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Collapse models describe phenomenologically the quantum-to-classical transition by adding suitable 
nonlinear and stochastic terms to the Schrödinger equation, thus (slightly) modifying the dynamics of 
quantum systems. Experimental bounds on the collapse parameters have been derived from various 
experiments involving a plethora of different systems, from single atoms to gravitational wave detectors. 
Here, we give a comprehensive treatment of the continuous spontaneous localization (CSL) model, the 
most studied among collapse models, for Fermi liquids. We consider both the white and non-white noise 
case. Application to various astrophysical sources is presented.

I. INTRODUCTION

Collapse models provide a phenomenological descrip-
tion of quantum measurements, by adding stochastic and
nonlinear terms to the Schrödinger equation that implement
the collapse of the wave function [1]. Such effects are
negligible for microscopic systems and become stronger
when their mass increases. This is how the quantum-to-
classical transition is described and the measurement
problem solved, which is the main motivation for which
they were formulated in the first place.
The most studied model is the continuous spontaneous

localization (CSL) model [2,3]. It applies to identical
particles and the collapse, which is implemented by a noise
coupled nonlinearly to the mass density of the system,
occurs continuously in time. The collapse effects are
quantified by two parameters: the collapse rate λ and the
correlation length of the noise rC. Different theoretical
proposals for their numerical value were suggested:
λ ¼ 10−16 s−1 and rC ¼ 10−7 m by Ghirardi et al. [4] and
λ ¼ 10−8�2 s−1 for rC¼10−7mand λ ¼ 10−6�2 s−1 for rC ¼
10−6 m by Adler [5]. Experimental data were extensively
used to bound the parameters [5–24] and new proposals
were presented, suggesting ways to further push these
bounds [24–31]. Figure 1 summarizes the state of the art.
In this context, one important question is the origin of the

collapse noise. While collapse models do not give an
answer, as the collapse is inserted “by hand” into the
Schrödinger dynamics (but its mathematical structure is
fully constrained by the request of no-superluminal-
singling and norm-conservation [1]), several times it has

been suggested that it is related to gravity [38–48]. If there
is truth in this conjecture, then the gravitational fluctuations
responsible for the collapse add to the usual gravitational
effects present in matter, in particular in strongly gravita-
tionally bound systems such as those we will consider in
this paper.
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FIG. 1. Bounds on the collapse parameters λ and rC for the
standard (white noise) mass-proportional CSL model. The red
and blue lines denote the upper bounds given by Eq. (17) applied
to the heat flow from the neutron star PSR J 1840-1419 and
from Neptune. The shaded areas show the already experimentally
and theoretically excluded regions: the orange region comes from
a cold atom experiment [14,32]; the green region from a phonon
analysis in cryogenic experiments [23,33,34]; the blue region
from x-ray emission from germanium [7,11,12,21,35]; the purple
region from a mechanical cantilever [16,19]; the pink region from
LISA Pathfinder [17,24,36,37]; the grey region from theoretical
arguments [20,22].*matteo.carlesso@ts.infn.it
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A consequence of collapse models is a spontaneous
heating, induced by the random collapse. This effect has
been calculated for many types of systems [13,14,16–
19,23,24], but not for Fermi liquids, an issue raised in a
recent paper of Tilloy and Stace [49]. Here, we give a
comprehensive treatment of CSL induced heating in Fermi
liquids, including the experimentally relevant case of non-
white noise, and we apply our results to various astro-
physical systems, including neutron stars.

II. CSL MODEL: PERTURBATIVE CALCULATION

Following [23], we consider the transition amplitude
cfiðtÞ caused by a perturbation, from an initial state jii of a
quantum system to a final state jfi, with associated
energies Ei ¼ ℏωi and Ef ¼ ℏωf, respectively. For the
sake of simplicity we restrict the problem to the case of one
fermion of mass mA. The result for the N particle case,
either fermions or bosons, is given in the Appendix.
We have

cfiðtÞ ¼ −
i
ℏ

Z
t

0

ds hfjei
ℏĤ0sV̂ðsÞe− i

ℏĤ0sjii; ð1Þ

where Ĥ0 is the free Hamiltonian and the perturbation, for
the CSL process applied to a particle of mass mA, is [23]

V̂ðtÞ ¼
Z

dzwtðzÞV̂ðzÞ;

V̂ðzÞ ¼ −
ℏ
m0

mAgðz − x̂AÞ; ð2Þ

where m0 is the nucleon mass, wtðzÞ is a noise with zero
mean [E½wtðzÞ� ¼ 0], and the correlator is

E½wtðzÞwsðxÞ� ¼
1

2π

Z þ∞

−∞
dω γðωÞe−iωðt−sÞδðx − zÞ; ð3Þ

where γðωÞ ¼ γð−ωÞ is the frequency-dependent collapse
strength. We denoted with x̂A the position operator of the
particle, and

gðxÞ ¼ e−x
2=2r2C

ð ffiffiffiffiffiffi
2π

p
rCÞ3

¼ 1

ð2πÞ3
Z

dq e−q
2r2C=2−iq·x: ð4Þ

We assume that the particle is free and confined in a box of
side L; the initial and final states read

hxjii ¼ eiki·x

L3=2 and hxjfi ¼ eikf ·x

L3=2 : ð5Þ

We then have

cfiðtÞ ¼
imA

m0L3

Z
dq e−q

2r2C=2

Z
t

0

ds eiωfis

×
Z

dzwsðzÞe−iq·zδðkf − ki − qÞ; ð6Þ

where ωfi ¼ ωf − ωi and ki, kf are the initial and final
momenta of the particle, respectively. The transition prob-
ability, under stochastic average, is then given by

E½jcfij2� ¼
m2

A

m2
0L

3

Z
dqe−q

2r2C

×
Z

dωγðωÞδðkf−ki−qÞtδðtÞðωfi−ωÞ; ð7Þ

where we used the relations

½δðkf − ki − qÞ�2 ∼ ðL=ð2πÞÞ3δðkf − ki − qÞ;Z
t

0

ds eiðωfi−ωÞs ¼ 2πeiðωfi−ωÞt=2δðtÞðωfi − ωÞ;

½δðtÞðωfi − ωÞ�2 ∼ ðt=ð2πÞÞδðtÞðωfi − ωÞ: ð8Þ

We now apply Eq. (7) to the system under study, i.e., a
particle in a Fermi gas. The heating power PCSLðtÞ ¼
dETOTðtÞ=dt reads

PCSLðtÞ¼
d
dt

X
i

X
f

N ðkiÞð1−N ðkfÞÞℏωfiEjcfiðtÞj2;

ð9Þ

where NðkiÞ is the probability of the initial state having
momentum ki, and (1 −N ðkfÞ) is the probability for the
final state with momentum kf not to be occupied; other-
wise the particle could not jump there because of the Pauli
exclusion principle. Since N ðkiÞN ðkfÞ and E½jcfij2� are
even, whereas ωfi is odd, under the interchange i ↔ f, the
term containing N ðkiÞN ðkfÞ makes a vanishing contri-
bution to Eq. (9). The above expression then simplifies to

PCSLðtÞ ¼
d
dt

X
i

X
f

N ðkiÞℏωfiEjcfiðtÞj2: ð10Þ

Using the standard box-normalization prescription, accord-
ing to which in the limit L → þ∞,

1

L3

X
p

gðpÞ → 1

ð2πÞ3
Z

dp gðpÞ; ð11Þ

one obtains

PCSLðtÞ¼
L3

ð2πÞ3
d
dt

X
i

N ðkiÞ
Z

dkfℏωfiEjcfiðtÞj2; ð12Þ
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which in the long time limit reads

PCSLðtÞ¼
m2

A

m2
0ð2πÞ3

X
i

N ðkiÞ
Z

dqℏω̄iðqÞe−q2r2Cγðω̄iðqÞÞ;

ð13Þ

where

ω̄iðqÞ ¼
ℏ

2mA
ðq2 þ 2ki · qÞ: ð14Þ

In the white noise case, where γðωÞ ¼ γ, the integration
over q can be easily performed, giving

PCSLðtÞ ¼
3

4

ℏ2λmA

m2
0r

2
C

; ð15Þ

where we used γ ¼ λð ffiffiffiffiffiffi
4π

p
rCÞ3 and

P
iN ðkiÞ ¼ 1. For the

N atom case, the calculation in the Appendix shows thatmA
in Eq. (15) is replaced by the total massM ¼ NmA. This is
the same result obtained from the study of phononic modes
in matter [23,33,50].

III. NEUTRON STARS

Neutron stars are small (radius ∼10 km) and dense
(mass M∼1.4–4.2×1030kg and density μ ∼ 1017 kg=m3),
resulting from the collapsed cores of stars with mass above
the Chandrasekhar limit [51]. After the first stage next to
their formation, where they cool through emission of
baryonic matter, the main cooling process is dominated
by thermal emission of radiation [52,53], which is described
by the Stefan-Boltzmann law:

Prad ¼ SσT4; ð16Þ

where S is the surface of the neutron star,
σ ¼ 5.6 × 10−8 Wm−2 K−4 is the Stefan’s constant, and
T is the effective black-body temperature of the star. As a
reference value for the temperature we can consider
T ¼ 0.28þ0.19

−0.12 × 106 K, which refers to the neutron star
PSR J 1840-1419 [54]. The radius is R ¼ 10 km and the
mass M ¼ 2 × 1030 kg, equal to the solar mass, giving a
density μ ¼ 4.8 × 1017 kg=m3. Variations of R and M, for
typical dimensions of a neutron star, do not imply significant
changes in the bounds on the CSL parameters.

IV. RESULTS AND DISCUSSION

Assuming that the neutron star’s thermal radiation
emission is balanced by the heating effect due to the
CSL noise, we impose Prad ¼ PCSL. This gives an estimate
of collapse rate:

λ ¼ 16R2m2
0πr

2
CT4σ

3Mℏ2
; ð17Þ

where we assumed that the neutron star can be approxi-
mated by a sphere of radius R. The corresponding upper
bound is shown in red in Fig. 1.

It is interesting to apply Eq. (17) to other objects in the
Universe. Table I shows the values of the ratio Prad=M and
the corresponding value of λ=r2C for the planets in the Solar
System, the Moon, the Sun, and as a comparison that of the
neutron star PSR J 1840-1419 analyzed above. Numbers
show that Neptune gives the best ratio λ=r2C, which is more
than 4 orders smaller than the neutron star’s one. The
corresponding upper bound is identified by a continuous
blue line in Fig. 1. These bounds are weaker than the
already existing bounds and are further weakened if one
assumes a high-frequency cutoff in the noise spectrum
following the methods of [23,55–58] or dissipative modi-
fication of the CSL model as shown in [14,20,59,60].
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APPENDIX: FIELD-THEORETICAL
CALCULATION

We perform the same analysis presented in the main text,
within the framework of quantum field theory. Let us
consider the CSL Hamiltonian:

TABLE I. Numerical values of the ratio Prad=M for the planets
in the Solar System (Sun and Moon included) [61] and the
corresponding value of λ=r2C according to Eq. (17). For com-
pleteness, we report also the values for the neutron star PSR J
1840-1419 analyzed above.

Prad=M ðW=kgÞ λ=r2C ðs−1 m−2Þ
Mercury 4.74 × 10−7 1.57 × 108

Venus 1.40 × 10−8 4.62 × 106

Earth 2.00 × 10−8 6.60 × 106

Moon 1.55 × 10−7 5.12 × 107

Mars 2.45 × 10−8 8.10 × 106

Jupiter 2.76 × 10−10 9.14 × 104

Saturn 1.94 × 10−10 6.40 × 104

Uranus 6.03 × 10−11 2.00 × 104

Neptune 1.99 × 10−11 6.57 × 103

Pluto 1.50 × 10−10 4.98 × 104

Sun 1.90 × 10−4 6.29 × 1010

Neutron star 2.85 × 10−7 9.43 × 107
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Ĥ ¼ Ĥ0 þ V̂CSL; ðA1Þ

where

Ĥ0 ¼
X
i

X
τ

X
p

Epτib̂
†
pτiðtÞb̂pτiðtÞ ðA2Þ

is the free Hamiltonian; the first sum is over the i type of
particle, the second sum over the spin τ (ith type of
particle), and the third over momentum. Here b̂†pτi and

b̂pτi are creation and annihilation operators, respectively;
since the final result is independent from the particle
nature, they can be fermionic or bosonic. In fact, the
derivation presented below depends only on the commu-
tation relations ½b̂†pτib̂p0τj; b̂

†
kτ0l� ¼ δð3Þðp0 − kÞδττ0δjlb̂†pτi

and ½b̂†pτib̂p0τj; b̂kτ0l� ¼ −δð3Þðp0 − kÞδττ0δjlb̂pτi, which are
identical for fermions and bosons. The CSL stochastic
potential is [7]

V̂CSL ¼ −ℏ
X
j

X
τ0

mj

m0

Z
dx Ψ̂†

τ0jðx; tÞΨ̂τ0jðx; tÞξðx; tÞ:

ðA3Þ
Here we introduced

ξðx; tÞ ¼
Z

dy
e−ðx−yÞ2=2r2C

ð ffiffiffiffiffiffi
2π

p
rCÞ3

wtðyÞ; ðA4Þ

whose mean and correlator are

E½ξðx; tÞ� ¼ 0; and

E½ξðx; tÞξðy; sÞ� ¼ γ̃ðt − sÞFðx − yÞ; ðA5Þ
where E denotes the stochastic average over the noise,

FðxÞ ¼ e−x
2=4r2C

ð ffiffiffiffiffiffi
4π

p
rCÞ3

; and γ̃ðtÞ ¼ 1

2π

Z
dω γðωÞe−iωt:

ðA6Þ

The relation between the operator Ψ̂τjðx; tÞ and b̂pτiðtÞ is
given by

Ψ̂τjðx; tÞ ¼
X
p

ψpτjðxÞb̂pτjðtÞ;

b̂pτjðtÞ ¼
Z

dxψ�
pτjðxÞΨ̂τjðx; tÞ; ðA7Þ

with ψpτjðxÞ denoting the Fourier coefficients of the trans-
formation, spin τ, and momentum p. Below we specify the
exact formofψpτjðxÞ. The evolution of b̂pτiðtÞ is determined

by the Heisenberg equation db̂pτjðtÞ
dt ¼ i

ℏ ½Ĥ; b̂pτjðtÞ�, which
gives

db̂pτjðtÞ
dt

¼−
i
ℏ
Epτjb̂pτjðtÞ

þ i
mj

m0

X
k

Z
dxψ�

pτjðxÞψkτjðxÞξðx; tÞb̂kτjðtÞ:

ðA8Þ

The solution is

b̂pτjðtÞ ¼ e−
i
ℏEpτjtb̂pτjð0Þ

þ i
mj

m0

X
k

Z
dxψ�

pτjðxÞψkτjðxÞ

×
Z

t

0

ds e−
i
ℏEpτjðt−sÞξðx; sÞb̂kτjðsÞ: ðA9Þ

Since b̂kτjðsÞ appears also in the last term, we need to solve
perturbatively. We replace b̂kτjðsÞ with the corresponding
form given again by Eq. (A9) and truncate the expression to
order γ:

b̂pτjðtÞ ¼ ÂpτjðtÞ þ B̂pτjðtÞ þ ĈpτjðtÞ þOðγ3=2Þ; ðA10Þ

where

ÂpτjðtÞ ¼ e−
i
ℏEpτjtb̂pτjð0Þ;

B̂pτjðtÞ ¼ i
mj

m0

X
k

Z
dxψ�

pτjðxÞψkτjðxÞ

×
Z

t

0

ds e−
i
ℏEpτjðt−sÞξðx; sÞe− i

ℏEkτjsb̂kτjð0Þ;

ĈpτjðtÞ ¼ −
�
mj

m0

�
2X
kk0

Z
dxψ�

pτjðxÞψkτjðxÞ

×
Z

t

0

ds e−
i
ℏEpτjðt−sÞξðx; sÞ

Z
dy ψ�

kτjðyÞψk0τjðyÞ

×
Z

s

0

ds0e− i
ℏEkτjðs−s0Þξðy; s0Þe− i

ℏEk0τjs
0
b̂k0τjð0Þ:

ðA11Þ

Given these expressions, we can compute the evolution of
the energy expectation value, which is given by

ETOTðtÞ ¼ E½hĤi�: ðA12Þ

Due to the stochastic properties in Eq. (A5), we have
E½V̂CSL� ¼ 0; therefore only Ĥ0 contributes to ETOTðtÞ. In
particular

ETOTðtÞ ¼ ETOTð0Þ þ ECSL;1
TOT ðtÞ þ ECSL;2

TOT ðtÞ þOðγ3=2Þ;
ðA13Þ

where

ADLER, BASSI, CARLESSO, and VINANTE
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ETOTð0Þ¼
X
i

X
τ

X
p

EpτihÂ†
pτiðtÞÂpτiðtÞi;

ECSL;1
TOT ðtÞ¼

X
i

X
τ

X
p

EpτihB̂†
pτiðtÞB̂pτiðtÞi;

ECSL;2
TOT ðtÞ¼

X
i

X
τ

X
p

EpτihÂ†
pτiðtÞĈpτiðtÞþH:c:i; ðA14Þ

where H.c. stands for Hermitian conjugate. We notice that
there is no contribution from terms like Â†

pτiðtÞB̂pτiðtÞ or

B̂†
pτiðtÞĈpτiðtÞ: the first is zero under stochastic average and

the second scales with γ3=2 and can be then neglected. The
above expressions, together with Eq. (A11), give

ETOTð0Þ ¼
X
i

X
τ

X
p

Epτihb̂†pτið0Þb̂pτið0Þi;

ECSL;1
TOT ðtÞ ¼

X
i

X
τ

X
p

Epτi

�
mi

m0

�
2X
kk0

Z
dx

Z
dy ψpτiðxÞψ�

kτiðxÞψ�
pτiðyÞψk0τiðyÞFðx − yÞ

×
Z

t

0

ds
Z

t

0

ds0γ̃ðs − s0Þe− i
ℏEpτiðs−s0Þei

ℏEkτise−
i
ℏEk0τis

0 hb̂†kτið0Þbk0τið0Þi;

ECSL;2
TOT ðtÞ ¼ −

X
i

X
τ

X
p

Epτi

�
mi

m0

�
2X
kk0

Z
dx

Z
dy Fðx − yÞψkτiðxÞψ�

kτiðyÞ
Z

t

0

ds
Z

s

0

ds0γ̃ðs − s0Þ

× ½ψ�
pτiðxÞψk0τiðyÞei

ℏEpτise−
i
ℏEkτiðs−s0Þe− i

ℏEk0τis
0 hb̂†pτið0Þb̂k0τið0Þi

þ ψpτiðyÞψ�
k0τiðxÞe−

i
ℏEpτise

i
ℏEkτiðs−s0Þei

ℏEk0τis
0 hb̂†k0τið0Þb̂pτið0Þi�: ðA15Þ

The above terms contain hb̂†pτið0Þb̂kτið0Þi. To compute it we consider a state of N particles with density matrix diagonal in
momentum and weight given by the occupation number N ðpÞ. Then we have

hb̂†pτið0Þb̂kτið0Þi ¼ δpkN ðpÞ: ðA16Þ

AlthoughN ðpÞ is different in the fermionic and the bosonic case, as it should be clear from the calculations, the final result
is independent from the type of statistics. Applying this result we obtain

ETOTð0Þ ¼
X
i

X
τ

X
p

EpτiN ðpÞ;

ECSL;1
TOT ðtÞ ¼ t

X
i

X
τ

X
pk

Epτi

�
mi

m0

�
2

N ðkÞ
Z

dx
Z

dy ψpτiðxÞψ�
kτiðxÞψ�

pτiðyÞψkτiðyÞFðx − yÞ

×
Z

dω γðωÞδðtÞ
�
Epτi − Ekτi

ℏ
− ω

�
;

ECSL;2
TOT ðtÞ ¼ −t

X
i

X
τ

X
p;k

EpτiN ðpÞ
�
mi

m0

�
2
Z

dx
Z

dy ψkτiðxÞψ�
pτiðxÞψpτiðyÞψ�

kτiðyÞFðx − yÞ

×
Z

dω γðωÞδðtÞ
�
Epτi − Ekτi

ℏ
− ω

�
; ðA17Þ

where we exploited the relations in Eqs. (8) and (A6).
So far the result is general. We now apply it to the case of interest, i.e.,N particles in a cube box of length L. We apply the

periodic boundary conditions and the box-normalization prescription

ψpτiðxÞ → ϕqτiðxÞ ¼
eiqτi·x

L3=2 ; with qτi ¼
2π

L
nτi; ðA18Þ

where nτi ∈ Z3. The wave functions ϕqτiðxÞ are orthonormal:

TESTING CONTINUOUS SPONTANEOUS LOCALIZATION WITH …
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Z L
2

−L
2

Z L
2

−L
2

Z L
2

−L
2

dxϕqðxÞϕ�
q0 ðxÞ ¼ δnn0 : ðA19Þ

In the L → þ∞ limit (so that space integrals extend over the whole space and can be performed exactly), we have

ECSL;1
TOT ðtÞ ¼ t

X
i

X
τ

X
pk

Epτi

�
mi

m0

�
2

N ðkÞ e
−ðp−kÞ2r2C

L3

Z
dω γðωÞδðtÞ

�
Epτi − Ekτi

ℏ
− ω

�
;

ECSL;2
TOT ðtÞ ¼ −t

X
i

X
τ

X
p;k

EpτiN ðpÞ
�
mi

m0

�
2 e−ðp−kÞ2r2C

L3

Z
dω γðωÞδðtÞ

�
Epτi − Ekτi

ℏ
− ω

�
: ðA20Þ

The CSL heating power PCSL ¼ d
dt ETOTðtÞ in the long time limit is then given by

PCSL ¼
X
i

X
τ

X
p

�
mi

m0

�
2

N ðpÞ 1

L3

X
k

e−ðp−kÞ2r2CðEkτi − EpτiÞγ
�
Epτi − Ekτi

ℏ

�
: ðA21Þ

In the white noise case, where γðωÞ ¼ γ ¼ λð2 ffiffiffi
π

p
rCÞ3, by taking Ekτi ¼ ℏ2k2=ð2miÞ we find

γ

L3

X
k

e−ðp−kÞ2r2CðEkτi − EpτiÞ ⟶
½L→þ∞�

3ℏ2λ

4mir2C
: ðA22Þ

By merging with Eq. (A21) we have

PCSL ¼ 3ℏ2λ

4m2
0r

2
C

X
i

mi

X
τ

X
p

N ðpÞ ¼ 3ℏ2λM
4m2

0r
2
C

; ðA23Þ

since
P

τ

P
p N ðpÞ gives the number of particles of type i.
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