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Abstract

This study aims to shed light on the dark sides of sediment transport and
meandering channel flow patterns. For this purpose, the Large Eddy Simula-
tion methodology is used to investigate sediment transport in open-channel
flow and also to predict the meandering channel flow pattern in two sine-
generated channels.

In the turbulent flows the transported suspended sediments is usually
assumed in a passive form. In other word, the feedback effect of sediment
suspension on near-wall momentum transport is neglectable. The first phase
of this research is devoted to quantify the just mentioned effect in the open
channel flow. A single phase approach is used to gain better description of
sediment-turbulence interaction. The effect of suspended particles on flow
properties is presented through a buoyancy term in momentum equations.

The initial analysis of concentration profiles shows that the combina-
tion of large near-wall concentration and small deposition term, enhances
the suspension concentration in case of small particles. Considering the
buoyancy effect (two-way coupling model), the suspension concentration is
reduced compared to the passive case. In addition, the buoyancy effects on
the velocity field are also discussed. The comparison of streamwise mean
velocity profiles reveals that the interaction of suspended particles with the
underlying flow suppresses the vertical turbulent fluctuations and conse-
quently reduces the von Kàrmàn constant (κ). The results clearly show
that, in presence of large suspension, the two-way coupling approach should
be applied to represent the sediment-turbulence interaction.

The second phase of this research is dedicated to gain insight into the
complex three-dimensional nature of the meandering streams, in particular
the secondary flow and turbulence characteristics. The curvature-induced
secondary motion in the flow domain, which is the most typical feature of
meandering channel flow, depends on turbulence. This secondary current
removes the eroded material from the concave banks, transports it across
the channel, and deposits it on the convex banks.

In agreement with the conditions present in natural streams, the channel
center-line is idealized as a sine-generated curve, characterized by a down-
stream variation in curvature. Moreover, the presence of the free-surface
which moves according to the actual flow field conditions is considered in
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the numerical model. The numerical results reveal the significant influence
of the channel sinuosity on the velocity pattern as well as the development
of the secondary flow throughout the meandering bend. A detailed inves-
tigation of the bed shear stress and Reynolds stresses patterns clarifies the
complex interaction of the turbulence structure with the secondary motion
inside the bend.

In addition, a preliminary study is presented to clarify the distribu-
tion of suspended sediments in the meandering channel. Comparison of the
suspended sediment concentration contours reveals how the secondary flow
mechanism and bed shear stress contribute to the non-uniform distribution
of the dispersed phase.
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Chapter 1

Introduction

It has long been recognized that erosion and deposition processes occur nat-
urally in alluvial rivers and lead to change their form. The most commonly
occurring natural pattern in rivers, named meandering, consists of a series
of alternating curved reaches with pools at the outer bank, and deposition
along the inner bank.

A detailed understanding of flow through river meandering and the in-
teraction between that flow and the bed is a complicated process because
the flow is usually turbulent and characterized by a spectrum of rotational
eddies at various scales. In turbulent motion, the ability of mixing and
transporting momentum and scalars at rates much higher than those due
to molecular diffusion is another important feature. Until now, predictions
of flow and sediment transport in rivers have mostly been performed at the
levels of 1D and 2D simulations, which usually neglect the influence of sec-
ondary flows. However, three-dimensional effects are important for sediment
transport both in the bed-load mode and in the suspended mode.

During recent years, three-dimensional (3-D) computational fluid dy-
namics (CFD) modeling has emerged as a powerful tool for studying complex
flows in man-made channels and natural rivers. Differently from experimen-
tal studies, the computational approach can simulate at full scale and give
detailed information on the flow field.

The complex turbulent structures like secondary flow cells, vortices and
Reynolds stresses can be effectively and distinctly identified using high-
resolution eddy-resolving techniques. Nowadays, different computational
frameworks are used to solve Navier-Stokes equations which are the govern-
ing equations for any fluid flow. Direct Numerical Simulation (DNS) of the
Navier-Stokes equations has emerged as a leading research tool for exam-
ining the physics of turbulence at moderate Reynolds numbers because of
their unique ability to provide fully resolved spatial-temporal evolution of
the flow fields without any modeling approximation. On the other hand,
DNS is, in a way, the most straightforward approach to CFD which either
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2 Introduction

requires a high-resolution numerical schemes or a grid system with very fine
grid resolution. The only drawback in this approach is that solutions are
available only at low-to-moderate values of Reynolds number.

Thereby, instead of solving for the instantaneous flow-field, approaches
based on the Reynolds-average Navier-Stokes (RANS) equations are the
most prevalent for CFD problems. Since RANS deals with statistical quan-
tities of turbulent flows, the solutions are obtained through the use of turbu-
lence models, whose reliability depends on a number of empirical constants.

The Large Eddy Simulation (LES) methodology intermediate between
DNS and RANS seems to be more appropriate, since instead of averaging
the equations, it makes use of a low-pass spatial filtering in order to separate
the resolved scales from the sub-grid (non-resolved) scales. The main idea
of this method is to simulate the largest, most energetic turbulent motions
directly, while modelling the unresolved small-scale turbulence.

Over the years, LES has been used to investigate a wide class of flow fields
of interest in hydraulics. Herein, LES is used to investigate the suspended
sediment transport in turbulent open channels.

First, we numerically study the sediment transport in an idealized, straight
open-channel flow. We first analyse under which conditions the suspended
phase can be considered as passively transported by the carrying fluid. Suc-
cessively we move to the analysis of more complex, meandering flows.

Despite the importance of sediment erosion and sediment transport, the
fundamental aspects involved are far from being completely understood.
In the researches on the prediction of sediment transport for several flow
topologies and conditions, less attention has been dedicated to a critical
evaluation of scalar transport modeling. Available numerical experiments
have systematically adopted the Eulerian framework for dispersion model-
ing. The scalar quantity in this approach is assumed to be a passive scalar,
whose mass fraction is small and does not give a feedback on momentum
transport. Among the experimental studies, the influence of suspended par-
ticles on turbulence properties of mean flow has been considered through
a damping function applied to the eddy viscosity profile. When the mass
fraction of the dispersed phase is large, the two-phase flow framework can
be employed.

The objective of this study is to first provide a numerical study to further
investigate the effect of sediment transport on dynamics of turbulent flow.
Large Eddy Simulations are carried out to study scalar transport considering
both one-way coupling (passive scalar case) and two-way coupling approach
in Eulerian framework. The sediment-induced buoyancy term is considered
in the Boussinesq form of 3D Navier-Stokes equations.

Successively, turbulent flow in meandering channels is addressed. The
turbulent flow field in channel bend is quite complex. The presence of tur-
bulence, coherent structure and shear layers within high curvature bends,
impact the river erosion and sediment transport. The nonlinear interaction
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of curvature-induced secondary flow and primary flow leads to increased
anisotropy in circularly motion. The shorter length of the channel bend in
the inner bank compared to the outer bank, results in a non-uniform distri-
bution of stream-wise velocity in cross-stream direction. This redistribution
leads to the acceleration/deceleration zones of flow in inner/outer parts of
cross-section. The strength of secondary flow in channel bends which is a
function of channel curvature is varied along the bend. These variations can
directly affect the bed-shear stress distribution and consequently the ero-
sion pattern. Although details of turbulence and flow field have previously
been investigated for curved channel, most of these studies have involved
the sharp and circular bend. As far as we know the numerical models em-
ployed have not considered the presence of a free surface, thus limiting the
attention to flows with very low Froude number. This is the first time that
freely evolving free-surface is considered in the investigation of flow in me-
andering channel. We performed large-eddy simulations (LES) of flow in
two meandering channels. It is expected that insights gain from LES sim-
ulation of turbulent flow in meandering channel improve the understanding
of turbulent mechanism in natural rivers.

Since the properties of the flow passing through the meandering channels
is obviously different from the one in straight channels due to the presence of
the secondary flow, the study of concentration field in meandering channel
is presented in this thesis as well.

This thesis is structured as follows: the mathematical and numerical
models for open channel flow and dispersed phase are presented in chapter
2. In chapter 3, the sediment transport model is introduced to investigate
the suspended sediment concentration in a straight open channel flow. The
simulations are performed for one-way and two-way coupling approaches.
Different sediment sizes are tested and the results are compared with theo-
retical formula for validation. Chapter 4, is dedicated to study the complex
3D flow in meandering channels. The flow parameters are chosen to match
the experiment by Binns and da Silva [2015] for validation purposes. The
simulation results are presented for time-averaged flow properties. Finlay, in
chapter 5, the simulation results of suspended sediment in the meandering
channels are reported.
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Chapter 2

Mathematical Model

The purpose of this chapter is to describe the mathematical framework of
the Large Eddy Simulation. For this purpose, the theoretical basis of the
simulation including the conservation of mass and momentum equations,
is presented in Section 2.1. The LES approach and derivation of the corre-
sponding equations, as well as the subgrid-scale modeling in the filtered form
of Navier-Stokes equations are explained in Section 2.2. Section 2.3 deals
with the numerical method to solve the governing equations. The details of
the discretization technique which involves the grid system are covered in
Section 2.4.

2.1 Equations of Motion

As is well known, the conservation of mass (continuity) and Navier-Stokes
equations (N-S equations) are the governing equations of motion in a flow
field. The N-S equations comprise the momentum equations. For an incom-
pressible Newtonian fluid, the continuity and N-S equations can be written
as:

∂ui
∂xi

= 0, (2.1)

∂ui
∂t

+
∂

∂xj
(uiuj) =

1

ρ0
Π− 1

ρ0

∂p

∂xi
− gδi2 + ν

∂2ui
∂xi∂xj

, (2.2)

where i, j = 1, 2, 3 denote the three spatial directions x, y and z. The
spatial variables x, y, z represent stream-wise, wall-normal and span-wise
directions, respectively, ui is the velocity component in i-direction, Π is an
imposed pressure gradient driving flow, p is hydrodynamic pressure, ρ0 is
density of fluid and ν is kinematic viscosity, related to dynamic viscosity µ
by ν = µ/ρ0.
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6 Mathematical Model

The interaction between the flow and erodible bed in turbulent open
channels can result in sediment transport, leading to changes in bed bathymetry
and flow characteristics. Thereby, to understand and predict the behavior
of sediments transported by the turbulent flow, the concentration field has
been introduced by means of the advection-diffusion equation [Zedler and
Street, 2001]:

∂C

∂t
+

∂

∂xj
[(uj − vsδj2)C − ν

σ

∂C

∂xj
] = 0, (2.3)

in which C is local suspended sediment concentration, σ is Schmidt num-
ber (usually assumed to be 1), vs is sediment settling velocity which is di-
rected toward the gravity and varies depending on particle size.

2.2 Computational Approach: LES-COAST

In LES, the large, energy-carrying eddies are resolved completely and the
small structures are modeled. In order to obtain the filtered N-S equations
for the Large Eddy Simulation, a spatial filtering process was applied to the
governing equations. By application of this filtering, large and small struc-
tures can be explicitly separated.

The process involves a Kernel function G(x) which defines the filtered
property f as:

f i(x) =

∫
D
G(x, x

′
)fi(x

′
)dx

′
, (2.4)

where D is the entire domain and G(x, x
′
) is the Kernel function with a

relevant characteristic width ∆. This divides the variables into resolved and
subgrid-scale (fi = f i + f

′
i ). The Kernel function we use in LES-COAST

solver is defined as

G(x) =

{
1
∆

if |x| ≥ ∆
2

0 elsewhere
(2.5)

By imposing the Kernel function any spatial fluctuations shorter than
the characteristic length scale are effectively damped.

Thus, by filtering the continuity and N-S equations (Equation 2.1 and
Equation 2.2) and scalar transport equation (Equation 2.8) explicitly and
then using the above relations, the following filtered equations can be derived
when ui is decomposed into resolved and subgrid-scale (ui = ui + u

′
i):

∂ui
∂xi

= 0, (2.6)
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∂ui
∂t

+
∂uiuj
∂xj

=
1

ρ0
Π− 1

ρ0

∂p

∂xi
− gδi2 + ν

∂2ui
∂xj∂xj

− ∂τij
∂xj

, (2.7)

∂C

∂t
+

∂

∂xj
[(uj − vsδj2)C] =

ν

σ

∂2C

∂xj∂xj
− ∂χj
∂xj

, (2.8)

where over-bar symbol “−”defines the filtering operator in the LES ap-
proach. These filtered equations simulate the evolution of large scales, while
the effect of small scales are presented as SGS stress term τij in Equation 2.7
and as SGS scalar flux χj in Equation 2.8.

To close the system of equations the terms τij and χj , have to be rep-
resented. The SGS turbulent fluxes for flow and scalar quantity are respec-
tively expressed as:

τij = uiuj − uiuj (2.9)

χj = ujC − ujC. (2.10)

The SGS model commonly employs information from the smallest re-
solved scales as the basis to model the stresses of the unresolved scales. A
number of SGS models are introduced next.

The most commonly employed model for SGS stress tensor (Eddy Vis-
cosity SGS Model) was first introduced by Smagorinsky [1963]. The basic
assumptions in this model can be summarized as follows:

I an inertial subrange exists in the scales that encompass the grid size.

I there is a balance between the production and dissipation of the SGS
turbulent kinetic energy.

In the Eddy Viscosity SGS model, the term τij is proportional to the strain
rate tensor Sij of the resolved scales as follows:

τij −
δij
3
τkk = −2νsgsSij , νsgs = (Cs∆)2|S| (2.11)

where Sij = −νsgs
2 ( ∂ui∂xj

+
∂uj
∂xi

) and |S| =
√

2SijSij is its magnitude, νsgs

is SGS eddy viscosity, ∆ is a characteristic length scale associated with the
computational grid resolution and Cs is Smagorinsky coefficient which is
adjusted empirically.

To improve the modeling performance of the Eddy Viscosity SGS Model,
a dynamic Smagorinsky model is proposed (see Germano et al. [1991]) in
which an additional test filter is applied to the equations. In this model,
the coefficient of νsgs, (Cs) is determined locally by means of a dynamic
procedure using the Germano identity (Germano et al. [1991]).
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In Cartesian framework, the Germano identity is written as:

Tij = τij + Lij , (2.12)

in which Lij = ûiuj − ûiûj is the “resolved turbulent stresses”, and Tij =

ûiuj− ûiûj is the “subtest scale stresses” that appear if the test filter ·̂, with

width ∆̂ > ∆, is applied to the filtered continuity and Navier-Stokes equa-
tions (Equation 2.6 and Equation 2.7). Applying a least squares approach,
the coefficient Cs is evaluated as (Lilly [1992]):

Cs = −1

2

〈LijMij〉
〈MmnMmn〉

, (2.13)

where

Mij = ∆̂
2
|Ŝ|Ŝij − ∆̂

2
|S|Sij , (2.14)

and 〈·〉 represents an appropriate ensemble or local averaging required to
avoid the mathematical inconsistency that one encounters when removing
Cs from a filtering operation.

While the dynamic model provides realistic predictions of Cs in a suf-
ficiently resolved flow field, it has been found that the scale-invariance as-
sumption in this model causes an under-prediction of Cs near the wall.
To overcome this weakness, a Lagrangian version of dynamic Smagorinsky
model was developed by Meneveau et al. [1996] in which Cs is averaged
along fluid trajectories.

Among the aforementioned models, the contribution of the small scales
in this simulation is parametrized by the use of the dynamic model [Germano
et al., 1991] with the Lagrangian averaging technique proposed by Vreman
et al. [1994] (see Armenio and Piomelli [2000]).

In the present study, a LES code (LES-COAST) has been used to solve
the 3-dimensional Navier-Stokes equations for the incompressible flows and
the advection-diffusion equation for suspended sediment concentration where
the Boussinesq approximation for buoyancy effects is applied.The code is a
parallel message passing interface (MPI) solver that uses a finite difference
scheme. A spatial discretization is carried out using the second-order cen-
tered finite differences. The equations are advanced in time in semi-implicit
way [Armenio and Piomelli, 2000]. Over the years, the code has been vali-
dated and used in a wide class of problems (see for example Falcomer and
Armenio [2002] for an application on complex geometry and Taylor et al.
[2005] for an application in the free surface stratified flows). A version of
the model (LES-COAST) with ability to handle the real-scale estuarine and
coastal hydrodynamic mixing processes has been developed recently (see for
example Petronio et al. [2013], Galea et al. [2014]). One of our near-future
research activities, which the present activity constitutes the preliminary
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step, is to develop suspended sediment transport models to be incorporated
in LES-COAST.

2.3 Numerical Method

In the previous section, the equations of motions were presented in the
Cartesian framework. However, most of the engineering problems occur
over complex, irregular geometries which can not be handled well in the
Cartesian coordinate system. One approach to overcome this problem is to
employ curvilinear coordinates to transform the computational domain to a
rectangular domain.

In LES-COAST, the curvilinear form of equations are solved using a non-
staggered-grid layout where the Cartesian velocity components and pressure
are defined at the center of the cells and the volume fluxes are defined at
the corresponding faces.

Therefore, by considering:

∂ui
∂xj

=
∂ui
∂ξk

ξk
∂xj

, (2.15)

the system of equations (2.1-2.3) is rewritten in the curvilinear coordi-
nates form as:

∂Um
∂ξm

= 0, (2.16)

∂J−1ui
∂t

+
Um∂ui
∂ξm

= − ∂

ξm
(
∂J−1ξm
∂xi

p)− gδi2 − 2εijkΩiuk+

∂

∂ξm
(νGmn

∂ui
∂ξm

)− ∂τij
∂ξm

∂ξm
∂xi

, (2.17)

∂J−1C

∂t
+
∂UmC

∂ξm
=

∂

∂ξm
(kGmn

∂C

∂ξm
), (2.18)

where ξm indicates transformed coordinates (ξ, η, ζ), J−1 is inverse of
the Jacobian or the cell volume, Um is volumetric flux normal to the surface
of constant ξm and Gmn is mesh skewness tensor.

The just mentioned quantities are given by:

J−1 = det
∂xi
∂ξj

(2.19)

Um = J−1∂ξm
∂xj

uj (2.20)

Gmn = J−1∂ξm
∂xj

∂ξn
∂xj

(2.21)
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2.4 Numerical Discretization

The LES-COAST solves the governing equations using a semi-implicit frac-
tional step algorithm, accurate to second order both in space and time
[Zang et al., 1994]; it employs the Adams-Bashforth method for the ex-
plicit terms and Crank-Nicholson method for the implicit terms (diagonal
diffusive terms). Spatial derivatives are approximated with second order
central differences, except for the advective terms which are treated by a
QUICK scheme (which calculates the face value from the nodal values using
a quadratic upwind interpolation) to make the simulation more stable. The
discretized form of the equations is as follows:

δUm
δξm

= 0, (2.22)

J−1u
n+1
i − uni
δt

=
3

2
(Cni +DE(uni ))− 1

2
(Cn−1

i +DE(un−1
i )

+RI(p
n+1) +

1

2
(DI(u

n+1
i + uni )), (2.23)

in which δ/δξ defines the discrete finite difference operator. The quantities
Ci (convective terms), RI (the discrete operator for the pressure gradient
terms), DE(discrete operators representing respectively the off-diagonal vis-
cous term) and DI(the diagonal viscous terms) are expressed as:

Ci = − δ

δξm
(Umui), (2.24)

RI = − δ

δξm
(J−1 δξm

δxi
), (2.25)

DI =
δ

δξm
(νGmn

δ

δξn
), m = n (2.26)

DE =
δ

δξm
(νGmn

δ

δξn
), m 6= n (2.27)

The superscripts (such as n) represent the time step and ν is the appropriate
variable: uni .

By applying the fractional step method to Equation 2.23, the time inte-
gration of the momentum equation can be carried out where it can be split
into two steps called predictor and corrector. LES-COAST model solves the
Equation 2.23 by applying the fractional step method for each iteration.
In the fractional method, the predictor step is concerned with the time ad-
vancement of the advective and diffusive transport of momentum for an
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unphysical velocity u∗, as:

(1− ∆t

2J−1
DI)(u

∗
i − uni ) =

∆t

J−1
[
3

2
(Ci(u

n
i )) +DE(uni ))]

− 1

2
(C(un−1

i )) +DE(un−1
i )) +DI(u

n
i )]; (2.28)

Afterwards, the corrector step adjusts the flow-field considering the pres-
sure gradient. In this step, un+1

i is calculated from the intermediate velocity
u∗ such that the continuity equation is satisfied. From Equation 2.23 and
Equation 2.28 the terms un+1

i and u∗ are related to the pressure gradient
by:

un+1
i − u∗ =

∆t

J−1
[RI(φ

n+1)], (2.29)

in which , the term φ satisfies the following relation:

RI(p) = (J−1 − ∆t

2
DI)(

RI(φ)

J−1
). (2.30)

Interpolation of Equation 2.29 on the cell face yields:

Un+1
m = U∗m −∆t(Gmn

δφn+1

δξn
), (2.31)

where U∗m = J−1(δξm/δξj)u
∗
j is called the intermediate volume flux.

By replacing Equation 2.31 into Equation 2.22 the Possion equation for
the pressure φn+1 is obtained as:

δ

δξm
(Gmn

δφn+1

δξn
) =

1

∆t

δU∗m
δξm

. (2.32)

It should be noted that as Zang et al. [1994] indicated for solving the N-S
equations on a non-staggered grid, the pressure p and velocity components
ui are defined on the cell center while the intermediate volume fluxes Ui are
defined on the cell faces.
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Chapter 3

Large Eddy Simulation of
two-way Coupling Sediment
Transport1

In the present chapter numerical simulations are used to investigate sus-
pended sediment transport and its effect on the dynamics of the turbulent
boundary layer. We use an Euler-Euler methodology based on single-phase
approach. Large eddy simulation is employed to resolve the large scales of
motion, whereas the contribution of the small scales is parametrized by the
use of a dynamic Smagorinsky model. In order to account for sediment-
induced buoyancy on momentum, a buoyancy term is considered in the
three-dimensional Navier-Stokes equations through the use of the Boussi-
nesq approximation. We consider four sediment sizes and the simulations
are performed for both one-way and two-way coupling approaches to gain
a better description of sediment-turbulence interaction. The level of strat-
ification for each particle size is qualified by the bulk Richardson number
which increases by decreasing the grain size.

This chapter is structured as follows: Section 3.1 presents a general in-
troduction to the topic with a review on the previous studies. Section 3.2
provides a detailed discussion of the governing equations together with the
relevant non-dimensional parameters and of the numerical method. This is
followed by a description of the boundary conditions in Section 3.3. The sim-
ulation parameters are given in Section 3.4. The simulation results are pre-
sented in Section 3.5. Finally, concluding remarks are given in Section 3.6.

1Published in Advances in Water Resources 81, DOI: 10.1016/j.advwatres.2014.12.004
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3.1 Introduction

Prediction of sediment transport in turbulent flows is one of the most com-
plex issues in environmental engineering. A number of critical problems like
bed deformation, sedimentation in reservoirs and some kinds of pollutant
dispersion in marine environments are associated to sediment suspension
and transport. The erodible bed is typically mobile under the flowing fluid
which has sufficient strength to initiate general motion of uppermost par-
ticles of the bed. In bed load mode, where particles are moved along the
channel bed by rolling, sliding or saltation, the result is generally bed mor-
phology changes such as ripple or dunes which cause a complex interaction
with flow. When sediments are very small, they are suspended in the wa-
ter column and travel horizontally along length scales much larger than the
vertical one [Metha, 2013]. Suspension of polluted sediments has also long-
term/long-range ecological impacts on coastal and fresh water environments.
It may lead to transport of organic and inorganic matters and nutrients from
one area to another hence modifying water quality characteristics [Wetzel,
2001, Weyhenmeyer, 1996].

Several researchers addressed the problem of numerical modelization of
sediment transport in coastal engineering and related areas. Depending
on how sediments are treated in the flow field, the numerical models for
two-phase transport are classified as Euler-Lagrange and Euler-Euler. The
Euler-Lagrange approach is frequently used when the second phase occupies
a low fraction of total volume. The fluid is treated as continuum and ruled
by Navier-Stokes equations, while the dispersed phase is described by the
equation of motion for each particle. This approach has shown to be able to
describe the behavior of the particles, which selectively respond to the turbu-
lent time-scales, depending on their own characteristic time-scale (the latter
being related to the particle’s inertia) (see Armenio and Fiorotto [2001] and
literature therein cited for a discussion). Also, the Euler-Lagrange approach
is able to reproduce the increase of the particle free-fall velocity due to the
presence of turbulence (among the others, see the seminal paper by Wang
and Maxey [1993]). However, tracking large number of particles through
flow field is not practical in engineering problems.

The Euler-Euler approach, in which the governing equations for both
phases (momentum and sediment concentration) are derived according to
the continuum approximation, is more appropriate for engineering appli-
cations. Euler-Euler methods can be distinguished into two main classes,
namely two-phases and single phase models.

The two-phase approach (see among the others Hsu [2003]) is more gen-
eral and valid even when the sediment concentration is large; it consists in
solving mass and momentum conservation equations for both phases, namely
the liquid one and the sediment concentration one. The regions occupied by
the two phases are ruled by a mass fraction coefficient and coupling between
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phases is modeled through interaction forces like drag, lift and fluctuating
pressure force [Teisson et al., 1993].

The single phase approach, in which a single set of conservation equations
is solved for the mixture, is mainly valid for fine particles in suspension.
Sediment transport is accounted for through the use of an advection-diffusion
equation for sediment concentration. According to Uittenbogaard [1994],
this assumption holds if the settling velocity of particles is much smaller than
the vertical turbulent velocity fluctuations (vs � vRMS). This model is valid
under the restriction which limits the diameter of particles to the smallest
dynamic length-scale of turbulence [Villaret and Davies, 1995, Zedler and
Street, 2001]. As discussed by Winterwerp [2001] the condition for single-
phase approach is generally met in coastal problems characterized by the
presence of fine sediments having settling velocity of order 0.1 − 2mm/s,
which is smaller than the vertical velocity fluctuations.

In a single-phase, Euler-Euler model, the dispersed phase follows the flow
movement except for the vertical settling velocity which is parametrized by
means of empirical or analytical formulations. In this simplified model, the
feedback effect of particle concentration on momentum is usually not con-
sidered. In order to take into account for the influence of the suspended
particles on the mean flow, a two-way coupling approach must be employed,
meaning that the feedback effect of sediment concentration on momentum
transport needs parametrization. Among the others, buoyancy effects asso-
ciated to the space-time variation of the mixture density due to suspended
sediment concentration can be considered taking advantage of the general
theory of stable stratified flows. A state equation which defines the density
variation is added to the governing equations and an-extra term appears in
the momentum equations to model buoyancy effects (see, for instance, Guo
and Julien [2001]).

Over the years, numerous laboratory and theoretical studies have been
performed for the analysis of sediment-laden flows. Experimental investiga-
tions of particle suspension effects on the velocity profiles were first carried
out by Vanoni [1946], Enstein and Chien [1955] and Elata and Ippen [1961].
They observed a decrement of the von Kàrmàn constant as suspended sed-
iment concentration increases. In their experiments no deposition on the
bed was allowed. Vanoni [1946] argued that turbulence is damped due
to the buoyancy effect induced by suspended sediments. Gelfenbaum and
Smith [1986] verified the experiments of Vanoni [1946] by a semi analytical
approach which is based on the use of an empirical eddy diffusivity. He
concluded that a damping effect of sediment suspension should be included
in the model to reproduce the experimental data.

Coleman [1986] established a new point of view in interpretation of the
effect of suspended sediments on the velocity distribution in open-channel
flows. He argued that the velocity profile is controlled by the law of wake
in water column and the logarithmic part which is considered by Vanoni
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[1946] is limited to the lower 20% of water column. He concluded that the
von Kàrmàn constant is independent on suspended sediment concentration.
Lyn [1988] proposed a similarity approach for sediment-laden flows in which
two different concentration scales characterize the concentration profile in
the inner and outer region respectively, whereas the velocity profile is char-
acterized by a single scale common to both regions. His experimental results
for the velocity profile clarified that for a range of laboratory conditions, the
effect of sediment was confined to the near wall region.

Muste and Patel [1997] used discriminator laser-Doppler velocity (DLDV)
in open channel flow for velocity measurements with and without suspended
sediments with diameter ranging from 0.21 − 0.25 mm. In the experi-
ments, the range of sediment volumetric concentration was found in the
range 10−3 − 10−4. The authors found the mean sediment velocity to be
smaller than that of water, although the difference was not as significant as
in Coleman [1986] and Lyn [1988]. A slight decrease of streamwise veloc-
ity fluctuations and a significant decrease of vertical velocity fluctuations for
sediment phase were observed when comparing with clear water fluctuations.

In subsequent experiments, Muste et al. [2005] determined the inter-
actions between suspended particles and flow turbulent structures. They
found that particles extract turbulent kinetic energy from the flow. They
observed a gradual reductions of the von Kàrmàn constant with addition of
particles, irrespective of their density.

An experimental study was performed by Cellino and Graf [1999] to
investigate sediment-laden flow under capacity and non-capacity condition.
The capacity condition is defined as the maximum sediment load that a flow
can transport. Under this condition a layer of particles, composed of the
same particles as are in suspension, appears on the bed. For both cases,
to describe the vertical concentration distribution, they used the Rouse
equation which is derived by assuming a parabolic eddy-viscosity profile.
Specifically, they focused on the experimental determination of the β factor
appearing in the Rouse number y = vs/βκuτ where vs is settling velocity
of sediments, κ is von Kàrmàn constant and uτ is the shear velocity. They
found that, with small particles (d ' 0.1 mm), the β values at capacity con-
dition are smaller than unity. Analyzing the power spectral density function
of the turbulent kinetic energy, they found a decrease of power density in
the region of low frequencies due to the presence of suspended particles.
They also showed that the vertical velocity fluctuations of sediment-laden
flow decrease continuously with increasing suspended concentration and also
gave an explanation for the damping effect of solid suspended particles on
the turbulence of flow.

Guo and Julien [2001] carried out a theoretical analysis in sediment-laden
flow and considered the effect of suspension on turbulence in terms of gov-
erning equations. The authors showed that sediment suspension causes an
increment of the mean flow energy loss and affects the velocity profile due to
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the presence of concentration and density gradient. Winterwerp [2001] stud-
ied stratification effects of sediment suspension of cohesive and non-cohesive
particles with a one-dimensional vertical (1DV) numerical model. Com-
parison of the non-cohesive particle results with experimental data of Gust
[1984], clarified that the velocity profile modification is caused by sediment-
induced buoyancy term in the turbulent kinetic energy equation.

Despite extensive studies of suspended sediment transport and turbulence-
sediment interaction, few numerical investigations survey the effect of sus-
pension on both mean flow and concentration profile. Further, the effect of
suspended sediment concentration on the turbulent field has still to be com-
pletely clarified. The aim of the present research is twofold: 1) We study the
effect of suspended sediments on the dynamics of turbulent flow field and
quantify the effect of variation of sediment size on the hydrodynamic and
concentration fields; 2) We compare the results of two different Euler-Euler,
single-phase modelizations to identify their own range of validity: the first
one where buoyancy effects on momentum are neglected (henceforth denoted
as one-way coupling); the second one where buoyancy effects on momentum
are considered (henceforth denoted as two-way coupling).

We employ Euler-Euler single-phase approach, which considers the two
phases as a mixture. As previously discussed, in the case of low volumetric
sediment concentration and settling velocity much smaller than vertical ve-
locity fluctuation, the single phase approach can be used. We use the Boussi-
nesq approximation of the Navier-Stokes equations to account for sediment
induced buoyancy effects. This approach is widely in use for the analysis of
stratified flows and applies when the density variations in the field are much
smaller than the bulk density of the flow. According to this approach the
feedback effect of concentration on momentum occurs through a modified
gravity term. This is the methodology adopted in the present study.

The simulations are carried out for different particle sizes in a range of
0.1 − 0.65 mm. To verify the effect of mutual interaction between the two
phases through buoyancy, the statistics of the flow field will be discussed for
both one-way and two-way coupling cases.

3.2 Mathematical Method

3.2.1 Governing Equations

Considering the Euler-Euler single-phase approach, the flow field obeys the
3-dimensional Navier-Stokes equations for incompressible flows, while the
advection-diffusion equation describes the transport of sediment concentra-
tion in the flow domain as scalar quantity. The Boussinesq approximation
for buoyancy effects is applied. We use LES, in which the large, anisotropic
and energy-carrying scales of motion are directly solved through an unsteady,
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three-dimensional numerical simulation; the small, more isotropic and dis-
sipative scales are modelled by means of a subgrid-scale (SGS) closure.

Recalling the earlier discussion in Section 2.2, application of a filter (de-
noted by the over-bar) to conservation equations gives:

∂ui
∂xi

= 0, (3.1)

∂ui
∂t

+
∂uiuj
∂xj

=
1

ρ0
Π− 1

ρ0

∂p

∂xi
− gmδi2 + ν

∂2ui
∂xj∂xj

− ∂τij
∂xj

, (3.2)

where u1, u2 and u3 (or u, v and w) are the velocity components in
the stream-wise x1 (or x), vertical upward x2 (or y) and span-wise x3 (or
z) directions, Π is an imposed pressure gradient driving the flow, p is the
hydrodynamic pressure, ρ0 is the density of the fluid, gm is the modified
gravity (defined later on) and ν is the kinematic viscosity of the fluid. The
effect of unresolved velocity field to the resolved large scales of motion is
accounted for in τij .

Similarly, filtering the scalar transport equation for suspended sediments
yields:

∂C

∂t
+

∂

∂xj
[(uj − vsδj2)C] =

ν

σ

∂2C

∂xj∂xj
− ∂χj
∂xj

, (3.3)

where C is the sediment concentration. σ is the Schmidt number assumed
to be 1 as in Kraft et al. [2011] and vs is the sediment settling velocity; The
term χj represents the contribution of the unresolved scales to the resolved
concentration fluxes.

As mentioned before, to account for the effects of sediment concentration
on the flow field, we consider the modified gravity in Navier-Stokes equa-
tions. We account for weak density variations in buoyancy effects through
the Boussinesq approximation. Therefore, we retain density variations in
the buoyancy term in the vertical direction of the momentum equation. We
define the buoyancy coefficient as:

cb =
ρs − ρ0

ρ0
C, (3.4)

where ρs and ρ0 are sediment and clear-water density, respectively. Thus,
the modified gravity is obtained as [Teisson et al., 1993, Winterwerp, 2001]:

gm = gcb, (3.5)

in which g is gravitational acceleration. When Eqs. 3.4 and 3.5 are used
in the LES context, instantaneous filtered values must be considered for C
and gm.
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The SGS turbulent fluxes for sediment concentration (χj = ujC − ujC)
are expressed as:

χj = −ksgs
∂C

∂xj
. (3.6)

Here ksgs is the SGS concentration diffusivity obtained dynamically using
the procedure described in Armenio and Sarkar [2002].

In LES, filtering implies removing out the SGS contribution from the
total fluctuating field. If the symbols ′ and ′′ respectively denote total and
resolved fluctuations, for a generic turbulent quantity R, its fluctuation can
be written as:

R′(xi, t) = R′′(xi, t) +Rsgs(xi, t). (3.7)

The quantity Rsgs(xi, t) by itself is unknown, but the SGS contributions
to the turbulent momentum and concentration fluxes are known, so that,
for the total fluxes we can write:

< u′iu
′
j >=< u′′i u

′′
j > +τij

< C ′u′j >=< C ′′u′′j > +χj .
(3.8)

Hereafter, when discussing second-order statistics, we refer to total quan-
tities, sum of the resolved one and the SGS one.

For sediments with mean diameter d in the range of 0.1 − 1 mm, the
settling velocity vs is estimated by using the formulation of Zanke [1977]
which considers the balance between gravitational force and drag resistance
of a particle moving in a fluid otherwise at rest:

vs =
10ν

d
[(1 +

0.01(s− 1)gd3

ν2
)0.5 − 1], (3.9)

where s = ρs/ρ0 is the specific gravity of suspended sediments. For sand
particles smaller than about 0.1 mm (Stokes-range) the settling velocity is
better described by:

vs =
1

18

(s− 1)gd2

ν
. (3.10)

According to the sediment size considered, we apply the correspondent for-
mulation in our simulations.

3.2.2 Non-dimensional parameters

In stratified shear flows, the gradient Richardson number has been largely
used to assess the stability of the flow. In a one-directional flow, it is defined
as:
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Rig =
N2

S2
=
− g
ρ0

∂〈ρ〉
∂y

(∂〈u〉∂y )2
, (3.11)

where N is the buoyancy frequency and S stands for the mean vertical
shear. The symbol 〈.〉 denotes Reynolds averaging as defined in Section 4.
Considering the effect of concentration on the density distribution, we have:

ρ = ρ0 + (ρs − ρ0)C. (3.12)

By using Equation 3.12 in Equation 3.11, we get:

Rig =
sg ∂〈C〉∂y

(∂〈u〉∂y )2
. (3.13)

Values of Rig larger than 0.2 − 0.25 indicate very stable conditions where
high stratification inhibits mixing because of the strong restoring buoyancy
force.

A parameter which quantifies the level of stratification in the flow is the
bulk Richardson number:

Rib =
∆ρgδ

2ρ0u2
b

, (3.14)

where ∆ρ is the density variation over the channel height δ. Using
Equation 3.12, we obtain:

Rib =
sgδ

2u2
b

∆C, (3.15)

where ub = 1/δ
∫ δ

0 u dy and ∆C =< Cref > − < Cfs > is the concentra-
tion difference between the bottom and the free surface of the channel. In
sediment-laden flows the mixing efficiency is represented by the turbulent
Schmidt number σt which is the ratio between the vertical momentum and
scalar fluxes as:

σt =
νt
kt
, (3.16)

where νt and kt are the turbulent momentum and concentration diffusivities
respectively. Assuming uni-directional shear flows, νt and kt are defined
using the gradient-transport hypothesis as:

νt = − 〈u
′v′〉

∂〈u〉/∂y
, (3.17)

kt = − 〈C
′v′〉

∂〈C〉/∂y
. (3.18)
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3.3 Boundary Condition for the Concentration

A critical issue in sediment transport modeling is the definition of the ap-
propriate boundary conditions for the concentration. While solving the gov-
erning equations, two types of boundary conditions need to be prescribed,
namely at the free surface and at the bottom surface. At the free surface,
the net instantaneous vertical flux must be zero, that is:

vsC +
ν

σ

∂C

∂y
= 0. (3.19)

The bottom boundary condition may be prescribed in two ways, namely
assigning the reference concentration or the sediment net flux. A wide va-
riety of expressions exist in literature for predicting the near-bed reference
concentration of suspended sediments. In this study, the expression for ref-
erence concentration is that given by Smith and Mclean [1977] and reads:

Cref = C0
γ0S0

1 + γ0S0

, (3.20)

with

S0 =
τw − τcr
τcr

, (3.21)

where γ0 = 2.4 ∗ 10−3 is a constant and C0 = 0.65 is the maximum permis-
sible concentration for single-grain spherical sediments. The reference con-
centration is a function of the instantaneous bed shear stress (τw) and the
critical bed shear stress (τcr). When the bed shear stress exceeds the critical
value, the sediments are eroded from the bottom surface and suspended into
the flow field. Conversely, when the bed shear stress is smaller than the crit-
ical value, erosion is absent. The quantity Cref quantifies the ability of the
flow to carry in suspension sediments placed at the bed. As will be discussed
later, it decreases with the increase of the sediment size. Equation 3.20 is
one among the possible choices available in literature (see Amoudry [2008]
for a review on the subject). The advantage of the Smith and McLean
formula used in the present study consists in the presence of a maximum
available concentration equal to 0.65. The presence of such an upper limit
is consistent with the physics of suspended single-grain sediments.

Although the Shields diagram slightly underestimates the critical bed
shear stress in the region of suspended transport, for simplicity in the present
paper we use values obtained from Shields curve. It establishes a relation-
ship between the critical Shields parameter θcr = τcr/(ρs − ρ0)gd and the
non-dimensional particle size d+. For suspended sediment transport, a third
dimensionless parameter in the Shields diagram ( Figure 3.1) can be intro-
duced as [Vanoni, 2006] :
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Ss =
d

ν
[0.1((

ρs
ρ0
− 1)gd)]0.5, (3.22)

which depicts as a family of inclined parallel lines (dashed lines in Fig-
ure 3.1); each line corresponds to a constant value of the parameter Ss. A
particular set of flow/sediment configuration is represented by a point along
the inclined lines. The intersection of such lines with the Shields curve
yields the critical stress value. The distance of the point from the Shield
curve provides an indication of flow potential to transport sediment in sus-
pension. The flow conditions analyzed in the present study are denoted by
cross symbols in Figure 3.1. The instantaneous bed shear stress is computed
by:

τw =
√
τ2
x + τ2

z, (3.23)

where τx and τ z are the instantaneous bed shear stress components in
stream-wise and span-wise directions respectively.

3.4 Simulation Parameters

In the present work we consider an archetypal problem, namely sediment
suspension in a turbulent open channel flow. The flow develops between
two infinite horizontal planes, a solid one at the bottom and a shear-free
surface at the top, the latter mimicking the presence of a free-surface in
absence of waves. The flow is driven by a constant pressure gradient Π
which yields a shear velocity uτ =

√
τw/ρ0 =

√
δΠ/ρ0 = 0.01m/s. This

gives a friction Reynolds number of Reτ = uτδ/ν = 600 and a Froude
number of Fr = uav/

√
gδ = 0.2. We perform a wall-resolving LES, meaning

that we directly solve the near-wall layer up to the wall without using a wall
layer model. The channel has dimensions 5δ and 2.5δ in stream-wise and
span-wise directions, respectively, where δ = 0.06 m is the channel height.
The spatial resolution of grid cells is Nx ∗Ny ∗Nz = 64 ∗ 32 ∗ 64. The grid
is not uniform in the wall normal (vertical) direction. The grid we use gives
∆x+ = 46, ∆z+ = 23 and ∆y+ = 1 at the first grid point off the wall 2; in
the wall-normal direction 5 grid points are placed within ∆y+ = 10. The
grid spacing and the point distribution in the wall-normal direction satisfy
the requirements for wall-resolving LES.

Periodic boundary conditions are imposed along the horizontal direc-
tions allowing reproduction of a laterally unbounded flow, a free-slip b.c. is
imposed at the top surface and no-slip condition is applied at the channel
bed. In order to assess the effect of buoyancy, the non-dimensional grain
sizes are chosen as d+ = uτd/ν = 1, 3, 5, 6.5 and the sediment density is

2the index + denotes quantities made non-dimensional with the wall-unit ν/uτ
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Figure 3.1: Shields diagram (after Vanoni [2006]). The dashed lines represent the values
of parameter Ss for our study and cross symbols mark the position of the present test
cases with d+ = 1, 3, 6.5.

ρs = 2650kg/m3. The cases with d+ = 1, 3 and 6.5 are plotted in Fig-
ure 3.1 as cross symbols. We are aware that most particle diameters are
larger than the near-wall cell size used in the simulations. However we re-
call here that we are not using a Lagrangian particle model, rather we use
a continuum Eulerian model for the sediments, and the diameter must be
considered as a quantity ruling the Shields parameter and the terminal fall
velocity of the concentration C.

For cases d+ = 1, 3, 5 and 6.5, we calculate the settling velocity through
Equation 3.9 and for d+ = 1 Equation 3.10 is applied. Morphological effects
are not considered in the present work. The initial sediment concentration
in the flow is set to zero. Simulations are run up to the development of a
statistically steady state and then continued to accumulate statistics. As
mentioned, statistical quantities are calculated Reynolds averaging in time
and over the x− z, horizontal planes of homogeneity:

〈R〉(y) =
1

T lx lz

∫ ∫ ∫
R(x, y, z, t)dx dz dt, (3.24)

where R is a generic turbulent quantity.

3.5 Results

3.5.1 Mean Field

The mean properties of the flow field are discussed in this section. We first
discuss saturated sediment concentration profiles defined as the balance be-
tween sedimentation by gravity and diffusion by turbulence [Rouse, 1937].
The concentration profile is analyzed over two main steps. First we discuss
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Figure 3.2: The normalized vertical profile of averaged sediments concentration for 4
different particle sizes. d+ = 1: solid line, d+ = 3: dashed dot line, d+ = 5: dashed
line, d+ = 6.5 : dashed dot dot line; One-way coupling simulation (diamond); two-way
coupling simulation (delta).

the variation of the concentration profile along the channel height. After-
ward, we focus on the effect of grain sizes on the suspended concentration
for each pair of one-way and two-way coupling cases.

The Reynolds averaged form of the sediment concentration equation
reads:

k
∂ < C >

∂y
− < C ′v′ > + < C > vs = Fc, (3.25)

where Fc is the concentration flux at the wall, which is a negative quantity
(Table 3.1). On the left hand side (LHS) of Equation 3.25 the concentration
flux is composed of three terms, namely the sediment diffusive flux (negative
quantity), the turbulent one (positive quantity) and the deposition contri-
bution < C > vs (negative quantity). The sum of the absolute values of the
three terms on the LHS balances the absolute value of the term on the right
hand side (RHS). As a result of the analysis of the terms of Equation 3.25
the larger the deposition flux is the smaller the sum of the diffusive and
turbulent fluxes is. We first discuss the one-way coupling cases, where the
buoyancy effect associated to sediment concentration is neglected.

Close to the wall, the turbulent flux is negligible compared to the diffu-
sive one and we observe a steep slope of the concentration profile which is
partially compensated by the deposition flux which is large close to the wall.
Moving upward, the turbulent flux gets more relevant and deposition and
molecular fluxes get smaller and smaller. The no-flux boundary condition
prevents the upward flux at free surface. The described behavior is common
to all concentration profiles depicted in Figure 3.2.

As the particle diameter decreases, (Figure 3.2 from left to right, lines
with diamond symbol), the ability of the flow field to erode sediments from
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the bed increases. As shown in Equation 3.9Equation 3.10, the settling
velocity is proportional to the second power of particle diameter. Larger
particles experience a larger settling force (Table 3.1), which leads to larger
deposition. In contrast, small settling velocity will allow particles to stay
in suspension. The total deposition term (< C > vs) is not the only rele-
vant term in establishing the net suspension amount. The erosion rate from
the bed channel, quantified by Cref , also has a crucial role in this balance.
Comparing particles by size, from the biggest (d+ = 6.5) to the smallest
(d+ = 1), we observe enhancement of available sediment concentration in
the water column (see Table 3.1). In summary, the concentration profile is
strongly sensitive to the variation of the particle size and a smaller value
of the particle diameter results in higher concentration level and larger sus-
pended load.

When mutual interaction between concentration and momentum is con-
sidered through the buoyancy term in Equation 3.2, the concentration pro-
files change compared to the previous (one-way coupling) cases. For each
particle size, the two-way coupling profile is shown in Figure 3.2 by delta
symbols. Equation 3.25 remains unchanged although the redistribution of
the three terms on the LHS varies due to stratification effects (see Ta-
ble 3.1). Specifically, since the turbulent concentration flux (shown in sub-
section 3.5.2) decreases with the reduction of the sediment diameter, the
sediment diffusion flux must increase (as absolute value being it negative)
thus reducing the concentration upward and consequently reducing the de-
position process. Overall, the amount of suspended concentration in the flow
column appears reduced compared to the non-stratified case. This effect is
well observable when the non-dimensional diameter of sediments is smaller
than 3.

To identify the density variation level by a single value, each particle
size is represented by the corresponding bulk Richardson number (see Ta-
ble 3.1). For the largest particles (Rib = 0.028) the concentration profile
is nearly insensitive to buoyancy effects. This has to be attributed to the
fact the deposition term is large and the available sediment concentration
Cref is small. As a result the concentration of sediments moving out of
the wall region is very small and the feedback effect on momentum through
buoyancy is negligible. As the sediment size decreases (Rib = 0.031, see
Figure 3.2), the difference between one-way and two-way coupling cases is
approximately constant along the channel height except near the wall re-
gion. This because concentration is not negligible in the wall region due to
the reduced deposition term (Table 3.1), thus producing buoyancy effects on
momentum. However, moving out of the wall, concentration remains small
and the buoyancy effect is negligible. By further decreasing the particle
size (Rib = 0.038 and 0.041), the difference between one-way and two-way
coupling gets relevant. This happens because of the combination of large
available concentration Cref and small deposition term (Table 3.1); particle
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Figure 3.3: Two-way coupling sediments concentration profiles (delta) and Rouse equation
(no symbol) for different particle sizes. d+ = 1: solid line, d+ = 3: dashed dot line,
d+ = 5: dashed line ; Rouse fitted profile, β = 0.1:solid line, β = 0.38:dashed dot line,
β = 0.6:dashed line.

concentration penetrates more and more in the fluid column thus giving rise
to detectable buoyancy effects. The increasing buoyancy penetration effect
with reduction of sediment diameters can be clearly visualized plotting the
vertical distribution of the gradient Richardson number for the three cases
(Figure 3.4).

According to Armenio and Sarkar [2002] two regions may be detected:
for Rig � 0.2 (buoyancy-affected regime), turbulence is active but reduced
due to stratification effects; for Rig � 0.2, (buoyancy-dominated regime),
turbulence is suppressed and internal gravity waves may be generated. In
Figure 3.4 it clearly appears that decreasing the particle size (increasing Rib)
gives an increase of Rig along the fluid column, indicating enhancement of
stable stratification effects in wider and wider regions of the fluid column.
The buoyancy dominated regime practically occurs for Rib = 0.041 only, in
a small region far from the wall. In this case sediment-induced buoyancy
may significantly affect the flow.

In classical studies of sediment transport, the vertical profile of mean
concentration is expressed though the theoretical Rouse profile, already men-
tioned in Section 3.1:

C

Cref
= (

δ − y
y

.
a

δ − a
)α; α =

vs
βκuτ

, (3.26)

where the reference concentration Cref is calculated at elevation a and α
is the Rouse number. The parameter β, which relates sediment and mo-
mentum diffusion coefficients is generally assumed to be 1. The theoretical
expression has been found for high values of Re where turbulence is not
affected by viscous effects and assuming turbulent diffusivity of the concen-
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Table 3.1: Bulk Richardson number Rib, non-dimensional settling velocity vs, mean ref-
erence concentration< Cref >, concentration flux Fc and deposition term (< Cref > vs)
for different particle sizes at wall, where Rib = 0 stands for one-way coupling approach.

d+ = 1 d+ = 3 d+ = 5 d+ = 6, 5

Rib = 0 Rib = 0.041 Rib = 0 Rib = 0.038Rib = 0Rib = 0.031Rib = 0.Rib = 0.028

vs/uτ 8.7 ∗ 10−3 8.7 ∗ 10−3 7.7 ∗ 10−2 7.7 ∗ 10−2 0.22 0.22 0.33 0.33
< Cref > 0.42 0.38 0.39 0.36 0.32 0.32 0.29 0.29
Fc/uτ −0.075 −0.051 −0.155 −0.128 −0.242 −0.241 −0.309 −0.310

(< Cref > vs)/uτ−3.65 ∗ 10−3−3.3 ∗ 10−3 −0.03 −0.027 −0.072 −0.071 −0.0957 −0.0957

Figure 3.4: Vertical profile of gradient Richardson number for three stratification levels,
diamond: Rib = 0.041 , delta: Rib = 0.038, circle: Rib = 0.031.

tration constant along the depth.
Here we place our results for two-way coupling approach within the

Rouse equation context. As done by Muste et al. [2005], we vary the param-
eters of the Rouse equation to fit the numerical results. The reference height
appearing in Equation 3.26 is chosen to be at the first centroid off the wall
and the parameter β varies between 0.1 and 0.6. The profiles are shown
in Figure 3.3. For smaller sediments (larger volume concentration in the
water column), the fit is fairly good. As sediments concentration decreases
in the water column (d+ = 5) the Rouse-fitted profile substantially differs
from simulated data. This is reasonable since larger particles are more likely
transported according to the bed-load mode and hence, the Rouse formula,
which describes suspended mode transport, may be not suited. The need to
use values of β smaller than the canonical one may be related to Reynolds
number effects and to the assumption of constant turbulent diffusivity of
sediment concentration along the depth [Muste et al., 2005].

Here we discuss the effect of sediment concentration on the velocity
field. Interaction of suspended particles with the underlying turbulent flow
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changes the dynamic behavior of flow because more variables like the sedi-
ment concentration and density gradient are involved in sediment-flow sys-
tem. The comparison of stream-wise mean velocity profiles obtained by the
two-way coupling model with the passive scalar (one-way) case is shown
in Figure 3.5. In the passive scalar case the velocity profile is unaltered
changing sediment size from case to case. This obviously happens because
concentration does not interact with the velocity field in the momentum
equation. In the two-way coupling case, it is observed that in presence of
sediments, the vertical profile of stream-wise velocity is modified by buoy-
ancy effects. From studies of suspended sediment transport as well as of
stratified wall-bounded turbulence, it is known that turbulence is damped
by density gradients [Vanoni, 1946, Muste and Patel, 1997, Cellino and Graf,
1999, Armenio and Sarkar, 2002]. In particular, the correlation between
vertical and stream-wise velocity fluctuations is reduced by the presence
of stratification. Accordingly, vertical momentum transport is suppressed
compared to the passive scalar case. In the flow herein investigated, the
total mean shear stress is independent on stratification and varies linearly
from the maximum value at the wall (τw) to the value 0 at the free-surface.
It is composed of two contributions in the Reynolds-averaged equation; the
Reynolds shear stress and the viscous mean shear stress:

τ(y) = − < u′v′ > +ν
∂〈u〉
∂y

= τw(1− y

δ
). (3.27)

To keep the total shear stress in balance, the mean velocity gradient must
increase when the Reynolds shear stress decreases for stratification effects
(see Figure 3.6a in subsection 3.5.2). This increase is more significant for the
smallest particle (Rib = 0.041), namely for large buoyancy effects. For the
largest particles (Rib = 0.031), Rig is small along the fluid column and hence
the mean velocity profile does not show any observable change comparing to
one-way coupling model. As quantified by the vertical distribution of Rig,
this is due to the fact that the concentration gradient level is not strong
enough to alter the vertical distribution of the Reynolds shear stress. For
larger values of Rib corresponding to smaller sediment diameters, Figure 3.5
shows a decrease of the von Kàrmàn constant associated to the increase
of suspended particles in the flow. This result agrees with the findings
of Vanoni [1946], Muste and Patel [1997], Gelfenbaum and Smith [1986].
The decrease of κ is a consequence of the increased mean velocity gradient.

To summarize, reduction of sediment size produces larger suspension in
the flow field. This happens because the available concentration at the wall
increases and at the same time the deposition term decreases. This large
suspension causes a reduction of the Reynolds shear stress and thus the
increase of flow velocity which reflects on the decrease of the von Kàrmàn
constant. By the other side, buoyancy effects increase the vertical concen-
tration gradient due to a strong decrease of the turbulent concentration flux
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Figure 3.5: Vertical profile of averaged stream-wise velocity for three stratification levels.

in the fluid column. When sediment suspension is large in the fluid column
two-way coupling effects cannot be neglected.

3.5.2 Turbulent Fluxes

As discussed, suspension varies the level of turbulence in the flow field. To
show this, we present the vertical distribution of turbulent shear stress 〈u′v′〉,
of the vertical turbulent intensity vrms =

√
〈v′v′〉, and of the turbulent

concentration flux 〈C ′v′〉. First we show the vertical profile of the Reynolds
shear stress which is also discussed in the previous Section to explain the
decrease of the von Kàrmàn constant of the mean velocity profile. The
non-dimensional vertical profiles of 〈u′v′〉 are given in Figure 3.6a, for the
passive scalar case and the two-way coupling simulation results, for three
sediment diameters. The figure also shows the straight line representing the
total stress (right-hand side of 3.27). A significant difference can be noted
between the strong stratification case Rib = 0.041 and the passive scalar
case. By decreasing the bulk Richardson number (increasing sediment size)
the difference decreases, and for the bulk Richardson number Rib = 0.031 a
marginal decrease of Reynolds shear stress is observed. To be noted that the
decrease of 〈u′v′〉 obtained in our simulations is larger than that measured
in the experiments of Muste et al. [2005]. This can be attributed to the fact
that the Reynolds number of our simulation (based on the bulk velocity) is
equal to 9600, much smaller than that of the reference experiments (17600).
In fact, it is well known that the increase of Re makes the flow less sensitive
to stratification effects.

Increasing the suspended concentration in the flow field (decreasing the
particle size) causes a noticeable reduction of the vertical velocity fluctua-
tions. This is clearly shown in Figure 3.6b, where we report the wall-normal
(vertical) turbulent intensity vrms, scaled with the shear velocity, for the
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passive scalar and the two-way coupling cases. The results are consistent
with the finding of Muste and Patel [1997] and Cellino and Graf [1999] which
indicate the suppression of vertical turbulent momentum flux in presence of
suspended particles.

In Figure 3.6c we present the variation of the turbulent concentration
flux normalized by uτCref . A comparison between one-way coupling and two
way coupling is shown for d+ = 1 and d+ = 3, respectively. In all cases, the
quantity is zero at the opposite boundaries and reaches the maximum value
in the buffer layer of the boundary layer (see Pope [2000] for a definition).
In the two-way coupling simulations, the turbulent concentration flux is
always smaller than the correspondent one-way coupling case. For larger
particle size (d+ = 3), smaller deviation from the one-way coupling result is
observed, compared to d+ = 1. This behavior explains the variation of the
mean concentration profile discussed in subsection 3.5.1.

3.5.3 Turbulence Power Spectra

Spectral analysis is a useful tool to understand how the turbulent kinetic
energy distribution along the wave modes is altered by sediment suspension
in the flow. In spectral analysis, turbulent fluctuations are considered as
superposition of different spatial modes. Large length-scale structures ex-
tract energy from the mean flow, then transfer the energy to smaller and
smaller scales up to viscous dissipation occurring around the Kolmogorov
micro scale.

In Cellino and Graf [1999] it has been shown that sediment suspension
reduces the turbulent power density in the range of low wave modes. Here,
the spatial power spectra were computed for vertical fluctuating velocity at
y/δ = 0.5. Figure 3.7 shows the comparison between one-way and two-way
coupling power spectra for the strongest stratification cases herein investi-
gated (Rib = 0.041, 0.038). Note that the integral of the power spectra of
the vertical velocity fluctuations is equal to the vertical Reynolds stress:∫ ∞

0
Evv(kx)dk = v′v′. (3.28)

The power density associated with the low spatial modes slightly de-
creases in the two-way coupling cases. This effect is more noticeable for
small sediments (strong stratification case) in Figure 3.7b. Our result is
consistent with the analysis of Cellino and Graf [1999] who observed the
same behavior by adding suspended particles to clear-water. The difference
is more remarkable in the low wave-number range, indicating that the pres-
ence of suspended sediments tends to destroy, at a larger extent, the large
scales of turbulence.
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(a)

(b)

(c)

Figure 3.6: Turbulent fluxes for different stratification levels. (a) Turbulent shear stress
(〈−u′v′〉) and (b) vertical turbulent intensity (vrms). Total shear stress: dash line, passive
scalar case: circle, Rib = 0.031: square, Rib = 0.038: diamond, Rib = 0.041: gradient. (c)
Turbulent concentration flux. Passive scalar case for d+ = 1: diamond, two-way coupling
for d+ = 1: right triangle, passive scalar case for d+ = 3: gradient, two-way coupling for
d+ = 3: square.
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(a)

(b)

Figure 3.7: Comparison of spatial turbulence power spectra (Evv) for one-way (square)
and two-way coupling (star) at y/δ = 0.5(a) Rib = 0.038 (b) Rib = 0.041.



Results 33

Figure 3.8: Vertical profile of turbulent Schmidt number for different levels of stratification,
diamond: Rib = 0.041, delta: Rib = 0.038, circle: Rib = 0.031.

3.5.4 Turbulent Diffusivity

The estimation of turbulent momentum and concentration diffusivities by
Equation 3.17 and Equation 3.18 is relevant for modelling purposes when
using engineering tools for prediction of sediment suspension. As already
discussed, the turbulent Schimdt number provides information on the ratio
between turbulent momentum and concentration diffusivities. The Reynolds
analogy assumes σt ≈ 1 in the inertial part of the boundary layer. We have
calculated directly σt by post-processing data of our simulations and show
its vertical profile for different sediment sizes in Figure 3.8. Our results show
that σt is nearly constant along the fluid column and increases with stratifi-
cation. This is consistent with theory of stratified flows, since stratification
inhibits vertical diffusivity of the sediment concentration at a larger extent
than momentum diffusivity. On average, σt increases from a value σt = 0.75
for Rib = 0.031 to a value σt = 1.1 for Rib = 0.041, somewhat confirming
the validity of the Reynolds analogy for this class of flows.

The effect of suspended sediments on the coefficient of concentration
diffusivity (defined as kt/(uτδ) has been analyzed. Usually, the vertical
distribution of diffusivity is presented for different values of the parameter
β = vs/uτ appearing in the Rouse equation. In general, the diffusivity
coefficient is nearly constant in the inertial part of the boundary layer and
increases with β. We have calculated the non-dimensional concentration
diffusivity from our numerical data and placed it over a plot containing the
experimental data of Gust [1984]. When comparing our numerical results
with experimental data we must consider that in our study 8.7∗10−3 < β <
0.33. The corresponding value of β for Rib = 0.031 is about 0.22 which is in
the range of values as those of the Coleman’s experiments. In agreement with
the experimental data of Coleman, the turbulent concentration diffusivity is
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Figure 3.9: Vertical profile of turbulent concentration diffusivity for different sediment
sizes, square: Rib = 0.031, β = 0.22, gradient: Rib = 0.038, β = 0.077, left-triangle:
Rib = 0.041, β = 8.3 ∗ 10−3.

nearly constant in the inertial part of the flow.
For the case Rib = 0.031, corresponding to the suspension of the larger

sediments herein considered, the diffusivity profile is within the range of the
Coleman’s data. By increasing the bulk Richardson number, thus decreasing
the sediment size, the profile qualitatively fits the experimental one although
being shifted down in the plot. This may be attributed to the fact that
the value of β for these two cases is out of the range of the Coleman’s
experiments.

3.5.5 Validation of Single Phase Hypothesis

One of the main concerns in treating the water-sediment mixture is to vali-
date the single phase approach. As described in the introduction, the single
phase hypothesis holds if the settling velocity of particles is very small com-
pared to the vertical turbulent velocity fluctuations (vs � vRMS). The ratio
between vRMS and the settling velocity is shown in Figure 3.10 along the
vertical direction for one-way and two-way coupling approach for d+ = 1.
The vertical profiles follow the shape of vRMS since the settling velocity is
constant along the vertical. By considering the density variation in pres-
ence of particles in the flow field (two-way coupling), the ratio decreases as
compared to the one-way coupling case. The values indicates that by con-
sidering the two-way coupling, the single phase assumption is still valid in
the present study.
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Figure 3.10: Validation of single phase approach for d+ = 1, square: one-way coupling,
star: two-way coupling.

3.5.6 Turbulence Structure

In a previous Section, when discussing the vertical profile of the gradient
Richardson number, we argued on the fact that it is smaller than 0.2 in all
cases except for the most stratified one, where it exceeds the critical value
in a narrow region close to the free surface. According to Armenio and
Sarkar [2002] in this region (Rig � 0.2), the flow is in the buoyancy affected
regime and hence ruled by active turbulence. A way to show that, is visu-
alization of instantaneous turbulent structures in the most stratified case,
namely Rib = 0.041. Actually, here we show a longitudinal cut of instan-
taneous concentration contour (Figure 3.11a) and 3D coherent structures
(Figure 3.11b).

In Figure 3.11a a fully turbulent scenario is depicted. Concentration,
coming from erosion process at the bottom surface is transported along elon-
gated and inclined coherent structures, typical of wall-bounded turbulence.
The most condensed area is observed near the bottom where the upward
flux pushes the sediments into the water column. These structures appear
more isotropic and increased in size moving along the channel height. The
image does not show internal-wave patterns thus confirming what argued
in the previous Sections. The coherent motion in turbulent flow is com-
monly associated with vertical structures which can be depicted by using
the second invariant Q method. The second invariant Q, which quantify the
relative strength of rotation and strains, is defined as Q = (WijWij−SijSij)
where Wij is the rotation rate tensor and Sij is the strain rate tensor. The
3D image shows the presence of near-wall turbulent structures responsible
of upward transport of sediments in the flow. The turbulent structures are
mainly observed near the wall and extending up to half channel. Despite
the high amount of concentration in water column, internal wave are not
detected in the flow structure.
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(a)

(b)

Figure 3.11: (a) Longitudinal cut of instantaneous concentration contour for Rib = 0.041
,(b) 3D image of instantaneous coherent structures for corresponding bulk Richardson
number. The value Q(u/L)2 /(uτ/δ)

2 = 72.

3.6 Conclusions

In the present study Large eddy simulations were performed to investigate
interaction between turbulence and suspended sediment transport in a tur-
bulent open channel flow at Reτ = 600. An Euler-Euler approach was
used based on single-phase model. In order to study the feedback effect
of sediment concentration on momentum, the Boussinesq form of the three-
dimensional Navier-Stokes equations was considered, where a buoyancy term
accounting for sediment concentration is introduced in momentum equa-
tions. The results were analyzed for both one-way and two-way coupling
models. In the first case, the concentration phase is transported in the flow
field and does not affect momentum transport. In the second case, sedi-
ment concentration adds a buoyancy contribution to momentum giving rise
to a stable stratified flow. Non-dimensional parameters were introduced,
based on the theory of stratified flows, quantifying the effect of sediment
concentration on the stability of the flow field. Simulations were carried out
considering four different sediment sizes and running the simulations in both
one-way and two-way coupling modes.

The analysis of the cases investigated showed that the bulk Richardson
number, quantifying the level of stratification in the flow field, increases with
the decrease of the sediment size; this suggested that two-way coupling ef-
fects were expected to be noticeable for small sediments. The analysis of the
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concentration profile was performed in light of the single terms composing
the one-dimensional Reynolds-averaged equation of concentration transport.
It was shown that the increase of the sediment size produces, on one hand,
a smaller available concentration at the bottom surface and, on the other
hand, larger deposition fluxes. As a result, sediments remain confined in the
near-wall region of the boundary layer and concentration as well as its ver-
tical gradient are small in the inertial part of the boundary layer; this gives
rise to a marginal stratification effect and the difference between one-way
and two-way coupling models is negligible. Conversely, small sediments are
likely to be transported in the flow field. The combination of larger available
concentration at the bed and reduced deposition flux, enhances suspension
and contributes to stable stratification. In these cases the buoyancy con-
tribution to momentum transport cannot be neglected and the difference
between one-way and two-way coupling simulations is noticeable.

The analysis of the feedback effect of sediment concentration on mo-
mentum showed that when the sediment size is small, stratification effects
reduce the turbulent vertical momentum flux (quantified by the Reynolds
shear stress) and correspondingly increases the diffusive flux, causing the
decrease of the von Kàrmàn constant of the velocity profile. Hence, our
analysis is in agreement with seminal theories of suspended sediment trans-
port based on laboratory experiments.

The gradient Richardson number distribution along the vertical direc-
tion showed that as far as the sediment size decreases, wider regions of the
boundary layer are affected by stable stratification. The value Rig ∼ 0.2,
which borders the buoyancy affected region where turbulence is active and
reduced by stratification from the buoyancy dominated region where equilib-
rium turbulence is suppressed and replaced by internal waves, is practically
never reached, apart in a small region close to the free-surface of the channel,
for the smaller sediment size herein considered.

The vertical profile of momentum and concentration diffusivities was also
analyzed and discussed in view of relevant literature laboratory-experiment
analysis. The turbulent Schmidt number was shown to be nearly constant
and ∼ 1 in the inertial part of the boundary layer, in agreement with the
Reynolds analogy. Its value increases with decreasing sediment size, due to
the fact that stratification inhibits concentration flux more than momentum
flux. The vertical profile of the non-dimensional concentration diffusivity
was shown to be in a very good agreement with the Coleman’s experimental
data.

Overall, this study clearly shows that suspended sediment transport
causes a moderate stable stratified environment, where turbulence is re-
duced but still active and thus controlling mixing mechanisms. From a
modelization point of view, the passive scalar assumption cannot be con-
sidered valid for small sediments, which are transported in the suspension
mode. Our results clearly show that the two-way coupling modelization is
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more representative of the actual physical process.



Chapter 4

Turbulence in Meandering
Flow

4.1 Introduction

As is well-known, river flows and the associated river morphological changes
are among the most complex phenomena in earth sciences. Many scholars, in
different fields of science, have tried to shed light on various aspects of river
flows since the beginning of the last century. These efforts encompass a wide
range of topics such as river engineering, river mechanics, fluid mechanics,
environmental engineering and geography.

Rivers and streams are usually classified as straight, meandering and
braiding, with meandering being by far the most common plan shape ac-
quired by rivers. Owing to their scientific and practical significance, the
flows in meandering streams and meandering dynamics have been the fo-
cus of intensive research since many years. In spite of this, several aspects
of meandering flows, and in particular the patterns of secondary flow and
turbulence characteristics remain poorly resolved and understood.

In the present study, Large Eddy Simulation is used to penetrate these
aspects in sine-generated meandering streams. The channel geometry is
according to the laboratory experiments carried out by Binns and da Silva
[2015]. Since channel curvature has a significant effect on the flow field
and sediment transport, the simulations are carried out with two different
deflection angles θ0 = 45◦ and 95◦.

This chapter is organized as follows: Section 4.2 presents a brief review
of meandering concepts and definitions; Section 4.3 presents a review of
previous experimental and numerical works, with emphasis on recent LES
studies of meandering; Section 4.4 provides a description of the laboratory
test cases, the computational aspects and related boundary conditions. In
Section 4.5 the results are presented and discussed in detail.

39
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4.2 Meandering, General Concepts and Definitions

Yalin [1992] defined meandering as “a self-induced plan deformation of a
stream which, under ideal conditions, is periodic and anti-symmetrical with
respect to an axis x”.

Meandering rivers can be regular or irregular [Yalin, 1992]. Leopold and
Wolman [1957] have shown that regular meandering streams closely follow
sine-generated curves. The idea of the sine-generated curve originates in the
work by Von Schelling [1951], who expressed meander path as the most prob-
able path between fixed points with a Gaussian distribution on the basis of
the minimum variance concept. Leopold and Langbein [1966] approximated
the expression by Von Schelling [1951] with the “sine-generated” equation
for meander path, namely:

θ = θ0cos(
2πlc
L

), (4.1)

where lc is distance from crossover point (Oi), L is the meander length and
θ0 is the initial deflection angle (see Figure 4.1).

The sinuosity (σ) of a meandering stream is defined as the ratio of actual
river length to the down-valley length (i.e. σ(= L/ΛM ]). It has been shown
[da Silva, 1991, Yalin, 1992] that for a sine-generated channel, σ can be
expressed as:

σ =
1

J0(θ0)
(4.2)

in which J0(θ0) is the Bessel function of the first kind and zeroth order of
θ0 and ΛM = 2πB is meander wave length, where B is the channel width.
The curvature at the apex B/Ra is given by:

B

Ra
= θ0J0(θ0) (4.3)

4.3 Pertinent Studies on Meandering Flows

Meandering rivers are characterized by highly three-dimensional flows dom-
inated by energetic coherence vortices, secondary flows, shear layers, regions
of recirculation and flow stagnation and non-isotropic turbulence stresses.

Owing to its role in redistributing the velocity and effect on sediment
transport pattern and consequently on bed bathymetric evolution, the cross-
circulatory motion is the main feature in three-dimensional river flows inves-
tigation. This cross-circularly motion affects the bathymetry evolution. In
circular bends, the flow dynamics is mainly controlled by curvature-induced
centrifugal and pressure gradient forces that produce transverse variations
in bed topography, which in turn have a feedback effect on fluid motion
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Figure 4.1: Definition geometry of a meander bend [Yalin and da Silva, 2001].

through the bend. The centrifugal acceleration induced by channel curva-
ture directs water from the inner bank at the entrance of a bend, across the
channel at high velocity, toward the outer bank. The pressure gradient force
generated by the super elevated water surface at the outer bank redirects
the flow toward the inner bank near the bed, where velocity and centrifugal
effects are lowest (Prandtl [1952], Rozovskii [1957], Dietrich [1987]). The
secondary currents, therefore, result from the local imbalance between cen-
trifugal and pressure gradient forces over depth which results in outward
movement of near surface flow and inward directed near bed flow.

The cross-stream movement of high-velocity flow from the inner to outer
bank, as observed in circular bends, causes a spatial variation in boundary
shear stress and bed-load transport. This pattern of spatial variation in
shear stress and bed-load transport produces erosion along the outer bank
and deposition along the inner bank, especially downstream of the bend
apex (Dietrich [1987]).

In the case of sine-generated streams, the bed deformation results from
a combination of flow acceleration/deceleration (due to the streamwise vari-
ation in channel curvature) and cross-circulation (due to the channel curva-
ture itself). It has been shown that the convective flow pattern is a strong
function of channel sinuosity. In meandering channels with small sinuosity,
the streamlines diverge from the outer bank (decelerating flow) and converge
on the inner bank (accelerating flow) in a zone between the crossover and
apex. This pattern changes as the flow passes the apex point which implies
the acceleration zone appears on the outer bank and the deceleration zone
on the inner bank. The convective acceleration/deceleration of the flow re-
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sults in erosion/deposition region in the vicinity of the crossovers (da Silva
[1995]). In channels with large sinuosity, the flow decelerates along the outer
bank and accelerates along the inner bank throughout the entire region from
the first crossover to the next one.

Although, the occurrence of this type of fluvial features in bends has
been extensively studied, only a few works have investigated the circulatory
motion in the meandering channel. Most of the studies on flow in the curved
bends have been done using laboratory flume experiments either through a
rectangular cross-section or over deformed topography.

Detailed laboratory and field studies of flow in meandering streams have
been carried out by Rozovskii [1957], Chang [1971], Shiono and Muto [1998],
and Tamai et al. [1983], among many others. The secondary flow measure-
ment in two subsequent 180◦ bends (Siebert and Götz [1975]) showed that
the strength of the secondary flow decreased in the second bend. Ippen
[1962] carried out experimental studies to measure the shear stress in a me-
andering channel. The cross-section of the laboratory case was trapezoidal
with side slope of 1 : 2. He indicated that the bed shear stress has a crucial
role to predict the bathymetry changes in the meandering channel and a
larger radius of curvature will cause a higher value of shear stress.

Blanckaert and Graf [2004] performed a laboratory study to investigate
the characteristics of secondary flow in a circular flume. Their experiments
were carried out in a 0.4-meter-wide flume, 60◦ bend angle by using an
ADVP (Acoustic Doppler Velocity Profiler) to measure the 3 components
of flow velocity. They noticed the existence of two-celled secondary flow in
the bend and a reduced intensity of turbulence near the outer bank which
results in a weaker shear stress in that region. They concluded that the flow
velocity distribution is not the only factor to constitute the secondary flow
in meandering channels and turbulence has also a significant effect on the
circulation.

The above mentioned studies have comprehensively contributed to the
understanding of the mean flow and turbulence features in the curved open
channels but are often based on rather inaccurate velocity measurements on
coarse measuring grids. In the meandering channels, the numerical investiga-
tion on the flow field characteristics and morphodynamics is most often im-
plemented by using the depth-averaged models. Recently, the rather costly
(in terms of computational expenses) method of Large Eddy Simulation
(LES) has found increasing interest amongst the researchers of meandering
channel (e.g. Moncho-esteve et al. [2010], Stoesser et al. [2010]).

Van Balen et al. [2010] have studied the main flow and secondary flow
and the role of turbulence in a curved single bend open-channel flow by
employing the LES technique and Reynolds-averaged (RANS) methodology.
They revealed that a comparison by the experimental data collected with
the ADVP method (by Blanckaert and Graf [2004]) shows generally, that
LES yields much better results than RANS. Their observation indicates that
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in the time-averaged flow pattern the large scale eddies play an important
role to interact with the mean secondary flow structures, whereas the small-
scale turbulence is merely dissipative. On the other hand, in the RANS
computation, the bed shear stress pattern is not well estimated. This might
result in an incorrect estimation of the development of river morphology.

A three-dimensional LES code was employed by Van Balen et al. [2009].
For this modeling, the simulation was carried out using the experimental
data of Booij [2003]. The numerical results show good agreement with the
experimental data.

Khosronejad et al. [2007] studied the flow and sediment transport in a
channel bend using a three-dimensional low-Reynolds number k − ω turbu-
lence model and a standard k − ε model. They validated their numerical
model with the experimental data of Ghanmi [1999]. The authors concluded
that the low-Reynolds number k − ω turbulence model yields better agree-
ment with the measurements due to its ability to capture the wall turbulence.

Constantinescu et al. [2011] employed a hybrid numerical model of De-
tached Eddy Simulation (DES) to investigate the flow in a 193◦ strongly-
curved open channel bend with a flat and equilibrium scour bed. Their
results demonstrated that DES model, compared to RANS, has better abil-
ity to capture the redistribution of mean-flow streamwise velocity and vor-
ticity in corresponding cross-sections not only in the case of flat bed but
also for the deformed bed case. Based on their simulation, a more accurate
prediction of streamwise velocity and vorticity results in a more accurate
estimation of shear stress and morphological changes.

A numerical simulation was performed by Zeng et al. [2010] in mean-
dering flow using a RANS model. The simulation was based on mobile bed
topography and the bathymetry changes were considered. They reported
that the RANS model can yield a good agreement with experimental data
at a much lower computational cost than LES.

Stoesser et al. [2010] presented a numerical study with both RANS and
LES method to predict turbulent flow in a meandering channel. They used
an experimental database for model comparison which was based on mea-
surements in a flume consisting of a sequence of two 180◦ bends with a
short 0.5 m long straight reach connecting the two bends. Both of their
simulations predict the primary helical flow pattern in the meander as well
as the occurrence of an outer-bank secondary cell. They indicated that LES
was found to be slightly superior to RANS in predicting the time-averaged
secondary velocities.

In recent years, a number of researchers [Van Balen et al., 2009, Zeng
et al., 2010] presented their fully three-dimensional models with the treat-
ment of the free water surface. For three-dimensional modeling of open
channel flows, calculation of the free water surface presents a very difficult
problem. Most models employ one of the three techniques: the rigid-lid
assumption, the Volume-of-Fluid (VOF) technique, or calculation of water
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level based on the kinematic boundary condition.
The rigid-lid assumption treats the free water surface as a plane of sym-

metry where zero gradient conditions are applied for the variables parallel
to the surface with the wall-normal variables set to zero [Stoesser et al.,
2010]. This is the simplest method computationally, thus having a definite
advantage in terms of the calculation costs. On the other hand, to represent
the free surface of the flow, the time-averaged pressure distribution resulting
from the numerical simulations can be used to calculate the equivalent water
levels [Van Balen et al., 2009, Zeng et al., 2010]. In the present study, the
deformation of the free surface is considered in the numerical model.

4.4 Description of Simulation Cases

4.4.1 Flow Configuration

As previously stated, in the present simulation, the computational domain
was constructed based on the laboratory study carried out by Binns [2012]
in two sine-generated channels having θ0 = 45◦, 95◦.

The simulated channels have a rectangular cross-section with width to
depth ratio 14.9. The bed consisted of silica sand having an averaged grain
size D equal to 0.65 mm. The hydraulic condition of the tests [Binns, 2012]
were as summarized in Table 4.1 in which hav is the flow depth, Sc is the
bed slope along the channel centerline, uav is channel averaged flow velocity,
v∗ is the shear velocity, Re is flow Reynolds number (= uavhav/ν where
ν is fluid kinematic viscosity) and Fr is Froude number (= uav/

√
g.hav),

Re∗ is Roughness Reynolds number (= v∗ks/ν calculated using ks = 2D),
(τw)av is channel-averaged bed shear stress (= γSchav in which γ is fluid
specific weight) and τcr is bed shear stress at the critical stage of initiation
of sediment transport. In contrast to previous LES studies of meandering
flows, the present test cases involve streams exhibiting a continuous variation
of curvature in the streamwise direction, a large value of width-to-depth ratio
and a large value of Froude number.

Table 4.1: Hydraulic conditions of experimental tests (B = 0.3 m and D = 0.65 mm.)

Run θ◦0 Q [m3/s] hav [cm] Sc uav [m/s] ν∗ [m/s] B/h B/Ra Re Fr Re∗ (τw)av/τcr

Case 1 45 0.0019 2.01 1/130 0.321 0.039 14.9 0.67 6438 0.72 51 4.64
Case 2 95 0.0018 2.02 1/130 0.29 0.039 14.9 0.7 5839 0.65 51 4.66

4.4.2 Computational Details

The computations were performed, in each case, on a very high-resolution
grid consisting of 560× 64× 128 points in the streamwise, wall-normal and
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Figure 4.2: Computational domain view in x− z plane.

spanwise directions, respectively. In total, the number of grid points is ap-
proximately equal to 4.5 million. Based on the wall unit, the maximum
grid spacing is ∆x+ = 55 in streamwise and ∆z+ = 15 in spanwise direc-
tions. In order to satisfy the requirement for the wall-resolving LES, the
grids are stretched close to the wall regions in both spanwise and wall nor-
mal directions. The distance of the first grid point to the bottom-wall is
∆y+ = 1 in which y+ = v∗y/ν. The x− z plane view of the computational
domain for both cases is shown in Figure 4.2. Cross-sections 1 and 7 co-
incide with crossover positions in the channels. The selected cross-sections
will frequently be referred to in the text.

No-slip boundary condition is used at the bed and side walls with ap-
proximately five grid points placed within the viscous layer. A periodic
boundary condition is assumed only in streamwise direction. A constant
pressure gradient Π was imposed to drive the flow along the meandering
channel. The walls are assumed to be smooth.

After reaching a statistically steady condition, the simulation has been
run for about 40 non-dimensional time units based on the channel averaged
velocity (uav) and the channel length to accumulate statistics.

4.4.3 Free Surface Treatment

All open-channel curved streams exhibit a transverse inclination of the free
surface which varies along the bend. The water surface inclination consists
of a level difference between the inner bank and the outer bank of the bend
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(∆h) and can be obtained from the balance of transverse forces acting on a
column of fluid.

As mentioned earlier, the free surface can be treated as a plane of sym-
metry. For this purpose, the wall-normal variables in the free surface are
set to zero. This assumption is accurate enough for small Froude numbers
(Fr ≤ 0.4) where the super-elevation of the free surface is less than 10%
of the channel depth [Van Balen et al., 2010, Stoesser et al., 2010, Con-
stantinescu et al., 2011]. In the flow field with sufficiently large Froude
number, the effect of super-elevation on the flow properties is thought to be
not insignificant. Therefore, the contribution of this study is to predict an
accurate flow field in a meandering channel in 3D simulation by introducing
the free surface elevation.

The approach proposed here is to impose a hydrostatic pressure vari-
ation as a body force in the Navier-Stokes equations (Lopez, S. personal
communication, Dec 2015).

Here, we will denote the normal projection of Navier-Stokes equations
over the free-surface by:

n · ∇P =
∂p

∂n
= ν∇2un − (

∂un
∂t

+ ~u · ∇un) + fn, (4.4)

where fn is a Lipschitz continuous function that represents the force term.
The imposed force fn at the computational surface is assumed to be the

weight of a water column of height ηfs:

fn = −gηfs, (4.5)

where g is the gravity acceleration and ηfs is height difference with respect
to mean water level.

To have a realistic assumption of free surface elevation, the modified
variational method by Yalin and da Silva [2001] is considered to estimate the
water level (ηfs) along the channel (for more details see Appendix A). The
numerical results of the simulation by considering the free surface elevation
are presented in the following section.
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4.5 Results and Discussion

This section addresses the resulting time-averaged flow properties in the
aforementioned meandering channels. The corresponding velocity compo-
nents in curvilinear coordinates are streamwise velocity Uξ, transverse ve-
locity Uζ and vertical velocity Uη.

4.5.1 Velocity Distribution

The time-averaged streamwise velocity profiles along the channel are shown
in Figure 4.4 and Figure 4.5, for two vertical levels. It is noticeable from
these figures how the streamwise velocity varies along the bend. It can
be observed in Figure 4.4 that the highest velocity appears just before the
apex of the bend at the inner bank. The predicted pattern is consistent
with the flow field measured by da Silva [1995] in a channel having small
deflection angle (30◦). The most distinct difference between the streamwise
velocity pattern in two vertical level apart from their magnitude is the high
inclination of velocity vectors close to the channel bed which is due to the
large transverse velocity close to the channel bed.

For the 95◦ meander channel, the general trend of the streamwise velocity
is found to be different from the previous case.

According to da Silva [1995], for sufficiently large values of the initial
deflection angle (θ0) (and a flat bed), the maximum velocity is located at
the inner bank in a region approximately close to the crossover (Figure 4.3).
From the velocity field measurement by da Silva [1995], it has been reported
that the longitudinal velocity near the inner bank increases along the section
Oa and decreases along the section aO′ if the deflection angle is small. This
flow trend has been termed as ingoing. On the other hand, for large sinuosity
channel, the velocity near the inner bank constantly decreases throughout
the region OaO′ which is referred to as outgoing flow.

Figure 4.5 reveals a shift of maximum velocity location backwards to
the crossover points. Noteworthy is the fact that the velocity magnitude in
the inner bank continuously decreases throughout the region between two
crossovers (outgoing flow).
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Figure 4.3: Velocity field for θ0 = 30◦, 70◦ and 90◦ [da Silva, 1995].
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(a) at vertical level y+ = 24

(b) at vertical level y+ = 350

Figure 4.4: Pattern of streamwise velocity Uξ scaled with averaged velocity uav along the
45◦ meandering channel.
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(a) at vertical level y+ = 24

(b) at vertical level y+ = 350

Figure 4.5: Pattern of streamwise velocity Uξ scaled with averaged velocity uav along the
95◦ meandering channel.
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4.5.2 Time Averaged Secondary Flow Pattern

The generation of secondary flows in the meandering channel is mainly con-
trolled by the centrifugal force and the lateral component of flow. To discuss
the details of the secondary motion in a meander, Figure 4.6 shows the com-
puted secondary velocity vectors and streamwise velocity contours for the
case of 45◦ in selected cross-sections between the first and second crossover.
The numerical results of cross-sectional view are plotted only for every 3rd
grid line.

As can be observed, the intensity of secondary motion varies as the flow
progresses through the bend. The intensity of secondary motion at section
1 is larger than that at section 2 because the secondary flow is enhanced by
the transverse component of the flow which is larger in section 1 due to the
channel curvature.

At section 3 a new secondary motion is generated from the bottom edge
of the inner bank towards the outer bank. This results in a double direction
change of velocity vector along the channel depth. The new secondary flow
grows rapidly from section 3 to 4, reaching its largest at section 5. The
center core of this secondary motion for the case of 45◦ is observed in one-
third of channel depth. The magnitude of secondary flow decreases gradually
towards the next crossover point. For the crossover sections (1 and 7), the
secondary flows rotate conversely (toward the inner bank in section 1 and
toward the outer bank in section 7). The periodic phenomenon can also be
discovered when comparing the sections 1 and 7 of the meandering channel.

To explore the flow field further, the contour plots of the streamwise
velocities are also presented in the same cross-sections in Figure 4.6. The
time-averaged results are normalized by the averaged velocity in the channel.
It is noted that the centrifugal force tends to move the high momentum fluid
from inner bank towards the outer bank in the bend region. This leads to the
meandering of the flow as seen in the color contour plots of the streamwise
velocity component. The location of maximum streamwise velocity is varied
from one section to another. In the first crossover (section 1), the highest
velocity is observed in the middle of the channel width. Moving toward the
apex (section 4), the maximum velocity location approaches to the inner
bank of the bend as a result of channel curvature.

Furthermore, considering the vertical distribution of streamwise velocity,
in most cross-sections the maximum velocity occurs at about one-third of
the channel depth, below the free surface. This shift is due to the secondary
motion convecting the high-momentum flow mass from the surface to the
region below the free surface.

The circulatory motion for high deflection bend (95◦) is shown in Fig-
ure 4.7. It appears that the sinuosity has a dominant effect on the secondary
flow pattern in that the formation of the secondary cell is different in com-
parison to the latter case. The strength of the secondary motion is also
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larger than for the case of 45◦. The predicted secondary flow generated in
95◦ channel is almost symmetric in the apex (section 4). It is found as the
sinuosity increases, there is a shift in the location of maximum secondary
motion. The developing secondary flow seems to reach its maximum in
section 4, which shifts towards upstream of the bend as compared to the
case of 45◦. This shift can also be observed for the location where the new
secondary motion encounters with the existing spiral motion in section 2.

The streamwise velocity contour plots are also presented in Figure 4.7
for the case of 95◦ meandering channel. A few differences in comparison
with the latter case should be pointed out. The maximum velocity region in
the crossover (section 1) deviates from the channel center and moves toward
the inner bank compared to the 45◦ meander channel. The same trend is
apparent in the other cross-sections.
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(a) Cross-section 1

(b) Cross-section 2

(c) Cross-section 3

(d) Cross-section 4

(e) Cross-section 5

(f) Cross-section 6

(g) Cross-section 7

Figure 4.6: Secondary motion pattern and streamwise velocity contour plot in different
cross sections for 45◦ meandering channel. All variables are normalized by uav.
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(a) Cross-section 1

(b) Cross-section 2

(c) Cross-section 3

(d) Cross-section 4

(e) Cross-section 5

(f) Cross-section 6

(g) Cross-section 7

Figure 4.7: Secondary motion pattern and streamwise velocity contour plot in different
cross-sections for 95◦ meandering channel. All variables are normalized by uav.
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4.5.3 Vertical Distribution of the Velocity Field

In addition to the analysis of the transverse distribution of the streamwise
velocity along the meandering streams (subsection 4.5.1), a similar proce-
dure can be followed to analyse the redistribution of the streamwise velocity
in the vertical direction. The curvature variation may cause deformations
of the streamiwse velocity distribution with respect to its straight channel
shape. For the case of 45◦, the vertical distributions of the streamwise ve-
locity component are shown for different cross-sections in Figure 4.8 and
Figure 4.9. One may observe that the distribution of the streamwise veloc-
ity along the vertical direction tends to be skewed outwards in some regions
in the bend.

The physical interpretation of the local deformation in the streamwise
velocity distribution is essentially referred to the influence of the secondary
stream to convey the momentum inside the meandering bend. The curvature-
induced secondary stream convects the high-momentum fluid form the sur-
face to a region below the surface. This flow in the lower part of the cross-
section has a momentum surplus and consequently increases the streamwise
velocity. This effect is considerably strong, near the apex region and es-
pecially at cross-sections 1, 2 and 5, where the secondary cell reaches its
highest intensity (see Figure 4.6).

Similar comparisons are shown in Figure 4.10 and Figure 4.11 for the
case of 95◦. The deformation of streamwise velocity in the vertical direction
can be explained in the same way as for the case of 45◦. According to
Figure 4.8-Figure 4.11, the difference between the vertical distribution of
streamwsie velocity in the case of 95◦ and 45◦ is reflected by the locus of
the deformation. Throughout the section 4 of the 95◦ meandering bend
the intensity of the secondary flow increases. This implies an overall larger
reduction of the streamwise velocity in the upper part of the cross-section
with respect to the latter case.

To summarize, it can be concluded that the redistribution of the stream-
wise velocity in vertical direction is mainly caused by the secondary flow. It
worth noting that the mechanism of this deformation is proportional to the
intensity of the secondary motion.
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(a) Cross-section 1

(b) Cross-section 2

(c) Cross-section 3

(d) Cross-section 4

Figure 4.8: Vertical distribution of the streamwise velocity for 45◦ meandering channel.
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(a) Cross-section 5

(b) Cross-section 6

(c) Cross-section 7

Figure 4.9: Vertical distribution of the streamwise velocity for 45◦ meandering channel.
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(a) Cross-section 1

(b) Cross-section 2

(c) Cross-section 3

(d) Cross-section 4

Figure 4.10: Vertical distribution of the streamwise velocity for 95◦ meandering channel.
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(a) Cross-section 5

(b) Cross-section 6

(c) Cross-section 7

Figure 4.11: Vertical distribution of the streamwise velocity for 95◦ meandering channel.
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4.5.4 Bed Shear Stresses

The pattern of the bed shear stress provides a good indication of the erosion-
deposition regions. To estimate the bed shear stress in the curvilinear co-
ordinate, the shear stress components are computed in streamwise (ξ) and
spanwise (ζ) direction as:

τξ = µ
∂Uξ
∂η

, τζ = µ
∂Uζ
∂η

(4.6)

in which µ is dynamic viscosity of the fluid. The total (time-averaged) bed
shear stress is obtained by:

τw =
√
τ2
ξ + τ2

ζ (4.7)

The distribution of bed shear stress is shown in Figure 4.12 and Fig-
ure 4.13. Time-averaged bed-shear stress contour plots were normalized
with the density times the square of the averaged velocity.

In Figure 4.12, it can be observed that the region of maximum bed shear
stress at the inner bank is situated mostly in the apex while the minimum
bed shear stress is located adjacently on the opposite bank. The computed
shear velocity pattern (Figure 4.13) shows a slight shift of the high bed shear
stress region towards the apex upstream compared to the latter one.

Reported by Abad and Garcia [2009], for the intermediate sinuosity,
very high values of bed shear stress were found in upstream from the bend
apex. For high-sinuosity channel (90◦) the peak shear stress region is de-
tected slightly upstream of the bend apex at the inner bank. Generally, the
plan distribution of bed shear stress predicted by the LES model is in good
agreement with the previous studies.

Figure 4.12: Normalized time-averaged bed-shear stress contour plot for 45◦ meandering
channel (flow from left to right).



Results and Discussion 61

Figure 4.13: Normalized time-averaged bed-shear stress contour plot for 95◦ meandering
channel (flow from left to right).

4.5.5 Divergence of Specific Volumetric Bed-load Rate

The prediction of the bed deformation out of bed shear stress distribution
is a key element in the study of natural bends. The bed deformation is
governed by the sediment transport continuity equation:

∂zb
∂t

= − 1

(1− p)
−→
∇ · qsb, (4.8)

in which zb is bed elevation measured with regard to an arbitrary reference
datum, t is time, p is porosity of the bed material and qsb is specific volumet-
ric sediment transport rate vector. In the case of bed-load transport only,
as in the present test cases, qsb in Equation 4.8 is to be identified with the
(specific, volumetric) bed-load rate. Here, the following generalized version
of Bagnold’s bed-load rate is adopted (see Yalin and da Silva [2001]).

qsb =
−→
Ub · [β(τw − τcr)/γs], (4.9)

in which
−→
Ub is flow velocity vector at the bed, τw is bed shear stress, τcr

is value of τw at the critical stage for initiation of sediment transport, γs
is submerged specific weight of the bed material (γs = 16186.5 N/m3) and
β ≈ 0.5. Equation 4.9 can be written as:

qsb =
β

γs

−→
Ub · [(τw − τcr)]. (4.10)
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The flow velocity at the bed
−→
Ub can be typified by the average flow

velocity within the bed-load layer, having the thickness ε (Yalin and da Silva
[2001]). In this work ε was determined from the following equation, due to
Van Rijn [1984]:

ε

D
= 0.3Ξ0.7(

τw
τcr
− 1)0.5, (4.11)

where D is average grain size of the bed material and Ξ is material number
(Ξ = (γsD

3/ρ0ν
2)1/3 in which ν is fluid kinematic viscosity and ρ0 is fluid

density). This yielded ε = 2.6 mm.
Substitution of Equation 4.10 into Equation 4.8 yields the following ex-

pression for the sediment transport continuity equation:

∂zb
∂t

= − β

γs(1− p)
−→
∇ · [
−→
Ub · (τw − τcr)]. (4.12)

In the following, to represent the bed deformation, the term
−→
∇ · qsb =

−→
∇·[
−→
Ub·(τw−τcr)] is calculated. This can be written in curvilinear coordinates

as follows:

−→
∇ · qsb = [

∂

∂ξ
[Uξ · (τw − τcr)] +

∂

∂ζ
[Uζ · (τw − τcr)]]. (4.13)

According to the sediment transport continuity equation (Equation 4.12),

the accelerating flow (i.e., if
−→
∇·qsb > 0), causes erosion, and the decelerating

flow (i.e., if
−→
∇ · qsb < 0), causes the deposition.

Figure 4.14 shows the contour plot of time-averaged
−→
∇ · qsb to reveal

more details in the flow domain. As shown in Figure 4.14a, the erosion zone
is situated in a narrow region adjacent to the inner bank. The deposition
bar starts slightly before the apex in the outer bank. Figure 4.14b presents
an elongated erosion-deposition zone in the 95◦ bend. The erosion zone

(
−→
∇ · qsb > 0) is shifted gradually towards upstream.

To reveal how the presented numerical results compare with previous
studies which investigate the bed deformation within channel bends, the
results of the laboratory study by Binns and da Silva [2015] are presented
in this section (the hydraulic conditions of experiments are summarized in
Table 4.1).

In the aforementioned experiments, the channel walls were made of 2.5
mm thick acrylonitrile butadiene styrene (ABS plastic); the movable bed
consisted of a well-sorted silica sand having average grain size (D50) equal
to 0.65 mm and specific density equal to 2.65. The experiments started from
a flat bed (i.e. no slope in transverse direction) and were continued until
the morphological conditions reached the equilibrium stage. The flow rate Q
was kept constant throughout the duration of the runs.The tests were carried
out in a series of time-steps to monitor the temporal bed evolution. In both
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(a)

(b)

Figure 4.14: Contour plots of time-averaged ~∇ · qsb for the (a) 45◦ (b) 95◦ channel (flow
from left to right).
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experimental cases, the bed developed by acquiring laterally adjacent, large-
scale erosion-deposition zones, having the length L/2 (in which L is meander
length measured along ξc).

Figure 4.15 shows the bed elevation contour plots corresponding to the
test case 1 (Table 4.1) at two time steps. The first measurement time re-
flects the early stage of bed development (Figure 4.15a) while the second
measurement time represents the equilibrium condition (Figure 4.15b). As
can be observed, the erosion-deposition zone is located downstream of the
apexes. Figure 4.16 shows the bed elevation contour plot for the 95◦ chan-
nel at two time steps. In case 2 (95◦) the L/2 long erosion/deposition zones
were located further upstream than in case 1 (45◦).

As shown in Figure 4.16a the erosion pools in the 95◦ channel split into
two distinct pool features (marked as P1 and P2 in Figure 4.16a). Small
dunes developed in the erosion pools during the course of all experimen-
tal runs due to the flow depth becoming larger over the pools as the bed
deformed. The dunes, while never exceeding a few centimeters in height,
became increasingly prominent as the bed became more deformed [Binns
and da Silva, 2015].

As a brief conclusion, the erosion-deposition zones predicted by means
of the sediment transport continuity equation are not in good agreement
with those obtained by [Binns and da Silva, 2015] in both cases. As shown
earlier in Figure 4.16a and Figure 4.16a the erosion and deposition region
occur laterally adjacent in the meandering bend whereas this pattern does
not appear in the aforementioned contour plots . In addition, the divided
pool which is mentioned earlier is not observed in the predicted results for
the 95◦ channel.
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(a)

(b)

Figure 4.15: Bed elevation contour plot for the 45◦ channel (from Binns and da Silva
[2015]) (a) at t = 9.00 min; (b) at t = 54.0 min (flow from left to right).
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(a)

(b)

Figure 4.16: Bed elevation contour plot for the 95◦ channel (from Binns and da Silva
[2015]) (a) at t = 10.0 min; (b) at t = 70.0 min (flow from left to right).
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4.5.6 Turbulent Structures

A better understanding of turbulent structures in the cross-sections can
be achieved by analysing the streamwise vorticity of mean flow along the
channel.

The streamwise vorticity is defined as:

ωξ =
∂Uη
∂ζ
−
∂U ζ
∂η

, (4.14)

which renders the rotational strength of the secondary flow. The streamwise
vorticity is calculated with the mean values of transverse and wall-normal
velocity. In Figure 4.17, the distribution of the time-averaged streamwise
vorticity (ωξ) is shown for the selected cross-sections of simulation cases.
In this figure, ωξ is normalized by uav/h. The originating mechanisms of
secondary flow can be clarified by examining the strength of vorticity iden-
tified in Figure 4.17a. As shown in Figure 4.17a a shear layer associated
with positive vorticity comes into existence from the inner bank towards the
outer bank in section 3. The figure clearly shows that the area identified
with the positive vorticity corresponds to the generation of a new clock-
wise secondary flow at the inner edge of section 3 (see Figure 4.6c). The
streamwise vorticity generated at the inner edge of the bend at section 3 is
enhanced, enlarged and transported downstream of the bend (section 5). It
can also be seen that this vorticity reduces in strength as the flow reaches
the crossover area.

The predicted distribution of ωξ in the large sinuosity case (95◦) shows
that the pattern is quite similar. However, the values for the vorticity are
higher in this case. The general trend of these results is consistent with the
vorticity distribution obtained from simulations by Constantinescu et al.
[2011] for the flat bed case.

4.5.7 Turbulence Stresses

The mean flow analysis in the previous sections shows that there are shear
layers and vorticity zones in the apex region of the meandering channel.
This implies the turbulence will be generated due to the shear layer. The
turbulence characteristics in a meandering channel are now considered in
detail.

Turbulence intensity is obtained for all normal components as the vari-
ance of the temporal velocity variation:

< u
′
iu
′
i >=

1

T
Σ(ui(t)− ui)2∆t. (4.15)

The normal shear stresses < u
′
u
′
>, < v

′
v
′
> and < w

′
w
′
> cor-

respond for streamwise, wall normal and spanwise directions respectively.
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(a)

(b)

Figure 4.17: Time-averaged streamwise vorticity contour plots at different cross-sections
for (a) 45◦ meandering channel (b) 95◦ meandering channel.
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Reynolds shear stresses are expressed as the temporally averaged product of
two components of the velocity variation. Results for the normal and shear
Reynolds stresses over selected cross-sections are presented in Figure 4.18
to Figure 4.21. The calculated results are scaled by squared of the averaged
velocity (u2

av) in the channel.
As can be observed in Figure 4.18a, the location of the maximum stream-

wise fluctuation < u
′
u
′
> is recognized clearly in the inner bank region of

the channel apex. From the streamwise velocity contour (Figure 4.6) and
vorticity contour plot (Figure 4.17a), the highly turbulent intensity areas for
< u

′
u
′
> along the meandering channel are located at roughly similar loca-

tions of the maximum vorticity and streamwise velocity. The area in which
the magnitude of normalized < u

′
u
′
> are relatively high, shifts towards

outer bank as the flow passes through the channel apex. It can be clearly
seen that the wall-generated turbulence is dominant in the inner parts of
the apex section.

The streamwise velocity fluctuations decrease toward the crossover re-
gion due to the suppression of the secondary flow. The contour plot of
streamwise velocity fluctuations for the 95◦ bend (Figure 4.19a) follows a
similar trend with an exception in the location of maximum magnitude. It
can be noticed that compared to the 45◦ meandering channel, the location
of maximum streamwise stress is shifted towards the upstream after the
crossover section.

The wall-normal velocity fluctuations contour plot is shown in Figure 4.18b.
The maximum magnitude of the wall normal intensities is generally smaller
than that of the streamwise intensities. The vertical fluctuations (< v

′
v
′
>)

with high magnitude are generated in the side wall regions (inner and outer
banks) for all lateral sections. The maximum magnitude of the vertical
fluctuations is generated in the inner bank of section 5 where the strongest
secondary flow is located.

Figure 4.19b presents the wall-normal velocity fluctuations for the 95◦

bend. The areas in which the magnitude of < v
′
v
′
> is high coincide within

the region of the high intensity secondary motion in section 4. The overall
distribution of vertical velocity fluctuations for the 95◦ is in the same trend
of the latter case (Figure 4.18b).

The transverse velocity fluctuation contours are presented in Figure 4.18c
and Figure 4.19c. Such an area of high < w

′
w
′
> for both cases are observed

in the relevant location of the strong secondary cell along the meandering
channel. This indicates that the spiral motion of the flow induces a large
lateral component of the turbulent intensity in the apex region.

Contour plots of time-averaged streamwise-vertical Reynolds shear stress
< u

′
v
′
> over the selected cross-sections are shown in Figure 4.20a and

Figure 4.21a. There is a region of positive < u
′
v
′
> which forms at the lower

part of the inner bank in section 3 (before the apex) and spreads throughout
the outer bank. This region is corresponding with the developing clock-wise
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secondary cell in this area (see Figure 4.6c). In contrast, in the outer bank
region, negative values are observed for < u

′
v
′
>. An outward decrease

from the outer bank can be observed for the absolute value of < u
′
v
′
>

in this region. The cross-sectional pattern of < u
′
v
′
> clearly reveals the

streamwise periodicity in the meandering bend.
Figure 4.20b and Figure 4.21b show the distribution of the normalized

streamwise-spanwise Reynolds shear stress < u
′
w
′
> along the meandering

bends. This Reynolds shear stress seems to be mainly correlated with the
distribution of the lateral and streamwise component of the velocity in the
corresponding cross-section. The absolute value of < u

′
w
′
> slightly de-

creases from section 1 to 3 where the outward directed lateral velocity is
damped by the channel curvature. The values then increase towards section
5 and 6 as the inwards lateral velocity components attain large magnitude.
The maximum of the absolute values for this Reynolds intensities is observed
in the region with high streamwise velocity. The distribution of < u

′
w
′
>

in the 95◦ channel is nearly similar to those of the 45◦ channel. The latter
shows a shift of < u

′
w
′
> pattern towards the channel upstream.

To summarize, the variation in Reynolds stresses along the channel
length highlights the influence of channel geometry on the distribution and
magnitude of these stresses.
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(a)

(b)

(c)

Figure 4.18: Normal Reynolds stress components along the 45◦ meandering channel (a)

< u
′
u
′
> /u2

av, (b) < v
′
v
′
> /u2

av, (c) < w
′
w
′
> /u2

av.
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(a)

(b)

(c)

Figure 4.19: Normal Reynolds stress components along the 95◦ meandering channel (a)

< u
′
u
′
> /u2

av, (b) < v
′
v
′
> /u2

av, (c) < w
′
w
′
> /u2

av.
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(a)

(b)

Figure 4.20: Reynolds shear stress components along the 45◦ meandering channel (a)

< u
′
v
′
> /u2

av, (b) < u
′
w
′
> /u2

av.
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(a)

(b)

Figure 4.21: Reynolds shear stress components along the 95◦ meandering channel (a)

< u
′
v
′
> /u2

av, (b) < u
′
w
′
> /u2

av.

4.6 Conclusions

A numerical investigation of turbulent flow was performed in two sine-
generated channels with vertical side walls and a flat bed (no slope in the
radial direction). Large Eddy Simulation was used to resolve the large scales
and filter out the small scales of turbulence whose effect on the resolved
field was parametrized through a Lagrangian sub-grid scale model. The
simulation was carried out under the hydraulic conditions of laboratory ex-
periments by Binns and da Silva [2015]. Periodicity condition was applied
in the streamwise direction. It should be emphasized that the free surface
treatment has been added to the mathematical model. The simulation re-
sults were presented in the time-averaged form in different cross-sections
along the channels. The present analysis gives the indication of how the sec-
ondary flow influences the flow field, which leads to the following concluding
remarks:

I Comparison of the flow field in both rectangular channels with flat bed
indicated the significant influence of the channel sinuosity on the flow
pattern. On closer investigation, this effect appeared specifically in
the velocity pattern adjacent to the inner bank. The observed velocity
patterns along both channels were consistent with the experimental
results.

I The formation of the secondary cell was affected by the centrifugal
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forces induced by the channel curvature. Increasing the channel sinuos-
ity intensified the secondary motion along the channel and mutated its
development through the lateral sections. As the sinuosity increases,
the new formed secondary cell which was found in the upstream of the
channel apex was moved backward to the crossover section.

I According to the presence of the secondary motion in the meandering
bends, the distribution of the streamwise velocity was skewed ver-
tically. In the foregoing mechanism, the high momentum fluid was
conveyed to a region below the free surface.

I The contour plots of bed shear stress over the meandering bend re-
vealed the region of maximum bed shear stress at the inner bank was
located mostly in the apex while the minimum bed shear stress was
located adjacently on the outer bank. The predicted patterns were in
agreement with the previous studies.

I The bed deformation along the channel bends was predicted by means
of the sediment transport continuity equation. The estimated results
showed that the erosion zone was located in a narrow region adjacent
to the inner bank and the deposition bar was situated subsequently
after that. In the case of high curvature channel, the erosion zone
moved gradually towards upstream.

I An analysis of the turbulent characteristics showed that the turbulence
activity reduced far from the apex for both the inner and the outer
bank regions. It seemed that the regions with the high value of the
normal Reynolds stresses corresponded to the location of the high
intensity secondary cell along the meandering channels.
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Chapter 5

Sediment Transport in
Meandering Channel

The nature of flow in meandering channels has pronounced effects on ero-
sion, deposition, and sediment transport in comparison with straight channel
flow. There are many complex physical processes involved in the meander-
ing streams. Owing to the variation of the velocity field along the channel
bend, the dispersion of scalar quantities may be not spatially homogeneous.
This resulting nonuniform suspended sediment distribution in channel bends
is subject not only to longitudinal transport but also to transverse trans-
port caused by the circulatory motion of the flow induced by the channel
curvature.

The objective of this chapter is to study sediment transport in the mean-
dering channels in order to estimate the effect of channel curvature on sus-
pended sediment concentration. The simulations are confined to a steady,
uniform, low Reynolds-number meandering stream with a smooth bed, ad-
mitting that this circumstance does not fully represent a natural meander-
ing bend. Here we show preliminary, still interesting results. The complete
analysis will be carried out in the upcoming future.

A summary of the previous studies on the sediment transport in the
meandering streams is presented in Section 5.1. This overview is followed
by re-visiting the pertinent numerical computational researches. The flow
and boundary conditions are described in Section 5.2. The simulation results
are discussed in Section 5.3.

77
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5.1 Previous Studies

The traditional approaches to study the sediment transport in river flows are
based on field measurements and laboratory experiments. Several laboratory
experiments have been undertaken to investigate the pollutant dispersion in
meandering channels. It has been found that the secondary flow, which
is a transverse circulation induced by channel curvature, has a significant
effect on the lateral dispersion of pollutant in the meandering channels (Fis-
cher [1969], Chang [1971], Holley and Abraham [1973], Smith [1982, 1983],
Demuren and Rodi [1986]).

To understand the diffusion and dispersion for scalar transport processes,
mixing is generally studied through eddy viscosity and eddy diffusivity co-
efficients. In an experimental study, Fischer [1969] estimated the effect of
curvature on the dispersion coefficient in a bend with constant curvature.
He showed the flow prediction was accurate for “fully” developed laboratory
conditions. Chang [1971] conducted laboratory studies of transverse mixing
in the meandering channels. This research was led to developing a relation
between the transverse mixing coefficient and the channel curvature.

Shimizu et al. [1990] developed a model to calculate the 3D flow field
in bends. Their model considered bed deformation and bed load transport,
as well as suspended load. The model was tested for an experiment flume
having 180◦ bend with fixed bed. A definite difference between the 3D and
2D models is found in the predicted bed deformation with suspended load.
It was found that the study of bed deformation and suspended load in the
meandering channels needs an appropriate estimation of the secondary flows.

The effect of secondary flows on passive contaminant diffusion processes
was studied by Shiono and Feng [2003], experimentally. They performed ex-
perimental measurements in a rectangular and compound channels by using
Laser Doppler Anemometer (LDA) and Laser Induced Fluorescence (LIF),
instantaneously. The concentration and Reynolds fluxes were measured for
the validation of the turbulence transport model. The results showed that
the secondary flow skewing the concentration distributions and moving the
location of concentration peaks. Another laboratory study on the relation-
ship between the channel curvature and transverse mixing coefficient was
reported by Boxall et al. [2003]. They maintained that the normalized trans-
verse mixing coefficient varies significantly along the meandering channel.
The maximum values of the transverse mixing coefficient were found in the
regions of strong secondary circulation, just downstream of the bend apex.

It is rather difficult from the field measurements and laboratory studies
to achieve a detailed physical understating of sediment transport, particle
re-suspension and deposition in meandering channels. To date, only a few
efforts have been made to predict the scalar dispersion in curved channels
numerically.

A Reynolds averaged simulation had been presented by Demuren and



Previous Studies 79

Rodi [1986] to calculate secondary flows and pollutant-concentration fields
in meandering channels. The standard k − ε turbulence model has been
modified to account for the effects of channel curvature on the turbulent
transport mechanisms. The simulation has done for the meandering chan-
nel with different width-to-depth ratio and bed roughness. The concentra-
tion distributions are compared with the measurements of Chang [1971].
It has been shown that the bed roughness enhances the transverse mixing
considerably.

A computational modeling of the flow and sediment transport in mean-
dering rivers was performed by Shams et al. [2002]. The Reynolds stress
transport model of Fluent code, was used in their simulations. The La-
grangian tracking of individual particles has been implemented. It has been
reported that the sediment deposition pattern was affected by the secondary
flow vortices formed on the river bend.

Duan [2004] applied a depth-averaged two-dimensional (2D) model to
estimate the mass dispersion in the meandering channel. A dispersion term
was included in the governing equations. The Schmidt number which corre-
lates mass dispersion with turbulent diffusion was adjusted as a calibration
parameter in 2D model. While the accuracy of 2D model is limited, they
recommended employing a 3-dimensional model in order to determine the
transversed mixing coefficient.

Van Balen [2010] investigated the scalar spreading through a strongly
curved flow. They employed both the LES approach and the RANS ap-
proach for their simulations. It has been found that the flow deceleration
occurs in the downstream inner bank region and the upstream outer bank re-
gion where the contaminant tends to accumulate. These decelerating effects
were found to be very weak for shallow flows which make the contaminant
spread gently along the flow. On the other hand, for deep flows, it was found
that these decelerating effects are very strong. It was also found that the
sediment transport in the three directions is far from isotropic.

The present survey shows that the available models analysing sediment
transport as a transferred scalar in meandering channels can not fully clarify
the re-suspension process in the presence of secondary motion.

In this Chapter, the sediment transport in meandering channels is stud-
ied numerically. The distribution of concentration is presented to reveal its
diversity compared to a straight channel.
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5.2 Flow Simulation

To investigate the distribution of the suspended sediments in the meander-
ing channel, the numerical analysis was performed in two sine-generated
meandering channels. In the present case, the geometry of the meandering
channels is the same as that shown in Figure 4.2, having initial deflection
angles 45◦ and 95◦ respectively. The hydraulic conditions of the flow were
similar to those of the previous chapter (see Table 4.1).

According to the results presented in the Chapter 3 of this thesis (sub-
section 3.5.1) the amount of suspended sediments in the water column was
considerable for two dimensionless particle sizes, d+ = 1 and 3 respectively;
in these cases the buoyancy contribution to the momentum transport has
been shown to be relevant. Thereby, the dimensionless particle sizes in this
test were chosen to be consistent with those ones in Chapter 3 (d+ = 1 and
3).

Following the boundary conditions considered for the straight channel
in Chapter 3, the reference concentration at the channel bed was prescribed
as that of Equation 3.20. The zero concentration flux was applied at the
lateral walls. The initial concentration in the flow domain was set to be zero.
After the statistically steady state flow was established, the simulations
were continued for 20 non-dimensional time units to provide a developed
concentration field. For the each channel cases, the lateral distribution of
suspended sediments is presented in the cross-sections defined in Figure 4.2.

5.3 Numerical Results

To study the nature of the suspended sediment transport in the meandering
streams and point out the effect of the channel curvature on the lateral
dispersion of the scalar field, the suspended sediments contour plots are
presented in this section.

Figure 5.1 shows the suspended sediment concentration contour plots for
two grain sizes in the case 45◦. The figures show that the contour pattern is
not uniform in the lateral direction due to the complex pattern of the veloc-
ity field in the meandering streams. It is observed that there is a noticeable
gradient of the suspended concentration from the inner to the outer bank of
the channel. Close comparison of the lateral suspended concentration dis-
tributions shows that, in the first half of the bend, the amount of suspended
concentration at the outer bank is larger than that of observed at the inner
bank.

As noted earlier for the straight channel, the suspended sediment con-
centration is a function of erosion rate from the channel bed and deposition
flux. Besides the mentioned factors, in meandering streams, the suspended
load is strongly influenced by the curvature-induced secondary motion in
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the flow domain.
Addressing subsection 4.5.4, the high bed shear stress region (and ac-

cordingly the high erosion flux) is situated at the inner bank near the bend
apex. As shown in the contour plots, the amount of suspended sediments
decreases moving towards the inner bank (in the first half of the bend). This
behaviour may be attributed to the secondary circulation (see Figure 4.6)
existing at the outer bank and moving towards the inner bank, thus lifting
the particles and reducing their deposition quantity. The strength of the
main secondary motion diminished due to the formation of a new secondary
cell (which counter-rotates to the main one) from the inner bank in cross-
section 3. This reflects a gradually reduction of the suspended load in the
outer bank region and an enhancement in the inner bank region. Accord-
ingly, as the flow passes through the bend, the region of high suspended load
shifts from the outer to the inner bank.

Increasing the grain size, the amount of the suspended sediments con-
centration decreases. This is attributed to a decrease of the erosion flux
(according to the higher critical bed shear stress) and an increase of the
deposition flux (due to the larger setting velocity).

Similar comparisons are shown in Figure 5.2 for the case 95◦, in which the
suspended sediments concentration follows the similar pattern as the latter
case. However, there are some quantitative differences on the locations and
amount of the high-concentration regions.

As the channel sinuosity increases (95◦), the bed shear stress and ac-
cordingly, the erosion flux increase. Moreover, the presence of a secondary
flow stronger than that of the case 45◦ results in the higher net suspended
sediments inside the water column. Also, The locus for the high suspended
concentration slightly changes. This happens due to the shift of the new
developed secondary cell in the inner bank to the channel upstream (cross-
section 2).

Same as the latter case, it can be observed that the total amount of the
suspended sediments decreases for the larger grain size.
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(a) d+ = 1

(b) d+ = 3

Figure 5.1: Contour plot of suspended sediment concentration along the channel in 45◦

meandering channel for two particle sizes.
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(a) d+ = 1

(b) d+ = 3

Figure 5.2: Contour plot of suspended sediment concentration along the channel in 95◦

meandering channel for two particle sizes.
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5.4 Conclusions

Flow in meandering channels is clearly highlighted due to the complex three-
dimensional nature of these flows. The curvature-induced secondary motion
in meandering channels causes considerable lateral spreading of the dispersed
phase so that mixing is much stronger than in a straight channel. As a
consequence, the transverse distribution of suspended sediments is expected
to be non-uniform.

A numerical investigation was presented in this chapter to provide us
the opportunity to understand the behavior and the pattern of suspended
sediment of different sizes across a meandering channel. The analysis dis-
cussed in the present chapter has to be considered preliminary. Additional
investigations will be performed in the upcoming future.

It was found that the bed shear stresses and secondary circulations were
responsible for the concentration patterns of the suspended sediments over
the cross-sections. The bed shear stress increased towards the inner bank of
the apex, resulting in higher erosion flux. On the other hand, the secondary
circulation caused lifting of fine particles from the outer regions.

Comparison of the suspended sediment concentration contours in the
case 45◦ and 95◦ showed that the amount of the suspended sediment con-
centration decreased due to the weaker circulatory motion and lower erosion
flux for the mild curvature channel.
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Appendix A

Analyzing the Free Surface
Shape by Variational Method

A.1 Review of Yalin and da Silva’ s Variational
Equation

A.1.1 Theoretical Formulation

Yalin and da Silva [2001] postulated ‘the free surface is shaped by nature
in such a way as to render its variations (in every direction) to occur in
the smoothest possible manner’. According to these authors, this condition
would minimize the pressure variations from one location to another within
the fluid, providing the most comfortable flow condition. Considering this,
they have stated that the free surface should be such that:∫

Ω
J2
r dΩ→ min, (A.1)

where Jr = ∂zf/∂r is the radial free surface slope (zf = zb + h; see
Figure A.2) and dΩ is the (infinitesimal) area dl.dn as shown in Figure A.1.

Figure A.1: Plan area Ω of a meander loop (from Yalin and da Silva [2001].)
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Figure A.2: Water free surface in meandering channel.

Introducing the notation

H =
zf
B

(=
zfb
B

+
h

B
) , Hη =

∂H

∂η
, (A.2)

where η = n/B and taking into account that for any quantityA, ∂A/∂r =
∂A/∂n, these authors wrote:

Jr =
∂zf
∂r

=
∂zf
∂n

=
∂(zf/B)

∂(n/B)
=
∂H

∂η
= Hη, (A.3)

on the other hand,

dΩ = dl.dn = (1 +
n

R
)dlc.dn = (1 + η

B

R
)LBdξcdη. (A.4)

Here B/R is a known function of ξc given as:

B

R
= [θ0J0(θ0)] sin(2πξc) = f(ξc). (A.5)

Substituting of Equation A.3 and Equation A.4. in Equation A.1 yields

LB

∫ 1

0
[

∫ +1/2

−1/2
H2
η (1 + f(ξc).η)dη]dξc → min, (A.6)

where f(ξc) stands for B/R. Since f(ξc) is known, Yalin and da Silva
[2001] replaced the minimization above by:∫ +1/2

−1/2
H2
η (1 + f(ξc).η)dη → min, (A.7)
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defining F = H2
η (1 + f(ξc).η)dη, the determination of Hη from Equa-

tion A.7, which is valid for all ξc-sections, is a variational problem. There-
fore, a solution to the problem was obtained by these authors by substituting
the integrated F into Euler equation, which yields:

∂F

∂H
− ∂

∂η
(
∂F

∂Hη
) = 0. (A.8)

Considering that F is a function of Hη and η, Yalin and da Silva further
simplified Equation A.8 into:

∂

∂η
(
∂F

∂Hη
) = 0, (A.9)

which can be written in terms of H(= zf/B) as

∂2H

∂η2
+ (

f(ξc)

1 + f(ξc).η
).
∂H

∂η
= 0, (A.10)

or in terms of zf
∂2zf
∂n2

+ (
1

R+ n
).
∂zf
∂n

= 0. (A.11)

Equation A.11 gives, for any cross-section, the (cross-sectional) distribution
of zf (= zb + h) in a meandering channel of any given bed geometry. In the
particular case of a flat bed (∂zb/∂n = 0), Equation A.11 can be written as:

∂2h

∂n2
+ (

1

R+ n
).
∂h

∂n
= 0. (A.12)

Solving analytically Equation A.11, Yalin and da Silva [2001] obtained the
following equation for the flow depth h:

h

hm
− 1 = 2α∗Fr

f(ξc)

ln(a/b)
[F (ξc, η)−

∫ +1/2

−1/2
F (ξc, η)dη] +K, (A.13)

where hm is cross-sectional averaged value of h and

Fr =
u2
m

ghm
, F (ξc, η) = ln(1 + f(ξc).η),

a = 1 + f(ξc), b = 1− f(ξc),

K = − 1

hm
(

∫ +1/2

−1/2
∆zbdη −∆zb),

where ∆zb = zb − z0. Note that if the bed is flat, then K = 0.
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A.1.2 Ability and Limitation of Variational Method

To investigate the adequacy of Yalin and da Silva ’s variational method the
comparison of the computed profile and the measurement by da Silva [1995]
is shown in Figure A.3 for two different sinuosities.

It is remarkable that the computed profile is not satisfactory follows the
curved pattern of measured data for water surface. Thereby, the variational
method does not provide an adequate representation of free-surface shape.
This fact leads us to present a modified equation in next section to have
more realistic results.

Figure A.3: Measured and computed water surface profiles at cross-section 5 (Apex) for
channel (a) 30◦, (b) 110◦.
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A.2 Present Modified Form of Variational Equa-
tion

A.2.1 Introduction of Modified Variational Equation

Consider the below equation,∫ +1/2

−1/2
H2
η (1 + f(ξc).η)dη → min, (A.14)

where Hη = ∂H/∂η = ∂(zf/B)/∂η and f(ξc) = B/R. In above equa-
tion, the term (1 + f(ξ).η) is always positive. considering this, and taking
into account that Hη is always positive as well, we start by replacing the
minimization above by:∫ +1/2

−1/2
H2
η (1 + f(ξc).η)k+1dη → min, (A.15)

where k can be any positive number. Since for any specified cross-section
ξc, the function f(ξc) has a certain known value, the integrand F (= H2

η (1 +

f(ξc).η)k+1) is to be treated as an unknown function of Hη and η only.
Following the same technique adopted by Yalin and da Silva [2001] in their
derivation, by substituting F into the Euler equation, one obtains:

∂

∂η
(2Hη(1 + f(ξc).η)k+1) = 0, (A.16)

i.e
∂

∂η
(Hη(1 + f(ξc).η)k+1) = 0, (A.17)

which yields

(
∂H

∂η
)(k + 1)(1 + f(ξc).η)kf(ξc) + (1 + f(ξc).η)k+1∂

2H

∂η2
= 0. (A.18)

Division of Equation A.18 by (1 + f(ξc).η)k+1 yields

∂2H

∂η2
+ (k + 1)(

f(ξc)

1 + f(ξc).η
) · ∂H

∂η
= 0, (A.19)

or equivalently,

∂2zf
∂n2

+ (k + 1)(
1

R+ n
) ·
∂zf
∂n

= 0. (A.20)

Note that for the case of a flat bed and introducing φh = h/hm, Equa-
tion A.20 can be written as:

∂2φh
∂η2

+ (k + 1)(
f(ξc)

1 + f(ξc).η
) · ∂φh

∂η
= 0. (A.21)
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The numerical method to solve Equation A.21 is described in the following
section.

A.2.2 Numerical Solution

A.2.2.1 Flat Bed

Equation A.21 is solved by adopting a finite difference scheme on a compu-
tational grid (i∆ξ; jδη) defined as shown in Figure A.4 [El-Tahawy, 2004].
The boundary conditions used in solution of Equation A.21 are as follows:∫ 1/2

−1/2
φhdη = 1, (A.22)

∆φhs = α∗
u2
m

hmg
.f(ξc) = dimensionless super − elevation, (A.23)

where α∗ is a factor close to unity which depends -at least- on the channel
sinuosity.

Figure A.4: Computational grid used in hydrodynamic model ‘LOOP’ from da Silva [1995].

Using central differencing method for second order derivative and back-
ward differencing for the first order derivative, in Equation A.21, i.e. by
adopting

∂2φh
∂η2

=
(φh)j+1

i − 2(φh)ji + (φh)j−1
i

∆η2
, (A.24)

∂φh
∂η

=
(φh)ji − (φh)j−1

i

∆η
. (A.25)

One can express Equation A.21 as

(φh)j+1
i − 2(φh)ji + (φh)j−1

i

∆η2
+ (k + 1)(

f(ξc)

1 + f(ξc).η
) ·

(φh)ji − (φh)j−1
i

∆η
= 0,

(A.26)
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which after rearrangement it yields:

K1.(φh)j−1
i − (φh)ji +K2.(φh)j+1

i = 0, (A.27)

where K1 = C+1
2C+1 , K2 = C

2C+1 and C = −1/f(ξc)+η
∆η(k+1) .

The application of Equation A.27 for all points j = 2, 3, 4..., N−1 on a given
grid-line (cross-section) i, together with the two aforementioned boundary
conditions, leads to a system of N equations. The value of (φh)ji for all
j = 1, ..., N on the given grid-line i are obtained as the solution of this sys-
tem of N equations. The Gaussian elimination method is used to solve this
system.

Figure A.5: Exprimental channels by da Silva [1995] and Tape [2001].

A.2.2.2 Deformed Bed

In the previous section, we considered ∂zb/∂n = 0 for the case of a flat
bed. Another problem in estimating the water surface profile in bending
river is accounting the bed deformation across the channel. Let’s start out
the derivation by recalling Equation A.20 and substituting Hη = zf/B =
(zb + h)/B such that:

∂2zb
∂n2

+
∂2h

∂n2
+ (k + 1)(

1

R+ n
) · [∂zb

∂n
+
∂h

∂n
] = 0. (A.28)

By assuming φh = h/hm and φz = zb/hm it yields:

∂2φh
∂η2

+ (k + 1)(
f(ξc)

1 + f(ξc).η
) · ∂φh

∂η
+ Cz = 0, (A.29)
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where Cz is a known value related to the bed deformation as:

Cz =
∂2φz
∂η2

+ (k + 1)(
f(ξc)

1 + f(ξc).η
) · ∂φz

∂η
.

Following the same numerical method applied in subsubsection A.2.2.1,
the above equation is simplified to:

K1.(φh)j−1
i − (φh)ji +K2.(φh)j+1

i = Cz.K2.∆η
2. (A.30)

The boundary condition is also modified as follows:∫ B/2

−B/2
(zh − zb)dn = hm ⇒

∫ 1/2

−1/2
(φh − φz)dη = 1, (A.31)

∆φhs = α∗
u2
m

hmg
.f(ξc) = dimensionless superelevation, (A.32)

A.3 Comparison with Experiments

A.3.1 Sine-generated Channels with Flat Bed

To investigate the adequacy of Yalin and da Silva’s modified variational
equation, the results are presented in comparison with measurement of
da Silva [1995] (in a 30◦ and a 110◦ sine-generated channels) and Tape
[2001] (in 50◦, 70◦ and 90◦ channels). The hydraulic conditions of these
experiments are summarized in Table A.2. The measured value of h/hm at
cross-sections ξ2 to ξ7 (see Figure A.5 for cross-sections location along the
channel) are plotted in Figure A.6 to Figure A.10. The calculated water
surface profile is shown with solid line.

The results are also presented in comparison with a free surface predic-
tion method using by da Silva [1995] for channel with θ0 = 30◦ and 110◦ in
Figure A.11.

Table A.1: Cross-section coordinates

Cross-section 2 3 4 5 6 7 8
ξc 0.0625 0.125 0.1875 0.25 0.3125 0.375 0.4375
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Table A.2: Summery of hydraulic conditions.

Channel B/Ra hav uuv B/hav α∗ Re Fr
30◦ 0.49 3.20 0.164 12.5 1.03 5250 0.086
50◦ 0.71 3.14 0.201 12.7 1.2 6325 0.131
70◦ 0.81 3.08 0.149 13.0 1.5 4600 0.073
90◦ 0.74 3.05 0.181 13.1 1.2 5525 0.109
110◦ 0.52 3.00 0.167 13.3 1.03 5025 0.095

(a) (b)

(c) (d)

(e) (f)

Figure A.6: Measured and computed water surface profiles for channel 30◦ at cross-sections
2 to 7.
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(a) (b)

(c) (d)

(e) (f)

Figure A.7: Measured and computed water surface profiles for channel 50◦ at cross-sections
2 to 7.
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(a) (b)

(c) (d)

(e) (f)

Figure A.8: Measured and computed water surface profiles for channel 70◦ at cross-sections
2 to 7.
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(a) (b)

(c) (d)

(e) (f)

Figure A.9: Measured and computed water surface profiles for channel 90◦ at cross-sections
2 to 7.



Comparison with Experiments 99

(a) (b)

(c) (d)

(e) (f)

Figure A.10: Measured and computed water surface profiles for channel 110◦ at cross-
sections 2 to 7.
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure A.11: Measured and computed water surface profiles in compared to calculated
values by da Silva [1995] at cross-sections 2 to 8 for channel 30◦
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure A.12: Measured and computed water surface profiles in compared to calculated
values by da Silva [1995] at cross-sections 2 to 8 for channel 110◦.
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A.3.2 Circular Channel with Flat Bed

In this section the validity of the present modified variational equation is
evaluated in circular channels, by a comparison with the data measured by
Rozovskii [1957] in a 180◦ circular bend shown in Figure A.13a. The flow
rate was Q = 12.3 l/s and the mean height of channel was hm = 0.06 m. The
measured and computed water surface profiles are shown in Figure A.13c for
the central cross-section of the bend. The value of α∗ = 1.2 in this particular
case to adopt to the collected data.

(a)

(b)

(c)

Figure A.13: (a) Geometry of Rozovskii’s experimental channel 1961, (b) Free surface iso-
surface contour of Rozovskii ’s experimental channel 1961, (c) Measured and computed
water surface profiles; flow in 180◦.
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The above cross-section is located in fully developed part of the bend
where we can apply the free surface formulation for meandering curve with
fix ratio for B/R.

To estimate the free surface shape in transitional part of the bend where
0 6 B/R 6 (B/R)max, we introduce a sigmoid function curve which pro-
vides a description of B/R along the transitional part. The curve defines as
:

Y =
A1

1 + exp[A2 ∗ (A3−X)]
+A4, (A.33)

where A1 and A4 define the boundary value for B/R, A3 is the point
with slope B = A1.A2/4 and A2 is gain factor (Figure A.14a).

(a)

(b)

Figure A.14: (a) Typical sigmoid function applied to transient part of a circular channel,
(b) Sigmoid function used for Rozovskii circular channel.

The above variables for sigmoid curve are obtained from Rozovskii ’s data
(Figure A.13b). The Reference point is fixed at level 5 (see Rozovskii [1957]
for more details) and the length is calculating along the central streamwise
direction. A3 is chosen to be at the level 6 (Figure A.14b).

The modified variational method is applied for cross-sections 5.5, 6, 6.5
and fitted to the experimental data observed by Rozovskii [1957] for same
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level (Figure A.15). The comparison shows a good agreement between pre-
dicted and observed free surface shape.

(a)

(b)

(c)

Figure A.15: Comparison of predicted free surface shape to experimental data of Rozovskii
[1957] for transient part of circular channel.
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A.3.3 Natural Streams

In order to validate the modified variational method with deformed bed
shape, the predicated profile will compare to the data presented on the
Muddy Creek by Dietrich and Smith [1983]. Figure A.16a shows the section
locations through the bend. The Muddy Creek study bend during most
year of measurement had a water surface slope of 0.0014, a mean depth
and velocity of 40 cm and 55 cm/sec. The channel had a minimum radius of
curvature to width ration of 1.5. The geometry of Muddy Creek is simulated
by a sine-generated curve with θ0 = 68◦ (Figure A.16b).

The observed data collected at several cross-sections of Muddy Creek
meander (see Table A.3). Taking into the account the bed deformation in the
modified variational method, the estimated results for surface elevation are
presented in comparison with the observed and predicted values at Muddy
Creek (Dietrich et al. [1979]) in Figure A.17.

(a)

(b)

Figure A.16: (a) Map of Muddy Creek bend with measurement cross-sections, (b) sine-
generated meander geometry estimated for Muddy Creek.
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Table A.3: Cross-section coordinates at Muddy Creek.

Cross-section 12 14 18 19 20 22 24
ξc 0.05 0.12 0.16 0.23 0.31 0.36 0.4

Figure A.17: Measured and predicted water surface profiles in Muddy Creek (Dietrich
et al. [1979]) in compared to calculated values by da Silva [1995] at cross-sections 12 to
19.
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