in the following simpler form

= 5 ~71/2 ~ -
[u®llL2(aB,) < \/AiBl [52 + ClM2(1‘5)525] / < /20, AB M1-B) P

where we assume that ¢ < M and

B:bﬁM$30<2y“<%wva
éoca Bl ?)B 2 ’

Finally, we state the following crucial remark. Let us assume that for some positive
exponent 7 and a constant Cy we have, for any k > ko,

(4.39) M < Cok™.
Hence, for any r > BgRy,
M < CQkT < Cg(éo/T)T(kT/éo)T < Cz(éo/BoRo)T(kT/éo)T.

Then there exists an absolute constant C'(7), depending on 7 only, such that
3 ) 2kr/Co
<

2kr/Co
M?(kr/Co) (g) < C3(Co/BoRo)* Cs(7) (4

3 QkBoRo/éo
)

C3(Co/BoRo)* Cs3(7) (
Therefore, the following corollary with a Lipschitz stability estimate holds.

Theorem 4.4 Under the assumptions of Theorem 4.3, let us further assume that, for some
positive exponent T and a constant Co, (4.39) holds for any k > k.
Ife <1/e and

Co
PR R
= log(4/3) BoRo og(1/¢)

we have
s 1 2 ( 27 1/2
(4.40) ¥l 20,y < (AB1(1 + C3(Co/ BoRo)* Cs(7)) .

PROOF OF THEOREM 4.3. We recall that kg > 0 is such that kgRg > z9. We fix r, BoRg <
T S BlRo, and k Z ko.

We consider all nonnegative integers j such that v = j + (N — 2)/2 satisfies kr > Cov
and we call jo = jo(kr) the largest of these integers and 7y = g(kr) = jo(kr) + (N — 2)/2.
Notice that jo(kr) > 0 by our assumption (4.18) on zp. Then, by (3.30),

1 Co
Ag(l — /) = # (C§ -1

2 1
(1) 2_ -
kr ‘HV (k:r)‘ < kTAO((krP )i <
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Let us now assume that j > jo(kr), that is kr < Cov. First of all, by our more restrictive
assumption on By and by (4.19), we have that

kRy < é()V/B() <2v/(3e) <v/2<v-— Cov''/3.

We have three different cases. In the first, we have that kr > v + Cor''/3. In the second,
we have that v + Cort/3 > kr > v — Cov'/3. In the third case, kr is less than or equal to
v — Covi/3,

In all cases we can use (3.32) for z = kR and obtain that

1 1 v \" (1)
4 \am,) < [ ER)

In the first case, using (3.30), we have that

< AO 1 1 AO -1/3

HM (k e <A <
‘ v (k)| < (k)2 — 2)1/A = "0 (2CoAB + C223YIA = (20y)1/4"

In the second case, by (3.31), we have that
‘ngl)(k:r)‘ < Agv™ /3,

whereas in the third, using again (3.32), we obtain

‘Hﬁl)(kﬂ“)‘ < Ay <2I;>V W exp (—(u2 — (kr)2)1/2) .

Since (12 — (kr)?) > (v — (v — Cov'/3)?) > 2Co*/3 — C312/3, then by (4.18) we have that
(V% — (kr)?) > Cov*/3 > Cozg/g. Hence there exists a constant Cy > 1, depending on N
only, such that

kr

We conclude that in the first and second cases we have

[H$ (k)| < Codo <2”)V

Y (k)|

(4.41) < max{1,1/(2C)"/*}A%1/0 (ekRO> ,
14

‘Hzgl)(kRo)‘
whereas in the third we have

|5 ()|

(4.42) -

T o= CoAlVv <2€R0> < CoAZVv <26>
HD Ry )| By

Using the fact that v > 2 and our assumption on By, we conclude that for any j > 50(k:r)
we have

|5 ()|
(4.43) ;

) 2\ ¥ . 9 oo (kr)+1
< AoVv <3> < Aov/o(kr) +1 <> ;

HD Ry )|
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where Ag = max{1,1/(2Cy)"/*}CyA2 is a constant depending on N only.
Therefore, taking

- C .
_ 2 0 2
A = max {(71’/2)140 G- 1)1/2,A0} ,
and using (4.8) with jo = jo(kr) we have
) N ) 2\ 2k
(448) 10 o < A8 |ty + Gothr) +1) (5) 2205,

Let us note that A depends on N only. Moreover, 2(5y(kr) + 1) > 2kr/Cy > 229/Cy > 4.

Hence ~
2 2(1)0(]61”)"1‘1) ~ 2 2]67‘/00
(ulir) + 1) (3) <wrcn(3)

Finally, assuming that k1(e,7) > ko, we obtain that if £ > k;i(e,r) then at least we have

(4.45) |[v’|lz2(08,) <
\/ AB;

The proof is concluded. 0

9 2k1 (e,7)r/Co
)

1/2
JudolZaon -1y + (ki (e, )/ Co) < \usriw%)] '

5 Stability estimates: from far-field up to the obstacle

We begin this section by establishing suitable a priori estimates for the solution to the direct
scattering problem (2.1). In particular we are interested in the high frequencies regime and
these a priori estimates will be stated in Theorem 5.5

We recall that, for any k > 0, by ®; we denote the fundamental solution to the Helmholtz
equation Au + k?u = 0 which is given by

i E Y2 N
Py (z,y) = 1 (27r”93—y||) Hin_g)pokllz —yl) forany z, y eRY, z#y.

We remark that for N = 2,3 this reduces to the well known formulas
i
i(e,y) = {Hy (ke —yll) forany @, y € R, w#y.

and )
eikllz—yll

Dp(x,y) = for any x, y € R®, = # y.

Ar|lz -y

Let now 3 be a scatterer which may be characterized as the closure of a bounded
Lipschitz open set. We recall that a bounded open set D is said to be Lipschitz if for any
x € 0D there exist a positive  and a Lipschitz function ¢ : R¥N~! — R, such that ¢(0) =0
and, up to a rigid change of coordinates, we have z = 0 and

By (z)ND ={y=(v,yn) € Br(x) : yn <oy}
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For any density ¢ € L?(0X), let us define w and v as the corresponding single-layer and
double-layer potentials with density 1, namely

(5.1) w(z) = azw(y)%(%y)dHN’l(y) z € RM\x,
and
(5.2) ve) = [ o) gt ) s RN,

where v is the exterior normal to 3. We notice that w and v satisfy the Helmholtz equation
as well as the Sommerfeld radiation condition. We call ws, and v their far-field patterns,
respectively. Then the following result holds.

Proposition 5.1 Under the previous notation and assumptions we have the following esti-
mates. For any x € G = RN\ let d = dist(z, ). Then there exists a constant C, depending
on N only, such that for any k > 0 and any x € G we have

(53) @) < COH09) 9] 2(as) =g max{L, (k) ¥} for N >3
and

(5.4) w(@)| < (1/4) KV @) 2|l 2w | HS (k)| for N =2,

and

(55) ()] < CON @) aomy gy max{1, () N2} for N> 2

Furthermore, for any N > 2, any k > 0 and any & € SN, we have

(5 6) w (j) — iwk(]\f—3)/2 w(y>e_ikj.yd,HN_1(y)
' > 2 (2r)(N-D/2 s

and

57 o ie(VLmi/A LN-8)/2 e—ikiy QN

(5.7) Uoo(E) = 2 (20N D2 - ¥(y) () (v)

Therefore, for any N > 2, any k > 0 and any & € SN, we have

N RIS/ N-1 1/2
(5.8) [weo ()] < W(H (0%0)) ’W”L?(az)
and

N RN/ N-1 1/2
(5.9) Voo (2)] < W(H (0%)) ||¢||L2(82)'
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PROOF. Let us notice that for any z, y € RV, z # y, we have

vy(bk(xvy):
DoV [HY ) okl —yl) HY okl —yl)
i kYR (N—4)2\FIIT =Yl gy N-2)/2 r=Y y—z
42m) V=272 | (k|x — y[)(N-2/2 (kllz —y D2 | Ty — =l

We also remark that for N = 2,3 this reduces to

y—x
ly — |

i
Vy@u(e.y) = =k | (k2 = y])]
and

(1) 1)
i iH, jo(klle —yl)  Hyppkllz —yl) -
Vy@r(z,y) = : K’ /2 12 L2 3/2 - N =3.
421 (kllz =y (kllz —yl)®2 | lly — =l

Then the estimates (5.3) and (5.5) follow by straightforward, although lengthy, compu-
tations. The main ingredient is the asymptotic behavior of Hankel functions H,(z), with
v >0,as z — 0" and z — +oo. The latter is given in (3.1), while the former is the following

—ig log(2/z) forv=0
7r
(5.10) HWM (2) ~ as z — 0%,

Fgr”) (2/2)" forv >0

—i

For what concerns (5.4), the estimate follows trivially from this remark. We have that

|H£1) (2)|? is a decreasing function of z > 0 for any fixed v > 0, see for instance [34, page 446.
This remark and the fact that

1/2
B ()] ~ Zlog(2/2) as = — 07 and  [HP(2)] ~ <2> as 7 = 400
T Tz

provide also the correct way to interpret (5.4).

The relationships (5.6) and (5.7) may be proved, for N = 3, by the argument used to
prove Theorem 2.5 in [10]. For N # 3, a standard modification is needed.

Finally, (5.8) and (5.9) follow immediately from (5.6) and (5.7), respectively. O

We also need the following easy lemma.

Lemma 5.2 Let ¥ C Br, R > 0, be any scatterer, with no regularity assumption. Let us
firk>0andw € SV Let R <1 <r. We let u = u(w, k,X) be the solution to (2.1).
Then there exists a constant C, depending on R, r1 and r only, such that

[ull 1B, \5) < Cmax{Ll, k}H|ullL2(p,\5)-
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Proor. We fix 7 such that R < r;1 < ¥ < r, 7 depending on R, r; and r only. Then by a
standard Caccioppoli’s inequality, we infer that

el g1 5,05y < O macf L, [l 2,159,

for some constant C depending on R, r; and r only.
By integrating over Bj\B,, in spherical coordinates, we infer that there exists p, 1 <
p < 7, such that

3 ou|? 3
2 < 2 d / —| < Cc? 1, k2 |u))? .
e L e o e R A [ e
Since 5
[ovar=e [ e [ S
B,\% B,\Z B, ov
the thesis immediately follows. d

Let us remark that, for the same p as in the previous proof, if u* = u*(w, k, ¥) we have

3

1/2
Ilzzomy < (2] Nulas + (4705,

and

ou’
ov

Therefore, since u® has the following Helmholtz representation

(5.11) u’(x) = /83 ﬁugiy)@k(xjy) - us(y)w

we can use all the results given in Proposition 5.1. In particular we have for any k > 0

3\ U2 )
< ( ) Oy {1k}l 2 s + KN (0B,)>.
L2(9By) ren

dHY " (y) el > p,

(512) [A(E) (o, k)l p2ev 1) <

HN-1(gN-1y EN=3)/2 A(N-1)/2
2(2m)(N-1)/2

o
ov

Fu | 2om,) + ] ]
12(9B,)

27 T—1r]

O(N i\ V=172 3 1/2 c 1 N-19B.))1/2
(N) (1 + Crmax{k™", 1})[lullL2(5,\x) + 2(H" " (0B5))

where C(N) = HN~1(SV~1)/2. Furthermore, by (2.5), we also have for any k > 0

27T> (N-1)/2

(5.13) [LAE)(,w, k)72 gv-1y = 2 (

(N—3)mi/4
- <) <e A(E)(w,w,k)) <

ou’

~1/q/N-1 1/2
RCARCLR) -

kllu*llz2om,) + ‘ ] <
12(08,)

1/2
(Y (98, [(f’) (14 Crma (k™ Dl 2 + 2(%“%8&))“2] .
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We can conclude that there exists a constant C, depending on N, R, r and |[ul/z2(p,\x)
only, such that

(5.14) [AZ) (- w, k)l 2@nv-1y < C for any N > 3 and any k > 0
and
(5.15) [A) (- w, Bl 2@nv—1y < Cmax{k™'/2,1} for N =2 and any k > 0.

We continue by establishing suitable a priori estimates on the solutions to direct scatter-
ing problems with sound-soft scatterers. In particular we are interested in the high frequency
asymptotics. The main tool will be provided by the results established by Chandler-Wilde
and Monk, [6].

Let us fix an integer m > 1 and positive constants 3, Ry, and dg such that Ry < Rg+dg =
R < . Let us also fix r > R.

We begin with the case in which £ lies in a bounded interval, that is we fix constants
0 < kg < k1 and we denote, for any N > 2,

| [ko, k1] N =2,
(5.16) In= { (0,ky] if N >3,

We have the following a priori estimate which follows from arguments used in [15]. We
notice that a much more general class of scatterers may be used, see for instance [30] for
sound-soft scatterers and [26] for the corresponding sound-hard case.

Proposition 5.3 Under the previous notation, there exists a constant C, depending on
N, m, B, Ry, R, v and In only, such that for any k € Iy, any w € SN~! and any
¥ € X(m, B, Ry, d) we have

(5.17) u(w, k, X) || L2, \5) < C.

We now consider the high frequency asymptotics. We limit ourselves to the case m > 2
and N = 2,3. Fix ¥ € X(m, 8, Ry, p), k > 0 and w € S¥~1. We have that u® = u*(w, k, %),
the scattered field of the solution to the direct scattering problem (2.1), may be described
as the sum of a double- and a single-layer potential in the following way

(5.18) u’(z) = /azw(y) [W — ik®p(z,y) | AHV L (y) = e RM\X,

where 1) € C°(OX), see for instance [10]. Here ¢ solves the following integral equation
(I 4+ Ky, —ikSp)y = A = —2u'  on 9%

where Kj and Sy are the double- and single-layer operators, respectively, defined by, see
Chapter 3 of [10],

K(v) () = / 0k (x,y)

[ i uwat ), Si)@) = [ it m)

for almost every 2 € 9%. We also denote for any z € RV\9%

B = J o0t

SAHN L), ) (@) = / By (1) () AHY L (y).

ox
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We have that A = A(k,Y) is bounded and bijective from C%(9%) onto itself and also
from L?(9%) onto itself. 3 .
In the following theorem, we state some useful estimates on A(k, )%, K and Sj.

Theorem 5.4 Under the previous notation, let m > 2 and N = 2,3. There exist constants

C’, depending on N, m, B and Ry only, and C’l, depending on N, m, 3, Ry and r only,
such that for any k satisfying kRo > 1 and any ¥ € X (m, 8, Ry, d9) we have

(5.19) 1Ak, £) 7 2205y, 2203y < C-

Furthermore we also have

(5.20) 1Kkl cir20m),12(80\5)) < Cik
and
(5.21) 1Skl 2(z2 (0%, 22(B\5)) < Ch-

PROOF. The estimate (5.19) is an immediate corollary of Theorem 4.3 and Corollary 4.4 in
[6], whereas (5.20) follows from Theorem 5.2 in [25].

For what concerns the estimate on Sy, the argument depends on the dimension N. For
N = 3 we have that |®y(z,y)| < ®o(x,y) = 1/(4n||x — y||), therefore

15kl 22205y, 285 < IS0l 2205, 22085

where S is the corresponding operator with ®;, replaced by ®(, the fundamental solution of
the Laplacian for N = 3. For N = 2 the argument is slightly more involved. We recall that
\Hél)(z)| is a decreasing function of z > 0, therefore, if we set for the time being ko = 1/ Ry,
for any k > ko we have |®(x,y)| < |Pk,(x,y)|. Furthermore, there exist positive constants
C; and Cy, depending on Rg and r only, such that for any x,y € B, C R? we have

|Pro (2, y)| < C1Po(,y) + Co

where ®g(z,y) = —(27) 'log(||z — y||) is the fundamental solution of the Laplacian for
N = 2. Here we have made use of (5.10). Therefore, for any z € B,\X and any k > ko, we
have

|S(¥) ()] < /aZ |1 (2, )10 () [AHY " () < CrSo(I¥]) () + C2 B2 (¢l 2 o),

E as in (2.22), and the conclusion immediately follows. O
We conclude this part devoted to a priori estimates stating the following result.

Theorem 5.5 Under the previous notation, let m > 2 and N = 2, 3.

There exists a constant Cy, depending on N, m, B, Ry, do and r only, such that for any
k satisfying kRy > 1, any w € SN~ and any ¥ € X(m, 8, Ry, dy) we have the following
estimates. We let u = u(w, k,X), u® = u*(w, k, X) and us, = us (w,k,X). Then
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(5.22) lu(w; ks E)22(8,\m) < Crk

and, for any x € G = RV\Y, if d = dist(z, X) we have

1 B\ (V-1)/2
Max | “x—7; <d> for N =3,

X L e\ (N2
(1/0)k|H (kd)| + C max Cpﬁ4,<d> for N =2,

(5.23) s (z)| < 4CCE

and

(5.24)  |u®(z)| < 2CE

where C' is as in Proposition 5.1. Notice that, if we fiz dg > 0, then

]{:|Hél)(k:d)| < C’\/g < C’max{cll, \/5} for any d > dy

where C' depends on do/Ro only. Finally, we have for any & € SN—1

(N=1)/2

hence by (2.5)
(5.26) |’U§o||%2(sN—1) <4CE.

PROOF. We sketch the proof only of estimate (5.22), all the others follow in a standard way

from the previously stated results.
We notice that if ¢ = A(k, ¥)~(—2u’), then

(5.27) 1l 20x) < 2C(HNH(OE))V? < 2CE'2,

where C is as in (5.19) and E is as in (2.22).
From (5.18) we have

v (w, b, 2 2B\ < [HKkHl: r20x).22(8\5)) + kI Skl 2 om).22(B\5) } %] 25y -

Recalling that ||ui||L2(BT\E) < |By|Y2rN/2 the estimate (5.22) follows then from (5.20),
(5.21) and (5.27). O

We remark that with the use of Theorem 5.5 and of the results obtained by coupling
Proposition 5.1, Lemma 5.2 and the following discussion, in particular (5.14) and (5.15),
with Proposition 5.3, we may obtain a priori estimates for solutions of the direct scattering
problem (2.1) for any k£ > 0 if N = 3 and for any k > ko for N = 2, ky being a fixed positive
constant. The interested reader will be easily able to deduce the corresponding estimates
from our previous statements. We also notice that an estimate related to (5.26) in the high
frequencies regime was obtained in [20].
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Now we pass to the main topic of this section. Let us introduce the geometrical setting.
Under the previous notation, let m > 1 and N > 2. We consider X1, ¥ € X (m, 3, Ry, dp)
and we call K the convex hull of ¥ U 3. We begin by observing that K is closed, convex
with not empty interior. Moreover, Bg, C K C Bg.

We fix k>0 and w € SN1. Let uy = u(w, k, X1) and ug = u(w, k, ¥2) be the solutions
to (2.1) with ¥ replaced by ¥; and Xg respectively. Let the corresponding scattered fields
be denoted by u; = u®(w,k,X;) and u§ = u®(w,k,X2) and their far-field patterns by
A(21)(-,w, k) and A(X2)(-,w, k) respectively. We call v = u; — us = uj — uj. Obviously,
v =1v(w,k).

We wish to estimate v outside K in terms of the difference between the far-field patterns
A(21) (-, w, k) and A(X2)(-,w, k). We are clearly interested only in the high frequencies
regime. By the results of the previous section we know how to estimate v in the near-field
from its far-field pattern. Therefore, we shall mainly focus on estimating v outside K from
the values of v in the near-field, Theorem 5.6. We need to introduce some notation and
assumptions.

Let z9 > 4, Cy and Ag be as in Theorem 3.9 and such that (4.18) and (4.19) are satisfied.
We fix a constant ko > 1 such that kgRy > 2. Given By as in (4.36) and B; > By, to be
fixed later, we denote p; = Bo(R + 1) and py = By (R + 1).

We notice that there exists pg, R < pg < R+ 1, such that

(5.28) / WS/ .
0By, Bri1\Br

Then p1 = Bopo where By < By < BO(RJr 1)/R and py = Bjpy where B < By <
Bi(R+1)/R. i
We assume that k > kg and that for some 0 <e < M < M

(5.29) A (s w, k) = AZB2) (s w, k)l p2ev-1y <& ol p2p,, B <M
and
(5.30) luill 2,0 u2llrzs,, s, < M/2.

We define the error in the near-field by n; as follows

(5-31) 1ol 2(8,,\55) <

We note that the results of the previous section allow us to estimate precisely 71 in terms
of e, k, M and Bj. In fact

lvllr20m,,) < M
and

- _ 1/2
ol ) < (Br = BB+ D)2 e ol 0,

Finally, by Theorem 5.5 we clearly have
(5.32) M < M < Cyk

where C; depends on N, m, 83, Ry, 6o and By only. Therefore, provided e < M < M < Cik
we have that

(5.33) m < ni(e,k, M, By) < ni(e, k, M, By) < m(e,k,Cik, By)
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where the explicit expression of 1y (e, k, C1k, B;) may be deduced in the different regimes
by the results of Section 4. However we shall explicit the value of n; only in a particular
case in the extremely high frequencies regime, see Corollary 5.7, leaving the other cases to
the interested reader.

We finally set, for suitable constants C; and Cs to be fixed later,

1/2
C3k2M?

(5.34) na(m, k, M) = | CYk*n? + L B 1/8
(— log ((01/02)771/M> + k)

The result is the following.

Theorem 5.6 Under the previous notation and assumptions, let us assume that N = 2,3,
m > 2 and kg > 1 such that kgRg > zo > 4. We let k > ko, w € SN~! and ¥, and
Yo € X(m, B, Ry, (50)

Let us also fix p, 0 < p <1, and

(535) Bl = 230 +5, p1= B()(R + 1), p2 = Bl(R + 1)

Then there exist positive constants C1, ... ,Cs, depending on N, m, B, Ry and &y only,
and a constant F(,u), depending on u, N, m, B, Ry and dy only, such that the following
holds.

Let us assume that (5.30) holds and that

Jur — UQHLQ(BPQ\BTJ <m < (Co/Ch)M.
Then we have the stability estimate
(5.36) lur — w2llz1 (B, \x) < nm)

where 1(m) satisfies the following. Let ny = n2(n1, k, M) be given as in (5.34).
For N =2, we pick p =1 and we have

(5.37) n(m) < F(1)Cana(m, k, M).
For N =3, we pick u, 0 < p <1, and we have
(5.38) n(m) < F(u)C3t M® (2 (m, k, M))™,

where a1 and ay are given by the following formulas

I Gy )

(5.39) ay

T2 n T 2

The proof of this result will be divided in several steps. Before attempting it, in the
next corollary we show how to use the previous theorem to estimate the difference between
u1 and ue up to the boundary of K from the difference between their respective far-field
patterns, at least in the extremely high frequencies regime.
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Corollary 5.7 Let us assume that N = 2,3, m > 2 and ky > 1 such that kgRy > z9 > 4.
We let k > ko, w € S¥™1 and X1 and X € X (m, B, Ro, d).
Let
||A(21)(-,w,k‘) - A(Zg)(',w, k})||L2(§N—1) <e< Clk‘

with C1 as in (5.32)
Then there exist constants Cy and C, depending on N, m, 8, Rg and dg only, such that
ife <1/e and

~

B> 0 og(1/e),
log(4/3)Bo Ry

we have that

(5.40) juy — U2\|L1(Bp1\K) =
ai/2
(CaCy)2k!

F(p)C3 Cy2k™ | (C1C1)°k*e? + IR 178
(— log (C’lCle/(CQClk)) + k)

where 0 < < 1 for N =3 and p =1 for N =2, and Cy, Cy, Cs and F(u) are as in the
previous theorem.

PROOF. We begin by noticing that (4.39) holds for any k > ko, with 7 = 1 and a constant
C4 depending on N, m, 3, Ry and &y only, as in (5.32). Hence, if € < 1/e and

F> S0 og(1/e),
log(4/3)BoRo

we can apply Theorem 4.4 and obtain that
_ . _ 1/2 .
me,k, ik, Br) < ((p2 = pO)(AB1(R+ 1)(1+ C()C(Co/ BoRo)*)/R)) & = Cre,

where C(1) is an absolute constant and Cy clearly depends on N, m, B, Ry and dg only.
Therefore, by taking Cyp > Cp such that ¢ < CyC1k/(C1CY), we can easily conclude the
proof. O

It is very important to notice that we have an estimate with an explicit dependence on
k, in the extremely high frequencies regime. However we have to point out that we do not
have any increasing stability phenomenon as k grows.

We conclude the section by proving Theorem 5.6. The main tool to go from the near-field
up to the boundary of K is provided by the results in [33], a consequence of those in [12].

We begin with the following intermediate case. Let us take P € K. Let 7 be a support-
ing hyperplane for K passing through P and let ST be the open half-space with boundary
7 not intersecting K. We wish to estimate the L? norm of v on B,, N ST. We argue in the
following way. Let v be the normal to 7 pointing inside ST and let P; be the point of 7
intersecting the half-line | = {sv : s > 0}. We notice that 0 < Ry < ||P;|| < R. For any
fixed 7, p; +1 < r < p; + 2, we consider the open cylinder T}, contained in ST, whose lower
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base is contained in 7, is centered in P; and has radius r, and whose height is . We call T,
its upper base, that is the one contained in S*. We recall that

(5.41) By = 2By +5 and py = Bi(R+ 1).
We notice that for any r, p1 +1 < r < p; + 2, we have
B, NSt cT.CcBy,_1NST and T, C By_1\Bp+1.

Then, by the same argument used in Lemma 5.2, we infer that there exists r, p1 + 1 <
r < p1 + 2, such that

2 2 2 22.211,,112
(5.42) /F o < 3llvllzes,,\5,,) and /F IVol” < 3Gk vl e 5,5
for some constant C' depending on N, Ry and dp only. We conclude that
(5.43) lollzzqe + 1900,y < VB + CR)oll 2, 5y < Cokm

where Cy = v/3(1 + C).
Again by Lemma 5.2, there exists a constant C3, depending on N, Ry and §p only, such
that

(5.44) oll gy < CakM.
We obtain the following lemma, an immediate consequence of Theorem 1.1 in [33].

Lemma 5.8 Under the previous notation and assumptions, setting C1 = Cy and Cy = Cj
and recalling that o
m < (Ce/C1)M,

we have that for any k > kg
(5.45) 0]l 228, ns+) < Canz(m, k, M)
where Cy depends on N, Ry and 8y only and na(n1, k, M) is defined in (5.34).

Up to now all the results hold for m = 1 and any N > 2 as well. To proceed further
we need an additional assumption, namely that m > 2. Let us begin by studying some
geometrical properties of K, the convex hull of 31 U X,. Let P be any point belonging to
OK. Without loss of generality, let us assume that P = sgey, where sg > 0 and eq,...,eN
denote the canonical base in RY. Then there exist constants 19 > 0 and 6y, 0 < 0y < 7 /2,
depending on m, 8, Rg and g only, such that the following holds. There exists a point @,
depending on P, such that ||P — Q|| = ro, By, (Q) C K and finally the angle between —ep
and the vector @) — P is at most 6p. We immediately infer a few interesting properties. First
of all, there exists a unique supporting hyperplane for K passing through P, the hyperplane
whose normal is given by the vector QQ — P. For any direction & € SN~ there exists a unique
$0(Z) > 0 such that sz € K for any 0 < s < so(&) and sz ¢ K for any s > sg(z). Clearly
P(z) = so(2)z is the only one of these points belonging to 0K and Ry < so(z) < R for
any 2 € SV~!. For any & € SV~! we denote by 7(2) the unique supporting hyperplane
for K passing through P(Z) and by S*(#) the open half-space with boundary m(Z) not
intersecting K. A further crucial geometrical property of K is given in the following lemma.
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Lemma 5.9 Let m > 2 and N > 2. Let us consider 31, ¥ € X (m, 3, Ro,09) and let K be
the convex hull of 1 U Xo.

Let & € SN~ and let P = P(2) = s0(2)@ belong to OK. For any d > 0 we denote
P, = (So(i‘) + d)i

Then there exists a positive constant Ey, depending on N, m, B, Ry and dy only, such
that

(5.46) HN ({21 € SVTL: Pye §F(#41)}) > Egmin{d VY2 1},

PrRoOOF. We sketch the proof of the lemma. First of all we notice that the distance of Py
from @Q is bounded from below by 7o+ cos(fy)d and from above by 79+ d. Let us call T" the
portion of 9B, (@) that is formed by points x € 9B, (Q) such that the segment connecting
x to Py intersects 0B,,(Q) only at x. A simple computation shows that

HNY(TT) > By min{d™ V2 1}

where E; is a positive constant depending on N, m, 3, Ry and Jp only. In fact, 7" is the
intersection of 0B,,(Q) with a symmetric cone with vertex in () and bisecting line passing
through P; and whose amplitude is given by an angle «, a being of the order of v/d

Let 7(&) be the supporting hyperplane at P. Let us call D the open region which is
enclosed by 0B, (@) and all tangent lines to 0B,,(Q) passing through P;. Notice that this
is a portion of a symmetric cone with vertex in Py and bisecting line [ containing Q). We
wish to prove that

(547) HN_I(TF(.’%) N D) > E2 min{d(N_l)/2, 1}

where Fs is a positive constant depending on N, m, 3, Ry and Jp only. In order to prove
this property, let us begin with the following intermediate step. We call II the plane of RV
containing P and @), and consequently P;. Let us take the two points x; and xo which
are the intersections of (%) with the two lines in II passing through P; and tangent to
B,,(Q) N1II. It is convenient to perform a rigid change of variables such that, in this new
coordinate system, @ = 0 and ey = Py — Q/|| Py — Q|| We show that

|21 — xal| > Esmin{Vd, 1}

where FEj3 is a positive constant depending on m, 5, Ry and §y only. In order to prove this,
we begin with the case in which P belongs to the segment connecting Q to P;. Then a
simple geometric construction, using the properties of the angle o defined before, implies
that ||z1 — x3|| = 2||zy — P|| and a1 = ||z; — P|| is of order v/d. In the general case, we
always have that ||z1 — x2|| > a1. Let us notice that this concludes the proof of (5.47) at
least for N = 2.

For N > 2, the key step, which follows from elementary calculations, is to prove that
the distance of P from the line [ passing through @) and Py is bounded by a constant times
d. Then we take the point x3 which is the intersection of the segment connecting x; to x2
with {. Then we construct the point x4 which is one of the intersections of 0D NII with the
hyperplane passing through xs with normal P; — (). Another computation leads to show
that ||z3 — 24]| is of order v/d. From this last property (5.47) easily follows.

For any #1 € SV=1, let us call I(#1) = {z = s#1 : s > 0}. We have that if (1) intersects
() N D then Py € S*(&1). Then the thesis immediately follows from (5.47). O
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PrRoOOF OF THEOREM 5.6. We now finally restrict ourselves to N =2,3, m > 2 and kg > 1
such that ZC()RO > z9 > 4. We let k > kg and, first of all, by (5.22), we recall that we can
estimate M as follows

(5.48) M < Cik

where C7 depends on N, m, 8, Ry and gy only.
Then we proceed in the following manner. For any direction & € SV~ the previous
Lemma 5.8 allows us to estimate

[P [ P, e < G kA1)
By, NS+ () S+(2)

where x denotes characteristic functions. Therefore

/ (/ \vP(x)me(x)da:) AR (@) < WS ChiB(m b ).
sv-1 \ Js+ ()

But, by Fubini’s Theorem,

/gzv_l(/RN ‘UP(DC)XBM (9?>Xs+(i)(a:)dm> dHNfl(j) —
’v|2(x)XBp1(x) . XS+(§U)(J?)C1HN—1(£‘) do —
futtens( [, )
f, PP = /B v (2)f (x)da

By, p1 \K

where for any 2 € RV
f(z) :/ Xs+ () (x)dHY ()
SN-1

and we used the fact that f(z) =0 for any = € K.
Then let us fix a constant u, 0 < pu < 1. By a repeated use of Holder inequality we have

01/2 az/2 1/2
2 2 -
(5.49) /Bpl\KW‘ < (/BPI\KM f) (/BM\KM ) (/Bm\Kf )

where 0 < v < 1, a1 + a2 = 1 and their are given by the following formulas

0 K 2(1 —p)
= —) = —7—7"".
2—pu 2—pu

5.50 N
( ) Y 2_/1/’ a1

The crucial remark is the following. For any 0 < p < 1 we have that v = p/(2 —p) < 1
and there exists a constant F'(u), depending on u, N, m, 3, Rg and g only, such that

1/2
(5.51) (/B \Kf‘”> < F().
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We have that (5.51) follows from Lemma 5.9 and this construction. We integrate in spherical
coordinates

o pP1 (55 SN_l s N-1 7
(5:52) /Bpl\Kf W_/SNl (/so@)f e ) s
/ (/M-%(@(EOmin{S(N—l)/271})—7(50(:%)+S)N_1ds> dHY (@) < F(n)*.
SN-1 0

Let us note that, for N = 2, F(1) is also bounded therefore we may allow p = 1, hence
y=1a =1, and ap = 0.

Then, setting C; = Ca, Cy = C5 and C3 = C4(’HN_1(SN_1))1/2, and by Lemma 5.8, we
may conclude that

F(1)Csna(ny, k, M) N =2
CEON A o ~
Bo\K F(p)C8 N2 (o (my, b, M))™ N =3, 0< p < 1.

Thus we have finally proved our result. O

6 Instability for the inverse scattering problem

In this section we fix N = 2,3. We also fix an integer m > 2 and positive constants 8 and
Ry. We fix §y > 0 as defined in Proposition 2.1 and we set R = Rg + dg. We fix a positive
constant kg and we denote

(6.1) v = { [ko, +00) if N =2,

(0,400) if N=3.

We fix ¥ € X (m, 5, Ry, d0) and we consider its far-field pattern A(X) and its decompo-
sition in spherical harmonics. Then, by (2.17) and (2.18) we have, for any w € S¥~1 any
k > 0, any index i, and any r > R

Bilw, B)| < \/5k““>/2 . e
" L o+ - 2)/2("‘”’)|

/ u(ra;w, k, X)v(z)dz| .
SN-1

Hence, by collecting the estimates of the previous section, we have for any w € SN=1 any
k € Iy, and any index ¢

1

1bs (w, k)| < C1(k:7’)1/2’ 0 max{1, kN"V/2} " for any r > R+1,

By v-2)2 (k)]

where C} depends on N, m, 8, Ry, R and, only if N = 2, ko. Wecall R=R+1.Ifk < 1/R
we choose r = 1/k and we obtain

C1

| (1) ’

[bi(w, k)| <
HW(U1)+(N72)/2(1)

for kGfN, k< I/R
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If k> 1/R we choose r = R and we obtain

(kR)(N—2)/2
(1) N

’I;Z(w7k)’ < Cl
o+ (v—2)2(FR)]

for k € fN, k> I/R

SN—I

Finally, if we set z(k) = max{1, kR}, we have for any w € and any index 4

~ () (V=2)/2
(62) i )] < 01— A ,

S oy v-2)2Z(R))]

for k € Iy.

On the other hand, we also have for any w € S¥~! and any index i
(6.3) \i)i(w, k)| < Cy, forke Iy

where C5 depends on N, m, 3, Ry, R and, only if N = 2, kg.

Then we use Corollary 3.8 and Theorem 3.9 to obtain the following result. For any
k € Iy, and any arbitrary w € S¥~!, we have two different cases. For any index i such that
~v(v;) > ez(k) we have

; y ol (VD)2 av (i) —(v()-1/2)
6.4 i(w, k)| < - PUNTAY
(6.4 )] < Calali) 72 (2200
where v(i) = v(v;) + (N —2)/2, a = 1++ve? — 1 /e and C3 depends on N, m, §, Ry, R and,
only if N = 2, ky. Let us also notice that v(i) > e, therefore v(i) — 1/2 > 2 and, obviously,
av(i)/(ez(k)) > a > 1.

We note that there exists a constant ¢ > 1, depending on N only, such that for any
z > 1 and any t such that t > ¢ez we have

Z(N_l)/2 (a(t + (N _ 2)/2)/(62’))_(t+(N—2)/2_1/2) < Z(N—l)/Q (at/(ez))_(t+(N_2)/2_1/2) <1.

We notice that, since elog(a) > 1, for N = 2,3 we may actually choose ¢ = 1. On the other
hand, we recall that for any index i we have (6.3).

Let C = (HN=1(SNV-11/2max{Cy, C3}. Obviously, C' depends on N, m, 3, Ry, R and,
only if N =2, ky. Without loss of generality we may assume that C>2.

By the reciprocity relation (2.4) we conclude that for any k € Iy, and for any indexes
1,1, we have

(6.5) |bia ()| < C

and for any k € Iy, and for any indexes 7,1 such that max{~y(v;),v(v;)} > éez(k), we have

(6.6)  [bis(k)] < Clz(k)) N0/ (“m“(“i”(“l <é

)1 ~max{y (@)} +H(N-3)/2)
ez(k) )

For any ¥ € X (m, B, Ro,d0) and any k € Iy, we have A(X)(-,-, k) € Yo(SVN—1 x SN-1)
for any s > 0. We also recall that, again for any s > 0,

A5 B) s = IAG) G - Rl sy -1xsn-1) < Cl[AZ) (-5 F) s
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where Cy = 4. .
For any fixed k € Iy, we denote the set

Y/(k) = {A(Z)(v '7k) EDIRS X(ma@Ro,(So)}-

We notice that for any fixed s > 0, Y (k) ¢ H*(SN~! x S¥=1) and it may be considered as
a metric space endowed with the distance induced by the H® norm. We recall that, for a
given positive ¢, a subset Y’ C ?(k) is an e-net for Y(k), with respect to the H® norm, if
for every y € )N/(k:) there exists ¢/ € Y’ whose H® distance from y is less than or equal to ¢.

Before stating the main instability theorem, let us introduce the following notation. We
begin by noticing that for any ¢ such that ¢ > max{cez(k),2s + N} we have that

25+N—1/2 at YR
== 1 s - —_—
£ = (141 ()
is a decreasing function of ¢. We call
(6.7) g(k) = 2C4C (2(k)) N2 f(max{ce?, 45 + (3N/2) + 1} z(k)).

Let us notice that (k) is a decreasing function of k which goes to 0 as k — co. Finally, we
denote

B(s) = max{ée?,4s + (3N/2) + 1} Z(k)

= B(s)max{1, (R + 1)k}
C5 = (2C4)(2C + 1).

(6.8)
We observe that B (s) depends on s and N only, whereas C5 depends on N, m, 3, Ry, R
and, only if N =2, k.

Theorem 6.1 Fized s > 0 and k € Iy, for every e, 0 < e < 1/e, there exists 6 = d(e, k),
0 < d <y, and two obstacles X1 and Xo belonging to X (m, 3, Ry, d) such that

(69) dH(21722) >0 and ||A(El)(aak) _A(EQ)('v'7k)||H3(SN_1><SN_1) < 2e.
If e > &(k), then

9—m(N+3)/(N-1)
(14 Z(k))>m

[Iog <C5(1 + Z(k;))(2s+N71/2)/€>} —m/(N—1) ,

(6.10) d(e, k) =do
hence

(6.11) dg(31,%2) >

9—-m(N+3)/(N-1) 205 (1 + Z(k))(28+N—1/2) -m/(N-1)
A+ 2z | B\ A (o k) — AT (o Bl '

do

If 0 < e < £(k), then
o—m(N+3)/(N—1)

(1+¢)2m

—m/(N—-1)

(6.12) 52, k) = 8o [1og (05(1 + §)(2s+N-1/2) /e)}
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hence
(6.13) dp(31,%9) >

5 9—m(N+3)/(N—1) | 205 (1 + £)(2s+N=1/2) —m/(N-1)
Tarrm | B\ TAC) G k) — A ) e !

where t > Z(k) satisfies
(6.14) 20,C(z(k)NV2f (1) =e.

PROOF. Let us then fix s >0, k € Iy, and ¢, 0 < £ < 1/e. The crucial step is constructing
an e-net for ?(k‘), with respect to the H® norm, and estimating its number of elements. We
distinguish two regimes. First we treat the case when ¢ > £(k), then we shall deal with the
case 0 < e < £(k).

If ¢ > &(k), for any integer n such that n > Z(k) we have

2C4C(z(k))N"V2f(n) < &(k) < e.
Let 72 be the integer part of Z(k). Let & = (14-7)~stN=1/2)¢/(20y) and W, = [—C,C]N
¢'Z. We remark that W, is a finite subset of R and we have that #V¥. < (2C +1)/¢’.
Let us define the following subset of L2(SV~1 x S¥—1)
Vie)={ge L2(SVN xSV ). a;; € U, if max{vy(v;),v(v;)} <7 and a;; = 0 otherwise}.
We may count the number of elements of ¥ (¢) as follows. If we set

s = #4(i,1) : max{y(v;),7(w)} < 7}

we obtain that
s < 4(1+n)N72

Then we have that #Y (¢) = (#¥.)° and hence

(05(1 I ﬁ)(25+N—1/2)/€)

A~ ~ ~ S
#Y (e) < (2C +1)/€)* < ((204)(20 +1)(1+ )N =L2) /5) <
4(1+7)2N -2

It is now easy to construct an e-net for Y (k) with respect to the H® norm with at most
exp <4(1 + Z(k))* "2 log (05(1 + Z(k))(25+N_1/2)/5>>
elements, see for instance the proof of Lemma 2.3 in [11].
We conclude the proof of the theorem in the first regime. Let us assume that there exists

d, 0 < 8 < dp, such that

exp(27N (80/8) N1/ > exp (4(1 + Z(k)2V 2 1og (05(1 + Z(k))2sHN=1/2) /e)) .
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Then, there exist two elements ¥; and 39 of X (m, 3, Ro,d) satisfying (6.9). This is true if
27N (50/8) D/ 5 4(1 + Z(k))2V 2 1og (05(1 + Z (k)25 N=1/2) /E)

that is, for instance, when ¢ is given by (6.10). Therefore, also (6.11) immediately follows
and the theorem is fully proved in the first regime.

Let us now consider the second regime, that is when 0 < ¢ < &(k). Let £ > Z(k) be
such that 20,C (z(k))N=D/2f(#) = e. Then we repeat exactly the same procedure just by
replacing 7 with the integer part of ¢ and the proof is concluded. [l

We conclude this section with a few comments on the results contained in the previous
instability theorem. First of all we make estimates (6.12) and (6.13) more readable by
estimating in a suitable way f. In the theorem, we are assuming the wavenumber k fixed
and we are establishing how the instability changes with respect to the error €. However,
in order to understand the high frequency asymptotics, we then consider € to be fixed and
discuss the changes in the instability as k increases.

We being with the first remark. We notice that, since ¢ < &(k), we have ¢ > Z(k) and

consequently ) o
25+N—-1/2 g -
s <nm- ()T ()

It is enough to find ¢ such that
204C (2(k)) N V2 f1 () = ¢

to deduce that Z(k) <t < . Hence our result holds true if we replace £ with £ in (6.12) and
(6.13). Finally, a straightforward computation shows that

t < 2log <l~)(k€’8)>

(6.15) b(k, 5) = 2C04C (3e/(2a)) 2N =12 (5(k))2s+BN/2-1,

where

Let us now notice that

20 +1 ( af )“““3)/2

(6.16) Cs(1+ D> 12 /e = - ez (k)

G(=(k) VD72
We deduce that

05(1 +£)28+N_1/2/E <

20 11 (ﬁ ><8/3><f/2> 20 +1 <5<k,3>)8/3

C(2(k))NV-D/2 \ ez(k) O LR AN

Since C' > 2 and z(k) > 1 we conclude that we can replace d(e, k) in (6.12) by

5 [;(k ) —2m—m/(N—1)
o 0 ) S
= e (1 s (1)
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and (6.13) may be replaced by

du(X1,%2) >

A 1 . 25(}{:78) —2m—m/(N-1)
g -0 |\ M EBNO8 o A BT

where b(k, s) is as in (6.15).

Let us now consider a fixed €, 0 < & < 1/e. Let us consider that for some k € Iy we
have &(k) > e, otherwise we have that ¢ > &(k) for any k € Iy and it is easy to understand
the instability behavior since we are always in the first regime and (6.10) and (6.11) apply.

Then let k(¢) € Iy be the first k& € Iy such that £(k(¢)) = e. An easy computation
shows that k(e) grows essentially like a constant times log(1/¢). As long as k < k(e) we have
that the improvement in the instability as k increases is not very big since we need to use
(6.12) and (6.13). Let us notice that as k < k(e) we have Z(k) < t < Z(k()), therefore as
k < k() increases and converges to k(e) we have that ¢ increases and converges to Z(k(g)).
From k(e) onwards, that is in the very high frequencies regime, (6.10) and (6.11) apply and
the improvement in the instability is more evident. We state these observations in this final
corollary.

Corollary 6.2 Let us fir e, 0 < e < 1/e.~Let us assume that for some k € Iy we have
E(k) > e and let k() € Iy be the first k € Iy such that £(k(g)) = e.
If k < k(g), then

5 B(k ) —2m—m/(N—1)
o 0 yS
0= N3] (1 +(8/3)log ( e ))

hence

dH(El,Zg) >
b 1 a 25(]%3) —2m—m/(N-1)
gy | LT 838 | s e T A Gl

where b(k, s) is as in (6.15).
If k > k(e), then

9—m(N+3)/(N—1)

0= 0 2y

[log ((75(1 + Z(k))(2S+N—1/2)/€)} —m/(N—1) |
hence

dp(31,%2) >

2—m(N+3)/(N—1) 1 205(1 + Z(k))(2S+N_1/2) —m/(N—l)
og .
" IA( Nz

(1+Z(k))2m 21)('7'7k) _'A(ZQ)(V"IC
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