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1. Introduction

We consider

iug — Hu + g(uti)fu = 0, with (t,2) € R x R3, (1.1)
w(0, ) = uo(x), '
where for .# > 0 we have for a potential V(x),
H=D,+YV, (12)

where D_, = —12?21 a0y, + A B3, with for j =1,2,3,

wo (O Y gl O L (0 (0 i) (L0
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The unknown u is C*-valued. Given two vectors of C*, uv := wu - v is the inner product in C?*, v* is the
complex conjugate, u - v* is the hermitian product in C*, which we write as uv* = u - v*. We set @ := Bu*,
so that ua = u - Su*.

We introduce the Japanese bracket (z) := /1 + |z|? and the spaces defined by the following norms:

LP*(R?,C*) defined with [[ul| Lr.s s ca) = [[{x)*ul| Lo (@s ¢4y

H*(R?,C*) defined with llull s (rs 4y = [{2)*F (u)|| p2(rs,c1), where F is the classical Fourier
transform (see for instance [25]);

H"*(R?,C*) defined with [[u s s ¢y = [[(2)"ul| gr (s coy;

T = LPM(R?,CY) N HF(R?, CY) with ||ullf, = llullfngs ooy + [l 720 s coy- (1.3)

For f,g € L?*(R3,C*) consider the bilinear map

f,g) = /f(x)g(z)dx = /f(a:) - g(x)dx. (1.4)

R3 R3

We assume the following.

(H1) ¢(0) =0, g € C*([R,R).

(H2) V € S(R3, 54(C)) with S4(C) the set of self-adjoint 4 x 4 matrices and S(R3,E) the space of Schwartz
functions from R? to E, with the latter a Banach space on C.

(H3) 0,(H) = {e1 < ez < e3--- < en} C (=M, M ). Here we assume that all the eigenvalues have
multiplicity 1. Each point 7 = +.# is neither an eigenvalue nor a resonance (that is, if (D_z+V)u = Tu
with u € C* and |u(z)| < Clz|~! for a fixed C, then u = 0).

(H4) There is an N € N with N > (.# + |e1])(min{e; —e; : i > j})~! such that if p-e := preq1 + -+ pnen
then

wEZ" with |pu| <AN +6 = |u-e| # A, (1.5)

(u—v)-e=0and |pu|=V|<2N+3=pu=r. (1.6)

(H5) Consider the set M., defined in (2.5) and for any (u,v) € M,y,;, we consider the function G, (x)
(see the proof of Lemma 5.11 or also later in the introduction the effective hamiltonian), G, (§) the
distorted Fourier transform associated to H (see (5.64) and Appendix A for more details) of G, (x)

and the sphere S, = {£ € R3 : |¢|>+.#?% = |(v— ) -e|*}. Then we assume that for any (1, ) € M,
the restriction of G, on the sphere S, is G, |s,, # 0.

To each e; we associate an eigenfunction ¢,;. We choose them such that Re(¢;, #;) = d;%. To each ¢; we
associate nonlinear bound states.

Proposition 1.1 (Bound states). Fiz j € {1,---,n}. Then Jag > 0 such that Vz; € Bc(0,a0), there is a
unique Qj., € S(R?,C*) := Ny (R3,C*), such that

HQij + g(szJ@sz)BQ]Z] = EijQ_’iZj7
Qjz; = 205 + Qjz;» @z, ?5) =0, (1.7)

and such that we have for any r € N:
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(1) (gjz;, Ejz;) € C®(Bc(0,a0),%, x R); we have qj.; = 205 (|7;1?), with q;(t?) = t2q;(t?), q;(t) €
C“((—a02,a02),2T(R3,C4)) and Ejz]. = Ej(|2j|2) with Ej(t) S Coo((—GOQ,aOQ),R);
(2) 3 C >0 such that ||g;., ||z, < Clz;]?, |Ejz, — ej] < Clz]?.

For the ¥, see (1.3). The only non-elementary point in Proposition 1.1 is the independence of ay with
respect of r (which strictly speaking is not necessary in this paper), which can be proved with routine
arguments as in the Appendix of [21].

Definition 1.2. Let by > 0 be sufficiently small so that for z; € Ben(0,bo), Q;.; exists for all j € {1,---,n}.
Set z; = zjr + izj1, for zjr, 2zj1 € R and D4 := %, for A= R,I. We set

Helz] = He[z1- -+, 2n] where 2z := (21,...,2n)

= {n € L*(R*,C"); Re(in*, D;rQ;:,) = Re(in*, D;;Q;.,) = 0 for all j}. (1.8)
In particular we have
H.[0] = {n € L*(R*>,C"); (n*,¢;) =0forall j}. (1.9)
We denote by P. the orthogonal projection of L?(R3, C*) onto H.[0].
We will prove the following theorem.

Theorem 1.3. Assume (H1)—(H5). Then there exist eg > 0 and C > 0 such that for e = ||u(0)||gs < €y then
the solution u(t) of (1.1) exists for all times and can be written uniquely for all times as

u(t) = Z Qjz,t) +n(t), with n(t) € Helz(t)], (1.10)
j=1

such that there exist a unique jo, a p4 € [0,00)" with py; = 0 for j # jo such that |p4| < Cllu(0)| g4, an
N+ € H* with ||ny||r~ < C|lu(0)|| g+ and such that we have

tliinoo In(t) — e P, || gagrs cay = 0,

lim_|z(1)] = pa. (1.11)

t—+4oo

Furthermore we have n =1+ A(t,x) such that,

2 3 2
for preassigned pg > 2, for all p > pg and for p =3 (1 — 5) , (1.12)
we have
z oo —|— n _2 < C u 0 E 9
L R S ST L) Precees

125 + i€z || Lo my) < Cllu(0)l|Fra (s ¢ (1.13)
for the Besov spaces B* | see Sect. 2) and such that A(t,-) € X4 for all t > 0, with
P.q

lim ||A(t7 )”24 =0. (114)

t—~4oo
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Remark 1.4. In H*(R3,C*) the functional u — g(u)Bu is locally Lipschitz and (1.1) is locally well posed,
see pp. 293-294 in volume IIT [51].

Remark 1.5. There is no attempt here to get a sharp result with a minimum amount of regularity on the
initial datum wug. The need of H* comes up (5.39).

Theorem 1.3 states that small solutions of the NLD are asymptotically equal to exactly one standing
wave (possibly the vacuum) up to radiation which scatters and up to a phase factor. As we explain below,
this happens because of the natural tendency of radiation to scatter because of linear scattering, and of
energy to leak out of all discrete modes except at most for one because of nonlinear interaction with the
continuous modes which produces a form of friction on most discrete modes. Theorem 1.3 does not say if
some of the standing waves are stable or unstable (this remains an open problem).

The asymptotic behavior of solutions which start close to equilibria represents a fundamental problem for
nonlinear systems. Here we are interested to hamiltonian systems which are perturbations of linear systems
admitting a mixture of discrete and continuous components. Decay phenomena imposed by the perturbation
on the discrete modes and decay of metastable states are a classical topic of physical relevance in the study
of radiation matter interaction, [15]. There is a substantial literature focused on the case of linear systems,
see [17] for a recent reference and therein for some of the literature.

The NLS has been explored in papers such as [30,31,42,43,45-47,53-56]. An analogue of Theorem 1.3 for
the NLS is proved in [21]. The case of the nonlinear Klein Gordon equation (NLKG), in the context of real
valued solutions, where all small solutions scatter to 0, has been initiated in [47] in special case and to a
large degree solved in a general way in [2]. For complex valued solutions of the NLKG see [22].

In this paper we focus on the NLD. There are many papers on global well posedness and dispersion for
solutions belonging to much larger spaces than what considered here, for example see [3,11,12,24,27,34,59]
and references therein. However, these papers do not address the asymptotic behavior in the presence of
discrete modes. For a survey on the 1D case we refer also to [39]. The essential indefiniteness of the Dirac
operators (1.2) forbids the use of the stability theory of standing waves developed in [13,29,57], which
involves conditionally positive Lyapunov functionals. See [50] for an attempt to apply this theory to the
Dirac equation, in combination to numerical computations. A successful use of rather elaborate Lyapunov
functionals in the special case of an integrable NLD is in [40]. Since energy methods cannot be used to prove
stability then another option is to prove stability by means of linear dispersion. This is a problem arising
also in other settings, see for example [38]. Thus on a strictly technical standpoint the NLD is a rather
interesting class of hamiltonian systems, especially because it has been explored much less than systems like
the NLS.

We turn to the specific problem considered in this paper. In the case of the linear Dirac equation iu; = Hu
we know that there are invariant complex lines formed by standing waves in correspondence to the eigenstates
of H. Proposition 1.1 describes the well known fact that the NLD (1.1), at least at small energies, has
invariant disks formed by standing waves. The question arises then on what should be the behavior of other
initially small solutions of the NLD. In the case of the NLS the answer given in [21] is that the union of these
invariant disks is an attractor for all small solutions. This is by no means obvious in view of the fact that
in the linear equation the situation is different. In fact in the linear case discrete modes and the continuous
part are all independent from each other so that solutions of the linear equation contain a quasi periodic
component. There are examples of nonlinear systems where these linear like patterns persist. Notably the
NLS where x € Z, which has small quasi-periodic solutions, see for example in [35] and references therein.
There are also equations in R™ which admit families of quasiperiodic solutions containing solitary waves as
a special case, an example being exactly the (1.1) with potential V' = 0 in (1.2) where solitary waves are
special cases of more general quasiperiodic solutions. This is related to the existence of special eigenvalues of
the linearization uncoupled to radiation, as the eigenvalues in claim 4 in Lemma 6.1 in [4]. Notice also that
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the stabilization displayed in [21] is a very slow phenomenon, non-detectable easily numerically: see [33] for
comments on a somewhat different but related context. So results such as those in [21], from the earlier
papers [37,47,48,53-55] which treat special cases, to the solutions in generic setting contained in [2,21], are
far from obvious.

Here we transpose partially to the NLD the result proved for the NLS in [21]. No particular deep new
insight is needed since the proof for the NLD is similar to that for the NLS, with some difference related
to the dispersion theory of radiation. However, results such as Theorem 1.3 are important given that the
literature gives a very fragmentary picture of the asymptotic analysis of solutions of the NLD.

While prior to [21] there had been a large body of work for the NLS, very little has been written for
the NLD about our problem, that is the analysis of the NLD with a mixture of discrete and continuous
components. It is worth comparing the known results in the literature with Theorem 1.3.

One study is [6]. [6] contains a number of useful results on the dispersion for the group e/ which are
used here. In terms of analysis of small solutions of the NLD with a linear potential, [6] considers the case
of o,(H) = {e1 < ea} with e —e; < min(m — ey, e; +m) and then proves the existence of a hypersurface of
initial data perpendicular at the origin to the eigenspace of es, and whose corresponding solutions of (1.1)
converge to the 1st family of standing waves Q1. -

Another study is [41]. [41] proves the asymptotic stability of the standing waves Q1., when o,(H) = {e1},
that is an analogue of [42,46]. [41], like [42,46], does not examine a whole neighborhood of 0 but proves
that if an initial datum starts very close to a (1., then, in a sense similar to Theorem 1.3, it will converge
to a nearby ()i,,. Notice that while here we don’t prove that the ()1,, are stable, under the hypothesis
op(H) = {e1} it can be proved to be stable also in our 3 D set up. In fact this is much simpler to prove
than what we do here.

In [8] is discussed the asymptotic stability of standing waves of the NLD in a different context, which is
somewhat closer in spirit to Theorem 1.3 since the emphasis is on the case when many discrete modes are
present. For another result, see also [16].

Here we give more comprehensive conclusions than in [6,41] because we treat all small solutions of (1.1).
Maybe we could have analyzed the stability of specific standing waves, applying the theory in [8] which
provides some tools characterize standing waves of the (1.1) through an analysis of the linearization of (1.1)
at the standing wave, but we don’t do this here. So unfortunately we do not identify stable standing waves
and we don’t produce a criterion to define ground states for (1.1). Recall that in [21] it is proved for the
NLS that while the Q1., are stable (which was well known since [43]), the @Q;., for j > 2 are unstable. No
similar analysis is done here.

After adding to the Dirac equation a nonlinearity such as in (1.1) as we have already mentioned the lines
of standing waves persist, only in the form of topological disks. Here we briefly explain how the asymptotics
claimed in Theorem 1.3 comes about. The mechanism is the same of the NLS and to be seen requires the
identification of an effective hamiltonian. In an appropriate system of coordinates, this turns out to be,
heuristically, of the form

Hzm) =Y eilzl+ (Hnn )+ Y (2Guvem) + 242(Gpon™)), with e = (e, en),
J=1 [(n—v)-e|>.#

where the 2nd summation is on an appropriate finite set of multi-indexes. The coordinates (z,7), with
z=(z1,...,2n), representing the discrete modes and n € H.[0] representing the radiation, are canonical (or
Darboux) coordinates (but not so the initial coordinates in Lemma 2.9). This in particular means that the
equation for 7 is

W)= Hn+ Y 2'2"G,. (1.15)
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Then, succinctly,

HT]HStrichartz <e+ Z ||ZM+D||L27 (116)

for appropriate Strichartz norms of 7. These estimates are less well known than the corresponding ones for
the NLS, but nonetheless are known, see Sect. 5.1 where they are proven using [6-8]. There are various
other sets of Strichartz like estimates for Dirac potentials in the literature, see for example [9,11,23], but
they do not apply to our case since they involve Dirac operators without eigenvalues. The equations for the
discrete modes are, heuristically,

.. Vi ad zvz¢ * *
1Z; = €525 + Z Vj_—'<777G;Lu> + Z MJ2—<"7 7Gp,u>' (117)
[(u—v)-e|>.4 J (u—v)-e|>. J

By an argument introduced in [10,48] we write

n=g—Y, where Y := Z 22 Ri(e- (B —a)) o (1.18)
[(a=B)-e|>.2

We observe that (1.18) is a decomposition of 7 into —Y', which is the part of 1 that mostly affects the 2’s,
and ¢g which is small. Substituting in (1.17) and ignoring the very small g we get an autonomous system
in z. Ignoring smaller terms, we have

% Z |z;|* = —27 Z |212" |2(6(H — (v — ) )G, Guy)- (1.19)

J |(n—v)-e|>.#
The r.h.s. is negative, see Lemma A.1 in the Appendix. Notice that in [10,47] the structure of the r.h.s. is
as clear as (1.19) only under very restrictive hypotheses on the discrete spectrum.

We assume that for an appropriate set of pairs (u,v) in (1.19) we have (0(H — (v — ) - €)G},,,, G ) > 0.
This is the content of hypothesis (H5) and is an exact analogue of inequality (1.8) in [47]. Then integrating
(1.19) we obtain

OIFTOTESD I AEELEETe) SIFTOILELeR) (1.20)

[(u—v)-e|>

for a fixed C. This allows to close (1.16) and to prove that n scatters. From (1.20) and the fact that the 2(¢)
is uniformly bounded, we get that the lim;_, o 2#17(¢) = 0 for the (u,v) in (1.20). This allows to conclude
that lim; 4 2;(¢t) = 0 for all except for at most one j, because the pairs of multi-indexes (u,v) involve

S . M 5V e ; J Hj zVj
cases such as z;’z;" for any pair j # k (while cases of the form 2, Z;

are not allowed).

What has happened is that when we have substituted (1.18) inside (1.17) and ignored g, we got a system
on the z’s which has some degree of friction, ultimately due to the coupling of the discrete modes with
radiation. This can be proved thanks to the square structure of the r.h.s. of (1.19) where what is crucial
is the fact that each G, is paired with its complex conjugate G,. This comes about and can be seen
transparently because we have a hamiltonian system in Darboux coordinates, which tells us that the G},,’s
in the r.h.s. of (1.15) are the same of the coefficients in the (1.17).

To be able to implement the above intuition gets some work because, as we mentioned, the most natural
coordinates are not Darboux coordinates, that is the symplectic form is complicated when expressed in
these coordinates (this would make the search of the effective hamiltonian very difficult in these initial
coordinates) and the equations are not as simple as i; = 0z,H and i = 0, H.
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There are various papers, such as [18,20], that discuss how to first produce Darboux coordinates and
how to find the effective hamiltonian in an appropriate way that guarantees that the system remains a
semilinear Dirac equation. In fact this part of the proof is here the same of [21], since in terms of the
hamiltonian formalism, the NLS and the NLD are the same. So Darboux coordinates and search of the
effective hamiltonian by means of Birkhoff normal forms are accomplished in [21].

The only part of the proof where there is difference between NLD and NLS is in the study of dispersion.
The NLD requires its own set of technical machinery about linear dispersion theory, Strichartz and smooth-
ing estimates, which is not the same of the NLS and which is somewhat tricker and less well understood.
Nonetheless, all the linear theory we need here has been already developed in the literature, in particular
in [6-8].

Since the main ideas on the hamiltonian structure and coordinate changes come from [21], we will refer
to [21] for an extensive discussion of the main issues. The rest of the proof consists in proving dispersion of
the continuous component of the solution (and here we use the technology of Dirac operators in [6,7]), i.e.
(1.16), and the so called Nonlinear Fermi Golden Rule, i.e. (1.19). This latter part of the proof is similar
o [21], but requires some modification in the spirit of [19] because of the possible presence of pairs of
eigenvalues with different signs.

Here as in [21] we do not prove, as done in [2] in an easier setting, that hypothesis (H5) holds for generic
pairs (V, g(uw)). While in [21] what was missing to repeat the argument in [2] was a meaningful mass term,
here we have mass .# but the dependence of the linear operator H on .# requires new ideas.

2. Further notation and coordinates
2.1. Notation

For k € R and 1 < p,q < oo, the Besov space Bﬁ’q(R‘g’,(Cd) is the space of all tempered distributions
f € S'(R?,C%) such that

; 1
1£lss, = (32 2%, + F12)F < +oo,

JjEN

with F(p) € Cg°(R™\ {0}) such that 3o, F()(29€) = 1 for all € € R\ {0}, F(g;)(€) = F(p)(279¢) for
all j € N* and for all £ € R?, and F(po) =1 — 32,y F(p;)- It is endowed with the norm || f| g .

e We denote by N ={1,2,...} the set of natural numbers and set Ng = NU {0}.
e Given a Banach space X, v € X and 6 > 0 we set

Bx(v,d) ={z e X | |v—z|x <d}.

o We denote z = (z1,...,2n), |2 1= /227, |2]*

o We set 9, := 9, and 0; := 05,. Here as customary 9,, = %(DZR —1iDyr) and 03, = %(DlR +1iDyp).

« Occasionally we use a single index ¢ = j,j. To define £ we use the convention j: = 7. We will also write
z5 = Zj.

o We will consider vectors z = (z1,...,2,) € C" and for vectors pu,v € (NU{0})" we set z/'zZ" :=
2tz 2z We will set [u] = 35 .

o We have dz; = dz;r +idz;1, dZ; = dzjr —idzj;.

o We consider the vector e = (eq,....,e,) whose entries are the eigenvalues of H.
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Remark 2.1. We draw the attention of the reader to the fact that the complex conjugate of v € C* is v*
with & = Bv* while for ¢ € C the complex conjugate is ¢ which is more convenient notation in some later
formulas than writing *.

2.2. Coordinates

The first thing we need is the following well standard ansatz, see for example in Lemma 2.6 [21].

Lemma 2.2. There exists cg > 0 such that there exists a C > 0 such that for all u € H* with |jul|z < co,
there exists a unique pair (z,0) € C* x (H' N H,.[z]) such that

w= Qi + O with |z| + [|0] 1 < C|lul a. (2.1)
j=1
Finally, the map u — (2,0) is C>®°(Bya(0,cp), C* x H*) and satisfies the gauge property
z(ePu) = €V z(u) and O(eu) = VO (u). O (2.2)
We now recall from [21] the following definitions.

Definition 2.3. Given z € C", we denote by Z the vector with entries (zizj) with i,j € [1,n] ordered in
lexicographic order (that is we write z;Z; before z;z; if either ¢ < j or, when 7 = j, if j < j’). We denote
by Z the vector with entries (2;2;) with ¢,j € [1,n| ordered in lexicographic order but only with pairs of
indexes with i # j. Here Z € L with L the subspace of C" = {(a; ;)i j=1,..n : % # j} where ng =n(n —1),
with (a;;) € L iff a; j = a;; for all ¢, j. For a multi index m = {m;; € Ny : i # j} we set Z™ = [[(2;2,)""

and [m[:= 3", -my;.
Definition 2.4. Consider the set of multiindexes m as in Definition 2.3. Consider for any k € {1,...,n} the
set

r)={m: szzg ) —er| > A4 and lm| <r},

=1 j=1

Mo(r) = {m: szw )=0and |m| < r}. (2.3)

Set now

My (r) = {(n,v) € N§ x Nj : 3m € My(r) such that 22" = z,Z™},
M(r) = U, My(r). (2.4)

We also set M = M (2N +4) and
Min = {(p,v) € M : (o, 8) € M with o < pjand B; <v; Vj= (o, 8) = (,v)}. (2.5)
The following simple lemma is used in Lemma 5.17.

Lemma 2.5. The following facts hold.
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(1) If (u,v) € Mpp then for any j we have pv; = 0.
(2) Suppose that (p,v) € Muin, (a,8) € Myin and (u—v)-e = (a— ) -e. Then (u,v) = (o, 5).

Proof. First of all it is easy to show that (u,v) € M (r) if and only if |v| = |u|+1, |p| < rand |(u—v)-e| > .
Suppose that p; > 1 and v; > 1. Then consider (o, )

m for k # j, Vk for k # j,
| N

uj—1 fork=j v;—1 fork=j.

Since |v| = |u| + 1 we have || = |a| + 1. Furthermore (1 — v) - e = (a — /3) - e. This implies (o, ) € M and
50 (i, V) & M. This proves claim (1).
By (u—v)-e = (a—f3)-e and (H4) we obtain y—v = a— 3, which by claim (1) yields (i, v) = (o, ). O

Lemma 2.6. Assuming (H4) then the following properties are fulfilled.

(1) For Z™ = zHz¥, then m € Mo(2N + 4) implies p = v. In particular m € Mo(2N + 4) implies
Z™ = |z )% |z |B for some (I, ..., 1,) € NEB.
(2) For |m| < 2N + 3 and any j we have }_, ,(eqs — €p)map — €5 # 0.

Proof. The following proof is in [21]. If u = v then 2#z” = |21|**1...|2,|?*~. So the first sentence in claim
(1) implies the second sentence in claim (1). We have

n n
n n
_ ) LM Y g My _
Zm | I (Zizl)m” | IZiZL_l i ZiZl_l i P

i=1 i=1

The pair (i, v) satisfies |u| = |v| < 2N +4 by
l = =2y ma=|vl.
1 il
We have (n —v)-e=0by m € My(2N +4) and

Zﬂiei - Z vie; = Zmu(ei —e)=0.
i l il

We conclude by (H4) that p — v = 0. This proves the 1st sentence of claim (1).
The proof of claim (2) is similar. Set

n

n
n n
msz s \Mils . Zl:l mip —Zl:l M= sV
Zij”(ZzZl)’ZJ—”Zi Z5 z; =2Mz".

i,l=1 =1

)

We have
(bL—v)-e= Zﬂiei — Zz/lel = Zmil(ei —e1) — €,
i ! il

in addition we have also

l il
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If (w—v)-e=0 then by |u —v| <4N + 5 and by (H4) we would have y = v, impossible by (2.6). O

The following elementary lemma is very similar to Lemma 2.4 [21] and is used to bound the 2nd and 3rd
term in the 1st line of (5.2) in terms of the 2z with (u,v) € My, and 7.

Lemma 2.7. We have the following facts.

(1) Consider a vector m = (m;j;) € Ny° such that )"
(H4). Then for any eigenvalue e we have

mij > N for N > #(min{e; —e; : j > i})7!, see

1<j

> mij(e; —ep < —M. (2.7)

1<j

(2) Consider m € N{j° and the monomial z;Z™. Suppose |m| > 2N + 3. Then there are a,b € N{° such
that we have

Zaij :N+1:Zbljﬂ

i<j i<j
ai; = bi; =0 for all i > j,
a;j + bij < myj +my; for all (i,7) (2.8)

and moreover there are two indexes (k,1) such that

> aijlei—e;) —ex < —, Y bijlei—¢;) —er < —M (2.9)

1<J 1<J

and such that for |z| <1
|2 Z™] < |z |2 2] |21 Z). (2.10)
(3) For m with |m| > 2N + 3 there exist (k,l) and a € My and b € M, such that (2.10) holds.
Proof. The proof is very similar to Lemma 2.4 in [21]. For example, (2.7) follows immediately from

Zm” )—er < —min{e; —e; : j >i}N —e1 < — A,
1<J

with the latter inequality due to the definition of N. All the other claims can be proved like the rest of
Lemma 2.4 in [21].

Given a,b € N{° satisfying (2.8), by claim (1) they satisfy (2.9) for any pair of indexes (k,[). Consider
now the monomial z;Z™. Since [m| > 2N + 3, there are vectors ¢, d € Nj° such that |c| = |d| = N +1 with
cij +dij < my; for all (i,7). Furthermore we have

2, Z™ = 2;2'2VZ°Z with |p| > 0 and |v| > 0. (2.11)
So, for z a factor of z#* and z; a factor of z¥, and for

cii+ciy; fori<j di; +di; fori<g
aij:{ Yo ! bij:{ s ’ (2.12)

0 for i > j, 0 for i > j,

for |z| <1 we have from (2.11)



1342 S. Cuccagna, M. Tarulli / J. Math. Anal. Appl. 436 (2016) 1332-1368

2527 < |z5] |21 Z°] |22 = |25 |21 22| [ ZP).

Furthermore, (2.8) is satisfied.
Since our (a, b) satisfty a € My, and b € M, claim (3) is a consequence of claim (2). O

Since (z,0) in (2.1) are not a system of independent coordinates we need the following, see Lemma 2.5
[21].

Lemma 2.8. There exists dy > 0 such that for all z € C with |z| < dy there exists R[z] : Hc[0] = H[z] such
that PC|HC[z] = R[2]71, with P, the orthogonal projection of L? onto H.[0], see Definition 1.2. Furthermore,
for |z| < dg and n € H.[0], we have the following properties.

(1) R[z] € C*=(Bcn(0,60), B(H",H")), for any r € R.

(2) For anyr > 0, we have ||(R[z] — D)nlls, < c.lz|?|nlls_, for a fized c,.
(3) We have the covariance property R[e’z] = eV R[z]e V.

(4) We have, summing on repeated indezes,

Rlzln =n+ (ajz]n)¢;, with ajlz]n = (B;(2),n) +(Cj(2),n%), (2.13)

~

where, for Z as in Definition 2.3, we have Bj(z) = ](2) and Cj(z) = zizgéw(é), for Ej and CAZ'MJ-
smooth in Z with values in X,
(5) We have, for r € R, with Z as in Definition 2.3

e +1C5(2) = 0z,05, 12, < elZ]P. O (2.14)

Then Lemma 2.6 gives us a system of coordinates near the origin in H*. The simple proof is the same of
Lemma 2.6 [21].

Lemma 2.9. For the dy > 0 of Lemma 2.8 the map (z,1) — u defined by
u= ZQJ-ZJ. + R[z]n, for (z,m) € Ben(0,do) x (H* NH,[0]), (2.15)
j=1

is with values in H* and is C°°. Furthermore, there is a di > 0 such that for (z,n7) € Bcn(0,d1) X
(Bg4(0,d1) NH[0]), the above map is a diffeomorphism and

2]+ Il s ~ [lull s (2.16)
Finally, we have the gauge properties u(e'’z,e'"n) = eu(z,n) and

z(e'u) = €V 2(u) and n(eu) = eVn(u). O (2.17)

We end this section exploiting the notation introduced in claim (5) of Lemma 2.8 to introduce two classes
of functions. First of all notice that the linear maps n — <77, ¢j> extend into bounded linear maps ¥, —» R
for any r € R. We set

Sio={neX: (n,¢;)=0,j=1,---,n}. (2.18)

The following two classes of functions will be used in the rest of the paper. Recall that in Definition 2.3 we
introduced Z € L with dim L = n(n — 1).
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Definition 2.10. We will say that F'(t,z,7,n) € CM(I x A,R), with I a neighborhood of 0 in R and A a
neighborhood of 0 in C" x Lx 3¢ . is F' = Rm wu (t 2, Z,m), if there exist a C' > 0 and a smaller neighborhood
A’ of 0 such that
[E(t,2,Z,m)] < Clnlls_x +1Z1) (Inlls_x + 12|+ [2])" in I x A", (2.19)
We will specify F' = R%M(t, z,Z) if
F(t,2,Z,m)| < CIZP |2 (2.20)
and F =Ry, (t,2,n) if

|F(t,2,Z,n)] < Clnlg_, (Inlls_e +12])". (2.21)

We will omit t if there is no dependence on such variable. We write F' = R’KJOO if FF = RzKJm for allm > M.
We write F' = Ri’jM if for all k¥ > K the above F' is the restriction of an F(t,z,m) € C’M(I x Ag,R) with
Ay, a neighborhood of 0 in C" x L x ¥¢ ; and which is F' = Rk ;- Finally we write FF = R%I _if F = RZ]OO
for all k.

00,00

Definition 2.11. We will say that an T'(t,z,7) € CM(I x A, Xk (R3,C)), with the above notation, is T' =
S’I’(J’M(t7 z,7Z,m), if there exists a C' > 0 and a smaller neighborhood A’ of 0 such that

IT(t, 2,2,z < Cllnlls_x + 12D (Inlls_x + 2]+ |2))" in T x A" (2.22)
We use notations Si;g;M(t7 z,7Z), S%M(t, z,m) etc. as above.
Remark 2.12. For given functions F(¢, z,m) and T(t,z,n) we write F(t,z,17) = R%{M(t, z,Z,n) and
T(t,z,n) = S%M(t,z,Z,n) when they are restrictions to the set of vectors Z € {(z;Z;)i j=1,..n : % # j} of
functions satisfying the two above definitions.
Furthermore later, when we write R/, and 83/, we mean RY ), (2,%Z,n) and S¥ (2, Z,n).
Notice that F' = R%M (2,Z) or S = S?(J;M(z, Z) do not mean independence by the variable 7.
3. Invariants
Equation (1.1) admits the energy and mass invariants, defined as follows for G(0) = 0 and G'(s) = g(s):
E(u) := Ex(u) + Ep(u), where Ex(u) := (D_gu,u*) and
/G ut)d, Q(u) = (u,u*). (3.1)
We have E € C*°(H*(R?,C),R) and Q € C*(L*(R3,C),R). We denote by dE the Frechét derivative of E.
We define VE € C*(H*(R3,C), H*(R3,C)) by dE(X) = Re(VE, X*), for any X € H* We define also
V.E and V« E by

dEX = (VE,X) + (V,-E, X*), that is V,E = 27(VE)* and V,,-F = 27 'VE.

Notice that VE = 2Hu + 2g(u)Bu. Then equation (1.1) can be interpreted as



1344

S. Cuccagna, M. Tarulli / J. Math. Anal. Appl. 436 (2016) 1332-1368

6 = Vo E(u). (3.2)

We recall that normal forms arguments consist in making Taylor expansions of the hamiltonian and in

the cancellation of the non-resonant terms of the expansion. The following proposition identifies the kind of
expansion we have in mind. We should think of (3.3) as an expansion in the variables z,  and the auxiliary
variable Z. Eventually the effective hamiltonian will contain terms in the r.h.s. such as the 1st and 2nd in
the 1st line and the terms of the 2nd line. The cancellations will occur later in the 2nd line.

Proposition 3.1. We have the following expansion of the energy for any preassigned ro € N:

E(u) =

> E(Qjz,) + (Hnn®) + R (2,0) + RE2N (2, Z)

j=1
n 2N+3 n 2N+3
+Z Z Z%ajm |Z]| Z Z Z ka(|zk|2)a77>+c-c-)
j=1 I=0 |m|=Il+1 j,k=1 1=0 |ml|=l
+RG<SO 2N+4 Z Z Z Z zm G2mz] )777®i ®(77*)®]>
i+7=2|m|<1
3 d , '
+ S R [ Galesz @) @) © (7 (@) Vs + Bpla), (33
d=2 i=1

where c.c. is the complex conjugate of the term right before in the () and where:

(1) (ajm, ijm, Ggmij) e O (BR(O, do), C x 27«0 (R3, (C) X Zro (RB, Biti ((C4, C))),
(2) Gdi('a 251, C) € COO(B(C" (O’ dO) X Z—7‘0 (RB’ C) X (C4’ ZTO (Rga Bd((c4, (C)))),
(3) for |m| =0 we have G20;;(0) =0 and

Z <G20ij(z)777®2 =27 12 Q]Z,sz, nn >
itj=2 j=1
+ZRe (Qjz; Qj=,) Re(Qyz, M) BQy=, 7). (3.4)

In order to prove Proposition 3.1 we set

K(z,n) = E(Z Qj, + R[2]n) = Kx(2,1) + Kp(2,1), with

Ki(z,n) = Ex(}_ Qjs, + Rlzln), Kp(z,n) = Ep ZQJZ + R[2]n).

7j=1 J=1

By Taylor expansion, we write

K(z,m) = K(2,0) + Re (9, K(z,0),7%) + % Re (07K (2,0)n.1°) + K3(z,n), (3.5)

l\')lr—A

1
/1—t Re 83 K(z,tn)n*,n*) dt. (3.6)
0



S. Cuccagna, M. Tarulli / J. Math. Anal. Appl. 436 (2016) 1332-1368

We expand
K3(z,m) = K3(0,n) + Rp(z,n), where K3(0,1) = Kp(0,n) = Ep(n)
and
n

1
p(z,m) /6[(3 tz,m)z :/Z DjaK3(tz,m)zjadt
0

j=1 A=R,I

n

1
:Z/ 9;Ks(tz,n)z; + 0;Ks(tz,n)z;) dt.

Jj=1 0

To prove Proposition 3.1 we compute the terms of
K(2,) = K(2,0) + Re (0,K (2,0, ") + 5 Re (92K (2, 0)n.1°) + Ep(n) + Rp(z,1),
starting with 0, K, 83[( and af’]K.
Lemma 3.2. Set u = u(z,n) = >, Qjz; + R[z]n. We have the following equalities:

Oy Kk (z,m) = 2R[2]"Hu,

BﬁKK(z,n) = 2R[z]*HR|[?], (“)f’]KK(z,n) =0;

Oy Kp(z,n) = R[z]" (9(ut)fu),

872]KP(Z, n)v = R[z|*g(uu) BR[z]v + 2R[z]*¢' (uti)Re (u m) Bu,

(03K p(e.mp) v = 6RLE|"g ()R (uRIER) BREw + 4[] (m) (Re (uRER) ) o

In particular we have

9, Kk (2,0) = 2R[2 HZQJZ], 02Kk (2,0) = 2R[2]"HR[z],

Jj=1
0,Kp(2,0) = 93 Q= Qu= ) REEIBY_ Qe
3.k j=1
agKP (Z’ 0) = g(z szj kak )R[Z]*BR[Z]
7.k
+ 29/(2 Qij @kzk (Z ]z7 ) B Z Q]z]
Jik =1

Proof. We get (3.10) by

Kk (z,n+ev) = Re (H(u(z,1) + eR[2|v), (u(z,n) + eR[z]v)")
= Kx(z,n) + 2 Re (Hu(z,n), (R[2]v)*) + &% Re (H R[]y, (R[2]v)*) .

Moreover we arrive at (3.11) by

1345

(3.8)

(3.9)

(3.10)

(3.11)
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Ke(zn+er) =270 [ Glulzn) + eRlely) @lem + 2REW)) do
and by
G((u(z.m) + eR|zlv) (a(zn) + eRw)
:G( (z,n)u(z, n)+25Re( (z,n)m) +€2R[z]uR[z]V)
= 0(c®) + Glu(z, myulz,m) + 2e9(u(z n)ulz n)Re (Bu(z,n)(R2]»)")
+é? [gw(z, nyulz )RRy + 29/ (u(z, nutz,m) (Re (u( n)R[z]u)f]

< [2g/(u(z, )z, m)Re (u(z, ) RIDw) RIEWEED + 5" (ulz m)aCem) Re (u(z ) RER) | o

We now examine the r.h.s. of (3.9).

Lemma 3.3. Consider the first two terms in the r.h.s. of (3.9). We then have

n n 2N+3
K(z,0)=> E@Qi)+>_. >, Y. Z™am(z?) + REET(2,2), (3.12)
j=1 j=1 1=0 |m|=l+1

Re (0, K(2,0),n") = Z > (2, Z™(Gjrm(21*), 1) + c.c) + Re(SZL(2,2),7%),  (3.13)

where the coefficients in the r.h.s.’s have the properties listed in claim (1) in Proposition 3.1.

Proof. First of all, both Lh.s’s of (3.12)-(3.13) are gauge invariant. Then (3.13) is an immediate consequence
of claim (3) of Lemma 3.4 below.

We have

ZQM =E(Q1:) +EO_ Q) + / 5500 E(sQuz +1t Y Qj2,)dtds

7>1 [0,1]2 7>1

E(Qpz,) + ax(z) with ag(z Z / 9551 E(5Qk=, +fZng dtds.

L0,1)2 i>k

H

I
-

B
I

1

The ay(z) are gauge invariant, so that we can apply to them claim (2) of Lemma 3.4 below. Furthermore,

since ai(2) = O(|Z|) we conclude that in the expansion (3.14) for aj(z) we have equalities bjo(|z;*) =0. O

Lemma 3.4. The following facts hold:

(1) Fora(¢) smooth from Bc(0,0) to R such that a(e'?¢) = a(¢) for any 6 € R there exists « € C*([0,6%); R)
such that o(|¢]?) = a(().

(2) Let a € C™(Bcn(0,6),R) satisfy a(ezy,---,€e%2,) = a(zy, -, 2,) for all € R and a(0) = 0. Then
for any M > 0 there exist smooth bjo such that bjo(|z;|*) = a(0,---,0,24,0,---,0) and

alz, )= Y Z™bm(lz]?) + R (2, Z). (3.14)
Im|<M—1
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(3) Let a € C=(Bcn(0,9),%,) Vr € R such that a(ez,- -+, e%2,) = (zl, -y zn). Then for any M >0
3G jm such that Gjm € C*(Bcn(0,0),%,) Vr, 2, ]0(|zj| )= a(O ,0,24,0,---,0) and

o)=Y Y 4B Gl + S 2), (3.15)
j=1|m|<M—1
Proof. This elementary lemma is proved in [21]. O
The 3rd term in the r.h.s. of (3.9) is dealt by the following lemma.

Lemma 3.5. There exist Gomia—i)(2) as in the statement of Proposition 3.1 such that (3.4) holds and
2 . .
Re (02K (2,00m,m%) = (Hn,n*) + REZ(2m) + D D Z™(Gomie—i (2), 1% (n")®*77).  (3.16)

i=0 |m|<1

Proof. By Lemma 3.2 and by claim (2) in Lemma 2.8 we have

% Re (95K (2,00n,m) = (HRIzn, (Rl=In)") + {9 _ Qjz, Qs ) Blzln, (Rlzln)")

Jik

+2Re<g'(z szj@jz] ZQQZ] ZQ]zJa >
3k
= (Hn,n") + R oo (2,m)

Q(Zszj@ka)Uaﬁ*>+2Re<9/(ZszjC_2kzk)Re ZQijﬁ Zsz,ﬂﬂ
j=1 j=1

Jsk Jik

The last line yields the last term of (3.16) and it is straightforward to see that it has the required proper-
ties. O

To finish the discussion of the r.h.s. of (3.9) we need to compute Rp. We consider first a preparatory
lemma.

Lemma 3.6. Let I = 1,---,n and A = R,I. Then we have (DiaR[2])n = 37}_, RY o (2,m)0;.

Proof. One has R[zly = 0+ Y, (aslz})és. So DiaRlely = Y0y ((Diac[2)m) 5. Now, Diaalzln —
[ DiaBj(z)ndx+ [ DiaC;(z)n* dz, where B and C are given in Lemma 2.8 and we have Dj4B;(z) = 8L,
and Dj4Cj(z) = SL°, . This yields the lemma. O

We set u = Z?Zl Qjz; + R[z]n. Then, we have Djagu = DiaQq., + (DiaR[2])n. For I = 1,---,n and
A = R, I we have

D;aRe <(8,?;Kp(z, mn) n,n*) = 64 + 48
o := DiaRelg(ui)Re (R[:In) SR[:Dn, (R[zn)"),
% i= DiaRelg"(ut) (Re («FE) ) Bu. (REDn)").

‘We have
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o = 2(g" (ut)Re (Dyau) Re (uR[Jn ) BR[=]n, (Rl=]n)")
+ {g'(um)Re ( DoauRR[ly ) BRI, (RIzIn)*) + (g (ui)Re (u{DiaRIz])n) BRI, (Rlln)*)
+2(g'(ui)Re (uR[=In) B(DuR[D), (RIln)"),

% = 2(g""(um)Re(uDizu) (Re (uRTT7) ) B, (RIJn)")
+2(¢" (ui)Re (um) Re (DlAum) Bu, (R[2]n)*)

+ 2(¢" (wit)Re (um) Re (u(DlAR[z])n) u, (R[z]n)*)

+(g" () (Re (uBL) ) ADuaw, (Rlln)®) + (g (um) (Re (uRED) ) B (DiaR[Dn)").
All the terms in the formulas for &7 and % can be expressed as

Do > (Gay(zm)n® @ () )REEL (z,m) + R3Z e (2:)- (3.17)
d=2,3 i+j=d

Therefore Rp admits an expansion of the form (3.17), which is absorbed in terms of the r.h.s. of (3.3).

Proof of Proposition 3.1. We have just seen that Rp is absorbed in the r.h.s. of (3.3). The other terms of
the r.h.s. of (3.9) are treated by Lemmas 3.3 and 3.5. O

4. Effective Hamiltonian

In this section we apply the theory of Sect. 4 and 5 in [21] which yields an effective Hamiltonian in an
appropriate coordinate system, which in turn will be used to prove Theorem 5.1 which yields Theorem 1.3.
Finding an effective Hamiltonian entails canceling as many terms as possible from the 2nd line of (3.3)
through appropriate changes of variables. This process is called Birkhoff normal form argument and is done
by means of a recursive procedure where each time we need to cancel a term from the hamiltonian we
find an appropriate coordinate change by first solving an equation, the homological equation. It is easier to
implement this procedure using coordinates which are Darboux. In a finite dimensional setting this would
mean that the symplectic form is equal to a simple model, like wy := > j idz; A dz;. This corresponds
to diagonalizing the homological equations. Furthermore, it is important that the new coordinates remain
Darboux. This means that the change of coordinates should leave wq invariant. One way to do this is to
make changes of coordinates using flows of hamiltonian vector fields. See for example Sect. 1.8 [32] for a
general introduction to the subject.

The system (3.2) is Hamiltonian with respect to the symplectic form

QX,Y) = —2Im(X, V™). (4.1)

The first thing to notice is that the coordinates in Lemma 2.9, initially the most natural coordinates in our
problem, do not form a system of Darboux coordinates for (4.1) in any reasonable sense. Indeed €2 is rather
complicated in this coordinate system.

We consider as a local model the symplectic form

Qo =1y (1+7(|2[*))dz; A dz; +i(dn, di*) —i(dn*, dn)
j=1

where 7; (|2 [*) = = (q;(121*), @5 (12 *)) + 2l21* Re (@5 (1), 75(1251)) (4.2)

with ¢’;(t) = 47;(t). By Proposition 1.1 and Definition 2.10 we have v;(]2;]?) = R20 . (|25]?).
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Remark 4.1. Q is the same local model symplectic form of [21]. We do not know if Proposition 4.2 below
holds when choosing ; = 0 because we do not know if in (4.6) below we would still have S; = RL and
Sy = S,{;io, which is crucial. Notice, incidentally, that the Darboux Theorem is an abstract result. But in
[21] it is proved with an ad hoc argument exactly because we want this change of coordinates, as well as
all the other coordinates changes in the paper, to have this crucial property. The fact that all coordinate
changes have this property guarantees that the limits (1.10) in one coordinate system imply the same limit
in any other coordinate system.

While Qy would be simpler if v; = 0, nonetheless it is simple enough for a normal form argument.
In Sect. 4 [21] the following proposition is proved.

Proposition 4.2 (Darboux Theorem). Fix any r € N. There exists a 6o € (0,do) such that the following facts
hold.

(1) There exists a gauge invariant 1-form I’ =T jadzja + (Ty, dn) + Ty, dn*), with
Tja =R o(2,2,m) and Te = Sy (2,Z,m) for & =n,n", (4.3)

such that dI' = Q) — Q.

(2) For any (t,z,n) € (—4,4) x Ben(0,80) x Bge (0,80) there exists exactly one solution X'(z,n) € L?
of the equation ix:Q; = —T. Furthermore, X*(z,n) is gauge invariant, X*(z,n) € 3, and if we
set Xfa(z,m) = dzjaX'(z,m) and X}(z,m) = dnX'(z,n), we have X[ (2,m) = Ry (t,2,Z,m) and
X (z,m) = Spk(t, 2, Z,m).

(3) Consider the following system in (t,2,1m) € (—4,4) x Bcn(0,80) X Bse (0,00) for all k € Z N [—r,7]:

2, = th(z,n) and 7 = X;(z, 7). (4.4)

Then the following facts hold for the corresponding flow §*.
(3.1) For 61 € (0,00) sufficiently small we have

%'t € COO((—Q, 2) X B(Cn (0, 51) X Bzi (O7 (51)7 Ben (0, 50) X Bgz (0, (50)) fOT allk € ZN [—7", 7‘]
§' € C=((=2,2) x Ben(0,61) X Baing,(0)(0,61), Ben (0,00) X Brria,j0)(0; 0))- (4.5)
In particular we have
zjt =2+ S;(t,z,n) and n* =n+ S,(t, z,n), (4.6)
with Sj(t, 2,1) = Ry:5(t, 2, Z,m) and S, (t, z,n) = S5 (¢, 2, Z, 7).
(3.2) The map § = T is a local diffeomorphism of H' into itself near the origin, and we have F*Q = .
(3.3) We have S;(t,eVz,e'"n) = e?S;(t, z,n), Sy(t, ez eVn) =€V S,(t,2z,n). O

We now consider the pullback K := E o §.

Lemma 4.3. Consider the §; > 0 and &9 > 0 of Proposition /.2 and set ro = r with r the index in
Proposition 3.1. Then we have

S(Bcn (0, 51) X (BHl (0, 51) N HC[O])) C Bcn (0, 50) X (BHl (0, (50) n HC[O]) (4.7)

and §|gen (0,61) % (Bpy1 (0,81)nH.[0]) @S @ diffeomorphism between domain and an open neighborhood of the origin
in C" x (H* N*H.[0]) and furthermore the functional K admits an expansion for ri = ro — 2
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K(zn) = Ha(z)+ Y Nz

j=1,...,n
2N+4 n 2N+3
+ 30 3 2Dl ) + > (EHZG (%)) + ec)
I=1 |m|=l+1 j=1 1=1 |m|=l
+ R (2m) + RN (2,Z,m) + Re(S02N (2,2, n),m%)

3
+ ZZRQ(?J / G (x, 2,m (@) (2) © (" (2))® D

d=21i=1 R3
T2 D 2P G ()0 @ (7)) + Bp(), (4.8)
1+j=2|m|<1
where
n
Hy(z,m) =Y ejlz* + (Hn,n")
j=1
and where: ngu Ggm] are S0 ; 5,11)(|z1|2,...7|zn|2) = R (2); c.c. means complex conjugate;

Aj(l2%) = R22 (1% %);
G (- 2,m,¢) € C(Ben(0,81) x -, (R?,C) x C*, %, (R?, B4(CH, ©)))).

For m| =0, G(QL)W( n) = Gomi;(2) is the same of (3.4). Finally, we have the invariance Rilzoo(e z,el'n) =
R (2:m).

71,00

Proof. The proof of the above statement with possibly nonzero terms also corresponding to [ = 0 in both
summations in the 2nd line of (4.8) is elementary, see Lemma 4.10 in [21] and Lemma 4.3 [20].

The key fact that in the 2nd line of (4.8) both summations start from ! = 1 and there are no [ = 0 is
proved in the Cancellation Lemma 4.11 in [21]. O

Consider now the symplectic form g in (4.2). We introduce an index ¢ = j, j, for; =jwithj=1,...,n
We write 9; = 9., and 9; = 0z, z; = Z;. Given F € C'(U,C) with U an open subset of C" x X, its
Hamiltonian vector field Xr is defined by ix, o = dF. We have summing on j

ixpQo = i(1+7;(12 ) (XF);dz; — (Xp);dz;) +1((Xp)y, dif) — 1 ((Xr)z,dn)
= 8dezj + 8de2] + (VnF, dn) + (Vn*F, dn™), (4.9)
where (4.9) is used also to define V¢F for £ = n,n*.
Comparing the components of the two sides of (4.9) we get for 1 + w;(|z;|*) = (1 + 7;(|2j]?)) " where
@;(12]%) = R2 o (121%):

(Xp); = =11+ @;(1z*)0;F ,  (Xp); =i(1+wm;(|2]*))0; F,
(Xp)y = —iV,e F,  (Xp)y: =iV, F. (4.10)

Given G € C1(U,C) and F € C'(U,E), with E a Banach space, we set {F, G} := dF Xg.
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Definition 4.4 (Normal Forms). Recall Definition 2.4 and (2.3). Fix r € Ny. A real valued function Z(z,n) is
in normal form if Z = Z, + Z; with Z, and Z; finite sums of the following type, for 1 > 1: for Gjm(|2;]?) =

S29 (1z;]?), c.c. the complex conjugate and am(|21]%, ..., [20]?) = RO (1217 - -, [20]?),
Zi(zZom) =) Y (ZHZ™Gm(lz),m) +ec), (4.11)
j=1 |m|=l
me/\l/[j(l)
Zo(zZom)= > Z™am(nl’. .|zl (4.12)
|m|=1+1
meMo(l+1)

Remark 4.5. By Hypothesis (H4), in particular by (1.6), for any m € My(2N + 4) we have Z™ =
|21 [#™1 .|z, | for an m € NB with 2|m| = |m|. Similarly by (H4), in particular by (1.5), for |m| < 2N +4
we have |37, ,(ea — ep)map — €] # M.

For 1 < 2N 44 we will consider flows associated to Hamiltonian vector fields X, with real valued functions
x of the following form, with by, = Ryeo(|21]?, . ., |20]?) and Bjm = S2'%(|2;|?) for some r € N defined in
B¢ (0,d) for some d > 0:

X= > Z%wm(nlf )+ Z™ (Bjm(|2*),m) + c.c.). (4.13)
|m[=1+1 j=1 |m|=1
m¢ Mo (1+1) m¢M; (1)

The following result is proved in [21].
Proposition 4.6 (Birkhoff normal forms). For any « € NN [2,2N + 4] there are a §, > 0, a polynomial x,
as in (4.13) withl=1,d =96, andr =1, =rog — 2(¢t + 1) such that for all k € Z N [—r(t),r()] we have for
each x, a flow (for § > 0 the constant in Proposition 4.2)

gL € C=((—2,2) x Ben(0,6,) x Bs¢ (0,8,), Ben (0,6,-1) X By (0,6,-1)),
¢! € C=((—2,2) x Ben(0,0,) X Brrian,(0](0,6,), Ben (0,6,-1) X Brriggg(0)(0,6,-1)) (4.14)

and such that, if we set T := Fopoo---0¢,, with § the transformation in Proposition 4.2 and the P; =
then for (z,m) € Bcn(0,0,) x (Br1(0,6,) N H[0]) we have the following expansion

H(L)(Z777) =FEo S(L)(«Zvn) = HQ(Zan) + Z/\](|zj|2) + Z(L)(Zv Zﬂ?)

j=1
2N+3 n 2N+3

FYY zma(al a0 Y Y B G()) + )
=t |m|=l+1 j=1 I=1 |m|=l

+ R (2,m) + REZNY(2,Z,m) + Re(S22N (2, Z, ), n")

3

+ZZR2§; / GO (@, z.n, (@) () © (n* ()24 Dda
d=21i=1 R3

+ 33T Z™GE(2). 0% @ (1)) + Ep(n), (4.15)
i+j=2 |m|<1

where, for coefficients like in Definition J.4 for (r,m) = (r,,00),
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S Zmam(lzf ) D D HZ™Gim%]7) ) + cc). (4.16)

meMo(L) J=1 meM;(t—1)

We have R}12, = R)2,, and R}? (€2 ey = RE2 (2,n).

72,00 72,00
In particular we have for 6y := dana and for the dg in Proposition 4.2,

FON(Ben(0,65) x (B (0,87) NH[0])) € Ben (0,80) x (B (0, 80) N H[0]) (4.17)

with -7'—|Bcn(0,6f)x(BH1(0,6f)m-tc[0]) a diffeomorphism between its domain and an open neighborhood of the
origin in C" x (H' NH.[0]).

Furthermore, for v =19 — 4N — 10 there is a pair RLY and SLL such that for (2/,n') = FEN+ (2, n)

Ty OO ,00
we have

=24+ RN (2, Z,m), ' =n+8S1k(22Z,n). (4.18)

Furthermore, by taking all the 6, > 0 sufficiently small, we can assume that all the symbols in the proof,
i.e. the symbols in (4.18) and the symbols in the expansions (4.15), satisfy the estimates of Definitions 2.10

and 2.11 for |z| < 6, and ||n||s,,,, <0, for their respective t’s. O

r(e)

5. Dispersion

We apply Proposition 4.6, set H = HZN+4) 5o that for some 7 € N which we can take arbitrarily large,
n

H(z,n) :H2(2777)+ZAJ(|ZJ‘2)+Z(27Z7W)+R7 (5.1)
j=1

with Z(z,Z,n) = ZCN+4(2,Z,7) and

R =R2(2,n) + RE2N5(2,Z,n) + Re(SL2N (2, Z,m), ")

3 d
+ ZZRgég,god(Z,ﬁ)/Gfﬁ) (2, 2,7,0(x))n® () @ (n*(x))2 4 Ddx
R3

d=2i=1

+ 3 26, (). @ (1)) + Ep(n). (5.2)

1+j=2|m|<1

Our ambient space is H*(R?,C*). So under (H1) the functional u — g(ui)Bu is locally Lipschitz and (1.1),
(3.2) and the equivalent system with Hamiltonian #H(z,n) and symplectic form €2y, are locally well posed,
see pp. 293-294 in volume IIT [51].

By standard arguments, see [21], Theorem 5.1 below implies Theorem 1.3.

Theorem 5.1 (Main Estimates). Consider the € of Theorem 1.3. Then there exist g > 0 and a Cy > 0 such
that if € < € then for I =[0,00) we have the following inequalities:

||n|‘Lf(I,Bj;%(R3,C4)) < Cé, for all the pairs (p,q) as of (1.12), (5.3)
7l 27,4103 cay) < Cé, (5.4)
70l L2(1,Lo0 (r3,c4)) < C, (5.5)
||szm||L§(I) < Ce, for all (j,m) with m € M;(2N +4), (5.6)
I2jllypoo(ry < Ce, forall j € {1,...,n}. (5.7)
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Furthermore, there exists p4 € [0,00)™ such that there exists a jo with p4; =0 for j # jo and there exists
Nt € L™ such that |p+| < Ce and ||n4]|L~ < Ce such that

Jm (¢, ) — e P, (@) Lo s c1) = 0, (5.8)
lim |z;(t)] = py;- (5.9)

t—+oo

By an elementary continuation argument (see [8,21] or [49], end of the proof of Theorem 2.1, Sect. II),
the estimates (5.3)—(5.7) for I = [0,00) are a consequence of the following proposition.

Proposition 5.2. There exists a constant co > 0 such that for any Cy > co there is a value eg = €o(Cp) such
that if the inequalities (5.3)—(5.7) hold for I =[0,T] for some T > 0, for C = Cy and for 0 < € < €, then
in fact for I =1[0,T] the inequalities (5.3)—(5.7) hold for C = Cy/2.

Proof. By Lemma 5.11, there exists a fixed ¢; > 0 such that given any Cj if ¢y > 0 is small enough we have
for all admissible pairs (p, q), for the M of Definition 2.4 and for a preassigned 79 > 1,

<cieta Y, 22201 (5.10)
(n,v)eM

T e
LY([0,T),B, 2" )NLE([0,T],Hy' ™ "0 )NLE([0,T],L5°)

The aim of Sect. 5.1 is to prove that there exists a fixed ¢o > 0 such that if ¢ > 0 for any given any Cj if
€9 > 0 is small enough we have

Z 125117 00 0,7 + Z 21320,y < €26? + c2Coe. (5.11)
J (n,v)eM

This implies that we can replace Cy with C; with C7 = \/c2(1 4+ Cp) < 2v/c2Cy. We have Cy < Cy/2 if
Cy > c¢g := 16¢. The proof is now completed. O

5.1. Completion of the proof of Proposition 5.2
5.1.1. Bounds on the continuous modes

We start this section by listing some results known in the literature, then we prove some auxiliary tools
required for the proof of Proposition 5.2. The following theorem is Theorem 1.1 [6].

Theorem 5.3. Under hypotheses (H2)—(H3) for s > 5/2 and any k € R we have
et Potg | s (s 1y < Coolt) "2 | Perio| s s ety O (5.12)
The subsequent is Theorem 1.1 in [7].

Theorem 5.4 (Smoothness estimates). For any 7 > 1 and k € R 3C such that

le™ Petp|| L2 2, 1%~ m3,c1y) < ClIPe | e (g3, (5.13)

| [ P dillg < CIPF s o0 00y (5.14)
R

| / e HPE(Y) dt'|| 2w, v 3,01)) < CIPeF || L2, mvom (w3 ,04)) - (5.15)

t'<t



1354 S. Cuccagna, M. Tarulli / J. Math. Anal. Appl. 436 (2016) 1332-1368

The following is Theorem 3.1 in [6].

Theorem 5.5. For p € [1,2], 8 € [0,1], with k — k' > (2+ 9)(% —1) and q € [1,00], there is a constant C
such that for p’ = z%’
[t =102 it <1

eltDu r < C(K(t %717 where K(t) :=
162 g o, < CUKE) O= e ot

The following is Theorem 1.2 in [7].
Theorem 5.6 (Strichartz estimates). For any 2 < p,q < oo, 6 € [0,1], with (1 — %)(1 + g) = % and

(p,0) # (2,0), and for any reals k, k' with k' —k > a(q), where a(q) = (1+4)(1— %), there exists a positive
constant C such that

He_itHPCwHLf(]R,Bf;’Q(RL”,C“)) <C HPC’(/}||HI¢’(R3_’(C4) ) (5.16)
/eitHPCF(t) dt S C ||PCF||L2:,(R,BIC/, 2(R3,(C4)) b) (5.17)
R HF(R3,C4) ’

/ == H p (4 g <C ||PcF||Lg’(R,BQ;,z(R%@)) 7 (5.18)
t'<t L?(R,BE ,(R3,C%))

for any (a,b) chosen like (p,q) and h —k > a(q) + a(b). O
We have the following facts concerning the resolvent of the operator D_4, see [6-8].

Lemma 5.7. The following facts are true.

(1) For z ¢ o(D_4) for the integral kernel we have Rp ,(z,y,2) = Rp ,(x —y, z) with

Rp ,(z,2) = (z+ M) Wl =220 T eV I IR e (5.19)
AN W AM?— 220 (z — M) 47 |z| 47|z |? ’

where T = x/|z| and where for ¢ = Vr with r > 0 and ¥ € (—,7) we set \/C = e?/2/r.
(2) For any T > 1 there exists C such that ||Rp_,(2)Y||L2—~®s,cty < ClY|p27ws,c4), for all z ¢ R.
(3) For any T > 1 the following limits exist in B(HY™ (R, C*), L>~7(R3,C*)),

R}, (\) = lim Rp, (\ £ ic) for A € R\(—4,.4) (5.20)

and the convergence is uniform for \ in compact subsets of R\(—.4 , ).
(4) RE% (x,2) for z > M (resp. z < —.M) is obtained substituting v .A?*— 2> in (5.19) with
—iV22 — . = li{% VA2 — (z+ig)? (resp. iV 22 — M? = li\I‘I(l] VM — (z+i€)?).

(5) We have

(5.21)

AN+ A4 —ioc-V
:l: :t . «—
Rp (V) = B2, 4o (W)AR V) with A V) = <—ia Y A— ) '

By Lemma 5.7 above we are able to deal with the resolvent of the perturbed Dirac operator H.
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Lemma 5.8. For any preassigned 7 > 1 the following facts hold.

(1) The limits R5(\) = Ry (A+£i0) := h\I‘I(l) Ry (M\Eie), for X € (—oo, —a )U(M ,0), exist in B(L*™,L*~T)

and the convergence is uniform in compact subsets of (—oo, — M) U (M ,0).
(2) There ezists a constant Cy = C1() such that for any ug € L*(R3,C*) and any ¢ > 0 we have

H <£L’>_TRH()\ + iE)PcuOHLi(R,L%(RS)) S Cl ||Pcu0||L2(R3)~ (522)
(3) Let A be a compact subset of (—oo, —.a) U (M ,00). There exists a constant C1 = Cy1(1,A) such that
() ™7 Rig (\) Pewo | L= (a, L2 m2)) < Chl|Petio]| 2(g3)- (5.23)

Proof. Claim (1) is an immediate consequence of Theorem 5.3 in the case 7 > 5/2, as observed on p. 783
[6]. The extension to the case 7 > 1 follows by the proof of Proposition 3.10 [6]. (5.22) is equivalent to (5.13)
for k= 0.

We prove now (5.23). Let ug = Peug, A(z) = ()7 and B(z) € S(R3, S4(C)) such that B*A = V. Then

ARy (2)ug = (1+ ARp ,(2)B*) "' ARp ,(2)ug for z € C\R.
This equality continues to hold on R 4 i0 by Lemmas 5.7 and 5.8. We then have
IRENPull gz g2y < 1L+ ARY ,(NB*) Mpgzr som IRD , Wlpgzr zny (5:24)
By [1] there is a C'(7) > 0 such that for all A € R

||)‘RJ—FA()‘2)”B(Lﬁ",Li"") + HVRlLA()‘2)HB(L2”',L2’_T) < C'(7).

x

Then by (5.21) we have HRE%(/\)HB(Lg,T,Lg.fT) < C(7) for all A € R.
We obtain (5.23) from

ilelﬁ [I(1 4+ ARB/{ (A)B*)AHB(L?E,T,Li,T) < 00, (5.25)

which follows from the analytic Fredholm alternative. O

Remark 5.9. Notice that (5.25) is in fact true for A = R by (H3) and, for large A, by [26], see Appendix A
[8].

The next lemma is proved by an argument of [36] reviewed in Lemma 5.7 [8].

Lemma 5.10. Consider pairs (p,q) as in Theorem 5.6 with p > 2, k € R arbitrary and k' — k > a(q). Then
for any T > 1 there is a constant Cy = Co(7, k,p,q) such that

t
/ = p (i) dt! < Col|PoF |z gy - (5.26)

0 LYBk,

Proof. For F(t,z) € C§°(R x R?) set
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“+ o0 400
TF(t) := / dCOHp p(dt,  f = / P F(t)dt.
0 0

Theorem 5.6 implies |TF| pppe < [|fllgw for & —k = a(q). By Theorem 5.4 we have |f|gv <
q,
C||F||L%Hk/,. By p > 2 a lemma by Christ and Kiselev [14], see Lemma 3.1 [44], yields Lemma 5.10. O

Lemma 5.11. Assume the hypotheses of Proposition 5.2 and recall the definition of M in Definition 2.J. Let
To > 1. Then there is a fizved c1 such that for all admissible pairs (p,q) inequality (5.10) holds.

Proof. By picking ¢y > 0 sufficiently small and € = ||u(0)|| g4 < €0, for a fixed ¢; > 0 for the final coordinates
(2(0),7n(0)) of u(0) we have

[2(0)] + [[n(0)[[ s < cae. (5.27)
We have for G7,,, = G, (0)
n 2N+3

in=1i{n, H} :H77+Z Z Z szmG;fm—&—A, where

j=1 I=1 |m]=l

n 2N+3
A= D 52 G n(1%]%) = Gl + Vi R (5.28)
j=1 I=1 |m|=l
We rewrite
n 2N+3
HIGm = Y #'2G,,. (5.29)
j=1 I=1 |m|=I (,v)EM
Notice that (5.6) is the same as
122" || L2(ry < Ce for all (u,v) € M. (5.30)

The proof of Lemma 5.11 is a consequence of Lemmas 5.12, 5.13 and 5.14 below. O

Lemma 5.12. For Iy := [0,T] and for S € R and ¢y > 0 small enough then for a constant C(S,Cy)
independent from T and € we have

A L2 (15, 145y 4 11 (1,110 < C(S, Co)€>. (5.31)
Proof. We have r —1 > S,

12 Z™(Gim(12*) = Gimlllz2rr a5y < 12 2™ [ L2(20.0) |G im (125]%) = Gl e 17,1059

< Coesup{[|Glm (12 M)z, < l2i] < S0} [l (17,0 < CCFE™. (5.32)

Furthermore we get for a fixed ¢; > 0

IV Ep (2t (zr. 4y = 2l g (i) nll L 2,11y < exllnllzoe e, 1ll22 (1, 1) < e1CO€% (5.33)

The rest of Lemma 5.12 follows by the fact that for arbitrarily preassigned S > 2,



S. Cuccagna, M. Tarulli / J. Math. Anal. Appl. 436 (2016) 1332-1368 1357

||R1||L2(IT,H475) < C(S, 00)62 for Rl = VU* (R - Ep(n)). (534)

This inequality is proved in [21] (for H** replaced by H'°, but the proof is the same). Then (5.32)(5.34)
imply (5.31). O

Lemma 5.13. Consider ity — Hy = F where P, and ¢ = P.a). Let k € Z with k > 0 and 79 > 1. Then for
(p,q) as in (1.12) and 19 > 1 for a constant C = C(p,q, k, 10) we have

||¢||LP([OT]B 3 Lo T HE ) < Ol (0)l[zx + ClF || L2 jo,77, 1) +L2([0,7], E*-70) - (5.35)

Proof. We split F' = Fy + F, with Fy € L'([0,T], H*) and F, € L?([0,T], H*™) and we write

() = eitHp(0) — 1Y / ei=DH B (9) s, (5.36)

Jj=1

Estimate (5.35) in the special case F' = 0 is a consequence of (5.16) and (5.13). The case ¥y = 0, F, = 0
follows by (5.18) and (5.13). Finally, the case 19 = 0, Fy = 0 follows by (5.26) and (5.15). O

Lemma 5.14. Using the notation of Lemma 5.13, but this time picking 1o > 3/2, we have

Hd’”L%([O,T],L“) < C||¢( )||H4 + C”FHLI([O T],H2)+L2([0,T], HY T0) (5'37)

Proof. The argument is the same of Lemma 10.5 [8]. We consider

t 2 t
Y(t) = e P )(0) +i/e_i(t_s)DﬁVw(s)ds—iZ/e it=s)D.a p,(s5)ds. (5.38)
0 i=1%

We have for k € (1/2,3]

le™ P (0| 3 e < Clle™ P« (0)llz 5, < Cl0(0)[[mrss < C'[(0)| 14

6,2 T
by the flat version of (5.16), which holds by [6]. Similarly we have

t

”/ PR | < O / L0 () dt | 3y,
0
< C'lPllymnss < OBl gy

Using Blgo,z C L* for k > 1/2 and picking k < 1, by Theorem 5.5 we have

t
[ / DD Py (t)dt ||y e < C / min{[t — ¢/ 72, [t = /|72 }|| Fa(t') | pryodt’
0 0 ' L?
< O Pz, < C"|{@) ™ Fallzzps, = C"[|Foll2aam0. (5.39)

where we have used ||, * Fa 1 < [[{2) 772 [[{x)™p; * Fallrz < C"|l@j * ({-)F)||Lz for fixed C" >0
and fixed 79 > 3/2. With F; replaced by Vi) we get a similar estimate. This yields inequality (5.37). O
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Setting M = M (2N + 4), see Definition 2.4, we now introduce a new variable g setting

g=n+Y withY:= Y z°2’Rf(e- (8- a))Gis. (5.40)
(a,B)eM

This can be traced in [10,47] and has the following meaning. When we write n = —Y + g the term —Y
is the part of 7 which has the most significant effect on the variables z;. Substituting n by —Y 4 g in the
equations for the z;, these equations reduce to equations dependent only on z, up to a perturbation.

The following lemma is an easier version of Lemma 10.7 [8] and so we give the proof in few lines.

Lemma 5.15. Assume the hypotheses of Proposition 5.2 and fix S > 9/2. Then there is a ¢1(S) > 0 such
that for any Cy there is a €9 = €9(Co,S) > 0 such that for € € (0,€q) in Theorem 1.5 we have

lgllz2(jo,17,2.-5) < c1(S)e. (5.41)

Proof. Substituting (5.40) in (5.28) and using (5.29) we obtain

ig=Hg+iY —HY + > 22°Gly+ A (5.42)
(a,B)eM

We then compute

iy = Z e-(B—a)z*’Ri(e- (8- a))G} 5 + T where
(a,B)eM

T := Z [BZ7Y(12J — eij) + 827}/(123 + eij)] . (543)
J

Then in (5.42) we have the cancellation

Y e (B-a)fRfj(e- (B-a))Ghy—HY + Y 290G, =
(a,8)eEM (a,B)EM

So (5.42) becomes
ig=Hg+A+T. (5.44)

We then have

g(t) = e_thn(O) + e_thY(O) —i [ e H{=s) (A(s) + T(s))ds. (5.45)

o — .

We have [le™ #n(0)|| L2r,12.-s) < ¢[|n(0)]|p2 < ce by (5.13). The rest of the proof of Lemma 5.15 is exactly
the same of Lemma 6.4 [21], where the auxiliary Lemma 6.5 [21] needs to be replaced by Lemma 5.16
below. O

Following the proof of Lemma 5.8 [8] we obtain Lemma 5.16 below. Lemma 5.16 is standard ingredient
in this type of proof. For example in [47] the analogous ingredient is Proposition 2.2, but versions appear
in [10,53] (see also references therein) just to name a few.
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Lemma 5.16. Let A be a compact subset of (—oo, —M) U (M ,0) and let S > 7/2. Then there exists a fized
c(S, A) such that for every t >0 and X € A,

|‘€7thRE(/\)PCU0||L2,—S(]R3) < (S, A)<t>7% | Pevoll 2.5 3y for all vo € L*9(R?). (5.46)

Proof. We expand R};(\) = RE%(A) —RB/” (MV R} (N). For 71 > 5/2, by Theorem 5.3 and by [5, Theorem
2] we have

le PR, (Mtollz2 - ey < ct)~: IRS, (Mol L2 g3y < Cit)~2 1Yol £2.71+1 (R3)
with C; locally bounded in A and 7. Hence, by the rapid decay of V' and by Lemma 5.8

He—itD_//[ R‘g/ﬂ ()\)VRE ()\)Pcwo HL2,7'1

3

_3 _3
< O E IVl pzens omony |RENPel| pgams panemyy llizn < O3 O

5.1.2. The analysis of the discrete modes
Let us turn now to the analysis of the Fermi Golden Rule (FGR). We have

iZj = (1+@;(l2*)(ejz + 0z, 20|21, - [2nl?) + 02, R)

+(1+Wj(|zj‘2))[ Z VjZ;—%V@%G#U){- Z ,U*/Z 72 ", G* #Vﬂ

(pv)EM J (W v)eEM
+ (14 @=;(12]*)I Z 2;2Z™ (Gl ) + 22 2% (G ). (5.47)
meM,; (2N +3)

We use (5.40) to substitute an appropriately 7 in the equations above getting, for M,,;, defined as in (2.5),
i2; — ej2; = wj(|2*))ejz + (L+w;(12)) 0z, Zo (1, - [2a*) + Ay + By + X (Minin),  (5.48)

where for M C M we set

— ptBzvta
X, (M) == Y v ———(Rf(e- (8~ ))Gip,Cpu)
() €M !
(a,B)eM
LV e s +B
- D w—————(Bule (8"~ a)Gap Gl (5.49)

(u' v')eM !
(o, 8"YeM

with

Aj=(1 +wj(|2j|2))azJR+wJ |Z]| Z VJ

P .
G/U’> + Z M;2—<n 7G,u’u’>]

(mv)eM % (' v)eM J
Mz w N
D S TR D SR Tt
(n,v)eM J (u',v')eM
+ L+ D 152 (G ) + 2™ (Gl )] (5.50)

meM,; (2N+3)
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and
Bj = X;(M) = X;(Mpin).- (5.51)

We notice that the r.h.s. of the identity (5.49) is well defined by Definition 2.4 in combination with
Lemma 5.16. This observation allows also the introduction of the variable ¢ defined by

¢; = z; + Tj(z) where

Tj() > v e (Rfy(e- (8~ a))Grag, G
i(z) = _ (B — * 0 G
j (14:0) € My (n=v)-e—(a=p)-e)z; " 1 g
(e, ) € Mmin
oz et .
+ —(R(e- (8 —d)Guap, G, (5.52)
(M’V%:M. (aliﬂl),ei(uliyl)'e)zj< H ( ) B W >
(alvﬁ,)eMmin
with the summation performed over the pairs where the formula makes sense, that is (u—v)-e # (a—f)-e

We have the following lemma (see also [21]).
Lemma 5.17. Assume (5.30). We have
1€ = 2l 2(0,r) < ¢(N,Co)e® and ||¢ — 2| (0,7 < ¢(V, Co)e? (5.53)
and C equations
i = (L+ (12 (e¢ + (121G + 9, Z0(0))

Y S R e v - )G G

(NvV)EMmin C]
/ |CV CM |2 ’ ’ ) 4
> z, ——=——(Ry(e- (V' = i)Guw,Ghp) + G, (5.54)
(W' V") € Mmin J

where there are fixed ¢4 and €9 > 0 such that for T > 0 and € € (0,¢y) we have
1G;¢ill Lo < (1+ Co)ea®. (5.55)
Proof. We have
iéj =iT; — e;T; + e;¢; + r.hus. of (5.48).
By elementary computation we have

il —e;T; = —X; Min) + T4, where
J jtJ J J

T =Y [0:,T;(i4 — e1z) + 05, Tj (i1 + €;7)] . (5.56)
l

This leads to the cancellation of X;(M,,,) and, for a G; which we write explicitly below, to
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i€ = (1+ (2P ess + ;20011 P -, [Gal)
+Brvta
- Y wE e (- )G G
J

(”‘7'/)7(aa5)eMmin
(a=B)-e=(p—v)-e

/ CV/+0‘/€/’L,+6/ — / / *
- Y e - G G G (55T)
(1 v"),(a'\B") € Muin J
(o' =f")e=(n'—1")-e
By Lemma 2.5 we achieve that (a — ) -e = (u — v) - e implies (a, 8) = (p, V). Similarly (o/, 8") = (¢/, V).
Hence (5.57) can be written as

i¢; = (L+ w(l2*)(es¢ + 9, Zo(1Gi - - [Gal))

DOz 7 (Rir(e- (v = 1), Guu)

(1,v) € Miin

U2
Z 1 |CH_< ‘ <R1—1(e . (V — lu))G“l,7qu> + gj;

(p,v) EMpmin Cj

that is the equation (5.54), where, recalling A; as in (5.50) and B, as in (5.51),

Gj = B; + Gj, where
i = A+ 1L+ @(M))0;20(1, - [2nl*) = 0520 (11, - 16a*)] = €212 1) T (2) + T

The proof of (5.53), an easy consequence of the estimate (5.30) (or equivalently (5.6)), and the proof of
||g;‘Zj||L1[O,T] < (1 + Cp)eqe? are in [21]. The proof of (5.55) is then a consequence of

1B5¢i My < 1Bzl s + 1Bl 221125 — Gillzz < C(Co)e®. (5.58)
To prove (5.58) we use
1BjzillLy < Z 272" || 12 12%2%| 12 < C(Co)e?,
(p,v)EM\ M pnin,
(a.8)eM

by the definition of M,,;,. In an analogous way it is possible to prove the remaining estimates needed for
the second term on the r.h.s. of (5.58). O

By multiplying the identity (5.54) above by ¢ ; and summing over the index j we achieve, in like manner
as in [21],

d _
2y G ==X Y v [ PRE( — 1) )G G
J J

(p,v) EMmin

> PR (v = ) - )G G+ Zlm[gj@]- (5.59)

(H7’/)6Mmin

Thus by using the substitution, for any (v — i) - € € A (see the formulas (A.7) and (A.9) in Lemma A.1 of
Appendix A),
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tind(H — (v —p) - e), (5.60)
e

we can state the following lemma.

Lemma 5.18. For any (i, ) € M, we have

~U 1 *
zj:lm[ >y K |2<P'VWGMU’G v)

(1,v) € Mnin

+ D W |C“€V|2<P-VmGW,G* )] =0. (5.61)

(1,0) € Mimin,
Proof. By formula (A.9) below the terms <P.V.mf, %), for f =G, G}, are real valued. O
We have also the lemma below.

Lemma 5.19. For any (u,v) € My we have

P Imli > v CCREH ~ (v = ) )G G

(1,v) € Minin
—i > [CHCP(H = (v — ) - €) G, G
(1,v) € Minin
=7 > |CCPOH = (v—p) - e)Gy Gru) > (5.62)
(1,v) € Min

Proof. By (A.8) we have (0(H — (v — ) - €)G L, Gy,) = (0(H — (v — p) - €)G,,,, G ) > 0. Then, commut-

v
ing the summations and by |v| — |u| =1 we get

Lh.s. (5.62):77239,[ S W= ) [CMCPSH — (v — ) - €)Ghhyy Gru)]

(1,v) EMpin

=7 > (S(H-(v-p)-e)G;, Guw)>0. O

(p,v) € Mippin,

By an application of Lemmas 5.18 and 5.19 to the identity (5.59) we arrive as in [21] at the following.

Corollary 5.20. We have

_1%Z\le2=zlm[gﬁj]—w ST ICHCPOH ~ (v —p) - €)Gy, Gu). O (5.63)

J J (1sv) € Mimin

By Lemma A.1 in Appendix A we have

. (v —p) - €]
(O(H = (v —p)- )Gy, Gu) = |G ()PdS (£), (5.64)
g V(v —p)-e)? —a” '
uu
for S, = {€ € R3 : |2+ 4% = |(v — p) - €|} and for C:‘W(f) = Fv+(Gu)(§) the distorted Fourier
transform in (A.6). The G, are continuous functions by the fact that the G, are rather regular and quite
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rapidly decreasing. Since by (H5) we have CA?,“,\ S,, 7 0 for all (u,v) € My, it follows that there exists a
I' > 0 such that

(0(H — (v — p) - €) G,

pvo

Guv) >T >0, forall (u,v) € Mpyip. (5.65)

Now we complete the proof of Proposition 5.2. By the inequalities (5.3)-(5.7) and (5.55) in Lemma 5.17,
integrating (5.63) and using (5.65) we get for, any ¢ € [0,T] and for a fixed cq,

Dol + D 12 a0 < c2l€ + Coe?). (5.66)
i

(p,v)eEM

Here we have used the inequalities (5.53) in Lemma 5.17, which allow to switch from inequalities on ¢ to
inequalities on z. The function |%;(t)| can be estimated by using (5.48).
In particular (5.66) yields (5.11). This completes the proof of Proposition 5.2.

5.2. Proof of the asymptotics (5.8)
We write (5.28) in the form in = D_zn + Vn + B with, see (5.28),

B= > #%2G;,+A
(p,v)eEM

Then 0y (e!P#ty) = —ielP«*(Vy + B) and so

ta
¢ty (ty) — Datip(p)) = —i / P4 (Viy(t) + B(1))dt for ) < ta.

ty

Then for a fixed ¢y by Lemma 5.13, and specifically (5.35) for k =4, p = 00, ¢ = 2 and using 32 o = H* we
have

e 2 (t2) — e (ta) s < ca V() + B L1 (11 tal 119 +-L2 (11 2, 310 (5.67)

By (5.3), valid now in [0, c0) and for a fixed C, we have

”Vn(t)”Ll([tl,tz],H‘l«S) < Cl||77||L1(R+,H4’*10) < Ce.
By Proposition 4.6 and (5.30) we similarly have
1Y 22"G ey mea0y < C° > 113722 ) < Ce
(n,v)EM (n,v)eM
We also have (5.31) for It = R,. We then conclude that there exists an 7, € H* N H.[0] with

iD_ gyt

lim e t) = ny in H* and with ||, || gars) < Ce.
n 4+ (R?)

t oo

Now we prove the existence of p, and the facts about it in Theorem 5.1. First of all we have

—Z \zj|2 Zlm O;RZ; + Z vizPz"(n, Gu) + Z ;2" 2 *GZ,V,>].

(n,v)eM (w',v')eM
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Since the r.h.s. has L!(0, c0) norm bounded by Ce? for a fixed C, we conclude that the limit

Jim (1 (@) [ (B) = (P14 - ponet)

exists, with |p4| < C|lu(0)| ga. By limy oo 272" (t) = 0 for all (u,v) € M, we can conclude that all but at
most one of the p;; are equal to 0.
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Appendix A. Proof of the formula (5.60)

This section is devoted to prove the Plemelj formula (5.60) associated to the resolvent of the operator
(1.2). With this aim we need to rely now on the following facts. Borrowed by [6] we first introduce the
matrix functions g (z,§) € M4(C) with vector column given by

wg(m,f) = em'gv(f)ej, j=1,...4, (A1)

with L(€) = /[EF + A2,

(L&) + A)]s — Por- §

O = Aloo e

is a unitary matrix and e; are vectors of the canonical basis of C* (for more details see [52], Sect. 1). We
recall that the transformation

1
(2m)’}

0(€) F(u)(€) = / Vol ) u(x)d,
R3

diagonalizes the free Dirac operator D 4 as follows v*(§)FD_ 4 F*v(§) = L(§)B (we recall that F denotes the
classical Fourier transform with inverse 7*). Consequently we can define the distorted plane wave functions
PiE(2,€) € My(C) associated to the continuous spectrum of H (see for instance [1] and [2] for the cases of
Schrondinger and Klein—-Gordon) as follows,

) = 0l &) — AV @6, G =14, (4-3)
where

lime,o R (L(E) +ie)V(x,)  for j € {1,2},

. (A.4)
limaw o Ry (—L(€) + ie) Vi (z, &) for j € {3,4}.

A{}i(xvg) = {

We recall also that the distorted plane wave associated to the perturbed Dirac operator (1.2), here denoted
by 1/1$(x, £), satisfies the equation

Hyj (x,€) = £L(E)vy (2, €) (A.5)
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(the same equation holds for vy (z,&)). By this, for any g € S(R3 C*), we have the distorted Fourier
transform associated to H (in the sense of Sect. 3.3 in [6]).

Fui(g)€) = / (. £)"g(a)de, (A6)

1
(2m)}

is a bounded linear operator from H.[0] in L?(R? C*) and with inverse Fy, 4 defined as in Theorem 3.2
of [6]. Notice that we have also the relation F(g)(§) = v*(§)Fo,+(g9)(§). Motivated by this we state the
following lemma.

Lemma A.1. Let be A € R\[—, . #], then we have the following representation of the resolvent R (\) of
the perturbed Dirac operator H defined as in Lemma 5.8,

+ = 71 im —
R = PV £ imb(H ), (A7)
characterized by
Ri(S(H ~ N, %) = 3 (REO) ~ RgO) /. /)
i Al
S e \Fv 4 (F)Pde, (A.8)
el =y
and
1 1
<P-me, = §<RJ1§()\) + Ry (M )
L L(&)B + M
= 2{% / m|fv,+(f)|2d§ (A.9)

| 1€l —VAZ=A?|>e
for any function f € S(R?,C*) N H[0].

Proof. We deal with the proof of the formulas (A.8) and (A.9) for R};()\) because the one for Ry () is
similar. Select a f € S(R?,C*), then by transposing the arguments of [1] and following [58] one can see
that, for any z € C\o(H), the following identity is fulfilled

_ 1 _ L(§)B + zlca
F(Ru(2)f)(&) =F (H——zf) &= U(f)mﬂ&z)? (A.10)
where we set
(L(&)B + z1c4) _ ( —L(£%721C2 0 >
€12 4 A% — 22 0 ~rorle/’

(see once again [52]) and with the vector valued function f(¢,z) having the form

f(6,2) = ﬁ / (0(2,€) — Rer (= )V, )" (). (A1)

R3

Moreover by a use of Ry (z) — Ry (2*) = 2iRg(2)Ry(2*)Im z and Ry (2*) = (Ru(z))* for any z € C\R,
in connection with the Parseval identity and with the fact that v(&)v*(€) = v*(§)v(§) = Ica, one gets
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1 (ME)B + zlcs) *
3B (2) = R(1f. 1) =1 [ 1 8P e ) (e (A12)
R3
with the matrix
e L) ((L(&)—ig?ﬁa—zwf@? 0 ) .
£l 2 =2 0 T2 L@ ¢
Pick now z = X + ie, then we are allowed by the trace Lemma 5.8 to take the limit £ N\, 0 (see also [1]).
Combining this step with an application of the Plemelj formula ﬂ = PV1 + ird(z), we obtain from
(A.12) the identity
1 - x
S (REO) = ReIf, 1) = i [ SN Fve () Fva ()" (A13)
R3
with
_ S(L(E) — N2 0 )
Z(L(), N = .
wen= (", 5(-L(€) ~ Nes

At this point, an application of the identities (in S’(R®,C*), see for example [28], Chap. II, Sec. 2.5 or
Chap. III for a more general theory)

S(L(E) — A) = \/Azii//ﬂa(m N4, for > M, (A.14)
S(—L(€) = \) = \/%75% =42, for A< A, (A.15)

shows that the r.h.s. of identity (A.13) is equal to

TiA
|}"Z/+ )Pde,  for N> .4, (a)
| z
T (4.16)
|§|—V N —.a?

which in turn implies the identity (A.8). A similar discussion (actually easier) yields

1 )8+ )\IC4
—(R;(\) + Ry =PV. / S| Fv 4 (F)Pde,
that is the identity (A.9). This completes the proof of the lemma. O

Remark A.2. All the convergence arguments are well defined because of Lemma 5.8. Moreover in the proof
we used functions in f € S(R?,C*). One can easily extend to f € H**(R3, C*)NH[0] for k > 0 and s > 1/2
(which implies Fy + f € H}. (R3,C*) so that the restriction to spheres makes sense) by a density argument.
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