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ABSTRACT Rules for the selection of rotor bar numbers which minimize current and torque ripples are
derived in this paper for a general symmetrical multiphase cage induction machine with prime phase number
and integral slot winding. Analytically obtained expressions for optimal rotor bar number selection are val-
idated by means of totally independent simulations, one based on a parameterized winding function (PWF)
model of the induction machine and the other employing time-stepping finite-element analysis (TSFEA).
As a case study, five-phase four-pole cage induction motors with forty stator slots and different number of
rotor bars are comparatively analyzed. Results obtained from the PWF model are in excellent accordance
with those independently obtained by TSFEA and both confirm the correctness of the proposed selection
criteria. The practical motivation of the study is that an incorrect selection of rotor bar number can lead to
parasitic torques of significant amplitude and, presently, there are no general rules available in the literature
which may guide designers towards an optimal design choice for a general number of phases.

INDEX TERMS Induction machines, multiphase stator winding, parasitic torques, rotor slot harmonics,
skewing, winding function model.

I. INTRODUCTION
Symmetrical induction machines with a number of phases
greater than three are today commonly referred to as mul-
tiphase induction machines. Multiphase induction machines
have various advantages over their conventional three-phase
counterpart, such as lower space harmonic content, higher
efficiency and torque density, better torque waveform, pos-
sibility to use time harmonics for output power production
and multi-motor drive arrangements [1].

As exclusively inverter-fed machines, multiphase cage
induction machines have been previously analyzed as parts
of variable frequency drives [1], in conjunction with mul-
tiphase inverters and machine control strategies [2]–[5],
parameter identification and estimation techniques [6]–[9],
and modelling and operation under different fault condi-
tions [10]–[12]. Very few papers, such as [13]–[16], have
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analyzed multiphase induction machines from the design
standpoint, although design rules commonly adopted for
three-phase machines cannot – in the majority of cases – be
straightforwardly extended to the multiphase domain.

In [13] authors explore multiphase induction machines
in order to determine the benefits that may be obtained
from the motor point of view. They conclude that the main
contribution of multiphase technology for increased effi-
ciency results from a potential reduction in stator copper loss.
Additionally, they recommend avoiding excitation harmonics
of order 2mn ± 1, where m is the phase number and n is an
integer, whenever possible, since these are the lowest order
harmonics that produce torque ripple. In [14] the authors
address the magnitude of rotor slot harmonics (RSHs) and
highlight how they can be exploited in multiphase induc-
tion machines with sensorless control for speed estimation.
This feature makes it desirable, for speed sensorless con-
trol purposes, to have large RSHs, although at the expense
of increased Joule losses [14]. Different stator winding
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layouts are investigated and suggested in [15] and [16] for
five- and nine-phase machines. Among other design aspects
the authors highlight harmful influence of non-adequate num-
ber of rotor bars on parasitic torque components as well as on
rotor slot harmonics in stator current spectrum.

The practical motivation of the present work arises from
the observation that, as power electronics and control tech-
nologies advance, multiphase machines, although always
inverter-fed, can be supplied by voltage sources which are
closer and closer to the sinusoidal waveform, especially in
the case of large medium-voltage motors fed from multi-
level inverters. This makes the impact of supply source har-
monics less and less harmful and, at the same time, gives
more relevance to the need for improving motor performance
with the same targets as in the grid-supplied, three-phase
motors, [17]–[23].

In such a context, it can be of interest to design the mul-
tiphase machine so that parasitic phenomena which arise in
the ideal case of a sinusoidal supply are minimized or, at least,
reduced within acceptable limits. In particular, the presence
of RSHs, although beneficial for the purpose of some sensor-
less control strategies, should be avoided or limited as a cause
of significant deterioration of motor performance in terms of
Joule losses, torque pulsations and electromagnetic noise.

In this regard, the paper will show that in a symmetrical
multiphase cage induction motor, with a prime phase number
and a generic number of poles and stator slots, RSH effects
can be cancelled through a suitable selection of the rotor
bar number, even without resorting to rotor bar skewing.
A simple formula will be derived that provides the numbers
of rotor bars that can be chosen to avoid space RSHs and thus
minimize current and torque ripples.

The proposed criterion is first validated through a
recently developed parameterized winding function (PWF)
model, [24], which has been shown capable of reliably and
quickly predicting the performance of multi-phase induction
motors with both straight and skewed rotor bars. As a further
independent validation, time-stepping finite-element analysis
(TSFEA) will be also used as a cross-check to confirm the
results obtained from the PWF model.

To illustrate the practical application of the work, a four-
pole five-phase cage induction motor with forty stator slots
will be considered as a case study. Its performance will
be investigated at steady state when different numbers of
rotor bars are chosen, in case of both straight and skewed
bar design [25]. This will serve the purpose of proving the
effectiveness of the developed optimal design rule.

The paper is organized as follows. In Section II, the gen-
eration and properties of stator and rotor magnetic fields in
a symmetrical multiphase induction motor will be reviewed.
In Section III and IV, the impact of space RSHs on cur-
rent and torque pulsations are, respectively, investigated in
relation to the number of rotor bars. In Section V the rule
is given for the optimal choice of the number of rotor bars
leading to zero RSH-related torque and current pulsations.
Finally, in Section VI the results of a case study based on

a five-phase four-pole induction motor will be reported for
different choices of rotor bar numbers, confirming the results
of the introduced design rules through the use of the PWF
model, which is further suitably validated against TSFEA
simulations.

II. AIR-GAP FLUX SPACE HARMONICS
The stator current and torque ripples in multiphase machine
under the assumption of sinusoidal supply have the origin in
the harmonic content of the air-gap field produced by both
stator and rotor currents.

The simplifying assumptions made in the study consist
of considering a uniform air-gap and negligible magnetic
saturation.

A. STATOR AIR-GAP FLUX SPACE HARMONICS
Let us consider a generic symmetrical multiphase cage induc-
tion motor with m phases (displaced by 2π/m radians apart),
p pole pairs and

S = 2mpq (1)

stator slots, where q is an integer representing the number of
slots per pole per phase. In symmetrical steady-state condi-
tions at ω = 2π f stator angular frequency, the stator phase
current fundamentals are:

i(s)1 (t) = I cos (ωt) , i(s)2 (t) = I cos
(
ωt − 2π

m

)
,

i(s)3 (t) = I cos
(
ωt − 2 2π

m

)
. . . i(s)m (t)

= I cos
(
ωt − (m− 1) 2π

m

)
(2)

and the νth order flux-density harmonic they produce is [26]:

B(s)ν (t, θ) = B(s)max ν

m−1∑
k=0

cos
(
ωt − νpθ + k (ν − 1) 2π

m

)
.

(3)

From (3) it can be noticed that the νth harmonic exists only
on condition that

ν ∈ U = {2mz+ 1 : z ∈ Z} , (4)

because, for any other value of ν, the sum in (3) is zero.
It is well known [27] that stator flux-density harmonics

tend to decrease as the harmonic order |ν| grows and that the
so-called stator slot harmonics can have significant ampli-
tudes. Their harmonic order is |ν| = S/p ± 1 = 2mq ± 1
and is obtained for z = ±q in (4). In general, harmonic
orders corresponding to −q ≤ z ≤ q in (4) are the most
prominent, with the maximum being obviously associated
with the fundamental (z = 0).

B. ROTOR AIR-GAP FLUX SPACE HARMONICS
The way how a rotor cage, equipped with R rotor bars and
revolving with a slip s with respect to the fundamental of the
air-gap field, reacts to each flux-density harmonic produced
by the stator is the same as for three-phase machines and
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has been already investigated in the literature [28]. It has
been demonstrated that the stator µth flux-density harmonic
induces rotor currents which, in turn, generate a rotating flux-
density wave given by,

B(r)µ (t, θr )

=

R−1∑
r=0

∑
η=1,2,3,...

B(r)maxµ,η

[
cos

(
sµωt+ηθr−r (η+µp) 2π

R

)
+ cos

(
sµωt − ηθr + r (η − µp) 2π

R

)]
, (5)

where µ ∈ U ,B(r)maxµ,η are Fourier coefficients which can be
computed as per [28], sµ is

sµ = 1− µ (1− s) (6)

and θr is the angular coordinate in a rotor-attached reference
frame such that

θ − θr =
1−s
p ωt. (7)

Current ripples arise in stator currents due to some rotor
harmonics (5) being linked by stator phases and induc-
ing electromotive forces in them [28]. Pulsating torques
arise from any possible interaction between the sets of
harmonics (3) and (5).

The most significant harmonics in the rotor field are those
corresponding to the fundamental of the stator field (µ = 1).
Furthermore, it is known that remarkable disturbances in both
currents and torques can result from the space RSHs, which
are obtained from (5) when

η = λR± µp, (8)

with λ being a positive integer, i.e. [28]:

BRSHL (t, θr ) = BRSHmax,L cos
(
sµωt + (λR− µp) θr

)
, (9)

BRSHU (t, θr ) = BRSHmax,U cos
(
sµωt − (λR+ µp) θr

)
. (10)

Using (6) and (7) in (9)-(10) we obtain:

BRSHL (t, θ) = BRSHmax,L cos
((

1− λRp (1− s)
)
ωt

+

(
λR
p − µ

)
pθ
)
, (11)

BRSHU (t, θ) = BRSHmax,U cos
((

1+ λRp (1− s)
)
ωt

−

(
λR
p + µ

)
pθ
)
. (12)

The amplitude of rotor slot harmonics can be usually sig-
nificant for low values of λ andµ and, in particular, forµ = 1
and 1 ≤ λ ≤ 4.

Since (11)-(12) depend on the number of rotor bars R, it is
intuitive that an appropriate selection of R can help reduce
the effects of (11)-(12) on stator currents and air-gap torque,
as investigated in the next Section.

III. ROTOR SLOT HARMONICS IN PHASE CURRENTS
As a general rule, an air-gap flux density space harmonic
having a generic number of pole pairs n can produce electro-
motive forces and induce currents in the stator winding only
if the stator winding itself can produce an air-gap flux density
harmonic like (3) having the same number of pole pairs [29].

For instance, (11) produces stator current pulsations,
having frequency

f RSHL =

∣∣∣1− λRp (1− s)∣∣∣ f , (13)

if there exists a stator harmonic of order νL ∈ U having the
same number of pole pairs as (11), which happens if

±

(
λR
p − µL

)
= νL ∈ U (14)

for a given λ ∈ Z+ and a given µL ∈ U . Similarly, (12)
produces stator current pulsations, having frequency

f RSHU =

∣∣∣1+ λRp (1− s)∣∣∣ f , (15)

if there exists a stator harmonic of order νU ∈ U having the
same number of pole pairs as (12), which happens if

±

(
λR
p + µU

)
= νU ∈ U . (16)

for a given λ ∈ Z+ and a given µU ∈ U .
Therefore, lower RSH currents will appear if there exist

two integers zL1 and zL2 such that

±

[
λR
p − (2zL1m+ 1)

]
= (2zL2m+ 1) , (17)

while upper RSH currents will appear if there exist two
integers zU1 and zU2 such that:

±

[
λR
p + (2zU1m+ 1)

]
= (2zU2m+ 1) . (18)

From (17) we have that the rotor bar numbers R leading to
lower RSH currents are such that,

λR ∈ R+L ∪R
−

L , (19)

where

R+L =
{
2p
(
m z+L + 1

)
, z+L ∈ Z+

}
,

R−L =
{
2p m z−L , z−L ∈ Z+

}
, (20)

with the substitution z+L = |zL2 + zL1| and z
−

L = |zL2 − zL1|
without any loss of generality.

The two setsR+L andR−L are respectively obtained choos-
ing the sign ‘‘+’’ and the sign ‘‘−’’ in (14) and (17).
Similarly, the rotor bar numbers R leading to upper RSH

currents are such that,

λR ∈ R+U ∪R
−

U , (21)

where

R+U =
{
2pmz+U , z+U ∈ Z+

}
,

R−U =
{
2p
(
mz−U − 1

)
, z−U ∈ Z+

}
, (22)

with the substitution z+U = |zU2 − zU1| and z
−

U = |zU2 + zU1|

with no loss of generality.
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The two setsR+U andR−U are respectively obtained choos-
ing the sign ‘‘+’’ and the sign ‘‘−’’ in (16) and (18).
Finally, the rotor bar numbers R leading to both lower and

upper RSH currents are such that

λR ∈ RLU =
(
R+L ∪R

−

L

)
∩
(
R+U ∪R

−

U

)
, (23)

where it can be easily seen that

RLU = R−L = R+U (24)

becauseR+L ∩R
−

L = ∅.
To summarize, we can say that the space RSHs (11)-(12)

for a given λ ∈ Z+ cause current pulsations if λR falls
in one of the three sets R+L , R

−

U and RLU : depending on
whether λR belongs to R+L , R

−

U or RLU , current pulsations

will arise having frequency, respectively,
∣∣∣1− λRp (1− s)∣∣∣ f ,∣∣∣1+ λRp (1− s)∣∣∣ f or both.

In practical cases, the most prominent pulsations obviously
arise from the flux density harmonics which are usually
obtained for 1 < λ < 4 and for zL1, zL2, zU1 and zU2 in
(17)-(18) between -q and q, leading to z+L , z

−

L , z
+

U , z
−

U values
in (20) and (22) between 1 and 2q (it can be easily seen that
zero for these variables does not lead to feasible numbers of
rotor bars).

IV. ROTOR SLOT HARMONICS IN TORQUE
As a general rule, two generic air-gap flux density space
harmonics

Bs (t, θ) = Bs,max cos (2π fst − nsθr ) , (25)
Br (t, θ) = Br,max cos (2π fr t − nrθr ) , (26)

(with fs > 0 and fr > 0), respectively, produced by the stator
and rotor currents, can interact producing electromagnetic
torque on condition that they have the same number of poles,
i.e. ns = ±nr and, in this case, the resulting torque will have
a pulsation given by |fs ∓ fr | [30].

In particular, (11) for a given λ will interact with the stator
space harmonic of order νL ∈ U and produce torque if
(14) holds for some value of µL ∈ U . It is worth noticing
that the sign ‘‘+’’ in (14) applies when the two interacting
harmonics revolve in the opposite direction, as it can be seen
comparing (11) and (5), while the sign ‘‘−’’ applies when the
two harmonics revolve in the same direction. Following the
same reasoning as in the previous Section, we can observe
that (11) produces torque pulsation for numbers of rotor bars
R satisfying (17) and the torque pulsation will have frequency

f torque0 =

∣∣∣1− (1− λRp (1− s))∣∣∣ f = λRp (1− s) f (27)

when

λR ∈ R−L = RLU (28)

(harmonic fields rotating in the same direction), while the
torque pulsation will have frequency

f torqueL =

∣∣∣1+ (1− λRp (1− s))∣∣∣ f = ∣∣∣2− λRp (1− s)∣∣∣ f
(29)

when

λR ∈ R+L (30)

(harmonic fields rotating in the opposite direction).
Similarly, (12) for a given λ will interact with the stator

space harmonic of order νU ∈ U and produce torque if (16)
holds for some value of µU ∈ U . It is worth noticing that the
sign ‘‘+’’ in (16) applies when the two interacting harmonics
revolve in the same direction, as it can be seen comparing
(12) and (5), while the sign ‘‘−’’ applies if the two harmonics
revolve in the opposite direction. Following again the same
reasoning as in the previous Section, we can observe that
(12) produces torque pulsation for numbers of rotor bars R
satisfying (21) and the torque pulsation will have frequency

f torque0 =

∣∣∣1− (1+ λRp (1− s))∣∣∣ f = λRp (1− s) f (31)

when

λR ∈ R+U (32)

(harmonic fields rotating in the same direction), while the
torque pulsation will have frequency

f torqueU =

∣∣∣1+ (1+ λRp (1− s))∣∣∣ f = ∣∣∣2+ λRp (1− s)∣∣∣ f
(33)

when

λR ∈ R−U (34)

(harmonic fields rotating in the opposite direction).
To summarize, we can say that the space RSHs (11)-(12)

for a given λ ∈ Z+ cause torque pulsations if λR falls
in one of the three sets R+L , R

−

U and RLU : depending on

whether λR belongs to R+L , R
−

U or RLU , the torque pul-

sation will, respectively, have frequency
∣∣∣2− λRp (1− s)∣∣∣ f ,∣∣∣2+ λRp (1− s)∣∣∣ f or λRp (1− s) f . It is noted that in the

latter case (λR ∈ RLU ), a torque pulsation is produced at
a frequency equal to the average of current RSH frequencies∣∣∣1− λRp (1− s)∣∣∣ f and ∣∣∣1+ λRp (1− s)∣∣∣ f .
V. RULE FOR OPTIMAL ROTOR BAR SELECTION
The results obtained in the two previous Sections lead to the
conclusion that the absence of current and torque pulsations
due to RSHs in a multiphase cage induction motor with m
phases can be guaranteed by choosing the number of rotor
bars R so that

λR /∈ R+L ∪R
−

U ∪RLU ∀λ ∈ Z+. (35)

Using (20), (22) and (24), the condition above can be more
explicitly formulated as follows:

λR /∈ 2p (mz+ c) ∀λ, z ∈ Z+, c = {−1, 0, 1}. (36)

This can be equivalently stated saying that, to guarantee
the absence of the RSH-related current and torque pulsations,
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the number of rotor bars R must not be either a divisor of
2pmz or a divisor of 2p(mz± 1) for any positive integer z.

As previously noted, in practical applications only pulsa-
tions resulting from significant harmonics need to be taken
into account, which makes it reasonable to limit the investi-
gation to such typical ranges as 1 ≤ λ ≤ 4 and 1 ≤ z ≤ 2q
(z = 0 leads to unfeasible number of rotor bars). Since
1 ≤ z ≤ 2q and considering (1), one can notice that the
number 2p (mz+ c) in (36) varies between 2p(m − 1) and
2p [m (2q)+ 1] = 2 (S + p); then the restriction given by
(36) for the choice of R make sense only if,

2p (m− 1) < λR < 2(S + p) (37)

that is

2p (m− 1)
/
λ < R < 2 (S + p)

/
λ. (38)

If we now consider that 1 ≤ λ ≤ 4, we have

1
/
4 ≤ 1

/
λ ≤ 1 (39)

and combining (38) and (39):

p (m− 1)
/
2 < R < 2 (S + p) . (40)

In other words, it can be said that, in order to avoid
potentially harmful current and torque pulsation, the number
of rotor bars R should be chosen that is a not a divisor of
either 2p(mz± 1) or 2pmz for any positive integer z between
1 and 2q. Mathematically,R should then satisfy the following,

R - 2p (mz+ c) ∀z, c ∈ Z, 1 ≤ z ≤ 2q, −1 ≤ c ≤ 1.

(41)

where mathematical symbol means - ‘‘does not divide’’.

VI. APPLICATION EXAMPLE AND CASE STUDY
As a case study to illustrate the application of the novel design
rule, a five-phase (m = 5) four-pole (p = 2) cage induction
motor with S = 40 (q = 2) stator slots will be taken as an
example. To guarantee the absence of RSH-related current
and torque pulsations, the number of rotor bars R needs to be
chosen so that it is not a divisor of either 2pmz or 2p(mz± 1)
for all z between 1 and 2q = 4. The significant range for the
selection of R is between p(m−1)/2 = 4 and 2(S + p) = 84.
Values of R included in such a range and satisfying the
condition (41) are such that

R ∈ Reven ∪Rodd , (42)

where

Reven =

{
26, 34, 46, 48, 50, 52, 54, 58,
62, 66, 68, 70, 72, 74, 78, 82

}
, (43)

Rodd =

 17, 23, 25, 27, 29, 31, 33, 35, 37, 39, 41,
43, 45, 47, 49, 51, 53, 55, 57, 59, 61, 63, 65,

67, 69, 71, 73, 75, 77, 79, 81, 83

.
(44)

In the usual design of induction motors, an even number
of rotor bars is generally preferred to minimize unbalanced

magnetic forces in the radial direction [31], [32]. Therefore,
only the rotor bar numbers belonging to the setReven will be
considered.

In order to validate the theory and design criteria discussed
in the previous Section, the performance of the five-phase
four-pole induction motor with forty stator slots, i.e. S = 40,
is simulated for different possible choices of R.More detailed
data for the simulated machine are provided in Table 1.
Operation with rated load is considered at all times.

TABLE 1. Characteristic data of the example induction motor.

The data reported in Table 1 refer to the particular case
where the machine rotor is equipped with R = 30 rotor bars.
When changing the number of bars in PWFmodel, the design
is left unchanged except for adjusting the bar dimensions
according to the criteria which are reported in [24] and sum-
marized in the Appendix.

For the purpose of motor simulation, the PWF induc-
tion machine model described in [24] is used because it
is numerically efficient and it also offers the possibility of
comparatively exploring a wide variety of design variants
(with both skewed and unskewed rotor bars) with reason-
able computational effort. The reliability of the model for
the analysis of induction machines in transient and steady-
state conditions has already been confirmed by comparison
against commercially available FEM software, [33], [34].
Also, in preparing this work, the authors have made extensive
comparisons between motor performance predicted through
the PWFmodel and from TSFEA finding a very good match-
ing in all cases (an example of such comparisons will be
provided in the following).

Fig. 1 shows the stator winding MMFs at an instant of
time, assuming unit value of phase currents, as well as its
harmonic spectral content. Harmonic orders correspond to
those predicted according to (4): 1st, 9th, 11th are the 2nd,
18th and 22nd in Fig. 1. The most prominent space harmonics
are the first order stator slot harmonics, whose orders are
(S/p ± 1) the 19th and 21st (the 38th and 42nd in Fig. 1),
as observed in Section II.A.
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FIGURE 1. Rotating MMF wave of a symmetrical five-phase four-pole
stator winding placed into S = 40 stator slots and its spectral content for
the example machine assumed as a case study.

FIGURE 2. Stator phase current (top) and developed electromagnetic
torque (bottom) in steady-state conditions for a machine with R = 30
unskewed rotor bars (results from the PWF model): s = 0.027.

FIGURE 3. Spectral content of the stator phase current (top) and
developed electromagnetic torque (bottom) in steady-state conditions for
a machine with R = 30 unskewed rotor bars (results from the PWF
model): s = 0.027.

As a first example, the behavior of the machine with a
number of rotor bars R = 30 is considered. Fig. 2 shows
the stator phase current and electromagnetic torque in full-
load steady-state conditions for the machine with R = 30
unskewed rotor bars, while Fig. 3 shows the relevant spectral
contents (the DC torque component, equal to the rated torque,
48.72 Nm, is removed).

SinceR = 30 does not belong to the set of optimal rotor bar
numbers (43), pulsations are expected both in stator currents
and in the torque. Indeed, both RSHs at f RSHL = 1410 Hz
and f RSHU = 1510 Hz, corresponding to (13) and (15) for
λ = 2, are clearly visible in the current spectrum. This is
fully consistent with the theory given in Section III because

λR = 60 belongs to the set (23) i.e. set (41) for z = 3 and
c = 0. A pulsating torque at the frequency f torque0 = 1460 Hz,
given by (27) and (31) for λ = 2, is also clearly visible in the
torque spectrum at the mean frequency of the RSH currents
for the same λ, as predicted in Section III.
As a second example, the behaviour of the motor is inves-

tigated for a number of rotor bars R = 54, which belongs to
the set of preferred numbers of rotor bars according to (43).
It will be shown later that this number of rotor bars is not
only preferred but even optimal as it produces minimal value
of the electromagnetic torque ripple in the analysed range
20 < R < 60. Rotor speed and developed electromagnetic
torque during a full-load start-up transient of the motor fed
with constant rated voltage are shown in Fig 4. The current
and torque waveforms with relevant spectra are shown in
Fig. 5 and Fig. 6. In accordance with the analytically derived
predictions, significant RSHs do not appear in either the stator
current or in the torque.

FIGURE 4. Rotor speed and developed electromagnetic torque during
start-up of the fully loaded motor for a machine with R = 54 unskewed
rotor bars (results from the PWF model).

FIGURE 5. Stator phase current (top) and developed electromagnetic
torque (bottom) in steady-state conditions for machine with R = 54
unskewed rotor bars – results from the PWF model.

In order to demonstrate the reliability of the PWF model,
a comparison is shown next between the results obtained
from the PWF model and those resulting from the TSFEA
simulation of the same machine. Both simulations are run for
the case of R = 28 rotor bars, which is not among the optimal
values as per (43). Fig. 7 and Fig. 8 show the comparison
between the transient currents and speed of the motor from
the two simulation approaches during an electromechanical
transient. The transient is the acceleration with rated load
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FIGURE 6. Spectral content of stator phase current (top) and developed
electromagnetic torque (bottom) in steady-state conditions for machine
with R = 54 unskewed rotor bars – results from PWF model.

FIGURE 7. Stator phase current during transient obtained using PWF and
TSFEA simulations with R = 28 unskewed rotor bars.

FIGURE 8. Rotor speed during transient obtained using PWF and TSFEA
simulations with R = 28 unskewed rotor bars.

FIGURE 9. Stator phase current (top) and developed electromagnetic
torque (bottom) in steady-state conditions for the machine with R = 28
unskewed rotor bars: results from the PWF model.

torque and the rotor position and rotor speed (1400 rpm) at
t = 0 are set the same in both PWF and TSFEA models.
Fig. 9 and Fig. 10 show phase current and torque waveforms
at steady state from the two simulations.

FIGURE 10. Stator phase current (top) and developed electromagnetic
torque (bottom) in steady-state conditions for the machine with R = 28
unskewed rotor bars: results from the TSFEA model.

A very satisfactory matching can be observed in the
results from the two completely independent and struc-
turally different models. However, the TSFEA requires sev-
eral hours or days for a single simulation to complete,
while the same result can be obtained with the PWF model
almost instantaneously. Furthermore, the PWF makes it pos-
sible to simulate the motor behaviour in the presence of
rotor bar skewing [25], [35], which would require a 3D
approach, or several 2D simulations with suitable subsequent
post-processing, if TSFEA were used.

The flexibility and computational efficiency of the PWF
model also make it a very effective tool to rapidly collect
and compare performance results relating to a wide variety of
designs. For instance, what is presented next is an overview of
the example motor performance in terms of torque pulsations
when the number of rotor bars R varies between 20 and 60.
In order to have a relatively easy comparison, a torque ripple
factor is defined as [33],

r (%) =
Tem,AC,RMS
Tem,DC

· 100 (45)

where Tem,DC is the average (useful) torque computed by
integration over a period T ,

Tem,DC =
1
T

t0+T∫
t0

Tem (t) dt (46)

and Tem,AC,RMS is the RMS value of the torque:

Tem,AC,RMS =

√√√√√ 1
T

t0+T∫
t0

(
Tem (t)− Tem,DC

)2 dt (47)

Results are given in Table 2 and represented graphically
in Fig. 11, where, for each number of rotor bars, the design
with unskewed bars and the design with bars skewed by one
stator slot pitch are taken into account.

First of all, it can be seen how bar skewing leads to a
drastic reduction in torque pulsations. However, in some
cases (especially for large medium voltage machines) bar
skewing can introduce manufacturing complications as well
as a production cost increase. Furthermore, it is known how
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TABLE 2. Torque ripple factor for different numbers of skewed and unskewed rotor bars in the analysed five-phase four-pole induction motor: m = 5,
p = 2, S = 40, 20 ≤ R ≤ 60.

FIGURE 11. Torque ripple factor for unskewed (top) and skewed (bottom) rotor bars in five-phase four-pole cage rotor induction
motor: m = 5, p = 2, S = 40, 20 ≤ R ≤ 60.

rotor bar skewing, in addition to benefits, gives also rise to
possible problems, such as inter-bar currents and occurrence
of undesired axial field components, resulting in both core
and Joule additional losses [36]. Therefore, the possibility
to obtain very small torque pulsations without skewing, i.e.
through a proper selection of the number of rotor bars, can
represent a significant advantage.

In this sense, Fig. 11 for the unskewed bar design shows
that there are rotor bar numbers for which an extremely small
torque pulsation is achieved. If we compare the numerical
results summarized in Fig. 11 with the optimal bar numbers
(43) resulting from the proposed design criterion, we can
observe that the minimum torque ripple factor is obtained
only for the number of rotor bars theoretically identified as
optimal.

As an additional criterion of goodness of rotor bar selec-
tion, total harmonic distortion (THD) of stator phase current

was calculated, according to the THD definition

THD (%) =

√
I2s2 + I

2
s3 + I

2
s4 + . . .

Is1
· 100 (48)

where Isn is the RMS value of nth harmonic of stator phase
current and n = 1 is the fundamental harmonic. This has
been done only for the case of unskewed rotor bars because,
when the rotor bars are skewed, the THD is smaller than 2%
for any number of rotor bars. Results are given in Table 3
and represented graphically in Fig. 12. In almost all cases,
the number of rotor bars that yields the smallest torque ripple
also leads to small values of THD. One exception is the case
with R = 48 rotor bars, where a rather high value of the THD
is obtained. The reason for this high value is currently unclear
and will be a subject of further investigations.
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TABLE 3. Total harmonic distortion (THD) of stator phase current for different numbers of unskewed rotor bars in the analysed five-phase four-pole
induction motor: m = 5, p = 2, S = 40, 20 ≤ R ≤ 60.

FIGURE 12. Total harmonic distortion of stator phase current for unskewed rotor bars in five-phase four-pole cage rotor
induction motor: m = 5, p = 2, S = 40, 20 ≤ R ≤ 60.

VII. DISCUSSION
One important remark is that the developed design rule, if
particularized to three-phase cage induction motors (m = 3),
leads to the same results already discussed in [33], as one
can easily check numerically. This further corroborates the
generality of the presented methodology.

A further point which may be worth discussing is that the
selection of rotor bar number R is addressed in this paper
considering electromagnetic torque ripple minimization as
the only criterion. However, from a practical point of view it
is clear that what the method yields is not a single value of R
but a set of preferred values. It will be then up to the designer
to identify the most suitable number R, among the preferred
ones, considering also other criteria. For example, design
configurations with many thin rotor bars may be advanta-
geous from a thermal point of view thanks to the larger
surface available for heat transfer by conduction between the
cage and the surrounding laminations. Conversely, configura-
tions with relatively few rotor bars may be preferred because
they lead to a slightly lower Carter’s coefficient [37] and,
consequently, to a slightly improved power factor.

Last but not least, the rotor bar number selection criteria,
derived in the paper, are valid if and only if the stator winding
is with an integral slot winding. Hence fractional slot wind-
ings, which are anyway relatively seldom used in induction
machines, are not encompassed by the analysis.

VIII. CONCLUSION
Multiphase cage induction motors are of increasing impor-
tance for the benefits they can bring in several respects, such

as increased fault tolerance, efficiency, torque density and
innovative control and drive arrangement solutions. With the
advances of both power electronics and PWM inverter control
technology, it is often possible to supplymultiphase induction
motors with a high-quality supply voltage, especially if multi-
level inverter configurations are used. This tends to reduce
PWM-related parasitic effects and give more importance to
the performance issues which can result from possibly inap-
propriate choices made in the induction motor electromag-
netic design. In this scenario, the paper has investigated the
potentially harmful effects which can arise in a cage induction
motor with an arbitrary number of symmetrically-distributed
prime number of phases from the interaction of stator and
rotor revolving fields, with special attention to the so-called
rotor slot harmonics (RSHs).

It has been shown how RSH-related pulsations arise, in
general, in both stator phase currents and air-gap torque at
well-defined frequencies and with amplitudes that strongly
depend on the number of rotor bars. A simple alge-
braic criterion has been derived and formulated to identify
those (optimal) numbers of rotor bars which lead to zero
RSH-related pulsations. The proposed design rule has been
validated in the example case of a four-pole five-phase forty
stator slot cage induction motor by studying its steady-state
performance for different numbers of rotor bars. It has been
shown how, even in the absence of bar skewing, current and
torque pulsations can be practically eliminated if the number
of rotor bars is chosen according to the introduced rule. It is
believed that the findings of the paper will be of practical
interest for multiphase machine designers.
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APPENDIX
A brief summary of the recently derived parameterized wind-
ing function (PWF) model, [24], is given here, explaining
how the motor cross section model is adapted in the PWF
model to consider different numbers of rotor bars. An ini-
tial rotor design, such as that illustrated in Table 1, is first
defined through the output-coefficient sizing approach [37]
and assuming an arbitrary number R of rotor bars; R can be
then changed so that the bar cross section Abar and end-ring
cross sections Aring are proportional to 1/R:

Abar ∝
1
R
, Aring ∝

1
R sin (pπ/R)

. (49)

In this way, the losses in the bars and end rings, the flux
density in rotor teeth and the overall machine performance
due to the fundamental of the air-gap field and useful torque
production do not change.

FIGURE 13. Rotor slot and cage details. In particular, a and b represent
the end-ring cross section dimensions.

To have (49) satisfied, the dimensions shown in Fig. 13 are
adjusted as follows,

btr =
BgπDr
kFeBtrR

(50)

d1 =
π (Dr − 2hor )− Rbtr

R+ π
(51)

d2 =

√
8CAbar − (Cπ + 8) d21

Cπ − 8
(52)

hr = 2(d1 − d2)
/
C (53)

b = 1.1 (hor + hr + 0.5 (d1 + d2)) (54)
a = Aring

/
b (55)

where

C = 4 tan
(
π
/
R
)

(56)

and Dr is rotor outer diameter, kFe is the stacking factor, and
Bg and Btr are the flux densities in the air gap and rotor teeth,
respectively.

For any choice of R, the leakage inductances associated
with a single bar and an end-ring segment connected to it are,
respectively, computed as (lbar is the bar length):

Lbar = µ0lbar

(
0.66+

2hr
3 (d1 + d2)

+
hor
bor

)
(57)

Lring = 0.46µ0π
Dr − b
R

log
(
2.35 · (Dr − b)

2a+ b

)
(58)
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