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1 Introduction

Since the time of Carl Friedrich Gauss and the foundational papers by Richard Dedekind and
Felix Klein the classical modular group P SL(2, Z) and its action on the hyperbolic (complex)
upper half plane Hé: = {z € C : J(z) > 0} have played a central role in different branches
of mathematics and physics like number theory, Riemann surfaces, elliptic curves, hyperbolic
geometry, theory of modular forms and automorphic forms, crystallography, string theory
and others. Similarly, discrete subgroups of PSL (2, C) are very important in the construction
of lattices to study of arithmetic hyperbolic 3-orbifolds (see, for instance, [20]) and many
other fields of mathematics.

We consider the action defined by isometries of the modular group PSL(2, Z) on the
hyperbolic plane H(]c- A fundamental domain is a triangle with one ideal point an two other
vertices were the sides have an angle of m/3. This is the triangle with Coxeter notation
A(3,3,00). See the Fig. 1. The modular group PSL(2, Z) is a subgroup of the group of
symmetries of the regular tessellation of H(lc whose tiles are congruent copies of the triangle
A(3, 3, 00). We can describe the Cayley graph and a presentation of the group PSL(2, Z)
in terms of 2 generators and 2 relations to obtain:

PSLQ2,7) = (a,bla* = (ab)* =1) = 7Z/27 x 7/3Z.

The quotient O? := H(lC /PSL(2, Z) has underlying topological space the plane R? (or
C) and X2 consists of two distinguished conical points. The local groups of the singular
points are Z/2Z and Z/3Z modeled on groups of two and three elements which consist
of hyperbolic rotations of angles  and 27 /3, respectively. The Euler characteristic of the
orbifold ©®? is —1/6. Thus a minimal surface Selberg cover is of order 6.

Now we consider the action defined by isometries of the modular group PSL(2, Z[i])
which is the Picard group related to the Gauss integers on the hyperbolic real 3-space H%.
The quotient ©3 := H%{ /PSL(2,7Z[i]) has underlying space the 3-space R3. Its singular
locus X 53 is the 1-skeleton of a squared pyramid without the apex. The Euler characteristic
of the orbifold O3 is 0.

In this paper, we introduce two generalizations of the modular group in the four-
dimensional setting of the quaternions and the rings of Lipschitz and Hurwitz integers (see
[14,15],[19]) and then focus our attention to their actions on hyperbolic (quaternionic) half
dlq|®
g)?
give a very detailed description of the orbifolds related to the corresponding quaternionic
modular groups. Secondly we define the group generated by translations by the imaginary

space HI]HI ={q e H : %N(q) > 0} with metric . We then explore new results which

Fig. 1 A fundamental domain for the action of the modular group P SL(2, Z) on the hyperbolic plane H(lC



parts of Lipschitz integers, the inversion 7" and a finite group related to the Hurwitz units.
We give a thorough description of its properties and the corresponding orbifolds.

Furthermore, we also give a geometric description of the fundamental domains for the
actions of the quaternionic modular groups and a detailed analysis of the topology and of the
isotropy groups of the singularities of the orbifolds introduced. We study the corresponding
modular Lipschitz and Hurwitz groups in the Lorentz—Minkowski model.

2 The quaternionic hyperbolic 4-space HIIHI and its isometries

2.1 Isometries in the half-space model of the hyperbolic 4-space HIIHI

Consider the quaternions
H:={x+xiitxj+xk:x, eR n=01223i=j=k*>=—1,ij = —ji = k}.

If q = xo + x1i 4+ x2j + x3k € Hthen R(q) := x0 € R, q := xo — x1i — x2j — x3k € H and
lg* := qq € R*.

Let H%HI = {q € H : 9%(q) > 0} be the half-space model of the one-dimensional
quaternionic hyperbolic space. This set is isometric to the hyperbolic real space in four
dimensions, namely Hﬁﬂ = H?R = {(x0, X1, x2,x3) € R* : xo > 0} with the element
(dXO)2+(dX1)2+2(dJC2)2+(dX3)2

of hyperbolic metric given by (ds)? = where s measures length

X0
along a parametrized curve. Even though the (natural) algebraic structures carried by the two
sets are deeply different.

Let GL(2, H) denote the general linear group of 2 x 2 invertible! matrices with entries
in the quaternions H. The next definitions can be found in [3,10,16] and [26].

Definition 2.1 For any A = (Cz Z) € GL(2,H), the associated real analytic function
Fa:HU{oo} > HU {oo} defined by Fa(q) = (aq+b) - (cq + d)~ ! is called the Mébius
transformation associated with A.

We set Fa(co) = oo ifc =0, Fa(0o) =ac ! ifc # 0and Fa(—c'd) = 0.

LetF:={F4 : A € GL(2,H)} the group of Mdbius transformations.

Definition 2.2 Let SL(2, H) be the special linear group which consists of matrices in
G L (2, H) with Dieudonne determinant 1.

Then ® : GL(2, H) — [ defined as ®(A) = F4 is a surjective group antihomomorphism
with ker(®) = {tZ : t € R\ {0}}. Furthermore, the restriction of & to the special linear
group SL (2, H) is still surjective and whose kernel is {+Z}.

Let ./\/IH]lF be the set of M6bius transformations that leave invariant Hﬁ. Any transformation
Fy € MHﬁ is conformal and preserves orientation, moreover is an isometry of HIIHI. We
conclude that MH]%{ is isomorphic to the groups Conf (H]%ﬂ) and Isom (Hﬁﬂ) of conformal

diffeomorphisms and isometries orientation—preserving of the half-space model H%HI (see [2]
and [1]). Moreover, the group My 1 acts by orientation-preserving conformal transformations
on the sphere at infinity of the hyperbolic 4-space defined as EH&_H ={qeH : R =
0} U {co}. In other words M1 = Con F+(S%) = Confy (HYy) = Isomy (HY).

1 By this we mean that a 2 x 2 quaternionic matrix A has a right and left inverse; in [4] it is shown that this
is equivalent for A to have non zero Dieudonné determinant (see [3]).
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Finally we recall the conditions found by Ahlfors (see [2]) and then applied by Bisi and
Gentili in the next form (see [4]):

Proposition 2.3 [Ahlfors conditions] The subgroup /\/lH]lH of PSL(2,H) can be charac-

terized as the group induced by matrices which satisfy one of the following (equivalent)
conditions:

A=(PNabcden: Aka=klwimk=("").
cd 10

A:(‘ZZ)a,b,c,de]HI : M(ac) =0, R(bd) =0, Ec+ga:1}7

A= (i Z)a,b,c,deﬂ-]l : N(ed) =0, R(ab) =0, ad + bec = l}.

2.2 The affine subgroup A(H) of the isometries of HIIHI

Consider now the affine subgroup A(H) of MHh consisting of transformations which are

induced by matrices of the form <)L > with |a| = 1, A > 0 and R(ba) = 0. The group

a
0 2 la
A(H) is the maximal subgroup of MH:hI which fixes the point at infinity and its a Lie group
of real dimension 7.

Each matrix in A(H) acts as a conformal transformation on the hyperplane at infinity
aHﬁ. Moreover A(H) is the group of conformal and orientation preserving transformations
acting on the space of pure imaginary quaternions at infinity which can be identified with R
so that A(H) is isomorphic to the conformal group Conf R3).

2.3 Isotropy subgroup of the isometries of H]}iI which fixed one point

Let K := { <; s ) € MH]lﬂ } be the subgroup of symmetric matrices in MH]EI . For the matrix

(Z g ) the conditions |o| + |/3|2 = 1 and R(«B) = 0 are equivalent to Ahlfors conditions in

Proposition 2.3. The group K is the isotropy subgroup at 1 € H]%ﬂ of the action of PSL (2, H)
by orientation preserving isometries on HIIHI. Moreover the group K is a maximal compact
Lie subgroup of MHﬁ which is isomorphic to the special orthogonal group SO (4).

0«
in M}{H. Then the Ahlfors conditions imply that || = 1. The action at infinity is given
by q — «aqa, which is the usual action of SO(3) on the purely imaginary quaternions.
Therefore D is isomorphic to SO (3).

LetD := { (a 0) € Mﬂﬁﬂ } be the subgroup of /C whose elements are diagonal matrices

2.4 ITwasawa decomposition of the isometries of HIIHI

In analogy with the complex and real case, we can state a generalization of Iwasawa decom-
position for any element of MHJin as follows



Proposition 2.4 Every element of MH}%{ which is represented by the matrix M = <Ccl Z)

can be written in an unique way as follows

_(r 0 lw) [ap
=0, (67) (5 2):
with A > 0, R(w) =0, |a|?> + |B]?> = 1 and R(ap) = 0.

Proof We’ll give explicit expressions for @, B8, A and w in terms of a, b, ¢, and d. Indeed,
from direct computations, one easily obtains that Ad = « and Ac = f; therefore, from the
equations a = 22(d + wc) b= 2%(c + wd) it is a matter of calculations to conclude that

1 _
A= ———= and w=ac+bd.

VieP + 1P

Therefore, from Ahlfors conditions of Proposition 2.3, it follows that %t () = 0 and R (xf) =
0. O

3 The quaternionic modular groups

In this section we investigate a class of hyperbolic isometries of H]II-H which will play a crucial
role in the definition of the quaternionic modular groups.

3.1 Quaternionic Translations

A translation fixing oo is the isometry 7}, : Hﬁﬂ — HIIHI defined as q — q + b associated with
the matrix ( (1) l;) € MH]]ﬂ , the Ahlfors conditions implies that R(b) = 0.

Hence if the entries are integers then b is an integer linear combination of i, j and k.
Therefore the group of such translations is isomorphic to Z>.

We recall the definitions of quaternionic integers and refer to [7]. The ring of Lip-
schitz integers H(Z) is the subset of quaternions with integer coefficients, i.e. H(Z) :=
fa+bi+cj+dkeH : a,b,c,d e}

This is a subring of the ring of Hurwitz integers:

1
Hur(Z) = {a—i—bi—i—cj—i—dkeH ca,b,c,deZ ora,b,c,d € Z+ 5}

As a group, Hur(Z) is free abelian with generators 1/2(1 +1i + j + k), i, j, k. Therefore
Hur (Z) forms a lattice in R* which is the root lattice of the semisimple Lie algebra F4. The
Lipschitz quaternions H(Z) form an index 2 sublattice of Hur (Z).

In what follows we consider translations where b is the imaginary part of a Lipschitz or
Hurwitz integer in order to satisfy the Ahlfors conditions. We remark that the imaginary part
of a Lipschitz integer is still a Lipschitz integer but the imaginary part of a Hurwitz integer
is not necessarily a Hurwitz integer.

We denote by 73p 7 the abelian group of translations by imaginary parts of all Lipschitz
integers 3*3]HI(Z). The group Zxm(z) acts freely on Hh since its representation is the abelian
group Z°.



3.2 Inversion

Let us consider now the isometry 7 : H]%ﬂ — Hﬁﬂ defined as

a

T(@=q'= o7

| (1)> The only fixed point of 7" in H]%ﬂ is 1. We also
notice here that in the topological closure of HIIHI (denoted by HI]HI) the points 0 and oo are
periodic (of period 2) for T. Furthermore 7 is an isometric involution? of Hﬁ. In particular
T is an inversion on S® which becomes the antipodal map on any copy of S? obtained as
intersection of S with a perpendicular 3-plane to the line passing through 0 and 1. Finally, this
isometry 7 leaves invariant the hemisphere (which is a hyperbolic 3-dimensional hyperplane)
IT:={q € HIIHI . |q| = 1}. Each point of IT different from 1 (which is fixed by T) is a
periodic point of 7' of period 2.

. . . (0
The representative matrix of 7' is (

3.3 Composition of translations and inversion

We observe that if 7,(q) := q + b, b € H, then L, := 1, T has as corresponding matrix
b1
10 1)
Therefore R, is represented by interchanging the elements on the diagonal of the matrix
which represents L.
The order of the matrix L, depends on b; in particular Lj has order 6 if b is =i, £j, £k
or+i+j+tkand L, hasorder4ifbis +i+j, £j+ k or +i £ k.
Each of the six transformations L;, with b = =i, £j, £k, has order 6 but when restricted
to the plane S := {q = x| + xji + xjj + xxk € Hﬁﬂ : xq =0if @ # b, 0}, withb =1, j, k
has order 3. Furthermore qq is a fixed point for L, = 7,7 with b = 0, £i, £j, £k, if and
only if qg is aroot of g2 —bq — 1 = 0.If b = O there is only one root in HIIHI (and so only one
fixed point for T), namely qo = 1. If b = +i, £j, £k, then it is easily verified that if & and
B are two roots of q> — bq — 1 = 0, it follows that 9 (a + B) = 0 or R(x) = —R(B). Since

arootof > —wq—1=0isa = § + % (a = ? — %) any other possible root § of the

. Similarly Rj := Tt} has as corresponding matrix

above given equation would not sit in H]%H' In the same way qp is a fixed point for R, = T’
with b = 0, i, £j, £k, if and only if qg is a root of > + qb — 1 = 0. If b = 0 there is
only one root in Hﬁﬂ (and so only one fixed point for T'), namely qo = 1. If b = +i, £j, £k,
then it is easily verified that if & and B are two roots of q> + qb — 1 = 0, it follows that
N(a) = —R(B). Since arootof > + qb — 1 = 0isa = ‘/7§ — g any other possible root j
of the above given equation would not sit in Hﬁ.

In short, the only fixed point of L; in Hﬁ is ‘/7§ + g and the only fixed point of R} is
M3 _b
2 7

3.4 The Lipschitz and Hurwitz quaternionic modular group PSL(2, £)

We are now in the position of introducing the following:

2 In the following sense; T sends every point of a hyperbolic geodesic parametrized by arc length y (s),

passing through 1 at time O (i.e. such that y (0) = 1), to its opposite y (—s).
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Definition 3.1 The Lipschitz and Hurwitz quaternionic modular groups are the groups of
quaternionic Mobius transformations whose entries are Lipschitz and Hurwitz integers,
respectively, and which also satisfy Ahlfors conditions. They will be denoted by PSL(2, £)
and PSL(2, $), respectively.

A diagonal matrix satisfying the Ahlfors conditions has ad = 1. If |a] = 1 thena = d is
a unit. There are 8 units in the Lipschitz integers and 24 in the Hurwitz integers.

Definition 3.2 Let £, be the group (of order 8) of Lipschitz units £, := {£1, *+i, £j, £k}
and let §),, be the group (of order 24) of Hurwitz units 9, = {£1, *+i, %j, £k, %(:I:l +
itjtk : i =j = k> = —1,ij = K}, where in §(£1 £ i j £ k) all 16 possible
combinations of signs are allowed.

The Lipschitz units are the elements of the non-abelian quaternion group. Moreover, its
elements are the 8 vertices of a 16-cell in the 3-sphere S and the 8 barycentres of the faces
of its dual polytope which is a hypercube also called 8-cell.

The Hurwitz units are the elements of a group known as the binary tetrahedral group.
Its elements can be seen as the vertices of the 24-cell. We recall that the 24-cell is a convex
regular 4-polytope, whose boundary is composed of 24 octahedral cells with six meeting
at each vertex, and three at each edge. Together they have 96 triangular faces, 96 edges,
and 24 vertices. It is possible to give an (ideal) model of the 24-cell by considering the
convex hull (of the images) of the 24 unitary Hurwitz numbers via the Cayley transformation
V() =1+ql—q .

Definition 3.3 The subgroups U (£) and U ($) of PSL(2, H) whose elements are the diago-
nal matrices Dy := (:)l 3) with u a Lipschitz unit or Hurwitz unit is called Lipschitz unitary
group or Hurwitz unitary group, respectively.

The Lipschitz unitary group is isomorphic to the so called Klein-4 group which is isomorphic
to Z/27 & 7./27, since ij = k. The epimorphism from units to unitary groups $, — U()
given by u — Dy has kernel {1, —1} so it is of order two. Any matrix in U($)) satisfies
the Ahlfors conditions and is an isometry which represents a rotation in Hﬂlﬂ. Moreover, we
observe that the action on HllHI of the transformation D, defines the conjugation and sends a
quaternion q € HI%&I touqu~!. If u = i, j, k it acts as a rotation of angle 7 fixing opposite
faces of a cube as in Fig. 3, and if u = %(:i:i =+ j £ k) it acts as a rotation of angle ZT” fixing
each of its main diagonals as in Fig. 4. The axis of rotation of the transformation Dy, is the
vertical hyperbolic 2-plane Sy, = {x + yu : x,y € R, x > 0}.

The group U($)) is of order 12 and in fact it is isomorphic to the group of orientation
preserving isometries of the regular tetrahedron. It clearly contains ¢/(£) as a subgroup but
is not contained in the Lipschitz modular group PSL(2, £).

Definition 3.4 The Lipschitz affine subgroup A(L) is the group generated by the unitary
Lipschitz group U(£) and the group of translations Z3m(z). The Hurwitz affine subgroup
A($) is the group generated by the unitary Hurwitz group ¢/ ($)) and the group of translations
Txm(z)- Equivalently, for R = Lor R = 9,

AR) = {(8 'Lb> S ue Ry, beSH®Z), Rb) = 0’

u bu ~ o
= {(0 u)' ue Ry, beIJHZ), Sh(b)_O}.



The Lipschitz affine subgroup A(L) is the maximal Lipschitz parabolic subgroup of
PSL(2, £).Moreover A(£) C PSL(2, £)NA(H). Furthermore, this subgroup leaves invari-
ant the horizontal horospheres 9i(q) = xo > 0 and also the horoball %(q) > xg > O.

Evidently A(£) is asubgroup of PSL(2, £) and, sinceij = K, itis generated by hyperbolic
. . . . . i0 jo lu . .
isometries associated with the matrices (0 i) s <0 j) and (0 1). In particular, since the

transformation represented by the matrix is a rotation of angle 7 which keeps fixed

uo
Ou
each point of the plane S, (the “axis of rotation”), the combination of such a rotation and the

. . . . (Ou) . . .
inversion leads to a transformation represented by the matrix (u 0) with u = i, j, k. For

these trasformations the plane Sy, with u =1, j, k is invariant. Both rotations and inversion
composed with a rotation of the plane leave invariant the sphere I1 and have 1 as a fixed
point.

We have the following properties:

-1 _~1p -1
(1) The inverse of a matrix (?) Z) € A(H) is the matrix (a 0 “ d,bld

(2) If we consider the group £, of Lipschitz or Hurwitz units, then the map

AR) - Ry, (g‘;b>Hu

) e A(H).

is an epimorphism whose kernel is Ty (z) = { <(l) ?) T wE SH(Z)}.
(3) Thus we have the exact sequence
00— ’TRH(Z) — A(ﬁ) — Z/l(.ﬁ) — 0

This sequence splits and the group A(R) is the semi-direct product of 73 z) with U (R).
(4) The group U (L) C U($) is a normal subgroup and we have the exact sequence

0 —UEL) —> U®) —> Z/3Z —> 0

Definition 3.5 LetZ{ (2) and (9) be the maximal subgroups of PSL(2, £)and PSL(2, $)
respectively which fix 1

We have the following proposition since 72 = Z and T commutes with all of the elements
of U(L) and U(L).

Proposition 3.6 The groups U(£) and U($) are the subgroups generated by T and U(L)
and T and U (%)), respectively. Moreover, U(L) = Z/27. ®U(L) andU(H) = Z/2Z.BU(H).

The following fundamental theorem gives the description of the quaternionic modular groups
with generators and relations.

Proposition 3.7 The Lipschitz modular group is generated by the inversion T and the trans-
lations Txw(zy. The Hurwitz modular group is the group generated by the inversion T, by the
translations Txu(z) and by U($)).

Proof Let A € PSL(2,H(Z)) satisfy Ahlfors conditions. Letg = A(l)and S € PSL(2, £)
be such that p := S(g) € P. Then (SA)(1) = p and by 4.6 it follows that SA € A(L).
Hence A € A(£) CPSL(2, £).O



Proposition 3.8 The group PSL(2, £) is a subgroup of index three of the group PSL(2, ).

Proof This is so since the order of the group of transformations induced by the diagonal
matrices with entries in the Lipschitz units is of index three in the group of transformations
induced by diagonal matrices with entries in the Hurwitz units. O

Remark 3.9 The groups PSL(2, £) and PSL(2, $) are discrete isometric groups of HIIHI
so they are 4-dimensional hyperbolic Kleinian groups in the sense of Henri Poincaré (see
[16,17] and [21]).

4 Fundamental domains

Given a group I'g acting continuously on a metric space 2, we say that a subset D of Q is
a fundamental domain for I'q if it contains exactly one point from each of the images of a
single point under the action of I'q (the so called orbits of I'g). Typically, a fundamental
domain is required to be a convex subset with some restrictions on its boundary, for example,
smooth or polyhedral. The images of a chosen fundamental domain under the group action
then tessellate the space 2.

In this paper we’ll mainly deal with groups of matrices whose entries are quaternions and
therefore acting on quaternionic hyperbolic spaces; we then investigate their fundamental
domains and the corresponding quotient spaces.

4.1 A quaternionic kaleidoscope

We begin with the ideal convex hyperbolic polytope P with one vertex at infinity which is the
intersection of the half-spaces which contain 2 and which are determined by the hyperbolic
hyperplanes I1 := {q € HIIHI clql =1} and Iy 0 = {q = x0 + x1i + x2j + x3k @ x, =
+1/2}. The only ideal vertex of P is the point at infinity. The (non ideal) vertices of P are the
eight points %(1 +1i4j+£Kk) which are the vertices of acube C = {q = xo+x1i+x2j+x3Kk €
Hﬁ gl =1 |x < 1/2, n=1,..., 3} (Fig. 2).

The polytope P has seven 3-dimensional faces: one compact cube C and six pyramids
with one ideal vertex at co as their common apex and the six squares of the cube C as
their bases. Moreover P has 20 2-dimensional faces (6 compact squares and 12 triangles
with one ideal vertex) and 20 edges (12 compact and 8 with one ideal vertex). The convex
polytope P satisfies the conditions of the Poincaré’s polyhedron theorem, therefore the group
generated by reflections on the faces of P is a discrete subgroup of hyperbolic isometries of
HIEI. We denote this subgroup by G(3). The index-two subgroup generated by composition
of an even number of reflections has as fundamental domain the convex polytope P U T (P).
This subgroup of PSL(2, H(Z)) which consists of orientation-preserving isometries will be
denoted by G (3).+. We will see below that P can be tessellated by four copies of a fundamental
domain of the action of PSL(2, £) and by twelve copies of a fundamental domain of the
action of PSL(2, $) on H]}{. The quotient space H]}ﬂ /G (3) is a quaternionic kaleidoscope
which is a good non-orientable orbifold. Since the polytope P is of finite volume the non-
orientable orbifold obtained is finite and has the same volume. If we imagine we are inside
H]]HI /G (3) for a moment and open our eyes we see 4-dimensional images very similar to the
3-dimensional honeycombs of Roice Nelson of the Fig. 6.

The orientable orbifold H]%ﬂ /G (3)4 is obtained from the double pyramid P U T (P) by
identifying in pairs the faces with an ideal vertex at infinity with corresponding faces with
an ideal vertex at zero. These 3-dimensional faces meet at the square faces of the cube C in
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PUT(P)

Fig. 2 Schematic picture of the chimney which is the fundamental domain of the parabolic group Txp(z,)
(generated by the translations 7j, 7j and 7 ), the polytope P and the polytope 7 and its inversion T (P). The

horizontal plane represents the purely imaginary quaternions that forms the ideal boundary BH]%_]1 and above it
the open half-space of quaternions with positive real part H]%ﬂ

IT and they are identifying in pairs by a rotation of angle 27 /3 around the hyperbolic plane
that contains the square faces. The underlying space is R* and the singular locus of Oc63),
is a cube. This group is generated by the six rotations of angle 2 /3 around the hyperbolic
planes that contain the square faces of the cube C (Fig. 2).

4.2 Fundamental domains and orbifolds for translations and for the inversion

We recall that a fundamental domain of the parabolic group 73w (z) (generated by the trans-
lations 7, 7j and 1) is the infinite-volume convex hyperbolic chimney with one vertex at
infinity which is the intersection of the half-spaces which contain 2 and which are determined
by the set of six hyperbolic hyperplanes IT,,, where n = :l:%, :I:%, :l:%.

The hyperbolic 4-dimensional orbifold M7y, is a 2-cusped manifold which is an infinite
volume cylinder on the 3-torus T3 with one cusp (an end of finite volume) and one tube (an
end of infinite volume). We can write M7y, = T x R.

The fundamental domain of the inversion T is closed half-space whose boundary is the
hyperbolic hyperplane IT.

The hyperbolic 4-dimensional orbifold M7 has a unique singular point and it is homeo-
morphic to the cone over the real projective space P%.

4.3 Fundamental domain of PSL(2, £)

Since the quaternionic modular group PSL(2, £) is generated by 73w (z) and the inversion
T, we can choose a fundamental domain which is totally contained in P.

The finite Lipschitz unitary group U (£) acts by rotations of angle 7 around the three
hyperbolic 2-planes generated by 1 and u where u = i, j or k. We divide the cube C in
eight congruent cubes by cutting it along the coordinate planes. Then P is divided in eight
congruent cubic pyramids. We label the cubes with two colors as a chessboard (see [9]).

An element of the finite unitary Lipschitz group identifies four cubes (two white cubes
and two black ones) with other four cubes (two white and two black) preserving the colors.

A fundamental domain for P SL(2, £) can be taken to be the union of two cubic pyramids
with bases two of the cubes described in the previous paragraph, one white and one black
and with a common vertex at the point at infinity. We can choose adjacent cubes to obtain a
convex fundamental domain but this is not necessary to have a fundamental domain.

The inversion 7T acts by identifying each white cube with a diametrally opposite black one
in IT. Then a fundamental domain for PSL (2, £) is the union of two cubic pyramids in P.

10



Fig. 3 Left: The action of U (£)
on the cube C. Right: The two
hyperbolic cubes C1 and C in C
which are the bases of a
fundamental domain Pg of
PSL(2,£)

See Fig. 3. Below we describe other fundamental domains which are more suitable to study
the isotropy groups and the tessellation in H]%_H around singular points.

Definition 4.1 Let C; and C, be the two hyperbolic cubes in C which contain the vertices
%(1 +i+j+k)and %(1 —1i—j — k), respectively.

Let Pg¢ be the union of the two hyperbolic cubic pyramids with vertex at infinity and bases
the two cubes C; and C,.

Remark 4.2 The elements in Pg are the points q = x, 4 x1i + x2j 4+ x3k in P such that the
real numbers x,, have the same sign foralln =1, 2, 3.

4.4 Fundamental domain of PSL (2, $))

We recall that PSL(2, $) is generated by the parabolic group of translations 7xp(z), the
inversion 7 and the unitary Hurwitz group U/ ($)). From our previous descriptions of the
fundamental domains of the group of translations and the group of order 2 generated by T
we know that the fundamental domain of PSL (2, §) is commensurable with P, the pyramid
over the cube C. More precisely, P is invariant under ¢/($)) and therefore the fundamental
domain of PSL(2, $) is the fundamental domain in P of the action of ¢/ (£)) on P. Moreover,
as U(L) C U(H) we have that the fundamental domain of PSL(2, $) is a subset of the
fundamental domain Pg of the action of PSL(2, £). Furthermore, since /(L) is a subgroup
of U($) of index three then we have that Pg is a third part of Pg.

Letu € 9y, then Dy € U($) is induced by a diagonal matrix and acts as follows: q —
uqu~! = uqu. If u is a Hurwitz unit which is not a Lipschitz unit (i,e. u = 1/2(1 £i+j+k))
then the matrix Dy, is of order three and geometrically is a rotation of angle 277 /3 around the
diagonal of C which contains u or —u, but only one has a positive real part and then is in
H]LI. As Dy = D_, we can suppose that 3t(u) = 1/2. One has Dlzl = D, = Dj_y (since
NRN(u) =1/2 > 0, 1 —uis Hurwitz unit and () = R(1 —u) > 0).

The group of Hurwitz units U/ ($)) acts transitively on the edges of C. Therefore a funda-
mental domain can be determined by the choice of one edge of C. Hence a convex fundamental
domain is the pyramid with vertex at infinity with base the hyperbolic convex polyhedron
with vertices the two end points of the edge, the two barycenters of the square faces that
have the edge in common and 1. However we choose as a fundamental domain a non-convex
polyhedron (Fig. 4).

Definition 4.3 Let P; and P be the two hyperbolic 3-dimensional square pyramidsinC; C C
and C C C, respectively, with apex 1 and which have as bases the squares in the boundary
of C with sets of vertices

11



Fig. 4 Left: The action of U (£)) i itj+k Al itjtk

in the cube C. Right: the bases of T 2m/3
the fundamental domain of y f Yy,
PSL(2,9). The two hyperbolic // 7 4
pyramids P; and P; in C which —- . / .
are the bases of a fundamental / ,Z[ »J /1 »J
domain Pg; of PSL(2, $) . TS 1 /
i
Y
- - //
2m/3
1 A 1 . 1 .
Si=Hu =3 U+itj+k 0= E(«/§+1+k),v3 - 5(\/5—{-']4-1(),

vg = %(ﬁ—i—k)}

and T({S}) := (T (v1), T (v2), T (v3).T (v4)), respectively.
Let Pg be the union of the two hyperbolic 4-dimensional pyramids with vertex at infinity
and bases the two hyperbolic 3-dimensional pyramids P; and Ps.

4.5 Proof that P¢ and Pg are fundamental domains

We start from the following important lemma:
Lemma 4.4 Let y € PSL(2, H) satisfy Ahlfors conditions. If q € H, then

NR(q)

—_— 2
lqc + d|? @

Ry (@) =

Proof We recall thatif q € H]iﬂ the action of y in H]%_H is given by the rule

_ -1 _ = 7
y(@) = (aq+Db)(cq+d)” = (aq+b)(qc+d)<|qc+d|2>.

Suppose ¢ # 0, then:

¢ 'y(@c =7claq+b)(cq+d) ' c/lc?
= (Caq +¢cb) (cq+d) "' ¢/|c)?
= (—acq+1—ad) (cq+d)~" ¢/|c|?
= (1 —alcq+d) (cq+d) " ¢/lc?
= (cq+d)""¢/lc|* —ac/|c|?
_ (@—i—g)c ac
T leq+dPlc? e
_ q dc ac
T leard? T lcqrdlicE  JeP

Since N(q) = Sﬂ(wqw_l) for any invertible quaternion, and %(dc) = N(ac) = 0, we have

L o (o] LC VN
Ry @) =R (e y(@e) = -
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We notice that if one restricts the entries of the matrices to the set H(Z) or Hur, then there
are only a finite number of possibilities for ¢ and d in such a way that |qc + d| is less than a
given number; therefore we obtain the following important

Corollary 4.5 For every q € H one has

sup  N(y(qQ) <oo and sup  N(y(q)) < oo.
yePSL(2,£) yePSL2,9)

With the geometric tools so far introduced we can establish the following:

Theorem 4.6 The fundamental domains Pg and Pg, for the actions of the groups PSL(2, £)
and PSL(2, 9), respectively, have the following properties:

(1) foreveryq € HIIHI there exists y € PSL(2, £) (resp. PSL(2, $))) such that y(q) € Pg
(resp. Pg).

(2) If two distinct points q, q" of Pg (resp. Pg) are congruent modulo PSL(2, £) (resp.
PSL(2,9)); i.e. if there exists y € PSL(2, £) (resp. PSL(2, $)) such that y(q) = ¢/,
then q,q' € dPg (resp. Pg). If |q] > 1 then y € A(L) (resp. A(H)). If |q| = 1 then
y € A(L) (resp. A($)) ory = AT where T is the usual inversion and A € A(L) (resp.
A($))-

(3) Let q € Pg (resp. Pg) and let Gqg = {g € PSL(2, £)} (resp. PSL(2,9)) be the
stabilizer of q in PSL(2, £)} (resp. PSL(2, %)) then Gq = {1} if @ # 9dPg (resp.
0Ps).

Proof This is essentially a construction of a fundamental domain from the Ford domain.
The Ford domain is the exterior of all isometric spheres. In other words, it consists of all
points which maximize the real part within an orbit. Of course this maximum is attained
for infinitely many points, all related by the stabilizer of 1. So intersecting the Ford domain
with a fundamental domain for the stabilizer of 1 gives a fundamental domain. Indeed, one
can use a quaternionic version of the continued fraction algorithm to bring any quaternion
with positive real part into this domain by successively applying inversions and translation
maps (see [12] and [24]). Let q € Hﬁ. By corollary 4.6 there exists y € PSL(2, £) (resp.
PSL(2, $)) such that %(y(q)) is maximum. There exists (n1, 12, n3) € Z> such that the
elementq’ = 7" rj"2 7.2 v (q) is of the form q' = xo + x1i + x2j + x3K where |x,| < %, n=
1,2, 3. Then ¢’ is an element of the fundamental domain of the parabolic group 755z,

If |q'| < 1, then the element Tq' = (q')~! has real part strictly larger than R(q’) =
R(y(q)), which is impossible. Then we must have |q'| > 1, and q' € P. This shows that
given any q € Hﬁ there exists y € PSL(2, £) (resp. PSL(2, §)) such that y(q) € P. We
remember that the elements in Pg are the points q = x,, + x1i + x2j + x3k in P such that the
real numbers x,, have the same sign for all n = 1, 2, 3. The action of an element D,, with
u =1, j, k, in the unitary Lipschitz group ¢/ (£) has the property of leaving invariant x, and
xp and changing the signs of the other two coefficients. The action of an element Dy, with
u= %(:l:l £ i+ j £ k), in the unitary Hurwitz group U/($)) has the property that it rotates
multiples of 25t /3 the cells of Y ¢ around the diagonal passing through u and —u of the cube
C. Then we can use one element in U/(£) to have a point q” of the orbit of q € Pg. In the
Hurwitz case we can use one element in /() to have a point q” of the orbit of q € Pyg.
This proves (1). In others words, the orbit of any point q € Hﬁﬂ under the action of the group
PSL(2, £) (resp. PSL(2, $)) has a representative in Pg (resp. Pg).

Z Z € PSL(2, L) (resp. PSL(2, %)) such that
y # Z, where 7 is the identity matrix in PSL(2, H) and y(q) € Pg (resp. Pg). We can

Let q € Pg (resp. Pg) and let y =
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suppose that (¥ (q)) > R(q), i.e. |cq+d| < 1. This is clearly impossible if |c| > 1, leaving
then the cases c = 0 or |¢| = 1.

(I) If ¢ = 0, we have |d| = 1 and Ahlfors conditions imply that ad=1 and bd + db = 0.
There are two cases:

(I.1) Ifd = 1, thena = 1 and %(b) = 0. Then

7= (o)

where b = b;i + b;j + b k. If ¢ = x| +xi+ x,j + x, k € Pg then
y(@=q =x +(x+b)i+ (5 + b)) + (x + bk € Pg, and

(L.1.1) If || = 1 then b = +i, £j, +k; andq = r — %, where r > ? Then q is on
the vertical geodesic that joins a barycenter of a square face of the cube C in the
base of P with the point at infinity oo and so q, q' € dPg.

(L1.2) If |b| =2 thenb = i+ j, i+ k +j+k andq = r — 5, where r > \L@
Then q is on the vertical geodesic that joins the middle point of an edge of the
cube C with the point at infinity co and so q, q' € 0Pg.

L.12) If|p| =3thenb=titjtk,andq=r — g, where r > % Then q is on the
vertical geodesic that joins a vertex of the cube C with the point at infinity and
s0q,q € dPg¢.

(1.2) If d # 1 thend = a, |a| = 1 and there are two subcases:

(1.2.1) If b = 0 then
(a0
Y=\o0a)

Then q is on the hyperbolic plane generated by 1 and @ and so q € 9Pg.
1.2.2) It b # 0, then 9i(b) = 0, |b| = 1 hence b = i, £j, £k, but b # a. Then

_fab
Y=\oa)
Then q is on the hyperbolic plane generated by 1 and @ and so q € 9Pg.

(D) If ¢ # 0,as |q] = 1thend = 0. As |cq| < 1 then |c| = |q| = 1. Then q € IPg.
Ahlfors conditions imply that bc = 1 and ac + ac = 0.

(II.1) If c = 1,then b = 1 and N(a) = 0. Then
_fal
Y=\10)-

(IL.2) Ifc # 1,thenc = +i, +j, £kand b = c¢. Moreovera = O or |a| = 1 and R (ac) = 0.

Then
_fac
Y=\co)
To prove (3) suppose that q € Interior(Pg). Let y be such that ¥ (q) = q. Then there exist
€ > O such that q + € and y(q + €) € Interior(Pg). But then by (2) q + € and y(q + €) are

in 9Pg¢ that is a contradiction. The same proof applies to show that points in Interior(Pg;)
have trivial isotropy group. o
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Fig. 5 The Coxeter Ai

decomposition into 48 tetrahedra
of a cube in the Euclidean 3-space D
/| BLL
/ / C
/ 4
y 7
Y. v /——>
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V] L /
/ / /

If we use the group PSL (2, £) to propagate Pg we obtain a tessellation of H]%ﬂ that we denote
by Y. The intersection of Pg and Y ¢ with each of the totally geodesic planes S;, Sj, Sk,
where Sy = {g = x, +xii+xjj +xk € Hﬁﬂ :x, = 0if s # u, 0}, withu = 1i, j, k,
gives a copy of the closure of a (non-convex) fundamental domain of PSL(2,Z) and the
associated tessellation in the half-space model of H]%R. Indeed, it is worth noticing here that
Su is an invariant set for Ry, Ly and 7, (u = 1, j, k); therefore the intersection of Pg and
Y ¢ with each of the 3-dimensional totally geodesic hyperbolic 3-spaces Sjj, Sjk, Sik, where
Sim = {g = x, +xii+xjj+xkk IS Hﬁ : x, =0ifs # 1, m, 0}, withl, m =1, j, k, gives a
copy of the closure of the classical fundamental domain (and the tessellation generated by it)
of the Picard group PSL(2, Z[i]) for the Gaussian integers acting on the half-space model
of H3, (see [21]).

4.6 Coxeter decomposition

Let A, B, C, D be the barycenters of the k—faces of a flag in the hyperbolic cube C. For
example, A = 1, B = 1(v/3+1).C = % + 3G+ yD =51 +i+j+k), asin the
Fig. 5. Let A be the non-compact hyperbolic 4-simplex whose five vertices are A, B, C, D
and oo. The orthogonal projection of A on the ideal boundary of HIIHI is the 3-dimensional
Euclidean tetrahedron A(4, 3, 4). Therefore we can identify A with the Coxeter 4-simplex
A3,4,3,4) (see [8]).

Let [3, 4, 3, 4] be the hyperbolic Coxeter group generated by reflections on the sides of
A. In [16] we found that PSL(2, £) is isomorphic to the Coxeter group [3, 4, 3%, 4]* and
PSL(2, $) is isomorphic to the Coxeter group [3, 4, 3T, 4]+ which is a semidirect product of
[3, 4, 3%, 4] and the automorphism group C3. We have the following indices: [[3, 4,3,4]:
PSL(2,9)] = 4,[[3,4.3,4] : PSL(2,£)] = 12 and [PSL(2,$) : PSL(2, £)] = 3.
Moreover they give presentations for these groups (see [16] and [21]).

The union of the 48 simplexes asymptotic at oo and isometric to A with bases in the
cube C is P. The Lipschitz fundamental domain Pg is obtained as the union of 12 simplexes
asymptotic at oo and isometric to A with bases in the two cubes C; and C,. The Hurwitz
modular domain Pg is obtained as the union of 4 simplexes asymptotic at oo and isometric
to A since PSL(2, £) is a subgroup of index 3 of PSL(2, ).

Finally, applying 24 x 48 = 1152 elements of the group [3, 4, 3, 4] to A we obtain an
union of isometric copies of P that forms a 24-cell which is a cell of the regular hyperbolic
honeycomb {3, 4, 3, 4}. See Fig. 6.

The group of symmetries of the 24-cell is of order 24 x 48 = 1152. One knows from
[23] that the volume of the hyperbolic right-angled 24-cell is 472 /3, therefore the volume
of Ag is (7r%/864). Then, the volume of Pg is 12(7%/864) = 72 /72 and the volume of Pg
is 4(2/864) = 72/216.
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Fig. 6 The 24-cell {3, 4, 3} and the hyperbolic honeycomb {3, 4, 4}. This figure is courtesy of Roice Nelson
[13]

5 The Lipschitz and Hurwitz quaternionic modular orbifolds

In this section we study the geometry of the quaternionic modular orbifolds related to the
action of the quaternionic modular groups PSL(2, £) and PSL(2, §)). We describe the ends,
the underlying spaces and the singular loci of the quaternionic modular orbifolds. Moreover
we give the local models of these singularities and the local isotropy groups. Finally we
compute their orbifold Euler characteristic.

Definition 5.1 Let O% := H};/PSL(2, £) and (9‘;3 := HL/PSL(2, $) be the Lipschitz
quaternionic modular orbifold and the Hurwitz quaternionic modular orbifold, respectively.

These quaternionic modular orbifolds are hyperbolic non-compact real 4-dimensional
orbifolds of finite hyperbolic volume. Both have only one end and their singular loci has one
connected component that accumulates to the cusp at infinity.

Moreover, these orbifolds are diffeomorphic to the quotient spaces of their fundamental
domains Pg and Pg, by the action of the modular groups PSL(2, £) and PSL(2, §) on their
boundaries dP¢ and dPg, respectively. Then they have the same volume as Pg and Pg,
respectively. These volumes are 772/72 and 72 /216, respectively.

Each of the quaternionic modular orbifolds O‘fg and (’)45;J has only one end because Pg
and Pg have each one end. We study the structure of the ends and we start by describing
the sections of their ends and the thin and thick regions in the sense of Margulis thin-thick
decomposition, see [22] pp. 654—665.

5.1 The sections of the ends and the thin regions of O“‘g and 01‘5

Forr > 1 wedenote by £ the horosphere centered at the point at infinity in H]}_ﬂ which consists
of the set of points in H]}_H which have real part equal to 7. Then £} with the induced metric of
Hﬁ is isometric to the Euclidean 3-space. The affine modular groups A(£) and A($)) are the
maximal subgroups of PSL(2, £) and PSL(2, $) that leave invariant each horospheres Sf
for any r > 0. Moreover A(£) and A($)) are isomorphic to discrete subgroups of Euclidean
orientation-preserving isometries of £;.

The fact that PSL(2, £) is a subgroup of index 3 of PSL(2, ) implies the existence of
an epimorphism 7 : A($) — A(L) with kernel Z/37Z.
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We call € r3 ¢ and 52 5 the intersections of the fundamental domains of the quaternionic
modular groups PSL(2, £) and PSL(2, §) with £, respectively. Then 52 ¢ and 52 g are
hyperbolic subsets of Hﬁ with finite volume which are isometric to Euclidean 3-dimensional
polyhedra. In the Lipschitz case it consists of a pair of cubes which are symmetric with
respect to the point 7, where r € RN 853 - In the Hurwitz case it consists of a pair of square
pyramids in 82 5 sSymmetric with respect to the point 7 € R C H. The orthogonal projections
into the ideal boundary of HIIHI of f o and 52 ¢ are the same as the orthogonal projections of
Pe and Pg. There is covering map mg : € r3 o= 52 5 Which is three to one.

Let 83 = 53 JA(L) and 83 = 53/A(5’J) These are Euclidean 3-dimensional orbifolds
of finite hyperbohc volume (see [7]) A pair of fundamental domains for the actions of the
corresponding affine groups on 8,3 are the polyhedra 82 ¢ and 82 & respectively.

The actions of the restrictions of PSL(2, £) and PSL(2, $) on the boundaries 352 o and
852 5> Tespectively give side-pairings of 6’2 o and 52 - The quotients of the side-pairing in
52 o and 52 g are diffeomorphic to Sz o and Sz & respectively.

There is an orbifold covering map 7 s : 82 o> 82 4 which is three to one.

A convenient description of these Euclidean orbifolds is as follows: let T3 =
{(z1,22,23) € C ¢ Jz1] = |z2] = |z3l = 1} = S' x S' x S! be the 3-torus with
its standard flat metric. The group of orientation—preserving isometries of T3 generated by
the transformations Fr, F,,, Fj, Fj, Fx given by the formulas: Fr(z1, 22, 23) = (21, 22, 23),
Fu(z1, 22, 23) = (22,23, 21), Fi(z1, 22, 23) = (21, 22, 23) Fj(z1, 22, 23) = (21, 22, 23) and
Fx := FjF, is isomorphic to the group U (9) generated by T and U/ (5)). The group U ($) has
as subgroups U(L), UH) and U(L). These subgroups are generated by the sets of transfor-
mations {Fr, F, Fj, Fx}, {Fu, Fi, Fj, Fx}, {Fo, Fi, Fj, Fx} and {Fj, Fj, Fx}, respectively.

Forr > 0, T3 x {r}/(Fi, Fj, Fx) is homeomorphic to the Euclidean 3-orbifold Si a
As a topological space it is homeomorphic to the 3-sphere S3. On the other hand T3 x
{0}/(Fr, F;, Fj, Fx) is homeomorphic to the closed 3-ball B3

Let [(z1, 22, 23)] denote the equivalence class of orbits under the transformations
Fr, Fy, F, Fj, Fk.

There exists a strong deformation retract of O‘)‘: and O;‘j to the Euclidean 3-orbifolds Sg’ e
and SS’ s repectively. In fact, as atopological space OZ‘: = HIIHI /PSL(2, £)ishomeomorphic
to T3 x [0, 00)/ ~, where T = {(z1,22,23) € C* : |z1] = |z2| = |z3| = 1} and ~ is
the equivalence relation given by the orbits of the action of some groups of diffeomorphisms
of T3 generated by the set and subsets of elements Fr, Fj, Fj, Fx. Moreover T3 x {r}/Tis
homeomorphic to S? for 7 > 0 and T3 x {0}/ T is homeomorphic to B>.

The underlying spaces of the 3-dimensional Euclidean orbifolds Si ¢ and Si g are home-
omorphic to the 3-sphere S* because they are obtained by pasting two 3-dimensional balls
along their boundaries which are 2-dimensional spheres.

The singular loci of the 3-dimensional Euclidean orbifolds S3 - ¢ and 83 are the 1-
skeletons of their fundamental domains divided by the actions of the correspondlng groups.
Thus, their singular loci are the two graphs which are the 1-skeleton of a cube and the graph
in the Fig. 7, respectively. All edges of the singular locus of Sf’ o are labeled by 2. The labels
of the edges of the singular locus of 82 g are showed in the Fig. 7.
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Fig. 7 The singular locus of the 9
. . 3
Hurwitz cusp section S; % 6

5.1.1 The singular locus of the Lipschitz cusp section

All the isotropy groups of the vertices in the fundamental domain of 83 ¢ are isomorphic to

U(L). All the isotropy groups of points in the edges of the fundamental domain of ‘53, o are
isomorphic to Z/27Z. The isotropy groups of the 6 open 2-dimensional faces and two open
3-dimensional faces are trivial. The orbifold 33, @ has 8 vertices, 12 edges, 6 square faces and
two cubic 3-dimensional faces.

The orbifold Euler characteristic of &3 e is 8( ) — 12(%) + 6 — 2 = 0. For the definition
of orbifold Euler characteristic we refer to [11].

5.1.2 The singular locus of the Hurwitz cusp section

For 8 there are vertices in the fundamental domain &3 ~ g of S3 ~ 5 With different isotropy
groups U (L) of order four and U ($)) of order 12. Also the edges have three types of isotropy
groups: the trivial group, the group Z /27 and Z/37. The center r and the vertices r + H”k

and r + ﬂ of the cubes 82 % have isotropy groups isomorphic to /($)). The points r 4 %,

r— 5 and r + ‘+k ,r+ %‘k and r + # and r + %_k have isotropy groups isomorphic to
UuL).

The points in the edges of 53 with have r as a vertex and the points r + 'ﬂ+k

and

r+ %H‘ as second vertex have isotropy groups 1somorph1c to Z/SZ. The Il)(omts in ‘the

.]+ r 4 —1;k
3

as second vertex have trivial isotropy groups. All the points in the other edges of & have

isotropy groups isomorphic to Z/27. The isotropy groups of the 5 open 2- dlmenswnal faces
and of the two open 3-dimensional faces are trivial. The orbifold S; 3 ¢ has 4 vertices, 7 edges,
4 triangular faces and one square face and two 3- dlmenswnal faces

The orbifold Euler characteristic ofSr’ﬁ is 2( 2) + 2( )—1— 2( ) — 4(%) +5-2=0.

edges of 53 with have r as a vertex and the points r + 1 2 Jr+ 55+

Remark 5.2 Asitis expected, the orbifold Euler characteristics of both Sf cand 82 9 vanishes
since both orbifolds are compact and Euclidean. '

5.1.3 The structure of the ends

The family of Euclidean orbifolds 83 consists of orbifolds which are homothetic for all
r > 1. The Euclidean volume Vg (r) decreases exponentially to 0 as r — oo. The same is
true for the family s3 Lol > 1 and the corresponding volume Vg (r), since Vg (r) = 3Vg(r).

The thin parts are open cylinders on the sections 82 o and Sr’ 5 respectively. More pre-
cisely, S3 oo and S 3 ¢ Separate (94 and (943, respectively, into two connected components with
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boundaries 82 o and 82 - Tespectively. One of the components is compact and the other is
non-compact but with finite hyperbolic volume. Using Margulis notation the compact part
is the thick region and the non-compact part is the thin region of the corresponding orb-
ifolds. The thin regions are the non-compact orbifolds diffeomorphic to half-open cylinders
Zf’): = 822 x [0, 1) and Z;‘,ﬁ = Sf’ﬁ x [0, 1), respectively. There is an orbifold cover
Tz . Zf’ o= Zf’ % which is three to one.

5.2 The thick regions and underlying spaces of (’)‘;: and (’)‘;3

Each of the underlying spaces of the 4-dimensional orbifolds (’)‘1‘: and 0456 has only one end.
The sections of the ends are 3-dimensional Euclidean orbifolds 82 o and 82 & Which each of
their underlying spaces is homeomorphic to the 3-sphere S3. Then the thin regions of O‘i‘: and
O‘}) are homeomorphic to the 4-ball D* minus one point for example in its center. Moreover
each of the thick regions of Oé and 0456 is homeomorphic to the 4-ball D*.

Then each of the underlying spaces of (’)‘}3 and Oj% is homeomorphic to the 4-sphere S*
minus one point thus each of the underlying spaces is homeomorphic to R*.

5.3 The singular locus of O‘E and 045

The 3-dimensional faces of Pg and Pg are identified in pairs by the action of the generators
of the Lipschitz and Hurwitz modular groups, respectively. We denote by X ¢ and X ¢ the
singular loci of O‘)‘: and (”)45, respectively. They are the 2-dimensional skeletons of their fun-
damental domains Pg and Pg,. Then each singular locus is non-compact with one connected
component.

The Lipschitz singular locus Zé is the union of a 2-dimensional cube Cyx; which is obtained
by identifying the boundaries of the cubes C; and C; in C C IT by the action of the group
U (£) and the non-compact cone over its 1-skeleton of the 2-dimensional sides of P¢ which
are asymptotic to the point at infinity.

The Hurwitz singular locus E% is the union of the 2-dimensional pyramid Py which
is obtained by identifying the boundaries of the union of the two pyramids P; and P, in
C1,Cy C C C II by the action of the group (%) and the non-compact cone over its 1-
skeleton of the 2-dimensional sides of Pg, that are asymptotic to the point at infinity.

5.4 Local models of the modular orbifolds singularities

In this section we study the local models of the isolated singularities of (9;‘3 and (’)45.

The local models of the isolated singularities of (9?: and (’)4;J are obtained as quotients
of a hyperbolic 4-ball B* by the action of a discrete subgroup of hyperbolic isometries
which fix its center and its boundary which is a 3-sphere. Let Fy C Fp be the subgroup of
hyperbolic isometries of the hyperbolic ball which fix the center of B. Then [y is the group of
orientation-preserving isometries of the 3-sphere S3. The group [Fy is isomorphic to SO(4).

Let B* c H denote, as before, the disk model of H]%ﬂ.

The ideal boundary of B* is the unitary 3-sphere S° = {q =a+pje H]%ﬂ o, BeC,
lo|? + 18> = 1}.
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o
LetSU(2) =
o=
3-sphere is a Lie group isomorphic to SU(2). An element q = a + Bj € S? corresponds to

o —pBY\.
the element 8 a ) in SU(2).
We define

_63 s, BeC, la+I8> = l} be the unitary special group. The

fuw) : B! — B4;
f(u,v)(q) = uqu

where |u| = |v| = 1. We observe that f(, ) €SO(4)and (u, v) € S x S? = SUQR) x SU(Q).
We introduce

¢ : SU(2) x SUQ2) — SO(4);
(u, v) = fou)-

Since SU(2) x SU(2) is simply connected but the fundamental group of SO(4) is Z/27Z
then the kernel of ¢ is the group with two elements consisting of (1, 1) and ( 1, 1).

(g Thsred san athegonal AEOR IR onofph RS f BREINpISH & 930 wilixedrRair
7./27 generated by (—1, —1). Then SO(4) is isomorphic to the central product S? x5 /27 S3.
The finite subgroups of SO (4) are, up to conjugation, exactly the finite subgroups of the
central products of two binary polyhedral groups G| and G,

G xz7 G2 C s? X 7,27, S3.

The finite subgroups of SU (2) have been classified by Felix Klein in [18] and they are
the cyclic groups of order n (n > 1)), the binary dihedral groups (2, 2, n) of order 4n, the
binary tetrahedral group (2, 3, 3) of order 24, the binary octahedral group (2, 3, 4) of order
48 and the binary icosahedral group (2, 3, 5) of order 120. These are the binary polyhedral
groups. Let T be a finite subgroup of . Let » > 0 and B‘,‘ be the hyperbolic ball centered at
the origin of radius r. The ball B‘,1 is invariant under the action of I". Let 04(F, r) = B?, /T.
For every r > 0 the orbifold O*(T", r) = B*,/I" is equivalent, up to rescaling the orbifold
metric, to a fixed B*. /" for € sufficiently small. Let ©O*(I') = B*./T.

Definition 5.3 Let p and g be two integers. Let I'(p, ¢g) C SU(2) be the abelian subgroup

generated by the map T}, ;(z1, 22) = (e2™1/Pg,, €2™/9g,). The group I'(p, g) is isomorphic

to Z/ pZ @ 7./q7. Let us denote by O(p, q) the orbifold O*(I'(p, q). €) = B*./T'(p, ¢). If
I'(G1, G2) C SO(4) is a finite subgroup isomorphic to G| x7/27 G2, where G and G are
the binary polyhedral groups then we denote by O(G1, G2) the orbifold B‘: /T(G1, Gp). If
Gy = 7/ pZ, where k = 1, 2, then we write p in the place of G in the notation O(G 1, G»).

If Gy = Z/pZ & 7/q7Z, where k = 1,2, then we write (p, ¢) in the place of Gy in the
notation O(G1, Gy).

5.5 Singular locus of the Lipschitz and Hurwitz modular orbifolds

We give the local groups and the local models of the singular points in the locus of the Lipschitz

and Hurwitz modular orbifolds O% and O%, respectively. We also give a presentation, a
fundamental domain, a Cayley grap% and a tﬁ’orough study of its spherical 3-orbifold link for

each group related to singular points in the singular loci of O4£ and O%, respectively.

_ We can describe orbifold stratifications of the set of singular points of O% and O% accord-
ing to their isotropy groups. The lists of types of singular points and their corigéspondlng
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isotropy groups can be divided into two types of strata: the compact and the non compact.
Alsoin these two groups we can divide the strata according to the dimension of the correspond-
ing stratum in the stratification. We give a list of points in 11 strata in the Lipschitz singular
locus 2)2: of O‘i‘: and 15 strata in the Hurwitz singular locus E% of (9453 which have isomorphic
isotropy groups and denote these groups by I'y and A, wherek =1,..., 11;m=1,...,15.

The isotropy group of a point in a non-compact stratum in the singular loci 2)2:. or E%
is the isotropy group of the action of A(£) and A($)), respectively. The singular points of
the orbifold O‘}: which are in compact strata are in the boundary of the cubes C; and C,.
The singular points of the orbifold 0456 which are in compact strata are in the boundary of
the squared pyramids P; and P,. The strata can be characterized by the dimension of the
corresponding stratum in the stratification and whether the stratum contains the point 1 or
not.

The pointq = %(ﬁ%—i—}—j +k) € Py C Pg isaregular point for the orbits of PSL(2, £)
and PSL(2, $). We had considered previously Pg and Pg as unions of the non-compact
cones over the cubes C; and C; and the pyramids 7, and 7, with apices the point at infinity,
respectlvely However, to obtain the isotropy groups it is better to define new fundamental
regions Pg and Pg as follows:

(1) Let ’Pg be the non-compact bicone over C; with apices the ideal vertices at 0 and the
point at infinity.

(2) Let Pg be the non-compact bicone over P; with apices the ideal vertices at 0 and the
point at infinity.

These are convex bicones over the cube C; and the pyramid P, each with two ends and they

are fundamental domains for PSL(2, £) and PSL(2, ), respectively.

Remark 5.4 The action of the groups PSL(2, £) and PSL(2, $) on their new fundamental
regions Pg and Py, is equivalent to the action of G(3) on P described before in Sect. 4.1.
The groups PSL(2, £) and PSL(2, $) act on Pg and Pg; by rotations around the 2-faces of
the cube C; and the pyramid P, respectively.

For the strata in 2)2: or E% that contain 1 it is easy to calculate the isotropy group as a

subgroup of U (£)or U (9). For the strata Ef: or Z% which do not contain 1 we consider the
orbit of 1 by the action of points in their isotropy groups. For each point p in one of these
strata 1 is a regular point for the action of its isotropy group on a 3-sphere Sfo (p), where ro
is the distance from p to 1. Then the orbit of 1 is in correspondence 1-1 with fundamental
regions of the correspondent isotropy group acting in a 3-sphere S3.

The fundamental regions on S? of the isotropy groups of each stratum in the singular
loci X ¢ and X ¢ are formed by two 4-simplices. Each 4-simplex has 5 3-dimensional faces.
Therefore the isotropy groups have presentations with at most 4 generators.

5.6 The stratification of the Lipschitz singular locus

We give the list of 11 strata in the Lipschitz singular locus E%. For each stratum we enlist its
isotropy group I'y, k = 1, ... 11, determine a fundamental domain of the action of its isotropy
group on S?, and give a geometrical description of its spherical 3-orbifold (or spherical link).
In the following list we consider the canonical projection p : C — Cyx. It is important to
see Fig. 3 in each case.
Non compact strata

I'1 Eight 1-cells The 1-skeleton of the non-compact cone over the cubes C; and C, C Pg
is a set of eight open lines in X ¢ which are represented in Pg as
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(a) the half-line{q : q=r,r e R, r > 1},

(b) the three linesq =r; £1i/2,r; £j/2,r1 £k/2, where r; > @,

(c) the three lines q = rp £ (i/2 +j/2), 2 £ (/2 + k/2),r2 £ (j/2 + k/2), where
r > g, and finally

. . . 1
(d) thelineq =r3 = (i/2 +j/2 +Kk/2), where r3 > 5.

These eight half-lines orthogonally project, under the natural projection Pg — C by
geodesics asymptotic to the point at infinity, to the barycenter of the cube C C Pg,
the barycenters of the square faces of C, the half of its edges, and two of its vertices,
respectively. These 8 open half-lines in Pg¢ project to 8 open half-lines in O‘}:. Their local
isotropy groups are isomorphic to the group of order 4 isomorphic to ¢/(£). We define
' = UL) = Z/27Z x 7Z]27 as the local isotropy group of the quaternions in these 8
open half-lines. The local model for the singular points in this stratum is isometric to the
orbifold O(2, 2).

'y Twelve 2-cells The 2-skeleton of the non-compact cone over the cubes C; and C; is a
set of twelve triangles with one vertex at the point at infinity which are the quaternions
in Pg that orthogonally projects over the quaternions which are the edges of C; and C,.
Their isotropy groups are isomorphic to the cyclic group of order 2 isomorphic to Z /27
and we define 'y = Z/27Z. The local model for the singular points in this stratum is
isometric to the orbifold O(2).

Compact strata

o (-dimensional

'3 One 0-cell The common vertex v; = 1 of C; and C, which is the barycenter of
the cube C. Its isotropy group is the abelian group I's = Z/27 x U(L) = U(L) =
(Z/27)3 of order 8 generated by the involution 7" and the elements in the Lipschitz
unitary group. If we take a round hyperbolic ball B, (1) with center at @ = 1 and small
radius r we obtain that its boundary Sf(] ) intersects the tessellation Y ¢ of PSL(2, £)
in a spherical tessellation by sixteen Coxeter spherical right-angled regular tetrahedra.
These tetrahedra are the faces of a 4-dimensional regular convex polytope which is
known as the 16-cell, it is the dual polytope of the hypercube known as the 8-cell.
These polytopes are two of the six Platonic polytopes of dimension 4. The Cayley
graph of I'3 is the 1-skeleton of a truncated octahedron in SE (1). The local model for
the singular points in this stratum is isometric to the orbifold O(2, (2, 2)).

"4 Three O-cells The vertices vy, v3, v4 of Cy which are the images under p of the 6
barycenters of the square faces of the cube C. The isotropy group of these vertices is
isomorphic to the group I'y = (Z/27Z x Z./3Z) x /27 = Z]67 x 7Z/2Z of order 12.
It is the group generated by 7, T and T Dy where u, v = =i, £j, +k and u # v. The
group ['4 leaves invariant two orthogonal hyperbolic planes meeting at the barycenter
of the square face of the cube; one is the plane containing the face and I's acts on it
as the group of order 4 isomorphic to Z/27 x Z/2Z (the group generated by (z,T)3
and T Dy restricted to this plane), and the other is its orthogonal complement, and
'y acts on it as a rotation of order 3 (the group generated by (taT)? restricted to
this plane). The 12 middle points of the edges are identified in groups of four points
by translations with three singular vertices of Cy C O‘E. The local model for the
singular points in this stratum is isometric to the orbifold O(2, 6).

I's Three O-cells The three vertices vs, vg, v7 of Cx, which are the images under p of the
12 middle points of the edges of C. The isotropy group of these vertices is isomorphic
to the group I's = Z /47 x (Z/3Z x Z/27) = Z/AZ x Z./]6Z of order 24. It is the
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group generated by T Dy, ty4vT, (tyT)? and (14 T)? where u, v = =i, +j, £k, and
u # v. The group I's leaves invariant two orthogonal hyperbolic planes meeting at
the middle point of the edge of the cube; one is the hyperbolic plane whose ideal
boundary is the line generated by u + v and I'5 acts on it as a rotation of order 4 (the
group generated by ty4yT restricted to this plane), and the other is its orthogonal
complement, and I's acts as on it as a rotation of order 6 (the group generated by
DuyT and (1, T)? restricted to this plane). The 12 middle points of the edges of the
cube are identified in groups of four points by translations with three singular vertices
of Cy C O‘E. The local model for the singular points in this stratum is isometric to
the orbifold O (4, 6).

I'e One O-cell The vertex vg of Cx which is the image under p of the 8 vertices
of C. The isotropy group of this vertex is isomorphic to the group I's = (Z/27Z x
7.]27) x (2,3, 3) of order 96 where (2, 3, 3) is the binary tetrahedral group of order
24.Itis the group generated by Tt j kT, (Titj T)2, (Tit+k T)Z, (rj+kT)2, (tuT)? where
u = #i, £j, +k. The local model for the singular points in this stratum is isometric
to the orbifold O((2, 2), (2, 3, 3)).

e 1-dimensional

I'7 Three 1-cells The points of the three edges of Cx that are incident with the
barycenter of C have isotropy group I'; = Z /27 x 7 /2Z. If the point is contained
in the edge of C; which contains 1 and /3 + u/2, then I'7 is the group generated by
(taT)? where u = =i, 4j, £k. The group I'7 leaves invariant the hyperbolic 2-plane
generated by 1 and u and the hyperbolic hyperplane I1. Moreover I'7 acts on it as a
rotation of order 2 in IT. The points of these 6 edges in C; and C; are identified in
groups of two and form 3 singular edges in O‘}: incident with 1. The local model for
the singular points in this stratum is isometric to the orbifold O(2, 2).

I's Three I-cells The points of the six edges of Cx which have one vertex at the
barycenter of the square faces of C and the other vertex is the middle point of an
edge of the cube C. Its isotropy group I's = Z /27 x 7Z/3Z is the group generated
by (tuT)? and DyT where u, v = +i =+ j+k, u # v. The group I'g leaves invariant
two orthogonal hyperbolic planes meeting at the vertex of the cube. ['g acts on one
plane as a rotation of order 6 and as a rotation of order 4 on the other plane. The
points of the 6 edges of C are identified and form 3 singular edges in Cy, C (’)‘1‘1 which
are incident with 1 € Cx. The local model for the singular points in this stratum is
isometric to the orbifold O(2, 3).

I'g Six I-cells The points of the three edges of Cx, which are incident with a vertex
of C. Its isotropy group I'g = Z/27 x Z/6Z is the group generated by (t,7)> where
u = =+i + j + k. The group I'g leaves invariant two orthogonal hyperbolic planes
meeting at the vertex of the cube. I'g acts on one plane as a rotation of order 6 and
as a rotation of order 2 in the other. The points of the 12 edges of C are identified
and form six singular edges in (’)4£. The local model for the singular points in this
stratum is isometric to the orbifold O(2, 6).

o 2-dimensional

I'10 Three 2-cells The points of the interior of a square face of Cyx that is incident
with the barycenter of C. Its isotropy group I'1g = Z/27Z is the group generated by
Dy T, where u = i, j, k. The group I'1g acts on one plane as a rotation of order 2
around a hyperbolic 2-plane in IT. The points in the 6 squares are identified in groups
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of two with 3 singular 2-cells in O‘E. The local model for the singular points in this
stratum is isometric to the orbifold O(2).

"1 Three 2-cells The points of the interior of a square face of Cy, that is not incident
with the barycenter of C. Its isotropy group I'1; = Z/3Z is the group generated
by (t,T)2, where u = =i, =4j, £k. The group I'(; leaves invariant two orthogonal
hyperbolic planes meeting at the point in the square face of the cube; one is the plane
containing the face and I'jj acts on it as a rotation of order 3, and the other is its
orthogonal complement and I'1 acts on it as the identity. The points in the 6 squares
are identified in groups of two with 3 singular 2-cells in O‘E. The local model for the
singular points in this stratum is isometric to the orbifold O(3).

5.7 The stratification of the Hurwitz singular locus

Now we describe the orbifold stratification of the set of singular points of the Hurwitz modular
orbifold (’)43~3 according to their isotropy groups.

We give the list of 15 strata in the Hurwitz singular locus E%. For each stratum we enlist
the isotropy group Ak, k = 1, ... 15, determine a fundamental domain of its action on S3,
and study in detail the corresponding spherical 3-orbifold (or spherical link).

In the following list we consider the canonical projection p : P; — Py whered = 1, 2.

In the same way as in the case of the Lipschitz singular locus the list of types of singular
points and their corresponding isotropy groups can be divided by the dimension and the
compactness of the corresponding stratum in the stratification. The non-compact strata have
the same isotropy groups that the respective Euclidean 3-orbifold which is the intersection
of 045 with a horosphere. The list is the following

Non compact strata

A1, Aj Five 1-cells The 1-skeleton of the non-compact cone over the pyramids P; and
P> is a set of five open half-lines which are represented in Pg as

(a) the half-line {q e H : q=r,r e R, r > 1},

(b) the line q = r; £ k/2, where r; > %3’

(c) the two linesq = rp £ (i/2 +j/2),r2 £ (j/2 + k/2), where r, > ‘/TE and finally
(d) thelineq =r3 £ (i/2 +j/2 +k/2), where r3 > %

These five half-lines orthogonally project, under the natural projection Py — C by
geodesics asymptotic to the point at infinity, to the vertices of P;: the barycenter of the
cube C, the barycenters of any square face of C, the half of two of its edges, and two of its
vertices, respectively. These 5 open half-lines in Pg project to 4 open lines in O% . Their
isotropy groups are isomorphic for (a) and (d) to the abelian group of order 8 isomorphic
to U($) and for (b) and (c) to the dihedral group of order 4 isomorphic to U (£). We
obtain Ay 1= U(L) = Z/27 x ZJ2Z and Ay := U($)) = Z]27 x 7|27 x 7|27 as
the isotropy groups of the quaternions in these 5 open half-lines. The local models for
the singular points in these strata are isometric to the orbifolds O(2, 2) and O(2, (2, 2)),
respectively.

A3, A4 Eight 2-cells The 2-skeleton of the non-compact cone over the pyramid P; C Pg
is a set of eight triangles with one vertex at infinity which are orthogonally projected over
the quaternions which are the edges of P and P,. The isotropy groups of points in the
five triangles with base the edges of the square base of P; and the edge that joins 1
with the barycenter of a squared face of C are isomorphic to the cyclic group Z/27Z. For
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points in the diagonal edge of P; which joins 1 with a vertex of C their isotropy groups
are isomorphic to Z/3Z. For points in the two edges which joins 1 with middle points
of the edges of C their isotropy groups are isomorphic to the trivial group, then these
points are not singular. We define for these six strata Az = Z/27Z and A4 = Z/37. The
local models for the singular points in these strata are isometric to the orbifolds O(2) and
O(3), respectively.

Compact strata
o (-dimensional

A5 One 0-cell The common vertex v; = 1 of Py and P, which is the barycenter of
the cube C. Its isotropy group is the abelian group As = U($) of order 24 generated
by the involution 7" and the elements in the Hurwitz unitary group. The local model
for the singular points in this stratum is isometric to the orbifold O(2, (2, 3, 3)).

Ag One 0-cell The vertex v, of Py which is the image under p of 2 opposite barycen-
ters of the square faces of the cube C. The isotropy group of this vertex is isomorphic
to the group Ag = (Z/27 x Z)37) x Z]27 = 7/6Z x Z]27 of order 12. It is the
group generated by 7,7 and T Dy where u, v = =i, £j, £k and u # v. The local
model for the singular points in this stratum is isometric to the orbifold O(2, 6).

A7 One 0O-cell The vertex v3 of Py which is the images under p of the 12 middle
points of the edges of C. The isotropy group of this vertex is isomorphic to the group
N7 =7Z/JA7 % (Z)37x Z]27) = 7]AZ x Z/6Z of order 24. It is the group generated
by T Dy, ty+v T, (zyT)% and (ruT)2 where u, v = =i, £j, £k, and u # v. The local
model for the singular points in this stratum is isometric to the orbifold O(4, 6).

Ag One 0-cell The vertex v4 of Py which is the image under p of the 8 vertices of C.
The isotropy group of this vertex is isomorphic to the group Ag = (Z /27 x Z/67.) x
(2, 3, 3) of order 288 where (2, 3, 3) is the binary tetrahedral group of order 24. It is
the group generated by D, Ti+j+k T, (‘L’i+jT)2, (‘L’i+kT)2, (rj+kT)2, (tuT)?* where
u = =i, £j, £Kk. The local model for the singular points in this stratum is isometric
to the orbifold O((2, 6), (2, 3, 3)).

e 1-dimensional

Ag One 1-cell The points of the edge of Py which is incident with the barycenter
of C and the barycenter of a square face of C. Their isotropy groups are isomotphic
to Ag = Z/27 x 7Z/27Z which is the group generated by D;T and D;T. The local
model for the singular points in this stratum is isometric to the orbifold O(2, 2).
A0 Two 1-cells The points of the two edges of Py which are incident with the
barycenter of C and the middle points of edges of C. Their isotropy groups are
isomorphic to A9 = Z/27Z which is the group generated by D;T. The local model
for the singular points in this stratum is isometric to the orbifold O(2).

A11 One I-cell The points of the edge of Pyx, which is incident with the barycenter
of C and the vertex of C. Their isotropy groups are isomorphic to A1y = Z/3Z. The
local model for the singular points in this stratum is isometric to the orbifold O(3).
A2 Two 1-cells The points of the two edges of Py which are incident with the
barycenter of a square face of C and a middle point of its edges. Their isotropy
groups are isomorphic to A1p = Z/27 x Z/37Z. The local model for the singular
points in this stratum is isometric to the orbifold O(2, 3).

A13 One I-cell The points of the edge of Py which are incident with a vertex of
C and a middle point of its edges. Their isotropy groups are isomorphic to A3 =
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Z/27Z x Z/6Z. The local model for the singular points in this stratum is isometric to
the orbifold O(2, 6).

e 2-dimensional

A14 One 2-cell The isotropy groups of the points of the interior of the square face of
‘Px, are isomorphic to A4 = Z/3Z. The local model for the singular points in this
stratum is isometric to the orbifold O(3).

A15 Two 2-cell The isotropy groups of the points in the interiors of the two triangle
faces of Py which contain 1 and the barycenter of a square face of C are isomorphic
to A5 = Z/27. The local model for the singular points in this stratum is isometric
to the orbifold O(2).

5.8 The Euler orbifold-characteristic of the Lipschitz and Hurwitz modular
orbifolds

We use our previous computations on the order of the local groups of the strata in the singular
loci of the Lipschitz and Hurwitz modular orbifolds to obtain the following:

Theorem 5.5 The Euler orbifold—characteristic of the Lipschitz and Hurwitz modular orb-
ifolds are

1 1
orb ;4 orb s ~4
04) = — d 0h) = —,
X7 g) % an X ( g) 288

respectively.

Proof The Euler orbifold—characteristic of the Lipschitz and Hurwitz modular orbifolds can
be computed by the alternate sums of the number of strata for each dimension in 2)23 and in
E% divided for the order of the isotropy group of a point in the stratum.

The Lipschitz modular orbifold has a stratification as CW complex with one vertex with
isotropy group of order 8, another vertex with isotropy group of order 96, three vertices of
order 12, and three vertices of order 24. It has three edges with isotropy group of order 4,
six edges with isotropy group of order 6, three edges with isotropy group of order 12, and
eight edges with isotropy group of order 4. It has three 2-cells with isotropy group of order 2,
three 2-cells with isotropy group of order 3 and twelve 2-cells with isotropy group of order
2. Finally it has six 3-cells and one 4-cell with isotropy groups of orders 1.

The Hurwitz modular orbifold has a stratification as CW complex with one vertex with
isotropy group of order 12, one vertex with isotropy group of order 288, and two vertices of
order 24. It has one edge with isotropy group of order 2, one edge with isotropy group of
order 3, three edges with isotropy group of order 4, two edges with isotropy group of order 6,
and three edges with isotropy group of order 12. It has two 2-cells with trivial isotropy group,
six 2-cells with isotropy group of order 2 and three 2-cells with isotropy group of order 3.
Finally it has five 3-cells and one 4-cell with isotropy groups of orders 1. m}

Remark 5.6 Since there is an orbifold cover pg o : (’)‘g: — (’)“fJ of order 3 we obtain, as
expected: x°™(O}) =3P (OY).

The volumes and the orbifold Euler characteristic are related by the Gauss—Bonnet—Euler
formula for orbifolds (see [23]).
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6 Lorentz transformations

We are mostly interested in the half-space model and in the hyperboloid model of Lorentz and
Minkowski hyperbolic models. Thus we will study the Cayley transformations that give us
isometries of the hyperbolic models. In particular we study the representation of PSL (2, H)
as Lorentz transformations. A Lorentz—Minkowski matrix M is any 5 x 5 matrix such that
M'JM = J where M is the transpose matrix of M and J is the matrix

-1 0000
0 1000
J=]10 0100
0 0010
0 0001

We observe that the determinant of any Lorentz—Minkowski matrix M is £1.
We now describe two 4-hyperbolic models as subsets in R>: the hyperboloid model

Lor := I(xg,xl,xz,x3,x4) eR xo > 0, xlz +x§ +x32 +xf =-1 +x5] 3)
and the half-space model
H = {(1,X1,xz,X3,X4) eR’ :xy > 0}.

Each of these models has its corresponding complete metric of constant curvature -1 and
one can pass from one to the other by explicit projections called Cayley transformations (see
(6D.

Indeed, consider the function ®y o g+ : Lor — HT

@ ( ) (1 X1 X2 X3 1 )
Lor,H+ (X0, X1, X2, X3, X4) = s s s 5
or X0+ x4 x0+x4 x0+Xx4 X0+ X4
In fact, xo + x4 is positive since, xf - xé = (x4 —x0)(x4+x0) = —(1+ xl2 + xg + x%) <0
and hence either xo + x4 > 0 or x4 — xo > 0, but in this second case this is equivalent to
X4 > xo and since xg is positive, then xo + x4 is positive.

In order to prove that the function &y, is an one-to-one function, we show that it is
invertible. Therefore, given (1,y) = (1, y1, y2, 3, y4) € HT,if |y|> = yl2 + y% + y32 + yf,
then it is readily seen that the inverse of ®p o g+ is given by the formula:

, =, ==, 4)
2y4 Y4 Y4 Y4 2ya

_ LIy yi oy y3 1=y
GI>L;,r.H+((1,y1,yz,y3,y4))=< ——— ) € Lor.

For a matrix M the condition M’ JM = J is equivalent to Ahlfors conditions, therefore

Proposition 6.1 Any Lorentz—Minkovski matrix is in one to one correspondence with a
matrix of PSL(2, H) which satisfies Ahlfors conditions.
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1 xi+yj+zk

0 1 > we have

For the matrix associated with the general translation ty y , = (

the following Lorentz representation

2,322 2,322
1+(x +)2+z) X y z (€3 +)2+z)
X 1 0 0 X
T(x,y,2) = y 0 1 0 y
z 0 0 1 z
_(x2+y22+z2> —x -y —z 1— (x2+>;+z2)

We notice that T(x, y, 2)ZT(x', y,2) =F(x +x', y+y,z+ 7).

. . 1. .
The Lorentz transformation corresponding to 7 = ((1) 0) is the matrix —J.

6.1 The Hurwitz modular group PSL (2, §)) in the Lorentz model

The algebra of the quaternions H is isomorphic to the real algebra of 4 x 4 matrices generated
by 14, Sj, Sj, Sk, where I is the identity 4 x 4 matrix and

0 -1 0 0 00 —10 00 0 —1
1 0 0 0 00 0 1 00 -1 0
S5i=1lo 0 01" %=1 0 0o o ™=lg1 0 o
00 1 0 0 -1 0 0 10 0 0

This follows from the fact that Si2 = sz = Sﬁ = —Ij and §;Sj = Sk, SjSk = Sj and
SkSi = Sj. In particular the group of Hurwitz units /(£)) consists of the 24 special orthogonal
matrices: £1y, +S;, £Sj, Sk, %(iu =+ §i = Sj & Sk) (all possible 16 combinations of signs
are allowed). We remark that this group is isomorphic to the binary tetrahedral group.

Definition 6.2 Let 1/($, Lor) C SO, (4, 1) be the finite group of order 24 given by the
Lorentz matrices:

~ A o~ o~ ]l A A A A
*1y, 8, £S85, £5, E(:I:I4:I:Si:|:Sj =+ Sk).

We remark that the inversion 7' corresponds to —I4 € U($), Lor) i.e. the matrix —J.

Propusitionde® i thy Loraananaidl elbedup-on 1aed vy sownslptaus i heWulbroilis o

n,m,p €.

Since PSL(2, £) C PSL(2, $) we have a corresponding subgroup I'e¢ C I' g of the Lorentz
group.

The fundamental domain of I'g is contained in the fundamental domain of I ¢ and there-
fore as we seen before the group PSL(2, £) leaves invariant the hyperbolic honeycomb
whose cell is the 24-cell.
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