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Abstract. We study the isometry groups of compact spherical orientable 3-orbifolds S3/G,
where G is a finite subgroup of SO(4), by determining their isomorphism type. Moreover,
we prove that the inclusion of Isom(S3/G) into Diff(S3/G) induces an isomorphism of the
π0 groups, thus proving the π0-part of the natural generalization of the Smale Conjecture
to spherical 3-orbifolds.

1. Introduction

Orbifolds are a generalization of manifolds, which had been introduced in different con-
texts by Satake [Sat56], by Thurston [Thu97, Chapter 13] and by Haefliger [Hae84] – useful
references being also [BMP03, Cho12, Dun88, Sco83]. The most standard example of an
orbifold (of dimension n) is the quotient of a manifold Mn by a group Γ which acts properly
discontinuously – but in general not freely – on M . If the action is not free, singular points
appear in the quotient M/Γ, keeping track of the action of point stabilizers StabΓ(x) on a
neighborhood of a fixed point x ∈ M . More generally, an orbifold is locally the quotient of
a manifold by the action of a finite group.

Geometric 3-orbifolds had a large importance in Thurston’s geometrization program.
These are locally the quotient of one of the eight Thurston’s model geometries by the prop-
erly discontinuous action of a group of isometries. The main object of this paper are compact
spherical 3-orbifolds, which are globally the quotient of the 3-sphere S3 by the action of a
finite group G of isometries. Hence the quotient orbifold inherits a metric structure (which
is a Riemannian metric of constant curvature 1 outside the singularities). The main purpose
of this paper is to study the group of isometries of compact spherical 3-orbifolds O = S3/G,
for G a finite subgroup of SO(4). Roughly speaking, an isometry of O is a diffeomorphism
which preserves both the induced metric and the type of singularities.

A widely studied problem concerning the isometry group of 3-manifolds is the Smale
Conjecture, and its stronger version, called Generalized Smale Conjecture. The latter asserts
that the natural inclusion of Isom(M), the group of isometries of a compact spherical 3-
manifold M , into Diff(M) (its group of diffeomorphisms) is a homotopy equivalence. The
original version was stated for M = S3 by Smale. The π0-part of the original conjecture,
namely the fact that the natural inclusion induces a bijection on the sets of path components,
was proved by Cerf in [Cer68]. The full conjecture was then proved by Hatcher in [Hat83].
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The Generalized Smale Conjecture for spherical 3-manifolds was proven in many cases, but
is still open in full generality [HKMR12]. The π0-part was instead proved in [McC02]. We
will prove the π0-part of the analogous statement for spherical 3-orbifolds, namely:

Theorem (π0-part of the Generalized Smale Conjecture for spherical 3-orbifolds). Let O =
S3/G be a compact spherical oriented orbifold. The inclusion Isom(O)→ Diff(O) induces a
group isomorphism

π0Isom(O) ∼= π0Diff(O) .

The proof uses both the algebraic description of the finite groups G acting on S3 by
isometries, and the geometric properties of Seifert fibrations for orbifolds. In the specific
case of spherical 3-orbifolds whose underlying topological space is the 3-sphere and whose
singular set is a Montesinos link, the same result was proved in [Sak90].

In fact, the classification of spherical 3-orbifolds up to orientation-preserving isometries
is equivalent to the classification of finite subgroups of SO(4) up to conjugacy in SO(4).
Such algebraic classification was first given by Seifert and Threlfall in [TS31] and [TS33];
we will use the approach of [DV64]. In the spirit of the paper [McC02], we provide an
algebraic description of the isometry group of the spherical orbifold S3/G once the finite
subgroup G < SO(4) is given. To perform the computation, we first understand the group
of orientation-preserving isometries, which is isomorphic to the quotient of the normalizer
of G in SO(4) by G itself. We then describe the full group of isometries, when S3/G has
orientation-reversing isometries. Only part of the understanding of Isom(S3/G) is indeed
necessary for the proof of the π0-part of the Generalized Smale Conjecture for orbifolds, but
to the opinion of the authors it is worthwhile to report the isomorphism type of the isometry
group for every spherical orbifold, as such list is not available in the literature. Moroever,
by the main theorem above, this gives also the computation for the mapping class group of
spherical orbifolds.

To prove that the homomorphism ι : π0Isom(O) → π0Diff(O) induced by the inclusion
Isom(O)→ Diff(O) is an isomorphism, we will in fact prove that the composition

π0Isom+(O)
ι // π0Diff+(O)

α // Out(G) ,

is injective, where Out(G) = Aut(G)/Inn(G). This implies that ι is injective, while surjec-
tivity follows from [CZ92]. However, the injectivity of α ◦ ι does not hold in general, but
will be proved when the singular locus of O is nonempty and its complement is a Seifert
fibered manifold, while the remaining cases were already treated in [McC02] and [CZ92]. In
order to detect which orbifolds have this property and to prove injectivity in those cases, it
is necessary to analyze the Seifert fibrations which a spherical orbifolds S3/G may admit, in
the general setting of Seifert fibrations for orbifolds. The methods to obtain such analysis
were provided in [MS15].

Organization of the paper. In Section 2, we explain the algebraic classification of fi-
nite subgroups of SO(4) up to conjugacy, and we give an introduction of two- and three-
dimensional orbifolds, with special attention to the spherical case. In Section 3, we compute
the isometry group of spherical 3-orbifolds, by first computing the subgroup of orientation-
preserving isometries and then the full isometry group. The results are reported in Tables
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2, 3 and 4. Finally, in Section 4 we prove the π0-part of the Generalized Smale Conjecture
for spherical orbifolds, after introducing the necessary background on Seifert fibrations.

Acknowledgements. We would like to thank an anonymous referee for several advices
which improved the exposition of the paper.

2. Spherical three-orbifolds

Let H = {a + bi + cj + dk | a, b, c, d ∈ R} = {z1 + z2j | z1, z2 ∈ C} be the quaternion
algebra. Given a quaternion q = z1 + z2j, we denote by q̄ = z̄1 − z2j its conjugate. Thus H
endowed with the positive definite quadratic form given by qq̄ = |z1|2 + |z2|2, is isometric to
the standard scalar product on R4. We will consider the round 3-sphere as the set of unit
quaternions:

S3 = {a+ bi+ cj + dk | a2 + b2 + c2 + d2 = 1} = {z1 + z2j | |z1|2 + |z2|2 = 1} .
The restriction of the product of H induces a group structure on S3. For q ∈ S3, q−1 = q̄.

2.1. Finite subgroups of SO(4). In this subsection we present the classification of the finite
subgroup of SO(4), which is originally due to Seifert and Threlfall ([TS31] and [TS33]). More
details can be found in [DV64, CS03, MS15]; we follow the approach and the notation of
[DV64]. We have to mention that in Du Val’s list of finite subgroup of SO(4) there are three
missing cases.

Let us consider the group homomorphism

Φ : S3 × S3 → SO(4)

which associates to the pair (p, q) ∈ S3 × S3 the map Φp,q : H→ H with

Φp,q(h) = phq−1 ,

which is an isometry of S3. The homomorphism Φ can be proved to be surjective and has
kernel

Ker(Φ) = {(1, 1), (−1,−1)} .
Therefore Φ gives a 1-1 correspondence between finite subgroups of SO(4) and finite sub-
groups of S3 × S3 containing the kernel of Φ. Moreover, if two subgroups are conjugate
in SO(4), then the corresponding groups in S3 × S3 are conjugate and vice versa. To give
a classification of finite subgroups of SO(4) up to conjugation, one can thus classify the
subgroups of S3 × S3 which contain {(1, 1), (−1,−1)}, up to conjugation in S3 × S3.

Let G̃ be a finite subgroup of S3×S3 and let us denote by πi : S3×S3 → S3, with i = 1, 2,
the two projections. We use the following notations: L = π1(G̃), LK = π1((S3 × {1}) ∩ G̃),
R = π2(G̃), RK = π2(({1} × S3) ∩ G̃). The projection π1 induces an isomorphism

π̄1 : G̃/(LK ×RK)→ L/LK ,

and π2 induces an isomorphism

π̄2 : G̃/(LK ×RK)→ R/RK .

Let us denote by φG̃ : L/LK → R/RK the isomorphism

φG̃ = π̄−1
1 ◦ π̄2 .
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On the other hand, if we consider two finite subgroups L and R of S3, with two normal
subgroups LK and RK such that there exists an isomorphism φ : L/LK → R/RK , we can
define a subgroup G̃ of S3 × S3 such that L = π1(G̃), LK = π1((S3 × {1})∩ G̃), R = π2(G̃),
RK = π2(({1} × S3) ∩ G̃) and φ = φG̃. The subgroup G̃ of S3 × S3 is determined uniquely
by the 5-tuple (L,LK , R,RK , φ).

To consider the classification up to conjugacy, one uses the following straightforward
lemma, which is implicitly used in [DV64].

Lemma 1. Let G̃ = (L,LK , R,RK , φ) and G̃′ = (L′, L′K , R
′, R′K , φ

′) be finite subgroups of

S3 × S3 containing Ker(Φ). An element (g, f) ∈ S3 × S3 conjugates G̃ to G̃′ if and only if
the following three conditions are satisfied:

(1) g−1Lg = L′ and f−1Rf = R′;
(2) g−1LKg = L′K and f−1RKf = R′K;
(3) the following diagram commutes:

L/LK

α

��

φ // R/RK

β

��
L′/L′K

φ′ // R′/R′K

(1)

where α(xLK) = g−1xgL′K and β(yRK) = f−1yfR′K.

Observe that the diagonal subgroup ∆ in S3 × S3 is the subgroup which preserves the
antipodal points 1 and −1, and thus also preserves the equatorial S2 which is equidistant
from 1 and −1. Thus one obtains a map

Φ : ∆ ∼= S3 → SO(3)

which associates to q ∈ S3 the isometry h 7→ qhq−1. By means of this map, and the
classification of finite subgroups of SO(3) one shows that the finite subgroups of S3 are:

Cn = {cos
(

2απ
n

)
+ i sin

(
2απ
n

)
|α = 0, . . . , n− 1} n ≥ 1

D∗2n = Cn ∪ Cnj n ≥ 3

T ∗ =
2⋃
r=0

(1
2

+ 1
2
i+ 1

2
j + 1

2
k)rD∗4

O∗ = T ∗ ∪ (
√

1
2

+
√

1
2
j)T ∗

I∗ =
4⋃
r=0

(
1
2
τ−1 + 1

2
τj + 1

2
k
)r
T ∗ (where τ =

√
5+1)
2

)

The group Cn is cyclic of order n, and contains the center −1 if and only if n is even.
The group D∗2n is a generalized quaternion group of order 2n. The group D∗2n is called also
binary dihedral and it is a central extension of the dihedral group by a group of order 2.
Observe that for n = 2, one has D∗4 = {±1,±j}, which is conjugate to C4 = {±1,±i}.
For this reason, the groups D∗2n are considered with indices n ≥ 3. The case n = 3 is also
a well-known group, in fact D∗8 = {±1,±i,±j,±k} is also called quaternion group. The
groups T ∗, O∗ and I∗ are central extensions of the tetrahedral, octahedral and icosahedral
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group, respectively, by a group of order two; they are called binary tetrahedral, octahedral
and icosahedral, respectively.

Using Lemma 1, one can thus obtain a classification (up to conjugation) of the finite
subgroups of S3 × S3 which contain Ker(Φ), in terms of the finite subgroups of S3. We
report the classification in Table 1.

For most cases the group is completely determined up to conjugacy by the first four data
in the 5-tuple (L,LK , R,RK , φ) and any possible isomorphism φ gives the same group up
to conjugacy. So we use Du Val’s notation where the group (L,LK , R,RK , φ) is denoted by
(L/LK , R/RK), using a subscript only when the isomorphism has to be specified. This is
the case for Families 1, 1′, 11, 11′, 26′, 26′′, 31, 31′, 32, 32′, 33 and 33′.

Recalling that φ is an isomorphism from L/LK toR/RK , in the group (C2mr/C2m, C2nr/C2n)s
the isomorphism is

φs : (cos(π/mr) + i sin(π/mr))C2m 7→ (cos(sπ/nr) + i sin(sπ/nr))C2n .

In the group (Cmr/Cm, Cnr/Cn)s the situation is similar and the isomorphism is

φs : (cos(2π/mr) + i sin(2π/mr))Cm 7→ (cos(2sπ/nr) + i sin(2sπ/nr))Cn .

For Families 11 and 11′ we extend the isomorphisms φs to dihedral or binary dihedral
groups sending simply j to j. If L = D∗4mr, R = D∗4nr, LK = C2m and RK = C2n, then these
isomorphisms cover all the possible cases except when r = 2 and m,n > 1. In this case we
have to consider another isomorphism f : D∗4mr/C2m → D∗4nr/C2n such that:

f :

{
(cos(π/2m) + i sin(π/2m))C2m 7→ jC2n

jC2m 7→ (cos(π/2n) + i sin(π/2n))C2n

.

This is due to the fact that, if r > 2, the quotients L/LK and R/RK are isomorphic to a
dihedral group of order greater then four where the index two cyclic subgroup is character-
istic, while if r = 2 the quotients are dihedral groups of order four and extra isomorphisms
appear. The isomorphism f gives another class of groups (the number 33 in our list), this
family is one of the missing case in Du Val’s list. However, when m = 2 or n = 2, one has
L = D∗8 (or R = D∗8), and it is possible to conjugate jC2 = {±j} to iC2 = {±i} in S3 (for
instance by means of (i + j)/

√
2). Therefore for m = 1 or n = 1, the isomorphism f is

equivalent to the trivial isomorphism.
In Family 11′ the behaviour is similar. In fact if r > 2 the isomorphisms φs give all the

possible groups up to conjugacy, if r = 2 and m,n > 1 the quotients are quaternion groups
of order 8 and a further family has to be considered. This is the second missing case in
[DV64] and Family 33′ in our list where f is the following isomorphism:

f :

{
(cos(π/m) + i sin(π/m))Cm 7→ jCn

jCm 7→ (cos(π/n) + i sin(π/n))Cn
.

The third family of groups not in Du Val’s list is Family 34 in Table 1. Note that D∗4n/Cn
is cyclic of order 4 if and only if n is odd. If m is even while n is odd, then (C4m/Cm, D

∗
4n/Cn)

does not contain the kernel of Φ, but if m is odd, a new family appears.
The other groups in the list defined by a non trivial automorphism between L/LK and

R/RK are the groups 26′′, 32 and 32′. In the first case f is the identity on the subgroup T ∗ and
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maps x to −x in the complement O∗ \L∗. For the group 32 (resp. 32′) the automorphism f
can be chosen between the automorphism of I∗/C2 (resp. I∗) that are not inner (see [Dun94,
page 124]), in particular we choose f of order two; this choice turns out to be useful when
we compute the full isometry group in Subsection 3.2.

Finally we remark that the groups (L,LK , R,RK , φ) and (R,RK , L, LK , φ
−1) are not con-

jugate unless L and R are conjugate in S3, so the corresponding groups in SO(4) are in
general not conjugate in SO(4). If we consider conjugation in O(4) the situation changes,
because the orientation-reversing isometry of S3, sending each quaternion z1 + z2j to its in-
verse z1−z2j, conjugates the two subgroups of SO(4) corresponding to (L,LK , R,RK , φ) and
(R,RK , L, LK , φ

−1). For this reason, in Table 1 only one family between (L,LK , R,RK , φ)
and (R,RK , L, LK , φ

−1) is listed.

2.2. Two and three-dimensional orbifolds. Roughly speaking an orbifold O of dimen-
sion n is a paracompact Hausdorff topological space X together with an atlas of open sets
(Ui, ϕi : Ũi/Γi → Ui) where Ũi are open subsets of Rn, Γi are finite groups acting effectively
on Ui and ϕi are homeomorphisms. The orbifold is smooth if the coordinate changes ϕi ◦ϕ−1

j

can be lifted to diffeomorphisms Ũi → Ũj. There is a well-defined notion of local group for
every point x, namely the smallest possible group which gives a local chart for x, and points
with trivial local group are regular points of O. Points with non-trivial local group are sin-
gular points. The set of regular points of an orbifold is a smooth manifold. The topological
space X is called the underlying topological space of the orbifold. An orbifold is orientable if
there is an orbifold atlas such that all groups Γ in the definition act by orientation-preserving
diffeomorphisms, and the coordinate changes are lifted to orientation-preserving diffeomor-
phisms. For details see [BMP03], [Cho12] or [Rat06].

A compact orbifold is spherical if there is an atlas as above, such that the groups Γi preserve
a Riemannian metric g̃i on Ũi of constant sectional curvature 1 and the coordinate changes
are lifted to isometries (Ũi, g̃i)→ (Ũj, g̃j). An (orientation-preserving) diffeomorphism (resp.
isometry) between spherical orbifolds O,O′ is an homeomorphism of the underlying topolog-
ical spaces which can be locally lifted to an (orientation-preserving) diffeomorphism (resp.
isometry) Ũ ′i → Ũ ′j. It is known that any compact spherical orbifold can be seen as a global
quotient of Sn, i.e. if O is a compact spherical orbifold of dimension n, then there exists
a finite group of isometries of Sn such that O is isometric to Sn/G (see [Rat06, Theorem
13.3.10]); if the spherical orbifold is orientable G is a subgroup of SO(n+ 1). By a result of
de Rham [dR64] two diffeomorphic spherical orbifolds are isometric.

Let us now explain the local models of 2-orbifolds. The underlying topological space of
a 2-orbifold is a 2-manifold with boundary. If x is a singular point, a neighborhood of x is
modelled by D2/Γ where the local group Γ can be a cyclic group of rotations (x is called
a cone point), a group of order 2 generated by a reflection (x is a mirror reflector) or a
dihedral group generated by an index 2 subgroup of rotations and a reflection (in this case
x is called a corner reflector). The local models are presented in Figure 1, a cone point or
a corner reflector is labelled by its singularity index, i.e. an integer corresponding to the
order of the subgroup of rotations in Γ. We remark that the boundary of the underlying
topological space consists of mirror reflectors and corner reflectors, and the singular set might
contain in addition some isolated points corresponding to cone points. If X is a 2-manifold
without boundary we denote by X(n1, . . . , nk) the 2-orbifold with underlying topological
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G̃ order of G
1. (C2mr/C2m, C2nr/C2n)s 2mnr gcd(s, r) = 1
1′. (Cmr/Cm, Cnr/Cn)s (mnr)/2 gcd(s, r) = 1 gcd(2, n) = 1

gcd(2,m) = 1 gcd(2, r) = 2
2. (C2m/C2m, D

∗
4n/D

∗
4n) 4mn

3. (C4m/C2m, D
∗
4n/C2n) 4mn

4. (C4m/C2m, D
∗
8n/D

∗
4n) 8mn

5. (C2m/C2m, T
∗/T ∗) 24m

6. (C6m/C2m, T
∗/D∗8) 24m

7. (C2m/C2m, O
∗/O∗) 48m

8. (C4m/C2m, O
∗/T ∗) 48m

9. (C2m/C2m, I
∗/I∗) 120m

10. (D∗4m/D
∗
4m, D

∗
4n/D

∗
4n) 8mn

11. (D∗4mr/C2m, D
∗
4nr/C2n)s 4mnr gcd(s, r) = 1

11′. (D∗2mr/Cm, D
∗
2nr/Cn)s mnr gcd(s, r) = 1 gcd(2, n) = 1

gcd(2,m) = 1 gcd(2, r) = 2
12. (D∗8m/D

∗
4m, D

∗
8n/D

∗
4n) 16mn

13. (D∗8m/D
∗
4m, D

∗
4n/C2n) 8mn

14. (D∗4m/D
∗
4m, T

∗/T ∗) 48m
15. (D∗4m/D

∗
4m, O

∗/O∗) 96m
16. (D∗4m/C2m, O

∗/T ∗) 48m
17. (D∗8m/D

∗
4m, O

∗/T ∗) 96m
18. (D∗12m/C2m, O

∗/D∗8) 48m
19. (D∗4m/D

∗
4m, I

∗/I∗) 240m
20. (T ∗/T ∗, T ∗/T ∗) 288
21. (T ∗/C2, T

∗/C2) 24
21′. (T ∗/C1, T

∗/C1) 12
22. (T ∗/D∗8, T

∗/D∗8) 96
23. (T ∗/T ∗, O∗/O∗) 576
24. (T ∗/T ∗, I∗/I∗) 1440
25. (O∗/O∗, O∗/O∗) 1152
26. (O∗/C2, O

∗/C2) 48
26′. (O∗/C1, O

∗/C1)Id 24
26′′. (O∗/C1, O

∗/C1)f 24
27. (O∗/D∗8, O

∗/D∗8) 192
28. (O∗/T ∗, O∗/T ∗) 576
29. (O∗/O∗, I∗/I∗) 2880
30. (I∗/I∗, I∗/I∗) 7200
31. (I∗/C2, I

∗/C2)Id 120
31′. (I∗/C1, I

∗/C1)Id 60
32. (I∗/C2, I

∗/C2)f 120
32′. (I∗/C1, I

∗/C1)f 60
33. (D∗8m/C2m, D

∗
8n/C2n)f 8mn m 6= 1 n 6= 1.

33′. (D∗8m/Cm, D
∗
8n/Cn)f 4mn gcd(2, n) = 1 gcd(2,m) = 1

m 6= 1 and n 6= 1.
34. (C4m/Cm, D

∗
4n/Cn) 2mn gcd(2, n) = 1 gcd(2,m) = 1

Table 1. Finite subgroups of SO(4)
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space X and with k cone points of singularity index n1, . . . , nk. If X is a 2-manifold with
non-empty connected boundary we denote by X(n1, . . . , nk;m1, . . . ,mh) the 2-orbifold with
k cone points of singularity index n1, . . . , nk and with h corner reflectors of singularity index
m1, . . . ,mh.

n

n

Figure 1. Local models of 2-orbifolds. On the left, cone point. In the middle,
mirror reflector. On the right, corner point.

Let us now turn the attention to 3-orbifolds. We will only consider orientable 3-orbifolds.
The underlying topological space of an orientable 3-orbifold is a 3-manifold and the singular
set is a trivalent graph. The local models are represented in Figure 2. Excluding the vertices
of the graph, the local group of a singular point is cyclic; an edge of the graph is labelled by
its singularity index, that is the order of the related cyclic local groups.

n

n

2 2

2

3 3

2

3 4

2

3 5

Figure 2. Local models of 3-orbifolds.

In this paper we deal with spherical 2-orbifolds and orientable spherical 3-orbifolds, namely
orbifolds O which are obtained as the quotient of S2 (resp. S3) by a finite group G <
O(3) (resp. G < SO(4)) of isometries. An isometry between two spherical 3-orbifolds
O = S3/Γ and O′ = S3/Γ′ can thus be lifted to an isometry of S3 which conjugates Γ to
Γ′. If the isometry between the orbifolds is orientation-preserving, then the lift to S3 is
orientation-preserving. For this reason, the classification of spherical orientable 3-orbifolds
S3/G up to orientation-preserving isometries corresponds to the algebraic classification of
finite subgroups of SO(4) up to conjugation in SO(4).

3. Isometry groups of spherical three-orbifolds

The purpose of this section is to determine the isometry group of the spherical three-
orbifolds S3/G, once the finite subgroup G < SO(4) in the list of Table 1 is given.
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3.1. Orientation-preserving isometries. We start by determining the index 2 subgroup
of orientation-preserving isometries. By the same argument as the last paragraph of Sec-
tion 2, the subgroup of orientation-preserving isometries of S3/G, which we denote by
Isom+(S3/G), is isomorphic to NormSO(4)(G)/G. The latter is in turn isomorphic to the

quotient NormS3×S3(G̃)/G̃.
A special case of Lemma 1 is the following:

Lemma 2. Let G̃ = (L,LK , R,RK , φ) be a finite subgroup of S3 × S3 containing Ker(Φ).
An element (g, f) ∈ S3 × S3 is contained in the normalizer NS3×S3(G) if and only if the
following three conditions are satisfied:

(1) (g, f) ∈ NS3(L)×NS3(R);
(2) (g, f) ∈ NS3(LK)×NS3(RK);
(3) the following diagram commutes:

L/LK

α

��

φ // R/RK

β

��
L/LK

φ // R/RK

(2)

where α(xLK) = g−1xgLK and β(yRK) = f−1yfRK.

First, it is necessary to understand the normalizers of the finite subgroups of S3. These
are listed for instance in [McC02]. We report a list here:

NormS3(Cn) = O(2)∗ if n > 2
NormS3(C2) = S3 if n = 2

NormS3(D∗4n) = D∗8n if n > 2
NormS3(D∗8) = O∗ if n = 2
NormS3(T ∗) = O∗

NormS3(O∗) = O∗

NormS3(I∗) = I∗

(3)

We split the computation in several cases, including in each case those groups for which
the techniques involved are comparable. Families 1, 1′, 11, 11′ are treated in a systematic
way in Case 9, although for some special values of the indices, they should in principle fall in
the categories of some of the previous cases. In the following we denote by Dn the dihedral
group of order n and O is the octahedral group (that is isomorphic to O∗/C2, and also to
the symmetric group on 4 elements). If A is an abelian group, we denote by Dih(A) the
semidirect product Z2 n A where the involution in Z2 inverts by conjugation each element
of the normal subgroup A.

Case 1. G̃ is a product, i.e. L = LK and R = RK.

In this case L/LK and R/RK are trivial groups, hence the conditions of Lemma 2 are triv-
ially satisfied. Therefore NormS3×S3(G̃) = NormS3(L)× NormS3(R). Hence Isom+(S3/G) =
(NormS3(L)/L)× (NormS3(R)/R). This is the case of Families 2, 5, 7, 9, 10, 14, 15, 19 and
Groups 20, 23, 24, 25, 29, 30 of Table 1.
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Case 2. L/LK ∼= R/RK
∼= Z2 and LK , RK are not generalized quaternion groups.

It turns out that, for the pairs (L,LK) = (C4n, C2n), (D∗4n, C2n), (O∗, T ∗), the normal-
izer NormS3(L) also normalizes LK (or analogously for R and RK). In this case, the con-
dition of commutativity of the diagram (2) is trivially satisfied, since the identity is the
only automorphism of Z2. This shows that, for Families 3, 8, 16 and Group 28 one has
NormS3×S3(G̃) = NormS3(L)× NormS3(R).

To understand the isomorphism type of the orientation-preserving isometry group, for
instance for the group in Family 3, namely

G̃ = (C4m/C2m, D
∗
4n/C2n) ,

we consider

Isom+(S3/G) = NormS3×S3(G̃)/G̃ = ((O(2)∗ ×D∗8n)/(C2m × C2n)) /(G̃/(C2m × C2n)) .

Therefore we get

Isom+(S3/G) ∼= (O(2)×D4)/Z2

and, observing that D4
∼= Z2 × Z2, one concludes that

Isom+(S3/G) ∼= O(2)× Z2 .

Case 3. L/LK ∼= R/RK
∼= Z2 and LK or RK is a generalized quaternion group.

When (L,LK) = (D∗8n, D
∗
4n), D∗4n is not normal in NormS3(L) = D∗16n, and the normalizer

of D∗4n is D∗8n. This is the case of Families 4, 12, 13 and 17. Basically, here one has to
consider

NormS3×S3(G̃) = (NormS3(L) ∩ NormS3(LK))× (NormS3(R) ∩ NormS3(RK))

and apply the above strategy to successively compute Isom(S3/G). For instance, for Family
13,

G̃ = (D∗8m/D
∗
4m, D

∗
4n/C2n) ,

we have

NormS3×S3(G̃) = D∗8m ×D∗8n .
Hence one gets

Isom+(S3/G) ∼= (Z2 ×D4)/Z2
∼= Z2 × Z2 .

Case 4. L/LK ∼= R/RK
∼= Z3.

This case includes Family 6 and Group 22. For Group 22, namely

G̃ = (T ∗/D∗8, T
∗/D∗8) ,

we have NormS3(L) = NormS3(R) = O∗, and LK = RK = D∗8 is normal in O∗. The induced
action of the elements of T ∗ on T ∗/D∗8 = Z3 is the identity, hence the normalizer of G̃
contains T ∗×T ∗. Moreover, the induced action of elements of O∗ \T ∗ on Z3 is dihedral (i.e.
sends each element of Z3 to its inverse), hence elements of O∗ \ T ∗ on the left side have to
be paired to elements of O∗ \ T ∗ on the right side to make the diagram (2) commutative.
Hence

NormS3×S3(G̃) = (O∗/T ∗, O∗/T ∗)
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and the isometry group is D6. By a similar argument, one checks that the normalizer of

G̃ = (C6m/C2m, T
∗/D∗8)

is
NormS3×S3(G̃) = (O(2)∗/S1, O∗/T ∗) .

Finally, one can compute

Isom+(S3/G) =
(
(O(2)∗/S1, O∗/T ∗)/(C2m ×D∗8)

)
/((C6m/C2m, T

∗/D∗8)/(C2m ×D∗8))

∼= Dih(S1 × Z3)/Z3
∼= O(2) .

Case 5. L/LK ∼= R/RK
∼= D6.

For Group 27, in a very similar fashion as Group 22, the normalizer in S3 × S3 is
(O∗/T ∗, O∗/T ∗) and thus the orientation-preserving isometry group is isomorphic to Z3.
The other groups to be considered here are those in Family 18, namely

G̃ = (D∗12m/C2m, O
∗/D∗8) .

Again, arguing similarly to Case 4, one sees that

NormS3×S3(G̃) = (D∗24m/C4m, O
∗/D∗8) .

Therefore the orientation-preserving isometry group is Z2.

Case 6. L/LK ∼= R/RK
∼= T, T ∗, O,O∗, I or I∗.

We start by considering Group 21, i.e. G̃ = (T ∗/C2, T
∗/C2). We have NormS3(L) =

NormS3(R) = O∗. On the other hand, observing that the centre of O∗ is precisely C2, the
normalizer of G̃ turns out to be (O∗/C2, O

∗/C2). In fact, in order to satisfy Lemma 2, any
element of the form (g, 1) which normalizes G̃ must have g ∈ C2. Hence the orientation-
preserving isometry group is Z2.

By analogous considerations, since NormS3(O∗) = O∗ and NormS3(I∗) = I∗, the orientation-
preserving isometry groups for Groups 26 and 31 are trivial. Group 32, namely G̃ =
(I∗/C2, I

∗/C2)f , is defined by means of a non-inner automorphism of I∗. However, since
any automorphism preserves the centre and O∗/C2 has trivial centre, the same argument
applies and the orientation-preserving isometry group is trivial.

For Group 21′, namely G̃ = (T ∗/C1, T
∗/C1), the normalizer is again (O∗/C2, O

∗/C2), since
the centre of O∗ is C2. The orientation-preserving isometry group is Z2 × Z2. Finally, the
normalizer of Groups 26′ and 26′′ is Group 26, the normalizer of Group 31′ is Group 31,
and the normalizer of Group 32′ is Group 32. Therefore Groups 26′, 26′′, 31′ and 32′ have
orientation-preserving isometry groups isomorphic to Z2.

Case 7. L/LK ∼= R/RK
∼= Z4,Z2 × Z2 or D∗8.

This is the case of Families 33, 33′ and 34. The definition of Family 33, namely

G̃ = (D∗8m/C2m, D
∗
8n/C2n)f ,

makes use of a non-trivial automorphism of Z2×Z2. One can easily check that in NormS3(L)×
NormS3(R) = D∗16m×D∗16m, it is not possible to obtain a pair (g, f) which makes the diagram
(2) commute, unless (g, f) is already in G̃. This is essentially due to the fact that the non-
trivial automorphism of D4

∼= Z2 × Z2 cannot be extended to an automorphism of D8.
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G̃ Isom+(S3/G) Isom0(S3/G) π0Isom+(S3/G)
1. (C2mr/C2m, C2nr/C2n)s Dih(S1 × S1) S1 × S1 Z2

1′. (Cmr/Cm, Cnr/Cn)s Dih(S1 × S1) S1 × S1 Z2

2. (C2m/C2m, D
∗
4n/D

∗
4n) O(2)× Z2 S1 Z2 × Z2

3. (C4m/C2m, D
∗
4n/C2n) O(2)× Z2 S1 Z2 × Z2

4. (C4m/C2m, D
∗
8n/D

∗
4n) O(2) S1 Z2

5. (C2m/C2m, T
∗/T ∗) O(2)× Z2 S1 Z2 × Z2

6. (C6m/C2m, T
∗/D∗8) O(2) S1 Z2

7. (C2m/C2m, O
∗/O∗) O(2) S1 Z2

8. (C4m/C2m, O
∗/T ∗) O(2) S1 Z2

9. (C2m/C2m, I
∗/I∗) O(2) S1 Z2

10. (D∗4m/D
∗
4m, D

∗
4n/D

∗
4n) Z2 × Z2 {1} Z2 × Z2

11. (D∗4mr/C2m, D
∗
4nr/C2n)s Z2 {1} Z2

11′. (D∗2mr/Cm, D
∗
2nr/Cn)s Z2 × Z2 {1} Z2 × Z2

12. (D∗8m/D
∗
4m, D

∗
8n/D

∗
4n) Z2 {1} Z2

13. (D∗8m/D
∗
4m, D

∗
4n/C2n) Z2 × Z2 {1} Z2 × Z2

14. (D∗4m/D
∗
4m, T

∗/T ∗) Z2 × Z2 {1} Z2 × Z2

15. (D∗4m/D
∗
4m, O

∗/O∗) Z2 {1} Z2

16. (D∗4m/C2m, O
∗/T ∗) Z2 × Z2 {1} Z2 × Z2

17. (D∗8m/D
∗
4m, O

∗/T ∗) Z2 {1} Z2

18. (D∗12m/C2m, O
∗/D∗8) Z2 {1} Z2

19. (D∗4m/D
∗
4m, I

∗/I∗) Z2 {1} Z2

20. (T ∗/T ∗, T ∗/T ∗) Z2 × Z2 {1} Z2 × Z2

21. (T ∗/C2, T
∗/C2) Z2 {1} Z2

21′. (T ∗/C1, T
∗/C1) Z2 × Z2 {1} Z2 × Z2

22. (T ∗/D∗8, T
∗/D∗8) D6 {1} D6

23. (T ∗/T ∗, O∗/O∗) Z2 {1} Z2

24. (T ∗/T ∗, I∗/I∗) Z2 {1} Z2

25. (O∗/O∗, O∗/O∗) {1} {1} {1}
26. (O∗/C2, O

∗/C2) {1} {1} {1}
26′. (O∗/C1, O

∗/C1)Id Z2 {1} Z2

26′′. (O∗/C1, O
∗/C1)f Z2 {1} Z2

27. (O∗/D∗8, O
∗/D∗8) Z3 {1} Z3

28. (O∗/T ∗, O∗/T ∗) Z2 {1} Z2

29. (O∗/O∗, I∗/I∗) {1} {1} {1}
30. (I∗/I∗, I∗/I∗) {1} {1} {1}
31. (I∗/C2, I

∗/C2)Id {1} {1} {1}
31′. (I∗/C1, I

∗/C1)Id Z2 {1} Z2

32. (I∗/C2, I
∗/C2)f {1} {1} {1}

32′. (I∗/C1, I
∗/C1)f Z2 {1} Z2

33. (D∗8m/C2m, D
∗
8n/C2n)f {1} {1} {1}

33′. (D∗8m/Cm, D
∗
8n/Cn)f Z2 {1} Z2

34. (C4m/Cm, D
∗
4n/Cn) O(2) S1 Z2

Table 2. Table of orientation-preserving isometry groups for C2m 6= C2,
D∗4m 6= D∗4, D

∗
8, r > 2
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Hence the orientation-preserving isometry group is trivial. Clearly any group in Family 33’
is normalized by the corresponding group in Family 33, and thus the group of orientation-
preserving isometries is Z2.

Family 34, namely

G̃ = (C4m/Cm, D
∗
4n/Cn) ,

is defined by means of the fact that the quotients L/LK and R/RK are both isomorphic to
Z4. The normalizer here is (O(2)∗/S1, D∗8n/D

∗
4n). The orientation-preserving isometry group

is a dihedral extension of (S1 ×D∗4n)/G̃. The latter is a quotient of S1 ×D∗4 ∼= S1 × Z4 by
a diagonal action of Z4, and therefore still isomorphic to S1. In conclusion, the group of
orientation-preserving isometries is isomorphic to O(2).

Case 8. Exceptional cases for small m or n.

It is necessary to distinguish from the results obtained above some special cases for small
values of the indices m and n. Indeed, as in the list (3), when n = 2 the subgroup C2 of S3

is normalized by the whole S3, whereas the normalizer of D∗8 is O∗. Therefore one obtains
different isometry groups when L,R = C2 or L,R = D∗8. The results are collected in Table
3.

Excluding Families 1,1′,11, 11′ which are discussed below, to compute the isometry group
in these special cases one uses the same approach as above. For Families 2, 5, 7, 9, 10, 14,
15, 19, which are products, one obtains straightforwardly the result.

For the other groups in which D∗8 may appear, one checks that there are no difference with
the case m > 1 since O∗, which is the normalizer of D∗8, does not normalize any subgroup of
order 4 of D∗8.

Case 9. Families 1, 1’, 11, 11’.

We are left with the treatment of the groups for which LK and RK are both cyclic groups,
while L and R are both of the same type, either cyclic of generalized dihedral. For Family
1,

G̃ = (C2mr/C2m, C2nr/C2n)s ,

where we recall that the index s denotes the isomorphism φ : Zr → Zr given by 1 7→ s, we
have

NormS3(L) = NormS3(R) = O(2)∗ .

Moreover O(2)∗ preserves the subgroups LK and RK . We need to check the commutativity
of diagram (2). For this purpose, observe that the diagram commutes trivially when we
choose elements of the form (g, 1) or (1, g), for g ∈ S1. On the other hand, the induced
action of elements of O(2)∗ \ S1 on Zr is dihedral, hence the normalizer is

NormS3×S3(G̃) = (O(2)∗/S1,O(2)∗/S1)

unless r = 2 (or r = 1). The isometry group NormS3×S3(G̃)/G̃ is a dihedral extension of
(S1 × S1)/G̃, the latter being again isomorphic to S1 × S1 (for an explicit isomorphism,
see Equation (6) below). Hence we get Isom+(S3/G̃) ∼= Dih(S1 × S1). The same result is
recovered analogously for Family 1′, unless r = 2.
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G̃ Isom+(S3/G) Isom0(S3/G) π0Isom+(S3/G)
1. (C2m/C2m, C2n/C2n) O(2)×O(2) S1 × S1 Z2 × Z2

(C4m/C2m, C4n/C2n) O(2)×̃O(2) S1 × S1 Z2 × Z2

(C2/C2, C2n/C2n) SO(3)×O(2) SO(3)× S1 Z2

(C2/C2, C2/C2) PSO(4) PSO(4) {1}
1′. (C2m/Cm, C2n/Cn) O(2)∗×̃O(2)∗ S1 × S1 Z2 × Z2

(C2/C1, C2n/Cn) S3×̃O(2)∗ S3×̃S1 Z2

(C2/C1, C2/C1) SO(4) SO(4) {1}
2. (C2/C2, D

∗
4n/D

∗
4n) SO(3)× Z2 SO(3) Z2

(C2m/C2m, D
∗
8/D

∗
8) O(2)×D6 S1 Z2 ×D6

(C2/C2, D
∗
8/D

∗
8) SO(3)×D6 SO(3) D6

5. (C2/C2, T
∗/T ∗) SO(3)× Z2 SO(3) Z2

7. (C2/C2, O
∗/O∗) SO(3) SO(3) {1}

9. (C2/C2, I
∗/I∗) SO(3) SO(3) {1}

10. (D∗8/D
∗
8, D

∗
4n/D

∗
4n) D6 × Z2 {1} D6 × Z2

(D∗8/D
∗
8, D

∗
8/D

∗
8) D6 ×D6 {1} D6 ×D6

11. (D∗4m/C2m, D
∗
4n/C2n) Z2 × Z2 × Z2 {1} Z2 × Z2 × Z2

(D∗8m/C2m, D
∗
8n/C2n) Z2 × Z2 × Z2 {1} Z2 × Z2 × Z2

(D∗8/C2, D
∗
8/C2) O {1} O

11′. (D∗8/C1, D
∗
8/C1) D6 × Z2 {1} D6 × Z2

14. (D∗8/D
∗
8, T

∗/T ∗) D6 × Z2 {1} D6 × Z2

15. (D∗8/D
∗
8, O

∗/O∗) D6 {1} D6

19. (D∗8/D
∗
8, I
∗/I∗) D6 {1} D6

Table 3. Table of orientation-preserving isometry groups for small indices

For some special cases of Family 1, when r = 2 or r = 1, NormS3×S3(G̃) = O(2)∗ ×
O(2)∗. For r = 1, one has Isom+(S3/G̃) ∼= O(2) × O(2). For r = 2, the orientation-
preserving isometry group is O(2) × O(2)/(−1,−1) = O(2)×̃O(2). When r = 2 the
group of orientation-preserving isometries of Family 1′ turns out to be instead O(2)∗ ×
O(2)∗/(−1,−1) = O(2)∗×̃O(2)∗. The latter cases are collected in Table 3. By means of this
analysis, we also recover the trivial cases of S3 itself and of projective space S3/{±1}, which
correspond to the groups (C2/C1, C2/C1) and (C2/C2, C2/C2), having orientation-preserving
isometry group SO(4) and PSO(4) respectively.

For Family 11, namely

G̃ = (D∗4mr/C2m, D
∗
4nr/C2n)s ,

it is not difficult to see that the normalizer is

(D∗8mr/C2m, D
∗
8nr/C2n)s

unless r = 1 or r = 2. Hence Isom+(S3/G) is isomorphic to Z2. When r = 1 the normalizer
of (D∗4m/C2m, D

∗
4n/C2n) is D∗8m × D∗8n (also if m of n are equal to 2), and the computa-

tion of the orientation-preserving isometry group follows. When r = 2, the normalizer of
(D∗8m/C2m, D

∗
8n/C2n) turns out to be (D∗16m/D

∗
8m, D

∗
16n/D

∗
8n), also if one between m or n
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is equal to one. However, when m = n = 1, the normalizer is (O∗/D∗8, O
∗/D∗8) and the

orientation-preserving isometry group is isomorphic to O = O∗/C2.
A similar argument shows that for Family 11′, Isom+(S3/G) is isomorphic to Z2 × Z2,

also if r = 4 and one among m and n equals 1. Thus the only exception is for the group
(D∗8/C1, D

∗
8/C1).

3.2. Orientation-reversing isometries. We now compute the full isometry groups of
spherical orbifolds S3/G. We collect the results of this section in Table 4 where we list the
groups such that Isom(S3/G) 6= Isom+(S3/G) and the full isometry groups of the correspond-
ing orbifolds are described. If the spherical orbifold does not admit any orientation-reversing
isometry then Isom(S3/G) can be deduced from Tables 2 and 3.

An orientation-reversing element of O(4) is of the form h → ph̄q−1 where p and q are
elements of S3 and h̄ is the conjugate element of h (see [DV64, p.58]). We will denote this
isometry by Φp,q. Let us remark that

Φp,qΦl,rΦ
−1

p,q = Φprp−1,qlq−1 . (4)

We state two lemmata whose proofs are straightforward.

Lemma 3. Let G̃ = (L,LK , R,RK , φ) be a finite subgroup of S3× S3 containing Ker(Φ). If
Φp,q normalizes Φ(G̃) then the following conditions are satisfied:

(1) p−1Lp = R and q−1Rq = L;
(2) pLKp

−1 = RK and qRKq
−1 = LK .

So if an orientation reversing isometry of S3 normalizes G, then we can suppose up to
conjugacy that L = R and LK = RK .

Lemma 4. Let G̃ = (R,RK , R,RK , φ) be a finite subgroup of S3 × S3 containing Ker(Φ).
The isometry Φp,q normalizes Φ(G̃) if and only if the following two conditions are satisfied:

(1) p, q ∈ NS3(R);
(2) p, q ∈ NS3(RK);
(3) the following diagram commutes:

R/RK

β

��

φ // R/RK

α

��
R/RK

φ−1

// R/RK

(5)

where α(xRK) = p−1xpRK and β(xRK) = q−1xqRK.

Now we want to analyze which groups in Table 1 admit an orientation-reversing isometry
in their normalizer. The condition given in Lemma 3 excludes all the groups in the families
2, 3, 4, 5, 6, 7, 8, 9, 14, 15, 16, 17, 18, 19 ,23, 24, 29, 34 and the groups with n 6= m in
the families 1, 1′,10, 11, 11′, 12, 33, 33′. For the remaining groups, by Lemma 4 we obtain
that if φ = Id then Φ1,1 (i.e. the isometry given by the conjugation in H) normalizes the
group and the quotient orbifold admits an orientation-reversing isometry. In these cases the
normalizer of G in O(4) is generated by the normalizer of G in SO(4) and Φ1,1. The element



16 M. MECCHIA AND A. SEPPI

Φ1,1 has order two and Φ1,1Φl,rΦ
−1

1,1 = Φr,l, hence the full isometry group of S3/G can be
easily computed.

The behavior of families 26′′, 32, 32′ 33, 33′ is similar, as φ2 = Id and hence Φ1,1 normalizes
again the group.

The situation for the four remaining families of groups 1, 1′, 11, 11′ is more complicated.
We have already remarked that, if an orientation-reversing element is in the normalizer, then
n = m. However, in these cases this necessary condition is not sufficient.

We explain in detail the situation for Family 1 with r ≥ 2. In the other remaining cases
the full isometry group can be computed in a very similar way.

Family 1. If Φp,q normalizes G = Φ((C2mr/C2m, C2mr/C2m)s), then both p and q normal-
ize C2mr. The action by conjugation of p and q on C2mr is either trivial or dihedral. When
p and q act in the same way (both trivially or both dihedrally), by Lemma 4 we obtain that
φ2 = Id and s2 ≡r 1 (i.e. s2 is congruent to 1 mod r). In this case Φ1,1 normalizes the group.
If p and q act differently, then φ2 sends an element of C2mr/C2m to its inverse and s2 ≡r −1
(i.e. s2 is congruent to −1 mod r). In this case Φj,1 normalizes the group; we remark that
Φj,1 has order 4.

We have Isom+(S3/G) ∼= Dih(S1× S1). Since Isom+(S3/G) ∼= NormS3×S3(G̃)/G̃, we repre-
sent each isometry as the corresponding coset of G̃ in NormS3×S3(G̃) = (O(2)∗/S1,O(2)∗/S1).
The group Isom+(S3/G) is generated by the involution (j, j)G̃ and by the abelian subgroup
of index two N = (S1 × S1)/G̃. Both Φ1,1 and Φj,1 commute with the element (j, j)G. The
group N is isomorphic to S1×S1, but the direct factors of the quotient do not correspond in
general to the projections of the direct factors of the original group S1×S1. This fact makes
the comprehension of the extension of N by Φ1,1 and Φj,1 more complicated. To represent
N as the direct product of two copies of S1 we define an isomorphism γ : S1 × S1 → N by
means of the following construction. Let

γ̃ : R× R→ N = (S1 × S1)/G̃ γ̃(α, β) =
(
ei(

α
2mr

+ β
2m), ei(

sα
2mr

+
(s+1)β

2m )
)
G̃ .

It is easy to check that Ker(γ̃) = 2πZ × 2πZ and thus γ̃ descends to the isomorphism
γ : S1 × S1 → N which can be defined as

γ(eiα, eiβ) =
(
ei(

α
2mr

+ β
2m), ei(

sα
2mr

+
(s+1)β

2m )
)
G̃ . (6)

Since here we have two subgroups isomorphic to S1 × S1, we need to distinguish the
notation in the two cases: an element of S1 × S1 < S3 × S3 is denoted by (eia, eib) while
an element of N is denoted by (eia, eib)G̃ if it is seen in the quotient (S1 × S1)/G̃ or by
((eiα, eiβ)) = γ(eiα, eiβ) if N is seen as the direct product of two copies of S1.

Suppose that s2 ≡r −1. The isometry Φj,1 normalizes the group; moreover Φj,1 is of

order 4 and Φ
2

j,1 = Φj,j. By [OS15, Proposition 7.12] the automorphism group of S1 × S1

contains only one conjugacy class of order four, so we have a unique semidirect product
Z4 nN corresponding to the automorphism which maps ((eiα, eiβ)) to ((e−iβ, eiα)).

Suppose that s2 ≡r 1. Here the full isometry group is a semidirect product of Isom+(S3/G)
with Z2. In the automorphism group of (S1×S1) we have three classes of involutions which
correspond to non-isomorphic semidirect products. In order to determine to which semidi-
rect product Isom(S3/G) is isomorphic, we compute the action by conjugation of Φ1,1 on N.
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G case Isom(S3/G) G Isom(S3/G)
1 m = n, r > 2, s2 ≡r 1 and r odd (Z2 × Z2) nα1 (S1 × S1) 12 Z2 × Z2

1 m = n, r > 2, s2 ≡r 1 and r even (Z2 × Z2) nα2 (S1 × S1) 20 D8

1 m = n, r > 2 and s2 ≡r −1 Z4 nα3 (S1 × S1) 21 Z2 × Z2

1 m = n, r = 1 and m > 1 Z2 nα4 (O(2)×O(2)) 21′ (Z2)3

1 m = n, r = 1 and m > 1 Z2 nα4 (O(2)×̃O(2)) 22 Z2 ×D6

1 m = n = 2 and r = 1 PO(4) 25 Z2

1′ m = n, r > 2, s ≡r 1 and r odd (Z2 × Z2) nα1 (S1 × S1) 26 Z2

1′ m = n, r > 2, s ≡r 1 and r even (Z2 × Z2) nα2 (S1 × S1) 26′ Z2 × Z2

1′ m = n, r > 2 and s ≡r −1 Z4 nα3 (S1 × S1) 26′′ Z2 × Z2

1′ m = n, r = 2 and m > 1 Z2 nα4 (O(2)∗×̃O(2)∗) 27 D6

10 m = n and m > 2 D8 28 Z2 × Z2

10 m = n = 2 Z2 nα4 (D6 ×D6) 30 Z2

11 m = n, r > 2 and s2 ≡r ±1 Z2 × Z2 31 Z2

11 m = n, m > 1 and r = 1 Z2 ×D8 31′ Z2 × Z2

11 m = n, m > 1 and r = 2 (Z2)4 32 Z2

11 m = n = 2 and r = 2 Z2 ×O 32′ Z2 × Z2

11′ m = n, r > 2, s2 ≡r 1, and (s2 − 1)/r even Z2 × Z2 × Z2 33 Z2

11′ m = n, r > 2, s2 ≡r 1 and (s2 − 1)/r odd D8 33′ Z2 × Z2

11′ m = n, r > 2 and s2 ≡r −1 D8

11′ m = n = 1 and r = 4 Z2 × Z2 ×D6

α1 : the group Z2 × Z2 is generated by f and g s.t. α1(f)((eiα, eiβ)) = ((e−iα, e−iβ)) and
α1(g)((eiα, eiβ)) = ((eiβ, eiα)).
α2 : the group Z2 × Z2 is generated by f and g s.t. α2(f)((eiα, eiβ)) = ((e−iα, e−iβ)) and
α2(g)((eiα, eiβ)) = ((e−iα, eiβ)).
α3 : the group Z4 is generated by f s.t. α3(f)((eiα, eiβ)) = ((e−iβ, eiα)).
α4 : Z2 acts on a product, direct or central, whose generic element can be represented by a couple
(x, y); the non trivial element in Z2 maps (x, y) to (y, x).

Table 4. Table of full isometry groups when Isom(S3/G) 6= Isom+(S3/G)

The element (eiα, eiβ)G̃ is conjugate by Φ1,1 to (eiβ, eiα)G̃. To understand which semidirect
product we obtain we will use a procedure introduced in [OS15], and to apply this procedure
we need to understand the action of Φ̄(1, 1) on N represented as a direct product of two
copies of S1. By using γ the action by conjugation of Φ1,1 on N ∼= S1 × S1 is the following:

((eiα, eiβ)) −→ ((ei(s
2+s−1)α+i(2s+s2)rβ, ei

1−s2
r

α+i(1−s−s2)β)) .

By applying the procedure presented in the proof of [OS15, Proposition 7.9], we obtain that
if r is odd the automorphism induced by Φ1,1 is conjugate to the following automorphism:

((eiα, eiβ)) −→ ((eiβ, eiα)) ,

while if r is even Φ1,1 is conjugate to the following automorphism:

((eiα, eiβ)) −→ ((e−iα, eiβ)) .
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4. Generalized Smale conjecture

The purpose of this section is to provide a proof of the π0-part of the Generalized Smale
Conjecture for spherical compact 3-orbifolds.

Theorem 1 (π0-part of the Generalized Smale Conjecture for spherical 3-orbifolds). Let
O be any compact three-dimensional spherical orbifold. The inclusion Isom(O) → Diff(O)
induces a group isomorphism

π0Isom(O) ∼= π0Diff(O) .

Before giving the proof, we will need to recall some notions on Seifert fibrations for orbifold,
and to prove some preliminary results.

4.1. Definition of Seifert fibrations for orbifolds. A Seifert fibration of a 3-orbifold O
is a projection map π : O → B, where B is a 2-dimensional orbifold, such that for every point
x ∈ B there is an orbifold chart x ∈ U ∼= Ũ/Γ, an action of Γ on S1 (inducing a diagonal
action of Γ on Ũ × S1) and a diffeomorphism ψ : (Ũ × S1)/Γ → π−1(U) which makes the
following diagram commute:

π−1(U)

π %%

(Ũ × S1)/Γ
ψoo

xx

Ũ × S1oo

pr1xx
U ∼= Ũ/Γ Ũoo

If we restrict our attention to orientable 3-orbifolds O, then the action of Γ on Ũ × S1

needs to be orientation-preserving. In this case, we will consider a fixed orientation both on
Ũ and on S1. Every element of Γ may preserve both orientations, or reverse both.

The fibers π−1(x) are simple closed curves or intervals. If a fiber projects to a non-singular
point of B, it is called generic. Otherwise we will call it exceptional.

Let us define the local models for an oriented Seifert fibered orbifold. Locally the fibration
is given by the curves induced on the quotient (Ũ×S1)/Γ by the standard fibration of Ũ×S1

given by the curves {y} × S1.
If the fiber is generic, it has a tubular neighborhood with a trivial fibration. When x ∈ B

is a cone point labelled by q, the local group Γ is a cyclic group of order q acting orientation
preservingly on Ũ and thus it can act on S1 by rotations. Hence a fibered neighborhood
of the fiber π−1(x) is a fibered solid torus. One can define the local invariant of the fiber
π−1(x) as the ratio p/q ∈ Q/Z, where a generator of Γ acts on Ũ by rotation of an angle
2π/q and on S1 by rotation of −2πp/q – however the study of local invariants is not one
of the main purposes of this paper. The fiber π−1(x) may be singular (in the sense of
orbifold singularities) and the index of singularity is gcd(p, q). If gcd(p, q) = 1 the fiber is
not singular. Forgetting the singularity of the fiber (if any), the local model coincides with
the local model of a Seifert fibration for manifolds.

If x is a corner reflector, namely Γ is a dihedral group, then the non-central involutions
in Γ need to act on Ũ and on S1 by simultaneous reflections. Here the local model is the
so-called solid pillow, which is a topological 3-ball with some singular set inside. There
is an index two cyclic subgroup of Γ, acting as we have previously described. Again, the
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local invariant associated to x can be defined as the local invariant p/q of the cyclic index
two subgroup, and the fiber π−1(x) has singularity index gcd(p, q). The fibers of U × S1

intersecting the axes of reflections of Γ in Ũ project to segments that are exceptional fibers
of the 3-orbifold; the other fibers of Ũ × S1 project to simple closed curves.

Finally, over mirror reflectors (local group Z2), we have a special case of the dihedral case.
The local model is topologically a 3-ball with two disjoint singular arcs of index 2. More
details can be found in [BS85] or [Dun81].

There is a classification theorem for Seifert fibered 3-orbifolds up to orientation-preserving,
fibration-preserving diffeomorphisms by means of some invariants. We won’t use this theorem
here, so we don’t provide details. We only briefly remind that an oriented Seifert fibered
orbifold is determined up to diffeomorphisms which preserve the orientation and the fibration
by the data of the base orbifold, the local invariants associated to cone points and corner
reflectors, an additional invariant ξ ∈ Z2 associated to each boundary component of the base
orbifold and the Euler number. If we change the orientation of the orbifold, then the sign of
local invariants and Euler number are inverted. For the formal definitions of Euler number
and of invariants associated to boundary components, as well as the complete statement and
proof of the classification theorem, we refer again to [BS85] or [Dun81].

4.2. Seifert fibrations of S3. Seifert fibrations of S3 are well known: it is proved in [Sei80]
that, up to an orientation-preserving diffeomorphism, they are given by the maps of the form
π : S3 → S2 ∼= C ∪ {∞}

π(z1 + z2j) =
zu1
zv2

or π(z1 + z2j) =
zu1
zv2

for u and v coprimes. We call standard the Seifert fibrations given by these maps; the
classification of Seifert fibrations of S3 can thus be rephrased in the following way: each
Seifert fibration of S3 can be mapped by an orientation-preserving diffeomorphism of S3 to
a standard one.

The base orbifold of a Seifert fibration of S3 is S2 with two possible cone points. When
u = v = 1, π(z1 + z2j) = z1/z2 is called the Hopf fibration. In this case the base orbifold is
S2 and all the fibers are generic. The projection π : S3 → S2 of the Hopf fibration is also
obtained as the quotient by the following S1-action on S3: an element w = x+ iy ∈ S1 acts
on S3 simply as left multiplication by w. That is, w · (z1 + z2j) = (wz1 + wz2j).

The only other Seifert fibration whose fibers are all generic is given by π(z1 +z2j) = z1/z2;
we call anti-Hopf this fibration.

It turns out that, in Du Val’s list, the subgroups of SO(4) which preserve the Hopf fibration
are those with L = Cm or L = D∗2m, for some m. The other fibrations of type π(z1 + z2j) =
zu1/z

v
2 are left invariant only by groups in Family 1,1’,11,11’ and the spherical orbifolds

obtained as quotients by these groups have an infinite number of nonisomorphic fibrations.
See [McC02] or [MS15]. For the remaining fibrations, it suffices to note that the orientation-
reversing isometry Φ1,1 maps the fibration π(z1 + z2j) = zu1/z

v
2 to π(z1 + z2j) = zu1/z

v
2 . The

isometry Φl,r preserves a fibration π(z1 + z2j) = zu1/z
v
2 if and only if Φ

−1

1,1Φl,rΦ1,1 = Φr,l

preserves π(z1 + z2j) = zu1/z
v
2 .
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We remark that finite subgroups in Du Val’s list can leave invariant also fibrations that
are not standard, thus obtaining different fibrations on the same spherical orbifold. The
following Lemma shows that this phenomenon can occur only in some specific cases.

Lemma 5. Let G be a finite subgroup of SO(4) leaving invariant a Seifert fibration π of S3,
then one of the two following conditions is satisfied:

(1) G is conjugate in SO(4) to a subgroup in Families 1, 1′, 11 or 11′;
(2) there exists an orientation-preserving diffeomorphism f : S3 → S3 such that π ◦ f is

the Hopf or the anti-Hopf fibration and f−1Gf is a subgroup of SO(4).

Proof. The fibration π is mapped by an orientation-preserving diffeomorphism to a standard
Seifert fibration of S3. We recall that the fibrations π(z1 + z2j) = zu1/z

v
2 and π(z1 + z2j) =

zu1/z
v
2 with (u, v) 6= (1, 1) have exactly two exceptional fibers which have different invariants.

If π is mapped to one of these Seifert fibrations, the group G must leave invariant both
exceptional fibers. A finite group of isometries leaving invariant a simple closed curve is
isomorphic to a subgroup of Dih(Zn × Zm), a dihedral 2-extension of an abelian group of
rank at most two (see for example [MZ06, Lemma 1]). The only groups in Du Val’s list with
this property are in Families 1, 1′, 11 or 11′ and thus case 1 occurs.

Now we can suppose that π is mapped by an orientation-preserving diffeomorphism g
either to the Hopf fibration or to the anti-Hopf fibration. Let us first consider the case of
the Hopf fibration. In this case G is conjugate by g to G′, a finite group of diffeomorphisms
of S3 leaving invariant the Hopf fibration. By the proof of [DM84, Theorem 5.1] we can
conjugate G′ to a group of isometries by using a diffeomorphism h which leaves invariant
the Hopf fibration. The diffeomorphism h ◦ g is the f we are looking for. We can reduce the
anti-Hopf case to the previous one by conjugating by Φ1,1. �

4.3. Proof of main result. In this subsection, we will provide the proof of Theorem 1.
Before that, we need an additional preliminary Lemma.

Hence, let O = S3/G be a spherical 3-orbifold, where G is a finite subgroup of SO(4). We

denote by Σ the singular set of O and by M the complement of
◦
N(Σ) in O, where

◦
N(Σ) is

the interior of a regular neighbourhood of Σ.

Lemma 6. If M is a Seifert fibered manifold, then G is conjugate to one of the groups in
Families from 1 to 9 (including 1′) or in Family 34.

Proof. Since M has a Seifert fibration for manifolds, then Σ is a link.

Lift the fibration of M to S3\
◦
N(Σ̃) where Σ̃ is the preimage in S3 of Σ under the projection

S3 → S3/G and
◦
N(Σ̃) is the interior of a regular neighbourhood of Σ̃; we note that Σ̃ is the

set of points in S3 that are fixed by a non-trivial element of G. The fibration of S3 \
◦
N(Σ̃)

extends to a fibration of S3 invariant under the action of G unless Σ̃ is the link in Figure 3
(see the proof of [BM70, Theorem 1]).

Case 1: the fibration of S3\
◦
N(Σ̃) extends. In this case the Seifert fibration of M is induced

by a Seifert fibration of S3 invariant under the action on G and extends to O. We remark
that the fibration on M is a classical Seifert fibration for manifold, while the fibration on O
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Σ

Σ
Σ

Σ

Σ

1

2 n−1

n

0

...

Figure 3

is a Seifert fibration in an orbifold sense. The base orbifold of O contains mirror reflectors or
corner reflectors if and only if the fibration of O contains infinite fibers that are not closed
curves (they are arcs). Hence the fibration of O induces a Seifert fibration on the manifold
M when the base orbifold has only cone points as singularities.

Lemma 5 ensures that the spherical orbifolds only have fibrations induced by an isometric
copy of the Hopf fibration (including the anti-Hopf fibration), except for groups which belong
to Families 1, 1′, 11, 11′ up to conjugation. We recall that the fibrations of S3 of the form
zu1/z

v
2 or z̄u1/z

v
2 , with (u, v) 6= (1, 1), have two exceptional fibers, each left invariant by the

group. For groups in Families 11, 11′, there must be an involution which acts as a reflection
on the exceptional fibers, and therefore the base orbifold of the quotient contains corner
reflectors. Finally, by analyzing Table 2, Table 3 and Table 4 provided in [MS15], one sees
that if a spherical orbifold S3/G has (at least) one Seifert fibration with only cone singular
points in the base orbifold, then it is conjugate to a group in Families 1 to 9 (including 1′)
or in Family 34.

Case 2: Σ̃ is the link in Figure 3. In this case Σ0 is the fixed point set of a non-trivial
element of G. Since Σ admits no singular point with dihedral local group, the subgroup of
G leaving invariant Σ0 is cyclic or the direct product of two cyclic groups (see for instance
[MZ06, Lemma 1]) and can be conjugated to a group in Familiy 1 or 1′. If n 6= 1, the whole
group G leaves invariant Σ0 and we are done. In the case of n = 1, G contains a subgroup
G0 of index at most two leaving invariant Σ0. If G = G0, then the group can be conjugated
to a group in Familiy 1 or 1′. Otherwise the elements in G \G0 exchange Σ0 with Σ1. The
groups having these properties are in Families 2, 3, 4 and 34, see again [MS15]. �

We are now ready to give the proof of our main result.

Proof of Theorem 1. We denote by ι : π0Isom(O) → π0Diff(O) the homomorphism induced
by the inclusion Isom(O)→ Diff(O).

For spherical manifolds the theorem was proved in [McC02]. Therefore we can suppose
that Σ is not empty and we can apply the results in [CZ92] where the authors proved
the existence of a finite subgroup of diffeomorphisms H such that the standard projection
Diff(O)→ π0Diff(O) restricted to H is surjective. As a consequence of the Thurston Orbifold
Geometrization Theorem (see [BLP05] and [DL09]), we can suppose that H is a group of
isometries of O, and we can conclude that also ι is surjective.
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If Σ is a link, then [GL84, Theorem 2] implies directly that M = O \
◦
N(Σ) is irreducible

and atoroidal (i.e. each incompressible torus is boundary parallel). Indeed the argument
used in the proof of [GL84, Theorem 2] works also if Σ is not a link, so we have that in any
case M is irreducible and atoroidal. By the geometrization of 3-manifolds with non-empty
boundary (see for example [Sha84, Proposition 3]) we obtain that M is either hyperbolic or
Seifert fibered.

If M is hyperbolic, then by [CZ92, Theorem 1] the homomorphism ι is also injective and
we are done. We can suppose that M is Seifert fibered and by Lemma 6 the group G is in
one of the Families from 1 to 9 (including 1′) or in Family 34.

An orientation-reversing isometry cannot be homotopic to the identity, hence to prove
that ι is injective we can reduce to the orientation-preserving case. We denote by Diff+(O)
the group of orientation-preserving diffeomorphism of O.

From now on we will identify the orbifold fundamental group π1(O) with G. We denote by
Out(G) the outer automorphism group, namely the quotient of the group of automorphisms
of G by the normal subgroup of inner automorphisms. By using the properties of the
universal covering orbifolds (see for example [Cho12, Sections 4.6 and 4.7]), we will define
a homomorphism β : Diff+(O) → Out(G). If f ∈ Diff+(O), then f can be lifted to a

diffeomorphism f̃ of S3 that normalizes G and by conjugation induces an automorphism
of G. Different choices of the lifting can give different automorphisms, but they coincide
up to the composition with an inner automorphism. Thus we can define β(f) as the outer
automorphism induced by a lift of f . Since an element of Diff+(O) isotopic to the identity
lifts to a diffeomorphism of S3 which is G-equivariantly isotopic to the identity, an element
of Diff+

0(O) induces a trivial automorphism on G. Thus Diff+
0(O) is contained in the kernel

of β and we obtain an induced homomorphism π0Diff(O)→ Out(G) that we denote by α.
Therefore we have the following composition of group homomorphisms

π0Isom+(O)
ι // π0Diff+(O)

α // Out(G) .

We claim that, when O = S3/G and G is in Families 1-9 and 34 (see Tables 2 and 3),
the homomorphism α ◦ ι is injective, with the exception of two groups: (C4/C1, C4/C1) and
(C4/C2, C4/C2). For clarity, we give a proof of this claim in a separate lemma (Lemma 7
below). If α ◦ ι is injective, then ι is injective, and thus this will conclude the proof for all
groups but the two exceptional ones.

We consider now the two remaining cases (C4/C1, C4/C1) and (C4/C2, C4/C2). For both
groups there exists exactly one non-trivial element of π0Isom+(O) inducing a trivial outer
automorphism of G; this is induced by the element (j, j) ∈ NormS3×S3(G̃). In both cases O
has a knot as singular set (see [MS15, Table 2 and 3]). The isometry of O induced by (j, j)
acts as a reflection on the singular knot (see [MS15, page 831] where the Families 11 and 11′

are analyzed). This implies that the isometry induced by (j, j) can not be isotopic to the
identity in Diff+(O); in fact, if it was, restricting the isotopy to the singular set of O, one
would obtain an isotopy between a reflection of S1 and the identity, and this is impossible.
We can conclude also for these two groups that the homomorphism ι is injective. �

Lemma 7. Let G be in Families 1-9 and 34 and let O = S3/G. If G is not isomorphic to
(C4/C1, C4/C1) and (C4/C2, C4/C2), then α ◦ ι is injective.
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Proof. Let us first consider the groups in Table 2 (where the small indices are excluded).
In the families 1 and 1′ the non trivial element in π0Isom+(O) is induced by (j, j) ∈

NormS3×S3(G̃). The automorphism induced by (j, j) on G sends each element to its inverse.
Since G is an abelian group, the automorphism induced by (j, j) is non-trivial, hence non-
inner, unless all the elements of the group have order 2. Moreover, since the groups G in the
families 1 and 1′ are generated by two elements, this can happen only if G has order 2 or 4.
In Table 2 we consider C2m 6= C2 and r > 2, therefore the only groups of order 4 or 2 are
(C4/C1, C4/C1) and (C8/C1, C8/C1). The latter is cyclic of order four, so again the induced
automorphism in not trivial. The only exceptional case here is (C4/C1, C4/C1).

We consider now Families 2-9 and Group 34. Each element of π0Isom+(O) is induced by
one element in NormS3×S3(G̃) of one of these three types: (j, 1), (1, f) or (j, f) where f is
an element of NormS3(R) inducing a non-inner automorphism on R/C2, the quotient of R
by the center of S3.

Let α an element of G̃ of type (1, f) or (j, f); the element α induces by conjugation an
automorphism on the quotient G/Φ(LK × {1}). We can construct an isomorphism between
G/Φ(LK ×{1}) and R/C2 sending Φ(l, r) to r; the automorphism induced by α corresponds
through this isomorphism to the automorphism induced by f on R/C2, which is non-inner.
This implies that the automorphism induced by α in G is not inner.

Let us now consider the elements of type (j, 1). Since we are restricting (for the moment)
to Families 2-9 and Group 34 in Table 2 (thus excluding small indices), in each group there
exists an element of type Φ(l, 1) where l has order at least four. The automorphism induced
by (j, 1) maps Φ(l, 1) to Φ(l−1, 1). Since (l, 1) 6= ±(l−1, 1) the action of (j, 1) on Φ(l, 1) is not
trivial. Therefore the automorphism on G can not be inner, because Φ(l, 1) is in the center
of G.

The analysis of the groups with small indices that are listed in Table 3 is similar. For
Families 2, 5, 7 and 9 of Table 3, the proof is exactly the same as above, with the additional
remark that if L = C2, non-trivial elements of π0Isom+(O) cannot be induced by (j, 1) since
(j, 1) is isotopic to the identity in NormS3×S3(G̃).

For the small indices of Families 1 and 1′, the non-trivial elements of π0Isom+(O) are
induced by one of the following three cases: (j, j), (j, 1) and (1, j). The case (j, 1) is treated
exactly as above for Families 2-9 and Group 34. In fact, one sees directly that (j, 1) is not
isotopic to the identity only when L has order at least four. The case (1, j) is completely
analogous by switching the roles of L and R. The case of (j, j) follows the same argument
at the beginning of the proof, and it turns out that the only group of order 2 or 4 in which
(j, j) is not isotopic to the identity is (C4/C2, C4/C2). �

This concludes the proof of Theorem 1. We conclude by remarking that the restriction
to Families 1-9 and 34 is essential. In fact, besides the exceptions (C4/C1, C4/C1) and
(C4/C2, C4/C2) of Lemma 7, in several other cases α◦ι is not injective, even in the orientation-
preserving case. For example we suppose that G is the group 31′ of Table 1; its normalizer
in SO(4) is the group 31 (see Case 6 in Subsection 3.1). The group G is isomorphic to the
alternating group on five letters and its normalizer is isomorphic to G×Z2. Each isometry of
S3/G induces a trivial action on G. We note that Out(G) is not trivial, in fact is isomorphic
to Z2. Similarly, α ◦ ι fails to be injective also for the infinite family 11′.
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