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Abstract
We prove the uniqueness for backward parabolic equations whose coefficients are Osgood
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1 Introduction

Let us consider the following backward parabolic operator

L=0,+ ) 0, (a(t,0,) + Y b(t,0)9, +c(t, ), (1)
Jk=1 j=1

where all the coefficients are assumed to be defined in [0, 7] x R", measurable and
bounded,; (ajq,((t, x))jq,( is a real symmetric matrix for all (¢, x) € [0, T] X R" and there exists
Ay € (0, 1] such that
n
Y @t 0)EE > MlE, @
Jk=1
forall (#,x) € [0, T] x R"and & € R".
Given a functional space H, we say that the operator L has the H{—uniqueness property
if, wheneveru € H, Lu = 0in [0, T] X R" and u(0, x) = 0 in R”, thenu = 0in [0, T] X R".
In the present paper, we are interested in the {—uniqueness property for the operator L
defined in (1), when

H =H"((0,7),L*(R") nL*((0, T), H*(R")) 3)
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(let us remark that this choice for H is, in some sense, natural, since, from elliptic regular-
ity results, the domain of the operator — 7%, _, 9, (a;,(t,), ) in L*(R") is H*(R"), for all
t€[0,T]).

It is well known that, in dealing with the uniqueness property for partial differential
operators, one of the main issues is the regularity of the coefficients. For example, in the
case of elliptic operators, the uniqueness property in the case of Lipschitz continuous
coefficients was proved by Hormander in [14] (see [17] for a more refined result), while a
famous non-uniqueness counterexample, for an elliptic operator having Holder continuous
coefficients, is due to Pli$ (see [16]).

In [9, 10], we investigated the problem of finding the minimal regularity assumptions on
the coefficients a;, ensuring the H-uniqueness property to (1). Namely, we proved the H
—uniqueness property for (1) when the coefficients a; are Lipschitz continuous in x and the
regularity in ¢ is given in terms of a modulus of continuity y, i.e.,

|aj,k(517x) - aj,k(s2,x)|

sup
515 85 I= [0’ T], ﬂ(lsl —S2|)
xeR”

= s

where y satisfies the so-called Osgood condition

'
/—ds=+oo.
o H(s)

A counterexample in [9], similar to that one of Pli§ quoted here above, shows that, con-
sidering the regularity with respect to 7 for the a;,, the Osgood condition is sharp: given
any non-Osgood modulus of continuity g, it is possible to construct a backward parabolic
operator like (1), whose coefficients are C* in x and y-continuous in ¢, for which the H
—uniqueness property does not hold.

It is interesting to remark that, in the recalled counterexample, the coefficients are in fact
C*in t for t # 0, and the Osgood continuity fails only at # = 0.

The loss of regularity for the coefficients at a single point is widely considered, e.g., in
the case of well-posedness in the Cauchy problem for second-order hyperbolic operators of
the type

P =07 = Y 0, (a(t,x)9,) + D b(t,x)0, + c(t,),
Jk=1 j=1

under the condition (2). For such class of operators, we have the well-posedness in Sobolev
spaces when the coefficients are log-Lipschitz continuous with respect to ¢, there exist
counterexamples to this property when the Lipschitz continuity fails only at # = 0, and,
finally, the well-posedness in Sobolev spaces can be recovered adding a control on the Lip-
schitz constant of the a;,’s, for 7 going to 0 (the literature on such kind of problems is huge,
see, e.g., [4-8, 13, 18])

In this paper, we show that if the loss of the Osgood continuity is properly controlled as
t goes to 0, then the H—uniqueness property for (1) remains valid. Our hypothesis reads as
follows: given a modulus of continuity y satisfying the Osgood condition, we assume that
the coefficients a;, are Holder continuous with respect to ¢ on [0, 7], and for all 7 € (0, 7]
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la; (51, %) = a4 (55, %)

o T 4
51, 8, €[4, T], HASE = 52 “4)

x € R"

where 0 < f < 1. The coefficients a;, are assumed to be globally Lipschitz continuous in
x. Under such hypothesis, we prove that the H—uniqueness property holds for (1). As in [9,
10], the uniqueness result is consequence of a Carleman estimate with a weight function
shaped on the modulus of continuity y. The weight function is obtained as solution of a
specific second-order ordinary differential equation. In the previous results cited above, the
corresponding o.d.e. is autonomous. Here, on the contrary, the time-dependent control (4)
yields to a non-autonomous o.d.e. Also, the “Osgood singularity” of a;; at 7 = 0 introduces
a number of new technical difficulties which are not present in the fully Osgood-regular
situation considered before.

The result is sharp in the following sense: we exhibit a counterexample in which the
coefficients a;y are Holder continuous with respect to ¢ on [0, 7], for all ¢ € (0, 7] and for
alle >0
|a; (51, %) — a1 (55, )| <

sup Ccri+e,

51, 5, € [1,T], Is1 = 5] ®)
xeR”

and the operator (1) does not have the H—uniqueness property. The borderline case € = 0 in
(5) is considered in paper [11]. In such a situation, only a very particular uniqueness result
holds and the problem remains essentially open.

2 Main result
We start with the definition of modulus of continuity.

Definition 1 A function y : [0, 1] = [0, 1]is a modulus of continuity if it is continuous,
concave, strictly increasing and x#(0) = 0, u(1) = 1.

Remark 1 Let u be a modulus of continuity. Then

forall s € [0, 11, u(s) > s;

on (0, 1], the function s LIOFN decreasing;

I OPE
the limit limg_ . == exists;
on[1, +c0), the function ¢ Gﬂ(i) is increasing;

on[1, +0), the function ¢ — s is decreasing.
o2

T
Definition 2 Let u be a modulus of continuity and let ¢ : I — B, where I is an interval in
R and B is a Banach space. ¢ is a function in C#(I, B) if ¢ € L*(I, B) and

llo(®) — @)l
lellcugp = ll@ll o p + sup N
I,SEI ,Ll(|t—S|)

O<|t—s| <1
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Remark 2 Let a € (0, 1) and u(s) = s* Then, C*(I, B) is C**(I, B), the space of Holder-
continuous functions. Let y(s) = s. Then, C#(I, B) is Lip(l, B), the space of bounded Lip-
schitz-continuous functions.

We introduce the notion of Osgood modulus of continuity.

Definition 3 Let u be a modulus of continuity. u satisfies the Osgood condition if

1
1 —

Remark 3 Examples of moduli of continuity satisfying the Osgood condition are u(s) = s
and u(s) = slog(e + i - 1.

We state our main result.

Theorem 1 Let L be the operator

n

L=0,+ Y 0, (a,(t,00,) + X bt )0, +c(t, ), %
Jk=1 Jj=1

where all the coefficients are supposed to be complex valued, defined in [0, T] X R", meas-
urable and bounded. Let (a1 (1,%)); 4 be a real symmetric matrix and suppose there exists
Ay € (0, 1] such that

n

Z Clj’k(t, X)'fjék > /10|§|2, (8)

jk=1

for all (t,x) € [0, T] X R" and for all £ € R". Under this condition, L is a backward para-
bolic operator. Let H be the space of functions such that

H =H"((0,7),L*(R") nL*((0, T), H*(R")). ©)
Let u be a modulus of continuity satisfying the Osgood condition. Suppose that there exist
a € (0, 1)and C > 0 such that,
i) forall j,k=1,...,n,
aj, € C*([0,T1, L¥(R") n L=([0, T1, Lip(R™)); (10)
ity forall j,k=1,...,nandforallt € (0,T],

la; 1 (51, X) = a; (55, %)
sup L L < cr

51, 5, € [1,T), sy = 520) (11)
xeR"

Then L has the H-uniqueness property, i.e., if u € H, Lu=0 in [0,T] X R" and
u(0,x) =0inR”", thenu = 01in [0, T] X R".

@ Springer



On backward uniqueness for parabolic equations when Osgood...

Remark 4 The hypothesis (10), in particular the Holder regularity with respect to ¢, is due
to technical requirement for obtaining the Carleman estimate from which the main result is
deduced. It does not seem easy to substitute it with different or weaker conditions.

3 Weight function and Carleman estimate

Defining

1
qﬁ(t)=/l ﬁds, (12)

the function ¢ is a strictly increasing C ! function on [1, +o00), with values in [0, +o0), and,
by the Osgood condition, it is bijective. Moreover, for all t € [1, +o0),

1
2 l'
2u(;)

We remark that ¢'(1) = 1 and ¢’ is decreasing in [1, +0), so that ¢ is a concave function.
Moreover, we notice also that ¢! : [0, +00) = [1, +00) and, for all s € [0, +o0),

)=

o) =1 +s.

Wy(1)=¢—1<,,/0’ (T — 5! dS), 13)

We define

where T € [0, yT].

Py, (D) =7y / ' (T —5)""ds
0
and

T

a—1
&, (o) (7) = (T— ;) .

a—1
’ T 1
v, (1) = (T— ;) ~(wy(r))2ﬂ<%(f)>,

i. e. y, is a solution to the differential equation

a—1
(1) = <T—Z> Mz(T)H<L>.
14 u(z)

Finally we set, for = € [0, yT],

Then
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®,(7)= /0 v, (c)do. (14)
Remark that, with this definition, ®'(z) = y, (7) and
T ot 1
()= T-~- @/ (1)) .
, (0 < y> (@, (7)) M(@;(ﬂ) (15)
In particular, for ¢ € [0, g],
()
@ (y(T-1)) a—1
ST - )= O GT - ———L e 2 (Z) . 10
@ (y(T-0))

since (I)’V(y(T D)=y, (y(T—-1) = land @ > 1foralls € (0,1].
We can now state the Carleman estimate.

Theorem 2 In the previous hypotheses, there exist y, > 0, C > 0 such that

T n
2 2 (y(T—
/ er (0 ’))||0,u + Z axj (a.iqk(t’ x)axku) ”iz ds
0 Jk=1 (17)

,
12 20 (- 1
> crt [T (19, 4l ) o
0
forally > y,and for allu € C(‘;"(R”“)such that Supp u C [0, g] x R".

The way of obtaining the H-uniqueness from the inequality (17) is a standard procedure,
the details of which can be found in [9, Par. 3.4].

4 Proof of the Carleman estimate
4.1 Littlewood-Paley decomposition

We will use the so-called Littlewood—Paley theory. We refer to [2, 3, 15] and [1] for the
details. Let y € C*([0, +0), R) such that y is non-increasing and

11 19
= <t< — = > —.
w()=1 for 0<t< 0’ w(@)=0 for > T

We set, for £ € R”,
2@ =weh, @)= x(&)— x(28). (18)
Given a tempered distribution u, the dyadic blocks are defined by

uy =Agu = y(Dyu = F (y(&)i(€)),
u; =Aju = @7Du = F(@Q7&a) if j>1,
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where we have denoted by F~ !the inverse of the Fourier transform. We introduce also the
operator

k
Su= Y Au=F"(y(27E)u@)).
=0

We recall some well-known facts on Littlewood—Paley deposition.

Proposition 1 ([8, Prop. 3.1]) Let s € R. A temperate distribution u is in H* if and only if,
forall jEN, Aju € L? and

+00

2js 2
Z 25| Aul?, < +oo.
j=0

Moreover, there exists C > 1, depending only on n and s, such that, for allu € H?,

+o0 +o0

1 js js

¢ &2 Al <l < € 3 2 Al (19)
= =

Proposition 2 ([12, Lemma 3.2]). A bounded function a is a Lipschitz-continuous function
if and only if

sup || V(S )|l < +00.
keN

Moreover, there exists C > 0, depending only on n, such that, for all a € Lip and for all
keN,

Al < C27 llally,  and  [IV(S@)llpe < C llallyp, (20)

where||ally;, = llall .~ + IVall .

4.2 Modified Bony’s paraproduct

Definition4 Letm € N\ {0},a € L® and s € R. For all u € H*, we define

+0o0
T"u=S,_,aS, . u+ Z Spal s,

a
k=m—1

We recall some known facts on modified Bony’s paraproduct.
Proposition 3 ([15, Prop. 5.2.1 and Th. 5.2.8]). Letm € N\ {0}, a € L® and s € R.

Then T!" maps H® into H* and there exists C > 0 depending only on n, m and s, such
that, for allu € H°,

T ullys < Cllall s Nlullgs- 21

Letm € N\ {0} and let a € Lip.
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Then a —T)" maps L? into H' and there exists C' > 0 depending only on n, m, such that,
forallu e 12

llau — Tl < C'lall g, lull 2 (22)

Proposition 4 ([8, Cor. 3.12]) Let m € N\ {0} and a € Lip. Suppose that, for all x € R",
a(x) > 15> 0.

Then, there exists m depending on A, and ||al| ;, such that for all u € L2

A
Re (T"u,u),, . > 3°||u||L2. (23)

A similar result remains valid when u is a vector valued function and a is replaced by a
positive definite matrix (a; ), x-

Proposition 5 ([8, Prop. 3.8 and Prop. 3.11] and [10, Prop. 3.8]) Let m € N\ {0} and
a € Lip. Let (T})* be the adjoint operator of T

Then, there exists C > 0 depending only on n and m such that for all u € L?,
(T = (T, ullz < Cllallip llull 2 (24)

We end this subsection with a property which will needed in the proof of the Carleman
estimate.

Proposition 6 ([10, Prop. 3.8]) Ler m € N\ {0} and let a € Lip. Denote by [A, T™| the
commutator between A, and T

Then, there exists C > 0 depending only on n and m such that for allu € H',

1

+0o0 2
(Z ||ax,([Ak,T;"]axku)||iz> < Cllallypllullz- (25)
h=0

4.3 Approximated Carleman estimate

Setting
1 —
v(t,x) = er Ty (1, x),

the Carleman estimate (17) becomes: there exist y, > 0, C > 0 such that

J

> Crt | (I + 7 ) ar,
0

SIS

19y + Y 0, (@;4(t, )9, v) + @, (T = D)V, de
k=1 (26)

for all y > y, and for all v € C (R"™*1) such that Supp C [0, g] X R,
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First of all, using Proposition 4, we fix a value for m in such a way that
Rez " 9. v,0 >@||V I
e~ Gk Kk Vs OV e 2 Vllzzs 27

for all v € Cp° ([R”“) such that Suppu C [O, g] X R". Next we use Proposition 3 and in

particular from (22) we deduce that (26) will be a consequence of

T n
2
/0 llo,v + Z 0y (T7" 0, ) + @) (¢ (T = D)VI[7, dr
M (28)

1 1
>cri [ v, viiz, + 72 llully,) dr,
0

since the difference between (26) and (28) is absorbed by the right side part of (28) with
possibly a different value of C and y,. With a similar argument, using (19) and (25), (28)
will be deduced from

T+oo

/ 2||avh+ Z 9, (Tm 9, vh)+<b’(y(T DI, dr

T oo 29)

1
20t [T 3 (Il 4

where we have denoted by v, the dyadic block A, v.
We fix our attention on each of the terms

SN

n
/ 2
/0 119, + _;1 0, (T2 0,4 ) + @ (T = D)w, I, .
JK=

‘We have
,

/ ll0,v, + Z 9y (T 0, v) + P (r(T = )7, dr
0

Jk=1

- / (o, Y 0, 0,0 + 0T = Dy (30)
0

Jik=1

+y(I)’y’(y(T = O)lIvyll7. +2Re (0, Y, 0, (T2 axkvh)hz,y) dr

k=1

Let consider the last term in (30). We define, for € € [0, g],

a; (T, x), if t>Tandx € R",
Qi (1, %) = 4 a;,(1, %), if e<t<TandxeR",
a; (€, %), if r<eandx € R”,

and
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;. (1, %) =/ Pe(8)d; . (t — 5,%) ds,

€

where p € C°(R) with Suppp C [-1, 1], fR p(s)ds =1, p(s) > 0 and p,(s) = ép(‘f). With a
straightforward computation, from (10) and (11), we obtain

laj (6. %) = a; (£, 0)] < C min {&, ™ u(e)}, (31)
and
Ouau0) < Cain {0 42, G2

forall j,k=1 ...,nand forall (t,x) € [0, g] X R". We deduce

T
/ 2Re<0vh,za (7 9, v,1)> dr
0 Jik=1 12,12
=—2Re/ 2 (0,0 17 0yw)
= 2R aa L@y -1 > dr
e/0 Z vh ( ) LZ,LZ

Jok=1
m
—2Re /0 - (axja[vh, Ta,-,k,f)xkvh>y e

Now,T" =T =T _  and,from (21) and (31),
ik ke ik~ e

m m mn
”(T%x - Ta_,.k.f )%W”L’ = |7, — O, vill 2
-1
<C mln{e 1“7 u@ 0, vyl -

Moreover [|9, vl > < 21|y, ||, and 19,0Vl < 2/+110,v,|| 12, so that

|2Re/ 2 (9,0 (Tm ‘TL"“) 0 Vi) 1o dt|

<2C/ mln{e - 1;4(:3)} Z 10, avh||L2|| vhlledt

Jk=1

SIS

<_/ l10,v,117, dt+CN24<h+'>/ min {€%, 17 u(e) } v, 17, dz,
0

where C depends only on n, m and IIaj,k” 1 and N > 0 can be chosen arbitrarily.
Similarly
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—2Re/ Z <6 OV T xkvh>L2,L2 dr

jkl

= / Z Oy vie T3, 0uvi) oot
0 jk=1
I n «
+ /0 jk2:1<axj v (T2 = (7)) )0,0m) 20
From (21) and (32), we have

m
2 <axjvh’ Td,a/»v,(l oy, vh)LZ,LZ dt|

n
A Jok=1

T
2 . _ _ I3
5c22<”+l>/ min{e*!, 1% 1&}”%”22 d,
0 &

N

and, from (24),

SIS

|/ Z(a Vi (T2 = (T2 ))0,00,) 2, |
0 jk=1

T

2
<c / Vvl 9,0yl de
0

T T
> 2
< 1%/ ll0,v, 7, dr + CN22(”“)/ vl d,
0 0

where C depends only on n, m and ||a; ;|| ;, and N > 0 can be chosen arbitrarily.

As a conclusion, from (30), we finally obtain
T
/ l10,v), + Z 0, (17" 9, vp) + @, (r(T = 0w, 7, di
0

Jk=1
15 9Ty 0y v) + (T = w7,

z/(/k1

+y @ (7 (T = )llvyll7, = C(2*"*Y min{e®, 1~ u(e))
+22(h+1)(min{£a—l’ a— ]ﬂ( )} + 1))||Vh” )

SIS

4.4 End of the proof

We start considering (33) for h = 0. We fix e = % Recalling (16) we have

(33)
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T n
2
/0 o+ X, 0, (T 0, vo) + @) (r(T = D)wglI7, de
JJ<=T1
2 " 4 2
2 [ @, =0)=Clvll
0
.
2T,
> [Tyt - el ar
0

Choosing a suitable y,, we have that, for all y > y,,

T n r
2 2
/ 10,09+ X 0, (T2 0, vo) + @ (r(T — D)y |12, de > %/ lvolI2, dt.
0 K il 0

k=1

We consider (33) for 4 > 1. Choosing € = 27, we have

[SIE

/O llo,v;, + ;1 0, (Ty! 0, v) + @ (y(T = )y, |17, d
=

T n
2
> [ (1 0,17 0,0+ 00 = 0wl
0 jk=1 '
+(7¢;’(7(T — 1)) — CQ" min{272", = p (2721} +22M) ||y, ||i2> dt
T n
2 . 2
> /0 (( 3, 0, 00l = (T = D))
fr=

(@ (T = 1) = CR min (2727, 17 @) + 22) Il 12, ) .

From (27) it is possible to deduce that

n
20 o
”sz;‘l 0, (T 0 vz = 2 21wl

Suppose first that
' (y(T-1) < ﬁzz’l.
r ~ 16

From (27) we have

n
A
i ’ 0 ~2h
I 3, 0,007, 3l = @) T = D)l > 78 2l

and then, using also (16), we obtain
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/0 ll9,v, + Z 0y (T7" 9, v) + @) (r (T = )7, dr

jk]

> [ (a ¥ 0,77 0, vlis = ®0T — )l
0

Jk=1
(J@”(y(T — 1) = C*" min{272, ' p(27)} 4 22)) ”Vh”22) di

ER
> / (5 22”>2+y( e = €U ) v, 2, .
o \'16

Then, there exist y, > 0 and C > O such that, for all y > y,and forall & > 1,

/ llo,v), + Z 9, (T, 9, )+ @ (T = D)wyll7 di
0 jik=1 (36)

>c/ 7+ 7 2w, 1% do
Suppose finally that
O (y(T-1)> @22'1.
4 ~ 16

From (15), the fact that A; < 1and the properties of the modulus of continuity 4 we obtain

O (/(T = 1)) = = (@) (/(T = 1))? u(ﬁ)

1% l( )224h ( 2h)>ta l(/1 )224h (2 2h)

and
1
" (y(T 1) = (@ (#(T — 1))* ()
y ( cbly(y()T—r)))
)
= 1% 1(1)’(7/(T—t)) ! > (g)"’_‘.
<1>;(y<T 1)
Consequently

/0 00+ 3, 0T 0, 1)+ @ T = Dy I

Jk=1
T

> / (O (T = 1) = €Y min{272%, 5 22y} +22)) v, 12, di
0

> [ (B G+ ) - (e 2 4 2) i e
0

Then, there exist y, > 0 and C > O such that, forall y > y,and forall # > 1,
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T n
2
/0 o+ X 0, (T 0, v) + @) (r(T = D)7, de
=l 37

T
ng/‘a+2%mwﬁﬂn
0

As a conclusion, from (34), (36) and (37), there exist y, > 0 and C > 0 such that, for all
y > ypand forallh € N,

r n
2
/0 l10,v,, + 2 0,(T 0,v3) + P (r(T = D)W}, 5
= ’ (38)
2 1
> ¢ [Toar i a
0

and (29) follows. The proof is complete.

5 A counterexample

Theorem 3 There exists

le ([ @) nCc=R\ {0}

a€[0,1]
with
1 3
~ <l <=, forall r € R, (39)
2 2
|I'@t)| < C.|e)]~1e), forall e >0 and r € R\ {0}, (40)

and there existu, by, b,, ¢ € Cr (R, x Ri), with
Suppu = {(t,x) € R, X R |1 > 0},
such that
6,u+0§lu+ld§2u+b10xlu+b20X2u+cu=0 in [R,X[Ri.
Remark 5 Actually, the function / will satisfy

I
sup(—————)|I'(t)| < +o0.
b T g ! “n

From (41) it is easy to obtain (40).

Proof We will follow the proof of Theorem 1 in [16] (see also Theorem 3 in [9]). Let
A, B, C, J be four C* functions, defined in R, with
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0<A(s), B(s), C(s) <1 and —-2<J(s) <2, forall s€R,

and
A(s)=1, for s < é, A(s) =0, for s> i,
B(s)=0, for s<0 or s>1, B(s) =1, foréSSS%,
Cls)=0, for s <1, Cls)=1, fors>1,
J(s) = =2, forsséorszé, J(s) =2, f0r§§s§§.
Let(a,),. (z,), be two real sequences such that
-1<a,<a,,,, foral n>1, and Ilima, =0,
n
1<z,<2, forall n>1, and limgz, = +oco.
n
We define
Fp = Qpyy — Ay
n
q,=0 and ¢, = szrk_l, for n > 2,
k=2
Pn = (Zn+l - Zn)rn'
We require
p,>1, forall n>1.
We set
t—a, t—a,
A, () =A( . ), B, () = B( ),
t—a, t—a,
C, (0 =C( ), L@ =J( )-
rn rn
We define

v, (t,x)) = exp(=q, — z,(t — a,)) cos \/z, x|,
Wn(t’ x2) = eXp(_qn - Zn(t - an) + Jn(t)pn) cos \/ZXZ’

u(t, x,x,)
v, (X)), for t <ay,

=9 A, 0O, (t,x)+ B,Ow,(t,x,) + C,(O)v,,, (¢, x)), for a, <t <La,,,
0, for t > 0.

The condition

lim exp(—q, + 2p,)2%, \pir,7 =0, forall a, g,y >0,

implies thatu € C*(R, X R2).
We define

42)

(43)

(44)

(45)
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I(t) = ) for t<a; or t >0,
T\ 1+ 0p,zt for a, <t <a,,.

lisa C*(R \ {0}) function. The condition

1
S R
Sl;p{pnr,, z, 1 < A (46)
implies (39), i. e. the operator
L=0,— afl — (197,
is a parabolic operator. Moreover, / is in ﬂae[O, I CO(R) if
sup{pnrgl_“zgl} < 400, forall a € [0, 1]. (47)
Finally, we define
Lu
b = - 0 s
LT TR 0,0 + @ "
Lu
b, =— o, u,
2T @+ @ e
_ Lu "
u? + ((3le¢)2 + (%u)2 '
As in [16] and [9], the functions b,, b,, ¢ are in C*(R, x R?) if
lirrln exp(—pn)zZHpgr;V =0, forall a, g,y > 0. (48)

We choose, for j, > 2,

a,=—e" lOg("+j<l)’ z, = (n +j0)3.

With this choice (42) and (43) are satisfied and we have

—/log(n o) 1 ’
(n + jo)/log(n + jj)

where, for sequences (f,),,, (8,),» fn ~ &, means lim, L = }, for some 4 > 0. Similarly

n

Pn ~ eV log(n+jo) &
n .
v1og(n + j,)

and condition (44) is verified, for a suitable fixed j,. Remarking that we have, for j, suit-
ably large,

r,~e

n 5
qn = szrk—l 2 ZnTn-1 2 j’(n -'-J())4
k=2

and
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5
Pn < /l(n _'_jO)4
for some A > 0. Finally

1
n+j()

—1_-1
~

pnrn Zn

As a consequence (45), (46), (47) and (48) are satisfied for a suitable fixed j,. It remains to
check (41). We have

1O < " wp, 1,72, for a, <t <a,,

and consequently

sup(— i) = sup sup (— )

=0 1+ [log|t] n it€la,a,,) 1+ 1og ]

n J// . -2 -1
Sgp(l —logan)” liwbariz,

<cC

IA

The conclusion of the theorem is reached simply exchanging ¢ with —¢. a
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