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1 Introduction

Hanany and Witten [1] showed us how to build quiver gauge theories in three dimensions
with eight supercharges, and unitary gauge groups. The setting was type IIB string the-
ory, with D3-branes suspended between NS5-branes, D5-branes, and various arrangements
thereof. Because type IIB theory enjoys S-duality, this allowed them to easily derive for
each theory they considered, an IR dual theory related to it via 3d mirror symmetry, as
conceived in [2]. Alternative string theory setups were considered in the works [3, 4].

It is then natural to wonder, what the mirror duals of quivers with special unitary
gauge groups are. In order to render a unitary gauge group special unitary, Witten devised
a field theory method in [5], whereby he essentially gauges the topological U(1) global
symmetry present. The coupling then acts like a Stiickelberg mass term for the original
photon. In [1], Hanany and Witten apply this method to various examples. This requires
them to introduce an auxiliary hypermultiplet with an appropriate coupling to the photon.
Through this method, they are able to derive various mirror pairs. More elaborate examples
of this can be found in [6], and more generally even, in [7].

However, there is a vexing issue that persists: to our knowledge, no systematic direct
method has been concocted to generate special unitary quiver in string theory.! This would

1See [8, 9] for a holographic method for gauging some topological U(1) symmetries in M-theory setups.



be useful for several reasons: it would essentially prove the various mirror pairs that have
been conjectured, provided we trust that S-duality is an exact symmetry of type IIB string
theory; it might open the way for computing quantities directly via string theory methods,
as opposed to relying only on field theory. Finally, this will open up a new avenue of
investigation for so-called ‘bad theories’, as defined by [10]. Theories with too few flavors
are problematic, because they have no known conventional QFT mirror duals. There has
been research in this direction [11].

In this paper, we solve this problem by giving two explicit string theory constructions
of special unitary quivers: one in type IIA and one in type IIB string theory. Our ITA
construction will allow us to immediately see special unitary groups appear via a Stiickel-
berg mechanism that involves the anomalous coupling of open and closed string modes on
the D4-brane worldvolume. The IIB construction is related to it via fiberwise T-duality.
In IIB, S-duality will allow us to readily derive mirror duals. Moreover, the framework
established in this paper will allow one to derive string theory setups for unconventional
mirror duals involving ‘bad theories’. We will show this for the case of SU(2) with 2 flavors.

2 The Stiickelberg mechanism in string theory

We review the mechanism by which the worldvolume photon of a D-brane can gain a
Stiickelberg mass through its anomalous coupling to RR fields. The mechanism is well-
known, and discussed in various paper such as [12—-14]. The authors have recently analyzed
this in an analogous setup for five-dimensional field theories in [15]. We will closely follow
that approach here.

A single Dp-brane in 10d spacetime gives rise to the combined system:

Stot = SpBI + Swz + SSUGRA - (2.1)

Let us focus on the subsector of supergravity involving the RR (p — 1)-form potential
Cp—1, and the open/closed string anomalous coupling of the gauge field A with C,_;. The

relevant action is?

S[A,Cpy] = / dCy_y A%dCy1 + 1y / FAC, .. (2.2)
R10 Rp+1

Suppose now that the transverse directions to the brane are compactified® on a torus
TP of volume V so that now we have

Set|A, Cyp1] = / (ACy-1 A%dCyy + 1y F A Cy1) (2.3)
Rp+1

where ,u; = % and where we have normalized the dimensionally reduced fields C,_;.

The (p — 1)-form can be dualized to a scalar propagating in d + 1 dimensions. Let us
review the dualization procedure: we start by the following action depending on the field

A, a p-form T}, and a scalar o:

S[A, T}, 0] :/ (Tp AT, + A AT, + o dT,)) (2.4)
Rp+1

2We have fixed k19 = 1 /2 for simplicity.
3Ultimately, we will assume a more subtle situation.



Here, we are working in Lorentzian signature, so the path integral has a factor of the form
exp(i [ 0dT,) in the integrand. Integrating by parts and using Stokes’ theorem, we see
that, if we shift o — o + ¢, we get a phase of the form

exp (ic /Sp Tp> = exp(icn), (2.5)

since T, has quantized flux in the full string theory. This emplies that the scalar o is
circle-valued.
Now we can proceed in two ways:

1. We can integrate out the scalar o: this forces d7, = 0; in a topologically trivial
worldvolume, this implies it is exact, i.e. T, = dCp—1. We then come back to the
original action (2.3), after a simple integration by parts.

2. We can integrate out 7),: we are then left with
1
Sui[A, o] = Z/dpﬂxyoza — AP (2.6)

The action (2.6) is equivalent to (2.3) and is a Stiickelberg mass term for A. Hence,
when the coupling [ F' A Cp—1 is present, the involved gauge field becomes massive and
only the global part of the U(1) remains in the low energy theory.

Note, that it is crucial for the RR field to be dynamical. This is why N D-branes
in flat spacetime carry a U(N) gauge group. In order for the overall U(1) to gain a
Stiickelberg mass, there must be an effective dimensional reduction of the RR-field to the
worldvolume of the brane. As we have seen, this can be achieved by fully compactifying the
transverse space. Another option, however, is to have a non-compact spacetime that admits
a harmonic k-form wy that is normalizable in the p — 9 dimensions that are transverse to
the brane worldvolume, such that if we take the Ansatz

Cp—1 =wi ANc, (2.7)

with ¢ a (p — 1 — k)-form propagating in (p + 1)-dimensions, then the kinetic term of the
RR-potential will effectively localize around the brane locus:

/ 402 |dC, 1|2 = / 40 ]ug 2] def? ~ / P |de]? . (2.8)

nglghout this paper, we will rely on a hybrid situation: our target space will be
R? x C2/T x T3, where the orbifold will be resolved, and a metric will be chosen such that
normalizable 2-forms exist.

In particular, we will look at D4-branes wrapped on exceptional P! inside the local K3.
Hence, their transverse space will consist of the T times (roughly) their normal bundle
inside the K3, which will be non-compact, but nevertheless still admitting normalizable
harmonic two-forms. We will therefore make the case that the coupling F' A C5 will make
the U(1) gauge field massive, so long as there is a 7°. Decompactifying this 7%, however,
will make the Cj5 field non-dynamical, thereby restoring the U(1) gauge field.



3 Strategy

The goal of this paper is twofold: to show how to both build special unitary 3d quivers and
derive their mirrors in string theory.

The first goal will be achieved in two ways: first we will show how the Stiickelberg
mechanism described in the previous section can be readily applied to type IIA string theory
on local K3’s times T3, with D4-branes wrapping compact and non-compact holomorphic
curves of said K3. The T% factor renders the appropriate bulk fields dynamical, thereby
triggering one Stiickelberg mechanism per gauge node, stripping it of its overall U(1) factor.

Secondly, we will T-dualize this to the more familiar Hanany-Witten (HW) scenarios
with D3, D5 and NS5-branes [1]. We will then explain directly from the IIB perspective
why having a T3 factor eliminates U(1)’s for each gauge node.

The advantage of the ITA perspective is that the Stiickelberg mechanism is easier to
understand from a string theory perspective. The IIB explanation will require a field theory
argument. However, the IIB viewpoint makes mirror symmetry easier to implement.

Then, we will be ready for our second goal: by applying S-duality in I1IB, we will derive
mirror symmetry for such quivers. In our final section, we will display various classes of
examples to demonstrate the validity of this approach.

4 1ITIA perspective

We start considering type ITA string theory with target space R x T3 x @ , whereby
the last factor is a resolved orbifold of C? by a discrete subgroup I' C SU(2). The metric
(whether ALE or ALF) will admit as many (or more) normalizable two-forms 7; as there
are exceptional curves C; = P'; here i = 1,...,r where r is the rank of the ADE algebra
associated with the discrete group I'. We choose local coordinates xg, ..., x9, where the
coordinates zg 12 are along R1:2, 234,56 are local coordinates along the resolved orbifold
and x7g9 are along the 3-torus T3.

The type ITA string theory can be reduced to 3d. Let us do it in two steps for
convenience: we first reduce on the resolved orbifold and then we compactify on 73. Type
ITA on C2/T gives a 6d theory. The closed string fields are expanded along the normalizable
two-forms ;:

C3 = Abdac™ Ay + ... By =bn+... (4.1)

with M =0,1,2,7,8,9. Since 7; have compact support on @‘, the 6d vectors A%, and
scalars b' propagate in 6d. Expanding the hyperKihler two-forms wy, (k = 1,2,3) of the
local K3 along the same normalizable two-forms, one obtains the metric moduli; they prop-
agate in 6d as well. Fixing a K&hler structure, one can take the Kéhler form to be J = ws
and the holomorphic (2,0)-form 2 = w; + iwy. The metric moduli can be read off from

J=En+... Q="Clg+ . (4.2)

where ¢ are 6d real scalars and (¢ are 6d complex scalars. The vector A%, and the scalars
€4, ¢ b sit together in a 6d A = 2 vector multiplet. We now compactify the 6d theory on



Ddg | — — — — —
Ddp | — — — —
K3 — - -

Table 1. ITA realization. The gauge branes wrap exceptional curves (along x3,x4), and the flavor
branes wrap copies of C (along x5, xg).

T3. The 6d vector A}, gives rise to a 3d vector .AL and three 3d scalars A%&g. All these
fields sit together with the 3d scalars £, (%, b* into a 3d A" = 8 vector multiplet.

We now introduce D4-branes. These are graphically summarized in table 1.

The gauge D4g-branes wrap the compact curves C;; the flavor D4p-branes wrap C’s
transverse to C;. The D4-branes are BPS in the given target space if the wrapped loci are
holomorphic with (the same) one choice of the Kéhler structure on the local K3. These BPS
D4-branes break half of the supersymmetries. Correspondingly the bulk vector multiplets
break into N = 4 vector multiplets (Afu b, ") and N = 4 hypermultiplets (&, A%, AL, AY).

Let us first consider the case in which 72 decompactifies to R3. Wrapping N; D4-branes
on C; gives rise, at low energies, to an N' = 4 U(N;) vector multiplet, with no adjoint hypers,
owing to the fact that such a curve has a negative normal bundle N; = O(—2), i.e. is ‘rigid.

When two such curves C; and C} intersect, bifundamental strings stretched between
them will give rise to a hypermultiplet in the (N;, N;).

We also consider non-compact D4-branes stretching along copies of C that intersect
the compact curves at points. This will give rise to hypers in the fundamental of the
intersected curves. Let us label such non-compact curves DY.

This class of constructions allows us to consider all quiver gauge theories shaped like
Dynkin diagrams. As we said, each C; gives rise to a round node with a U(N;) gauge
group. Round nodes intersect according to the Dynkin graph whose corresponding Cartan
matrix is determined by the intersection matrix A;; = —C; - C;. In addition, putting N fﬁ
D4-branes on DY, contributes a square flavor node with flavor group SU(N ]{)’ attached to
the corresponding compact C; according to the intersection C) - D,

All such quivers have unitary gauge groups. However, if we now compactify on 7° the
non-compact 7gg directions that are normal to the branes and to the resolved local K3,
the Stiickelberg mechanism described in section 2 will eliminate all U(1) factors, leaving
us with special unitary gauge groups at each node. In particular, one has the following
coupling on the D4g-branes:

F EA Cs (4.3)
D4,
where F' is the field strength of the diagonal U(1) on the D4 stack wrapping C;. This
coupling induces mixed Chern-Simons terms in 3d

> F'N A da (4.4)

P R1,2



This makes the U(1) gauge fields massive. In fact, at the 3d level, what we have done
corresponds to gauging the topological U(1)r symmetries. This term is reminiscent of
the BF-terms considered in [16], whereby one subsequently renders the background fields
dynamical.

This happens so long as there is a T3. Decompactifying this 73, however, will make
the Cj field non-dynamical (ungauging the corresponding topological symmetry), thereby
restoring the U(1) gauge field.

Let us address the consequences of compactifying on 7% for the moduli space of the
effective theory. The full moduli space of the D4-branes now becomes a compact space (i.e.
an S'-fibration over T%). However, the low-energy effective theory on the D4-branes only
sees an open patch of the base T that is diffeomorphic to a 3-disk. This is understood as
follows: in order to flow to the infrared, we set a cutoff scale (something below the KK scale
set by the radii of the 7). This imposes an upper cutoff in the vev’s that the worldvolume
adjoint scalars can take, hence bounding the D4-branes’ movements to an open disk. In
this way, we recover a Coulomb branch of the form of an S'-fibration over R3, which is
fully compatible with a hyper-Kéahler structure.

As far as the R-symmetry is concerned, there is an analogous paradox with a resolution.
In the target space, the T no longer enjoys an SO(3)-isometry. This would seem to spoil
the expected SO(3)g-subgroup of the R-symmetry group acting on the Coulomb branch.
However, the 3 adjoint scalars are actually sections of the normal bundle to the D4-branes,
which still admits an SO(3)-action, since each fiber is diffeomorphic to R3. Hence, the
effective field theory behaves as expected for an N' = 4 gauge theory.

Note, that the Stiickelberg mechanism survives this IR limit, since it relies on KK-zero
modes of bulk fields reduced along the 72. Those modes remain massless all the way down
the RG flow, and continue to ensure the mass term for the photon.

5 IIB perspective

5.1 Special unitary linear quivers

Having established how to construct special unitary Dynkin quivers in type IIA string
theory, we restrict our attention to A-type K3-surfaces,® which admit a multi-Taub-NUT
metric. This means that these spaces are S'-fibered, allowing for a T-duality, albeit at
the cost of generating NS5-branes whenever the S!-fiber collapses. This lands us in the
familiar territory of Hanany-Witten setups.

Symbolically, we will say that we T-dualize the z4 coordinate (see table 1). This paints
for the situation shown in table 2.

Wherever we had a P! in ITA, we now have a pair of NS5-branes separated by an interval
in the x3-direction. D4-branes on such P!’s become D3-segments suspended between said
NS5’s (see figure 1).

For the non-compact D4’s, two things can happen: if the D4 intersected the P! at a
generic point, it gets dualized to a D5 intersecting the D3-segment. In figure 1, this is

41.e. resolutions of A,, orbifold singularities.



D3¢ | — — — []
Dsp | — — — — — —
NS5 | — — — —

Table 2. T-dual IIB realization. The result is a Hanany-Witten scenario after we decompactify
the x4 direction.

n+l NS5

Figure 1. T-duality between ITA with D4 branes on a local K3 (we have drawn the A,, case with
n exceptional spheres) and IIB with NS5/D5 branes and D3 branes.

depicted by the blue D4 and D5-branes. The other possibility is that the non-compact D4
extends along a holomorphic curve that contains the Taub-NUT circle. In this case, it will
turn into a semi-infinite D3. In figure 1, this is depicted by the green D4 and D3-branes.
Note, that a ‘green’ D4-brane can freely move to a more generic curve and become a ‘blue’
brane. After T-duality, this corresponds to performing a Hanany-Witten transition.

It is interesting to see how a simple motion of the non-compact D4 in IIA gets turned
into such a drastic move in IIB: it corresponds to moving a D5 that intersects a D3-segment
through one of the NS5’s (the classic HW move), and then sending the D5 off to infinity,
leaving us with a semi-infinite anomalously created D3.

Having performed this T-duality, we now have a Hanany-Witten setup, but with one
direction of the D5’s on a circle. Taking this circle to infinite size will not affect the quiver
gauge theories. At worst, it will generate a KK tower in 10 spacetime dimensions, but
nothing that will be dynamical in 3d. Hence, we freely decompactify it. The resulting
setup is drawn in figure 1.

In order to transform U(N) gauge groups into SU(N) gauge groups in the ITA setup,
we needed to compactify x759 on a T3.

Therefore, our claim is that one can obtain special unitary quivers from Hanany-Witten
scenarios compactifying the NS5-directions that are transverse to the D3-branes on a 73.

As explained in section 4, despite the compactification on T3, the moduli space, as seen
by the low energy worldvolume theory on the D3-branes, is still non-compact. Similarly,
its R-symmetry remains an SO(3) x SO(3).

Let us now explain this phenomenon directly in type IIB string theory. From the field
theory perspective, one way to turn U(/V) gauge groups into SU(N) gauge groups is to



gauge the topological U(1)7. Define the topological U(1)7 current of a gauge node as
JT = *dA, (5.1)

where A is the U(1) € U(N), and « the dual photon. Then we introduce a background
photon A7, and couple it to Jp via a term of the form

Jr AN*Ar ~ F N Ap. (52)

If Ap becomes dynamical, then the U(1)y is gauged, and at the same time the original
gauge U(1) acquires a Stiickelberg mass. The newly gauged U(1)r, however, does not
confer electric charge to the hypers, hence the quiver is indeed altered into a special unitary
quiver. How is this term realized in IIB string theory? A clear candidate is the anomalous
D3-worldvolume coupling to the RR 2-form

EFANCy. (5.3)
D3
One might now object, that Co will not become dynamical in 3d simply by putting x7 59 on
a T3. However, the presence of NS5-branes implies there are normalizable modes trapped
on their worldvolume, which does get reduced to 3d. We can see this by tracking the
T-duality process: in ITA on the multi-Taub-NUT background TNy, there was a bulk 6d
U(1)" symmetry provided by choosing the Ansatz for the RR 3-form

where the w) are the N normalizable 2-forms. This symmetry gets enhanced to Ay_1 by
wrapping D2-branes on the compact spheres.®

Our fiberwise T-duality will turn these C'3 modes into Cy modes whose energy densities
localize around the NS5-branes.® Therefore, by compactifying the NS5-branes to 3d, the
anomalous coupling will do precisely what we expect: to gauge the topological U(1)p for
each gauge node.

5.2 Mirror symmetry

Having established that SU(V) linear quivers can be easily created in IIB Hanany-Witten
setups by simply compactifying the three NS5 worldvolume directions that are transverse
to the D3-segments, let us see what this means for mirror symmetry. As in the original
HW paper, this duality is achieved by performing an S-duality. NS5-branes and D5-branes
are exchanged, and the D3-segments remain as they are.

However, after the S-duality, it is the D5-branes that will see three of their directions
compactified. What are the field theory consequences of this? Assuming that we have
kept the Db-branes apart, the consequences are simple, the Cartan subgroup of the Higgs
branch flavor symmetry is gauged.

® Actually it enhances to U(N) in the ALF case.
5The D2-branes will turn into D1-strings stretched between the NS5-branes.



Figure 2. The quiver after compactifying the directions transverse to the D5’s.

Let us unpack this statement: assuming we arrange for the D5-branes to be within
the suspended D3-segments (as opposed to being outside on the extremities), then the
hypermultiplets come from D3-D5 fundamental strings. For Ny such D3-D5 intersections,
the flavor symmetry is SU(Ny). This is true regardless of the relative positions of the D5-
branes. If one were to gauge this flavor group with a background gauge field, necessarily,
one would use the gauge field on the worldvolume of the D5-branes. In the case of separated
D5-branes, there is a U(1)™7 6d gauge symmetry. By putting this on a T, Ny photons
become dynamical in 3d.

The end results is that any ‘square node’ in the quiver with Ny will ‘implode’ into N
distinct U(1) gauge nodes, all attached to the same original gauge node. See figure 2. A
round node with the number n inside means a U(n) gauge group. We will use this notation
in the rest of the paper.”

This is precisely what was expected from field theory arguments. The topological
U(1)’s of the original theory get mapped under mirror symmetry to the Cartan subgroup
of the flavor group acting on the Higgs branch. In the next section, we demonstrate all of
this with various examples.

6 Examples

We will present several families of examples of mirror pairs in this section. We will always
refer to the starting theory (with special unitary gauge groups) as the ‘A-theory’, and the
mirror theory as the ‘B-theory’. The B-theory will always have unitary gauge nodes.

6.1 Enhancement of the Higgs branch

Before jumping into mirror symmetry, we would like to explore one important phenomenon.
After compactifying the directions x7 g 9 longitudinal to the NS5-branes (but transverse to
the D3-segments), U(N) gauge groups get reduced to SU(N)’s. Since a vector multiplet
becomes unavailable to participate in the Higgs mechanism, the expected quaternionic
dimension of the Higgs branch should increase by one. In fully Higgsable models, this is

"When the gauge group is SU(n), we will explicitly write it in the quiver.
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Figure 4. HW equivalent configurations for SU(3) with Ny = 6 + k flavors.

maanifest in the formula:
dimygH = #hypers — #vectors, (6.1)

but can be true for other cases too. More precisely even, when transitioning from U(N) to
SU(N) we expect to see baryonic branches emerge.

Can we see this in our string theory realization? The answer is yes. The NS5-
worldvolumes are now three-dimensional, hence their relative positions correspond to dy-
namical fields in 3d. In order to see the jump up by one we illustrate the simple case of
‘SU(1)’ with two flavors in figure 3. The transition from U(1) to ‘SU(1)’ should make a
one-dimensional Higgs branch grow to a two-dimensional one. The original dimension is ac-
counted for by the motion of the D3-segment along the two external D5-branes. In addition,
we see that two NS5-branes are now free to move in the x4 5 ¢ directions. However, only their
relative positions are physical, since their center of mass can be reabsorbed by moving the
D3-segment. Together with the relative dual photon, this makes one linear multiplet with
which the Stiickelberg coupling is achieved, thereby giving mass to one vector multiplet, and
freeing up one Higgs branch direction. Hence, in order to count extra Higgs branch quater-
nionic dimensions, we simply need to count the number of mobile NS5-branes minus one.

6.2 SU(N) with Ny flavors for Ny > 2N

Let us now switch to the study of mirror symmetry for ‘good’ quivers. This ensures full
Higgsability, and the existence of a mirror dual that admits a conventional Lagrangian
description in the UV. In figure 4, we present the case of SU(3) with Ny = 6 + k flavors as
our A-theory.

The S-dual configuration, shown in figure 5a, gives rise to the quiver in figure 5b, which
displays the B-theory. This can be generalized to SU(N) with 2N + k flavors, whereby
the B-theory is easily seen to yield the quiver in figure 6. This matches precisely the QFT
predictions of the original [1].

~10 -
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(a) HW S-dual configuration. (b) Corresponding quiver.

Figure 5. B-theory.

k+1

Figure 6. Mirror quiver of SU(N) with Ny = 2N + k flavors.

A-theory | B-theory
Gup | U(Ny) {1}
Ges {1} U(Ny)

Table 3. Symmetry group of the Higgs Branch (Gyp) and of the Coulomb Branch (G¢g) for
A-theory and B-theory.

As an easy check, we should match the expected U(Ny) flavor symmetry acting on the
hypers of the original theory to the Coulomb branch symmetry of the mirror theory. This
is easily confirmed by noticing that there is a balanced subquiver in the form of an Ay,
Dynkin diagram, and that one of the two unbalanced U(1) nodes® contributes the extra
U(1)7, thereby making a U(/Ny) symmetry. For the A-theory, we note that the Coulomb
branch now has a trivial symmetry group, as does the Higgs branch of the B-theory. This
is summarized in table 3.

For the special case of SU(2), we expect a Dy, -symmetry on the Higgs branch of the
A-side, and therefore a Dy, -symmetry on the Coulomb branch of the B-side. Indeed, we
see that we get a quiver in the shape of the extended Dy, Dynkin diagram. As usual, one
gauge U(1) decouples, so the symmetry is really just Dy, .

6.3 Homogeneous linear quivers

The previous section included as a subset the family SU(NN) with 2N flavors. Let us
generalize that to a fully balanced linear quiver of the form given in figure 7, with k£ nodes.
The HW setup is given in figure 8a, and its S-dual configuration in figure 8b, which yields
the mirror quiver given by figure 9.

$We can choose a basis where the other U(1) is the decoupled one.

11 -



OO O

N SU(N) SU(N) SU(N) N
. ~ J
k

Figure 7. Homogeneous linear quiver.

k+1

(a) A-theory (b) B-theory

Figure 8. HW setups of the homogeneous quiver (a) and its mirror (b).

O-0 OO -0

Figure 9. Mirror dual of homogeneous linear quiver.

On the A-side, there is a jump in the Higgs branch dimension by k (i.e. the number of
nodes). In our string theory setup, this is realized by the fact that k& + 1 NS5-branes can
be freed to move along x4 56, giving rise to £ relative positions.

The matching of the symmetries is interesting. On the A-side, the Coulomb branch
symmetry becomes trivial. On the other hand, the Higgs branch symmetry is enhanced
from SU(N) x SU(N) (corresponding to the two extremal flavor nodes), to U(NN) x U(V) x
U(1)*~!, whereby the Abelian factors act as phases on the k — 1 internal hypers. On
the B-side, we see that the Higgs branch has a trivial symmetry group, since all nodes
are gauged. On the other hand, the Coulomb branch is interesting. There are two Ax_1
Dynkin subquivers to the left and to the right of the central node. Finally, the central node,
and the k + 1 nodes attached to it, provide a U(1)¥*! topological symmetry (taking into
account one decoupled U(1)). In total, we see SU(N) x SU(N) x U(1)**1 which matches
the Higgs branch symmetry of A-theory.

6.4 Ascending linear quivers

Finally, we come to our last class of standard examples, the so-called TSU(N) theories.
This theory is defined by the quiver in figure 10. It is known to be self-mirror. Its Higgs
and Coulomb branch symmetry groups are SU(N). After eliminating all U(1)’s from the
gauge nodes, the quiver becomes the one in figure 11 and we expect the new Higgs branch
symmetry to be U(N) x U(1)V=2.
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Figure 10. TSU(N) quiver.
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Figure 11. A-theory quiver.

Figure 12. B-theory quiver.

For the mirror theory, the quiver is found analogously to the previous examples
and is displayed in figure 12. We see that the Coulomb branch symmetry becomes
SU(N) x U(1)N~1, which matches the A-side.

7 An outlier: SU(2) with two flavors

Now we come to an interesting example of a so-called ‘bad theory’ in the sense of [10]. What
makes such theories difficult to tackle, is the fact that they have monopole operators whose
expected IR R-charge falls below the unitary bound. It is therefore not clear, whether they
admit a conventional SCFT fixed point. In [11] and [17], such theories are studied from
the field theory point of view. More precisely, their moduli spaces are constructed, and
statements are made about mirror symmetry candidates. One difficulty arises, namely, the
fact that their Higgs branches consist of unions of cones makes it unlikely to find a purely
field-theoretic mirror dual.”

However, nothing precludes string theory from finding a mirror setup to these theo-
ries. Indeed, in this section, we will provide this, and note that those setups do not have
conventional QFT descriptions. We will not comment on the moduli spaces, but rather
focus on the construction itself.

A simple case in point is SU(2) with two doublets, which was studied in [18]. Its
Higgs branch consists of the union of two copies of C?/Zy. Our IIB setup for this theory is
very simple: two D3’s suspended between two NS5’s, with two D5’s intersecting the D3’s,
and, as usual, we compactify the transverse NS5 directions. Can we see the two cones

9We thank Julius Grimminger for explaining this to us.
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Figure 13. SU(2) with two flavors.

X

Figure 14. Mirror dual of SU(2) with two flavors.

comprising the Higgs branch? In figure 13a we show the ‘mesonic’ cone. This is the piece
that would have been present also for U(2) with two flavors. Figure 13b shows the new
‘baryonic’ branch, which requires one NS5 to be released. Clearly, these two branches are
mutually exclusive, as expected for a union of cones.

The first cone is clearly isomorphic to C2?/Zsy. In order to see this, we can first move
the lower D3-segment away from the page along the NS5-branes. Now, locally, we have
the brane situation of a U(1) with two hypers, whose Higgs branch is known to be the
Aj-singularity.

The new ‘baryonic’ branch is more subtle. We see that it is quaternionic one-
dimensional, since there is just one mobile NS5. However, we can also see that this space
is an Aj-singularity as follows: the mobile NS5 hosts a U(1) vector multiplet. The D3-
segments are suspended between an NS5 and one D5 each, and therefore host nothing. On
the other hand, we can have D1-strings suspended between the D3’s and the mobile NS5.
We recognize this theory as simply SQEDs, which has C?/Zy as its Higgs branch.

Having defined this setup, and demonstrated that it has the expected Higgs branch
structure, let us now draw the mirror symmetry setup in IIB. What becomes immediately
clear, is that the Hanany-Witten dual admits no field theory interpretation, as there is
no way to appropriately disentangle the brane segments into a configuration where a low-
energy theory can be read off. In figure 14, we show what this looks like. Now, by
definition, this setup has a ‘Coulomb branch’ with the same structure as the Higgs branch
of the original theory, even though no Lagrangian definition will reproduce it.
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