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Abstract

We extend to a specific class of systems of nonlinear Schrédinger equations (NLS) the theory
of asymptotic stability of ground states already proved for the scalar NLS. Here the key point
is the choice of an adequate system of modulation coordinates and the novelty, compared to the
scalar NLS, is the fact that the group of symmetries of the system is non-commutative.

1 Introduction
In this paper we consider the system of coupled nonlinear Schrédinger equations,

io3t + Au — B(|u|*)u = 0,
u(0, ) = ug(z) € C?, zreR3,

where i is the imaginary unit and the Pauli matrices are given by

o = ((1) (1)) ; o = (g _Oﬁ) , o5 = ((1) 01>. (1.2)

We assume that g satisfies the following two hypotheses, which guarantee the local well-posedness
of (1.1) in H'(R3,C?):

(H1) B(0) =0, Be C*(R,R);
(H2) there exists a € (1,5) such that for every k € Ny there is a fixed Cj, with

dk
’dvkﬂ(vg) < Cplo|*=F1 for veR, |v|>1.

We recall that under further hypotheses, there exist ground state solutions of the scalar NLS
it + Au— B(|lul>)u =0, u(t, x)|t=0 = uo(x) € C, reR? (1.3)

in H1(R?,C) which are of the form e!“!¢(z) with w > 0 and ¢(z) > 0. Here we assume:



(H3) there is an open interval O < (0,0) and a C®-family O 3 w > @y, € Npeny Tn(R3,C), with
¥, (R3,C) defined in (2.1), such that ¢, is a positive radial solution of

—Au +wu + B(Ju*)u =0 for x € R?; (1.4)

(H4) we have -L|¢,[2, > 0 for w € O;

(H5) for Ly = —A + w + B(¢2) + 28 (42 )92 with the domain H?(R3,C), L, has one negative
eigenvalue and ker Ly = Span{0;;¢. : j =1,2,3}.

The above hypotheses guarantee that the ground states are orbitally stable solutions of the scalar
NLS (1.3), see [22, 35]. In [14, 16] it has been proved that, under some additional hypotheses, they
are asymptotically stable, in a sense that will be clarified later. This paper shows that some solitary
waves of (1.1) are asymptotically stable. To state the result, we denote by C : C" — C™ the
operator if complex conjugation in C" and by SU(2) the group

SU(2) = {[((ljb (é)a] . (a,b) € C? such that |a* + |b]* = 1}. (1.5)
We consider the group
G =R3 x T x SU(2). (1.6)

There is a natural representation of G on H'(R?,C?), with ¥ € T acting on ug like eug, 2o € R®
acting like a translation operator, and with an element of SU(2) acting on wug by transforming it
into (a + boaC)ug. System (1.1) admits solitary waves of the form

; w2 ,
Yoo(t) = ent<w+7)e§”'(l_t”)¢w(x —tv) € , with the column vector € = “(1,0). (1.7)

We will show later that, along with mass, which we will denote by Il4, linear momenta, which we
will denote by Hi|f’:1, and energy, system (1.1) admits 3 further invariants related to SU(2) which
we will denote by Hl-|i7:5. By II we will denote the vector Hl-|i7:1. We will see later, that acting with
G on 9, we can generalize the solitary waves. We will have solitary waves ®, characterized by
II(®,) = p. We will prove the following theorem.

Theorem 1.1. Assume (H1)-(H5) stated above, (H6)-(H8) stated in Section 7, and (H9) stated in
Sect. 11. Pick w* € O. Then there exist eg = eo(w') > 0 and C = C(w') > 0 such that if u solves
(1.3) with u|t—o = ug and if we set

€ := inf H’Lto — T(g)¢wl’0(0)“Hl(R37c2) < €p, (1.8)
geG

then there exist a solitary wave ¥+ ,+, a function g € C'(Ry, G) and an element hy € H'(R3,C?)
with [hy| s c2) + lwe —w!'| + [vT| < Ce, such that

i u(t) = T(g(t)sr e (8) = €75 g o ) = 0. (1.9)
Remark 1.2. Noncommutative symmetry groups which involve the complex conjugation, of the type
considered in this article, are interesting in particular in view of the SU(1, 1) symmetry group which
appears in the nonlinear Dirac equation with scalar-type self-interaction (the Soler model) and in
the Dirac-Klein—-Gordon model; see [21, 29]. Such symmetry groups result in the emergence of two-
frequency solitary waves [8]; as a consequence, the asymptotic stability of standard (one-frequency)



solitary waves could only make sense if one takes into account the convergence of perturbed solutions
to both one- and two-frequency solitary waves, which creates additional difficulties on the way to
treating the asymptotic stability. Let us mention that this difficulty was avoided in the proof of
asymptotic stability in the Soler model in [7, 28, 6, 12] by restricting the class of perturbations so
that the convergence to a bi-frequency solitary wave was prohibited by symmetry considerations.

Theorem 1.1 is a transposition to a system of the result proved for scalar equations in [14, 16, 17],
see also [2]. We are not aware of previous similar results for systems of PDE’s. For the orbital
stability of systems of NLS we refer to Grillakis et al. [22], see also [4] and therein.

The proof of Theorem 1.1 goes along the lines of the proof for the scalar NLS. If we look
at the analogous classical problem of the asymptotic stability of the equilibrium 0 for a system
7 = Ar + g(r), where g(r) = o(r) at r = 0 and with a matrix A, of key importance is the location
of the spectrum o(A). Stability requires that if ¢ € o(A) then Re¢ < 0. Isolated eigenvalues on
the imaginary axis correspond to central directions whose contribution to stability or instability can
be ascertained only analyzing the nonlinear system, and not just the linearization » = Ar. This
classical framework is also used for Theorem 1.1. First of all, an appropriate expansion of u at
the ground states (see Lemma 3.1 below) gives us the variable r. The analogue of A is given by
(2.24). In our case the spectrum is all contained in the imaginary axis, but the continuous spectrum
plays the same role of the stable spectrum of A, thanks to dispersion and along the lines described
in pp. 36-37 of Strauss’s introduction to nonlinear wave equations [34]. The discrete spectrum of
(2.24) plays the role of central directions. The nonlinear mechanism acting on the corresponding
discrete modes and responsible for the stabilization indicated in (1.9) has been termed Nonlinear
Fermi Golden Rule in [32] and was explored initially in [10, 33]. A detailed description, by means of
some elementary examples, is in [19, Introduction], see also [36]. The same mechanisms described
in [19] and used in [2, 3, 10, 14, 16, 17, 33] and in a number of other papers referenced therein, are
applied here to prove Theorem 1.1. The novel difficulty occurs with the choice of modulation. Here
the the idea is to use the representation (2.19). The rest of the paper is not very different from
[14, 15, 16, 17]. In the course of the proof there are some difficulties related to the fact that the
Lie algebra of G is not commutative, and correspondingly, the Poisson brackets {IL;,II;} are not
identically zero like in the earlier papers. This is solved quite naturally by exploiting conservation
laws and considering the reduced manifold, see [25, Ch. 6]. Thanks to an appropriate uniformity
with respect to the conserved quantities of the coordinate changes, we obtain the desired result.

2 Notation and preliminaries

We start with some notation. For ¢ € C™ we consider the Japanese Bracket (s) = 4/1 + [¢|2.

Given two Banach spaces X and Y let B(X,Y) be the Banach space of bounded linear transformations
from X to Y.

Let m, k, s € R. Given a Banach space E and functions R®* — E, we denote by ¥,,(R* E) and
H**(R3 E) the Banach spaces with the norms

Jul,, = 1<KV =8+ 1212 )" ull 2 s gy (2.1)
s k
HfHH’“vS(]Ri*,]E) = ||<3?> <V —A> fHLz(Ri‘,IE)a (2.2)

where we will use mostly E = C2. We also consider

the space of Schwartz functions S(R* E) := M,,cr S (R3,E) (2.3)
and the space of tempered distributions &' (R* E) := UperSm (R?, E). (2.4)



We denote by *v the transpose of v € C", so that the hermitian conjugate of v € C" is given by
t(Cv). For u, v e C" we set |v|> = !(Cv)v. We denote the hermitian form in L?(R3, C?) by

(u,v) = Re JRB '(Cu(z)) v(z) dx, u, ve L*(R3,C?), (2.5)

and we consider the symplectic form
QX,Y):=(03X,Y), X, YeL*R3C?. (2.6)

Definition 2.1. Given a differentiable function F', its Hamiltonian vector field with respect to a
strong symplectic form 2 is the field Xp such that Q(Xp,Y) = dF(Y) for any tangent vector Y,
with dF the Fréchet derivative. For F, G differentiable functions their Poisson bracket is {F, G} :=
dF (X¢) if G is scalar valued and F is either scalar or has values in a Banach space E.

Notice that since X — (io3X, ) defines an isomorphism of L?(R3,C?), or of H*(R?,C?), into
itself, our symplectic form (2.6) is strong. For u € H'(R3, C?) we have the following functionals (the
linear momenta and mass) which are conserved in time by (1.1):

I, (u) = 27 Quu,u), O := —i030,, for a =1,2,3; (2.7)
My (u) = 27 04u,uy, O4:= 1(= identity operator); (2.8)

see [22, (2.6) and p. 343] for (2.7). We also consider the following functionals II;, j = 5,6, 7:

0302C7 .7 = 57
I (u) := 2710 u, u) with O; := { i030,C, j =6, (2.9)
03, .] =T

The energy is defined as follows: for B(0) = 0 and B’ = [ we write
E(u) := Ex(u) + Ep(u), (2.10)

Fx(u) := 27 ~Au,u), Ep(u) = —27"1 » B(|u|?) da.

It is a standard fact which can be proved like for the scalar equation (1.3), for the latter see [11],
that (H1)-(H2) imply local well-posedness of (1.1) in H*(R3, C?).

We denote by dE the Fréchet derivative of the energy E, see (2.10). We define VE by dEX =
(VE,X). Notice that VE € C'(H'(R? C?), H~1(R3,C?)), that VE(u) = —Au + B(Ju*)u and
henceforth that (1.1) can be written as

i = —io3VE(u) = Xp(u), (2.11)

that is, as a hamiltonian system with hamiltonian E. Notice that VIL;(u) = Qufor j =1<j < 7.
Consider now the column vector €1 = *(1,0). By (2.7) and (H4), (w,v) — (II; (72" "¢, €1))]_,
is a diffeomorphism into an open subset of R x R3. We introduce

Hj(e‘73%v'$¢w?1)7 1< _] < 4;
p = p(w,v) € R” defined by p;(w,v) = < 0, j = 5,6; 2.12
J 4 J
Hj(eais%v'mqbw?l) = p4(w,v), j =T



Notice that Hj(e”?’%”'w(bw?ﬂ =0 for j = 5,6. We denote by P the subset of R” defined by
P = {p(w,v); we O, ve R} (2.13)

For p = p(w,v) € P, we set _
D, (2) i= 2", (2) T . (2.14)

Obviously @, ) = %w,0(0), see (1.7). We will set ®,, = 1,1 (0) for the function in Theorem 1.1.
We have IT;(®,,) = 0 for j = 1,2,3,5,6. It is not restrictive to pick the initial datum s.t.

I (ug) = 0 for j = 1,2,3,5,6. (2.15)

Indeed, by continuity, II; for j = 1,2,3,5,6 take values close to 0 in a neigborhood of ®,,. By
boosts and Lemma 5.1, one can act on ug changing it into another nearby initial datum which
satisfies (2.15): we skip the elementary details. We introduce

—vj, 1<5<3;
A(D) = (A1 (p), s Ar(p)) € RY defined by Nj(p) == { —w— 2, j=14; (2.16)
0, j=5.

They are Lagrange multipliers, and an elementary computation shows that
e 1A — (1) (2.17)

and that ®, is a constrained critical value for the energy satisfying

VE@®,) — Y A(p)0;2, =0. (2.18)
G=1,...,7

We consider the representation T': G — B(H!(R3,C?), H!(R3,C?)) defined by

T(g)uo := €37 (a + by C)ug for g = (T, [—CCL}b C?a]) where (2.19)

7= (11,72, 73,72) €ER3 x T and 7 - O := 2 7;0;5.
j=1,....4

An elementary but very important fact to us is the following lemma.
Lemma 2.2. We have the following facts.

(1) The action of G given by (2.19) preserves the symplectic form Q defined in (2.6).

(2) The action (2.19) preserves the invariants II; for 1 < j <4 and E.

(3) The functionals I1;, 1 < j <7, and E are conserved by the flow of (1.1) in H'(R3,C?).
Proof. (1) follows from the commutation [ics,a + boaC] = 0. (2) is a consequence of

|(a + booC)ul? = Re(Cu)((Ca) + Coz(Ch))(a + booC)u
= (la* + [b]*)|u* + Re*(Cu)((Ca)bosC + CaraCb)u = |ul?.



The fact that the functionals II;, 1 < j < 4, and the energy E are preserved by the flow of (1.1)
is standard. To deal with the cases j = 5,6, 7, we first recall that the Lie algebra of SU(2) can be
written as su(2) = Span (io;, 1 <4 < 3). We have

p % (cos(t) —1sin(t)o2C)|,_, = —102C, i =1;
pn T(e o) o = 3 4 (cos(t) + sin(t)o2C)|,_y = 02C, i=2; (2.20)
4 e, _ =i, i=3.

Like in [22, line 5 p.313],

d
%H4+i(u) = (Qgtitt, —103VE(u)) = (io3044:u, VE(u))
d

d iso; _ iso; _
=2 (T (e"*")u, VE(u)) = £E(T(e )u) =0,

s=0 s=0

where the 1st equality holds for sufficiently regular solutions, while the last one follows from (2). By
a density argument and well posedness of (1.1), we obtain claim (3). O

Lemma 2.3. The following 10 vectors are linearly independent over R:
Op, ®p, Opy®p, Ops Py, Op,Ppy 02, Pp, 00y Ppy 02y Pp, 102C Py, 02CPy, 19,. (2.21)

The proof is elementary. O
We consider now the “solitary manifold”

M:= {ew”'o(a + b0 C)P,(7) : TeR X T, [_‘éb é’a] eSU(2), pe P} ) (2.22)

The vectors in (2.21) are obtained computing the partial derivatives in (0,p,0) of
the function in C*(D¢(0,0) x P x T x R*, X (R?, C?)) given by
(b, p, 7) > 1737 O5(b)®,, where s(b) := /1 — |b|2 + bo>C. (2.23)

Then Lemma 2.3 implies that for any k > 0 there is g9 > s.t. (2.23) is an embedding and M is a
manifold. The R—vector space generated by vectors in Lemma 2.3 is the tangent space T M.
Consider the linearized operator H,, := —ios(V2E(®,) — A(p) - ¢). By A(p(w,0)) - & = —w we have

s a(l)
Uy 1£5 7wy
Hp(w,0) (u2> == (—1'12&2)1@) ,  where

S&l)ul = —Auy + B(¢2)uy + 26’ (62) Re(uy) + wus,
2&2)u2 = —Auy + /J’(q%)ug + wug.

(2.24)

It is well known that #, is R-linear but not C-linear, see [9, 13]. For this reason we interpret
HY(R3,C?) as a vector space over R. Later, in Section 7, we perform a complexification. Recall the
generalized kernel Ny(H,) := UL, ker(H,)’. The following lemma is very important.

Lemma 2.4. We have Ny(Hpw,0)) = To M

p(w,0) :



Proof. First of all Efj ) for i = 1,2 are decoupled, so that it is enough to consider them separately. We
have the following, which is a well-known fact about ground states, see for example [30, Sect.XIII.12]:

ker(i£?)) = N, (1£2) = Span{igy, ¢}
The following well-known consequence of (H4)—(H5), derived in [35], completes the proof

ker(i£)) = Span{id,, dx, dul’_,},
Ny (e) = ker(i£M)? = (iker £V) @ Span{&pje%”'%w ?:1}-

O

System (1.1) is an interesting example for the stability theory in the classical paper by Grillakis

et al. [22] because all the examples of systems of NLS’s in Sect. 9 in [22] for z € R? and u(t,z) € R*
have 4-dimensional centralizers, while for (1.1) dimension is 6, see the following two remarks.

Remark 2.5. From the identification C? = R* there is a natural inclusion SU(2) < SO(4). By the
identification implicit in (1.5) of a € SU(2) and an element in the unit sphere a € S3 < R*, the
action of a € SU(2) on v € R?* is nothing else but the product of quaternions, va. Similarly, by
elementary computations it is possible to see that (a + booC)v = av (on the r.h.s. multiplication of
two quaternions) for all v € R* and for an appropriate a € S2. In the framework of [22] when applied
o (1.1), a key role is played by the centralizer of the group {e™°3; 7, € R} inside R?® x SO(4). Using
[37, p. 111], it can be shown that G, acting as in (2.19), is a connected component of this centralizer.

Remark 2.6. The key hypothesis in [22] is Assumption 3 on p. 314, stating Z = ker(H,(,,,0)) for
Z = {(}’t T(etw)q)p(wﬁo) . PE R? x s0(4) commutes in R® x so(4) with 1'103} ,
t=

where for @ € R? we have T(e'®) = T(¢'®) and for @ € so(4) we set T(e'®)w = e'w for any
w € RY, with the usual product row column SO(4) x R* — R%.

Always Z < ker(Hp(w,0)), see [22, Lemma 2.2]. Lemma 2.4 yields the equality. Assumption 1, i.e.
local well posedness, is true and Assumption 2, about bound states, is true under our hypothesis (H3).
Other hypotheses needed in [22], such as that the centralizer, or at least its connected component
containing the unit element in R?® x SO(4), acts by symplectomorphisms which leave the energy
invariant, follow from Lemma 2.2. So by [22] the bound states (2.17) are G—orbitally stable.

3 Modulation
The manifold M introduced in (2.22) is a symplectic submanifold of L?(R?, C?). This follows from

Q(102CPp, 02CPy) = ps,  Q(0p, Py, 1®,) = 2710,, (103D, 1P,) = Op,pa = 1,
Q(0p, Py, 0, Pp) = 27105, {Pp, 0aPp) = Op,po = 1 for a = 1,2, 3,

and from symplectic orthogonality of all other pairs of vectors in (2.21). We obtain a bilinear form
Q: S(R? C?) x S'(R?,C?) — R.
Since Tp, M < S(R3,C?), we can define the subspace qu:’/\/l c §'(R3,C?). Q also defines a pairing

Q: %, (R} C?%) x X_,(R*C? —R.



This yields the decomposition
S n(R%,C?%) = To, M@ (Ty2 M n 5, (R?, C?)). (3.1)
We denote by ]3p and P, the projections onto the first and second term of the direct sum, respectively:
By: S, (R3,C?) — Ty, M, (3.2)
By £ ,(R%C?) - Tp® M 2, (R?,C?).
A special case of (3.1) is

L*(R%,C%) = Tp, M ® (T ° M n L*(R?, C?)). (3.3)

It is easy to see that the map p — ]3p is in C*(P, B(X_,(R3,C?),%,,(R3,C?))) for any n € Z. The
following about the s(b) in (2.23) is consequence of elementary computations:

(s(6) ™" = (s(b)* = s(~) ; (3-4)
5(b)o; = g;8(—b) for all j =1,2,3;
Cs(b) =5 (—Cb) , s(b)i =1s(—b).

Lemma 3.1 (Modulation). Fiz ny € Ng := Nu {0} and p' € P. Then 3 an open neighborhood U,
of @, in X_,, (R3, (Cz) and functions pe C°U—_p,,P), 7€ C°(U_pn,,R3xT) and be C*U_,,,C)
such that p(®,1) = p', 7(®p1) =0, b(®,1) =0 and I(P,1) = 0 so that for any u e U_y,,

u = e Cs(b(u)) (Py(u) + Rl(u), with R(u) € Ty M A E_p, (R, C?). (3.5)
Proof. The proof is standard. For v,(p), 1 < ¢ < 10 varying among the 10 vectors in (2.21), set

Next, setting T = (F1, ..., F10), we compute

F)(u, p,7,b) _ = 0 and the Jacobian matrix is
u:e*“”37'<><l>p, b=0
oF b
P lwp,7.) = [, Qvi0), v, (0], 1<ij<10, (3.6)
a(p7 ™ b) u=e"19370d, b=0 7
- -

where the numbers ¢;; belong to {1,—1}. Since for each v;(p) there is exactly one v;(p) such
that Q(v;(p), v;(p)) # 0, it follows that all the columns in (3.6) are linearly independent. We can
therefore apply the implicit function theorem which yields the statement. O

It can be proved, see [15, Lemma 2.3], that in a sufficiently small neighborhood V of p' in P,
for any any k > —n, the projection

Py Ty M S5(R?,C?) — Ty M n S (R3,C?) (3.7)
P P
is an isomorphism. From Lemma 3.1 we have the parametrization

P x (R® x T) x Dc(0,0) x (T3 M n H(R®,C?)) — H'(R?,C?) (3.8)



with the modulation coordinates
(p, 7,b,7) > u = e 71737 O5(b) (D, + P,r). (3.9)
We choose p® € P so that
IT; (uo) = pj for j e I ={1,2,3,4} (3.10)

(that is p? =0for j =1,2,3 and I4(up) = pg, i.e. ug and ®,0 have same charge).
In terms of coordinates (3.9), system (1.1), which we have also written as @ = Xg(u), see
(2.11), can be expressed in terms of the Poisson brackets as follows, see [15, Lemma 2.6]:

p={p.E}, 7={rE}, b={bE}, 7={rE}. (3.11)
By the intrinsic definition of partial derivative on manifolds, see [20, p.25], we have the following
vector fields (recall bp = Re(b) and by = Im(b)):
Or; = —io3Q u for 1 < j < 4,
Opp = €177 05(D)(0,, ®p + Op Ppr) for 1 < k < 4, (3.12)
Oy, = e 193700, 5(b)(®, + Pyr) for A= R, 1,
which are obtained by differentiating by the various coordinates the r.h.s. of the equality in (3.9).

By (3.12) we have the elementary and crucial fact that X, (u) = 103VII;(u) = i03Q;u for 1 < j <7
which corresponds to formulas (2.5)-(2.6) in [22]. In particular we have

X, (u) = 0, for 1 < j <4
which immediately implies
{1, 7k} = =6k, {IL;,ba} =0, {Il,pe} =0, {rIl;} =0forl<j<4

A natural step, which helps to reduce the number of equations in (3.11) and corresponds to an
application of Noether’s Theorem to Hamiltonian systems, see [25, Theorem 6.35, p.402], is to

|j:1 in the coordinate system (p, 7, b,r) with the functions Hj|;%:1 and
7,b,7). Indeed, as in [15, formula (34)], we have

substitute each function p;

. 4
move to coordinates (IL;[;_, ,

II; = pj + 0j + I;((Py — Ppr)r) + (r, 0 (P — Ppu)r), with g; :=1IL;(r) and 1 < j < 4. (3.13)

This allows to move from (p, 7, b, 7) to (Hj|j:1 ,7,b,7). Furthermore, 0;,I1;(u) = 0 for k < 4 implies
that the vector fields 0, |2=1 are the same whether defined using the coordinates (p, Tj‘?=1 ,b,r) or
the coordinates (Hj\jzl ) Tj |j:1 ,b,7). Hence, exploiting the invariance E(e!3™%u) = E(u)
{T;, B} = —{E,11;} = —dEXy, = —dEo,, = —0,,E =0 for 1 <j <4.
By these identities, (1.1) in the new coordinates (Hj\jzl ,T,b, 1) becomes
I; =0for1<j<4, 7={rE},
b={b,E}, ©={rE}. (3.14)

Notice that we have produced a Noetherian reduction of coordinates, because the equations of b and
r are independent from the ones in the 1st line. We point out that by Lemma 2.2 we have also

I; = {[I;,E} =0 for 5< j < 7. (3.15)



4 Expansion of the Hamiltonian

We introduce now the following new Hamiltonian,

K(u):= E(u) = B (®0) = > X(p) (I —9)) - (4.1)
j=1,...,4

For solutions v of (1.1) with initial value vy satisfying II;(vg) = p for 1 < j <4, we have

{Hj,K}Z{Hj,E}IO f0f1<]<7,
{b,K} ={b,E}, {r,K} ={r,E}, {r;, K} ={r;,E} — Xj(p) for 1 < j <4.

Indeed, for example, since {II;,II;} = 0 for j < 7 and any k < 4 (which follows from [}, 0x] = 0
for j <7 and any k < 4, cf. (2.7)-(2.9)) we have by Lemma

{1, K} (v) = {IL;, E}(v) — Y (Il I} (v) + (1 (v) — )OI, Ak} (v)) = {11, B} (v),

=1,...,.4

where we use II;(v) = pg) The other Poisson brackets are computed similarly

By 0-,K = 0 for 1 < j < 4, the evolution of the variables (H)|
consider the following new Hamlltoman system,

1> b,7 is unchanged if we

I; = {Il;, K} =0for 1<j<4, 7={rK}, b={bK}, +={rK}, (4.2)

where (II;) |5

=1 T b,r is a system of independent coordinates, and where we consider also

I; = {Il;, K} =0 for 5<j < 7. (4.3)

Key in our discussion is the expansion of K (u) in terms of the coordinates ((Hj)|?=1 , 7). We
consider the expansion, with the canceled term equal to 0 by (2.18) and (2.16),

K(u) =K(®, + P,r) = K(®,

1
+ J (=0 [V2E@, + tR)Pr) = 3 NV (@ + tRyr) Byr) | Py, Byr ) .
0 j=1,....4

The last line equals (cf. [15, (99)])
1
271 (—A + Z A (p)0;)Pyr, Ppr) + f (1 — t){V2Ep(®, + tP,r)Pyr, Pyrydt =
j=1,...,4 0

2
2 (p)0;) Pyr, Pyt +J dxf i(a§)|t7055[3(|sq>,, + tP,r|?)] dt ds
=1, 3 [0)1]2 2 -

+ f de IH| _ 0,[B(|s®, + tP,r|?)] dt ds
Z MJ( o—o0s[B(Is@p + tPpr[?)]

f— )3
+ dxf dtdsf 050,[B(|s®, + TP,r| 2y 'T) dr + Ep(P,r).
R3 [0,1]2 3!
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The 2nd term in the 2nd line is 271(V2Ep(®,)P,r, P,r) and so in particular the second line is

“H(-A+V*Ep(® 2 X (p)O;)Ppr, Pyry = 27 XiosH, Pyr, Pyr).

j=1,...,4

By (4.1), we have
K(®,) = d(p) —d(p°) + (Mp) = A@°)) - p°, (4.4)

where
d(p) == E(®p) — A(p) - p. (4.5)

Since dp,d(p) = —p- 0p, A(p), we conclude K (®,) = O((p —p°)?). Furthermore, from (3.13) we have

K (®,) = 6 (11 = Pl Iy, (1 ((By = B)r) + (03B = B) [1,), - (46)

with & smooth and equal to zero at (0,0, 0) up to second order. Summing up, we have the following.

Lemma 4.1. There is an expansion
K(u) = K(®,) + 27 'Q(H, Ppr, Pyr) + Ep(Pyr) (4.7)

+ Z (Ba(p), (Pr)% + J Bs(x,p,7(x))(Ppr)°(z) dx, where for any k € N:
d=3,4

K(®,) satisfies (4.4)—(4.6);

(Ppr)d(m) represents d-products of components of Ppr;
By e C*(P, S, (R3, B(R)®4 R))) for 3 <d<4;

)

for ¢ e R*, Bs depends smoothly on its variables, so that ¥ i € N, there is a constant C; s.t.

IV5,.¢Bs (-, Q) |5, (v2, B((R4)®5 ) < Ci- (4.8)

O

We will perform a normal form argument on the expansion (4.7), eliminating some terms from

the expansion by means of changes of variables. The first step in a normal forms argument is the
diagonalization of the homological equation, see [1, p. 182], which is discussed in Section 10.

5 Symbols szm, S;Jm and restrictions of K on submanifolds

We begin with the following elementary lemma.

Lemma 5.1. Set u = s(b)y. Then, for bg = Re(b) and by = Im(b), we have

I5(u) = (1 — 2b%)1s(v) — 2bleH6(¢) —2y/1 - |b|QbRH7(¢)
g(u) = —2b7bpIls (1) + (1 — 20%9)TTg(¢p) — 24/1 — \b|2b,H7 (5.1)

I (u) = 2¢/1 — [b]2bRIT5 (%) + 24/1 — |b\2b1H6 (1 - 2|p)? )H7( ).
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Proof. We have
90T () = (0302Cu, ) = {s(—~b)r302Cs (b)), 1) = {T3025(—b)s (—Cb) Cib, ¥
— (7302 | (1= [b* + b72C(CD)02C) = /1= [BP (b + (Cb))72C| Cv, )
— (0302 [ 1= b — P = (b — JF + 2ibrbs) — 24/1 = [oPbo>C| C )
— (1 — 26%){0302C, ) — 2brbr(i0305C, b — 24/1 — |b2br{osth, ¥).
This yields the formula for IT5(«). By a similar computation
9MIg(u) = (i0305Cu, u) = (s(—b)io3o2Cs(b)eh, ) = (io3025(b)s(—Ch)Ch, 1)
= (o309 [(1 — b2 — bo2C(Cb)02C) + /1 — |b2(b — (Cb))ogC] Co, ¥
= (o309 [1 — DY — b + D% — b3 + 2ibgby + 2i/1 — |b|2bIJQC] Cop, 9
= (1 — 262)(i0305C, b — 2bpbr(o302Ch, ¥ — 24/T — [b]2br{os1), ).
This yields the formula for Ilg(x). Finally, the formula for II;(x) is obtained from
2107 (u) = (o3u,u) = (s(=b)o3s(b)1), ¥) = (o35(b)s(b)v), ¥)
= (o3 [(1 b2 + booCbosC) + 24/1 — \b|2b020] b,
= (o3 [1 — 20b]% + 24/1 — |b2brooC + 2iy/1 — \b|2bmgC] b,
= (1= 2[b|*){o31h, ) 4+ 24/1 — |b|2br{a302Cah, ) + 24/1 — |b|2b (1305 Ch, ).

O
We introduce the following spaces

Ep = {(Tl4, 0,7) e Ry x R7 x (TLQMM N Yy} for keZ, (5.2)

where ¢ is an auxiliary variable which we will use to represent II(r). We now introduce two classes
of symbols which will be important in the sequel.

Definition 5.2. For A « R? an open set, k € Ny, A € Z_j an open neighborhood of (pj,0,0), we

say that ' € C™(A x A,R) is szm if there exists C > 0 and an open neighborhood A’ = A of
(p%,0,0) in =_j, such that

|F(a, Iy, 0,7) < Clrlk, (Irls_, + lol + |y = pi])" in 1 x A, (5:3)

We will write also F' = R:7 or F = Rz’in(a, Iy, 0,7). We say F = RZJOO if F= ’RZJI for all I = m.
We say F = Réojm if for all [ > k the above F is the restriction of an F' € C™(A x A;,R) with 4,
an open neighborhood of (0,0) in R” x (T2 M1 0 $_;) and F = Ry, It F =Ry, for any m,

we set F = R5 .

Remark 5.3. Above we can have d = 0, that is A missing. We will also use the following cases:
d = 1 with a time parameter; A an open neighborhood of the origin of R x su(2). The last case is
used only in Appendix A.
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Definition 5.4. T € C™(A x A, ¥, (R3,C?)), with A x A like above, is SZ’?m» and we write as above
T =S8y’

k,m

(0,0) such that

or T = SZ’j (a,11y4, 0,7), if there exists C > 0 and a smaller open neighborhood A’ of

, M

I7(a, 1L, 0,715, < Clrl_, (Irlls_y + o] + M = pi)* in I x A" (5-4)

We use notation 7' = S’

W, T =84, and T = S5/, as above.
,

Lemma 5.5. On the manifold 11; = p?- for 1 < j < 4 there exist functions ’Réﬁw such that

Py =9 —a(r) + REZ, (0, 15(r) [j_y 7). (55)
Proof. By implicit function theorem to (3.13) is elementary. O
4

Inside the space parametrized by (II; 7,b,1) we consider

j=1>
6
MS(p°) defined by II; |?:1 = p?}jzl. (5.6)

Notice that the intersection of M$(p°) with a small neighborhood of {e!?®,: : 9 € R} is a manifold.
Indeed, on the soliton manifold M the differential forms dp; |j,=1 ,dbr,dby are linearly independent.
In the points of M formula (3.13) implies dp; = dII; for 1 < j < 4 while the 1st two lines of (5.1)
imply dIl5 = —2psdbg and dlls = —2psdb;. Hence, since II; € C*(H(R3,C?),R), it follows that
de|?:1 are linearly independent in a neighborhood of {e!’®,: : ¥ € R}. Then since M§(p?) is
defined by II; = p]Q for j < 6 we obtain our claim on M¢(p®) for any p° sufficiently close to p'.
MS(p®) is invariant by the system (4.2). The following shows that, when we factor M$(p°) by
the action of R3 x T, the corresponding manifold is parametrized by r € TLQMpl N HY(R3 C?).

Lemma 5.6. There ezist functions RéOQOO (P, 1L(r), ) and functions Rgc’?oo (p3,1(r)) dependent only
on (p,11(r)) s.t. on M§(p°)

br = (2p9) s (r) + RE0, (0, T(r)) + RiZ, (05, 1(r),7)

br = (20) () + R2%, (. T1(r)) + R, (0. TL(r), 7). >0

Proof (sketch). Since Il5 = IIg = 0 by the first two equations in (5.1), by II;(®, + P,r) = IL;(P,r)
for j = 5,6 and by II7(®, + P,r) = psy + II;(P,r) we have

1 — [b]2bR(ps + U7 (Pyr)) = (1 — 2b%)5(P,r) — 2brbplls(Ppr),

(5.8)
1 — |b]2br(ps + H7(Pyr)) = —2b1bRIls(P,r) + (1 — 269)16(Pyr).
We consider the following change of coordinates, which defines gz and z;:
2pgbR = H5(T) + xR and 2p2b[ = HG(T) + 5. (59)

Substitute in the Lh.s. of (5.8) both (5.9) and (5.5), and write IL;(P,r) = IL;(r) + R0 (93, II(r),7)
everywhere in (5.8). Then from the 1st equation in (5.8) we get

(1+00%)) [1 = a(r)/p} + Tz (r)/pg + R (05, 1(r), r)] (Us(r) + zr)
= II5(r) + O(b*11(r)) + Ri% (p4, 11(r), 7))
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So, after an obvious cancelation, we have

(1+0®) [1 = a(r)/ph + T7(r)/ph + R, (03, 1L(r), )] 2
= R ((r)) + O (VIL(r)) + Re% (p°, 11(r), 7))

which in turn implies for A = R
A = Rgé(,)oo (pga H(T)) + O(bQH(T)) + ’R’cln’?oo(pga H(T)7 T))

where the big O is smooth. Since a similar equality holds also for A = I, substituting again b by
means of (5.9) and applying the Implicit Function Theorem, we obtain

w4 = RY%0 (04, 11(r)) + Re%, (94, T1(r), 7)) for A= R, 1.

O
Lemma 5.7. In M§(p°) we have
II; = pg + I, (r) + Riﬁw (pO,H(T)) + R}Xfoo(po, II(r),r). (5.10)
Proof. By the 3rd identity in (5.1) and by the definition of P,, we have
7 = 24/1 — [b2bRIT5(Pyr) + 24/1 — [b]2b;TT6(Pyr) + (1 — 2/bJ?) (pa + I7 (Ppr)).
Using Lemmas 5.5 and 5.6, we obtain (5.10). O

6 Expressing () in coordinates

Normal forms arguments are crucial in the proof of Theorem 1.1. It is important to settle on a
coordinate system where the homological equations look manageable. While the symplectic form
has a very simple definition (2.6) in terms of the hermitian structure of L?(R3,C?), it has a rather
complicated representation in terms of the coordinates (II; \?:1 ,7,b,7). Eventually we will settle on
a coordinate system where the symplectic form is equal to the form g to be introduced in Section 7.
In this section we consider some preliminary material.

We consider I' := 271{iogu, - ). Using the definition of exterior differentiation it is elementary to
show that dI’ = Q. We consider now the function

Y(u) =27 Nioze 177 05(b) D, u)

and set T':=T' — dip + d2j=1,...,4 IT;7;. Obviously dI' = Q. We have the following.
Lemma 6.1. We have

= Z 7idll; + 271 Q(Pyr, dr) + Z 27'Q(r, Pyéy, Ppr)dp; + <, where (6.1)
j=T,...4

1—b2 1-b7
G:i= ( orbr H6bI—H7b1> dbR+< S —HsbRbI+H7bR> dbr.

H R 5 T
"1 o2 1o NGESTE e
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Proof. The proof is elementary. The identity operator is du, which can be expanded

du = — Z i3 udr; + Z e*ﬁ"”'os(b)(?pj (®p + Ppr)dp;
Jj=1,...,4 j=1,...,4
+ e7173700,  5(b)(®), + Ppr)dba + e 177 O5(b) Pydr.
A=R,I

Then, inserting this in I' and after some elementary simplification which uses also (3.4), we obtain

I'=2""Gogu,duy = — > Ihdr;+ > 27 %0ss(b)(®y + Ppr), 0, 5(b) (D + Ppr))dba
J=1,...,4 A=,R,I
+ Z 27 403(®p + Ppr), 0p, (P + Ppr)ydp; + 27 (i03(®y, + Ppr), Pydr). (6.2)
j=1,....4
We have

ond line of (6.2) = . 2703 Pyr, 0y, Pyrydp; + 27 Ao Pyr, Ppdr)y + d27 ' (io3®y, Ppr), (6.3)
j=1,...,4

where we used what follows:
{io3Pyr, 0p, ®p,) = 0 from the definition of Pp;
(03P, 0, @) = (1e3V%¢,,, 0, €37 74,5 = 0 from formula (2.14).

Hence, by the definition of T, ¢(u) and s(b) we obtain

I' = Z T;dll; + Z 271<]'103Ppr, aijpr>dpj+271<]'103T,der> (6.4)
j=1,...,4 j=1,....4

— 270 Y Ciogdy, (\/1— [ + bonC)(@p + Por), (/I — B2 + b0sC) (@, + Pyr)) dba.

A=R,I

For A = R the bracket in the last line equals

(ios (bR + UQC) (v/1 = 1b]2 = bo2C)u, uy =

[ _ brb
<ﬁO'3 —bR + b+ < 1-— |b|2 + :[R;b|2> O'2C u, U,> =
[ b2 + b + ibgb
(io3 —Hbl+ =i 1ﬁj|/2 ORI 50 C | ) =
l brbr . 1— b2 brb
—ib; + 05C + C|u, u) = b,11, + Il — 1
o W I e Y S GV T
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For A = I the bracket in the last line of (6.4) equals

—by
(ios ( +102C | (£/1 — |02 — boaC)u, uy =
V1=

| _ brb

(iog | —br +1b+ (1‘1 1—102 + W) 02C | u,uy =

.. i(1—b% — V7)) + b7 + brb

{iog |ibgr + ( it ?1 |b|21 R IUQC U, Uy =

l brb; 1- 12 brb

ios [1br + o2C + o5C | u,uy = —brll; — + II
00 |+ i+ e ) = bt gt 7

This completes the proof of Lemma 6.1. O

Lemma 6.2. Consider the immersion i : M8(p®) — H(R3,C?) and the pullback i*T', which by an
abuse of notation we will still denote by I'. We have

I'=i*T =27'Q(r, dr) + (R, (05, 11(r), r) - Or + SL' (p], 1(r), ), dr) + Iz where  (6.5)
e (T (r)dTTe (1) — T ()5 (1)) + R, (o0, TL(r))dlTI(r)
4(104)

+ <SOC Oo(p4a H(T)v T)a dT> (66)

Proof. The starting point is formula (6.1) for I'. Obviously for the restrictions we have de|M?(pU) =

0 for 1 < k < 6. So that the 1st summation in the r.h.s. of (6.1) contributes 0.
Next, notice that for 1 < j < 4 from (5.5) we obtain

w = (bR db[ — b] dbR) =

dp; = —(O;r + Syl dry + Y R dpr,
k<4

which, solved in terms of the dp;’s, gives

dp; Z< ik +,]-\J'oo oo)<>kr+soo oo,dr>' (6.7)
k<4
Substituting dp; by (6.7) in (6.1) and using and P,r = r + Sécloo (p°, I (r), ) on M§(p°), we obtain
terms like the 2nd in the r.h.s. of (6.5).
Finally, by II5 = IIg = 0, we obtain ¢ = II;w. To get the r.h.s. in (6.6), we use the following

formulas,
dbR = (2]?4) 1<0302CT d7”> + Roo oo(p4a (T))dﬂ( ) + <Soo 0 d7’>,

dby = (2p%) o305, Cr, dr) + ROO Y (P, TL(r))dII(r) + <SOO Lo, dr,

where R%°, (p, TI(r))dII(r) stands for PIFERI R (P9, TI(r))dIL; () with different real-valued
functions from the class R 0 (p3,11(r)). Formulas (6.8) are obtained differentiating in (5.7).

(6.8)

O
Substituting IT; by (5.10) in (6.5) and using (2.7)— (??) we obtain

=27 1Q(7" dT‘) +<Sso oo(p4vn( ) T),dT>
(4p4) (s (r)dIs (r) — Te (r)dILs (1)) + (R0 (P3, 11(r)) + R, (p4, IL(r), 7)) dlI(r).  (6.9)
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7 Spectral coordinates associated to H,,

By assumption p' = p(w',0). Recall that the operator H,: defined in L?*(R3,C?) is not C-linear

(because of ’85}1))7 but rather R-linear. To make it C-linear, we consider the complexification
L*(R3 C*)®g C.

To avoid the confusion between C in the left factor and C on the right, we will use 2 to denote
the imaginary unit in the latter space; that is, given u € L?(R3 C?), we will have u ® (a +1b) €
L*(R?,C?) ® C. Notice that the domain of M, in L?*(R3 C?) is H*(R3 C?); we extend it to
L*(R3,C?) ®g C with the domain H?(R?,C?) ®g C by setting H,1 (v ® z) = (H,10) @ 2.

We extend the bilinear form ¢, ) defined in (2.5) to a C-bilinear form on L?(R?,C?) ®g C by

u®z,v® ) = 2({u,v), u, ve L?(R3,C?), 2z CeC.

We also extend 2 onto L?(R3 C?) ®g C, setting Q(X,Y) = (io3X,Y). Then the decomposition
(3.3) extends into

L2(R3 CH @ C = (T;ﬁM ®r C) @ (To , M~ H'(R?,C%)) @& C. (7.1)

Note that the extention of H,1 onto L?(R3,C?) ®g C is such that its action preserves the decompo-
sition (7.1). The complex conjugation on L*(R?,C?) ®g C is defined by v®z := v ®z. B
Notice that if 1H,1§ = €& with ¢, > 0, then by complex conjugation we obtain 2H,:1§; = —e;§;.

By Weyl’s theorem, o (1H,1) = (—0, —w!] U [w!, 00). We assume spectral stability, i.e. oc(@H,1) <

R. We assume the set of eigenvalues 0,1 H,1) < (—w',w'), tw’ are not resonances and the following.

(H6) For any e € op,(2H,1)\{0}, algebraic and geometric multiplicities coincide and are finite.

(H7) There is a number M € N and positive numbers 0 < e; < ez < ... < e; < w! such that
op(Hpr) consists exactly of the numbers +2e, and 0. Furthermore, the points +2w! are not
resonances ( that is, if H,1© = +aw'© for one of the two signs, and if (z)© € L®, then © = 0).

Denote dy := dimker(H,» —2e) and let

n:.= Z dy.

(=1,.. M

(H8) We define
N :=supinf{n e N: ne; e oc(tH,1)} — 1. (7.2)
¢

If ef, < ... < ey, are distinct and p € Z satisfies || := Z§-=1 pj < 4N + 4, we assume that
pieg + -+ ppep, =0 — w=0.

It is easy to prove the symmetry of o, (2H,1) < R around 0. We have
ker@H,1 F e;)) = S(R?,C*) @& C

and using © we consider the set X, = &'(R3, C?) ®g C defined by

X, = [(TM% O <c) @1 Y, (ker@H T el)))]l” . (7.3)
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It is possible to prove the following decomposition:
(T3 M LA (R?,C?))®r C = (@1 @) kert@H,n Fe)) ® (Xe n (LAR?,CH @ C)).  (7.4)

The decomposition in (7.4) is H,1-invariant.
Consider now the coordinate r € Tzﬁﬂ/\/lmL2 (R3, C?) from the coordinate system (3.8); it corresponds

to the second summand in (7.1). Then, considered as an element from L?(R3,C?) ®g C, it can be
decomposed into

r@) =Y ab@+ Y, @&@) + f(z), feXwith f=7F, (7.5)

I=1,....,n l=1,....n

with & eigenfunctions of H,: corresponding to ze;. We claim that it is possible to choose them so

that
(103, &) = (ios&;, fy =0 for all i, and for all f e X,

_ 7.6
(i03&;, &y = —d; for all i, 1. (7.6)

To see the second line, observe that on one hand for © € (T(Ifﬂ1 M®g C)\{0} we have (iosH,10,0) >
0. Indeed, for © = (01, 05) we have

(io5H, ©,0) = (iosH,1 0,0y = (£)0,,0%) + (£70,,8,)

with (O3, ¢,1) = 0, which implies (£% 0, 05) > ¢ O2]2, and with (01, dadur) = (O1, Tahn) =
(O1,1¢,1) = 0 which implies <£‘(dll)@1,@1> > ¢o[©1]3%,, for a fixed ¢y > 0. On the other hand,

0 < (osHp &, &) = 1€(i03E;, &)

It is then possible to choose &; so that (7.6) is true. Notice that (7.6) means that the nonzero
eigenvalues have positive Krein signature. This proves the second line of (7.6). The proof of the 1st
line is elementary.

By (7.5) and (7.6), we have

2 Yo Hpr,ry = . elul? + 27 GosH, f, f) =t Ha. (7.7)

In terms of (z, f), the Fréchet derivative dr can be expressed as

dr= Y. (dz& +dzg) + df, (7.8)
1=1,..., n
and by (7.6) we have
27 W iogr,dry = 27" Z (Zidz — zdZ) + 27 dosf, df). (7.9)
1=1,..., n

Notice now that, in terms of (7.5) and (7.8),

dT(r) = (0j(26 +Z &+ f), Edz+Edz+dfy = ), (R, da+REL dz) + (0, f + 8%k, df).
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Hence, we obtain from (6.9):

D=To+ Y (RYl,du+RyL, dz)+ (O RZ,0,f + Skl df), where

I=1,....,n J<7
(7.10
To:=2"" Y. (2da — zdz) + 27 Gosf,df) + Y R, (0%, TH(£))(0; £, df). !
I=1,...n §<T7
Then
Qpe=dlo=—1 Y dandz+Gosdf.dfy + YR (00, 1) Ont . dfy A COjf.dfy,  (7.11)
l=1,..., n J.k

and, schematically, and using in the last line 0, S%C’?w = S&}w and defining

(P02, )=, 1(f),2,f)

VF(I(f), f) i= VF — ongp)F - VII(f), (7.12)
Q- Qo =RL%, dz A dz +(V;SLL df,df)
+de n (ST RYL 05 + SLO dfy + dIL(f) A (SYLe. df). (7.13)
J<7

We will transform €2 into 2y by means of the Darboux Theorem, performed in a non-abstract way,
to make sure that the coordinate transformation is as in Lemma 8.1.

8 Flows

The following lemma is a consequence of of Lemma A.1 in Appendix A.

Lemma 8.1. For n, M, My,s,s’ k,l € Ng with 1 <1< M, for a € A a parameter, with A an open
subset in R%, Ty another parameter and for &y > 0, consider

£(t) = RSP (1 a T TI(), 2, ) o)
f(t) = ].10'3 ng? Rg,:%o-‘rl(ta a7H47H(f)7 2, f)ojf + S;’,Aj{/? (ta a7H47H(f)7 2, f)7 .
with the coefficients defined for |t| <5, [LI(f)| < &, |z| < &0, |r|s_, <& and |y — p}| < &.
Let ke Zn[0,n— (I +1)] and set for 8" =1 and e >0
Uy ={(2, 1) € C* x (Xe n Bgr) : |z| + [ floo, + T(S)| <&} (8.2)
Let ag € A. Then for e > 0 small enough, (8.1) defines a flow (2%, f*) = Fi(z, f) with
2= RN (), where x = (t,a, Ty, TI(f), 2, ) (8.3)
f1 = i Kim RO (K RuST i) (£ §EM | (4)),
where for
n—l—-1>2s>2s+1>2landkeZn[0,n—1—1] (8.4)
and for e1 > g9 > 0 sufficiently small we have
§i € CY(—4,4) x Dga(ag, e2) x UZ, 1 U, 1) (8.5)
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O
In (8.5) the C! regularity comes at the cost of a loss of | derivatives in the space Y4, which is
accounted by s’ > s+ 1. In Proposition 10.3 we will need the following elementary technical lemma.

Lemma 8.2. Consider two systems for { = 1,2:

{ 2(1;):B(e)(LavH‘laH(f)vZ?f) ( )
, 8.6
f(t) = fl0'3 Zj<7 Ay) (t? Cl,H4,H(f), 2, f)ojf + D(f) (ta a7H4aH(f)7 2, f)7
with the hypotheses of Lemma 8.1 satisfied, and suppose that
B(l)(t7 a, H4a H(f)7 2, f) - 6(2)(t7 a, H4a H(f)v Z, f) = R?{,I]\\/I/[O-'—l(ta a, H47 H(f)7 Z, f) (8 7)
'D(l)(t, a, 11y, H(f)7 Z, f) - D(Q) (t7 a,lly, H(f)a 2, f) = S?L),]]\\/[4O+l(t> a, Iy, H(f)? 2, f) '
Let (z, f) — (zfe),f(té)) with £ = 1,2 be the two flows. Then for s, s’ as in Lemma 8.1
Mo+1
\2(11) - Z(lz)| + Hf(11) - f(lz) Is_, <C(lz[ +[fls_.) " (8.8)
Proof. For the proof see Lemma A.2. O
Lemma 8.3. Under the hypotheses and notation of Lemma 8.2 we have
H](f(ll)) - Hj(f(IQ)) = R?L’ivl[[ig?l(aan% H(f)> 2 f) fOT’j = 1; 27374' (89)
Proof (sketch) For £ = 1,2 and j = 1,2, 3,4 we have
I(flpy) = T (f +8Y) = IL;(f) + (f,0,8) + I1;(S) (8.10)

where, the r.h.s.’s equal to the terms of (8.3) for ¢t = 1 for each of the two flows,
S =s:M0 ) (0,11, TI(f), 2, ).

Hence I1,;(S®)) = RZEJZVI_OM, and this term can be absorbed in the r.h.s. of (8.9).

Next, observe that S() is the integral Sé DOdt of the terms DY of Lemma 8.2. Formula (8.7)
implies
st -8 = PNt (a Iy, (), 2, f),

n—1—2,1

as can be seen by elementary computations, and this in turn implies
<T7 <>j (S(l) - S(2)>> = R%i\{o_g?l(aa H47 H(f)7 Z, f)

O

We consider f € X, n X, for Ny a large number. We can pick Ny > 2N + 2 where N is

defined in (7.2). Notice that (3.14) preserves this space. We have the following, which is proved as
in [15], and which we discuss in Appendix B.

Lemma 8.4. Consider § =% o---oFL with @ = le transformations as in Lemma 8.1 on the
manifold M$(p®). Suppose that for any F’ the My in Lemma 8.1 equals mj, where 1 = mq < ... < my,
with the constant i in Lemma 8.1 (i1) equal to 1 when m; = 1. Fiz M,k with ny » k > No (mq
picked in Lemma 3.1). Then there is a n = n(L, M, k) such that if the assumptions of Lemma 8.1
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apply to each of operators §7 for (M,n), there exist 1(ps, 0) € C® with ¥ ((ps,0) = O(|o|*) and a
small € > 0 such that in U2, for s = n — (M + 1) we have the expansion

KoF =4}, 1I(f) + H, + R, (8.11)
and with what follows.

(1) We have
H, = > 9 (D3, TL(f)) 22" + 27 X iosHy f, ). (8.12)

lutv]=2 |, e-(u—1)=0

(2) Denote ¢ =11(f). There is the expansion R=3;_ | 3 R;+ Ri:fn(pg, 0, f),

R, — 3 g @, 027 + Y 220Gl (p), 0),
lp+v]|=2, e (u—v)#0 lp+v|=1

Ry (s 0, Al < CIFI%_, (1f 5o+ lo] + [TLa = pi] + |2]);

for N as in (HS),

Ry = > 22 9 (04, 0);  Ri =1 > 22" (i03G (PY, 0), 1)
|p+v]=3,....2N+2 |ptv]|=2,....2N+1
R2 = Z Zuzyguu (pg, 0, %, f) - Z ZU§V<]'10-3G#D (pga 0, %2, f)a f>a
|p+v|=2N+3 |p+v|=2N+2
Ro= X Bulho s s+ [ Bolophon £ @) @) do+ Enlf)
d=2,3,4
with By (p*,0,0,0) = 0. (8.13)

Above, f(x) schematically represents d-products of components of f.

(3) For 0; € Ni* the vectors defined in terms of the Kronecker symbols by 0; := (015, ..., 0mj),

guqullﬂ:(y)n fO’I“ |N’+V|=2 fO’F (May)?é((sjvéj)a 1<j<m; (8 14)
9s5;5; = € + R,lf’ﬁ)n, 1<j<m; Gu = Si?n for |p+v|=1; .

gu and G, satisfy symmetries analogous to (10.3).
(4) All the other g, are Rz’fﬂ and all the other G, are S%,?n'

(5) Ba(p®, 0,2z, f) € C™(U_1, 2k (R?, B(RY)®4 R))) for2 < d < 4 with_j, < RExC?x (X.nX_})
an open neighborhood of (p} , 0, z, f) = (0,0,0,0).

(6) Let ¢ € C2. Then for Bs(-, 0,2, f,() we have for fized constants C; (the derivatives are not in
the holomorphic sense)

for [l <m, Hvéﬂ,g,z,f,gBS@% 0,2, f, Oz, m3,B((c2)®5,») < CI. (8.15)

O
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9 Darboux Theorem

Recall that we have introduced a model symplectict form Qg in M$(p°) by formula (7.11). Now we
transform € into )y by means of the Darboux Theorem, performed in a non-abstract way, to make
sure that the coordinate transformation is as in Lemma 8.1.

Lemma 9.1. For ny the constant in Lemma 3.1 and €9 > 0 consider the set
Uy ={(z, /) eC* x (XcnH"): |fls_,, <e2 [I(f)] <ea, |2 <o}

Then for eo > 0 small enough there exists a unique vector field Y in Us such that iy (Qo + t(Q —
Q9)) =To —T for |t| < 5 with components, where 114 = pj,

(yt)zJ R'}zll, (H4,H(f),2’,f) ) (yt)f = 110’37%02 (H47 (f)vzaf) : <>f+S'}L11, (H47H(f)’zvf)~

Proof. The proof is essentially the same as that of [15, Lemma 3.4]. The first step is to consider a
field Z such that iz =g — I'. We claim that

(Z)z = Rgl;é,lm(H4a H(f)a 2, f) ) (Z)f = ﬁ0’3R%,200(H4a H(f)a 2, f) . <>.f + Séé}oo(n%n(f)vza f)
Schematically, the equation for Z is of the form
(2)2 s+ [i05(2) + RELOL, (D)P] OF ) = RS, d= + GosRE2, - OF + Sk, dp.
This immediately yields (Z), = Réé}oo The equation for (Z) is of the form
(Z)f + R&?oo<<>fa (Z)f>ﬁ03<>f = ]'1037?'(0)6?00 “Of + Sioloov (9-1)

e}
with a solution in the form (Z); = Z (Z)gf), with (Z)}O) nagRgoQOc Of + SOO o and
i=0

(2)FY = REO (O£, (2) 1050 f = (RE0,) 1O £,1030 (0 f. (2){)ios0 f,

where by direct computation (Q; f,ic30x f) is a bounded bilinear form in X, n L*(R3,C?) for all
J, k. This implies that the series defining (Z); is convergent and that (Z)¢ is as in (9.1).
The next step is to define an operator K by ix(Q — Q) = ixx Q. We claim that

(KX)2 = Ry (X)z + (REZLOS + S, (X))
(KX)y = 103(8% 00, (X) )OS + 05 Siiol o py—quaipyopy K1 (9.2)
(X)-RELLOF + (X)2S50, +(Of, (X) )85
From (7.11)~(7.13) we have schematically
1(KX).dz + ([ios(KX) s + RO (OF, (KX))Of], df)
— (RED(X): + (RO + 830, (X)) dz+ |05 SkLel o qupymny (X
H(X)2 (RGOS + S3%) + (S, (X) )OS + (O, (X) 1S 1] - df

[ee]

which yields immediately the first equation in (9.2). We have ( Z IC( )X ) with

ﬁa3(’C(O)X)f =05 Séé}00|(p72,f):(ﬂ( IEND) ()5 + (X)Z(R&}Ooof + Sflzé?oo)
+<Soo 0> ( )f><>f + <<>fa (X)f>sgé,loo
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and
(KOVX)p = REC(OF, (KD X) 11030 f = (RO F, 1050 F) (O f, (KO X) £)io30 f.

Then the series defining (X); converges and we get in particular the second equation in (9.2).
Now the equation defining ) is equivalent to (1 + tK)Y! = Z. So we have

V) + R (V'): + HRGZOF + 8500, V) = Rii
(yt)f + ﬁt03<s(o)é,1oo7 (yt)f><>f + taf Stlé,loo}(p,z,f):(n(f)%f) (yt)f
+ t(yt)Z(Rgé?ooof + Sclzé?w) + t<<>f; (yt)f>sgé?ao = ]'1‘737?’86?00 ’ Of + Séélao

Solving this we get the desired formulas for (V*)., and (V*);. O
We can apply Lemma 8.1 to the flow §; : (2, f) — (2%, f*) generated by )!. In terms of the
decomposition (7.5) of r formula (8.3) becomes for n = ny

2= 2w Ry (6T 1), 2, ), (9-3)
£t = eﬁz;*:logRi’f,l,l,,(t,H47H(f>ﬁz,f)<>jT(e 2:1R‘j;f,l,l,l(t,H4,H(f),z,f>ioa)
X (8 (6T T, 2, ).
Classically the Darboux Theorem follows by iyt = T'g — I, where Q; := Qg + t(2 — Qp), and by
Ou(8F ) = FF (Lye S + 04%) = T (diy:Q + d(I' —Tp)) =0 (9.4)

with Lx the Lie derivative, whose definition is not needed here. Since this §; is not a differentiable
flow on any given manifold, (9.4) is formal. Still, [15, Sect. 3.3 and Sect. 7] (i.e. a regularization
and a limit argument for §;) yield the following, which we state without proof.

Lemma 9.2. Consider (8.1) defined by the field X' and indexes and notation of Lemma 8.1 (in
particular Mo =1 and i = 1; n and M can be arbitrary as long as we fix ny large enough). Consider
l, s',s and k as in (8.4). Then for F1 € CH(US 2 &) derived from (9.3), we have 7 = Qo. O

€2,k

We now turn to the analysis of the hamiltonian vector fields in the new coordinate system. For
a function F' let us decompose X according to the spectral decomposition (7.5): for (Xr)s € X,

Xp= ), (Xp)u&@)+ Y (Xp)z& @) + (Xp)y. (9.5)

j=1,..,n j=1,..,n
By (7.11) and by ix,Q¢ = dF we have, schematically (recall also that here and below, I, = p,
—1(XF)sdz + (Xp)z da + ([i03(Xp) 5 + R (Ia, IH(HIOF, (Xp) )0 ] df)
= 0, Fdz + 05, Fdz, + (VF,df).
and so, schematically,
(Xp), =105, F, (Xp)z, = =10, F
(Xp)s + R (a, ()OS, (Xp) p)PeiosOf = —io3V s F.
We set
Xp =X+ x with (9.6)
(X =105 F , (XW)z = -0, F , (XP)); = 103V F (9.7)

l
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and where the remainder is of the form (Xl(yl))zl = (Xé‘l))gl =0
(X5 = R0 (T, IO, 05V g F) Pekors O . (98)
Indeed, (Xl(pl)) 1 has to satisfy an equation of the form

(X)) s + R (T THNNOS, (Xp) ) Peios O f = RYL., (g, TL(F))O f, 0V 1 F) Prirs O f.
0
This can be solved like in the proof of Lemma 9.1 by writing (XF)(fl) = Z X; with
i=0

Xo = R, (g, I(f)){Q f, 103V s F)PeiosQ f and
Xiy1 = RO, (g, II(f))(Of, Xi)PiosO f
= (R%) 710 F,1050 ) (0O f, 105V ;) PeiosO f
which yields (9.8). For two functions F' and G we have the Poisson brackets
{F,G} := dF(Xg) = 0, F(Xg)z + 02, F(Xa)z, +(ViF, (Xa)p) = {F,G}o) + {F, G}y, (9.9)
where {F,G};) := dF(Xg)) and where
{F,G}) =1(0.,F0.,G — 05, F05,G) —(VfF, 103V ;G) (9.10)
and, schematically,
{F,G}a) = R (W, L)V F, O F)(O £, 103V 4 G). (9.11)

Compared to [15], where the Poisson bracket equals (9.10), here we have an additional term con-
tributed by (9.11), which however is of higher order and harmless, as we will see later.

10  Birkhoff normal forms
We will reduce now to [15, Sect. 6]. We set, for the e;’s in (H6), see Section 7,
e:= (e1,...,en).

In the sequel, 1, = pj.

Definition 10.1. A function Z(g, z, f) is in normal form if Z = Zy+ Z;, where Zy and Z; are finite
sums of the following type:

Zy = Z Z“ZV<]'10'3G“V(p2, Q)a f> (101)

e-(v—p)eoe(H,1)

with G, (z,p4,0) € C™(U, Sk (R3,C*)) for fixed k,m € N and U < R® an open neighborhood of
(4, 0),

Zo= > guw(p 027, (10.2)
e (p—v)=0

with g, (s, 0) € C™(U, C). We assume furthermore the symmetries g, = g, and Gy = Gy
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Lemma 10.2. Forie {0,1} fized and n, M € N sufficiently large and for m < M — 1 let

X= > cu@LINAZ v Y 2 esC (00 1)), ),

|p+v|=Mo+1 |p+v|=My
with cm,(po, 0) = RZ?M (p°, 0) and C’W(po, 0) = S;’?M(po, 0) and with
Cuw = Copy, Cp =—Cyy (10.3)
(so that x is real-valued for f = f). Then we have what follows.
(1) For ¢' the flow of Xy, see Lemma 8.1, and (2*, f*) = (z, f) o ¢,

Zt =z + R?{i‘/{;}b—l,m—l(t’ 7H4a H(f)7 2, f)7
P =etos X Ry (T2 )0 (X RO (T 2 o) (10.4)

< (f+ SNy 1 (6T TI(S), 2, f)).

(2) Frm—m—-12s>2s+m—-1=2m—-1and ke Zn[0,n—m—1] and for e; > g9 > 0
sufficiently small, ¢ := ¢* € C™ 1 s' U, ) satisfies ¢9* Qo = Qo.

eo,k) e

Proof. This result is a simple corollary of Lemma 8.1. For the proof that ¢*Qy = g, which is
obvious in the standard setups, see the comments in [15, Lemma 5.3]. O
Then we have the following result on Birkhoff normal forms.

Proposition 10.3. For any integer 2 < £ < 2N +2 there are transformations § = F1o0¢e0...0¢y,,
with §1 the transformation in (9.3) and with the ¢;’s like in Lemma 10.2, such that the conclusions
of Lemma 8.4 hold, that is such that we have the following expansion, for 11, = py,

Y

HO = K oFO = p(pd, 11(f)) + Hy + RZ (ML), )+ >, RY
3

j=—1,..,
with HY defined in (8.12) and with the following additional properties:
(i) RY) = o0;

(#) all the nonzero terms in Rée) with |p + v| < £ are in normal form, that is e - (u —v) = 0;

)

(#ii) all the nonzero terms in Rge with |p+v| < €—1 are in normal form, that ise-(u—v) € ge(Hpo).

Proof. The proof of the analogue of Proposition 10.3 in [15] involves the simpler symplectic form

O == Y. da A dz + Gosdf, df).

l=1,....n

In (8.11), we replace II(f) with o; then h = H®) (p°, o, z, f) is C?N*2 near (0,0,0) in (o, z, f) € R7 x
C x (X. n Xk) and the statement of Proposition 10.3 is about the fact that some of the following
derivatives vanish:

1
0 _ 314
9 (P°, 0) = —/Maz %h[, . ooy T YI<2N+2, (10.5)

. 1 y
105G (°, 0) = magagvfh|(wj):(g,o’o), I+ v <2N + 1. (10.6)
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The proof is iterative and consists in assuming the statement correct for a given ¢ and proving it
for £+ 1, by picking an unknown Y as in (10.2) such that H®) o ¢ satisfies the conclusions for £ + 1,
where ¢ = ¢!, for ¢! the flow for the Hamiltonian vector field of .

Now, let us pick x provided by [15, Theorem 6.4] when we use the symplectic form Q(()O). We will
show that this same y works here.

Let #(©) be the ¢t = 1 flow generated by X>(<O). Notice that ¢(©) is a symplectomorphism for Q(()O). Set

- L
A =@ 10(f) + Hy+ >, R (10.7)
j=—1,0,1

Noticing that here ¥ (p°, IT( f)) yields 0 because it is 1 (p°, 0) with ¢ an auxiliary independent variable,
¥ :4Q) — ororH(

00z H |(@,zvf):(97070) = 00zH

oLy s HO

o)
|<@,z,f>:<g,o,oy 2<|p+v|<2N+2,

N (10.8)
= otoxvHY|

I1<|p+v|<2N+1

|(97z7f):(9,070) z,f)=(0,0,0)’

since all the other terms of H® not contained in H®) are higher order in some of the variables, for
example order 2 or higher in f. As we pointed out, 1 (p®, II(f)) contributes nothing to (10.8). The
same is true of the term 1(iosH, f, f) inside H, see (8.12) (however, the pullbacks of these terms
are significant in the formulas below). So the only contributors of (10.7) to (10.8) are very regular
functions in (g, z, f), where ¢ = II(f) is as before treated as auxiliary variable and f € (X, n X_j).
This yields the useful result that while the Lh.s.’s in (10.8) require f quite regular, for example
f € Xy for a sufficiently large k, the r.h.s.’s are defined for f € ¥_; for a large preassigned k. This
because the only term in H® (p°, 0, 2, f) that, to make sense, requires some regularity in f, that is
the 1(io3H,1 f, f) hidden inside H}, see (8.12), does not contribute to (10.8).

Furthermore, by Lemma 10.2 we have

v 4 0 v Iyl 0
(%‘%H( ) o Qg( )‘(g,z,f):(g,0,0) — 858;H( ) o ¢( )|
(?Q‘%VfH(Z) o gf)(o)

(0o f)=(000) 2Slp+v[<2N+1,

~ 10.9
= v H® o ¢(0)|(g (10-9)

1< |p+v|<2N

}(Q)z)f):(ga070) z,f)=(0,0,0)’

since the pull backs of the terms of H®) not contained in H® have zero derivatives because are
higher order either in z or in f, as can be seen considering that ¢(°) acts like (10.4) for My = .
Since ¢ too has this structure, (10.9) is true also with ) replaced by ¢. Set now

HO o ¢ =p(p°, 0) + F with F := H® 0 ¢ — ¢(p°, o). (10.10)

We have dF|(gz H=(00,0) = 0, since by Lemma 8.4 we see that is at least quadratic in (z, f) .

Lemma 8.2 is telling us that ¢~ 0 ¢(®) is the identity up to a zero of order £ + 1 at (z, f) = (0,0) in
C™ x (X, nX_g). Then by an elementary application of the chain rule

o Av _ ApAv —1 (

OLOYF| (0,5.1)=(,0,0) =0l0ZFog¢g " o¢

QLIS F) — UV Fog

0)
loefrm(oo0y 2 IBFVISE+T,

(0)
(0,2,f)=(¢,0,0) °d |(97z,f)=(9,070)’ I<|p+vi<t

On the other hand, by Lemma 8.3 we have that ¢(p°, o) and ¢ (p°, ) 0 ¢~ 0 $(9) differ by a zero of
order ¢ + 2 in (p,0,0). Summing up, we conclude

wAv 7€)
L 00, 1\ (00
T AY H<>o¢y

= toxHY 00| ooy 2SIptrvl<e+1,

= Va0 0O L<|p+v[ <t

(0,2:f)=(0,0,0) =(0,0,0)’

Hence we have shown that [15, Theorem 6.4] implies Proposition 10.3. O
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11 Formulation of the system

So we consider the Hamiltonian H := H®N+1 and the reduced system

¢={z,H}, f={fH} (11.1)

Recall that
H = (p,11(f)) + Ho + Zo + Z1 + R, (11.2)

with H} like (8.12), Zj like (10.2), Z; like (10.1), and R = 2-2273 R; + Riii(lh,ﬂ(f),f).
We recall that, in the context of Strichartz estimates, a pair (p, q) is called admissible if

2/p+3/q = 3/2, 2<q<6, p=2. (11.3)

Theorem 11.1. For the constants 0 < € < e¢g of Theorem 1.1, there is a fixed C > 0 s.t.

HfHLf(R+,W;"1) < Ce for all admissible pairs (p,q), (11.4)

2P| 2w,y < Ce for all multi-indexes p with e - p > wy, 11.5
F(Ry)

|2] 10 gy < Ce. (11.6)
T (Ry)

Furthermore, we have limg_, o 2(t) = 0.

By standard arguments that we skip, such as a simpler version of [17, Sect. 7], Theorem 11.1
is a consequence of the following continuity argument.

Proposition 11.2. For the constants 0 < € < €y of Theorem 1.1, there exists a constant k > 0 s.t.
for any Cy > k there is ¢g > 0 s.t. if the inequalities (11.4)—(11.6) hold for I = [0,T] for some
T > 0 and for C = Cy, then in fact the inequalities (11.4)—(11.6) hold for I = [0,T] for C = Cy/2.

We now discuss the proof of Proposition 11.2, which is similar to the proof for the scalar NLS,
see for example [17] or [16]. We have, see (9.6), f = (Xg)))f + (Xg))f.
In [16], the equation was f = (Xg)))f. Given multi-indexes ©',0 € NJ* we write @' < © if ©’ # O
and ©] < ©;, 1 <! < m. We now introduce

Mo={peNy: |e-p>w", |u<2N+2, |e py|<w'ifpy <p}, (11.7)

M= {(u,v)eN™: le- (u—v)| >w', |p+v|<2N+2and

11.8
o (1 = V)] <! it (4,7) < ()} (1)
Notice that
if (u,v) € M we have either ;1 = 0 and v € My, or v = 0 and p € M. (11.9)
In (17, 16] it is shown that for Gf,, := G, (p°, 0) we have
0 . —v
XDV =Haf+ Y (@unH)PiosO;f — Y 22°GY, + Ry + Ro, (11.10)
Jj=1,...,7 (p,v)eEM
P. the projection on X, in (7.4), and there is a constant C(Cp) independent of € s.t.
2
IRl 22 o, 70,61y + HR2HL§([O’T]7W1.%) < C(Co)e™. (11.11)
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We sketch briefly this point. With ﬁf defined in (7.12), we define

R2 = Z laiid (G?LV — Gl“’) — ﬁO’g@fRQ — ﬁUgBQf,
(p,v)eM

where the last term is defined schematically from @f <Bg,f2> ~ <€fBQ,f2> + Bsf. Then the
desired estimate on Ry in (11.11) is elementary. For example
1B2f1 2 0. 0q. -8y < 1B2le=qo,my,o2) | flzqomywre) < elflzqomwre) < e

by (8.13) and (11.4) in [0,T]. R; is formed by the other terms and it is standard to show that it
satisfies the bound (11.11). For example for 2 < d <4

sup vaBdgHZk”deLg/d

lgllzz—1=1

1V 1B £ ) logmy <1 swp_ (VrBag 1) Iy <

lgll & L
S 1150 < €
and for d = 3,4, for (d — 1, gq) admissible,
|Baf* M pimm < HfHLleHfHLd 1paa S €T (11.12)

The d = 5 term can be treated similarly, but has an additional part, when the f derivative is
applied to the ¢ variable in (8.15). But the resulting term is like (11.12) for d = 6. Finally,
IVEp(f)lcim < €2 by hypotheses (H1)—(H2). Having discussed (11.11), by (9.8) we get

Xfp) = R, (W) [COF Hp )+ @i HXOS, 200> + <O, Ry + Ro)

— YOS G PeiosOf. (11.13)
(n,v)eM
Then, for v obtained summing contributions from (11.13) and the >;;_, , in (11.10), we obtain
f—(Hp f+Piosv-0f) =— > #2"GY, + Ry + Ra. (11.14)
(n,v)eEM

It is easy to see, from (11.4)—(11.6) and (11.11), that

VI (fo, 17,87y + L ([0,17,87) < C(Co)e. (11.15)

Strichartz and smoothing estimates on f are a consequence of well-known estimates for the group
e!™»' P, which resemble those valid for ei*” see [14] for references.
To deal with the term P.iozv - ¢ f, where the operator P.iozv - ¢ does not commute with H,

we adopt an idea by Beceanu [5]. We consider the system f = iogv - O f, writing it in the form

f=A®M)f+B(t)f with A(t) ;== > iosv;(t)0; and B(t) := > i0o5v;(t)0;. (11.16)

j=1,...,4 j=5,6,7

Since A(t) and B(t) commute and the terms of the sum defining A(¢) commute, if we denote by
W (t, s) the fundamental solution of the system (11.16), that is,

OW (t,s) = (A(t) + B(t))W(t,s) with W(s,s) =1, (11.17)
and by Wa(t,s) = ele AV (vesp. Wiy(t, s)) the fundamental solution of f = A(t)f (resp. f =
B(t)f), then we have W (t,s) = Wal(t,s)Wg(t,s).
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Lemma 11.3. Let M > 5/2 and o € [0,1/2). Then there exists a constant C' > 0 dependent only
on M such that for all s <t in [0,T]

— io —wh)(t—s — a
[Cay™ (W(t,8) = 1) By M | g1 p2y < Copa(t = 9) IV B s,a1y -2 (1s011)
with Yo (t) = &34 for t = 1 and e (t) = = for t € (0,1). (11.18)

Proof. We have
W(t,s) —1=[Walt,s) — \)YWg(t, )] + [Wg(t,s) —1]. (11.19)

In the 1st term in the r.h.s. Wg(t, s) commutes with the other operators and is an isometry in L?:
- i3 (A—wh)(t— —
[y MWa(t, s) = YW (t, 5)el7 @) "M g2 12
= [€a) " MWalt,s) = )BT M s ).

Then the desired estimate of this is that of [17, Lemma 9.4]. We next consider the 2nd term in the
r.h.s. of (11.19). By the commutation properties of Wg(t, s) we are reduced to bound

. 1 t «
||<x>—Menz73(A—w )(t_3)<$>_MHB(L2,L2) <f ||B(t/)WB<tl,3)dt/B(L2,L2)) .

The first factor is bounded by co(t — s)~% while the second by [t — S|*IBl o0 ((s,0),B(12,12))> Where
the last factor is bounded by [V||7w (s ) pr)-

Proposition 11.4. Let F(t) satisfy P.F(t) = F(t) Consider the equation
U —Hpu — Piosgv - Qu = F. (11.20)

P

Then there exist fizred o > 3/2, and an ey > 0 such that if € € (0,€y) then we have

HUHLP([O}T]’Wl‘q) < C(HPFU(O) HHI + ”FHLZ([O,T]’H1,0)+L1([O’T]’Hl)) YV admissible pairs (p, q). (1121)
Before the proof, we observe that Proposition 11.4 implies the following.

Corollary 11.5. Under the hypotheses of Theorem 11.1 there exist two constants co and €9 > 0
such that if € € (0,€y) then

HfHLf([o,T],W;"I) < cpe + ¢ Z |24 | 120,y for any admissible pair (p,q). (11.22)
(u,v)eEM

For the elementary proof of this corollary see for instance [17, Lemma 8.1].
Proof of Prop. 11.4. We follow [5]. Denote ug = P.u(0). We set Py :=1—P,, fix 6 > 0 and consider

Z —Hp P.Z — Piogv-OP.Z = F —6PyZ,  Z(0) = ug. (11.23)
Notice that, see (2.24),
Hyr = io3(—A +w') + V with V e S(R?, B(C?,C?)); (11.24)
we then rewrite (11.23) as

7 — i03(A —w)Z —io3v-O0Z = F + V\VoZ — ﬁd(v)Z with Z(0) = uy,
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ﬁd(v) = Pyiosv - ¢ +1o3v - OP; and ViVo = V — Hp1 Py — 6Py with V(x) a smooth exponentially
decaying and invertible matrix, and with the multiplication operator Vi : H ks H* bounded for
all k, s and s’. We have:

Z(t) = W(t,0)ei7s(~2+D1 7(0) (11.25)

t
+f elos (AT =) (¢ ¢ [F(t’) + ViV Z(t) —ﬁd(v(t’))Z(t’)] dt'.
0

For arbitrarily fixed pairs (K, S) and (K’,S’) there exists a constant C' such that we have
H‘ﬁd(v)‘é_lHB(H—K’,—S’)HK,S) < Ce.
By picking e small enough, we can assume that the related operator norm is small. We have

1ZllLrwararzar—ro < ClZ(0)|mr + ClFl L1 L2m170
+ Vi — ﬁd(v(t/))vz_l”Ltf(B(Hl,HlvTO))HVZZ(t) P2y

For Tof(t) = Va §, el (AT« W (1 1)V, f(#')dt!, by (11.25), we obtain:

(I — To)VaZ(t) = VaW (¢, 0)etos(—2+«D1 7(0)
t

o ‘éf eﬁas(*Aval)(tft')W(t,t/) [F(tl) _ Pd(V(tl))Z(tl):I dt’
0

We then obtain the desired result if we can show that
(I = To) ™ | 20,1y, 1R3> < Chs (11.26)

for €C} smaller than a fixed number. Thanks to Lemma 11.3 it is enough to prove (11.26) with To

replaced by
t

Tof(t) _ VQJ 61’103(7A+w1)(t7t’)Vlf(t/)dt/'
0

Set

t
T1f(t) = VZJ e(—’Hp1Pc-‘rtSPd)(t/—t)Vlf(t/)dt,.
0

By [13] we have [T r2([o, 1,11 (r3))o < C2 for a fixed Cy. By elementary arguments, see [26],
I-To)I+T)=I+T)I-Ty) =1

This yields (11.26) with Tj replaced by Tp and with Cy = 1 + Cs. O
Now we turn to the equations z; =10z, H. We will prove the following.

Proposition 11.6. There exists a fized co > 0 and a constant €9 > 0 which depends on Cy such
that

;|Zl(t)|2+( Z)]Muzwqiz(oyt) <co(l+Co)e?,  Vte[0,T], Vee (0,¢6). (11.27)
n,V)e
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Proposition 11.6 allows to conclude the proof of Proposition 11.2. The proof of Proposition 11.6
follows a series of standard steps, and is basically the same as the analogous proof in [14], or in [3].
The first step in the proof of Proposition 11.2 consists in splitting f as follows:

g=f+Y, Y:i=— Z z“E”R{rHPI (e (v—w)G),, (11.28)

(n,v)eM

where R{H , s extension from above of the resolvent and makes sense because the theory of Jensen

and Kato [23] holds also for these operators, see for example Perelman [27, Appendix 4].
The part of f that acts effectively on the variables z will be shown to be Y, while g is small, thanks
to the following lemma.

Lemma 11.7. For fized s > 1 there exist a fixed ¢ such that if €y is sufficiently small we have
HgHLQ((O,T),HOV—S(RS,C4) < ce.

Proof. In the same way as the proof of Proposition 11.4 (which we wrote explicitly) is similar to
analogous proofs valid for the scalar NLS (1.3), the proof of Lemma 11.7 is analogous to the proof
of [17, Lemma 8.5] contained in [17, Sect. 10] and is skipped here. The only difference between
[17] and the present situation is notational, in the sense that inside (11.20) one has io3v - Qu =
ios Zj<7 v,;Oju, as opposed to [17, (10.1)], where the corresponding terms are ios ijl v;Oju. But
this does not make any difference in the proof because what matters is simply that each ¢; commutes
with —A + w!, which was used to get (11.25). O
Now we examine the equations on z. We have

—1Z; :&Zj(HQ-FZo-FZl +R).

When we substitute (11.28) and we set R}, := R, o (e- (v — p)) we obtain
ptaz v+
—1% — 05, Hy = 05,79 +1 Z ulzzi@? Oéﬁ71'1¢73G,W>
(a:8),(1.v)eM : (11.20)
+ > v 103G ) + 05, R.
(pn,v)eEM
Using (11.9), we rewrite this as
7léj — 8ng2 = ZO + Z <g, 110'3pr> + 5 (1130)
(pv)eEM %
Y P <ROBGOﬂ, 103G, (11.31)
B veM,
+1 )] +,G,103GY)D. (11.32)
a,veEMo

Here the elements in (11.31) can be eliminated through a new change of variables that we will see
momentarily and &; is a remainder term defined by

Flarid .
&= > vj——(9,103Gp) + 05, R — (11.31) - (11.32). (11.33)
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Set ¢; = z; + Fi(z,z) with

z2zZY

wzvth
Fi(z7) = ), 17<Roﬁaoﬁ,wgaoy> > S (R},GY,103GY).

B,veMg (/8 + V) a,veMg ’ (a )
e-a#e-v
This change of variables is such that, setting F' = (Fy, ..., Fy), we get
Sj(zv f)|f=0 = 2 ((3%le(2’75)8le2(2, 0) — 621Fj(z,2)8;lH2(z, 0))

l=1,....n
= 05, Hy(F(2,%),0) + (11.31) + (11.32).

Furthermore, by v € My, which implies v - € > w!, we have |v| > 1. Then, by (11.5)—(11.6),

I¢ = zlz2(0,1) < Ce 2 2% 20,7y < C(Co)e?, ¢ — 2| Leo,r) < C(Co)e®. (11.34)

aeMg

In the new ¢ variables, (11.30) takes the form

= G )l Do) 4Dt Y e (R i0sGh) (11.35)
Ot.,l/iMo J
with for A; =r.h.s. of (11.29),
D; =&+ £i(2,0) — ) + 2 (0., Fj(2,2)A; — 05, Fj(2,2)A)) . (11.36)

From these equations by >, e (Zla@ (H2 + Zo) — (0¢,(Ha + Zo)) = 0 we get

Ot Z el =2 Z elIm(Dl(l ) +2 Z e- VRe(CC<R;OGa0,1103G8U>). (11.37)
1=1,.

l=1,....,n a,veMy
e-a=e-v

Lemma 11.8. Assume inequalities (11.4)—(11.6). Then for a fized constant ¢y we have

1 (Dy¢5) oy < (1 + Co)eoe®. (11.38)

Proof (sketch). For a detailed proof we refer to [3, Appendix BJ: here we give a sketch. First
of all, we consider the contribution of &£;. This, in turn, is a sum of various terms. For the terms
originating from Rs, cf. Lemma 8.4, we have

10z, Ba(p3, L), 2, £), F DG ey < If1GapmalCloe < e,
with (d, pg) admissible, and for d = 2, 3,4, 5. For the following term, we claim
0z, RaGsly < €°. (11.39)

From Lemma 8.4 we know that Ry is basically a sum of degree 2N + 3 monomials in (2, Z, f), which
are at most degree 1 in f. Let us take a term which is degree 0 in f. Then its 0z, derivative is
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in absolute value bounded above by a term [z#*"| with |u| 4+ || = 2N + 2. So we can write it as
|z28+7| with |a| > N+ 1, || = N + 1. But then a-e > w! 8-e > w!. Then

12T < 2% 212822 1 e S €2,
Terms degree 1 in f can be treated similarly, yielding (11.39). We claim also
ZM+Q§V+ﬁ

v Gl < € for [(u—v) €| > w! and (u,v) ¢ M. (11.40)

J
. . — ’_ ! —_— . .
In this case we can write 2#Z” = 2" 7 27Z° with (u/,1’) € M and |y| + |§| > 0. Then we consider
ptazv+p WHazv' +8
zZ z - ’ ’ z z —
T =y tagy B8 50 e
vj — ¢ =vjz Z 272° + v — (Cj Zi)
<j g

By (11.5)-(11.6)
’ S . ' — 5
|2 4oz 8202 1y < 122 s )220 | a2l s €.

and by (11.34)

phtazr+B _ - 3
HVJT(Q —Z)ley S 129272 llz = Cllez s €.
This yields (11.41). By similar arguments, one can prove
@z, 3 1
i 2= (9,303Gu) Gy < € for [(u—v) el > w! and (1, v) ¢ M,
J

We next consider the following, see [3, Lemma B.1],
105(Zo(Cs ) = Zo(2, £))Gsl Ly < €. (11.41)

—8 — B —
Is enough to consider za;—‘fgj — CO‘%CJ- with e- o = e- 8 and §; > 0. By Taylor expansion these are
J i

;@e (Z ) (Ck — 2x)¢ +;5k (Z

The remainder term is the easiest, the other two terms similar. Substituting the definition of (, a
typical term in the first summation is Zatflfw , with a-e > w!, B-e >w!, A-e >w! and B-e > w.
and with ay # 0 # Bi. By (H8), e -« = e - implies that there is at least one index 8y # 0 such
that e; = e,. Then, by the fact that monomials 2z in Z; are such that |a| = |3| = 2,

(J/,EB O‘EB
Zj Z i

) (€ =200, + 5,002 = ).

J

2070 A%z B 282, 2078

< O+l < 026, (11.42)

S HZAHLf
Ly

2k 202k

2> s L2
Other contributions from (11) can be treated similarly, yielding (11.41).
The main contribution to the Lh.s. of (11.38) is originated from the following terms
b . — 9
——9,103G)( |y < c1Cpe” for (u,v) € M (11.43)
Zj t

v
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with ¢; a fixed constant. Indeed the term to bound equals
v 229, 103G ) + v = <g, 103G )(C; — Zj)-

By Lemma 11.7, the 1st term has L} norm bounded by

HGMV”L?HO’” ZMEVHIJf ”gHLfHU —s HGHVHLOOHO aCOGCE ch’oe
for a fixed ¢;. The 2nd term has L norm bounded by the following, which yields (11.43),

Farid
lv;—

HLSO |‘GMVHL§‘3H0vSHgHLfHO’*S ¢— ZHL? <€l

We estimated the contribution to the Lh.s. of (11.38) of £;. There are further terms in (11.36) to
estimate. We claim

1(25(2,0) = £(2, ))Clle < € (11.44)

A typical contribution to the Lh.s. is

vz0 P -
J (Ej +(<j —Zj)) with o, v € My,

(9(TL(f)) — g(11(0))

Zj
with g € C*(R7,C). We can bound its L} norm using
|17 127 22127 2 < €

and using the argument that leads to (11.42). For the discussion of the bound for the contribution
originating from the >, _; , term in (11.36), which is also higher order, see [3].

O
The 2nd term in the r.h.s. of (11.37) equals, using GY, = GY,,
2 Z K Re <Rl+7'lp1 (—FL) Z CaGaoﬂlUs 2 CVG8V> =
KER aeMy, e-a=k veMy , ev=k (11.45)

! Z Kk Re <R1+HP1 (—K)G,ﬁ03§> for G := 21 Z ¢*GY,,

KER aeMy , ea=k

where 8 = {ke R:3 v e My s.t. k =e-v}. Notice that x € £ = k > w'.
As in [14, Lemma 10.5], there exist Lo € W"P(R3,C*) for all k € R and p > 1 s.t. the r.h.s. of
(11.45) is equal to

3 kA, €) for Ak, ¢) = fRe (B (~RIL(Q) i0sD )y and L(C) = V27 Y] LY.

KER aeMg
e-a=kK

We claim that each term in the above summation is non-negative. Observe that A(x, () = A1(k,() +

As(k, ), L(¢) = “(L1(¢), La(()), with
Ai(”v() :Wil( Z+1R6<Rl+ 1)+l (—Atw 1) /‘5 17]1L>
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Introduce now

1 /1 1 e
U= E <z —z) such that U™ iU = —o03,

with o3 the Pauli matrix (1.2). Taking the complex conjugation, U iU = t103. Then, using
tU = U1, we have, for UT'L; = *(L;1, Li2):

T (5, 0) = () Re(UTRY s p oy (-9UU LT TT T

= (-1 Re <Rzr_1)i+1g3(_A+wl) (—K)U_lLi7203U71Ei>

= (=" Re (R{ sy (=M)LiraLa ) = (<1 ReCRE )0 (~#) L2t Liz )
Using Plemelj formula we have:

A (k, Q) = <u5(A —wl+ H)L12,Zf12> = —<5(A —wl+ /@)ng,f12> <0;

AQ(K/,C) = <15(A — wl + H)Lgl,lf21> = —<(S(A — wl + H)Lgl,f21> <0.

The Fermi Golden Rule consists in two parts. The 1st part consists in showing that A(k, () are
negative quadratic forms for the vector (C%)aem, s.t. a-wi=r- Lhis was proved here. The 2nd part is
that the A(k,() are strictly negative quadratic forms. This is expected to be generically true (as a
similar statement was expected to be true in [10, 33]). We don’t know how to prove this. For a proof
on a different problem, see [2, Proposition 2.2]. For specific systems the strict negative condition
ought to be checked numerically. Here we assume it as an hypothesis:

(H9) (Fermi Golden Rule) the l.h.s. of (11.46), proved above to be negative, is strictly negative,
that is for some fixed constants and for any vector ( € C* we have

DMkA(r Q) ~— D ¢ (11.46)

eR aeM

By (H9) we have

2 Z elIm(DlZl)Zat Z el|¢* + Z ¢ (11.47)

l=1,....,n l=1,....,n aeMjg

Then, for ¢t € [0,7] and assuming Lemma 11.8, we have

Y ela®P + Y 1670 S € + Coe®.
l=1,....,n aeMjy
By (11.34) this implies [2[2.. o ) + Yaena, 127 [2(0.) < € + Coc? and yields Proposition 11.6. [
In the course of the proof we have shown that |z H2L2(0 RS C2e? and (1.8) together imply

HzO‘H%Q(O n S Coe?. This means that we can take Cy ~ 1. With Corollary 11.5 this completes the
proof of Proposition 11.2. O
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12 Proof of Theorem 1.1
Lemma 12.1. There is fy € H*(R3,C*) such that f(t) from (11.4) satisfies

lim [ £(£) — W (t,0)ei7CA+DEf 0 = 0, (12.1)

t—+oo
where W (t, s) is the fundamental solution from (11.17).

Proof. Starting from (11.10) and using (11.24), we obtain the following analogue of (11.25):
f(t) = W(t,0)¢ 2Dt f(0)

t

b A ViE) Y ARG, + ) + Falt)| .
0

(m,v)eM

This implies, by standard arguments (cf. [17, Sect. 11]), that W(O,t)e"“’“(A*‘”o)tf(t) — fiin

t—+00
HY(R3,CY). O
Completion of the proof of Theorem 10.3. Recall that expressing u in terms of the coordinates
in (3.8) we have

u(t) = e 3 Zja T (00 (V1= @) + ¥ ()02C) (Rpsy + Py (£)), (12.2)

where we denote by (p’, 7,0, 7’) the initial coordinates. Using the invariance II(u(t)) = (ug) we
can express (p',b') in terms of 7’ obtaining the following:

p;(t) =1L, (up) — IL;(r'(t)) + R}ngo (pg,H(r'(t)),r'(t)) for j =1,2,3,4;
Vr(t) = (2p9) s (r' () + RY%, (P9, T () + Rag’ (05, TL(r' (1)), 7 (1)) (12.3)
by (t) = (2p) "'He (1 (1)) + R, (p1, TL(r (1)) + R2, (P2, (' (1)), ' (1))

Furthermore we can express 1’ in terms of the (z, f) of the last coordinate system for ¢ = 2N + 1 in
Proposition 10.3:

P (8) = e Bior oo RS (PLI@) 20.5 ) 05 Ly R PRI 2 i
(£8) + 8P, (0 T (1), 2(0), (1))

While the changes of coordinates in Lemma 9.2 and in the normal forms in Section 10 involve loss
of regularity of f, in order to be differentiable so that the pullback of the symplectic forms makes
sense, nonetheless these maps are also continuous changes of coordinates inside in H*(R?, C?), see
Lemma 8.1 for [ = 0. Notice that (1.1) leaves 35 (R?, C?) invariant for any k € N and that, similarly,
the system leaves C® x (X, n X (R3,C?)) invariant.

By the well-posedness of (1.1) in H'(R? C?) and of (11.1) in C® x X,, a continuous change of
coordinates (12.2)—(12.4) maps solutions of (11.1) in C* x X, into solutions in H!(R3,C?) of (1.1),
capturing the solutions of (1.1) in the statement of Theorem 10.3. See also [18, Sect. 8].

By Lemma 12.1 it is easy to conclude that szn t_)—+>000 in R” and S%;n t_TwO in ¥;(R3,C*) for

(12.4)

the terms in (12.4), and that R,lc’?n O 0 for the terms in (12.3). Then for 1 < j < 4 we have
Mo

lim II;(+'(t)) = lim T;(f(t)) = lim Hj(W(t,O)eﬂUS(_A+“l)tf+) =11;(f,)

t—+00 t—+00 t—+00
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since IT; (W (¢, O)eﬁ“3(_A+“1)tf+) = IT;(f4 ). Hence, since p is characterized by the first four variables
(cf. (2.12)), this defines p4 in (1.9).
We consider a function g € C*(R,, G) such that

717 i 0% (T =W (D)2 + V' (t)02C) = T(g(t)).
By (12.4) we have

T(g(£)) Py () = T(g(t))e s Timt Rem @i (eXima Rimioi) £ 1 op, (1), (12.5)

where oy, (1) M 0 in X (R3,C?). We claim the following, with the proof in Appendix A.

Claim 12.2. A 4 0,2 3 0,2 - =7
T(g(t))et" i1 Rk’,mOJT(e =1 Ry — (0, 1) (12.6)

with WN/(t, s) the fundamental solution, in the sense of (11.17), of a system of the form

i =iosV-Ou,  where V0= > i03%;(t)0;. (12.7)

Substituting (3.9) and (12.4) into (1.1), we get for a G; € CY(H(R3,C?), L}(R3,C*))
f=—iosAf +iosv-Of + Gy(u), (12.8)
while from (11.14) we have for a Gy € CO°(H(R?,C?), L' (R?,C*))
f = —iosAf +iosw' f +iosv - Of + Ga(u). (12.9)

The fact that Gy, G € C°(H(R3,C?), L' (R3,C%)) is rather simple. For example Go(u) is given by
the sum of the r.h.s. of (11.14) with a linear term V1 f where V,,» € S(R?, M(C?)) is the matrix
valued function in (11.24). It is elementary to show that u — f is in CO(H*(R?,C?), L?(R3,C*)).
The rest of Ga(u) comes from the r.h.s. of (11.14), obtained applying ﬁf to the terms R|?=1 in the
expansion (8.11). It is elementary that this too is in C°(H!(R3,C?), L*(R3,C*)).

By comparing the equation for f with G; and the equation for f with Gg, it follows that we
necessarily have v - = w! + v - O, see [16, Lemma 13.8]. Hence, returning to (12.5), we have

T(g(t))Pyyr'(t) = I/If\//(07t)W(t,O)e‘.‘”?"”lte_"””Athr +og1(1),
for W (t,0) defined by (11.17) and where

~

. (W (0, )W (¢,0)€275% t) = W(0, t)ios ((v — ¥) - O +w') W (t,0) = 0.
We conclude that there exists gg € G such that for hy = T'(go) f+ one has
T(g(t))Pp/(t)’l"/<t) = e_iUBAth+ + OHl(l).

This completes the proof of (1.9).

Finally, we emphasize that the proof is predicated on the values IT;(ug) = p? for j < 6, with the
coordi_n_ate changes and the manifold M$(p°) dependent on p°. However, since the symbols szm
and S;fm appearing in the coordinate changes depend continuously on p°, the estimates are uniform
in p°, as long as this is close enough to p'. This completes the proof of Theorem 1.1. O
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A Appendix.
Lemma 8.1 is obtained expressing r in terms of (z, f) from the following lemma, where we omit the
dependence on the constant parameter Ily.

Lemma A.1. For n,M, My,s,s k,l € Ng with 1 <1 < M such that (8.4) is satisfied, for a € A a
parameter, with A an open subset in R, and for &y > 0, consider

= igg 2 RO MOH (t,a,II(r), r)0,r + S;%f (t,a,I0(r),r), (A1)
J<7
Let ke Z n[0,n— (I +1)] and set for s" =21 ande >0
Spi={re TgoM Sy ¢ |z, + [I(r)] <e). (A2)
Let ag € A. Then, for e > 0 small enough, (A.1) defines a flow F;
Fi(r) = €'o® Z?:1RZ%SYTZ(t,a,mr),r)ojT(e i1 Riﬂ\fgfz(%a’n(r)ﬁ)ioi) (T + Siﬂ[f,l,l(t,a,n(ﬂﬂ)) ,

(A.3)
where for and for e1 > g9 > 0 sufficiently small we have
§i € CY((—4,4) x Dga(ag, e2) x UZ, 1 U, 1) (A.4)

Proof (sketch) While the statement is the same of [15, Lemma 3.8] and [2, Lemma 3], we have
to deal with operators ¢; for j = 5,6,7 which don’t commute.

For ¢ € su(2) and ¢ € R* we consider S := ¢ Xja 49T (e~€)r, for T the representation in
(2.19). It is elementary that for some F; € C* we have
for 7 =1,2,3,4 and
ILj(r) = 11;(S5) for j = | (A.5)
() ( )+F(§ Hk( >|k=5)f0rj=57677

where F}(0,%) = 0 = Fj(*,0) for any * and where for j = 5,6,7 the above equality is obtained
proceeding like in Lemma 5.1. Then expressing the coefficients of (A.3) in terms of the new variables,
we have new coeflicients

D(t, & 0,5) =
e X 00T OS (1alis alfs + A& onllg) s €7 B 0O T()S)
(1€ 0,9) == RON (4 ouliy, oulis + LS onlfs) g, €72 = 49T (e5)sS)
Notice that for 0 < ¢ < M we have
D(t,€,0,5) = S5M (.6, 0,8) and A, (1€, 0,5) = RUME, (t,€, 0,9).

Then consider the following system which we explain below:

S =9(t¢0,5),

g; = A;(t,&, 0,8) for j =1,2,3,4, with ¢;(0) =0,

o0 1 . 3

2 71 (ad(€)" 1 €= 3 ;(1.€, 0, S)io; with £(0) =0, (A.6)
k=1 1=1

0; =<{5,0;0(¢,§,0,5)) for j =1,2,3,4 and

0; = (S, 0;D(t,€,0,5)) — 0 (€, oklizs)€ — Z 00, F5 (& 0k |k=5,6,7)01 for j =5,6,7.
1=5,6,7
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We explain now the above equations. The 2nd and 3rd line are defined in order to simplify the
equation for S. Indeed, when we substitute S in the equation of r we get

4
dyr = 0,(e3 Tim1 50T (e8)§) = 173 Lj-1 9 03 T(f) (1’103 31450, + T(e$)a(T(e9))S + S) =

Jj=1

4 7

€13 Xj1 4505 (T(eﬁ)ﬁag DA TI(r), 1)0;8 +ios > At H(T)J)OJ-T(ef)S) + D(t, 1(r), 7).
j=1 j=5

By the choice made in the 2nd line of (A.6) the summations over j = 1,2,3,4 cancel out. We

will show that also the summations over j = 5,6, 7 cancel out. By the Baker—Campbell-Hausdorff

formula, see [31, p.15], we have

0es = (Z %(ad({))k_1 §> e® where ad(€) : su(2) — su(2) is ad(€)d := [£,9]. (A.7)
k=1 """
So, for Ig2 the unit element in SU(2), we have
mﬂ&hﬂw@%Z;@mw*Qﬂ&. (A8)
k=1""
On the other hand, by (2.9) and (2.20) we have
D1 Aios0T(e) = > AipadT( ez (i) T().
7=5,6,7 1=1,2,3

So the 3rd equation in (A.6) yields the cancelation of these terms. Hence we conclude that the 1st
equation in (A.6) is true.

We also derive equations for g; by differentiating 0,11;(.S) and by substituting II;(S) with o;.
Solving the last equation in (A.6) in terms of ,_o'j|j7v:5 and replacing in the last equation £ by means
of the 3rd equation, we obtain for 1 < ¢ < M

S =8,10,(t,€0,9),

= ROMOFN(L, €, 0,8) for j =1,2,3,4, with ¢;(0) = 0,
f = Rﬁ Mo (1€, 0, ) with £(0) = 0

Rgﬂioﬁlz(taf’ 0,5)forj=1,..,7.

(A.9)

Taking as initial conditions (r,0,0,II(r)), by elementary arguments, see [15, Lemma 3.8], we get
from (A.10) a flow

t
S(t) =r +J siMo (L TI(r),r)dt =7 + SiMo L(ETI(r), 7).
J RY J\ioﬁlz I(r),r)dt' = Rg’%ofl}[(t,ﬂ(r),r) for j =1,2,3,4,
ZJR%Wp 11(r). r)d s, = Z@%ﬁ 11(r), r)ics, (8.10)

E@MFJMO+LR%f&WHWJW’

=1I;(r) + Rg’%ojl}g(t,ﬂ(r),r) forj=1,..,7.
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In view of (A.5) we get also
I (r(t) = I (r) + RO, (8, 10(r), 7) for j = 1,...,7 . (A.11)

This ends the proof of the parts of Lemma 8.1 which are not the same of [15, Lemma 3.8].
O

Lemma A.2. Consider two systems for £ = 1,2:

() =ios Y. AT, )0 + DO I, r),

J=1,...,7
with the hypotheses of Lemma A.1 satisfied, and suppose that
D (1, T(r),r) = DO (&, T(r),r) = Sy (¢, TI(r), 7).
Let r — rfz) with £ = 1,2 be the flow for each of the two systems. Then for s,s’ as in Lemma A.1

Mo+1
Ity = riylle_., < Clrlg"

Proof. The proof is elementary. We consider

d .
2 () grly = D5 (DaosRy T (T, ) - Oy

£=1,2 1=1,2
+ Z D([ t H(sz))arfz))*' Z (_)gp(l)(tan(rfé))vTEZ))'
£=1,2 £=1,2
ﬁ;%‘]”(t T(rly) )

Then for xj := (IL(r(,)),7{(,))

Hr@ 7’(1 Is_ \ZJ HT HM0+2dt/ J HT(z HMo+1dt/

’

H(?‘?z)) - H<T€1))| dr'

- f f lonm DD, %t +7(xb —x))|s_.

t 1
n f j 1, DO, 5t + 7 — x|y — iy s, dt”.

Since there is a fixed C' > 0 such that
Ireey ()=, < CHTH&S from (8.3),
(rt,) — I(r? r °+1 from the previous one and (8.3
(2) (1) P
HaT,D(l)(tHv o, T)HXL —X_; CHTHMO 1)
HaQD(l) (taﬂv o, T)HE_ C’HTHE_g ’

where the last inequalities follow from (5.4), for some fixed constant C' > 0 we obtain
M M '
1 1 ’ ’
Irle) = rylls_. < (tlrl A L f 72y = 1) s dt) ;

40



for ¢ € [0, 1], which by Gronwall’s inequality yields (8.8). O

Proof of Claim 12.2. Let g = R* x su(2) be the Lie Algebra of G. We can assume that
the inverse of the Lh.s. of (12.6) is equal to €% 2Zi=1 Xi0i (1) with X e CY(R,,R?%) and
¢ e C*(Ry,su(2)). Then, by (A.8), for u(t) := e'7® Xia Xi 0 P81y we have

0

i(t) = o Y} X;(6)0;u(t) + dT( 1cz) <2 = (ad(6(0) é(t)) u(t).

We set v;(t) = Xj(t) for j < 4 and, exploiting that io;|?_; is a basis of su(2), we define \N/j(t)\;-:s by

3 w0 1 yy
Z Vigs(t Z E £(1).

Then we conclude that (12.7) it true for this choice of u(t) and of ¥;()|7_,. Then u(t) = W (t,0)ug

and W (0,¢) = W=L(£,0) is s.t. equality (12.6) it true. This yields Claim 12.2. O

B Appendix.

Lemma 8.4 can be obtained from the following lemma, expressing r in terms of (z, f) and omitting
again the dependence of the symbols on Il4, which has constant value.

Lemma B.1. Consider § =3 0 - oFL with § = {:1 transformations as in Lemma A.1 on the
manifold M§(p°). Suppose that for any §7 the My in Lemma A.1 equals m;, where 1 = my < ... <
my, with the constant ¢ in Lemma 8.1 (i) equal to 1 when m; = 1. Fiz M,k with n1 » k= Ny (ng
picked in Lemma 3.1). Then there is a n = n(L, M, k) such that if the assumptions of Lemma 8.1
apply to each of operators §7 for (M,n), there exist 1(o) € C* with P(o) = O(|o|?*) and a small
e > 0 such that in US . for s =n— (M + 1) we have the expansion

Ko8=y( (1)) + 27 Q(H, Py, Pyr) + Ry + Ep(Pyr) + R, B1)
= 2, (Bulllr).n), (B T>d>+f3Bza(x,H<r>,r,r<x>><Ppr>5<x> dz,
d=2,3,4
with:
e B5(0,0) =0;

o By(o,7) € CM(U_i, S (R3, B(RY)®4R))), 2 < d < 4, withU_ < R” x (Tg° M nS_y) an
open neighborhood of (0,0);

o for (e R* (p,7) € U_, we have for i < M

||Vi’g’gB5(Qa 7,05, 3, B(®R)®5 R) < Ci-
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Proof. The proof is in [15], but we sketch it. First of all, by (A.4) we have, for k <n — L(M + 1),

n—(M+1) S n 2(M+1) S n—L(M+1) §' n— (L+1)(M+1 k+3 N
ert1,k Z/IEL7 " usm u u + Cue Ok’ (B2)

where each map is CM if we pick ny > n = n(L, M, k) := k+ 3+ (L + 1)(M + 1) and then we get

n— M+1 k
Fe oM@l MY ul,

By (A.3), the r—th component of § is of the form

3

Blo.7) = €170 Xim Rileoar (@00 (X Rk (@) (4 SUL L (0,7)). (B.3)

Then by [0;, Or] = 0 for all k if j < 4 we have
Hj(r)|?:1 of =1;(r+ Sllcid A 1(r), 7)) ?:1 =1(r ) -1+ Rk+2 A IL(r), 7).
From (3.13) we have
pog§ = p+Rif27M and so &,0F = &, + Sif27M.
Then we have
E(uog) = E(e’i"32?:17j<>j(\/1 “ B2 + b0y C)(®, + Pyr) og)
= E((®, + Byr) 0 3) = E(®, + SL2, oy + By iz (r 4 SEL, )
= E(®, +Pr+Sk+2M+PS,€+2M)
where we use the commutation (for the proof see [15, Lemma 4.1])
[Pp, eﬁUB Z_‘;:l Riis,M Oj T(ezg;l Riis,M)i‘Ji]r
= [el7® Yo Rii&Mo]'T(ezg‘:1 Ricra,a)ios , ﬁp]r = Szlva M-
We get similarly for 1 < j <4
1,2 1,1
Hj(uos)ﬁ:l = 1L;(®p + Ppr + Sy 0o ar + PoSilion) §=1 = 1;(®, + Ppr)l; T R

P R - By + B Si% w+ PiSEla )~ B (2p)
= DN + Ry (Hj(cpp +Pr) + Ry — 1L (<I>,,o)) . (B-4)
j<4
Like in [15, Lemma 4.3], we set
U=, + 8.7 0 + oSy
we need to analyze E(¥ + P,r) which we break into (cf. (2.10))
E(U + Pyr) = Ep(Y + Pyr) + Ex (¥ + P,r).
It is also shown in [15, Lemma 4.3] that
Ep(¥ + P,r) = Ep(V) + Ep(F, r) + terms that can be incorporated into R”
(B.5)

f dxf = ( (eIth )|,_o@s[B(|s¥ + tP,r[*)] dt ds.
R3 [0,112 J-
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The second line of (B.5) equals
.
J de dtds )] _—'(6§+1)|t=065{ B(|s®, + tP,r|*)+
R3 [0,1]2 j=o1 J:
, (B.6)

1
| aro Bs(@, + 7(8}2, 5+ PSEL ) + R}

The contribution from the last line of (B.6) can be incorporated into R” + R,lc?n Notice that from
the j = 0 term in the first line of (B.6) we get

f da;f dso,[B(|s®, [)s®, Pr]—2f de B (|®,2), - Pyr = (VEp(®,), Pyry.  (B.7)
R3 3

The j = 1 term in the first line of (B.6) is 27(V2Ep(®,)P,r, P,r); thus,
Ep(¥ + Ppr) = Ep(¥) + Ep(Ppr) + (VEp(®,), Pyr) + 27 (V2 Ep(®,) Bpr, Pry + R + Ry7 (B.8)
Then,

RL:2

k,m

Ex (U + P,r) = Ex(0) — (AD,, Pyr) + (—A(S, k+2 v+ P SkJr2 m) Por) +Ei (Ppr). (B.9)
Using (2.10), (2.6), (2.18) and the fact that io3zA(p) - 0@, € Tp, M, see (2.21), we have

(=A®, + VEp(®,), Pyry =<{VE(®,), P,ry = —Q(io03VE(®,), P,r)
= —Q(io3A(p) - O0Pp, Ppr) = 0.

Adding (B.8) and (B.9) and using the cancellation of the sum of the second term in the right-hand
side of (B.9) with the term (B.7) which follows from the above relation, we arrive at

E(U + Pyr) = E(V) + E(Pyr) + 27 (V?Ep(®,)Pyr, Py + R” + R;2 (B.10)
where we used (2.10). From (2.18),
0 Rif2 M
— Lo (B.11)
E(V) = E(®p) +{VE(®p), P,S; 5 pr) +H(VE(®,),S ,HQ M +R,c v =E(®p) + Ry
where the R,lﬁw in the right-hand side is absorbed by R%\/[ in (B.1).
We have
“Ap) T, + Fyr) = Ap) - TH,) = Ap) L) = O0)- 0y, Byr)

= —Alp) - 1(®p) = Alp) - T(Fpr),

where we used (A(p) - O0®,, Ppry = Q(—103A(p) - 0P, Ppr) = 0.
Substituting (B.10) (where we apply (B.11)) and (B 12) into (B.4), we have:

K(§(u)) = E(®,) + E(Ppr) + 27 (V?Ep(®,) Pyr, Pyr) — E(®,0)
—A(p) - I(®,) — A(p) - TL(Ppr) + Ap) - T(®p0) + R" + Ry2,

43



By (4.5), d(p) = E(®,) — A(p) - II(®,). Then we have

BE(®y) = B(®y0) = A(p) - (I(Pp) — (Do) = d(p) — d(p") = (AP") = A(p) - p°
= K(®,) = O((IL;(r)[521)*) + R%, (B.13)

where O((I1;(r)|j-,)?) is ¥ (T;(r)) in (B.1) and Rgé?oo is absorbed inside RLQ . Thus,
K(§(u)) = ¢(I1(r)) + E(Ppr) + 27 (V?Ep(®,) Pyr, Pyr) — A(p) - I(Ppr) + R” + R,
Breaking E(P,r) = Ep(P,r) + Ex(P,r) and using the relation
27 YV2Ep(®,) Pyr, Ppr) + Ex (Pyr) — A(p) - TI(P,r)
=27 Y(V?E(®,) — A(p) - O)Pyr, Ppyr)y = 27 'Q(H, Py, Pyr),

we arrive at the conclusion of the lemma. O
The following is an elementary consequence of Lemma B.1 and is proved in [15, Lemma 4.4].

Lemma B.2. Under the hypotheses and notation of Lemma 8.4, for R' like R", for ¢ e C*(R* R)
with ¥ (o) = O(|o|?), we have

Kof =¢(I(r)|j=1,..4) + 27 Q(Hpr,r) + RS, + Ep(r) + R, (B.14)
R = Z (Ba(II(r), 1), Td> + j Bs(x,II(r), 7, r(2))r) (z) dz,
d=2,3,4 R3

the By for 2 < d < 5 with similar properties of the functions in Lemma 4.1.
Proof. The proof, for whose details we refer to [15], is obtained by writing
Pyr=1r+4(P,—Pu)r=r+ Sclxg,loo

and substituting P,r = r + S;lxgloo inside (B.1). That from Ep(P,r) + R” in (B.1) we obtain a term
which is contained in R ~ 4+ Ep(r) + R’ in (B.14) is elementary and is discussed in [15]. We have

27O (H, Pyr, Pyr) = 27 (—APyr, Pyry — A(p) - TI(Pyr) + 27 XNV2Ep(®,) P,r, Pyr). (B.15)
Then

(=APyr, Pyry = (—Ar,ry + RS T(Ppr) = I(r) + Ry,

k,m>
(V2Ep(®,)Pyr, Pyr)y = (V*Ep(®,1)r, r>+R +{((VEEp(®,) — V2Ep(®,1))r, 1),

Ap) = Mp') + R (G ()[j-0) + Ry
where for the last line we considered (3.13) which implies
p=1—1(r) + R,
and where R’ (II(r)) is smooth in the argument and is O(|TI(r)]).
Then we conclude that the right hand side of (B.15) is
271Q(H 1mr)
(A AR 0+ VER @ D REL ML) +REE, (B9
P2V ER(®,) — V2 Ep (@)1,
where the last term can be absorbed in the d = 2 term of R’ by (3.13). Setting 1(0) = ¥ (0 )+R%%(0)
with the Roo « 1n (B.16), we get the desired result. O
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