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DOUBLING INEQUALITY AT THE BOUNDARY
FOR THE KIRCHHOFF-LOVE PLATE’S EQUATION
WITH DIRICHLET CONDITIONS

ANTONINO MORASSI - EDI ROSSET - SERGIO VESSELLA

The main result of this paper is a doubling inequality at the boundary
for solutions to the Kirchhoff-Love isotropic plate’s equation satisfying
homogeneous Dirichlet conditions. This result, like the three sphere in-
equality with optimal exponent at the boundary proved in Alessandrini,
Rosset, Vessella, Arch. Ration. Mech. Anal. (2019), implies the Strong
Unique Continuation Property at the Boundary (SUCPB). Our approach
is based on a suitable Carleman estimate, and involves an ad hoc reflection
of the solution. We also give a simple application of our main result, by
weakening the standard hypotheses ensuring uniqueness for the Cauchy
problem for the plate equation.
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1. Introduction

Let us consider the following Kirchhoff - Love plate’s equation in a bounded
domain Q C R?

L(v) :=div (div (B(1 —6)V*v+BoAvh)) =0,  inQ,  (L.1)

where v represents the transversal displacement, B is the bending stiffness and
o the Poisson’s coefficient (see (2.2)—(2.3) for precise definitions).

Assuming B,c € C*(Q) and given an open portion I" of dQ of C%% class,
the following Strong Unique Continuation Property at the Boundary (SUCPB)
has been proved in [§]

Ly=0, in Q,
y=9"=0,0nT, — y=0inQ, (1.2)
fQﬂB,(P)V2 :O(Fk), aSF%O,VkGN,

where P is any point in I" and # is the outer unit normal. The above result is
the first nontrivial SUCPB result for fourth-order elliptic equations. Until paper
[8] appeared, such SUCPB results were confined to second order elliptic partial
differential equations [2], [3], [7], [9], [12], [13], [27], [28], [35].

The SUCPB and the related quantitative estimates (in the form of three
spheres inequality and doubling inequality), turned out to be a crucial prop-
erty to prove optimal stability estimates for inverse problems with unknown
boundaries for second order elliptic equations [5]. The optimality of the loga-
rithmic character of the stability estimates in [5] has been proved in [17]. For
this reason, the investigation about the SUCPB has been successfully extended
to second order parabolic equations [14], [18], [21], [22], [38] and to wave equa-
tion with time independent coefficients [36], [39]. We refer to the Introduction
and the references in [8] for a more complete description of the unique contin-
uation principle in the interior for plate equation and for the SUCPB for elliptic
equations.

An application of the SUCPB proved in [8] to inverse problems has been
given in [34], where an optimal stability estimate for the identification of a rigid
inclusion in an isotropic Kirchhoff - Love plate was proved. A crucial tool used
in [34] is a three spheres inequality at the boundary with optimal exponent [8,
Theorem 5.1].

The main result of the present paper is the following doubling inequality at
the boundary (see Theorem 2.2 for precise statement)

JACEY 3 (13
By (P)NQ B,(P)NQ
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where K is constant depending by v, but independent of r. It is well known that
also a doubling inequality implies the SUCPB, [24], [23]. The interior version
of the doubling inequality for the plate equation was obtained in [29] and [19]
for anisotropic plates. It is worth noticing that the doubling inequality turns out
to be a more powerful tool than the three spheres inequality. In fact, the dou-
bling inequality in the interior has been employed to investigate the smallness
propagation from measurable sets (of positive measure) of a solution to second
order elliptic equation [30], and to prove size estimates for general inclusions
in electric conductors and in elastic bodies [6], [19], [20], [32]. In particular, in
Corollary 4.1 we give a first simple application of the doubling inequality at the
boundary (1.3), which allows to weaken the hypotheses ensuring uniqueness for
the Cauchy problem for Kirchhoff - Love isotropic plates.

The proof of inequality (1.3) is based on a strategy similar but sharper than
the one followed in [8]. Firstly, similarly to [8], we flatten the boundary I"
by introducing a suitable conformal mapping (see Proposition 3.1). Then we
combine a reflection argument with the following Carleman estimate

3
f4r2/p_2_27|U|2dxdy—|— Zr6_2k/p2k+1_27|DkU|2dxdyg (1.4)
k=0

<cC / P32 (A*U)*dxdy,

for every 7 > 7, for every r € (0,1) and for every U € C5(B1 \ B,/s), where
p(x,y) ~ \/x>+y?* as (x,y) — (0,0) (see Proposition 3.5 for a precise state-
ment). We emphasize that, with respect to the Carleman estimate employed in
[8], the presence of the first term in the left hand side of (1.4) is the key ingre-
dient in order to prove our doubling inequality at the boundary. At the best of
our knowledge, Bakri is the first author who derived a doubling inequality in the
interior starting from a Carleman estimate of the kind (1.4) [10], see also [11]
and [40].

The paper is organized as follows. In Section 2 we introduce some notation
and definitions, and state our main result, Theorem 2.2. In Section 3 we collect
some auxiliary propositions, precisely Proposition 3.1 introducing the confor-
mal map used to flatten the boundary, Propositions 3.2 and 3.3 concerning the
reflection with respect to flat boundaries and its properties, a Hardy’s inequal-
ity (Proposition 3.4), a Carleman estimate for bi-Laplace operator (Proposition
3.5), some interpolation estimates (Lemma 3.1) and a Caccioppoli-type inequal-
ity (Lemma 3.2). In Section 4 we establish the doubling inequality at the bound-
ary, and we state and prove Corollary 4.1. Finally, the Appendix contains the
proof of Proposition 3.5, in which we have presented the arguments in detailed
form for the reader’s convenience.
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2. Notation and main result

We shall generally denote points in R? by x = (x1,x2) or y = (y1,y2), except for
Sections 3 and 4 where the coordinates in R? are renamed x,y. In places we
will use equivalently the symbols D and V to denote the gradient of a function.
Also we use the multi-index notation. We shall denote by B,(P) the disc in R?
of radius r and center P, by B, the disk of radius r and center O, by B;ﬂ B, the
hemidiscs in R? of radius 7 and center O contained in the halfplanes R2 = {x, >
0}, RZ = {x, < 0} respectively, and by R, the rectangle (—a,a) x (—b,b).

Given a matrix A = (g;j), we shall denote by |A| its Frobenius norm |A| =
\/Lij a5

Along our proofs, we shall denote by C a constant which may change from
line to line.

Definition 2.1. (C*® regularity) Let Q be a bounded domain in R?. Given k, «,
with k € N, 0 < a < 1, we say that a portion S of dQ is of class C*% with
constants ro, Mo > 0, if, for any P € S, there exists a rigid transformation of
coordinates under which we have P = 0 and

QﬂRro,ZMoro = {x € Rro,ZMoro | Xy > g(xl)}v

where g is a C&% function on [—rg, ro] satisfying
8(0)=¢'(0) =0,

18llcxa((—ry.ro)y < Moro,

where

k
Hchk,a([froJo]):Z"f) sup 187+ 76" glk.a

i=0  [—ro,r0]

®) (1) — o®) (g
|glka = sup {]g (1)~ ()|}

t,s€[—ro,ro] |t - s’a
t#s

We shall consider an isotropic thin elastic plate € x [—%, %} , having middle

plane Q and thickness 2. Within the Kirchhoff - Love theory, the transversal
displacement v satisfies the following fourth-order partial differential equation
L(v) :=div (div (B(1 —0)V?>v+BoAvh)) =0,  inQ. 2.1)
Here the bending stiffness B is given by

W E(x
Bx)=1; (1_((72)(X)> : (2.2)
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and the Young’s modulus E and the Poisson’s coefficient ¢ can be written in

terms of the Lamé moduli as follows

()20 +3A W)
=" ram

On the Lamé moduli, we shall assume

i) Strong convexity:

pix)>oa >0,  2u(x)+3A(x) =% >0,  inQ,
where o), 7y are positive constants;

ii) Regularity:

||M|C4(§,0)v ||#||c4(§r0) < Ao,

with Ay a positive constant.
It is easy to see that equation (2.1) can be rewritten in the form

Av=a-VAv+g(v) inQ,

with VB
a=-2—,
B
_ 2|
ij=1
Let
Q= {xe Ry 20y | x2 > g(x1)},
Ly ={(x1,8(x1)) [ x1 € (=r0,70)},
with

[18llcsa(—ry.r)) < Moro,
for some o € (0,1]. Let v € H*(Q,,) satisfy

Liv)=0, inQ,,

_ v _
==

v 0, onI;,

(2.3)

2.4)

(2.9)

2.6)

Q2.7)

(2.8)

(2.9)

(2.10)

@2.11)

2.12)

(2.13)
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where L is given by (2.1) and n denotes the outer unit normal.
The assumptions (2.4), (2.11) and (2.5) guarantee that v € H°(Q,), see for
instance [4].

Theorem 2.2 (Doubling inequality at the boundary). Under the above hy-
potheses, there exist k > 1 and C > 1 only depending on o, Y, Ao, My, &, such
that, for every r < %" we have

/ > < CNk/ v|?, (2.14)
BZerro B,-ﬂQ,O

where

2
 Jyyea, M s

" Joyro, M

3. Preliminary results

In the following Proposition, proved in [8], we introduce a conformal map which
flattens the boundary I',; and preserves the structure of equation (2.6).

Proposition 3.1 (Reduction to a flat boundary). Under the hypotheses of The-
orem 2.2, there exists an injective sense preserving differentiable map

D= (p,y):[-1,1]x[0,1] = Q,

which is conformal and satisfies

D((—1,1) % (0,1)) D By (0) N, (3.1)

([~ 1,1] % {0}) = {(1,8(x1)) | x1 € [=r1,n]} (32)

®(0,0) = (0,0), (3.3)

Se, <R <3, Wyel-11)x[0.1), (3:4)

L < po ()< 20 wxe (1,11 x 0,1)). (3.5)
ro €o7o

2hi<00) < 2l wyel-1,1)x[0,1], (3.6)

with K > 8, 0 < cg < Cy being constants only depending on My and c.
Letting

u<y) - v(q)(y)>7 VAS [—1, 1] X [07 1]7 (3.7)
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thenu € H%((—1,1) x (0,1)) and satisfies
A’u=a-VAu+q(u), in(—1,1)x(0,1),

u(y1,0) =uy,(y1,0) =0, Vy; € (-1,1),

where

a(y) = Vo) * ([D2()]~'a(@(») —2V(IVe ()| ),

(3.8)
3.9

acC¥([~1,1]x[0,1],R?), g = Y|a|<2 caD% is a second order elliptic operator

with coefficients cq € C*([—1,1] x [0, 1)), satisfying

lalles—1,yxfo,22) <My llcalle=1,1xj0.17) < M,

with My > 0 only depending on oy, Y, Ao, Mo, CL.

(3.10)

In order to simplify the notation, in the sequel of this section we rename x,y

the coordinates in R2.
Let u € HS(B]") be a solution to

Au=a-VAu+q(u),  inBf,
u(x,0) = uy(x,0) =0, Vxe(-1,1),
with 2 = ¥ j¢<2 caD%,

SMla SMla

||a||C3(§1+7]R2) HCO‘HCZ(ED

for some positive constant M.
Let us define the following extension of u to B; (see [26])

_ _f u(x,y), inB,
u(x’y) B { W(x7y)7 iI’l Brv
where
w(x,y) = _[M(xu _y) +2yuy(x7 _y) +y2Au(x, _y)]
We refer to [8] for a proof of Propositions 3.2 and 3.3 below.

Proposition 3.2. Let
F:=a-VAu+qr(u).

Then F € H*(B), u € H*(By),
Au=F, inB,,

where

il _ F(x7y)7 il’l B;ra
F(xjy) N { Fl (X7y), in Bl_7

and
Fi(x,y) = —[SF (x,—y) — 6yF,(x, —y) + y*AF (x,—y)].

3.11)
(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

3.17)

(3.18)

(3.19)
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In the following proposition, we shall denote by Py, for k = 2,3, any differ-
ential operator of the form Y4 < ca(-)D%, with llcallr < cMj, where c is an
absolute constant.

Proposition 3.3. For every (x,y) € B], we have
Fi(x,y) = H(x,y) + (Pa(w)) (x,) + (P3()) (x, —y), (3.20)
where
a
H(x,y) = 6;1(WyX(xa)’) + ”yX()@ -y))+
12a2

+6%<—Wyy<x,y>+uyy<x,—y>>— e(x,—y), (3:21)

where ay,ay are the components of the vector a. Moreover, for every x € (—1,1),

Wy (X,0) + uy(x,0) = 0, (3.22)
—Wyy(x,0) + 1y, (x,0) = 0, (3.23)
e (x,0) = 0. (3.24)

We shall also use the following Hardy’s inequality ([25, §7.3, p. 175]), for
a proof see also [37].

Proposition 3.4 (Hardy’s inequality). Let f be an absolutely continuous func-
tion defined in [0, o), such that f(0) = 0. Then
+oo f2
0 s
Another basic ingredient for our proof of the doubling inequality at the
boundary is the following Carleman estimate, whose proof is postponed in the
Appendix.

gs) ds <4 /O +m(f’(S))zals. (3.25)

Proposition 3.5 (Carleman estimate). Let us define
px.y) =9 (Va2 +y), (3.26)

¢(s) = T vir (3.27)

Then there exist absolute constants T > 1, C > 1 such that

where

3
T4r2/p—2—2’r|U|2dxdy+ZT6—2k/p2k+]—2T’DkU|2dxdy (328)
k=0

<C / p¥ 2 (A*U) dxdy,

for every Tt > 7, for every r € (0,1) and for every U € C3(B1 \ E,/4).
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Remark 3.6. Let us notice that

ZSol)<s, Vs<1,
/2
xi—ky <p(x,y) < Vx2+y%, V(x,y) € By. (3.29)

4

We shall need also the following results.

Lemma 3.1 (Interpolation estimates). Ler0 < e <1landmeN, m > 2. For
any j=1,--- ,m—1 there exists an absolute constant Cy, j such that for every
veH"(B)),

. . __J
erDJvHLZ(B:r) < Cmd <8rm||DmV||L2(B:r) +& mJ HVHLz(Bj)) . (3.30)

See [4, Theorem 3.3].

Lemma 3.2 (Caccioppoli-type inequality). Let u € HS(B]) be a solution to
(3.11)—(3.12), with a and q; satisfying (3.13). For every r, 0 <r < 1, we have

C
D" ]| 2 1) < Gllelag, Yh=1,...6, (3.31)
2

where C is a constant only depending on 0, Y and Ay.

See [8, Lemma 4.7].

4. Proof of the main theorem

Lemma 4.1. Let u © H6(BfL) be a solution to (3.11)—~(3.12). There exists a
positive number Ry € (0,1), depending on My only, such that, for every R and

for every r such that 0 < 2r < R < % we have

R(r) 2 / R [l < @

) e (B) T /B,:O'”'Z]’

for every T > 7, with T,C positive absolute constants.

<C(M?+1)

Proof. Let Ry € (0,1) to be chosen later and let

R
0<r<R<70. “4.2)
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Let n € C5((0,1)) such that

0<n<l (4.3)
. r 2 . r Ro
n=0, in <0,4>U<3R0,1), n=1, in [2,2], 4.4)
Lkn(f) <cr, (I 5) for0 <k <4 (4.5)
ark | =50 g TR EEES :
()| <CRy 0= <k<4. :
o (1)| <CR,", in (2,3R0 , for0<k<4 (4.6)

Let us define

E(x,y) =n(Vx*+y?). 4.7)

By a density argument, we may apply the Carleman estimate (3.28) to U = £,
where u has been defined in (3.14), obtaining

T4r2/ P22 ey 4.8)
Bg,

5 3
N Z 1,'6_2]‘/ p2HI=2T DR (E )2 + Z T6—2k/ P27 DR (E )P <
k=0 B;O k=0 B§0

<c [ p*aEwP+C /B P Ew),
Ro

B+
Ro

for T > 7 and C an absolute constant.
Let us set

3
Jo :/ P52 Y (A HDku]) 2+
Bj/z\Bj/rl k=0

3
wf o pTEY DR, @)

;/2 \B ;/4 k=0

3
Ji = /+ . pd% Z(R§_4|Dku|)2—|—
BZR0/3\BR0/2 k=0

3
+/7 PP Y (REHD W) (4.10)
BZRO/S\BRO/Z k=0
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By (4.3)—(4.10) we have

T4r2/ p 22T EmP+ (4.11)
Bg,

5 3
Z’T(),zk/+ 2127 DR (E )2 + Zféizk/, pHI=2T DR (E )2 <
BRo k=0 BRo

k=0

gc/+ p8*2T§2|A2u12+C/ P8 2TE2 | AP W[+ Cly +C Iy,
By, /By,

for T > 7, with C an absolute constant.
By (3.11) and (3.13) we have

3
/ P82 E2 AP < CMIZ/ P& Y |Dul?, (4.12)
B B
Ro R k=0

By (3.17), (3.19) and by making the change of variables (x,y) — (x,—y) in
the integrals involving the function u(x, —y), we can estimate the second term
in the right hand side of (4.11) as follows

[ optreap <c [ ot e H Gy P+
By, By,

2 3
+CM12/ pt Y |DAw)? +CM12/ p¥2TER Y DU (4.13)
By, k=0 By, k=0
Now, let us split the integral in the right hand side of (4.12) and the second and
third integrals in the right hand side of (4.13) over the domains of integration

£\ pt  pt + pt + . .
Br/2 \Br/4, BRO/2 \Br/2’ B2R0/3 \BRO/Z. Then, let us insert (4.12)—(4.13) in (4.11),

obtaining

4 / p | Eu + (4.14)
Bg,
3

3
+ Z ,L.6—2k/+ 2128 pR(E )P + Z ,L.6—Zk/_ p2HI=2T £y <
k=0 BRO k=0 BRO

2
<c[ p ey oM [ ptY PP
BRO BRO/Z\Br/Z k=0

3

JFCM%/+ p® 2 Y |Dkuf? + CM; (Jo + 1),
Bt \BF =0

Ro/2\"r/2

for T > 7, with C an absolute constant, where M| = 4 /M12 +1.



38 ANTONINO MORASSI - EDI ROSSET - SERGIO VESSELLA

The second and third integral on the right hand side of (4.14) can be ab-
sorbed by the left hand side so that, by easy calculation, by (3.29) and for
Ro <Ry :=min{1,2(2CM?)~'}, we have

3
’C4r2/ p 22 e 4 Z ,L.672k/ =27 Dy 2 (4.15)
B, k=0 3;0/2\3+

r/2

3

n Z 16—2k/ p2HI=27 phyy 2 <
k=0 Bgo/z\B:/Z

- —
SC/E P TEX|H (x,y) [ + CM{ (Jo + 1),
Ro

for T > 7, with C an absolute constant. The first integral on the right hand side
can be estimated by proceeding as in [8, Theorem 5.1]. For completeness we
summarize such an estimate.

By (3.21) and (3.13), we have that

Pt )P < M+ B+ 1) @16)
Ro

with

o 0 -1 4—1g |2
L= / ) / e, —y)p* €| dy ) dix, @.17)
—Ry —oo

Ro 0
12:/_R </_m\y1(wyy(x,y)—(uyy(x, —y))p475‘2dy> dx, 4.18)

h= [ " ( / ON [ () + (e, —3) )p* 7 \2dy) dx.  (4.19)

—Ry
Now, let us see that, for j =1,2,3,

I < C/ p8_2762|D3w|2+Cr2/ PO 2TE2 DAyl +
By, By,
+C/ P8 2TE Duf? +Cr2/ PO E2 D u> +C(Jo + 1), (4.20)
B;O B,to
for T > 7, with C an absolute constant.
Let us verify (4.20) for j = 1.
By (3.24) and Hardy’s inequality (3.25) we get

0 —1 4—1g2 0 4—7 2
/_oo ‘y U (X, —y)p ‘5{ dy§4/_m‘ay [”xx(x7_y)p é” dy < (4.21)

0 0
— _ 2
<16 [ i (6, =) p* 22y +16 [ funlx. )]0, (0*7E) [y
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Noticing that [py| < 1, we obtain

|ay (p4ff§)‘ <2€2 8— 21_’_21.2[)672‘[627 (422)

for T > 7 := max{7,3}.
By integrating over (—Rg,Ry) and by introducing the change of variables
(x,y) = (x,—Y), the use of (4.22) in (4.21) gives

I SC/ éng—zr’um”z_&_c/ éyzps_zflux)CIZ—i—Crz/ E205 20 u 2.
B;O B;O B,Jgo
(4.23)

Recalling (4.3)-(4.7), we find (4.20) for j = 1, the other cases following by
using similar arguments.
Next, by (4.15), (4.16) and (4.20), we have

3
gy e [ pR R @)
Br, k=0 RO/Z\Br/Z
3
n Z 16—21(/ p2H1=2% Dy 12 <
-0 By /2\B 2

SCM%/ p8-2tg2 \D3u|2—|—CM12/ P2 E2 DAyt

B;O By,

+CM31? /B+ P8 E2 D u* + CMi? /B pO 2 E2 D2 w|? + CMy (Jo+ 1),
Ro Ro

for T > 7, with C an absolute constant.

As before, we split the first four integrals in the right hand side of (4.24)
over the domains of integration B;t/2 \B;t/ " B?RO /3 \BR0 /, and By Ro/2 \B; /2 and
we observe that the integrals over B;FO P \Br can be absorbed by the left hand

side. Recalling (3.29), for Ry < R, = min{R] ,2(2CM?})~!} we obtain

3
4r2/ p~2 2 e + Z T6—2k/ p2H1=2 ply 2 (4.25)
Bk, k=0

/Z\Br/2
3
6—2k 2k+1-27 ok, 12 2772
+) < / DA < e M (Jo + 1),
Bgy2\Br )2

for T > 7, with C an absolute constant.
Let us estimate Jy and J;. From (4.9) and recalling (3.29), we have

Jo 827{/1g+ Z (P4 Dk ul)? +/ Zrk4|Dkw| } (4.26)

r/2 k=0
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By (3.15), we have that, for (x,y) € Br_/2 and k=0,1,2,3,
2+k
[Dw| < €Y (D u) (e, ).
h=k

By (4.26)—(4.27), by making the change of variables (x,y) — (x,

4.27)

—y) in the

integrals involving the function u(x, —y) and by using Lemma 3.2, we get

821
JO<C(> Zer 8/ |Dku]2<C /|u\2

r/2
where C is an absolute constant. Analogously, we obtain

—27
R
J1<C <0> / |u)?.
2 3;0

Recalling that r < R < %, by (4.25), (4.28) and (4.29), it follows that
2—21.4(2’,)—21:/ |M|Z+TGR1—21/ uf? <
B+ +

+\ gt
2r Br/Z R \"r/2

<t / p 2 21’§M‘Z+ZT6 2/c/+ ) pH1=2T phyy 2 <

By /2\Br/2

R -2t
<cf2M1[ Lo () e
B+
0

R,

i

for T > 7T, with C an absolute constant. Hence, we have

(2r)~* / \u\2+R1’21/ jul* <
TA\BY Bi\BT

r/2 R \"r/2

—27
2 (T 2, (Ro 2
<CM <f) / / :
< 1[4 B¢|M|+<2) B;O|”’

(4.28)

(4.29)

(4.30)

Now, adding R(2r)~2° fB+/2 |u|? to both sides of (4.30) we get the wished esti-

mate (4.1) for r < R/2 and R < Ry, with Ry = R;.

Proof of Theorem 2.2. Letus fix R = % in (4.1) obtaining

- -5 1-27
RO 27 2 RO 2
?(27') /t;+ |M| + Z /Bj |’/l‘ S

2 Ro/4

-5 \ —2T
_ -2t R
<cnt |(5) [ wle () [ b,
4 B} 2 B}
0

O]

4.31)
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for every T > T, with 7, C absolute constants.
Now, choosing T = 1y, where

727
4CMN
To =T+ log, —— (4.32)
Ro
and
_ fB% |u]2
By
we have
Y 1-27 - —-27
R __2 (R
<0> / |u|* > CM? <O> / |ul?.
4 B} 2 By
Hence, by (4.31), we obtain
Ro ., \ og 2 a2 (T T2 2
G0 [ e (5) [ (434)
where C is an absolute constant. Using(4.33) and (4.34), we have
/ ul? < CN3/ ul?, (4.35)
Bj, Bf

where C depends on M only.

Now, let r < s < If—g and let j = [log, (sr')] (for a € R, [a] denotes the
integer part of a). We have

2jr§s < 2/*1y

and applying iteratively (4.35) we obtain

_ 2\ j+1 . log (CN3)
[ [ wls () [ wrsew’ (3 [
BY + By r By

B2j+lr

Finally, coming back to the original coordinates and using Proposition 3.1, we
can choose s = Zr—lg' (< If—g) in the above inequality and derive (2.14)—(2.15), with

_ 32K
C=3" O
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Corollary 4.1. Assume the same hypotheses of Theorem 2.2 and let E be a
measurable subset of I, with positive one-dimensional measure. We have that

if

Ly = O inQy,,
v=2=|D%|=0, onTy, (4.36)
D=0, onE,
then
v=0, inQ,.

Proof. We only sketch the proof and, without loss of generality, let us assume
that I, is the interval Z,, = (—rp, ro) in the x-axis. Also, for any point P € Z,, =
(—ro,rp) we denote by Z,(P) the interval (P —r,P+r), by Z, = Z,(0).

It is enough to prove that ]D3v|‘21r0 is an A, weight. In fact, by this property
we have that |D?v| = 0 on T, (see [23]) and, by the uniqueness for Cauchy
problem (see [33, Section 3]), it follows that v = 0 in €,,. In order to prove that
|D3V||2LO is an A, weight, in view of the results in [15], it is sufficient to prove

that it satisfies a reverse Holder inequality.
We can rewrite the doubling inequality (2.14) as follows

/B+( )Mz <C0/ o) v|?, for every P € T, ro/25 and r <ro/C, (4.37)

where C > 2 only depends on ¢, Jy, Ao, My, & and Cy only depends on 0y, Y,
Ao, My, o and v, but is independent of r and P (the latter can be achieved by
standard argument, see for instance [19, Proposition 2.1]).

By the stability estimate for Cauchy problem for equation Lv = 0 ([33, Sec-
tion 3]) we have that, for any P € 7, /, and any r < ry /AC,

1-6

1)
/ v <G (r7/ yD3v|2) </ W) : (4.38)
B/ (P) J T (P) B} (P)

where 0 € (0,1) and C; depend on o, Y, Ao, Mo, ¢. By (4.37) and (4.38) we

have
[ owEsc ] phs 439)
B (P) B/ (P)
1-6

1)
<ga(7[ o) ([, )
To.(P) BL(P)

/ W2 < (C2C )1/57/ D (4.40)
BL(P) (P

hence
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Since v € H*(B,\), we have that |D3v| 7, (p) € H'/?(14,(P)), and by the
imbedding theorem we have |D?v| € L9(Z4,(P)) for every g € (0,4-0), see for
instance [1]. Let us fix g > 2. By imbedding estimates, standard trace inequali-
ties, (4.37), (4.40) and by Lemma 3.2 we have

1 1
q 2
P <][ yD3v|q> '<c <r8][ D40 |D3v|2> <
T (P) B (P) B (P)

3r 3r

1 1
2 2
<C (][ MZ) < C(Cgcl)%r3 (f |D3v\2> ,
BIr(P) ZZr(P)

hence we have proved the following reverse Holder inequality

1 1
<][ |D3v|‘f)q < c(c3ey) (7[ |D3v|2> gy (4.41)
Tor(P) Ior(P)

which completes the proof. O

5. Appendix

In this Appendix we prove Carleman estimate (3.28). We proceed, similarly to
[16], [31], [40], in a standard way by iterating a suitable Carleman estimate for
the Laplace operator.

In the present section we denote by x1,x; the cartesian coordinate of a point
x €R2.

Proposition 5.1 (Carleman estimate for A). Let r € [0,1) and let € € (0,1).
Let us define

p(x) = ¢e (|x[), for x € B1 \ {0}, (5.1)

where
s

(1+4s8)"E
Then there exist Tg > 1, C > 1, only depending on €, such that

Pe(s) = (5.2)

I
rzr/p_1_2fu2dx+ y T3—2k/p2k+£—Zr|Dku|2de (5.3)
k=0

<C / p* 27| Audx,

for every © > 1y and for every u € C5' (B \ B, 4).
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Proof. Let u be an arbitrary function in Cy (31 \Er/4) and let us express the

two dimensional Laplacian in polar coordinates (p, ), that is (here and in the
sequel S! = 9By)

1 1
Au:u,,p+5up+ﬁuw, forp > 0,9 € S". (5.4)
By the change of variable p = ¢/, u(t,9) = u(e', ), (t,0) € (—,0) x S' we
have
e (Au)(e',0) = L= (i + i) (t,9), for (1,8) € (—o0,0) xSL.  (5.5)

For sake of brevity, for any smooth function %, we shall write 7', A", ... instead
of h;, hy, ... By (5.1) we have (here and in the sequel we omit the subscript €)

o(t) :=log(¢(e')) =t —¢& 'log(1+e€*), forte (—oo,0). (5.6)
We have
0'(r) = Hlest o' (1) = —Of:;)z . forre(—0).  (5.7)
Let
f(t,9) = e *®u(t, ), for (1,8) € (—o0,0) x ',
We have

Lof =e " PLEPf) =19" f+21¢ f + 20 f+ 1"+ fos. (5.8)
Acf Sif

Denote by [(-) the integral [°_ [ (-)dddr and let
1 £t
yim— =1+ (5.9)

We have

[r1erP = [rlAcP+2 [vAcrser, (5.10)
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2 [ vAcfSif =2 [ 1(29" 1 +250'f) foo+ (5.11)
+2/y(r<p”f+21<p’f’) (T f+f") =L +h.

Let us examine /.
By integration by parts and taking into account (5.9), we have

L= 2/ (TyQ" ffoo +2779'f foo) =
—2 [ (ene! = 2em0'ss o) =2 [ (~eref fi—er0' (1)) =
2 e&'t )
:27/7/90/f19=281/mf19
Hence, we have
e&‘t )

Now, let us consider /5.
By integration by parts, we have

12:2/}/ (B3¢" 012 + 2002 + 19" ff" + 200 £ f") = (5.13)
:2/T Y(PN(P,Zf +T3 (Y(PG) (fz),—f(')/(P"f)/f/—FT}’(P, (f/Z)"

Since Y@’ = 1, we have

[ro' (72 = [ () =0, (5.14)

and the last term in the last integral of (5.13) vanishes. By considering the first
and second term in the last integral of (5.13), we have

2/1.37/(’)// /zf +7 (}’(P/3) (fZ)’ _
_2/73(/)”([) ((pzz)'fz _ —273/(P//(P,f2-

By (5.7), we have
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et
"o €e

o9 :—ma

and, therefore,

868[

/‘L’ }’QD//(Plzf _’_13 (790/3) (fZ)’ :2,[3/(14_6‘%)3]02'

Concerning the third term in the last integral of (5.13), we have

/ (ro"f) f =21 / —19"f*— (v9") ff =
=21 / —ye" £ —

and, by (5.9), (5.7), we have

"__ ge®
4 I+ e
In addition, it is easy to check that
3 ¢t
n" Ee
‘(Y‘P”) < m, for every 1 € (—,0),

hence

/ ,}/ //f f >2T/ /2 T/ 8368t f2
(p 1+ Sl (1—|—€£t)3

By using inequalities (5.13)-(5.16), we have

L >21° gt (1 —827’2) 421 ee” f*>
= (1+ )’ 1+ el =

B (1+eet 1+8f ’

for every 7 > 8/\@
By (5.11)—(5.17) we have

(5.15)

1
L)'

(5.16)

(5.17)
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[riLesPz [rlAcP+ (5.18)
£t

e’ e
2e n 2 38/ 2
+ T/1+e£t (f +f1—9)+T (1+€8t)3f

for every T > €/+/2 and for every f € C3((—e0,0) x S!).
In order to obtain the first term on the left hand side of (5.3), inspired by
[10, Theorem 2.1], we use the first term on the right hand side of (5.18).
Observe that by the trivial inequality (a+b)? > 2a —b? and by (5.7), (5.9),
we get

/Y\Arf\ > /y 2t¢9'f')? /y 19" f)? (5.19)

2et
2.2 € €
=27 /1+ o/ €T /Mf for every 7 > \ﬁ

By inserting the inequality (5.19) in (5.18) we have

1 e (1 —erlef
/ YILf|? > 277 / Wf’%eﬁ / ((1 e )f2+ (5.20)

et €
2eT 24 f3),f > ——.
+ /1+€81 (f +f19)7 orevery 7 =2 \/E

Now, noticing that (1 —&7~'e®) > 1/2 for every T > €/2 and by using the
trivial estimate ﬁ >1/2 fort € (—e0,0), (5.20) gives

3
/y!ﬁfﬂz > rsz’2+ 8%/eﬂfﬂer/ea (2472, 2D

for every T > £
Now, by Proposition 3.4 we have

0 1
/ £2t,0)e " de :/ 522 (logs, O)ds < (5.22)
o 0
2 0
ds = 4/ f*(1,8)e"dt, forevery ©® € S'.

7f(10gs7 19)

On the other side, since f(7,9) = 0 for every t < log(r/4), by (5.22) we
have
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0 2 logg /12 16 0 /2
| peoea<a [ preoeta< T [ ),
for every © € S!.

By integrating over S' the above inequality and by using (5.21), we have

16 16 £
2ol < — ’2<—/ 2 fi > = 5.23
/fe _r/f <5, YL f]7, orevery’v_ﬂ (5.23)
By (5.23) and (5.21) we have
c / LofI? > et / e (5.24)
+8T/e£t (f'2+ff,) +121’/f2€7[, for every T > \2,

where C is an absolute constant.
Now we come back to the original coordinates. Recalling that f(¢,9) =
e "Pu(e', ), and by using (5.1), (5.5) and (5.8), we have

0 0
/ / Lo Pdvdr = / / (20N (Au)(¢, O)Pdddr = (5.25)

1
:/ / (e300 o3 (Au) (¢!, ©) PdBdp = / P~ x| Auf*dx.
0 JS B

Similarly, we have

0
/ feldvdi = / p2%|x|ildx (5.26)
—o0 JS B|

and

0
/ / Ifzee’dﬁdt: / p x|t 2uldx. (5.27)
—oo S Bl

Concerning the second integral on the right hand side of (5.21), let 6 € (0,1) to
be choosen later, we have

/ / "2+ 13) dﬁdt>6/ / “(f?+ f5)dodt > (5.28)

v

5
E/ /1 eS1e 200 (Juy (e, 9) 2 + |ug (', 0)[2 — 222 u(e!, O) ) ddr =
—oJS

8 [ e e
:E/B p 2|2 (|| Vuf? — 222 uf?) dx
1
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Choosing 6 = %, and by (5.24) and (5.25)—(5.28), we have

€
c / p 2 a|Aufdr > / P2 x| | Vuu P+ (5.29)
B| B]

3
€T
—1-7/ p*ZT\x\E’zuzdx—i-f/ p 2% |x| P uldx,
2 Jp B

£

for every T > 3

and for every u € Ci' (B \ B,/4). Finally, since by (5.1) we
have 1
27¢|x < p(x) < al,

we can replace 7 in (5.29) by (7 — 1) and we obtain the desired inequality (5.3).
O

In order to prove Proposition 3.5, we need the following

Lemma 5.1. Given { € C?(B;\ {0}) and u € C5 (B \ {0}), the following iden-
tities hold true:

/guAu _ —/(C|Vu]2 4 (Vu-VEu), (5.30a)

2
/g Y yajku\z:/(—DZCVM-VM+A§1VM\2+C(Au)z), (5.30b)

Jok=1

2 .
/ ¢ |0 juut)* = — / EAuN u+ (5.30c)
i,j,k=1

[ (DR D) + AL D + %AC(AM)Z).

Proof. Concerning (5.30a) it is enough to note that
/guAu _ —/Vu-V(Cu) _ 7/(C|Vu|2+ (Vi V). (5.31)
In order to prove (5.30b), let us compute

[ewr= [ ¥ cauau-

J.k=1

2 2
—/ Z (8k&_,'8jju8ku—|—é_,'8jjku8ku) :/ Z 8j(8kC8ku)aju+aj(C8ku)8jku:

Jk=1 Jk=1

2 2
:/D2§vu.vu+c Y 942 Y dgonudju.

k=1 k=1
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Noticing that djudju = %8k(8ju)2 and integrating by parts the last term on the

right hand side of the above identity, we obtain (5.30b).
In order to derive (5.30c), let us apply (5.30a) to Au, obtaining

/ EAuA’u = — / (VAU + (VAu-VE)Au). (5.32)

From (5.30b), we have

2
—/§|VAM\2: —/tr(DzuDzCDzu)—AC!DQM\2+C Y [Oul*, (5.33)

i,j,k=1

and, in addition,
1 [ & 1
— /(VAu VA=~ /]_Zl 9;89;(Au)? = 3 /AC(Au)z. (5.34)

From (5.32)—(5.34), identity (5.30c) follows. O]

Proof of Proposition 3.5. Letr € (0,1). For the sake of brevity, given two quan-
tities X,Y in which the parameter 7 in involved, we will write X <Y to mean
that there exist constants C,C’ independent on T and r such that X < CY for
every T >C'.

Let U be an arbitrary function of Ci (B1 \ B,/4). By applying (5.3) to u = AU
we have

/psfzr’AzU‘z :/p4*2(T*2)\A(AU)yZZ (5.35)
- Tzr/p_l_z(f_z)mmz _ Tzr/p4—2(r+%)‘AU|2 >
2 r4r2/P72721!U|27 for every U € C5 (B1 \ B,/4).-

Similarly we have

/ PP 2AU P > 1 / pe 22| Ay 2 = (5.36)
=7 [p* 2 DauP 2
> / PP+ / prre VUL,

hence, by (5.35) and (5.36), we have
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1:4r2/p’2’27]U|2+16/p2£’21|U\2+ (5.37)

+r4/p2+28_27|VU|2§/p8_2T|A2U]2.

Now we estimate from above the terms with second derivatives of U.
Let us apply Lemma 5.1 with { = {; := p*+2¢727_ Since

VG S ep?7% and D] S T?p* 27, (5.38)

by (5.30b) and (5.38) we get

/p4+2€*2T\D2U|2 5/p“ze*“]AU]Z+1:2/p2+28*2TWU]2. (5.39)
By (5.3) we have
/ pH2E 2 A2 = / pe 22 |AU 2 < (5.40)
< 1—3/p8+£—21'|A2U|2 < 1—3/p8—27|A2U|2'

Now, we can use (5.37) to estimate the second integral on the right hand side of
(5.39), obtaining

Tz/p”zg’%WU]Z < 172/p872T|A2U!2. (5.41)

By (5.39), (5.40) and (5.41) we have

rz/p4+2£*ZT|D2U]2g/p8*211A2U\2. (5.42)

Let us estimate from above the terms with third derivatives of U. To this
aim, we apply Lemma 5.1 with { = { := p®+2¢27 and likewise to (5.38) we
have

|VC2‘ S ,L.p5+287217 and ’D2C2| 5 T2p4+2£721' (543)

By (5.30c) and (5.43) we have

/ P22 P32 < / pO+2E=27 | AU || A2U | + 72 / P22 D22 (5.44)
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As next step, we estimate from above the first term on the right hand side of
(5.44) as follows

" _ 1 _ 1 _
/p6+28 20| AU||A2U| < 5/p4+28 21|AU|2+§/p8+28 202y 2,

The above inequality, (5.42) and (5.44) give

/p6+2£721’D3U‘2 S/psfzrmzmz_ (5.45)

Summing up, (5.37), (5.42) and (5.45) we have
3
T4r2/p—2—2r‘U|2_|_ZT6—2k/p2k+28—21'|DkU|2 5/p8—2r(A2U)2‘ (5.46)
k=0

Finally, choosing € = % in (5.46) we obtain the wished estimate (3.28). ]
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