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+
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δM (r, t) = 2πr σ (r, t)× v (r, t) δt

v (r, t) =
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=
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Ai = e−ν δt
(

Gi(t)− W i

ν

)

+ W i

ν
;

Bi =
1
2
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(
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t
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[
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γj GX(rj+1, t) WX(rj , t)







2

τ ! 30



U�V

U#V

m ≥ 1M!

m < 1M!

R



Z

R =

∫ ∞

1M!

dm (m−MR)φ(m),

φ(m)
MR

yZ =
1

1−R

∫ ∞

1M!

dmmpZ(m)φ(m)

pZ(m)
m

yZ R

Z

ψ(t) = νMgas(t),

ψ(t) !
−1 Mgas(t)

t ν

Gyr−1

O(t) ∝ λψ(t),

λ



(
M /M⋆

)

z = 3.7

I(t) = Λ
(
1−R

)
ψ(t) ;

O(t) = λ
(
1−R

)
ψ(t) ,

Λ λ R

M (t) Z(t) M (t)

M (t)

t
= −ψ(t) +R(t) + I(t)−O(t);

(

Z(t)M (t)
)

t
= −Z(t)ψ(t) +RZ(t) + Z I(t)− Z(t)O(t);



M (t)

t
= I(t)−O(t),

R(t) RZ(t)

R(t) =

∫ ∞

m (t)
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(
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ψ(t− τm)φ(m);
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∫ ∞
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)
Z(t− τm) +mpZ(m)

]

ψ(t− τm)φ(m),

m (t) t

R(t) = ψ(t)R;

RZ(t) = ψ(t)RZ(t) + yZ
(
1−R

)
ψ(t),

R yZ

Z =
ΛZ + yZ

Λ

{

1−
[
(Λ− λ)− (Λ− λ− 1)µ−1

] Λ

Λ−λ−1

}

,

µ = M /(M +M⋆)

ψ(t) = νM (t) ν

M (t) = M (0) exp

{

−ν (1−R)
[
1− (Λ− λ)

]
t

}

M⋆(t) = M⋆(0) +
M (0)

1− (Λ− λ)

[

1− exp

{

−ν (1−R)
[
1− (Λ− λ)

]
t

}]

.
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I(t) = Ae−t/τ ,

τ

A
Minf

∫ tG

0

dtA e−t/τ = Minf ⇒ A =
Minf

τ
(
1− e−tG/τ

) ,

Minf

M = 1012 !

O(t) = λψ(t),

(1−R)

Z(t) =
yZ ν (1−R)

α τ − 1
×

×
Mgas(0) t (α τ − 1)2 +A τ

[

t− τ (1 + α t) + τ eα t−t/τ
]

A τ
(
eα t−t/τ − 1

)
+Mgas(0)

(
α τ − 1

) .



Mgas(t) = e−α t

(

A
[
e−t/τ +α t − 1

]
τ

α τ − 1
+Mgas(0)

)

.

Mtot(t) = Mgas(0)
ν

α

(

λ e−α t + 1−R
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+
ν
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(1−R)A τ −A τ e−t/τ +

ν

α

λA τ
(

τ α e−t/τ − e−α t
)

(
α τ − 1
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α = (1 − λ + R) ν ≡ 1/τeq

τ τ = 1/α
τ

τ =

(
1

τ
− 1

τ

)−1

;

τ Z
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yO = 5.7 × 10−3 yO = 3.13 × 10−3

yO = 0.040 0.045
yO = 0.03 yO = 0.04
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yi(Z)
i

Z
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1−R(Z)
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mlong−liv
mpi(m,Z)φ(m) dm

∫mup

0.1 M!
mφ(m) dm

,

pi(m,Z) =
Mej,i(m,Z)

m m ·
pi(m,Z) i

m
Z

φ(m)

mlong−liv = 1.0M!

mup

mup = 100M!

mup

R
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mlong−liv
(m−MR(m,Z))φ(m) dm
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mφ(m) dm
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m Z

mlong−liv
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vrot
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0 4.0× 10−3 0.004 0.007 0.002 0.007

300 0.006 0.010 0.003 0.010

0 2.0× 10−2 0.006 0.010 0.003 0.010

300 0.009 0.015 0.005 0.014

4.0× 10−3 0.007 0.011 0.004 0.010

2.0× 10−2 0.006 0.009 0.003 0.009
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R yO yZ

mup = 100M"

R yO yZ R yO yZ R yO yZ R yO yZ

1.0× 10−10 0.285 0.028 0.042 0.436 0.059 0.088 0.284 0.015 0.026 0.411 0.053 0.079
1.0× 10−5 0.285 0.018 0.028 0.436 0.039 0.059 0.284 0.009 0.017 0.411 0.035 0.053
5.0× 10−5 0.285 0.018 0.028 0.436 0.039 0.059 0.284 0.009 0.017 0.411 0.035 0.053
1.0× 10−4 0.285 0.018 0.029 0.436 0.039 0.060 0.284 0.009 0.018 0.411 0.035 0.054
5.0× 10−4 0.286 0.018 0.029 0.437 0.039 0.060 0.285 0.009 0.018 0.412 0.035 0.054
1.0× 10−3 0.286 0.018 0.029 0.438 0.039 0.060 0.287 0.009 0.017 0.414 0.035 0.054
5.0× 10−3 0.292 0.018 0.027 0.447 0.038 0.057 0.295 0.009 0.016 0.422 0.034 0.051
1.0× 10−2 0.295 0.018 0.028 0.451 0.038 0.060 0.299 0.010 0.017 0.425 0.034 0.054
2.0× 10−2 0.298 0.018 0.031 0.455 0.037 0.065 0.302 0.010 0.018 0.430 0.034 0.059

yZ

R
R

yO(Z) yZ(Z) R(Z)

∼ 1.5

mup

⟨yO⟩
1.0× 10−3 ≤ Z ≤ 2.0× 10−2

mup = 100M! mup = 40M!

∼ 50 mup = 100M! mup = 60M!



R yO yZ

mup = 100M"

R yO yZ R yO yZ R yO yZ R yO yZ

0.0 0.261 0.021 0.043 0.403 0.044 0.087 0.244 0.011 0.024 0.380 0.040 0.079
1.0× 10−3 0.293 0.018 0.026 0.450 0.038 0.055 0.291 0.009 0.014 0.424 0.034 0.050
5.0× 10−3 0.300 0.016 0.025 0.459 0.034 0.052 0.300 0.008 0.013 0.433 0.030 0.047
1.0× 10−2 0.302 0.015 0.024 0.463 0.032 0.051 0.303 0.008 0.013 0.436 0.029 0.046
2.0× 10−2 0.305 0.014 0.023 0.466 0.030 0.049 0.307 0.007 0.012 0.439 0.027 0.044
5.0× 10−2 0.304 0.017 0.023 0.466 0.036 0.049 0.307 0.009 0.012 0.439 0.032 0.044

⟨yO⟩

⟨yO⟩
mup

mup

60M!

40M!

yO
mup = 100M!

⟨yO⟩ ⟨yO⟩

⟨yO⟩ mup

x = 1.35
x = 0.95 x = 0.5

yO
⟨yO⟩ x

⟨yO⟩

yO



X



X
σX(r, t)

dσX(r, t)

dt
= −X(r, t)ψ(r, t) + ÊX(r, t) + ÔX(r, t) + R̂X, (r, t)

X

X(r, t) = σX(r, t)/σ (r, t)
X

ÊX(r, t)
X

X

ÊX(r, t) = X(r, t)ψ(r, t)R+ ⟨yX⟩
(
1−R

)
ψ(r, t),

R

⟨yX⟩
X

X

ÔX(r, t) = ω ψ(r, t),

ω

X
⟨mX, ⟩ X

R̂X, (r, t) = ⟨mX, ⟩ R (r, t),



R (r, t)

dσX(r, t)

dt
= −σX(r, t)

ψ(r, t)

σ (r, t)

(
1 + ω −R

)
+

+ ⟨yX⟩
(
1−R

)
ψ(r, t) + ⟨mX, ⟩R (r, t).

⟨y ⟩ =
1.022× 10−2 ⟨y ⟩ = 8.5× 10−4 ⟨y ⟩ = 5.6× 10−4 R = 0.285

3/8

ψ(r, t) = ν σ (r, t),

ν
−1

dσ (r, t)

dt
= −ψ(r, t)

(
1 + ω −R

)
+ Î(r, t).



Î(r, t) = (dσ /dt)

L
(
Î(r, t)

)
(s) =

s+ α

ν
L
(
ψ(r, t)

)
(s)− σ (r, 0),

s −1 α = (1+ω−R) ν

L
(
I(r, t)

)

L
(
ψ(r, t)

)

Î(r, t) =
∑

j

Îj(r, t) =
∑

j

Aj(r) e
−(t−tj)/τj Θ(t− tj),

τj tj

ψ(r, t) =
∑

j
ν Aj(r)

α− 1
τj

Θ(t− tj)
[

e−(t−tj)/τj − e−α(t−tj)
]

+

+ ν σ (r, 0) e−αt Θ(t).

Θ(t)
Aj(r)
j

t = 0

σ 2 \



σ (r, t)

ψ(r, t) = 0

(
σ (r, t)

σ0

)k

,

σ0 = !
−2 k = 1.4

0

!
−2 −1

0

(r, t) =
ψ(r, t)

σ (r, t)
=

0

σ0

(
σ (r, t)

!
−2

)k−1

.

0 ≈
2.5×10−1

!
−2 −1

σ

σ

0

40





R X
⟨yX⟩ X ⟨mX, ⟩

σ (r, t )

t∫

0

dt Î(t) = σ (8 , t ),

t = 14 σ (8 , t ) = 54 !
−2

[ ] [ ]

ν = 2 −1
0 = 2 !

−2 −1

τ = 7

ω = 0.4

[ ]
ν 0 ω τ

σ (r, t)

[ ] [ ] [ ] [ ]









[ ] [ ]

ν 0 σ

t ! 10

t ! 10

ν = 2 −1

[ ] [ ]

[ ] [ ]

[ ]

[ ] [ ]

α

[ ]
[ ]

0 =
2.5× 10−1

!
−2 −1

[ ] [ ]

[ ] [ ] [ ]



[ ] [ ]
[ ] [ ]

[α/ ]
50

[α/ ]

∼ 15 ∼ 30
50

30

[α/ ]

ψ(r, t) ∝ σ (r, t)

ψ(r, t) ∝ σ (r, t)k k = 1.4

X



[ ]
[ ] [ ]

τ = 7

α

σ

[α/ ]
[ ]

[α/ ] [ ]

[α/ ]













3

" 10
4−8

∼ 2− 3

Λ



" 10 − 12

α

α

[α/ ]



1.5

τ M

M

τ = 0.5
τ = 0.005

S = r
r 0.2 0.4 r



ψ(t) = νM (t)
E (t)

E (t) Eb(t)

E (t)

O(t) = λψ(t) = ωM (t),

ω = ν λ

ω

MV ≈ −11.1
79± 4

= −3.96± 0.06



94± 5
MV ≈ −9.3 µV = 25.5 ± 0.4 −2

σv ∼ 3.72 −1

132± 12
MV = −6.6± 0.3

µV = 27.2±0.6 −2

D = 62 ± 4

MV = −5.8
rh ∼ 220



a+mHTiQ`, KQ/2H T�`�K2i2`b

ν ω τ M M r S = r
r

[ −1] [ −1] " " [ ]

0.01/0.05/0.1/0.2 5/10/15/20 0.5 0− 7 1.0× 108 3.4× 108 260 0.260

a+mHTiQ` +?2KB+�H 2pQHmiBQM KQ/2Hb

ν M⋆, M t

[ −1] " "

ω = 5 −1 0.01 0.13× 107 0.26× 103 2.48 −1.91

0.05 0.21× 107 0.12× 104 1.01 −1.73

0.1 0.27× 107 0.19× 104 0.66 −1.62

0.2 0.34× 107 0.15× 104 0.38 −1.42

ω = 10 −1 0.01 0.12× 107 0.14× 103 2.48 −1.93

0.05 0.18× 107 0.67× 103 1.01 −1.79

0.1 0.21× 107 0.69× 103 0.66 −1.71

0.2 0.24× 107 0.29× 103 0.38 −1.60

ω = 15 −1 0.01 0.12× 107 0.97× 102 2.48 −1.94

0.05 0.17× 107 0.46× 103 1.01 −1.81

0.1 0.19× 107 0.30× 103 0.66 −1.74

0.2 0.20× 107 0.11× 103 0.38 −1.67

ω = 20 −1 0.01 0.12× 107 0.75× 102 2.48 −1.94

0.05 0.17× 107 0.35× 103 1.01 −1.81

0.1 0.17× 107 0.12× 103 0.66 −1.76

0.2 0.18× 107 0.58× 102 0.38 −1.71



0 5 10

0.0001

0.001

0.01

t [Gyr]

0 5 10

0.0001

0.001

0.01

M"/yr
ν = 0.05 −1 ω = 10

α

1.0× 108 !

0.5

7
3.4×108 M!

rDM = 1
260

S = rL
rDM

= 0.260



0 5 10

0.0001

t [Gyr]

0 5 10

0.0001

ν ω

ω = 5, 10, 15 20
ω ν

ν = 0.01, 0.05, 0.1, 0.2 −1

ψ(t)
M

∼ 35

∼ 1 ∼ 35

6.66×10−4

100 1010 !
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[Fe/H]
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-1
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1.5
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[Fe/H]

-4 -3 -2 -1
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1

1.5

[Fe/H]

-4 -3 -2 -1
-1

-0.5

0

0.5

1

1.5

-4 -3 -2 -1
-1

-0.5

0

0.5

1

[Fe/H]

-4 -3 -2 -1
-1

-0.5

0

0.5

1

[α/ ]
ω =

10 −1

ν = 0.01 −1 ν = 0.05 −1

ν = 0.1 −1

ν = 0.2 −1 ν

[α/ ]

[α/ ]

ν ω

ω

ω



-3 -2 -1 0 1
0

0.05

0.1

0.15

0.2

[Fe/H]

-3 -2 -1 0 1
0

0.05

0.1

0.15

0.2

ω = 10 −1

∝ ψ(t)
ν = 0.1 −1 ν = 0.2 −1 ν = 0.05

−1 ω = 10 −1

ω

M⋆,obs = (1.2± 0.6)× 106 !

∼ 102 − 103 !

M ≈ 1.0 × 104 !

M < 2.34×105 M!



ν ω

ν ω

α

∼ 2/3

∼ 1/3

[α/ ]

[α/ ]

[α/ ]

ν [α/ ]
[α/ ]

ω

ω



*�`BM�, KQ/2H T�`�K2i2`b

ν ω τ M M r S = r
r

[ −1] [ −1] " " [ ]

0.05/0.1/0.2 5/10/20 0.5 0− 2 ; 2− 4 ; 7− 9 ; 9− 11 1.0× 108 4.0× 107 290 0.3625

ω = 10 −1

ν

ν = 0.1 −1 ν = 0.2 −1

∝ ψ(t)

ν = 0.05 −1

M = 5.0 × 109 ! S = r
r = 0.1



*�`BM� +?2KB+�H 2pQHmiBQM KQ/2Hb

ν M⋆, M t

[ −1] " "

ω = 5 −1 0.05 0.16× 107 0.12× 104 0.77 −1.87

0.1 0.20× 107 0.96× 103 0.45 −1.71

0.2 0.28× 107 0.12× 104 0.24 −1.50

ω = 10 −1 0.05 0.13× 107 0.65× 103 0.77 −1.90

0.1 0.14× 107 0.18× 103 0.45 −1.88

0.2 0.17× 107 0.24× 103 0.24 −1.55

ω = 20 −1 0.05 0.12× 107 0.31× 103 0.77 −1.91

0.1 0.11× 107 0.30× 102 0.45 −1.90

0.2 0.11× 107 0.51× 102 0.24 −1.87

M = 5.0× 108 !

ν = 0.2 −1 ωi = 13 −1

7

4 2 0 4
7 11

M = 4.0 × 107 !

r = 0.8
r = 290

S = r
r = 0.3625

M = 1.0× 108 !

0.5



0 5 10

0.0001

0.001

0.01

t [Gyr]

0 5 10

0.0001

0.001

0.01

M"/yr
ν = 0.2 −1 ω = 10 −1

ν ω

0− 2 2− 4 7− 9
9 − 11

2 − 4 7 − 9 4 − 7

7

4

7.16× 10−4

ν ω

ν



0 5 10

0.0001

t [Gyr]

0 5 10

0.0001

ω

ν

ω

M < 2.1×102 ! M⋆, ≈
1.0× 106 !

[α/ ]



-3.5 -3 -2.5 -2 -1.5 -1

-1

0

1

[Fe/H]

-3.5 -3 -2.5 -2 -1.5 -1

-1

0

1

ω = 10 −1

ν = 0.05 −1 ν = 0.1 −1

ν = 0.2 −1

ω = 10 −1 ν =
0.2 −1 ω = 10 −1

ν = 0.05 −1 = −1.79
= −1.55
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-1

0

1

[Fe/H]

-3 -2 -1

-1

0

1
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-1

0

1

[Fe/H]

-3 -2 -1

-1

0

1
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-1

0

1

[Fe/H]

-3 -2 -1

-1

0

1

-3 -2 -1

-1

0

1

[Fe/H]

-3 -2 -1

-1

0

1

[α/ ]

ω = 10 −1

ν = 0.05 −1

ν = 0.1 −1

ν = 0.2 −1

ν = 0.14 −1 ωi = 5 −1

MDM



>2`+mH2b, T�`�K2i2`b Q7 i?2 KQ/2Hb

ν ω τ M M r S = r
r

[ −1] [ −1] " " [ ]

0.002/0.003/0.005/0.008 10 0.005 0− 1 1.0/2.5/5.0× 107 1.9× 106 330 0.3

>2`+mH2b +?2KB+�H 2pQHmiBQM KQ/2Hb

ν ω M⋆, M t

[ −1] [ −1] " "

M = 1.0× 107 " 0.002 10 0.11× 105 0.35× 101 0.97 −3.06

0.003 10 0.14× 105 0.49× 101 0.76 −3.03

0.005 10 0.17× 105 0.18× 101 0.56 −2.99

0.008 10 0.21× 105 0.82× 100 0.41 −2.94

M = 2.5× 107 " 0.002 10 0.28× 105 0.88× 101 2.41 −3.05

0.003 10 0.42× 105 0.13× 102 1.36 −2.87

0.005 10 0.66× 105 0.22× 102 0.92 −2.67

0.008 10 0.85× 105 0.22× 102 0.71 −2.62

M = 5.0× 107 " 0.002 10 0.55× 105 0.48× 108 −3.05

0.003 10 0.85× 105 0.26× 102 6.76 −2.87

0.005 10 0.14× 106 0.44× 102 1.68 −2.65

0.008 10 0.22× 106 0.71× 102 1.07 −2.43



-3 -2 -1 0 1
0

0.1

0.2

0.3

[Fe/H]

-3 -2 -1 0 1
0

0.1

0.2

0.3

ω = 10 −1

ν = 0.2 Gyr−1

ω = 10 −1

M = 1.9× 106 !

S =
r
r = 0.3

r = 330

M = 1.0 2.5 5.0× 107 !

τ =
0.005

ω



-3.5 -3 -2.5 -2

-1

-0.5

0

0.5

1

[Fe/H]

-3.5 -3 -2.5 -2

-1

-0.5

0

0.5

1

α

α α

ωα > ω ωα = ω

ω = 0.3 × ω

α

ω > ωα

M ν ω

M < 466 M!

M⋆, = 7.2+1.2
−1.1 × 104 !



-3.5 -3 -2.5 -2

-1

-0.5

0

0.5

1

[Fe/H]

-3.5 -3 -2.5 -2

-1

-0.5

0

0.5

1

[ ]

ω = 10 −1 M = 1.0 × 107 "

ν = 0.002 −1

ν = 0.003 −1 ν = 0.005 −1

ν = 0.008 −1

ν ν = 0.002 −1

ν = 0.008 −1

M



-4 -3 -2
0

0.1

0.2

0.3

0.4

[Fe/H]

-4 -3 -2
0

0.1

0.2

0.3

0.4

ω = 10 −1 M = 1.0× 107 "

28 = −3.1
= −2.9

ν = 0.003 −1 ω = 10 −1

= +0.32± 0.22
= −3.10 ± 0.16 = −0.51 ± −0, 21 =

−2.03±0.14

τinf = 0.005
0.003 −1 ≤ ν ≤ 0.008 −1

α



"Qƺi2b A, T�`�K2i2`b Q7 i?2 KQ/2Hb

ν ω τ M M r S = r
r

[ −1] [ −1] " " [ ]

0.002/0.005/0.01/0.05 10/15 0.005 0− 4 1.0/2.5/5.0× 107 0.30× 107 242 0.2

α

τ M

ν

ω

α

α

ν

ω = 10 −1 M = 1.0 × 107 !

ν = 0.003 −1 ω = 10 −1

[α/ ]

≈ 0.2
ν = 0.2 −1 ≃ 14



"Qƺi2b A +?2KB+�H 2pQHmiBQM KQ/2Hb

ν ω M⋆, M t

[ −1] [ −1] " "

Minf = 1.0× 107 " 0.002 10 0.14× 105 0.35× 101 1.17 −2.99

0.005 10 0.21× 105 0.50× 101 0.68 −2.91

0.01 10 0.29× 105 0.14× 101 0.45 −2.81

0.05 10 0.68× 105 0.68× 100 0.16 −2.55

Minf = 2.5× 107 " 0.002 10 0.58× 105 0.90× 101 2.01 −2.68

0.005 10 0.75× 105 0.57× 102 2.65 −2.69

0.01 10 0.11× 106 0.39× 102 0.76 −2.51

0.05 10 0.25× 106 0.55× 101 0.29 −2.31

Minf = 5.0× 107 " 0.002 10 0.19× 106 0.19× 102 3.21 −2.39

0.005 10 0.25× 106 0.45× 102 1.72 −2.34

0.01 10 0.33× 106 0.89× 102 1.12 −2.28

0.05 10 0.70× 106 0.35× 102 0.44 −2.06

28

= −3.1 = −2.9

M = 1.0 × 107 M!

ν = 0.003 −1



α

ν = 0.003 −1 ω = 10 −1

M = 1.0× 107 !

M = 0.30 ×
107 !

S = r
r = 0.2

r = 242
4 0 4

M = 1.0 2.5 5.0 × 107 !

τ = 0.005

M ν

ν

M

M < 86 !

⋆, = (6.7 ± 0.6) × 104 !

N⋆ = 324+28
−23
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ω = 10 −1 M = 2.5× 107 "

ν =
0.002 −1 ν = 0.005 −1

ν = 0.01 −1

ν = 0.05 −1

[α/ ]

[α/ ]

[α/ ]
α

[α/ ]

ν = 0.01 −1 ω = 10 −1 M = 2.5 × 107 !



25
41

ν = 0.01 −1

ω = 10 −1 M = 2.5× 107 !

M =
1.0 × 108 M!

τ = 0.5

ν = 0.05 − 0.5 −1

ν ∼ 1 −1

[α/ ]
ν

[α/ ]
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41

peak

ν = 0.01 −1 ω = 10 −1

[α/ ]

M⋆, ∼ 106 !



ν = 0.05 −1 ω = 10 −1

ν = 0.2 −1 ω = 10 −1

M = (1.0 − 5.0) × 107 !

τ = 0.005

ν = 0.003 −1 ω = 10 −1

M = 1.0 × 107 ! τ = 0.005
ν = 0.01 −1 ω = 10 −1 M = 2.5 × 107 !

τ = 0.005

[α/ ]

ν = 0.001 − 0.01 −1 ν ≈ 0.05 −
0.5 −1

> 10 − 12

M⋆, ∼ 104 − 105 !

α

[α/ ]

α [α/ ]



[α/ ]

ω = 10 −1

α







4

D! = 26 ± 2

µ = 25.2±0.3 −2

M ∼ 104 !



α

α

α



φ(m)
ξ (M )

ξ (m,ψ(t), ) =

=

∫ M (ψ(t))

M

dM ξ (M )φ(m ≤ m , ).

∫ m

m

dmm ξ (m,ψ(t), ) = 1.

ξ ∝ M−β
β = 2

M = 5 !

logM = A+B log
ψ(t)

!
−1

,

A = 4.83 B = 0.75

M

φ(m) =

{
Am−α1 0.08 ! ≤ m < 0.5 !

Bm−α2 0.5 ! ≤ m < m

α1 = 1.30 α2 = 2.35
α2 = 2.3 + 0.0572 ·

m
M

m
150 !



m M

m

∼ 10 !
−1

≤ 1 !
−1

M

m

m

12
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m ψ(t) = 10−6
"

−1

ψ(t) = 1 "
−1

M = 5.0 × 108 !

τ = 0.5
M = 1.2 × 108 !

S ≡ r /r = 0.1 r = 1550
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