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Abstract
We continue our study initiated in [4] of the interaction of a ground state with a potential
considering here a class of trapping potentials. We track the precise asymptotic behavior of
the solution if the interaction is weak, either because the ground state moves away from the
potential or is very fast.

1 Introduction
Consider the nonlinear Schrodinger equation
iu; = —Au+ B(Jul)u =0, (t,z) € R x R3. (1.1)

We assume (1.1) posses a family of orbitally stable ground states e“!¢,,(x) parametrized by w in
some open interval O C Ry. By the translation and Galilean symmetry, (1.1) has a family of
traveling wave solutions

ezvem VPt g (0 ), (1.2)

parametrized by v,y € R?® and 79 € R. As in [4], we study the the dynamics of solutions of
nonlinear Schrédinger equation with a rapidly decreasing potential

iw, = —Au+V(z)u+ B(ju®)u, (t,z) € RxR3 (1.3)

having initial data near (1.2) with ¢ = 0 and |[v| > 1 or |yo| > 1 (see Theorem 1.4 for the precise
statement). Since V is rapidly decreasing and we are assuming that the traveling wave is very fast
or far away, we can expect for the solution behavior similar to the traveling wave (1.2). Indeed in
[4], under the assumption that —A + V' has no eigenvalue, we proved that the solution decomposes
into the traveling wave and a scattering wave e'“fn,. In this paper, we consider the case —A 4+ V
has exactly one eigenvalue eg < 0. It is well-known that in this case (1.3) posses a family of small
nonlinear bound states Q,, ~ w¢y where ¢ is the eigenfunction associated to eg and w € C, |w| < 1
satisfies w = —iE,w for some E,, ~ ¢y € R (see Proposition 1.1 below). It is also known that small
solutions of (1.3) decompose into @, and a scattering wave [10]. Therefore, we cannot expect that
the solution with the initial data near the traveling wave decomposes into the traveling wave and
the scattering solution. However, as naturally expected, in this paper we show that the solution
decomposes into the traveling wave, scattering wave and the small nonlinear bound states Q..

We now start to state our result in rigorous manner. For the linear potential V and the
nonlinearity 3, we assume the following.



(H1) We assume V € S(R3,R) to be a fixed Schwartz function and the set of eigenvalues o,(—A+V)
is formed by exactly one element: o,(—A 4+ V) = {ep} with eg < 0. Further, we assume 0 is
not a resonance (that is, if (=A + V)u = 0 with « € C* and |u(z)| < C|z|~! for a fixed C,
then u = 0).

(H2) B(0) =0, 8 € C®(R,R).

(H3) There exists a p € (1,5) such that for every k > 0 there is a fixed Cj with

< Cglv|P~F=1 if o] > 1.

B?)

‘ k

dvk

It is well known that under the above assumptions, (1.3) is locally wellposed.

Let ¢p € ker(—A + V — eg) be everywhere positive with ||¢gllrz = 1. For § > 0 we set
Be(6) = {w € C: |w| < 0}. Recall that (1.3) admits small nonlinear bound states, that is the
solutions of the form €F!Q(z) with E € R and Q(z) > 0. Indeed, we have the following well known
result, see [5].

Proposition 1.1. There exist a constant ag > 0 and Q,, € C*(Bc(ag), H?) s.t.
(_A + V)Qw + B('QwIQ)Qw = Ewa,
Qw = U)(bo + G, <Qw7 ¢0> = 07

where (-, -) is defined in (1.19) below. We have E,, € C*°(Bc(ap), R) with |E, —eo| < Clw|?, and we
have Q,, € C*(Bc(ag), Xk) and ||qu|ls, < Crklw|?® (for Xk see (1.20) below) for any k. Furthermore,
we have the identity

(1.4)

iQuw = —w20u, Q + w10, Q where wy = Rew and wy = Imw. (1.5)

(1.5) is an immediate consequence of Q,, = €'Q,, where w; = 7 cos@ and wy = rsinf.
We set the continuous modes space as follows:

Helw] == {77 € L2§ (i1, Ow, Qu) = (i1, Ow, Qu) = 0} . (1.6)
A pair (p,q) is admissible when
2/p+3/q=3/2, 6>q¢q>2, p=>2. (1.7)

It is shown by [10] that all small solutions decompose into nonlinear bound states given in
Proposition 1.1 and scattering waves (for an analogous result with weaker hypotheses on the spec-
trum see [5]).

Theorem 1.2. There exist 6 > 0 and C > 0 such that for ||u(0)||g1 < 0 then the solution u(t) of
(1.3) can be written uniquely for all times as

u(t) = Qury +n(t) with n(t) € Helw(t)] (1.8)

with for all admissible pairs (p, q)

lwllizge @) + Il Lr @, wiay < Cllu©)lla (1.9)
|"lj}—|—iEwwHL§>o(R+)nLt1(R+) < Cllu(0)[[71 -



Moreover, there exist wy € C with lwy — w(0)] < Cl|w(0)||%: and ny € H' with ||ny||m <
Cllu(0)|| 71, such that
. itA _
i ln(t,a) — e (z) 1 =0,
(1.10)

Hm w(t)eJo Buwds — g
t——+o0

We are interested to a different class of solutions of (1.3). We think of V(z)u as a perturbation
of (1.1). We assume that (1.1) has a family of orbitally stable ground states e“!¢,,(z). By orbital
stability, we mean that for any small € > 0, there exists § > 0 such that if ||¢ — ug||g: < J, then the
solution w of (1.1) with u(0) = ug exists globally in time and satisfies

su inf eis . —ult <e
sup _inf [l ¢(- —y) —u(®)ll

Specifically we assume what follows, which implies by [20], the existence of orbital stability of the
ground states of (1.1).

(H4) There exists an open interval O C R, such that
—Au+wu+ B(uF)u=0 for z € R (1.11)

admits a positive radial solutions ¢, for all w € O. Furthermore the map w +— ¢, is in
C*(0,%,) for any n € N.

Remark 1.3. Tt suffices to assume that the map w + ¢, is in C*(O, H?). Indeed this implies that
w @y, is in C*(0,%,) for any n € N. See Appendix B.

(H5) We have %Hd)wH%Q(RS) > 0 for w € O.

(H6) Let Ly = —A + w + B(¢2) + 28'(42)¢>2 be the operator whose domain is H?(R?). Then
we assume that L, has exactly one negative eigenvalue and the kernel is spanned by 0., .
(j=1,2,3).

We add to the previous hypotheses few more about the linearized operator H,, defined in (2.38).

(H7) 3nand0 < e;(w) < ez(w) < ... < en(w), s.t. op(H,,) consists of +e;(w) and 0 for j =1,--- , n.
We assume 0 < Nje;(w) < w < (Nj + 1)ej(w) with N; € N. We set N = N;. Here each
eigenvalue is repeated a number of times equal to its multiplicity. Multiplicities and n are
constant in w.

(H8) There is no multi index p € Z™ with |u| := |p1| + ... + |pr] < 2N1 + 3 such that p - e(w) = w,
where e(w) = (e1(w), -+ ,en(w)).

(H9) For e, (w) < ... < ej, (w) and p € Z* s.t. |u| < 2N; + 3, then we have

piej, (W) + -+ ey (W) =0 <= p=0.

(H10) M., has no other eigenvalues except for 0 and the +e;(w). The points w are not resonances.
For the definition of resonance, see Sect.3 [2].

(H11) The Fermi golden rule Hypothesis (H11) in Sect. 6, see (6.18), holds.



We are interested to study how a solution u(t) of (1.3) initially close to a ground state of (1.1)
which moves at a large speed is affected by the potential V. Notice that u(t) at no time has small
H'! norm and so is not covered by Theorem 1.2. Unsurprisingly, in view of [4, 1, 3], we prove that
the ground state survives the impact, but that as ¢ — oo the solution u(¢) approaches the orbit of a
ground state of (1.1), up to a certain amount of radiation which satisfies Strichartz estimates, a term
localized in spacetime, and a small amount of energy trapped by the Schrédinger operator —A + V|
which behaves like in Theorem 1.2. The difference with [4] is that in [4] we had o,(-A 4+ V) =0
while here o,(—A + V) = {eo}.

If the initial ground state (1.2) has velocity v € R3, by setting u(t, z) 1= e~ 2vVe= 3tV u(t, z +
vt + yo) we can equivalently assume that the ground state has initial velocity 0 and rewrite (1.3) as

= —Au+V(x+vt+yo)u+ B(u?u, u(0,z)=ug(z). (1.12)

Solutions of the (1.12) starting close to a positive radial solution of (1.11), for some time can be
written as

u(t,z) = el(%v(t)'erﬁ(t))qu(t)(x —D(t)) (1.13)
+ e‘%v'z—iﬂ"\zQw(t) (x+tv+yo) +r(tx).

Theorem 1.4. Let w; € O and ¢, (x) a ground state of (1.1). Assume (H1)-(H11) and assume
furthermore that ug € H(R3). Fiz My > 1 and v,yo € R? with |v| > My. Fiz a 1 > 0. We set

¢:= inf uo — 6w, ()i + sup / (1+ ||V €t + yo|?) dt. (1.14)
0

distgo (?,ﬁ)gel

Then, there exist an €9 = eo(Mp,w1,€1) >0 and a C > 0 s.t. if u(t,x) is a solution of (1.12) with

€ < €g, (1.15)

there exist wy € O , wy € C, vy € R3 , 0 € CY(R4;R), y € CH{R;R3) , w € CHR4;C) and
hy € HY with |hy || + |wy — wi] + [ve] + |wy| < Ce such that

Jim fu(t, ) - OOt verg (2 —y(t))

Lyv.z—itlv|? i
—e 2V VEQ o (m + tv 4 y0) — €2 hy (2) || = 0, (1.16)
li ¢ ifg Buwsyds _ .
t;rgow( Je'Jo wy

Furthermore, there is a representation (1.13) valid for all t > 0 such that we have r(t,z) = A(t,z) +
7(t,x) such that A(t,-) € S(R?,C), |A(t,z)| < C(t) with lim;_,, o C(t) = 0 and such that for any
admissible pair (p,q) we have

||7||LI;(R+,W§"?) < Ce. (1.17)

Theorem 1.4 extends to the case of potentials with 1 eigenvalue the result in [4]. Thanks to [5],
which extends Theorem 1.2, we could have considered generic potentials with very few restrictions
on the eigenvalues, but we chose to focus on this case study.

In the literature there are several results concerning the interaction between a linear potential
and a fast ground state or between solitons, see the references in [4]. Here we reference [11, 12, 7],
which consider in the 1-D case a fast soliton of the cubic NLS interacting with V' (x) = ¢dp(z), ¢ € R
and &g the delta function. If ¢ > 0, —A + ¢dp has no eigenvalues and if ¢ < 0 it has exactly one
eigenvalue. So, the situation is somewhat similar to our result in [4] and this paper. However in the



case V(z) = ¢dp(x), even though the interaction is fast, it is strong enough to produce a substantial
modification of the soliton, which splits into two distinct solitons, one transmitted and the other
reflected. In particular this means that in some obvious respect the situation is easier in our case
than in [11, 12, 7], whose results, though, are less definite. In particular [11, 12] for ¢ > 0 and [7]
for ¢ < 0 give some control of the solution for long but finite times. In our case, the interaction is
weak, there is no splitting of ground states but we give a very detailed description of the solution for
all times. It is clear that all these results, for different reasons, are very partial and that a general
theory of the interaction between solitons and potentials is an interesting and largely not understood
problem.

Our present paper and [4] are also related to the interaction between distinct solitons. As
mentioned above, using the theory in [5] we could produce a general result on the weak interaction
of a soliton with a generic potential. It is plausible that this analysis could be extended to weak
interactions of pairs or of more general families of solitons. This would yield for families of weakly
interacting and generic solitons a result more detailed than those in [14]. However, such a result
would be very far from providing a sufficiently general theory of multi-solitons for non integrable
systems, which remains unknown. Since currently multi—solitons are well understood in the case of
integrable systems thanks to inverse scattering transform techniques, we think that the approach
with the best chance to produce for some non integrable cases a setup to describe general solutions of
a focusing NLS involves some combined use of inverse scattering and perturbation arguments, in the
spirit of Deift and Zhou [8]. Obviously, the main issue is how to account in the non integrable case for
the destruction of solitons or other patterns and for the appearance of new ones. A number of papers,
like [13, 15, 16] and others quoted therein, contain insightful descriptions of specific non—integrable
phenomena, but they don’t provide yet a general theory for the non integrable setting.

All of this is completely beyond what we do in the present paper, in fact quite beyond of what
exists in the literature, which is very fragmented and partial. Even results like Theorem 1.4 here or
like in [4] require a quite sophisticated framework, which is important to perfect as a preparation
for what will be a more general theory in the future. Notice that the solitons considered here are
generic, while those in [17, 19] obey very restrictive hypotheses.

Our approach for Theorem 1.4 is the same of [4]. We represent solutions u(t) of (1.12) as a sum
of a moving ground state of (1.1) and a small energy trapped solution of (1.12) in a way similar to
the ansatz in [14, 17].

Thanks to the weakness of the interaction with the potential, we are able to show that this
representation is preserved for all times and that there is a separation of moving ground state and of
trapped energy. Furthermore, we prove that the stabilization processes around the energy trapped
by the potential, described in Theorem 1.2, and around the ground state, described in [3, 4], continue
to hold.

In [4], in the absence of trapped energy, we described u(t) in terms of the local analysis of the
NLS around solitons developed in the series [1, 2, 3]. The main two novelties in [4] consisted in the
fact that the coordinate changes and the effective Hamiltonian in [4] depend on the time variable
and that proof of the dispersion of continuous modes require the theory of charge transfer models
as in [18] instead of the simpler dispersive analysis of [2, 3].

These features of [4] are present here. The additional complication is that, along with a part of
u(t) which has the same description as in [4], u(t) has also a term representing the energy trapped by
the potential. In this paper we will describe in detail in Sect. 2 the decomposition and coordinates
representation of u(t). In the following sections we will focus mainly on the coupling terms between
trapped energy and the rest of u(t), often referring to [4]. In the proof we will assume at first that
additionally

Uy € Yo, (1.18)



see right below (1.20). Notice that in [4] it is assumed that ug € %, for sufficiently large n, but
inspection of the proof shows easily that (1.18) suffices. We will then show that in fact the result
extends rather easily to ug € H?.
We will make extensive use of notation and results in [1, 4]. We refer to [4] for a more extended
discussion to the problem and for more references and we end the introduction with some notation.
Given two Banach spaces X and Y we denote by B(X,Y") the space of bounded linear operators
from X to Y. For z € X and € > 0, we set

Bx(z,e) :={z' e X | |z — 2||x < e}

We set (z) = (14 |2[2)2 and
(f,g) = Re/ f(2)g(z)dx for f,g:R® = C. (1.19)
R3
For any n > 1 and for K = R, C we consider the the Banach space ¥, = ¥,,(R3, K?) defined by

lalg, == 37 (laullZagus) + 195 ull3asy) < oc. (1.20)

la|<n
We set ¥y = L%(R?, K?). Equivalently we can define ¥, for r € R by the norm
lulls, = I(1 = A+ [a*) 5 ul| 2 < oo

For r € N the two definitions are equivalent, see [3].

From now on, we identify C = R? and set J = (_01 (1)), so that multiplication by i in C is
J~t = —J. Later on, we complexify R? and i will appear in such meaning. That is for U = *(uy,us),

il = *(iug,ius). So, be careful not to confuse —J with i which has the different meaning.

2 The Ansatz

We consider the energy
E(u) = Eo(u) + Ey (u)

Bo(w) = 5| Vulls + Bolu) . Bofu) == 5 [ B(luf)ds 1)

By (u) = %(V(- + vt + go)u, u),

with B(0) = 0 and B’'(t) = 8(¢). It is well known that Eg is conserved by the flow of (1.1). For
u € HY(R3,C), its charge and momenta, invariants of motion of (1.1), are defined as follows:

1 1
Iy (u) = 5”“”%2 = §<O4u,u>, Qg =1

1 1 (2.2)
Ha(u) = 5 Im<ua:a,u> = §<Qau,u>, <>a = Jaza for g = 1,2,3.

The charge I14 is conserved by the flow of both (1.3) and (1.1). However, II,, a = 1,2, 3 are conserved
only by (1.1) but not by the perturbed equation (1.3) which is not translation invariant. We set



(u) = (1L (u), ..., I14(u)). We have E € C?(H'(R3,C),C) and II; € C*°(H'(R3,C),C). Recall the
following formulas

Iy(e™ 27" %0) = Iy (u);

1
Ha(e_%‘]”'zu) =TI, (u) + §UQH4(u) fora=1,2,3; (2.3)

9 3
Eo(e*éﬂwu) =Eo(u) +v-II(u) + %H4(u) ,v-I(u) = Z VoI, (u).
a=1

By (H5) and (2.2), setting p = II(e~27v"%¢,,), we have

6p _ <§H4(qj)w)[3 * )
O(w,v) 0 245 lul7z)

where I5 is 3 x 3 identity matrix. Therefore, we have that (w,v) — p = II(e~27"7¢,,) is a diffeomor-
phism into an open subset of P C R*. For p = p(w,v) € P set &, = e_%‘]”"”qbw for p = H(e_%‘]”'w@u).

2.1 Linearized operator and its generalized null space

We will consider the group 7 = (D, —9) — ¢’ %u(x) := e’u(z— D). The ®, are constrained critical
points of Ey with associated Lagrange multipliers A(p) € R?* so that VEq(®,) = A(p) - 0®,, where
we have

Ai(p) = —w(p) — UZip) , Aa(p) i=v4(p) for a=1,2,3. (2.4)
We set also
d(p) := Eo(®p) — A(p) - IL(®y). (2.5)

For any fixed vector 79 a function u(t) := e/ (A@)+7)0¢ s a solitary wave solution of (1.1). We
now introduce the linearized operator

£, = J(V’Eo(®,) — Ap) - 0) (2.6)

where V2Eg € C°(H', B(H', H™')) is the differential of VE, € CY(H', H™1).
By an abuse of notation, we set

L., = L, when v(p) = 0 and w(p) = w. (2.7)
We have the following identity, see [1] Sect.7, which implies 0(L£,) = o(Ly(p)),
L, = e—%Jv(p)“»lcﬁw(p)e%Jv(p)'ac7 (2.8)

and which follows by

— 10 1 70. |U‘2
e 2 ’Um(—A)€2 vm:—A—’UO—FT
Hypothesis (H5) implies that rank [ggj} LT 4. This and (H6) imply
K3 N j%

ker £, = Span{J{;®, : j =1, ...,4} and
Ny(Lp) = Span{JQ;®,,0,, Py : j = 1,...,4},



where Ny(L) := U2 ker(L7). Recall that we have a well known decomposition
L? = Ny(Lp) ® Ny (L) , (2.10)
Ng(L3) = Span{Q;®,, J 05,0, : j =1,...,4}. (2.11)

We denote by Py, (p) the projection on Ny(L,) and by P(p) the projection on N,-(L}) associated
to (2.10).

PNg (p) = —JO;p <’7 Jflaqu):l» + apj @, (- <>J'(1)10> . Pp)=1- PNg (p)- (2.12)

We now decompose the solution of (1.12) into the large solitary wave given in (H4), small
bound state given in Prop. 1.1 and the remainder part which will belong in both the N;- (L;) and
the galilean transform of H.[w].

Proposition 2.1. Fize; >0 and wy € O. Let 3 € P be s.t. v(») =0 and w(sc) = wy. Then there
exists €2 > 0 s.t. if

sup / (1+ [[v| €t +yo|*) Ldt < &2 (2.13)
distsg(?,“‘;—‘)gsl 0

and for allt >0, 79 € Bgs (0,62 (t)) x R and u € e’™°By1(®,,,£3), there exists

(1,p,w) € C°(B(e2); R* x R* x R?),

Bleo) = {(t,u) € [0,00) x H' | 37 € Bgs (0,65 (1)) x R 5. t. u € e’ By (®,0,e0)},  (2.14)

s.t.
p(t,e’™Cp, ) =2, T(t,e?™ 0@, ) =75 and w(t, e’ ™0, ) =0, (2.15)
Fi(tu, 7(t,w), p(t, w), w(t,u) = G;(t, u, 7(t,u), pt,uw), w(t,u)) =0 for j =1,2,3,4 and
Li(t,u, 7(t, u),p(t,u), w(t,u) =0 for j=1,2
with
Fitu, 7 pw) = <R(t,u7T7p,w),e‘]TOJ_18pj @p> —0, j=1,2,3,4, (2.16)
Gi(t,u,7p,w) i= (Rt u,7,p,w),e7700,0, ) =0, j =1,2,3,4, (2.17)
L;i(t,u,7,p,w) := <R(t,u,7‘,p, w),e‘](%“+i|”‘2)3ijw(- +tv + y0)> =0,j=12 (2.18)
where
R(t,u,7,p,w) :=u— e’ 700, — e‘](%v'“'%lvﬁ)Qw(- +tv+yo). (2.19)

Remark 2.2. The solution v which we consider in Theorem 1.4 will always belong to (¢, u(t)) € B(e2)
provided g sufficiently small. Therefore, we can always decompose the solution as

w= eJT-O(I)p+6J(%v~m+£\v‘2)Qw(. +tv+y0) +6JT<>R,

were R = e¢’7OR.



Proposition 2.1 is a direct consequence of the following two lemmas.

Lemma 2.3. Fiz § > 0. Set

X(r,t) = (Bt iV Ty (- tv + o), 70T 01 )|

12,34k 1 2 0 b1
and

T(t,0)={r eR*| X(r,t) < d}.
Then, there exists € = €(0) > 0 s.t. if (2.13) is satisfied with o replaced to e, then
Bgs(0,e (t)) x R C T(¢t,0), Vt > 0.

Lemma 2.4. There exists 6 > 0 s.t. for any to > 0 and any 10 € T (to,0), there exists (1,p,w) €
CHX;R* x R* x R?), with X = (tg — 6,tg +6) x e’ By (®,,,6), which satisfies (2.15)-(2.19).
Furthermore, in any open subset of X there is only one such function (1,p,w).

Proof of Lemma 2.3. First, notice that if |[v| > C§~! for some constant C' > 0, then we have
T (t,6) = R* This can be easily shown by integration by parts. Therefore, we can assume |v| <
Cd~L. Notice that there is an M = M(4) such that, if

inf |v| €T+ yo| > M, for all i > 0, (2.20)
distg2 (€, 1) <e1

then for sufficiently small e > 0, we have Bgs(0,¢ (t)) x R C T(¢,6) for all ¢ > 0. Indeed, for any
7 = (D, —9) € Bgs(0,e(t)) x R, there exists v. € R® with |v.| < e and y. € R? with |y.| < ¢ s.t.

D = v.t + y.. Therefore,
v () (M) -
[V — vel vl

where we have used (2.20) with € = vy and t= |V|;‘|'E|t. This in turn implies X (7,¢) < § for all
t > 0if M is large enough, and so 7 € T (¢,9).

We fix such an M and suppose now that for some ¢ > 0 and some v = |v|€ with distg2 (e, ﬁ) < &1,
we have |Vt + yo| < M. We will show that for & small this is incompatible with |v| < C§~1. We

have

[vt+yo— D| = |(v —ve)t + yo — ye| > —lye| > M — e,

2|v|* 4 2tV - yo + |yo|* — M? < 0. (2.21)
Next we claim that for e sufficiently small we have |yo| > A := max (16]\6/[—227 2M + 05_1) withe; >0
1
the fixed constant used in (1.14). Indeed, if this is not the case, then

o0 (o)
/ (Jv]t + |yo|) ~2dt < / (Vt+yo) 2dt < e = |v|> (g — arctan A)e L. (2.22)
0 0

But for € € (0,&0), with g9 > 0 small enough this contradicts with |v| < C6~!. So we can assume
lyo| > A. Further, we can assume ¢t > 1 since if 0 < ¢ < 1, then

[Vt +yo| > |yo| — [v| > A—C65 ' > M.



For 7 := i' and v := % the discriminant of the quadratic in ¢ polynomial in (2.21) is positive:

=

2

cosa>1— M|y > >1-— 1—6 where — 7o - V = cos(a) (2.23)

with o = distg2(—yo, V) the angle between —7y and v. (2.21) requires also cos(a) > 0, so

cos(a) > /1 —€2/16. (2.24)

Since e has been chosen sufficiently small, from (2.24) we obtain « < e£1/3. This implies

oo N B B o0 B T B
52/ (~[VIGot + yo) ~2dt = |v] 1/ (t = [yol)~2dt = ZIv| 7. (2.25)
0 0

But this again contrasts with |v| < C6~!. Hence we conclude that |v| < C6~! and e sufficiently
small imply |Vt + yo| > M for all ¢ > 0 for any preassigned M.

O

Proof of Lemma 2.4. We apply the implicit function theorem (Theorem A.1) to X = R x H'(R?),
Y =R and F € C°([0,00) x H* x R* x P x Bgz(ag), R'?) for

F=(F,...Fs,=G1, e, =Ga,— L1, L3).
We first compute the Jacobian matrix of F. We compute the derivatives of R.

O R=—e7™0J0,®,, k=1,2,3,4,
Oy R=—¢7700, ®,, k=1,2,3,4,
B R = 76.](%vz+£|v\2)akaw(. +tv+y), k=1,2.

Therefore, we have
O Fj = — <6JT<>J<>kq)p’€JTOJ718p]‘ ) + <R’6JTO<>’€3P.7 CI)P>
=01+ (R,e7700,,, @, )
Oy Fs = = (7700, @, /70T 10, ®,) + (R, 70710, 0p,®, )
= <R7 eJTojflapkapj (I)p>
O Fj = — <eJ<%”f+%‘vl2>aw Qul- +tv +10), eJTojflapj<1>p>
< (Jvzt+i |v]|? )Jk 1¢0( +tv+y0) JTOJ—laqu)p>
<(3J(§”+ §lo1”) w,qw('+tv+y0),eJT<>J*18pj<I>p>,

where we have used

1
- <6JTOJ<>’€(I)P7eJTOJ_lapj(I)P> = 581’1‘ <<>kq)pvq)17> = aijk((I)P) = apjpk = 5jk'
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Further, we have
0r G5 = = (70 IOk, 700;®,) + (R, 70040, )
= (R, JeT700:0;0,)
OG5 = — <€JT<>apk(I)p>6JTO<>j(DP> + <R’ eJTOOjapk (I)p>
= —0jk + <R’ eJTOOjapkq)p>
0w, G; = — <6J(%Uw+%\v|2)5kaw(. +to+ 1), eJT<><>j¢p>
_ <6J(%vx+%\v|2)(]k71¢0(. NP y0)76JT<><>j(I)p>
= (T FTEE G, g (- 4 1o + o), €T700;, )
and
O JOR®,, e G i, Q (- +tv+yo)>
eIT0JOxy, ¢! BrrH ) JI g0 (4t 4 ) )

e JORD,, e/ Gratil g, 1qw (- +tv+ 9o

=
=
~( )
<e‘”<>3 ®,, e’ FUrty H)(’? L Qu (- +tv+yo>

<eIT Op,. ®p, et Guatilvl®) yi- Lo (- —|—tv—|—yo>

<eJT<>8pk<I> el (zvetilvl® ) Dy Q- +tv+yo)>

<eJ<5”w+ 10, Qu(- + tv + yo), e (fv“i‘”'z)aijw('+tv+yo)>

<R ! EoTtiD Y, 8, Qu(- +tv+yo)>

= — (Ouy Qu» Ou; Qo) + <R,eJ<fv$+zlv‘ ) Oy Oy o (- + tv + yo)>7

Now, since Qu = (w1 — Jw2)¢o + qu, and ;g = O(|w|?), we have

~(Oun Qu 0, Qu) = (=) Lo, (=) L 0) + O([w]?) = (1) (o, J*7 2o + O(lez-%)

Therefore,

- <6w1 Qwv 8w1 Qw> - <8w2 Qwa awl Qw
(o ) +otur

OF
o(r,p, w)

_6101 El _awz ‘cl <aw1 Qwa 8w2 Qw> <8w2 Qun awz Qw> 2
(aw1112 D s ) ( >> +Olul’)

Therefore, we have

= 110—|-A.
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where I is the unit matrix and each component in A can be bounded by
Cllu— €770, |12 + Clw| + X(r, 1), (2.27)

where C' is independent of (p, 7, w) € P x R* x Bg2(0; ).

Now, there exists a universal constant & s.t. if the absolute value of each component of A is
less than 5, then (I;9 + A)~! exists and its operator norm is bounded by 2. Now we claim there
exists 0; > 0 s.t. if (7,p,w) € Bgio((70,,0),01) and (t,u) € (to — d1,to + 01) X By1(®,., 1), we
have ||(I10 + A)7!|| < 2. The bounds for C|ju — e/70®,|| 12 + C|w| is obvious so we only consider
the bound of X (7, ). Notice that if [v| > C4~!, then since T(t,0) = R*, we only have to consider
the case |[v| < Cd~1. In this case, since

| <6J(%v»:v+§|v\2)<]k71¢0(_ +tv + o), eJTOJlflagjo?cI)%> | (2.28)
= <6J%|v|eJ(%v-x+§|v\2)Jk—1¢0(' Ftov + Yo + (£ — to)V), eJTQJl718;j0?¢%> | (2.29)
< OO+ 01" TN 1]+ l6o(- + (¢ = to)V) = o]l 2 (2.30)

Therefore, we see there exists 53 which satisfies the claim.
Finally, setting d; = d2 = 61, by Theorem , there exists 3,04 > 0 independent to the choice of
to, To s.t. the desired (7,p,w) € C((tg — 8,t0 + ) x e/ TC By (®,,,8); Brio((10, 5,0), 84)) exists. [

We choose pg, v, wp such that if ug is the initial value in (1.12), then
II(®,,) = II(ug), vo =v(po) and wo = w(po). (2.31)
We fix m € P. Now, Proposition 2.1 can be reframed as follows.

Lemma 2.5. For |1 —po| < &g and | — po| < do for sufficiently small 5o and for (t,u) € B(ez2) as
in Proposition 2.1, there exists r € N;- (Ly,) s.t. for the (1,w) of Propostion 2.1 we have
u=Ult,u] + Q[t,u] where U[t,u] := e’7°(®, + P(p)P(n)r) and (2.32)
Qlt,u] :==e’®0Qy, for © == (—vt —yo,27'v -z + 471v]?)
with
(T P(p)P(r)r, Je?®90,,Q.) = 0 fori=1,2. (2.33)

O
Notice that e7®0Q,, (z) = e/ @V=HiNIQ, (- + vt + ).
Eventually we will set 7 = II(U[u(t)]), but for the moment we will take 7 as a parameter.
We will consider the following notation:

Q= Qlt,u], U :=Ult,u], H:=-A+ V(- +vt+yo). (2.34)
Since w € C*®(B(e2),R?), w(0,e’7¢,,) = 0 for all 7 € T(0,61), 7, € C®(B(e2),R),

7;(0,eY¢,,) = 0 for j < 3 and by the definition of € in Theor. 1.4 we have |w(0,ug)| < ce
and |7;(0,ug)| < ce for j < 3 for a fixed c. For another fixed ¢ we have

. _ . if . L <
inf U0, uo] — € ur () rr < ce. (2.35)
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2.2 Spectral coordinates associated to £,

We will summarize in this section a number of facts about equation (1.3) when V' = 0 which have
been proved in [1, 4] or which can be easily proved following the ideas therein.
First of all we observe that we have coordinates (7, p,r) for the quantity U defined by

R* x {p:|p—po| < a} x (N (L:) N k) = Si(R¥ R?),

; (2.36)
(r,p,7) = U = e’70(®, + P(p) P(m)r).
(,p,r) are coordinates for U in an open set
N =U,crie’"°Byi(¢u,,0) (2.37)

with § > 0 sufficiently small. For any U € H'(R? R?) we have also II; = IL;(U). Then (r,1I,7)
is also a system of coordinates in X. The functions (7,II) depend smoothly in U while we have
r € C'(NN Xy, Sy). Obviously, if we set (t,u) — U = UJt,u], which is a smooth function,
functions (¢t,u) — (7,11, ) remain defined.

The next task is to further decompose the variable r. This is done in terms of the spectral
decomposition of the operator £,, as we explain now.

We now consider the complexification of L?(R3, R?) into L*(R?,C?) and think of £, and J as
operators in L?(R3,C?). Then we set

M, =1L, with H,, := H, when v(p) = 0 and w(p) = w. (2.38)
We have ) o
Hy = iJ(—A +w) +iJ <ﬁ (%) + 2690 /3(23’)) . (2.30)
and
MM, M =K, (2.40)

o BR)+ B B2 )
Ko = o3 “‘”)*( gt —Be2) - B (2)
1
1

11 1 o i (1 0
e T e O B )

Remark 2.6. Notice that M (Z) = (Re u)

Im u

We extend the bilinear map (,-) and Q(-,-) = (J~!-,-) as bilinear maps in L?(R3,C?). That
is, for u = (uy,u2), v = (v1,v2) € L*(R3,C?), we have (u,v) = ng u1v1 + ugve. In particular, (-, -)
extends into a bilinear form in

S'(RY,C2) x Li(Hy) , Li(H3) 1= Ny(Hp) © (@pco, ez 10y ker(Hy — 1)
Set now (L3(H;))* the subspace of &’ orthogonal to L3(H}).

Lemma 2.7. Let A be the non-zero eigenvalue of Hy. Then algebraic and geometric multiplicity of
A coincide. Furthermore, for A > 0 and & € ker(H, — \), we have —i <J‘1£,§> > 0.
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Proof. By (2.8), it suffices to consider p with w(p) = w and v(p) = 0. First, we show there are no
€ € ker(H, — ) s.t. ((V2Eo(®p) 4+ w)&, &) = 0. Suppose, there exists such £. Then, by [9] Corollary
3.3.1 p.171, we have £ = aJ ' ®,. However, since £ € Ny(H3)* and Ny(H,) N Ny(H3)*+ = {0}, we
have £ = 0. So, we see there are no £ € ker(H, — A) s.t. ((VZEo(®,) +w)§,&) = 0. Therefore,
Assumption 2.8 of [6] is satisfied and by [6] Corollary 2.12, we see that —i (J 71, €) > 0for A > 0. O

Lemma 2.8. There is a neighborhood Py, of po in P and a C™(Py,, XR,) map (for any preassigned
m) = (§1(7), ..., &€a(m)) such that the following facts hold.

(1) &(m) € ker(Hr — €;) for all j.
(2) =i(J7E(m),&(m)) =0 for all j and k and —i(J~'&;(m), &(7)) = Gjk-

Proof. For the proof of the existence of a such a frame for any fixed 7 we refer to Lemma 5.2 [1].
Here we discuss the fact that the dependence in 7 is smooth. Let us pick [y =1 <y < ... <l <n
and set lp41 = n+ 1, with e;(w) = e;(w) if and only if j,i € [l,,l+1) for some a. The numbers
l1,...,l;; do not depend on w by the constancy of multiplicity in Hypothesis (HT).

By (2.8) we can set &;(m) = e*%-W)'zEj (w(mr)), with gj(w) € ker(H,, — e;(w(m))) appropriate
vectors dependent now only on w. It is easy to conclude that it is enough to focus on the case
v(m) = 0.

For wg = w(pg) we can suppose we have a frame {E](w)} satisfying the equalities in claim (2),
that is for w =wp, L=mn+1 and ¢ = 1 we have

i <J’lgj(w),a(w)> = 1 for j,k € [0, L). (2.41)

For 6V, := H, — Hu, we have that w — 0V, € C*(1,,, B(X, %)) for any m for a small
interval I,, with center wg. Fix now an index I, and let 7, be a small circle with counter clock
orientation and centered in e;, (wp). By taking I, small we can assume that e;, (w) is for all w € I,
contained in a compact subset of the interior of the disk encircled by «,. Then the following is a

projection on ker(#H,, — e;, (w)):
1

i
P, = — dz. 2.42
() 21 f; He — 2 : ( )
We have w — P,(w) € C®(1,,, B(X—m,Xm)). Now focus on the frame {gj(wo)} for j € [lg,lat1)
s.t. (2.41) is true for w = wg, L = ly41 and £ =, We first set &1(w) = Py(w)&1(wo) which we can
normalize into a gl(w) s.t. —i <J’1£Al(w),§1 (w)> = 1. Suppose now that we have for some | < 411

a frame {gj(w) :J € [la,1)} which is C*® in w € I, and s.t. (2.41) is true for all w € I, for L =1
and ¢ = [,. Set now

&) = Pa@ilwo) +1 Y &) (T P(@)(w0)),€;(w)).-
Jj€llasl)
Then <J’1§~l(w),gj(w)> =0 for all j € [l,,]). Notice that &(w) depends smoothly on w and that

&(wo) = &(wp). Then by continuity —i <J‘1a(w),gl(w)> =: a%(w) > 0. Setting & (w) = a~ (w)& (w)

we obtain a frame {gj(w) : J € [la, 1]} which is C* in w € I, and s.t. (2.41) is true for all w € I,
for L=1+1and{=1,.
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Finally, notice that if e;(w) # ex(w), then <J‘1gj(w),2\k(w)> = 0. So we have built a frame
smooth in w which satisfies (2.41) for L = n+ 1 and ¢ = 1 and for all w € I,,. The identities
<J’1Ej(w),gk(w)> = 0 hold for all j, k, see Lemma 5.2 [1]. So Lemma 2.8 is proved.

O
The following spectral decomposition remains determined
Ny (£3) = Ny (Hy) = ( peo, (s [0y ker(Hy — ) & LE(p) (2.43)
Li(p) == L*(R*,C?) N (L3(H;)*
Correspondingly for any r € N;- (H,,) with r =7 we have, for a 2 € C" and an f € L2(po),
P(m)r = Z zi&(m ZE E Pe(m) f, (2.44)

j=1

with a frame {¢;(7) : j € 1,...,n} as in Lemma 2.8. Notice that (J~¢;(x), P.(r) f') = 0. We also
have

P.(p) = 1= Pu,(p) + Y _ i (7" &) &(p) +1 (T, &(0)) & (p). (2.45)

j=1
The representation (2.44) is possible because of the following fact.

Lemma 2.9. Under (H4)-(H7) and (H10), given py and for any fized n € N, there exists a > 0
such that for m € P with |m — po| < a the maps

Po(m)Pe(po) : L (po) N Bk (R, R?) — L2(m) N 2k (R, R?) (2.46)
for all k > —n are isomorphisms.
Proof. Consider the composition P.(pg)P.(7)P.(po). Then in L2(pg) N X}, its restriction equals
Pe(po) Pe(m) Pe(po) = 1+ Pe(po)(Pn, (7) = P, (po)) Pe(po)

+ ch(po){ (& 1T (M) =& (o) i E;(po))) Pe(po) (2.47)

— (&M 1T (m) = E(po)( 1T (po))) }Pe(po)-

Using now the fact that &;(m) € C>°(P, Xy), we conclude that if |7 —pg| < aj with ay > 0 sufficiently
small, the operator in (2.47) is an isomorphism in L?(pg) N Bx. Similarly, P.(7)Pe.(po)P.(r) is an
isomorphism in L2(7) N Y. Finally, by the argument in Lemma 2.3 [1], we can pick a fixed ay, for
all k > —n. O

3 Change of coordinate

To distinguish between an initial system of coordinates obtained from Lemma 2.5 and the further
decomposition of r due to (2.44) and a ”final” system of coordinates in Theorem 3.5 below, we will
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add a ”prime” to the initial coordinates, except for the pair (II, w). In particular we have functions
(t,u) — (7,11, 2', f'). In particular, with R defined in (2.37), we have
(t,m,U) = f € CYR x {|7 —po| < a} x (RN Xy),Sx_;) and

3.1
(t,m,U) — 2’ smooth. (3.1)

We introduce now appropriate symbols.

Definition 3.1. Let A be a neighborhood of (pg, po, 0,0,0) in the (7, II, g, 2, f) space with (m,II, o) €
R!2, 2 € C* and f € L?(po)NE_,(R3 R?). Let I C R be an interval. Then we say that F € C™(I x
A R) is ’Riﬂm if there exists a C' > 0 and a smaller neighborhood A’ of (pg, po,0,0,0), s.t. in T x A’

|F(t,m, 1L, 0,2, )] < O flls_, + 2D (1£ll=_ 2] + le] + [TT = 7])". (32)
We will write also F' = Ry, or F = Ry7, (t, 7,11, 0, 2, f).

Definition 3.2. A T € O™ (I x A, X,(R? R?)), with I and A like above, is S}/, and we write as
above T'=S}7 or T = Si3 (t, 7,11, 9, 2, f), if there exists a C' > 0 and a smaller neighborhood A’
of (po, po,0,0), s.t. in A’

=, S CUSflleo, + 1207 (N,

Notice that in the coordinates u — (7,11, z, f) introduced using (2.36) and (2.44) (and omitting
the ”primes”), we have we have p; = II; — 0; + RY%, (7,11, 9, 2, f) with ¢ = II(f). Then we have

1T(t, 1L, 0, 2, f)]

2| + [o| + | = 7|)". (3.3)

U= 70y £ 3 e OP R ) + Y TOP@E () + PR,
Jj=1 j=1 .

= SN0 (m I 0,2, f) + SY 0 (m, 1L 0,2, f) + €' O P(p) Pe(m) f

for arbitrary (n,m) and for ¢ = II(f).
We introduce now

Ko(m,U) := Eo(U) — Eo (2) + A(p(U)) - (ILU) — ). (3-5)

Definition 3.3 (Normal Forms). A function Z(z, f, o, m,II) is in normal form if Z = Zy + Z; where
Zy and Zp are finite sums of the following type:

Zy =i > 2 J G (n, 11, 0), f) (3.6)
e(w(m))-(n—v)€oe(Hx)

where the vector e(w) is introduced in (H8) and where G, (-, 7, II, g) € C™ (U, Sx(R3, C2)) for fixed
k,meN, with U = {p: |p—po| < a}? x U and U C R* a neighborhood of 0;

ZO = Z g,uu(ﬂvﬂa Q)Zuzy (37)
e(w(m)-(u—1)=0

and g, € Cm(ﬁ ;C). We assume furthermore that Zo and Z; are real valued for f = f, and hence
their coeflicients satisfy the following symmetries: g, = g, and Gy = =Gy

We have the following elementary fact, proved in Remark 5.6 [5], which tells us that the pairs
(u,v) in Def. 3.3 in the case of the polynomials which interest us, do not depend on 7.
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Lemma 3.4. Consider the N in (H7). Then there exists an §o > 0 such that for |m — po| < do the
following are independent of m:

(1) the formula w(m) - (u—v) € oc(Hy) for |p+v| <N +1;
(2) the equality e(w(m)) - (. —v) =0 for |u+v| < 2N + 2.

The main result of [1], see also [4], is the following.
Theorem 3.5. There is an €3 > 0 and a map
TI:T+T(7TaH7H(f)7Zaf)7 H/:Ha
7=z + 2(m ILI(f), 2 f), (3.8)
[ = IS0 (f 4 S, L), 2 1)

which is in
C*(R* x Ben(e3) x (22N By (e3) N L (po)), R* x C™ x (H' N L?(py)) (3.9)
CO(R* x Ben(e3) x (B (e3) N L2 (po)), R* x C* x (H' N LZ(po)) (3.10)
CO(R* x Ben(e3) x (22N By (e3) N LE(po)), R* x C™ x (32 N L2 (po)), (3.11)

0)—(3.11) is a homeomorphism in its image with the image containing R* x
NL2(po)) in the case of (3.10) (resp. R* x Ben(52) x (82N By () N L2 (po))
) and such that in the new variables (1,11, z, f) we have

in the sense of (
Ben (%) x (Bp (%
in the case of (3.11

=0

Ko(m,U) = (m, ILIL(f)) + Hy + Zo + Z1 + R + Ep(f) (3.12)
where we have for k,m € N preassigned and arbitrarily large:

(1) 4 is smooth and with (1L ILIL(f)) = O(|IL(f)|?) near 0.

(2) H) = Zaj(w,H,H(f))|zj|2 — %<J_1H7TPC(7T)f, P.(m)f) where we have a;(m,ILII(f)) = e; +
j=1
O(|IT = = + [TL(F)])-
(3) Zy is in normal form as in (3.7) with |p+v| < 2N + 2.
(4) Zy is in normal form as in (3.6) with |p+v| < N + 1.

(5) We have R € CY with [|[ViR|s, < C(2|N*2 + ||fllz2—+ | fllz2) near the origin and similarly
with |V.R| < O[22 + [ fl 2« [ f ]l m0)-

(6) The functions q, T;, Z; in (3.8) are of type RY2 | see Def. 3.2 above.

k,m’

m’

7) The function S in (3.8) is of type Sil o see Def. 3.1 above.
k,

(8) For each fived m, the pullback of Q = (J~1 | ) by means of the map (3.9) equals

4 n
O =N "dry AdI +1)  dzj A dZ; + QUPe(w)df, Pu()df). (3.13)

j=1 j=1
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O

Here we skip the proof of Theorem 3.5 which is a minor modification of the arguments in [1].

It is important to observe that here and in [4] the role of the fixed py in the normal forms argument
is taken by the time varying = (t), with 7(¢) = II(u(t)) in [4] and by 7(t) = II(U]t, u(t)]) in here.

It is important to check the dependence of various coordinates on the variables (7, u) and (7, U).

Lemma 3.6. Consider the variables (1, z, f) in Theorem 8.5. Set o = (f). Then, for any preas-
signed pair (k,m), they have the following dependence on (w,U). Then there exists an a > 0 such that
for Bga(k,a) (resp. Bpi(¢u,,a)), and for V = U,cpae?"C By (¢, ,a) = Urcpa By (e’ 70y, ,a),
we have:

(1) 7(m,U), o(m,U) € CY(Bga(k,a) x V,R%);
(2) 2(m,U) € CY(Bga(k,a) x V,R*);
(3) f(m,U) € C*(Bga(k,a) x V,H7%) fori=0,1.

O

For this and more see Lemmas 6.1-6.2 [4].

Notice that since we initially are assuming (1.18), that is ug € X2, we have u(t) € Xo and so
also U(t) := Ult,u(t)] € X2 and that for ¢t € [0,T] for some T" > 0 we have that the coordinates
(r(t,U(),p(t,U(t)), z(t,U(t)), f(t,U(t))) belong to the image of the maps in (3.9)—(3.11). Notice
that later we will drop (1.18) and assume only ug € H*.

4 Equations

Equation (1.12) can be written as uy = JVE(u) = Xg(u) = {u, E} where we have the following
notions:

e the exterior differential dF'(u) of a Frechét differentiable function F' defined in an open subset
of HY;

e the gradient VF'(u) defined by (VF(u), X) = dF(u)X;
e the symplectic form Q(X,Y) := (J71XY);

e the Hamiltonian vectorfield X of F with respect to a  defined by Q(Xp,Y) = dFY, that is
Xp=JVEF;

e the Poisson bracket of two scalar functions {F, G} := dF Xg,

e if G has values in a given Banach space E and is Frechét differentiable with Frechét derivative
dG, and if G is a scalar valued function, then we set {G, G} := dGXg.

We have introduced in Lemma 2.5 the functional B(e2) 3 u — U[t, u] for the set B(ez) defined
in (2.14). The following elementary lemma relates Poisson brackets associated to €2 in the u and the
U space.
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Lemma 4.1. Consider the map B(e2) 3 (t,u) — U = Ult,u] and fix t. Then, given a differentiable
function uw — E(u) and a differentiable function U — F(U), we have, for Q := Q[t,u], see (2.32)
and (3.5),

{(F(U[t,u]), €} = dy FUt, u)) IV E(w) — > {wn, EYdu F(Ut, u]) 9, Q. (4.1)

k=1
For E(u) = G(U[t,u]), summing on repeated indices we have
{F({Ut,u]), GUt,u])} = dF(Ulu])JVuGUIt, u]) — dwj(JVUG(U[t,u}))dF(U[t,u])@ijv
— (VG(U[t, 1)), 0y QYAF (U[t, u]) 0, @ + (VuG(U[t, 1)), O, Q) {wj, wi yAF (Ut u]) 0, Q. (4.2)
Proof. We have, summing on repeated indices
{F(U[t,u]), &} = d F(U[t,u]) JV,,E with
dy F(Ut,]) = dy F(Ut, u))duUTt, u] = dy F(Ut,u]) — dy F(U[t, u)) (awké) dywy.
This yields (4.1). (4.2) follows for (u) = G(U[t, u]) if we use also V,G(U[t,u]) = VuG(U[t,u]) —
(VuG(U[t,u]), 0w, Q) Vyw;.

O
The following lemma will play an important role later.

Lemma 4.2. Set £ = E in (4.1), with E the energy in (2.1). Consider a solution u = u(t) of
us = JVE(u) with (t,u(t)) € B(ez) over an interval of time. Then we have

%F(U[t,u]) =dyF(U)JVyEU)+dyF(U)A (4.3)
A = JE(U,Q) — (b1 — Eypws)0u, Q — (12 + Eywi )0, Q
where for N
B(u) = B(lul*)u (4.4)
we have
f(U,Q) = / 0,05[B(LU + sQ)]duds. (4.5)
[0,1]2
Proof. Tt is elementary that, summing on repeated indices,
~ 2 ~ ~
atU[t7 U] = _8tQ[t7u] = _J%Q + JeJe'OvaOaQw - 8twi a%Qa

where Q = €/90Q,, see (2.32). By (4.1) for £ = E and by 1, = 4 w; = dyw; + {w;, B}, we get

%F(U[t,u]) = dy F(U)OU[t,u] + {F(U[t,u]), E} = dy F(U[t,u])JV,E(u)
(4.6)
—iydy F(U)0,Q — dy F(U)J ("f@ - JeJ@'OvaoaQw> :

We have V,E = —Au+ V(- + vt 4+ yo)u + B(|ul?>)u and B(|u>)u = B(|Q*)Q + AU XU + £(U, Q).
We expand N N
VE(u) = VE(U) + VE(Q) + f(U, Q). (4.7)
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We have

~ - v

2 2
VE(Q) = GJ%+JT‘t (VE(Qw( + vt + yO)) — V- OQw(' + vt + yO) + vIQM(' + vt + yO)) .

(4.8)
By (1.4) we have VE(Q (- + vt 4+ y0)) = EyQu(- + vt + yo). So various terms cancel and we get

%F(U [t,u]) = dy F(U)J[VoEU) + £(U, Q)] — thidy F(U) 0w, Q + Ewdu F(U)JQ.

We finally obtain (4.3) because by (1.5) we have J@ = wgawlé - wlawgé.
O
Using the notation of Lemma 4.2 and of Lemma 2.5 we get the following elementary lemma.

Lemma 4.3. We have, in the notation of Lemma 4.2 and of Lemma 2.5,
Blu) = B(e’™0®,) + B(Q + 7O P(p) P(m)r') + £(e”7 0Py, Q + €’ P(p) P(m)r). (4.9)
O

4.1 Set up for the discrete mode associated to the potential V'
We start stating following elementary and standard fact.

Lemma 4.4. Consider the function Q,, of Prop. 1.1. Consider the operator

hi=—A+v-O0+4 WP+ V(+vi+y)— By

(P0G +23(1GMRG 201QPReG ) (4.10)
26'(|Q*) Im Q BIQP) +28'(1Q1*) Im Q
Then we have the following equality:
-0 ~ 9 ~
050G = (5 Bu)G. (411)

O

We write equation (1.12) with a special view at the evolution of the variable w. Here we assume

that for a certain interval of time we have (¢,u(t)) € B(ez) with B(e2) as in Proposition 2.1 . Sub-
stituting (2.32) in (1.12) and using twice an expansion like (4.7) we get for 1 := e’™ O P(p') P ()1’

0u(e”™ 0%y + 1) + 1000, Q + JATVEQ + 7O 0v - VQ,
= JVE(’"00,) + JVE(Q) + JVE(n) + JE(n, Q) + Jin + Q,e’™ 0®y).

We substitute VE(Q) using (4.8), we use (1.5), that is JQ = w30, Q — w18y, Q, and

f(777 @) = 885(‘977 + @)|s:0 + / 5 85881 8825(88277 + 81©>d5d51ds2~

s

We then get the following equation:

H A . A T — Jr'0 Jr'0
1 2 p
(w1 Ewll}z)aw Q + ('[UQ + Ewwl)aw Q Jh?] = Bt(e (O + 77) + JVE(@ (I)p/)

- , ~ ~ 4.12
+IVE() + IR0+ Qo700+ [ 0.0,0,Blssan -+ 51 Qs (4.12)
[0,1]2
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Notice now that (5, J8,, Q) = 0 for i = 1,2 implies (1, Q) = 0. So, see [10],

(T, T-2-3) = (1,523 = (0, By 2

20y = 2 B, =0.

Applying ( ,J8,,Q) to (4.12) and using the above remarks and (2.26) we get

iy — Eywy \ [ (ths(4.12), J8,,Q)
(1+0?) (—(u’zz + Eww1)> N <(rhs(4.12), J8w2@>> ' (4.13)

In the sequel we will use the following lemma.
Lemma 4.5. (2.33) implies for i =1,2
(€O eV o (- + vt + o)) =Y (708 (1), €72V "0, Qui(- + VE + 10))

— cos (4_1t|v|2) <eJT/'<>f/’ eJ(%v'$+%‘v‘2)JanQw(‘ + vt + o))
+ sin (4_1t|V|2) <6J7—/~(>f/7 eJ(%v~z+i|V|2)J8wlqw(. + vt + y0)>

(4.14)

where the Sgin(z) are S,g:;(t,ﬂ,ﬂ,l_[(f’), Z', ') symbols in the sense of Def. 3.3. We have similarly
(/7O T VT o (- 4 v+ o)) = D (€70 (i), €72V 0, Qui(- + v+ 10))
i
+sin (471|v]2) (77O e GYEHEVD) 10, g0 (- 4+ vE + 10))
+cos (47 M| [?) (77O F, ! GV et i) 18, g (- + vt + o).

(4.15)

Proof. The starting point is (2.33), that is (e/7 ¢ P(p/)P(n)r', Je’©8,,Q.) = 0. We first have
P(p)P(x)r' = P(m)r' + Sy, (w, ILTI(f'), 2/, f'). We next use (2.44) to get P(m)r’ = Pu(m)f +
Sg}n = '+ 8>!  We therefore get

m
(!0 f, JeT EV eIV, Qu(- vt +yo)) = (77 OSYL Tl 5V, Qu - + Vi + o).
Now recall from Prop. 1.1 that 0y, Quw = ¢0 + Ow, quw and 0y, Quy = —J P + Ow,qu- Use also
(cosa —sina) ( e’ ) B ( b0 )
sina  cosa Jel%g )~ \Jgo ) -
This yields the desired formulas (4.14)—(4.15). O

4.2 Set up for II, 7, z and f

Given a function F'(7,u) and if 7 = 7(¢) has a given evolution in ¢, we have

& P(r,w) = 0P (m,w) -+ (P, ), Bw)}. (4.16)

By continuity, by Proposition 2.1 we know that there exists a T' > 0 and an interval I = [0, 7] s.t.
(t,u(t)) € B(eq) for t € Ir for all ug in Theor. 1.4 if €y small enough. Then the representation
(2.32) is true for u(t) with t € Ir. We set w(t) = I(U[t, u(t)]).
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The functions II,;(U) are invariant by the changes of variables in (3.8), and so in particular do
not depend on the parameter 7. So we have by (4.3)

I = (Vyll;, JVyEU)) + dylljA.
Then we have

Iy = dyIl4A and for a < 3

. (4.17)
I, = —=(V(-+ vt +y0)0s, [Py + P(p")P(m)r'], @, + P(p")P(m)r') + dull,A.

We have 7/ = 7/(U[t,u]). In particular, by Lemma 4.2 we have
D! = (VyD.,JVyEU)) +dyD.A.

We have D' = D + Rgfn by Theorem 3.5. Then by Claim 8 in Theorem 3.5, see also Lemma 2.8 [4],
we have

. 1
D, = v = 0, Ko + 500, (V(-+ VL +40) (2 + P )P(m)r'), &y + P(5) P(m)r")
+{R}?

k,m>

Ko} 427 YRY2 (V(-+ vt +yo)U,U)} + dy DL A. (4.18)

k,m?

We similarly have

19/ —w = 2—1(1]/)2 _ {R0’2

k,m>?

Ko} +27RYL (V- + vt +yo)U, U)}— (419)
O, Ko — 2710, (V (- + vt + yo) (@, + P(p')P(7)r"), @y + P(p)P(m)r') + dyd A. '

We have _
iy = —i0z, Ko + 11+ Orzj — 127105, (V(- + vt + 30)U,U) + dy 2 A. (4.20)

We have .
f =101 0nf + (Pe(po) Pe(m) Pe(po)) ' IV s K’ + du fA,

ViK' =V Ko+ 2 'V (V(-+ vt+y)UU).
We couple equations (4.17), (4.18), (4.19), (4.20) and (4.21) with (4.13).

(4.21)

5 Bootstrapping

As in [4], Theorem 1.4 follows from the following Theorem.
Theorem 5.1. Consider the constants 0 < € < €y of Theorem 1.4. Then there is a fized and we
have C > 0 such that we have (t,u(t)) € B(ez) for allt € I =[0,00)
Hf||L?(I,W;,q) < Ce for all admissible pairs (p,q), (5.1)
12"l L2 (1) < Ce for all multi indices p with e - > wy, (5.2)
sz||Wt1,oo(l) < Ce forallj€{l,...,n} (5.3)
[w" —wollpse(ry < Ce, [0 —wollLee(ry < Ce (5.4)
(5.5)

(| (1 — Eywa, w2 + Eywi)|| e nni ) < Ce.
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Furthermore, there exist wy and v4 such that

: / _ : / _
Jim () =w, lim () =0, (5.6)
. ~/ _ . g/ _ —-1,2
tlgrnoo D'(t) =wvy, t_1}+mooz9 (1) =wy +47 v} (5.7)
tlgrnoo z(t) =0. (5.8)

Theorem 5.1 will be obtained as a consequence of the following Proposition.

Proposition 5.2. Consider the constants 0 < € < g9 of Theorem 1.4. There exist a constant co > 0
such that for any Cy > ¢q there is an €9 > 0 such that if (t,u(t)) € B(ea) for allt € I =[0,T) for
some T > 0 and the inequalities (5.1)—(5.5) hold for this I and for C = Cy, and if furthermore for
tel

||D' - Ul”Ll(O,t) < Celt), (5.9)
Ip" = poll Lo (ry < Ce, (5.10)

then in fact for I = [0,T] the inequalities (5.1)—(5.5) hold for C = Cy/2 and the inequalities (5.9)—
(5.10) hold for C = c with ¢ a fized constant.

The proof of Theorem 5.1 and of Proposition 5.2 is very similar to the proof of Theorem 6.6
and Proposition 6.7 in [4].

5.1 Proof that Proposition 5.2 implies Theorem 5.1
We start with the following lemma from [4].

Lemma 5.3. Assume the hypotheses of Proposition 5.2 and consider a fized Sg,’foo where k > 3 and

a fived ¢ € S(R®). Then for ey small enough there exists a fized constant ¢ dependent on cy, Sg,’fo
and q s.t.
lq(- + vt + D"+ y0)Spicoll 1 ((0,7),2) < ce for allp > 1. (5.11)

Proof. This is Lemma 7.3 [4] but we reproduce the proof partially. We have by k& > 3 and Sobolev
embedding,

lg(- + vt + D' + o) Sgivollzz < CokllSiollman (D' (£) + v + yo) *.
Then for a fixed C = Cy s
lg(- + vt + D' + yo)Sg;;?o||L1((0,T),L§) < CI(D'(s) + sv + y0>*kHL1(O,T)7

1D (5) + 5v +50) 13019 = (D' (0) + s + I(5) + yo) "l 1107 where

. , 5.12
I(s) := sv —|—/0 (D'(1) —wo)dr , |I(s)| < 3Cpe, (5:12)

where |1(s)| < 3Cye follows by (5.9)-(5.10) and by |vg| < e. Then (5.11) follows by Lemma 5.5
below. O

By D’(0) = (11(0,up), m2(0,u0), 73(0,ug)) we get |D’(0)| < Ce for fixed C' by (1.15) and Propo-
sition 2.1, see also the discussion at the end of Sect. 2.1. After Lemma 2.9 [4] the following is
proved.

23



Lemma 5.4. For gy in (1.15) small enough we have

oo
sup / (1+||v|€t+ D'(0) + yo|?)~'dt < 10e. (5.13)
distsg(?,l“:—‘)gm 0
O
We now prove the following lemma.
Lemma 5.5. For ey > 0 in (1.15) sufficiently small, we have for a fized c
(D" (5) + sv + y0) ¥ (|1 (0.1) < ce. (5.14)

Proof. Set dy := D'(0) + yo. If |(do + sv)| > 6Cyes for all s > 0, then since |I(s)| < 3Cpes by (5.12)
we get (D'(s) 4+ sv + yo) ~ (do + sv) with fixed constants for all s > 0. Then (5.14) follows from
(5.13).
Suppose for an sg > 0 that |dg + sov| < 6Cpesp . Squaring this inequality and for C; = (6Cp)?|v|~2
we get

|V|2(1 — 0162)8(2) + 2dg - vsg + |d()|2 < 0.

This implies (dg - v)? > |do|? [v|*(1 — C1€?) for the discriminant and

do-v < —|d0| |V|\/ 1-— 0162.

This implies dy # 0 and distsz(—lg—g‘, ) = O(€?). From (5.13) we get

_ do _ - -
vl 1||<d0—@8> i,y = VI {dol = ) F L, < 10e.

For €y > 0 in (1.15) small, we get [v|™! < ke for & = 20/||(t) || 1 (z). We have
(D' (s) + sv+y0) "1,y < [V I{do + s + T (s/IV]) ¥l L1 o, wi7)
where %[Il(s/\vm < 3Cpe/|v]. We complete the proof of (5.14) by

(D" (s) + sv + o) * |20,y < V1M Kdo/ V] + 5+ La(s/ VD) ™ 22 0,vim)
< 2|v|7H[(t) F| 1wy < 40€ for 3Coen/|v| < 1/2. O

O

Lemma 5.6. Let 0 < g4 < €9 and let B(ey) an open neighborhood of ¢, in H'(R3 R?) defined like
(2.14) but with €4 instead of €5. Then under the hypotheses of Prop. 5.2 for the 9 > 0 in (1.15)
sufficiently small we have 7'(t) € T (¢,6) (where 6 > 0 is given in Lemma 2.4) and (t,u(t)) € B(ea)
fort e [0,T].

Proof. By Lemma 5.4 and by the argument in Lemma 2.3 for any preassigned M > 0 if ¢y > 0 in
(1.15) is sufficiently small we either have |v| > ¢z or |D’(0) + vt + yo| > M. Furthermore, the
argument in Lemma 5.5 shows that either (D’(s) 4+ tv + yo) ~ (D’(0) + vt + yo) in [0,T] for fixed
constants or |v| > c,e7! for a fixed ¢, > 0. In any case, we conclude that for any fixed 6; > 0 for
go > 0 sufficiently small we have 7/(¢) € T(¢,0,) for t € [0,T].
Since (5.1)-(5.5) and (5.9)(5.10) imply for ¢ > 0 sufficiently small that u(t) € e’ ()0 By (e4) for
all t € [0,T] we conclude (¢,u(t)) € B(ey) for t € [0,T].

O
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Lemma 5.7. Under the hypotheses of Proposition 5.2 and for ey small enough we have |\ﬂj||L1(I) <
ce for a fized c for all j.
Proof. We have ||[(V(-+Vvt+y0)0p, (P +P(p")P(m)r"), @ +P(p")P(m)r")|| 1 (1) < ce by an argument

a

in [4]. We focus now on the additional terms not already present in [4]. We have
|du T Al < (U, £(U, Q)| + |1 = Buws]|(U, 000, Q)| + [tz + Euwn]|(U, 000, Q)-

By (3.4)
U=8%

n’,m’

(1L, 0, 2, ') + /7 O P(p') P.() .

with ¢/ = II(f’). Composing with the map in (3.8) we obtain

U =8% (m,11, 0,2, f) + ¢’ 70’ R0m O P(p) Py() f. (5.15)
with o = II(f) for any preassigned pair (n,m). This is obtained by taking both n’ and m’ sufficiently
large, using the fact that the pullback of symbols S/, and R}/, are symbols S}/, and R}/, for
any n < n/ — CNy and m < m’ — CN; for a fixed C. Furthermore we have p’ = p + R%3,. For all
this, see [1]. We now have

||<U7f(U7é)>||Lg < /[ | 1(S%9, +e‘]T'OeJR}fm'QP(p)PC(W)f, 8,0,[B(U + s@v)])HL%des.
0,1]2

We have B B B B N
(S0, 0.0[8(U + 5@ Iy < 1S9 Qll i 22 18" (WU + sQ)U || Lo 2 -

We have ||8” (.U + SQ)UHL;”L% < ¢ for a fixed ¢; by (H3) and by (5.1)—(5.3) and (5.10). These

0,0
n,m

imply also ||S
We have

@”L;Lg < cq¢ for a fixed co by Lemma 5.3.

(€770 eI Ratin 0 P(p) P () £, 8,05 [B(U + sQ)) | 12
< f o2 187 (U + sQ)QS%0, Il 1 12 (this is O(¢?) )

+ £zl B7 (U + sQ)Qe’™ e ™ O P(p)PUm) |, s (this is O(IfII7316) = O(¢*) ).

Then we conclude |[(U, £(U, @))HL% < ce for a fixed c.
We consider

lin — Buwwz | 21U, 000, Q) 2
< Ce (4855 050, @l 1z + e ™06 R0 P(p) Po(m) £, 0,00, @) 12 ) -

This is O(e?) because for a fixed C' and using Lemma 5.3

1{e” ™0 Ren 0 P(p) Po() £, 00w, Q) 12 < Ol fll 21 < CCoe
14855, 050, @122 < 11485505 05, @)l 22 (855 050, @) < Ce.
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Lemma 5.8. Under the hypotheses of Prop. 5.2 for eg > 0 sufficiently small, for any preassigned
¢ > 0 we have in [0,T]

[in — Ewws|[prare + (|2 + Ewwi|lpinze < ce. (5.16)
Proof. We will bound only the first term in the left. We use (4.13). Furthermore we will only bound
[ (rhs(4.12), J8u, Q)| 1nr= < ce. (5.17)
All the other terms can be bounded similarly. By Lemma 5.3 we have, see (4.4) for E,
I(IVE(@”™ 0 ®y), J0u, Q)| 11 < ce.

Schematically, omitting factors irrelevant in the computation, we have

(JVEp(e’™ O P ) P(r)r'), J0u, Q) ~ (B(PW)P(m)r'), o(- + D' + o))
= (BSYL, + &REn O f) o (- + D' + o)) = (B(STL), do(- + D' +90))

+ (B REm 0 £),do(- + D' + o)) + (E(e”Rrm @ £.8%1 ) G4 (- + D' + yo)).

Then bounding one by one the terms in the r.h.s. by routine arguments and using Lemma 5.3, we
get

|(IVER(?™ O PG )P, 00, @) i~ < ce.
Similarly

/[  dsisdsa|(0:0,00,B(s52e " PO P +51Q):J00, Q)i <
0,1

and

ICTE(e”™ O P ) P(m)r’ + Q, e’ 0 ®y), J0u, Q)| 1 <

/ duds||(B" (LT O P P(m)r + Q) + 5”7 0®,)e’ T O P(p ) P(m)1' Q, 0, Q)| Lrree < ce
[0,1]

Schematically we have
(0’ O PP ) P(m)r'), J0u, Q) ~ (+ P(p)P(m)r', 0o (- + D' + yo))
+ (0 PP ) P(m))r" + P(p') P(m)7, do(- + D' + yo)).-

0,2
k,m

(5.18)

0,2
k,m>

We have p’ = p+ R see [1]. We also have 7/ =7+ R

use also the equations in Sect. 4. In particular we have (0, P(p’)P(n))r’ = S,S’}n and one by one the

terms in the r.h.s. of (5.18) satisfy the desired bounds. Similarly it is elementary to see also

by (3.8). For the time derivatives we

H(ateh/'o@p',8w1@>||leLoo < ce.
O

Lemma 5.9. Under the hypotheses of we can extend u(t) for all t > 0 with (t,u(t)) € B(ea).
Furthermore (5.1)~(5.5) hold for a fixed C in [0,00) and we have tl}m z(t) = 0.
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Proof. We can apply a standard continuity argument, Prop. 5.2 and Lemma 5.6 to conclude that
(t,u(t)) € B(eg) for all ¢ > 0 and that (5.1)—(5.5) hold on [0,00). The fact that lim; xo 2(t) = 0
follows by Lemma 7.1 [4].

O

Lemma 5.10. There is a fived C and fi € H' and a function < : [0,00) — R* such that for the
variable f in (5.1) we have

Jim |1 (8) = eS0T i = 0. (5.19)

Proof. The proof of Lemma 5.10 is the same of Sect. 11 in [4] and is a standard consequence of the
estimates (5.1)—(5.3), of (6.9) and (6.3) below in I = [0,7) = [0, c0) applied to (6.13) below, where
h = M—leéJvovwf.
O
We can now apply [4] which proves the following facts, that yields Theor. 5.1 assuming Prop.
5.2.

e For gy small enough, (5.10) holds for C' = ¢ < Cy/2 with ¢ a fixed constant. Furthermore,
(5.4) holds for C = ¢ < (/2 with ¢ a fixed constant.

e We have
|D'(t) + tv + yo| > 127 [v] — [D'(0) + ol (5.20)
o We have . )
lim (D' —v')=0, lim (19’ - 4—1(1/)2) = 0. (5.21)
t——+oo t—+oo

There exist wy and vy such that the limits (5.6) are true.

6 Proof of Proposition 5.2

Lemma 6.1. Assume the hypotheses of Prop. 5.2. Then there is a fized ¢ such that for all admissible
pairs (p,q)

||fHLf([0,T],W§'q) Scete Z |ZM|%?(O,T) (6.1)

e pu>wo
where we sum only on multiindices such that e-pu—e; < wo for any j such that for the j—th component
of p we have p; # 0.

Proof. Compared to [4], the one additional term in (4.21) here is the term dy fA, which we now
analyze. By the fact that the inverse of (3.8) has the same structure (the flows which yield (3.8)
when reversed yields the inverse of (3.8), see Lemma 3.4 [4]) we have

f =R mIIUD 00 pr bl (e TLTI(f), 2, ).

Hence 0.2
duf = "™ Ody f 4+ JdyRYZ, - O(f — SEL) + Sk,

Notice that we have dyR)%, € B(X_p,R?) and dyS;’}, € B(S_p/, Sy) with norms
0,2
ldv Ry mllBs ety <ClIYlls_,,

oSl B ) < Cm =+ I+ 7]l )-
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Then
|‘dUSllc:1nf(Ua @)||L§H1+L§HLS S Cof/[ " dbd“”EN(LU + fin)QVUHLtlL%—SJrLfLZ—S
0,1
S Coe [ ddn(G80 sz + Qe RO P )P ) pa2) = OE)
2 x tHx

and similarly
ldo Ry E (U Ql41y < Coe /[  BARIB" WU+ KQ)QU agepa-s. a2 = O().
0,1

So we conclude

JdyRY2 £(U,Q) - Of — duRy2 £(U,Q) - OS).

k,m

+dySp £(U,Q) = A-Of + R + Ry (6.2)
with for any preassigned c

Al Lo 0,7z 0,1) + [ B1ll L2 (0,77, 0) + [ B2l L2 ((0,77,70.5) < ce. (6.3)
We have

de/ = (Pc(Tr)Pc(pO))ilpc(ﬂ-)P(pO)dUT/a
dyr’ = (P(p)P(7)P(po)) ' P(p') [e "0 = JO; P/ )1’ dyrr] — O, P(p')r' dupy].

Proceeding like above we conclude that
e Oy fE(U, Q) = ¢! Rk IO P (po) (U, Q) + A Of + Ry + Ro,

where the last three terms are like those in the r.h.s. of (6.2). We have

||f(U7 é)HLtlHlJrL?Hlvs <[ 2 dbdﬁHgﬁ(LU"‘HQ)QU”L%HUFL%HLS
0,1
0,2

< CHQS%,?n”Lng(l + 1 fllzimr) + HQ(GJT'O@JR"””'OP(p)Pc(W)f)Q||L$H;
Scet ”Q”Lgowa}?’||f||L§W11.f6 < ce+ C(Cy)e.

Therefore (U, @) is of the form Ry + Ry with the estimate in (6.3).
Summing up, for h = M~1e27%0 f with M defined in (2.40), we have

ih = Kugh + 03Po(Kuo )V (- + vt +yo + D' + RY2 Vb + 03 A4(£) Po(Kuy )

3
= A PeKuy)O, i+ > 2ZGu(t1I(f)) + Ry + Ry, (64)
a=1

le-(p—v)|>wo

where:
vo-

G (tLII(f) = M~"e’ 72 G (t,1I(f)), (6.5)

with G, (t,TI(f)) the coefficients of Z;, see (3.12) and where (6.3) are satisfied.
Notice that in (6.4) we can drop Rg?n from the argument of V', absorbing the difference inside
Ry + Ry, so that o3 P.(Ky, )V (- + vt 4+ yo + D’)h becomes the second term in the r.h.s of (6.4).
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Set D := vt +yo+ D’. Set
GOu(t,z) = 8 =)yt 2 + D(t)). (6.6)
Recall that
§(1) " u = IV (0 - D),
[G(6)7",10; — Kolu = i(D — v) - Vo (g7 (t)u), (6.7)
G, 0, Ju = —103%§_1(t)u.

Set now g(t) = §(t)e's Jo #()45 for a ¢ which will be introduced later. Then, irrespective of the @,
we have V(- + D) = gVg~!. We now set

Pp = gPg~" where P := ¢o( , ¢o) + 01¢0( , 01¢0) - (6.8)

Then, for a fixed § > 0, we add to (6.4) the term ié6P ph —idP ph = 0. We will think of —idP ph as a
damping term in (6.4) and idPph as a reminder term, since it can be absorbed inside the reminder
R1 + R, as we show now.

Lemma 6.2. Under the hypotheses of Prop. 5.2, for €y small enough we have for any preassigned
¢ > 0 and irrespective of the ¢,

||PDh,”Ll([O,TLHl)_;’_LQ([O,T]7W1,6) < ce. (6.9)

Proof. Obviously it is enough to prove
[ (et o PG h )| L 0,7+ L2(0,7) < ce for 1 = o, o1 (6.10)
We will consider the case 1) = ¢g. The other case is similar. We have from h = M’le%']“‘)'zf

<67103f0 s)ds~ 1y, ,do) = <M71 J%f eigg(%‘,? %,fotga(s)ds)gbo(.JrD»

JUOJ.

G (M DT eloalivie s =J )4 M T (A1) gy (- + D))

J v, (1+D

— (e e (EViH 4+ 2052 = [ ¢()ds) (A f—1)T . (. 4 D))

(6.11)

= (f.e’ iv““" S P (A TG0 - + D)) + O(el flns)-
We used (M 1) TiocgMT = Miagﬂ_l = J. We have [|O(e|| fls) |l 20,1 < C(Co)e?
Ignoring the O(e| f||Ls) term, we can write the last line in (6.11) in the form

(f, 77 MW (- + D)) +i(f, e /X Jgo(- + D))

| ol .. 6.12
PO (7,7 go(- + D) + (AL + 1o MLV T T+ DY),

for some real valued function A(¢).

By the fact that ¢¢ is a Schwartz function and by Lemmas 4.5 and 5.3, we conclude that the
LY(0,T)+ L?(0,T) norm of (6.12) is bounded by C(Cj)e?, independently of A(t) . This yields (6.10)
for v = ¢9. The case 1) = o1¢q is similar.

O
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We can rewrite (6.4)

ih = Kuyoh + 03P.(Kuy )V (- + vt +yo + D')h — i6P ph + 03 A4(t) Po(Koyy )

3
6.13
= iAW) Pe(Kug)Ou i+ > 2FGu(LTI(f)) + Ry + Ry, (6.13)
a=1 e (=) [>wo
Then the proof of Lemma 6.1 is exactly the same as in [4] using Theorem 7.1 below.
We set now
_ . U=V R+ . o

g=h+Y, Y= > 3 R, (e (1= 1))Gpu(t,0). (6.14)

le-(p—v)|>wo

Lemma 6.3. Assume the hypotheses of Prop. 5.2 and let T > 551. Then for fized s > 1 there
exist a fixed ¢ such that if e is sufficiently small, for any preassigned and large L > 1 we have
91l 20,7y 25y < (e + CoL™e.

Proof. The proof is exactly the same of Lemma 8.5 in [4]. O
Lemma 6.4. There is a set of variables ¢ = z + O(z?) such that for a fivred C we have

1€ —2llzz < CCoe*, ¢ —z|re < CE (6.15)

00 eilGP=-T(¢) +r (6.16)

Jj=1

and s.t., for a fized constant co and a preassigned but arbitrarily large constant L, we have

I(¢):=4>» Alm <R§QNO (A) D ¢*Gao(t,0),05 > (" Gao(t,0)>,

A>wo ea=A e-a=A
[ell Lo, < (14 Co)(co + CoL™")e?.

(6.17)

For the proof see [4, 2]. By [2] Lemma 10.5 we have I'({) > 0. We make now the following
hypothesis:

(H11) there exists a fixed constant I' > 0 s.t. for all ( € C™ we have:

rEQ=r Y P
e-a>wq (618)
e-a—ep<wo
Vk s.t. ar#0

Then integrating and exploiting (6.15) we get for ¢ € [0, 7] and fixed ¢

D ejly P +40 > 270 < 1+ Co + CFLTYE
J a as in (H11)

From the last inequality and from Lemma 6.1 we conclude that for 9 > 0 sufficiently small and any
T >0, (5.1)~(5.3) in I = [0,T] and with C = Cj imply (5.1)—(5.3) in I = [0,T] with C = ¢(1 +
VCo + COL_%) for fixed c.

We bound the r.h.s. of (4.13). By Lemma 5.3 we have for a fixed ¢
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1(|0e”™ 0| + [VE(e!™ 0By )| + JIf( + Q, e’ 0@y )], T8, Q)| 12 < ce.
We have

(VEP(1), 0w, Q) 2 = [(B(le™ P(")P(x)r'|2)e™ O P(p))P(m)r", 8, Q) 1
Next, r’' = Sg::n + eJR%,fn‘Of. Then the above can be bounded by

’ ~ 0,2 7_/ . ~
(VER(e?™ 08P ), 00, @)l 1x + [{VEp (e’ Rrnt™)0 ) 0,Q) | 12
+[(E(?TOS%L TR FTO £y 9, Q)| < ce.

This completes the proof of Proposition 5.2.

7 Linear dispersion

Set Ko = 03(=A +wy), K1 = Ky = Ko + V1, K2 = Ho + Vo where Vy = 03V. Set VP(t,z) :=
Vo(x +D(t)) P.:= P.(Ky), K(t) = Ko + V1 + VP (t) We have the following result.

Theorem 7.1. Consider for P.F(t) = F(t) and P.u(0) = ug the equation

it — P.K(t)Pou — 1iP.v(t) - Vyu + o(t) Poosu = F — i Ppu (7.1)
for (v(t), p(t)) € CH([0,T),R3 x R). Fiz 5y > |eg + wo|. For v the vector in Theor.1.4, set

o(T) = [[(e(t), ()| o o,r14+ 20,71 + IV = D(B)l| Lo po.17- (7.2)

Then for any o9 > 3/2 there exist a cog > 0 and a C > 0 such that, if ¢(T) < cp, 0 > o¢ and § > dy,
then for any admissible pair (p,q), see (1.7), we have for i = 0,1

Hu||Lf([O7T]7W;,q) < C(lluollm + HFHLg([QT],H;v"HLg([07T],H;))- (7.3)
Proof. Consider the problem
it — Kou — iv(t) - Vou + o(t)osu = VPu + Gu — 10 Pyu — 10Ppu,  ulty) = uo, (7.4)

where P; =1 — P. and
G(t) = Vl - Pd’C(t)PC — K(t)Pd.

By the proof of Theorem 9.1 in [4], Theorem 7.1 is a consequence of Proposition 7.2 below.
O

Proposition 7.2. Let U(t,to) be the group associated to (7.4). Then for o > 3/2 there exists a
fixed C > 0 such that for all0 <ty <t <T

{z — 20) U (t, to)(x — 21) |22 < C(t — t0>_% Y (zg,21) € RE. (7.5)

and

T
/0 & = 2(t)~ Ut to)uol 22t < ClluolZ ¥ a(t) € CO(0, T], R?). (7.6)
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The proof is the same of Proposition 9.2 in [4] with a small difference. Notice that in [4]
the operator o3(—A + wg + V) does not have eigenvalues, while here it does have the eigenvalues
+(ep +wop), with projection on the vector space generated by the eigenspaces given by the operator
P introduced in (6.8).

Now, the proof is exactly the same of Proposition 9.2 in [4] except for the following modification.
The analogue of (9.43) [4] is now

(i0; — Ko)g tu — i (t) - Vog tu +i6Pg tu = 03Vg ' u

7.7
+9 W —i6P; — K1 Py + Pyo3V (- + D)P. — a3V (- + D) Pylu (1)

where g(t) = G(t)e'? Jo #(=)ds Jike after (6.7), where we choose the same ¢ of [4] and where o3V (z) =
g t(t)o3V(z + D)g(t) and by (6.8) we have P = g~ (t)Ppgy(t).
The operator of formula (9.46) in [4] has to be changed into

Tlf(s) = W / e—i(s—~r)z73(—A+w0+V)—(s—7—)6PW1f(7_>d7_’

to

where W1 Wy = 03V — i0P. Then, for

Tof(s) = W2/ e iA@Yy f(r)dr

to

we have (1 —iT7)(1 +1Tp) = 1. Furthermore, we have for a fixed C, for any o > 5/2
[(z — o) =T o8 (mAF@oEVIZOP (0 0 V=0l o ys < Cu(t)2 VE > 0 and (3, 1) € RS

which follows by the condition 6 > dy > |eg + wp|. Then the proof in [4] yields Proposition 7.2.

8 Dropping the hypothesis uy € 39

Up to now we have assumed ug € Xq, that is (1.18), to guarantee that as we remark at the end of
Sect. 3 the coordinates of U[t, u(t)] belong to the image of the map (3.8) in the sense of (3.9)—(3.11).
For the same reason in the series [2, 3, 4] it is assumed that ug € ¥, for fixed ¢ > 1 with depends on
the N = Nj in Hypothesis (H7). This is used only in order to make sense of the pullback by means
of (3.8) of the form 2 discussed in claim (8) of Theorem 3.5. However everywhere in [2, 3, 4] and
here the distance of u(t) and of ug from ground states is measured only with the metric of H!(R?).

Now we discuss briefly the fact that we can drop (1.18) and assume only ug € H!. Let ug € H*
with ug & 2 and let {u,(0)},>1 be a sequence with u,(0) = up in H* and with u,(0) € ¥y for
any n > 1. We can apply our result to each solution u,(t). By the well posedness of (1.3) and by
the continuity of the maps defined in Proposition 2.1, in (2.36) and at the beginning of Sect. 3 we
have for the coordinates of w, (t) and of u(t)

(7o (8), 2 (1), 20, (0), £ (), wa (8) "= (7' (), 0/ (1), 2'(2), 1 (), w(t)) (8.1)

in R® x C® x H' x C. Furthermore, since (3.8) is a local homeomorphism of R* x C® x (H' N L2(py)),
see (3.10) and the comments immediately below (3.10), we also have a limit

(T (8), Pa (), 2 (1), fu (), wa(8)) "=57 (7(1), p(1), 2(1), £(£), w(?)) (8.2)

with on the left the final coordinates of u,(t). Notice that on the right of (8.2) we have the final
coordinates of u(t) since map (3.8) makes them correspond to the initial coordinates of u(t).
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No use in Sections 5—7 is made of the hypothesis that uy € 35. Hence Theorem 5.1 holds also
for the coordinates on the right in (8.2). From this and Lemma 2.5 we conclude that
u(t) = eJT’(t)-O(q)p/(t) + P(p' (1)) PAI()r (¢)) + eJ(%v-ﬁ%IvIQ)Qw(. + vt +1y0),
P () = T1(t) + Ry, (1), £, 2(8), £ (D)), (8.3)
t) = /R MOS0 (5 L §) (11(1), 2(8), (1)),

!
r

(
(
where we are making use of (3.8) and of claims (6)—(7) of Theorem 3.5.

Finally, the proof that (8.3) yields (1.16) is in [4], especially in Sect. 12. Notice that the proof

in [4] of the facts we list now makes only use of ug € H!.
The facts needed to obtain (1.16) are Lemma 5.7, 75li/m S%jn =0in H!, tl}(m Rgfn =0in R*

and tl}m (7'(t) + <(t)) = (o for ¢ the function in Lemma 5.10 and for some (, € R*. This is proved
(o)
in [4].

A Implicit function theorem

Theorem A.1. Let F € C*(Bx(0,dp) x By (0,60);Y) with F(0,0) = 0. Further, assume there
exists 01,02 > 0 s.t.

up 1Dy P () < 2. (A1)
(m,y)EBX (0751) X By (0,52)

Now, set o3 € (0,61) s.t

1
sup  [|F'(z, 0)]| < 2, (A.2)
zE€Bx (0,3)
where
1 —1
04 :=min | 0y, = ( sup IIDny(x,y)l) ~ (A.3)
$€Bx(0,51)7y€BY(O;52)

Then there exits a function y(-) € C>°(Bx(0,03); By (0,04)) s.t. for any x € Bx(0,d3) and for
y € By (0,64) we have F(x,y) = 0 if and only if y = y(x).

Proof. First, for (z,y) € Bx(0,d1) x By (0,d2), we have
F(z,y) =0 & y=y—(DyF(z,0)" F(x,y).
So, we set
O(z;y) =y — (DyF(2,0)) " Fla,y)

and seek for the fixed point of ®.
Now, set

Yo=0, Ynt1 =P(x;yn_1) for n € N.
We show

33



e VneN, y, € By(0,d4)
e 1, converges.

Indeed, by the continuity of F' w.r.t. y, limy, is the fixed point of ®(x;-).
Now, let y,3’ € By (0,44), we have

1
®(z3y) — ®(x,y) = (D, F(x,0)) " /0 (DyF(x,0) = DyF(z,y +t(y —y))) (y —y') dt

—— 0 F@O) [ [ Dyt + =y )W+ =) (o) di.
Therefore, we have

19(2;y) = @(a,y)]| < | (DyF(2,0) |

/ / | Dy Fla, s’ + tly — ))&+t — o)) || dsdtlly — o/

2 ( sup IIDny(l“,y)> dally — o/l

z€Bx (0,01),y€By (0,62)
1
<y -9
<3ly=vl
On the other hand,

1
lyull = 1@ (; 0}l = |1 Dy F (2, 0)F(2,0)| 2 sup [F(2,0)]] < ;.
z€Bx (0,3)

Therefore, we have
n n 1
—k
ynll < ; lye — yr—1ll < ;4 lyall <2l < 55&

Therefore, for all n € N, y,, € By (0,03). Further, we by

n n
el < Y Ime-weal < > 45l
k=m+1 k=m+1

{yn} is a Cauchy sequence so it has a limit.
Finally, if there exist two y,y’ € By (0,03) s.t. F(z,y) = F(z,y’) = 0 we have

1
ly =o'l = [[@(z;9) — @5 9)| < < lly =¥/l

So, we have y = y/. This gives the uniqueness. O

B wr~ ¢, in CYO, H?) implies w — ¢, in C*(0,Y,) for any
n €N

Proposition B.1. Assume (H1)-(H3), (H6) and
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(H4)" There exists an open interval O C Ry such that equation (1.11) admits a positive radial
solution ¢, € H? for w € O. Further, assume w — ¢, is in C1(O, H?).

Then, the map w — ¢, is in C°(0,%,,) for arbitrary n € N.

Proof. (Sketch). By a standard bootstrapping argument one can show ¢, € H™ for arbitrary n.
Further, by maximum principle, one can show ¢, decays exponentially. Therefore, ¢, € %, for
arbitrary n. Further, w — ¢, is in C°(O,%,,).

Next, fix wg € O. Differentiating

0= —A¢y +wdy + B(62) b,

with respect to w, we have

—bo = (~A+w+B(¢2) +28(82)0%) Do (B.1)
Now, set
A= —A+wo+B(e2,) +28'(42,) 02,
Be =+ B¢ 1) + 28/ (02, 1 )00 se — B(BZ,) — 28'(02,) ¢,

Then, A is invertible as an operator on A4 : L2 ,(R3) — L2, (R3). Since (B.1) can be written as

rad
_¢wo+€ = (A + Be)aw¢wo+5~

Therefore, since By = 0, for sufficiently small ¢, we have

8w¢wo+e == <Z(_1)k(AlBE)k> A71¢wo+€' (B~2)
k=0
Now, we can show that if w +— @, is in C™(0,%,,), then € — (A + B.)™! is C™ with values in
B(X™,¥™). By induction, one can show w — ¢, is in C*(0, %,,). O
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